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Abstract. Over fields of arbitrary characteristic we classify all braid-indecomposable tuples of at
least two absolutely simple Yetter—Drinfeld modules over non-abelian groups such that the group
is generated by the support of the tuple and the Nichols algebra of the tuple is finite-dimensional.
Such tuples are classified in terms of analogs of Dynkin diagrams which encode much information
about the Yetter—Drinfeld modules. We also compute the dimensions of these finite-dimensional
Nichols algebras. Our proof uses essentially the Weyl groupoid of a tuple of simple Yetter—Drinfeld
modules and our previous result on pairs.
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Introduction

Let K be a field and let G be a group. The G-graded KG-modules (also known as Yetter—
Drinfeld modules) form a braided vector space. For any braided vector space V there
exists up to isomorphism a unique connected graded braided Hopf algebra B(V') gener-
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ated by V, such that the generators have degree 1 and all primitive elements are in V.
This braided Hopf algebra is known as the Nichols algebra of V. It is a fundamental
problem in Hopf algebra theory to understand the structure of Nichols algebras (see for
example [10] and [2]). Besides their applications to quantum groups and Hopf algebras,
Nichols algebras have many other interesting applications such as Schubert calculus [15],
Lie superalgebras [1, Example 5.2], and logarithmic conformal field theories [38, 39, 40].

First definitions and structural results on Nichols algebras were obtained by Nichols
[36]. Nichols algebras were rediscovered later by Woronowicz [41, 42] and Majid [35],
and they were used as a basic object in the lifting method of Andruskiewitsch and Schnei-
der [8] to classify (finite-dimensional) pointed Hopf algebras [9, 11, 12]. Nowadays there
exist generalizations of this method to other classes of Hopf algebras [4]. A common step
in these methods is to determine all Nichols algebras satisfying a finiteness or a moderate
growth condition. While Nichols was only able to determine Nichols algebras over very
small abelian groups, the theory of Weyl groupoids [20] leads to satisfactory classification
results for arbitrary finite abelian groups. Among the results in this direction we mention
the classification of finite-dimensional Nichols algebras of diagonal type [19, 21, 22, 23,
24, 31], and the results related to presentations of such Nichols algebras [13, 14].

Based on the successful experience with Weyl groupoids related to Yetter—Drinfeld
modules over abelian groups, the theory was extended to arbitrary Hopf algebras with
bijective antipode and semisimple Yetter—Drinfeld modules over them [7]. It turned out
that Weyl groupoids provide very strong information on the growth and on combinatorial
properties of Nichols algebras in the case of several direct summands. It is remarkable
that this theory is also very useful for studying Nichols algebras of simple Yetter—Drinfeld
modules. Indeed, the only known tool today to study Nichols algebras over such Yetter—
Drinfeld modules is to look at braided subspaces which can be viewed as semisimple
Yetter—Drinfeld modules over another Hopf algebra (see for example [5, 6]). From this
point of view, the study of Nichols algebras of semisimple Yetter—Drinfeld modules is
also crucial and has several potential applications.

Let us explain the main results of this paper and the strategy of the proof. Let G be
a group and let V be a finite-dimensional Yetter—Drinfeld module over G(. By restriction
of the module structure, one can view V as a Yetter—Drinfeld module over the subgroup
G of Gy generated by the support of V. Moreover, under some assumptions on G and
the field K one can decompose V into the direct sum of absolutely simples. Motivated
by this setting, we study tuples M = (My, ..., Mp) of absolutely simple Yetter—Drinfeld
modules over a non-abelian group G, where 6 € N, such that G is generated by the
support of V = @?Z] M;.

Let us add here a side remark. The reflection theory and the Weyl groupoid exist for
tuples of simples. However, allowing simple Yetter—Drinfeld modules would lead to a
discussion of group representations depending heavily on the field. Further, one would
loose essential parts of the combinatorics of the Weyl groupoid: In the worst case one
has only one simple summand over the base field instead of several absolutely simples
over an extended field. On the other hand, field extensions of Nichols algebras are well
understood. Therefore, in general it is more promising to extend the field appropriately
before studying a Nichols algebra.
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Since V is a braided vector space, it admits a Nichols algebra B(V). The general
theory implies that in some cases, containing those with dim B(V) < oo, one can attach
to M a connected finite Cartan graph of rank 6 (see Section 1 for the definitions). If
6 = 1, then the Cartan graph contains no information about B(V'). Therefore we restrict
our attention to the case 6 > 2. Our aim is now to provide a classification of 6-tuples M of
absolutely simple Yetter—Drinfeld modules over non-abelian groups such that the group is
generated by the support of EB?:l M;, and M has an indecomposable finite Cartan graph.
We record that the indecomposability assumption on the finite Cartan graph is merely of
technical nature. It allows us to exclude the components of the Cartan graph of rank one.
Since the classification in the case of two simple summands was performed in [29, 30,
28], here we consider the case & > 3. To write our classification theorem, we introduce
two concepts:

Braid-indecomposability. The braid-indecomposability of the tuple of Yetter—Drinfeld
modules records the indecomposability assumption on the finite Cartan graph (see Defi-
nition 2.1).

Skeletons. To describe the structure of the Yetter—Drinfeld modules involved, we make use
of diagrams which are analogs of Dynkin diagrams of finite type. We call them skeletons
of finite type. See Definition 2.2 for the definition of a skeleton and Figure 2.1 for skeletons
of finite type.

A consequence of our main result is the following classification (see Theorem 2.5).

Classification theorem. Let 0 > 3 and let M = (My, ..., My) be a braid-indecompos-
able tuple of Yetter—Drinfeld modules over a non-abelian group G such that the support
of My & --- ® My generates G. Then the Nichols algebra B(M1 @ - - - & Mpy) is finite-
dimensional if and only if M has a skeleton of finite type.

We remark that no assumption on the characteristic of the field K is needed. The theorem
is the culmination of several theorems stated in Section 2. These theorems contain the
dimensions and the Hilbert series for the Nichols algebras of the classification. Almost all
of the examples appearing in our classification admit a standard (classical) root system.
The dimensions of the Nichols algebras admiting a standard root system are shown in
Table 1.

Table 1. Finite-dimensional Nichols algebras with a standard root system.

Dimension 20(0+1) 49(9—1)320 2292—9 49(0—1) 436 463 4120 418
Root system Ag By (or) Dy E¢ Eq Eg Fy
char K 3 *2 *2

It is remarkable that in characteristic zero and in the case where 6 > 4, these finite-
dimensional Nichols algebras appear in the work of Lentner [34] related to coverings of
Nichols algebras.
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Table 2. Finite-dimensional Nichols algebras with a non-standard root system of rank three.

Dimension | 30127 212124 69127
char K 2 3 #2,3

In the case of three simple summands, one has an additional family of examples which
admit a non-standard root system. The dimensions of these Nichols algebras are shown
in Table 2.

The proof of Theorem 2.5 is based on a general PBW-type theorem on certain Nichols
algebras from [25, Thm. 2.6] (see Theorem 1.2), on the classification in the case § = 2
[28], and on the classification of connected indecomposable finite Cartan graphs of rank
three [17]. In fact, we only need Lemma 3.1 from [17], for the proof of which we had
to use the main result in [17]. In order to simplify our approach further, we prove the
following theorem (see Theorem 4.2).

Theorem. Any connected indecomposable finite Cartan graph has an object with a Car-
tan matrix of finite type.

This result is of independent interest and its proof does not use the classification of finite
Cartan graphs [17, 18]. At an early stage of our work we had a proof of our main classi-
fication theorem without using the classification in [17], but it was much more technical
than the present work.

The paper is organized as follows. Notation, terminology and a review of the theory
of Weyl groupoids of tuples of simple Yetter—Drinfeld modules over groups is given in
Section 1. In Section 2 we state the main result of the paper, a classification of finite-
dimensional Nichols algebras of semisimple Yetter—Drinfeld modules over groups in
terms of skeletons of finite type. This section also contains the Hilbert series of each
of the Nichols algebras appearing in our classification (see Theorems 2.6-2.10). In Sec-
tions 3 and 4 we collect useful facts about finite Cartan graphs. In particular, in Theo-
rem 4.2 we prove that every finite connected indecomposable Cartan graph contains a
point with a Cartan matrix of finite type. Section 5 contains several useful lemmas re-
lated to the structure of Yetter—Drinfeld modules over arbitrary groups. Sections 6-9 are
devoted to the proofs of the structure theorems in cases ADE, C, B and F4. The main
theorem, Theorem 2.5, is then proved in Section 10. The paper contains two appendices.
Appendix A is devoted to the structure theory of (ad V))(W) for particular Yetter—Drinfeld
modules V and W. Some known results are cited and some new results, which are needed
in the paper, are obtained using known methods. Appendix B reviews the main results of
[28], where finite-dimensional Nichols algebras of direct sums of two absolutely simple
Yetter—Drinfeld modules were studied.

1. Preliminaries

1.1. As usual, N is the set of positive integers, No = N U {0}, Z is the set of integers,
K is an arbitrary field of characteristic char K and K* = K\ {0}.
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For a set X we write | X| for the cardinality of X.

For a group G we write G for the set of linear characters of G, and Z(G) for the
center of G. For g € G, we write G¥ for the centralizer of g in G. The conjugacy class
of g will be denoted by g€. For any g, h € G we sometimes write g > h for ghg™'. If
X C G is asubset, then (X) denotes the subgroup of G generated by X.

The category of Yetter—Drinfeld modules over G will be denoted by gyD. Recall that
a Yetter—Drinfeld module over G, also called a G-graded KG-module, is a KG-module
V= ®gEG Vg such that AV, C V), ;-1 forall g, h € G. Itis a braided vector space with
braidingc: V®V — V ® V defined by c(u ® v) = gv® u forallu € Vg, v € V. The
support of V is

suppV ={g € G : V, # 0}.

We say that V is absolutely simple if V # 0 and if for any field extension L of K the only
Yetter—Drinfeld submodules of L ®k V over LG are {0} and L®k V. (Absolutely) simple
Yetter—Drinfeld modules over G are parametrized by pairs (¢, p), where g€ is a conju-
gacy class of G and p : KG¢ — End(W) is an (absolutely) irreducible representation of
the centralizer G#. The (absolutely) simple Yetter—Drinfeld modules over G are

Mg, p) =IndZ, p

with the induced action y(x ® w) = yx ® w for x, y € G and w € W, and the coaction
S : M(gG, p) > KG® M(gG, p) is given by §(x ® w) = xgx_1 ® (x ® w) for all
w € W and x € G. One also says that x ® w has G-degree xgx .

For a G-graded KG-module V we write B(V) for the Nichols algebra of V. Nichols
algebras are connected strictly No-graded braided Hopf algebras with V as degree one
part. The Hilbert series of an No-graded algebra R = €D, oy, Rn is D_,,5o(dim Ry)1" €
Z[[t]]. Forallk e Ngandt e Klet (k); =14+¢t+---+ %=1 be the usual z-number.

Many examples of finite-dimensional Nichols algebras of pairs of absolutely simple
Yetter—Drinfeld modules are related to the groups I', for n € {2, 3, 4} defined in [25]: For
all n € N>y, the group I',, is defined by the generators a, b, v and relations

ba =vab, va=av_', vb=by, V'=1.

1.2. Weyl groupoids and root systems. We review the basics of the theory of Weyl
groupoids of tuples of simple Yetter—Drinfeld modules over groups. We refer to [7] and
[26, 25] for details and proofs. We use the terminology introduced in [31] after several
discussions with Andruskiewitsch and Schneider.

Letd € Nandlet I = {1,...,0}. Let X be a non-empty set and for each X € X
let AX = (al.)](.)lfi,jfg be a generalized Cartan matrix. Foralli € [ letr;: X — X' bea
map. The quadruple

C=C,X,r A,

where r = (r;)ic; and A = (AX) xcx, is called a semi-Cartan graph if ri2 = idy for all
iel,and ai’/(. = a,.rj".(X) forall X € X and i, j € I. We say that a semi-Cartan graph C
is connected if there is no proper non-empty subset ) C X such that r;(Y) € Y for all

ielandY € ).
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LetC=C(I, X, r, A) be a semi-Cartan graph. There exists a unique category D(X, I)
with X as its set of objects and with morphisms

Hom(X,Y) = {(Y, f, X) : f € End(Z%)}
for X, Y € X with composition defined by

(Z,g.Y)o (Y, f,X) =(Z,8f. X)

forall X,Y, Z € X and f, g € End(Z?).
We write a1, . . ., ag for the standard basis of 7°.
Foreach X € X andi € [ let

sl-X € Aut(Z%), SiX“j =0 —ai)](-(x,- forall j € 1.
Let W(C) be the subcategory of D(X, I) generated by the morphisms (;(X), six , X),
where i € I and X € X. Then W(C) is a groupoid. For any X, Y € X and f € Aut(Z?)
with w = (¥, f, X) € Hom(X, Y) and for any o € 7¢ we also write wa for fo. For all
k € No,iy,...,ix € I and Xo, X1, ..., Xy € X withr; (X,y) = Xjy—1 foralll <m <k

let
X,
i

. X
idxysi, - si, =, 'Sikk € Hom(Xx, Xo).

For each X € X the set of real roots of C at X is

ARX — {woe,- :w e |_J Hom(Y, X)} c 7.
YeX

The sets of positive real roots and negative real roots are
reX _ AreX 1 reX _ areX 1
AT =A"T NNy, AT =A"7 N =N,

respectively. The semi-Cartan graph C is finite if its set of real roots at X is finite for all
X e X. The semi-Cartan graph C is a Cartan graph if:
(1) Foreach X € X the set A™¥ consists of positive and negative roots.
X
(2) LetX € X andi, j € I.Ifti); = |Arexﬂ(Noa,~+Noaj)| < oo then (rirj/)tfj X)=X.
If C is a Cartan graph, the groupoid W(C) is the Weyl groupoid of C.
For all points X € X of the semi-Cartan graph C let AX C Z?. We say that R =
R(C, (AX)xex) is a root system of type C if:
() A¥ = (A¥NN) U —(A¥NN)) forall X € X.
(2) AXNZa; = {oj, —a;} foralli e I, X € X.
(3) sX(A%) = AP foralli e I, X € X.
@) (r,-rj)mi}g(X) = X foralli,j € I withi # j and all X € X, where ml’j =
|AX N (Noa; + Noaj)| is finite.
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Note that (4) is similar to the condition (2) of a Cartan graph, but here A is involved
instead of the set of real roots. Axiom (4) is necessary for the Coxeter relations of the
Weyl groupoid. For any finite Cartan graph C the family (A™ %)y defines the unique
root system of type C (see [16, Props. 2.9 and 2.12]).

A connected semi-Cartan graph is indecomposable if there exists X € X such that
the Cartan matrix AX is indecomposable, that is, there are no disjoint subsets 11, I C [
such that I1, I # @, I U I, = I, and ai)f =O0foralli € I and j € I,. It is known by
[16, Prop. 4.6] that if a connected finite Cartan graph C is indecomposable, then AX is an
indecomposable Cartan matrix for all points X of C.

A semi-Cartan graph C is standard if AX = AY forall X, Y € X.In this case the real
roots form the set of real roots of the Weyl group attached to the Cartan matrix, and hence
C is a Cartan graph. We then say that the Weyl groupoid W(C) is standard. If R is a root
system of a standard Cartan graph C, then we say that R is standard. The terminology is
based on [3].

Let us review the connections between Cartan graphs and Nichols algebras. Let G be
a group and gyD be the category of Yetter—Drinfeld modules over G. We write .7-'9G for
the set of 6-tuples of finite-dimensional absolutely simple objects in g))D, and &j for the
0-tuples of isomorphism classes of finite-dimensional absolutely simple objects in gyD.

For any Yetter—Drinfeld module U over G and any x € U, y € B(U) we write
(ad x)(y) for mult(id — ¢)(x ® y), where mult denotes the multiplication map in B(U)
and c is the braiding of B(U). Then for any two subsets U’ € U and U” € B(U) we
write (ad U’)(U") for the linear span of the elements (ad x)(y) with x € U' and y € U”.

Letd € Nandlet I = {1,...,0}. For M = (My,...,My) € ]-"QG let [M] =
(M1],...,[Mp]) € Xp be the corresponding 6-tuple of isomorphism classes. For all
ielandjel\({i}let

v [~ if (ad M;)" (M;) # 0 for all m > 0,
Y —sup{m € Ny : (ad M;)"(M;) # 0} otherwise.

Moreover, let aﬁ.” = 2foralli € I. Then AM = (afb’.[ )i,jer 1s called the Cartan matrix

of M. Clearly, AM depends only on the isomorphism class of M and hence we also write
AM] for AM
For all i € I the reflection map R;: ¥ — F is defined by R;(N) = N if ag =

—oo for some j € I, and otherwise R; (N) = (N{, ..., N)), where
—aV e .
N — (ad N;) " (N;j) if j #1i,
o if j=i.

Since [R;(M)] = [R;(N)] in Xy forall M, N € .7-'9G with [M] = [N]and alli € I,
we may define r; : Xy — Xy by ri ([N]) = [R;(N)] for all i € 1. We then define

FE(M)={R;,---Riy(M) € FS 1k € Ny, i1, ..., ix € I},
Xo(M) = {ri; - riy ([M]) € Xp : k € Ng, iy,...,ix € I}.
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Atple M € F§ admits all reflections if a)\ € Z forall N € F§ (M) andalli, j € I.

Forall M € ]-"QG let B(M) = B(M| & - -- ® Mpy). Following the terminology in [26]
we say that a Nichols algebra B(M) is decomposable if there exists a totally ordered
set L and a sequence (W;);¢r, of finite-dimensional absolutely simple Ng -graded objects

in ZYD such that
BM) ~ Q) BW)).
leL
In this case, the isomorphism classes of the W; and the Z/-degrees are uniquely deter-

mined and hence one may define the set A[+M] of positive roots and the set AlM]
of [M]:

of roots

AM = (degW; 1 e L), AM =AMy A

There are several results that imply the decomposability of a Nichols algebra. For
example, Kharchenko [33, Thm. 2] proved that B(M) is decomposable if G is abelian
and dimM; = 1 for alli € [I. In [26] it is proved that if all finite tensor powers of
M| & --- ® My are direct sums of absolutely simple objects in gyD then B(M) is de-
composable.

Suppose that M admits all reflections. Then

C(M) = (I, Xg(M), (ri)ict» (AN xex, )

is a connected semi-Cartan graph and hence the groupoid W(M) = W(C(M)) is defined.

We stress that the above reflection theory works more generally for tuples of simple
Yetter—Drinfeld modules. From [25, Cor. 2.4 and Thm. 2.3] one obtains the following
theorem.

Theorem 1.1. Let 6 € N, let G be a group, and let M = (M, ..., My), where each M;
is a simple Yetter—Drinfeld module over G. Assume that M admits all reflections and that
W(M) is finite. Then B(M) is decomposable and C(M) is a finite Cartan graph.

Clearly, the same theorem holds if one starts with a tuple of absolutely simple Yetter—
Drinfeld modules. Since extension of the base field of a Nichols algebra is compatible
with the grading and with taking coinvariants, any reflection of a tuple of absolutely sim-
ples is again a tuple of absolutely simples.

As in the case of Coxeter groups, on morphisms of Weyl groupoids one defines a
length function (see [26, §1]). The following theorem is an analog of a PBW-decompo-
sition for the Nichols algebras B(M) of tuples M of absolutely simple Yetter—Drinfeld
modules.

Theorem 1.2 ([25, Thm. 2.6]). Let 6 > 2 and M € ]-—96. Suppose that M admits all
reflections and that VW(M) is finite. Let w = id[a)S;, - - - 5i; be a reduced decomposition
of a longest element of U[N]GX@(M) Hom([N], [M]). Let

Bm = idimi8iy - - - Si, i,

forallm € {1,...,1}, where L is the length of w. Then AV = (B, ..., B} and By # B
forall k,m € {1,...,1} with k # m. There exist finite-dimensional absolutely simple
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subobjects Mg, < B(M) in gyD of degree By, for all m € {1,...,1} with Mg, =~
R R, R (M), in g)}D. Moreover, the multiplication map

B(Mg) ® ---B(Mg,) @ B(Mg,) — B(M)

im—1

is an isomorphism of Ng-graded objects in gyD.
In this theorem, as everywhere else, we write N; for the i-th entry of a tuple N € }"QG
(here N=R;, , - Ri,R;;(M)),where 1 <i <6.

