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Abstract. We give conclusive answers to some questions about definability in analytic languages
that arose shortly after the work by Denef and van den Dries [DD] on p-adic subanalytic sets,
and we continue the study of non-archimedean fields with analytic structure of [LR3], [CLR1] and
[CL]. We show that the language L consisting of the language of valued fields together with all
strictly convergent power series over a complete, rank one valued field K can be expanded, in a
definitional way, to a larger language corresponding to an analytic structure (with separated power
series) from [CL], hence inheriting all properties from loc. cit., including geometric properties for
the definable sets like certain forms of quantifier elimination. Our expansion comes from adding
specific, existentially definable functions, which are solutions of certain henselian systems of equa-
tions. Moreover, we show that, even when K is algebraically closed, one does not have quantifier
elimination in Lg itself, and hence passing to expansions is unavoidable in general. We pursue
this study in the wider generality of extending non-separated power series rings to separated ones,
and give new examples, in particular of the analytic structure over Z[[t]] that can be interpreted
and understood now in all complete valued fields. In a separate direction, we show in rather large
generality that Weierstrass Preparation implies Weierstrass Division.

Keywords. Henselian valued fields, Tate algebras, strictly convergent power series, subanalytic
sets, quantifier elimination, analytic structure, separated power series, non-archimedean geometry,
Weierstrass Preparation and Division, Artin approximation, Weierstrass systems

1. Introduction

We study a new notion of strictly convergent analytic structure (consisting of strictly
convergent power series), linked to the notion of separated analytic structure of [CL]
(consisting of power series with two kinds of variables, cf. Remark 1.0.1). We use this
study to answer some natural questions that arose shortly after the work by Denef and
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van den Dries on p-adic subanalytic sets [DD]. In a separate direction, we show in a
rather large generality that Weierstrass Preparation implies Weierstrass Division, which
is the converse of the usual implication.

To explain these questions and their context, we first fix some notation. Let K be
a complete, rank one valued field (not necessarily algebraically closed). Let K° be the
valuation ring of K with maximal ideal K°°. For m > 0, set A,, := K°(§) = T,(K)°,
the ring of strictly convergent power series over K° in the variables £ = (&1, ..., &,),
where a power series Y ;. ;€' is called strictly convergent if its coefficients a; go to

zero as |i| — 0o, where we write £/ for ]_[;":l g;f' . In any complete, rank one valued field

F D K, any power series f = ), a;E" € A, gives rise to a function from (F°)" to F
by evaluating the series. More generally, for L any valued field (not necessarily complete,
nor necessarily of rank one), a system o = (0y;)m>0 of ring homomorphisms

Um : Am - F((Lo)ma Lc)v
with F((L°)™, L°) the ring of L°-valued functions on (L°)™, satisfying

(1) oo(K°°) C L°°,

(2) 0, (&) = the i-th coordinate function on (K°)" fori =1, ..., m, and

(3) om+1 extends oy, with the natural inclusions A,, < A+ and (L°)" — (L")erl :
£ — (&, 0) inducing F((L°)™, L°) — F((L°)"+! L°)

is called an analytic {A;;}m-structure on L.

Let Lx be the valued field language (including the field inverse extended by zero
on zero and the division symbol | satisfied by a pair (x, y) if and only if y/x lies in
the valuation ring), together with a function symbol for each series in | J,, Ay For any
valued field L that is equipped with an analytic {A,, },,eN-structure (o), the field L can
be turned into an £k -model with the valued field structure for the valued field language
and, for each function symbol f corresponding to a series fj in A,,, the interpretation
of f is given by o, (fp) on (L°)™ extended by zero to a function on L™. An important
part of this paper is the study of L -definable sets in henselian valued fields with analytic
{ A }men-structure, although this is in fact just one of the examples that we give for our
more general concept of strictly convergent analytic structure, introduced in Section 3.6.
We have chosen in much of this paper to put the full field inverse in the language, instead
of restricted division, as in some previous papers. The two approaches are equivalent (see
Remark 3.2.12).

In several contexts (for example on p-adic fields), the definable sets are already well
understood, but the general case has remained rather mysterious for a long time. In [DD],
Denef and van den Dries obtained a natural quantifier elimination result for Lg,-definable
subsets of QZ, based on the semialgebraic quantifier elimination result for semialgebraic
sets by A. Macintyre. Precisely, joining the language of Macintyre with the language Lg,
one obtains quantifier elimination for Q,. The existence of quantifier elimination in the
language of valued fields for algebraically closed valued fields (of any characteristic) led
to the question of whether a similar transition could be made from the semialgebraic sets
to the subanalytic ones, that is, for £k -definable subsets of K" when the complete, rank
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one valued field K is algebraically closed. The problem is subtle. An elaborate attempt
to prove quantifier elimination in the language Lk via a “flattening theorem” ultimately
failed—see [LRS5] for an account of this history and for a counterexample to that strategy.
In Section 4 of this paper we show, among other things, that such a direct analogue to the
p-adic case is false: a complete, rank one, algebraically closed valued field K does not
have quantifier elimination in the language Lg. Some additional existentially definable
separated functions are needed for quantifier elimination.

Recall that, by [LR2], there is a definitional expansion L£y* of Lg such that Ky
has quantifier elimination in £%”'. The expansion L is obtained from Lk by adding
function symbols for certain functions, L -existentially definable on Ky that give the
“Weierstrass data” for regular power series. In this paper we extend this positive result of
[LR2] in several directions.

Generally, for not necessarily algebraically closed K and a henselian valued field L
with analytic {A,,};,-structure as above, we can still control the geometry of the Lg-
definable sets, in the sense that we give a definitional expansion £} of Lg that corre-
sponds to a separated analytic structure as defined in [CL]. In particular, if L is assumed
to have characteristic zero (and arbitrary residual characteristic), then in a Denef—Pas style
expansion L”I’( of L”K (or just an expansion with RVy-sorts, see below), as in [CL], one
still gets elimination of valued field quantifiers in the language L . The expansion L/ is
obtained from L by adding existentially definable functions, which are solutions of cer-
tain henselian systems of equations. The proof that Weierstrass Preparation and Division
hold is reminiscent of the proof of Artin Approximation.

The simpler nature of the p-adic situation is not unique. Indeed, the case that K
and L are discretely valued, complete and of characteristic zero, and when og maps a
uniformizer of K° to a uniformizer of L° is already well understood and is treated by
[CLRI1, Theorem 4.2] and [CL, Example 4.4(1)]. The general study of L -definable sets
is more subtle and is captured by Theorem 3.4.1.

Another direction in which we extend the results from [LR2] is by starting from rings
other than the A, above, for example, instead of A,, we can take the ring B, of strictly
convergent power series over Z[[¢]] in the variables & = (&1, ..., &,), where a power
series is called strictly convergent if its coefficients f-adically go to zero; an analytic
{B,,}-structure (0,,),, on a valued field L is axiomatized as above, where (1) now reads
oo(tZ[[t]]) C L°°. Also such analytic { B, }-structures are related to the ones of [CL] by
definitional expansions (see Section 3.5).

More generally, we define a concept of strictly convergent analytic structure in Sec-
tion 3.6, which is a general concept for systems of (non-separated) power series that can
be extended, by adding certain power series, to a separated analytic Weierstrass system
as in [CL], and the above systems {A;,} and {B,,} turn out to be examples by Theorems
3.4.1 and 3.5.1. The (separated) power series that one adds to the non-separated ones are
solutions to certain systems of henselian analytic equations, and correspond naturally to
functions whose graph is existentially definable (see Section 3.2).

Remark 1.0.1 (Separated versus non-separated power series). In the present context of
rings of power series and the analytic interpretations they give on henselian valued fields,
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often there are one or two different kinds of variables, which play different roles. When
two different kinds of variables occur, we speak of separated power series, usually de-
noting one kind of variables by &; and the other kind by p; with indices i, j. When only
one kind of variables occurs, one may speak of non-separated power series, or of strictly
convergent power series. For a separated power series f in & and p, in an interpretation in
a henselian valued field L, the variables & will run over L°, while the variables p will run
over L°° (namely, the &; over the valuation ring and the p; over the maximal ideal). In this
paper, the starting point will be power series in one kind of variables, £-variables, and,
gradually, separated power series will appear, in £ and p. Indeed, the solutions of certain
systems of equations may have power series solutions whose natural domain of conver-
gence will be products of the valuation rings with the maximal ideals of the valued fields
under consideration (see Section 3.2). Finally, note that “strictly convergent” in this paper
often means non-separated, and does not designate convergence in the classical sense.

Previous attempts to understand £ g -definable sets include a quantifier elimination for al-
gebraically closed valued fields in a (much) smaller language including only overconver-
gent power series by Schoutens [S1]-[S3], with a correction by F. Martin [Mar1], [Mar2]
and in a much larger language by the second author. This larger language of [LL1] con-
sisted of rings of separated power series. The study of definable sets was continued in e.g.
[LL2], [LR1], [LR2], [Cel]-[Ce5], [BMS], [Ri]. Dimension theory for sets definable in
the larger (separated) language was developed in [LR6] and a more complete dimension
theory has been developed in Martin’s thesis [Marl]. A desire for uniformity and for an-
alytic Ax—Kochen principles as in [vdD] (to change the residue field characteristic) led
to the notion of a henselian field with analytic .A-structure, developed in [vdD], [DHM],
[LR3], [CLR1], [CL]. In [CL] we gave a general theory of henselian valued fields with
separated analytic structure, including a cell decomposition for definable sets and elim-
ination of valued field quantifiers for such fields of characteristic zero. Those results in
particular apply to the separated analytic structures discussed in this paper.

The development in [CL] was carried out in a quite general context—the ring A over
which the Weierstrass system was defined was allowed to be quite general. The most
subtle part of the development was in connection with the strong noetherian property
(SNP). We showed in [CL] that an SNP strong enough for our purposes followed from
a very weak form of the SNP by Weierstrass Division. Indeed, the weak form is easily
true in the basic examples. This development put Weierstrass Division (or Weierstrass
Preparation—see Section 2 below) at the center of the theory. In the Appendix to this
paper we further elucidate the SNP and discuss the relationship among various forms of
the SNP.

In [CL] we also gave a cursory treatment of fields with strictly convergent analytic
structure. We considered only two cases: (1) the field is discretely valued and there is a
designated uniformizing parameter, in which case no “separated” power series are needed;
and (2) the strictly convergent analytic structure is the strictly convergent part of a sep-
arated analytic structure. (See Remark A.1.13 for more details.) The natural question of
when a strictly convergent analytic structure on a henselian field could be extended to a
separated analytic structure in a canonical way by adjoining only existentially definable
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functions was left unaddressed. This is the question we deal with in Section 3. As men-
tioned above, the results of Section 4 show that such an expansion is necessary in order
to obtain quantifier elimination results.

We begin our paper by showing that Weierstrass Preparation implies Weierstrass Di-
vision in a rather large generality. This is the converse of the generally known implication.

2. Weierstrass Preparation implies Weierstrass Division

In many contexts, it is well-known that the Weierstrass Division Theorem implies the
Weierstrass Preparation Theorem. In this section, we show that the converse implication
holds too, under very mild conditions. Perhaps this observation has been made elsewhere,
but we have not seen it before.

2.1. The strictly convergent case

Let A be a commutative ring and let / C A be an ideal with I # A.
We consider a family {A,,} of rings for m > 0 with Ag = A, and for 1 <m < m’,
Al§1, ... 6ml C Am C Ay C AllSL, .-, 8]l

For f = ) a,&" € Ay, let f:: daugt e Zm, where ~ : A — A/I is the residue
map, and A,, := {f : f € An} C A[[£]]. We assume the rings A,, are closed under
permutation of the variables and satisfy

(*) For all m and m" with 0 < m < m’ and with § = (§,...,&y) and §" =
Em+1, .- &), and for all fin Ay, say f = 30 oy [ (E)EMH, the £, are
in A,

(%) A = ALE]L
The notion of “regularity” in a given degree d > 0 is the following.
Definition 2.1.1 (Strictly convergent regular). Let d > 0 and m > 0 be integers. A

power series [ € Ap, say f = D i a;&', is called regular in &, of degree d when the
power series f € A[£] is a monic polynomial in &,, of degree d in A,,—1[&,].

Proposition 2.1.2. Ifthe family of rings { A} satisfies the Weierstrass Preparation Theo-
rem, then the family also satisfies the corresponding Weierstrass Division Theorem. More
precisely, suppose that:

(WP) Foralld,m = O0andall f € Ay, regularin§, of degree d (Definition 2.1.1), there
exist unique unitu € A,, andr; € Ay—1 suchthat f =u - (ér‘fl + Zlfl;ol ri&).

Then:
(WD) Foralld,m > 0, all f € A, regular in &, of degree d, and all g € A, there
exist unique q € Ay, andry, ..., rqg—1 € Apy—1 such that
g=q-f+ria&y '+ +ro.
Proof. Below. O
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Note that since the rings A,, are closed under permutation of the variables, from Weier-
strass Preparation for f regular in &,,, Weierstrass Preparation for f regular in other &;
follows.

2.2. The separated case

Let B be a commutative ring and let / C B be an ideal with / # B. We consider a family
{Bm .} of rings for m, n > 0 with By o = B, and form <m’andn <n’,

Bl&1, ..., 6. p1, ..., o0l C B C Bm’,n’ C B[[&1,....&w, p1, .-, o]l

We define the residue map ~ modulo 7 as above. In particular, B=B /1. We assume that
the rings B, , are closed under permutation of the & and under permutation of the p;,
and satisfy the following very mild conditions:

() For all m and m’ with 0 < m < m' and with § = (&,...,&,) and £’ =
Ematls .. En), and all n and n” with 0 < n < n’ and with p = (p1,..., o)
and p” = (on+1, ..., pw), and for all f in By, say

f= > FuGEE"",

I, VEN’",_”H'"/_”

the ?u,v are in By, .
(%) BIE, p] C Bm,n C BIE][[p]].

