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Abstract. We show that the spectrum of a Schrodinger operator on R”, n > 3, with a periodic
smooth Riemannian metric, whose conformal multiple has a product structure with one Euclidean

direction, and with a periodic electric potential in L?O/ 02 (R™), is purely absolutely continuous. Pre-

vious results in the case of a general metric are obtained in [12] (see also [9]) under the assumption
that the metric, as well as the potential, are reflection symmetric.
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1. Introduction

Consider the Schrodinger operator
H=—-A;+q onR" n=>3.

Here — A, is the Laplace—Beltrami operator associated to a C°°-smooth Riemannian met-
ric g, given by _
—Ag = 1817y, (181287 D),

where Dy, = i_laxj, (g7%) is the matrix inverse of (gjk), and |g| = det(gjx). Throughout
the paper we shall assume that the metric g and the electric potential ¢ are 27 -periodic in
all variables.

Letg € L?O/CZ (R™) be real-valued. Then the operator H is the self-adjoint operator on
L>(R"; |g|'/?dx) given via the closed sesquilinear form, semibounded from below,

h[u,v]:/ gf"DXkuDvalg|1/2dx+/ quulg|'? dx, (1.1)
R" R"

with domain D(h) = H L(R"), the standard L? based Sobolev space (see Appendix).
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Starting with the pioneering work [30], the structure of the spectrum of the periodic
Schrodinger operator H in R” has been intensively studied. We refer to [22], [2], [3], [24],
and [25] for some of the works in this direction. In particular, in the case of the Euclidean
metric, i.e. g = I, we know that the spectrum of H is purely absolutely continuous for
a potential ¢ € L|/>(R") when n > 3, thanks to [3] and [24], and for ¢ € LLF*(R?),
& > 0, thanks to [2]. These results can be extended to the case of a metric g conformal to
the Euclidean, i.e. g = ¢/, where ¢ > 0 is a smooth periodic function.

The absolute continuity of the spectrum for the magnetic Schrédinger operator with
periodic electric and magnetic potentials, in the case of the Euclidean metric, was estab-
lished in [1] in two dimensions and in [27] in higher dimensions. See also [15].

In two dimensions, the case of a general C°°-smooth metric g was investigated com-
pletely in [21] and the absolute continuity of the spectrum of a periodic magnetic Schro-
dinger operator was established.

In higher dimensions, the case of a general metric is wide open and the only result
concerning the absolute continuity of the spectrum of a periodic magnetic Schrédinger
operator that we are aware of is due to [12], under the assumption that the operator is
invariant under reflection x; — —x1, in the case of smooth coefficients. The smoothness
assumptions of [12] were relaxed in [9], and the absolute continuity of the spectrum was
obtained for a Lipschitz continuous metric g, the magnetic potential A € L!"T¢(R"),

loc
& > 0, and the electric potential g € L;’O/Cz (R™) (see also [11]).

The purpose of this paper is to consider the case n > 3 and to show the absolute
continuity of the spectrum of the periodic Schrodinger operator H with a Riemannian

metric g, whose conformal multiple has a product structure with one Euclidean direction,

and g € L?O/CZ(R”). To be precise, we assume that
n_ 1 0
g(x1, x") = c(x) (0 go(x/)) , (1.2)

where ¢ > 0 is a positive smooth function, x = (x1, x’) € R”, and g is a Riemannian
metric on R*~ 1,
Our main result is as follows.

Theorem 1.1. Let g be a C*°-smooth Riemannian metric on R", n > 3, of the form
(1.2), and let q € LIIO/CZ(R"; C). Assume that g and q are periodic with respect to the
lattice 2 Z". Then the Schrodinger operator H = —Ag+q in L>(R"; |g|'/? dx), defined
by the sesquilinear form (1.1), has no eigenvalues. In the case when q is real-valued, the
spectrum of H is purely absolutely continuous.

Remark 1.2. The metric ¢~ 'g is independent of x; and therefore satisfies the assump-
tions of [12]. On the other hand, no symmetry condition is imposed on the conformal
factor ¢ and the potential g.

Our inspiration for considering metrics of the form (1.2) came from recent works on in-
verse boundary value problems for Schrddinger operators on compact Riemannian mani-
folds with boundary, equipped with metrics of this form (see [6]).
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We would like to mention that the problem of absolute continuity of the spectrum
of the Schrodinger operator H on a smooth cylinder M x R" was treated in [8] (see
also the references given there). Here M is a smooth compact Riemannian manifold, and
the metric g on M x R™ is a product of a Riemannian metric on M and the Euclidean
metric on R™. Furthermore, the potential g is assumed to be periodic with respect to the
Euclidean variables. In the case when the dimension of the cylinder is > 3, the absolute
continuity is established in [8] when g € L]"O/CZJ“s (M xR™), e > 0.

