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Abstract. We study integrodifferential operators and regularity estimates for solutions to integro-
differential equations. Our emphasis is on kernels with a critically low singularity which does not
allow for standard scaling. For example, we treat operators that have a logarithmic order of differ-
entiability. For corresponding equations we prove a growth lemma and derive a priori estimates.
We derive these estimates by classical methods developed for partial differential operators. Since
the integrodifferential operators under consideration generate Markov jump processes, we are able
to offer an alternative approach using probabilistic techniques.
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1. Introduction

In recent years, regularity results for linear and nonlinear integrodifferential operators
have been addressed by many research articles. Scaling properties are crucially used in
these approaches. We reconsider these cases and, at the same time, include limit cases
where standard scaling properties do not hold anymore. We study linear operators of the
form

Au(x) = / l(u(x +h) —ux) — (Vu(x), h)lp, (h))K(x, h)dh,
Rl

which, provided certain assumptions on K (x, k) are satisfied, are well defined for smooth
and bounded functions u : RY — R. The quantity K (x, k) equals the jump intensity of
jumps from x € R? to x+h € R¥ for the Markov process X that is generated by the linear
operator A. If K is independent of the first variable, then X is a Lévy process. If K (x, h) =
|h|~®~4m(h/|h|) for all h # 0 and some appropriate function m : S4=1 — [0, oo], then
the increments of X have stable distributions. Looking at the operator A as an integrodiffer-
ential operator, this property is important because it allows one to use scaling techniques.
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Scaling techniques themselves are crucial when studying regularity properties of func-
tions u : RY — R satisfying the equation Au = f in a domain € C R? for some function
f : 2 — R.In this work we study such properties with the emphasis on two features. We
do not assume any regularity of the kernel function K with respect to the first variable ex-
cept for boundedness. Moreover, and this is the main new contribution, we systematically
study classes of kernels that do not possess the aforementioned scaling property.

Our results include a growth lemma (expansion of positivity) and Holder-type regular-
ity estimates. Moreover, we provide several estimates on the corresponding Markov jump
process. Recall that, in the case of an elliptic operator of second order Au = a;;(-)9;9;u,
the standard growth lemma reads as follows:

Lemma 1. There is a constant 6 € (0, 1) such that if R > 0 and u : R¢ — R satisfy
—Au<0inBog, u<linBog. |(Bar\Bp) N{u <0}l = 3|Bar\Bgl,
thenu <1 — 0 in Bpg.

The above lemma also holds true for several nonlinear operators. Such lemmas are sys-
tematically studied and applied in [Lan71]. Their importance is underlined in [KS79],
where the authors establish a priori bounds for elliptic equations of second order with
bounded measurable coefficients. Nowadays they form a standard tool for the study of
various questions for nonlinear partial differential equations of second order (see [CC95]
and [DGV12]). Note that the property formulated in Lemma 1 is also referred to as ex-
pansion of positivity which describes the corresponding property for 1 — u.

In this work we prove a similar growth lemma for integrodifferential operators (see
Lemma 2 below). An important instance of an operator A that we have in mind is

Au(x) = /Rd[u(x—i—h) —u(x)]a(x, h)|h|_d]lB1 (h)ydh 1)

for some measurable function a : RY x R? — [1, 2]. Note that, in the last years, similar
results have been studied for kernels of the form a(x, h) < |h|™* for some o € (0, 2)
and we refer the reader to the short discussion below. The case « = 0 is of particular
interest because in this case the corresponding growth lemma fails. Our results apply to
more general kernels than the one appearing in (1).

1.1. Main assumptions and results

Let K: R? x (RY \ {0})) — [0, 00) be a measurable function such that K (x, h) =
K(x,—h) for all x, h and

«“NnIm9e(h)) < K (x, h) < k|h|7e(h])  for O < || < Ry, (A1)
sup / (1 A hP)K (x, by dh < Ko, (Ko)
xeRd JRI\{0}

where «, Ky > 1, Ry € (0, oo] are fixed constants and £: (0, Rg) — (0, o0) is a function
satisfying fORO(E(s)/s) ds = oo and, for some c;, € (0,1),cy > 1,and y € (0, 2), the
following:
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Ro ds
/ L(s) — < 00 for0 < r < Ry, (£1)

, s
L(r) ) /L(r) > c AV forr >0and1 <A < Ry/r, (€)
Lra) /L) < cyr®  forr>0and1 <A < Ro/r. (€3)

The last two conditions are often referred to as weak scaling conditions.

Examples. The standard example is given by £(s) = s~% for some o € (0, 2). Other
examples include £(s) = s %g(s) for o € (0, 2) and g a function that varies slowly at 0.
More generally, the conditions (£;) and (¢3) are satisfied if the function £ is regularly
varying at zero of order —« € (—2, 0] and satisfies some weak bounds for large values
of 5. The case « = 0 is very interesting. The choice £(s) = 1 is possible if Ry < co. In
the case Ry = oo an interesting example is provided by £(s) = L1(0,1)(s) + 57V 1[1,00)(s)
for some y > 0.

We define an auxiliary function L: (0, Rg) — (0, co) by
Ry Y]
L(r) = / & ds,
, s
which is strictly decreasing. Note that under our assumptions, L(0+) = oo and L(Ry—)
= 0. Furthermore, we define a measure x on B(RY) by
Lyl dy
pldy) = —— ——
Ly Iy1?
and, for a > 1, a scale function ¢, = ¢: (0, Ry) — (0, 00) by ¢(r) = L~ (@ 'L(r)).
Define an operator A: C,% (R?) - C(RY) by

Au(x) :f (u(x + h) — u(x) — (Vu(x), h)1g, (h))K (x, ) dh 2)
R7\(0)

where K : R? x (R4 \ {0}) — [0, 0o) satisfies (A}) and (Ko).

Now we can formulate our first main result, a growth lemma for nonlocal operators.
We state the result for functions which, together with their first and second derivatives, are
continuous and bounded. It is an important feature of this result that none of the constants
depends on the regularity of the function under consideration. Thus, the result is tailored
for later applications to viscosity solutions of fully nonlinear partial differential equations.

Lemma 2. Assume (Ko) and (A1) hold true with Ry = oo. Let n, § € (0, 1) and Cy > 0.
There exist constants a > 2 and 6 € (0, 1) such that ifr > Oand v € Cg (RY) satisfy

—Av(x) < L(p(r)) (=a 'L(r)) forx € Byp,
v(x) <1 fOl‘x IS Bw(r),

L n
o =636

1((Boy \ B) N {v < 0}) = 8uu(Byry \ Br),

forx e R%\ Byr),

then
v(x) <1—-6 forallx € B,. 3)
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Remark. As the proof shows, the value of 6 is a multiple of a b,

Note that, in the by now well-known case where £(r) = r~* and L(r) < r“ fora €
(0, 2), this result reduces to a growth lemma which is very similar to those given in [Sil06]
and [CS09]. Let us now formulate our second main result.

Theorem 3. Assume (Kg) and (A1) hold true with Ry € (0, oo]. There exist constants
¢>0and B € (0,1) such thatif 0 < r < Ro/2, f € L®(B,), and u € C3(RY) satisfy
Au = f in By, then

(o) —u @)l _

< cL()Pllullco + LGP fll Lo (8,)- Q)
)C,)’EB;~/4 L(|)C - y|)_ﬂ * )

If Ry = 00, then (4) holds true for every r > 0.
In the case £(r) = r~%, we set v = a3, and the estimate (4) reduces to

() = 1| _

N crPlullos +cr* Yl fllLes,)

X,yEB,/4 |-x -

which one would expect from standard scaling behavior of the integrodifferential opera-
tor.
In the case Ry = oo we obtain a Liouville theorem.

