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Abstract. Let A be a matrix whose columns X1, ..., Xy are independent random vectors in R”.
Assume that the tails of the 1-dimensional marginals decay as P(|(X;, a)| > ¢) < ¢t~P uniformly in
ae S landi < N.Then for p > 4 we prove that with high probability A/./n has the Restricted
Isometry Property (RIP) provided that the Euclidean norms |X;| are concentrated around /n. We
also show that the covariance matrix is well approximated by empirical covariance matrices and
establish corresponding quantitative estimates on the rate of convergence in terms of the ration/N.
Moreover, we obtain sharp bounds for both problems when the decay is of the type exp(—t%) with
o € (0, 2], extending the known case « € [1, 2].

Keywords. Random matrices, norm of random matrices, approximation of covariance matrices,
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1. Introduction and main results

Fix positive integers n, N and let A be an nxN random matrix whose columns X1, ..., Xy
are independent random vectors in R”. For a subset / C {1, ..., N} of cardinality m, de-
note by A’ the n x m matrix whose columns are X;, i € I. We are interested in estimating
the interval of fluctuation of the spectrum of some matrices related to A when the ran-
dom vectors X;, i < N, have heavy tails; firstly, uniform estimates of the spectrum of
(AT)T AT which is the set of squares of the singular values of A’, where I runs over all
subsets of cardinality m for some fixed parameter m, and secondly estimates for the spec-
trum of AAT. The first problem is related to the notion of Restricted Isometry Property
(RIP) with m a parameter of sparsity, whereas the second is about approximation of a
covariance matrix by empirical covariance matrices.
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These questions have been substantially developed over recent years and many papers
devoted to these notions were written. In this work, we say that a random vector X in R"
satisfies hypothesis H(¢) with parameter 7 > 1 if

H@$): VaeS'Vi>0 P((X,a)|>1) <t1/¢(t) 1)

for a certain function ¢, and we assume that X; satisfies H(¢) forall i < N. We will focus
on two choices of the function ¢, namely ¢ (¢) = t” with p > 4, which means heavy tail
behavior for marginals, and ¢ () = (1/2) exp(t*) with « € (0, 2], which corresponds
to an exponential power type tail behavior and extends the known subexponential case
(a =1, see [3, 4]).

The concept of the Restricted Isometry Property was introduced in [10] in order to
study an exact reconstruction problem by means of the £{-minimization algorithm, clas-
sical in compressed sensing. Although it provided only a sufficient condition for recon-
struction, it played a decisive role in the development of the theory, and it is still an
important property. This is mostly due to the fact that a large number of important classes
of random matrices have RIP. It is also noteworthy that the problem of reconstruction can
be reformulated in terms of convex geometry, namely in terms of neighborliness of the
symmetric convex hull of X1, ..., Xy, as was shown in [12].

Let us recall the intuition of RIP (for the definition see (9) below). For an n x N
matrix 7 and 1 < m < N, the isometry constant of order m of T is the parameter
0 < ém(T) < 1 such that the squares of the Euclidean norms |Tz| and |z| are ap-
proximately equal, up to a factor 1 + &,,(T), for all m-sparse vectors z € RV (that is,
|supp(z)| < m). Equivalently, this means that for every I C {1, ..., N} with |I| < m, the
spectrum of (T1)TT! is contained in the interval [1 — 8,,(T), 1 + 8,,(T)]. In particular
when 8,,(T) < 6 for small 6, then the squares of all singular values of the matrices T/
belong to [1 —6, 14-6]. Note that in compressed sensing, for the reconstruction of vectors
by £;-minimization, one does not need RIP for all 6 > 0 (see [12] and [11]). The RIP
implicitly contains a normalization, in particular it implies that the Euclidean norms of
the columns belong to an interval centered around one.

Let A be an n x N random matrix whose columns are X, ..., Xy. In view of
the example of matrices with i.i.d. entries, centered and with variance one, for which
E|X;|?> = n, we normalize the matrix by considering A//n and we introduce the con-
centration function
| Xi|?

n

-1

P@O) = ]P’(max
i<N

> 9). 2)

Until now the only known cases of random matrices satisfying RIP have been sub-
gaussian [9, 10, 12, 23] and subexponential [5] matrices. Our first main theorem says that
matrices we consider have RIP of order m, with “large” m of the form m = ny¥(n/N)
with ¢ depending on ¢ and possibly on other parameters. In particular, when N is pro-
portional to n, then m is proportional to n. We now present a simplified version of our
result; for the detailed version see Theorem 3.1 below.
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Theorem 1.1. Let 0 < 6 < 1. Let A be a random n x N matrix whose columns
X1, ..., Xn are independent random vectors satisfying hypothesis H(¢) for some ¢. As-
sume that n, N are large enough. Then there exists a function  depending on ¢ and 0
such that with high probability (depending on the concentration function P(0)) the matrix
A/+/n has RIP of order m = [nyr(n/N)] with a parameter 0 (that is, §,,(A//n) < 0).

The second problem we investigate goes back to a question of Kannan, Lovész and Si-
monovits (KLS). As before, assume that A is a random n X N matrix whose columns
X1, ..., Xy are independent random vectors satisfying hypothesis H(¢) for some ¢. Ad-
ditionally assume that X;’s are identically distributed as a centered random vector X. The
KLS question asks how fast the empirical covariance matrix U := (1/N)AAT converges
to the covariance matrix ¥ := (1/N)EAAT = EU. Of course this depends on assump-
tions on X. In particular, is it true that with high probability the operator norm satisfies
IU — 2| < ¢||X]|| for N proportional to n? Originally this was asked for log-concave
random vectors, but the general question of approximating the covariance matrix by sam-
ple covariance matrices is an important subject in statistics as well as in its own right. The
corresponding question in random matrix theory is about the limit behavior of smallest
and largest singular values. In the case of Wishart matrices, that is, when the coordinates
of X are i.i.d. centered random variables of variance one, the Bai—Yin theorem [7] states
that under the assumption of boundedness of the fourth moments the limits of minimal
and maximal singular numbers of U are (1++/B)?asn, N - ooandn/N — B € (0, 1).
Moreover, it is known [6, 30] that boundedness of the fourth moment is necessary in order
to have the convergence of the largest singular value. The asymptotic non-limit behavior
(also called “non-asymptotic” in statistics), i.e., sharp upper and lower bounds for singu-
lar values in terms of n and N, when n and N are sufficiently large, was studied in several
works. To keep the notation more compact and clear we set

M :=max|X;|, S:= sup
i<N aesn—1

1 N
5 2 (X @) —E(X;, a)?)|. 3)
i=1

Note that if E(X, a)? = 1 for every a € S"~! (that is, X is isotropic), then the bound
S < e is equivalent to the fact that the singular values of U belong to the interval
[l — &, 1 + €]. For Gaussian matrices it is known [13, 32] that with probability close

to one,
S < C+/n/N, (€]

where C is a positive absolute constant. In [3, 4] the same estimate was obtained for
a large class of random matrices, in particular without requiring that the entries of the
columns are independent, or that the X;’s are identically distributed. In particular this
solved the original KLS problem. More precisely, (4) holds with high probability under
the assumptions that the X;’s satisfy hypothesis H(¢) with ¢ () = ¢'/2 and that M <
C(Nn)'/* with high probability. Both conditions hold for log-concave random vectors.
Until recently, quite strong conditions on the tail behavior of the one-dimensional
marginals of the X; were imposed, typically of subexponential type. Of course, in view
of the Bai—Yin theorem, it is a natural question whether one can replace the function
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d@t) =" /2by ¢ (1) = e /2 witha € (0, 1) or ¢ (¢) = t?, for p > 4. The first attempt in
this direction was done in [34], where the bound S < C(p, K) (n/N)l/z_z/” (Inlnn)? was
obtained for every p > 4 provided that M < K ./n. Clearly, Inlnn is a “parasitic” term,
which, in particular, does not allow one to solve the KLS problem with N proportional
to n. This problem was solved in [24, 31] under strong assumptions and in particular
when M < K./n and X has i.i.d. coordinates with bounded p-th moment with p > 4.
Very recently, in [25], the “right” upper bound S < C(n/N)'/? was proved for p > 8
provided that M < C(Nn)'/*. The methods used in [25] play an influential role in the
present paper.

The problems of estimating the smallest and the largest singular values are quite dif-
ferent. One expects weaker assumptions for estimating the smallest singular value. This
already appeared in the work [31] and was pushed further in recent works [19, 33, 35] and
in [14, 20, 26] which led to new bounds on the performance of £;-minimization methods.

In this paper we solve the KLS problem for 4 < p < 8 in Theorem 1.2. Our argument
works also in other cases and makes the bridge between the known cases p > 8 and the
exponential case.

Theorem 1.2. Let X1, ..., Xy be independent random vectors in R" satisfying hypoth-
esis H(¢p) with ¢ (t) = t? for some p € (4,8]. Lete € (0,1)andy = p —4 —2¢ > 0.