Let us finish the introduction by making some indications concerning the main steps
in the proof of Theorem 1.1. First, as a consequence of general spectral theory, it will
be seen that it is sufficient to treat the case when the conformal factor ¢ in (1.2) satisfies
¢ = 1, and therefore to work with the operator Df] — Agyxy + g. We would like to
show the absence of eigenvalues for this operator, and replacing g by ¢ — A we reduce
the problem to establishing that zero is not an eigenvalue. An application of the Floquet
theory combined with the Thomas approach (see Proposition A.1 in the Appendix) allows
us next to conclude that it suffices to find & € C” such that

Ker(H(0)) = {0}.
Here the operator H (6), acting on the torus T" = R" /277", is given by
H©) = |g|”"*(Dy; +0)(Ig]'* ¢/ (Dy, +O)) +q. 1= j k<n.

See Subsection A.2 for the definition of this operator using the method of quadratic forms.
We shall make the following choice of the complex quasimomentum 6, for v € R:

0: =(1/2+ir,0,...,0) e C",
with the corresponding family of operators given by
H(0:) = (Dy, + 1/2)* + 2iT(Dy, + 1/2) — T — Agyxy + 4.

In the case when g € L*°(R"), the fact that we know explicitly the eigenvalues of the
one-dimensional normal operator (D,, + 1/ 2)2 +2it(Dy, +1/2) — 2onT! implies that
for t € R with |7| sufficiently large, we have

1
slellull2epey < 1H @)ullp20pny

for u € D(H (0;)), and therefore Ker(H (6;)) = {0}.

In the case when g € L?O/ CZ(R”), we shall show that there exists a constant C > 0 such

that for T € R with || sufficiently large,
”l/l || 1.2n/(n=2) (™) < C || H(@T)u || LZn/(n+2)("ﬂ‘n) (13)

when u € D(H (6;)), and thus Ker(H (6;)) = {0}.
When establishing (1.3), the crucial ingredients are spectral cluster estimates for the
non-negative elliptic self-adjoint operator

(Dx, +1/2)* = Agyx)

acting on L2(T") (see [28], [23], [29]), and uniform resolvent estimates for it, obtained
recently in [5], [4], [18].
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Let us point out that the idea of using the spectral cluster estimates of [28], and uni-
form L? resolvent estimates for constant coefficient elliptic operators on the torus, in
the study of absolute continuity of the spectrum of the Schrodinger operator goes back
to [24], where the absolute continuity of the spectrum of a Schrédinger operator with a
Euclidean metric and a potential in Lfo/ 02 was established. The spectral cluster estimates
of [28] were also used in [8]. In this paper we use the recently established uniform L?
resolvent estimates for elliptic self-adjoint operators with variable coefficients.

The paper is organized as follows. After explaining in Section 2 how to get rid of
the conformal factor in the metric, Section 3 is devoted to the proof of Theorem 1.1 in
the special case of a bounded potential. The proof in this case is quite straightforward
and is presented here as a warm-up, before handling the general case in Section 4. The
Appendix contains some standard material pertaining to the definition of our operators,
review of Floquet theory, and a description of the Thomas approach to the absolute con-
tinuity problem. It is presented merely for the convenience of the reader.

2. Removing the conformal factor

In the case when g € L;L/CZ(R”) is real-valued, it follows from Remark A.2 in the Ap-

pendix that the singular continuous component of the spectrum of the Schrédinger op-
erator H is empty, and the pure point spectrum is at most discrete, consisting only of
isolated points without finite accumulation points. To establish the absolute continuity of
H it suffices therefore to show the absence of eigenvalues. Hence, in what follows we
shall concentrate on proving the absence of eigenvalues in the general non-self-adjoint
case, i.e. when ¢ is complex-valued.

We have the following conformal relation (see [6]):

DAy + @)UY = (A1, +go)u

for u € D. Here

n/2
loc

g = cq + "N e LS R
is 2 7" -periodic, and
D:=D(-Ariy+q:) ={ue H'®R") : "2H=Ag + q)c "Dy e L2RM)}
={ue H'(R") : (§/* Dy, Dy, + q)u € L*(R™)}.
The last equality follows since ¢ € C*°(R") is a strictly positive periodic function.
Assume that A € Cis an eigenvalue of —Ag + g. Then for some u € D not vanishing
identically, we have

0=c"H—Ay +q— M= (=Apiy +qc — M) ), 2.1
and therefore 0 is an eigenvalue of —A -1, + gc — cA.

To establish the absence of eigenvalues of the operator H it is thus sufficient to prove
that zero is not an eigenvalue of the operator —A -1, + ¢ with an arbitrary periodic

q € Lﬁ)/cz (R™). In what follows we shall therefore assume that the metric g is of the form
(1.2) with ¢ = 1.
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It follows from Proposition A.1 that to prove that zero is not an eigenvalue of —A,+g¢
it suffices to show that there exists 6 € C” such that the operator H (9) defined in (A.5) is
injective.

Let T € R, and set

0, = (1/2+it,0,...,0) € C",
Ho(0;) = (Dy, +1/2)* +2it(Dy, +1/2) — 12 = Agyuy,s

so that
H(0;) = Hp(6;) +q.

Theorem 1.1 will follow once we prove that the operator H (6;) is injective for T € R
with |t| sufficiently large.

