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Abstract. For a sufficiently regular open bounded set D C R? let us consider the equation
(—A)l/ 2(p(x) = 1 for x € D with the Dirichlet exterior condition ¢(x) = 0 for x € D€. Its
solution ¢(x) is the expected value of the first exit time from D of the Cauchy process in R? start-
ing from x. We prove thatif D C RR2 is a convex bounded domain then @ is concave on D. To do so
we study the Hessian matrix of the harmonic extension of ¢. The key idea of the proof is based on a
deep result of Hans Lewy concerning the determinants of Hessian matrices of harmonic functions.
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1. Introduction

Let D C R? be an open bounded set which satisfies a uniform exterior cone condition on
d D and consider the following Dirichlet problem for the square root of the Laplacian:

(-M'"?px) =1, xeD, (1
px)=0, xeD° 2)

where we understand that ¢ is a continuous function on R2. The operator (—A)!/? in R?

is given by
(—A)l/zf(x) — 2L lim / Mdy,
[y—x|>¢

T e—0F ly — x[3
whenever the limit exists.

It is well known that (1)—(2) has a unique solution, which has a natural probabilistic
interpretation. Let X; be the Cauchy process in R? (that is, a symmetric a-stable process
in R? with « = 1) with transition density p;(x) = %t(r2 + x)732 and let tp =
inf{r > 0 : X, ¢ D} be the first exit time of X, from D. Then ¢(x) = E*(tp), x € R,
where E* is the expected value of the process X, starting from x [18]. The function
E*(tp) plays an important role in the potential theory of symmetric stable processes (see
e.g. [5], [4], [11]).
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About 10 years ago R. Bafiuelos asked about p-concavity of E¥(zp) for symmetric
a-stable processes. The problem was inspired by a beautiful result of Ch. Borell about
1/2-concavity of E*(7p) for the Brownian motion.

The main result of this paper is the following theorem. It solves the problem posed by
R. Baiiuelos for the Cauchy process in R.

Theorem 1.1. If D C R? is a bounded convex domain then the solution of (1)~(2) is
concave on D.

To the best of the author’s knowledge this is the first result concerning concavity of solu-
tions of equations for fractional Laplacians on general convex domains. There is a recent
interesting paper of R. Bafiuelos and R. D. DeBlassie [1] in which the first eigenfunc-
tion of the Dirichlet eigenvalue problem for fractional Laplacians on Lipschitz domains
is studied, but in that paper superharmonicity and not concavity of the first eigenfunction
is proved (similar results were also obtained by M. Kaimann and L. Silvestre [22]). In
[3] concavity of the first eigenfunction for fractional Laplacians was studied, but only for
boxes and not for general convex domains.

Now let D c R4, d > 1, be an open bounded set which satisfies a uniform exterior
cone condition on dD, let ¢ € (0, 2] and consider a more general Dirichlet problem for
the fractional Laplacian

(-A)*p(x) =1, xeD, 3)
p(x) =0, xe D", 4

where we understand that ¢ is a continuous function on R?. The operator (—A)%/? in R4
for o € (0, 2) is given by

S -G

_ /2 — i
(=) f(x) = Ag,—q lim T

e—0t ly—x|>¢

’

whenever the limit exists, with Ay o = 29T ((d + @)/2)/(@/*|T(—a/2)|). For a = 2
the operator (—A)*/2 is simply —A.

It is well known that (3)—(4) has a unique solution. It is the expected value of the first
exit time from D of the symmetric a-stable process in R¥.

Remark 1.2. For « = 2, i.e. for the Laplacian, it is well known that if D C RY is
a bounded convex domain then the solution of (3)—(4) is 1/2-concave, that is, /¢ is
concave. This was proved for d = 2 in 1969 by L. Makar-Limanov [32], and for d > 3
in 1983 by Ch. Borell [8] and independently by A. Kennington [23], [24] using ideas of
N. Korevaar [25].

Remark 1.3. Let @ € (0,2] and ¢ be a solution of (3)—(4) for D = B(0,r) C RY,
d > 1, the open ball with centre 0 and radius r > 0. Then ¢ is given by the explicit
formula [18] (see also [21], [17]) ¢(x) = Cp(r? — |x|>)*/? for x € B(0,r), where
Cp=TWd/2)RT(1 4+ a/2)T'(d/2 + a/2))_1. In particular ¢ is concave on B(0, r).
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Remark 1.4. For any ¢ € (1,2) and d > 2 there exists a bounded convex domain
D c R4 (a sufficiently narrow bounded cone) such that ¢ is not concave on D. This is
justified in Section 7. In particular, this implies that the assertion of Theorem 1.1 is not
true for problem (3)—(4) for o € (1, 2).

For general o € (0, 2) and d > 2 we have the following regularity result.

Theorem 1.5. Let o € (0,2), d > 2 and let ¢ be a solution of (3)—(4). If D C RY jsa
bounded convex domain then

(a) foranyxyg € 0D, x € Dand A € (0, 1),
p(x + (1 = 1)xo) = A%(x),
(b) forany x,y € D and A € (0, 1),

POx + (1 = 2)y) = max(Ae(x), (1 — V)@ (y)).

The proof of this theorem is in Section 7. It is based on a tricky observation and is much
easier than the proof of Theorem 1.1. Clearly, Theorem 1.5 does not imply p-concavity
of ¢ for any p € [—oo, 1]. Some conjectures concerning p-concavity of solutions of
(3)—(4) are presented in Section 7.