Then
M2 n n \V/P
S<c{il— Il—= C(p, — 5
= (()F) e (z) ) ®
with probability larger than 1 — 8¢™" — 2 ~P/2 max{N—3/2 n=(P/4=D},

In particular, if N is proportional to n and M?/n is bounded by a constant with high prob-
ability, which is the case for large classes of random vectors, then with high probability

S <C(n/N)'P.

Let X have i.i.d. coordinates distributed as a centered random variable with finite
p-th moment, p > 2. Then by Rosenthal’s inequality [29] (see also [17] and Lemma 6.3
below), X satisfies hypothesis H(¢) with ¢ (t) = tP. Let X1, ..., X be independent ran-
dom vectors distributed as X. It is known [6], [30] (see also [22] for a quantitative version)
that when N is proportional to n and the fourth moment is unbounded, M?/n — oo as
n — oo. Hence, bounds for S involving the term M 2 /n like the bound (5) are of interest
only for p > 4. We do not know if (5) holds in the case p = 4.

The main novelty of our proof is a delicate analysis of the behavior of norms of
submatrices, namely quantities Ax and By, k < N, defined in (6) below. This analysis is
done in Theorem 2.1, which is the heart of the technical part of the paper. The estimates
for By are responsible for RIP, Theorem 1.1, while the estimates for Ay are responsible
for the KLS problem, Theorem 1.2.

Asusual, C, Co, Cy, ..., c,cp, 1, ...always denote absolute positive constants whose
values may vary from line to line.

The paper is organized as follows. In Section 2, we formulate the main technical
result. For the reader’s convenience, we postpone its proof till Section 5. In Section 3,
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we discuss the results on RIP. The fully detailed formulation of the main result in this
direction is Theorem 3.1, while Theorem 1.1 is a very simplified corollary. In Section 4,
we deduce Theorem 1.2 from Theorem 4.5. The case p > 8 and the exponential cases are
proved in Theorem 4.7 using the same argument. Symmetrization and formulas for sums
of the k smallest order statistics of independent non-negative random variables with heavy
tails allow us to reduce the problem at hand to estimates for Ag. In the last Section 6, we
discuss optimality of the results.
An earlier version of the main results of this paper was announced in [15].

2. Norms of submatrices

We start with a few general preliminaries and notation. We denote by B} and 5"~ the
standard unit Euclidean ball and the unit sphere in R”, and by | - | and (-, -) the corre-
sponding Euclidean norm and inner product. Given aset E C {1, ..., N}, |E| denotes its
cardinality and BZE denotes the unit Euclidean ball in RE | with the convention Bg = {0}.

A standard volume argument implies that for every integer n and every ¢ € (0, 1)
there exists an e-net A in Bj of cardinality not exceeding (1 + 2/¢)"; that is, for every
X € B’z“, minyep |X — y| < &. In particular, if ¢ < 1/2 then the cardinality of A is not
larger than (2.5/¢)".

We denote by M the class of increasing functions ¢ : [0, o0) — [0, co) such that the
function In ¢ (1/4/x) is convex on (0, 00). The examples of such functions considered in
this paper are ¢ (x) = x? for some p > 0 and ¢ (x) = (1/2) exp(x*) for some o > 0.

Recall that hypothesis H(¢) has been defined in the introduction by (1). Note that this
hypothesis is satisfied if

sup E¢((X,a)]) <.

aeSn—1
For k < N and random vectors X1, ..., Xy in R” we define
N N , N
. 2. 2(v. 12
Agi=  sup ‘ZaiX,- . B2i=  sup “ZaiXi S aixil ©
aesN-1 i aesSN-1 112 i=1
[supp(a)|<k [supp(a)|<k

Note that Ay, is the supremum of the norms of submatrices consisting of k columns of A,
while By plays a crucial role for RIP estimates. We provide more details on the role of Ay
and By, in the next section.

Recall also a notation from the introduction:

M = max | X;]|.
i<N

We now formulate the main technical result, Theorem 2.1, which is the key result for
bounds of both Ay and By. The role of Ay and By in RIP estimates will be explained in
the next section. We postpone the proof to Section 5.
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Theorem 2.1. Letp > 4,0 € 2, p/2),x € (0,2],t > 0, andt, A > 1. Let X1, ..., XN
be independent random vectors in R" satisfying hypothesis H(¢) with parameter t either
for ¢(x) = xP or for p(x) = (1/2)exp(x¥). For k < N define My, B and Cy in the
following two cases.

Case 1: ¢(x) = xP. Assume that . < p and let Cy := e,

Nt\°/P s N’t
M; = Ci(o, 1, p)vk - and B := Cy(o, 1)(tN) +C3(U,)»,P)t—p,

where
A 2 1+20/p A 20/p
Ciio.h, p) = 326* | 2T P ot (20¢)°/7,
14+1/2\p—20 o—2
20+2)\ 1 (o 4+ MNP
C ’ A) = d C N )\,, ==
200, 4) <5e(a — 2)) pq Gk p) = e o

Case 2: ¢ (x) = (1/2) exp(x%). Assume that ). > 2 and let Cy := C'/%, where C is an
absolute positive constant, and

1/a
My = (CV)VVk (m 2NT | é) ,
B (_ Ake/2 > N Nt
P = Goney P\ " Gaman™ ) T 2exp@®)

In both cases assume also that B < 1/32. Then with probability at least 1 — /B,
Ar < (1= 4/B)" (M +2,/Cot M + M),
B < (1—4yB) (4B M* + (8Cyt + M)M +2M7).

We emphasize that A; and By are of different nature. In particular, Theorem 2.1 in the
case ¢(x) = xP has to be applied with different choices of o. We summarize those
choices in the following remark.

Remark. In the case ¢ (x) = x? we will use the following two choices for o:

1. Choosing o0 = p/4 and assuming p > 8 we get

N\ 14
Mlic\/z L\/];_T ,
AV p—28 k

<< 2(p +41) )A 1 N2z (p +42)P
p= SeNt(p —8) 20 —1 4(2t(p—8))l"
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2. Choosing 0 = 2 + ¢ with ¢ < min{1, (p — 4)/4}, we get

1+(4+2¢)/p A 2(2+¢)/p N Q2+e)/p
p—4 e k

(2(3+x))A 1 N2t (3 +M)P

F=\Geen: ) 221 4(2e1)P

Remarks on optimality
1. The case ¢(x) = xP, p > 4. Lett > 1, N > (64C2(o,\)/* and 1t =

(64N2C3(0, A, p))'/P. Then B < 1/32 and VIM < Cy(o, A, p)(M + M;). Hence with
probability larger than 3/4 we have

A < C(o, &, p)(M + Vk(NT/K)°P).

In Proposition 6.5 below we show that there exist independent random vectors X; satis-
fying the conditions of Theorem 2.1 with T = 1 and such that

Ak = C(p)Vk(N /)P (In@N /k))~!7
with probability at least 1/2. Note that M = A; < Ag. Therefore

max{M, C(p)Vk(N/k)/P(In2N/k)"VP} < Ax < C(o, A, p)(M + VE(N/K)°/P)
7
with probability at least 1/4.

2. The case ¢(x) = (1/2)exp(x®), & € [1,2]. Let A = 2 and r = (InN)'/®. Then
B < 1/32. Hence with probability larger than 3/4 we have

Ap < C(M + CV*Vk(In(6"* TN /k))"/®).
In Proposition 6.7 below we show that there exist independent random vectors X;’s sat-

isfying the conditions of Theorem 2.1 with t bounded by an absolute constant and such
that

A > Vk/2 (In(N/(k + 1))/®

with probability at least 1/2. Using again M = A; < Ay we observe that
max{M, /k/2(n(N/(k + ))V¥} < Ay < C(M + CY*Vk(In©6 N/ k)% (8)

with probability at least 1/4.
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3. Restricted Isometry Property

We need more definitions and notation. Let 7 be ann x N matrix andlet 1 < m < N.
The m-th isometry constant of T is defined as the smallest number §,, = §,,, (T') such that

(1 =8z = 1Tz < (1 + 8wzl ©)
for all z € RN with |supp(z)| < m. For m = 0, we set 8o(T) = 0. Let § € (0, 1). The
matrix T is said to satisfy the Restricted Isometry Property of order m with parameter 8,
for short RIP,,(5),if 0 < §,,(T) <.

Recall that a vector z € RY is called m-sparse if |supp(z)] < m. The subset of
m-sparse unit vectors in R is denoted by

Un = Un@®") :={z e RN : [z] = 1, |supp(z)| < m}.

Let X1,..., Xy be random vectors in R"” and let A be the n x N matrix whose
columns are the X;’s. By the definition of B,, (see (6)) we clearly have

X s (AN <s (A Azl
max — = _— JE— = su —
isN| n N\vn) ="\ ZeUI; n
B2 X'2
5—m+max| i —1‘. (10)
n i<N n

Thus, in order to have a good bound on §,,(A//n) we require a strong concentration of
each | X;| around /n and we need to estimate B,,.

