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Abstract. In this paper, we prove the mirror symmetry conjecture between the Saito—Givental the-
ory of exceptional unimodular singularities on the Landau—Ginzburg B-side and the Fan—Jarvis—
Ruan—Witten theory of their mirror partners on the Landau—Ginzburg A-side. On the B-side, we
develop a perturbative method to compute the genus-0 correlation functions associated to the prim-
itive forms. This is applied to the exceptional unimodular singularities, and we show that the numer-
ical invariants match the orbifold-Grothendieck—Riemann—Roch and WDVYV calculations in FJRW
theory on the A-side. The coincidence of the full data at all genera is established by reconstruc-
tion techniques. Our result establishes the first examples of LG-LG mirror symmetry for weighted
homogeneous polynomials of central charge greater than one (i.e. which contain negative degree
deformation parameters).
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1. Introduction

Mirror symmetry is a fascinating geometric phenomenon discovered in string theory.
The rise of mathematical interest in it dates back to the early 1990s, when Candelas,
de la Ossa, Green and Parkes [6] successfully predicted the number of rational curves on
the quintic 3-fold in terms of period integrals on the mirror quintics. Since then, one pop-
ular mathematical formulation of mirror symmetry has been the equivalence on the mirror
pairs between the Gromov—Witten theory of counting curves and the theory of variation
of Hodge structures. This was proved in [20, 33] for a large class of mirror examples
via toric geometry. Mirror symmetry has also deep extensions to open strings incorpo-
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rating D-brane constructions [27,48]. In our paper, we will focus on closed string mirror
symmetry.

Gromov—Witten theory presents the mathematical counterpart of A-twisted supersym-
metric nonlinear o-models, borrowing the name of A-model from physics terminology.
Its mirror theory is called the B-model. On either side, there is a closely related linearized
model, called the N = 2 Landau—Ginzburg model (or LG model), describing the quan-
tum geometry of singularities. There exist deep connections in physics between nonlinear
sigma models on Calabi—Yau manifolds and Landau—Ginzburg models (see [25] for re-
lated literature).

In this paper, we will study the LG-LG mirror symmetry conjecture, which asserts the
equivalence of two nontrivial theories of singularities for mirror pairs (W, G), wT,GT.
Here W is an invertible weighted homogeneous polynomial on C" with an isolated critical
point at the origin, and G is a finite abelian symmetry group of W. The mirror weighted
homogeneous polynomial W’ was introduced by Berglund and Hiibsch [5] in the early
1990s. For an invertible polynomial W = )7, ]_[]"= 1 xj(.lij , the mirror polynomial is
wTl = h ]_[7:1 quj " The mirror group G' was introduced by Berglund and Henning-
son [4] and Krawitz [28] independently. Krawitz also constructed a ring isomorphism
between the two models. Now the mirror symmetry between these LG pairs is also called
Berglund—Hiibsch—Krawitz mirror [11]. When G = G is the group of diagonal symme-
tries of W, the dual group GT, = {1} is trivial. In order to formulate the conjecture, let us
introduce the theories on both sides first. We remark that one of the most general mirror
constructions of LG models was proposed by Hori and Vafa [26].

A geometric candidate for LG A-model is Fan—Jarvis—Ruan—Witten theory (or FIRW
theory) constructed by Fan, Jarvis and Ruan [14, 15], based on a proposal of Witten [50].
Several purely algebraic versions of LG A-model have been worked out [7,36]. FIRW
theory is closely related to Gromov—Witten theory, in terms of the so-called Landau—
Ginzburg/Calabi—Yau correspondence [10, 37]. The purpose of FJRW theory is to solve
the moduli problem for the Witten equations of a LG model (W, G) (G is an appropri-
ate subgroup of Gw). The outputs are the FJRW invariants. Analogous to the Gromov—
Witten invariants, the FJRW invariants are defined via the intersection theory of appro-
priate virtual fundamental cycles with tautological classes on the moduli space of stable
curves. These invariants virtually count the solutions of the Witten equations on orbifold
curves. For our purpose later, we consider G = G, and summarize the main ingredients
of FJRW theory as follows (see Section 2 for more details):

e An FJRW ring (Hw, o). Here Hy is the FJRW state space given by the Gy -invariant
relative cohomology of W, and the multiplication e is defined by an intersection pairing
together with the genus-0 primary FJRW invariants with three marked points.

e A prepotential ]—'g Jvlf,w of a formal Frobenius manifold structure on Hy, whose coeffi-

cients are all the genus-0 primary FJRW invariants (- - ~)(‘;V .

e A total ancestor potential szvf,JRW that collects the FJRW invariants at all genera.

A geometric candidate of the LG B-model of (W', GT) for general G7 is still missing.
When G = G, then GT = {1} and a candidate comes from the third author’s the-
ory of primitive forms [41]. The starting point here is a germ of holomorphic function
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(f = wT here)
f® :(C",0) = (C,0, x={xi}i=1,..n,

with an isolated singularity at the origin 0. We consider its universal unfolding
C"xC*0x0)— (CxC*0x0), (x5 (F(,S),Ss),

where u = dimg Jac(f)g is the Milnor number, and s = {s4}¢=1,...,, parametrize the
deformation. Roughly speaking, a primitive form is a relative holomorphic volume form

= P(x,8)d"x, d'x=dx;---dx,,

at the germ (C" x CH*,0 x 0), which induces a Frobenius manifold structure (called
the flat structure in [41]) at the germ (C#, 0). This gives the genus-0 invariants in the
LG B-model. At higher genus, Givental [19] proposed a remarkable formula (its unique-
ness was established by Teleman [49]) for the total ancestor potential for semisimple
Frobenius manifold structures, which can be extended to some nonsemisimple boundary
points [12,34] including s = 0 of our interest. The whole package is now referred to
as Saito—Givental theory. We will call the extended total ancestor potential at s = 0 the
Saito—Givental potential and denote it by ,;sz-SG.
For G = Gw, the LG-LG mirror conjecture (for all genera) is well-formulated [11]:

Conjecture 1.1. For a mirror pair (W, Gw) and (W', {1}), there exists a ring isomor-
phism (Hy, o) = Jac(WT) together with a choice of primitive forms ¢ such that the
FJRW potential %‘;JRW is identified with the Saito—Givental potential szv?/(-,j

For the weighted homogeneous polynomial W = W(xy, ..., x,), we have
WA xy, ..., % x,) =AW (x1,...,x,), VieC*,

with each weight ¢; being a unique rational number satisfying 0 < ¢; < % [38]. There is
a partial classification of W using the central charge [43]

Sw = Z(l —2g0).

So far, Conjecture 1.1 has only been proved for ¢y < 1 (i.e., ADE singularities) by
Fan, Jarvis and Ruan [14] and for ¢w = 1 (i.e., simple elliptic singularities) by Krawitz,
Milanov and Shen [30,35]. However, it has been open for ¢y > 1, including exceptional
unimodular modular singularities and a wide class of those related to K3 surfaces and
CY 3-folds. One of the major obstacles is that computations in the LG B-model require
concrete information about the primitive forms. The existence of the primitive forms for a
general isolated singularity has been proved by M. Saito [46]. However, explicit formulas
were only known for weighted homogeneous polynomials with ¢y < 1 [41]. This is
due to the difficulty of mixing between positive and negative degree deformations when
6W > 1.

The main objective of the present paper is to prove that Conjecture 1.1 is true when
WT is one of the exceptional unimodular singularities as in Table 1. Here we use variables
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Table 1. Exceptional unimodular singularities.

Polynomial Polynomial Polynomial Polynomial

Ep x3—|—y7 Wiz x4+y5 Urn x3+y3+z4

012 x2y+xy3+z3 Z12 x3y+y4x S12 x2y+y22+z3x
Ey x*+xy*+23 |Ez S4x° |23 2 4x +y27 | Wiz 24?4y
010 x2y+y4+z3 Z1 x3y+y5 011 x2y+y3z+z3 S11 x2y+y22+z4

X, y, z instead of the conventional xy, . . ., x,. These polynomials are all of central charge
larger than 1, providing the first nontrivial examples with the existence of negative degree
deformation (i.e., irrelevant deformation) parameters.

Originally, the 14 exceptional unimodular singularities given by Arnold [3] are one-
parameter families of singularities with three variables. Each family contains a weighted
homogeneous singularity characterized by the existence of only one negative degree but
no zero-degree deformation parameter [43]. In this paper, we consider the stable equiv-
alence class of a singularity, and always choose polynomial representatives of the class
with no square terms for additional variables. The FJRW theory with the group of diago-
nal symmetries is invariant when adding square terms for additional variables.

LG-LG mirror symmetry for exceptional unimodular singularities

Let us explain how we achieve the goal in more detail. Following [28], we can specify a
ring isomorphism J ac(WT) = (Hy, o). Then we calculate certain FIRW invariants, by an
orbifold-Grothendieck—Riemann—Roch formula and WDVV equations. More precisely,
we have

Proposition 1.2. Let W' be one of the 14 singularities. Then
W Jac(WT) — (Hy, o),

defined in (2.20) and (2.23), generates a ring isomorphism. Let Ml.T be the i-th monomial
of WT', and @u be of the highest degree among the specified basis of Jac(WT) in Table 2.
Let q; be the weight of x; with respect to W. For each i, we have genus-0 FJRW invariants

(W (xi), W), WM /xP), W(d))y =qi  whenever M] # x?. (1.1)

Surprisingly, if W7 belongs to Q11 or Sy1, then the ring isomorphism Jac(WT) = (Hy, o)
was not known in the literature. The difficulty comes from the fact that if some g; is 1/2,
then one of the ring generators is a so-called broad element in FJRW theory, and invariants
with broad generators are hard to compute. We overcome this difficulty for the two cases,
using Getzler’s relation on /\_/11’4. It is quite interesting that the higher genus structure
detects the ring structure. We expect that our method works for general unknown cases of
(Hw, o) as well.

On the B-side, recently there has appeared a perturbative way to compute the prim-
itive forms for arbitrary weighted homogeneous singularities [32]. In this paper, we de-
velop a perturbative method for the whole package of the associated Frobenius manifolds,
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and describe a recursive algorithm to compute the associated flat coordinates and the po-
tential function }“g%w (see Section 3.2). We apply this perturbative method to compute
genus-0 invariants of LG B-model associated to the unique primitive forms [23,32] of the
exceptional unimodular singularities, and show that it coincides with the A-side FIRW
invariants for W in Proposition 1.2 (up to sign).

In the next step, we establish a reconstruction theorem in such cases (Lemma 4.2),
showing that the WDVV equations are powerful enough to determine the full prepoten-
tials for both sides from those invariants in (1.1). This gives the main result of our paper:

Theorem 1.3. Let W' be one of the 14 exceptional unimodular singularities in Table 1.
Then the specified ring isomorphism ¥V induces an isomorphism of Frobenius manifolds
between Jac(WT) (which comes from the primitive form of WT) and Hy (which comes
from the FJRW theory of (W, Gw)). That is, the prepotentials are equal to each other:

Fosyr =Fow - (1.2)

In general, the computations of FIRW invariants are challenging due to our very little un-
derstanding of virtual fundamental cycles, especially at higher genus. However, according
to Teleman [49] and Milanov [34], the nonsemisimple limit szv?/(;’ is fully determined by
the genus-0 data on the semisimple points nearby. As a consequence, we upgrade our
mirror symmetry statement to higher genus and prove Conjecture 1.1 for the exceptional
unimodular singularities.

Corollary 1.4. Conjecture 1.1 is true for WT being one of the 14 exceptional unimod-
ular singularities in Table 1. The specified ring isomorphism V induces the following
coincidence of total ancestor potentials:

A5G = B ®V. (1.3)

The choice in Table 1 has the property that the mirror weighted homogeneous polynomials
are again representatives of the exceptional unimodular singularities. Arnold discovered
a strange duality among the 14 exceptional unimodular singularities, which says that the
Gabrielov numbers of each coincide with the Dolgachev numbers of its strange dual [2].
The strange duality is also reproved algebraically in [44]. The choices in Table 1 also
represent Arnold’s strange duality: the first two rows are strange dual to themselves, and
the last two rows are dual to each other. For example, E4 is strange dual to Q9. Beyond
the choices in Table 1, we also discuss the LG-LG mirror symmetry for other invertible
polynomial representatives (some of whose mirrors may no longer be exceptional sin-
gularities) where equality (1.3) still holds. The results are summarized in Theorem 4.3
and Remark 4.5. Our method has the advantage of being applicable to general invertible
polynomials with more involved WDVV techniques developed.