For all o = Z?:l nio; € 2%, we write 1% for 1 ---1;° € Z[[t, ..., t9]]. For any
Ng—graded object X = @a €N Xy in gyD, the (multivariate) Hilbert series of X is

Z (dim X))t € Z[[t1, - . ., to]).

0
aeNy

The Yetter—Drinfeld modules (ad V)(W) € B(V@®W) fork € Npand V, W € gyD
can be computed as a certain subobject of V® @ W using Lemma 1.3 below, and hence
the Mg, in Theorem 1.2 can be computed effectively. This allows us to compute the
Hilbert series of B(M).

Lemma 1.3 ([25, Thm. 1.1]). Let V and W be Yetter—Drinfeld modules over a group.
Let o9 = 0, X(;/’W = W, and
Pm+1 =1d — cyemgw,v cy vengw + (id ® pm)cy,2,

Xo M = oun(vexy") cverth g w

forallm > 0. Then (ad V)" (W) ~ X'V forall n € Ny.

The following important fact on (ad M;)" (M;) for any 6 € N, M € ]—"96, m € N, and
i,j €{l,...,0}is also used heavily for explicit calculations. It is a variant of [26, Thm.
7.2(3)].

Theorem 1.4. Let6 € Nand M € ]-'g. Assume that M admits all reflections and VW (M)

is finite. Let i, j € {1,...,0} withi # j. Then (ad M;)"(M;) € gyD is absolutely

simple for all0 < m < —a% and zero for all m > _a%'

2. Main results

We will need g-numbers and g-factorials in rings in different contexts. For any ring R,
any m € Ng and any g € R let

m—1 m
myg=Y_q". ), =[]0,
i=0 i=1

Let G be a group. Forall M € ]—'9G let
supp M = supp My U - -- U supp My.

Let €9G denote the subclass of ]-"GG consisting of all tuples M such that G is generated by
supp M.
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Definition 2.1. Let & € N. Then M € ]-'9G is called braid-indecomposable if there ex-
ists no decomposition M’ @& M” of EB?:I M; in g)}D with M’, M” # 0 and such that
(d—cAHM @ M") =0.

In this work we will attach a skeleton (a kind of decorated Dynkin diagram) to some
tuples in ]-"GG .

Definition 2.2. Let 6 € N>y and M = (M), ..., Mp) € FZ.Let A = (ajj)1<i,j<o be
the Cartan matrix of M. We say that M has a skeleton if:

e forall 1 <i < 0 there exists; € supp M; and 0; € G such that M; >~ M(s;, 0y),
e forall1 <i < j <0 witha;; # 0 at least one of g;;, a;; is —1.

In this case the skeleton of M is a partially oriented partially labeled loopless graph with 6
vertices with the following properties:

e Forall 1 < i < 0, the i-th vertex is symbolized by [supp M;| = dim M; points.
If dim M; = 1, then the vertex is labeled by o;(s;). If dim M; = 2 and there is an
additional restriction on p = 0;(s/s;” 1, where supp M; = {s;, s}, then the i-th vertex
is labeled by (p). Otherwise there is no label.

e Foralli,j € {1,...,0} withi # j there are g;ja;; edges between the i-th and j-th
vertex. The edge is oriented towards j if and only if a@;; = —1, a;; < —1.

o Letl <i < j <6 witha;; < 0.If supp M; and supp M; commute, then the connection
between the i-th and j-th vertex consists of continuous lines. Otherwise the connection
consists of dashed lines. The connection is labeled with o; (s;)o; (s;) if dim M; = 1 or
dim M; = 1, and otherwise it is not labeled.

Remark 2.3. Leti € {1,...,6} with dim M; = 1 in Definition 2.2. Since the Yetter—
Drinfeld modules M; are absolutely simple for all j, the support of each M; is a conjugacy
class of G and the central element s; acts by a scalar on each M;. Thus o;(s;) and o (s;)
do not depend on the choice of s; € supp M;.

We will show in Lemma 5.3 that the label (p) of a vertex with two points in Defini-
tion 2.2 is well-defined. Therefore all labels of the skeleton of M are well-defined.

Definition 2.4. A skeleton is called simply-laced if any two vertices are connected by
at most one edge. A skeleton is called connected if the underlying graph is connected.
A connected skeleton with at least three vertices is said to be of finite type if it appears in
Figure 2.1. For technical reasons we say that a skeleton of type oy is of finite type.

The main result of this paper is the following theorem.
Theorem 2.5. Let 0 € Nx>3. Let G be a non-abelian group and M € 55. Assume that M
is braid-indecomposable. Then the following are equivalent:

(1) M has a skeleton of finite type.
(2) B(M) is finite-dimensional.
(3) M admits all reflections and the Weyl groupoid YW(M) of M is finite.

We record that the third property of M in the theorem is also equivalent to the finiteness
of the set of Ny-graded right coideal subalgebras of B(M) by [27, Thm. 6.15].
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Fig. 2.1. Skeletons of finite type with at least three vertices.

Theorem 2.5 will be proved in Section 10. The Hilbert series of the Nichols algebras of
Theorem 2.5 will be given in Subsections 2.1-2.4. In Sections 6-9 we give a description
of all tuples in ]—'96 which have a skeleton of finite type.

2.1. The ADE series. The following theorem will be proved in Section 6.

Theorem 2.6. Let 6 € N>y. Let G be a non-abelian group and M € 59G . Assume that
the Cartan matrix AM is of finite type and the Dynkin diagram of AM is connected and

simply-laced. Then:

(1) M has a simply-laced skeleton of finite type.

(2) M admits all reflections and the Weyl groupoid W (M) is finite with a finite root
system of standard type Ag with 0 > 2, Dg with 0 > 4, E¢, E7 or Eg.
(3) B(M) is finite-dimensional and its Hilbert series is

Ho = [T A+

OlEA+

where A denotes the set of positive roots of the root system associated with the
Cartan matrix AM. The dimensions of these Nichols algebras are listed in Table 1.
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2.2. The C series. The following theorem will be proved in Section 7.

Theorem 2.7. Let 6 € Nx3, G be a non-abelian group and M € 596 . Assume that the
Cartan matrix AM is of type Cg. Then the following are equivalent:

(1) charK # 2 and M has a skeleton of type yp.

(2) M admits all reflections and YW (M) is finite.

(3) M admits all reflections and YW (M) is standard.
(4) B(M) is finite-dimensional.

In this case, the Hilbert series of B(M) is

Ho = [] a+e* T[] a+.

short long
0t€A+ a EA+

. 1 .. .
where Ai’ort and A_(:ng denote the set of short positive roots and long positive roots of the
root system associated with YW(M), respectively. In particular

dim B(M) = 220°=9.
2.3. The B series. Our main results in this subsection are the following two theorems.

Theorem 2.8. Let 6 € Nx3. Let G be a non-abelian group and M € 59G . Assume that
dim M| = 1 and the Cartan matrix AM is of type By. Then the following are equivalent:

(1) 6 =3 and M has a skeleton of type B5.
(2) M admits all reflections and YW (M) is finite.
(3) B(M) is finite-dimensional.

Leth = 3 ifcharK = 2, h = 2 if charK = 3, and h = 6 otherwise, and let h' = 2 if
charK = 3 and h' = 6 otherwise. Then in the above cases the Hilbert series of B(M) is

HO =[] e [T @G [] @rw®)e,

acO acO; ac03;3

where O1, Oz, and Oy33 are the sets of positive roots in the orbits of a1, a3, and oy +
2a3, respectively, under the action of the automorphism group of the skeleton of M in its
Cartan graph (see Lemma 8.8). In particular,

dim B(M) = h%12*2n')>.

Theorem 2.9. Let 6 € N>3. Let G be a non-abelian group and M € 599 Assume that
dim My > 1, and the Cartan matrix AM is of type Bg. Then the following are equivalent:

(1) charK = 3 and M has a skeleton of type By.

(2) M admits all reflections and YW (M) is finite.

(3) M admits all reflections and YW(M) is standard.
(4) B(M) is finite-dimensional.
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In this case the Hilbert series of B(M) is
HO = [] a+e+29% T a+2

short !
aeAr weAlne

where Aﬁl:"” and Alfrmg denote respectively the sets of short positive roots and of long
positive roots of the root system associated with W(M). In particular

dim B(M) = 2200-1320
Theorems 2.8 and 2.9 will be proved in Section 8.

2.4. The exceptional case F4. The following theorem will be proved in Section 9.
Theorem 2.10. Let G be a non-abelian group and M € EGG . Assume that the Cartan
matrix AM is of type Fy. Then the following are equivalent:

(1) charK # 2 and M has a skeleton of type ¢4.

(2) M admits all reflections and YW (M) is finite.

(3) M admits all reflections and YW(M) is standard.
(4) B(M) is finite-dimensional.

In this case, the Hilbert series of B(M) is
H(t) = (27252252727 (2)7%(2)9 (210211

In particular dim B(M) = 236,

3. Finite Cartan graphs of rank three

In this section we collect some facts about finite Cartan graphs of rank three which will
be used for our classification. Our main reference is [17].

Lemma 3.1. LetC = C(I, X, r, A) be a connected indecomposable finite Cartan graph
with |I| = 3. If AX is of type A3 for no X € X, then up to a permutation of I one of the
following holds:

(1) C is standard of type Cs.
(2) C is standard of type Bs.
(3) For each point X of C, AX is one of the matrices

2 -1 0 2 -1 0
-1 2 =21, -2 2 =2
o -1 2 o -1 2

(4) For each point X of C, AX is one of the matrices

2 -1 0 2 -1 0
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(5) For each point X of C, AX is one of the matrices

2 -1 0 2 -1 0 2 -1 0
-1 2 -1, -1 2 -1, -1 2 =21,
o -2 2 0o -4 2 -2 2

(6) For each point X of C, AX is one of the matrices

2 -1 -1 2 0 -1 2 0 -1
-1 2 -1}, 0 2 -1}, 0 2 —1].
-1 -2 2 -1 -2 2 -1 -3 2

2 -1 0 2 -1 0 2 -1 0
-1 2 -1}, -1 2 -1, -1 2 =21,
0o -2 2 0o -3 2 -2

2 -1 0 2 -1 0 2 -1 0
-1 2 =2, -2 2 =3], -2 2 =2

o -1 2 0o -1 2 0o -1 2

The six cases correspond to the set of positive roots in [17, Appendix A] with number 3,
4, 13, 14, 25, and 28, respectively.

Remark 3.2. The Cartan graphs in cases Lemma 3.1(3), (4) also appeared in [16,
Thm. 5.4].

Proof. Consider the list of all possible sets of positive roots in [17, Appendix A]. There
are precisely 55 such sets up to permutation of / and up to the choice of a point of C.
By [17, Cor.2.9], the Cartan matrix of the point X can be obtained from the set A_Xi_
of its positive roots: aj + ma; € AX form € Z,i,j € I withi # j, if and only
if0 <m < —aiX.. Since the reflection siX for i € I maps Aﬁ \ {«;} bijectively onto
ATX) \ {¢;}, one can calculate the Cartan matrices and the sets of positive roots at all
points of C. The elementary calculations are done most efficiently by a computer program.

O

For later reference we extract two easy corollaries of the lemma.

Corollary 3.3. Let C = C(I, X, r, A) be a connected indecomposable finite Cartan
graph with |I| = 3. If AX is of type Az for no X € X, then for all X € X and for
each column of AX there is at most one entry which is strictly smaller than —1.

Remark 3.4. The conclusion of Corollary 3.3 holds without the assumption in the second
sentence, but we will not need this.

Corollary 3.5. Let C = C(I, X, r, A) be a connected indecomposable finite Cartan
graph with |1| = 3. If AX is of type A3 or C3 for no X € X, then either C is stan-
dard of type B3, or there is a permutation of I such that for all X the Cartan matrix AX
is one of the matrices in Lemma 3.1(4).
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4. Cartan matrices of finite type

Recall from [32, Thm. 4.3] the classification of a class of indecomposable real matrices.
One says that a matrix A = (a;})i,je{1,...,n) 18 indecomposable if there are no proper
subsets 7, J of {1,...,n}suchthat INJ =@, 1UJ ={l,...,n},and a;; =aj;; =0
foralli € I and j € J. For x, y € R" we write x > y (x > y, respectively) if x — y has
only positive (non-negative, respectively) entries.

Theorem 4.1. Let n € N and let A be an indecomposable real n x n-matrix such that
ajj < Oforalli,je{l,...,n}withi # j, and a;j = 0 whenever a;; = 0. Then A has
precisely one of the following properties:

(Fin) det A # O, there exists u > 0 such that Au > 0; Av > 0 impliesv > 0 or v = 0.
(Aff) corank A = 1; there exists u > 0 such that Au = 0; Av > 0 implies Av = 0.
(Ind) There exists u > 0 such that Au < 0; Av > 0 with v > 0 implies that v = 0.

Then A is called of finite, affine, or indefinite type, respectively. Moreover, A" has the
same type as A.

Now we apply this theorem to prove that any connected indecomposable finite Cartan
graph has a point with Cartan matrix of finite type. The classification of indecomposable
Cartan matrices of finite type is well-known and can be found for example in [32].

Theorem 4.2. Let C = C(I, X, r, A) be a connected indecomposable finite Cartan
graph. Then there exists X € X such that AX is of finite type.

Proof. The indecomposability of C implies that AX is indecomposable for all X € X’
(see [16, Prop. 4.6]). Assume to the contrary that for all X € X’ the Cartan matrix AX is
of affine or indefinite type.

Since C is finite and connected, it follows that X is a finite set and A™ X is finite for all
X € X. Among all real roots of C in all objects, choose a = ), ; x;o; which is maximal
with respect to >. Let x = (x;);es and let X € X be such that « € A% Let

B ={sj,---s)(@): k=0, ji,....Jx €1}

Observe that sj () = o — Y _;; ajixjej forall j € I. Thus the maximality of o implies
that Ax > 0. Since x > 0 and x # 0, A is not of indefinite type. Then A is of affine type
and Ax = 0. Consequently, st () = a forall j € I. Since o is maximal, by induction

on k we conclude that s;, - - ~sj)k((a) = o for any k € Ny and ji, ..., jx € I. Therefore
B = {a}. On the other hand, « is a real root, which implies that s;, - - -si)k( (@) = «; for
some k € Ngand iy, ..., iy € I, and so s;s;, - - -si)k((a) = —a; # o, acontradiction. O

5. Auxiliary lemmas

In this section, let G be a group.

5.1. We first extend some results of [29]. We start with considerations in a general setting.
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Lemma 5.1. Let s € G. Assume that |sC| = 2. Let r,e € G be such that rs = esr,
€ # 1. Then:

(1) s¢ ={s,es}, re =€ r, and ge = eg, ges = esg forall g € G°.

Q) rlsr=rsr ' =esandr® r~'gr,rgr=' € G* forall g € G°.

(3) (ems™)C = {e™s", €M) forallm,n € 7.

(4) Let H be a subgroup of G containing r and s. Then H is generated by (HNG*)U{r}.

1 1

Proof. Sincersr~! = esand |s¢| = 2, we conclude that s¢ = {s, es}. Thenresr—! =,
and therefore rer~! = e~!. Moreover, s¢ = {s, es} implies that gesg~! = es for all
g € G*, and hence ge = €g for all g € G*. In particular, (1) is proven.

(2) and (3) follow by similar arguments.

(4) Since |sG| =2, G* has index 2 in G. Therefore H N G* has index at most 2 in H.
Since r € H \ G*, we get the claim. O

1

Lemma 5.2. Letr, s, € € G. Assume that |r®| = |s9| =2, rs = esr, and € # 1. Then:

(1) G ={r,er}, sC = {s,es}, €2 = land € € Z(G).
(2) Lett € G. Assume that [tC| = 2, rt = tr, and st % ts. Then 16 = {t, et} and
st = €ts.

Proof. (1) Lemma 5.1(1) implies that s = {s, es}, r9 = {r, ¢ 'r}, G" and G* commute
with ¢, and re = ¢~ !r. Thus €2 = 1. Since G* and r generate G, we conclude that
€ e Z(G).

(2) Since s¢ = {s, es} by (1) and since st # ts, we obtain ts = esz. Thus (1) with
r = t implies that ¢ = {r, et} and st = ets. m]

We shall also need the following lemmas.

Lemma 5.3. Let 51,52 € G be such that s1 # s2, and let V € gy’D. Assume that
dimV = 2andsuppV = slG = {s1, $2}. Then there exist unique p1, py € K\ {0} such
that s1v = p1v and sov = pov for all v € Vy,. Moreover,

-1 -1 -1 -1
525, U=pap] U, SIW=prw, W= piw, SIS, W=prp; W

forallv € Vy, and w € V,.

Proof. Since slG = {s1, s2} by assumption, there exists r € G such that rs; = sor and
rsy = sir. Moreover, p1, p> exist since s152 = s251 by Lemma 5.1 and dim Vi, = 1 for
all i € {1, 2}. Then s1rv = rspv = porv and sorv = rsjv = pyrv forall v € Vy,. This
implies the claim since Vy, = rVj,. |

LemmaS5.4. Let V,W € gyD be non-zero Yetter—Drinfeld modules with the property
that (id — cw,vcy.w)(V ® W) = 0. Then supp V and supp W commute, and for any
s € suppV and t € supp W there exists Ay € K\ {0} such that sw = Agw for all
we Wyandtv = A;,lv forallv € Vi.
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Proof. Lets e suppV,t € supp W, v € Vi \ {0}, and w € W; \ {0}. Then
d—cwyecyvw)v@w)=vQ@w — sts Tl @ sw.

s1s—1, the latter is zero if and only if st = ts and sw = Agw, tv = Ay
for some Ay; € K\ {0}. These conditions are independent of the choice of v and w, and
the lemma follows. o

Since sw € W,

We will also need a stronger claim in a more specific context.

Lemma 5.5. Lets,t,e € G,0 € é\s, T E 6\’, andlet V, W € gyD. Assume that € # 1,
sC ={s,es), t9 ={t,et}), and V >~ M(s,0), W >~ M(t, 7). Then:

(1) e e GFUG".
(2) If G* # G" and st = ts then o (€) = t(¢) = 1.
(3) The following are equivalent:

(@ (d—cw,vey,w)(V® W) =0,
(b) st =ts,0(t)t(s) =1, ando(e)t(e) = 1.

Proof. Since s¢ = {s,es} and 19 = {r, er}, Lemma 5.1(1) tells us that ¢ € G* U G'.

Note that € is possibly not central if s and # commute.

(2) Assume that G° # G'. Since both G* and G' have index two in G, there exists
r € G' with rs = esr. If st = ts, then s, ¢ € G' and hence 7(rs) = t(e)t(sr). Thus
7(€) = 1 and similarly o (¢) = 1.

B)Letv € Vg \ {0}, w € W, \ {0}, and let r € G be such that rs = esr.
Since KGw = W and the braiding commutes with the action of G, we conclude that
(id — ew.vey.w)(V @ W) = 0 if and only if (id — cw vey,w)(@ ® w) = 0 for all
v/ € Vi U V. Since V = Kv + Krv, by Lemma 5.4 the latter claim is equivalent to

st =1s, VRW=1vQ@sw, rv@w=1rv esw. (5.1

The second equality in (5.1) is equivalent to o (t)z(s) = 1. If G* = G, then r and ¢
do not commute. Hence tr = r(et), and the third equality in (5.1) is equivalent to
o(et)t(es) = 1. This implies (2). On the other hand, if G° # G’, then we may as-
sume that r € G'. In that case the last equality in (5.1) is equivalent to the second, and
the last equality in (b) is a tautology because of (1). Thus again (2) holds. O

The following lemma is partially contained in [29, Lemmas 5.13, 5.15].

Lemma 5.6. Let V, W € g)}D be non-zero finite-dimensional objects such that
(@ad V)2(W) =0in B(V @ W).

(1) If (ad V)(W) # O then supp V is commutative.

(2) Lets € suppV and t € supp W. Assume that (id — AV, @ W) #0, st =ts, and
there exists ) € K such that sw = Aw for all w € W;. Then G' C G*.

(3) Lets € supp V and t € supp W. Assume that (id — (Vs @ Wy) # 0, st = ts, and
there exist A, \' € K such that sw = Aw and tv = AM'v forallw € Wy, v € Vi. Then
dimV, = 1.