To control the concentration of |X;|, we consider the function P (0), defined in the
introduction by (2). Note that this function estimates the concentration of the maximum.
Therefore, when it is small, we have much better concentration of each | X;| around /7.

We are now ready to state the main result about RIP. Theorem 1.1, announced in the
introduction, is a very simplified form of it.

Theorem 3.1. Let p > 4, a € (0,2], 7 > land 1 < n < N. Let X1,..., Xy be
independent random vectors in R" satisfying hypothesis H(¢) with parameter t either
for ¢ (x) = xP or for p(x) = (1/2) exp(x*). Let P(-) be as in (2) and 6 € (0, 1).

Case 1: ¢ (x) = xP. Let ¢ < min{l, (p — 4)/4}. Assume that

28

—— < N < cb(ced)P*nP/* /T

eot
and set

4 5PN?t
. —2(2+e)/(p—4—2¢) .
m:=[C®, & pn(Nz/n) I and p:= 3e2g2N272 + 4(2ce0)Pnr/?’
where
p—4 2(p+4+2e)/ (p—4—2¢)
C, ¢ p) = C( > ) 84(2+8)/(P—4—28)9217/(17—4—28)’ (11)

and c and C are absolute positive constants.
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Case 2: ¢ (x) = (1/2) exp(x*). Assume that

L max(2!,4/0) = N = c0/F exp((1/2)(eh /i)
and set

m = [C7Y0%n(In(CY* Nt /(6%n)) "],

1 ( —2m*/? >+Nzr (—eOVm))
F = Gono? P\ Gsmam)= p SXPLTEUVII),

where ¢ and C are absolute positive constants.

Then in both cases we have

P(8u(A/v/n) <0) = 1 — /B — P(6/2).

Remarks. 1. Note that for instance in Case 1, the constraint N < ¢(0, ¢, T, p)np/ 4 is not
important because for N > n”/* one has

m=1[C@, e, pyn(Nt/n) 2C+To/(p=4=20)] —
A similar remark is valid in the second case.

2. In most applications P(0) — O very fast as n, N — oo. For example, for so-called
isotropic log-concave random vectors this follows from the results of Paouris [27, 28]
(see also [18, 16] or [5, Lemma 3.3]). As another example consider the model when
X;’s are i.i.d. and moreover the coordinates of X are i.i.d. random variables distributed
as a random variable &. If £ is of variance 1 and has finite p-th moment, p > 4, then by
Rosenthal’s inequality P (0) is well bounded (for a precise bound see Corollary 6.4 below;
see also [31, Proposition 1.3]). Another case is when & is the Weibull random variable of
variance 1, that is, consider &y such that P(|&y| > t) = exp (—t%) for « € (0, 2] and let

& =&/ /EE&. By [5, Lemma 3.4] (see also [11, Theorem 1.2.8]), P(0) satisfies (37)
below.

3. Optimality. Taking ¢ in Case 1 of order (p — 4)?/In(2Nt/n) and assuming that it
satisfies the condition of the theorem, we observe that in Case 1,

Nz\ @9 N\ 8/ P4
m = |:C(9, p)n(—) <ln ) :|
n n

Moreover, Proposition 6.6 below shows that for g > p > 4 there are independent random
vectors X; satisfying hypothesis H(¢) with parameter t = t(p, g¢) and such that for
6 =1/2,N < C(p, q)n?/*(In(2N /n))~P/? one cannot get a better estimate than

m < 8(N/n)~ @2y,

4. Optimality. In Case 2 with 7 bounded by an absolute constant and o € [1, 2], let
con < N < ¢ exp(czn“/z), 6 = 0.4 and assume that P(0/2) is small enough. Then
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P8, < 1/2) > 1/2 provided that m = n(C In(C**N/n))*/®. Proposition 6.7 below
shows that the estimate for m is sharp, that is, in general m cannot be larger than m =
n(C In(2N/n))%/*.

Proof of Theorem 3.1. We first pass to the subset ¢ of our initial probability space where

1X;1?
n

max -1

i<N

<6/2.

Note that by (2) the probability of this event is at least 1 — P(6/2), and if this event occurs
then we also have

max | X;| < 3/n/2.
i<N

We will apply Theorem 2.1 with k = m and 1 = 64/n/(100Cy), where Cg is the
constant from Theorem 2.1. Additionally we assume that 8 < 2726 and M| < ¢. Then
with probability at least 1 — /B — P(0/2) we have

B2 < (16y/B +0/4)n < 6n/2.

Together with (10) this proves §,,(A/+/n) < 6. Thus we only need to check when the
estimates for 8 and M are satisfied.

Case 1: ¢(x) = xP. We start by proving the estimate for M;. Weleto = 2+ ¢, ¢ <
min{1, (p — 4)/4} and A = 2. Then by Theorem 2.1 (see also the Remark following it),
for some absolute constant C we have

14+(4+26)/p 71\ 22+)/p N7\ @+e/p
mee(l) G ()
p—4 3 m

Therefore the estimate M| < c/n with ¢ = 1/(100¢) is satisfied provided that
m = [C (0, &, p)n(Nt/n)~2CTe)/(p=4=20)]

with C(0, €, p) defined in (11) and the absolute constants properly adjusted.
Now we estimate the probability. From Theorem 2.1 (and the Remark following it),
with our choice of ¢ and A we have

4 5PNt
< < 2—902
p= 3e2e2N272 + 4(2ceh)Pnp/2 —

provided that 28/(¢07) < N < 27%0./7(0.4c£0)?/?>nP/*. This completes the proof of
the first case.

Case 2: ¢ (x) = (1/2) exp(x*). As in the first case, we start with the condition M| < t.
We choose . = 4. Note that Nt/m > 21/2 ag N7 > 21/%5 Therefore for some absolute
constant C,

M < /m(CIn(2Nt/m))"/*.
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Hence the condition M < t is satisfied provided that
m < ;0% (In(CH* Nt /(62n)) ™/

for an absolute positive constant C. This justifies the choice of m.
Now we estimate the probability. From Theorem 2.1 with our choice of # and A we
have

—ome/2

1
F= Gonoe eXp<(3.5 In(2m))2*

2
) + sz exp(—c(@y/n)?) < 2792

provided that 4/(67) < N < 2760./7 exp(c(6+/n)%). This completes the proof. O

4. Approximating the covariance matrix

We start with the following e-net argument for bilinear forms, which will be used below.

Lemma 4.1. Let m > 1 be an integer and T be an m x m matrix. Let ¢ € (0, 1/2) and
N be an e-net in B}' (in the Euclidean metric). Then

sup [(Tx,x)| < (1 —2¢)~" sup (Ty, y)l.

xeBy! ye

Proof. Let S :=T + T*. Forany x,y € R",
(Sx,x) = (Sy, y) + (Sx, x —y) +(S(x = y), y).

Therefore |(Sx, x}| < [(Sy, ¥)| + 2|x — y| [|S]|. Since S is symmetric, we have

[SI = sup [(Sx,x)|.

xeB?
Thus, if |[x — y| < &, then

IS1 < sup [{Sy, ¥} +2¢[IS||
yeN

and

sup |(Sx,x)] < (1—2¢)~" sup [(Sy, y)I.

x€BY! yeN
Since T is a real matrix, for every x € R™ we have (Sx, x) = 2(Tx, x). This concludes
the proof. O

Now we can prove the following technical lemma, which emphasizes the role of the pa-
rameter Ay in estimates of the distance between the covariance matrix and the empirical
one. This role was first recognized in [8] and [3]. Other versions of the lemma appeared
in [5, 2]. Its proof uses the symmetrization method as in [25].
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Recall that (s7); denotes a non-increasing rearrangement of (|s;|); .

Lemmad4.2. Lett > 1,1 < k < N and Xy, ..., XN be independent random vectors
in R". Let p > 2 and o € (0,2]. Let ¢ be either ¢(t) = tV in which case we set
Cp = 872/P N2/Min(p- 9 gnd assume

Vi<i<NVaeS" ' E[(X;a)l <rt,

or ¢(t) = (1/2) exp(t%) in which case we assume that X;’s satisfy hypothesis H(¢) with
parameter T and set Cy := 8/ Cy N1, where Cy := (8/a)I"(4/a) and ' (+) is the Gamma
function. Then, for every A, Z > 0,

N
sup [ (X1, @) — E(X;, a))| =242 +6Vn Z + C

aesS"1i =1

with probability larger than

1 —dexp(—n) — 4P(Ax > A) —4-9" sup P((Z((Xi, a)*)4)1/2 > z).
i>k

aeSn—1

The term involving Z in the upper bound will be bounded later using general estimates in
Lemma 4.4. Thus Lemma 4.2 clearly stresses the fact that in order to estimate the distance
between the covariance matrix and the empirical one, it will remain to estimate Ag, to
get A.

