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Abstract. In this paper, we propose a strengthening of Dade’s Conjecture. This version, called
the Character Triple Conjecture, once assumed for quasisimple groups, is shown to imply Dade’s
Projective Conjecture for all finite groups. In particular Dade’s Projective Conjecture holds for a
group whose nonabelian simple sections have only covering groups satisfying the Character Triple
Conjecture. We verify the new conjecture for some classes of quasisimple groups.
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1. Introduction

In [Da92], [Da9%4] and [Da97], E. C. Dade proposed a series of conjectures on linear rep-
resentations of finite groups. Those conjectures generalize earlier conjectural statements
due to Alperin—-McKay [Al76] and to Alperin [AI87], and an important reformulation of
the latter due to Knorr—Robinson [KR89]. We propose here a strategy to reduce Dade’s
conjectures to statements on quasisimple groups. Namely we introduce a strengthening
of one of Dade’s conjectures, called below the Character Triple Conjecture 1.2, and prove
that Dade’s Projective Conjecture (see [Da94, 15.5]) holds for all finite groups if the
Character Triple Conjecture holds for all quasisimple groups (see Theorem 1.3 below).

We hope that our reduction theorem can give further motivation to the checking of
Dade’s conjectures for various quasisimple groups (see for instance [Br06]). For simple
groups with cyclic outer automorphism group, our inductive condition is equivalent to
Dade’s Invariant Projective Conjecture (see Proposition 6.6 below). Note that our work
gives evidence for the project brought forth by Dade [Da97, Section 5] although we do not
take into account the various refinements of Dade’s conjecture given by Glesser [G107]
or Uno [Uno04].

Roughly speaking, our Character Triple Conjecture can be considered as an adapta-
tion to Dade’s conjecture of the inductive conditions given by Isaacs—Malle-Navarro,
Navarro-Tiep and the author in the context of other local/global conjectures (see
[IMNO7], [NT11], [Spd13a] and [Spd13b]).

B. Spith: Fakultit fiir Mathematik und Naturwissenschaften, Bergische Universitit Wuppertal,
GauBstr. 20, 42119 Wuppertal, Germany; e-mail: bspaeth@uni-wuppertal.de

Mathematics Subject Classification (2010): Primary 20C20; Secondary 20C33, 20C34



1072 Britta Spéth

Concerning the methods used to prove Theorem 1.3, it is understood that any reduc-
tion statement has to give Clifford theory a central role (see [IMNO7], [NT11], [Spdl3a]
and [Spa13b]). Namely, studying triples (H, M, x), where M is a normal subgroup of the
finite group H and x € Irr(M) is an irreducible character of M, is of crucial importance.
In particular, characterizing how two such character triples are to be considered equiva-
lent with regard to our particular purpose seems to be a good way to start any study. This
method allows a remarkable flexibility as to what can be required in terms of blocks or
character degrees, while remaining very elementary in the questions raised.

Continuing our investigations developed in [Spdl3a], [NS14] and [KS15], we pro-
pose here another variant of equivalence relation on character triples (see Definition 3.6),
and show several properties useful for our study of Dade’s conjectures. This leads us to
formulate our reduction theorem in those new terms.

Before stating the conjecture and the main result we recall some relevant notation.
Fix a prime p. For a finite group G we denote by B(G|0,(G)) the set of p-chains of G
starting with O, (G) (see Definition 6.1). For D € ‘B(G|0,(G)) with

D=({Dy=0,(G) <D <---<Dp)

we denote by |D| the integer /, called the length of ID. This notion partitions B (G0, (G))
into the set of p-chains of even length, denoted by B(G|O,(G)), and the set of
p-chains of odd length, denoted by B(G|O,(G)) . For a p-block B of G and an element
D e P(G) we denote by Gp the normalizer of D in G and by Bp the set of all p-blocks b
of Gp with b¢ = B, where b€ is the block obtained via Brauer induction (of blocks).

For x € Irr(G) we denote by d(x) the defect of x, which is the integer i such that
pix (1), = |Glp, where as usual for an integer j we denote by j, the maximal p-power
dividing j. For a nonnegative integer d, and any set C of p-blocks of G, the set Irr? (C)
consists of all characters with defect d belonging to a block in C. Now for a p-block B
of G, Cd(B)+ is defined to be the set of all pairs (D, #) with D € P(G|0,(G))+ and
6 e Irt?(Bp), and one obtains C?(B)_ analogously. The group G acts naturally on
C4(B) and C?(B)_ by conjugation. For (D,0) € C%(B); we denote by (DD, 0) its
G-orbit and by C4(B), and C?(B)_ the corresponding sets of G-orbits.

With this notation, Dade’s Projective Conjecture 15.5 from [Da94] can be rephrased
in the following way (see Proposition 6.2 for more details).

Conjecture 1.1. Let p be a prime, d an integer, G a finite group with O,(G) < Z(G),
and B a p-block of G with a noncentral defect group. Then there exists a bijection

Q:C4(B)y — C4(B)_
such that 6o,G) and 9617(6) are multiples of the same irreducible character whenever

(D, 0) € C*(B)y and (', 0') € Q((D, 9)).

According to [Da94, Theorem (18.14)] the above conjecture for all groups implies the
Alperin—-McKay conjecture for all groups, and according to [Da92, Theorem 8.3] it also
implies the Alperin weight conjecture for all groups.
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As above, one can interpret Dade’s Projective Conjecture as the existence of a bi-
jection. Then one can strengthen this conjecture by requiring additionally that characters
associated to each other via this bijection give character triples that satisfy the new equiv-
alence relation introduced in Definition 3.6.

Conjecture 1.2 (Character Triple Conjecture). Let p be a prime, d an integer, G a fi-
nite group with O,(G) < Z(G), and B a p-block of G with a noncentral defect group.
Suppose that G <1 A. Then there exists an A p-equivariant bijection

Q:C4(B)y — C4(B)_
such that for every (D, 0) € C4(B), some (D, 0") € Q((D, 0)) satisfies
(Ap,p, Gp, 0) ~G (Ap e, G, 6")
in the sense of Definition 3.6.

This conjecture for a given group G implies Dade’s Extended Projective Conjecture
[Da97, 4.10] for G (see Proposition 6.4). The author suspects that it is in fact stronger
than Dade’s Final Conjecture proposed in [Da97, 5.8], but this should be the subject of
future investigations. In addition our new conjecture holds for p-solvable groups (see
[Spdl4]).

The main aim of the paper is to prove the following statement.

Theorem 1.3. Let S be a set of simple nonabelian groups such that every covering
group X of some S € S satisfies Conjecture 1.2 with respect to X <t X x Aut(X). Then
Dade’s Projective Conjecture (Conjecture 1.1) holds for every finite group G if every
nonabelian simple group involved in G is contained in S.

This gives another approach to verifying the Alperin weight and the Alperin—-McKay
Conjectures via making use of the classification of finite simple groups.

The proof of Theorem 1.3 is mainly built on the study and properties of the equiva-
lence relation from Definition 3.6 on character triples. This equivalence relation allows us
to control the Clifford theory of characters, especially with respect to blocks. In Section 8
this is applied to verify the reduction statement via the following steps:

(i) A minimal counterexample G has been described in [ER02] and has a normal per-
fect subgroup K such that K /Z(K) is the direct product S” of groups isomorphic
to a nonabelian simple group S. This group generates together with the centre of G
the generalized Fitting subgroup.

(i) According to [Ro02] it is sufficient to consider the cardinality of character sets as-
sociated with the chains of K.

(iii) The universal covering of K is a group of the form §’ where S is the universal
covering group of S. The p-chains of K and the cardinalities of the character sets
from (ii) can be studied via characters of subgroups of S x Aut(S’ ) thanks to
Theorem 5.3.

(iv) Chains of S and associated characters in the interplay with the wreath product struc-
ture of S" Aut(S’) are studied in Section 7. (Slightly similar considerations already
appear in [EHO2].)
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Later on we give examples where Conjecture 1.2 holds for covering groups of nonabelian
simple groups. Based on earlier work on Dade’s Invariant Conjecture we prove that the
Character Triple Conjecture holds for most sporadic groups. Blocks with cyclic defect
also satisfy this conjecture. A further example is given by the quasisimple groups SL»(g).

The paper is structured in the following way: After setting the notation and some basic
lemmas in Section 2 we introduce in Section 3 our equivalence relation between character
triples. Basic properties of this relation are then investigated in Section 4. In Section 5 we
prove that two major constructions of irreducible characters give a way to obtain new
pairs of equivalent character triples and investigate their nature (see Theorem 5.3). Using
this new equivalence relation we propose in Section 6 a new version of Dade’s Conjecture
and prove that it is a strengthening of Dade’s Extended Projective Conjecture. In Section 7
we investigate p-chains of direct products and study how wreath products act on them.
This proves some implications of the Character Triple Conjecture for quasisimple groups.
In Section 8 we construct an equivariant bijection between certain pairs of characters and
p-chains using combinatorial arguments and apply it to prove our main result, namely that
a minimal counterexample of Dade’s Projective Conjecture cannot exist if all quasisimple
groups satisfy the Character Triple Conjecture. We conclude by giving some examples of
quasisimple groups satisfying the latter conjecture.

2. Notation and basic observations

This section introduces some notation and gathers basic results about induced blocks. The
notation is based on that introduced in [NT89] and [Na98]. All groups in this paper are
finite. We use R. Brauer’s definition of induced blocks (see [Na98, p. 87]).

Notation 2.1. We denote by tr(M) the trace of a matrix M. Let p be a prime. Let R be
the ring of algebraic integers, and let O be a localization of R at some maximal ideal
containing pR. Let [ be the residue field of O. Accordingly charF = p. See Chapter 2
of [Na98] for details and exact definitions. Let ()* : O — T be the associated canonical
epimorphism.

For a finite group G we denote by Irr(G) the set of ordinary irreducible characters
of G. For a character ¢; € Irr(G) and H < G we denote by ¢ g the restriction of ¢;
to H. The set of p-blocks of G form BI(G), and Bl,(G) is defined to be the set of
p-blocks with noncentral defect groups. Recall that for x € Irr(G) we denote by d(x) the
defect of yx, that is, the integer d with p? = (IG1/x(1))p. This defines the set I (G) :=
{x € Irr(G) | d(x) = d} for any integer d.

For a character x € Zxolrr(G) we denote by Irr(x ) the set of irreducible constituents
of x and by Irr(G | v) the set of irreducible constituents of v¢ where N < G and
v € Irr(N). As always let Char(G | v) be the set of characters of G whose irreducible
constituents are contained in Irr(G | v). For x € Irr(G) we denote by A, : Z(FG) — F
the associated central function. For b € BI(G) the central function A, : Z(FG) — F
is defined as A, = A, for any x € Irr(b). Also, if x € Irr(G) we denote by bl(x) the
p-block of G containing x. Moreover €l (x) is the G-conjugacy class containing x € G.
For any subset C € G, C * denotes the sum > cec X seen as an element in FG or ZG.
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For H < G and b € BI(H) we denote by »C the induced block, when it is defined,
and if H < G, then BI(G | b) is the set of p-blocks of G covering b. For B a p-block
or a set (sum) of p-blocks of G we denote by Irr(B) the ordinary characters belonging
to (a block in) B. For nonnegative integers d we set I (B) := Irr?(G) N Irr(B) and
Irr? (B | v) := Irt?(B) N Irr(G | v) where N < G and v € Irr(N) .

If N < G and 7 € Irr(N) we denote by G the stabilizer of t in G, also sometimes
called the inertia group and denoted by Ig (7). For B € BI(G) we define Irr(B | 1) :=
Irr(B) N Irr (G | 7).

Lemma 2.2. Let N < G andlete : G - G/N = g be the canonical epimorphism. Let
6 € Irr(N) and suppose that there is an extension 6 € Irr(G) of 6. Let 7 € Irr(G) and
n:=noe €lrr(G). If x € G, then

gy (€l ()) = 2z, (€lg(x) NxN) Hg(Clz @ ™).
(Note that 577 € Irr(G) according to [1s76, Corollary (6.15)].)
Proof. From [NS14, Lemma 2.2] we know

Ay (Cla (D)) = Az, (L) DAF(EHEE ™),

where L/N = Cgz(X) and X := e(x). By the definition of L we observe that
€l (x) is contained in xN and coincides with €lg(x) N xN, hence Ag, €l =
Ag{N,X) ((Clg(x) NxN)™). O

The above formula is used for the proof of an adaptation of [NS14, Proposition 2.3] to
the situation we consider in the later sections.

Proposition 2.3. Let N << G and Hi, H, < G suchNthat NH, = NH, = G. Write
My :=NNHjand My := N N Hy. Fori = 1,2 let 0; € Irr(H;) with 0; y; € Irr(M;).
Assume moreover that:

(i) for every N < J < G with J/N cyclic, the blocks bl(gl,mH])J and bl(gz’mHZ)J
are defined and equal:
bl@1, )’ = bl m) 7
(ii) for every ¢ € BI(H | bl(6))) the block cC is defined.

Then for every n € Ir(G) with N < ker(n), the block bl(@gnHZ)G is defined and
b1(917}H1) = bl(@anz)G (Note that b1(917IH1) and bl(@znyz) are well-defined since
Hi /My = Hy/My; = G/N implies 9177[-[1 € Irr(Hy) and 927]H2 € Irr(Hy) according to
[Is76, Corollary (6.15)].)

Proof. Let n1 := np, and 02 := np,. Note that because bl(@ml) € BI(H; | bl(6y)), the
block bl(@ln Y is defined by (ii). Hence, by definition, it is sufficient to show

Mg (Clg(x) N H)h) = Ay, (€l (x) N Hy)*) foreveryx € G,
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since this implies that bl(627,)C is defined and bl(8171)C = bl(9212)C. Let X := xN, let
x1 be the image of X via the isomorphism G/N = H;/M; and let x; € H; be such that
x1M1 = Xx1. According to Lemma 2.2, we have

Mg (Clg(x) N HDT) = A gy (G () 0 X1 M) ")z, (Clyy ay (X))

where 77; € Irr(Hy/M)) is the character that lifts to 5. Let X, be the image of X via
G/N = Hy/M>, and let xo € Hj be such that xo M, = X,. Analogously

My, (Clg () N H2)T) = A,

(Myny) ((Clg (x) N x2M2) )i, (€lpy 1, (X2)),

where 17, € Irr(Hy/M>) lifts to 1,. By the definition of 77; and 77, we see that
A, (€l (X1)) = Ag, (g, M, (X2)).
Since bl(81. (41,6, = bl(Ba, (41.1,)) ¥ by assumption (i), we have
Mgy ) (€l () Ny M)T) = Aty gy (ElG () N xoM2)™).

This implies

Ao (€l (x) N H)T) = A, (€l (x) N H)T),

and hence bl(glm)G = bl(gznz)G- =

2.4. Dade’s ramification group G[b]

Later we compare induced blocks. This task is significantly simplified by using Dade’s
ramification group G[b], introduced in [Da73]. If N << G and b € BI(N), we denote
by G[b] the group generated by N and all elements x € G with A (Cliy x (X)) # 0
for some block b™) BI({N, x)) covering b. (This is an equivalent definition of G[b]
following ideas of [Mul3]; see [KS15, Proposition 3.1] for more details.)

Proposition 2.5 (Properties of Dade’s ramification group). Let N <t G and b € BI(N)
be G-invariant. Then

(a) G[b] < NCg (D), where D is a defect group of b, ~
(b) A;(C[J(x)Jr) =0forevery N <J <G, x € J\ G[b]land b € BI(J | D).

Proof. Part (a) is a consequence of Dade’s description of G[b] given in [Da73, Corol-
lary 12.6] (see also [Mul3, Theorem 3.13]). Part (b) follows from the definition of G[b]
given above. O
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3. A new equivalence relation between character triples

The goal of this section is to establish the announced new equivalence relation between
character triples and describe its first properties. This equivalence relation helps to prove
Theorem 1.3, since it enables one to control and compare the Clifford theory of different
characters.

Recall that a triple (G, N, x) is called a character triple if N < G and x is a G-in-
variant irreducible character of N (see [Is76, p. 186]).

Many properties of a character triple are reflected by a projective representation that
can be deduced from the character of the (character) triple. In our setting we are mainly
interested in projective representations obtained that way satisfying some additional prop-
erties (see also [NT89, 3.5.7] and [NS14, Section 3]).

Definition 3.1 (Projective representations associated with a character). Let (G, N, x)

be a character triple and D a (linear) representation of N affording yx. Then a projective

representation P of G is called a projective representation of G associated with x if

i) P(gn) = P(g)D(n) and P(ng) = D(n)P(g) foreveryn € N and g € G, i.e.,
Py = D and the factor set o of P is trivial on (G x N) U (N x G),

(i1) the values of the factor set o are roots of unity.

For a given character triple (G, N, x) and a linear representation D of N affording x
there exists a projective representation P of G associated with x (see [NS14, Theorem
3.1(a)] based on [Is76, Theorem (11.2)]). Then the factor set & of P determines a map
o:G/N x G/N — C (see also [NS14, remark before Theorem 3.2]).

Recall the definition of an isomorphism of character triples. Let (Hj, M1, 61) and
(Hz, M>, 65) be character triples and let ¢ : Hy/M|; — H>/M>; be an isomorphism. For
every group J with M| < J < H; we denote by J* the group with M, < J* < H, and
J'/My = «(J/M), and by 7' the character of J*'/M, associated to n € Irr(J /M) via .
Suppose that for every subgroup J with M| < J < Hj there exists an additive bijection

oy : Char(J |61) — Char(J'|6,)

satisfying oy (Ire(J | 01)) = Irr(J | 62) such that for 7, J with My < [ < J < H; and
Y, ' € Char(J | 61) the following conditions hold:
@) o1 (Y1) =051,
(i) oy(¢¥n) = o (¥)n' for every n € Irr(J/My).
Let o denote the union of the maps oy for M| < J; < Hj. Then the map (t,0) :
(Hy, M1,601) — (Hz, M2, 6,) is called an isomorphism of character triples (see also
[Is76, Definition (11.23)]).

Further the isomorphism (¢, o) is strong if

o ()" = o (y")

forevery J with M| < J < Hy, h; € Hy and ¢ € Char(J |6y), where ho My = t(h1 My).
(See also [Is76, Exercise (11.13)].)

We use the following generalization of [NS14, Theorem 3.2] and assume thereby the
following setting.
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Hypothesis 3.2. Let N <1 G, and let (Hy, M1, 61) and (H>, M>, 67) be character triples
withG = NHy = NHy, M| = NN Hjand M, = NNHy. Let.: H /My — H>/M> be
the canonical isomorphism. Assume that there exist projective representations P; and P,
of Hy and H> associated with 6 and 6, respectively, with factor sets oy and oy such that
a1(x,y) =0(t(x),t(y)) forall x,y € H /M.