Below we present the idea of the proof of Theorem 1.1. The proof is in the spirit
of papers by L. Caffarelli and A. Friedman [9] and N. Korevaar and J. Lewis [26], in
which they study the geometric properties of solutions of some PDEs using the constant
rank theorem and the method of continuity. In the proof of Theorem 1.1 the role of the
constant rank theorem is played by the following result of Hans Lewy from 1968.

Theorem 1.6 (Hans Lewy, [31]). Let u(xy, x2, x3) be real and harmonic in a domain Q2
of R> and let H(u) denote the determinant of the Hessian matrix of u. Suppose H (u)
vanishes at a point xo € Q2 without vanishing identically in Q2. Then H (u) assumes both
positive and negative values near x.

This result is key to the proof of Theorem 1.1. S. Gleason and T. Wolff [20] generalized
Theorem 1.6 to higher dimensions. Their result gives some hope that it is also possible to
extend Theorem 1.1 to higher dimensions (see Conjecture 7.1).

Let us now present the idea of the proof of Theorem 1.1. We prove the theorem for a
sufficiently smooth bounded convex domain D C B(0,1) C R2, whose boundary has a
strictly positive curvature (the result for an arbitrary bounded convex domain then follows
by approximation and scaling). Let us consider the harmonic extension u of ¢. Namely,

let
x3

K ,
(xl2 + x% + x32)3/2

K(x)=C xeR3, S)

where CK = 1/(27[) and R3 = {_x = (_xl’X2’x3) c R3 D X3 > O} Setu(xl,xz,O) —
@(x1, x2) for (x1, x2) € R? and

M(xl,X2,X3)=/ K (x1—y1, x2=y2, ¥3)@(y1, y2) dy1 dys,  (x1,x2,x3) €R3.  (6)
D
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Note that K (x; — y1, X2 — ¥2, x3) is the Poisson kernel of Ri for x = (x1, x2,x3) € ]R%’r
2
and (y1, »,0) € 8Ri. We denote % by fi and % by fij. It is well known that
i 10Xj

uz(xy, x2,0) = —(—A)l/zgo(xl, x2) for (x1, xp) € D, so u satisfies
Au(x) =0, X € Ri, @)
u3(x) = —1, x e D x {0}, ®)
u(x) =0, x € D¢ x {0}, )

where Au = uy; + ux + us;z.

The idea of studying equations for fractional Laplacians via harmonic extensions is
well known. It was used for the first time by F. Spitzer [35] and then by many other au-
thors, e.g. by S. A. Molchanov and E. Ostrovskii [34], R. D. DeBlassie [14], P. Méndez-
Hernandez [33], R. Bafiuelos and T. Kulczycki [2], A. El Hajj, H. Ibrahim and R. Mon-
neau [16] and L. Caffarelli and L. Silvestre [10].

In the next step of the proof we extend u to R3 = {x = (x1,x2,x3) € R3:x3 < 0}
by setting

u(x, X2, x3) = u(xy, x2, —x3) — 2x3,  (x1,x2,x3) € R3. (10)

Note that « is continuous on R> and for (x1, x2) € D it satisfies

M(-xla X2, h) - u(xla X2, O)

u3-(x1,x2,0) = lim
h—

0- h
. ou(xr, x2, —h) —2h —u(xy, x2,0)
= lim =—1.
h—0— h

By standard arguments, u is harmonic in R UR? U (D x {0}) = R3 \ (D¢ x {0}).
Let Hess(u) be the Hessian matrix of u, and H(u) = det(Hess(x)). The general
strategy of the proof is as follows:
1. We show that H (u)(x) > O for every x € R3\ (D€ x {0}).
2. We show that for x = (x1, x2,0) € D x {0} the Hessian matrix has the form

upp(x) wuiz(x) 0 p11(x1, x2)  @12(x1, x2) 0
Hess(u)(x) = | u12(x) wu2(x) 0 = | v12(x1, x2)  @22(x1, x2) 0
0 0 u33(x) 0 0 u33(x)

and u33(x) > 0.

Since Au(x) = 0, the two assertions above immediately imply that ¢11(x1, x2) < 0 and
©2(x1, x2) < 0for (x1, x3) € D, so ¢ is strictly concave on D.

The proof is almost entirely the justification of the first assertion. This is done by the
continuity method, i.e. by deforming the domain D to the unit ball B(0, 1). The continuity
method requires the maximum principle for H (1) (Lewy’s theorem), estimates of u;; near
dD x {0} (see Sections 3 and 4) and the result for the unit ball (Section 5). Roughly
speaking, estimates of u;; justify that zeroes of H (u) do not “emerge” from 9D x {0}
along the deformation. Lewy’s theorem implies that zeroes of H(u) cannot appear in
compact subdomains of R? \ (D¢ x {0}) along the deformation.



On concavity of solutions of the equation (—A)1/2(p =1 1365

Below, we briefly present the main steps in the continuity method. It can be easily
shown that H(u)(x) — 0 as x — xo € int(D°) x {0}. This causes some technical
difficulties in the proof. To deal with this problem we add an auxiliary harmonic function
to u. Namely, for any £ > 0 we consider v®?)(x) = u®) (x) + e(—x7/2 — x5 /2 + x3)
(where uP) denotes the u corresponding to D). We consider the family {D()}sef0,1]
of domains such that D(0) = D, D(1) = B(0, 1), all D(¢) are smooth bounded convex
domains whose boundaries have strictly positive curvature and 0 D(t) — dD(s) ast — s
in an appropriate sense. For large M we set (see Figure 8)

QM, D) = {x e R®: x? +x3 < M?, x3 € (=M, M)} \ (D(t)° x {0}).
We fix a large M and a sufficiently small ¢ > 0 (¢ € (0, C(M)]), and define
T ={re[0,1]: Ho®PD)(x) > 0forall x € Q(M, D(1))}.