Proof of Lemma 4.2. Let A C R" be a (1/4)-net in the unit Euclidean ball (in the Eu-
clidean metric) of cardinality not greater than 9”. Let (&;)1<ij<ny be i.i.d. &1 Bernoulli
random variables of parameter 1/2. By Hoeffding’s inequality, for every ¢ > 0 and every
(si)1<i<n € RV,

N
P(ai)()ZEiSi
i=1

Fix an arbitrary 1 < k < N. For every (s;)1<i<n € R_’X there exists a permutation 7
of {1, ..., N} such that

> (X)) < 2exp(-r2/2)
i=1

N k N
‘Z&'Si‘ < ZS,-*—F‘ Z En(i)S;
i=1 i=1 1

i=k+1

Also, it is easy to check using (6) that for any a € "' and any I C {1, ..., N} with
11 <k Yier(Xiva)® < A
Thus, for every a € sn—1

IP’&»(]imxi,aﬁ\ < a2+ 3 (Wxi.a)*) ") = 1 - 2exp(-122).
i=1

i=k+1
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Note that Zf\/:] i (X, a)zzzieE(X,-, a)z—Z%EC(X,-, a)? for some set EC {1, ..., N}
and we can apply a union bound argument indexed by A together with Lemma 4.1. We
get

IP>(8")( sup ‘Zel Xi,a) ‘ = 2[Ak+tsup< Z ((X;,a) )4)1/z]>

acSn— 1 aeN =k+1
>1—2-9"exp(—12/2).

Using again a union bound argument and the triangle inequality to estimate the probability

that the X; satisfy
/2
sup(Z(Xl,a ) > Z,
a€h N—fy1

and choosing ¢ = 3./n (so that 2 - 9" exp(—1%/2) < e™"), we get

N
sup Zai(X,-,a)z‘ <242+ 6 nZ
1

aeS—1' =

with probability larger than

N 1/2
l—e™ —P(Ax > A) — 9" sup IP’(( 3 ((X,-,a)*)4) > z).

aesn—! i=k+1

Now we transfer the result from Bernoulli random variables to centered random vari-
ables (see [21, Section 6.1]). By the triangle inequality, for every s, t > 0,

Z( Xi, a) —E(X,,a) )‘ >s+t> 52]13’( sup ﬁ:si(Xi,a)z‘ >t>,

aes"=1i=]

m (s)IP’( sup

aeSn—1

where m(s) := inf, g1 P(] Zl 1((X,,a) E(X;, a)?)| < s).

To conclude the proof it is enough to find s such that m(s) > 1/2. To this end we
will use a general Lemma 4.3 below. First consider ¢(r) = t”. For a € s"=1 set
Z; = |(X;,a)|*/t*? and ¢ = p/2. Then by Lemma 4.3 we have m(s) > 1/2 for
s = 4t?/PNV" and r = min(p/2,2). Now consider ¢ (r) = (1/2) exp(t*). Then for
every a € S"~! and every i < N, using hypothesis H(¢) we have

00 87 (4
E|(X;, a)|* < 81/ 13 exp(—19)dt = —Tr<—> = 7C,.
0 o o

Givena € S"7!,set Z; := |(X;, a)|>//TCq. Then ]EZl.2 < 1. Applying again Lemma 4.3
(with ¢ = 2), we observe that m(s) > 1/2 for s = 4/CyN. O

It remains to prove the following general lemma. For convenience of the argument above,
we formulate this lemma using two powers g and r rather than just one.
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Lemmad4.3. Letq > 1 and Z1, ..., Zy be independent non-negative random variables
satisfying
Vi<i<N EZzZ! <1

Let r := min(q, 2). Then

< >>1
=z Z5

Proof. By definition of r, we have EZ] < 1 foralli = 1,..., N. Since the Z;’s are
independent, we deduce by a classical symmetrization argument that

N
vezan' (> -Ez)
i=1

N

< 21E(i: Z,?)l/2 <2m() z;)”r

i=1

< ZEE(SI.)

N
E)Z(Zi —EZ)
i=l1

N
D _eiZi
i=1

since r € [1,2]. From EZ] < 1 we get

N
E‘Z(Z,- —EZ)
i=1

> r 1r > r 1r 1/r
< 21E<Z Zi) < 2<ZEZI-> <2N'/r,
i=1 i=1

By Markov’s inequality we get

ul 1
P ‘ (Z; —EZ;) ==
(I 3

24N1/r> <

and since z > 4N /", this implies the required estimate. O

The following lemma is standard (cf. [21, Lemma 5.8], which however contains a mis-
print).

Lemmad.d. Let g > Oandlet Zy, ..., Zn be independent non-negative random vari-
ables satisfying

ViI<i<NVi>1 PZ >1)<1/t1.

Then, for every s > 1, with probability larger than 1 — s,

1/
Qe ™ Nijag1-1/a yro < g <1,
N l—gq
ZZ?S 2esN In(eN/k) ifqg=1,
i=k 1/
12 q

qg—1
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Proof. Assume first that 0 < g < 1. Itis clear that
. * N —i . i
Vi<i<N PZ >t<|. |t <(Ne/ith)),
l

where we have used the inequality (/[V) < (Ne/i)!. Thus if eNt™9 < 1, then

, N\X
IP’(supil/qZ;" > t) < Z(Ne/tq)’ = (et_q> (1 —eNt™9)~ L,

i>k i>k

Hence if eNt™9 < 1/2, then P(sup; il/a ZF > 1) < (2eNt~%)%. Since this inequality
is trivially true if eNt =9 > 1/2, it is proved for every r > 0. Therefore for ¢ < 1 we have

N 00 k1\-1/a "
D zr=ty it < r(k—l/q - ) <L k-1
i=k i=k 1=1/q

=174

with probability larger than 1 — (2eN/t9)*. Choosing t = (2esN)!'/4, we obtain the
estimate in the case 0 < g < 1.
For ¢ = 1 we have

N N
Y ozp<t) iT' <t(1/k+In(N/k) < tIn(eN/k)
i=k i=k

with probability larger than 1—(2¢ N /1)¥. To obtain the desire estimate choose f = 2esN.
Now assume that g > 1. Set £ := [log, k]. The same computation as before for the
scale (2/9) instead of (i1/4) gives

P(sup 21973 > t) <> (Net™)? < eNi™9)".

izt i>t

Note also that P(k!/9Z} > t) < (Net~9)*. Thus

N [logy N1 )
Yozr<kzip+ Y. 2zy <t(kV 4 @ny! Ve — 1)
i=k i=¢

< t(kl—l/q n 2_‘1(4N)1—1/q> <139 4nyi-va
l—g l—g
with probability larger than (Net~9)* + (2Net~9). Thus, taking r = (4esN)'/4, we

obtain

N 1/q

12

IP’(Z Zr < %N) >1-sk O
— q-—

We are now ready to tackle the problem of approximating the covariance matrix by em-
pirical covariance matrices, under hypothesis H(¢) with ¢ (#) = ¢P. As our proof works



1484 Olivier Guédon et al.

for all p > 4, we also include the case p > 8 originally solved in [25] (under an addi-
tional assumption on max; | X;|). For clarity, we split the result into two theorems. The
case 4 < p < 8 has been stated as Theorem 1.2 in the Introduction.

Before we state our result, let us remark that p > 2 is a necessary condition. In-
deed, let (e¢;)1<i<n be an orthonormal basis of R” and let Z be a random vector such
that Z = /n e; with probability 1/n. The covariance matrix of Z is the identity /. Let
A be an n x N random matrix with independent columns distributed as Z. Note that
if ||(1/N YAAT — I|| < 1 with some probability, then AAT is invertible with the same
probability. It is known (coupon collector’s problem) that N ~ n logn is needed to have
{Z;:i < N} ={/ne; :i <n} with probability, say, 1/2. Thus for the vector Z, hypoth-
esis H(¢) with ¢ (¢) = 12 is satisfied but N ~ n log n is needed for the covariance matrix
to be well approximated by empirical covariance matrices with probability 1/2.

We also mention that we do not know how sharp the power y/p appearing in the
bound below is. In particular, it is not clear if it can be improved to 1/2.

Theorem 4.5. Let4 < p < 8 and ¢(t) = tP. Let X1, ..., Xy be independent random
vectors in R" satisfying hypothesis H(¢). Let ¢ < min{l, (p—4)/4}andy := p—4—2e.
Then with probability larger than

1 — 8¢ —2¢P/? max{N 3%, n~(P/4=1)y

one has
1 & 5 5 1 5 n v/p
— Xi, - E(X;, <Cl|— Xi C(p, — ,
a:lsl»?—l N;:]« i»a) (Xi,a)") (nga}gl i+ C(p 8)<N> )

where C(p, €) = (p — 4)~1/2e=4C+8/P qnd C is an absolute constant.
An immediate consequence is the following corollary.