Corollary 4. If (A1) holds for Ry = oo, then every function u € Cl%(Rd) satisfying
Au = 0 on R? is a constant function.

Proof. Since u is harmonic in every ball B, we can consider ¥ — oo in Theorem 3 and
use lim,_, o, L(r) = 0 in order to prove that u is a constant function. ]

Our method to prove Lemma 2 and Theorem 3 is based on a purely analytic technique
introduced in [Sil06]. As mentioned above, a second aim of this work is to explain a prob-
abilistic approach to results like Theorem 3. The starting point for these observations is
that, for several linear differential or integrodifferential operators A, variants of Lemma 1
can be established with the help of the corresponding Markov processes. Let X be the
strong Markov process associated with the operator A, i.e. we assume that the martingale
problem has a unique solution. Denote by T4, t4 the hitting resp. exit time for a measur-
able set A C R and by P, the measure on the path space with P, (Xo = x) = 1. The
following property then implies Lemma 1.

Proposition 5. There is a constant ¢ € (0, 1) such that for every R > 0, every measur-
able set A C Bog \ Br with |(Bag \ BR) N A| > %|BZR \ Br| and every x € By,

PX(TA < TBQR) > c. (5)

This result is established for nondegenerate diffusions in [KS79], thus leading to a re-
sult like Theorem 3 for elliptic differential operators of second order. The case of inte-
grodifferential operators with fractional order of differentiability o € (0, 2) is treated
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in [BLO2]. Therein it is shown that Proposition 5 holds true for jump processes X gener-
ated by integral operators A of the form (2) under the assumptions K (x, h) = K(x, —h)
and K (x, h) =< |h|~9=* for all x and h where & € (0,2) is fixed. Note that this class
includes the case Au = —(—A)*/%u and versions with bounded measurable coefficients.

Proposition 5 fails to hold for several cases we are interested in. One example is given
by A as in (2) with K (x, h) = k(h) =< |h|~? for |h| < 1 and some appropriate condition
for |h| > 1. For example, the geometric stable process with generator — In(1 + (—A)%/?),
0 < o < 2, can be represented by (2) with a kernel K (x, #) = k(h) with such behavior
for |h| close to zero. The operator resp. the corresponding stochastic process can be shown
not to satisfy a uniformly hitting estimate like (5) (see [Mim14]).

This leads to the question whether a priori estimates can be obtained by the approach
from [BLO2] at all. In the second part of this work we address this question. It turns out
that our main idea, i.e., to determine a new intrinsic scale, can also be used to establish a
modification of (5). As we did in the proof of Lemma 2, we choose a measure different
from the Lebesgue measure for the assumption |(Bog \ BR) NA| > % |Bagr \ Br|. We refer
the reader to Section 6 for further details.

Since we employ methods from two different fields: partial differential operators as in
[Sil06] and stochastic analysis as in [BL02], it is interesting to compare both approaches.
In both, we need to make several assumptions, e.g., solvability of the equation and exis-
tence of the corresponding Markov jump process. The conditions in the analytic approach
are slightly less restrictive than those imposed when using stochastic analysis. Note that
although we assume the solutions u are twice differentiable in the first part, the assertions
resp. the constants in our results do not depend on the regularity of the functions u. Thus,
the techniques and assertions presented here can be applied to nonlinear problems.

1.2. Examples

Let us look at different choices for the function £ used in condition (A). Note that (£»)
does not allow £(h) to be zero (unlike K (x, &)). Since the behavior of £ at zero is most
important and characteristic, we provide examples of functions ¢ : (0, 1) — (0, co). For

a>1,re(,1),set L(r) = jrl ((s)/s)ds and @, (r) = L~ (@ "L(r)).

Table 1. Different choices for a function £ when g8 € (0,2),a > 1.

£(s) L(s) ®a(s)

sTPIn@2/s)? <57 In2/s)? =s

s—B B s B -1 s
In(2/s) = In(2/s)? = sl/Va

1 In(1/s) sl/a

In(2/s)~! = In(n(2/s)) = exp(—In2/s)1/%)
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1.3. Related results in the literature

Let us comment on related results in the literature. The probabilistic approach, which we
explain in Section 35, is based on the approach of [BL02]. The analytic method, which
we employ in the first part of the article, is based on [Sil06]. Both approaches have been
refined in many articles, allowing for more general kernels and treating fully nonlinear
integrodifferential equations, but all these articles assume standard scaling properties, i.e.,
something like K (x, h) < |h|~4=* for some a € (0, 2). We refer to [KS14, SS14] for
further references. Note that our regularity result, Theorem 3, is stronger than Theorem 12
because we can allow for right-hand sides f in the integrodifferential equation and for
more general kernels.

The current work comprises the two preprints [KM13] and [KM14] where the ap-
proaches by analytic and probabilistic methods are explained separately. After [KM13]
had appeared, several articles have made use of the ideas therein. In [Bael5] nonlocal
problems are studied where the kernels are supposed to satisfy certain upper and lower
scaling conditions. These assumptions do not include limit cases like (1) since some com-
parability with kernels like [h|~4=* for @ € (0, 2) is still assumed. In [KKL16] the au-
thors study fully nonlinear problems with assumptions on the kernels similar to [Bael5].
In [CZ15] the authors extend the regularity estimates of [KM13] to time-dependent equa-
tions with drifts. The article [JW16] is not directly related to [KM13] but mentions the
need to consider f 7# 0. We solve this problem.

1.4. Organization of the article

In Section 2 we review the relation between translation invariant nonlocal operators and
semigroups/Lévy processes. Presumably, Proposition 6 is of some interest to many read-
ers since it establishes a one-to-one relation between the behavior of a Lévy measure
at zero and the behavior of the multiplier of the corresponding generator for large values
of |€]. Sections 3 and 4 contain the proof of Lemma 2 and Theorem 3 respectively. In Sec-
tion S we explain the probabilistic approach to Theorem 3, which leads to Theorem 12.
Note that we are slightly changing the assumptions there. The probabilistic approach is
based on a Krylov—Safonov type hitting lemma, which is Proposition 13. Section 6 con-
tains the proof of this result and of Theorem 12. The last section is an Appendix in which
we collect important properties of regularly resp. slowly varying functions.

2. Multipliers and Lévy measure: analysis meets probability

The aim of this section is to provide some background about translation invariant in-
tegrodifferential operators and related stochastic processes. The results explained here
motivated the search for a new scale function which is a key element of the whole project.
However, the material of this section is not needed for the proofs of the main results.

In this paper we provide two approaches to Theorem 3. One approach uses techniques
from analysis, the other uses stochastic processes. Note that the quantity K (x, #) dh in (2)
has a clear interpretation in terms of probability. For fixed x, the quantity f y K(x, h)dh
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describes the intensity with which the corresponding process performs jumps from some
point x € R? to a point from the set x + M. In this sense, the conditions (£1)—(€3)
say something about the behavior of the process. On the other hand, the conditions say
something about mapping properties of the operator A. In this section we explain the link
between these two viewpoints. We restrict ourselves to the cases of translation invariant
operators, i.e., we assume K (x, ) to be independent of the first variable. This allows us
to give a focused presentation. Note that the results of this section are not used in the rest
of the article.