Definition 2.2.1 (Separated regular). (i) f is called regular in &y, of degree d when in
B[], f mod (p1, ..., py) is a monic polynomi~al in &, of degree d.
(1) f is called regular in p, of degree d when, in B[&][[p]],

= 1
f = py‘zl mOd (pls ~-~a10}’l—17 py[11+ )

Proposition 2.2.2. [fthe family { By, »} of rings satisfies the Weierstrass Preparation The-
orems in both kinds of variables, then the family also satisfies the corresponding Weier-
strass Division Theorems in both kinds of variables. More precisely, suppose that:

(WP) For all non-negative integers m, n, d, and all f € B, , which are regular of degree
d in &, resp. in py, there exist unique unit u € By, , and r;i € By,_1 , such that
f=u- (Sﬁ + Zflz_l rié,"n), resp. there exist unique unitu € By, , and ri € By, n—1
such that f =u - (p¢ + thol riph).

Then:

(WD) For all non-negative integers m,n,d, all f € By, which are regular of degree
d in &y, resp. in p,, and for all g € By, ,, there are unique q € By, and
Iy ...,7d—1 € By_1 5, such that

g=q - f+ra&s "+ 411w +ro,
resp. there are unique q € By, y and ry, ..., rq—1 € By n—1 such that

g=q~f+rd—1,0,’f_l+~-~+r1,on+r0.
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Note that since the rings A,, , are closed under permutation of the & variables and the p
variables, from Weierstrass Preparation for f regular in &, or p,, Weierstrass Preparation
for f regular in the other &; or p; follows.

The polynomial case of A a field (and I = {0}) is included in Definition 2.1.1. Also
included in Definition 2.1.1 and Proposition 2.1.2 are the rings of strictly convergent and
overconvergent power series. Included in Definition 2.2.1 and Proposition 2.2.2 are the
rings of separated power series. Also included in this case (with m = 0) are the classical
cases of formal power series over a field or complete valuation ring, algebraic power se-
ries over a field or a complete valuation ring, or germs of convergent power series over
for example R or C. (Note that the proof of Proposition 2.1.2 in the case m = 0 stays
valid—in that case—i.e. Weierstrass Division in By , follows from Weierstrass Prepara-
tion in By ,+1). In each of these examples it is well-known that Weierstrass Preparation
is an easy consequence of Weierstrass Division, i.e. if the rings satisfy Weierstrass Divi-
sion they also satisfy Weierstrass Preparation. The above propositions treat the converse
implication.

Proof of Proposition 2.2.2. Let f(§, p) € By, , be regular in &, of degree s. By Weier-
strass Preparation we may write

fEp) =UE p) &y +a,1E p)Ey " + - +aoE', p)]
=U(E. p)- P&, p),

say, where &’ = (&, ...,&n—1) and a; € By,_1, foralli. Let g € B, ,. Then
P, p) + pn+18(. p) € Bnnt1
is also regular in &,, of degree s. Hence, by Weierstrass Preparation (in By, ;,+1),
P&, p)+ pny18E. p) =UE, p, puy1) - P, ps pnt1)
where P (&, p, pn+1) 1s a (Weierstrass) polynomial of degree s in &,,. Let

P, p. put1) = Ro(€. p) + pus1 RIE. p) + ppy RoE.p) + -+

Then Ro(&, p) = P, p), U, p,0) = 1 and each R; (&, p) is a polynomial in &,, of
degree < s. We can rewrite this equation as

Z/[(S, P, pn+1)7)(§9 P, Pn+l)

au
= P(&, p) + pn+1 [a
Pn+1

P&, p) +R1($,p)} ol T4
pn+l:0

Hence, equating the coefficients of p,1, we see that

g&,p)=0E&, p) P&, p)+ R, p),

where Q(&, p) = Bgfil i1 =0" Hence we have obtained the Weierstrass data for the

division of g by P from that corresponding to Weierstrass Preparation for P + p,4+18.
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Then g(§, p) = Q(&, DU, p)~' - U(E, p)P(E, p) + Ri(§, p), and since f = U P, this
gives the Weierstrass data for the division of g by f.
The case that f is regular in p, is similar. o

Proof of Proposition 2.1.2. In the case of Proposition 2.1.2 where we only have one sort
of variable we can proceed as follows. In the special case that A is the valuation ring of a
non-trivially valued field instead of P (&, p)+pn+18(€, p) we consider P(§)+¢€&,118(&)
for some ¢ € A with 0 < |e| < 1. This series is regular in the appropriate sense in &,,, and
we can proceed exactly as in the proof of Proposition 2.2.2. In the general case we can do
some Euclidean division of g by f to write g = ¢’ - f + g’ for ¢ a polynomial in &,, and
g’ such that g’ is a polynomial in & of degree < s. Then we need only find the Weierstrass
data of the division of g’ by f, and we can do that as in the proof of Proposition 2.2.2
considering f + &,,41¢" which is regular in &,, of degree s. O

3. Strictly convergent Weierstrass systems and their properties

In this section we show how to extend a strictly convergent pre-Weierstrass system to a
separated pre-Weierstrass system in a uniformly, existentially definable way, by adjoining
certain “henselian” power series. Under mild additional conditions this extension leads
to a separated Weierstrass system. In particular, that is the case for the basic examples
(Theorems 3.4.1 and 3.5.1). In Subsection 3.6 we discuss the general case. The results
generalize and extend the partial results about strictly convergent Weierstrass systems
given in [CL] (see Remark A.1.13).

3.1. Definitions

By a valued field we mean a field together with a valuation map to a (possibly trivial)
ordered abelian group (not necessarily of rank one) satisfying the usual non-archimedean
properties. We denote the valuation ring of a valued field F by F°, the maximal ideal of
F° by F°° and the residue field F°/ F°° by F. By a henselian field we mean a valued field
for which Hensel’s Lemma holds on F°. For a henselian field F we let Fyj; denote the
algebraic closure of F'; the valuation on F has a unique extension to a valuation on Fyy.
Unless otherwise stated we write £ = (&1, ..., &) when m is clear from the context.
~ Let A be a commutative rirlg with unit, and let 7 be an ideal of A with I # A. Let
A := A/I and write ~: A — A for the projection map. We also write ~ for the residue
map A[[£]] — A[[£]] which sends Zu a,&" to Zu a,&*, and (A,,)~ for the image
of A,, under this map when A,, C A[[£]].
Definition 3.1.1 (Strictly convergent regular). A power series f € A[[£]] is called reg-
ular in &, of degree d when f €A [[£]] is a monic polynomial in &,, of degree d.
Definition 3.1.2 (System). A collection A = {A,,} N of A-algebras A, satisfying, for
allm > 0:

i) Ao = A,

(i) A,, is a subalgebra of A[[&q, ..., &,]] which is closed under permutation of the

variables,
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(iiD) Am[En+1] C Amst, N
(iv) (Ap)~ is the polynomial ring A[€1, ..., &nl,

is called a system, or an (A, I)-system, if we want to emphasize the dependence on A
and /.

Definition 3.1.3 (Analytic structure). Let A = {A,,} be a system as in Definition 3.1.2,
and let K be a valued field. A strictly convergent analytic A-structure on K is a collection
0 = {0m}men such that, for each m > 0, o,,, is a homomorphism from A,, to the ring of
K°-valued functions on (K °)" satisfying:

(1) I Coy (K,

(2) o (&) = the i-th coordinate function on (K°)™,i =1, ..., m, and

(3) o1 extends o, where we identify in the obvious way functions on (K°)™ with
functions on (K°)™*! that do not depend on the last coordinate.

Definition 3.1.4 (Pre-Weierstrass system). A system A = {A,,}en of A-algebras A,
satisfying, for allm < m’:

W) if f € Ap,say f =3, 7H(§)(§//)“, then the 7# are in A,,, where &’ =
(‘%‘m-‘-lv R 'i:m’) andg = (519 cer gm)’

(vi) (Weierstrass Preparation) if f € A,, is regular in &, of degree d, then the;re

exist unique unitu € A, andr; € A, —1 suchthat f = u - (E,Z + Zflz_ol ri&l),

(viilWNP) (Weak noetherian property) if f = ) _ N3 ke Ay tEere is a finite set J C
N™, and for each u € J a power series g, € A;, with g, = 0 such that

f= a1+ g,
nelJ

(viii) the ideal {a € A : og(a) = 0 for all analytic structures o = (0y,,)} equals the
zero ideal,

is called a strictly convergent pre-Weierstrass system, or an (A, I)-strictly convergent pre-
Weierstrass system, if we want to emphasize the dependence on A and 1.

Let us fix, until Subsection 3.4, a strictly convergent pre-Weierstrass system {A;, },,.
Later on, a stronger form of (viiWNP) will play a role.

Remark 3.1.5. (a) By the results of Section 2, from (vi) we also see that Weierstrass
Division holds in the A,,;:

If f € Ay, is regular in &, of degree d, and g € A, there are unique q € Ay, and

Tly... Fg—1 € App_1 Suchthat g =q - f + rd,1€$_1 + - -+ ro. Furthermore, if § =0
l‘/’lena=70=-~-=?d_1 =0.

(b) It follows from Weierstrass Preparation that if f € A, satisfies f =1(.e. fis
regular of degree 0) then f is a unit. _

(c) From (viiWNP), it follows for f € A,, with f = Othat f € I-A,,. The above con-
ditions (i)—(vi) do not impose much structure on “small” power series (e.g. thosein I-A,,),
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as they do not provide a mechanism for dividing by a biggest coefficient and bringing such
a power series to the “top” level where conditions (iv) and (vi) apply. Condition (viiWNP)
(and even more so, Definition A.1.6 below) imposes structure on “small” power series in
the A, and provides such a mechanism.

Lemma-Definition 3.1.6. Letr A be a pre-Weierstrass system and let K be a henselian
field with analytic A-structure o. Let m > 0 be an integer. We associate with f € A,, the
power series

SU(f) =) ola)E" in K°[[£]].
"

Then the map S is an A-algebra homomorphism. Moreover, if S° (f) = 0 then f° = 0.
Hence, the homomorphism o, factors through AS,, the image of S. On A, we can define
the Gauss norm as follows, with f = A " and where J is as in (ViiWNP):

IS7 (O = max{lo(an)] : n € J}.

Proof. That S (f) = 0 implies f° = 0 follows immediately from condition (viiWNP).
The rest is clear. O

Remark 3.1.7. (a) If the valuation on K is non-trivial, then one also has the converse
implication that f° = 0 implies S° (f) = 0. This also follows from condition (viiWNP).

(b) Weierstrass Division for the rings A,, implies that composition of tuples of power
series in A,, corresponds again to power series in A,,, as explained in [CL, Remark 4.5.2].

3.2. Extension by henselian functions

We sometimes wish to consider some of the variables to be of the first kind (namely to
indicate that their natural domain is the valuation ring), and some of the second kind
(namely to indicate that their intended domain is the maximal ideal)—cf. Remark 1.0.1.
We will use p = (p1, ..., py) to denote variables of the second kind, and keep § =
(&1, ..., &y) for variables of the first kind. Variables of the second kind typically arise
in making a power series regular, or guaranteeing that the existence of a solution to an
equation, or system of equations, is implied by Hensel’s Lemma.

We will sometimes write A, , for A, ., to indicate that the last n variables will
be considered to be of the second kind and run over the maximal ideal; this change in
notation will be convenient to gradually introduce genuinely new rings of separated power
series.

This is crucial in our use of the henselian functions /s defined below. These hx
are solutions of henselian systems (also defined below), and correspond to unique power
series over A, which may be new, that is, not lie in any of the A,,.

For example, the power series 1 + y — p; - y? is regular of degree 1 in y (Definition
2.2.1(i) or Definition 3.3.2(i)), and the equation 1 + y — p; -y%2 = 0 defines y = y(p) as a
henselian function of (indeed, as a henselian power series in) p; since p; is considered to
run over the maximal ideal, but the equation 1 + y — & - yZ only defines y as a henselian
function of &; when |&1| < 1, and does not define y as a power series in &1; indeed not
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even as a function of & when |§;] = 1. We will later enrich the A,, by adding power
series like y(p), and get a richer system, genuinely in the two kinds of variables.

Basic henselian functions are defined in Definition 3.2.10. A more general kind of
henselian witnessing functions than the basic one will be defined using systems of equa-
tions of the following form.

Definition 3.2.1 (Systems of henselian equations). Let n = (n1,...,ny) and A =
(A, .-, AN). A system, X, of henselian equations for (n, 1) over (€, p) is a system of
the form

O=77i_bO,i(éap)_bl,i(gvpﬂ?v)h), i:1’~--7M7

. (3.1
O:)"j_CO,.]'(é:?lO)_Cl,j(sapvna)")v ]217"-7N7

where
by, € Al§, pl, biiel,p, VAniMniN,

) 3.2)
CO,j € (,O)A[E, p]a Cl,j € (Iv pa )" )Am+M,n+N~

Here A2 is shorthand for {Airj 1 i,j = 1,..., N}. By the ideal Iy of the system X is
meant the ideal of A,,4 4+~ generated by the right hand sides of the equations in X.
When X is a set of polynomial equations in (€, p, n, 1) we call ¥ a polynomial henselian
system. We will often write a henselian system in the equivalent form:

ni=boi&, p)+b1i p,n A, i=1,...,M,

. (3.3)
Aj=co,j, p)tcij p,nA), j=1,...,N.

Definition 3.2.2. Let g be in A, 4,4+ for some integer s and consider power series /; in
Anllpt, ..., pnll fori =1,...,s. Then we call h = (h,-)f:1 a power series solution of
the equation g = 0 when for each integer £k > O there exists a tuple p; of polynomials
in the variables p of degree < k with coefficients in A,, such that 7 = p; mod (p)¥ and
g(&, p, pr(&, p)) vanishes modulo (p)k, where the composition is as in Remark 3.1.7(b).
We write g(&, p, h(&€, p)) = 0 to denote that & is a power series solution for g.