Theorem 3.3. Assume Hypothesis 3.2. Then there exists a strong isomorphism of char-
acter triples

(t,0) : (Hy, My,61) — (Hp, M3, 0),

where for every N < J < G the map
oynH, : Char(J N Hy|61) — Char(J N H> | 6>)

is given by
oing, tr(Qyna, ® Prng)) = t(Qinm, @ P2 ynw,)

for any projective representation Q of J whose factor set is the inverse of that of P1,jnm,
and which is the lift of a projective representation of J/N.

Proof. The arguments from [NS14, proof of Theorem 3.2] apply here: By [NS14, The-
orem 3.1(c)], every y € Irr(J N Hj |6y) is the trace of some representation of the form
Q1 ® P1,snH,, where Qj is a projective representation of J N H; that is the lift of a pro-
jective representation of (J N Hy)/M; whose factor set is the inverse of that of Py jnp;.
Also, Qg is uniquely determined up to similarity and defines a projective representation
of J and J N Hj. It is straightforward to check that this defines a strong isomorphism of
character triples. O

In a slight generalization of the terminology of [NS14] we call (t,0) : (Hy, My, 61) —
(Ha, M>, 6) as above an isomorphism of character triples given by (the projective repre-
sentations) P and P,.

If Cc(N) < Hy N Hy, by Schur’s Lemma the matrices P (x) and P, (x) are scalar for
all x € Cg(N). Recall that for J with J < K and ¢ € Irr(K) we denote by Irr(7) the
set of irreducible constituents of ;.

Lemma 3.4. Assume Hypothesis 3.2. Let (1,0) : (Hy, My, 61) — (Hy, M2, 62) be an
isomorphism of character triples given by the projective representations Py and P>. As-
sume Cg(N) < Hy N Hy. Then the following are equivalent:

(i) For every x € Cg(N) the matrices P1(x) and P>(x) are scalar matrices associated
with the same ¢ € C.
(i) Irr(Yc,vy) = Irr(oynm, (W)c,v)) for every J with N < J < G and € Irr(J | 6y).

Proof. The arguments of [NS14, proof of Lemma 3.3] apply with mild modifications.
O
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In the situation of Lemma 3.4, we say that (Hy, M1, 61) and (Hp, M>, 6») are N-central
isomorphic character triples and that (1, o) is an N-central isomorphism of character
triples.

The following lemma is often used and is basic for the definition of N-block isomor-
phic character triples in Definition 3.6.

Lemma 3.5. Assume Hypothesis 3.2. Additionally assume that for i = 1,2 some defect
group D; of bl(6;) satisfies Cg(D;) < H;. Then

(@ Cg(N) < Hi N Hy,

(b) for every c; € BI(H; | 6;) the block bl(c,-)G is defined.

Proof. This follows from [NT89, Lemma 5.5.14 and Theorem 5.5.16(ii)]. ]

Definition 3.6 (N-block isomorphism of character triples). Let (¢, o) : (H{, My, 61) —
(Hz, M>, 6>) be an N-central isomorphism of character triples. Assume that fori = 1, 2
there exists some defect group D; of bl(6;) with Cg(D;) < H;.Ifforevery N < J < G
and ¢ € Irr(J | 0) the equality
bl(aynm () = bl(y)’
holds then we say that (¢, o) is an N-block isomorphism of character triples. (Recall that
according to Lemma 3.5(b) the blocks bl(o/n, (¥))’ and bl(y)” are defined.) In this
situation we write
(Hy, My, 01) ~N (Hy, M3,0;) via(i,0)

and call (Hy, M1, 01) and (H, M>, 6>) (a pair of) N-block isomorphic character triples.

In Lemma 3.8(b) we will see that ~, is an equivalence relation. The following remark
lists the properties that have to be checked in order to verify that two character triples are
N-block isomorphic.

Remark 3.7. Let N <G, and let (H1, My, 61) and (H», M>, 6») be two character triples.
Then
(Hy, My, 01) ~n (Hy, M2, 602)
if
(i) G=NH  =NHy),Mi=NNH;and My = NN Hy (let.: H /My — H>/M> be
the canonical epimorphism),

(i) fori = 1,2 some defect group D; of bl(6;) satisfies Cg(D;) < H;,

(iii) there exist projective representations P and P, associated with 81 and 6, with factor
sets a1 and aj such that & (h, ') = ay(t(h), (k') for all h, ' € H;/M;, and
the scalar matrices P;(x) and P, (x) are associated with the same scalars for every
x € Cg(N),

@iv) forevery N < J < G and ¢ € Irr(J N Hy | 61) the blocks satisfy

bl(oynm (¥)! =bl(¥)”,

where (¢, 0) : (Hy, N1,601) — (Ha, N2, 6) is the N-central isomorphism of char-
acter triples given by P; and P».

Then (¢, o) is an N-block isomorphism of character triples.
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Note that by Lemma 3.5(a) the condition in (ii) implies that the matrices in (iii) are well-
defined.

Proof. Assumptions (i) and (ii) imply that Cg(N) < Cg(D1) N Cg(D2) < Hi N H,.
Then Lemma 3.4 implies that P; and P, determine an N-central isomorphism (¢, o) of
character triples. For every N < J < G and ¢ € Irr(J N Hj | 67) the blocks bl(l/f)J and
bl(oynH, (1//))1 are defined according to Lemma 3.5, and those blocks satisfy bl(w)J =
bl(oynm, (¥))” according to (iv). o

The next statement proves that ~, is an equivalence relation on the set of character
triples.

Lemma 3.8. (a) If (Hy, M1,61) ~n (Hz, M2, 0;) and (Hy, M3, 63) ~n (H3, M3, 63),
then
(Hy, My, 01) ~n (H3, M3, 63).

(b) If (Hi, My, 61) ~n (Ha, M2, 65), then

(HHNJ,M,01) ~y (HbNJ, M3,6,) forevery N <J <G.
(c) If (Hy, My, 61) ~N (Hz, M3,02) andn € N, then (Hy, M3, 07) ~n (Hy, My, 01).
Proof. This follows from straightforward calculations. O

While the relation ~, introduced in [NS14, Definition 3.6] was in fact an order relation
and enabled us to control the relative height of characters and defect groups, an N-block
isomorphism of character triples affords less control since the characters involved have to
satisfy fewer requirements with respect to the defect groups of the associated blocks or
their heights.

Proposition 3.9. Let (1,0) : (H1, M1, 61) — (Ha, M>, 02) be an N-block isomorphism
of character triples (see Definition 3.6). Let J be a groupwith N < J < G, ¢ € Irr(J | 0)
and ' := ojnm, (¥). Then:

@ Irr(Ye, ) = Ir(e, )

(b) d(¥) —d6) =d') — d ().

(c) Assume d(61) = d(6r) and J < G. Let B € BI(G) and B; the sum of blocks b in
BI(H;) with b¢ = B fori = 1, 2. Then the restriction of oy, to Irr(By | ) gives a
defect preserving bijection between Irr(By | ) and Irr(B; | ¥').

Proof. Part (a) follows directly from Lemma 3.4. According to Theorem 3.3 the maps
(¢, ) define an isomorphism of character triples, hence v (1)/0;(1) = v¥/(1)/62(1) ac-
cording to [Is76, Lemma (11.24)]. This implies (b).

If d(61) = d(0>) then the bijection oy, is a defect preserving bijection thanks to (b).
According to the properties of isomorphisms between character triples, o, (Y1) is
mapped to (op,ns (¥)) 2 = ('), This implies

o, (Irr(Hy | 4) = Tre(Ha | §).

According to Definition 3.6 every character t € Irr(H;|y) satisfies bl(z)¢ =
bl(op, (1))C. This implies o g, (Ire(By | ¥)) = Ire(Ba | ¥). ]
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Lemma 3.10. Assume Hypothesis 3.2. In addition assume that for i = 1, 2 there exists
some defect group D; of bl(6;) with Cg(D;) < H;. Suppose that for i = 1,2 the pro-
Jective representation P; associated with 0; is a linear representation affording a charac-
ter 0; with

@) Tre(@1.con) = Ir@.com),
(i) bl(02.snm,)” = bl(O1 1nm,)’ for every N < J < G with J/N cyclic.
Then

(Hy, My, 01) ~N (Ha, M3, 6)

via the isomorphism of character triples given by Py and P,. (Note that accordmg to
Lemma 3.5 the characters 91 Ce(N) and 92 Ce(N) from (i) and the blocks bl(02 Jn Hz) and
bl(B. snm,)” are well-defined.)

Proof. We want to apply Remark 3.7 and check the assumptions made there. The as-
sumptions 3.7(i) and 3.7(ii) are satisfied by the assumptions of our lemma.

The projective representations P and P, are linear and hence their factor sets coin-
cide as required in 3.7(iii). Furthermore for x € Cg (V) the matrices P (x) gnd P> (x) are
scalar matrices associated to the same ¢ € C because of assumption (i) on 61 and 6,. The
isomorphism (¢, o) of character triples given by Py and P», as defined in Theorem 3.3, is
the following: if N < J < G, then

oy : Char(J N Hy|0;) — Char(J N Hy | 67)
satisfies

01,00 NInH, = 02, 70nHNINH,

for every n € Irr(J) with N < ker(n). Then by hypothesis and Proposition 2.3 we have

bl(y)’ = bl(ojnm, (¥))!  forevery y € Irr(J | 6).

This proves that condition 3.7(iv) is satisfied. ]

The above statement helps to shorten the assumptions made in Remark 3.7 in the case
where Hj/M; is cyclic. In this situation the existence of an N-block isomorphism of
character triples requires mainly group-theoretic properties.

Proposition 3.11. Let N <t G with cyclic G/N, and let (H{, My, 61) and (H,, M3, 63)
be character triples with Hy, Hy < G and Irr(01, z(nyna,) = Irr(02, z(nynH,)- Assume

(i) G =NH; = NHy,, M| = NN Hy and My = N N Hy, in particular Hy/ M and
Hy/Mj are then cyclic,
(i) fori =1, 2 some defect group D; of bl(6;) satisfies Cq(D;) < H;.

Then there is an N-block isomorphism (1,0) : (Hy, M1,601) — (Hz, M3, 6»), where
t: Hi/My — Hy/M> is the canonical epimorphism.
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Proof. In this situation we know that 6; extends to some 51 € Irr(H;) according to
[Is76, Corollary (11.22)]. We use Dade’s ramification group introduced in [Da73] (see
also Proposition 2.5). Recall that we denote by G[c] Dade’s ramification group of a block
¢ € BI(N) (see 2.4). According to [KS15, Theorem C(a)(2)] there exists an extension yr
of 6, to G[bl(6;)C] N H, such that bl(@l nED? = bl(l/fijz)J for every group J with
N < J < G[bl(6;)%]. The character 1// extends to some 6, € Irr(Hy) since Hy/ M3 is
cyclic.

Let G be the group with N < G such that GL Gy is isomorpI}ViC to a Sylow p-
subgroup of G/N. For J := NCG,,/ (N) we have bl(@l,Hlm)J = b1(92,H2m)J and we
see that the same unique block of CGp’ (N) is covered by b1(§1, Hns) and b1(§2, HaNJ)-

Since Irr(61, z(vyna;) = Itr(62, z(nynm,)» this implies IH(&,CGP, ) = Irr(é’z,po, N))-
Since G/ G is cyclic, there exists some n € Irr(G) with G, < ker(n) such that
52171.12 € Irr(Hp |v) where v € Irr(gl,cG(N)). Then straightforward arguments using
[NT89, Corollary 5.1.12] prove that bl(62, z1,n7 nm,ns) = bl(B2, myny) for every J with
N<J<G.
The characters 51 and 5217 1, have all of the properties required in Lemma 3.10, and
hence (Hy, My, 61) ~n (Hp, M3, 03). O

Notation 3.12. Let Z < Cg(N) withZ<1Gand ZNN = 1.Let (¢, o) : (Hy, M1, 61) —
(Hz, M>, 6>) be an N-central isomorphism of character triples (see Lemma 3.4). For G =
G/Z,N := NZ/Z = N and M; := M;Z/Z = M;, and the characters 6; & Irr(M;)
correspondlng to 6; there is an isomorphism of character triples (¢, o) : (H 1, My, 0)) —
(H», M», 0) given by projective representations such that

e the isomorphism ¢ : H/M; — H/M, induces an isomorphism 7 : H/M; —
Hy/M>, 3

e forevery NZ < J < G and any character X € Irr(J/Z|01) the character o,z (X)
lifts to oy (x), where x € Irr(J | 0y) is the lift of .

We call (¢, ) induced by (1, o) and (¢, o) a lift of (¢, 0).

Recall that every block of a quotient of a given group H is contained (or dominated by) a
unique block of H (see [Na98, p. 198]).

Proposition 3.13. Assume Hypothesis 3.2 with (Hy, M1, 61) ~n (Hz, M;, 6y) via (i, o).
LetZ<HlﬂH2w1ch<GandNﬁZ—1LetG G/ZN—NZ/Z N and
M;:=M;Z/Z = M;. Let 0; € Irr(M;) be the character corresponding to 6;.

(a) Assume that either Z is a p'-group or Z < Z(G) is a p-group. Then (H1, M1, 01)
v (H2, M3, 02).
(b) Assume that Z < Z(G) is central. Then (H1, M1,01) ~ (H2, M2, 02) via (1,5),
where (T, 0) is induced by (1, o).

Proof. For the proof of (a) let P; and P, be projective representations associated with
01 and 6, that give the N-block is_omorghism (t,0) bgtween the character triples. Now
consider the linear representation X'; of M; defined by X'; (mZ) = P;(m) form € M; that
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affgds ;. In addition tly [NS14, Theorem 3.1] there exists a projective representation P
of H associated with 6 such that

Pi(mZ) = X1(mZ) = Pi(m) for every m € M.

The map D; on H; defined by Di(h) := Pi(hZ) for every h € Hj is a projective
representation of Hy with D; y, = Pi1,m,. According to [NS14, Theorem 3.1(b)] there
exists amap & : Hj/M; — C* such that

P1(gZ) = & (gM1)Pi(g) forevery g € Hj.

The map & defines a map & : Hy/M, — C* by means of the canonical isomorphism
t: Hi/My — H>/M>. Then &P, is a projective representation of H; associated with
6, as well. Since the factor sets of P; and P, correspond via ¢, the factor sets of &P
and &P, coincide as well. Straightforward calculations show that ;P and &P, give the
same isomorphism (¢, o) of character triples.

Now notice that Cg,z(NZ/Z) = Cg(N)/Z since Z 1< G and NN Z = 1. As
P1(x) and P>(x) are associated with the same scalar for x € Cg(N), the projective
representations &Py and &P, have the same property. Since the factor sets of &Py and
£,P, coincide via ¢, we see that &P, uniquely determines a projective representation P>
of Hp/Z associated with 0.

The isomorphism of character triples (¢, o) : (ﬁl,ﬁl,gl) — (ﬁz, M, 52) given
by P and P; is the one induced by (¢, o) in the sense of 3.12.

By the above arguments it is clear that (i, &) is an N-central isomorphism of char-
acter triples. Note that some defect group D; of bl(6;) satisfies Cg(D;) < H;, since
(Hi, My,61) ~n (Ha, M2, 6>). Moreover D; := D;Z/Z is a defect group of bl(6;)
according to [NT89, Theorems 5.8.8 and 5.8.10]. Now Cg,z(D;Z/Z) = Cg(D)Z/Z
since NN Z = 1and Z < G. This implies C5(D;) < H;.

Let NZ <J < Gand ¢ € Irr(J N Hy|6) with J := J/Z. By its definition the
character 757, (V) lifts to oynp, (¥) whenever ¥ € Trr(J N Hy | 6)) is the lift of .
By assumption bl(y)’ = bl(ojnm, (¥))’. Let B := bl(y/)”, by := bl(y) € BI(J N Hy)
and by := bl(ojnn, (¥)) € BI(J N Hyp). Moreover let B € BI(J) be the block contained
in B in the sense of [Na98, p. 198], b, € B1(7 N ﬁl) the one contained in b; and
b, € BI(J N H>) the one contained in b,. (The existence and uniqueness of B, by and by
follows from the fact that p { |Z] or Z < Z(J) according to [NT89, Theorems 5.8.8

and 5.8.11].) The blocks Elj and Eé are defined according to [NT89, Lemma 5.5.14 and
Theorem 5.5.16(ii)]. Then according to [NS14, Proposition 2.4(b) and (c)] we have

Since by = bl(¥) and by = bl(oynm, (¥)), this implies (H1, M1,01) ~5 (Ha, M2, 02)
in the situation of (a). In order to prove (b), one applies part (a) with O,(Z) and then
again with Z/O,(Z) (in place of Z). ]
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4. N-block isomorphic character triples via projective representations

In this section we study N-block isomorphisms of character triples in more detail and de-
rive a criterion in terms of projective representations. This is done in the following steps:
Before considering the general case one analyses when two character triples (Hy, M1, 61)
and (Hy, M3, 6;) are N-block isomorphic character triples under the assumption that 6,
and 6, extend. The general case is later studied using the theory of projective representa-
tions. Therefore we gather some essentially well-known statements that allow us to relate
the case with an extending character to the general case. This can be seen as an adaptation
of [NS14, Theorem 4.1] to this new equivalence relation of character triples.

If we have an epimorphism € : G — G with kernel Z, a Z-section of € is any map
rep: G — G with e orep = Idg and rep(lg) = 15.

Theorem 4.1. Let N < G and (Hy, M1, 01) be a character triple such that HN = G
and HHNN =M - Let Py be a projective representatzon of Hy associated with 61. Then
there is a group G, a surjective homomorphism € : G — G with finite cyclic central
kernel Z and a Z-sectionrep : G — G of € satisfying the following properties:

(a) N = No x Z where N = =€ ~I(N), Ny is isomorphic to N via €Ny : No — N and
No < G. Also the action of G on Ny coincides with the action of G on N via €.
(b) Let M10 =€ ~L(M) N Ny. The character 01,0 := 01 0 €y, € Irr(M)0) extends to

Hi := e ' (Hy). There exists a linear representation D1 of Hy with

D (rep(g)) = P1(g)  forevery g € Hi,

and this representation affords an extension 61 o € Irr(Hy) of 61,0. The Z-section rep
satisfies

rep(n) € No and rep(ng) =rep(n)rep(g) foreveryn € Nandg € G.

(c) The unique irreducible constituent v of (91 0)z is faithful.
(d) If N <J <GwithCg(J) < H and J := ¢ (), then e(CG(J)) =Cg(J).