(4) If s € suppV and t € supp W with st # ts, then (ad V)(W) # 0, ¢¢|suppv is the
transposition (s t>s), dim Vg = 1, and sv = —v forall v € V.
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Proof. (1) Lets € suppV and ¢ € supp W be such that (ad V) (W;) # 0. Assume that
supp V is not commutative. Since it is a union of conjugacy classes of G, there exists
r € suppV \ {s, t~' > s} such that rs # sr. Then (ad V,)(ad V5)(W;) # 0 by [29,
Prop. 5.5], contradicting (ad V)2(W) = 0.

2)Letu € Vi, w € W, \ {0}, and A € K* such that sw = Aw. Then

(id—cz)(u®w):u®w—tu®sw:(u—)»tu)@w.

Thus, by assumption, there exists v € V; such that v # A~ 'v.
Letg € G',s' = gsg~!,and v/ = gv. Then v’ € Vy and s't = ts’. Moreover,

=AWV Rw) =vw—1n'®gsg 'w=gv—Artv) Qw,

and hence (id — ¢?)(v' ® w) # 0. Assume that g ¢ G°, that is, s’ # s. Recall that
(ad V)2(W) = X"V in YD, and X)"" = ¢2(id ® ¢1)(V ® V ® W). Then

pid @ eV ® v @ w)
= (id + c12 — ¢33¢12 — €12635¢12) (V @ (v — Atv) ® w)

= (id — clzc%clg)(v’ Q (U —AV) QW)+ 5 (v—Artv) @ (id — )V @ w).

Since s and s commute by (1), the first summand of the last expressionisin Vg @ V@ W,
and the second is non-zero in Vi ® Vi ® W. This contradicts (ad V)2(W) = 0.

(3) Assume to the contrary that v, v’ € Vj are linearly independent. By a computation
similar to one in the proof of (2), we obtain

(id — c12¢33¢12) (V' ® (v — Av) @ w) + s(v — Arv) ® (id — 3 (V' @ w) = 0.
Since tv = A'v and rv' = A/v/, we conclude that AA # 1 and
(1 =)V ®@v—2arsv' @sv+ (1 —A)sv @ V) @w =0.

Applying to the second tensor factor a functional v* € V. with v*(v) = 0, vV™*(v") =1
implies that sv € Ksv’, which yields the desired contradiction.

(4) Since (ad V5)(Wy) =~ (id — cw,,v,cv,,w,)(Vs @ W;) in gyD and st # ts, we
conclude from [29, Prop. 5.5] that (ad Vy)(W;) # 0.If supp V = {s, s}, then ¢ |suppv =
(s (t > s5)). So assume that |supp V| > 3. Let r € supp V be such that r ¢ {s, e s)
Since (ad V) (ad Vi) (W;) = 0 by assumption, [29, Prop. 5.5] implies that 7 = tr. Hence
@tlsuppv = (s 1~ 5). This implies the claim on ¢; [supp V-

Let now vq, v € Vi and w € W;. Then

Pd @)W @ W) =V @ ®w — v ®sts vy @ sw)
=V QuutsrRUu)Qw

1 1

1] +s2ts7
1

V] ®s12) @ sw
1 QU) ®sw

lvl ® s2ts_lv2) ® s%w.

— (sv) ® sts™
— (v1 Q sts~!

+ (s2ts_1

vy + s2ts

1 ® szts_2v1 + s2ts~
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Since sw € W,,,—1 and w, s>w ¢ W, 1, if (ad V)?>(W) = 0 then the second and third
lines in the last expression have to cancel each other. Since

sitsTv, = 2pst—15—2

and s2rst~1s~2 £ s, we conclude that
sU2 ® sts_1v1 +uv1 ® sts_lvz =0.
In particular, dim V; = 1 and sv + v =0 forall v € Vj. ]

Lemma5.7. Let 6 € N and let Vi, ..., Vy be Yetter—Drinfeld modules over G. Let
ief{l,...,0and J C {1,...,0}\ {i} be such that supp V;, supp Vy commute for
all j, k € J U {i}. Assume that G is generated by U?:l supp V;, V; is absolutely simple,
dimV; < o0, and (id —cv;,v,cv,,v))(Vi® Vj) =0 forall j € {1,...,0}\ (J U{i}). Then
dimV; = 1.

Proof. Lemma 5.4 and the conditions on supp V; imply that supp V; commutes with
supp V; forall 1 < j < 6. Since supp V; is a conjugacy class of G and G is generated
by U?zl supp V;, we conclude that [supp V;| = 1. Let t € supp V; and set J' = J U {i}.
By assumption, rs = sr forallr, s € | ic;7 supp V;, and hence all elements of that union
have a common eigenspace V in K ®g V; for some field extension K of K. Further, for
eachr € suppV; with j € {1,...,0}\ J’ there exists A, € K such that rv = A,v for
all v € V; by Lemma 5.4. Since G is generated by Uje-=1 supp V;, we conclude that all
elements of G act as multiplication by a constant on V. Since V; is absolutely simple, it
follows that dim V; = 1. O

Similar calculations to the proof of Lemma 5.6 prove the following claim on braided
vector spaces of diagonal type, which will be needed in the proof of Lemma 5.14.

Lemma 5.8. Let g1, 82,83 € Gandlet V € gyD. Assume that g;g; = gj&i for all
1 <i < j <3, and there exist (q;;)1<i j<3 € (K*)3*3 and linearly independent v; € Ve,
Sori € {1,2,3} suchthat gjv; = q;jvj foralli, j € {1,2,3}. Then (ad v1)(ad v2)(v3) =0
if and only if g23g32 = 1 or q13g31 = qi2g21 = 1.

Proof. In the proof of [25, Thm. 1.1] it was shown that (ad v{)(ad v3)(v3) = 0 if and only
if 2(id ® ¢1)(v1 ® v2 ® v3) = 0. Since

p1(v2 ®@ v3) = (1 — qa3g32)v2 ® V3,
(V1 @2 ®v3) = v1 @ (1 —q12921913931)v2 ® V3 + g12(1 — g13931) V2 @ V1 ® V3,
the claim follows from the linear independence of vy, v2, v3. ]

Finally, we make an important observation on tuples with certain Cartan matrices.

Proposition 5.9. Let 0 € N>y, M € fg, and i, j € {1,...,60} be such thati # j.

Assume that {—a}l, —a}l} € {{0}, {1}, {1, 2}}. Then (ad M;)" (M;) is absolutely simple
or zero for all m € Ny.
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Proof. Since M € ]-"GG , (ad M,-)O(Mj) = M; is absolutely simple. On the other hand,
(ad M;)*(M;) = Ri(M;, M;) fora = —a{;’ is absolutely simple by [7, Thm. 3.8], and
(ad M;)"™(M;) = O for all m > a. Thus the claim holds whenever g;; € {0, —1}. The only
remaining case is when al.];’.’ = -2, ajj-‘lfl = —1, and m = 1. In this case

(ad M;)(M;) >~ (id — cpy,m;cm;,m;) (M @ Mj) =~ (ad M;)(M;),
which is absolutely simple by the previous argument since a}‘;’ =—1. O

5.2. Cartan matrices and restrictions. Let H C G be a subgroup and let V € gyD. If
supp V C H, then by restricting the G-module structure of V to H one obtains a unique
Yetter—Drinfeld module V' e ZyD, which we will denote by Resg V.

Lemma 5.10. Let H be a subgroup of G. Let X C G be a union of conjugacy classes
of G such that X U H generates G. Then

G = (X)H = H{X).

Proof. This follows from hx = (hxh~Yhforall h € H and x € X, since G is generated
by XUH. O

Lemma 5.11. Let H be a subgroup of G. Let X C G be a union of conjugacy classes of
G such that X U H generates G.

(1) Let V be a simple KG-module. If xv € Kv forallv € V and all x € X, then'V is a
simple KH-module by restriction.

(2) Let V be a simple Yetter—Drinfeld module over G. Assume that suppV < H. Let
hesuppV.Ifxv e Kvforall x € X, v €V, then Resg Ve ’;yD is simple.

Proof. (1) By Lemma 5.10, G = H(X). Hence
V =KGv =KH(X)v =KHv 5.2)

for all v € V \ {0}. Therefore V is a simple KH-module by restriction.

(2) Lemma 5.10 implies that G = H(X). Since V is simple and xv € Kv for all
x € X and v € Vp, we conclude from (5.2) that KHv = V for all v € Vj, \ {0}. Thus
Resg V is simple. O

The last three lemmas in this subsection will be used for induction arguments.

Lemma 5.12. Let6 € N>y and M € 596. Assume that a% = a% = —1and a{"’. = 0 for
all j € {3, ..., 0}. Assume further that supp M and supp My commute. Then dim M| = 1
and dim M, = 1.

Proof. From Lemma 5.6(1) we deduce that supp M and supp M, are commutative since
alt = a1 = —1. Hence dimM; = 1 by Lemma 5.7 with i = 1 and J = {2}. Let
r1 € Z(G) with suppM; = {r1} and let ro € supp M. Since any s € supp M acts
as multiplication by a constant on M, Lemma 5.6(2) with V. = M and W = M,
implies that G € G™2. Hence G™ = G, that is, rp € Z(G) and supp M» = {r;}. Since
r1 € Z(G) and M, is absolutely simple, there exists A’ € K* such that rjvy; = A'v; for
all v € My. Then Lemma 5.6(3) with V. = M, W = Mj implies thatdimM, =1. O
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Lemma 5.13. Let 6 € N>y and M € Sg. Assume that a% = aé"f = —1 and a{"jl. =0
forall j € {3,...,0}. Assume further that supp M and supp M, do not commute. Then
[supp M| = |supp M>| = 2 and dim M| = dim M, = 2.

Proof. Since a{vz’ = a% = —1, Lemma 5.6(1) tells us that supp M; and supp M, are

commutative. Moreover, since they do not commute, Lemma 5.6(4) implies that ¢, |supp s,
and g |supp M, are transpositions for all » € supp M and s € supp M. Let r € supp M,
and s € supp M>. Then r commutes with supp M; for all 3 < i < 6 by Lemma 5.4. It
follows that supp M| = r¢ = {r, s > r}. Moreover, dim (M), = 1 and dim (M), = 1
by Lemma 5.6(4). Since s does not commute with any element of rG, the same holds for
all s € s¢. Then |supp M| = 2 since ¢, supp M 1S a transposition. m]

Lemma 5.14. Let € Nx3 and M € 59(;. Assume that a% = a% = a% = —1and
a{"JI. =O0forall j € {3,...,0}. Let H = (U]Q:2 supp M;) and M' = (Resg M;)2<<o.
Then M’ € 59H_1. If H is abelian, then G is abelian.

Proof. If supp M1 and supp M> commute, then dimM; = 1 by Lemma 5.12. Hence
supp M consists of a central element of G, and the claim follows from Lemma 5.11(2).

Assume that supp M; and supp M do not commute. Then dim M| = dim M, = 2
and |supp M| = |supp M>| = 2 by Lemma 5.13. In particular, either supp M € Z(H),
or Resg M, e ZyD is absolutely simple. Assume first that supp M> does not commute
with supp M; for some 3 < i < 6. Then Resg M, e ZyD is absolutely simple. Further,
Resg M; € ZyD is absolutely simple for all i > 3 by Lemmas 5.4 and 5.11(2). Then
M’ € € | and H is non-abelian.

Assume that supp M and supp M> do not commute, and supp M> commutes with
supp M3. Let r,r',s, s’ € G be such that r # r', s # s, and supp M| = {r,r'},
supp M> = {s,s’}. Let t € supp M3 be such that (id — A (Mr)s ® (M3);) # 0. By
Lemma 5.4, there exists A € K* such that rw = Aw for all w € (M3),;. Assume that
K contains all eigenvalues of the action of s and s’ on (M3);. Since G’ is generated
by (G' N G*) U {r} by Lemma 5.1(4), a joint eigenspace W of s and s’ in (M3), is
then invariant under the action of G’. Since M3 is absolutely simple, we conclude that
s and s’ each act as multiplication by a constant on (M3);. Since rsr~! = ', these
two constants coincide. For the same reason, ¢ acts as multiplication by a constant on
My = (M3)s & (M2)y . Since a% = —1l and (id — ¢?)((M2)s; ® (M3);) # 0, Lemma 5.8
implies that ad (M»);ad (M»2)y ((M3);) # 0, contrary to a% =—1. ]

5.3. Skeletons of finite type. Here we collect two basic lemmas about skeletons and
their reflections.

Lemma 5.15. Let J, K C {1,..., 0} be disjoint non-empty subsets and let i € J. Let
M e FE be such thata}l € Zforall j € {1,...,0). Ifa}{ =0 forall j € J andk € K

then aﬁ("(M) =0 forall j € Jandk € K.

Proof. Suppose that j # i. Recall that R;(M); = (ad M;)™(M;), where m = —ai’;f’,
and (ad M;)" (M;) ~ (p(leg’m ® M;) for some morphism ¢ in gyD (see Lemma 1.3). In
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particular, R; (M), = My forall k € K. Moreover, a% = (O if and only if CMy, M;CM;, My, =
idy;em, - Since ¢? is a natural isomorphism, it commutes with ¢ ® id. This implies the
claim of the lemma for j # i. The case j =i means that (id — cw, vcy.w)(V @ W) =0
implies (id — cw, v+cy= w)(V* @ W) = 0for V = M; and W = My, where k € K. The
latter is well-known. O
The following lemma and the remark below will be used to simplify the calculations of
the skeletons of reflections of tuples.

Lemma 5.16. Let6 > 3,i €{l,...,0}andlet M € ]-‘g. Suppose that M has a skeleton
and for all j, k € {1,...,0}\ {i} with j # k, the triple R{(M;, M;, My) has a skeleton
SJf « Then R; (M) has a skeleton S'. Moreover, ' is uniquely determined, and restricts to
S}k when considering only the vertices i, j, and k.

Note that Ry(M;, M;, M) means reflection on the first entry of the triple, that is, on M;.

Proof. The definition of a skeleton of R;(M) and its existence consist of a family of

conditions in each of which at most two entries R;(M);, R;(M); with j, k € {1, ..., 0}
are involved. Thus these conditions can be obtained from R (M;, M;, My). This implies
the claim. O

Remark 5.17. Let6 > 3,i € {I,...,0}andlet M = (My, ..., My) € ]-"96. Suppose
that M has a connected skeleton S. Lemma 5.16 can be used to quickly obtain the skeleton
of R;(M) for some M € ]—'QG (if it exists).

Assume that for all j,k € {1,...,0} \ {i} such that j # k and the skeleton of
(M;, M;, M) is connected, the triple Ry (M;, M;, My) has a skeleton S]fk. We show that
then the conditions of Lemma 5.16 are fulfilled, and hence R; (M) has a skeleton.

Indeed, for any triple (i, j, k) with |{i, j, k}| = 3 one of the following possibilities
occurs:

(1) j and k are not connected to i in S. Then R; (M); = M;, R;(M); = My, and hence
R1(M;, M;, My) has a skeleton S]’. ¢~ In this skeleton, j and k are not connected to i
by Lemma 5.15. Hence S/’.k coincides with the skeleton of (M;, M;, My).

(2) (M;, M;, My) has a connected skeleton. Then Ri{(M;, M;, My) has a connected
skeleton by assumption.

(3) Precisely one of j and k (say j) is connected to the vertex i and the other is connected
neither to i nor to j. Then R;(M); = My. Moreover, there exists [ € {1,...,0}\
{i, j, k} such that (M;, M;, M;) has a connected skeleton. Then Ry (M;, M;, M;) has
a connected skeleton by assumption. Then Ry (M;, M;, M) has a skeleton with two
connected components by Lemma 5.15.

This leads to the claim on the existence (and shape) of the skeleton of R;(M).

6. Proof of Theorem 2.6: The case ADE

In this section we require that all assumptions in Theorem 2.6 hold. Thus let 6§ € N>, and
let G be a non-abelian group and M € 59G . Assume that the Cartan matrix AM of M is a
Cartan matrix of type Ag with 8 > 2, or Dy with 8 > 4, or Ep with 6 € {6, 7, 8}.
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Lemma 6.1.

(1) |suppM;| =2 =dim M, foralli € {1,...,0}.
M_ _q,

(2) supp M; does not commute with supp M; whenever a; ;=

Proof. We proceed by induction on 6. If § = 2, then AM is of type A. If supp M;
and supp M> commute, then Lemma 5.12 implies that G is commutative, contrary to our
assumption. Hence supp M and supp M3 do not commute, and the lemma follows from
Lemma 5.13. Assume that & > 3. Let I = {1, ..., 8}. By the assumptions on AM there
existi, j,k € I suchthata}f = ajf = al{ = —1,and ajf = 0foralll € I\ {i, j}. Let
H be the subgroup of G generated by Ulel\{” supp M;. Then M’ = (Resf, Mpieniy €
& by Lemma 5.14, and aﬁ”n/ = aM foralll, m € I\{i}. Hence, by induction hypothesis,
the lemma holds for the tuple M’. In particular, dim M; = 2. Then supp M; and supp M;
do not commute and |supp M;| = 2 = dim M; by Lemmas 5.12 and 5.13. O

The following lemma describes the structure of the Yetter—Drinfeld modules encoded in
a skeleton of types oy, &g, 6, €7 and €g.

Lemma 6.2. Let N € .7:96 . The following are equivalent:

(1) N has a connected simply-laced skeleton of finite type.
(2) There exist

o a symmetric indecomposable Cartan matrix A € Z*9 of finite type,
o anelement e € Z(G) with €2 = 1, and
e foralli € {1,...,0} ands; € supp N; a unique character o; of G,

such that supp N; = {s;, €s;}, N; =~ M(s;, 0;) foralli € {1,...,0}, and

0i(sj)oj(s;) = oi(e)oj(e) =1 foralli, j such that aj; =0, 6.1)
o (esf)aj (esiz) =1 foralli, j suchthata;j = —1, (6.2)

oi(s;) =—1 foralli € {1,...,0}, 6.3)

sisj = €sjs;  foralli, j suchthat a;jj = —1, (6.4)

sisj =sjs;  foralli, j such that a;j = 0. (6.5)

(3) Let P = (Resg Ni, ..., Resg Ng), where H C G is the subgroup generated by
Qz supp N;. Then H is non-abelian, P € EI, and AT is of type Ag with 6 > 2,
i=1

Dg with 6 > 4, or Eg with 9 € {6, 7, 8}.

Proof. The implication (1)=(3) follows from the definition of a simply-laced skeleton.
To prove that (3) implies (2), let A = AP (= AN). Then A is a symmetric indecom-
posable Cartan matrix of finite type and |[supp N;| = dim N; = 2 foralli € {1,..., 6}
by Lemma 6.1. Moreover, Lemmas 6.1 and 5.4 imply that for i # j, supp N; commutes
with supp N; if and only if a;; = 0. Lets; € suppN; foralli € {I,...,6}. Then for
alli € {1,..., 60} there exists a unique character o; of G*% such that N; ~ M(s;, 0;).
Lemma 5.2 implies that there exists € € Z(G) such that e =1, supp N; = {s;, €s;} for
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alli € {1,...,0}, and (6.4) holds. Now (6.3) holds by Lemma 5.6(4), and (6.1) follows
from Lemma 5.5. Finally, if @;; = —1 then (ad N;)(N;) is absolutely simple. Therefore
(6.2) follows from Lemma A.3.

Finally, we prove (2)=-(1). Leti, j € {1, ..., 6} be distinct. Since € € Z(G), we con-
clude from Lemma 5.5 and from (6.1) and (6.5) that (ad N;)(N;) = 0if a;; = 0. Finally,
if a;j = —1 then (6.2)-(6.4) and Corollary A.7 imply ai[}{ = —1. This proves (1). ]
We now study some reflections. In the case of rank three one has the following lemma.

Lemma 6.3. Let N € .7-"30. Assume that N has a skeleton S of type az. Then S is a
skeleton of Ry (N) for each k € {1, 2, 3}.
Proof. By symmetry of the skeleton of type «3, it suffices to prove the lemma for the
reflections Ry and R». Lets; € G and g; € G5i be as in Lemma 6.2(2). Let (U, V, W) =
R{(M). Then Lemma A.8 implies that U ~ M(sl_l, o),V = M(s1s2, oYand W = M3,
where o/ € G*1%2 with o’/ (s152) = —1 and o’ (h) = a1 (h)oa(h) for all h € G*' N G*.
For the proof of the claim we use Lemma 6.2. For (U, V, W), conditions (6.1) and (6.5)
follow from Lemmas 5.15 and 5.5. Conditions (6.2) and (6.4) for {i, j} = {1, 2} and (6.3)
fori € {1, 2} hold by Lemma A.8. Condition (6.3) for i = 3 holds since R;(M)3 = M3.
Thus we need to prove (6.2) and (6.4) fori =2, j = 3.