The next lemma shows that any system ¥ of henselian equations has a unique power
series solution in A,,[[p]].

Lemma 3.2.3. Let ¥ be a system of henselian equations as in Definition 3.2.1. Then
Y has a unique power series solution, namely, there exist unique power series h; in
Anllpts ..., pnll fori = 1,..., M + N such that g(&, p, h(§, p)) = 0 for each g in
Iy with h = (h;);. We denote the tuple (h;); by hx.

Proof. We prove this by induction on n, with notation from 3.2.1. For the induction step,
assume n > 0. We proceed exactly as in the proof of Lemma 3.3.3 below. Let k > 0
and write n; = Zl/z(:() niepl and A; = ZIEZO Ajepy (where the njg, Ajp are new vari-
ables). Substitute this into the system X and do Weierstrass Division by ,o,’l‘ to obtain a
henselian system that, by induction, determines the n;; and A ;¢ as power series in & and
P1, - Pn—1. See the proof of Lemma 3.3.3 for details. Since k is arbitrary, this deter-
mines 1 and A as power series.
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We must still treat the case n = 0, m arbitrary. In this case the n;, A; are defined by a
system X of the form

ni =boi+b1i(n,A), i=1,....m+M,

) (3.4)
)»jZC(),j-I—Cl,J'(T],)»), j=1,...,N,

where
by, € Ay, biie U, )Antm N,

) (3.5)
co,j €Ay, c1,j € I, A)AntMm N.

If we allow the cq_ ; to be in A,y with <o, j = 0, may assume that the cy,; all have 0 as
constant (i.e. A-free) term, and, after an A, p-linear change of variables among the A;
with Jacobian a unit in A, 4y, we may assume that the ¢ ; have no linear terms in A.
Below we will see that the equations

Aj=coj+ecijmr), j=1...,N, (3.6)

with ¢co j € Apym, Fo,j = O0and cy,; € (Az)AerM,N, have a unique solution with
Aj = Aj(m) € Apmam and A;(n) = 0. Substituting into the equations

ni=bo; +b1i(n,A(m) i=1,....m+M,

yields a system of equations for the 7;, all regular of degree 1, which we can solve suc-
cessively by (strictly convergent) Weierstrass Preparation and Division, to get the solution
with the n; in A,,. Substituting into the solution for the A; determines these as elements
of I - A,.

Finally, it remains to show that the equations (3.6) with c,; € Ajy4m satisfying
'50,.,- =0andcy; € ()»Z)An,+M,N have a unique solution in A4y with A = 0. In (3.6)
we make the substitution

Aj = ZCO,ZUj,K
14

where the U; ¢ are new variables. This yields the equations

ZCo,zUj,e =co,j + Z €0,a¢0,8U0,aU0,pGjap(n, U)
¢ a.p

for j = 1,..., N. In place of the first equation (i.e. j = 1) consider the system of
equations

co,1U1,1 = co,j + co,jH1,1(U),
c02U12 =co2H12(U),
02U1,2 = co,2H1 2(U) 37)

co,nUi,n = conHi n(U),
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where in cg,1 H1,1 we have collected all the terms of Za’ﬂ €0,0€0,8U0,a U0, Gjap(n, U)
that have a factor ¢, 1 Uy, 1, in co,2 Hj > all the remaining terms that have a factor cp,2Up,2,
and so on. Write down the analogous systems for j = 2, ..., N. Now consider the system

Ui1=1+Hi1(U),

Uio = Hi2U),
1.2 1,2(U) (3.8)
Ui,v = Hin(U),
and the analogous equations for j = 2, ..., N. In this system all the Hy g € A, 31 N2

satisfy ﬁa, g = 0, and hence the system can be solved for the Uy, g (as elements of A1)
by successive (strictly convergent) Weierstrass Preparation and Division. This proves the
existence of a solution A(n) € AN to (3.6). For uniqueness substitute A; = A; +

m+M
wj,j = 1,..., N, in (3.6), where the u; are new variables. We must show that the
resulting equations (in the u;), which are of the form
W=D dalta + ) eaphaitp (3.9)
o o, B

where the d, are in (A\) A+ m,n and the ey g are in A,, 4y, §, have only the zero solution.
By (viiWNP) and (viii) (this is the only place where we use (viii)) it is sufficient to prove
this in A7 , ,, y for each analytic structure 0. Butin A7, ,, we have a Gauss norm by
3.1.6 and it is easy to see that a non-zero solution to these equations is impossible. Indeed,
suppose that we had a non-zero solution (7). Look at the jth equation where u;(n) has
biggest Gauss norm. The Gauss norm of the right hand side would be smaller than that of
the left hand side. This completes the proof of the lemma. O

Definition 3.2.4. Let & be the power series solution of a system ¥ of henselian equations
as in Lemma 3.2.3 and let g be any power series in A4y n4+n. Write g as go + g1 where
go isin A[§, p] and g; in (I, p, A) Ay .n+N- Consider the system X/ for (1, nar+1, A)
over (&, p) consisting of ¥ and of the additional equation

0=nm+1—8 — &1.

Then the M + 1-th entry A4 of the unique power series solution hy/ = (hi)iAi J{HN

of ¥’ is called the composition of g with the power series tuple (&, p, hy) and is denoted
by g(§. p, hx (&, p)).

The proof of Lemma 3.2.3 actually establishes the following version of the implicit func-
tion theorem in the power series rings A,, , = Ap4n-

Lemma 3.2.5. Let A be a strictly convergent pre-Weierstrass system.

(1) Suppose that F1(§,7n),..., Fn(§,n) € Apiym and that yy, ..., Yy € Ay, satisfy

Fi(£,5) = 0and J(£,7) is a unit in A,,, where J = |(g_§z;)4

ij=tn Then there is

a unique y € Aljx such that F(§,y) =0andy =Y.
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(i1) Suppose that F1(§, p,n,A),.... Fn(, p,n,A) € Auymnt+n and that polynomi-
als yla e 7yM+N € Am,n satisfy F‘l(g’ 107 y)~ = 0 mOd (10) and ‘](Ev 107 y)N =

1 mod (p), where
(55%)
J = _ .
anjorg Ji=1,...M k=1,...N
i

=1,....M+N

Then there is a unique y € Am[[p]]M+N such that y = ?mod (p)and F(&,y) =0,
where the latter means that y is a solution in the sense of Lemma 3.2.3. In fact (by

Proposition 3.2.7 below) there is a polynomial henselian system %' and a power

series G € ArﬂfinﬁM+N such that y(&, p) = G(&, p, hy).

Definition 3.2.6. By Lemma 3.2.3 and Definition 3.2.4 we can define the following sub-
algebras of A[[, p]]:

Ag,n ={g&,p,hx,p)): g € Aptrmn+nN, 2 ahenselian system},
A,’Z:n ={g&, p,hx,p)): g € Aptmn+nN, 2 apolynomial henselian system}.

Set A = {All 3, ..

Proposition 3.2.7. Let A be a strictly convergent pre-Weierstrass system. Then
Al = Al Indeed, every element f of Al is of the form f (€, p) = g(&, p, hx (&, p))
where g € Ay for some m',n’ € N, and hyx, is the solution to a polynomial henselian

system.

Proof. Let
ni=boi,p)+brié p,n2), i=1....M,
Aj=coj&, p)+c,jE p,n 0, j=1,...,N,

be a henselian system. We will obtain the solution as the composition of functions in .4
and the solution to a polynomial henselian system. We can find polynomials b ;, C1,j
such that all the coefficients of b ; — El,i, c,j —cijareinl - A, ie. (by; — ZU)N =
(c1,j — El,j)~ = 0, or equivalently, using condition (viiWNP), b; ; — 51,,-, cl,j —C1,j €
I Apipinsn. Lety = (3y,...,Yy.21, ..., 2n) be the solution to the polynomial
henselian system

n=boiE p)+bii p.nA), i=1,...,M,

bj=coE ) +E1iE 0 A, J=1, N,

so the ¥;, Z; are terms of Lz’H/ (see Definition 3.2.11 below). Make the change of vari-
ables n = y + ¢ and L = Z + ¢’. Proceed exactly as in the last stage of the proof of
Lemma 3.2.3 (i.e. use Lemma 3.2.5), writing {; = Y, €4Ui « and ;“j’ =) € U,{,a to
obtain a system of equations for the U; o, U /f’a that can be solved by (strictly convergent)
Weierstrass Division. O

Lemma-Definition 3.2.8 (Henselian functions). Let o be an analytic A-structure on a
henselian valued field K . For any henselian system ¥ and any & € (K°)" and p € (K°°)",
there exist unique values n € (KM and » € (K°°)N such that foE, p,n,A) =0forall
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f € Is; we denote this tuple (n, L) by kS, (&, p). Moreover, the graph of the function kY,
on (K°)™ x (K°°)N is quantifier-free definable in L 4 by a formula which is independent
of o.

Proof. For a polynomial system X this is clear by the usual form of Hensel’s Lemma for
systems of polynomial equations with Jacobian of norm 1—see Lemma 3.2.13(i) below.
For a general ¥ the lemma now follows from the observation that the argument of Propo-
sition 3.2.7 applies also in any field with analytic .A-structure, and hence applies also to
the k%,. O

Remark 3.2.9. For a henselian system ¥ we have defined &y as a power series and ky
as a (new) function symbol (or term) whose interpretation k3, in a field with analytic A-
structure is defined in Lemma-Definition 3.2.8. Later we will extend strictly convergent
analytic structures o to separated analytic structures by defining 2§, = k§,. This will
require an additional assumption (“goodness”) on A (Definition 3.3.5).

The following henselian witnessing functions are much more basic than the ones associ-
ated to a system of equations in 3.2.8. Nevertheless, as we will see in Lemma 3.2.13(ii),
they can in fact replace hy.

Definition 3.2.10 (Basic henselian functions). For K a henselian field, #,, : K"t — K
is the function that associates to (ag, ..., a,, b) € K° the unique zero, c, of the poly-
nomial p(x) := a,x" + a,_1x" "' + --. + ag that satisfies |c — b| < 1if [p(b)| < 1
and |p’(b)| = 1. (Let h, output 0 in all other cases.) The graphs of these functions are
obviously quantifier-free definable in L.

Definition 3.2.11 (Languages). For L a language containing the language of valued
fields £ = (+, 7o, D, let LP be L with the field inverse replaced by the binary
function symbol D for restricted division (or two such symbols in the separated case).
Further, let L4 be L with constants for the elements of A adjoined, let L 4 be L with
function symbols for the elements of [ J,, A, adjoined, and let L" be L with function
symbols for the basic henselian functions /,, adjoined. Recall that | is a binary symbol
on a valued ring (or valued field) such that x | y holds if and only if x is non-zero and
the valuation of x is less than or equal to the valuation of y. When we use a language
including the field inverse, the intended interpretations are valued fields F, and when we
replace the field inverse by restricted division, the intended interpretations are valuation
rings F°.

In the next remark we comment on the different kinds of division, and how the results
relate.

Remark 3.2.12. In some papers (e.g. [LL2], [LR2], [LR3], and also in Theorems 4.1

and 4.2 below) we have worked in the languages Cﬁ( K) and Lﬁsep (K)’ in which we omit

the function for field inverse and include symbols for restricted division, and in others
(e.g. [CL]) we have worked in the language £ 4(k) of the Introduction, in which we have
a symbol for field inverse. We remark that K ;’lg has quantifier elimination in the lan-

D

guage Eﬁ(K) (or EAH(K)

or ﬁﬁscp ( K)) if and only if Ky, has quantifier elimination in
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the language £ (k) (or £ gn gy or L 4., (k))- We can cover (Kqig)" by polydiscs of the
form {x : /\;(|x;| O; 1)} where the O; are in {<, >}, and we can map such a polydisc
to (K;lg)” by x; — x; if 0; is < and x; — (x;)~! if O; is >. For F any of A(K),
AH(K) or Asep(K), it is clear that any E?_--quantiﬁer-free definable subset of (K :lg)”
is L r-quantifier-free definable. For the converse we can easily show by induction on the
number, k, of occurrences of symbols from | J A, , in the formula, that an £ r-quantifier-
free definable subset of (K ;’Ig)" is indeed E?_-—quantiﬁer—free definable. (By the same in-
duction one can show that if an Lr-term on a quantifier-free Eé)_--deﬁnable subset X
of (K ;’lg)” is always < 1 in size, then it is equivalent to an L?_-—term. Actually it is suffi-
cient to just establish this piecewise on a quantifier-free E?;-deﬁnable cover of X, but see
the proof of Lemma 3.2.13 for combining terms defined piecewise into one term.)

Statement (ii) of the following proposition may seem surprising but comes in part from
the fact that piecewise definitions of terms on certain pieces can be combined into a single
term.

Lemma 3.2.13. (i) If K is a henselian field, then K° satisfies the Implicit Function The-
orem: Given a system P;(y1,...,y,) =0,i = 1,...,n, of n polynomial equations
in n unknowns over K°, andy = (yy,...,y,) € (K°)" such that the P;(y) are in

K°° and the Jacobian |(?)Tl;f)i,j:1 ____ .| (¥) at the point y is a unit, there is a unique
y e (K°)" withy —y € (K°°)" satisfying P(y) = 0.

(ii) Let t be a term ofﬁfw. There is a term t’ of Eﬁ’h such that for every field K with
analytic A-structure, say via o, we have t° = 7/°.

(iii) Let T be a term of L yu. There is a term t" of Ei’A such that for every field K with
analytic A-structure, say via o, we have t° = 1/°.

Proof. (i) See [Kuhl, Theorem 24] or [Kuh2, Theorem 9.13].