Corollary 4.6. Under the assumptions of Theorem 4.5, assuming additionally that
max; |X;|> < Cn¥/P N'=Y/P with high probability, we have with high probability

N n\Y/P
=< C C ) - )
<CC(p 8)(N>

l}}uamz—w&¢¥>

i=1

sup
aesn—1

where C and Cy are absolute positive constants.

Theorem 4.7. There exists a universal positive constant C such that the following holds.
Let p > 8 and a € (0,2]. Let ¢ and Cy be either ¢(t) = tP and Cy = C, or ¢(t) =
(1/2) exp(t*) and Cyp = (C/a)?3/®, Let X1, ..., Xy be independent random vectors
in R" satisfying hypothesis H(¢). In the case ¢ (t) = t? define

3p—8 \P/?
— 8" 42 ]\]—([7—8)/8 —[’/8’
po = Se +'<ap—&> "
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and in the case ¢ (1) = (1/2) exp(t*), assume N > (4/a)¥* and define

; 1 4n®/? N?
= 8e” .
Po =8¢ T o) eXp((3.5 ln(2n))2"‘) t D exp(@nN )

Then in both cases, with probability larger than 1 — p,

< S max x4 cy
— max i —_—.
~ Nis<n ' ¢ N

As our argument works in all cases, we prove both theorems together.

sup
aeSn-1

1 i 2 2
5 i_ZI«Xi, a)? —E(X;,a)%)

Proof of Theorems 4.5 and 4.7. We first consider the case ¢ := t”. Note that in this case

o0 o0 p
E|(Xi,a)|4§1+f ]P>(|X,-|4>t)dt51+f 453 Pds =
1

1 p—4

Thus, by Lemma 4.2 it is enough to estimate A2 + /n Z + /p/(p — H+/N and the
corresponding probabilities. We choose k = n.

In the case ¢ () = t” we apply Lemma 4.4 with Z; = |(X;, a)|*,i <N,qg=p/4>1
and s = 9e. It gives

(N uxa)” > z) < 0o

i>n

[12 [12
Z = q%’l(es)l/zq«/ﬁz p__”4(3e)4/P\/N.

Now we estimate A, using Theorem 2.1.

for

Case 1: 4 < p < 8 (Theorem 4.5). We apply Theorem 2.1 (and the Remark following
itywitho =2+ ¢, where e < (p —4)/4, A =3 andt = 3N*Pnd for§ = 1/2 —2/p.
Then

M < C(p, &)y/n(N/m)@To/P,

where
1 (p=4=28)/p 1\ 22+e)/p
can=c() " ()
p—4 )
and ;
f<1 2 ), : <e Pmax{N 3 n"P) < 1/64
~ 5\ 5esN 4(p — 4)Pnép — ’ -

provided that n is large enough. Then, using § = 1/2 — 2/p, we obtain

n

A2 < C(m%\)/(|xi|2+N2/Pn5 m%\’;|xz| +Cg(p,8)n(N/n)2(2+8)/p>
i< i<

<20 (max [X;[> + C3(p. e)n(V/m)**+/7).
=
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Combining all estimates and noticing that (p — 4)™" < 2, we conclude that the desired
estimate holds with probability

1 — 8" —2e P2 max{N 32, n= /4=y,

Case 2: p > 8 (Theorem 4.7). In this case we apply Theorem 2.1 (see also the Remark
following it) with o = p/4, A = (p — 4)/2,t = 3(nN)"/*. Then M| < C/n(N/n)'/*
and

g (20p=8\"P 1 (Bp—8)”
~ \Se(p —8)N p—5 46(p—8)PNWP=8)/4yp/4
p
< < 3p—38 ) N=P=8/4=p/4 < 164
~\6(p - 8) -

provided that N is large enough. Thus with probability at least 1 — /B we have
A2 < C(max 1X; 1% + (N) /4 max | X;| + «/nN) < 2C(max 1X;1% + \/nN>.
i<N i<N i<N
Combining all estimates shows that the desired estimate holds with probability

/2
Lo — o 3P =8 N\ n--8)/8,—p/8
6(p —38)

Case 3: ¢(t) = (1/2)exp(t*) (Theorem 4.7). As in Case 2 we apply Lemma 4.2. It
implies that it is enough to estimate A% + /n Z +/C(a)N, with C(«) from Lemma 4.2,
and the corresponding probabilities. A direct calculation shows that in this case we have,
for C, := (4/a)!/* and t > 1,

P((IX]/C)* > 1) < 2exp(CL)r*/* < 1/1%.
We apply Lemma 4.4 with Z; = |(X;, a)|4/,/C<’x, i <N,gq=2ands = 9e. It gives

(N wxea?)” > z) < 00,
i>k

for Z := (C,)"/*6v/6e+/N.

To estimate A,, we use Theorem 2.1 with t = (nN)

A = 10(N/n)** min{1, (@ In2N/n))~'}.

1/4 and

Note that
max{4, 10(N/n)**(In(2N/n))~"} < 1 < 10(N/n)*/*.

Then for absolute positive constants C, C’,

N 1 1/a C’ 1/c
My < Jn(Cn'e (m =4 —) < (—) (nN)'/4,
n o o

<1/64

4n®/? N?
) + 2exp((2nN)*/4) —

I
P = Gony exp<(3.5 In(2n))2
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provided that N > (4/«)¥/%. Thus with probability at least 1 — /B we have

Ay = C"max |Xi? + (C" o)/ /nN.,
1=

where C” and C"” are absolute positive constants. This together with the estimate for Z
completes the proof (note that C(«) < C (2/a)5/ @), ]

5. The proof of Theorem 2.1

In this section we prove the main technical result of this paper, Theorem 2.1, which es-
tablishes upper bounds for norms of submatrices of random matrices with independent
columns. Recall that for 1 < k < N the parameters Ay and By are defined by (6).

5.1. Bilinear forms of independent vectors

Let X1, ..., Xy be independent random vectors and a € R". Given disjoint sets ', S C
{1,..., N} welet
0. 1.8 =Y aiXi. Y a;X,)). (12)
ieT jes

with the convention that ) ; s a; X; = 0.
The following two lemmas are in the spirit of [25, Lemma 2.3]. Recall that (si*),-
denotes a non-increasing rearrangement of (|s;|);.

Lemma 5.1. Let X1, ..., Xy be independent random vectors in R". Let y € (1/2, 1),
I c{l,...,N},anda € RN, Let k > |supp(a)|. Then there exists a € RN such that
supp(a) C supp(a), |supp(a)| < vk, |a| < |a|, and

+0—1 +0—1
0@, 1,1 <0@,l1 IC)—l—max{mZ %A mz W.*]
s Ly = s Ly i i ’

i=m i=m

where € = [(1 — y)k], m := [(y — 1/2)k], and

Vi = <aiXi1 Zanj> fori el,
jele
Wj = <ZaiXi,anj> fO}’j el”.
iel

Proof. Let E C {l1,..., N} be such that supp(a) C E and |E| = k. Everything is clear
when k& = O or 1, because then Q(a, I, I°) = 0. Thus we may assume that k > 2.
Let F{ := ENI and F, := E N I°. First assume that s := |F;| > k/2. Note that
(1 —y)k <k/2 <s,sothat £ < s.Let J C Fi be a set with |J| = £ such that the set
{IV;l - j € J} consists of £ smallest values among the values {|V;| : i € Fy}. (That is,
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J C Frissuchthat |[J| = £ andforall j € Jandi € Fy \ J we have |V;| > |V;|.) Now
we let
F] =F1\J and Fz = F.

Define the vector @ € RY by the conditions
i =ap,  qr=0, dp =ap.