In the translation invariant case, i.e. when K (x, #) does not depend on x, there is a
one-to-one correspondence between A and multipliers, semigroups and stochastic pro-
cesses. One aim is to prove how the behavior of £(]&]) for small values of |A| translates
into properties of the multiplier or characteristic exponent 1/ (/&) for large values of |&].
This is achieved in Proposition 6. We add a subsection where we discuss which regularity
results are known in critical cases of the (much simpler) translation invariant case. Note
that our set-up, although allowing for an irregular dependence of K (x, ) on x € RY,
leads to new results in these critical cases.

2.1. Semigroups, generators and Lévy processes

A stochastic process X = (X;);>0 on a probability space (2, F, P) is called a Lévy
process if it has stationary and independent increments, P(Xo = 0) = 1 and its paths
are IP-a.s. right continuous with left limits. For x € R? we define P, to be the law of the
process X + x. In particular, P, (X; € B) = P(X;, € B — x) for t > 0 and measurable
sets B C RY.

Due to stationarity and independence of increments, the characteristic exponent of X,
is given by

Ele!6:X0] = =1V ©®),

where y is called the characteristic exponent of X. It has the following Lévy—Khintchine
representation:

1 e |
W($)=5(A§,‘§)+(b,$)+/ (1—6’ +1(.§,h)]131(h))u(dh), (6)

RI\{0}

where A is a symmetric nonnegative definite matrix, » € R and v is a measure on R\ {0}
satisfying fRd\{O}(l A ly]?) v(dy) < oo, called the Lévy measure of X.

The converse also holds; that is, given i as in the Lévy—Khintchine representation (6),
there exists a Lévy process X = (X;),;>0 with the characteristic exponent . The equal-
ity (6) provides a link to an analytic viewpoint on Lévy processes. If v is a Lévy measure,
i.e., a Borel measure on B(R? \ {0}), then one can construct a convolution semigroup
(vr)¢>0 of probability measures such that the Fourier transform of v, equals e’ ¥ with v
as in (6). This approach can be found in [BF75].

Let X = (X;);>0 be a Lévy process corresponding to the characteristic exponent
as in (6) with A = 0, b = 0 and a Lévy measure v(dh). Then P; f(x) := Ei[f(X:)]
defines a strongly continuous contraction semigroup (P;);>o of operators on the space
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of bounded uniformly continuous functions on R equipped with the supremum norm.
Moreover, it is a convolution semigroup, since

Py f(xr) = Eol £ (x + X1)] = /R PG ) )

with v;(B) := P(X; € B). The infinitesimal generator A of the semigroup (P;);>0 is
given by

Au(x) = / (u(x +h) — u(x) — (Vu(x), h)1p, (h)) v(dh) (7
R\ {0}

if u is sufficiently regular (see [Satl3, proof of Theorem 31.5]. Note that the process
u(Xy) —u(Xo) — fot Au(Xy) ds)s>o is a martingale (with respect to the natural filtration)
forevery u € Cg (R?) (see [RY99, proof of Proposition VII.1.6]. In this sense the process
X corresponds to the given Lévy measure v and, in our set-up, to the kernel K (x, h) =
k(h). For details about Lévy processes we refer to [Ber96, Sat13].

Let us now explain the connection between the characteristic exponent ¥ and the
symbol of the operator A. To be more precise, if f &) = fRd ¢ &%) f(x) dx denotes the

Fourier transform of a function f € L' (Rd), then

AfE) = —v (=& f (&)

forany f € S (Rd) with Af € LY(RY), where S(R?) is the Schwartz space (see [Ber96,
Proposition 1.2.9]). Hence, —y/(—£) is the symbol (multiplier) of the operator A. The
following result explains how, in the case v(dh) = k(h)dh = K(x, h)dh, the kernel
K (x, h) = k(h) is related to the characteristic exponent resp. the multiplier.

Proposition 6. Assume that the operator A defined on S is given by (7). Assume v(dh) =

k(h)dh = K (x, h)dh where K : R? x (R?\ {0}) — [0, 00) is a measurable function with

K(x,h) = K(x,—h) for almost all x, h. Assume that K satisfies (A1) and (Ko) with

Ry € (0, o). Set L(r) = erO (€(s)/s) ds. Then there are constants c, ro > 0 such that
T'LUEITY) = ®) <cL(E1TY  forg € RY, 5] = 1o,

The assumptions of Proposition 6 allow one to treat sophisticated examples. However, it
is instructive to think about the simple examples

K(x,h) = |h|79"® forsome «a € (0,2),
K(x,h) = |h|""1p,(h),
K (x, h) = k|~ In2/|h)*" 15, (h).
Proof of Proposition 6. Note first that, by (A1),
k7 j(h]) < k(h) <kj(lh]) for0 < || < Ro

for j(s) = s_dﬁ(s). Since 1 —cosx < %xz, it follows from (£7) and Lemma 7 below that
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v (&) < &7 |h|2j(|h|>dh+2/ j<|h|>dh+2f k(h) dh
|h<|&]~! [€]=1<|h|<Ro |h]>Ro
&1

&
< cl[mz/
0
2 1 ‘EVI 1 1 1
< cz[m C(EI™ )/0 se (/1T TV ds + L& )}
<c3(CQETD + LAEITD) < cal (€7D,

s€(s)ds + L(E1™") + 1}

In order to prove the lower bound, we employ an idea of [Grz14]. Let us first consider
the case Ry = 0o. We choose an orthogonal transformation of the form Oe; = |£|7'¢,
where e; := (1,0, ...,0) € R?. Then a change of variable yields

V() = [ (1 —cos({(§, h)))j(lhl) dh = / (1 —cos(|§|h1))j (Ih]) dh.
RI\({0} RI\{0}
By the Fubini theorem, we obtain
€ =2 [ = ol Fedr

where F(r) := [pa—1 j(/|2|> +r?)dz for r > 0. Using (£3) we deduce that for every

0<r<s,

2 2\ d/2 /1,12 2
F(V):/d 1(|Z| + s ) E( |Z| +r )]( /|Z|2+S2)dZ2C51F(S).
Rd—

P+ e(/1zP +5?)
Now,
00 rlg|7 (3 /242km)
CEE M| (1 = cos(&r) F(r) dr
k=0 Y 1§17 (r/24+2km)

—1 &7 3 /2+Qk+ 1))

c T o0 o0
= = FUEIT /24 2km) = ¢ ) F(r)dr
&l = =0 /&1 3 /2+2k)

o0
> c,;2/ F(rydr = csf JhD dh = c6L(Z1E1™) = erL (€1,
Tl ESS

where in the last inequality we have used Lemma 7. The case Ry < oo can be proved
similarly. O

2.2. Some related results from potential theory

Let us explain which results, related to Theorem 3, have been obtained in the case where
K (x, h) is independent of x € R?. In this case, methods from potential theory can be
used.
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Holder estimates of harmonic functions are obtained for the Lévy process with the
characteristic exponent ¥ (£) = |£]?/In(1 4 |£]?) — 1 in [Mim13] by establishing a
Krylov-Safonov type estimate replacing the Lebesgue measure with the capacity of the
sets involved. Recently, regularity estimates have been obtained in [Grz14] for a class of
isotropic unimodal Lévy processes which is quite general but does not include Lévy pro-
cesses with slowly varying Lévy exponents such as geometric stable processes. Regularity
of harmonic functions for such processes is investigated in [Mim14], where it is shown
that a result like Proposition 5 fails. Using the Green function, logarithmic bounds for the
modulus of continuity are obtained. At this point it is worth mentioning that the transition
density p;(x, y) of the geometric stable process satisfies pj(x, x) = oo (see [SSV06]).
This illustrates that regularity results like Theorem 3 in the case K (x, k) = |h |_d]l B, (h)
and in similar cases are quite delicate.