(i) By Lemma 3.2.7 and Lemma-Definition 3.2.8, we need only prove this for
terms ky defined by polynomial henselian systems X. Let ¥ be given. It follows from
3.2.8 by a standard compactness argument that there are finitely many terms t; (£, p)
of Cﬁ’h such that in each henselian field K with analytic .A-structure and for any (&, p) €
(K°)™ x (K°°)" at least one of the 7; satisfies ¥ at (£, p), that is, 7; (£, p) = k% (&, p).
Let ¢; (&, p) be the quantifier-free formula that says that t; (£, p) satisfies ¥ and for
J < i,7i(§, p) does not satisfy X. Observe, by induction on formulas, that for every
quantifier-free ﬁﬁ’h-formula @ there is an Eﬁ’h—term Xo that gives the characteristic func-
tion of ¢. (The characteristic function of x # 0 is D(x, x) and the characteristic function
of 0 # |x| < |ylis D(D(x, y), D(x, y)).) Now take t' := ) x4, - Ti.

(iii) The proof is similar to (ii). O

3.3. Weierstrass Preparation for {Ag’n

In this section we will show that the AZ . satisfy separated Weierstrass Preparation (and
thus Division).
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Our first main result of this paper can be stated as follows with terminology from [CL]
which is recalled in the Appendix to this paper. The proof of the theorem boils down to
the Weierstrass Preparation statement provided by Proposition 3.3.3 below.

Theorem 3.3.1. Let A be a strictly convergent (A, I)-pre-Weierstrass system (Definition
3.1.4). Then AY .= {AY Visan (A, I)-separated pre-Weierstrass system.

m,n

Proof. We need to verify the properties (1) up to (6) from Definition A.1.1. Each of
properties (1)—(4) is either immediate or easy. To prove (6) it is sufficient, by the results
of Section 2, to prove Weierstrass Preparation, which we do in Proposition 3.3.3. Property
(5) is an immediate consequence of Weierstrass Division in the form of (6). m]

Let us recall the definition of regularity in the case of separated power series.

Definition 3.3.2 (Separated regular). With the above notation where A is a ring and
I C Aisaproperideal, let f € A[[&1, ..., &n, P1,---, Pnll, and let J be the ideal

J = {Zau,vé“p” € A[lE. pl] : ap, € I}
1w,V

of A[[§, p]l.

(i) f is called regular in &, of degree d when f is congruent in A[[&, p]] to a monic
polynomial in &, of degree d modulo the ideal By C A[[&, p]] where

By :=J + (p)A[lE, pll.

(ii) f is called regular in p, of degree d when f is congruent in A[[&, p]] to pff modulo
the ideal B, C A[[&, p]] where

By:=J+(p1.... puo1, pTTHAILE, p]].

Proposition 3.3.3. (i) Let f(&,p) € A,Iin be regular in &, of degree s. Let &' =

(&1, ...,&n—1). There are unique fy, ..., fs_1 € AZ_l , and unit U € A,Zgn such
that

f=U- (& + fim1E 08y + -+ [1E L p)em + foE', ).

(i) Let f(&,p) € A,I;{,n be regular in p, of degree s. Let o' = (p1, ..., pn—1). There are
unique fo, ..., fs—1 € (I, p1, ...,,(),,,1)A,I::Jl_1 and unit U € A,{'{vn such that

F=U-(p)+ fim1E ooy + -+ fiE o on + fo€. 0)).

Proof. We prove (i); the proof of (ii) is similar. Let f (&, p) € Ag’n be regular in &, of
degree s. By Proposition 3.2.7, we may write

f:FO(Evp)+Fl(é7psgl9"'ng9hls~--vhN) (310)

Where FO € A[é» p]a F] (Ea 107 n, )\') € (Ia 105 )")Am+M,11+N’ and the gi’ hj are deﬁned by



124 Raf Cluckers, Leonard Lipshitz

a henselian system X (n, 1):

ni=boi&, p)+b1i p,n A, i=1...,M,

) 3.11)
Aj=coj, p)+cjE p,nA), j=1,...,N,
where
bo,i € Al§, p], biie, p, NAniMniN,
co.j € (0)AIE. pl.  c1.j € (L. p. AP Amimnin-
Let& = (&1, ..., &m—1).
We follow the outline of the proof of [Ar]. Let ag, . .., as—1 be new variables and let

a:=E& +as1& " + - +ao.
Letg;"k,h;‘."kbenewvariables,i=1,...,M,j=1,...,N,k=0,...,s—l,andlet

s—1 s—1
g = Zg;fkg,,ﬂ and hj = Zh;ké,{,
k=0 k=0

We seek a henselian system that will determine ao, ..., as—1 as the Weierstrass data
of f,and the g;f « (respectively h]* &) as the Weierstrass data of the remainder on dividing g;
(respectively /) by f.

In (3.10), setting f = 0 and replacing the g; by g/ and the i; by h;‘ (i.e. working
modulo a) we get

O=FO+F1(§/apvg>1ks~-~vg}‘:41 T""’ *N) (312)

By strictly convergent Weierstrass Division by a, which is (strictly convergent) regular
in &, of degree s, we get equations

s—1
0= ) Hi&, p.Aa), {gi), (hDém, (3.13)
k=0
where we have written {a;} to denote the variables ay, . .., a;_1, and so on. From the fact
that f (and hence also Fy = Fy(&, p)) is regular of degree s in &,,, and that modulo a
we have &) = —as,lé,fl_l — .-+ — ag, we see directly, equating the coefficients of §,§1
fori =0,...,5 — 1to0, that (3.13) can be rewritten as a henselian system determining
ap, ..., as_1 in terms of the other variables &, p, (g} {h}kk}.
Let X (n, A) be the henselian system determining the g; and /;. Divide the equations
(&, p, 80 .-, 8y hY, ..., h}y) (ie. the system obtained from X (n, A) by replacing »;
by > g;*kg,jg and A; by >, h;.kkér’;) by a to get a system of the form

s—1
g =) GulE, pAad (gh), i DEs,  i=1,.... M,
k=0 (3.14)

s—1
WE =" Hi&, p. ) (g i héy,  j=1,....N.
k=0
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Equating the coefficients of like powers of &,, yields a henselian system X* of the form

gz*k =Gik(§/’ pa{ak}a {gl*k}’{h}kk})v i = 13-~-7M7
Wi = Hie €', o {ard, (g5 Il j=1,...,N.

Equations (3.15) and the above described henselian system for ag, ..., as_1 to-
gether form the required henselian system for the g;; and hji, the Weierstrass data of f
and the remainders on dividing the g; and h; by f. Lemma 3.2.5(ii) shows that these
two henselian systems can be combined in one system determining all the variables
ao, ...,as—1, g} and h]’.‘k.

(3.15)

Finally, we must show that U € Anlin. Let ©;, @} be new variables, and write

no:=0g-a,
ni = ®;-a +Zg;kk§,’;,,
k

Aji=0)-a+ Zh;fké,];l.
k

Making this substitution in (3.10) and (3.11), doing Weierstrass Division by a and using
(3.15) and (3.16) yields equations of the form
a-0=a-GoE, p, {07} {al, (g5}, i),
a-0; =a- G p, (0"} {ah, (g5} (Wi D,
-0 =a-Gi& p A0}, {a). (g}, D).
where ©* = (©;, @}). The required system of henselian equations for ®( and ®* over
the other variables is then
®o = Go(&, p, {O"}, {ar}, {87} (hji ),
0; = Gi(§, p, {O"}, {ar}, {gi}, (A D),
©® = G'(&, p. {O%), {ax). (g5}, (D).

and we can again use Lemma 3.2.5(ii) to combine the systems. O

Remark 3.3.4. It follows from Weierstrass Division that if f € Anﬁ”n and f(¢,0,0) =0

then there is a g € Anﬁ”n such that f = &, - g (and similarly with respect to the other
variables).

With a suitable definition of “regular”, the analogue of Proposition 3.3.3 holds for the
terms ks . (Of course uniqueness holds only at the level of k§,.)

In order to be able to extend any .A-structure on any field K to an A -structure on K,
we introduce the following condition of goodness.

Definition 3.3.5. Let A be a strictly convergent pre-Weierstrass system. We call A a good
pre-Weierstrass system if for every system X of henselian equations, if F € Ap4pm 04N
and F o hy = 0 (as a power series) then I € Iy - (A M atN)1+(1,p,0)-
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Lemma 3.3.6. Let A be a good strictly convergent pre-Weierstrass system, and let o
be an analytic A-structure on a henselian valued field K. Then there exists a unique
separated AY -structure o™ on K which extends o (and which will often be also denoted
by o). More precisely, if a series f € A,I,f’n is a composition [ = g(&, p, hx (&, p)) as in
Definition 3.2.4, then o1 (f) is the function from (K°)"tM x (K°°)**N to K given by

F° ok%,
with notation from Lemma-Definition 3.2.8.

Proof. Lemma-Definition 3.2.8 and Definition 3.3.5 guarantee that the separated A -
structure o on K is well defined, that is, if g o hy = 0 then there is a unit u €
Am+M,n+N1+(1,p,,\) such that u - g € Iy and hence g% o k% = 0. m]

The following result will be useful in Sections 3.4 and 3.5.

Proposition 3.3.7 (Criterion). Assume that a strictly convergent pre-Weierstrass system
A = {An} has the property that there is a separated Weierstrass system B = { By, n} such
that for all (m, n) we have A, , C By n and By, , is faithfully flat over (A n)1+(0)A
Then

m+n*

(i) A is a good pre-Weierstrass system, and
(i) A" is a separated Weierstrass system.

Proof. (i) From [Mat, Theorem 7.5] it follows that Iy - (Amn)i+(An, =
(Is + Buymn+n) N (Am,n)l-l-(P)Am,n' Hence if F o hy = 0 in B,, then F €
Iy - (Am,n)1+(P)Am,,,'

For (ii) observe that property (vii)’ of Definition A.2.1 (from which property (vii)
follows) can be expressed as a linear equation over A,Iz’n which has a solution in B,y .
We can capture the condition g, € By, , by writing gy = >, ciguvi + 2_; 0;8,,,; for
g//wj € By Let f = Fohy and ?uv = Fyuy o hy,, with
F, Fy, € Ap 4 for suitable p, g. Let Y’ be the conjunction of the henselian systems &
and the X,,. Then the linear equation

suitable ¢; € I and gy,

F= 3 Fu@" 0" (14 Y cigui+ Y g ) mod (Us)  (3.16)
i J

(n,v)eJ

has coefficients from A, , and has a solution in B, 4, for suitable (p, ¢), and hence in
(Ap,g)1+(p%)4, - Substituting A for the appropriate variables gives us (vii)'. O

Lemma 3.2.8 yields the following corollary.

Corollary 3.3.8. Let A be a good pre-Weierstrass system and let f € Um’ . Ag’n. Let o
be an analytic A-structure on a henselian valued field K. Write o for the A -structure
on K given by Lemma 3.3.6. The graph of [ is existentially L 5-definable. Moreover,
the existential formula defining the graph of f° can be taken to be independent of the
analytic structure o.
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Now we come to two other main results in the following two subsections, which
cover and extend a number of examples considered in previous papers [vdD], [LR2],
[LR3], [CLR1], [CL]. In Subsection 3.6, we introduce a new general concept of analytic
structures and provide some further examples, complementing Theorems 3.4.1 and 3.5.1.
In Section 4 we show that the extension of A to A" is necessary for quantifier elimination.

3.4. The case of K a complete field and A,, = T,,,(K)°

In this subsection we discuss the “classical” example. Let K be a complete, rank one
valued field (not necessarily algebraically closed) and let A,, := K°(§) = T,,(K)°, the
ring of strictly convergent power series over K° and let A := {A,,}. This is certainly a
pre-Weierstrass system. Any complete, rank one field F O K has analytic .A-structure.
In this case, A = K° and I = K°°.

Theorem 3.4.1. With the above notation, A is a good pre-Weierstrass system and A7 :=
{Ag,n} is a separated Weierstrass system.

Proof. The proof is immediate from Proposition 3.3.7, by taking By, = Sm.n(K)°,
and using [R, Lemma 3.1] which establishes that S, ,(K)° is faithfully flat over
(Tn3+n)1+(p)T,Z+n' =
In [LR2] we showed that for K rank one and complete there is a separated Weierstrass
system & extending A all of whose additional functions are uniformly existentially de-
finable in every algebraically closed field with analytic A-structure. We did not make
explicit what the additional functions are, nor did the uniform definitions work in non-
algebraically closed fields with analytic A-structure.

In this section we do not assume that K is algebraically closed, nor do we restrict con-
sideration to algebraically closed fields with analytic .A-structure. In this larger generality
we obtain quantifier elimination in the forms of Theorems 3.4.2 and 3.4.4, and we make
explicit what the additional existentially definable functions are, namely they are defined
by terms of £ 4u (or even L’f’4), on all fields with analytic A-structure, and the graphs
of the functions &y are indeed quantifier-free definable in all such fields. We also give a
result that links definable functions to terms in Theorem 3.4.5. (The corresponding results
in a more abstract framework are bundled in Theorem 3.6.2 below.) Similar results hold
with £P in place of £ (see Remark 3.2.12).

In the following result, £ 4 is the valued field language £ with function symbols for
the elements of the A7 . adjoined for all m and n.

Theorem 3.4.2. Let L be any algebraically closed valued field with strictly convergent
analytic A-structure. Then L allows quantifier elimination in both L gn and £lj4 (and thus
quantifier simplification, i.e. every formula is equivalent to an existential formula, in L ).
Moreover; the theory of algebraically closed valued fields with strictly convergent analytic
A-structure eliminates quantifiers in both the languages L qn and E},IA (both considered
as the intended definitional expansions of L 4).

Proof. Follows from Theorem 3.4.1, Lemma 3.2.13(iii), and [CL, Theorem 4.5.15]
for A”, amended by Remark A.1.8. O
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Theorem 3.4.3. (i) (characteristic 0) Let x = (x1, ..., X,) be several variables and y
one variable. Suppose that a formula ¢(x, y) € L 4 defines y as a function of x in all
algebraically closed fields of characteristic 0 with analytic A-structure. Then there
is a term T of Ei'él such that L = ¢(x,y) < y = t(x) for all algebraically closed
valued fields L of characteristic O with analytic A-structure.