Thus a differs from a only on coordinates from J; in particular its support has cardinality
less than or equal to |supp(a)| — |J| =s — € < k — £ = yk. Moreover,

0(a, 1,1 = <Z a; Xi, Zan,N
ieF; JER
< <ZaiXi, Z anj>’ + ‘< Z a;i X, Zanj)’
ieJ jeER, ieF\J JeF>
=[S axi. 2 wx) + 0@ 1.9,
ieJ JER

Then we have

Qa, 1,19 < Q@ l1,1°+ ZKCHX% Z “/’XJ'M

ieJ jeR
s m+L—1
<Q@ LI+ Y V<0G LI+ Y Vi
i=s—{+1 i=m

wherem = [(y —1/2)k] and we haveused s —¢+1 > k/2—[(1—y)k]+1 > (y —1/2)k.
If |F1| < k/2 then | F,| > k/2 and we proceed similarly interchanging the roles of F
and F, to obtain

m+£—1
Q@ 1.19< Q@ 1.1+ Y W 0
i=m
Lemma 5.2. Lett > land X1, ..., Xy be independent random vectors in R" satisfying

hypothesis H(¢) for some function ¢ € M with parameter t. Let a € RN with |a| = 1.
In the notation of Lemma 5.1, for every t > 0 one has

m+0—1 —m —yok
" k tym k 1\ vok
( 2 U > thy) < @) ("’(T)) = @0 <¢<<1—y)k+1)) ’

where {U;}; denotes either {V;}; or {W;};, and yo .=y — 1/2.
Remarks. 1. Taking ¢ (¢) = t? for some p > 0, we see that if

P((Xi,a)l = 1) <t77 13)
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then
m+£—1 —mp
t/m
]P( ) Ui*>tAk>§(2t)k<7> . (14)

i=m

Note that the condition (13) is satisfied if

sup sup E[(X;,a)|” <.
i<N gesn—1

2. Taking ¢ = (1/2) exp(x®) for some a > 0, we find that if
P(|(X;, a)| > 1) < 2exp(—t*) (15)

then i
m—+L— o
IP( ;n Ur > tAk) < o)k exp<—m(#> ) (16)

Note that the condition (15) is satisfied if

sup sup Eexp(|(X;,a)|*) < 2t.

i<N gesn—1
Proof of Lemma 5.2. Without loss of generality assume that U; = V; for every i. Then

m+0—1
> vE<evg
j=m

Let F1 := supp(a) NI and F> := supp(a) N I¢. Note that V,* > s means that there exists
aset F C Fj of cardinality m such that V; > s for every i € F (if the cardinality of Fj is
smaller than m, the estimate for probability is trivial). Since | F| < k, we obtain

m+{—1

k
IP( Y ovrs tAk) <PUVE > 1A) < < ) max P(Vi € F : |Vi| > tAz/£).
i=m " \I;|Cfnl1

Denote Z = Zjng a;jX;. Since |a| < 1, we have |Z| < Ay, and note that the X;’s for

i € Fp are independent of Z. Thus, conditioning on Z we obtain

m—+£—1
k
(Y W) =2 max [PGail X1 2)] > 14170
i=m |F|=ml€F
t —1
< )k —_— .
<0t pux T1(6(507))
|F|=ml€F

Now we show that for every s > 0,

[[@G/1ain™ < (@sv/m)~™.

ieF
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Indeed, this estimate is equivalent to
1
— > Ing(s/lail) = Ing(sy/m),
m -
ieF
which holds by convexity of In ¢ (1/4/x), the facts that |a| < 1 and | F| = m, and since ¢
is increasing. Taking s = ¢ /£, we obtain

m+L—1

B Y Vi 1A = @of@avm/en ™.

Finally, note that m = [(y — 1/2)k] > ypkand £ = [(1 — y)k] < (1 — y)k + 1. Since
¢ is increasing, we obtain the last inequality, completing the proof. O

5.2. Estimates for the off-diagonal part of bilinear forms

Forl <k<NandI C{l,..., N} we define

Qr(I):= sup sup Qa, ENI,ENI®). a7
Ec‘glsmksN}aeBzE

Lemmas 5.1, 5.2 and 4.1 imply the following proposition.

Proposition 5.3. Let T > 1 and X1, ..., Xy be independent random vectors in R" sat-
isfying hypothesis H(¢) with parameter t for some function ¢ € M. Let ¢ € (0,1/2),
2<k<N,IcC{l,...,N}L,y e(1/2,1),and yy :=y — 1/2. Then for every t > 0,

1-2¢ ke -k +1

Moreover, letting M := max; | X;| one has, forall £ > 1 andt > 0,

N2t

P(Q¢(I) > tM) < W

Proof. Forevery E C {1, ..., N} with |E| = k let Ng be an ¢-net in BzE of cardinality
at most (2.5/¢)*. Let N denote the union of the AVz’s. Lemma 4.1 yields

o) <(1—=2¢)"" sup sup Qa, ENI, ENIC).
Ec{l,...N}aeNg
|E|<k

Therefore, applying Lemmas 5.1 and 5.2, we observe that the event

Qk(I)§(1—2s)_1( sup  sup Q(a,EﬂI,EﬂIC)—i—tAk)
Ec{l,..,N}aeN
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occurs with probability at least

2.5 ‘ N —vok
1_(k)( e ) o) <¢(<1—y>k+1>> '

This implies the first estimate.
Now we prove the “moreover” part. For every E C {1, ..., N} of cardinality £ denote
Fi:=ENI,F,:=ENIandm := |Fy| (so |F>| = £ — m). We also set

My := maxmax [(X;, X;)| and M :=max|X;|.
iel jel¢ jel¢ ’

Then for any a € Bf we have

‘<ZaiX,~,Zanj>‘ ‘Zal Za]‘

ieF] jek ieF| jePk
1/2 2
<Vm@=m(3a) (X 4)
ieF] JjeR,

Therefore, by the union bound,
P(Qe(I) > tMy) < P(Mo > 4t M, /L)
<D PG, X)) > 4M, /).

iel jel©

Finally, using the fact that X; is independent of X fori # j, |X;| < M forevery j € I¢,
and using the tail behavior of the variables (X;, z), we obtain

P(Q¢(I) > tM) <P(Qe(I) > tM)) < 717 C' Nr o
¢ > ¢ > = =

¢(41/0) 4¢(4t/€)
Proposition 54. Let 1 <k < N. Lett > 1 and Xy, ..., XN be independent random

vectors in R" satisfying hypothesis H(¢) with parameter T for some function ¢ € M. Let
t>0and X > 1.

Case 1: ¢ (x) = x? for some p > 4. Leto € (2, p/2). Then

5zeN o/p
Qk(l)5e4<rmg@<|xi|+cz(o,x,p>\/%< ’]f ) Ak)
i<

occurs with probability at least

A 2
_( 200 + 1) ) 1 N2z(0 + )P as)

SteN(@ —2)) 2h—1  4Qt(oc —2))?

A 2 1+20/p 2 2 20/p
Cy(o, A, p) =8 o+ P M .
14+A/2\p—20 o—2

and
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Case 2: ¢ (x) = (1/2) exp(x®) for some o > Q. Then for everyt > 0,

207eN \ /* 1\«
Qk(l)SCl/a<l‘figﬁ}§|xi|+(C)L)l/a\/z((ln f) +(a> )Ak)

with probability at least

1 Ake/? N2t
1 — ——exp| — — .
(10t N)* ( (3.51n(2k))2a) 2exp((21))

Proof. Let y € (1/2, 1) to be chosen later. For integers s > 0 denote kg = k, kg+1 =
[y ks]. Clearly, the sequence is strictly decreasing whenever kg > 1 and k; < y*k. Assume
that k > 1/(1 — y). Define m to be the largest integer m > 1 such thatk,,—1 > 1/(1 —y).
Note that yk,;,—1 > 1. Therefore

1
1 <k, < 1 < kp—1. (19)

By Proposition 5.3 we observe that for every positive #; and ¢; € (0,1/2),0 < s < m,
the event

m—1 m—1
0u(D) = (@i, (D + Y 154 [T (1 =267
s=0 s=0
occurs with probability at least
m—1
S5teN ts/ Yok
1-2 ks| 1 —pl — . 20
gew( 5(“ ke, “¢<(1 k1 20

Let ¢ > 0 and a positive decreasing sequence (&5)s to be chosen later and set

(1= ks +1  _ ((5teN)! T/
tS Ty ¢ 9
voks kses

where ¢! (s) := min{t > 0: ¢(t) > s}.
We start estimating Qy (). Since In(1 — x) > —2x on (0, 3/4], we observe that for
g < 3/8,

m—1

m—1
Z In(1 — 2¢&) > Z —4g,
s=0 s=0

so that
m—1 m—1
1_[ - 28&)_1 =< CXP<4 8s>
s=0 s=0
Note that

m—1

m—1
D A < A ks
s=0 s=0
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Thus by (20) and by our choice of f,

m—

kD) < exp(4 Y &) (Q, (1) + 4 3 ) @

K s=0

with probability at least

m—1 m—1
SteN S5teN
1-2 Eﬁ exp(—kseln s > >1- 2exp<—km_181n T ) Z ghse,
s=0 s=0

Since k;,—1 > 1/(1 — y), this probability is larger than

&

1 —Zexp<—1

m—1
In(57e(l — y)N)) Z ghse (22)
4 s=0

Thus it is enough to choose & appropriately and to estimate Z's":_ol tg, Ok, () and
Z;"z_ol sf“e. We distinguish two cases for ¢.