3. Proof of Theorem 1.1 for ¢ bounded
Proposition 3.1. Forall T € Rwith |t]| > 1,
el lull 2oy < I Ho@ull 2 0mm 3.1)

foru € H*(T™).

Proof. By a density argument it suffices to prove the estimate (3.1) for u € C*°(T").
Expanding u in the Fourier series with respect to x1, we have

. 1 % .
uGrix) = Y ey ), where ;(x) = 5 / u(yr, xe P dyy,
: ’ T Jo
JEZ

and therefore

Ho(0)u = ((Dx, +1/2)” + 2t (D, +1/2) = 7% = Agyx)u

=D (G +1/2* + 20t + 1/2) — 1% = Agye) e u (x).
JEZ

Since the operator —Ag (,/) acting on L2(T" 1) is self-adjoint, we have
I(=Agyxy — Z)_llle(qrnfl)_)Lz(qrn—l) <1/[lmz|, TImz#0,
and hence, as |j + 1/2| > 1/2, j € Z, for |[t| > 1 we get
. o -1
(G + 1722 + 2t +1/2) = 2 = Do) oty g2y < 1171

By Parseval’s identity, we obtain

1 . . 2
Enﬂo(ef)unizm) =Y (G+1/22+27G +1/2) = 7% = Ay D | 2y
JEZL

1 2 2
> El‘[' ”u”LZ(Tn)' O
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Let ¢ € L>®(T"), so that D(H (6;)) = H?*(T"). Thus, by Proposition 3.1 we conclude
that for |7| > 1 sufficiently large,

%|r| Nl p2¢pny < ICHO(O7) + @)ull 2 (ny

for u € D(H (6;)). The proof of Theorem 1.1 in the case ¢ € L™ is therefore complete.

4. Proof of Theorem 1.1 for g € L"/*(T")

Let us start by recalling the following chain of continuous inclusions, where the first and
the last ones follow from the Sobolev embedding theorem:

Hl (Tn) s LG/(n—z) (Tn) s LZ(Tn) s LG/(n-‘rz) (Tn) s H—l (Tn)
We shall need the following result.
Lemma 4.1. Let g € L"?(T"). Then

D(H (6;)) C W2/ 0+2 (T,

Proof. Letu € D(H(6;)). Then f := H(;)u € L2(']T”). Using the fact that D(H (6;))
c H'(T"), Sobolev’s embedding H ' (T") — L?*/®=2)(T"), and Holder’s inequality

||qu||L2n/(n+2>(']1‘n) = ||CI||Ln/2(11‘ﬂ)||M||L2n/(nf2)(']rn),
we get qu € L?/("+2)(T™). Hence,
Ho(Op)u = f — qu € L@+ (),

As u € L¥/+2(T") and the operator Hy(f) is elliptic with smooth coefficients, by
elliptic regularity we conclude that u € W22/ (42 (7). O

Proposition 4.2. There exists a constant C > 0 such that for all T € R with |t| suffi-
ciently large,

C
Nl z2¢rny < W”HO(Q’)M'LZ”/(””’(T")’ 4.1)
||u||L2"/(n—2)(']rn) =< C”HO(QI)M||L2'1/(n+2>(']1'n), (4.2)

foru € W2,2n/(n+2)(']rn).

Proof. Here we use the notation and some ideas of [5]. We denote by 0 = Ag < A1 < ---
the sequence of eigenvalues of —Ag 7y on T"~!, counted with their multiplicities, and
by (Y« )k>0 the corresponding sequence of eigenfunctions forming an orthonormal basis
of L2(T"™1),

—Agox) Uk = MV
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The operator
Ho(60) = (D, +1/2)° = Agyx)

with domain H?(T") is non-negative elliptic self-adjoint on L2(T"; |g|'/?dx), with
eigenvalues (j + 1 /2)? + A, j € Z, k € N, and the corresponding eigenfunctions
Vik(x) =Ty (x)), ie.

Ho60) ¥k = (G + 1/27 + M)vj k.

We denote by 7 x : L%(T™) - L?(T") the orthogonal projection on the linear space
spanned by the eigenfunction ¥; t,

1 R -
ik f(x) = E(/T FOe™ (¥ 180l >6’m Y (x).

We have

Z wik = 1.

JE€Z, keN

Let us denote by x;, the spectral projection operator on the space generated by the eigen-
functions corresponding to the mth spectral cluster of the operator Hy(6p),

Am = Z ik, meN
m<~/ (j+1/2)24+r<m+1

To establish the estimates (4.1) and (4.2) we shall need the spectral cluster estimates
obtained in [28], [23] (see also [29]),

It £l 2y < CAAm) 21 £l L2nson (oo 4.3)

and the dual estimates

1t f Nl s pny < €A A+m) 2| £l 20 (4.4)

for f € C*°(T").
By a density argument it suffices to establish (4.1) and (4.2) for u € C*°(T"). Con-
sider the equation