(i1) (characteristic p # 0) In characteristic p > 0 let E/A be the language L A with the
p-th root function (-)'/? adjoined. In characteristic p the analogous result to (i) holds
with E:Z in place of Eﬁl. Namely, for any L p-definable function f for the theory T
of algebraically closed valued fields of characteristic p with analytic A-structure,
defined on a Cartesian power of the valued field, there exists an E’ﬁ-term t such that
T proves that t and f are the same function.

Proof. Follows from Proposition A.1.11 and Lemma 3.2.13(iii). ]

Similarly, but invoking [CL, Theorem 6.3.7] instead of [CL, Theorem 4.5.15], we find a
more general but more involved quantifier elimination result, using leading terms sorts.
Let Lyen, A (resp. Ly, _4#) be as in [CL, Section 6.2], namely the multi-sorted language
which has the field language and function symbols for all f in A, and all m (resp. in A Zn
for all m, n) on the valued field sort, the maps rvy for each integer N > 0 and the full
induced structure on the sorts RV . Recall that on a valued field L, RV y (L) is the quotient

of multiplicative semigroups L/(1 + nL°°), and rvy : L — RV (L) the projection.

Theorem 3.4.4. The theory of characteristic zero henselian valued fields with strictly
convergent analytic A-structure eliminates the valued field quantifiers in both the lan-
guages Lyey qn and ch 4 (both considered as the intended definitional expansions

Hen,
of L‘Hen,.A)-

We can also formulate the following result on the term structure of definable functions.
To this end, let Eﬁen, 4 (resp. El*{em _u) be the language LHen, A (resp. Lye, 1) together
with all the functions %, , as in [CL, Definition 6.1.7]. Note that these functions 4,, , are
multi-sorted variants of the basic henselian functions #,, of Definition 3.2.10.

Theorem 3.4.5 (Term structure). The theory of characteristic zero henselian valued
fields with strictly convergent analytic A-structure has the following property, uniformly
in its models K. Let X C K" be definable and let f : X — K be an Lyen, a-definable
Sfunction. Then there exist an Lyen 4-definable function g : X — RVy(K YW for some
N > 0and an £;'i[en’A—term t such that

f(x) =t(x,g(x)) forallx e X. (3.17)

Proof. By Theorem [CL, 6.3.8], we can find g and a term ¢ in El*{en’ AH such that (3.17)
holds. By compactness and using characteristic functions as at the end of the proof of
Lemma 3.2.13, we see that such g and ¢ can be taken independently of the choice of the
model K. By Lemma 3.2.13(iii), we can take ¢ to be in (L;Ien..A)h’ using the same g. Now,
if we change g we can rephrase the /4, in terms of the &, , to conclude the proof. O
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Remark 3.4.6. Note that the elimination of valued field quantifiers of Theorem 3.4.4 also
holds for L7 en. A instead of C}}’I en, A® by the argument at the end of the proof of Theorem
3.4.5.

Because henselian functions, reciprocals and D-functions are the unique solutions of their
defining equations, with the above notation, we have the following corollary. The result
analogous to (i) implicit in [LR2] gave only a finite-to-one projection. In [LR6] we proved
the result analogous to (ii) for £ Aqep-Subanalytic sets.

Corollary 3.4.7. (i) Every L p-subanalytic set (i.e. a subset of K;’lg defined by an
L p-formula) is the one-to-one projection of an L p-semianalytic set (i.e. a subset
of K :{gN defined by a quantifier-free L _s-formula which does not involve (-)™1).

(ii) Every L p-subanalytic set is the finite disjoint union of L 4-subanalytic manifolds.

Remark 3.4.8. There are several different definitions of (rigid) semianalytic sets (cf.
[LL2], [LR1], [Marl]). The above definition is perhaps the most restrictive, and best
called “globally affinoid (or strictly convergent) semianalytic”.

3.5. The case when A is a noetherian ring, complete in its I-adic topology

We now treat the case that A is a noetherian ring which is complete in its 7-adic topology
(e A=A"= 1<ir_nn A/I", so A is also [-adically separated). This case complements the
study of [CLR1].

For example, one could take A = Z[[¢]] and

Am = Z[U]](Sh st $m> = Z[[t]][gh st Sm]/\,

the ¢-adic completion of Z[[f]][&1, ..., &x]. Then A := {A,,} is a strictly convergent
pre-Weierstrass system. The fields Q,, C, for p prime, and all ultraproducts of these
fields, have analytic A-structure via the natural maps ¢ — p. The fields F,((¢)) for p
prime, and all ultraproducts of these fields, have analytic A-structure via the natural maps
p — 0. We could consider all of these to be fields with analytic structure satisfying the
side conditions that for all p either p = 0 or |p| = 1 or p is prime, and that ¢ is prime.
This situation is discussed in Appendix A.4.

There are many more ways that a henselian field can have analytic 4-structure. For
example, the field C(('/*)) of Puiseux series has analytic A-structure via 7 > f. As
another example, let C}; be a non-principal ultrapower of C,, and consider the mapping o
that sends ¢ to [p, p1/2, p1/3, ...],soin (C;“, the element o (¢) is an “infinitesimal” power
of p. This o gives an analytic A-structure on Cy,. Alternatively, one could map 7 to a finite
but irrational power of p.

Theorem 3.5.1 below explains, via [CL], aspects of the geometry and model theory of
definable sets in all these analytic structures uniformly.

Note that Theorem 3.4.1 above is not covered by Theorem 3.5.1, except when K is
discretely valued.
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Theorem 3.5.1. Let A be a noetherian ring, I an ideal of A with I # A, and assume that
A is complete in its [-adic topology. Let A,, := Al&, ..., &n]" be the I-adic completion
of Al&1, ..., En]. Then A is a good pre-Weierstrass System and A7 = {A,fllyn} is a
separated Weierstrass system.

Proof. We showed in [CLR1, Lemma 2.9] that if we define

By = AE)p]] := A&, ..., &nl " [lp1s - - -, pall

and B := {By, »}, then B is a separated Weierstrass system. Indeed, we showed that these
rings satisfy condition (7)" of Definition A.2.1. Hence the result follows from Proposi-
tion 3.3.7 and the fact that B, , is faithfully flat over (A, 1) 1+1,0)4,, .- Since the (p)-
adic completion of (A1) 1+(1,p) A, 18 Bm.n, faithful flatness follows from [Mat, Theo-
rem 8.14]. ]

We have the following quantifier elimination result, as in Section 3.4.

Theorem 3.5.2. Theorems 3.4.2-3.4.5 go through in literally the same way with A as in
this section instead of that in Section 3.4.

3.6. A general concept and examples

Motivated by Theorems 3.4.1 and 3.5.1, we introduce the following terminology, of which
these theorems in fact provide examples. See the appendix for a summary and elaboration
of some of the definitions of [CL].

Definition 3.6.1. We call a strictly convergent pre-Weierstrass system A = {A,,} (Defi-
nitions 3.1.4 and 3.3.5) a strictly convergent Weierstrass system if A is good and A" is a
separated (A, 1)-Weierstrass system (as defined in [CL] and also in Definitions A.1.1 and
A.1.4 in the Appendix below).

By the very nature of Theorems 3.4.1 and 3.5.1, any analytic structure 4 as in these
theorems is a strictly convergent Weierstrass system (as opposed to just a pre-Weierstrass
system).

Before giving further examples we outline an alternative proof for Theorem 3.4.1. Let
Apm =Tu(K)and f = Fohy € A,I,',I’n C Sun(K). Let [c| = || f| be the Gauss norm
of f in Sy n(K). We allow the pogvsibiliNty that ¢ = 0. Let F and hy be defined over
the B-ring E. If |c| <1 theNn Fels- K[&]1[[p]l, and hence by Krull’s Theorem [Mat,
Theorem 8.10], also F € Iy - K[£][p]. By the usual induction on the levels of E we
eventually find ¢ € K° and G suchthat f =c-Gohy and F —c- G € Ix. The case
¢ = 0 gives “goodness”, and the case ¢ # 0 reduces proving (vii) or (vii)' to the special
case of || f|| = 1. That case can be dealt with by induction on m + n, by breaking up f
into pieces exactly as in [CL, Remark 4.1.11(i1)].

Theorem 3.6.2. Theorems 3.4.2-3.4.5 go through in literally the same way with A any
strictly convergent Weierstrass system as in Definition 3.6.1 instead of the more concrete
structure of Section 3.4.
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Using Theorem 3.5.1, it is easy to write down many examples of strictly convergent
Weierstrass systems other than those discussed at the beginning of the previous subsec-
tions. Here are some further examples of a different kind.

(a) (cf. [CL, Section 4.4(10)]) Let K be complete, rank one and let A = {A,,} where
Apn = K°({(&1,...,&y)), the ring of overconvergent power series in (&1, ..., &y,).
Then A = {A,,} is a good pre-Weierstrass system and A7 := {A,’;,”n} is a sepa-
rated Weierstrass system. The proofs of these statements are similar to the proof of
Theorem 3.4.1.

(b) (cf. [CL, Section 4.4(4)]) Let F be a maximally complete field and let A,, = T,,,(B)
be the full ring of strictly convergent power series as defined in loc. cit. Then A =
{A,} is a good pre-Weierstrass system and A7 := {A,’;{,n} is a separated Weierstrass
system. The proof is similar to the alternative proof of Theorem 3.4.1 outlined above,
except that transfinite induction on the support of E is used.

(c) (cf. [CL, Section 4.4(7)]) Let L be a field and let

Aw = JLlx1, . oxillEL - E)

where L[[xq,...,x;]1{&1,...,&y) is the (x1, ..., x;)-adic completion of the ring
L[[x1, ..., xi1ll&1, - .-, &n]- Then A = {A,,} is a good pre-Weierstrass system and
A = {A,,’f’n} is a separated Weierstrass system. This is immediate from Theorem
3.5.1, since A,, is the direct limit of rings covered by that theorem.

Several results for general strictly convergent Weierstrass systems now follow from [CL]
such as quantifier elimination results similar to Theorem 3.5.2, and the cell decomposition
and Jacobian property of [CL, Theorem 6.3.7].

Remark 3.6.3. We also observe that the above methods allow one to give a sharpen-
ing of the results of [CL, Section 4.6]. Let K be a rank one henselian field, and let
A(K)alg,m,n be the K-algebra of all power series in (&1, ..., &py, p1, ..., py) that are de-
fined by polynomial henselian systems over (K°, K°°). Let Aqjg v 1= {A(K)alg,m,0}m
and Aalg,sep = {A(K)alg,m,n}m,n- Then

Proposition 3.6.4. Ajg g is the smallest (K°, K °°)-strictly convergent Weierstrass sys-
tem and Aqg sep s the smallest (K°, K °°)-separated Weierstrass system.

4. The counterexample

The quantifier elimination of Denef and van den Dries [DD] for K = Q,, in the strictly
convergent analytic language Eﬁ (see definitions below) raised the obvious question of
whether a similar result held for C,,, the completion of the algebraic closure of @, (or in
general for complete, rank one, algebraically closed valued fields) since there is quantifier
elimination for algebraically closed valued fields in the algebraic language. In [S1], [S2]



132 Raf Cluckers, Leonard Lipshitz

Schoutens gave such a quantifier elimination in the more restrictive language with func-
tion symbols for the functions defined by overconvergent power series, and developed the
corresponding theory of strongly subanalytic sets. In [LL2] a quantifier elimination was
given in a language (Lﬁsep) with function symbols for a larger class of functions—those

defined by the so called separated power series. This led to the theory of rigid subanalytic
sets which was developed further in [LR1]-[LR4], [LR6], [CLR1], [CL], and [Cel]-
[Ce5]. An elaborate proof of quantifier elimination in the strictly convergent language,
based on a “Flattening Theorem”, was published, but the proof was not correct. (See
[LRS5] for the history and a counterexample to the “Flattening Theorem”.) Theorem 4.3
shows that there is no quantifier elimination for complete, rank one, algebraically closed
fields of characteristic zero in the strictly convergent language L’ﬁ (see definition below)
with A = {T,,(K)°}. Fortunately, this negative result does not lead to wild behavior, as
there are Theorem 3.4.1 and the quantifier elimination results of Theorem 4.2.

The results of [LR2] and, in a more explicit form, Theorem 3.4.1 of this paper show
that for K a henselian field, Kag has quantifier simplification in the strictly convergent
language £ 4. We show in this section that there is no quantifier elimination in the strictly
convergent language Eﬁ, and hence neither in the language denoted by Lk in the in-
troduction. To be precise: Let K be a complete, rank one, non-trivially valued field of
characteristic 0, and let Ky, be the algebraic closure of K (we do not exclude the case
that K is itself algebraically closed). The assumption that K has characteristic 0 is not
essential, but it simplifies the arguments in a number of places. For a valued field F let
Fe:={xeF:|x| <l}and F°° :={x € F : |x| < 1}. Let T,,,(K)° be the ring of strictly
convergent power series in m variables with coefficients from K°, and let S, ,(K)° be
the ring of separated power series in m variables of the first kind and n of the second kind
(cf. [LL2], [LR1]) with coefficients from K°. Moreover

Ay = Tm(K)o, Am,n = Sm,n(K)O»
A = {An}men, -Asep = {Am,n}m,neN-
For F a collection of functions we let £ denote the language of valued fields augmented
with symbols for the functions in F, and let Lg- denote £ r with the field inverse replaced
by a symbol D for restricted division adjoined (or two such symbols in the separated
case).
Before proceeding we recall Remark 3.2.12 about the equivalence of the languages

with full field inverse and languages with only restricted division.
We know

Theorem 4.1 ([LL2)). K;’lg has quantifier elimination in EDsep.
And, as a special instance of Theorem 3.4.2, we have

Theorem 4.2. K ;lg has quantifier simplification in L 4 and quantifier elimination in both
D.,h
CﬁH and L.