Next, one can show that 1 € T (the result for the unit ball). Then we prove that T is closed,
which follows from Lewy’s theorem applied to v®P®) Next, we show that T is open
(relatively in [0, 1]), which follows from the fact that for any fixed large M and any fixed
e € (0,C(M)] and all 1 € [0, 1] we have H(v &P D) (x) > ¢ > 0 near dQ(M, D(1)),
where ¢ does not depend on ¢ (in the proof of this estimate the results from Section 4 are
used). This implies that 7 = [0, 1]. By taking ¢ — 0 (and again using Lewy’s theorem)
we deduce that H(u®)(x) > 0 for x € Q(M, D). Letting M — oo we conclude that
Hu™P))(x) > 0forall R?\ (D¢ x {0}).

The paper is organized as follows. In Section 2 we present notation and collect some
known facts needed in the rest of the paper. Sections 3 and 4 are the most technical parts.

In Section 3 we estimate <pl.(jD) near dD. This is done by using an explicit formula for
the Poisson kernel Pg(x, y) for a ball B corresponding to (=A)Y/2, Note that due to the
nonlocality of (—A)!/? the corresponding harmonic measure Pg(x, y) dy is concentrated
not on d B but on B€. The results for (pl.(jp) are obtained by estimating integrals involving
the Poisson kernel and its derivatives over different subdomains of D. This method is
very technical. Nevertheless, this is a standard method for boundary value problems for
fractional Laplacians used by many authors, e.g. K. Bogdan, Z.-Q. Chen, R. Song. It

t.(jp) are quite long and technical is just the
@ = 1. The results of Section 3 are used only in

seems that the reason the estimates of (pl.(D), [0
nonlocality of the equation (—A)!/?
EJ.D) near 0D x {0} are obtained. These estimates are also
quite technical. The reason is that ul(.jp) is singular near d D x {0} and its behaviour is
quite complicated. For example, in an appropriate coordinate system (see Figure 4) in a

neighborhood of 0 € 3D x {0} we have ui?) (x) ~ (dist(x, 3D x {0}))~3/2 at some points,

ug?) (x) vanishes at some other points, and ug?) (x) &~ —(dist(x, D x {0}))_3/2 at some

other points. In order to control all six different ul@) and ultimately control H (v®D)),

we have to consider many cases. The results of Section 4 are used only in the proofs of
Proposition 6.2 and Lemma 5.2. Let us point out that the only aim of Sections 3 and 4 is
to get control on H®DP)) and H(u®)) near 3D x {0}.

Section 4, where estimates of u
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In Section 5 we prove that H (18- (x) > 0for x € R3\(B(0, 1) x{0}). The func-
tion 1 (BO-1) g given by an explicit formula but it seems hard to show H @BODYx) >0
using this formula directly. Instead, the proof is based on an auxiliary function and Lewy’s
theorem.

The most important part of the paper is Section 6, which contains the proof of the main
theorem. In particular, it contains the proof of positivity of H (uP)) via the continuity
method, which was briefly described above. It is worth emphasizing that all the derivative
estimates obtained in Sections 3 and 4 are used in Section 6 only in the proof of Proposi-
tion 6.2. The results of Section 5 are used only in the proof of Proposition 6.5. Corollary
6.6, in which estimates of H (v*?)) near dQ (M, D) (see Figure 8) and H (v® 80 1)) in
Q(M, B(0, 1)) are formulated, is a direct consequence of Propositions 6.2 and 6.5. Let
us point out that the results of Sections 3-5 are invoked in the proof of the main theorem
only through Corollary 6.6.

In Section 7 some extensions and conjectures are presented.

2. Preliminaries

Forx € RYandr > O welet B(x,r) = {y € R : |y —x| < r}. Fora,b € R
we write a A b for min(a, b) and a Vv b for max(a, b). For x € Rd and D C RY we
set 8p(x) = dist(x, 3D). For ¥ : RY — R we denote v; (x) oy (x) and ¥;;(x) =

a2
8i,-<‘;/jxj(x) fori,j € {I,...,d). We write R = {(x1,x2,x3) € R® : x3 > 0} and

R3 = {(x1, x2, x3) € R? : x3 < 0}. The uniform exterior cone condition is defined e.g.
in [19, p. 195].

Let us define a subclass of bounded, convex C>! domains in R? with strictly positive
curvature, which will be suitable for our purposes.