Ho(0)u = f
withu, f € C®(T"). Writingu =} ; y wjgu and f =3, 7 i f, we get
(G+1/2° +2it( +1/2) — T + M) mjau = wji f
forall j e Zand k € N. As |j + 1/2| > 1/2 for j € Z, we have
G+ 1/2)% +2it(j + 1/2) — T + 1l = 2] |j + 1/2] = |z,

and therefore, when |t| > 1,

u—Gf'—ii kS
o e B G222t +1/2) — 4
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We now prove that there exists a constant C > 0 such that for t € R with |7]| > 1,

c
Gz fllp2erny < W”JCHLZ"/("H)(T") 4.5)
for f € C*°(T"). Using (4.3), we get

. 2
G B = 30 Y ool
TN T o (4 1727 4 20T+ 1/2) — T 4

o0
1
<> sup . — 1 Xom £ 112 2
m=0m<~/(j+1/2)2+r <m+1 G +1/22 +2iT(+1/2) = 7+ a2 LA

E CS”f”%Zn/(nJrZ)(Tn)ﬂ (46)
where
> 1
S = (I+m) sup - — . @
’"Z%) =S TETD g eyt |G T U/ 20T (4 1/2) =22+ 0]

Let us show that the series S converges and behaves as 1/|t| for |t| large. To that end
we observe that

2 +1/22+2it(G+1/2) =2+ M) = |G+ 1/ +a — 2+ |7].  (4.8)

Assume now that m < /(j + 1/2)2 +Ax < m + 1 and let m < |t|. Then using the fact
that |[7| > 1, we obtain

Im? — 22| < |+ 1/2)* + ap — T2+ Im? — (G + 1/2)% — Mkl
<|G4+1/22+rm = +2m+1<|(+1/2% 4+ x — T2 +3]t],  (4.9)

and therefore

4G+ 172 + e — T+ 12)) = Im? = 2% + |2 (4.10)
When m > |t]|, we have
G +1/2)% 4+ r — 72 > |m? = 2. 4.11)
Now we are ready to estimate S given by (4.7). Using (4.8), (4.10) and (4.11), we get
d 1+m 1 >0 m
S < - < 4 e
NmZ=0(m2—‘L'2)2+‘L'2 ~ |‘L'|4 n; (m2_.,:2)2+.,:2
1 o tdt 1 [*® d 1
Sov | mmrasy | wrsne G
7| o (2 —=1)24 127 |1] [ s2+1 "7 |7

Here we have used the fact that the function 1 +— 1/((1? — 12)2% + 72) is increasing
when ¢ € [0, |t|/+/3) and decreasing when ¢ € (|7]/+/3, o), and we have performed
the change of variables s = ¢2/|t| — || in the integral. Combining (4.6) and (4.12), we
obtain (4.5), and therefore (4.1).
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Let us now prove the estimate (4.2) for u € C*°(T"), which amounts to obtaining the
uniform estimate

1Ge fll - ¢zny < CILF Nl awsinson oy 4.13)

for f € C°(T") and T € R with |7| sufficiently large.

To that end we shall need the following uniform resolvent estimate for the elliptic
self-adjoint operator Hy(6p): for each § € (0, 1), there exists a constant C > 0 such that
forall u € C*°(T") and all z € C withImz > §,

el 2sn-2 (pny < ClI(Ho(B0) — 22)ull p2ns2 gy (4.14)

(see [5], [4] and [18]). When establishing (4.13), we shall follow [5] closely, and use a
localization argument to deduce this estimate from (4.14) (see also [17] and [24]). We
have

1 2

fln,x') = Zeijxljcj(x/), i) =— A FOn, xDe I gy

JEZ 2

Letting x be the characteristic function of the interval [1/2, 1), and further localizing f
in frequency with respect to the variable x, we introduce

AL x) = x(UDy 12 fr, X)) = Y M fE), v=1.2,..,

2-l<]jl<2y

fotxr, x) = fox"),

so that f = ZSO:O ﬁ Since the operators x (| Dy, |/2") and Hy(6;) commute, the local-
ization of G; f in frequency with respect to the variable x| is given by

(GTf)szr]?;), V=0,l,2,....

Standard arguments based on the one-dimensional Littlewood—Paley theory [7, Theo-
rem 8.4] imply that in order to prove (4.13) it suffices to establish the uniform estimates

||Gfﬁ||L2n/(n72)(Tn) < C||ﬁ)||L2n/(n+2)('ﬂ‘n), v=0,1,2,... (4.15)

(see also [18, Lemma 2.3]).
When proving (4.15), we introduce the resolvent of Hy(6p), given by

R@) = (Ho6) —0) ' = 5O S )k , Spec(Ho(6p)).
(¢) == (Ho(60) — ¢) j;w,;)<j+1/z>2+xk—¢ ¢ ¢ Spec(Ho(60))

For future reference observe that for ¢ = 72 — ipt with p > 1, we have

_ 2 2 _ 42
Im\/E: /¢ Reé':\/lﬂx/r +p =1 :£+(9(i)21, @.16)
2 2 2 72 4

provided that || is large.
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In the case when v = 0, we have
G,f{) = R(r2 — ir)ﬁ),

and thus (4.15) becomes the uniform resolvent estimate (4.14) with z2 = 72 — it.
Let us show that in the case v > 1, (4.15) follows from the resolvent estimate