The present paper is organized as follows. In Section 2, we give a brief review of
FJRW theory and compute the initial FJRW invariants as in Proposition 1.2. In Section 3,
we develop the perturbative method for computing the Frobenius manifolds in the LG
B-model following [32]. In Section 4, we prove Conjecture 1.1 when the B-side is given
by one of the exceptional unimodular singularities. We also discuss the more general case
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when either side is given by an arbitrary weighted homogeneous polynomial represen-
tative of the exceptional unimodular singularities. Finally, in the appendix, we provide
detailed descriptions of the specified isomorphism W as well as a complete list of the
genus-0 4-point functions on the B-side for all the exceptional unimodular singularities.
We would like to point out that Sections 2 and 3 are completely independent of each other.
The reader can choose either section to start from.

2. A-model: FJRW theory

2.1. FJRW theory

In this section, we give a brief review of FJRW theory. For more details, we refer the
readers to [14, 15]. We start with a nondegenerate weighted homogeneous polynomial
W = W(xy,...,x,), where the nondegeneracy means that W has an isolated critical
point at the origin 0 € C" and contains no monomial of the form x;x; for i # j. This
implies that each x; has a unique weight ¢g; € Q N (0, 1/2] [38]. Let G w be the group of
diagonal symmetries,

Gw = {01y oo s An) € (CY | WOUXL, -+ dndn) = WL, oo X)) (2.1)

In this paper, we will only consider FJRW theory for the pair (W, Gw). In general, FJRW
theory also works for any subgroup G C G where G contains the exponential grading
element

J = (expQrv/~1q1), ...,expQr~/—1qn)) € Gw. (2.2)

Definition 2.1. The FJRW state space Hy for (W, Gw) is defined to be the direct sum
of all Gw-invariant relative cohomology:

Hy = @ H,. H, = H Fix(y), W, C)°V. 2.3)

Here Fix(y) is the fixed point set of y, and CNr = Fix(y) c C*; W, is the restriction of
W to Fix(y); and Wf/’o = (Re Wy)_l(M, 00) with M > 0, where ReW,, is the real part
of W,.

Each y € Gw has a unique form
y = (exp@rv/=101), ..., exp2rv/~10))) € (CH", O €[0,HDNQ. (2.4
Thus Hy is a graded vector space, where to each nonzero « € H,, we assign the degree
n
dega = N, /2 + Z(@ly - qi).
i=1

We call H, a narrow sector if Fix(y) consists of 0 € C" only, and a broad sector other-
wise.
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The FIRW vector space Hy is equipped with a nondegenerate symmetric pairing

()= )y

y€EGw

where each (, ), : H, x H,-1 — Cis induced from the intersection pairing of Lefschetz
thimbles. The pairing between H,, and H,, is nonzero only if y;y, = 1. Moreover,
there is a canonical isomorphism (see [14, Section 5.1], [9, Appendix A], and references
therein)

(Hw, (. ) = ( P Gac(wy)w), <,>m,y). 2.5)

yeGy veGwy

Here w), is a volume form on Fix(y) of the type dux;, A- - - Adx;y,, where we mean w,, = 1
if N, = 0. Gw acts on both x; and dx;. Let (Jac(Wy)a)y)GW be the G w-invariant part of
the action. We choose a generator

1, := o, € H" (Fix(y), W°, C). (2.6)

If H,, is narrow, then H, = (Jac(W,)w,)%" = C is generated by 1,. If H, is broad,
we denote generators of H, by ¢ 1, via pw, € (Jac(Wy)w},)GW. Finally, the residue
pairing ( , )res,) is defined from the standard residue Res W, of Wy,

. L . fgwy
(fwy, 8wy )res,y = ResWy (fg) := Residue,—g oW, oW,
i _3)C_iNy

It is highly nontrivial to construct a virtual cycle for the moduli of solutions of Witten
equations. For the details of the construction, we refer to the original paper of Fan, Jarvis
and Ruan [15]. Let € = ‘ﬁg,k be a stable genus-g orbifold curve with marked points
Pl, ..., Pk (where 2g — 2 4+ k > 0). We only allow orbifold points at marked points and
nodals. Near each orbifold point p, a local chart is given by C/G, with G, = Z/mZ
for some positive integer m. Let £, ..., .Z, be orbifold line bundles over %. Let o;
be a C*°-section of .£;. We consider the W-structures, which can be thought of as the
background data to be used to set up the Witten equations

do; + — = 0.
' 80,'
For simplicity, we only discuss cases where W = M| + - - - + M, with M; = ]_[;’: 1 x;i'i .
Let K¢ be the canonical bundle for the underlying curve C and p : ¥ — C be the
forgetful morphism. A W-structure £ consists of (¢, A4, ..., %y, ¢1, ..., @) Where ¢;
is an isomorphism of orbifold line bundles

n k
®aj,j
@i - @% s p*(KC,log), Kcog := Kc ® @ ﬁ(Pj)'
J= J=

A W-structure induces a representation r, : G, — Gw at each point p € €. We require
it to be faithful. The moduli space of pairs € = (%, £) is called the moduli of stable
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W-orbicurves and denoted by Wg,k. According to [14], Wg,k is a Deligne-Mumford
stack, and the forgetful morphism st : # g — ng,k to the moduli space of stable

curves is flat, proper and quasi-finite. Wg,k can be decomposed into open and closed
stacks by decorations on each marked point,

Vo= > Tean....v). v =ry.
W1, VOEG WK

Furthermore, let I' be the dual graph of the underlying curve C. Each vertex of I" rep-
resents an irreducible component of C, each edge represents a node, and each half-edge
represents a marked point. Let §£(I") be the number of edges in I'. We decorate the
half-edge representing the point p; by an element y; € Gw. We denote the decora-
tion by I'y, .., and call it a Gw-decorated dual graph. We further call it fully G-
decorated if we also assign some y; € Gy and y_ = (y4)~! on the two sides of each
edge. The stack Wg,k(yl, ..., Yx) is stratified, where each closure in Wg,k(yl, ey VE)
of @ stack of stable W-orbicurves with fixed decorations (y1, ..., %) on I is denoted
by Wg,k(ryl ..... yk)'

If Wg’k(yl, ..., Yx) is nonempty, then the line bundle criterion follows [14, Proposi-
tion 2.2.8]:

k
deg(pe?i) = 2 —2+k)gi— Y O €Z, i=1,....n (2.7)
Jj=1

In [15], Fan, Jarvis and Ruan perturb the polynomial W to polynomials of Morse type
and construct virtual cycles from the solutions of the perturbed Witten equations. Those
virtual cycles transform in the same way as the Lefschetz thimbles attached to the critical
points of the perturbed polynomials. As a consequence, they construct a virtual cycle

,,,,,

j=1
which has total degree
k n
2w =3 =) +k—2ET) =D (©F —qp). 2.8)
j=1i=1

Based on this, they obtain a cohomological field theory {A?,/k : (Hw)®*—>H *(ﬂg, O}
with a flat identity. Each A;?,/k is defined by extending the following map linearly to Hy:

IGwl®
deg(st)

k
A;"/k(m, co0) = PD st, ([V/g,k(yl, ool N Haj), aj € Hy,.
j=1

Definition 2.2. Let v; be the j-th psi class in H* (mg,k). Define FJRW invariants (or
correlators)

k
Z-
<rz1<a1),...,rek(ak>>;ﬁ=/ﬂ AJn, e [ ]/ o eH, (9
j=1

gk
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The FJRW invariants in (2.9) are called primary if all £; are zero. We then simply denote
them by (aq, ..., ak)g’. We call (Hy, o) an FJRW ring where the multiplication e on
Hyy is defined by

(e B, y)=(a,B,v) . (2.10)

If the invariant in (2.9) is nonzero, the integrand should be a top degree element in
H*(Mg «). Then using the total degree formula (2.8) and the definition of the coho-
mological field theory, it is not hard to see that

k k
> degaj+ ) £ =(@Ew —3)1—g) +k 2.11)
j=I j=1

Let us fix a basis {otj};f=1 of Hwy, with o being the identity. Let t(z) =
> m>0 ;'L:] tm,a; @ 2". The FJRW total ancestor potential is defined to be

1
ARV = exp(Y BT S Yt F ). (@12)
g=0 k>0 ™"

There is a formal Frobenius manifold structure on Hy, in the sense of Dubrovin [13]. Its
prepotential is given by

1 H
FIRW w
Fow' = Z E(to, ot to= Zlo,a,- o
k>3 j=1
The prepotential satisfies the WDVV (Witten—Dijkgraaf—Verlinde—Verlinde) equations
3 7FIRW 3 TFIRW 3 FIRW 3 -FIRW
Z °Fow i °Fow _ 0°Fow i " Fow A
O 010,010, o, Ol ey Iler, 4 Oty My Oty Dler, M, o

(2.13)
where (/) is the inverse of the matrix ((c;, &;)). It implies [14, Lemma 6.2.6]

(..,ag, apeac,og)or = Sp+{...,0q0ap, ac,aq)ok + (..., 0, Op, Ac ® 0G0k
— (..., ®0q,0p, 0)0 k- (2.14)
where k > 3, Sj is a linear combination of products of correlators with the number of

marked points no greater than k — 1. Moreover, S3 = S4 = 0.
Another important tool is the Concavity Axiom [14, Theorem 4.1.8]. Consider the

universal W-structure (%, ..., .%,) on the universal curve 7 : € — Wg, kCyp, ) I
n
all H,, are narrow and 7, (@ .,2”,) =0, (2.15)
i=1

then RITL’*(@?:] %) is a vector bundle of constant rank, denoted by D, and

k n
7 ot TN [ 1y = DPen(R7 (P 24) )T 0k Ty (216)
i=1 i=1
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This can be calculated by the orbifold Grothendieck—Riemann—Roch formula [8, Theo-
rem 1.1.1]. As a consequence, if the codimension D is 1, we have

vr
BZ(C]Z Bz(® ) By(®; ")
w _ _ 1
AV (y .. 1) = Zl( Z FZ ———[Tad). @17
- cut
Here B> (x) = _x2 — x + 1/6 is the second Bernoulli polynomial, and «; is the first
k_appa class on My 4. Here the graphs I'¢y are fully Gw-decorated on the boundary of
W o.4(y1,...,vs). Each I'gy has exactly one edge which seperates the graph into two
components. Two sides of the edge are decorated by some y; € Gy and y_ := (y4) ! so

that each component of "¢, satisfies the line bundle criterion (2.7). Finally, [I"¢y] denotes
the boundary class in H* (M4, C) that corresponds to the underlying undecorated graph
of Fcut-

We call a correlator concave if it satisfies (2.15). Otherwise we call it nonconcave.
A nonconcave correlator may contain broad sectors. In this paper, we will use WDVV to
compute the nonconcave correlators. Some other methods are described in [7,22].

2.2. FJRW invariants

In this subsection, we will prove Proposition 1.2. Let us first describe the construction
of the mirror polynomial W’ . Let W = M + --- + M, with M; = [Ti= x;lij . We call
such a polynomial W invertible because its exponent matrix Ew := (a;;) is invertible.
Berglund and Hiibsch [5] introduced a mirror polynomial W7,

oNte @19

i=1j=1

Its exponent matrix Ey, 7 is just the transpose matrix of Ew, i.e. Eyr = (Ew)T.In[31],
Kreuzer and Skarke proved that every invertible W is a direct sum of three atomic types
of singularities: Fermat, chain and loop. If W is of atomic type, then W7 belongs to the
same atomic type. We list the three atomic types (with ¢; < 1/2) and a C-basis of their

Jacobi algebra as follows. The table also contains an element ¢, of highest degree.

Table 2. Invertible singularities.