Assume there exists some projective representation P> of Hy associated with 6> such that
the isomorphism
(t,0) : (Hi, My, 61) — (Hp, M3, 62)

given by Py and P, is N-central. Then:

(&) My = My x Z, where My := ¢~ ' (My) and My := No Ne™'(My).
(f) The character 65 := 61 o €My € Irr(M»,0) extends to H2 =¢ 1(Hz) There exists
a linear representation D; of H2 with

Dy(rep(g)) = Pa(g)  forevery g € Ha,

and this representation aﬁ‘ords an extension 92 0 € Irr(Hz) of 61.0.
(@) (v} =Irr((62,0)2) = Irr((F1,0) 2).
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(h) The isomorphism of character triples
@) : (Hy. My0,61,0) — (Hz, My, 62,0)

given by Dy and D; is Ny-central and is the lift of (1, o) in the sense of 3.12.
() If (Hi, M1,0,01,0) ~nN, (H2, M2,o, 02,0) via (i, 0), then (Hy, My, 61) ~n (Ha, M2, 62)
via (L, o).

Proof. The construction of G can be found in [Na98, proof of Theorem (8.28)] and in
[Is76, proof of Lemma (11.28)]. We fix Z to be the finite subgroup of C* that is generated
by all values of o, where « denotes the factor set of P;. The elements of G are defined to
be {(g,2) | g € G, z € Z} and multiplication is given by

(g1, 21)(g2, 22) = (8182, 21220 (g1, &2)).-

Lete : G — G be the epimorphism given by (g, z) > g, with kernel 1 x Z < 2(6),
which we identify with Z. We define a Z-sectionrep : G — G by g — (g, 1). Then
No:={(n,1) | ne N} G and Ny is isomorphic to N via €p,.

Then My := {(m,1) | m € M} is isomorphic to M. Let 019 := 01 o €y, €
Irr(M o). The map D; defined on ﬁ] =€ (H)) by

Di(h,z) = zPy(h) foreveryz € Zand h € Hy,

is an irreducible linear representation of H, 1. Let 51 0€ Irr(ﬁ 1) be the character afforded
by D;. With these definitions, (a)— (c) are satisfied.

In the following we denote by U the group € (U) < GforU < G.Let N <
J < G and Ji=c¢ —1(J). We assume that Cs(J) < Hi. If c € C5(J) < Cy, (M) the
matrix Pj(c) is scalar by Sch}lr s Lemma. Using the fact that Pi(c) = P, (ncn’l) for
n € J we now see that € (Cg(J)) = Cg(J), as claimed in (d).

By the definition of character triple isomorphisms given by projective representations
the factor sets of P; and P, coincide via the canonical isomorphism ¢ : H{/M| —
H, /M. In particular the values of the factor set oy of P are contained in Z. Then the
map D, defined on H> by

Dy(h,z) =7P1(h) foreveryz e Zandh € Hy

is an irreducible linear representation of Hz If 02 0 € Irr(Hz |62,0) is the character af-
forded by D,, then it is an extension of 6> . Also by definition {v} = Irr((92 0)z) =
Irr((91 0)z). We see that e 1 (M) = Mo x Z.

According to (d) we have Cz(No) = Cg(N) = C(N) < Hy N Hy, as (Hy, My, 0))
and (H, M3, 6>) are N-central isomorphic character triples, and hence Cg(N) < Hi N
H,. Since P; and P, define an N-central isomorphism of character triples, it is clear
that D(x, z) and D;(x, z) for (x,z) € Cg(No) are associated with the same scalar.
This proves that (ﬁl, 1\//]1,0, 61,0) and (ﬁz, 1\//}2,0, 6>.0) are No-central isomorphic charac-
ter triples via (¢, 7). R R

Finally we consider part (h) and assume that (Hy, M1,9, 61,0) ~n, (H2, M2, 02,0).
Then (Hi, My, 61) ~n (Ha, M>, 6>) according to Proposition 3.13(b). O
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When checking if two given character triples are N-block isomorphic, usually the most
complicated task is to verify the equality of induced blocks coming from corresponding
characters. We facilitate that by using Dade’s ramification group, mentioned in 2.4.

Lemmad4.2. Let N < G and Hi, H < G withNNHl = NH) = G. Fori = 1,2 write
M; := N N H; and let 0; € Irr(H;) with 6; := 6; y, € Irr(M;). Suppose that bl(01) and
bl(62) have defect groups Dy and D with Cg(D1) < H, andgg(Dz) < H,. Let Py
and P> be linear representations of Hy and Hj affording 01 and 0;, respectively.

(a) Forx € Gand J := (N, x), P1((€ly(x) N H)") is a scalar matrix associated to an
element of O. So there is some & € F associated with Py ((€ly(x) N Hy)T)*.

(d) If x € G\ G[bIO)N) and J := (N, x), then P;((€ly (x) N H;)T)* is the zero matrix.

(¢) If x € G[bl(B)N] and b1(O)N = bl(B2)N, then for J := (N, x) the following two
statements are equivalent:

(@) L@ snm)’ =blO2, 10m,)’.
(i) The matrices Py((€l;(y)NH)™)* and P (€l ()N Hy)T)* are associated with
the same & € T for every y € xN.

Proof. Note that €l;(x) N H; is either empty or contained in x’M; for some x’ € Hj.
In the first case we have P ((€ly(x) N Hy)™) = 0. Otherwise €[ (x) N Hj is a disjoint
union of Ji-conjugacy classes for J; := J N Hy. Accordingly P ((€l;(x) N H))V) is a
scalar matrix associated to an algebraic integer by [Is76, Section 3]. This proves (a).
Note that 0y y, is afforded by P; j,. Let b = bl(6))". By definition the element
)Lgul ((€ly (x)NH;p)™) is the scalar associated with Py ((€l; (x)NH)T)*. If x € G\ G[b],

then Az, i ((€ly(x) N H1)™) = 0 by the definition of G[b] (see Proposition 2.5(b)).

Assume now x € G[b] and b = bl(62)". Since P1,,, affords 51 s, and P, ;, affords
63,1, for Jp := J N Ha, the equality bl(01, jnp,)’ = bl(62, jnm,)”’ implies

)”51,11 cly(y) N H)) = )@2-12 cly(y)N H))t) for every y € J.

This shows that (i) implies (ii) in part (c).

On the other hand, following [KS15, Theorem B] togj:ther with [Na98,~ Theorem (9.2)]
there exists ¢ € Irr(J2) with My < ker(¢) such that bl(0) jnm,)? = bl(¢62 jnm,)’ . Note
that ¢ is a linear character since J> /M5 is cyclic by definition. This implies

3, (€)Y NVHDY) = £0m)*Ag, , (€1, (0) N )Y forevery y € J,

where y, € yN N Hy. Now by straightforward calculations we see that for some y € xN
the matrices P1 (€17 (y)NH1)T)* and P> ((Cl; (y)NH»)T)* are nonzero. Hence the values
of Ag, , (€L;(y) N Hp)™) and Az, ., (@) N H,)™) are nonzero. By the assumption
in (ii) th1s implies ¢ (y2)* = 1, and hence all p-regular elements of J, are contained in the
kernel of ¢ since Jo/M> is cyclic. Accordingly bl(§92 JNHy) = bl(@g JnH,) by [NT89,
5.1.12]. This completes the proof of (c). O

The following statement gives a general criterion for the existence of an N-block isomor-
phism of character triples. It takes into account the projective representations associated
with the characters.
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Theorem 4.3. Let N <1 G, and let (Hy, M1, 61) and (Hy, M2, 62) be character triples
with NHy = NH, = G, M1 = N N Hy and My = N N Hj. Suppose there are defect
groups D1 and D> of bl(61) and bl(6,) with Cg(D1) < Hj and Cg(D2) < Hj. Let Py
and P be projective representations of H| and H» associated with 81 and 0,, respectively,
in the sense of Definition 3.1. Then the following two statements are equivalent:

(1) The projective representations P1 and P> of Hy and Hj satisfy:

(i.a) The factor sets of P1 and P> coincide via the canonical isomorphism t :
Hi /My — H)/M>.

(i.b) Pi1(x) and P>(x) are scalar matrices associated with the same scalar for every
x € Cg(N).

(i.c) (P1((Cl;(x)NH)M)* and (P2((Cl;(x) N Hy)1)* are scalar matrices associ-
ated with the same scalar for every x € G[bl(6; Y1 < NCg(Dy) N NCg(D»),
where J .= (N, x).

(1) (Hy, M1, 01) ~n (Ha, M>, 02) via the isomorphism of character triples given by P;
and P».

(Note that Cg(D1) < Hy and Cg(D3) < Hp imply Cg(N) < Hy N Hy by Lemma 3.5(a),
and hence P1(x) and P>(x) in (i.b) are well-defined. Moreover, by Lemma 4.2(a) the
elements of F occurring in (i.c) are well-defined.)

Proof. We first prove that (i) implies (ii). By Lemma 3.4 the projective representations
determine an N-central isomorphism (¢, o) : (Hy, M1, 01) — (Hz, M2, 6») of character
triples. By assumption, 67 and 6, have defect groups D1 and D, with Cg(D1) < H; and
Cg(D3) < Hy. By Lemma 3.5(b) this implies bl(tﬂ,)G is defined for all y; € Irr(H; | 6;).

Following Theorem 4.1, Py with its factor set o} determines a group G = {(g.2) |
g € G, z € Z}, a surjective homomorphism € : G —> Ganda cyclic group Z < G.
By 4.1(a), N is naturally 1som0rph1c to Ng := {(n, 1) | n € N} via €y,. Furthermore by
4.1(a) the action of GonN :=¢! (N) satisfies

(n,2)®%) = n%,z) foreveryge G, z,z € Zandn € N. 4.1

Let M and 010 € Irr(M),0) and H1 be defined as in 4.1(b). Moreover let 91 0 €
Irr(Hl) be the extension of 0 ( afforded by a representation D; defined as in 4.1(b).

The assumptions (i.a) and (i.b) on P; and P, imply that (Hi, M1,6;) and
(Ha, M»>, 65) are N-central isomorphic character triples via the isomorphism given by
P; and 772 (see Theorem 3.3 and Lemma 3.4).

Let Hz < G My, 62,0 € Irr(M2,0), D and 02 o be defined as in Theorem 4.1(f).
Then the isomorphism (7, &) of character triples given by D and D; is Ny-central and is
the lift of (¢, o) in the sense of 3.12 (see Theorem 4.1(h)).

By Theorem 4.1(i) it is sufficient to prove that (i, ) is an Ny-block isomorphism of
character triples, as this implies (Hy, M1, 61) ~n (Ha, M2, 6>) via (¢, ). We prove in
the following that (¢, ) is an Ny-block isomorphism of character triples by checking the
conditions given in Lemma 3.10:
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Straightforward arguments prove that Hypothesis 3.2 is satisfied. Recall that D; is a
defect group of bl(8;) with Cg(D1) < H;. Then Dy := {(d, 1) | d € D1} is a defect
group of bl(6;,0) and by Theorem 4.1(a) it satisfies Cz(D1,0) < ﬁl. Analogously for a
defect group D; of bl(62) with Cg(D2) < Ha, the group D29 :={(d,1) | d € Dz} isa
defect group of bl(62,0) and C5(D2,0) < H>. Hence the group-theoretic assumptions of
Lemma 3.10 are satisfied.

Assume that there exist projective representations P; and P, of H; and H; associated
with 61 and 6, respectively, with factor sets o1 and oy such that

o1(x,y) =a2(t(x),(y)) forallx,y e H /M.

Now Cz(No)/Z = Cg(N) according to (4.1) (see also Theorem 4.1(a)). Hence for
x € Cg(N), Di(x) and D;(x) are associated with the same scalar by assumptlon (i.b)
and the construction of D; and D;. This implies Irr((01 0)Cz(Ng) = Irr((@z 0)Cg(Np))s
assumption (i) of Lemma 3.10. ~

In the next step we verify assumption (ii) of Lemma 3.10, i.e., bl((62,0) ; A Yo =

bl((91 O)] N, )70 for every No < Jp < G with cyclic Jo/Np. According to Lemma 4.2(c)

it is sufficient to check that Dy (€, (x0) N H1)+)* and D5 ((€1,(x0) N Hy)")* are asso-
ciated with the same scalar in I for every xg € G[b1(91 0)M0], where Jo = (Ng, xo).

Note that by (i.c) for elements of N we have bl(@l)N = bl(#,)". Proposition 2.5(a)
together with [Na98, Lemma (4.13)] implies G[bl(0)N] < NCg(D;) N NCg(D»). Let
x € G[bl)N] and J := (N, x). Then €l;(x) coincides with the N-orbit contain-
ing x, and hence €l;(x) = {nx | n € L,(N)}, where L, : N — N is the map given
byn — nlxnx7'. Let y := (x,1), Jo := (Np, y) and define Ly : No — Ng by
n +— n~'yny~!. Then the set €Ly, (y) coincides with €Ly, (y) = {ly | I € L,(Np)}, since
the action of y on Ny coincides with the one of x on N according to 4.1(a).

Assume first that €l;(x) N H; # @, so there exists some xg € H; N xN N €l (x).
Straightforward computations show that yy := (xo, 1) € €l;,(y). The definition of D,
implies

Di(€L,MNHYNH = Y Dityy= Y. Dillyyy HDi(y0)

leﬁy(No) lELy(N())

lyéﬁl lyEﬁl
= Y PilxxgHPixo) = Y Pik)
leLy(N) ke€ly(xg)
IxeH; keH,

= P1((€l;(x) N H)D).

If €l;(x) N H1 = { then for y = (x, 1) we also have Dy ((€l,(y) N H1)+) =0=
Pr{(€ly(x) N H1)+) Analogously we see

Da((€lyy(y) N Hy)T) = Po((€l;(x) N Hy) ™).

Let y’ := (x, z). Moreover <l LiNo.y") (y ) =1{k(1,2) | k € €lny, (x,1)) (x, 1)}. This 1mp11es
the equahtles Di((€ly, () NH2)Y) = 2P (€l (x) N H2)T) and D ((€ly, (y)NH2)F) =
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ZP2((€ly(x) N Hy)1). Together with assumption (i.c) and Lemma 4.2(b) this implies
that the scalars associated with Dy ((€l,(y") N ﬁ1)+)* and D ((€l;,(y") N ﬁ2)+)* co-
incide whenever y' € NoCg(D1,0) N NoCg(D2,0) and Jo := (Np, y’). Note that
G[bl(@] O)NU] < NoCg(D1,0) accordmg to Proposition 2.5(a). Hence by Lemma 4.2(c)
we have bl((6; 0)n, ) = bl((F2 0)Jni, )/ for every Ny < J < G with J/Ny cyclic.
This shows by Lemma 3.10 that

(H,, Mi.0,61,0) ~Ny (H, M0, 620).

We now prove that (ii) implies (i). Let P; and P, be projective representations of Hj
and H; associated with 0; and 6; that give the N-block isomorphism (¢, o) : (Hy, M1, 61)
— (Hy, M3, 6») of character triples.

According to Lemma 3.4 the projective representations PP and P, have the properties
described in (i.a) and (i.b). It remains to verify the property described in (i.c) for elements
x € G and J := (N, x). In addition let 6; € Irr(J N H; |6)) be an extension of 6.
Then 62 ‘= 0JnH, (91) € Irr(J N Hy) is an extension of 92 Let Q be the projective
representation of J/N such that Qjnp, ® P1,snm, affords 91 Then 02 is afforded by
Qin, ® P2,ynH,. Note that since J/N is cyclic, Q is a one-dimensional projective
representation with Q(x)* # 0. Now b1(91)J = bl(Gz)J implies according to Lemma
4.2(c) that the matrices (Q ng, ® P1((€ly(x) N H)T))* = Qx)*P1((€ly (x) N Hy)T)*
and Q(x)*P>((€ly (x) N Hy)T)* are scalar matrices associated with the same scalar in F.
This implies that P and P, satisfy the condition from (i.c). ]

Using the above criterion we can prove that N-block isomorphic character triples can be
obtained by passing to quotients or to (central) extensions.

Corollary 4.4. Suppose that N < G, Z < G with Z < Z(N) and H\, H, < G with
NH, = NH, = G. Assume (H\/Z, M\/Z, 01) ~nNjz (Hy/Z, M3/ Z, 0>). Let 0, €
Irr(Hy) and 6, € Irr(H) be the lifts of 0, and 5. Then (Hy, M1, 601) ~n (Ha, M2, 62).

Proof. In order to prove the statement we will check that the assumptions made in Re-
mark 3.7 are satisfied.

Let H; := H;/Z, M; :== M;/Z, N :== N/Z and D; be a defect group of bl(6;).
According to [NT89 Theorems 5.8.8, 5.8.10 and 5.8.11] some defect group D; of bl(6;)
satisfies D; Z/Z = D;. Hence CG(D ) < H,; implies Cg(D;) < H;. This proves that the
general assumptions made in Theorem 4.3 are satisfied.

Let P; and P be projective representations of ‘H and H, associated with 6 and 6,
that give an N-block isomorphism of character triples. Then they satisfy the assumptions
in Theorem 4.3(i).

Let Py and P be the projective representations of H; and H respectively given by

Pi(hj) = Pi(h;Z) forevery h; € H; andi € {1,2}.

We now check that those projective representations have the properties described in 4.3(i).

Since Cg(ﬁ) > Cg(N)/Z for G:=G /Z, the projective representations P; and P,
define an N-central isomorphism of character triples according to Lemma 3.4. Hence P
and P, satisfy assumptions (i.a) and (i.b) of Theorem 4.3.
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Letx € G,J := (N,x),x = xZ and J = J/Z.Let T C Z be defined by
{xz]1z€T}=Cl;(x)N{xz |z € Z}. Then we obtain

Pi((€ly(x) N HYT) = TP (€l5(x) N Hp)™).

By Theorem 4.3, the matrices P ((¢15(x) N H1)™)* and P ((€l7(X) N H»))* are asso-

ciated with the same scalar. So P; and P, satisfy 4.3(i.c) in view of the above equality.
Since the conditions of Theorem 4.3(i) are satisfied, (¢, o) is an N-block isomorphism

of character triples. o

In the opposite direction only a weak version of the above statement can be proven. Al-
though it is not essential in the later proofs, we give this statement and its proof for
completeness and possible future use.