IR(T? =i 2" + 1)T) full w2 ny S I Foll p2ns02) ¢y 4.17)

2

where the implicit constant is independent of T and v. To that end, we write
(R —i2"+ D) =G fi= Y > ajrv@ifo.
j=—00k=0
where

11(2] — 2”)1[21}—1’2v)(|j|)
(GH1/2D242i(+ 1/t =12+ 1) +1/224+iQRV + DT — 124+ 2p)

aj,k,u(f) =
Using the fact that ) o X,%, = 1, and spectral cluster estimates (4.3) and (4.4), we get
I(R(@2 =i 2" + D)T) = Go) full o> om)

o0
S DA +m P lm(R@ =i + D7) = Go) fll 2y

m=0
w ~
s(a+m sup 0740 O I Foll sy @418)
m=0 m=<~/(j+1/2)2+ 1 <m+1

To see that the above series converges and is bounded uniformly with respect to t with
|t| > 1 and v, we first observe using (4.9) and (4.11) that

sup laj.k0 (D]

m=<a/(j+1/2)>4+rp <m+1

S sup . < :
me GTT2 i <m 1 (G +1/224+r— 2 +2" )2 ™~ (m2 —12)2+4v-12

2'f7] - 2'f7]

Hence,

S x 14+m

> (L+m) sup laj @ 20T Y ———
m=0 m=a/(j+1/22+h<m+1 moo (M° =TT+ 4

1 > m
< —+2Yt
~ |.L—| | |m2=:1 (m2 _ .52)2 _|_4_v711-2

< 1+/OO 2 [t dt</oo ds (4.19)
< . .
~ 0 (t2—t2)2+4”_1‘[2 ~ oo s24+1
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Here we have performed the change of variables s = (t2/|t| — |z|)/2"~!. Thus, it follows
from (4.18) and (4.19) that

”(R('L'2 — 1(2" + 1)1') — G‘[)f)”LZIl/()‘l—Z)(T”) 5 ||]?:)”L2n/(n+2)('1rn),

with a constant uniform in 7 and v. The estimate (4.15) is therefore a consequence of
the uniform resolvent estimate (4.17), in view of (4.16). The proof of Proposition 4.2 is
complete. O

It is now easy to finish the proof of Theorem 1.1. Let ¢ € L"/>(T") and let us check that
there exists a constant C > 0 such that for r € R with |t] sufficiently large,
el 2w ¢gny < C I (Ho(0r) + @ull ponsins2) () (4.20)

for u € D(H(;)). Let u € D(H(0;)). Then by Lemma 4.1, we know that u €
W2:2n/(n+2) (| Denoting by Cy the uniform constant in the estimate (4.2), we write
q = q* + (¢ — q¢*) where ¢* € L>°(T") and

- 1
) = 4Cy°
By the embedding L3(T") « L27/®+2(T7) and the estimate (4.1), for t € R with
|t| > 1 sufficiently large we have

lg — g%l sz o @.21)

lg®ull 2w oy < Cllg® oo om lull p2epny < FIHo@)ull p2osmsn opny.  (4.22)

Using Holder’s inequality and estimates (4.2), (4.21), and (4.22), for t € R with |7] > 1
sufficiently large we have

||(H0(91—) + q)lxl ||L2n/(n+2)(']1‘n)

v

”H()(e-[)M”LZVL/(nJrZ)(’I[‘n) - ||C1uu||L2n/(n+2)(Tn) — (g — qﬁ)uHLG/(nJrz)(Tn)
1
21 HoGoyul vy = 16 = 47 llnrzcony ll zwo-2ny 2 gl o2 ).

which proves the estimate (4.20). This completes the proof of Theorem 1.1.

v

Appendix. Definition of operators using sesquilinear forms, Floquet theory and the
Thomas approach

The material of this appendix is standard and is presented here for completeness and
convenience of the reader (see [3], [22], [24], [26], [19], [20], and [31]).

A.1. Definition of the Schridinger operator acting on L*>(R™)

Let us start by reviewing the definition of the Schrddinger operator H = —Ag +g on R”,
n > 3, with a potential ¢ € Lfo/cz (R"; C) and with a smooth Riemannian metric g, as a
closed densely defined sectorial operator on L?(R"). We assume that g and ¢ are periodic
with respect to the lattice 2w Z".
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In what follows all norms are defined using the Riemannian volume element |g|'/2 dx.
Consider the sesquilinear form

h[u,v]=f gkaXkqu,-v|g|”2dx+[ quolg|'? dx
n ; R

foru,v e Cg°(R").