Polynomial f (C—basis of Jac(f) om
m-Fermat XA Xt ki <ai—1 " lxlai 2
m-Chain: x;”xz + x2 X34 - xpm {IT'L 1 xl x;” -2 " x -
m-Loop:  x{'xp 4+ x5%x3 + -+ 4 xp" X} mxt ki <a ) xlfl’ 1
Here in the case of m-Chain, k = (ky, ..., ky,) satisfies (1) k; < a; — 1 for all j, and

(2) kis not of the form (a1 — 1,0,a3 — 1,0, ..., ay—1 — 1,1, %*,...,%) withi > 1.
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A first step towards the LG-LG mirror symetry Conjecture 1.1 is a ring isomorphism
between (Hy, o) and Jac(WT). For computation convenience later, we use the follow-
ing normalized residue defined by the normalized residue pairing nyr (to be explained
in (3.1)): _

Resyr(¢pu) = nwr(dxy - dxp, ¢pdxy---dx,) = 1. (2.19)

The ring isomorphism has been studied in [1, 14, 16, 28, 29] for various examples.
According to the Axiom of Sums of singularities [14, Theorem 4.1.8(8)] in FIRW theory,
the FIRW ring (Hy, o) is a tensor product of the FJRW ring of each direct summand.
Krawitz constructed a ring isomorphism for each atomic type if ¢; < 1/2 for all i [28].
For our purpose, if W is a polynomial in Table 1, then it is already known that (Hy, e) is
isomorphic to Jac(WT) except for W = x2 4+ xy? + yz", (g, r) = (3, 3), (2, 4). We will
give new constructions for the two exceptional cases, and will also briefly introduce the
earlier constructions for the other 12 cases.

Since Ey is invertible, we can write E ‘;,1 using column vectors o,

k k
O LT, o e

Ey' = (o1l lo). o= (9 s,
We can view p as an element in Gy by defining the action
k
ok = (exprv/—1 (pl( ), ..., expr/—1 (p,(lk))) € Gy.
Thus p; J € Gw, with J the exponential grading element in (2.2).

Proposition 2.3 ([28]). For any n-variable invertible polynomial W with each degree
gi < 1/2, there is a degree-preserving ring isomorphism W : Jac(WT) — (Hy, o). In
particular, if p; J is narrow fori = 1, ..., n, then ¥V is generated by

Yxj)=1yy, i=1,...,n, (2.20)
Example 2.4. Let W = x” + y9, p, g > 2. Denote
vi.j = (expQr~/=1i/p).expr~/~1j/q)).
The FIRW ring (Hyw, e) is generated by {1,, ,1,,,}. Then WI' = W and the ring iso-
morphism W : Jac(WT) i (Hw, o) generated by (2.20) extends as
we'lyTh =1, 1<i<pl=<j<q. (2.21)

For 2-Loop singularities, p; J may not be narrow for some i € {1,2}. However, ring
isomorphisms still exist. According to [1,28], we have

Example 2.5. For W = x2y+xy3+2z3 € Q1», we have Gy = p15. A ring isomorphism
W : Jac(WT) S (Hy, e) is obtained by extending (2.20) from

W (x) = x1 ;0. (2.22)

The corresponding vector space isomorphism W : Jac(WT) — Hyy is as follows:

Hy 1; 1,5 1,1 xlpe Y10 1y 1,7 xlys 321y 1 1 1
Jac(WT) 1 y z X y2 yz Xy Xz yzz xy2 xXyz xyzz
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Now we discuss if there exists ¢; = 1/2 for W. Without loss of generality, we as-
sume W is of the atomic type: W = x12 + xlxgz + -+ xu_1x". Then Fix(p1J) =
{(x1,....,xpn) € C* | x;, = 0,i > 2}. Thus H,, ; is generated by a broad element

xzaz_llplj, which is a ring generator of Hy. If m = 2, it is known [16] that W :
Jac(WT) — (Hy, e) generates a ring isomorphism by W (x;) = agxgrll

=1,,;. The key point is that the residue formula in (2.5) implies

o1 and W (x2)

( ar—1

ar—1 w ar—1
x2 1,01]’ x2 lpl‘,’ 1p17a2]_|>0 = <
2

M, 82,10 = ~1a.
Inspired by this, for m > 3, we consider
. -1 -1 w
K = <x;2 17, x;z 1,7, 1p21—ﬂzp3—1171>0 .
If K # 0, then it is possible to define
W(x) = v—a/Kx 7', (2.23)

In Section 2.3, using Getzler’s relation, we will prove the following nonvanishing lemma:
Lemma 2.6. Let W = x% + xy9 + yz" with (g,r)=(@3,3),2,4). Then
. -1 -1 w
Kyr=01"1p7, 7 1,, lpzl—qp;].],l)o # 0. (2.24)

As a direct consequence of Lemma 2.6, it is not hard to check the following.

Proposition 2.7. Let WT be one of the exceptional unimodular singularities in Table 1.
Then the map WV in (2.20) and (2.23) generates a degree-preserving ring isomorphism

U Jac(WT) = (Hy, o).

Proof. We only need to consider W = x2 4+ xy? + yz with (g,r) = (3,3), (2,4).
We will check that W gives a vector space isomorphism which preserves the degree and
the pairing on both sides. We will also check that the generators in Hy satisfy exactly
the algebra relations in Jac(WT), by computing all the genus-0 3-point correlators. We
remark that we use the normalized residue in Jac(W7), i.e.,

Resyr (1271 = 1.

Lemma 2.6 allows us to extend W by defining W(x) as in (2.23). Then we can check
directly that

W(x)eW(x)= (- Kq

—1 -1 w —1
(yq lpll»yq llea lpzlfqp;ll_ﬂ() )nglpﬂ:—q‘l'(y" 2).
q.r :

This coincides with x2 +gy? 'z = 0inJac(WT). We notice that the product W (x) e ¥ (z)
can be computed via
(W(x), U(x), W D)5 = (P(x) e U(x), U(z'2)) = —q.

For r = 4, we use the WDVV equation once to get W(x) e W(z). The preimages of the
broad sectors are of the form cxz’/, j = 1, ..., r — 2, where the constant c is fixed by the
constant in (2.24) and the normalized residue pairing.
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We have W(x) e W(y) = 0 by simply checking the formula (2.11). This coincides
with xy = 0in Jac(W7T).

The rest of the proof is the same as in [28, Lemmas 4.5-4.7]. For the reader’s con-
venience, we sketch a proof for W = x? + xy> + yz3. The other case can be treated
similarly. By (2.20), we get

V() =15, W) =1,s.

According to (2.11), the nonzero (- - ~)8V 5 with narrow insertions only is one of the follow-

ng:
(1,15, 108-5)05,  j odd, (2.25)

or
(1115,115,1]7)&/3, (1115,1113,119)5"/3, (1113,1113,1111)&/3, (ljls,ljn,ljn)g‘g.
(2.26)

All the correlators listed above are concave. Furthermore, we apply (2.7) to get the line
bundle degrees. Except for the last correlator in (2.26), we have

deg(p*o%):_l, i=15233'

This implies all the bundles Rlm, (D7_, -£) have rank zero. By (2.16) for D = 0, the
values of those correlators all equal 1. We use those correlators to get, for example,

U(y) e W(y) = (Lys, Lyis, Lya) a7l 1,0 =150,
Here 1"/ is defined in (2.13). Similarly, we obtain
W) =1p, WEH =1 VG2 =1;5 V) =15 oD =10

The correlators in (2.25) match the normalized residue pairing. For the last correlator
(115,115, 1111)&/3, we have

deg(p«Z1) = —1, deg(ps5) = =2, deg(ps«23) =0.

Thus for each fiber (isomorphic to CP! ) of the universal curve € over 70’3 JB, g 5 g1 by,
we have

H(ce', P %) =os0ec, H'(CP.PL)=08Ca0.

According to the Index Zero axiom in [14, Theorem 4.1.8], this corrlelator equals the de-
oW
%)

gree of the so-called Witten map from H” to H', which sends (x, y, z) to (3—W avvv

x> 0y’
In this case,

(Lps, 1,0, ljn)gg = 3.

From this, we check that
W(y) e W(y?) = —3W(z?).

This coincides with the last relation in Jac(W7T), i.e., y3 +3z22=0.
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Finally, we list the table for each vector space isomorphism.

W =x%+ xy3 + yz3, the vector space isomorphism W : Jac(WTY S Hy is

Hy 15 1,5 1,5 J=3/K335* 1,00 1,0 150 1,7 /=33K339% 1,6 1,5 1,5 1,17

JaaoWTy 1y 2 x y2 oyz 22 xz y2z vz y2z

If W = x2 + xy? + yz*, then the vector space isomorphism is given by

HW 1] 1]13 ,/—2/](2‘4)71]12 1‘]11 1]9 y1]8 1]7 1]5 ,/—231(2’4))1]4 1]3 1115

Jac(WT)y 1 ¢ x y 2 xz yz 2° xz2 vz yz3

O

We will give explicit formulas for the isomorphism W in all other cases in the appendix.
Those isomorphisms W turn out to identify the ancestor total potential of the FIRW theory
of (W, Gw) with that of the Saito—Givental theory of W up to rescaling.

Next we compute the FJRW invariants in Proposition 1.2. We introduce a new notation

1s:=W(p), ¢ eJac(WT). (2.27)
Due to the above conventions, the second part of Proposition 1.2 is simplified as follows.

Proposition 2.8. Let M l.T be the i-th monomial of WT with the ordering in Table 1. Then
(1[,1X[,1M_T/x;,1¢ﬂ>gV=q,-, Vi=1,...,n. (2.28)

Proof. We classify the correlators in (2.28) into concave and nonconcave ones. For the
concave correlators, we use (2.17). For the nonconcave correlators, we use WDV'V to re-
construct them from concave correlators and again use (2.17). We will freely interchange
the notation

(x1,x2,x3) = (x, ¥, 2). (2.29)

Letus start with concave correlators. As an example, we compute (1, 1, 1,2, 14,# ) g‘/
for W = x” + y?. The computation of all other concave corrlators in (2.28) is similar. For
W = xP+4y9, werecall thatfor y; ; € Gw = pp X iy, We have ®)1/"’ :.i/p and @;i"’ =
J/q- All the sectors are narrow and 1,,; = 1,i-1yj-1 with our notation conventions.
According to the line bundle criterion (2.7), we know that for (1,, 1,1, ,-2, 1¢M)(‘)V s

deg(p+21) = =2, deg(px22) = —1.

Thus 7.4 = 7,.% = 0 and the correlator is concave. Moreover, R'7,.% = 0 and
the nonzero contribution of the virtual cycle only comes from R'7,.%;. Now we can
apply (2.17). There are three decorated dual graphs in I'cy, where we simply denote
li’ j = 1)/1 jZ
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1> 1, 1, 1> 12
Y v, VE,

2,1 p—lg-1 p—11 p—lg-1

The decorations of the boundary classes are ®Jl/r" =(p—-3)/p,0,0fori =1,2,3. We
obtain

W W
(X210, 101, 111, 11 4—1) =/7 Agg21 o0, 111, 11 g-1)

0,4

- 1(32<l> —2Bz<3) — 232(” — 1) +2B5(0) + B2<p _3>> _ L
2 p P p P P

All the nonconcave correlators in (2.28) are listed as follows:

1 1)*1171%) for the 3-Chain W = x? + xy? + yz*.