3. Proof of Lemma 2

Before we proceed to the main proof, let us provide two auxiliary statements which indi-
cate the link of the scale function ¢ with the kernels K.

Lemma 7. The following properties of the function L hold true:

L(r) > y_]cLE(r) forr >0, @)
L(rx

In the case Ry = oo: L(: )) >c A7 forr>1,r >0, (ii-a)
r
L(ri

In the case Ry < oo: ) > C—L)fV for1 <A <XA,0<r<ryg, (ii-b)

L(ir)y — 2
where .1 > 1 can be chosen arbitrarily and r1 > 0 depends on A1 and Ry.

Proof. From (£>) we deduce

Ro ¢ d Ro
L(r) = e(r)/ L) ds cLﬂ(r)rV/ sTIV ds = cpy e,
. L) s ,
which proves part (i). In the case Ry = co we obtain

o ds *© ds X L(sA) ds _ > ds

L)) = L(s) — = L(sA) — = £(s) — > cp 7Y £(s) —
. K - s s L) s - s

=c A VL(r),

which is one part of claim (ii). In the case Ry < oo we deduce

Ro ds Ro/x ds —y Ro/2 ds
L(rA) = L(s) — = L(sA) — > cLA L(s) —
. s - s , s

A
> e AV (L(r) — L(Ro/M) = cLA™ " (L(r) — L(Ro/1))

= %WL(r) + %W(L(r) —2L(Ro/A)) = %ﬂL(r),

which proves the remaining case and completes the proof. O
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Lemma 8. Assume a > 1. Then u(Bgy, - \ B;) = |0B1|Ina, where |0 B1| denotes the
surface area of the unit sphere in R®.

Proof. This follows by introducing polar coordinates:

L t9ds _ opim—LT 198 ma. o
L(s) s L(ga(r)

Lemma 9. Set j(s) = s %4(s) forO < s < Ro. Let M > 1. Then

©a(r)
w(By, i \ Br) = |331|/
.

s <Mt <Ry and t <Ry imply j) <cj(s)

with ¢ = max{cy, MV“JCZI}.

Proof. Assume s, > 0 withs < Mt < Rg for some M > 1. We consider two cases. If

s < t, then
J) =179 = (s/0)%s™U(s(t/5)) < cus™U(s),

where we have applied (£3). If t < s < Mt, then
J@O =17 < s/t e M )T (s) < MY js),
where we have applied (£2). The proof is complete. O

We are now able to provide the proof of our first main result. Recall that this result is
proved under the assumption Ry = co.

Proof of Lemma 2. Define §: [0, co) — [0, 00), B(r) = exp(—rz), and further
b(x) = B(x]) and b,(x):=Br(x]) := B¢ x|) forx e R?, r > 0.

First we estimate —Ab,.. For r > 0 we can deduce from (1), ({2) and Lemma 7 that

—Ab(x) = / (b(’r—‘) b(xjy)+<Vb<§>,§>131<y>>1<<x,y>dy
?
<o (('”) L) + 1) ) S dy
Rd [yl
2<r sE(s)ds+/ £(s) —) —cz< _zé(r)/ E—d +L(r)>

Y
r ZZ(r)/ (-) ds +L(r)> < ca(l(r) + L(r)) < csL(r).

I
)

<c3
Hence,

sup —Ab,(x) < ceL(r). 3

xeRd

- é(ﬂ(l) - ﬂ(%)) = é(ﬂr(” - ’9<3_2r))

where a > 2 will be chosen later independently of v and r.

Set
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We claim that one can choose a > 2 so large that v(x) < 1 — 6 for x € B,. Assume
that this is not true. Then for a > 2 there is xo € B, satisfying

vixo) =1 —0=1—a"'B.(r) +a"'B,3r/2).
Since |xg| < 7,
v(x0) +a 'br(x0) = 1 +a "B (lxo) —a” B () + a7 B (3r/2)
>1+a'8.(3r/2) ©)
>v(y)+a 'y forally € By \ B3,

where the last inequality follows from the assumption v(x) < 1 for x € By and
Br(Iy]) < B-(3r/2). By choosing a sufficiently large, we will ensure that ¢ (r) > 3r/2. It
follows from (9) that v +a~!b, attains its maximum at x; € B3, 2 and (v +a~1b)(x)) >
1+a'8,(3r/2) > 1.

Fig. 1. B, C B3;/2 C By(r).-

The idea now is to establish a contradiction by evaluating —A (v + a='b,)(x1) in two
different ways. First, by (8),

—AWw+a '"b)(x) <a 'L(r) +cea 'L(r) = (1 + ce)a ' L(r).

On the other hand, since v 4+ a~!b, attains its maximum at x1, Vv+ a_lbr)(xl) =0
and hence

— A +a'b)(x)) = /Rd\{o}(w +a'b)(x1) — (v +a b)) (x1 + ) K (x1, y) dy

=/ ((v+a‘1br)(x1)—(v—l—a‘lbr)(xl +)K (x1, y)dy
{yeRI\{0}: x1+y€By(r)}

+/ (@ +a~ b)) — @ +a b+ 1)K (1, y)dy
{yeRI\{0}: x1+y€By(r))

=11+ D.
Since v + a~ b, attains its maximum on By at x1 with v + a b, > 1, by (A1) we
obtain
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L >

/{A RA\(0) O}((U +a*]br)(x1) — (v —i—a*lbr)(xl —|—y))K(x1, y)dy
YERN{O0}: x1+y€By(r)\Br, v(x1+y)<

> ¢7(1 —a™[blloo) JQyDdy
{yeRI\{0}: x| +y€By(r)\By, v(x1+y)<0}
with j(s) := s740(s).
Using |y < |xi 4+ Y|+ il < |x1 + | +3r/2 < 3|x1 + yl for xi + y € By \ By,
we deduce from (£») that j(]y|) > csj(|x1 + y|). Here we have applied Lemma 9. The
assumptions of the lemma imply

I > co(1 —a™ " |1bllso) j(x1 + yD)dy
{yeRA\{0}: x1+y€By(r)\Br, v(x1+y) <0}
=co(1 —a™") Jyhdy
{yERI\{0}: y€By(r\ By, v(y)<0}
=co(l—a™") L(|y]) n(dy)

{yERI\{0}: y€By(r)\Br, v(y) <0}
> co(1 —a HL(p(r)n((Byery \ B-) N{v <0}
> co(l —a™Ha ' L(NSu(Byey \ By) = cro(1 —a~HSL(r)(na)/a,
where in the last inequality we have used Lemma 8.

Lemma 7 implies that, if we consider a > 021(5/2)}’, then L(r)/L(5r/2) <
cZI(S/Z)V. Hence

L(r)
L(5r/2)

Lig(r) =a! L(5r/2) < L(5r/2),

and since L is decreasing, we obtain ¢(r) > 5r/2. To estimate I, we note that for x; +y ¢
By () it follows from (9) that

W+a b)) —a b x4+ y) = 14+a7'B,3r/2) —a ' B (p(r) = 1.
Together with the growth assumption on v, this yields

; / ( L)
22 —C1] e
{y: x1+yeRI\ By} L(lx1 +yD)

Note that x; + y & By implies |y| > |x1 + y| — |[x1| > 5r/2 — 3r/2 = r and

n
) J(yDdy.

lxi 4+ vl <3r/2+ |yl < 3yl + Iyl = 31yl and y & Bag(ys.

In this case L(|x1 + y|) > L(%Iyl) and

[y e RI\(0}: x1 +y & By} C {y € RY\{0}: [y] = 30(r)}.