Let (0,27)" be the interior of the fundamental domain of the lattice 2w Z". By
Holder’s inequality and the Sobolev embedding H'((0, 27)") < L*/®=2((0, 27)"),
we get

‘/ qu|g"? dx| < lIqll a0 2y 14l L2002 (0 2y 101l 20/0-2) 0,20y
0,27y

< Cllull g1o,27ym 11l 51 0,27y -

Replacing (0, 27)" by its translates E; = (0, 27)" + k, k € 27 Z", summing over all &,
and using the Cauchy—Schwarz inequality, we get

'/ quvlg|'? dx
Rn

It follows that

<C Z Nl g1 gy IVl g1 gy < Cllull gy 101 g1 wny-
ke2n 7"

|hlu, ]| < Cllull g1 ey IVl g1 wey (A.1)

for u,v € CSO(R"). Hence, the form h extends to a bounded sesquilinear form
on HY(R").
We shall next check the coercivity of # on H 1 (R™), i.e.,

Re hlu, ul = collull 1 gy — Cillull} c >0, C eR. (A2)

R" ((SON

Writing
q=q"+(q—4q". (A3)

where g% € L*®((0, 27)") and ||g — qnlan/z((Oyh)n) < ¢ for some ¢ > 0 small, we have

2 1/2 2
f g1 12181 dx < 116 oo 0.2mm 11220 2y
0,2m)"

2
+ ||CI - qﬁ”L"/z((O,Zn)”) ”u”LZ”/("*Z)((O,ZTr)”)

< O:(D)ul; )+ O@

L2((0,27)" (0,2m)")"

It follows that
/R gl lul?1g]"? dx < O (D72 gny + O@ Null 1 g - (A4)

As g positive definite, using (A.4) and choosing ¢ sufficiently small, we get (A.2).



Absolute continuity of the periodic Schrédinger operator 543

When equipped with the domain D(h) = H L@®R™), the form £ is densely defined,
closed and sectorial with the bound

tmAfu, ull < hlu, ull < Cey' (Re hlu, u] + Crllul 7 gn)-

Here we have used (A.1) and (A.2). By [14, Corollary 12.19], there exists a closed densely
defined sectorial operator H on L2(R™), which we denote by H = —A,+¢, with domain
D(H) = {u € H'(R") : (~Ag + q)u € L*(R")}

such that
hlu, vl = (Hu, v)2gny, u € D(H), v € D(h).

A.2. Definition of a family of operators acting on L*(T")
Let & € C". We shall next define a family of operators H () acting on L?(T"), where
T" = R" /27 Z", formally given by

H®) = e " He™ = g7 2(Dy, +0,)(18]"* g/ (Dy, +600)) + 4. (A5)

Let u, v € C*°(T") and consider the family of sesquilinear forms
h(O)[u, v] =/ g/* Dy uDyvlgl'? dx + wl6]lu, v1, (A.6)
'ﬂ‘n
where
— Jjk D. v T 0 o172 Tlell/?
w[O][u, v] —/ g (Qkqujv—i— (kau)91v+9k9juv)|g| dx +/ quv|g|'/“dx.
™ T

By Holder’s inequality and the Sobolev embedding H'(T") c L?"/®=2(T"), we see
that
|h(@)[u, v]I < Cllull grepny vl g1y (A7)

with C = C(0) > 0, and hence, for each § € C", the form & (0) extends to a bounded
sesquilinear form on H Lerm).

Using the Peter—Paul inequality, the decomposition (A.3), and the Sobolev embed-
ding, we get

[w@u, ull < O@llulify gwy + O.e Dl pn,

for e > 0. Hence, using the fact that g is positive definite, and choosing ¢ > 0 sufficiently
small in the previous estimate, we obtain

Re h[01[u, u] = collull?i pu, — Cillull}, c>0,Ci=Ci(0) eR.  (A8)

(T") (")’

When equipped with the domain D(h(0)) = H 1 (T™), the form h(#) is densely de-
fined, closed and sectorial with the bound

Im A @) [u, ul] < 1RO, ul] < Ccy' Reh(O)lu, ul + Cl”””iz(w))- (A.9)
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Here we have used (A.7) and (A.8), and we may also notice that the constants C and C
are uniform in 6 on compact subsets of C".

By [14, Corollary 12.19], there exists a closed densely defined sectorial operator H (9)
on L2(T"), which we write as in (A.5), with domain

D(H(©)) = {u € H'(T") : HO)u € L*(T")}, (A.10)
such that
h(@)[u, vl = (H©@)u, v)2pny,  u € DH(B)), v € D(h(6)).
In view of (A.10) and (A.5), we have
D(H(®)) = {u € H'(T") : (§/*Dy, Dy + q)u € L*(T")}, (A.11)

and in particular we see that D(H (9)) is independent of 8 € C".
Furthermore, by [14, Corollary 12.21] the spectrum of H(0) is contained in the fol-
lowing angular set with opening < m:

{heC:Rer=—Ci(0) +co, [ImA] < CO)cy' Rer + C1(6))),

where the constants are taken from (A.8) and (A.9).

It follows that for each 6 € C”", the resolvent of H (6) is compact on L2(T"), and
hence the spectrum of H(9) is discrete, each eigenvalue having a finite algebraic multi-
plicity.

We conclude that the family of operators H(6) is an entire holomorphic family of
type (A) with respect to each of the complex variables 61, . . ., 8, (see [16, Section VIL.2]).

A.3. The Floquet decomposition

The idea here is to pass from the operator H acting on functions on R” to the family of
operators H (9) acting on functions on the torus T".
To that end, for u € S(R"), we define the Floquet-Bloch—Gelfand transform by

Uu)®.x) =0 " e 0y x +21k), 0 eR", x €[0,27]",
kez"

where the series converges in the C°°-sense. We have
U:SR") - CF[R) x T4,
where
CRMREX T ={f e CPMREx T : fO+1,x)=e ™ f(6,x), 1 € Z"}.