Clearly, (6.4) follows easily, since s1s3 = s351 and s253 = €535 imply that 515753 =
€s3s152. Regarding (6.2) we obtain the following:

o/ (esD)03(€(s5152)%) = 01 (€53)02(e5)03(5753) = 01 (€)o3(€) = 1,

where the last equality follows from Lemma 5.5.
Let now (U’, V/, W) = Ry(M). By Lemma A.8,

U'~M(sas1,p), V= M(sy' o), W = M(ss3,7),
where p € G251 with p(s2s1) = —1, p(h) = o1(h)or(h) for all h € G*' N G*2, and
T € G%2% with 1(sp53) = —1, t(h) = ox(h)oz(h) for all h € G*2 N G%. As in the
first part of the proof of the lemma, one needs to check the conditions of Lemma 6.2

for Ry(M).
Conditions (6.2)—(6.4) follow from Lemma A.8. For (6.5) we record that

(5251)(5253) = $2€525153 = $2€525385] = 52535251

since €2 = 1. Finally, S1_1S3 € G*' N G* N G* and hence we get (6.1) from the calcula-
tions

p(5283)T(s251) = p(S2S1S1_1S3)T(525353_151)
= (=Dp(s; 's3) (=Dt (s3 's1)
= 0] (Sl_1S3)02(S1_IS3S3_181)63(83_181) =1

and
p(€)T(€) = o1(€)aa(€)’a3(€) = 1. O

The reflections are studied in the following proposition.
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Proposition 6.4. Let N € .7-"96 . Suppose that N has a skeleton S of type ag, g (with
0 > 4), e, €7, or €3. Then S is a skeleton of Ry (N) forallk € {1, ...,6}.

Proof. For 6 = 2 the claim follows from Lemmas 6.2 and A.8.

Assume that & > 3. By Remark 5.17, it is enough to prove that for all pairwise distinct
i,j,k € {l,...,0} such that the skeleton S;;x of (M;, M;, My) is connected, S;jx is a
skeleton of Ry(M;, M;, My). All such skeletons are of type 3. Hence the claim follows
from Lemma 6.3. O

Proof of Theorem 2.6. (1) holds by Lemma 6.2(3)=>(1), and (2) follows from (1) and
Proposition 6.4.

(3) Theorem 1.2 applies because of (2). Since the Cartan graph of M is standard, the
root system of M coincides with the root system associated with the Cartan matrix AY.
Hence

He =[] Howm, .

acAy

The Nichols algebras B(M;) are quantum linear spaces with Hilbert series (1 + )2 (see
also [25, Thm. 4.6(2)]). Then the claim on the Hilbert series of B(M) follows from The-
orem 1.2. ]

7. Proof of Theorem 2.7: The case C

In this section we require that all assumptions in Theorem 2.7 hold. Let 6 € N3 and
let G be a non-abelian group. Assume that M € EQG and that AM is a Cartan matrix of

type Cy, where ay’ | , = —2 and a{y =—1for|i—j|=1,0GJ)#®—1,0).
7.1. We first study some particular aspects for triples.

Lemma 7.1. Assume that 6 = 3. Then:

(1) |supp M1| = |supp M>| = dim M| = dim M, = 2 and dim M3 = 1.
(2) supp M does not commute with supp M>.

Proof. Suppose that supp M; and supp M2 commute. Then dim M; = 1 foralli € {1, 2}
by Lemma 5.12. Since a% = —1, Lemma 5.6(1) implies that supp M3 is commutative.
Then G is abelian, a contradiction. Hence supp M and supp M> do not commute. Then
Lemma 5.13 implies that

[supp M1| = |supp M>| = dim M| = dim M, = 2.

Let r € supp My, s1,s2 € supp M with s1 # sp, and t € supp M3. Then rt = tr
because a4 = 0. Hence

supp M3 > sltsl_1 = r(slz‘sl_l)r_1 = szrtr_lsz_1 = sztsz_l.
Assume that supp M> and supp M3 do not commute. Then s1, s» act on supp M3 via con-

jugation by the same transposition in view of Lemma 5.6. Since supp M3 is a conjugacy
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class of G, we conclude that |supp M3| = 2. Moreover, dim (M3); = 1 by Lemma 5.6(4).
Let now o be a character of G*! such that My ~ M(sy, o). Then Corollary A.7 for
(M1, M3) and (M3, M3) implies that o(s;) = —1 and o(s;) = 1, charK = 3, respec-
tively. This is clearly impossible. Hence supp M> and supp M3 commute.

Since a% = —1 and supp M3 commutes with supp M| and supp M>, we conclude
from Lemma 5.7 for & = 3, V| = M, V, = My, V3 = M3,i = 3, J = {2} that
dim M3 = 1. O

In the following two lemmas we consider a slightly more general context, which is moti-
vated by Lemma 7.1 and will be used crucially in the proof of Lemma 7.4.

Let N € ]-"3G and let r € supp Ny, s € supp N, t € supp N3. Assume that |r
Is¢] = 2,1t € Z(G), and rs # sr.Let € € G be such that rs = esr. Then € # 1.
Moreover, r¢ = {r, er}, s¢ = {s,es},€> = 1,and € € Z(G) by Lemma 5.2(1). Assume
further tklgt Ny >~ M(r, p), Ny >~ M(s,o0) and N3 >~ M(¢t, t), where p € G, 0 € G,
andt € G.

G|=

Lemma 7.2. The following are equivalent:

(1) AN is of type Cs.
plesa(er’) =pT(r) =1, p(r)=0(s)=—1,
(@) + D @®t(st) —1) =0, o()t(s) £ 1.

Proof. We first prove that (1) implies (2). Since N € ]-'30 and AV is of type C3, Propo-
sition 5.9 implies that (ad N;)™(N;) is absolutely simple or zero for all m € Ny and

all i, j € {1,2,3} with i # j. By Corollary A.7, a, = a5 = —1 implies that
p(es®)o(er?) = 1 and p(r) = o(s) = —1. Further, from Lemma A.14 and from
ay, = 0, al; # 0 we deduce that p(1)T(r) = 1, o(1)T(s) # 1. Finally, since aj, = —1,
Lemma A.2 implies that (7(¢) 4+ 1)(o(¢#)t(st) — 1) = 0.

Now assume that (2) holds. Then afg = aévl = —1 by Corollary A.7, a{\; = a3N1 =0
by Lemma A.14, and a% = —2 by Lemmas A.15 and A.16(1). Finally, a31\£ = —1 by
Lemma A.2. This proves (1). O

The classes g)g and gJIG of pairs are introduced in Definition A.17.

Lemma 7.3. Suppose that N admits all reflections and the Weyl groupoid of N is finite.
Then (N2, N3) € p§ or (N2, N3) € pC.
Proof. Regard N| and N, as absolutely simple Yetter—Drinfeld modules over the group
H = (supp(N1 & N>)). Then H is a non-abelian epimorphic image of I';. By The-
orem 1.4, the Yetter—Drinfeld modules (ad N1)"™(N;) and (ad N»)™(Np) are absolutely
simple or zero for all m > 0, and they are zero for some m € N. Thus Lemma A.6
implies that

P =0’ =1, pleso(er’) =1,

p(r)=0(s) =—1 ifcharK=0.
Moreover, Corollary A.24 applied to (N2, N3) implies that

(7.1)

(N2, N3) € p¢  forsomei € {0, 1,2, 3,4},
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since €2 = 1 — see also Definition A.17 and Table 3. But o (s)> = 1 implies that

(N2, N3) ¢ 9F.

Consider R3(N) = (U, V,W). Since suppN3 = {t} and t € Z(G), Lemma A.2
implies that (U, V, W) satisfies the assumptions of the lemma. In particular, we have
(V,W) ¢ gof, and hence

(N2, N3) ¢ 95
by Remark A.23.
Consider Ry(N) = (U’, V', W’). Then (7.1) and Lemma A.8 for (N,, N1) imply that
dimU’' =dim V' = |suppU’| = |supp V'| =2

and supp U’, supp V' do not commute. Moreover, Remark A.23 for (N,, N3) implies that
dim W' = 1. In particular, (U’, V', W') satisfies the assumptions of the lemma. Therefore
(V, W) ¢ 5026, and hence

(N2, N3) ¢
by Remark A.23. O
Now we look again at our main tuple M.
Lemma 7.4. Suppose that & = 3, M admits all reflections, and the Weyl groupoid of M
is finite. Then (M», M3) € p{ (2) and char K # 2.

Proof. By Lemma 7.1, M satisfies the assumptions on N stated before Lemma 7.2.
Let r,s,t € G and p, o, T as there. Since a% # 0, we infer from Lemma 7.3 that
(M, M3) € plG In particular, o (f)t(st) = 1 and 7(f) # 1. Moreover, since AM is
of type C3, the formulas in Lemma 7.2(2) hold. Let M’ = R,(M). Since a% = —1,
Lemma A.8 implies that M| =~ M(sr, p'), where p’ € G with p/(sr) = —1, p/(h) =
p(h)o (h) for all h € G" N G*. Further, M), ~ M(s~!, o*) and M ~ M (es*t, 12) by
Lemma A.15, since a% = —2.Since €2 = 1 and o(s) = —1, we obtain

n(r) = —o(er’)T(r), 1) =0(esH)T(s), 1) =0@)T().
Then
0/ (€’ T2 (sr) = p(es’t)o(es’)o (esD)T(s)(—a (er?)T(r)) = —o ()T(s).  (1.2)
Now Lemma 7.3 for N = (M}, M{, M) implies that (M{, M) € pOG or (M{, My) €
plc In the first case o (f)T(s) = —1, and hence 7(t) = —1 and
(M2, M3) € pf (2).

Moreover, char K # 2 since t(t) # 1 by the first paragraph.
Assume that (M|, M}) € p{. Since (M}, M}) € o, Remark A.23 implies that
a%/ = a%/ = —2. Moreover, since AM is of type C3, the Cartan graph of M has no point

with Cartan matrix of type A3 by Theorem 2.6. This contradicts a{‘é’, = a23, = —2in
view of Corollary 3.3. O
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7.2. Recall the assumptions of Section 7: & € N>3, G is a non-abelian group, and
M e 596 such that AM is of type Cg.

Lemma 7.5.
(1) |suppM;| =2 =dimM; forall1 <i <6 — 1, and dim My = 1.
(2) supp M; does not commute with supp M1 for1 <i <6 — 2.

Proof. We proceed by induction on 6. For & = 3 the claim holds by Lemma 7.1.
Assume that 6 > 3. Let H be the subgroup of G generated by Ufzz supp M;. Then

M' = Res§ My, ..., Res$ My) € E

by Lemma 5.14, and H is non-abelian. Clearly, AM "is of type Cg—1. Then the induction
hypothesis yields the claim except for i = 1. In particular, dim M> = [supp M| = 2.
Then supp M and supp M, do not commute by Lemma 5.12, and |supp M| = 2 =
dim M; by Lemma 5.13. O

Before we prove Theorem 2.7, we have to study skeletons of type yp.

Lemma 7.6. Assume that charK # 2. Let 0 € N>3 and let N € ]-'96. The following are
equivalent:

(1) N has a skeleton of type yy.

(2) For any tuple (s1, ..., Sp), where s; € supp N; for all i, there exists a unique tuple
(€,01, ...,0q) with the following properties: ¢ € Z(G)\ 1, € = 1, 0; € anfor
alli, supp N; = {s;j, €s;} foralli € {1,...,60 — 1}, supp Ng = {sp}, N; =~ M(s;, 0})
foralli, and

oi(sj)oj(si)) =1 ifli—jl=2and1 <i,j<90, (7.3)

oi(e)oj(e) =1 ifli—jl=2andi,j<¥, (7.4)

op—1(sp)og(sg—1) = —1, (7.5)

oi(est Doipi(es?) =1 foralli €{l,...,0 =2}, (7.6)

oi(si) =—1 forallie{l,...,0}, @.7

SiSi+1 = €siy18i  foralli € {1,...,0 =2}, (7.8)

sisj =sjs; if j=i+2o0rj=0. (7.9)

Proof. We first prove that (2) implies (1). For this, the only non-trivial task is to show that
the Cartan matrix A" is of type Cy. Now ai’NiH = ai]\il’i = —1foralli e {1,...,0 -2}

by Corollary A.7, afy = ap; = Ofori € {1,...,0—2} by Lemma A.14, 4/} = a}} = 0 for
i,jell,...,0 —1}with|i — j| > 1 by Lemma 5.5, and aév_w = —2 by Lemmas A.15
and A.16. Finally, aé\,]e—l = —1 by Lemma A.2. This proves (1).

Assume now that (1) holds. Then the claims in (2) on € and supp N; fori € {1, ...,6}
including (7.8) and (7.9) follow from Lemma 5.2(1). Moreover, AV is of type Cg, and
hence Proposition 5.9 implies that (ad N;)" (N;) is absolutely simple or zero for all dis-
tinct i, j € {1,...,0}. Then (7.5) holds by assumption on the skeleton, and (7.3)—(7.7)
follow from Lemmas 5.5, A.14, A.2, and Corollary A.7. O

For the reflections one needs the following lemmas.
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Lemma 7.7. Let N € .7-"3G . Assume that char K # 2 and N has a skeleton S of type y3.
Then S is a skeleton of Ry (N) for all k € {1, 2, 3}.

Proof._Since N _has a skeleton of type y3, by Lemma 7.6 there exist r, s, ¢, ¢ € G and
o € G’ o € GY T € G as specified before Lemma 7.2. Moreover, p, o, T satisfy the
equations in Lemma 7.6(2) with s; = r, 50 = 5,53 = t,01 = p, 090 = 0,03 = 7. 1n
particular, o (#)t(s) = 7(t) = —1.

Let (U,V,W) = Ri(N). Then Lemma A.8 implies that U =~ M@= pH, V ~
M(rs,o’) and W' = W, where o’ € G with o/(rs) = —1 and o’(h) = p(h)o(h)
for all h € G" N G°. Now we use Lemma 7.6 to prove that S is a skeleton of R (N).
Lemma 7.6(2) for N, especially (7.3) and (7.7), imply that p(t)r(r) = 1 and p(r) =
—1. Hence p*(t)t(r~") = 1 and p*(r—') = —1. Further, p*(e(rs)?)o’(er=?) = 1 by
Lemma A.8. Finally,

o't (rs) = p(o ()T (r)T(s) = —

Let now (U’ V/,W)=Ry(N). Lemmas A.8 and A. 22(1) imply that U ~M(sr, p'),
V'~ M@~ 0% and W ~ M(es t, ‘L’) Wherep e G with p’(sr) = —1, p'(h) =

p(Wo(h) forall h € G" N G%, and T/ € G with t "(r) = —o(er®)t(r), T'(z) =
o(zr~'zr)t(z) for all z € G*. Again we use Lemma 7.6 to prove that S is a skele-
ton of Ry(N). Lemmas A.8 and A.22(1) imply that p’(sr) = —1, o*is™hH = —1,
7'(es?t) = —1, and

ples ™o ers)) =1, o*(es* )™ =—1.
Finally,

0/ (es*)T' (sr) = p(es?t)o (es’t)(—o (er?)T(r))o (sr L sr)T(s)
= —p(es?)o(er®)p()T(r)o(€2sHo ()T (s) = 1.

Thus S is a skeleton of Ry(N).

Now let (U”, V', W”) = R3(N). Then LemmasA 22(5) and A.2 imply that U" = U,
V" ~ M(st,o") and W’ ~ M@t~ !, t*) where ¢” € G with 0"(z) = 0(2)1(2)
for all z € G*. Lemmas A.22(5) and A.2 imply all conditions in Lemma 7.6(2) for
(U”, V", W") except (7.6) and (7.3) for i = 1 and j = 3. These two we obtain as
follows:

ples’th)o"(er®) = plesho (er®)ptH)(er?) = 1,
pt T ) = pt) () =1,
Thus S is a skeleton of R3(N). -

Proposition 7.8. Let0 >3 and N € ]79G . If N has a skeleton S of type yg, then AV is of
type Cy, and S is a skeleton of Ri(N) forallk € {1, ..., 0}.

Proof. Proceed as in the proof of Proposition 6.4 and apply Lemmas 7.7 and 6.3. O
Proof of Theorem 2.7. We prove (1)=(4)=(2)=(1) and (1)=(3)=(2).

()=(4). Since M € EHG has a skeleton of type yp, Proposition 7.8 implies that M
admits all reflections and WW(M) is standard of type Cy. Moreover, from Lemma 7.6 we
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conclude that B(M;) is finite-dimensional for all i € {1, ..., 8}. More precisely,
Hawmy @) = 7, HBwy) @) = 2
foralli € {1,...,6 — 1}. Since the long roots are on the orbit of oy and the short roots

on the orbit of (any) o; with i < 6, Theorem 1.2 implies that B(M) is finite-dimensional
with the claimed Hilbert series.

(4)=(2). Since dim B(M) < oo, the tuple M admits all reflections by [7, Cor. 3.18]
and the Weyl groupoid is finite by [7, Prop. 3.23].

(2)=(1). Itis assumed that M admits all reflections, AY is of type Cy, and W(M) is
finite. Thus C(M) is a connected indecomposable finite Cartan graph by Theorem 1.1. For
the proof of (1) we just have to verify the conditions in Lemma 7.6(2) and that char K # 2.
Now Lemma 7.5 tells that supp M; = dim M; = 2foralli € {I,...,0—1},dimMy =1,
and supp M; and supp M;;1 do not commute for 1 < i < 6 — 2. Moreover, an iterated
application of Lemma 5.14 implies that

(Res$; My_», Res% My_1, Res% My) € £F,

where H is the (non-abelian) subgroup of G generated by U?:efz supp M;. Therefore
Lemma 7.4 implies that char K = 2 and that the conditions in Lemma 7.6(2) hold when-
everi, j € {§ —2,0 — 1, 0}. The remaining claims in Lemma 7.6(2) follow from Lem-
mas 5.5, A.2, and Corollary A.7.

(1)=(3). Since M € 50G has a skeleton of type yy, Proposition 7.8 implies that M
admits all reflections and W(M) is standard of type Cp.

(3)=(2). This is clear: see e.g. [16, Thm. 3.3]. ]

8. Proof of Theorems 2.8 and 2.9: The case B

In the whole section let G be a non-abelian group. In order to prove Theorems 2.8 and
2.9, we first collect some information on skeletons of type B¢, B, and g, for 6 > 3, on
tuples in ]-'g with such skeletons, and on a particular Cartan graph.

Extending the definition of a skeleton of type 83 and B, we say that the skeletons
in Figure 8.1 are of type B, and By, respectively. We will need them for the proof of
Theorem 2.8. We want to stress that skeletons of type B and 8 are of finite type if and
only if 6 = 3.

‘39 . . . ——— o ——=—e (3)_p:0

By -+ e et B)—p=0

Fig. 8.1. Skeletons of type ), and By .

For tuples with skeletons of type By, B, and B, respectively, where > 3, one
obtains the following.
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Lemma 8.1. Suppose that charK = 3. Let 0 € N>3 and M € .7-"96. The following are
equivalent:

(1) M has a skeleton of type By.

(2) There exists € € Z(G) with € = 1, € # 1, and foralli € {1,...,0} and s; €
supp M; a unique character o; of G* such that supp M; = {s;, €s;}, M; >~ M(s;, 0;)
foralli € {1,...,0}, and

0i(sj)oj(s;) = oi(e)oj(e) =1 foralli, j suchthat|i — j| > 2, (8.1)
ai(esi2+l)oi+1(esi2) =1 forallie{l,...,0—1}, (8.2)
oi(si) =—1 foralli e {1,...,0 — 1}, (8.3)

op(se) = 1, (8.4

SiSi+1 = €Si+18;  foralli e {1,...,0 —1}, (8.5)

sis;j =s;j8;  foralli, j suchthat |i — j| > 2. (8.6)

Proof. We first prove that (2) implies (1). By Definition 2.2 and the assumptions in (2),
we just have to prove that the Cartan matrix AM is of type Bg. Now a%H =a;\y,; =-1
foralli € {1,...,6 — 2} by Corollary A.7(1), aiﬂjf = ajf.‘f =0fori,je{l,..., 0} with
i — jl > 1by Lemma 5.5, and @’ , = —1, a}’,_| = —2 by Corollary A.7(2). This
proves (1).