The counterexample to the question described in the introduction is provided by
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Theorem 4.3. K o does not have quantifier elimination in Eﬁ. Indeed, there is a strictly

]

alg
that is not described by any quantifier-free Lﬁ-formula (i.e. is not Eﬁ-semianalytic).

convergent subanalytic set X C (K° )3 (i.e. a set described by an existential Eﬁ-formula)

The rest of this section is devoted to the proof of Theorem 4.3.

Let K:lg be a non-principal ultrapower of K|, and let p>° = {a € (K:lg)" tlal < 1/n
for all n € N} be the ideal of infinitesimals in (K;‘lg)". Let K| = Q((K:lg)o/poo) be the
field of fractions of (K E’ﬁg)" /p%°. By the results of [LR3] and [CL] we know that the fields
Kag, K :lg and K all are algebraically closed valued fields with analytic .A-structure, and
also analytic Agep-structure. Hence these fields are elementarily equivalent in each of the

languages £ 4, Eﬁ, Eﬁ’h, and Eﬁgcp. Fix p € K with0 < |p| < 1, and let

f@) =" p'e",
n=1

so f is strictly convergent, but definitely not overconvergent. Let X C (K f)3 be defined
by the formula

@)llpl < 1A E1+&z=f() A p22—z+1=0Alz| < 1] (4.1)

and for p € K7 let X (p) := {(p, 1, &) : (0, &1, 62) € X}

For |p| < 1 letz1 = z1(p) be the zero of,og‘2 — ¢+ 1with |z] < 1,and 16312_: 22(p)
be the other zero (which is of size |1/p[). We shall show that there are p,&,&, € K7
such that X is not described by a quantifier-free L‘ﬁ—formula in any K-rational domain
U C (K})? with (9, &, &) € U. This will show that X is not £ -semianalytic. Observe
that X is an Lgep- (indeed L',f’4- ) analytic variety in the open disc |p| < 1.

Letp € Ky satisfy 1 — 1/n < [p| < 1foralln € N, and define &, &, € K7 by the
equations

E1+ &0 = (D), & +&20) = f(z2p). 4.2)

Remark 4.4. Note that f(z2(p)) as an element of K or K :lg is not defined by the ana-
lytic A-structure since |z2| > 1. However, f(z2(p)) is well defined as an element of K}
by the completeness of K. Furthermore, for each n € N there are "g‘l(”) = El(") (p) and
g" = &"(p) € (1/p"™)K[p] such that if E" = £™(p) then & — _E?'”l < Ip"l.
Solve equations (4.2) for £, &, using z1 + z2 = z1z2 = 1/p. Indeed, &, &, are just the
“Weierstrass data” evaluated at p on formally dividing f(¢) by ¢Z — (1/p)¢ + 1/p. Let

& (p) :=lim,— Si(")(p) € K°[[1/p]]. Direct calculation shows that £; (p) and &, (p) are
strictly convergent power series in 1/p that do not converge on any annulus of the form
1 —1/n < p < 1. 1In other words, they converge for |1/p0| < 1 but not on any bigger disc
[1/p] <1+4,0<8eR.

We will need the following definitions and lemmas.
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Definition 4.5. (i) Leto = («y,...,a¢) € K ig \ K ;’l"g and let W, (@) be the K -rational

domain (i.e. rational domain defined over K, see Remark 4.6(ii) below)

l
{6 1p <10 < 1A Nlp—al = TAle £ < 10"
i=1

A g =" )] < 1p"1}.

Clearly (5, &1, &) € Wa(@).
(ii) W,} (o) is the K-rational domain

2
{6011 <10 = 1A Nlp—ail = 1 aler =6 0)] = 19”1},

i=1

and W,% () is the K -rational domain

4
{0,600 1p1 10" < 1A Nlp—ail = 1Al =" ()] < 1971}
i=1

(iii) Letn = max(ny, nz). Then W, ,, (@) is the K-rational domain

14
[ <1 < 1A Nlp—ail =1
i=1

g =" )] < 1P Alg — & (o) < 1p™1].

(iv) ForU a K -rational domain we denote by Oy, the ring of (strictly convergent) analytic
functions on U/ (see [BGR, 7.3.2]).

Remark 4.6. (i) O;; depends only on the set &/ and not on a particular definition of /.
Observe that if n1 < ny then

14
Wains@ = {0, 61,8 1 Pl = 0™ = 1A [\ lp — i = 1
i=1

A =" (0] < 1" Al - 6 ()] < 151

(here we have replaced |& —&"" (p)] < [p"] by [&1 —&"”(p)| < |p"| in the definition;
recall that n = max(ny, ny)).

(i1) We are being a bit sloppy with the definitions of the W, (e) since we are allowing
a; € Kug. However, if the set {1, . .., o} is taken to be closed under conjugation (which
it can always be), then W, (&) can always be defined over K (see [CLR1, Section 3] or
[CL, Section 5]).

Lemma 4.7. Let U be a K -rational domain with (p, €, &,) € U. Then there isann € N

and @ = (a1, ..., ap) € (K3, \ K;;;)‘f such that (p, &y, &,) € W, (@) C U.
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Proof. U can be defined by a finite set of inequalities of the form

e < 18i(p, &1, 6| = hi(p, &1, )| (4.3)

Here 0 < ¢ € R and g;, h; € K°[p, &1, &]. Restricted to & N W, (¥) for n such that
|p"| < €2, these inequalities reduce to

e <1gi(0, £ (0), 8 (o) < hi(p, £ (0), £ (0))]. (4.4)

Since these inequalities are satisfied by p, we have

1™ gi (o, £ (0), £ (oD < 160" hi (0, £ (), E (o))

where k € N is > the degrees of the g; and &;, and | - || denotes the Gauss norm. But
then this inequality is also satisfied for all p with |p| = 1 except for p in a finite union
of open discs of radius 1, all defined over K¢ (or even K). Since the inequalities (4.4)
are satisfied by p, they are satisfied for all p with 1 —§ < |p| < 1 for some 0 < § € R.
Increasing n so that also |p"| < § and using & to exclude the open discs gives us the
required W, («). O

Lemma 4.8. Let F(p, &1, &) € Ow, @) (the ring of analytic functions on the rational
domain W, (@)), and assume that

X@w, C{(p,&1,8) € Wy : F(p,&1,6) =0} =: Vp.

Define

X(@) =@, &1,6) 1 & +5220) = f(22(0)) C (KD .
Then also X (0)lw, C V.

Proof. Since F € Ow), @) and X (0)|lw), (@) C VF. for (p, &1, &2) € X(p)|lw, @ we have
F(p,§1,8) = 0. Now for (p, §1, &) € X we have (61 + ¢&2 — f(§))l¢=z,(p) = 0, and
on W, () we have §; = Si(”)(p) + p"n; fori = 1, 2 where 11, 1, are new variables that

vary over K;’lg (or K7).

Let W, @) := {(€1, &2, 0. 0) : (51,62, p) € Wa(@) A |pt* — ¢ 4+ 1] < [p"p™}. On
W,T (o) we have & = Si” (p) + p"n; fori = 1,2, so we may consider the variables to

p _1 ptl—t+1
be 771’ n25 {7 pa Wa p—a; and pnpn!

are approximations to the Weierstrass data of f(¢) on division by 2—1 /p)¢ + 1, we
see that & + & — f(¢) is regular in 0y of degree 1. Hence, on W, (@) we have

F(p,§1,8) =G(p, 6.0+ 1+ & — ()0

where G, Q € (’)W;@.
Now, by (formal) Weierstrass Division of G by ¢2 — (1/p)¢ + 1/p we have

F(p,&1,8) = Hi(p, m)+Ha(p, 1)E+ (82— 50 +4) Q1+ E1+58— ()0, (4.5)

. By direct computation, using the fact that the $i(")
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Here Hy, H and Q1 are not strictly convergent on the domain W,T (o). However Hy, H»
and Q are strictly convergent in 1, with coefficients functions in
11 1 2_ 17"
KO[IO9_’ LA 7(7 IOZ §,+ } =:A+
p p—ol p—ay ptop™

where ~ denotes completion in the norm on K°, i.e. we can write

o0 o
Hi(p.m) =Y hij(p)ny.  Halp.m) =Y haj(p)n3
j=0 =0

1 1 1

P’ p—ay’ T p—oy
1

Y p—ap’ T p—ayg

infinitesimals, all the power series in AT define functions on

where hij € K°|p, |™ and ||h;jll - 0as j — oo. (Here | - || is the

Gauss norm on K°|p, %

]A). Because K is complete, and contains no

WH@) N {1, &, 0,8): 1= 1/k < |pl < 1Yk e NA|pc? — ¢+ 1] < [p"p™|).

Indeed, they define functions on W,‘f * () defined like W,‘f (o) but allowing ¢ to vary over
the slightly bigger disc {¢ € K1 :|¢| <14 1/k Vk € N}, i.e. on

W @) = {51, &, p,¢) € (K1) x K1 1 (&1, &, p) € Wy(@)
ApET =+ 11 < p" " A (L= 1/k < |p| < 1AJZ] <1+ 1/k Yk e N)}.

Note that also h;;(p) € K and h;j(p) — 0 as j — oo. Hence substituting z1 (0) for
¢ and p for p in (4.5) we obtain

Hi(p, m2) + Hx(p, n2)z1(p) =0 forall n; € K7,

ie.
o) .
> (@) + haj(P)z1(P)Iny =0 forall s € K7,
j=0

Hence

h1j(0) + haj(p)z1(p) =0 forall j.

Next we will show that 4;;(p) = Ofori = 1,2 and j = 0,1,2,.... Suppose
not. Then for some j we have hy;(0) + h2;(p)z1(p) = O but either h1;(p) # 0 or
h2;(0) # 0. Since |z1(p)| = 1 we must have both /1;(p) # 0 and h2;(p) # 0. Hence
|h1j(0)| = |h2j(p)|. From the definition of p we see that ||A;;(p)]l — |h;j(p)| is in-
finitesimal. Hence, multiplying by a suitable element of K \ {0} we may assume that
a1 (p)Il = (llh2j(p)|| = 1. Let ™ denote on K° the residue modulo K °° and on K7 the
residue modulo K7 - K°° = {x € K} : |x| < |y| for some y € K°°}. Then

11D + ha; (3)21 () = 0.

Since El j(p) and ﬁz i (,o)Nare rational functions~of~ 0, we find that El j(%) /Ez i (%) is a
solution of the equation pz> — ¢ + 1 = 0 in K(p). But this equation has no rational
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solutions ( % is transcendental over K ; look at the zeros and poles of the rational function).
Since p is transcendental over K, also h;j(p) =0fori =1,2and j =0, 1,2, .... Thus

Fp.&1,8) = (¢ = Lo+ 1)1+ @& +t6 - F(O)0. (4.6)

This is an equation among elements of A, and hence an equation among the functions
they define on W, (@). Hence from (4.6), for any (7, &1, §&2) € X(P)|w), @ we have

F(p.51,5) = (3(0) — $22(0) + 5) Q1 (P, m2, 22(P))
+ (61 + 22052 — f(22(P) O (P, &1, 62, 22(P)), 4.7)

ie. F(p, &1, &) = 0. Again, this equation is to be understood as an equation among func-
tions on W, (@). [Since |22(p)| > 1, f(z2(p), Q(P, &1, 62, 22(p)) and Q1 (P, n2, 22(P))
are not evaluated using the analytic structure, but by using the completeness of K. As we
observed above, power series in A define functions on W, (@). Indeed, for every m,
modulo p’"+1 all the functions F, f, Q, Q1 are congruent to polynomials in the various
variables with coefficients rational functions of p. Hence | F (p, &1, &)| < |p™| for every
m € N. Since there are no infinitesimals in K| we have F (p, &1, &) = 0.] This completes
the proof of the lemma. O

Remark 4.9. Here is an alternative proof of Lemma 4.8 that may be of some interest.
Let R* O R be the non-principal ultraproduct of R. Let R} := {x € R* : 3y ¢ R
(Ix] < |y|} be the finite part of R*, and Iiys := {x € R* : Vn € N (]y| < 1/n)} be the
ideal of infinitesimals in ]R;’f .Let Ry = R;‘ /Iint. Then K7 is a normed field with norm
| - |1 — Ry and K is complete in | - |1, i.e. if |a;|; — O then Zi a; € K. Consider
the norm | - | : K1 — R defined by |x|, := the standard part of |x|;. Denote K| with
norm | - | by K3. Observe that for a; € Ky we have |a;|; — O if and only if |a;|» — O,
so K> is also complete. Let K7 := {x € Kz : |x|2 < 1} = {x € K; : Vn € N
(Ix[t < 1+ 1/n)}. Then K3 2 K7 = {x € Ky : |x]; < 1}. Both K| and K are
algebraically closed valued fields with analytic A-structure, say via o7 and oy respec-

tively. If g € Ay and x1, ..., xp € K7 theno1(g)(x1, ..., Xm) = 02(g)(x1, ..., X) and
loa(g)(x1, ..., Xp)|2 = the standard part of |o1(g)(x1, ..., xm)|1. However, if at least
one of the x; isin K5 \ K7 then o1(g)(x1, ..., Xi) = 0. Consider the lines

X(p) :=={(p.&1.862) : &1 + z1(p)&2 = f(z1(P)},
X(@) =P, 61,8) : & + 2005 = f(2(0)).