Definition 2.1. Let C{, Ry > 0 and k» > k| > 0, and fix a Cartesian coordinate system
CS in RZ. We say that a domain D C R2 belongs to the class F(C1, Ry, k1, k2) when:

1. D is convex and in CS coordinates we have

{01, y2) :yi+y3 <R} C D C{(y,y):yi+y; < 1h

2. For any x € 9D there exists a Cartesian coordinate system CSy with origin at x
obtained by translation and rotation of CS, and there exist R > O and f : [-R, R] —
[0, 00) (R, f depend on x) such that f € C>'[—R, R], f(0) = 0, f'(0) = 0 and
in CS, coordinates

{1, ) i y2 € [=R, R], y1 € (f(32), RI} = D0 {(y1, y2) : y1, y2 € [-R, R]}.
3. Forany y € 0D we have
K1 = k(y) = K2,
where k (y) denotes the curvature of dD at y.
4. For any y, z € 3D we have
lc(y) — k()| < Cily — zl.
For brevity, we will often use the notation A = {C1, Ry, k1, k2} and write D € F(A).
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LetC1, Ry > 0,42 > k1 > 0,and A = {Cq, Ry, k1, k2}. Let D € F(A).Forany y € 9D
we denote by 7(y) the unit inner normal vector at y, and by f‘( y) the unit tangent vector
at y which agrees with the negative (clockwise) orientation of dD. We set e; = (1, 0),
ey = (0, 1).

It may be easily shown that there exists R = R(A) such that for any y € D with
dp(y) < R there exists a unique y* € 9D such that [y — y* *| = 8p(y). Forany y € D
such that §p(y) < R we define n(y) = n(y*) and T(y) = T(y*) For any ¢ € C?(D),
y € D, vi(y), v2(y) € Rand 1(y) = vi(y)e1 + va(y)ez we set

9
a—lg(y) =v1(MY1(y) +v2(M)¥2(y)

(recall that ¥, (y) = %(y)). Similarly, for any w1 (y), w2(y) € Rand w(y) = wi(y)e; +
wy(y)ey we write

82
wﬁ ) = viMwiMY11(Y) + v2(Ywa (P22 (y) + (V1 (Y w2(y)

VoW
+v2(Mwi Y)Y 12().

Lemma 2.2. Let C,R| > 0, ko > k1 > 0, A = {Cy, Ry, k1, k2} and fix a Cartesian
coordinate system CS in R2 Fix D € F (A) and xog € 0D. Choose a new Cartesian
coordinate system CSy, with origin at xo obtained by translation and rotation of CS such
that the positive coordinate halflines y1, y, are in the directions 1 (xg), f(xo) respectively.
From now on all points and vectors are in this new coordinate system CS,,, in particu-
larn(0,0) = (1,0) = e, f(O, 0) = (0, 1) = ey. Forany y € dD define ajy) € (—m, ]
such that T(y) = sina(y) e + cosa(y) ez (the angle between e; and T (y)). For any
y € D with 8p(y) < R define a(y) = a(y*), where y* € 3D is the unique point such
that |y — y*| = 8p(y).
Y2

L

Fig. 1

There exist ro = ro(A) < R A (1/2), c1 = c1(A), ca = c2(N), ¢3 = c3(A), ¢4 =
ca(N), c5s = c5(A), cg = ce(A) and f : [—rg, ro]l — [0, 00) such that f € C*'—ry, rol,
f(0) =0, f/(0) =0, cyrg < 1/4 and for any fixed r € (0, ro] we have (see Figure 1):

L {01,y : 1 =12 +y3 <r?} C D,
W ={0Oy2):yel-rrl,y1€ (f(y2).rI} =D N{(y1,y2) : y1,y2 € [-r, r]}.
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2. Foranyy € W we have a(y) € [—n /4, /4] and

ctly2| < Isina(y)| < c2ly2l,
T(y) = sina(y) ey + cosa(y) ez, an
n(y) = cosa(y) ey — sina(y) es. (12)
3. For any y, € [—r, r] we have
3y < f(n) < cays.

4. Foranyy € W we have ey = cosa(y) n(y) + sina(y) T(y) e, = —sina(y)in(y) +
cosa(y) T(y) Forany ¢ € C3(D) and y € W we have

9
a—li/f(y) = sina(y) ¥1(y) + cosa(y) ¥2(y), (13)
9
—I/f(y) = cosa(y) Y1 (y) — sina(y) ¥2(y), (14)

Y1(y) = cosa(y) w(y) +sina(y) 1p(y)

ad
Y2(y) = —sina(y) 1p(y)+<30806(y) 1ﬁ(y)

32 2 82
Y11 (y) = cos” a(y) aﬁl/zj ,;(;pf ),
2 32 82
V22 (y) = a’_;/zf (y) — 2sina(y) cosa(y) ,;(;pf ),
82 2 32
Y12(y) = (cos” a(y) — sinzoz(y))8 :ﬂ (y) — sina(y) cos a(y)< Jﬁ () — aTlZ( )>.

5. Foranyy € {(y1,y2) € W : y2 > 0} we have

es(f 7o) =y f oD < 8p () < ee(f T D) = 32 f T o),
where f~1: 0, f(r)] = [0, r].
This lemma follows by elementary geometry and its proof is omitted.
Lemma 2.3. Let C;,R; > 0, k3 > k1 > 0and A = {C1, Ry, k1, k2}. There exists a
constant ¢ = c(A) such that for any D € F(A) we have
/D 5, () dx < c. (15)

Proof. By Definition 2.1 we have B(0, R;) C D C B(0, 1). Let xo € dD. By convexity
of D the convex hull of B(0, R{) U {xp} is a subset of D. Using this factand D C B(0, 1)
one can easily show that for every x in the line segment between 0 and xo we have
|x — x0] < ¢dp(x), where ¢ depends only on R;. Hence BBl/z(x) < c1/2|x — x0|_1/2.
Now (15) easily follows by using polar coordinates with centre at 0. O
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In what follows we will use the method of continuity (cf. [26, p. 20], [9]). Roughly
speaking, we will deform a convex bounded domain D to the ball B(0, 1). To do this
we will consider the following construction. Let Cy, Ry > 0 and x; > «; > 0. For any
D e F(Cy, Ry, k1,k2) and t € [0, 1] we define

D(t) ={x:3y e D,ze€ B(0,1)suchthatx = (1 — )y + tz}. (16)

Lemma 2.4. For any C1,R; > 0 and k3 > ki > O there exist C{,R| > 0 and
5 > «y > 0 such that for any D € F(C1, R1,k1,k2) and any t € [0, 1] we have
D(1) € F(C|. R}, k], k}).