It follows that

f / [Uu)(6, x)|> a6 |g|'/* dx = Z/ lu(x + 27k)*lg|"/? dx,
(0,2m)" J(0,1)"

keZn (0,27)"
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and therefore
IUull 120,12 % 0.2)m) = Nl 2y
Hence, U can be extended to an isometry
U : L*R") — L*((0, D2 x ™).
Thus, U*U = I, where U™ is the L2-adjoint of U. A direct computation shows that for
v e CF Ry x T7%), we have
(U*v)(x) =f ¢ Pv(H, x)do € S(R"). (A.12)
O, 1)"

To see that UU™ = I, we firstlet v € Cgy' (R x T7%). Then we have the Fourier series
expansion with respect to 6,

v(@, x) = Z </ v(@, x)e_i(znk_x)'g/ dG/)ei(zﬂk_x)'g.
kezn \O.D"
We get
U(U*U)(O, x) — Z e—i(x+2nk)-9/ ei(x+2nk)»0/v(9/’x) d@/ — v(@,x),
kezn ©.hr
and therefore, by density, UU* = I on L?((0, Dy x T7).

Hence, the map

(7]
U : LA*R") — L*((0, D) x T") = L?((0, 1)2; L*(T")) =:/ L*(T"do  (A.13)
1"

is unitary.
We shall next show that

U: H'(R") — L*(0, )"; H'(T")) (A.14)

is a linear homeomorphism. To that end, let u € H 1 (R™), and let us check that Uu €
L?((0, 1)*; H'(T™)). Using the fact that for u € S(R"),

Dy, (Uu)(@, x) = (U(Dgu))(0, x) — O (Uu)(@,x), k=1,....n,
we get
”ka (Uu)||L2((O,1)";L2(T")) S ”DXkMHLZ(R") + ”u”LZ(R")’ u e S(Rn) (A15)

By a standard approximation argument, we get Uu € L?((0, 1)"; H'(T")), and the esti-
mate (A.15) extends to u € H!(R"). Hence, the map (A.14) is continuous.

It remains to show that the map (A.14) is surjective. Let v € L2((0, 1)"; H'(T")),
and thus U~ 'v € L2(R"). As a consequence of (A.12), we get

1
1D (U™ 0) I L2y < I1Dx vl L2(0, 1975 22Ty + VI L2(0,1y7 22(T7))
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forv e CEY (R x T7%). An approximation argument yields U ~lv € H'(R"), which shows
the claim.
Now a direct computation shows that

hlu, v] = / h@)[(Uu)@, -, (Uv)@, )]1do (A.16)
,n"

foru, v € S(R™). In view of the fact that the map (A.14) is a linear homeomorphism, and
the forms A and /(6) are continuous on H!(R") and H!(T"), respectively, the decompo-
sition (A.16) extends to u, v € H'(R").

Let us show that we have the following decomposition of the operator U HU ™! into
a direct integral:

(]
UHU™! =/(0 ; H(®)d6. (A.17)

To that end let us recall the definition of the direct integral:
® e
D(/ H(9) d9> = {qb e/ L*(T")d0 : ¢(6,-) € D(H(0)) fora.a. 6 € (0, 1)",
,1n" ©,H"

2
/(0 L THOBO. g 00 < oo},

and

®
((/ H(G)d9>¢> 0,x) = (H(©)¢©, ) (x)

(0’ 1 )l‘l
fora.a. 8 € (0, 1)". Let us first prove that
®

DWHU™ = D(/ H(9)d8>.
0,1H)"

Using [14, Theorem 12.18], (A.13), (A.14) and (A.16), we get

DWHU™ Y ={¢ e L*>(0, )"; LX(T") : U"'¢ € D(H)}
={¢ € L*((0, )"; H'(T")) : 3f € L*(R") such that
hU ., o] = (f. ¢) 12y, Yoo € HI (R}

= {qb e L*((0, 1)"; H'(T™) : 3f € L*((0, 1)"; L*(T")) such that
/(0 by h@)l¢, v1d6 = (f, lﬁ)LZ((o,l)n;H(Tﬂ))a Yy € Lz((O, n*; Hl(Tn))}-

Using (A.6), integrating by parts and modifying the function f by a suitable expression
depending only on the first order partial derivatives of the metric g and the function ¢ in
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the variables x € T”, we obtain

DWHU Y = {¢ e L2((0, 1); H'(T™) : 3f € L*((0, 1)"; L*(T™)) such that
f / Do D, @ 2179) + qd1g|V?) dx db = f F1gV2 dx d,
(O l)n n (0 l)n ’]I‘n

vy e L2((0, 1) H‘(T"))}

={¢ € L*((0, 1)"; H'(T) : (¢/* Dy, Dy, + @) € L*((0, 1)"; L*(T"))}

(&)
- D(/ H(G)d@).
©,1y"

Here we have also used (A.11).
Let¢p € DWUHU™'). Forany ¢ € Coo((0, 1)*; C=°(T")), we get

(UHU_1¢, w)Lz((O,l)";Lz('ﬂ'")) = h[U_1¢, U_IW] = /(\O by (H(9)¢1 1dﬁ)Lz('ﬂ"’) do

(&)
= ((/ H(O)d9>¢,1p> ,
.1 L2((0, 1) L2(T"))

which shows (A.17).