996 Moritz Kassmann, Ante Mimica

Thus we obtain

Lig(r) )".
L>— L) d
2= c”/{y;;xl+yeRd\B¢(,)}(L<5|y|)/2 Jvbdy

© (L(p(r) \"€(s) * (L(pr)\" p
_013/§¢(,)<L(5s/2)> Tds > —cCi4 /Zw)( L) > (—=L'(s))ds

5
_ L
—c1aLi@))' (1 —m ' L(2e(r) ™" = —c1sL(p(r) = —cm%,

v

where in the third inequality Lemma 7 and in the last inequality monotonicity of L and
Lemma 7 again have been used.
Finally, we obtain

1+ c6)¥ > c1(1 — a*‘)aur)l“?“ — cmL(r)

a 9
or 14+cg+cig > cio(l —a‘l)é Ina. Choosing a > 2 large enough leads to a contradiction.
This means that we have proved that there exists a > 2 such that

v(x) <1—a'(B(1)—BB3/2)=1—6 forallx € B,.

Note that our choice of a does not depend on r; hence the assertion of the theorem
holds for every r > 0 with the same choice of a and 6. O

4. Proof of Theorem 3

First of all, we restrict the general case and assume that conditions (A1) and (K¢) hold
true with Ry = oco. At the end of the proof we explain how to reduce the general case to
this case.

Let r > 0. Assume u € le(Rd) satisfies Au = f in B, where f is essentially
bounded. We assume u # 0 and prove assertion (4) in the simplified case ||u||co < 1/2
and || fllLoB,) < %L(r/Z). Let us briefly explain why this is sufficient. In the general

case we would set "

2llulloo + 2L/ I fllLoes,)

If u solved Au = f in By, then u would solve Au = fin B, with ||if||sc < 1/2 and
| fllLes,) < %L(r/ 2). Thus we could apply the result in the simplified case and obtain

U=

() —ul _
X,y€B; 4 L(|x_y|)_/3 o

< CL)Pllulloo +CLEP M £l o8,

(gur)ﬁ +§L<r/2)L<r)ﬂ—1)(2||u||oo+zL<r/2)—1||f||Loo(B,))

where ¢ is another constant, depending on ¢y, and y because of Lemma 7.
Hence we can restrict ourselves to |[ullococ < 1/2 and || f|lzoB,) < %L(r/Z). Let
X0 € By/4. Without loss of generality we may assume u(xo) > 0.
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X0 € Byja

Fig. 2. Reduction of oscillation at xg.

It is sufficient to show that

L(jx —xo|)~#

Lir)-P for any x € B,.

lu(x) —u(xo)| <c

Define r, = L~ (a"~'L(r/2)) for n € N, where a > 2 will be chosen in the course
of the proof independently of r, u and f. We will construct a nondecreasing sequence
(cn)nen and a nonincreasing sequence (dy,),eN of positive numbers so that

cn <u(x) <d,forallx € B, :== B,,(x0) and d, —c, < b_"“, (10)

where b = 2/(2 —0) € (1,2) and 6 € (0, 1) will be chosen later independently of r, u
and f. This will be enough, since for r,1 < |x — xg| < r, we will then have

B bl i lnb/lna_ L(}”/Z) )lnb/lna
Ju(x) = uxo)| < b —”(an) s ¥oyen

_ b( L(r/z) )lnb/lnu - b( L(r/z) >1nb/lna
L(rn+1) L(|x = xol)

- z Inb/Ina L(|X—X()|) —lnb/lna’
— o\ L(r)

where in the last inequality we have used Lemma 7.
We prove (10) and construct sequences (c;,) and (d,,) inductively. We set

ci:=infu and dj :=c; +1.
R4

Letn € N, n > 2. Assume that ¢; and d; have been constructed for £ < n and that (10)
holds for k € N, k < n. We are now going to construct ¢, 41 and d;,11.
Set m = (¢, + dn)/2. By (10) it follows that for x € B,,,

w(x) =m < 3(dy = cn) < b7
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Define a function v: R? — R by v(x) := 26" Yu(xg + x) — m). Then v(x) < 1 for

x € By, and Av =2b""! fin B,,.
Assume that u({x € By, \ By,,,: v(x) <0}) > %,u(Brn \ By,,,). We recall that the
ball B, > has center 0 and the balls B,, have center xo. For x € B, ;2 \ B, there exists

k € Nwith k <n — 1 such that rp41 < |x| < r¢. Then by (10) we have

v(x) = 20" Nu(xo +x) —m) < 20" N(dy —m) < 20"V (dy — cx)

n—1 Inb/Ina Inb/Ina
a~L\r Tk+1
Inb/Ina
< 2b< L(ry) ) .
L(|x])

Ifx e Bf/z, then L(|x|) < L(r/2) and u(xo + x) —m < d; — c; = 1; hence

an—lL(r/2)>lnb/lna B 2( L(ry) )lnb/lna - 2( L(ry) )lnb/lna
L(r/2) - T\ L(/2) ~ "\ L(x]) '

v(x) <201 = 2<

We want to apply Lemma 2 with » = r,,11. Note that r, = ¢,(r,,+1). In order to apply
Lemma 2 we need to verify that 26" ~!| f| < L(¢(r,41)) = a”~'L(r/2). But this holds
true because | f| < 3L(r/2) and (b/a)"~! < b/a < 2a~! < 1. Thus we find that for
some a > 2 and 6 € (0, 1), not depending on v or r, we have v(x) < 1 — 6 on B
Going back to u, we deduce

n+1°

1-6

d
u(x) < — b 4 ntdn forx € B

2 Tn41°
_ _ . 1-631-n cp+d, . . . .
We take cy41 = ¢, and dyy1 = min{d,, 526!~ + 23} This choice implies that
dpy1 —Cngp1 < b7
tv(x) <0} < %,u(B," \ By, ,) we repeat the previous

In the case u({x € By, \ By, :
argument with —v instead of v and deduce

+dy

1—6
u(x) > -5 bl 4 Cn 2 forx € By, ,.

This time we choose ¢;4+1 = max{cn, —%bl_” + "’;—d"} and d,+1 = d,. Finally, we
set B :=1Inb/Ina.

We have completed the proof in the special case where conditions (Aj) and (Ko)
hold true with Ry = oo. Now, let us assume that conditions (A;) and (Kp) hold true
for some Ry < 00, i.e., there is £: (0, Rg) — (0, co) satisfying fORO(E(s)/s) ds = o0
gnd conditions (£1)—(¢3) for some c;, € (0,1), cy = 1, and y € (0,2). We define
£: (0, 00) = (0, c0) by

Us) = £(s) for0 < s < Ry,
" |(s—Ro/2)"" fors > Ry.
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Lemma 10. The function v satisfies (£1)—(€3) with Ry being replaced by oo and for some
¢ €(0,1),cy >1,andy € (0,2).

Proof. Assume Rp > 0. Condition (£1) obviously holds true. When checking (¢») and
(¢3) we need to consider several cases. Both conditions hold true for Ar < R¢ because the
functions ¢ and ¢ coincide in this range. For Ar > Ry, r > Ry the conditions can easily
be verified. The only challenging case is Ar > Ry, ¥ < Rp. Let us verify (£2) in this case,
i.e., show that

€rr) = CLAVEr) & (rh— Ro/2)™Y = ATV e(r), (11)
which is equivalent to

rA

(rA — Ro/2)7Y
rk — Ro/2

7 r=V >7crl(r) and (

Y ~
) r Y >7crl(r).
Since the fraction on the left-hand side is bounded in [1, 2] for A > Ry, it is sufficient
to show r=" > Cp€(r) in the case r < Ry < Ar for some ¢, € (0, 1). Let us prove this
assertion in two cases separately. In the case Ry/2 < r < Ry < Ar we conclude that

L(r) () dod. d 4 G
< U(Ro/2)cu2! Ry“r! < €(Ro/2)cy2? < U(Ro/2)cy2! —,
E(Ro/2) 0 Ry

£(r) = £(Ro/2)

which proves the assertion. In the case r < Ry/2 < Ro < Ar we proceed as follows:

URo/2) ) E(Ro/2)

0y = <
TR = cp(Ro/2r)

= cr(Ro/2)"L(Ro/2)r 7.