Assume now that (1) holds. Then the claims in (2) on supp M; for alli € {1, ...,6}
including (8.5) and (8.6) follow from Lemma 5.2(1) and the shape of the skeleton of M.
Moreover, AM is of type By by (1) and the definition of a skeleton. Then (8.1)—(8.4)
follow from Lemma 5.5 and Corollary A.7. O

Lemma 8.2. Let 6 € N>z and M € .7-'90 . The following are equivalent:

(1) M has a skeleton of type ﬁé, and there exist t1, ty € supp My such that tt) # trty.

(2) For any tuple (s, ..., Sg), where s; € supp M; for all i, there exist e € G \ {1} and
a unique tuple (o1, . . ., o9) with the following properties: € =1, o; € éTifor alli,
supp M; = {s;} foralli € {1,...,0—1}, supp Mg = {s9, €5, esz}, M; >~ M(s;, 0;)
forall i, and

oi(sp)oj(si) =1 ifli —jl =2, 8.7
0i(sip1)oip1(si) = p~' foralli e {1,...,0 —1}, (8.8)
oi(si)=p forallie{l,...,0—1}, 8.9

a9 (sg) = —1, (8.10)

esp = spe ), (8.11)

where p € Kwith 1 — p + p> =0.

Proof. We first prove that (2) implies (1). According to Definition 2.2 and the assump-
tions in (2), one has only to prove that the Cartan matrix AM is of type By. Now a% =
aM,; = —landall =0foralli € {I,...,60 —2}andall j > i + 1 with j # 6 by
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Lemma A.1. Further, aé"’_lﬁ = —1and af‘g = 0 (and hence ag;[ =0)foralli <6 —1in
view of Lemma A.2. Finally, agfle_ | = —2 according to Lemma A.10. This proves (1).

Assume now that (1) holds. In particular, AM is of type By by the definition of a
skeleton and a skeleton of type fj. Let so € supp My. Since [supp Mp| = 3, (1) and
Lemma A.9 imply that there exists € € G such that e =1 ¢ # 1, es9 = 596_1,
and supp My = {sg, €sp, ezs(;}. Then (8.7) follows from Lemma A.2, since a% =0
whenever |i — j| > 2. Equations (8.8) and (8.9) hold by the definition of the skeleton.

Since aé")’efl = —2, (8.10) follows from Lemma A.10. m]

Lemma 8.3. Let M € .7-'9G . The following are equivalent:

(1) M has a skeleton of type f;).

(2) For any tuple (s1, ..., Sg), where s; € supp M; for all i, there exist € € G \ {1}
and a unique tuple (o1, ..., 09) with the following properties: € = 1, o; € G
forall i, suppM; = {s;} foralli € {1,...,0 —2}, suppMy_1 = {s9—1,€s0-1},
supp My = {sg, €sp, 62S9}, M; >~ M(s;, 07) foralli, and

oi(sj)oj(si) =1 ifli—j|>2withi, j <0, (8.12)

0 (Si+1)0i+1(8) = p_l foralli e {1,...,0 —2}, (8.13)
oi(s;)=p forallie{l,...,0—2}, (8.14)

0o-1(s9—1) = gg(s9) = —1, (8.15)
op—1(€) = —p, (8.16)
oo—1(esopless_|) =1, (8.17)
S9Se—1 = €S9—150, (8.18)

€sg = spe !, (8.19)

where p € Kwith 1 — p + p> =0.

Proof. Again we first prove that (2) implies (1). According to Definition 2.2 and the
assumptions in (2), one has only to prove that the off-diagonal entries of AM correspond

to the integers obtained from the skeleton of type S, . Now a% = a%_ 1, = —1 for

alli € {1,...,6 — 3} by Lemma A.l and a{;’ =0forall <i,j < 6 with j >
i + 2 by Lemma A.2. Also, aé”_w_l = —1 by Lemma A.2. Moreover, aé‘”_lﬁ_z =
—2 by Lemmas A.15 and A.16(1). Finally, a)’ | , = —1 and a}f, | = —2 in view of
Lemma A.13. This proves (1).

Assume now that (1) holds. Since sg_ | and seG do not commute and since |sg_ =2,
we see that sgsg_1 # sg—159. Let € € G be such that ser1 = {s9_1, €sg—1}. Then e =1,
supp Mg = {sg, €59, €2sp), and (8.18), (8.19) hold by Lemma A.12. It remains to prove
(8.12)—(8.17).

Now (8.12) follows from Lemma A.2, since a{;’ = O whenever | <i < j — 1. By
Proposition 5.9, all (ad M;)"(M;) for i # j and m > 0 are absolutely simple or zero
because of (1). Since agfg_l = —1 and agfg_l = —2, (8.15) and (8.17) follow from
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Lemma A.13. Finally, conditions (8.13), (8.14), and (8.16) come from the definition of
the skeleton. O

In the following three propositions we study reflections of skeletons of type By, B, and
By with 6 > 3.

Proposition 8.4. Let6 € Nwith0 > 3 andlet M € ]79G . Assume that M has a skeleton S
of type By. Then the Cartan matrix of M is of type By, and S is a skeleton of R (M) for
allk € {1,...,0}.

Proof. Following the arguments in the proof of Proposition 6.4 and using Lemma 6.3, it
suffices to prove the claim for § = 3. In this case, one obtains the claim following the
proof of Lemma 6.3 and using Lemma 8.1. O

Proposition 8.5. Let M € ]—"QG . Assume that M has a skeleton S of type B,. Then S is a
skeleton of Ri(M) for 1 <k <6 — 1, and Rg(M) has a skeleton of type By,

Proof. By Remark 5.17, it is enough to consider connected subgraphs of S with three
vertices i1, i2,i3. If 0 ¢ {iy,i>,i3} and k € {iy, iz, i3}, then Lemma 8.2 implies that
M; ® M;, ® M;, is a braided vector space of Cartan type with Cartan matrix of
type A3, and hence the tuple R;(M;,, M;,, M;,) for j € {1, 2, 3} has the same skeleton as
(M;,, M;,, M;;). Thus it remains to prove the proposition for § = 3 and k € {1, 2, 3}.

Assume first that k = 1. Then dim M} = 1,a% = —1,anda{"31 = 0.Hence R{ (M) =
M}, Ri(M); ~ M; ® My by Lemma A.1, and R{(M)3 = M3. We now verify the
conditions in Lemma 8.2 for Ry(M). The only non-trivial condition is (8.8) for i = 2.
For this we obtain

0102(53)03(5152) = 01(53)03(51)02(53)03(52) = p~ ',
and hence S is a skeleton of R (M).
Assume now that k = 2. Then dim M; = 1 and ag’f = a% = —1. Hence Ry(M)| >~
My, ® M{, Ry(M), ~ Mi“, and Ry(M)3 ~ M> ® M3 by Lemma A.2. We verify the
conditions in Lemma 8.2 for R, (M). We obtain

0102(5253)0203(s251) = 01(83)03(s1)01 (52)62(S1S§S3)U3(S2) =p 'ptp =1,
2 ~1

=p .
2 ~1

= p R

0102(s3 )3 (s251) = (01(s2)02(51) " 02(52) 7> = pp~

03 (5253)0203(s; 1) = (02(53)03(52)) " 02(s2) > = pp~

o102(s152) = pp~ ' p = p,

o555 =p,  0203(s253) = pp Tl o3(s3) = 03(53).
Condition (8.11) for Ry(M) is clear. Therefore S is a skeleton of Ry (M).

Finally, assume that k¥ = 3. Then R3(M) = (M, (ad M3)2(M>), M;‘). We have
to show that R3(M) has a skeleton of type g;. To do so we apply Lemma 8.3. By

Proposition A.11, R3(M)2 ~ M(s',0’) and M} ~ M(s3_1,03*), where s = eszsg,
o'(e) = p_2 = — p (which proves (8.16)), and ¢’ (h) = t(h)?o (h) forall h € G€ N G*.
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Now conditions (8.12), (8.14), (8.18) and (8.19) are clear. Moreover, (8.15) and (8.17)
follow from the last claim of Proposition A.11. We now verity (8.13):

01(s")a' (s1) = o1 (€5253)02(51)03(51)* = 01(52)02(51) (01 (s3)03(s1))> = p~ . O

For the proof of the third of the three propositions mentioned above we will use the
following lemma, which will also play a role in the proof of Proposition 9.3.

Lemma 8.6. Let M € f3G. Assume that M has a skeleton S as in Figure 8.2, where
p=—1if g> = 1. Then S is a skeleton of R, (M) forall k € {1,2,3).

pptp p '@
. e

Fig. 8.2. The skeleton in Lemma 8.6.

Proof. By assumption, there existr, t € Z(G),s, e € G,and p, T € 5, o € G such that
My >~ M, p), Mo >~ M(¢t,T), M3 >~ M(s,0), s¢ = {s,es},and € # 1. By Lemma 5.1,
there exists x € G such that xs = esx and xe = e lx. The skeleton contains the
following additional information (see Lemmas A.1 and A.14):

p(r) =p, (1) = p, o(e) =4,
pT(r)=p~'. pEor)=1, )o@ =p "
and a% = —2. Since a% = —2, Lemma A.14 implies that p # 1. Since a{".’a}lfl €
{0, 1,2} foralli, j € {1,2,3} withi # j, Proposition 5.9 and Lemmas A.15, A.16 imply
that the relations in one of the following three lines hold:
o) =—1, o) #1, o> =1,
o(s)=—1, o) =1,
o) #—1, o) #1, o@nTE) =1, o(sH)=1.
Since o (¢)t(st) = 1, we conclude that (M3, M>) € s U o1 U 7.

Let now (U, V, W) = R{(M). Then U ~ M(r~ ', p*), V. >~ M(rt, pt), and W =
M3 >~ M (s, o). In particular,

pt(s)o(rt) = t(s)o(t) = pfl.

Using the above formulas and the definition of a skeleton, we conclude that S is a skeleton
of R1(M).

Let (U, V',W') = Ry(M). Then U’ ~ M(tr,tp), V' =~ M(t~ ', t*), and W' ~
M(ts, To). Consequently,

tp(ts)to(tr) = t(t?)T(s)a (Dp D) T(r)ps)a(r) = p*p~ ' p~l =1

and to(ets) = t(ts)o(t)o(es) = g, so Lemma A.22(5) implies that S is a skeleton of
Ry(M).
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Now let (U”, V", W) = R3(M). Then U" = My ~ M(r, p), V" =~ M(es*t, 1),
and W’ ~ M(s~', 0*), where 7 € G as in Lemma A.15. We record that (s—1)¢ =
{s_l, e~ ls 1} and o*(e~1) = o (¢). Moreover,

n(rples’t) = o (r)T(r)p(s’) = p(HT(r) = p~ .
Thus, if (M3, M3) € gs, 1, or 7, then Lemma A.22(2), (1), or (3), respectively, implies
that S is a skeleton of R3(M). Here, in the case of o (¢2) = 1 we have used (and needed)
that p = —1 in order to identify S as a skeleton of R3(M). O

Proposition 8.7. Let M € F. Assume that M has a skeleton S of type B;). Then S is a
skeleton of Ry (M) for | <k <60 — 1, and Ry(M) has a skeleton of type ﬂé.

Proof. By Remark 5.17, it is enough to consider connected subgraphs of S with three
vertices i1, i2, i3 and their reflections. If iy, i2,i3 < 6 — 2, then M;, ® M;, & M, is
a braided vector space of Cartan type and their reflections have the same skeleton. If
{i1,i2,i3} = {6 — 3,0 — 2,0 — 1}, then the reflections of M;, @& M;, & M;, have the
same skeleton as M;, ® M;, ® M;;. Indeed, (3)—, = 0 by assumption and hence p # 1.
Therefore (—p)? = 1 implies that p = —1, and so Lemma 8.6 applies.

It remains to determine the skeleton of Ry(Myg_o, Mg_1, My) for all k € {1, 2, 3},
that is, to prove the claim for 6 = 3. To do so, assume that 6 = 3, and let 51, 52, 53, € € G
and o1, 03, 03 be as in Lemma 8.3.

Let (U,V,W) = Ri(M). Then U ~ M(sl_l,a*), V >~ M(s1s2,0102), and W ~
M (s3, 03) by Lemma A.2. Consequently,

0102(e53)03(€5753) = (01(53)03(51)) %02 (€53)03(€53) = 1,

and hence S is a skeleton of R(M) by Lemmas 8.3 and A.22(5).
Let (U', V', W) = Ry(M). Then

Vi M@y ot (50 = sy e sy )

and U’ ~ M(es%sl, p") for some p’ € G by Lemmas A.15 and A.16. Moreover, the
skeleton of (M1, M>) is a skeleton of (U’, V') by Lemma A.22(1) (if p # —1) and
by Lemma A.22(2) (if p = —1), since o2(s2) = —1. Further, since (3)4,) = 0 by
(8.16), we conclude from Lemma A.13 that W’ ~ M (e sps3, 7/), where 7/ € G with
7/(s3) = 03(es2_1)02(e) and 1/ (h) = 0p(h)os(h) for all h € G*2 N G*3. Thus

03 (s;") = oa(s2) = —1,
7' (e 5253) = oa(e T s)o3(e T )03 (esy Doa(e) = oa(s2) = —1,
o5 (e = oa(e) = —p,

—1, —1 2 —1_-2 2 2—1 2v—1
05 (67 (€7 5283))T' (6755 7) = 02(s383) " on0o3(esy) T =1,

1

e_lsz53 s;] = E_ZS3szs; = e_lsgl (e_lsz53).

Therefore S is a skeleton of Ry(M) by Lemma 8.3.
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Let (U",V",W") = R3(M). Then U” = M; and W ~ M(sgl,o*g‘). Lemma A.13
implies that V" > M (e~ 's3s5, 0”), where 0" € G is such that

o€ =1, o"(s3) =—o3(esy Noale), 0" (h) = o3(1)’02(h)

for all h € G*2 N G%3. Now we verify the conditions in Lemma 8.2 for R3(M) € ]-'36 .
Except (8.9) for i = 2 and except (8.8), everything is clear or can be seen directly. Since
e s e Z(G) by Lemma A.12, for (8.9), i = 2, we obtain

1.2 —1y2 2 1 \2 1
0" (€7 s352) = o3(€s; ) 02(€)703(€ ™ 52) 702 (e 52) = 02(€s52) = p.

Finally, for (8.8) we calculate as follows:

o1(e 's252)0” (s51) = 01(s3)%01 (s2)03(51) %02 (s51) = p !,

0" (57 o5 (e 5352) = —o3(e 's)oa(e Dos(esy ) = —oa(e™H = p .

Thus R3(M) has a skeleton of type p. |

Before proving Theorem 2.8 we also need more information on the finite Cartan graph in
Lemma 3.1(4).

Lemma 8.8. Let C = C(I, X, r, A) be a Cartan graph with I = {1,2,3}, X = {X, Y},
such that r1 = ry = id, r3 is the transposition (X Y) and

2 -1 0 2 -1 0
AX=-1 2 —=1], AY=[-—2 2 =1
0o -2 2 0o -2 2

Let Wy C W(C) be the automorphism group of X. Then

AY =1{1,2,3,12,23,123,23%, 1232, 12732, 1223%, 12234, 12334, 122%3%),
AT ={1,2,3,12,23, 122, 123,23%, 1223, 1232, 12232, 1233, 172332},

and the orbits of AX with respect to the action of Wy are

(£1, £2, £12, £1223%, £1233%, £12233%),
(£3, £23, £123, £1223%),  {£232, £123%, +£12%3?},

where 192°3¢ and —192°3¢ mean aay + bas + caz and —aa; — bar — cas, respectively,
foralla,b,c € Z.

Proof. 1t is clear from the definition that C is a semi-Cartan graph. It is a Cartan graph
by [16, Thm. 5.4]. The root system with number 14 in [17, Appendix A], where one
interchanges o and a», has Cartan graph C and corresponds to the point Y (see also the
proof of Lemma 3.1). From this one easily obtains the set AX = s%’ (AY ).
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By the proof of [16, Thm. 5.4] (see [16, egs. (5.4), (5.5)]), Wy is generated as a group
by sf( , sf ,and t = S3S2S§( . (Observe that in [16] the roles of 1 and 3 in I are inter-
changed.) We record that

t(ay) = a1 + 202 +4az,  t(an) =az, t(az) = —(az2 +a3).

Applying successively these generators of Wy to the elements of AX one obtains the last
claim of the lemma. O

Proof of Theorem 2.8: dim M| = 1.

(1)=(3). Since # = 3 and M has a skeleton of type B3, Propositions 8.5 and 8.7 imply
that M admits all reflections, and the skeletons of M and of R3(M) form the points of the
semi-Cartan graph C in Lemma 8.8. This graph is a finite Cartan graph, and the positive
roots of its points are given in Lemma 8.8. Since M has a skeleton of type 85, Lemma 8.2
implies that 5(M;) is finite-dimensional for all i € {1, 2, 3}. More precisely,

Hpmy) (1) = Hpuy ) = (e, Hpwy () = 273,

where h = 3 if charK = 2, h = 2 if charK = 3, and 7 = 6 otherwise. Similarly,
Lemma 8.3 implies that R3(M); is a braided vector space of diagonal type with braiding

matrix
-1 —¢
-z -1

where ¢ = o (¢) in the notation of Lemma 8.3. Therefore

, 2)? if charK = 3,
HBRy(M)y) ) = 2):(h); = {(2)?(3)12 if char K # 3.
where i’ = 6 if char K # 3 and ' = 2 if char K = 3. Now Theorem 1.2, using the de-
composition of A_{ into Wy-orbits in Lemma 8.8, implies that B(M) is finite-dimensional
with the claimed Hilbert series.

(3)=(2). Since dim B(M) < oo, the tuple M admits all reflections by [7, Cor. 3.18]
and the Weyl groupoid is finite by [7, Prop. 3.23].

(2)=(1). It is assumed that dim M; = 1, M admits all reflections, AM is of type By,
and W(M) is finite. Thus Theorem 1.1 tells us that C(M) is a connected indecomposable
finite Cartan graph.

Assume first that & = 3. If C(M) has a point with Cartan matrix of type Az or C3,
then M is standard of type A3 and C3, respectively, by Theorems 2.6 and 2.7. Since the
Cartan matrix AM is of type B3, from Corollary 3.5 we conclude that either M is standard
of type Bs3, or each point of C(M) has one of the two Cartan matrices in Lemma 3.1(4).

Since dim M1 = 1, Lemma 5.12 implies that dim M, = 1. Let H be the subgroup gen-
erated by supp M, Usupp M3. Then H is non-abelian, M' = (Resg M>, Resg Ms) e £,
M’ admits all reflections, and W(M') is standard of type B, by Corollary 3.5. Now [28,
Thm. 2.1, Table 1], especially the claim on the support of M’, implies immediately that
supp M3 is non-abelian and |supp M3| € {3, 4}. Moreover, the only possible example
with [supp M3| = 4 would be [28, Ex. 1.7]. However, this example has a root system
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which is standard of type G, and hence a Cartan matrix of type B» is impossible if
|supp M3| = 4. On the other hand, M’ being standard implies that M" ¢ gs in the nota-
tion of [28, 7.1,8.4]. The only remaining possibility is discussed in [28, Thm. 8.2]: There
existr, s € Z(G), t, € € G, and characters p, o of G and t of G’ such that

My >~ M(r,p), My>~M(s,0), M3z=~M(,71),
and G is generated by r, s, 1, €, the relations te = ¢ 1t and €3 = 1 hold in G, and
B)oi) =0, oGHT(s)=1, t()=-1 (8.20)
Moreover, the condition a% = 01is equivalent to p(¢)T(r) = 1.
Both if M is standard and if Af is the root system of X as in Lemma 8.8, we obtain
M R (M) Ry (M) M Ri(M Ry(M
AY = AT = APED D AM = RO g R

Since R{ (M) >~ (M}, M1 ® M3, M3) and M| ® My >~ M(rs, po), the above arguments
for M applied to Ry (M) imply that

(3)—p(rs)z7(rs) =0, p@rst)o(rst)t(rs) =1,

and hence p(rs)o(r) = 1. Similarly, Ry(M) ~ (M| ® M, M}, M> ® M3). Then
af?(M) = 0 implies that

po(st)ot(rs) =1,
and therefore p(s)o (rs) = 1. Thus M has a skeleton of type ,Bé by Lemma 8.2.