1y
o (1,1, ,1},1¢#) for the 3-Chain W = x? + xy? + yz", (¢, r) = (3, 3) 0r(2 4)
° (lx,lx,ly,lw)o and (1, ly,lz,1¢, )W f0rtheSL00pW—x z+xy +yz
° (lx,lx,ly,l(pu) for W = x2 —|—xy + 73
° (lx,lx,ly,lm) for W = x? y+xy + 23
o (1, 1y, 1y, 14, )8 for W =x2y + y> + 2%

For the nonconcave correlators, we will use the WDVV equations and the ring rela-
tions to reconstruct them from the concave correlators. Let us start with the value of
(1,,1y,1,4-2,, 1p,){ in the 3-Chain W = x* + xy* + yz*. Since ¢, = yz* € Jac(WT)
and 1, e 1,, =0, we get

(1,1, 1, 012, 1) = (1., 1, 1yz,1Z2 o)) — (1,1, 01,1, 10)
=0- (L =1
The first equality follows from the WDVYV equation (2.14). We also use 1, ¢ 1,, = 0.
Both (1;,1,,1,;,1,2 ly)(‘)V and (1;,1, ¢ 1,,1,,, 1Z2>(v)v are concave correlators and
can be computed from (2.17). For other nonconcave correlators, we will list the WDVV

equations. The concavity computation is checked easily. For the 3-Chain W = x2+xy? +
yz', (q,r) = (3,3) or (2,4), 145, = 1,4-1,r-1, and we have

(L L g, L) = —(1y Lo 1y 1y 1o )y
0

=

=q(ly, 1),q7|z, 1,, lyq—ZZr—l>

For the 3-Loop W = x?z + xy? + yz°, 1y, = 1,2, and we get

1y, 1, Ly e Lo, 1) = (1), 1y, Ly, 12 @ 1)) — (1, 1 @ 1y, 1y, 12) Y
_ (_2)% _ 35

(1,1, 1, 01y, 1)) = <1Z, 1y o1y, Ly, 1) — (1,1, 0 1), 1y, 1)
=5 - (=1
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For W = x2 + xy4 +z3, 1, is broad. However,
1y, L1, L) ==y, Lol 1y, o)y =4(1y, 15,1y, 1) = 5.
For W = x2y + xy3 4+ 23, we get
Ly, Ly, Ly o Ly, 1) + (1y, Ly @ 1y, Loy, 1)) = (1), 1y, 1y, Ly @ 1) Y
=1y LTy el 1) = —5(1y, Ly, 1oy 1))
= _%(l_v’ Liy, 1y o 1y, 1xy>(gv = —(1y, Ly, 1y, lxy2>(‘))v'
The first, third and last equalities are WDV'V equations. Finally, we get
(L L 1y 1) = — (1), Lo 1, Ly, 1y )y — (L, Ty, 1y, 1 0) Y
=—(-H-(H=1%
For W = x2y + y? + z*, we get
(Lo, 1y, Ly e Lo, 1) = (1, 1y, Ly, 1o @ 1) — (14,1, 0 1y, 1y, 12) Y
= (1. L L 1y o1 o) — (1) 1o 2. 1 1)) — (L, 1y e 1y 1y 1))

Combining this equation and y? = —2x, we get
(L 1y, 12, 1) = —(1y, 1 L, L) 4 (L, 1y, Ly, 12))
1 1_3
=-(-g)+i=% =

2.3. Nonvanishing invariants

In this subsection, we will prove Lemma 2.6. Our tool is the Getzler relation [17], which
is a linear relation between codimension two cycles in H, (M 4, Q). Let us briefly intro-
duce this relation here. Consider the dual graph,

Ag - Apsgy = Q 2
3

4

This graph represents a codimension-2 stratum in /71)4: A vertex represents a genus-0
component. An edge connecting two vertices (including a circle connecting the same
vertex) represents a node, and a tail (or half-edge) represents a marked point on the com-
ponent of the corresponding vertex. Let Ag 3 be the Ss-invariant of the codimension-2
stratum in m1,4,

Aoz = Ag- Apzy + Ao - Aqr24y + Ao - Apizay + Ag - Aasgy.

We denote by 80,3 = [Ag,3] the corresponding cycle in Hy (m1’4, Q). We list the corre-
sponding unordered dual graphs for other strata below. A filled circle (as a vertex) repre-
sents a genus-1 component. See [17] for more details.
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82 83 82,4 :

O SO<

In [17], Getzler found the following identity:
12822 + 4823 — 282,4 + 6834 + 80,3 + 80,4 — 285 =0 € Hy(M; 4, Q). (2.30)
Proof of Lemma 2.6. We start with W = x2 + xy? + yz*. We normalize
u=yljno, v:«/—_Zylls, w = —2yl 4.

The nonvanishing pairings between these broad elements are (#, w) = 1 and (v, v) = 1.
We integrate Am(l 79,19, 1;9,1,9) over the Getzler relation (2.30). The Composi-
tion law [14, Theorem 4.1.8(6)] in FJRW theory implies

/5 AYE]4(119, 150,150,1,0) =4(10,1,9,19, 1J7)(‘)}V<Z na,ﬁ<1]9, 119,ot,,3)gv)
0.3 o, p

= 4(1]9, 119, 1/9, 1]7)31(2,(119, 1J9, 1]13, 1]3)(‘3‘/ + 2(119, 119, ljll y IJS)SV
+2(159, 159, 159, 1,7)0 +2(10, Lyo, u, w)y + (159,159, v, 0} ).
The factor 4 comes from the fact that there are four strata in A3 which contribute.
We have the factor 2 for (1;9,1;9,1;13,1;3)} since both @ = 1,15 and & = 1,3
give the same correlator. Finally, 1; is the identity, and the string equation implies

(1y9,150,1515,1 j)gv = 0. There are two correlators containing broad sectors; we simply
denote

Cyi= (Lo, 10, 0,00y, Copi= (10,150, u,w)).
We can calculate the concave correlators using the orbifold-GRR formula (2.17) to get
(o, 19,1513, 13)0 = }‘, (0,150,151, 1,5)) = _%7 (19,159,101, = %
This implies
/ Alu,/4(119’ 1;9,159,150) = Co + %C1 + %.

30,3

Similarly, we get

/A¥Y4(1,9,1,9,1,9,1,9)=6C§+3C%+%, /Am(ljg,ljg,ljo,ljg):%.
3 80,4
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The last equality requires the computation for a genus-0 correlator with five marked
points. It is reconstructed from some known 4-point correlators by the WDV'V equations.
On the other hand, using the homological degree (2.8), we deduce the vanishing of the in-
tegral of Am(l 79> 150,159, 1;9) over those strata which contain the genus-1 component.
Thus

w
/ Ay 4(yo,159,150,150) =0.
1282'2+4523—252‘4+65314

Now apply the Getzler relation (2.30) to get
—12C3 +C, —6CT + 11+ 2 =0. (2.31)
On the other hand, since 1,9 =113 @ 1,13, we apply WDVV equations to get

(w,u, 1,00y = ((X,5,u,0))%
(159,19, v, U)SV + (113,113,159, ljls)gv =2(1;9,1;13, v, w)(‘)}v(lj]a, u, v)(v)v,

Ly, Ly, u, why + (i3, Ly, 1y0, 1p0s)y = (L0, Ly, v, w)g (i3, u,0))
If (u, u, llg)gv =0, then (113, u, v)(V)V = 0, and the other two equations above imply
Ci=Cr=—(1;13,1;13,19, 1115)5‘/ = —%,

where the last equality follows from (2.17). However, this contradicts (2.31).
Next we consider W = x? 4 xy° + yz>. We denote

ui=y*,, w:=-3y*1,
c =1 1 w I w — w
1= {13,113, w, w)o , Cp:= (117,1113,u,w)0 , C3:= (117,117,14,14)0 .
We integrate Am(ljls, 1;13,1,7,1,7) over the Getzler relation (2.30) to get
—-8C3 - 20, -2C1C3+ & =0. (2.32)
On the other hand, since 1;7 = 1,13 @ 113, the WDVV equations imply

{(117, 1,5, u, w)(‘;v + (13,113,113, 1117)(‘;V = (113,113, w, w)gv(ljm,u,u)(v)v,

A, 1w, w)y = Agr, s, u,w) Y (s, u,u))

Now (1,13, u, u)gv = 0 implies Cp = —% and C3 = 0. This contradicts (2.32). ]

3. B-model: Saito’s theory of primitive form

Throughout this section, we consider the Landau—Ginzburg B-model defined by
f:X=C"—-C,

where f is a weighted homogeneous polynomial with isolated singularity at the origin:

FOS Xy, oo, AT X)) = Af (xq, ., X))



Mirror symmetry for exceptional unimodular singularities 1207

Recall that g; are called the weights of x;, and the central charge of f is defined by
¢ =) (1-2g).
i

Associated to f, the third author [41] has introduced the concept of a primitive form,
which, in particular, induces a Frobenius manifold structure (sometimes called a flat
structure) on the local universal deformation space of f. This gives rise to the genus
zero correlation functions in the Landau—Ginzburg B-model, which are conjectured to be
equivalent to the FIRW invariants on the mirror singularities.

The general existence of primitive forms for local isolated singularities is proved by
M. Saito [46] via Deligne’s mixed Hodge theory. For f being a weighted homogeneous
polynomial, the existence problem is greatly simplified due to the semisimplicity of mon-
odromy [41,46]. However, explicit formulas for primitive forms have only been known
for ADE and simple elliptic singularities [41] (i.e., for ¢ < 1). This led to the difficulty
of computing correlation functions in the Landau—Ginzburg B-model, and has become
one of the main obstacles toward proving mirror symmetry between Landau—Ginzburg
models.

Based on the recent idea of perturbative approach to primitive forms [32], in this
section we will develop a general perturbative method of computing the Frobenius mani-
folds in the Landau—Ginzburg B-model. This is applied to the 14 exceptional unimodular
singularities. With the help of a certain reconstruction type theorem for the WDVV equa-
tions (see e.g. Lemma 4.2), it completely solves the computation problem in the Landau—
Ginzburg B-model at genus zero.

3.1. Higher residue and good basis

Let 0 € X = C”" be the origin. Let Q§,0 be the germs of holomorphic k-forms at 0. In
this paper we will work with the following space [42]:

HO = QY 21/ df + )y

which is a formally completed version of the Brieskorn lattice associated to f. Given a
differential form ¢ € Q' ., we will use [¢] to represent its class in HO.
There is a natural semi-infinite Hodge filtration on ’H}O) given by ’H}_k) = 7 'H(O),
with graded pieces
HOHTTV =Qp, where @ = QY o/df A Q.
In particular, "H}(co) is a free C[[z]]-module of rank x = dimg Jac(f)g, the Milnor number
of f. We will also denote the extension to Laurent series by

Hy = 7—[}0) ®crzn C(2)).

There is a natural Q-grading on 'H}O) defined by assigning the degrees
degx; =¢q;, deg(dx;) =¢q;, degz=1.
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Then for a homogeneous element of the form ¢ = * g(xi)dxy N -+ ANdx,, we have

degp =degg +k+2qi.
i

In [42], the third author constructed a higher residue pairing
0 0
Kp: 1Y @Hy — "Cllzll
which satisfies the following properties:
1. Ky is equivariant with respect to the Q-grading, i.e.,

deg(Ky(a, B)) = dega +deg B

for homogeneous elements «, 8 € H}O).

2. K¢(a, B) = (=1)"K7 (B, @), where the ~ operator takes z to —z.
Kr(w(2)a, B) = Kr(a, v(=2)B) = v(2)Kr(a, B) for v(z) € C[[z]].
4. The leading z-order of Ky defines a pairing

H.(fo)/z”;‘-l}o) ® H}O)/ZH}O) —-C, a®BH le_r)rb z "Kr(a, B),

et

which coincides with the usual residue pairing 17 : Qf ® Qr — C.

We remark that the classical residue pairing 7y is intrinsically defined up to a nonzero
constant. In the case of weighted homogeneous singularities (for instance for the excep-
tional unimodular singularities), we will always specify a top degree element ¢, in a
weighted homogeneous basis of Jac( f), and will fix the constant such that

ng(dxy ---dxy, udxy ---dx,) = 1. 3.1

We will call it the normalized residue pairing.
The last property implies that K defines a semi-infinite extension of the residue pair-
ing, which explains the name “higher residue”. It is naturally extended to

Ky :Hr @ Hy — C((2)),
which we denote by the same symbol. This defines a symplectic pairing wy on Hy by
wf(a, B) :=Res;—0 2 "Ky(a, B)dz,
with ’H}O) being a maximal isotropic subspace. Following [41], we introduce
Definition 3.1. A good section o is defined by a splitting of the quotient " — Q.
o:Qr — H(O),
such that (1) o preserves the Q-grading; (2) K (Ifn(cr), Im(o)) C z"C. A basis of Im(o)
will be referred to as a good basis of ”H}»O).
Definition 3.2. A good opposite filtration L is defined by a splitting
Hp=H L
such that (1) £ preserves the Q-grading; (2) £ is an isotropic subspace; (3) z~! : £ — L.
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Remark 3.3. Here for f being weighted homogeneous, (1) is a convenient statement
equivalent to the conventional condition that VzGa, preserves L (see e.g. [32]).