Corollary 4.5. Suppose that N <1 G and (Hy, My, 61) ~n (Hz, M3, 6) where NH| =
NH; = G. Let Z < Z(N) Nker(6q) N ker(62) with Cc(N)/Z = Cg;z(N/Z). Assume
that either Z is a p’-group or Z < Z(G). Let 0, € Irr(M, /Z) and 6, € Irr(M>/Z) be the
associated characters of the quotients. If Cg,z (D) < H\/Z and CG/Z(BZ) < H/Z
for some defect groups D of bl(§1) and D3 of bl(az), then (H1/Z, M1/Z,§1) ~N/Z
(H2/Z,M3/Z, 0>).

Proof. Let H; := H;/Z, M; := M;/Z and N := N/Z. Let P; and P, be projective
representations of Hj and H, respectively that give the N-block isomorphism (¢, o) :
(Hy, M1,01) — (H>, M3, 0>) of character triples. Because Z < Z(N) N ker(6;), the
projective representation P; is constant on Z-cosets for i = 1,2, and hence defines a
projective representation P; of H; associated with 6;.

We check successively that | and P, satisfy the requirements from Remark 3.7.
The defect groups D; satisfy Cg(ﬁi) < H;, the requirement from 3.7(ii), by the given
assumptions.

According to Theorem 4.3 the projective representations P; and P, have factor sets
coinciding via the canonical isomorphism ¢ : H1/M| — H,/M>. Hence via the canonical
isomorphism 7 : H{/M1 — H,/M> the factor sets of P and P, coincide as well. This
is assumption 3.7(i).

For x € Cg(N), Pi(x) and P;(x) are scalar matrices associated with the same scalar.
Now since Cg(N)/Z = Cg/z(N/Z), the scalars associated with P1(x) and P» (x) coin-
cide as well. This is assumption 3.7(iii).

Let (z, o) be the character triple isomorphism given by P and P,. Let N < J < G
and ¥ € Irr(Hy N J|61). Then op,ny(¥) is the lift of Eﬁmj(W), where J = J/Z
and ¥ € Irr(H, N J) lifts to . Moreover bl(¥)’ = bl(op,ns(¥))’. According to
[N'S14, Proposition 2.4(b)] (for p { |Z|) and [NS14, Proposition 2.4(c)] (if Z < Z(G))

this implies bl(y)” = bl(@g,,7(¥))’ since bl(y) 2 bi(¥) and bl(ow,ns (¥)) 2
bl(Eﬁl m7(%)). By Remark 3.7 this proves the statement. ]
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5. Construction of N-block isomorphic character triples

In this section we consider how one can obtain new pairs of N-block isomorphic character
triples by using direct products (Theorem 5.1) and wreath products (Theorem 5.2). In
addition we prove that the equivalence relation between character triples only depends on
the automorphisms induced (see Theorem 5.3).

In the first statement we consider character triples coming from direct products. Recall
that the irreducible characters of a group N; x N, can be written as x; x x» with x; €
Irr(N7) and xp € Irr(N») (see [Is76, (4.21)]).

Theorem 5.1. For j = 1,2 let (Hj,1, Mj1,0;,1) ~n; (Hj2, Mj2,0;2). Then
(Hy, My, 61) ~n (Ha, M2, 62),

where N :== N1 x Np, H; := Hy; x Hyj, Mi == M1; x My ; and 6; := 01; x 62, €
Trr(M;).

Proof. Let G; := N;jH;1 = NjH;> and D;; be a defect group of bl(6; ;). Hence
CGj (Dj,i) < Hj ;. Straightforward calculations show that D; := D1 ; x Dy ; is a defect
group of bl(6;), and hence Cg(D;) < H; for G = G| x G,. Hence the group-theoretic
assumptions of Theorem 4.3 are satisfied.

Let P; 1 and P; » be projective representations associated with 6; 1 and 6; > that give
an Nj-block isomorphism (¢}, 0;) : (Hj 1, Mj1,0;1) — (Hj 2, Mj 2, 60;2). Note that then
the projective representations P; ; satisfy the conditions from Theorem 4.3(i) and P; :=
P1.i ® P2; is a projective representation of H; associated with 6;.

For the proof of the statement using Theorem 4.3 we have to check the conditions from
Theorem 4.3(i) for P; and P5: by the definition of P; the factor sets o; of P; (i = 1,2)
satisfy

a;((h1, h2), (R}, hy)) = ayi(hi, h))ea,i(ha, BS)

for all A, h} € H;;, where «; ; is the factor set of P; ;. Lett : Hy/M; — H,/M; be the
canonical isomorphism. Since then

t(hy, ho) = (t1(hy), (h2))

for all Ej € Hj 1/M; 1, the factor sets ay and o coincide via ¢. Hence Py and P, satisfy
4.3(.a).

Letx € Cg(N) and x; € Cg, (N;) withx = (x1, x2). Let §; € C be such that P; ; (x;)
is a scalar matrix associated with &;. (Because of 4.3(i) for P; ;, &; is well-defined.) Then
P1(x) and P> (x) are scalar matrices associated with &&,. This implies that P; and P,
satisfy (i.b) of Theorem 4.3.

It remains to check that for x € G and J := (N, x) the matrices P ((¢l; (x) N Hy)T)*
and P> ((€ly(x) N H>)1)* are associated with the same scalar. Let x € G, x; € G1 and
x3 € Gy with x = (xq, x2). Then straightforward computations show that

Cly(x) = {(c1, c2) [ c1 € €y (x1) and ¢2 € €Ly, (x2)},
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where J; := (N1, x1) and J> := (N3, xp). Fori = 1, 2 we obtain
Clyx) N H; ={(c1.c2) | c1 € €y (xi) N Hy; and ¢ € €Ly, (x2) N Hy i}
and
Pi((€ly(x) N H)Y) = Pri((€Ly(x) N Hi ) ) © Pai (€l (x) N Hy)™).

This implies that in all cases condition 4.3(i.c) holds for P; and P,, since the P; ; have
the analogous property. O

We now construct new N’ -block isomorphic character triples using wreath products.

Theorem 5.2. Let r be a positive integer and (Hy, My, 61) ~n (Ha, M2, 03). Then

(H1 &y, MY, 07) ~nr (H22 6, M3, 03).
Proof. Let P and P, be projective representations associated with 61 and 6, which give
an N-block isomorphism of character triples and hence satisfy the conditions from 4.3(i).

Let G:=NH, =N H; and D; a defect group of bl(¢;) fori € {1, 2} with Cg(D;) < H;.
By straightforward computations one sees that D; := Dy is a defect group of bl(6]).

Assume that a defect group of bl(6;) or bl(6,) is contained in Z(N). Without loss
of generality we may assume D; < Z(N) and hence Cy(D;) = N < Hj and M| =
N. Because of bl(62)Y = bl(#)N = bl(;) this implies D, = Dy, since according
to [NT89, Lemma 5.3.3] some defect group of bl(8;) is contained in a defect group of
bl(62)N = bl(6,). This implies M> = N and H, = G. Now as bl(61) = bl(6,) is a block
of central defect and Irr(81,7(nv)) = Irr(62,7(n)), the two characters coincide (see [Na98,
Theorem (9.12)]).

Accordingly in the following we assume D1, D> £ Z(N). Again we apply Theorem
4.3 by constructing projective representations with the required properties. For i € {1, 2}
let P; be the projective representation of H; ¢ G, defined using P; as in [JK81, 4.3].

]:ett :Hi/My — Hy/M> andNT: Hy /M, —>~H2/M2 be the canonical isom~0rphisr’nvs
for H; := Hi 16, < G116, and M; := M] < H;. Note that the factor sets of P; and P,
then coincide via7. Hence 751~ and 732 satisfy condition (i.a) of Theorem 4.3.

Moreover by definition (P;) H coincides with the projective representation

Pi®---®P; (rfactors)
of H!. By the arguments in the proof of Theorem 5.1 we see that:

° for every x € C(;z@; (N), ’Pl (x) and 7?2 (x) are associated with the same scalar,
o PL(Cl(x) N H)T)* and Pr((€ly (x) N Hy)T)* are associated with the same scalar
whenever x € G" and J := (N, x).

Since D1, Dy £ Z(N), Cg s, (5 ) = Cg(D;)" < H/. Hence condition (i.c) of Theorem
4.3 has to be checked only for elements x € N” C(;Ze (D1) N N"Cgs,(D2) < G". The
above arguments prove that 7)1 and 732 satisfy (i.c), and hence they give an N”-block
isomorphism of character triples. O
In the following statement one considers character triples where the characters but not the

groups coincide. This statement (and its proof) is a generalization of some ideas that led
to [Spidl3a, Theorem 7.9] and [Spidl3b, Proposition 4.6].
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Theorem 5.3. Let (Hy, M,601) ~n (Hy, M>,6,) and G = NH, = NH,. Let G bea
group with N < 6 and lete : G - Aut(N) and©: G — Aut(N) be the canonical
morphisms. Assume that €(G) = e(G) Let H1 = ¢ (e(H})) and Hz = l(e(H)).
Then R R

(Hi, My, 61) ~N (H2, M2, 6).

Note that M; < H; since the group of automorphisms of N induced by H; clearly contains
the automorphisms of N induced by M;. Hence the character triples considered in the
above statement are well-defined.

Basically this theorem tells us that the existence of an N-block isomorphism of char-
acter triples is a property governed by the group of induced automorphisms, the actual
structure of the groups only playing a minor r6le. This statement is used as a key step of
the proof of Theorem 1.3.

The proof of this statement is based on Theorem 4.3 and seems quite involved. The
rest of this section is devoted to it. We see in Lemma 5.4 that the group-theoretic as-
sumptions of Theorem 4.3 are satisfied. Accordingly it remains to construct projective
representations ’Pl and 772 of H 1 and H2 associated with 61 and 6, with the properties
from 4.3(i). Their construction uses the notation from 5.5 and is given in Subsection 5.6.
Afterwards the properties required in 4.3(i) are successively checked for those projective
representations P; and P,, and we conclude the proof of Theorem 5.3 after Proposi-
tion 5.11.

Lemma 5.4. For N < G, the character triples (ﬁ], M, 61) and (ﬁz, M>, 6y) satisfy the
group-theoretic assumptions from Theorem 4.3, i.e.,

(@) HIN = HbN = G, My = NN Hy and My = N N H,

(b) Ca(D1) < Hy and Cz(D2) < Ha, where Dy is a defect group of bl(01) and D; a
defect group of bl(6>),

(c) (ﬁl, My, 61) and (ﬁz, M>, 0y) are character triples.

Proof. Since ?(6) = €(G), the definition of ﬁl and ﬁz implies the equalities in (a).
Part (b) follows analogously from Cg(D1) < H; and Cg(D72) < H>. Fori = 1,2 the
groups ﬁ, and H; induce the same automorphisms on M;, hence 6; is ﬁi-invariant. This
proves (c). m]

For the proof of Theorem 5.3, in the following paragraph we explicitly recall the conse-
quences of (H1, My, 61) ~n (Ha, M2, 62).

Notation 5.5. By the assumption of Theorem 5.3 we have (Hy, M1, 01) ~n (Ha, M3, 6>),
and hence there exist projective representations P; and P, associated with 6; and 6, of
H; and H; respectively that satisfy the statements in Theorem 4.3(i). Since the properties
of Py and P, are crucial for the remaining parts of the proof, we give them here in detail:

(i.a) the factor sets o and op of Py and P, coincide via the canonical isomorphism
t: Hy/My — Hy/M»,ie.,

a1 (h, 1) = (u(h), (') forall b, € Hy/Mj,
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(i.b) there exists amap u : Cg(N) — C such that Pi(x) = u(x)Idg, (1) and Pr(x) =
w1 (x) Idg, (1), where 1dg, (1) and Ide{ (1) denote the appropriate identity matrices,

(i.c) P1((Cly(x) N H)T)* and P ((Cl;(x) N Hy)1)* are scalar matrices associated with
the same scalar for every x € NCg(D1) N NCg(D3) and J := (N, x).

5.6. Construction of ﬁl and 732

Let T be a full representative set of Cg(N)N-cosets in G with 1y € T, i.e.,,everyx € G
can be written as tnc for some t € T, n € N and ¢ € Cg(N), where ¢ is unique and ¢ and
n are unique up to simultaneous Z(N)-multiplication.
Letly € T C G be such that there exists a bijection T — T given by ¢ +— 7 with
e@t) =<€@). By definition we have
n'=n' foreveryn € Nandt € T.

Hence T is a complete representative set of Cg(N)N-cosets in 5, ie.,everyx € G may
be written as 7nc for a unique 7 € T and some n € N and ¢ € Cg(N). In this context 7 is
unique, and n and ¢ are unique up to simultaneous Z (N )-multiplication.

Notation 5.7 (TN and TN). Let
TN :={tn|teTandn e N} and TN :={n|7eTandn e N}.

There is a bijection ™ : TN — TN with tn +—> Tn for every t € T and n € N. For every
x € TN the image is denoted by X. Then for every y € TN andn € N,

yi=yn=3yn and ay=ny =ny. 5.
This bijection maps H; rp := TN N H; to I:f,-,rep =TN N FI,

Let uo € Irr((61)z(w)) and £ : Cz(N) — C be a map such that any jz(c) (c € Cz(N)) is
a root of unity and

R(cz) = f(c)uo(z)  forevery ¢ € Cg(N) and z € Z(N). (5.2)
Fori = 1,21et73,- : ﬁ, — GLg;(1)(C) be given by
P;(he) := Pi(h)fi(c) forevery h € H;repand ¢ € C5(N).

Note that by the choice of I:\Ii’rep and the definition of I/-I\, this defines a map on FII and by
(5.2), P; is well-defined and does not depend on the actual choice of 4 and c.

Lemma 5.8. Fori = 1,2 the map P; is a projective representation of H; associated
with 0;, and the factor set &; : H; x H; — C satisfies

@i (he, W'y = (e ai(h", "y i (h, KR EE) ™!

for all nh e H, i rep and ¢,c’ € Cgz(N), where ¢ € C5(N), h" € Hjep and ¢ €
Cg(N) satisfy heh'e = h'c" and hh' = h'"c".
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Note that ¢”, A" and ¢ are only determined up to Z(N)-multiplication. Nevertheless
wu(ci(c”)~" and a; (h", ¢’”") are constant. Hence the given expression for @; (hc, h'c’)
is uniquely determined.

Proof of Lemma 5.8. First we prove that 7/5 is a projective representation of ﬁ associ-
ated with 6; for i = 1, 2. By definition it is clear that (73 )um; 1s a linear representation
affordmg 0;. Let x € Hl, m € M;, hoe H, xep and ¢ € CG(N) with x = hc. Then

xm = hem = hme with hm € Hl rep and mx = mhe with mh e H, -rep- The equalities in
(5.1) imply

P;(xm) = P;(hme) = P;(hm)fi(c) = P; (h)Pi(m)fi(c)
= P;(he)P;(m) = P;(x)Pi (m).
Analogously one obtains Pl (mx) = P, (m)P, (x).

In the next step we show that 77, is a projective representation of H and compute its
factor set. Let i, i/, h € H; rep and ¢, ¢/, ¢”" € C5(N) be such that

hehld =n'c".
Note that there is some ¢’ € Cg(N) such that k' = h”c¢””’. We obtain
Pi(he)Py(W' ') = Py (WPi(WYR(R(C) = Pi(hl )i (h, KRR

=P;(h"c")ai(h, )it (c)ia(c)
=P;("YPi(c")ei (B, ") e (h, () A(C)
= P; (") (e (h", ")~ ey (hy YRR

Since 7,5, (7’1\//6'/ "y = P;(W")(c"), this implies that the factor set @; : ﬁ, X FIZ — C satisfies

@i (he, W'e'y = (e (0", ") ey (h, YR R(EHRE ™
This proves that 7’5 is a projective representation of ﬁ ; associated with 6;. O

Lemma 5.9. The factor sets of ”Pl and ”Pz coincide via the canonical isomorphism T :

H\ /My — Hy/M>.

Proof. Let x1, x| € H1 and x7, x2 € H, with xo M, =T(x; M) and xéMz =T(x| My).
Then there exist hl,h € H] rep and ¢, c e Ce(N) with x; = hlc and xl = h’ .

According to Lemma 5.8 we have

@1 (x1, x1) = ucyar (), e (hy, KRR RE) T,

where ¢ € C5z(N), h € H rep @ and¢” € Cg(N) satisfyxlx{ = h”c” and hih) = hic"”.
By the choice of x», x2 € H2 there exist n,n’ € N with xo = x1n and x2 = xln
Hence hz = hln and h h’ " are contained in H2 rep- Moreover x; = hzc and

xy = hic’. For b} := h’l’(n l)n € Hy rep We get

xpxy = xjnxin’ = xlxl(nxl)n = (h//c”)(nxl)n = h”(n 1)I’Z,C// hyc”.
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Analogously one sees hoh), = hjc”, where h;, h; and h are the preimages of iz\i, ;
and A} under the bijection introduced in 5.7.
The arguments from the proof of Lemma 5.8 apply and prove

@ (x2, xp) = u(caa(hy, ") aalha, W) E(OECEE)

By 5.5(i.a) we know that the preimages /| and A, of iz\l and ﬁz satisfy aq(hy, h’l) =
az(ha, h). Analogously we see that a1 (b7, ¢”’) = aa(h7, ). Together with the above,
this implies the equality of @] and @, via. ]

The above statement proves that condition (i.a) of 4.3 is satisfied by 7’51 and 7/52. The next
lemma ensures that also 4.3(i.b) holds for P; and P».

Lemma 5.10. For every x € Cz(N), 7,51 (x) and 752()6) are scalar matrices associated
with [(x).

Proof. This directly follows from the definitions of 7’51 and ﬁz. m]

To verify 4.3(i.c) we compare 7/51((€Ij(x) N H))™)* and ﬁz((ﬂf(x) N Hy)T)* for x €
NC&(D1) N NCz(D2) and J := (N, x).

Proposition 5.11. Forx € NCg(D1)NNCg(D2) and J:= (N, x), P1((€17(x) N Hy)+)*
and P>((€l3(x) N H>)T)* are associated with the same scalar.

Proof. Let x € NCgz(D1) N NCg(D2). We observe that €l7(x) is the N-orbit in 7
containing x. Accordingly €l7(x) is contained in x N. More concretely, €l7(x) coincides
with £, (N)x, where fory € G U G we define Ly:N— Nbyn— n=1nY"". Note that

Ly only depends on the automorphism of N induced by y. If x = Je for h € TN and
c € C5(N), we see that L, (N) = L7(N) = L;(N) and furthermore €l; (h) = L, (N)h
for J := (N, h). For j € {1, 2} we obtain

Pz NHYHY = Y Piy= Y Pilx)

yeCI7(x) leLy(N)
yEI-AIj IxeH;
= Y Ptho= Y Plho
leLy(N) 1eLy(N)
IxeH; leI)‘I\j
= Y manae =a0( Y an)
1L (N) 1L (N)
IheeH; IheH;

= AP (€L () N Hy)b).