This lemma seems to be standard, similar results are well known (cf. [19, Appendix,
pp- 381-384] or [9, proof of Theorem 3.1]). Therefore we omit its proof.

Now we state some properties of the solution of (1)—(2) and its harmonic extension
which will be needed in the rest of the paper.

Let D C R? be an open bounded set and ¢P) be the solution of (1)—(2) for D. Then
the following scaling property is well known [4, (1.61)]:

0P (ax) =ap®P (x), xeD,a>0. a7n

For any open bounded sets Dj, D; CR? set d(D;, Dy) = [sup{dist(x, 0D,) : x € dD1}]
V [sup{dist(x, dD1) : x € dDy}].

Lemma 2.5. Let {D,};°, be a sequence of bounded convex domains in R? and ¢'Pv) be
the solution of (1)-(2) for Dy. If d(Dy,, Do) — 0 as n — o0 then for any x € Dy we
have P (x) — ¢P0) (x) as n — oo.

This lemma seems to be well known and follows easily from (17), so we omit its proof
(in fact, it holds not only for convex domains, but we need it only in this case).

Lemma 2.6. Let C;, Ry > 0, ko > k1 > 0and A = {C1, Ry, k1, k2}. There exist a
constant c1 = c¢1(A) and an absolute constant cy such that for any D € F(A) we have

px) <2/m, x € D,
syt () < p(x) < 28*(x), x €D,
where @ is the solution of (1)-(2) for D.
Proof. We have D C B(0, 1), so for any x € D we get

2
ww=ﬁumsﬂmmm=;a—mW@

Let x € D and let x* € 9D be such that |x — x*| = §p(x). Define z = x* —i1(x*), where
7i(x*) is the unit inner normal vector at x* (clearly |z — x*| = 1). By convexity of D we
get B(z, 1) C D€. Set

U={yeR>:1<|y—z| <3}
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Since D C B(0, 1), we get diam(D) < 2. Clearly, x* € dD N dU, which implies that
D C U and ép(x) = dy(x). By [13] there exists an absolute constant ¢, such that

9(x) = EX(tp) < E*(ty) < c28)]2(x) = c28 ) (x).

Now we will prove the lower bound of ¢. Since D C B(0, 1), we have §p(x) < 1.
Letx € D.If §p(x) > rg, where ro = ro(A) is the constant from Lemma 2.2, then

2 2 12
¢() = E"(tp) = E"(Tpey) = —ro = ;roa,)/ (x).

If §p(x) < ro then we may choose a coordinate system as in Lemma 2.2 (see Figure 1)
and assume that x = (x1, 0) and §p(x) = x1. Set B = B((r9, 0), r9). By Lemma 2.2 we
have B C D. Clearly x € B and §p(x) = §p(x) = x1. It follows that

2 2
¢(x) = E*(tp) = E(t5) = (r§ ~ (0. 0) - @1, 02" > ;rgﬂagz(x). D

Lemma 2.7. Let C1, R > 0, ko > k1 > 0, D € F(Cy, Ry, k1, k2), ¢ be the solu-
tion of (1)-(2) for D, and u the harmonic extension of ¢ given by (6)-(10). For any
(x1, %2, x3) € R3 we have H(u)(x1, x2, —x3) = H(u)(x1, x2, X3).

Proof. For x = (x1, x2, x3) set X = (x1, x, —x3). For x € R‘i we have u;; (X) = u;; (x)
fori = 1,2,3, upp(X) = up(x), ui3(¥) = —u13(x) and up3(¥) = —uz3(x). Hence
Hw)(E) = Hw)(x). O

We recall the definition of an a-harmonic function, & € (0, 2). A Borel function & on R¢
is said to be a-harmonic on an open set D C R if for any xo € R? and r > 0 such that
B(xg,r) C D we have

h(x) = / P-(x — x0,y — x0)h(y) dy,
B(xo,r)¢

where the integral is absolutely convergent and P, (x, y) is the Poisson kernel for the ball
B(0, r) corresponding to (—A)®/%. The explicit formula for the Poisson kernel is well
known (see e.g. [4, (1.57)]. For « = 1 and d = 2 the Poisson kernel for B(z, s) is given
by (19). It is well known that / is a-harmonic on an open set D C R? if and only if 4
is C% on D and (—A)*/?h(x) = 0 for any x € D. A Borel function / on R is said to be
singular a-harmonic on an open set D C R< if it is «-harmonic on D and & = 0 on D°.