The above two definitions are equivalent. In fact, a good opposite filtration £ defines the
splitting o : Q¢ > H}Q) Nz L. Conversely, a good section o gives rise to the good opposite
filtration £ = z~ ' Im(c)[z~!]. As shown in [41,46], the primitive forms associated to the
weighted homogeneous singularities are in one-to-one correspondence with good sections
(up to a nonzero scalar). Therefore, we only introduce the notion of good sections, and
refer our readers to loc. cit. for the precise notion of primitive forms. We remark that for
general isolated singularities, we need the notion of very good sections [46,47] in order
to incorporate monodromy.

3.2. The perturbative equation

We start with a good basis {[(}SO,dnx]}(ff:l of ’H}O), where d"x := dxj---dx,. In this
subsection, we will formulate the perturbative method of [32] for computing its associated
primitive form, flat coordinates and the potential function. The construction works for
general f after the replacement of a good basis by a very good one (see also [47]). We
will focus on f being weighted homogeneous since in that case it leads to a very effective
computation algorithm. In the following discussion we will then assume {(]50,}521 to be
weighted homogeneous polynomials in C[x] that represent a basis of the Jacobi algebra
Jac(f) and ¢ = 1.

3.2.1. The exponential map. Let F be alocal universal unfolding of f(x) around 0 € C*:
nw
F:C'xCHt—C, F({x5):=f(x) —i—Zsaqba(x), S=(S1, .-, 8u).
a=1

The polynomial F' becomes weighted homogeneous of total degree 1 after the assignment
degsy := 1 — deg ¢y.

The higher residue pairing is also defined for F' as the family version, but we will not use
it explicitly in our discussion (although implicitly it is used in an essential way).

Let B := spanc{[¢od"x]} C 7—[}0) be spanned by the chosen good basis. Then

MY = Bllzll,  Hy = B(2).

Let Br := spanc{¢,d"x} be another copy of the vector space spanned by the forms

¢ d"x. We use a different notation to distinguish it from B, since Br should be viewed

as a subspace of the Brieskorn lattice for the unfolding F. See [32] for more details.
Consider the exponential operator [32]

eF=NI% . B — B((2)[[s]]
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defined as a C-linear map on the basis of Bp as follows. Let C[s]y :=
Symk (spang{sy, ..., s,}) denote the space of k-homogeneous polynomial in s (not to
be confused with the weighted homogeneous polynomials). As elements in H; ® C[s]x,
we can decompose

L (F = Pfpad"x1 = > D hl) " gpd"x],
m>—k B

&

where apm

€ C[s]k. Then we define

TN pud"x) =Y D Y ki, lgpd"x] € BUE)IISI
k=0 B :

m>—k
Proposition 3.4. The exponential map extends to a C((z))[[s]]-linear isomorphism

e =Dl Br((2)[[s]] = B((2))[[s]]-

Proof. Clearly, e!f=1/z extends to a C((2))[[s]]-linear map on Br((z))[[s]]. The state-
ment follows by noticing ¢/ ~/)/Z = 1 mod (s) under the manifest identification between
B and Bpf. O

We will use the same symbol

Ky B((2)IIs]] x B((@)IIs]] = C((2)IIs]]
to denote the C[[s]]-linear extension of the higher residue pairing to H ¢ [[s]]= B((z))[[s]].
Lemma 3.5. For any ¢1, ¢2 € BF, we have
Ky =Dy, D)) € 2"Cllz. s1).
In particular, eF=Nlz maps Br[[z]] to an isotropic subspace of H[[s]].

Proof. Let Kr denote the higher residue pairing for the unfolding F [42]. The expo-
nential operator ¢(f ~f)/2 gives an isometry (with respect to the higher residue pairing)
between the Brieskorn lattice for the unfolding F and the trivial unfolding f [32,47]. That
is, Kp(eF =D/, e F=D/2gy) = Kp(g1, ¢2) € 2"Cllz, s]l, where @1, ¢, are treated as
elements of the Brieskorn lattice for the unfolding F'. O

Remark 3.6. The above lemma can also be proved directly via an explicit formula for K
described in [32]. By that formula, there exists a compactly supported differential operator
P(aix‘,-’ z%, 10y;» AdX;) on smooth differential forms composed of %, za%, 19y, , AdX;
and some cut-off function such that

K@ F=Dlgy, o F=Dizgy)
9

:Z"/ e F=DEgI APl —=, 20—, 18y, AdE; | (e7 T3 gy).
X 3)6,‘ ax,-

Since P will not introduce negative powers of z when passing through e/ ~)/2 the
lemma follows.
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Theorem 3.7. Given a good basis {[¢.d"x]}"_, C H](P), there exists a unique pair

a=1

(¢, J) satisfying (1) ¢ € Brllzlllls]], 2) J € [d"x] + z~'Blz"'lIs]] C Hlls]l,

and

e F=Nlzg — . (*)
Moreover, both ¢ and [J are weighted homogeneous.

Proof. We will find ¢ (s) recursively with respect to the order in s. Let

=Yt =)> thoed"x,  § € Cllzll ®c Clsl.
k=0 k=0 «

Since e¥~/)/z = 1 mod (s), the leading order of (x) is
o) € [d"x]+z7'Blz7 1],

which is uniquely solved by ¢y = ¢1d"x. Suppose we have solved () up to order N, i.e.
f=Ny = Z,i\/:o (ky such that

=Pk ony € [d"x1+ 27" Blz 1[[s)] mod (V).

Let Ry+1 € B((z)) ®c C[s]l(v+1) be the (N + 1)-th order component of e(F_f)/Zg“(SN).
Let

Ryy1 = R;H + R;/+l

where Ry, | € Bl[z]]®c Clslv+1) and Ry, € z7'Blz7'1®c Clslv1). Let R;H c
Br[[z]] ®c C[s]ln+1) correspond to R; 41 under the manifest identification between B
and Br. Then

LN+1) = G=n) — Ry

gives the unique solution of (x) up to order N + 1. This algorithm allows us to solve ¢, J
perturbatively to arbitrary order. The weighted homogeneity follows from the fact that (x)
respects the weighted degree. O

Remark 3.8. In [32], it is shown that the volume form

o0

DD L bad'x

k=0 o

gives the power series expansion of a representative of the primitive form associated to the
good basis {[¢yd"x] Z: 1 In particular, this is a perturbative way to compute the primitive
form via a formal solution of the Riemann—Hilbert—-Birkhoff problem.
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3.2.2. Flat coordinates and potential function. Let (¢, J) be the unique solution of (x).
As shown in [32], ¢ represents the power series expansion of a primitive form. However,
for the purpose of mirror symmetry, it is more convenient to work with 7, which plays the
role of Givental’s J-function (see [21] for an introduction). This allows us to read off the
flat coordinates and the potential function of the associated Frobenius manifold structure.
With the natural embedding z~'C[z~'][[s]] = z~'C[[z~'1][[s]], we decompose

J=1d"x1+ Y "Tu, where T =) JTelpad"x], Tn € ClIs]l.
m=—1 o

We denote the z~!-term by
I (8) := jﬁll(s)-

It is easy to see that #, is weighted homogeneous of the same degree as s, such that
ty = So + 0(52). Therefore 7, defines a set of new homogeneous local coordinates on the
(formal) deformation space of f.

Proposition 3.9. The function J = J (s(t)) in coordinates ty satisfies

O 05y T =27 Y AL, (03, T
Y

for some homogeneous AZ,‘} (t) € CI[t]] of weighted degree deg ¢y + deg g — deg ¢y, .
Moreover, for any o, B, y, 6,

0y Ay, = 0y AD,. D AL AG, =AY AT
Proof. Consider the splitting ’ ’
Hylls]] = B(@)[Is]] = Hy & H_,
where
Hy = eTDEBE[INIsI) € B()Isl,  H- =z 'Blz"lIs]l.

Let Br := H4 N zH_. Equation (x) implies that zd;,J € B, with z-leading term of
constant coefficient
201, J € [¢od"X] + H_.

In particular, {zd,, J} form a C[[s]]-basis of B F.

Similarly, 220,05 J = 2%9;, 015 (e ~3¢) € Hy, and 2%9,,8,,T € zH_ by the
above property of the leading constant coefficient. Therefore z28,a 9z J € Bp. This im-
plies the existence of functions AZﬂ = Agﬁ (s(t)) such that

220,00, T =Y 2AL ()3, T
Y

The homogeneous degree follows from the fact that 7 is weighted homogeneous.
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Let A, denote the linear transformation on B ¢ given by

Ag 20T > Y AlLyzd, J.
14

We can rewrite the above equation as (9;, — Z*IAa)atﬁJ = 0. We notice that
[0, —2 ' Aa, 9y —2 ' Agl =0 on B foralla, B.
Therefore the last equations in the proposition hold. O
Lemma 3.10. In terms of the coordinates t,, we have
Ky (28, T, 201, T) = 2" gap-

Here gqp is the constant equal to the residue pairing ny(¢qd"X, ¢pgd"X).

Proof. We adopt the same notation as in the above proof. Since z0,, J € H,
Ky(z0, T, 20, J) € 2"Cllz]ll[s]]
by Lemma 3.5. Since also z9;, J = [¢pod"X] + H_ € zH_, we have
Ky (28, T, 201, T) € 2"gap + 2"~ 'Clz [Is]1.
The lemma follows from the above two properties. O
Corollary 3.11. Let Aypy (t) := ) 5 Agﬁggy. Then Aygy is symmetric ina, B, y.
Proof. By Lemma 3.10, 9;, K¢ (20,7, 20;,J) = 0. Now apply Proposition 3.9. O

The above propositions can be summarized as follows. The triple (9;,, Agﬁ, 8ap) defines
a (formal) Frobenius manifold structure on a neighborhood § of the origin with {7y} being
the flat coordinates, together with the potential function F(t) satisfying

Aapy () = 0y, 91501, Fo ().

It is not hard to see that F(t) is homogeneous of degree 3—¢. As in the next proposition,
the potential function Fy(t) can also be computed perturbatively. Let

Fo(t) = Fo,<n® + OtV T,

Proposition 3.12. The potential function Fo associated to the unique pair (¢, [J) satisfies

8, Fo) = Y gapT 5 (s(1)).
B

Moreover, féSN) (t) is determined by {(<n—3)(8).
Proof. The first statement follows directly from Proposition 3.9.
Recall £(s) = ¢(<n)(s) + O (V). Let 7%(s) = T <y ® + O (V1) Ttis easy to

see that .7-"(* )(t) only depends on J* 1.(<N—2) (s), J“ 2.(<N— 1)(s) and jm (<N)(s) only
depends on {(<ny+m)(s). Hence, the second statement follows.

Remark 3.13. By Remark 3.8, ¢ is in fact an analytic primitive form. Therefore, both z,,
and Fo(t) are in fact analytic functions of s at the germ s = 0.
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3.3. Computation for exceptional unimodular singularities

We start with the next proposition, which follows from a related statement for Brieskorn
lattices [23]. An explicit calculation of the moduli space of good sections for general
weighted homogenous polynomials is also given in [32,47]. For exposition, we include a
proof here.

Proposition 3.14. If f is one of the 14 exceptional unimodular singularities, then there
exists a unique good section {[P,d"x] Z:l’ where {¢,} C C[x] are (arbitrary) weighted
homogeneous representatives of a basis of the Jacobi algebra Jac(f).

Proof. We give the details for the Ep,-singularity. The other 13 types are established
similarly.

The E1p-singularity is given by f = x3 4+ y7 with degx = %, degy = %, and central
charge ¢f = % We consider the weighted homogeneous monomials

(P, . b2} = (1, y, %, %, ¥, xy, v, 1%, 3%, 19, xy*, xy%) € Clx, y]

which represent a basis of Jac( f). The normalized residue pairing gog between ¢y, ¢g is
equal to 1 if @ + B = 13, and 0 otherwise. Since Ky preserves the Q-grading,

deg Ky ([¢adxdy], [ppdxdy]) = deg o + degpp +2 — C,

which has to be an integer for a nonzero pairing. A simple degree count implies that

Kf([podxdyl, [ppdxdy]) = 2°gag,

and therefore {[¢,dxdy]} constitutes a good basis.
Let {¢,,} be another set of weighted homogeneous polynomials such that {[¢, dxdy]}
gives a good basis. We can assume ¢, = ¢, as elements in Jac(f) and deg ¢, = deg pq.