Note that h € NCg(D1)NNCg(D>). Hence by 5.5(i.c) we know that Py ((€l; (h)NH)T)*
and Po((Cly (k) N Hy)T)* are associated with the same scalar in F. Using the above
equation this implies the statement. O

This was the final step necessary for the proof of Theorem 5.3.
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Proof of Theorem 5.3. According to Lemma 5.4 we can apply Theorem 4.3. The maps
Py and P, from 5.6 are projective reprg§entatiq£13 of ﬁl and ﬁz associated with 6; and
6, according to Lemma 5.8. Moreover Py and P, satisfy the conditions from 4.3(i) (see
Lemmas 5.9-5.11. This proves

(Hy, My, 6)) ~y (Hp, M2, 62). |

6. A new version of Dade’s conjecture

In this section we propose a new version of Dade’s conjecture (see Conjecture 6.3). Cen-
tral to this conjecture is that there exists a bijection between certain character sets such
that associated characters determine block isomorphic character triples in the sense of
Definition 3.6. As seen in the previous sections, this allows a precise control of the Clif-
ford theory of those characters and counting the characters “lying above”.

We start by introducing some notation related to p-chains and blocks.

Definition 6.1 (p-chains). For any finite group H we denote by O, (H) the largest nor-
mal p-subgroup of H. Let G be a finite group. We denote by *3(G) the set of chains of
strictly increasing p-subgroups of G starting with {1}, and by *3(G|Z) those starting with
a given p-subgroup Z. For a chain

D=(PosPrs-- 5 P)
of nontrivial p-subgroups of G we set |D| = n, the length of D, and denote by Ng (D)
or Gp the group (/_y NG (P;).

Let B € BI(G). Then by Bp one denotes the sum of blocks b € BI(Gp) with b¢ = B.
For an integer d and € € {+, —} let

Ccl(B)e :={(D,0) |De PB(G|0,(G))e and 6 € It (Bp)}
and C4(B) :=C%(B), UC?(B)_.

For 0 € Aut(G), D € P(G) and 6 € Irr(Ng (D)) we define (D, ) to be (D7, 67).
This determines an action of Aut(G) on C¢(B) preserving the length of the p-chains
involved. Hence G acts on C(B), and C?(B)_ by conjugation. For (D, 6) € C(B) we
denote by (DD, A) its G-orbit and by C4(B), and C4(B)_ the associated sets of G-orbits.

As mentioned in the introduction, we consider Dade’s conjectures as the existence of a
certain bijection. Recall that Bl (G) is the set of blocks of G with noncentral defect
groups.

Proposition 6.2. Let G be a finite group, p a prime, d a nonnegative integer and B €
Blnc(G). Assume that O, (G) < Z(G). Then the following are equivalent:

(i) Dade’s Projective Conjecture holds for B and d.
(ii) There exists a bijection

Q:C4(B); — C4(B)_
such that 6o,,(G) and 9617 () are multiples of the same irreducible character whenever

(D, 8) € C*(B) 1 and (V', 0') € Q((D, 9)).
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Recall that Dade’s Projective Conjecture for B and d—in the version we are considering
here—claims

(—DPN? (Bp | v)| =0 forevery v € Trr(0,(G)),
DePB(GI0p(G))/~c
where ID runs over a full set of representatives of the G-orbits in B(G|0,(G)).
Proof of Proposition 6.2. LetD ... D" be afull set of representatives of the G-orbits
in P(G|0,(G))+, and DD, ... D) one in P(G|0,(G))—. Then part (i) is equiva-
lent to

r ’

Z e (Bpa) | v)| = Z it (Bpi) | v)|  for every v € Trr(0,(G)).
i=1 i=1
We analogously rephrase part (ii). For v € Irr(0,(G)) let C4(B|v), be the set of

G-orbits in {(D, 8) € C¥(B) |6 € Irr?(Bp | v)}, and define C4(B | v)_ analogously. The
existence of the bijection €2 in part (ii) is equivalent to

IC4(B|v)| =|C4(B|v)—| foreveryv € Irr(O,(G)).
Since G acts on the pairs, there is a one-to-one correspondence between
(DD, 0)|1<i<rand eI’ (Bpa |v)}

and C4(B |v),. Analogously the elements of {(D™), 0)|1 < i < 7 and 0 €
Irr? (Bp-i | v)} correspond to those of C4(B | v)_. This proves that (i) and (ii) are equiv-
alent. m}

Analogously other forms of Dade’s conjecture can then be seen as different requirements
on this bijection. We strengthen this conjecture by requiring that characters associated
with each other by the bijection determine character triples satisfying the equivalence
relation from Definition 3.6.

Conjecture 6.3 (Character Triple Conjecture). Let G be a finite group, p a prime, d a
nonnegative integer and B € Blyc(G). Assume that O, (G) < Z(G). Suppose that G <1 A.
Then there exists an A g-equivariant bijection

Q:C4(B), — C4(B)_

such that for every (D, 0) € C%(B), some (I, 0") € Q((D, 0)) defines G-block isomor-
phic character triples in the sense of Definition 3.6, i.e.,

(Ap,, Gp,0) ~¢ (Ap g, G, 0").
(The last statement is independent of the choice of (I, 8") because of Lemma 3.8(c).)
From Definition 3.6 we see that this is already a stronger form of [Da97, Conjecture 4.10].

Proposition 6.4. Conjecture 6.3 implies Dade’s Extended Projective Conjecture from
[Da97, 4.10].
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Thus Conjecture 6.3 is formally stronger than [Da92, Conjecture 6.3], [Da94, Conjecture
15.5] and Dade’s Projective Conjecture that are implied by Dade’s Extended Projective
Conjecture.

Proof of Proposition 6.4. For the proof we make free use of the notation introduced in
[Da94] for twisted group algebras. R

Let G < E be finite groups with O,(G) = 1 and € : E — E a central extension
of E by a cyclic group Z, and let A € Irr(Z) be a faithful character. Then O (G) is
central in E. Note that E together with A determines a totally split twisted group al-
gebra 2 of G over C and vice versa (see [Da94, Theorem 6.20]). Analogously any block
B of G with noncentral defect group that contains a character of Irr(@ | A) corresponds
to a block B of 2 with nontrivial defect (see [Da94, Theorems 8.6 and 9.6]). There is a
bijection Irr(B | 1) — Irr(B) with x X* such that x and x* have the same height and
the defect of x is the sum of the defect of x * and z, where P =1Z|p (see [Da9%4, Propo-
sitions 9.2 and 9.10]). For any subgroup U < E the group U:=¢ ~1(U) is associated
with the twisted group algebrﬁ A[U] as in [Da94, (5.4)]. Furthermore block induction
for blocks and subgroups of G corresponds naturally via the correspondence of blocks
from [Da94, Theorem 8.6] to the block induction in the totally split group algebra context
introduced in [Da94, Definition 10.5] (see [Da94, Theorem 10.10]).

Dade’s Projective Conjecture [Da94, 15.5] for the p-block B of A[G] and any positive
integers d is equivalent to the statement that for the corresponding p-block B of G there
exists a bijection

Qo : Cdt0(B | L)y — Ci+0(B|A)_,
where C4+20(B | 1), is defined as the set of (D, 8) € C4+%0(B), with 6 € Irr(Gp | 1)
for € € {4, —}. This is a consequence of Conjecture 6.3 since two characters can only
be in G-block isomorphic character triples if they cover the same character of Z (see
Lemma 3.4). R
If Qo is given by Conjecture 6.3, the bijection is Ep ;-equivariant and for every
D, 0) € C4t20(B | 1), every (I, 0') € Qo((D, 0)) satisfies

(Epg, Gp,0) ~5 (Ep.g, Gy, 6).

Since Qg is E p-equivariant, Dade’s Invariant Projective Conjecture [Da97, 4.7] holds
for B Furthermore in the above situation there exist projective representations of ED 0
and ED/ ¢ associated with ¢ and ¢ o’ such that the factor sets coincide via the canonical
isomorphism of ED o/ GD ¢ and ED/ o/ GD/ o'~ Accordingly also the Extended Projective
Conjecture [Da97, 4.10] holds. ]

The sets C?(B) are also defined for blocks with central defect. In that case they can be
described explicitly.

Lemma 6.5 (Blocks with central defect). Let G be a finite group and B € BI(G) with
central defect. Then C?(B)_ = ) and

{DP, %) | x €elrr(B)}, d = zo,
@, d # zo,
where D) = (0,(G)) is the chain of length 0 and |0,(G)| = p.

CUB)y =
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Accordingly Conjecture 6.3 cannot be generalized to those blocks. In the case of cyclic
A /G Conjecture 6.3 can be reformulated.

Proposition 6.6. Let G be a finite group, p a prime and B € Bl (G). Assume that
0, (G) < Z(G). Suppose that G <1 A is such that Ag /G is cyclic. Assume there exists an
A p-equivariant bijection

Q:C4(B)y — C4(B)_

such that for every (D, 0) € C%(B),, some (', 0") € Q((D, 0)) satisfies Irr(0z(6)) =
Irr(@é(G)). Then Conjecture 6.3 holds for B, G <1 A and d.

If Ap/G is cyclic the assumptions are equivalent to Dade’s Invariant Projective Conjec-
ture for B in the reformulation of [Ro02]. This can be seen using the same arguments as
in the proof of Proposition 6.2.

Proof of Proposition 6.6. It only remains to check that the associated character triples
satisfy the given equivalence relation, but this follows from Proposition 3.11. O

The above statement will be essential in checking Conjecture 6.3 for groups related to
sporadic groups (see Theorem 9.2).

Definition 6.7 (Inductive Condition for Dade’s Conjecture). Let S be a nonabelian
simple group, S its universal covering group, B € Blnc(S) and d a positive integer. We
say that the Inductive Condition for Dade’s Conjecture holds for B and d if Conjecture
6.3 holds for B’ with respect to X <1 A and integers d’ < d + zo whenever X is a quo-
tient of § by a central subgroup, B’ € BI(X ) is contained in B, A := X x Aut(X) and

p* = |Z(X)|p.If this holds for all B € Blnc(S) and d’ < d, then we say that the Inductive
Condmon for Dade’s Conjecture holds for S and d.

In the verification of this condition we use the following equivalent (more technical) re-
formulation.

Proposition 6.8. Let S be a nonabelian simple group, S its universal covering group,
B € Blyc(S) and d a positive integer. Then the Inductive Condition for Dade’s Conjecture
holds for B and d if and only if for Ag := S x Aut(S) and the integer zo with p® =
|Z(§) |p there exists a defect preserving Ao, g-equivariant bijection

Q- C5d+ZO(B)+ - C§d+zo(3)7’

where for every (D, 0) € C=4t:0(B),, (I/,0") € Q((D,0)) and Z := ker(05)) we

/
have Z = ker(9Z (§)) and

(Apo/Z.5b/2.0) ~5,; (Av o/ Z. S/ 2.9).

(Here 0 and ' denote the characters of §D /Z and §D/ /Z that are associated with 6
and 0'.)
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Note that according to Theorem 5.3 it is clear that in the above statement A can be
replaced by any group L containing S as a normal subgroup with L/Cy (S) = Aut(S).

Proof of Proposition 6.8. Here we concentrate on one direction and construct €2 assum-
ing that the Inductive Condition for Dade’s Conjecture holds. The other direction follows
from similar arguments. By definition, for every covering group X of S and every block

B e BI(X) contained in B there exists a bijection Qx : Cal "°(B); — C=d+0(B)_
such that corresponding pairs give X-block isomorphic character triples. Using those
maps one can construct a map €2 with the required properties. O

In Section 9 we give some examples of blocks and simple groups for which the Inductive
Condition for Dade’s Conjecture holds.

An important property of Dade’s conjectures is that the type of chains can be varied
and thereby adapted to the groups considered. Also the refinement introduced here allows
such flexibility.

We recall the terminology introduced in [Da92, Section 3] and adapt it to our situation.

Notation 6.9. AchainD = (Pp < P; < --- < Py) € B(G) is called radical if

(@) Po=0p(G),

(b) P = 0,(Nf_yNG(P)) forevery 1 < k < n.

We denote by JR(G) the set of radical p-chains of G. In addition let €(G|O,(G)) be
the set of elementary abelian chains of G starting with O, (G) (see also [Da94, Defini-
tion 1.5]).

Let k € {p,rad, elem}, G a finite group, B € BI(G) and d a nonnegative integer.
We define Cf(B)Jr and CE(B), to be the sets of pairs (D, ) where D € PB(G|0,(G)),
D € R(G) or D € &E(G|O,(G)) is of even length or odd length respectively, and 6 €
Ind(BD). The action of G on those sets allows us to define C,ﬁl(B)Jr and C,‘f(B), as the
sets of G-orbits in C,‘f(B)+ and C,‘f(B)_.

Proposition 6.10. Let G < A with O,(G) < Z(G), let B € BI(G) be an A-invariant
block with a noncentral defect group and let d be a nonnegative integer. If for some
ko € {p, rad, elem} there exists an A-equivariant bijection

Q1 CL (B)+ — CL(B)-
such that for each (D, 0) € C,f(B).h every (I, 0') € Q. (D, 0)) satisfies

(Ap,g, Gp,0) ~¢ (Aper, Gy, 6"),

then there exists for every k € {p, rad, elem} an A-equivariant bijection

Q :C4(B)y — C4(B)-
such that for each (D, 0) € C¢(B)+, every (I, 0) € Q((D, 9)) satisfies

(Apyg, Gp, 0) ~¢ (Ap g, Gy, 0').
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In other words, the statement of Conjecture 1.2 is independent of the type of the underly-
ing p-chains considered there.

Proof of Proposition 6.10. Let (Do, 6p) € C4(B)1 UC4(B)_. For k € {p, rad, elem} let

My y.00).x :={D,0) € C{(B)+ | (Ap.o7, Gy, 0') ~G (Apy.60> Gy 00)),
M_ y00).c ={(D,0) € CL(B)— | (A0, Gy, 0') ~G (Apy 65> Gy 00)}-

Let Staby ~; (Do, Oy) be the stabilizer in A of the ~g-equivalence class in Cg (B) con-
taining (Do, 0p), i.e., the group of elements y € A with

(Apy g2 Gpy» 67) ~G (Apy,89> Gy 00)-

Note that according to Lemma 3.8, Stab4 ~. (Do, 6p) is an actual group. It further acts
on M. (1y.60).c and M_ my,69).«-

The required bijection exists for k¥ € {p, rad, elem} if for every (IDy, 6p) € Cd (B)+ U
Cd(B)_ the sets My (py,60),c and M_ iy, 6,),« are equivalent Staba ~; (Do, 6p)- sets Ac-
cordmg to [IsO8, Lemma 3.33] it is sufficient to check that for every subgroup H <
Stabg, ~; (Do, Bp) with G < H the set of H-fixed points in My (p,,g,),«, denoted by
(M+,(D0’90),,()H , has the same cardinality as the analogously defined set (M,’(Do,go),,()H

Let fmy,6,) : B(G) — Z be the map defined by

f .00 D) 1= {6 € I (Bp) | D, 6) € (M m4.60).0)" U (M y.00.)"}
for every D € B(G). This map is constant on H-orbits, and fip,.6,) (D) = fimy.6,) D)
whenever N4 (D) = N4 (D). Then, according to [Da94, Proposition 2.10],
(=DP! fmy.00) (D) = D DL ST
DeP(GI0,(G))/~H De&(G|0y(G))/~u

= > (=D fpye D).

DeR(G)/~H

Note that whenever (D, ) € (M+,(D0,90),K)H U (M_,(Do,go),,()H, the p-chain satisfies
GHp = H, accordingly

(="' fmy.00) (D) = > =D g D)
DePB(GI0p(G))/~c De&(G|0,(G))/~¢
= > )P fpean D).
DeR(G)/~¢
Since [(M,mg.60).0)" | = (M= D.60).60)" |, this implies that [(M 60,07 =

|(M_7(D0,90),K)H| forevery k € {p, rad, elem}. Accordingly M (,.6,),« and M_ 1, .60),«
are equivalent as Stab ~, (Do, 6p)-sets. As this applies to all pairs (ID, §) € Cd(B)+ U
Cd(B)_, this proves the statement. O

A comparison with other inductive conditions in this area seems helpful to understand the
origin of Conjecture 6.3 and the Inductive Condition for Dade’s Conjecture.
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6.11. Comparison with inductive conditions for other global/local conjectures

We compare here mainly with the results and statements around the McKay and the
Alperin—-McKay conjecture. A similar link to results around Alperin’s weight conjecture
seems possible but requires more adaptations since an equivalence relation on modular
character triples from [Na98, Definition (8.25)] has to be introduced first.

In order to see the parallel between the above and the results in [Spidl3a] and [NS14]
we translate the inductive conditions into the language used here.

Recall that for a finite group G and a p-subgroup D of G we denote by Irro(G | D)
the height zero characters of G that belong to a block with defect group D.

Proposition 6.12. Let S be a nonabelian simple group, S its universal covering group
and A := S x Aut(S). Then the following statements are equivalent:

(1) The Inductive AM Condition from [Spil3a, Definition 7.2] holds for S and a prime p
with respect to a noncentral defect group D.
(ii) There exists an Ap-stable subgroup M with Ng(D) < M < Sandan A D-equivari-
ant bijection
Q : Irrg(S | D) — Trr(M | D)

such that for every x € Irr0(§| D) and x' := Q(x) the groups Z := ker(xz(g)) and
ker( XZ & ) coincide and

(Ax/Z S/Z x) ~S/z (MAD,)(’/Z’ M/Z,Y/),

where X and X' are the characters corresponding to x and x’'.

Proof. We use the reformulation of the Inductive AM Condition given in [KS16a, Defi-
nition 6.2], which is equivalent to the one in [Spd13a, Definition 7.2].

To prove that (i) implies (ii), we assume that the group M and the bijection Q are given
by the Inductive AM Condition. Furthermore for every x € Irrg(M | D) and x' := = Q(x)
the groups Z := ker( Xz(s S)) and ker( XZ 3 ) coincide. Moreover, for every x € Irro(S | D)
there exists a group L := L() and characters 6 and 6 such that:

(a) For Z = ker(xz(x)) and G : S/Z the group L satisfies G <L, A/CA(E) =
Aut(S)X and Cz(X) = Z(L).

(b) 6 € Irr(L) is an extension of the character 6 € Irr(G) determined by x.