Case 1: ¢ (x) = xP. In this case we choose &5 = (s 4+ 2) 2 so that

ST - e _ 2% I
I s& — Ky —|— 2 —2ksE S Ky _|_ 2 —2Km—1€ S - .
; ’ g( ) SZ:;( ) k16 — 1

Choose ¢ = A(l — y). Since A > 1 and k,_; > 1/(1 — y), we have 2k, _1e >
2¢/(1 —y) =2Aand
m—1 1

Do+ <

s=0

2a—1

Using again k,_1 > (1 — y)~!, we conclude that the probability in (22) is larger than

1— (5teN(1 —y)~* (23)

20 —1

Now we estimate Zg";ol t;. We have
_ (L=p)ks + 1¢_1<<5reN>“+8)/V0) =k 1 <5-[eN)(1+€)/(V0P)
- voks kses B Yoks kseg '

Recallthaty > 1/2, k-1 = 1/(1—y),sothat (1 —p)ks+1 <2(1 —y)ks fors <m—1.
Thus

s

<20 =k <5wN><1+e)/<yop)
s .

IRVAT)
Letb = (1 +¢€)/(yop). Assume that b < 1/2. Since ky < y*k, we have

kses

m—1 1/2—b b m=1
2(1 — )k SteN

> 15 < (- ( ) ) (s 4+2)%ys U, (24)

s=0 VY0 s=0
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Since the function A (z) = z?2y?(1/275) on R¥ is first increasing and then decreasing, we
get

m—1 m+1 o]
Y s+ 2Py R =y RS T ) < y‘l(sup h(z) + / h(z) dz)
s=2 0

s=0 z>0

<2(( 2b >2b+ I'(1+2b) )
- (1/2 —=b)eln(1/y) ((1/2 = Db)In(1/y)'+2b )"

As2b < 1,I'(1 +2b) < 1. Using also In(1/y) > 1 — y, we observe that the previous

quantity does not exceed
4

((1/2 = b)(1 — y)+2h

Coming back to (24), we get

(25)

'"Z‘:l - 8k!'/2 (5teN)?

A J— .
T (12-n)B(A -y Sy =12
To conclude this computation, we choose the parameter

14+ Ait0)2
EY

Note that y € (1/2, 1) as required, since > > 1 and 2 < o. With such a choice of y, we
have b = o/p < 1/2, since 0 < p/2. Thus from (25) and (23),

m—1 o/p 1+20/p 20/p
Z S5teN A A
pa k p2—o 0/2—1 1+1/2

with probability larger than

o/2—1\"" 2
1 —(5teN .
o+ A 20— 1
Finally, to estimate Qy,,, we note that
1 o+ A

k = ,
m T, T a1
and apply the “moreover” part of Proposition 5.3 (with £ = k). Note that at the beginning
of the proof we assumed that k > 1/(1 —y). In the case k < 1/(1 — y) the result trivially
holds by the “moreover” part of Proposition 5.3 applied with £ = k.

Case 2: ¢(x) = (1/2) exp(x®). In this case we choose y = 2/3, so that yg = 1/6. As
before we assume that k > 1/(1 — y) = 3 (otherwise Qx (1) < Q2(1)). By (19) we have
kn < 3, hence, by (21),

m—1 m—1

0u(t) = exp(4 ) &) (Qa(D) + Ak Y ).
s=0

s=0



On the interval of fluctuation of the singular values of random matrices 1495

1 K\Y? 1
Ey = 5 exp(—(a) —(S + 2)2(1)'

Observe that since k; < y*k and y = 2/3, one has

1 3 as/2 1 1 ) 2 sa/2
< — —| = — )< — )% = ,
8“2‘”“’( (2) (s+2)2“>_2e(s+ ) (3)

which implies

We define k; by

m—1
C
gy < — (26)
s=0 o
for a positive absolute constant C.
We have
ky/3+ 1 5teN |t ke/3+ 1 5teN \ O\ e
o G (52) ) (2) )
\/k—x kses \/k_v kseg
By (19) we have k,, < 3 < k;,,—1, hence
2 20teN 1\
ts < V6 =k (6(1 Ve |y In—
v = V62V (601 +6)) (n v +n28s)
2 20zeN \ /¥ 1\ Ve
< V6 22V s (6(1 + e e [ (1n =4 +(in— .
3 kgeg 2gg

By the choice of &; we obtain

m—1 1 1/a m—1
S Vi (m _) <VEY 4272 <3k @
— 28y —
s=0 s=0
Since 375k < kg < (2/3)°k, we observe
m—1 1/a m—1 s/2 s\ l/a
20teN 2 20teN3
S VE(m ) =i (3) (n )
= kses —=\3 k
m—1 s/2 la m—1 5/2
2 20teN 2
< vk = 2‘/“<1n—> + <—) 2sln31/“>
=4(Z() o) rxl5) e

20teN\ '
gcll/“ﬁ<<1n ;j) +F(1+1/oc)>,

where C| is an absolute positive constant. This together with (27) implies that

m—1 1/a
s < (Ca(1 +s>>‘/wz<<m 2°’keN> I+ 1/a>), 28)

s=0

where C; is an absolute positive constant.
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Now we estimate the probability. By the choice of k; we have

m—1 m—1 m—1
> etk = " exp(—ekyIn(1/g5)) = Y exp(—eko(In2 + (k/k)*/* (s +2)72))

s=0 s=0 s=0
m—1
< Y exp—eky (s 427,
s=0

Since kg > kjy—1 > 1/(1 —y)ands +2 <m + 1 forevery s <m — 1, we get

g < mexp| — .
L5 SO\ ) Gt 1

Since m is chosen such that 1/(1 — ) < kn—1 < (2/3)"™ 'k, we observe that

| < In(k(1 — V)).
= In(3/2)

Therefore,

- skx<(1+1n<k/3>> (_ : ke >
25 =T @) P a3 @smin

ker?
<2 exp(—3gm> ’

which shows that the probability in (22) is at least

4 ke /2
- — exp( 36— ).
(157eN)> exP( ¢ (3.51nk)2“>

Finally, to estimate Q> (/) we apply the “moreover” part of Proposition 5.3 (with £ = 2).
Choosing ¢ = /3 and combining estimates (26) and (28) with the estimate for Q,(I)
we obtain the desired result. O

5.3. Estimating Ay and By

We are now ready to pass to the proof of Theorem 2.1. We need two simple lemmas.

Lemma 5.5. Let 8 € (0, 1). Let Py and P be probability measures on 21 and Q2 re-
spectively and let V. C Q1 ® Q2 be such that

P ®@P(V) > 1-8.
Then there exists W C Qo such that

Py(W)>1—/B and Vxe W, Pi({x;: (x;,x2) € V}) =1 —/B.
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Proof. Fix some § € (0, 1). Let

Wi={xeQ:Pi({x €Q :(x,x) eV} >1-56}

Clearly,
W€ = {x2 € :Pi({x1 € 21: (x1,x2) € VE}) > 5}.
Then
B =P @PyV) :/ Pi({x1 € Q1 : (x1,x2) € VD dP2(x2)
Q)
> / Pi({x1 € Q1 : (x1, x2) € VD dP2(x2) > §Po(WF),
which means P,(W) > 1 — B/8. The choice § = /B completes the proof. O

The following lemma is obvious.

Lemma 5.6. Let x|, ..., xy € R". Then

Dotnx)=22N 0 3 Y Y wxg).

itj Ic{l,...N} iel jel¢

Proof of Theorem 2.1. From Lemma 5.6 we have

N N
> ax; TS QX =22V| (> axi Y ax;)
i=1 i=1 ) iel

I1c{1,2,...N jele
‘We deduce that
B,% < 22N sup Z O(a,l,1° < 227N Z sup Q(a, I, I
agUy 1c(1,...,N} Ici{l,.... Ny a€Uk
<22V 3 o).
I1c{l,....N}

LetI C {1,..., N} be fixed. Proposition 5.4 implies

P(Qk(I) = Mo) = 1 — B, (29)
where
My := Cypt max | X;| + (M1 /4) Ag.
i<N
Consider two probability spaces, {{ : I C {1, ..., N}} with the normalized counting

measure i, and our initial probability space (€2, P), on which the X;’s are defined. By
(29) we observe that the u© ® [P probability of the event V := {Qx(I) < My} is at least
1 — B. Then Lemma 5.5 implies that there exists W C € such that P(W) > 1 — /B and
w({Ox(I) < My}) > 1 — /B forevery w € W. Since Q;(I) < A2, we deduce that for
everyw € W,

B < 4Mo+4/B A
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Since A7 < max;<y |X;|> + B, we have

4Mo + max; <y | X;|? 5 4(Mp + /Bmax;<y | X[
and B <
1-4JB 1 — 4B

A7 < (30)

Therefore

A2 <(1-4/B)" (max X1 + 4Cyt max | X;| + MlAk).
i<N i<N
Using v/u2 + v2 < u + v and denoting y = (1 —4/B) ™! (recall M = max; <y | X;|) we

obtain
A <Yy M +2,/CyytM + y M,
which proves the estimate for Ay. Plugging this into (30), we also observe
B2 < y(4/BM? +4CytM + yM? + Jy MM, +2,/CyytM M)
< y(4/B M? +8CytM + 2y M7 + /¥ MM)). O

6. Optimality

In this section we discuss optimality of the estimates in Theorems 2.1 and 3.1. In Propo-
sitions 6.5-6.7 we will prove results justifying the remarks on optimality following those
theorems.