Assume now that 8 > 4. Since dim M| = 1, Lemma 5.12 implies that dim M, = 1.
Let H be the subgroup generated by Uigz2 supp M;. Then H is non-abelian, M’ =
(Resg Mi)a<i<p € 59H_1, M’ admits all reflections, W(M’) is finite, and AM  is of
type Bp_1. Thus it suffices to show that these assumptions lead to a contradiction in
the case 6 = 4.

Assume that § =4. By the claim for § =3 we conclude that there exist 7/, r, s € Z(G),
t,e € G, and characters o, p, o of G and T of G’ such that v/, r, s, t, € generate G, and
the relations €3 = 1, te = ¢~z hold in G. Moreover,

My =M@, p"), Ma=M(r,p), M3=M(s,0), My=M(,1),
and the characters satisfy the relations

p'()or)y=1, p'Ot)=1, prsHo@r)=1, pmTr) =1,
p(s)o@rs) =1, (B)-s@) =0, osHt(s) =1, t(t)=-—1.

Since R (M) € £ and dim R (M), = 1, we conclude that
M’ = (Ri(M)iiep34 € &,
where H is the subgroup of G generated by U?:z supp R1(M);. We record that

M;>~M Q@ My, M)>~Ms, M=~ M.
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We now apply Theorem 2.5 for & = 3. This is possible since the proof uses no results on
tuples in FY, n > 4. Since M5, MyCEMS, M, # idMé®M§, according to Theorem 2.5 and the
equalities dim M| = dim M; = 1 we conclude that either cyy; ycar gy = idpr @y OF
(M}, M}, M}) has a skeleton of type 5. This implies that

pp@)o@rry=1 or p'p'rp'p(s)or’) =1

The first case is impossible since p(s)o (r) # 1 and p'(s)o (r')=1. Thus p'(r'r)p(r')=1.

Since a% = —1, we know that p(r) = —1 or p(rr’)p’(r) = 1. Assume first that
p(rr)p’(r) = 1. Then Propositions 8.5 and 8.7 imply that there is a finite Cartan graph
with two points corresponding to the skeletons of M and R4(M), respectively, such that

the Cartan matrices of these points are

2 -1 0 0 2 -1 0 O
-1 2 -1 0 -1 2 -1 0
o -1 2 -1/ o -2 2 -1
o o0 -2 2 o o0 -2 2

However, by [16, Thm. 5.4] there is no such finite Cartan graph, which establishes the
desired contradiction.

Assume now that p'(r)p(r'r) # 1 and p(r) = —1. Since (3)_, () = 0, this implies
that charK = 3. Let M"” = (Ry(M)1, Ry(M)3, Ry(M)4) and let now H be the subgroup
of G generated by supp M”. Since Ry(M) € £Y and dim Ry(M); = 1, we conclude that
M’ € 53H . Moreover,

M{ >~M @My, M) >~MQM;, M~ M.

Since

P o@rs)po(r'r) = p'(rp@'r) # 1,
the tuple M” is braid-indecomposable. From Theorem 2.5 for § = 3 and from the facts
that dim M{ = dim M} = 1 and po (rs) = —1 we conclude that p'o(rs)po (r'r) = —1.
This immediately implies that p’(r)o(r’) = 1, which contradicts af’zl # 0. Thus 8 # 4
and the proof is complete. O

Proof of Theorem 2.9: dim M > 1.

(H=(@3),(4). Since M € 50G has a skeleton of type Sy, Proposition 8.4 implies that M
admits all reflections and W(M) is standard of type By. Lemma 8.1 implies that B(M;)
is finite-dimensional for all i € {1, ..., 6}. More precisely,

Hpw (@) = )7, Hpw,) ) = (3)7

Now Theorem 1.2 implies that 3(M) is finite-dimensional with the claimed Hilbert series.
(4)=(2). Since dim B(M) < oo, the tuple M admits all reflections by [7, Cor. 3.18]
and the Weyl groupoid is finite by [7, Prop. 3.23].
(2)=(1). It is assumed that dim M| > 1, M admits all reflections, A is of type By,
and W(M) is finite. Thus Theorem 1.1 shows that C(M) is a connected indecomposable
finite Cartan graph.
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Since 8 > 3 and dim My > 1, it follows from Lemmas 5.12 and 5.13 that supp M}
and supp M> do not commute and

dim M; = dim M, = [supp M| = |supp M>| = 2.

Let H be the subgroup generated by U?:z supp M;. Then Lemma 5.14 implies that M' =
(Res$§ M;)o<i<o € EM .
Assume first that 6 = 3. Let r € supp M1, s € supp M2, and ¢t € supp M3. Since

alt = 0, we conclude that

spt=re(set)=Fs)>t)=F>s)>t

(recall that > means conjugation: s >t = sts~!). Since s # r & s, this means that both
elements of supp M> act in the same way on supp M3. Then [28, Thm. 2.1] implies that
charK = 3, dim M3 = |supp M3| = 2, and that the conditions in Lemma 8.1(2) hold.
Consequently, Lemma 8.1 implies (1).

Assume now that & > 3. Since dim M, > 1, the claim for 8 — 1 implies that
charK = 3 and M’ has a skeleton of type By—1. In particular, by Lemma 8.1 there exist
$2,...,80, € € G such that €s; = s;€ and siH = {sj,esi} for2 <i <6,where H C G is
the subgroup generated by s7, ..., sy, €. Let s € supp M. Since s152 # s251 and ez =1,
we infer from Lemma 5.1 that supp M1 = {s1, €51} and s1€ = €s1. Since G is generated
by s1, ..., Sg, €, we conclude that ¢ € Z(G). In order to prove that M has a skeleton of
type Bg, one has to check conditions (8.1)—(8.6) in Lemma 8.1 for i = 1. These follow
from Lemmas A.3, A.4, and 5.5.

3)=(2) is clear. ]

9. Proof of Theorem 2.10: The case Fy

In this section we require all the assumptions of Theorem 2.10 to hold. Thus let G be a
non-abelian group and let M = (M7, My, M3, My) € 546. Assume that AM is a Cartan
matrix of type F4. More precisely,

M_ M_ M_ M_ M_ M _
ap =ay =ay =ay =ap;3=—1, a3 =-2,

M . . .
and other q; f with i # j are zero.
Lemma 9.1. Let H = (U?:2 supp M;) and M’ = (ResIG_I M;)o<i<a. Then H is non-
abelian, M’ € 5;’ and AM' is of type C3. Moreover, dim M| = 1.

Proof. Lemma 5.14 implies that M’ € £f and that H is non-abelian. Since AM is of

type F4, we conclude that AM' is of type Cz.
Since H is non-abelian, Lemma 7.5 for M’ implies that dim M, = 1. Therefore
supp M, commutes with supp M1, and hence dim M; = 1 by Lemma 5.12. O

The skeleton of type ¢4 is described in the following lemma.
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Lemma 9.2. Assume that charK # 2. Let N € F, f . The following are equivalent:

(1) N has a skeleton of type ¢a.

(2) There exists € € Z(G) with € = 1 and foralli € {1, ...,4} and all s; € supp M;
there exists a unique character o; of G* such that supp M; = {s;} fori € {1, 2},
supp M; = {s;, esi} fori € {3,4}, M; ~ M(s;, 0;) foralli € {1, ...,4}, and

o1(s1) = 02(s2) = 03(s53) = 04(s4) = —1, .1
o4(esHoz(es?) = 1, 9.2)
04(51)01(54) = 03(51)01(853) = 04(52)02(54) = 1, 9.3)
03(s2)02(s3) = —1, 4
o1(s2)oa(s1) = —1, 9.5)
§354 = €5453. 9.6)

Proof. Suppose that N has a skeleton of type ¢4. Then AV is of type F4. Lemma 5.2(1)
implies now the existence of € such that (9.6) holds and the supports of M3, My are of
the given form. Since AV3-N4) is of type A,, Corollary A.7 implies (9.2) and o4(s4) =
03(s3) = —1. The remaining conditions in (9.1) and (9.4), (9.5) hold by the definition of
the skeleton. Now (9.3) follows from Lemma A.2 since al} = al} = a2} = 0.

The converse follows immediately from the definition of a skeleton of type ¢4 by
using Lemmas A.2, A.15, A.16, and Corollary A.7. O

Reflections of the skeleton of type ¢4 are considered in the following lemma.

Proposition 9.3. Let M € F, f . Assume that M has a skeleton S of type @a. Then S is a
skeleton of Ry (M) forall k € {1,2,3,4}.

Proof. By Remark 5.17 it suffices to determine the skeletons of Ry (M;,, M;,, M;,), where
i1, i2, i3 correspond to three vertices of a connected subgraph of S and k € {1, 2, 3}.
There are only two such subgraphs, and hence the proposition follows from Lemmas 8.6
and 7.7. ]

Proof of Theorem 2.10. We prove (1)=(4)=(2)=-(1) and (1)=(3)=(2).

(3)=(2). This is clear: see e.g. [16, Thm. 3.3].

(H)=(@3),(4). Since M € 846 has a skeleton of type ¢4, Proposition 9.3 implies that
M admits all reflections and W(M) is standard of type Fy4. The longest element of the
Weyl group of type Fy is

S18525153528153852853545352515352535453525153525354.
The Nichols algebras B(M;) are finite-dimensional fori € {1, ..., 4} and

2), ifief{l,2},

() = 2?2 ifie(3,4).



340

I. Heckenberger, L. Vendramin

With respect to the Cartan matrix of type F4 one computes

B = a1,

B3 = a2,

Bs = ay + 2a + 23,

B7 = oz + as,

By = a3,

Bi1 = oy + 202 + 203 + ay,
B13 = a1 + 3az +4az + 2a4,
Bis = a1 + 2 + 4oz + 204,
B17 = a1 + 200 + 303 + 204,
Bro = a1 + 2a2 + 203 + 204,
Bo1 = az + a3 + oy,

P23 = a3 + ay,

B2 = a1 +az,

Bs = a1 + az + a3,

Be = a1 + a2 + 2a3,

Bg = oo + 2a3,

Bio = a1 + 2a2 + 303 + oy,
B2 = 2a1 + 30 + 4az + 204,
Bla = aj +az + 203 + oy,
Bie = a2 + 203 + aa,

Bis = a1 + ar + a3 + ay,
Bao = a1 + a2 + 203 + 2a4,
B2 = az + 203 + 204,

Boa = ay.

The long and short roots are §; with
Jje€1{1,2,3,5,6,8,12,13,15, 19, 20, 22}

and
je{4,7,9,10,11, 14,16, 17, 18, 21, 23, 24},

respectively. By Theorem 1.2,

as Ng-graded objects in gyD. Thus a direct calculation shows that B(M) is finite-dimen-
sional with the claimed Hilbert series.

(4)=(2). Since dim B(M) < oo, the tuple M admits all reflections by [7, Cor. 3.18]
and the Weyl groupoid is finite by [7, Prop. 3.23].

(2)=(1). Let H be the subgroup of G generated by U?:z supp M;. Define N =
(Resg M;)ici2,3,4)- Lemma 9.1 implies that N € E3H and AV is of type C3. Therefore, by
Theorem 2.7(2)=>(1), N has a skeleton of type y3 and char K # 2. Moreover, dimM; =1
by Lemma 9.1. For all i € {1,2,3,4} lets; € G and 0; € G% be such that M; ~
M(s;, 07). Then 03(s2) = —1, 02(s3)03(s2) = —1, and

(01(s1) + D(o1(s182)02(51) — 1) =0,  01(s3)03(s1) =1 9.7

by Lemma A.1, since a{3=—1 and a{% =0. It remains to show that o (s1) =0 (s2)02(s1)
-1

Let M = Ry(M). Then M| ~ M(s2s1, 0201), M§ >~ M(s2s3, 0203), and My = M,
by Lemma A.2. In particular, dim M] = 1, dim M} = dim M) = 2, and supp M; and
supp M, do not commute. Moreover, a{‘:{/ = 0 by Lemma 5.15. Then (M, M5, My)
e Ff ', where H' C G is the subgroup generated by supp M} U supp M} U supp M}.
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The Weyl groupoid of (M, M3, My) is finite by assumption. We apply Theorem 2.5 for
6 = 3, which is possible, since its proof for § = 3 does not use anything about 6-tuples
with & > 4. We deduce that either a%/ = 0, or the triple (M7, M, M}) has a skeleton
of type y3. In the second case, necessarily 0207 (s253)0203(s2s1) = —1. The equalities
02(s52) = 02(s3)03(s2) = —1 and (9.7) imply that

0201(5253)0203(s5251) = —01(52)02(51),

and hence in the second of the above two cases we necessarily have o1 (s2)o2(s1) = 1.
Since o1 (s2)02(s1) # 1 from a% # 0 and Lemma A.2, we conclude that the second case
is impossible, and hence a%/ = 0. Then o1 (s2)02(s1) = —1, in which case o1(s1) = —1
by (9.7). Thus we are done, as said at the end of the previous paragraph. O

10. Proof of Theorem 2.5: The classification

Recall that & € N>3, G is a non-abelian group and M € SQG is a braid-indecomposable
tuple.

Proof of Theorem 2.5. (1)=(2). Assume that M has a skeleton S of finite type. If M has
a skeleton of type oy, 8 or &y, then dim 5(M) < oo by Theorem 2.6. If M has a skeleton
of type yp or ¢4, then dim B(M) < oo by Theorem 2.7 or 2.10, respectively. If M has
a skeleton of type Bp, then dim M; > 1 by Lemma 8.1, and hence dim B(M) < oo
by Theorem 2.9. If M has a skeleton of type 8, then dimM; = 1 by Lemma 8.2,
and so dim B(M) < oo by Theorem 2.8. Finally, if M has a skeleton of type 87, then
R3(M) has a skeleton of type ,3§ by Proposition 8.7. Hence dim B(R3(M)) < oo. Since
R3(R3(M)) >~ M by [7, Thm.3.12], we conclude from [7, Thm. 1] that dim B(M) =
dim B(R3(M)) < oc.

(2)=(3). Since dim B(M) < oo, the tuple M admits all reflections by [7, Cor. 3.18]
and the Weyl groupoid is finite by [7, Prop. 3.23].

(3)=(1). Recall that M is braid-indecomposable. Suppose that M admits all reflec-
tions and W(M) is finite. Then C(M) is a connected indecomposable finite Cartan graph
by Theorem 1.1. Therefore by Theorem 4.2 there existk € Ng and iy, ...,ix € {1,...,0}
such that AV is an indecomposable Cartan matrix of finite type for N = R;, - - - R;, (M).
The set of all indecomposable Cartan matrices of finite type is well-known: They are of
types ADE, By, Cyg, or F4. By Theorems 2.6-2.10 the tuple N has a skeleton of finite
type. Since M ~ R;, --- R;;(N), from Propositions 6.4, 7.8, 9.3, 8.4, 8.5, and 8.7 we
conclude that M has a skeleton of finite type. O

Appendix A. Reflections of a pair

A.1. For one-dimensional Yetter—Drinfeld modules U, V over a group H, the Yetter—
Drinfeld modules (ad U)™ (V) and (ad V)™ (U) for m > 1 are well-known by the the-
ory of Nichols algebras of diagonal type. The following lemma goes back to Rosso [37,
Lemma 14].
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Lemma A.1 (Rosso). Let H be a group and let U,V € ZyD. Assume that U ~
M(r,p) and V =~ M(s,o), where r,s € Z(H) and p,o are characters of H. Then
(adU)"™ (V) # 0 for a given m € N if and only if

m—1
) [ [ (G )o@ — 1) 0.
i=0

In that case, (adU)" (V) ~ M(@"™s, o), where oy, is the character of H given by
om(h) = p(h)"o (h) forallh € H.

Rosso’s lemma is a special case of a more general statement which we prove here.

Lemma A.2. Let H be a group and let U, ‘Le ZyD. Assume that U >~ M(r, p) and
V>~M(s,o), wherer € Z(H), s € H, p € H, and o is a representation of H®. Assume
also that o (r) is a constant automorphism of V. Then (ad U)" (V) # 0 fora givenm € N
if and only if

m—1

M)y [T =2 $)o(r)) #0.
i=0
In that case, (ad U)™ (V) =~ M (r"™s, o,,), where oy, is the representation of H® given by
om(h) = p(h)"o (h) forall h € HS.

Proof. By Lemma 1.3, it suffices to prove the claim for X ,Z’V instead of (ad U)™ (V).
Letu € U\ {0} and v € Vi \ {0}. For allm > 1 let

Ym = (M) (1 = p(" )0 (r)).
We will prove that

XUV =y ey U @ V (A.1)

for all m > 1. Then Xan/,V = 0if y; = 0 for some i € {1,...,m}, and otherwise
X,[,{’V ~ M@™s, o). Indeed,

X'= P wew
tesupp V

in the latter case and
hu®™ @ w) = p(h)"u®" @ hw

for all w € V.
We will prove by induction on m that

on " @ v) = yuu®" @ v (A.2)

forallm > 1 and all v € V;. This clearly implies (A.1).
Let v € V;. For m = 1 we have ¢; (1 @ v) = (id — ¢?)(u ® v) and

62(M RUV)=crvu) =c(r)su®@v = p(s)o(r)u @ v.
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Therefore ¢1 (¥ ® v) = y1u ® v. Assume now that (A.2) holds for some m > 1. Then

o1 @ @ v) = u®" M @ v — U ® WP ®v))
+ (d ® gm)cnu @ u @ W®™ ' ® v))
= ((1 = pM) " ()p™s)) + p()ym)u®" T @ v

— Vm+lu®m+1 ®v.

This proves the lemma. O

A.2. In this section we collect some auxiliary results of [25, §4] regarding reflections.
Let G be a non-abelian group.

Let g,h,e € G. Assume that |gC| = |hC| = 2, gh # hg, and gh = chg. By
Lemma 5.2 the subgroup (g, &, €) of G is an epimorphic image of/r"\z. LetV,W € gyD
with V =~ M(g, p) and W =~ M(h, o), where p € G& and o € G". Let v € V, \ {0}.
Then {v, hv} is a basis of V. The degrees of these basis vectors are g and eg, respectively.
Similarly let w € W, \ {0}. Then {w, gw} is a basis of W and the degrees of these
basis vectors are & and €h, respectively. In particular, Resg,y ne V and Resg,‘ hey W are
absolutely simple Yetter—Drinfeld modules over (g, /, €). Since z acts on V&" @ W®&”
for z € GE NG" and m, n € Ny by p(z)"0 (z)"id, the following claims follow directly
from the corresponding results in [25].

Lemma A.3 ([25, Lemma 4.1]).

1) XY’W # 0. Moreover, X}/’W is absolutely simple if and only if p(eh*)o (eg?) = 1.
(2) Assume that p(eh®)o (eg?) = 1. Then X"V ~ M(gh, &), where & € Gsh = ({gh}U
(G8 N GM)) with G (gh) = —p(g)o (h), and 5(z) = p(2)o (z) forall z € G8 N G".

Lemma A.4 ([25, Lemma 4.2]). Assume that p(eh®)o (eg?) = 1.

() X" =0ifand only if p(g) = —1.
2) X;/’W is absolutely simple if and only if p(g) = 1 and char K # 2.

Lemma A.5 ([25, Lemma 4.3]). Assume that p(eh®)o (€g?) = 1, p(g) = 1 and char K
#2 Letn e N.

(1) If n > 3 then X"V = 0 ifand only if 0 < charK < n.
2) If n = 1 and X,‘,/’W # 0 then X,‘,/’W ~ M(g"h,o), where G is a character of

G8"" = ({g"h} U (G& N GM) with 5 (g"h) = (—1)"o'(h) and 5 (2) = p(2)" 0 (2) for
allz € GSNG".