We will need the following formulas for derivatives of K(x) = Cgx3 ()cl2 + x22
+ x2)73/2:
3
Ki(x) = =3Cgx3x1(x] 4+ x5 +x3) /2,
Kr(x) = —3CKX3)C2()C% + x% + x32)_5/2,

Ki(x) = CK()Cl2 + x% — 2x32)()c12 ~|—x§ ~|—x§)_5/2;
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Kii(x)= C1<x3(12x12 — 3x% — 3x32)(x]2 —i—x% + x32)_7/2,
K2 (x) = Cxx3(12x3 — 3x7 — 3xD) (x? 4 x5 + xH) 772,

K33(x) = Cx3(6x3 — 9x? — 9x2)(x? + x2 4+ x2)"7/2,

Ki2(x) = 15Ckx3xixa(x? + x5 + x2)77/2,

Ki3(x) = Cxx1(12xF — 3x7 — 3x9) (x7 + x5 +x3) " /%,
K23(x) = Cxxo(12x3 — 3x7 — 3x3)(x] + x5 +x3)~//2.

Remark 2.8. All constants appearing in this paper are positive and finite. We write C =
C(a, ..., z) to emphasize that C depends only on a, ..., z. We adopt the convention that
constants denoted by ¢ (or ¢y, ¢2, etc.) may change their value from one use to the next.

Remark 2.9. In Sections 3, 4 and in the proof of Proposition 6.2 we use the following
convention. Constants denoted by ¢ (or ¢y, ¢z, etc. ) depend on A = {Cy, Ry, k1, k2},
which appears in Definition 2.1. We write f(x) ~ g(x) forx € A C R? to indicate
that there exist constants ¢c; = ¢1(A) and ¢c; = c2(A) such that for any x € A we have
c18(x) < f(x) < c2g(x) (in particular, it may happen that both f, g are positive on A or
both f, g are negative on A).

3. Estimates of derivatives of ¢ near d D

In this section we obtain estimates of ¢;, ¢;; near d D. These results are used in this paper
only in Section 4, where the behaviour of u;; near d D x {0} is studied. To obtain the esti-
mates of ¢;, ¢;; we use the well known representation (18) below. This formula involves
the Poisson kernel P (x, y) for a ball corresponding to (—A)!/2. Recall that due to non-
locality of this operator the support of the corresponding harmonic measure P(x, y)dy
for a ball B is equal to B€. This makes proofs in this section quite long and compli-
cated because we have to obtain estimates of integrals involving the Poisson kernel and
its derivatives over different subdomains of D. Most of the techniques used in this section
are similar to the standard methods used by Z.-Q. Chen and R. Song [12], T. Kulczycki
[28], and K. Bogdan, T. Kulczycki and A. Nowak [6]. These methods were used in esti-
mates of the Green function corresponding to (—A)*2, o € (0, 2), on smooth domains
[12], [28] and in estimates of gradients of o-harmonic functions [6].

It should be mentioned that similar estimates for derivatives of a-harmonic functions
were simultaneously obtained by the author’s student G. Zurek in his Master Thesis [36].

The most difficult part of this section is the proof of Lemma 3.7. In this lemma
estimates of ¢y;(x1,0) are obtained (the y, axis is tangent to the boundary of D at
(0,0) € 9D, see Figure 3). To the best of the author’s knowledge the idea of that proof is
new. Roughly speaking, the proof is based on the representation

o (x1,0) = / Pa((x1. 0), Y)ga(y) dy
D\B

and the precise control of the derivatives of ¢ in normal and tangent directions in a small
neighbourhood of (0, 0).
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In the whole section we fix C1, Ry > 0,x2 > k1 > 0, D € F(Cy, Ry, k1, k2) and
xo € dD. We write A = {C1, Ry, k1, k1}, and ¢ is the solution of (1)—(2) for D. Unless
otherwise stated we fix the coordinate system CSy, and notation as in Lemma 2.2 (see
Figure 1). In particular, x¢ is (0, 0) in CS,, coordinates.

Letr € (0,r9],z = (r,0),s € (0, r] and B = B(z, s) (where rg is the constant from
Lemma 2.2). It is well known (see e.g. [4, (1.50), (1.56), (1.57)]) that

o =he)+ [ PGemIdy, xeB (1)

where h(x) = Cp(s® — |x — z|*)//? for x € B and

(SZ _ |X _ Z|2)1/2
(ly =z = s)V2x — y|>’

P(x,y) =Cp x € B, y € (B)S, (19)

with Cp = 2/7 and Cp = 72,

We have hi(x) = Cp(r — x1)(s> — |x — z|*)~V/2 for x € B. Write P;(x,y) =
aixl_P(x, y),i =1,2.Foranyx € Band y € (B)° we have Pi(x,y) = A(x, y)+E(x, y)
where

(s —x — 22 (xy — 1)

Ax,y) = —Cp ,
(ly —zI2 = sH)12|x — y|?

(20)

(s> = Ix —z)"2 (@1 — )
(Iy —z> = sHV2x — y*

In this section we use only those geometric properties of the domain D which are
stated in Lemmas 2.2 and 2.3, and additionally the facts that D C B(0, 1) and D is
convex. Recall that all constants in the assertions of Lemmas 2.2 and 2.3 depend only

on A. Hence all constants in the estimates of this section also depend only on A. In the
whole section we use the convention stated in Remark 2.9.

E(x,y) = —2Cp 1)

Lemma 3.1. There exists ri = r1(A) € (0, ro/4] such that ¢1(x1,0) ~ xl_l/2 for any
x1 € (0, r1].