To obtain the lower estimates on A,, we use the following observation.

Lemma 6.1. Let A = (X;j)i<n, j<n be ann x N matrix with i.i.d. entries. Then

m—+1

1 t
P(A, >1t) > 3 whenever (|X11| \/_> N 31

Proof. Foreveryi < N,let X; € R" be the j-th column of A. Form < N we have

N
Ay = sup ’Za,X ) > sup ‘Za/Xl,‘ > sup ‘ZanU)
=1

aeUy, j=1 an,,,j 1 aeUy,

aje(1/ym.0y
1 m
- ﬁZXTj > J/m X%,
=

Therefore, using independence, we have
P(Ay = 1) = P(X},, = t/v/m) =P(Y = m),

where Y is a real random variable with a binomial distribution of size N and parameter
v=P(|X11| > t/+/m). It is well known that the median of Y satisfies

[Nv] < med(Y) < [Nv].
Thus P(A,, > t) > 1/2 whenever m < | Nv]. This implies the result. m]

To evaluate RIP, we will use the following simple observation.
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Lemma 6.2. Letn < N andm < N. Let A be ann x N random matrix satisfying
P(A,, > t/m) > 1/2.

Assume also that A satisfies RIP,,(8) for some § < 1 with probability greater than 1/2.
Then
mt? < 2n.

Proof. As A satisfies RIP,,(8) for some § < 1 with probability greater than 1/2, clearly

with probability greater than 1/2. Therefore, with positive probability one has
tm < Ay < A 2n,

which implies the result. O

In order to show that a matrix with i.i.d. entries satisfies condition H(¢) with ¢ (¢) = t”
we need Rosenthal’s inequality [29] (see also [17]). As usual, by || - ||; for a random
variable £ we mean its L,-norm and for an a € R" its £,-norm, that is,

n 1/
I€lly = BlE)e and ally = (D lagt?) .
i=1

Note that originally the Rosenthal inequality was proved for symmetric random variables,
but using the standard symmetrization argument (i.e., passing from random variables &;
to (& — &/)’s, where (&/)’s have the same distribution and are independent), one can pass
to centered random variables.

Lemma 6.3. Let g > 2 anda € R". Let &y, ..., &, be i.i.d. centered random variables
with finite q-th moment. Then there exists a positive absolute constant C such that
Ly <H2n: gl <cLm, (32)
— a~ . —
27 &g T Tng 1

where My := max{|la|2/|&1ll2, lallg 15114}

The following is an almost immediate corollary of Rosenthal’s inequality. It should be
compared with [31, Proposition 1.3].

Corollary 6.4. Let p > 4. Let & be a random variable of variance one and with a finite
p-thmoment. Let &;;,i <n, j < N, be i.i.d. random variables distributed as &. Then for

everyt > 0,
cp \"? N
i) < (=) EEr—,
thnp np/4

where C is a positive absolute constant.
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Proof. Let &, ..., &, be ii.d. random variables distributed as £&. We apply Rosenthal’s
inequality to the random variables 51‘2 — 1lwithg = p/2anda = (1,...,1). Then

1@ =], = Covile? = i < v/ (8% + 1) < 26,V el
i=1

where Cj, := Cp/In p for an absolute positive constant C. Using Chebyshev’s inequality
we observe

1 n
]P’(‘— > g -1 >t
n <
i=1

The result follows by the union bound. O

) _EXIL 8- 1P _ ) il

(tn)P/? - tP2pp/4

As is mentioned in the remarks on optimality following Theorem 2.1, the next proposition
gives a lower bound for A,, to be compared with Case 1 of Theorem 2.1.

Proposition 6.5. Let p > 2 and 1 < m < N. There exists a sequence X1, ..., Xn of
independent random vectors in R" satisfying

Vi<i<NVaeS" ' E|Xia)l <1 (33)

(= ipml() ((0) )

where C is an absolute positive constant.

and such that

N =

Proof. Let . > 1 to be set later and define

p
fp(x) := 1 2(1 = A7P)|x|P+!
0

ifl <|x] <4,
otherwise.
We have [ f,(x)dx =1 and

InX

ol :—/le”fp(x)dx—pl =

Consider the random variable & (w) = w with respect to the density f, and let (X;;) be
i.i.d. copies of £ /a,. Clearly, E| X |? = 1. Since, for s € [1, A],

1 1 1
P(&] > 5) = m(s—p - )\—p),
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a short computation using (31) shows that P(A,, > t) > 1/2 provided that

1 — =P\ P N 1/p
t<|——— m
plni (m+ D(1 —r=P)+ Nr=P

1 l/p N l/p
- ﬂ(pm) (m+ 1+ N/(P — 1)) '

Choosing A with A? — 1 = N/(m + 1), we obtain P(A,, > t) > 1/2 provided that

tsﬁ( N )]/p.

2(m + 1) In(2N/(m + 1))

Finally, to satisfy condition (33), we pass from a matrix A to A" := A/c, = (X;j/cp)ijs
where ¢, < Cp/In p is the constant in Rosenthal’s inequality (32). By Rosenthal’s in-
equality, the sequence of columns of A’ satisfies condition (33). O

The next proposition gives an upper bound on the size of sparsity m in order to satisfy RIP
under the assumption of Case 1 of Theorem 3.1 (see Remark 3 following that theorem).

Proposition 6.6. Let g > p > 2, n < N and m < N. There exist an absolute positive

constant C and an n x N matrix A whose columns X1, ..., Xy are independent random
vectors satisfying
C p ) p/2
Vi<i<NVaeS" ' E|(X;a)’ < (—p) L("—) : (34)
Inp/) ¢g—p\ ¢
and for everyt € (0, 1),
Xi|?
P(max X > z) < P2 (35)
i<N| n

provided that

/2, _
Clg—-2p q
Assume that A satisfies RIP,, (8) for some § < 1 with probability greater than 1/2. Then
N Y1 2(g-2)
m|{—— < ————n.
m+1 q
Proof. Consider the density

q

£ = AxperT if x| > 1,
0

otherwise.
We have [ f(x)dx =1,

f|x|pf(x)dx=L and a3 ::f|x|2f(x)dx=L_
q9—7p q—2
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Consider the random variable & (w) = w with respect to the density f and let (X;;);; be
1.i.d. copies of & /ay. Clearly,

_ 9\ P/?
E|X;;>=1 and E|X11|P=L<q—) .
a-p\ q

Then Rosenthal’s inequality (32) implies (34), and Corollary 6.4 implies (35).

Now we estimate A,, for the matrix A whose columns are (X;;);, j < N. Since
P(l&] > s) = s % fors > 1, by (31) we obtain P(A,, > t) > 1/2 provided that

1/q
lg—=2( N
t < _— — .
<vm q (m—l—l)

1/q
q—2 N 1
PlA, > Vm |t— —— >
(’"‘ " g <m+1) )‘2

and we complete the proof applying Lemma 6.2. O

This means

The next proposition shows the optimality (up to absolute constants) of the sparsity pa-
rameter in Case 2 of Theorem 3.1 (see Remark 4 following that theorem) as well as
optimality of the bounds for A,, in Case 2 of Theorem 2.1 (see remarks on optimality
following that theorem).

Proposition 6.7. There exist absolute positive constants ¢, C such that the following
holds. Let « € [1,2], 1 < m < N/2 and suppose n satisfies N < exp(cn"‘/z). There

exists an n X N matrix A whose columns X1, ..., Xy are independent random vectors
satisfying
VI<i<NVaeS" ! Eexp((Xi,a)|*) <C (36)
and
Xi|? 2-1
]P(rnax Xil” 1' > V2 ) < 2exp(—cn®/?), (37)
i<N| n 2

and such that

m N O\ 1
P(Am >,/=(In > —. (38)
2 m+1 2

Additionally, if n < N and if A satisfies RIP,, (8) for some § < 1 with probability greater

than 1/2, then
N 2/a
m (ln ) < 4n.
m+1
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Proof. We consider a symmetric random variable & with distribution defined by P(|§| > ¢)
= exp(—t%). It is easy to check that

Eexp(|£]%/2) =2 and a:=E&>=TQ2/a+1) €[l,2].

Let X;j,i <n, j < N,bei.i.d. copies of§//a, A = (Xij)ij, and let X;’s be its columns.
Applying [5, Lemma 3.4] (see also [11, Theorem 1.2.8]) we observe that the X;’s satisfy
conditions (36) and (37). By (31) we observe that P(A,, > t) > 1/2 provided that

Jat m+ 1
P >— )= — t “ > .
(1612 25 ) = expi-varvim = ™
Thus it is enough to take
\/W ( N )1/ .
t<./—|(In .
a m+1
This proves (38).
Finally, the “additionally” part follows by Lemma 6.2. O
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