Thus we have shown
0ra) > A Ye(r) forallr > Oand A > 1

for an appropriate choice of ¢7.. In other words, the function ¢ satisfies condition (€2) with
Ry being replaced by oo. It remains to show

(ra) < Cyrde(r) forallr > Oand A > 1

for an appropriate choice of ¢y. As explained above, it remains to show this estimate in
the case r < Ry < Ar.Forr < Ryp/2 < Ry < Ar we obtain

L(Ar) _ (Ar — Ro/2)77 £(Rp/2) (t3) - B )
«ry — £(Ro/2) ) = 2 R TR/ DT cu (Rof2r)

< 2Ry e(Ro/2) " eyrd.

If Ro/2 <r < Ry < Ar,

(o) (= Ro/D 77 U(Ro/2) @), _, S y
) - Ryt S R (R e (Rozn

<2"RyTe(Ro/2) " ept < 2V RV E(Ro/2) e Al O
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Next, define a modified kernel function K (x, h) by

K(x, h) for 0 < |h| < Ro,

K(x,h) =
OB = hah) = Roy2)7 for |hl = Ro,

with y as in (£7). Let us denote the integrodifferential operator corresponding to K by A
Since u solves Au = f, the function u also solves

Zu:f—}—(AV—A)u::f.

Due to t~he definition of K , the image of u under the operator A — A is a bounded function,
hence f is a bounded function. Now we apply the previous proof (Ryp = 00) and obtain,
for every r > 0,

(o) —u@)l _

< L llulloo + L) f i,
cvebys L4x —yD=P > &)

+ cL(rPNIA = Aull Lo, (12)

for some positive constant ¢ > 0. Note that

I(A — A)ullzos,) < 2lulloo Sup / (K (x, h) + K (x, h))dh < ¢||ull
R9\Bg,

x€B,
for some constant ¢’ > 0. Since L(Ry/2) < L(r) for 0 < r < Ry/2 we conclude that
I(A — A)ulloo(s,) < ¢'L(Ro/2)™ L) lulloo
and finally

ux) —u )| _

up - —5 < (c+L(Ry/D™HL llulloc + LN fllLe,). O
X,Y€B; 4 (|)C - y|)

5. An approach to regularity via stochastic processes

As explained in the introduction, the aim of this section is to provide an alternative ap-
proach to Theorem 3 using stochastic processes. First, let us formulate our assumptions
and results. As in the first part, we assume that 0 < o < 2 and K : R? x (R? \ {0}) —
[0, 00) is a measurable function satisfying (K¢) and the symmetry condition K (x, ) =
K (x, —h) for all x, h. Instead of condition (A) we assume the following:

At <K(x,h)<ic@ for0 < |h| < 1, (K)

|h|d — I B
where k > 1 and £: (0,1) — (0, 00) is locally bounded and varies regularly at zero
with index —a € (—2, 0]. Possible examples could be £(s) = 1, £(s) = s73/2 and

s)=s"F 1n(2/s)2 for some B € (0, 2) (see Appendix for a more detailed discussion).
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These assumptions on K (x, i) differ slightly from the ones in Section 1. Concern-
ing the behavior of K (x, h) for small values of ||, these assumptions are slightly more
restrictive. We suppose that there exists a strong Markov process X = (X, P,) with tra-
jectories that are right continuous with left limits associated with A in the sense that for
every x € R?,

(1) Px(Xo=x) =1,
(ii) forany f € Ci (Rd) the process (f(X;) — f(Xo) — fé Af(Xs)ds);>0 is amartingale
under P,.

Note that the existence of such a Markov process comes for free in the case when K (x, &)
is independent of x (see Section 2). In the general case it has been established by many
authors in different general contexts (see the discussion in [AK09]). Denote by 74 =
inf{t > 0: X; € A} and T4 = inf{r > 0: X; € A} the first exit time resp. hitting time of
the process X for a measurable set A C R9.

Definition 11. A bounded function u: R? — R is said to be harmonic in an open subset
D C R? with respect to X (and A) if for any bounded open set B C B C D the stochastic
process (1(XczAr))i=0 1s a Py -martingale for every x € RY.

Before we can formulate our results we need to introduce an additional quantity. Note
that (Ko) and (K) imply that fol sl(s)ds < c for some constant ¢ > 0. Let L: (0, 1) —
(0, 00) be defined by L(r) = frl (£(s)/s)ds. The function L is well defined because

L) < r2 frl s2(€ (s)/s)ds < cr~2. See the table in Section 1.2 for several examples.
We note that the function L is always decreasing.

Remark. The definition of L here is different from the definition in Section 1. The reason
is that here we are able to work without specific assumptions on K (x, &) for large values
of |h|.

The result analogous to Theorem 3, which we prove with probabilistic techniques, is the
following theorem.

Theorem 12. There exist constants ¢ > 0 and y € (0, 1) such that for all r € (0, 1/2)
and xo € RY,

(x —yD7”

L
lu(x) —u(y)| = cllulloo Lo V€ By /4(x0), 13)

for all bounded functions u: R — R that are harmonic in By (xq) with respect to A.

Let us comment on this result. It is important to note that the result trivially holds if the
function L : (0, 1) — (0, co) satisfies lim,_, o4+ L(r) < oco. This is equivalent to

(kD
/Bl G dh < o0, (14)
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which, in the case K (x, h) = k(h), means that the Lévy measure is finite. Thus, for the
proof, we can concentrate on cases where (14) does not hold. One could say that our result
holds true up to and across the phase boundary determined by whether the kernel K (x, -)
is integrable (finite Lévy measure) or not.

Furthermore, note that the main result of [BL02] is implied by Theorem 12 since the
choice £(s) = s7%, a € (0, 2), leads to L(r) =< r~%. Given the whole spectrum of pos-
sible operators covered by our approach, this choice is a very specific one. It allows one
to use scaling methods which are not at our disposal here. Table 1 in Section 1 contains
several admissible examples. Note that (13) becomes trivial if L(0) < oo.

The main ingredient in the proof of Theorem 12 is a new version of Proposition 5
which we provide now. Define a measure p by

iy = LD

= Ll O o

Moreover, for a > 1, we define a function ¢, : (0, 1) — (0, 1) by ¢, (r) =L Y a'L)).
The following result is our modification of Proposition 5.

Proposition 13. There exists a constant ¢ > 0 such that for alla > 1, r € (0, 1/2) and
measurable sets A C By, ) \ Br with u(A) > %;,L(B%(r) \ B;), the inequality

Ina
]PX(TA < Tqua(r)) = ]P)X(X‘L’Br € A) =c 7

holds true for all x € By ;.

The novelty of Proposition 13 is the definition and use of the measure . It allows us
to deal with the classical cases as well as with critical cases, e.g. given by K(x, h) <
k|~ 1, ().

Note that we use the notation f(r) =< g(r) to denote that the ratio f(r)/g(r) stays
between two positive constants as r converges to some value of interest.