Proof. Setr = ryp. We will use (18) for s = r, in particular B = B(z, r). Note that for
x = (x1, 0) we have r?— |x — z|2 =x1(r + |x1 —r]) < 2rx;. Define

k() = 15(x) fB P, o) dy + 1pe(me(x), x € B2,

We have k(x) > 0 on R2, by (18) k(x) < ¢(x) on B, and k is 1-harmonic on B. For
the definition and basic properties of o-harmonic functions see Section 2 and [4, pp. 20—
21, 61]. The fact that k is 1-harmonic follows from [4, p. 61]. By [6, Lemma 3.2] (cf.
also [30]) and Lemma 2.6,

k(x1.0)  _ke(x.0)  _
ki, 0) < 28000 KOO0 c12 e 0.

X1 X1
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Y2 oD
0B

P — -

B = B(z,r)

Xt - -

X1 Y1

I
I
I
I
I
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I
I
I
I
I
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Fig. 2

By the formula for /#; and the formula for r— |x — z|2 we get hy(x1,0) = Cp(r — x1)
x 2r—x1) "2 < Cpr! /a2 Hence gy (x1, 0) = hy(x1, 0)+ki (x1, 0) < cxj /2
for x1 € (0, r/4].

What remains is to show that ¢ (x1, 0) > cxfl/z. For x1 € (0, r] we have ¢ (x1, 0) =
Sge P1((x1,0), Yo(y)dy + hi(x1, 0). We will estimate [, P1¢.

Let x; € (0, f(r/2) A f(—r/2)]. By Lemma 2.2 we have f(r/2) < c4(r/2)> <r/16
(because c4r < 1/4), so x; € (0,r/16]. Note that f(r/2) A f(—r/2) > C3r2/4, where
c3 and r = ry are the constants from Lemma 2.2, and c3r2 /4 depends only on A. Let
p1 € (0,r/2] be such that f(p1) = x1, and p € [—r/2,0) be such that f(p2) = x|
(recall that f is defined in Lemma 2.2). By Lemma 2.2, f(x1) < C4x12 < (1/2)x; and
f(=x1) < (1/2)x1,s0 p1 > x1 and |p2| > x1. Let f1 : [-r,7] — R be defined by
fibn)=r— (r2 — y%)l/z. Denote (see Figure 2)

Dy ={(y1,y2) 1 y2 € [=x1, x1], y1 € (f (32), f1(»2))},
Dy = {(y1,¥2) : y2 € (x1, p1]1U [p2, —x1), y1 € (f(32), f1(32) AxD)},
D3z =D\ (D;UDyUB).

Note that fD\B A((x1,0), o(y)dy > 0 and fD3 E((x1,0), y)p(y)dy > 0, because we
have A((x1,0),y) >0fory e D\ B and E((x1,0),y) > Ofory € Ds3.

Recall that we use (18) for s = r. We have f1(y2) < y%/r = cy%. By Lemma 2.6,
9(y) < c8(y). For y € Dy U Dy we also have 5p(y) < y1 < fi(y2) < cy3. It
follows that ¢(y) < c|y2| for y € D1 U Dj. Note that for y € D; we have |y2| < x1, so
@(y) < cx1. Note also that |y —z|*> —r? = (|y —z| +7)(|y —z| —r). This is bounded from
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above by 3r(f1(y2) — y1) and from below by r(f1(y2) — y1)/2. Hence for y € D1 U D,
we have |y — z|*> — r> & f1(y2) — y1. For y € D; we obtain

2 2
xl < x_l < _1

r+@r—xhy2 = r 716

=

0<y < filx)) =

because x| € (0, r/16]. Hence for y € Dy we have |[x — y| > |x; — y1| > 15x1/16 and
|x1 — y1] < x1. It follows that

/D E((x1,0), y)e(y)dy

_ d
< cx 3/2/ zy 27172
Dy (|y _Zl -r )

X1 f1(2)

—3/2 _

~ / dyz/ (fi2) =y~ dy
—x) £

X1
-3/2 1/2
=07 | (i) = Fa) P dys < ex”?.
.
Fory € Dy wehave [x—y| = ((xi—y1)?+y) /2 > |y2] and [x1—y1] < [x1|+]y1] < 2x1.
Note also that by Lemma 2.2 we have p; < c/x1 A (r/2) and |p2| < ¢ /X1 A (r/2), so

/D E((x1.0), Vo(y) dy‘

CJXIN(T/2) S1(y2)Ax;
3/2 — -
<ex) / dysy;* / (fi2) =y~ dy
X f(2)
cJXIN(T/2)
3/2 — 1/2
<ex! f V2 (f102) = Foa) P dys < ex)/
X1

(here we omit |’ p_le ... because it can be estimated in the same way).
We have

(pl(xl,O):hl(xl,O)+/ A<p+/ E(p—}-/ E(p—}-/ Eq.
D\B Dy D, Ds

By the formula for i1 we easily get h1(x1, 0) > (Zﬁ)_lCBrl/Qxfl/z. It follows that
01(x1,0) > vV2) T Cpr'Pxy P — ex|? = x[VA(2V2) T Cpr!? = cexy).