There is a | - |»-preserving K-automorphism 7 of K, that leaves p fixed but inter-
changes z1(p) and z2(p). Since |7 (x)]» = |x|o we have |7 (x)|; — |x|1] € Iins. Sup-
pose F(p, &1, &) € O, @) is such that o1(F)(p, &1, &) vanishes on X (0)|y, @)- Then
also 02(F)(p, &1, &) vanishes on X ()|, @), and hence 02(F)(p, &1, &2) vanishes on

TX@®w,@) = X@lw,@- Now for (5, &1, &) € Wa(@) we have £ @)1 =
lp/pl < |p|"/? and |& — Si(")(ﬁ)h < 1. Hence also |7 (&)1 < 1, so we conclude that
o1(F)(p, &1, &) vanishes on X (0)|w), @)-
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Lemma4 10. Let F(p,&1,&) € OW,,(a) and suppose that F(p,€,,&,) = 0 and
351 F(5,E|,€,) # 0. Then there are n’,n"” € N and an @ such that F(p, £1, &) as an
element OfOWn.n// @) s regular of degree 1 in &, after division by a suitable unit. Hence
there is a ’5\1 = El (p,&) € OW,%” @) such that F(p,/s\l (p,&2), &) = 0 as an element of
OW,,// @)- The same holds with the roles of &\ and &, interchanged.

Proof. For strictly convergent g, let g(",) be a polynomial that is congruent to g modulo
p”/ i.e. the truncation of g at size p"/ Since %(ﬁ £,,&,) # 0, we have |%(ﬁ, £1,&) |2

(n) (n))‘

> |p” | for some n’. Then ‘aF( )(,0 & |p”/|. Observe that

aF™) 00 0

08, (. & " K°[p]
for some n”’. Hence for suitable n”/ > n’ and o,
JF ™) 2 ,
' 5, (0, &1,6)| =|p"|

for all (p, &1, &) € Wy (@'). On Wy (@) we can write & = éf”//)(p) + p"'n and
& = 5(” )(p) + p""'1n>, where the n; are new variables. Indeed, on the set {p : |p| <
lp n’ '| < 1} we have |§1" )(p) —gl"") (p)] < |p”/|, so taking Sl("ﬂ)(p) as the “center” of the

disc |&] — & 1(" )| <| p” | instead of éf/ (p) does not change the rational domain or its ring
of functions (Remark 4.6). Writing F (p, &1(p, n1), §&2(p, n2)) as a power series in 11 and
dividing by the unit

o OF
G 0+ p" o),
,vyhich is the coefficient of 11, makes F regular of degree 1 in 7. The existence of
&1(p, &) follows by Weierstrass Preparation. ]

We now proceed with the proof that X is not Eﬁ—semianalytic on any W, ().
Claim 1. X is not L g-semianalytic on any W, ().

Suppose it were. Then there would be an F' € Oy, ) such that X () |y, @ C V. Since
X (@) Iw, @) is a line, we may assume that F is irreducible in Oy, &) and in OW,’. @)
for all n” > n and all @’. By Lemma 4.8, also Y(ﬁ)h/\;n @ C Vr. Hence the curve
Ve(p) in W, defined by F(p, £1,&) = 0 would be singular at (7, & s 52) Increas-
ing n if necessary, we may assume that (, £, &,) is the only singular point on the curve
F(p,&1,&) = 0in W, (). But then, since a point is a smooth 0-dimensional variety,
by [LR6] or [Cel], for some n’ > n and some @ we would deduce that ?1 and 52 are
Oy, @)-analytic functions of p. But this is not the case by Remark 4.4.

Alternatively we can see this as follows: For some suitable derivative G of F the curve
V6 (P, &1, £) contains the point (p, £, £,) and is smooth at that point. If Vg ¢ Vr, by
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Lemma 4.10 we can solve G = 0 for &, say, as an analytic function El (p, &) of p
and &;, and substitute this function into F to get F(p, /f\l (p, &2), &) # 0. Use the equa-
tion F (p,gl (p,&),&) = 0 and Lemma 4.10 to solve for ’5\2 as an analytic function
of p, contradicting Remark 4.4. If Vg C VF, since Vg (p) is smooth, we know that
X®Iw,@ £ Vo, and hence Vi # V. Then, since G is (strictly convergent) regu-
lar in &1 of degree 1, by (strictly convergent) Weierstrass Division, G would divide F,
contradicting the fact that F is irreducible.

Claim 2. X is not Eﬁ-semianalytic.

Suppose it were. Choose an Lﬁ-semianalytic representation on a W, (@) of lowest possi-
ble complexity—i.e. using the smallest number of non-analytic D-functions (necessarily
> 1 by Claim 1) and with innermost D-functions reduced (i.e. with numerator and de-
nominator having no common factor). Let D(g, &) be an innermost D-function that is not
analytic. Then g, h € Oy, @) and necessarily g(p, &, €,) = h(p, &, &,) = 0, and g and
h have no common factor in any OW,@ @)- Considering the two curves Cq := {(p, &1, £2) :
g(p,&1,6) = 0} and G = {(0,&1,8) : h(p, &1,5) = 0}, we now proceed as in
the proof of Claim 1 to show that £, £, are analytic functions of p, again contradicting
Remark 4.4. This completes the proof of Theorem 4.3.

Remark 4.11. The set X is clearly both Lscp-semianalytic and £i‘4-semianalytic. It is
also £ 4-semianalytic in a neighborhood of every point of K. Indeed, it is £ 4-semi-
analytic on the sets described by |[p| = 1 and |p| <1 —§,forevery§ < 1,5 € R.

Appendix A. Some comments on analytic structures from [CL]

In this appendix we recall some definitions from [CL], sometimes in a slightly modified
form, we give some complements and small amendments to [CL], notably in Definition
A.1.3, Lemma A.1.5, and Remarks A.1.8, A.1.9, A.1.12. We also give some supplemen-
tary discussion of various topics—other strong noetherian properties, extension of param-
eters, and Weierstrass systems with side conditions.

Al

Let us first recall the notion of separated pre-Weierstrass system of [CL] (“separated”
means that the power series involve two kinds of variables, see Remark 1.0.1).

Definition A.1.1 (Separated pre-Weierstrass system, cf. [CL, Definitions 4.1.2, 4.1.3 and
4.1.5]). Let B be aring and I C B a proper ideal. Let B, , C B[[&, p]] be B-algebras.
We call B := {Bum.n}mnen a (B, I)-separated pre-Weierstrass system if it satisfies the
following conditions (1)—(6) for all m, n, m’, n’. (Letm < m’ and n < n’ be natural num-
bers,and & = (&1,...,&m), & = (€1, ..., &), " = Gmt1, - &)y p = (01, -+, Pn),
o' = (p1,...,pn), and p” = (Pp+1, ..., pu) be variables.)

(1) Boo = B,

(2) Bum,n C B[[&, p]] and is closed under any permutation of the &; or of the p;,

(3) Bm,n[g//’ 10”] C Bm’,n/v
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(4) the image (By,n)~ of By, under the residue map ™ : BI[[&, p]] — E[[é, pllis a
subring of B[£][[p]], and _ _

(5) if f € By, say f = Zuv Juv (&, P)(E")H(p"), then the f v arein By, .,

(6) The two usual Weierstrass Division Theorems hold in the B, ,, namely, for f, g
€ By n:

(a) If f is regular in &,, of degree d (Definition 3.3.2(i)), then there exist unique
q € Bypandr € By—1 4l6n] of degree at mostd — 1 such that g = gf +r.

(b) If f is regular in p, of degree d (Definition 3.3.2(ii)), then there exist unique
q € Bynandr € By, ,—1lpn] of degree at mostd — 1 such that g = gf +r.

Since (A, I) is quite general, there may be pairs (a, b) in A whose relative size is not de-
termined by (A, I). In each field with analytic .A-structure, say via o, the relative size of
o (a) and o (b) is determined. We handle this situation by means of Definition A.1.2 (and
Definition A.1.4). In the case that A = K° and I = K°° with K a valued field this com-
plication does not arise. In the case of Theorem 3.5.1 we can also avoid this complication
by using the stronger property (7') of Definition A.2.1 in place of Definition A.1.4.

We recall the following definitions from [CL].

Definition A.1.2 (Rings of fractions). Let A = {A n}m.nen be a separated (A, I)-
pre-Weierstrass system. We inductively define the concept of an A-algebra C being a
ring of A-fractions with proper ideal C° and with rings Cp, », of separated power series
“over” C:

(i) The ring A is a ring of A-fractions with ideal A° = I and with rings of separated
power series the A, , from the system .A.
(ii) If B is aring of A-fractions and d in B satisfies C° # C, with

C:=B/dB, C°:=B°/dB,

then C is a ring of A-fractions with proper ideal C° and Cy, , := Byy.n/dBm n-
(iii) If B is aring of A-fractions and c, d in B satisfy C° # C with

C = B(c/d) := B1,0/(d& —¢), C°:=(B°)B(c/d)

then C is a ring of A-fractions with proper ideal C° and C,, », := Bp+1./(d§1 — ¢).
(iv) If B is aring of A-fractions and ¢, d in B satisfy C° # C, with

C = Bllc/dlls := Bo,1/(dp1 —¢),  C°:=(B°, p1)Bo,1/(dp1 —c),

and (B°, p1) the ideal generated by B° and p1, then C is a ring of A-fractions with
proper ideal C° and C,, , := By n+1/(dp1 — ©).

Definition A.1.3. In Definition A.1.2 we put the word “over” in quotes because Cy, , is
not in general a ring of power series with coefficients from C. However, if f € Cp p,
the Taylor coefficients of f are well defined as elements of C by repeated Weierstrass
Division. In other words, for each (i, v) there is a unique ¢, € C such that for u < '
and v < V', ¢, is the coefficient of £*p" in f mod (S“,, p“/). We can define the series
of fby S(f) = ZE;WS"P” € C[[&, p]l.

In all cases of Definition A.1.2 define Cp, , := {f € Cin : Cp 0 € C° forall u}.
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Definition A.1.4. We call a separated pre-Weierstrass system B (Definition A.1.1) a sep-
arated Weierstrass system if

(7) For every ring C of B-fractions, if f € Cy, , and S(f) = Zu,v cuvétpY, then there
is a finite set J C N+ and for each (i, v) € J thereis a guv € Cy,; , such that

f= Z Euvé:“pv(l+guv)-

(n,v)eJ

Lemma A.1.5. If B = By, , is a separated Weierstrass system, then for every ring C of
B-fractions, Cy, , is indeed a ring of power series over C.

Proof. Property (7) above guarantees that the homomorphism f+— S(f)=) ¢, ,E"p"
is an isomorphism. O

In the light of this lemma we will henceforth identity C,, , with S(Cp, ).

The treatment in [CL] implicitly assumed that C, , is a power series ring over C. The
treatment here is better in that it omits that assumption, and the statement of the strong
noetherian property uses S(f) to define the ¢, ,. (Definition 4.1.5(c) of [CL] should be
replaced by Definition A.1.4 above.) Once we have assumed property (7), the distinction
between C,, , and S(C,, ) disappears and C, , is indeed a power series ring, as observed
above.

Restating (7) in our context, we have:

Lemma A.1.6 (Criterion). A good strictly convergent pre-Weierstrass system A = {A,}
is a strictly convergent Weierstrass system if (and only if) A" satisfies condition (7) of
Definition A.1.4, i.e. if

(vii) For every ring C of A" -fractions, if f € Cp.n and S(f) = ZM,VEMVEM'OV’ then
there is a finite set J C N"*" and for each (u,v) € J there is a gy, € Cy, ,, such
that

f= Z E;wgupv(l + &uw)-

(u,v)eJ

Remark A.1.7. It does not follow that a field F with strictly convergent analytic A-
structure is necessarily henselian. See the example in [CL, Remark 4.5.13]. This is why
we must require that the fields with analytic A-structure be henselian.

Remark A.1.8. We amend Definition 4.5.14 and Theorem 4.5.15 of [CL]. In Definition
4.5.14 of [CL], the order relation < on the value group sort should be part of the lan-
guage L 4, in order for the quantifier elimination result of Theorem 4.5.15 to make sense.

Remark A.1.9. The alternative proof of quantifier elimination, based on compactness,
that is given in Section 6 of [CL] (in the proof of Theorem 6.3.7) is not well-presented. In
order to obtain a proof along these lines, the results used ((CLR1, Lemma 3.16] and [CL,
Theorem 5.5.3]) should be made more uniform, allowing variables as well as constants
to occur in the terms. Proposition A.1.10 below is the needed uniform version of [CL,
Theorem 5.5.3].
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Proposition A.1.10. Let A be a separated Weierstrass system and let K be a valued
field with separated analytic A-structure. Let L gy be the language of valued
fields, (0,1, +, -, (-)_1, | - 1), augmented with function symbols for all the elements of
Um’n Am n(K). (We extend functions [ € Ay n(K) by zero outside (K;’lg)m X (K;fé )
Let x be several variables and y one variable, and let T(x, y) be a term of L g(x). There
is a finite set xo(x) of quantifier-free L A(k)-formulas such that K3 . E Vg Xa (ie. the
sets {x : xa(x)} cover (Kalg)”) and for each a there is a finite family of quantifier-free
SJormulas ¢q.i(x,y) that depend on y in a polynomial way (i.e. are boolean combina-
tions of atomic formulas of the form p(x,y) = 0 and |p(x, y)| < |q(x, y)|, where the
p(x,y), q(x,y) are polynomials in y with coefficients L A(k\-terms in x) such that, writ-
ing Uy,i = Uy i (x) for the set {y : ¢y i(x,y)}, for each o the Uy ; (x) cover K:Ig’ and for
each o and i there are rational functions Ry ;(y) with coefficients L 4(k)-terms in x, and
terms Ey ;(x, y) that are strong units on Uy ; such that for x satisfying x, we have

o

(. Wty = Eai - Railg,; - (A1)

[See [CL, Definition 5.1.4] for the definition of “strong unit”. Here we slightly general-
ize that definition. The size of a strong unit Ey ;(x,y) is determined by a term cg,;(X)
satisfying |Eq i (x, y)el = |cq,i(x)| for all y € Uy,; and there is a polynomial Py ; with
coefficients L px)-terms in x such that || Py;|| = 1 and PO,J(c(;}(EW-)‘Z)~ = 0 for all
Y € Uy, i(x). So cq,i and Py ; determine the finitely many possible angular components
Of Ea,i~]