A.4. Thomas’s approach

To show that the operator H has no eigenvalues, a fundamental idea of Thomas [30] is to
complexify the quasimomentum 6 and use analytic perturbation theory. As a consequence
of this idea the following result is obtained. We have learned this result from [19], [20],
and for the proof we follow [31].

Proposition A.1. Let A € C. If there exists 0 = 0(A) € C" such that the operator
H(0) — X acting on L*(T") has zero kernel, then X is not an eigenvalue of the operator
H acting on L2(RM).

Proof. Seeking a contradiction, assume that % is an eigenvalue of H acting on L?(R"),
i.e. there exists u € D(H) with [[u||;2gsy = 1 such that

(H — \u = 0. (A.18)

We shall show that A is an eigenvalue of H (6) acting on L?(T") for all & € C". Since the
Floquet—Bloch—Gelfand transform U is an isometry, we have

122 :/ IUu)@, 25, d6 = 1,
L2(R") 9e(0.1)" L2(T™)

and therefore
un({0 € (0, ™ : [(Uu)(@, ) L2¢ny # O}) > 0. (A.19)
Here and in what follows, wu, is the Lebesgue measure on R”.
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It follows from (A.18) that
(UHU™' = )Uu =0.

This together with the decomposition (A.17) implies that

52
</ H(@)d@—k)Uu:O,
©.n"

(H®) =) (Uu)®,) =0 (A.20)

and hence

for almost every 6 € (0, 1)".
It follows from (A.19) and (A.20) that

wn(®) >0, O ={0 € (0,1)":Aisan eigenvalue of H(9)}.
When | < j < n, let us consider the holomorphic family of operators

HO) =H®O;,....00 1,6,.60,,,....6)), 6 €C,

where the complex values 9,9, k # j, are kept fixed. The resolvent of the operator H(6;)
is compact for each 6;, and an application of analytic Fredholm theory (see [16, Theo-
rem VII.1.10]) allows us to conclude that either A is an eigenvalue of the operator H.(6;)
for each 6; € C, or the set of points §; € C for which X is an eigenvalue of H(6;) is
discrete._ ~

Let& € C" be an arbitrary fixed vector and let us show that A is an eigenvalue of H (9).
We shall show this by induction. First, consider the set

®2 = {(92’ o 7911) € (07 l)n_l : Ml({gl € (03 1) : (91392’ AR 70}’1) € ®}) > O}
Thus, for any (65, ..., 6,) € ®;, we have
u1({61 € (0, 1) : A is an eigenvalue of H(61)}) > 0.

Hence, by analytic Fredholm theory, we conclude that 2 is an eigenvalue of H (0) for all
01 € Cand all (6, ...,6,) € O, and therefore A is an eigenvalue of H (61, 0>, ..., 6,)
forall (67, ...,6,) € O).

As 1, (®) > 0, by Fubini’s theorem we have u,_1(®2) > 0. Consider the set

O3 ={O3,...,60) € (0,12 ({6 € (0, 1): (62, ...,6,) € ©2)) > 0}

Then for any (63, ..., 6,) € O3, since w1 ({6 € (0,1) : (62,...,6y) € @2}) > (, by ana-

Iytic Fredholm theory, we see that A is an eigenvalue of the operator H (61, 62, 63, ..., 6,)
for ~all~6?2 € C and all (B3,...,0,) € ©Os3. In particular, A is an eigenvalue of
H(0,65,63,...,6,) for all (03,...,6,) € ©3. Continuing in the same fashion, after

n — 2 steps we find that X is an eigenvalue of H (5). This contradicts the assumption of
the proposition. O
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Remark A.2. In the case of a real valued periodic potential g € L?O/ Cz (R™), the sesquilin-

ear form # is symmetric and bounded from below, and therefore the Schrodinger oper-
ator H = —Ag + g acting on L*(R") is self-adjoint and bounded from below. For any
6 € (0, 1), the sesquilinear form %(0) is symmetric and bounded from below, and thus
the operator H (6) acting on L2(T") is self-adjoint and bounded from below. Furthermore,
the resolvent (H (0) +i)'isa real-analytic function of 6 € (0, 1)", and (H (6) + )~ lis
compact for every 6 € (0, 1)". Then using a general result of [10] and [13], concerning
the spectrum of the analytic direct integral (A.17), we conclude that the singular contin-
uous component of the spectrum of H is empty, and the pure point spectrum is at most
discrete, consisting only of isolated points without finite accumulation points, and each
eigenvalue A of H is of infinite multiplicity. Hence, in the case of a real valued periodic
potential g, the absence of eigenvalues implies that the spectrum of H is purely absolutely
continuous.
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