6. Probabilistic estimates

Proposition 14. There exists a constant C1 > 0 such that for xo € R, r € (0, 1 /2) and
t >0,
Py (TB,(xg) < 1) < C1tL(7).

Proof. Letxg € R4, 0 < r < 1 and let fe CZ(R%) be a positive function such that

lx —x0l%,  |x —xol <r/2,

, |x —xol = 1,
and for some ¢; > 0,

9% f

<cir and
Bxii)xj

(x)

<cq.

d
|f ()] < err?, ‘a—fm
Xi
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By the optional stopping theorem we get
IATBr (x)
Ex f(Xintp, ) — J(x0) = ]EX/O Af(Xs)ds, 1t>0. (16)
Let x € B, (xo). We estimate Af (x) by splitting the integral in (2) into three parts. First
[ e = 700 = V500 KL ganK e db
Br
2 2—d 2
<o [ PR mdh < ex [ P ah < e,
B, B,

where in the last line we have used Karamata’s theorem (see property (2) in Appendix).
On the other hand, on B we have

[ e = fenk @ mdn <20 £l [ K

52||f||oo(:</ |h|—de<|h|>dh+f K(x,h>dh)5c4r2L(r>,
BI\B, B¢

where we have applied property (5) from Appendix. Note that

f h-V @)K (x, h)dh‘ —0.
Bi\B,

Therefore, by property (1) from Appendix we conclude that there is a constant cg > 0
such that for all x € B, (x¢) and r € (0, 1) we have

Af (x) < cer’L(r). 17

Letuslook again at (16). On {zp, (r,) <t} we have XMfBruO) € B, (xp)€ and so f(X,MBr(XO))
> r2. Thus, by (17) and (16) we get

]PX()(TBr(xo) S t) S CGL(F)[ o

Proposition 15. There are constants Cy, C3 > 0 such that for xg € R4,

sup Ex1g,(xp) < r e (0,1/2),

C
xeR4 L(r) ’
inf E . G € (0,1/2)
in T —, r , .
Xx€By/2(x0) B0 = L(r)
Proof. The proof is similar to the proof of the exit time estimates in [BL02] (see also the
proof of Proposition 17):
(a) First we prove the upper estimate for the exit time. Let x € R4, r € (0,1 /2) and

let
S=inf{t > 0: |X; — X;_| > 2r}
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be the first time of a jump larger than 2r. With the help of the Lévy system formula (see
[BLO2, Proposition 2.3]) and (K) we can deduce

L(r)~'AS
PSS <L =E Y Tpwox -2 =1Ex/0 | K ands
B

t<L(r)~'AS or
Lo
Q dt.
2r

> B [L(r) "' A S] (18)

Since L is regularly varying at zero,
Ec[L(r)™ A S]= L)' Pu(S > L) ™) = 2L 2r) 7 (1 =Po(S < L(r) ™)
and so it follows from (18) that

P(S <L) >c3 (19)

with ¢3 = =5L2- € (0, 1). The strong Markov property and (18) lead to

crea+l
Po(S>mLr)™) <1 —c3)", meN.
Since 1, (x,) < S,
00
ExT8,0) < ExS < L)™' Y (m + DPL(S > L)™' m)
m=0

<LE)T D) m+ DU -3

m=0

(b) Now we prove the lower estimate of the exit time. Let r € (0,1/2) and y €
B, /2(x0). By Proposition 14,

Py(tB,(xg) 1) < Py(t8,,(0) =1) < C11L(r/2), >0,
since B;/2(y) C B, (xp). Choose t = m Then

Eyt8,(x) = Ey[TB,(x0)} TB,(xg) > 1] = 1Py (T, (xg) > 1)

1
> [(1 - C]L(I"/Z)t) = m

By (3) from Appendix we know that L is regularly varying at zero. Hence there is a
constant ¢; > 0 such that L(r/2) < ¢1L(r) for all r € (0, 1/2). Therefore

1

E >
VB 0) = ge e L)
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Proposition 16. There is a constant C4 > 0 such that for all xo € R? and r, s € (0, 1/2)
satisfying 2r <s,

Py(Xey o & By(xo)) < Cy o)
su ) 5 (x0)) < Ca—rr.
xEBrFxo) F o) ’ L(r)

Proof. Let xg € R4, r, s € (0, 1/2) and x € B,(xp). Set B, := B,(xp). By the Lévy
system formula, for # > 0,

T, NI
Py €80 =Ex 3 L enovemy =B [ [ KXuz=X)dzav.
0 ¢

V<tTp, Nt
Lety € B,. Since s > 2r, it follows that B,/>(y) C B, and hence

1
L(u

/ K(y,z—y)dz 5/ K(y,z—y)dz 561/ ) )du+cz < c3L(s),
B¢ By ()° s/2 U

where in the last inequality we have used that L varies regularly at zero and that
lim; o4 L(r) > 0 (see (5) in Appendix).
The above considerations together with Proposition 15 imply

L(s)
]P)X(X‘[Br/\t & Bs) < C3L(S)EXTB, =< C4L(r) .
Letting t — oo we obtain the desired estimate. O
For xo € R? and r € (0, 1) we define the measure
£(x — xol) —d
dx) = —— |x — Tx—xg|<1} dX. 20
Ixo (dX) L(x — o) 1x = xol ™ Lyjx—xo| <1) dX (20)

Define @, (r) = L~ (a~'L(r)) forr € (0,1) anda > 1. The following property is
important for the construction below:

r=L"YL) < L@ L) = ¢a(r). (1)

Now we can prove a Krylov—Safonov type hitting estimate which includes Proposi-
tion 13 as a special case.

Proposition 17. There exists a constant Cs > 0 such that for all xy € RY a > 1,
re€(0,1/2)and A C B%(r) (x0) \ By (xq) satisfying Mxq (A) > %,uxo (B(pa (r)(x0)\Br (x0)),

Ina
P_V(TA < tB(pa(r)(XO)) Z ]P)y(XTBr(XO) € A) 2 CST: y € Br/Z(XO)

Proof. Consider xo € Ri,a > 1,r € (0,1/2) and a set A C By, () (x0) \ Br(x0)
satisfying 1y, (A) > 3 itey(By,(r)(X0) \ Br(X0)). Set b := iy, ¢ = @, By := By(x0)
and let y € B, 2. The first inequality follows from {er, € A} C {Tx < rgw(r)} since
A C By \ Br.
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By the Lévy system formula, for ¢ > 0,

Py(Xep e € A) =K, Z Lix,_eB,, X,eA)

S<TB, N
TR, Nt
=]Eyf f K(Xs,z— X5)dzds. (22)
0 A
Since |z — x| < |z — x|+ |[xo —x| < |z —x0|+r < 2|z—x¢| forx € B, and z € Bf,
Tp, Nt z —
B, [ [ KXz-xodzas z ey to, an [ S0 o)
“Jo A A lz—xol
where we have used property (4) of Appendix.
Since L is decreasing,
£(z = xol)
——— 7 dz= [ L(z—xo) u(dz) = L(p(r))un(A)
A lz—=xol A
L(r)
= _2(1 U(By@y \ Br). (24
Noting that
01 g(s)ds
1By \ Br) = Cz/r T = el LI = calna,

we conclude from (22)—(24) that

I
Py (Ts < 5 ) > 3L(r)——E, (15, A 1],
a

a () (X0)
Note that the above estimate provides an alternative proof of the first assertion of Propo-
sition 15. Letting + — oo and using the lower bound in Proposition 15 we get