Proof. Let K* be a |L (k)| " -saturated £ 4(k)-elementary extension of K. Let D(x)
be the algebra of £ 4(x)-terms in the variables x. Then for each X € (K*)", we know
that K C D(X) is a field with analytic A(K)-structure, so [CL, Theorem 5.5.3] applies
and there is a finite set of annuli U5 ; defined by annulus formulas ¢z ; [CL, Definition
5.1.1] and rational functions Rx ; (), strong units Ex ;(y) and finite exceptional sets Sk ;
satisfying

‘C(f7 y)|L1;.,~\S;,,- = Ef,i : Rf,i |u¥.i\Sf,i . (A2)

Observe that the exceptional sets arise from common zeros of numerators and denomina-
tors (of subterms in 7) and at these points the term becomes simpler, so the same induction
on terms establishes the analogous representation on the exceptional sets, which are de-
fined by polynomial equations in y:

T(fv )’)|S;,-,j = E/}‘i’j : le,i,j'*gf,i,j’ (A3)

where Sy; = U ; Sx.i,j- Hence, in the formalism of the proposition there is no need
to consider exceptional sets separately, and we may assume that we have quantifier-free
formulas ¢; (x, y) depending on y in a polynomial way, and terms Ex; that are strong
units, and rational functions Rx; such that, for all i and all y € Us; (the set defined by

i (X, y)),

(X, W, = Ex.i - Ryilug,; - (A4)
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Let Exf’i(x, y), R;’i(x, y) be terms in D(x, y) such that E;’i(f, y) = Exi(y) and
R;’ ;(X,y) = Rx,i(y), and similarly for other terms such as the cz; and Pg; and the
terms occurring in ¢ ; implicit in the description of A.4. Denote the resulting formula
corresponding to ¢x ; by go; ;(x, y). Let Ax(x) be the £ 4(x)-formula that asserts that for
all 7,

T(xa y)'Z/{in = E;’i('x’ )’) : R;.[(x5 }’)|Z/{x,,~, (AS)

together with the implied background description about Exf’l. being strong units and U, ;
being the sets defined by the formulas (pr, ;(x, y). Let xz(x) be a quantifier-free £ 4(x)-
formula equivalent to Ax(x) in K leg' We know that xx(x) exists by algebraically closed
quantifier elimination (see Remark 3.2.12). Since K* = xx(X), by the saturation of K*
the formulas xx(x) cover the Stone space of £ 4(x)-n-types, and by the compactness of
that Stone space, finitely many of the xz(x) cover, say the x,(x) for @ in some finite
subset of K :1; The proposition now follows. O

In the case of algebraically closed fields with separated analytic structure, one can say
much more than Proposition 3.4.5 above about definable functions.

Proposition A.1.11. (i) (characteristic 0) Let A be a separated Weierstrass system and
let x = (x1,...,x,) be several variables and y one variable. Suppose that a for-
mula ¢(x,y) € L4 defines y as a function of x in all algebraically closed fields of
characteristic 0 with analytic A-structure. Then there is a term t of L 4 such that
L = ¢(x,y) <y = t(x) forall algebraically closed valued fields L of characteris-
tic 0 with analytic A-structure.

(ii) (characteristic p # 0) In characteristic p let ,C;\ be the language L o with the p-th
root function (-)'/P adjoined. The analogous result to (i) holds, with LZA in place
of L 4, for all algebraically closed valued fields L of characteristic p with analytic
A-structure.

Proof. (i) We may assume that ¢ is quantifier-free. Suppose, for sake of contradiction,
that there is no such term 7. Then, since we can combine terms defined by cases into
one term, for any finite set of terms t;(x),i = 1,...,k, there is an x such that =
/\f: | ¢ (x, 7i(x)). Hence there is an algebraically closed field L with analytic .A-struc-
ture and x € L* such that =1 —e(x, T(x)) for all terms t(x). Let A(x) := {r(x) :
T an L 4-term} C L. Let L’ be the field of fractions of A(x). Then L’ C L is a field
with analytic A-structure and this structure extends uniquely to an analytic A-structure
on L;lg. Hence there is a unique y € L;lg \ L such that =7/ ¢(x, y). But, since L’ is
perfect, there is an analytic .A-structure automorphism of L’ that leaves the elements of
L fixed but moves y, contradicting the uniqueness of y. (Indeed, since A is separated,
L’ is henselian, and by [CL, Theorem 4.5.11] every field automorphism of L’ over L is
an automorphism of fields with analytic .4-structure.)

(ii) Observe that every formula of L‘:A is equivalent to an £ 4-formula, and if we define
A(x) = {t(x) : T an L;\-term}, and L’ as the field of fractions of A’(x), then L’ is a
perfect subfield of L, so the same argument works. O



144 Raf Cluckers, Leonard Lipshitz

Remark A.1.12. We amend Lemmas 6.3.12 and 6.3.14 of [CL]. In fact, with notation of
[CL, Lemma 6.3.12], its proof shows an even stronger conclusion holds: rv, (E? (x)) only
depends on x mod (n - K}°) when x varies over K. It is in fact this stronger form of
Lemma 6.3.12 that is used to prove [CL, Lemma 6.3.14]. We thank S. Rideau for pointing
this out to us.

Remark A.1.13. In[CL, Section 4.3] we gave a two-case definition of strictly convergent
Weierstrass system A and (henselian) field with analytic A-structure. Case (i) (denoted
(r = 1)) of that definition clearly fits into the framework of this paper as an analytic .A-
structure with side conditions (namely that 7 be a prime element of K °)—see Definitions
A.4.1 and A.4.2 below. In case (ii) (denoted (;r # 1) in [CL, Section 3.3]) we considered
all rings C of fractions coming from a separated Weierstrass system containing A. In
general, some of the elements of such a C will not be definable in the language £ 4. The
treatment in this paper is more natural in that all the elements and functions that arise
are existentially definable in £ 4 (see Lemma 3.2.8), and the definition depends only on
the pre-Weierstrass system .4 = {A,,}, not on some (unspecified) separated Weierstrass
system containing .A.

A.2. A discussion of strong noetherian properties

In this subsection we discuss variants of Definitions A.1.4 and A.1.6
Conditions (7)" and (vii)’ below easily imply conditions (7) of Definition A.1.4 and
(vii) of Definition A.1.6 and are easier to use in Theorem 3.5.1.

Definition A.2.1. Let B = {B,, ,} be a pre-Weierstrass system, let m < m’, n < n’,
and let £ = (51,....&m), p = (P1,---, o0)s &' = (&1, 6w), 0" = (P15-- -, Pu),
£ = Gmt1, . ) and p” = (Puy1, -, pur)-
(7) Let
F=> " FuwE& mEN (") € By
L,V

where the ?W (&, p) are in B,y ,. There is a finite set J C N =m+n'=n and for each
(i, v) € J afunction g, € (B ,/)° such that

F= 2 Fu&pE (")’ 1+ gu)
(n,v)et
as an element of B, .
(vii) Let
F=Y T mEH" (") e AL,
L,V

where the ?Hu(é, p) are in A,‘;’,n. There is a finite set J C N ~"+7"=" and for each
(u, v) € J afunction g, € (AZ, »)° such that

F= > FuE p)EN (") 0+ guw)
(n,v)eJ

as an element of A, .
m',n
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The following is immediate.

Lemma A.2.2. (i) If the separated pre-Weierstrass system B satisfies condition (7)
above then B is a separated Weierstrass system.

(ii) If the good, strictly convergent pre-Weierstrass system A satisfies condition (vii)’
above then A is a strictly convergent Weierstrass system.

A weaker strong noetherian property that is still sufficient for results on quantifier elim-
ination, b-minimality and cell decomposition is (7)* below. See [CL, Section 4.2] for
definitions. This definition is [CL, Theorem 4.2.15].

Definition A.2.3. (7)* Let B = {B,, »} be a pre-Weierstrass system, let m < m’ and
n S n/’ let ‘i: = (Slv---9ém)3 p = (p11~-~apn)9 s/ = (Ela~'-7€m’)9 p/ =
(pls L) pn’)» g” = (§m+17 MR ém’) and 10// = (pn-‘rlv ] pn’)a and ]et

= FunE p)EN (")’ € B
JIRY

where the ?W (&, p) are in By, 5. (The ?uv (&, p) are well defined by Weierstrass
Division in By, /). There is a finite system F of rings of B-fractions, and for
each B’ € F there is a finite, disjointly covering family of Laurent rings C over
A}, ,, and for each C there are a finite set J¢ and C-units ¢y, € C and functions

m,n>
hcuv € C;l,_m’ i, for (u, v) € Je such that

n

f= Y FuC o)EN ) ucu( +hew)
(n,v)ele
as an element of C,y—yy p'—p.
(vii)* The corresponding condition for a strictly convergent pre-Weierstrass system A is
that the separated pre-Weierstrass system A” satisfies condition (7)*.

Definition A.2.4. The arguments in [CL, Section 4.2] (Lemma 4.2.14 and Theorem
4.2.15) show that the following less cumbersome condition implies condition (7)*:
(7)” For any
= Cuw®"(p)" € Bun
L,V

there is a system F of rings of B-fractions, and for each B’ € F there is a finite set
Jp and functions g, € (By, ,)° for (1, v) € Jp such that

f= Z E/LUSM:OU(I"‘g;w)

(uv)ES

/
as an element of B, .

We do not know an example of a good pre-Weierstrass system A such that A7 := {A,’Zyn
is a separated Weierstrass system but does not satisfy condition (vii)’ of Definition A.2.1.
Indeed, we do not have examples that distinguish among the various strong noetherian

properties discussed in this section.
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A.3. Extension of parameters

Let 5 be a separated pre-Weierstrass system and let K be a field with analytic -structure
via . As in [CL, Definition 4.5.6(i)], assume that oy : A — K° is an embedding, and
define

Bun(K) :={f¢, p,c,d):ce (KO, de (K and f € Byimnin}-

Then B, ,(K) is a ring of functions (K°)" x (K°°)" — K. If B satisfies condition
(7)* above (for example if B is a Weierstrass system), it follows that the homomorphism
S — S(f°) is an isomorphism, so we may regard B, ,(K) as a ring of power series
over K°. Then B(K) := {By, »(K)} is a Weierstrass system by [CL, Theorem 4.5.7(i)].

In [CL, Definition 4.5.6(ii)], a similar extension of parameters is given for some
strictly convergent analytic pre-Weierstrass systems, i.e. those for which both 7 and K °°
have a prime element. As a further example, complementing the ones in 3.6, we have the
following extension of [CL, Theorem 4.5.7(ii)], where we no longer impose that condition
on/orKkK.

Lemma A.3.1. Let K be a henselian field with analytic A-structure for a strictly conver-
gent Weierstrass system A. Then also the system A(K) obtained by extension of parame-
ters is a strictly convergent Weierstrass system.

Proof. Because K° is a valuation ring, no rings of fractions are needed and A(K)? =
AH(K). u]

We will give another strong noetherian property ((7)” below) that has the advantage that
it is expressed in terms of the fields with analytic B-structure, rather than the somewhat
awkward concept of systems of rings of fractions. It is useful in defining the concept
of Weierstrass system with side conditions in Subsection A.4 below. Let B be a pre-
Weierstrass system. For any (henselian) field K with analytic B-structure, let

Kp := {t : T a variable-free term of Eg}
and let K3 be the field of fractions of K.

Definition A.3.2. Let B be a pre-Weierstrass system and let B(Kg) be obtained by ex-
tending parameters.

(7)/// If fa c Bm,n(KB) and S(fa) — ZM’vElwgl“p” with the EMV € K%, then there is

a finite set J C N and for each (i, v) € J there is a gzv € (Bm.n(Kp))° such
that

7= > TuE e (1 +g5). (A.6)
()€t
Remark A.3.3. (a) When B = K° for K a (henselian) field all the rings of fractions are
in fact just K °, so in that case the definitions become much simpler.
(b) Condition (7)"”" gives us for each f a (possibly different) strong noetherian prop-
erty (equation (A.6)) in each field K with analytic B-structure. A standard compactness
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argument shows that there is a finite set of representations of the form (A.6) such that for
every field K with analytic B-structure (or in the case below of Weierstrass systems with
side conditions, for every such K satisfying additional axioms 7"), one of the finite set of
equations (A.6) holds in K.

A.4. Weierstrass systems with side conditions

The following small extension of the above concepts may be useful. See the discussion
preceding Theorem 3.5.1.

Definition A.4.1. A (strictly convergent, or separated) pre-Weierstrass system with side
conditions is a (good strictly convergent, or separated) pre-Weierstrass system A together
with some axioms 7 4 in the language £ 4.

Definition A.4.2. A separated Weierstrass system with side conditions is a separated
pre-Weierstrass system B together with axioms 73 in the language £ 4 such that, for
each henselian field K with analytic B-structure that satisfies the axioms of 73, the
pre-Weierstrass system B(Kp) obtained by extension of parameters (cf. Subsection A.3
above) satisfies the condition

"It f = ZM’UEWSM,O” in By, (Kp) with the ¢, in Kp, then there is a finite set
J C N"*" and for each (1, v) € J thereis a g, € (Bu,n(Kp))° such that

f= ) CuE e (1 +gw).

(u,v)eJ

In this situation we refer to the analytic structure on K as an analytic structure with side
conditions. We call a good strictly convergent pre-Weierstrass system A a strictly conver-
gent Weierstrass system with side conditions if the separated pre-Weierstrass system A7
satisfies the above condition for every henselian field K with analytic A-structure that
satisfies the side conditions.

The following is immediate.

Corollary A.4.3. Let A be a strictly convergent Weierstrass system with side condi-
tions T 4. There is a set of existential definitions in the language Eﬁ which, in every
henselian field K with analytic A-structure with side conditions T 4, define a separated
analytic structure on K extending the analytic A-structure. Indeed, the functions are
given by terms of Eﬁ’h.
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