Since [¢ydxdy] forms a C[[z]]-basis of ’H}O), we can decompose

(godxdy) = ) RE[gpdxdy], RE e ClIz]l.
B

By weighted homogeneity, Rg is homogeneous of degree deg ¢, — deg ¢, which is not
an integer unless & = B. Thus [¢),dxdy] = [podxdy], which proves uniqueness. m]

Let Fo be the potential function of the associated Frobenius manifold structure. Then Fy
is an analytic function, as an immediate consequence of the above uniqueness together
with the existence of the (analytic) primitive form. As will be shown in Lemma 4.2, we
only need to compute Fq (<4) to prove mirror symmetry.

We illustrate the perturbative calculation for the Ep-singularity f = x+y’. The full
result is summarized in the appendix by similar calculations. We adopt the same notation
as in the proof of Proposition 3.14. By Proposition 3.12, we only need {(<1) to compute
Fo,(<4), which is

{(<1) = dxdy.
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Using the equivalence relation in H ¢, we can expand
3 k
Fe F-" & 4
D)) =Y ) + O(sh
k!
k=0
in terms of the good basis {¢,}. We find the flat coordinates up to order 2:
. 1 1 . 12 2 . 3
I =81 — 78587 — 58389, [p =582 — 587 — 58589, I3 =83 — 55759,
. 1 1 1 1 . 2.2
I4 = 54 — 75859 — 557510 — 555511 — 53812, 5 =S5 — =5g,
. 2 2 2 . . 3 3
Io = S6 — 759510 — 557511 — 555812, [7 =157, I3 =S8 — 5859511 — 557512,
. . 4 . .
Ig = 89, [0 =810 — 759512, 11 =11, I12 = S12.

This allows us to solve the inverse function s, = s4(t) up to order 2. A straightforward
but tedious computation of the z~2-term shows that in terms of flat coordinates

3 4
Foqzay = Fy + Ty,
where ]-'é3) is the third order term representing the algebraic structure of Jac( f),

01, 1,0, Fo) = ny (Gadpdydxdyl, [dxdy]).
The fourth order term ]-"54), which we call the 4-point function, is computed by
—}‘é4) = fuistelts + (gtats + 12t718 + F13151g + lalels + 15t2t6to + T13t6t710
+ %t3t5t8t9 + %t2t7t8t9 + ﬁtzhstgz + ﬁtgtlo + émlého + %t3tsl7t10 + ﬁt2t72t10
+ %tftsllo + ﬁl32Z9l10 + %tztsh)tlo + %Blszfu + étftdn + %t32t7111 + %tztsl‘ﬂu
+ %t2l3l9t11 + %tftlz + ﬁ@ztsllz + ﬁlztgtlz + %12l3t7112 + ﬁtzzmtlz-
In particular, for our later use, we can read off

at4at4at48112]:0|t:0 = _%’ atzatzatgatn]:o't:o = _%

4. Mirror symmetry for exceptional unimodular singularities

In this section, we use two reconstruction results to prove the mirror symmetry conjecture
between the 14 exceptional unimodular singularities and their FIRW mirrors both at genus
zero and at higher genera.

4.1. Mirror symmetry at genus zero

Throughout this subsection, we assume W7 to be one of the 14 exceptional unimodular
singularities in Table 1. We will consider the ring isomorphism W : Jac(WT) > (Hw, o)
defined in Proposition 2.7. We will also denote the basis of Jac(WT) specified therein
by {¢1,...,¢,} with degg; < --- < deg¢,. As mentioned, there is a formal Frobe-
nius manifold structure on the FIRW ring (Hy , @) with a prepotential ]-'(1; Jvlf,w. We have
also shown in the previous section that there is a Frobenius manifold structure with flat
coordinates (f1, ..., t,) associated to (the primitive form) ¢ therein, whose prepotential
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T
will be denoted by FOSC‘;W from now on. We introduce the primary correlators (- - - ) (‘{/ « SG

associated to the Frobenius manifold structure on B-side. The primary correlators, up to
linear combinations, are given by

, 3kaG ;
wT.SG _ 0,W
(Diys s Dindox = m(o)- 4.1
From the specified ring isomorphism W and (2.10), we have

T
(g Ly g )03 = (Bin . i3 -

From Proposition 2.8 and the computation in Section 3.3 and in the appendix, we have

T
<1Xl' ’ lxl' k] lMiT/xiz’ 1¢M)(‘;‘,/4 = _(-xia Xi, MiT/-xizs ¢M>(‘)}‘f4 ’SG
To deal with the sign, we will make the following modifications, as in [14, Section 6.5].
We simply denote (—1)" := ¢™V~17 Let J—EgG denote the potential function of the Frobe-
nius manifold structure ¢ := (_1)—5ng, Set q~5j = (—1)’deg¢f¢j and define a map
U Jac(WT) > Hy by ‘Il(&j) = W(¢;). Let t denote the flat coordinate of ng,
namely

fj = (1! ~deeliy;, (4.2)
/}s a consequence, we have _7353;VSTG = _7-'5?‘)4}30 and ]t'éf‘;l}STG = féf?‘}STG‘ Denote 1 5=
W (¢;). Then W defines a pairing-preserving ring isomorphism, which is read off from the
. LT 2 = 7 = Wl z.SG
identities <1¢~’i’ lq;j_, 143/()8‘,/3 = (¢i, ¢;, ¢k>0,3 ¢ , Moreover,
ST FOW = = 7,2 7 \WIISG
(15,15, 1;1}7;2 1%)0,4 = {xi, X, MiT/xiz’ Puo.a o 4.3)

From now on, we simplify the notation by dropping the symbol ~ and the superscript Z. In
addition, we simply denote both Hy and J. ac(WT) as H, and we denote the correlators on
both sides as (¢;,, ..., ¢i,)o.x (or (¢;,, ..., ¢ )) whenever there is no risk of confusion.
We have the following “selection rule” for primary correlators.

Lemma 4.1. A primary correlator (¢;,, ..., ¢i, )0,k on either A-side or B-side is nonzero
only if '
> deggy; = éyr —3+k. 4.4)
j=1

Proof. The A-side case follows from (2.11) and ¢w = ¢yr. The primary correlator on

B-side is given by a,,.l S B,ik ‘Fg?ﬂ (0), where deg ¢>i,- =1 —deg ti. Then the statement

follows, by noticing that fg%r (0) is weighted homogenous of degree 3 — ¢y, 7. O

A homogeneous o € H is called a primitive class with respect to the specified basis {¢;}
if it cannot be written as « = o] e oy for 0 < degoa; < dega. A primary correlator
(iy, - -, Pi)ok is called basic if at least k — 2 insertions ¢;; are primitive classes. Now
Theorem 1.3 is a direct consequence of the equalities (4.3) and the following statement:
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Lemma 4.2 (Reconstruction Lemma). If W7 is one of the 14 exceptional singularities,
then all the following hold.

(1) The prepotential Fy is uniquely determined from the basic correlators (.. .)o x with
k<5.

(2) All basic correlators (¢;,, . .., ¢is)o,5 vanish.

(3) All the 4-point basic correlators are uniquely determined from (1.1).

Proof of (1). The potential function Fy satisfies the WDVV equation (2.13) (hence
(2.14)). We can assume that (- - -)o x is not of type (1, ...)o.x, kK > 4 (otherwise it van-
ishes according to the string equation, or the invariance of the primitive form along the
¢1-direction where we notice ¢; = 1). Consider a correlator (..., aq, op ® otc, 0q)0.k>
with the last three insertions nonprimitive. By (2.14), such a correlator is the sum of Si
together with three terms whose insertion replaces o e o, with lower degree ones oy,
or a, at the same position. Repeating this will turn o e ¢ into a primitive class, up to
a product of correlators with fewer insertions. By induction both on the degree of non-
primitive classes and on k, we can reduce any correlator to a linear combination of basic
correlators.

Now we assume that (¢;,, ..., ¢;, )o, is a nonzero basic correlator. Then we can write
i @0, =x*° ybz¢. It follows from the degree constraint (4.4) that

k
Cwr —3+k= deg¢, =aqyx +bqy + cq.. (4.5)
j=1

Let P be the maximal degree of a generator x, y and z (or x and y if WT = W7 (x, y) is
in two variables x, y only). By direct calculations, we conclude

2 <6.
_1_P+<

Proof of (2). For WI' = xP 4 y4, x, y are generators for the ring structure H. The
multiplications for all the insertions will be in the form of x%ey?. By the degree constraint,
a nonzero basic correlator (¢;,, ..., @;, )o,k satisfies

aq+bp=(k—-1)pg—2p—2q. (4.6)

On the other hand, we assume the first k — 2 insertions are primitive classes, so that they
are either x or y. The top degree class ¢, = xP~2 o y972 is of degree 2 — 2/p — 2/q.
Therefore we have the following inequalities required for a nonvanishing correlator:

a<k—2+2(p—2), b<k—2+42(g—2), a+b<k-242(p—2+q—2). 47)

It is easy to see that there is no (a, b) satisfying both (4.6) and (4.7) if kK = 5. Hence
(@iys .-, dis)o,s = 0. The arguments for the remaining WT on B-side and all the W on
A-side are all similar and elementary, details of which are left to the readers.

Proof of (3). Let us start with WI' = xP” + y9, where we notice that p,g
are coprime. The degree constraint (4.6) with k¥ = 4 implies that (a,b) =
2p — 2,9 —2) or (p —2,2q — 2). Thus the possibly nonzero basic correlators are
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(x,x, xP72yl, x/’_zyq_z_")oﬁ;, i =0,...,g — 2. On the other hand, if formula (1.1)
holds, then by the WDV'V equation (2.14), we have

(x, x, xP 2 @yl xPT2yI727y = —(x, xP72 Yl x e x P72y 172
2 i p—2.g-2-i 2 2 g-2—i
+(x, x o xPTE Yy xPTEYITET) 4 (x, x, xPT, Y @ x Py

= (x,x,xP72 yl e xP72yd7 27y = 1/p.

For the 2-Chain W7 = x”y + y4, the degree constraint (4.5) tells us

g—1 A
+b-=¢w—3+k
pq q

a

For k = 4, this implies that (a, b) = 2p — 2, q) or (p — 2, 2q — 1). The basic correlators
are (x,x,x”fzy”",xpfzyq’]*i) with0 <i <g—1, (y, y,xiyq’z,xp’z’iyqfl) with
0<i<p—2and (x,y,x'y?"! xP7371y4~ 1) with 0 < i < p — 3. The first two
types are uniquely determined from the correlators which are listed in Proposition 1.2.
For example, if 0 < i < g — 1, since px”_ly =0, Wl =0in Jac(WT), we have

(x,x,xpfzy . y",xp72yq7]7") = (x,x,xpfzy,xpfzy‘f*l*i o).

The last type is determined by
ig—1 _p=3—i_g—1 1 ig—1 _p—2—i -1
(o, y, X!y X PTTYIT) = ——(x, y, T X P e x P
q

= —C—](<x, y, xP7HxP2ya7ly (xy e x Pl x P2 xTyamly)

1 1 1
=——(x,y, xexP 2 xP 2y = ——(x x,xP ey, xP 2y = ——.
q Pq

Here we use the relation x? 4+ gy9~! = 9, WT = 0in Jac(WT) in the first equality.

For the 2-Loop W7 = x3y + xy*, the degree constraint (4.6) with k = 4 implies that
(a,b) = (5,4) or (3, 7). If (1.1) holds, namely if

Cox,xy,x?y) =20 oy ot a?y) = &,

then we conclude (x, y, x2, x2y3) = % (x,y,y2, x2y%) = % and (x, x, x2y%, xy2) =
1—21 from a single WDVV equation for each correlator. For the rest, we conclude
(x,x,xy>, x%y) = ﬁ and (x, y, xy3, xy3) = —11—1 by solving the following linear equa-
tions which come from the WDV'V equation:

_3(xv-xvx2y~xy3) + (x,x O)Cy3, y3’ y) = <x’x .y3? yvxy3>’
—4(x, y,xy3,xy3) = (x, y,xz, X oxy3) + (x,y oxz,x,xy3).