With the previous calculations and exchanging V and W one immediately obtains the
following lemma (see [25, Prop. 4.4]).
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Lemma A.6. The Yetter—Drinfeld modules (ad V)™ (W) and (ad W)™ (V) are absolutely
simple or zero for all m > 0 if and only if,o(ehz)o (egz) = land /o(g)2 =o(h)?=11In
this case, the non-diagonal entries of the Cartan matrix AV-W) are

Jrvw = e =-1
" 1—p ifp(g)=1andcharK=p > 2,

and otherwise (ad V)™ (W) # 0 for all m > 0, and similarly

L _ = ifo) =—1,
2 1—p ifo(h)=1andcharK=p > 2,

and otherwise (ad W)™ (V) # 0 for allm > 0.
Corollary A.7. Let V, W be as above.
1 ag’w) = aé‘l/’w) = —1 ifand only if p(eh®)o (eg?) = 1 and p(g) = o (h) = —1.

@) a¥" = —1,a"") = —2ifand only if p(ehPo(eg®) =1, p(g) = —1,0(h) = 1,
and char K = 3.

Proof. The “if” parts follow directly from Lemma A.6.

For the “only if” parts observe first that ag W) = -1, aé‘l/’ w) > —2 imply that
(ad V)(W) and (ad W)™ (V) with 0 < m < —aé‘{’w) are absolutely simple by Proposi-
tion 5.9. Then p(ehz)o(egz) = 1 by Lemma A.3, and the “only if” parts of (1) and (2)
follow from Lemmas A.4 and A.5. O

Finally, to compute the reflections of the pair (V, W) one has the following lemma.
Lemma A.8 ([25, Lemma 4.5]). Assume that
plen’)o(eg) =1, p(g’=oh)?’=1,

and p(g) = —lifcharK =0. Letm = 1 if p(g) = =1, andletm = p — 1 if p(g) = 1
andcharK = p > 0. Let ¢’ = g~ " and ' = g"h. Then

166 =W =2, ¢HW £hg, ggh=echy, GNG'"=aG¢nG".
Moreover, Ri(V, W) = (V',W') with V' = M(g', p’) and W' =~ M(h', "), where
o' € G§ and o’ € G" with

e (e =1, o) =p@). o't)=0oh)

and p'(z) = p(2)~ Y, 0/(2) = p(2)"o (2) forall z € G8 N G".

A.3. Here we recall results on particular pairs of Yetter—Drinfeld modules which play an
important role in the study of skeletons of type 8, and ;.

By Proposition 5.9, for any pair (U,V) € ]-"26 the Yetter—Drinfeld modules
(adU)™(V) and (ad V)™ (U) are absolutely simple or zero if aflzj’v)ag]]’v) is one of 0,
1, 2. Therefore Lemmas A.10 and A.13 below are special cases of [28, Prop. 6.6] and

[28, Prop. 4.12], respectively.
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Lemma A.9. Lett,t’ € G. Assume that tt' # t't, [t¢| =3, and t® = 1'C. Let € € G be
such thatt' = et. Then €3 = 1, te = € 't, and t° = {1, et, €t}

Proof. Since tt’ # t't, we conclude that te # et. Therefore € commutes neither with ¢
nor with et. Let 1/ € 19 be such that ¢ = {r, et, t"}. Then ete’l ¢ {1, et}, and hence

ete™! = ¢". Thus conjugation by € permutes t9viat +— 1", — t',t' — t. Hence
te ! =et’e ' =t . Thent” =ete™ ! = e tand er = et”e_l te~! = €7?¢. Thus
€3 = 1, which implies the rest. O

Lemma A.10. Lets € Z(G) and t, € € G be suchthat €3 = 1, € # 1, te = € 't, and
|t¢| = 3. Leto € Gandt € G’ andlet U,V € GyD be such that U >~ M (s, o) and

V> M(t,1). Thena\y") = —1 and a{"") = 2 if and only if

10 =—1. (ot =0. (+0E&)1—0a(nT(s) =0.

Proof. The assumptions imply that (¢, €, s) is a non-abelian epimorphic image of I'3. By

Lemma A.2,a\y"") = —1ifand only if o (s)7(r) # 1 and (140 (5))(1 =0 (st)T(s)) = 0.
The rest follows from [28, Lemmas 6.2 and 6.3] since aéll] LR} implies that
(ad V)2(U) = Ry(U, V) is absolutely simple. o

Proposition A.11. Let s € Z(G) and t, € € G be such that S =1e#1te=€¢l
and |t9| = 3. Leto € G and t € G' be such that

) =—1, Bswyes) =0, osH)T(s) =1,

and let U, V,U', V' € GyD such that U ~ M(s,o), V >~ M(t, 1), and (U’, V)

Ry(U, V). Then U’ ~ M(s',0") and V' ~ M=, t*), where s’ = est*> and o’ € Ge is

such that o'(¢) = (6(1)7(s))? and o' (h) = ‘L’(/’l)zd(h) for all h € G' N G¢. Moreover,
={e,e ), t? € Z(G), and

o't ™t esH =1, o'H=-1, ¢ H=-1

Proof. First we prove that €9 = {¢, ¢!} and 1> € Z(G). Indeed, the assumptions imply
that t¢ = {t, et, €%t}, and hence G = (t,€, G' N GG) Let H be the subgroup of G
generated by s, 7, and €. Then Res¥ nVs Res¥ pU € HyD are absolutely simple. The
calculation of V* = Ry (U, V), is standard. We conclude from [28, Lemmas 6.2 and 6.3]
that a(U V) — _2. From [28, Lemma 6.2] we deduce that Ry(U, V)1 >~ M(s’,0’) and
that the remaining claims hold. O

Lemma A.12. Lets,t, e € G be such that € # 1, st # ts, s¢ = {s, es}, and |t9| = 3.
Then €3 = 1, se = es, te = ¢ 't, ts = est, and 1¢ = {t, et,ezt}. Moreover, ¢ ls €
Z(G).

Proof. We have assumed that st # ts and sG = {s, es}, and hence ts = est. Thus
es = seand re = €It by Lemma 5.1(1). Therefore skis™% = e %t € t9 forall k > 1,
that is, €2 = 1 or €3 = 1 because [t®| = 3. To conclude the proof it suffices to show that
e =1lande s € Z(G).
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Assume to the contrary that > = 1. Lett' € t%\ {t, et}. Then st' = t’s and 1’ = 1'e.
In particular, ¢ commutes with s6, which is a contradiction, since t' € t¢ and ¢ does not
commute with s©.

Finally, Lemma 5.1(3) implies that (€199 = (e s). m]

Lemma A.13. Let s, t, € € G be as in Lemma A.12. Let o € G andt € é\’ and let
U,V e GyD be such that U >~ M(s,o) and V >~ M(t, t). Then a(U ' — 1 and

aélljv)——Zlfandonlylf
oeD)t(es) =1, o(s)=—1, @) =—-1.

In that case if Boe) = 0 then (adU)(V) ~ M(e 'st, ") and (ad V)2(U) ~
M((e™ 1425, 67), where T/ € G’ wzth () = t(es™ Yo (e) and © "(h) = o(h)T(h)
forall h € G°NG!, and o' € G with o "(€) = 1, 6'(t) = —t(es Ha(e), and
o'(h) = t(h)*o (h) forallh € G° N G'.

Proof. By Lemma A.12, the subgroup (s,#) € G is a non-abelian epimorphic image

of I'3. Hence U and V satisfy the assumptions of [28, Prop. 4.12] when viewed as Yetter—
Drinfeld modules over (s, t). This leads to the claim. m]

A.4. In this section we study reflections of a particular pair of Yetter—Drinfeld modules.
Let G be a group and let s € G. Assume that |s¥| = 2. Letr, € € G be such that s = esr
and € # 1. e R

Lett € Z(G),0 € G*,and T € G. Inparticular, t(¢) = 1. Let V, W € gyD be such

that V >~ M(s,o0) and W ~ M (¢, t). We determine the Yetter—Drinfeld modules X ,‘,/,’W
forall m > 1.

Lemma A.14. The Yetter—Drinfeld module le’W is non-zero if and only if o (t)T (s) # 1.
In this case, XY’W ~ M(st, 11), where 11 is the character of G° = G*' with t(h) =
o(h)t(h) forall h € G°.

Proof. Letv € V5 and w € W be non-zero. Since G > (s,t) = s¢ x {1}, the element
(d—cwyeyw)v®w) = (1 —0o()T(s))v ® w generates XY’W as a KG-module. This
implies the claim. O

Lemma A.15. Assume that o (¢t)t(s) # 1. Then X;’W # 0. Moreover, X;/‘W is abso-
lutely simple if and only if one of the following holds:

(D) 0(62) =1L 0+0@G)(1—0o(st)r(s)) =0.
() o(s) = —1, 0(e2®)1(s?) = 1.
(3) o(sn)T(s) =1, 0(e25%) = 1.

In that case, let A = —U(e) if (1) holds, A = o(et)r(s) if (2) holds, and . = o (es)
if (3) holds. Then X ~ M(es?t, 12), where Ty € G with

n) =10 ()Tr),  ng) =o(gr gt
forall g € G*, and w =v®rv®w+krv®v®wisabasisofX;’W
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Proof. Let w; = v ® w. By the proof of Lemma A.14, w; € (XY’W)SI generates XY’W
as a KG-module. Since s¢ x (st)¢ = G & (s, st) U G > (s, es1), the vectors ¢2 (v @ wi)
and ¢, (v ® rwp) generate the KG-module X;/ W

Let w) = ¢2(v ® rwy). Since

mrw) =vRrw; —estv @ srwy + t(r)Ad ® ¢1)(srv @ v ® w)
= (1 — o221 (s))v ® rwy + o (es)T(r)(1 — o (1) T(s))rv @ wy,
we conclude that wé # 0, and hence X;/ W # 0.
Assume that X ;/ Wis absolutely simple. Since
W) =vRw; —stv @ sw; + (dQ ¢1)(sv @ v ® w)
={(4+00)A —0o(s)T(s)v @ wy,

and g (v@w1) € (X)) 2, wh € (X)) 2, and (s21)C # (es?)C by Lemma 5.1(3),
we conclude that

A4+os)A —o(st)r(s)) =0. (A.3)
Also, the tensors v @ rv @ w, rv ® v ® w form a basis of (V ® V ® W)_,2,, and hence
gu=0(grlgrnt(@u foralue(VeV® W) 8 € G'.
Since G = G* U rG*, the modules
Ko@rv+rvev)@w, Kuv®rv—rv®uv)Q®w

are the only simple Yetter—Drinfeld submodules of (V ® V ® W),2,. Thus, w) has to
span one of these submodules, that is,

1 — o (€25%)1(s) = Ao (es)(1 — o ()T (s))
for some A € {1, —1}. Equivalently,
(1 — Ao (es))(1 + ra(est)T(s)) =0 (A.4)

for some A € {1, —1}. This and (A.3) imply that (1), (2) or (3) holds, and X;/’W =
Ko@rv@w+AiArv @ v w).
Conversely, if one of (1), (2), (3) holds, then X;/ W= Kw, by the above calculations,

and hence X X Wis absolutely simple. The remaining claims also follow similarly. O

Lemma A.16. Assume that o (t)t(s) # 1 and X;/’W is absolutely simple. Let 13 be the
character of G* and t4 be the character of G with
B(g) =o(@rlgnNt@, wu@ =0 ¢ 'gnNMHT@, wu@r)=orHr@)
forall g € G°. Then:
() X7V =0ifand only ifo(s) = —1 or o (e?) # 1.
2) X;/’W is absolutely simple if and only if o(s) # —1 and o (€*) = 1. In that case,
X" ~ M(esPt, 3y and XV #£ 0.



348 I. Heckenberger, L. Vendramin

(3) Assume that o (s) # —1 and o (¢?) = 1. Then XX’W is absolutely simple if and only
if 3)o(s) = 0. In that case, X}'" ~ M(e%s*, 1) and X"V = 0.
(4) Assume that o(€2) = 1 and (3)o(s) = 0. Let wy be as in Lemma A.15, w3 = v ® wo,
and
wy =vQrws+ 0(r2)r(r)rv ® ws.

Then w3 € (X;/’W)esst and w4 € (XX’W)stztt.

Proof. First we calculate that
o3 @ w) = (1 +0())(1 — o (25T (5))v @ wy.

Hence ¢3(v ® wy) = 0 if and only if o(s) = —1 or o (e?s°1)T(s) = 1. Assume that
o(s) # —1. Since X;/’W is absolutely simple, Lemma A.15 implies that o (st)t(s) = 1.
Thus X;"" = 0 if and only if o'(e25?) = 1. Since o/ (s)~' = o (1)(s) # 1 and o (s) #
—1 by assumption, Lemma A.15 implies that o (¢2s?) = 1 if and only if o' (€?) # 1.

Assume now that o (¢2) = 1 and o (s) # —1. Then o (st)r(s) = | by Lemma A.15.
Let w3 = v ® wy. Then w3 € (V¥ @ W)_3, and

1

X! W — Kws + Krws ~ M(es’t, 13),

since gwy = o (gr~'gr)t(g)w; for all g € G* by Lemma A.15. Moreover,
Pa(v ® w3) = B)o()(1 — 0 (s))v @ w3,
ea(v @ rw3) = (1 — o (s”)v @ rws
— o)A 4+ 0 ()1 — o (s2)rv® ws.
Since VVQ® X;/’W =X, ® X} in gyD, where
X2=U®U®X¥’W+rv®rv®X§’W,
X{=vereX) +revexy) ",

similarly to an argument in the proof of Lemma A.15 we conclude that X X Wis absolutely
simple if and only if g4(v ® w3) = 0 and

pa(V®@rw3) e Kw®@rv+Arv®@v) ® wy

for some A € K with A2 = 1. This is equivalent to (3)4(s) = 0, since then g4 (v ® rw3) =
(1 — o (s)"Hws and rwg = o (r*)T(r)ws. The rest follows easily. ]

Now we introduce classes of pairs of absolutely simple Yetter—Drinfeld modules over any
group H. They will appear naturally in Corollary A.24 in the classification of specific
pairs admitting all reflections.

Definition A.17. Let H be a group. For i € {0, 1} let K')sz,i be the class of pairs (V, W)
of Yetter—Drinfeld modules over H such that:

(1) |supp V| =2 and |supp W| = 2.
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(2) There exists € suppV,t € suppW, o € I/ﬁ, and Tt € I/-I\t such that V >~ M(s, o),
W >~ M(t, 1), and:
(a) Ifi =0, then (id — cw vey.w)(V @ W) =0.
(b) If i = 1, then o(er®)t(es?) = 1 and o(s) = 7(f) = —1, where ¢ € H with
st = etsand € # 1.
Let g,)l.H for 0 < i < 8 be the class of pairs (V, W) of Yetter—Drinfeld modules over H
such that:
(1) |supp V| =2 and |supp W| = 1. - N
(2) There exist s € suppV,t € suppW, o € HS, and t € H suchthat V >~ M(s, 0),
W >~ M(t, t), and o and 7 satisfy the conditions in Table 3.

Foralln € N withn > 2 let le (n) be the subclass of pf{ of those pairs (V, W) for
which additionally (¢) is a primitive n-th root of 1.

Table 3. The classes piH, 0<i<8.

Conditions on ¢ and
ot)t(s) =1
o€ =1,0()=—1,0)1(st) =1,7(t) # 1
o) =100 =111 =~1,Qoris) = 0, 0(T(s) # 1
o) =100) =1 Gy =0, t(t) = —a()T(s), 0 ()T(s) # 1
0(€) =10 =0,060T(s) =1, 7(t) = —1,0(s) # 1

o) #1,0()=—1,02)r(s?) =1L, 0@)r(st) = 1

o) #1,0()=—1,02)rH =110 =—1
o€ #£ 1,022 =1,0(60)T06) =1, 0@)T(st) =1

o) #£ 1,02 =106t =110 =—1

~.

X N AN B WD = O

We point out that Lemma 5.5 gives a characterization of pairs in @2112,0' A characterization
of gag’] was given in Corollary A.7.

The pairs (V, W) in g,)g,j for j € {0, 1} and pl.H for 0 < i < 8 satisfy stronger
properties. To prove them we need a lemma.

For any group H and any representation p of H we write const,(H) for the nor-
mal subgroup of H consisting of those g € H such that p(g) is constant. In particular,
const,(H) = H if deg p = 1. The following lemma is probably well-known. It follows
directly from the structure theory of Yetter—Drinfeld modules over groups.

Lemma A.18. Let H be a group and let V € ZyD.

(1) For all r € suppV there exists a representation p, of H" such that @.,n Vs =
M(r, p). These representations are unique up to isomorphism, and deg p, = deg ps
forallr,s € supp V withs e r!i.

(2) Letr € suppV, h € const,, (H"), and g € H. Let v’ = grg~
Then h' € const,, , (H") and p,(h) = p,/(h').

Vand h' = ghg™".
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In the following two propositions we show that the presentation of the pairs in the classes
5021% and (piH , 0 <i <8, in terms of elements of the group H and representations of their
centralizers is essentially independent of various choices. This simplifies the discussion
of skeletons of tuples considerably.

Proposition A.19. Let H be a group, (V, W) € gag 1S €suppV, andt € supp W. Let
€ € H be such that st = €ts.

(1) There exist unique characters o of H* and t of H' such that V. >~ M(s,o) and
W >~ M(,r1).
Q) st ={s,es), t! ={t,et}, 2 =1, e € Z(H), € # 1.
(3) o€ t(es) =1,0(s) =1(t) = —1.
Proof. By assumption, there exist s’ € suppV, t' € supp W, and €/ € H such that
s't' = €'f's’ and € # 1. Since |supp V| = |supp W| = 2 and since supp V, supp W
are conjugacy classes of H, (2) follows from Lemma 5.2(1). In particular, there exists
x € {s,t)suchthatx>s’' =sand x>t =t . Thenx € = €.
Again by assumption, there exist characters o’ of H® and t’ of H' such that V =~
M(s', o), W~ M(t,1'), and
o€ =1, o'(H=10")= -1
Then (1) holds by Lemma A.18(1), and the two parts of (3) follow from Lemma A.18(2)
withr =s’, g =xandr =t', g = x, respectively. O
Proposition A.20. Let H be a group,i € Z with0 <i <8, (V,W) € piH, s € supp 'V,
andt € supp W. Let € € H be such that s = {s, es).
(1) There exist unique characters o of H® and t of H such that V.~ M(s, o) and
W >~ M(t, 7).
(2) o and 7 satisfy the conditions in Table 3.
(3) If neNand (V,W) € le (n), then t(t) is a primitive n-th root of 1.
Proof. Similar to the proof of Proposition A.19. O
As before, let G be a group, V, W € gyD with [supp V| = 2 and [supp W| = 1,

sesuppV,t esuppW, e € G with s¢ = {s, es}, o a character of G*, and t a character
of G. Assume that V >~ M (s, o) and W >~ M (¢, 7). Then € # 1.

Proposition A.21. Assume that o (t)t(s) # 1. Then (ad V)™ (W) and (ad W)™ (V) are
absolutely simple or zero for all m € N if and only if:
(1) o) =1,0()=—1, 0r
o(€2t)t(s2) =1,0(s) = —1, 0(e2) # 1, or
o(€2s2) =o(s)t(s) =1, 0(€?) # 1, or
o(€) =a(st)t(s) =1, Bs(s) = 0.
2) (n+ D1 —o@)t(st")) =0 for somen > 1.

Moreover; the four possibilities in (1) are mutually exclusive.

Proof. This follows from Lemmas A.14-A.16 and A.2. O
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Proposition A.21 leads to a characterization of those pairs (V, W) which have a finite
Weyl groupoid. To obtain this characterization, we need some technicalities. For the def-
initions of 13, 74, and o, we refer to Lemmas A.15, A.16, and A.2, respectively.

Lemma A.22.

(1) Assume that o (t)t(s) # 1, 0(€?) = 1, and o(s) = —1. Then R{(V, W)
(M(s™', 0*), M(es’t, 12)) and

[

o*(s™hH = —1, ¥ € ?) =1,

o €’ ) =t HrG™), n(es’t) = o (D)t (s%1).

(2) Assume that o (€2t*)t(s%) = 1, o(s) = —1, and o(€2) # 1. Then R(V, W) =~
(M(s~ Y, 0%), M(est, 1)) and

o*(s™ = —1, o*(e ) =al(e),

¥ (es’Hns™) = o ()T(s), T(es’t) = (7).

(3) Assume that o (e*s*) = 1, o(st)t(s) = 1, and o(e?) # 1. Then Ri(V, W) ~
(M(s™", 0%), M(es*t, 12)) and

o*sH =o(s), o*(e ) =al(e),

¥ (es’Hns™) = o ()T(s), T(es’t) = T(1).