(c) For D := = DZ/Z and M : = MZ/Z let 9’ € Irr(M) be the character defined by
Q(x) € Irrg(M | D). Then 8’ € Irr(MN (D)) is an extension of 6’

(d) The characters satisfy

Irr(@C @) = Irr () c, (G))
bl(@;) = bl(@MNJ(D)) for every J withG < J < L.
According to Lemma 3.10 we see that then

(L,G,0) ~5 (MN.(D), M, 0").
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In view of the description of L in (a) this implies
(Ay/Z.S)Z.%) ~5,7 (MAp 1/ Z. M/Z. 7))

according to Theorem 5.3. This proves that (i) implies (ii).

Assume now that (ii) holds for S, a group M and a bijection Q2. Using Theorem
4.1 together with Proposition 3.13(b) it is easy to construct, for every character x €
Irrg(M | D), a group L(x) with the above properties (a)—(d). ]

Moreover we like to mention that in [NS14, Theorem 7.1] a strengthening of the Alperin—
McKay conjecture is shown to be a consequence of the Inductive AM Conditions. The
above Character Triple Conjecture strengthens Dade’s Conjecture in the same fashion.

7. p-chains in wreath products

The Inductive Condition for Dade’s Conjecture for a simple nonabelian group S from
Definition 6.7 is a statement on the representation theory of normalizers of p-chains in
quasisimple groups associated with S. The aim of this section is to prove Theorem 7.2
and thereby show that the Inductive Condition for Dade’s Conjecture for S implies the
Character Triple Conjecture for covering groups of S (for some positive integer r) (see
Theorem 7.1).

Theorem 7.1 is rephrased in terms of the universal covering group S" that is embedded
as a normal subgroup in S % (Aut(:S‘\) ! G,) (see Theorem 7.2). The Character Triple
Conjecture, as well as its reformulation in Theorem 7.2, can be divided into two parts:
by the first part there exists an equivariant bijection, and according to the second part,
associated character triples satisfy the equivalence relation (see (7.1)).

For the first part, the construction of the bijection, one determines all radical p-chains
in S (see Lemma 7.5). Note that radical p-chains of direct products are more practical
than other kinds of p-chains and we can concentrate on them according to Proposition
6.10. The radical p-chains of S” are deduced from PR(S) using a combinatorial descrip-
tion of those chains (see Proposition 7.8). This combinatorial tool is applied to prove (in
Corollary 7.11) the existence of an equivariant bijection. In its construction, particular
care is necessary to determine and compare normalizers of the chains involved.

At the end of this section one uses Theorems 5.1 and 5.2 to prove the required equality
of the associated character triples.

Theorem 7.1. Ler S be a nonabelian simple group, r a positive integer, K a covering
group of S", 7 the integer with |Z(K)|, = p*, B € Bl (K) and d an integer. Assume
that the Inductive Condition for Dade’s Conjecture from Definition 6.7 holds for S and d.
Suppose that K <1 L for some finite group L. Let d' be an integer with d' < d + 7. Then

the Character Triple Conjecture from 1.2 holds for B and d’ with respect to K < L.

Note that K is a quotient of S”, where S is the universal covering group of S. The automor-
phisms of L induced on K cl)rrespond to ones in Aut(S") = Aut(S):S,. Hence the Char-
acter Triple Conjecture for B with respect to K <1 L is proven by considering the block B
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of §” containing B and considering S” as a normal subgroup of A := S” x Aut(S"). Then
the above Theorem 7.1 is a direct consequence of the following more technical statement.
Since we concentrate on characters arising from radical p-chains we use the set

C?(B)e == {(D, ) | D € R(G)c and 6 € Trr (Bp))

for any integer d, € € {+, —} and B € BI(G). In order to consider characters with various
defects simultaneously we study the sets

CoiB)e = | Chu(B)e and CZ{(B)e := | ] CLy(B)e
d'<d d'<d

for any integer d, € € {+, —} and B € BI(G).

Theorem 7.2. Let S be a nonabelian simple group, r a positive integer, S its universal
coverlng group, B € BlnC(S ), d an integer, zq the integer with p*® = |Z(S)|, and

=5 x Aut(S’ ). Assume that the Inductive Condition for Dade’s Conjecture from
Deﬁmtlon 6.7 holds for S and d. Then there exists an A B-equivariant defect preserving
bijection

Q C§d+r20(3)+ N CS‘H’ZO(B)_

such that for every (D, 8) € C=4t720(B) ., the pair (I, 0") € Q((D, 0)) and the group

Z = ker(@Z(S, ) satisfy Z = ker(@Z &) ) and
(Apo/Z.(S)/2.0) ~5 7 (Avo /2. S /2.8, (7.1)

where @ and ©' are the characters of % /Z and S /Z lifting t0 0 and 0'.

While for » = 1 such a bijection is given by assumption, for higher r the construction
of © is more involved and requires additional arguments. The proof will be given after
Corollary 7.11. As mentioned above, there are two main difﬁculties to address. On the
one hand, one has to understand the radical p-chains of S”. This is done by using a
combinatorial description of those chains in terms of paths in lattices. On the other hand,
some effort is needed to see the equivalence of the character triples given in (7.1).

The arguments on paths in S is based on the following observation on radical
p-chains of direct products made by Eaton and Hofling [EHO2].

Lemma 7.3. Let G1, G2 be finite groups, D = (D1 < --- < Dip)) € R(G1 x G»), and
Pr; : G1 x Gy — G be the canonical projection fori = 1, 2. Set D® := Pr; (D) to be the
chain Pr;(Dy) < ... < Prj(D\p)), and define Pr; (D) as the associated strictly increasing
chain of p-groups obtained by deleting groups that occur twice. Then

(@) D; =Pri(D;) x Pra(D;) fori = 1,...,|D|,
(b) Pro(D) € R(G1), Pr3(D) € R(Ga),
(©) Ng,xG,(D) = Ng, (Pr{(D)) x Ng, (Pr3(D)).

Proof. This follows directly from [EHO2, Lemma 3.1(a)]. O
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Notation 7.4. Let S be the universal covering group of S and A := S x Aut(§).
Moreover, for € € {+, —} let Cnc rad(S)E = UBeBlnc(g) Cfag(B)E and C=¢ d(S)E =

ne,ra
Usgenl.(3) Cer (B)c. Since § satisfies the Inductive Condition for Dade’s Conjecture,
using the arguments of Proposition 6.10 we see that there exists a defect preserving
A-equivariant bijection

Qo : nc rad(S)+ - Cnc rad(S)*

such that for every (D, 6) € c=? (S)+ and for Z := ker(6s)) every D, 0" €

nc,rad
Qo((D, 0)) satisfies Z = ker(@é (5)) and
(Apo/Z.Sp/2.0) ~5,7 (Avo/Z. S/ 2.0), (7.2)

where 6 and & are the characters of S]D) /Z and S]D)/ /Z corresponding to ¢ and 0.
Let T, C C:Cdrad(S )e be a complete set of Aut(S )-representatives in CnC rad(S )e such

that for every x € T there exists a unique x” € T_ with Qy(x) = X'. We set |x| to be
|D| whenever x = (D,0) e T, UT_.

Using T4 and T_ one can now describe some complete set of Aut(§)’ -orbit representa-
tives in a certain subset of CnC rad(S’).

Lemma 7.5. For every ¢ = (c1,...,¢,) € (Ty) letc’ = (¢},...,c.) € (T_)" with
c; € Qo(ci). Let (]Dm 0;) = c; and (D(_i), 0_;) =c; for1 <i <r.Inaddition let C.
be the set of chains (]D) 9) eC= (S’ ) such that

nc, rad

o P2(D) € (DD, D)) foreveryl <i <r,
o Y €{6;,0_;}, where y; € Irr(Ng(Pr§(ID))) is defined by 0 =y x - X V.,
o (Pry(D), i) € {ci, c}}.

Then Uce(T % Cc.c’ is a complete set ofAut(S)r -representatives in CnC rad(Sf)/ where

nC rad(Sr) — U ~ nc rad(bl X e X br)
(by,....br)€(Blyc(8))"

Proof. This follows from Lemma 7.3. O

In the next step we introduce certain combinatorial objects, which we later show to be in
bijection with the elements of C. .

Notation 7.6. Let k € (Z=()". We call
={xeZ|0<x <k}

the standard polyhedron associated with k. Leta, @’ e (Z>0o)" with 2 | a; and 2 4 alf for all
1 <i <r. A standard @, @' -polyhedron is a standard polyhedron associated with k € Z"
where k; € {a;,a/} forevery 1 <i <r.
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A lattice path p in the standard polyhedron P associated with k is a sequence of pair-
wise distinct points 7O = ©,...,0),..., 7 =% € P such that 0 < xi(jH) — xl.(j) <1
foralll <i <randl < j <[ — 1. The integer [ is called the length of p, abbrevi-
ated |p|. (Note that this might differ from other definitions of such paths.) We call such
a path p odd if 2 { |p|, and even if 2 | |p|. For a given standard polyhedron P we define
Lp, Lp 4, and Lp _ as the sets of all, all even and all odd lattice paths in [P respectively.
Furthermore the lattice path in P that contains the points (0,0, ...,0), (k1,0,...,0),
(k1,k2,0,...,0),..., ki, ko, ..., k—1,0) and k is called the representative lattice path
of I, denoted by pp. (This name will be justified in Lemma 7.9.) Note that the length of
this path is congruent to ) ; k; in Z/2Z.

Analogously let £; 7 . be the set of all even lattice paths of @, a’-polyhedra, and
L 7. be the set of all odd lattice paths of @, @’-polyhedra. Let L5 7 == Lz 77 ULz 7 _.
Example 7.7. Let r = 2 and k = (1, 1) € Z?. Then the standard polyhedron associated
with k has only the following paths:

e 71:(0,0),(0, D, (, 1),
e 12:(0,0),(1,0), (1, 1),
e p3:(0,0), (1, 1).

In general one can picture paths as in Figure 1 where the path has length 6.

Fig. 1. A lattice path in the standard polyhedron associated with (4, 4) of length 6

Proposition 7.8. Let ¢ € (T1)", and let ¢ € (T_)" be associated with ¢ as in Lemma
75 Leta = (ay,...,a;) € Z" witha; = |c;l anda’ = (a}, ..., a}) € Z" witha] = |c}|.
Then there is a bijection

Y:Coo = Lgz
such that for (]f)), 5) _the associated path p = T((ﬁ, 5)) passes through the points
D e 7 (0 < j < |D|) with

Pri(ﬁj) = D(i(),.) foreveryl <i <,
x;

where D = (Do < Dy < -+ < D) and DO := Pis(®) = (Dy’ < DY’ < -+ <
Dl%)(i)‘). The length of D coincides with the length of T((ﬁ), 5)).
Proof. This follows from the definitions. O
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The number of lattice paths in a fixed polyhedron PP is given by Delannoy numbers for
r = 2and k = (ky, k1) (see for example [KR91, Section 2]). But we are more inter-
ested here in the comparison of the numbers of odd and even lattice paths in a standard
polyhedron.

Lemma 7.9. Let P be the standard polyhedron associated with k € (Z>¢)", and Prep 1S
representative lattice path. Then

|Lp 4| — |Lp._| = (=D)Xiki = (=1)/Prol,

Proof. This follows by induction on ) _; k;. By induction the number of even lattice paths
minus the number of odd lattice paths whose penultimate point differs from the last in
exactly 7 fixed entries is (—1)(Z ki)=1=1 Thus the difference we are looking for is

—~ (1 k)t _ Dk ~ (T -l Tk
Z(f)( 1 = (=D (Z(J( 1) )-( HEh,

=1 t=1

since Yo (1) (=D~ = 0. u]

There is a natural action of &, on Z’. For givena,a’ € (Z>0)", any group ) < (S aa
acts on L z 4 and Lz 7 _. For p € L we denote by (2))7 its stabilizer in ), which is a
Young subgroup in 2) if ) is a Young subgroup of S,..

Proposition 7.10. Let a,a’ € (Zxo)" with 2|a; and 2 | alf for every 1 < i < r. For
every Young subgroup %) of (&, )z z there exists a )-equivariant bijection

gz : Laa .+ — Laa,—

In particular () = (D), ., p) for every p € Laa 4+

Proof. Let L := Lz, Ly = Lz 1 and L = Lz z _. According to [Is08, Lemma
3.33] it is sufficient to prove that every subgroup ¥ < 2) has the same number of fixed
points on £ and on £_. Since the stabilizer of a lattice path in ) is always a Young
subgroup, the number of fixed points of a group ¥ < 9) is exactly the one for the minimal
Young subgroup that contains Y. Accordingly it is sufficient to compute the fixed points
of Y on £ and on £_ for Young subgroups ¥ < Q).

In a first step we prove |£4| = |L£_]|. According to Lemma 7.9 one has only to
show that the number of @, @’-polyhedra with an even representative path coincides with
the number of @, @’-polyhedra having an odd representative path. The @, @’-polyhedra
with an even representative path correspond to vectors k € Z” with k; € {a;, a;} and

(—DXiki = 1,i.e.theset{i | k; = a/} has even cardinality. There are Y o<aj<r (zrj) such

polyhedra. On the other hand, the number of @, @’-polyhedra with an odd representative
pathis Y op; i<, (2;4) =—(1=D"+2 <)< (zrj). This implies |£4]| = |£_].

We prove the proposition by induction on r. For r = 1 the statement is obviously true
since £ is formed by one path of length a; and one of length a] respectively.

For r > 1 we consider the paths that are invariant under a given Young subgroup
Y <9.Let ji,..., j be afull set of representatives of Y-orbits on {1, ..., r} and let
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LY be the set of Y-invariant paths in £. For b € Z" " with b; = aj; and b e 7' with
b, = a//.l_, let f: LY — L;  be the map naturally induced by
1y e e Xp) > (s e es XD

One sees that f is bijective. In addition it preserves parity.
As shown above, the number of even paths in EE 7 coincides with the number of odd

paths in this set. This proves that |[£. N LY | = |£_ N LY]. O

Proposition 7.10 translates into the following statement on C,. /.

Corollary 7.11. Letc € (T4)", andlet ¢’ € (T_)" be associated with ¢ as in Lemma 7.5.
Let ) := (S, )..o be the stabilizer of ¢ and ¢'.

(a) There is a Y-equivariant defect preserving bijection

Qe i Cor i+ = Coer -

(b) Every (D,8) € Cer y and (V. 8') = Q.o (D, ) satisfy ker(@s,) = ker(gé(g))

and
(A2 6,5 5/ 20, S5/ Z0.0) ~§r /2, (A1S))55: 5/ Zo, St/ Zo, ),
where Zy = (ker(gz(g(,-))) |1 <i<r)and SO denotes the subgroup
(13) X -+ x (15) x § x (I5) x -+ x (1g)

of S", where the ith factor is isomorphic to S.

Proof. Leta = (ai1,...,a;) € Z' witha; = |¢;|, and @’ = (a},...,a}) € Z" with
a; = |ci|.

By definition, the bijection T from Proposition 7.8 is 2)-equivariant and preserves
parity. Hence the bijection IT; 7 from Proposition 7.10 gives the bijection . . required
in (a).

In part (b) the character 6 is of the form ¥ x - - - X ¢, € Irr(Ng(D(l)) Xooe X Ng(]D)(’)))
with (DD, ¥;) € {c;, cl’.} forevery 1 < i < r and D® := Pr?(D) (see Lemma 7.5).
Furthermore according to Lemma 7.3 we have

N3 (D) = Ng(@D) x -+ x Ng(D®).

Analogously ' is of the form Yp x o x )€ ImNg[M'™M) x - x Ng(D'™)) with
oD, ¥!) € {ci, c}} forevery 1 <i <r, where DO .= Pr(ID’). Lemma 7.3 implies
Ng (D) = Ng@'V) x -+ x Ng(@'®).
By the choice of ¢/, forevery 1 <i <r and Z; := ker(l/fi,z(g)) we have the equality
Z; = ker(l/fi/ 7 (§)) and the equivalence

~ — ~ —
Ao g/ Zis Spor/ Zis Vi) ~5)z, (Ao yn/Zis Sy [ Zis Y1),
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where ¥; and W: are the characters of §D(i) /Z; and §D/(i) /Z; corresponding to v; and /.
By the choice of Ty and T_ we see that

(A Gr)(ﬁ)’g) = Aaﬁ;ﬁ) X (Gr)(ﬁ’g).
Note that for Zg = (Z; |1 <i < r), Zo < (A Gr)(ﬁ’g) and Zo < (A2 &;) 5 The
combination of Theorems 5.1 and 5.2 implies that then

(A18.)5.5/Z0. S/ Z0.0) ~5r 7, (A28, 51/ Zo. S5,/ Z0. 0,

where 8 and 8 are the characters of :ST]%) /Zy and :STL, / Zq corresponding to 6 and 6. O

This finally enables us to construct the bijection from Theorem 7.2. We first prove it in a
simplified situation.

Theorem 7.12. Let S be a nonabelian simple group, r a positive integer, S its univer-
sal covering group, B € BIHC(§’ ), d an integer, and A = S x Aut(§’ ). Assume that
the Inductive Condition for Dade’s Conjecture from Definition 6.7 holds for S and d. If
p1 |Z(S)| then there exists an A p-equivariant defect preserving bijection

Q: C=d+r20(B), — C=d+r20(B)_

such that for every (D, 0) € C <d+rZO(B)+, the pair (', 0') € Q((D, 0)) and the group

rad
Z = ker(@z(sr ) satisfy Z = ker(0Z &) ) and
(Apo/Z. S/ Z.0) ~5 7 (Avo /2. Sy /2.8, (7.3)

where @ and © are the characters of TS’\ED /Z and 3\]]3/ /Z lifting to 0 and 0'.

Proof. Note that the arguments of the proof of Proposition 6.10 imply that it is sufficient
to construct an A p-equivariant defect preserving bijection

Q=M (p), — ¢S4ty

rad rad

with the requirements as above.
Let b; € BI(S) be such that B = by X --- x b,. Without loss of generality assume
b; € BlnC(S) forl <i <r'andb; ¢ BlnC(S) fori > r’ forsome r’. Let A := SNAut(S)
First we assume that ' = r. Then using the bijections Q.  for ¢ € (T_)" and
¢’ € (T4)" associated with ¢ as in Lemma 7.5 we obtain an A : &,-equivariant defect
preserving bijection

Q- nc, rad(Sr)"‘ - Cnc rad(Sr)_

such that every (Dl, 91) ecs?

ne,ra

4(8")4 and every (Ds, 62) € Q'((Dy, 6))) satisty

(A18))5,7/2'. 55 /12,00 ~5 70 (A1S)), 5,/2'.85 /2,62, (14)
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where Z’, 91 and 92 are defined as in 7.11. Note that for any block B € Bl(S’ ) that has
a defect group D with D N s £ Z(S) for every 1 < i < r, the bijections &’ can be

restricted to Cmd (B)+ and Q' (Crad (B)+) = Cflg (B)—. This proves the existence of the
bijection in the case where r’ = r, but it remains to show that (7.1) holds with this choice
of Q.