Here the coefficient —3 (resp. —4) comes from 3x2y + y* = 0 (resp. x> + 4xy> = 0) in
Jac(WT). Similarly, we conclude (x, y, x2y?, x%y) = —ﬁ and (y, y, x2y%, xy°) = 11_1
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For WT = x%y + y* + 23 € Q10, the number of 4-point basic correlators is 10. Three
of them are the initial correlators in (1.1), (x, x, y, y3z), (v, y, yz, y3Z>, (z,2, 2, )’3Z>’

the rest are (v, y, y2z, ¥3), (v, 2z, y2, ¥°), (2. 2, yz, ¥22), (x,x, yz, %), (x, x, y2, y%z),
(x,y,xz, y3), and (z, z, xz, xz). We have seven WDV'V equations to reconstruct them
from the initial correlators:

A,y ¥ y) = xy vz, (hz v =00y v ) = 0y R v,
(Z.z,yz. %) = (2, 2,2, y°2),  (n.x, vz, 0%) = (x,x, 3, y72),

<X, X, y2v y2Z> = ()C, X, Y, )’32)7 (x’ Yy, X2, y3> = (X, X, Y, y3z),

(z.2,x2,x2) = —4(2,2. 2, y°2).

For other singularities of three variables, all the basic 4-point correlators are uniquely
determined from the initial correlators in (1.1), by the same technique. However, the dis-
cussion is more tedius. For example, there are 21 4-point basic correlators for the type
S12 singularity W7 = x2y+y%z4z3x. We can write down 18 WDVV equations carefully

to determine all the 21 basic correlators from the three correlators in (1.1). The details are
skipped here. O

4.2. Mirror symmetry at higher genus

In Section 2, we already constructed the total ancestor FIRW potential %‘f,JRW for a pair
(W, Gw). Now we give the B-model total ancestor Saito—Givental potential ,;zfvfg Let S

be the universal unfolding of the isolated singularity W . For a semisimple point s € S,
Givental [19] constructed the following formula containing higher genus information on
the Landau—Ginzburg B-model of f (see [12, 18, 19] for more details):

& ; ——
%SG(S) = eXp<—E ; log A (S)> WsRs (7).

Here 7 is the product of  copies of the Witten—Kontsevich t-function; A’ (s), Wy and R
are data coming from the Frobenius manifold; and the operators = are the so-called quan-
tization operators. We call ,;szsG (s) the Saito—Givental potential for f at s. Teleman [49]
proved that JMfSG(S) is uniquely determined by the genus zero data on the Frobenius man-
ifold. By definition, the coefficients in each genus-g generating function of ;z{fsc‘ (s) are
just meromorphic near the nonsemisimple point s = 0. Recently, using Eynard—Orantin
recursion, Milanov [34] proved ,szf‘f,(;‘ (t) extends holomorphically at t = 0. We denote

such an extension by vag, and Corollary 1.4 follows from Theorem 1.3 and Teleman’s
theorem.

4.3. Alternative representatives and the other direction

Although the theory of primitive forms depends only on the stable equivalence class of the
singularity, FIRW theory definitely depends on the choice of the polynomial together with
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the group. For the exceptional unimodular singularities, in the following we list all the ad-
ditional invertible weighted homogeneous polynomial representatives without quadratic
terms x,f in additional variables x; (up to permutation symmetry among variables):

Eig: x3 +y8, Wiz i x2y +y2+2°, Wiz :xty +y4
Qu:x2y+y +23,  Ziz:x3y +)°, Uy i x%y + 33+ 2% (4.8)
Ui : x2y +xy? + 24

It is quite natural to investigate Conjecture 1.1 for all the weighted homogeneous
polynomial representatives on the B-side.

Theorem 4.3. Conjecture 1.1 is true if W' is given by any weighted homogenous poly-
nomial representative of the exceptional unimodular singularities such that W' is not
x2y + xy? + z*. That is, there exists a mirror map such that

FIRW __ SG
ARV = /3G

Sketch of the proof. Thanks to Corollary 1.4, it remains to consider the case when W’
is given by (4.8). By Proposition 3.14, there is a unique good section. Let us specify
a weighted homogeneous basis {¢1, ..., ¢,} of Jac(WT) as in Table 2 for each atomic
type and take the product of such bases for mixed types. Then we could obtain the 4-
point function by direct calculations (see the link in the appendix for precise output).
An isomorphism W : Jac(WT) — Hy is chosen much as in Section 2. We compute the
corresponding 4-point FJRW correlators as in Proposition 2.8. If W7 is not x2y+xy?4z*,
then the 4-point FJRW correlators turn out to be the same as the B-side 4-point correlator
up to sign. These invariants completely determine the full data of the generating function
at all genera on both sides, by exactly the same reconstruction technique as in the previous
two subsections. Therefore, the statement follows. O

Remark 4.4. If WT = x2y + xy% + z*, then Hy has broad ring generators x1;s and
v1,s. Our method does not apply to compute

(s, xLys, ylys, Lps)g', (vhys, ylys, xlys, Lps)g 1y, = Lpis.
ifwl = xzy + y2 + 20, we may need a further rescaling on W (x) since we only know
(W (), W), W(y), W(yz))g )2 =208 (y), W), W), W), ¥ (y2)y = 1.

The first equality is a consequence of the WDVV equation, and the second is a conse-
quence of the orbifold GRR calculation with codimension D = 2 (i.e., (2.16)).

The other direction. Among all the representatives W on the A-side, there are in total
three cases for which W7 is no longer exceptional unimodular. The corresponding W7 is
given by x3 +xy% xZ4+xy> 423, or x>+ xy> +z*. Let us end this section by the following
remark, which gives a positive answer to Conjecture 1.1 for those representatives.
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Remark 4.5. 1. For the remaining three cases, W7 is no longer given by any one of the
exceptional unimodular singularities.

2. A similar calculation to the one in Proposition 3.14 shows that there exists a unique
primitive form (up to constant) for x>+xy>+z3. However, for the other two cases x> +xy°
and x% +xy> + z*, there is a whole one-dimensional family of choices of primitive forms.

3. Letus specify abasis {¢1, ..., ¢y} of Jac(WT) following Table 2. It is easy to check
that {[¢1d"x], ..., [¢,.d"x]} form a good basis and specifies a choice of primitive form.
A similar calculation shows that the B-side 4-point function coincides with the A-side
one (up to sign as before), and they completely determine the full data of the generating
functions at all genera by the same reconstruction technique again.

5. Appendix

5.1. The vector space isomorphisms

Here we list the vector space isomorphisms W : Jac(WT) — (Hyw) for the remaining
cases of W in Table 1.

(1) 3-Fermat type. Let W = W7 = x3+y?+2z* € Ujp. We denote 1;  x := 1 € H,, for
y = (exp(2r+/—1i/3),expr+/—1j/3, exp(n/—1k/4)) € Gw. The isomorphism
W is given by

Wy TR =1y, 1<ij<3,1<k<4

(2) Chain type. Let W = x4+ xy5. The mirror W7 is of type Z11. Note Gw = u1s.

Hw 1, 1,3 1,0 1,0 18 :F5y41J0 1,7 1,5 14 1p 1,4
JacWTy 1y x ¥y xy X2 N S A S Sl o

Let W = x3y + y>. The mirror W7 is of type E13. Note Gy = 5.

HW 1] 1J13 1/I2 1J1I 1‘/9 118 4:3)721‘/0 1]7 1/6 1]5 1/4 112 1]]4
Jac(WT) 1 y y2 X y3 Xy y4 xy2 x2 xy3 x2y xzy2 xzy3

Let W = x2y 4 y3z 4+ z3. The mirror W7 is of type Z;3. Note Gy = 3.

Hy 1, 1]16 1114 1J13 1111 1110 :F3y21J9 ng 1,7 1J5 1J4 1J2 1J17
Jac(Wh) 1y z 2 yz x 22 y2z xy xz xy? xyz xy’z

Let W = x2y 4 y?z + z*. The mirror W7 is of type Wi3. Note Gy = 1116.

Hy 15 1j4 153 1;0 10 1;0 F2y1;8 1y 156 15 153 15 15
JacoWT) 1 ¢ y 2 yz ox 23 yz2 xz  xy xz% xyz xyz
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(3) Loop type. There is one 2-Loop of type Z12: W = W1 = x3y+xy* with Gy = 1.

Hy 15 1, 15 1 1 x*150 1, 1, 1, 1,5 15 1
Jac(WT) 1 y X y2 Xy X y xy2 x2y xy3 x2y2 xzy3

There is one 3-Loop with W7 of type S1o: W = x2z 4+ xy? + yz3 with Gy = ug3.

Hy 1, 1111 1110 119 ljg 1J7 1]6 1J5 1J4 1J3 1J2 11|2
Jac(WT) 1 z X y 2 Xz yz Xy xz2 y22 xyz xyZ2

(4) Mixed type. Let W = x2+xy4+z3. The mirror W7 is of type Q19. Note Gy = wo4.

Hy 1, 1;0 1,17 :!:4})31]16 1,3 1,1 :F4y3ljs 1,7 1;5 1,2
Jac(WT) 1 y z X y2 yz Xz vy ¥

Let W = x2y 4+ y* 4+ z3. The mirror W7 is of type E14. Note Gy = 4.

Hy 15 1,22 150 1507 F2y1l6 154 13 10 10 F2y1ps 17 1)s 1,2 123
Jae(WT) 1 2 Z2 X y2 Xz X yz2 yz yzz yz© Xy Xxyz xyz2

5.2. Four-point functions for exceptional unimodular singularities

In the following, we provide the 4-point functions ]-'é4) (t) of the Frobenius manifold
structure associated to the primitive form ¢ for all the remaining 13 cases in Table 1. We
mark the terms that give the B-side 4-point invariants corresponding to (1.1) by using
boxes. We also provide the expression of ¢ up to order 3. We remind the reader of

.7554) t = —]-'54) (t) as discussed in Section 4.1. We obtain the list with the help of a com-
puter. The codes are written in Mathematica 8, and are available at http://member.ipmu.jp/
changzheng.li/index.htm.

e Type E13: f = X3+ xyd.
(didi = {1y, y* x, y%, xy, yh y7x, 6%,y yx?, x2y% yx),
£ =1— Fes10513 — gexsiy + O(s%),

—]—'é‘” = —tets — sty + oitstels + 1staty + ogloto + Ststetyto + Ftatrto + tt2tste
+ [statetsto + Ft3tytgty — futatsty — 1st3tty — mtatsts + 1gtstatio
— 13—0t52t7t10 - 13—0t3t72t10 + %l3t6t3t1() + %tztgtlo + %tftgtlo + %t3t5t9t10
+ %t2t7t9t1o + %tz%tlzo + %tsztdn + %t4t62t11 + %t4t5t7t11 + %t3t6t7t11
+ II—SQ%ISIII + %tﬁststu + %tzlﬂsm - %t3t4l9t11 - %tzlﬁmtn + %tgtlom

1 1 2 1, 2 1,2 2 2
+ shtstiotil — sghataty) + statstin + glgtet12 + s13ts5tet12 + 5131417112

1 1.2 1 1 1 2 .3
+ shlet7tin + 31318112 + hatsigtin — 13i2lalotin + 5tat3t10t12) 351,113

1 1.2 1 1 1 1.2
+ 5131415113 + gl3tet13 + shatstet1z + si2tat7113 + 50131813 1515110013 |-



http://member.ipmu.jp/changzheng.li/index.htm
http://member.ipmu.jp/changzheng.li/index.htm
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o Type Eig: f = x?

+xy* 4 23,

(o) = {1, y,x, ¥2, xy, ¥3, x3%, 2, vz, x2, ¥z, xy2, ¥3z, xy*2},

1.2 1 2 1 2 1 .23 4
{= 1+6_4512314+6—4310314_"@})512514_{‘@)) S14+0(S )’

4 i
—FP = kst

1 1 1 1 1 1
+ §131619 + Glatstrty + G13letrty + ghatito — gl3tatio — ghat3lstio

1 3,2 1,2 1 1, .2 1.3 1, .2
+ 5t4t5t610 + I3t t10 + gty t7t10 + z2l6t7t10 1+ gI81gT10 — 5515111 + Flal5t11

1 1 1 1,2 1.2 1,22 3
+ 313t5t6011 + g13tat7011 + 3hatst7t11 — 3igtrtn + glghoti — glaty — 1/918t7;

1, .2 1.2 1 1 1.3 1 1.2
— 1gh2t3t12 + gii15t12 + 513taleti2 + g12t5t6112 — glgt12 + gl2lat7t12 + glg1ot12

1 1,2 3,2 1, .2 1 1.3 1,22
+ 5131415113 + ghals 113 + I3 t6t13 — Ftsigt13 + 121317113 — glgt13 — lg1i;

1.3
+1gigt4

2 1 1 1 1
— 3lglot11t13 + §t314%[14 + ghatalstia + g0 3t6t14 — zt4t62l14

1
+g13t71

1
— §t4t6t7t13.

e Type Z11: f = x3y + y°.