(4) Assume that o(t)T(s) # 1, o(€?) = 1, o(st)r(s) = 1, and B)osy = 0. Then
Ri(V, W)~ (M(s~!, 0*), M(e?s%, 14)) and

o*s™H =0, o*(e ) =1,

o (€5 D™ = o)t (s), T(estt) = 1(1).

(5) Let n € N. Assume that o (t)T(st") = 1 and t(tk) # 1foralll < k < n. Then
Ry(V, W) = (M(st", 0,,), M(t~", %)) and

on(st") = o (s), on(€) = o (€),

ot DT st = o (DT(s), T =1(@).

(6) Assume that (o(1)t(s))> # 1 and t(t) = —1. Then Ry(V,W) =~
(M(st,01), M(t™", 7)) and

o1(st) = —a (s)T(s), 01(e?) = o (€?),

ot Ht*st) =t Hrs™hH, e¢H=-1.
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Proof. The claims follow from Lemmas A.15, A.16, and A.2. For example, in the first
three cases one obtains X;/’W # 0, X;/’W =0, and

o*sTH=0(s), o) =0
¥ (es’Hns™) = o (e 254 Hrs™h,
To(es?t) = o (e25*12) T (s21).
The additional assumptions then imply the stated formulas. O

Remark A.23. From Lemmas A.14 and A.22 we obtain the Cartan matrix entries and
reflections of the pairs in the classes pnc for 0 < n < 8. We collect these data in Table 4.

Table 4. Reflections of pairs (V, W) € gy.

w.wy aly" dVM R w) Ry, W)
2 0 0 95 2
gy 2 -1 Y Y
py 2 -l 2 o5
oY -2 -2 oY 0¥
oY —4 ~1 oY oY
9 -2 -1 9¢ oY
2 -2 ~1 o o
g -2 -1 oY oY
o -2 -1 o oF

Corollary A.24. The following are equivalent:

(1) The pair (V, W) admits all reflections and W(V, W) is finite.
2) (V,W) e pinor some () <i <8.

If (V,W) € pF, then (V, W) is standard of type Ay x Ay. If (V, W) € pF withi €
{1,5,6,7, 8}, then (V, W) is standard of type C,. If (V, W) € plG with2 <i < 4, then
Arf VW) can be obtained from [29, Lemma 8.5].

Proof. (2)=(1). Since (V, W) € gal.G for some 0 < i < 8, the pair (V, W) admits all
reflections by Remark A.23. Moreover, the Weyl groupoid W(V, W) is finite since the
set of roots of (V, W) is finite.

(1)=(2). Assume that (V, W) admits all reflections and W(V, W) is finite. Then
(ad V)™(W) and (ad W)™ (V) are absolutely simple or zero for all m > 1 by Theorem 1.4.
Lemmas A.15 and A.16, A.2 imply that all reflections of (V, W) are pairs (V', W’) of
absolutely simple Yetter—Drinfeld modules such that there exist s', ¢’ € G, ' € Z(G),
and characters ¢’ of G* and 7’ of G with €’ £ 1,50 ={s/,€'s'}, V>~ M(s',¢’), and
W ~ M(', t’). By Theorem 4.2, there exists an object (V/, W’) of W(V, W) with Cartan
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matrix of finite type. By Remark A.23, the reflections R; and R, induce permutations of
the classes g,)l.G with 0 < i < 8. Hence it suffices to show that (V, W) e (()lG for some
0 < i < 8 if the Cartan matrix AV-W) is of finite type.

Assume that A"W) is of finite type different from A x Aj. Then o (¢)7(s) # 1, and

we find that ag’ ") < —2 by Lemma A.15. Further, ag’w) € {—2, —4} by Lemma A.16.
Hence ag’w) = —2and aé‘l/’w) = —1. Then

o) =1, o(s)=-1
or

o)t =1, o(s)=-1, o) #1
or

o2 =1, o@GtTis)=1, o(?) # 1

by Lemma A.16, and
@)+ DA —-o@)t(st)) =0

by Lemma A.2. By the same lemmas, R (V, W) ~ (M(s~!, o*), M(es*t, 12)) and
Ra(V, W) = (M(st,o1), M(t™", T%).

If o (€2) # 1, then (V, W) € g; for some 5 < i < 8. So assume that o(€?) =1 and
o(s) =—1.

Ifo (1)t (st)=1, then (V, W) € pC. Assume now that 7(t)=—1and (o' ()7 (5))* # 1.
Then Lemma A.22(6) for (V, W) and Proposition A.21 for R>(V, W) implies that
3oy sy = Bor)zs) =0, since o1(st) = o ()t (s) # —1. Thus (V, W) € 5@? O

Appendix B. Rank two classification

In this appendix we collect the main results of [29, 30, 28]. The results are presented in the
terminology of this paper. Many of the examples will be described using Definition 2.2.
However, to include all the Nichols algebras found in [29, 30, 28], one needs to add some
additional diagrams.

B.1. We first describe the examples related to the group I'; of [28, §1.1]. For the Nichols
algebras of dimension 64 one has the following skeleton:

In characteristic three, the pair of Yetter—Drinfeld modules which yields Nichols algebras
of dimension 1296 has the following skeleton:

===z charK =3

B.2. Let us review the examples related to the group I'3, see [28, §1.4]. For the Nichols
algebras of dimension 2304 related to the group I'3, [28, Example 1.11, §1.4], one has the
following diagrams related by reflections:

o= t==>czl
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We remark that the diagram on the left is not a skeleton in the sense of Definition 2.2 be-
cause the simple Yetter—Drinfeld module M (s1, 01) is constructed with a two-dimensional
representation . This situation is described with a double circle at the left vertex of the
diagram.

The examples of dimensions 10368, 5184 or 1152 can be described with the following
skeleton:

= (3)-p=0

We remark that in this case, an extra assumption on the value of p = o7(s) is needed.
The examples of dimension 2239488 related to the group I'; of [28, Example 1.9,
§1.4] can be described with the following diagrams related by reflections:

5 HN }j-: ==

The diagram on the left is not a skeleton in the sense of Definition 2.2 since it has a double

arrow. This double arrow means that the Cartan matrix of the pair satisfies a](IZW"MZ) =
(M, Mp) __ )
6121 = .

B.3. Nichols algebras related to the group 7 have dimension 1259712 over fields of char-
acteristic two and 80621568 otherwise (see [28, §1.3]). In this case one has the following
skeleton:
-1
L. 3)_p=0
The dots on the right vertex describe the structure of the support of M (s2, 02) which is
isomorphic (as a quandle) to the tetrahedron quandle. Further, the assumption (3)_, = 0,

where p = o1(s1), is needed.

B.4. Nichols algebras related to the group I'4 have dimension 65536 over fields of char-
acteristic two and 262144 otherwise (see [28, §1.2]). In this case one has the following
skeleton:

t==m==il

The four dots in the right vertex mean that the support of M> (s, 02) is isomorphic (as a
quandle) to the dihedral quandle Dy.

B.S. With these diagrams, the classification of finite-dimensional Nichols algebras admit-
ing a finite root system of rank two, [28, Theorem 2.1], can be reformulated as follows.

Theorem. Let G be a non-abelian group and M in 826 . Assume that M is braid-inde-
composable. The following are equivalent:

(1) M has a skeleton appearing in (B.1)—(B.4).
(2) B(M) is finite-dimensional.
(3) M admits all reflections and VW (M) is finite.

Acknowledgments. Leandro Vendramin was supported by Conicet and the Alexander von Humboldt
Foundation. Part of this work was done during his visit to ICTP (Trieste). We also thank the referee
for his numerous comments and suggestions.



Nichols algebras over non-abelian groups 355

References

(1]

(2]

(3]

(4]

(3]

(6]

(71

(8]

(9]

[10]

(11]
[12]
[13]

(14]

[15]
(16]
(17]
(18]
[19]

[20]

Andruskiewitsch, N.: On finite-dimensional Hopf algebras. Accepted for publication in Pro-
ceedings of the International Congress of Mathematicians. arXiv:1403.7838

Andruskiewitsch, N.: About finite dimensional Hopf algebras. In: Quantum Symmetries in
Theoretical Physics and Mathematics (Bariloche, 2000), Contemp. Math. 294, Amer. Math.
Soc., Providence, RI, 1-57 (2002) Zbl 1135.16306 MR 1907185

Andruskiewitsch, N., Angiono, I. E.: On Nichols algebras with generic braiding. In: Mod-
ules and Comodules, Trends Math., Birkhduser, Basel, 47-64 (2008) Zbl 1227.16022
MR 2742620

Andruskiewitsch, N., Cuadra, J.: On the structure of (co-Frobenius) Hopf algebras. J. Non-
commut. Geom. 7, 83-104 (2013) Zbl 1279.16024 MR 3032811

Andruskiewitsch, N., Fantino, F., Grafa, M., Vendramin, L.: Finite-dimensional pointed Hopf
algebras with alternating groups are trivial. Ann. Mat. Pura Appl. (4) 190, 225-245 (2011)
7Zbl 1234.16019 MR 2786171

Andruskiewitsch, N., Fantino, F., Grafia, M., Vendramin, L.: Pointed Hopf algebras over the
sporadic simple groups. J. Algebra 325, 305-320 (2011) Zbl 1217.16026 MR 2745542

Andruskiewitsch, N., Heckenberger, 1., Schneider, H.-J.: The Nichols algebra of a semi-
simple Yetter—Drinfeld module. Amer. J. Math. 132, 1493-1547 (2010) Zbl 1214.16024
MR 2766176

Andruskiewitsch, N., Schneider, H.-J.: Lifting of quantum linear spaces and pointed Hopf
algebras of order P31 Algebra 209, 658-691 (1998) Zbl 0919.16027 MR 1659895
Andruskiewitsch, N., Schneider, H.-J.: Finite quantum groups and Cartan matrices. Adv.
Math. 154, 145 (2000) Zbl 1007.16027 MR 1780094

Andruskiewitsch, N., Schneider, H.-J.: Pointed Hopf algebras. In: New Directions in Hopf
Algebras, Math. Sci. Res. Inst. Publ. 43, Cambridge Univ. Press, Cambridge, 1-68 (2002)
Zbl 1011.16025 MR 1913436

Andruskiewitsch, N., Schneider, H.-J.: A characterization of quantum groups. J. Reine Angew.
Math. 577, 81-104 (2004) Zbl 1084.16027 MR 2108213

Andruskiewitsch, N., Schneider, H.-J.: On the classification of finite-dimensional pointed
Hopf algebras. Ann. of Math. (2) 171, 375-417 (2010) Zbl 1208.16028 MR 2630042
Angiono, I.: On Nichols algebras of diagonal type. J. Reine Angew. Math. 683, 189-251
(2013) Zbl 1331.16023 MR 3181554

Angiono, 1. E.: A presentation by generators and relations of Nichols algebras of diagonal type
and convex orders on root systems. J. Eur. Math. Soc. 17, 2643-2671 (2015) Zbl 1343.16022
MR 3420518

Bazlov, Y.: Nichols—Woronowicz algebra model for Schubert calculus on Coxeter groups.
J. Algebra 297, 372-399 (2006) Zbl 1101.16027 MR 2209265

Cuntz, M., Heckenberger, I.: Weyl groupoids with at most three objects. J. Pure Appl. Algebra
213, 1112-1128 (2009) Zbl 1169.20020 MR 2498801

Cuntz, M., Heckenberger, 1.: Finite Weyl groupoids of rank three. Trans. Amer. Math. Soc.
364, 1369-1393 (2012) Zbl 1246.20037 MR 2869179

Cuntz, M., Heckenberger, 1.: Finite Weyl groupoids. J. Reine Angew. Math. 702, 77-108
(2015) Zbl 06435243 MR 3341467

Heckenberger, I.: Weyl equivalence for rank 2 Nichols algebras of diagonal type. Ann. Univ.
Ferrara Sez. VII (N.S.) 51, 281-289 (2005) Zbl 1121.16032 MR 2294771

Heckenberger, I.: The Weyl groupoid of a Nichols algebra of diagonal type. Invent. Math.
164, 175-188 (2006) Zbl 1174.17011 MR 2207786


http://arxiv.org/abs/1403.7838
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1135.16306&format=complete
http://www.ams.org/mathscinet-getitem?mr=1907185
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1227.16022&format=complete
http://www.ams.org/mathscinet-getitem?mr=2742620
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1279.16024&format=complete
http://www.ams.org/mathscinet-getitem?mr=3032811
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1234.16019&format=complete
http://www.ams.org/mathscinet-getitem?mr=2786171
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1217.16026&format=complete
http://www.ams.org/mathscinet-getitem?mr=2745542
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1214.16024&format=complete
http://www.ams.org/mathscinet-getitem?mr=2766176
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0919.16027&format=complete
http://www.ams.org/mathscinet-getitem?mr=1659895
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1007.16027&format=complete
http://www.ams.org/mathscinet-getitem?mr=1780094
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1011.16025&format=complete
http://www.ams.org/mathscinet-getitem?mr=1913436
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1084.16027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2108213
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1208.16028&format=complete
http://www.ams.org/mathscinet-getitem?mr=2630042
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1331.16023&format=complete
http://www.ams.org/mathscinet-getitem?mr=3181554
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1343.16022&format=complete
http://www.ams.org/mathscinet-getitem?mr=3420518
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1101.16027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2209265
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1169.20020&format=complete
http://www.ams.org/mathscinet-getitem?mr=2498801
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1246.20037&format=complete
http://www.ams.org/mathscinet-getitem?mr=2869179
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06435243&format=complete
http://www.ams.org/mathscinet-getitem?mr=3341467
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1121.16032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2294771
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1174.17011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2207786

356

I. Heckenberger, L. Vendramin

(21]

(22]
(23]
[24]
[25]
[26]

[27]

(28]
[29]
(30]

[31]

(32]
(33]
[34]

[35]

(36]
(37]

(38]

[39]
[40]
[41]

[42]

Heckenberger, I.: Classification of arithmetic root systems of rank 3. In: Proc. XVIth
Latin American Algebra Colloquium (Spanish), Bibl. Rev. Mat. Iberoamericana, Rev. Mat.
Iberoamericana, Madrid, 227-252 (2007) Zbl 1197.17003 MR 2500361

Heckenberger, 1.: Examples of finite-dimensional rank 2 Nichols algebras of diagonal type.
Compos. Math. 143, 165-190 (2007) Zbl 1169.16027 MR 2295200

Heckenberger, I.: Rank 2 Nichols algebras with finite arithmetic root system. Algebr. Repre-
sent. Theory 11, 115-132 (2008) Zbl 1175.17003 MR 2379892

Heckenberger, I.: Classification of arithmetic root systems. Adv. Math. 220, 59-124 (2009)
Zbl 1176.17011 MR 2462836

Heckenberger, 1., Schneider, H.-J.: Nichols algebras over groups with finite root system of
rank two I. J. Algebra 324, 3090-3114 (2010) Zbl 1219.16032 MR 2732989
Heckenberger, 1., Schneider, H.-J.: Root systems and Weyl groupoids for Nichols algebras.
Proc. London Math. Soc. (3) 101, 623-654 (2010) Zbl 1210.17014 MR 2734956
Heckenberger, 1., Schneider, H.-J.: Right coideal subalgebras of Nichols algebras and the
Duflo order on the Weyl groupoid. Israel J. Math. 197, 139-187 (2013) Zbl 1301.16033
MR 3096611

Heckenberger, 1., Vendramin, L.: The classification of Nichols algebras with finite root system
of rank two. J. Eur. Math. Soc., to appear; arXiv:1311.2881 (2013)

Heckenberger, 1., Vendramin, L.: Nichols algebras over groups with finite root system of rank
two II. J. Group Theory 17, 1009-1034 (2014) Zbl 1305.16026 MR 3276225
Heckenberger, 1., Vendramin, L.: Nichols algebras over groups with finite root system of rank
two III. J. Algebra 422, 223-256 (2015) Zbl 1306.16028 MR 3272075

Heckenberger, 1., Wang, J.: Rank 2 Nichols algebras of diagonal type over fields of positive
characteristic. SIGMA Symmetry Integrability Geom. Methods Appl. 11, paper 011, 24 pp.
(2015) Zbl 1318.16031 MR 3313687

Kac, V. G.: Infinite-Dimensional Lie Algebras. 2nd ed., Cambridge Univ. Press, Cambridge
(1985) Zbl 0574.17010 MR 823672

Kharchenko, V. K.: A quantum analogue of the Poincaré-Birkhoff-Witt theorem. Algebra
Logika 38, 476-507, 509 (1999) (in Russian) Zbl 0936.16034 MR 1763385

Lentner, S.: New large-rank Nichols algebras over nonabelian groups with commutator sub-
group Zy. J. Algebra 419, 1-33 (2014) Zbl 1306.16029 MR 3253277

Majid, S.: Noncommutative differentials and Yang—Mills on permutation groups Sy. In: Hopf
Algebras in Noncommutative Geometry and Physics, Lecture Notes in Pure Appl. Math. 239,
Dekker, New York, 189-213 (2005) Zbl 1076.58004 MR 2106930

Nichols, W. D.: Bialgebras of type one. Comm. Algebra 6, 1521-1552 (1978)
Zbl 0408.16007 MR 0506406

Rosso, M.: Quantum groups and quantum shuffles. Invent. Math. 133, 399-416 (1998)
Zbl 0912.17005 MR 1632802

Semikhatov, A. M.: Fusion in the entwined category of Yetter—Drinfeld modules of a rank-1
Nichols algebra. Theoret. Math. Phys. 173, 1329-1358 (2012); Russian version: Teoret. Mat.
Fiz. 173, 3-37 (2012) Zbl 1280.81130 MR 3171534

Semikhatov, A. M., Tipunin, I. Y.: The Nichols algebra of screenings. Comm. Contemp. Math.
14, 1250029, 66 pp. (2012) Zbl 1264.81285 MR 2965674

Semikhatov, A. M., Tipunin, I. Y.: Logarithmic SAZ(Z) CFT models from Nichols algebras: I.
J. Phys. A 46, 494011, 53 pp. (2013) Zbl 1283.81113 MR 3146017

Woronowicz, S. L.: Compact matrix pseudogroups. Comm. Math. Phys. 111, 613-665 (1987)
7Zbl 0627.58034 MR 901157

Woronowicz, S. L.: Differential calculus on compact matrix pseudogroups (quantum groups).
Comm. Math. Phys. 122, 125-170 (1989) Zbl 0751.58042 MR 994499


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1197.17003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2500361
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1169.16027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2295200
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1175.17003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2379892
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1176.17011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2462836
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1219.16032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2732989
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1210.17014&format=complete
http://www.ams.org/mathscinet-getitem?mr=2734956
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1301.16033&format=complete
http://www.ams.org/mathscinet-getitem?mr=3096611
http://arxiv.org/abs/1311.2881
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1305.16026&format=complete
http://www.ams.org/mathscinet-getitem?mr=3276225
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1306.16028&format=complete
http://www.ams.org/mathscinet-getitem?mr=3272075
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1318.16031&format=complete
http://www.ams.org/mathscinet-getitem?mr=3313687
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0574.17010&format=complete
http://www.ams.org/mathscinet-getitem?mr=823672
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0936.16034&format=complete
http://www.ams.org/mathscinet-getitem?mr=1763385
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1306.16029&format=complete
http://www.ams.org/mathscinet-getitem?mr=3253277
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1076.58004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2106930
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0408.16007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0506406
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0912.17005&format=complete
http://www.ams.org/mathscinet-getitem?mr=1632802
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1280.81130&format=complete
http://www.ams.org/mathscinet-getitem?mr=3171534
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1264.81285&format=complete
http://www.ams.org/mathscinet-getitem?mr=2965674
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1283.81113&format=complete
http://www.ams.org/mathscinet-getitem?mr=3146017
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0627.58034&format=complete
http://www.ams.org/mathscinet-getitem?mr=901157
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0751.58042&format=complete
http://www.ams.org/mathscinet-getitem?mr=994499

	Introduction
	Preliminaries
	Main results
	Finite Cartan graphs of rank three
	Cartan matrices of finite type
	Auxiliary lemmas
	Proof of Theorem 2.6: The case ADE
	Proof of Theorem 2.7: The case C
	Proof of Theorems 2.8 and 2.9: The case B
	Proof of Theorem 2.10: The case F_4
	Proof of Theorem 2.5: The classification
	Appendix A. Reflections of a pair
	Appendix B. Rank two classification
	References