Ina

Ina Ina _1
Py(Ta < ‘L'Bw(r)(x())) > c3L(r) 7 Eyrp, = c3L(r) 7 CiL(r)”" = c3C3 O

a
7. Proof of Theorem 12

Let xo € RY, r € (0, 1/2) and x € B,/4(x). Using (4) from Appendix with § = 1, we
see that there is a constant ¢y > 1 such that

L) _ () 0 " <172 25
L(s/)_c()(?) , <s<s <1/2. (25)

For n € N define
rai=L Y Lr/2)a™™ ") and s, i=3|ulleb” "V

for some constants b € (1,3/2) anda > ¢02%T! that will be chosen in the proof indepen-
dently of n, r and u. As we explained in the introduction, Theorem 12 trivially holds true



Intrinsic scaling properties for nonlocal operators 1007

if lim,_, o4 L(r) is finite. Thus, we can assume lim,_, o4+ L(r) is infinite. This implies that
r, — 0asn — oo as it should be.
We will use the following abbreviations:

B, := B, (x), t,:=71tB,, My:= ilrglfu, M,, :=supu.
n Bn

We are going to prove
My —my < si (26)

forallk > 1.
Assume for a moment that (26) is proved. Then, forany r € (0, 1/2) and y € B, /4(x0)
C Byj2(x) we can find n € N such that

Tntl < |y — x| < ry.
Furthermore, since L is decreasing, we obtain with y =1Inb/Ina € (0, 1)

L(rn+1)i|_lnb/lna
L(r/2)

lu(y) — u(x)| < sp = 3b|lulloga "M/ M = 3bllulloo[

L(lx — yl)]”

< 3b||u||oo[ LG/2)

which proves our assertion. Thus it remains to prove (26).
We use an inductive argument. Obviously, M| — m| < 2ju]lco < s1.Since | < b <
3/2, it follows that
M —m3 < 2Jullo < 3llulloch™" = 5.

Assume now that (26) is true for all k € {1, ..., n} for some n > 2.
Let ¢ > 0 and take z1, z2 € B+1 so that

u(z1) <muyy1+¢/2, u(z2) > My —€/2.
It is enough to show that

u(z2) —u(z1) < Spt1, 27)

since then M, 11 — m;4+1 — € < Sy41, which implies (26) for k = n + 1, since ¢ > 0 was
arbitrary.
By the optional stopping theorem,

u(z2) —u(z1) = Eg, [u(Xe,) — u(z1)]
=E,[u(Xs,) —uz1); Xg, € Bu1]
n—2
+ Y Eo,[u(Xs,) —u(z1); Xr, € By_i—i \ Bui]
i=l1

+E,[u(Xe,) —u(z1): Xq, € Bil=11+ b + L.

Let A={z€ B,_1\ By: u(z) < (m, + M,)/2}. It is sufficient to consider the case
Ux(A) > %p.x (Bn—1\ Bp), where ., is the measure defined by (20). In the other case we
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would use pyx((By—1 \ Bp) \ A) > %,ux(B,,,l \ B;) and could continue the proof with
lulloo — u and

- - M,
(Bu—1 \ Bn)\ A = {z € By1 \ By: llulloo — u(z) < lulloo — my —iz— ]l oo i }

instead of u and A.

The estimate (25) implies a = L(rp+1)/L(ry) < co(rn+1/ rn) "%~ 1, from which we
deduce 41 < rp(coa™HV @D < 1, /2 because of a > co2%*!. Next, we make use of
the following property:
=L (Ler/)a" ) =L a ' Lr/2)a" ) = L7 a7 L)) = gara).  (28)
Then by Proposition 17 (with r = r, and xg = x) we get

Pn =P (X, € A) > Cs(Ina)/a.
Hence,
I = B, [u(Xy,) —u(z1); X, € By—1]
=K, [u(Xe,) —u(z1); X, € Al +Ep,[u(Xe,) —u(z1); X, € By—1 \ Al

(mn + M,

) _mn)pn + sp—1(1 = pn)

IA

Cslna
%Snpn +sp—1(1 = pu) < Sn—l(l - %pn) = Sn—1 (1 - 2a )

By Proposition 16,

L(rp—i)
L(ry)

n—-2 n—2
L < an—i—lez(in € By—i) < C4an—i—l
i=1 i=1

n—2
< 3Caflulloc Y b~

i=1

n—i—1 —n+3 b3
< 3C4l|u < Cy4
a1l | Hooa—b - Ta-b

a

Sn+1-

Similarly, by Proposition 16,
L(r)) 2c4b<b)"“ b>

I3 < 2|ullooPz, (Xe, & B1) < 2C4llulloo—— = Snt1 < Ca—Snt1.
L(ry,) 3 a

Hence,

Cslna Cub C
”(ZZ)_M(ZI)Ssn+1b2[l— ST +_4}

2a a—>b a
Sincea —b > a/4forb e (1,3/2)and a > c02%t! > 2, it follows that
B Cslna n Cyb +ﬂ “1- Cslna +E 1 Cslna — 14C4.
2a a—>b a 2a a 2a
Next, we choose a > ¢92%t! so large that CsIna — 14C4 > 0. Thus ¢ < 1. Finally, we

choose b € (1,3/2) sufficiently small so that b>g < 1.
Hence, (27) holds, which finishes the proof. ]

q:=1
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Appendix. Slow and regular variation

In this section we collect some properties of slowly resp. regularly varying functions that
are used in Sections 6 and 7.

Definition 18. A measurable function £: (0, 1) — (0, co) is said to vary regularly at
zero with index p € R if for every A > 0,

ey

im = A",
r—>0+ £(r)

If a function varies regularly at zero with index 0, it is said to vary slowly at zero. For
simplicity, we call such functions regularly varying resp. slowly varying.

Note that slowly resp. regularly varying functions include functions which are neither
increasing nor decreasing. By [BGT87, Theorem 1.4.1(iii)], any function £ that varies
regularly with index p € R is of the form £(r) = r”£y(r) for some function ¢ that varies
slowly.

Assume fol s€(s)ds < cforsome ¢ > 0.Let L: (0, 1) — (0, co) be defined by
1
14
L(r)= / ﬂ ds .
r S

The function L is well defined because L(r) = r=2 [ r2(¢(s)/s)ds < r=2 ['se(s) ds

< cr~2. Note that (Kg) and (K) imply that fol s€(s)ds < c does hold in our setting. We
note that the function L is always decreasing.

Let us list further properties which are made use of in our proofs. Note that they are
established in [BGT87] for functions which are slowly resp. regularly varying at co. By a
simple inversion we adapt the results to functions which are slowly resp. regularly varying
at 0.

(1) If £ is slowly varying, then by [BGT87, Proposition 1.5.9a], L is slowly varying with

. £(r)
lim L(r) =00 and im =
r—0+ r—0+ L(r)

(2) If € is slowly varying and p > —1, then Karamata’s theorem [BGT87, Proposition
1.5.8] ensures
.o sPes) ds
r—0+ rPtLe(r)

(3) If ¢ is regularly varying of order —« < O (in our case 0 < o < 2), then [BGT87,
Theorem 1.5.11]

=(p+D7"

Loy
im =a .
r—>0+ £(r)

In particular, if £ is regularly varying of order —a < 0, then sois L.
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(4) Assume ¢ is regularly varying of order —a < 0 and stays bounded away from 0
and oo on every compact subset of (0, 1). Then Potter’s theorem [BGT87, Theorem
1.5.6(ii)] implies that for every § > O there is a constant C = C(§) > 1 such that for

r,s € (0,1),
Z(r) r —a—34 r —a+4
—— < Cmax}| - N .
£(s) K S
(5) Since L is nonincreasing, we observe lim,_, o4 L(r) € (0, oo].
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