In the next step we assume r’ # r. Let ag be the integer with p® = |Z(§)| »- Re-
call that according to Lemma 6.5 the set C=¢(b;)_ is empty and C=%(b;), = C%(b;)4
contains just the characters of b; whenever r’ <i <r.Letd” := b, 1 X -+ x b, and let

"B = D)4

be the identity map. For r” :=r —r/, (]]51, 61) € C=4 ("), and (]52, 6y) = Q’((]ﬁ)l, 1))
we have

(A6,)5, 512" ()5, 17000 ~57 170 (MG, 5,/2" (8 )5,/ 2".62). (1.5)

where Z" = ker(@z( Sr”)) and the characters gl and 52 of (§r’/)D /Z" and (§’//)D, /Z" cor-
respond to 01 and 92 (The equivalence of the character triples follows from Lemma 3.8.)
Let b’ := b1 X -+ x bwand d’ := d — r"ag. Now the elements of Crad (B) can be

built from C (b) and C”"®(b"),: Let (D, 0') € Crad (b') and (D", 0") € Crradao 4.
Then

D'=(Dy <Dy << D)
and D" = (O, Sy for suitable p-groups D} (1 < < [I/]).

Let D; := D x 0,(8"") for 0 < i < |D'|. Then
D:= (Do < D <+ < Dpy) € RE")
with [D] = |D’|. This chain satisfies
N5 (D) = Ng (D) x 87

The character § := 0’ x 0" is well-defined and 6 € Irr(Ng; (]]3))). Straightforward calcula-
tions show (I, 6) € Craa(B). Moreover d(0) = d(0") +d(0"). In the following we denote
(D, 6) by (D', 0") x (D", 8”). This gives a bijection

ngl(b/) Cr ao(b//)+ — C d(B) with ((]D/ 9) (]D” 9”)) — (]D)/ 0 ) x (ID)N 9//)

that preserves the length of chains and adds the defect of the characters. It also induces a
bijection

C=4' by x b — CZ4(B) with (I, 07), (D", 67)) = (I, 07) x (D7, 07).

In such a situation we denote (I, 8”) x (D", 8”) also by (I, 8") x (D", 6”).
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Let Q: Crad (B)+ — C, d(B) with

@, 0") x (D", 9") = Q' (D', 67) x Q" (D", 07)).

Then by definition we see that 2 is (A : S, )p- equivariant and defect preserving

Let (D, 91) € Cmd (B) and (D1, 5>) € Q((Dy, 6))). Let (]DD/,O ) € C ad (b) and
1,0 € C""% (") be such that (I, 6)) x (DY, 0/) = (D1, 6)). Let Z|, < ker(6)) be
associated with #] as in Lemma 7.11 and Z” := ker(0{). Let Zo := Z' x Z" . According
to Theorem 5.1, (7.4) and (7.5),

(A, 5,/Z0. S5,/ Z0.01) ~5 7, (Ap, 5,/ Z0. (S, / Zo. 02), (7.6)

where A : (S X Aut(S))r X &,, and 91 and 92 are the characters of (S’)D /Zo and

(S’)D / Zy corresponding to 91 and 92
It remains to prove that with the given bijection, equality (7.3) holds. Let Z :=
ker(@z(s,)) and let ¢; € Irr(S’ /Z) and ¢ € Irr(S’ /Z) be the characters lifting to

91 and 92 respectlvely

Since p 1 |Z(S)| we have p 1 1Z/Zy|. In order to apply Corollary 4.5 we have to
check that C(Sr(A)(Dl.Hl))/ZO (S /Z0)/(Z]Zyp) coincides with C(S,(A)(D )/Z(S /Z). Let
X € C(gr(g) 5,7 ))/Z(SV/Z) andx € (A26,)]'ﬁ)l 51/20 withx(Z/Zy) = X. Stralghtforward
calculatlons show that x defines a morphism v : $"/Zy — Z/Zp vias — [s, x]. Since

S and hence ST /Z are perfect and Z/Z is abelian, the map v is trivial. Accordingly x
centralizes S” /Zy. Now according to Corollary 4.5, equality (7.6) implies

(D)@, 5)/Z- S5, /1Z.61) ~5 7 (A5, 5,/Z. S5,/ Z. $2).
This concludes the proof of Theorem 7.2. O

We now consider the general case and verify that the above constructed bijection has all
of the properties required for 7.2.

Proof of Theorem 7.2. Let Q2 be the bijection constructed in the proof of Theorem 7.12.
Let (D1, 6)) € C=7(B) and (D2, 62) € (D1, 8))). It remains to verify that (7.1) holds,
ie., the groups Z := ker(0; zg)) and ker(6, ;5) coincide and

(A5, 5,/Z. S5,/ Z. b)) ~5 17 (A, 5,/ Z. S5,/ Z. b2,

where A := 8" x Aut(S’) = (S X Aut(S)) S, = (S X Aut(S))’ X &, and the characters
¢1 and ¢, are the characters of (S’ )D /Z and (S’ )]DJ /Z associated with 91 and 92
By the proof of Theorem 7.12 we already have

(A, 5./ 20 (S")5,/Z0.01) ~3 17, (Ap, 5,/ Zo- S,/ Zo. 02). (7.7)

where Z is determined as before (7.6) and gl and 52 are the characters of (Sr)ﬁ) /Zo and
(8")%,/Zo corresponding to 6 and 65.
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It remains to prove that (7. 1) holds with the given bl_]eCUOn LetZ .= ker(91 2@ ), P1
a projective representation of A .8 / Z associated with 1,and P> a projective represen-

tation of A]ﬁz, 7 /Zo associated with 92, such that they give an s / Zo-block isomorphism
of character triples. Then ¢| € Irr(fS'\’ / Z)and ¢, € Irr(§’ / Z) lift to 0 1 and 52
By definition P; and P, define prOJectlve representatlons P and P of AD 9 /Z and

~

A / Z associated with ¢1 and ¢;. We use the following notation: H; := A]D X /Z,
= §"5,/7. Hy = A5, 5/70, M; = §")5,/Z0, N = §/20, N := §'/Z,

= (A 5,/Zo)N and G = (A, @)/Z)N. With this we check that 731 and P»
satisfy the assumptions in Theorem 4.3(i). As in the proof of Corollary 4.5 we see that

the required group-theoretic assumptions are satisfied. For any defect group D of bl(¢1)
we have

Co(D)N < (A" x A16,1)/Z. (7.8)

Moreover the assumption from 4.3(i.a) on the factor set is satisfied by the definition of
P, and Ps.

Now we check P (¥) and P, (X) forx € Cg(ﬁ). Letx € H = (Az@,)ﬁ)lygl / Zp with
x(Z/Zp) = x. By the arguments in the proof of Theorem 7.12 we see that x € Cg(N).
Accordingly P1(¥) = Pi(x) and P»(¥) = P>(x) are scalar matrices associated with the
same scalar.

Next we verify that P; and P, satisfy assumption 4.3(i.c): for every X € NC@(E])
the scalar matrices P1((€l5(X) N H)™)* and (P2((€17(X) N H,)1))* are associated
with the same scalar, where D is a defect group of bl(¢) and J := (N, ¥). The equality
obviously holds if €l7(X) N H| = @ and €l5(¥) N H, = ¢. Without loss of generality we
assume in the following that ¥ € H.

Let x € NCg(D1) and J := (N, x). Straightforward calculations prove that

P (€ NH) T = Pi((€ly(x) N H)*,
where k = |Cl;(x) Nx(Z/Zp)|.
If k* is invertible or equivalently p { k, Theorem 4.3(i.c) for P; and P, implies
P1((€ly(x) N H)T)* = Pa((€ly(x) N Hy)T)*, and hence
P NHD ™M) = P2((€7E) N Hy) D™

Otherwise there exists some nontrivial element z € Z/Zj such that xz and x are
J-conjugate, hence there exists some s € S"/Zy with x* = xz. According to (7.8) we
can write x as (x/, x”) where x" € A" and x” € A ¢t &,». Moreover z may be written as

(z1, ..., 2w, 2) with z; € Z(S)/Z andz” € Z(S""). Lets; € S withs = (sq, ..., s,) and
sl = (1 ,1,si,1,...,1) € SO, Then x% = (x")x" = x'x"z; forevery 1 <i < r/
and

xsr/+]"'sr — .XZ,/.
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This proves that xz; and xz” are J-conjugate to x for every 1 < i < r’. Since z is a
nontrivial element of Z/Zy, either z; is nontrivial for some 1 < i < r” or z” is nontrivial.
By the definition of Zg this implies that

61(z) =¢Hi() or 61" =¢fi(D)
for some root of unity ¢ # 1. Let 77; be an extension of ¢1 to J N H; and Q a projective

representation of Jwith N < ker(@) such that éjﬂﬁl ® P1,snH, affords 1.

The block bl(71)” covers bl(¢1)V . Let T € Trr(bl(71)”) with Trr(zz(vy) =Irr(p1.z(n))-
(Such a character exists by [KS15, Theorem B] and [Na98, Theorem (9.2)].) Since the
elements X, Xz; Z/Zo and Xz Z / Z are J -conjugate, the above arguments imply 7 (X) = 0
and A (€l;(x)") = 0, and therefore

Qjm, ® Pi@F@ NH)')* =0.
Since Q is a one-dimensional projective representation, this proves
Pi(€E) NHDH* =0.

Analogously one sees fg((@ilj()_c) N H,)') = 0. We see that P and P> also satisfy
4.3(i.c), and hence

(A5, 5./2. (S5, /2. ¢1) ~5 7 (A5, 5,/ Z. S5,/ Z. $2).

Hence (7.1) holds with the bijection €2 constructed above. ]

8. About a minimal counterexample to Dade’s Projective Conjecture

In this section we show how one can apply Theorem 7.2 to prove our main theorem.
The first two statements are almost immediate consequences of Theorem 7.2. Then we
connect those statements with earlier results of [Ro02] and [ER02].

Theorem 8.1. Let d be a nonnegative integer and S a nonabelian simple group satisfy-
ing the Inductive Condition for Dade’s Conjecture from Definition 6.7 with respect to d.
Let L be a finite group and suppose there is some K < L with K = [K, K] such that
K /(Z(L) N K) is isomorphic to S” for some r > 1. Let B € Bly(K). Then there exists a

defect preserving L g-equivariant bijection Q : C<4(B), — C=4(B)_ with

(Lp.g, Kp,0) ~x (L g, Ky, 0)
for every (D, 0) € C4(B)4 and (I, 0") € Q((D, 0)).

Proof. Let S be the universal covering group of S. By the assumptions on K it is clear
that there exists an epimorphism € : §" — K, since S is the universal covering of S” by
[As86, Chapter 11, Exercise 2]. Let A := §” x Aut(S"). Via € the block B is contained in
some B € BI(S") and B contains just this block (see [NT89, Theorems 5.8.8 and 5.8.11]).
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Let zo be the integer with p*0 = |Z(§)| p- According to Theorem 7.2 there exists for Sr
an Ag-equivariant bijection

Q : C=d+r20(B), — C=d+rz0(B)_

such that for every (D, 6;) € C5d+’Z°(§)+ and (D,, 6;) € §((]D)1, 01)) the groups
Z :=ker(0, 7)) and ker(6, 7 5r)) coincide and the pairs satisfy

(Apy.0,/Z. S, /2. 61) ~5 )7 (ADy6y/ Z. Sp, I Z. $2). 8.1)

where ¢; and ¢, are the characters of §15>1 and ./%2 corresponding to 01 and 6. Hence 6
is the lift of a character of a subgroup of K if and only if 6, is.
Let Dy, 6)) € (/’S”IJF’ZU(E\)Jr with ker(6;) > ker(¢) and (ID,, 65) € ﬁ((ID)l ,01)). Since
Zo = ker(e) < Z(§’), we have (N5, (ID;)) = Ng(e(D;)) and e(D;) € P(K|0,(K)).
Analogously, in A= N7(Zp) we have e(N7 (ID;)) = N;//ZO (ﬁ,-), where D; := e(Dy;).
Fori =1,21let; € Irr(Ng, 170 (ﬁ,-)) be the lift of ¢;, hence a character that lifts to 6;.
According to Corollary 4.4 in combination with Lemma 3.8(b), (8.1) implies

(A?ﬁl’al /20, N_’g‘r/ZO D), 51) N@/Zo (Aﬂﬁzagzﬁ N§r/20 (Dy), 52)
By Theorem 5.3 in combination with Lemma 3.8(b) this implies that
(Lg, 5,-Ne D). 81) ~k (Lg, 5, Nk [D2). 52).

Let z; be the integer with p*' = |Zp|,. Since Q is an Aut(§’)§—equivariant defect
preserving bijection, it induces an L g-equivariant defect preserving bijection

Q : C=d+r0-z21(B), — C=d+r20—21(B)_,
Moreover (D, 61) € C=4*20-21(B), and (D5, 6;) € Q((Dy, 61)) satisfy
(Lp,,0,, Ng D7), 61) ~k (Lp,,6,, Nx(D2), 62).
Since rzg — z1 > 0, this proves the statement. O

Corollary 8.2. Let d be a nonnegative integer and S a nonabelian simple group such
that S satisfies the Inductive Condition for S and d (see Definition 6.7). Let L be a finite
group and suppose there is some K < L with K = [K, K] such that K /(Z(L) N K) is
isomorphic to S” for some r > 1. Let C € BI(L) be a block with a defect group D such
that DN K £ Z(K). Then there exists a bijection

I: U I (Cp) — U Irr (Cpy)
DePB(K|O0p(K))+/~L D'eP (K0, (K))—/~L
such that Irr(xz(1)) = Irr(T1(x)z(1)) for every x € UDem(K\Op(K))Jr/n Irrd(C]D;).

Proof. Let B be a p-block of K covered by C. Any defect group Dy of B is L-conjugate
to D N K (see [Na98, Theorem (9.26)]). By assumption Dy £ Z(K).
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According to Theorem 8.1 there exists a defect preserving L g-equivariant bijection

Q:C=4(B), — C=4(B)_

with
(Lp,.0,» Ky, 01) ~k (LDy.6,5 Kby, 62)

for every (D1, 0;) € Cfd(B)Jr where (D, 6,) € Q((Dy, 67)). Let Dy, ..., D, be a full
set of L-orbit representatives in 9 (L). Then one can choose in C=¢(B) a full set T, of
L-orbit representatives such that for every (ID, 6) € T the chain D coincides with I; for
some 1 <i < s.Forfixed | <i < s the characters lﬁl('), e ,E,’) with (@;, v e T,
form a full set of Ny , (ID;)-orbit representatives in Irr(Bp,). By standard Clifford theory
we know that Irr? (Cp,) can be seen as the disjoint union

1
I (Cp,) = | J 1 (Coy, 19"
k=1

where Ire? (Cp, | ") := I (Cp,) Nrr(Lp, | ") forevery 1 <i <.

Let Ds41, ..., Dy be a full set of L-orbit representatives in *3(L)_. For every (D, 6)
in T we choose an element (D', 8’) € Q((D, 6)) suchthatD’ € {D4q,...,Dy}. Let T_
be the set of all such pairs. Since T is a full set of L g-orbit representatives, T_ is a full
set of L g-orbit representatives as well. As above, for fixed s + 1 < i < s’ the characters
1//1(’) s ,(’,l) with (D;, 1/fl.(’)) € T_ form a full set of Ny, (;)-orbit representatives in
Irr(Bp, ). Again we obtain

t .
It (Cp,) = U Trr (Cp, H[/]El)) forevery s +1 <i <y’

k=1
This implies
U mwicw= | mcolo),
DePB(K)+/~L (D,0)eT
U mem= |J mcolo.
DePB(K)-/~L (D,0)eT_

By the construction we can associate to every (D, 0) € T a pair (D', 0") € T_ such
that (D', ") € Q((D, #)). Hence for the associated character triples we know

(Lp.o, K, 0) ~k (Lpy g, Ky, 0')

from the construction using Theorem 8.1. According to Proposition 3.9(c) we also have
|Irrd(CD,9 |10)| = |Irrd (Cryr ¢ 10")|. Now Clifford correspondence gives a defect pre-
serving bijection between Irrd(CD,g 16) and Irt? (Cp | 6), and between Irrd(CDg@/ |87)
and Irr? (Cpy | 0'). This implies | (Cp | 8)| = | (Cyy | 6”)|. Together with the above
equalities this implies the existence of a bijection

n: Y mwiceo—- |J mew.

DeP(K)+/~L D'eP(K)—/~L
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Since the bijection is given by the associated character triple isomorphisms in combina-
tion with Clifford correspondence, it satisfies in addition

Irr(xz(r)) = Ir(T1(x)z)) forevery x € U I (Cp). O
DeP(K)+/~L

Now we turn to the proof of Theorem 1.3. We use here the results from [Ro02] and
[ER02], and consider a given finite group G with O,(G) < Z(G) and a p-block C of G
with noncentral defect.

Assumption 8.3. Let G be a finite group with O,(G) < Z(G) and C € Blyc(G). Assume
that Dade’s Projective Conjecture holds for all groups H with O,(H) < Z(H) whenever

o all the nonabelian simple groups involved in H are involved in G,
e cither

— |H:Z(H)| < |G : Z(G)|, or
— |H:Z(H)| = |G : Z(G)| and |H| < |G|

We apply results from [Ro02] and [ER02]. Note that in both cases the results stated there
hold for G under the above assumption. As explained in the remark before [Ro02, The-
orem 2] the actual assumption used in [ER02] is the one given in 8.3, namely that one
assumes that Dade’s Projective Conjecture holds in every central extension H of a sec-
tion of G, where |H| < |G| or |H : Z(H)| < |G : Z(G)|. An analogous statement can
be made about the proof of [ER02], which describes properties of a finite group G satis-
fying Assumption 8.3 in the case where G has a block not satisfying Dade’s Projective
Conjecture.

Theorem 8.4. Let S be a set of nonabelian simple groups S satisfying the Inductive Con-
dition for Dade’s Conjecture from Definition 6.7. Assume that every nonabelian simple
component of G is contained in S, and suppose that Assumption 8.3 holds. Then Dade’s
Projective Conjecture holds for the block C and d.