{oiti={1,y,x,y

2 xy, 22 y3 a2 vt a3 xyty,

=1+ %sloslzl + %ys%l + 0(54),

4) 5 1 1 1 1 2 1
—]-'é = — 1513 + 31412t7 + {statst? — got3t3 + Tolats + 13ty + 313letats

1, 2 1 2, 1.2 1 1, .2 1 1
+ qolatyts + gl3tsig + zplytsty + 3131s5t6ly + 3tatgto — q513tat7l9 + {512151719

1 1 2, 1.3 1, .2 1 1
+ [3latatgly — 35tat3ty + {gtitio + gi3t5110 + 313%4t6t10 + 5121417110

1,2 1.2 1, .2 1,2 1 1.2
+ gl318110 + 35 toti0 + 32ty t| Hgl3tst |+ 3sai3tetn| + 3851711 |

o Type Z12: f = X3y +xyt

{¢i}i = {19 Y, X, yzvxyvxz’ y3’xy2’ ny’ xy3,x2y2,x2y3},

_ 6 5 .2 29 2 9 3 4
¢ =1— 751812 — 57 YS12 + 1537510512 + 37 %512 + O (87),

@4 _ _ 10, .3, 5,2, 4 14,2 _ 7,3, 3,2, 4
—.7-0 = —33l5lg + 2 l5tct7 + 5515t617 — 551515 + TTlatgs + 17 latel7ts

6 2 1 2 2 2 1 2 1 3 1.3
— Tttt + qrtatsty + yi3tely — 53131715 + 550205 + gt519

— Etatste
+ ﬁtﬁsts
+ ety
— nilt
+ %tfty‘]

1.2
+ 713188t

2 6 1 4 2
to — Et3t2ty + Statstyto + t3tetrte + Trt3tdty + Ftitsto
1 3 1 21 2, 1,2
9 — qplatelsly + Tttty — {y13laty — m5talsty + 551415110
4 7.2 3.2 1 1
0 + Tyi3tstet10 + 55021110 — 55tit7t10 — 1pi3t5t7t10 + T7i2t67t10
1 1 1.2 1 1 2
0 — Tri3tatstio + Tyt2ts18ti0 + 551519t10 + frlatatotio — 502131,
1 2 1 5 3
1+ ﬁt3t52t11 + qTi3latetl — qrhatstel1n + pi3tatit + 2ttt

3 1 1.2 1,2
1 + qplafatgtin — qrhat3lotil + p»iytotn + i385t

3 2 3 2 1
+351315t10 |+ Fribatatstin + Fhattetin + F bttt + st |.
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e Type Zi3: f = x? + xy° + yz°.

{didi =11,y 2, 5% yz, x, 2%, y72, xy, xz, Xy, xyz, xy°2},
¢ =1+ g5551513 + 56510513 + q33512503 + 7350753 + O (%),
—FY = —Lai? = Listd — Peideg — L2l — st3t3 — etstdto + Ttat2to + Ftatetsto
+ 313t7tsto + glatsty + 3g13lsly + giatsty + fglatio — glalgho — gl3l6tto0
+ 31315310 — £ hatelotio + slatstetil + 3gt3t2ti1 + Jtatstyti) + Statatetis
+ %t2t4t9t12 - %tftsfn + %tztststn - %t314t9t11 + %tztsmtn + %tzmtlotn

1 2 1.2.2 1 2 5.2 1 2 1 1.2
+ 35t — 5zt5t ) + gt5t12 + fgtitet12 — [3l2tgt2 + 3t3tat7tn + 1518112

1.2 2.3 1,2 1 1.2 1 2
+ Rt — it Fgt5t503 |+ 303t +gtitoti3 | — tghal3ly

+22tt
glamoro.

o Type Wia: f = x* 4 y°.
2 2.3 .2 2 3 .22 2.3
{piti = {1, y,x, y7, xy, x%, y7, xy7, x%y, xy”, x7y°, x7y7},
1 1.2 4
¢ =1— 55511512 — 5551, + O(s7),
4 _ 1,22 1, 2 1 122, 1 2, 1.2
—.7:0 = 55l517 + gI51g18 + 314151718 + Tol4ts + Tol2t713 + gl51619
+ 120109 + L1rt2 19 + Lstetsto + 2131512 + t2tstio 4+ L3t
104719 10%2t719 T 713161819 gl3l5lg 10415010 T gi3igt10

1 1 1.2.2 1.3 1
+ shtstytio + shatalgtio + 5515t + 1585111 + 13856111

1 1 1 1 1
+ shtatsti + gt3219l11 + mtztftlz +gt32t6l12 +mt22t7t12 .

o Type Wi3: f = x? + xy? + yz*.

(pi}i = {1, 2, y. 2% yz.x, 2, yz°, X2, Xy, X2°, Xyz, xyz°>},

5 15 2 1 2 3 2 11 2 3 .2.3
¢ =1—gsus3+ 512513 — 128y573 + 555510513 + 3732512513 + 57227513
+0(sY).
4) _ 3,22 1,3 1.3 1, .2 1,22 3.2 1 1
—]:0 = _ﬁtG Iy — 6t5t7 — Rtf)tg — Zt4t7 13 — §t5 tg — §t5t6 fg — Zt4l‘6t7t9 + Zt4t5tgt9

1 2 1.2.2 1 2 1 2 1.2 1 2 1
+ ghtgto — 1giity — glately — 1gh2t7ty + Tel5t6110 + 164110 + 5141517110
+ %t3t72t10 + %tftstlo + %tﬁétstlo + 2111‘21‘7fo10 + %t3t5t9t10 + 11—6t2t6t9t10
1 2 1 2 1, .2 1.2 1, .2 1
— §t3t4t10 — Et2t5t10 + §t4t5 1 — Et4t6t11 — §t3t6t11 — §12t6t7t11
1 1 1.2 1.,2.2 1.2 1
+ zhatsigtin — ghatatot1l + fgi3ti0t11 — 35851 + 31415012 + 131516112

1, .2 1 1 1 1.2 1
+ g atgtin + 513t4t7112 4 z1atst7t12 + g121488112 + gI3Tot12 — gh213t10112

1, .2 1 3.2 1 1.2
+ M3t 113 + ghatatsta| +{gt5t6113 |+ g 021317113 +515 18113 |.
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e Type Q1o: f = x2y + y* +2°.
{(oiti = (1, y, 2, x, ¥%, yz, xz, ¥°, ¥z, 3z},
¢ =1+ 3sosiy + 3787y + O(sY),

4 1 1 1 1 1 1 1
—.7:(5 ) = ﬂt?tﬁ + ﬁt3l‘g + Zl‘4t52t7 — §t32t72 + Zl‘Zt@tg + glatslely + 512141718

1.2 1,2 1.2 1.2 1.3
+ glitsty + ghat5ty + gl3tely + 1el518l9| 1313110

1, .2 1.2
+zntitio [ +1gthts5ti0 |-

e Type O11: f = xzy + y3z + 23
{piti ={1.y.2,x,y%, yz. 2%, x2, y%z, y22, y?2*),
r=1- fm810811 — 21—4ys121 + %ms%l + %25%1 + 0(54),
—]—'é‘” = aet5t3 + 212617 + Aet313t7 — w132 — St3t5t? — (kiatet? + Statstots
— itstatrty — 2312 — L3t + 112t6to + 5tat2ty + 3ctityty

1 1 1,2 1, 2 1.2 1
+ glatstito + siatatglo + ztitstio + 7131510 + [t5tet10 + 3121586110

1 1 5 1 1 1
— ght3titio + ﬁt22t9t10 +—108t33t11 +thtft11 + ghat3isty] +ﬁt22t6t1]
T Cp_ 2 3.3
eType Q1o f=x"y+xy’ +2°.
2 .2 2 2
{ii = {1, x,y,xy,y", xy%, 2, xz, yz, xyz, y“z, Xxy“z},
1.2 1.2 1 2 1 2 4
¢ =1+ 75570812 + 755851 + 5551081 + 3551151 + O(s7),
4 3 1 1 3 2 1 1
—]—"é ) — — 5131418 — TG 131318 + s alalsly + Th1al2 s + Shatstely + $130sels| + 151514112

1 2 1.2 1.2 1 1 1.2 1 2
— olatyto + 5tit5lo + 5t5telo + 5131at6l9 + 3tats5tely — 51516t + g17181g
1.4, 1 1 1.2 2 3,2 1.3
— 3glg T 3h213t5t12 — 30at3tat10 + 15ty 1500 + 5831485110 + gi2t5110 — 515110

1.2 1.3 1,2 1, .2 3 3, .2
+ 15l5t6110 — Tgtrti0 + Tgtatatin + 5831511 + 5hatalstin — stat5tn

1 2 1.2 1, .2 1,22 1.2
+ shtstel1l — 513t5t6t11 + 1811 — 3715t — g7ty | T35 13012

1 2 1.3 1.2 1.,2.2
— 32‘31‘5 12 +ﬁt7t12 + 6t7t9t10 — Zt7t8

o Type Si1: f = x%y + 2z + 2%
(oi}i = (1,2, x, y,2%, x2, yz, 20, x2%, y22, y2° ),
¢ =1-Zsios11 — %15121 + %SSSﬁ + 10%3’5131 +0(s),
—FP = - S22 + 3ty + tuilty + Instgt? — sttty — 13tstets
— Lni2ts + L2ty + Letatstyty — w1213 — nt — Lntity

1 1 1 1,22, 1,2 1.2
— 5hatstely + 513l4t7tg — ght3lgly — gtyty + glitstio + gl2t5tio

1 1.2 1.2 1.2 1,2
+ sB3tatetio + zI3t7t10 + 331518110 +7I3T4t11 | g2l T

3.2
+3—2t2t5t11 .
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o Type Si2: f = xy + y?z + x2°.

(pi)i = {1, 2, x, y, 2%, x2, yz, Xy, X2°, y2°, Xyz, xyz°},

_ 12 30 2 ) 20 .2 93 2 9 23
¢ =1-— 1510512 + 5797511512 — 159%512 + 779758512 + 73022511512 + 27972 512
+0(sh),
4) _ 5 .4, 1,2 1,2,2 1 2 1..3, 5.2
_]:O = _ﬁtﬁ + ﬁt5t6t7 — ﬁt5t7 — ﬁl4t6t7 — 2—6t3t7 =+ 2—61‘5 telg

+ oetatdty + Htatstits + 5 t3tetrts + oty — Stt2 — Statsts

— Shatetd — 513ty — Btatsteto — {5t312to + 15titrto + 5t3tstite

+ 11—3t2t6t7t9 + %l‘3t4t8t9 + 11—3t2t5t8t9 — %tgtgz - %t2t4t92 — 11—31‘42‘521‘10

+ 21—6t4%t6t10 + 11—3t3t5t6t10 + %tztgtlo - 13—3t3t4t7t10 - %tztstmo + 21—6t32t8t10

1 1 1.,2.2 5.2 7., .2 3
+ zhatatgtio + 32131910 — 3gtrty + sglatstil + 5gt3t5ti + 313tal6t11

4 3.2 1 2 1.2 5.2
+ hatstet1l + sgi3t7t11 + [3latatitil — {3t2l3t8l11 + 5glytotil| +5gt5tal12

2, 2 3 3.2
+hi it |+ zhtststiz) F5gliteti2 |-

e Type Upp: f = x>+ y3 + 2.
(pi}i ={1.2,x, y, 2%, x2, yz, Xy, x2°, yz°, xyz, xyz°},
£ =1+ 75571512 + 755857, + 225118, + 752781, + O,

(4) 1.2 1 2 1 2 1 1.2 1 1.2
—]:0 = gl5tel7 + ghtgls + glatyts + ziatstyty + gt3tet + zhatstetio + gy 18110

1 1 1 1 1 1 1
+ gt2219t10 + gt2t52111 + gt3216t11 + gtfhtll +§t33t12 +ﬁtft12 +§1‘22t5t12 .
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