Proof. According to [ER02, Theorem 1] and the succeeding remarks we may assume
that G has only one component up to isomorphism, i.e., for the generalized Fitting sub-
group F*(G) of G, F*(G)/Z(G) is the direct product of groups isomorphic to a non-
abelian simple group S. Let K := [F*(G), F*(G)]. According to [Ro02, Theorem 1] the
block C covers a block B of F*(G) such that B has a defect group that is not central
in F*(G). Let A € Irr(Z(G)). From Corollary 8.2 we know

(=P (Bp | )] = 0,
DeB(K Z(G)lop(K))/NG

where Irrd(BD [A) = Irr? (Bp) NIrr(Gp | A). By [Ro02, Theorem 1] this implies
> (=D (Bp [ 1)] = > (=11 (Bp | 1)

DeB(GI0p(K)/~6 DeB(K Z(G)|0,(K))/~6
=0.
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(Note that by an application of [Da92, Proposition 3.7], Theorem 1 of [Ro02] is also valid
when the underlying p-chains are not assumed to be normal.) Hence Dade’s Projective
Conjecture holds for C and d. O

The above implies Theorem 1.3.

9. The Character Triple Conjecture for quasisimple groups

In this section we verify the Character Triple Conjecture for some quasisimple groups.
Recall that Proposition 6.10 simplifies the checking of Dade’s Conjecture since the type
of the p-chains under consideration can be varied. For example it seems that for certain
blocks of groups of Lie type and in the nondefining characteristic, elementary abelian
p-chains have good properties (see [Br06]). Proposition 6.10 is applied later in the veri-
fication of the Character Triple Conjecture for blocks with cyclic defect and for p-blocks
of SL2(g).

In [Da96] and [Ma05] it is proven that various strong versions of Dade’s conjectures
hold for blocks with cyclic defect groups. Since the relation of our Character Triple Con-
jecture to Dade’s Final Conjecture is not fully established, we give here an independent
proof and use the above proposition in order to deduce from [KS16a, KS16b] that our
Character Triple Conjecture holds for all blocks with cyclic defect groups.

Proposition 9.1. Let G be a finite group and B € BI(G) a block with a nonnormal, cyclic
defect group D. Then the Character Triple Conjecture 6.3 holds for B.

Proof. According to Proposition 6.10 it is sufficient to prove that the Character Triple
Conjecture holds with respect to elementary abelian p-chains. Let D be a defect group
of B and (D, 0) € C4(B) with D € &(G). Then Dyp, is contained in a defect group
of bl(f), and after suitable G-conjugation, Djp; < D. Since D is cyclic, there exists a
unique subgroup E of D with O,(G) < E such that £/0,(G) is elementary abelian.
So the chains Dy := (0,(G)) and D := (0,(G) < E) are the only chains that occur
in C¢__(B) up to G-conjugacy. Accordingly it is sufficient to find a defect preserving

elem

Aut(G) p-equivariant bijection A : Irr(B) — Irr(b) with
((G x Aut(G))g, G, 0) ~¢ (NgxauwG) (E)a@), NG(E), A(®)) forevery 6 € Irr(B),

where b € BI(Ng(E)) is the block with b° = B.

Since the defect group is cyclic, all ordinary irreducible characters of B and b have
height zero. By [KS16a, Theorem 1.1] and [KS16b, Theorem 1.1] the Inductive AM
Condition holds for b via a bijection A : Irr(B) — Irr(b). According to Proposition 6.12
the bijection satisfies

(G ¥ Aut(G))s, G, 0) ~6 (NGxAuwG)(M)aw), M, A(B)) forevery 6 € Irro(B).
This proves the statement. O

Theorem 9.2. Let p be a prime. Let S be either a simple group SL>(2"), *B»(22*+1) or
a simple sporadic group such that p is odd or S is not the Baby Monster or the Monster
group. Then the Inductive Condition for Dade’s Conjecture from Definition 6.7 holds
for S.
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Proof. All listed groups have cyclic outer automorphism group. Hence Proposition 6.6
can be applied here. For the listed groups, respectively their universal covering groups,
Dade’s Invariant Projective Conjecture from [Da97, 4.9] holds: see [Da99] for the groups
SL,(2") and 2 B,(22"*1), [AC95, Hu97] for the Matthieu groups, [Da92, Theorem 10.1]
and [Ko97, AOWO03] for the Janko groups, [AO04, AO98, An99] for the three simple
Conway groups, [AO99, AO0O5, AOUO8] for the Fischer sporadic groups, [HH99] for
the Higman-Sims group, [EP99, Mu98] for the McLaughlin group, [An97] for the Held
group, [Hi99] for the Suzuki group, [AO02] for the O’Nan and Rudvalis sporadic simple
groups, [AOO03] for the Harada—Norton group, [SU03] for the Lyons group, [Uno04] for
the Thompson group, [AW04] for the Baby Monster, and [AW 10] for the Fischer—Griess
Monster (the latter two with p # 2). O

The above results allow us to verify that the blocks of SLy(g) with nonnormal defect
groups satisfy the Character Triple Conjecture.

Proposition 9.3. Let p a prime, q a prime power, G := SL(g) and B € Bly(G) be
a p-block. Then the Character Triple Conjecture holds for B and for the p-block of
G/Z(G) contained in B. Moreover the Inductive Condition for Dade’s Conjecture holds
for G/Z(G).

Proof. Note that if G is the simple group SL»(4) as mentioned above the statement fol-
lows from [Da99, Theorem 6.13] since the group of outer automorphisms of G is then
cyclic. For G a covering group of PSL;(9) computer calculations prove the statement.

Otherwise G is the universal covering group of G/Z(G) (see [GLS98, Table 6.1.3]).
Hence the first part of the statement implies the second.

We now distinguish the various possible values of p with respect to the characteristic
of the underlying field F,.

If p|q we verify the Character Triple Conjecture using radical chains. Let P be a
Sylow p-subgroup of G and A := G x Aut(G). Then the Inductive AM Condition holds
for B according to [Spédl3a, Theorem 8.4] whenever G is the universal covering group of
PSL;(g). According to Proposition 6.12 this gives an A p-equivariant bijection

IT: Irrg(G | P) — Irrg(Ng (P) | P)

such that for every 6 € Irrg(G | P) the character 8’ := () satisfies Z := ker(0z) =
ker(0’,) and

(A0/Z,G/Z,0) ~g/z (Apg/Z,Ng(P)/Z,0).
The only radical p-chains of G are Dy := ({l1g}) and D; := ({16} < P). Accordingly
IT induces a height preserving A p-equivariant bijection

Q:cxB); - cZU(B)-

rad

for all blocks B € BI(G). Hence it is also defect preserving. Moreover the bijection has
the properties described in Proposition 6.12.

Let G := SLQ(E) and F : G — G be a Frobenius endomorphism defining an
[F,-structure of G. If p { ¢, then either B is the principal 2-block of G, or B has cyclic
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defect (see [Boll, Theorem 7.1.1]). Assume that p = 2 and ¢ is odd. Let B the principal
2-block of G, Z = Z(G) and P be a Sylow 2-subgroup of G. Then P := P/Z is
isomorphic to Cy4¢),/2 X Cz, where € € {£1} is such that 4 | g + € and the group C; acts
on C(;4.¢),,2 by inverting. Let go be the prime with g | g and Fy be a field automorphism
of GL2(g) that corresponds to a field automorphism of F,, that generates the Galois group
of F, over [Fy; let T be an Fy-stable maximal torus of G := SL; (E) with |TF| = q+e
and T’ be an Fy-stable maximal torus of G with [(T")¥| = ¢ — €.

Assume 8 { g +¢ and hence P is a Klein four-group. Then the only elementary abelian
noncyclic subgroup of P is P. In G/Z all involutions are G-conjugate, and hence all
cyclic subgroups P of order 4 are conjugate in G. This leads to the following elementary
abelian chains of G starting with Z up to G-conjugation:

Do:=(2), D :=(Z<Cy), D:=(Z<LCs<P), D3:=(Z<LP).

Straightforward calculations in SL»(g) lead to Gp, = G, Gp, = M, Gp, = P and
Gp, = Ng(P), where M = Ng(T) or M = Ng(T'). Furthermore the group Ng(P) is
isomorphic to the semidirect product of P with an automorphism of order 3, permuting
the cyclic subgroups of order 4. _ ~

Let G be the subgroup of GLa(g) with G > G and G/G € Syl,(GL2(q)/SL2(q)).
Let Fp be a field automorphism of GL>(g) that corresponds to a field automorphism of [f,,
that generates the Galois group of IF,. Note that 8 { ¢ + € implies by straightforward cal-
culations that Fy has odd order. Hence for A := G x (Fp) the quotient A/G is cyclic
and induces on G the group Aut(G). The aim here is to verify the Character Triple Con-
jecture for the principal block by of G for G < A, since this implies the statement for
G < (G x Aut(G)) according to Theorem 5.3. By Proposition 6.6 it is therefore sufficient
to construct a defect preserving A-equivariant bijection

Q: 54 (bo)y — C54 (bo)-

such that pairs (ID, 6) with faithful 67¢) are sent to a G-orbit of some (D', ") with faithful
6> Where d is the integer with 24 = |G|.
In the following we describe successively the groups G, for 0 < i < 4, the characters
of by, p; and their stabilizers in Ap,.
The characters of Gp, belonging to by are described in [Bol1, Theorem 7.1.1]. We
use the notation for those characters as given there: Let T be an Fp-stable maximal torus
of G := SLQ(E) with ¢ + € = |TF|, and T’ be an Fy-stable maximal torus of G with

g —e=1(TH"].

Characters of by x (1) d(x) Ay # char.
1g 1 3 A 1
Stg q 3 A 1
R§(E)+ ¢ elm(TF),06)=2)  (@-e/2 3 G x (Fp) 2
R$(®) (¢ € Ir(TF), 0(8) = 4) q—e 2 A 1
RE®)x € eIm(THF),06)=2) (@+e)/2 2 Gx(F) 2
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For D = (Z < Cy) the group Gp, = Ng(T)¥ has TF as an abelian normal subgroup of
index 2. Since Gp, > Ng(P), the block by p, is the principal one. Accordingly Irr(bg p, )
is the union of characters Irr(Gp, | §), where § € Irr(TF) has 2-power order. Moreover
GAp, = A.

Characters of bo,]D)l x () d(x) A]D)1 X # char.
x € Ir(Gp, | Lyr) 1 3 Ap;, 2

x € Ir(Gp, |§) (€ € Ir(TF), 0(6) = 2) 1 3 (G % (Fo))p, 2

x €In(Gp, 16) ¢ em(TH),0€) =4 2 2 Ap, 1

The group Gp, coincides with P, and Irr(P) = Irr(bo p,). The group Z(SL(gq)) is a
normal subgroup of P and P/Z(SL»(q)) is a Klein four-group.

Characters of by p, x (1) d(x) AD,, # char.
X1, x2 € Irr(Gp, | 17(sL,(¢))) 1 3 Ap, 2
X3, x4 € (G, | 17(sL,(9))) 1 3 (G % {Fo))p, 2
x € Ir(Gp,) \ Irt(Gp, | 1z(sL,(¢))) 2 2 Ap, 1

The group NG (P) has P as a normal subgroup of index 3. All characters of by p, belong
to the principal block of Ng (P). Straightforward computations determine the characters,
their defects and their stabilizers.

Characters of by p,  x(1)  d(x) ADs, x # char.
X1 1 3 Ap, 1
X2 3 3 Ap, 1
X3: X4 1 3 (G % (Fp))p;, 2
X5 2 2 Ap, 1
X6+ X7 2 2 (G % (Fo))p, 2

A thorough inspection of the above tables shows that a bijection 2 with the necessary
properties exists.

Assume 8 | g + €. We show that there are six G-orbits of elementary abelian 2-chains:
Let o = log, (g + €), let T be a maximal F-stable torus of G such that ¢ + € = |TF| and
let 7> be the Sylow 2-subgroup of T¥. Recall that Z denotes the centre of SL,(q).

Then the Sylow 2-subgroup P of G coincides with (73, x) for some element x € G
of order 4 acting on 7> by inverting. Let @’ € T, be an element of order 8. From the
description of the fusion system in [Li07, Example 8.8] straightforward computations
show that the 2-chains in Belem (G) up to G-conjugation are exactly the following:

Do :=(Z), Di:=(Z<@?), Dy:=(Z< (@?x),
D3 = (Z < (a?, d'x)), Dy = (Z < (a”?) < {
Ds = (Z < (a’?) < (%, d'x)).
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The chains D4 and D5 are a-conjugate, and D, and D3 are as well. The other chains
satisfy GAp, = A. Accordingly the characters from by p, and by ps can be studied using
the results on the other blocks.

As above, we use the description of Irr(bg) from [Bol1, Theorem 7.1.1] with the same
notation.

Characters of b x (1) d(x) Ay # char.
1g 1 0+1 A 1
Stg q o+1 A 1
RE©)+ ¢ elm(TF),06)=2)  (@—-€/2 o+1 GZG) x (Fy) 2
R$ () qg—c¢ 0 GAyr g g1y 2071 -1
(& e Ir(TH), 2 < o(&) 2-power)
Rr(r;/(i)i ¢ eIr(TH), 0(6)=2) (g+e€)/2 2 G Z(G) x (Fp) 2

ForD; =(Z < (a’z)) the group Gp, = Ng(T)* has TF as an abelian normal subgroup
of index 2. As above, Irr(bo p, ) is the union of characters Irr(Gp, | §), where § Irr(TF)
has 2-power order.

Characters of by p, x (1) d(x) ADy,y # char.
x € Ir(Gpy, | 1pr) 1 o+1 Ap, 2
x €l(Gp, 16) ¢ el(TF),06)=2) 1 o+1 (GZ(G) % (Fy))p, 2
x € Irr(Gp, 1£)
(€ € Irr(TF), 4 < 0(&) 2-power) 2 0 Ap, TF (£.6-1) 20-1

The group Gp, has P := (da’ 2, x) as a normal subgroup of index 6, and all characters of
Irr(Gp,) belong to the principal block of Gp,, hence Irr(Gp,) = Irr(by p,). Let v be a
linear nontrivial character of P. Let Y € Irr(P) be the character of degree 2. The char-
acters of Irr(Gp), | v) of degree 3 can be obtained by induction from two linear characters
of (a’, x).

Characters of by p, x (1) d(x) AD, .y # char.
x € Itr(Gp, | 1p) (of degree 1) 1 4 (GZ(G) » (Fo))p, 2
x € (Gp, | 1p) (of degree 2) 2 3 (G Z(G) % {Fo))p, 1
X € (G, | v) 3 4 (GZ(G) » (Fo))p, 2
x € Irr(Gp, | ¥) (of degree 2) 2 3 Gp, Z((N})(G X <F0>)ID>2 TF (o ,a'1) 2
x €Irr(Gp, | ¥2) (of degree 4) 4 2 (G x (Fp))p, 1

The group Gp, = (a’, x) has the cyclic subgroup (a’) of order 8 as normal subgroup of
index 2, hence Irr(Gp,) has four linear characters and three characters of degree 2.

Characters of by p, x (1) d(x) ADy, # char.
x € Ire(Gp, |§) (¢ € Iir((@'), 0() |2) 1 4 (GZ(G) % (Fo)m, 4
x € Ire(Gp, |€) (¢ € Iir((d), 0(8) =4) 2 3 (GZ(G) x (Fo))p, 1

x €Ir(Gp, |§) (¢ € lr((@)), o) =4) 2 3  Gp,Z(G)(G x (FoDTF (0 -1y 2
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Reviewing the given lists one can see that there exists an A-equivariant defect preserving
bijection

Q: C=do bo)+ — Cfdo(bo)_.

This map can be chosen such that for any (D, 8) € C=9(bg), and (I, 6) € Q((D, 6))
the groups ker(6z) and ker(0/,) coincide. Let (D, §) € C =do(po)4 and Zy := ker(8z). If
Apg <G Z(G) % (Fp) then Proposition 6.6 applies, and hence for (I, ") € Q((D, H))
we get the equivalence

(G X (Fo))m.0)/Z0, Gp/Z0, 0) ~G)z, (G x (Fo))w.0)/ Zo, Gn/Z0,9),

where 6 and & are the characters corresponding to & and 6’. ~

It remains to prove the analogous property in the case of Ap g Z G Z(G) % (Fp). The
character 6 € {1, Stg, R &) € € Irr(TF) with 2 < 0(0) < 2°} can be considered as a
character of G/Z and has an extensmn 6 e Ag /Z(G) such that for every G Z(G)/Z(G) <
J < Ay /Z(G) the character 6, ; belongs to the principal block of J.

Every 0’ € Irr(GDl | lTF) UTIrr(Gp, |§) (‘g‘ € Irr(TF) with 2 < o(§) < 2") seen as
character of Gp), Z(G)/Z(G) has an extension 8’ € Irr(A]D)I g/Z(G)) such that 9/ belongs
to the principal block for every J with Gp, Z(G)/Z(G) <J < Ap,, 9//Z(G)

If 6 € Irr(Gp,) is a character of the form RG(E) & € Irr(TF) with o(é) = 2% or
0 e Irlr(G]D)1 |&) (¢ € Irr(TF) with o(§) = 29), then 0 extends to some 6 e Irr(Ap,,0)
and 0 € Irr(Ap, ¢) respectively, by an adaptation of the proof given in [IMNO7, Theorem
(14.1)]. For R%(S ) and the character 6 € Irr(Gp, | §) the extension can be chosen to lie
over the same faithful character of Z(é)

Leti € {1, 2} be such that & € Gp,. There exists a linear character 1 € Irr(Ap; )
with ker(u) > GD such that (u@) J belongs to the principal block for every J with
GD =J = Ap, ¢ (see [KS15, Theorem C (a)(2)]). Straightforward calculations show
that (u6), belongs to the principal block for every J with Gp, < J < Ap, 0.

This implies that for those characters 6 = R(T;(é ) and 0" € Irr(Gp, | &) we have the
equivalence

(A@®), G, 0) ~¢ (A, .0, Gp,,0"). |

In the above proof we have simultaneously proven the following statement.

Corollary 9.4. Let g be an odd prime power such that G := SlL,(q) is the universal
covering group of the simple group G/Z(G). Then the Inductive AM Condition from
[Spél3a, Definition 7.2] is satisfied for the principal block of G /Z(G).

Proof. Let p be a prime and P a Sylow p-subgroup of G. Let d be the integer such that
= |G|p. Then the bijection

Q:C=4(B); — C=4(B)_

constructed above maps every G-orbit (D, #) with 6 € Irrg(G) to some (IV, 6’) with

0’ € Irrg(M), where M is a fixed Aut(G) p-stable group M with Ng(P) < M < G.
According to Proposition 6.12 this implies that the Inductive AM Condition holds for

G/Z(G). O
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