Set ¢; = (2«/5)’1C3r1/2. For sufficiently small x; we have ¢; — cx; > c¢1/2 and
@1 (x1,0) > (c1/2)x; "/? (one can take x; < r1 := (c1/(2¢)) A (r/4)). O
Lemma 3.2. Setr; = ro/4. For any x1 € (0, r1] we have |@2(x1, 0)| < cx11/2|10gx1|.
Proof. Set r = ro. We will use (18) for s = r, in particular B = B(z,r). Let x; €
(0, r/4]. We have @2 (x1,0) = [ Pa((x1,0), Y)o(y) dy + ha(x1, 0), ha(x1,0) = 0 and
(r* —lx —z)'2y
(ly —z> = rH2|x — y*

Py((x1,0),y) =2Cp ., ye(B)-.
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Let f1 be as in the proof of Lemma 3.1. Define

Dy = {(y1,¥2) : y2 € [=x1, x1], y1 € (f (y2), (2D},

Dy = {(y1,¥2) : y2 € (x1,7/2] U [~r/2, —x1), y1 € (f(32), f1(72)},

D3 =D\ (D1 UDyUB).
By the same arguments as in the proof of Lemma 3.1, for x = (x1, 0) we have r— |x—z|2
< 2rx; and for y € D; U D> we have |y — z|2 —r2x f1(y2) — y1. Note also that for

y € DiUD; we have §p(y) < y1 < fi(y2) < cy3,50 ¢(3) < c|ys| (by Lemma 2.6).
For y € Dy we have |y2] < x1, 50 ¢(y) < cx1 and |[x — y| > 3x1/4. Hence

73/2/ dy
=cx .
by =P =)

By the same estimates as in the proof of Lemma 3.1 this is bounded by cxl1 2,

For x = (x1,0) and y € D> we have [x — y| > y> and f1(y2) < cy%. It follows that

r/2 f1(n2)

1/2 _ _

< cx)/ / dyzyzzfﬂ ) (fiky) =y~ ay
X1 JO2

/ Pa((x1, 0), y)o(y) dy
Dy

‘/D Py((x1,0), y)o(y)dy

1/2

r/2
< ox] f V7 2(fi0) — FONY2dys < ex!llogxy).
X

1

Forx = (x1,0) and y € D3 we have |y —z|> —r% = (|y —z|+r)85(y) > rép(y) and
y/lx—y* <|x—y|3 < (/2)3.Set B = {w ¢ B : $g(w) < 2}. Since D C B(0, 1),
we have D \ B C Bj. Hence

‘ / Pa((x1. 0). ) (y) dy
D3

Scxll/z/ SEI/Z(y)dy

By
dp = cxll/z.
It follows that 2 (x1, 0)] < cx;*[log xy]. O

In the following corollary we simply restate Lemmas 3.1 and 3.2 for an arbitrary point
y € D (with §p(y) < r1). Recall that T(y), n(y) are given by (11), (12), and g_f(Y)’

%—‘;/i(y) are given by (13), (14).
By Lemmas 3.1, 3.2 and 2.2 we obtain

Corollary 3.3. There exists ri = ri(A) € (0,ro/4] such that for any y € D with
dp(y) < ry we have

ap _
FHOE 552 (), (22)

< 82 (»)llogSp (), (23)

dg
—=)
‘8T Y

Vo) < e85 (). (24)
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Lemma 3.4. Foranyy € D we have |Vo(y)| < ¢85, (y).

Proof. Let r1 = ri(A) be the constant from Corollary 3.3. If y € D satisfies
6p(y) < rp then the assertion follows from Corollary 3.3. Fix yp € D such that
ép(yo) > ry and write B = B(yp,r1). We are going to estimate |Vg(yo)|. For
y € B we have ¢(y) = h(y) + k(y), where h(y) = Cp(2 — |y — yo|)'/? and
k() = 180) [p\ s PO = Y0.2 — Y0)@(2)dz + 1 (»)¢(y), where P is given by
(19) with s = rq. Clearly Vi(yg) = 0. Now, k is a 1-harmonic function on B and
k(y) < @(y) < 2/m (the last inequality follows from Lemma 2.6). By [6, Lemma 3.2],

IVk(yo)| < 2k(yo)/r1 < 4/(r1) < 485,'2(y)/(er1). O

The definition of a-harmonic functions (see Section 2) on an open set U C R? demands
that the function be defined on the whole R¢. The functions ¢, ¢, are well defined on D
and also on D\ 9 D. They are not well defined on 9 D but d D has Lebesgue measure zero.
One may formally define ¢1 = ¢» = 0 on dD. For the definition of singular «-harmonic
functions, see Section 2.

Lemma 3.5. ¢y, ¢ are singular 1-harmonic on D.

The proof of this lemma is omitted. By standard arguments (translation invariance and
regularity of @) it can be easily shown that (—A)”%%)(x) = %((—A)l/ztp)(x) =0
forx € D.

Remark 3.6. ¢11, @27 are not 1-harmonic on D because they are not locally integrable
on R? (see Corollary 3.10).

Lemma 3.7. There exists r» = r2(A) € (0, ro/4] such that ¢3(x1, 0) ~ —xl_l/2 for any
x1 € (0, r2l.

Proof. Set r = rp. Let r; be the constant from Corollary 3.3. In this proof we take
s € (r—(r/2%r),ie.0 < r —s < (r1/2)% Recall that z = (r,0), B = B(z, s)
and P is given by (19). For any x; € (r — s, r] by Lemma 3.5 we have ¢,(x1,0) =
Jors P((x1,0), Y)p2(y) dy. It follows that ¢2(x1,0) = [ 5 P2((x1,0), »)92(y) dy.
We have P, ((x1,0), y) = 2Cp(|(52_|x¢ Take x; = +/r — s (Wehave /7 — s <

y—z12=s2)12|x—y|**

r1/2). Let fi : [=s,s] — R be defined by fi(y2) = r — /s> — y3. Set (see Figure 3)

Dy ={(y1,y2) : y2 € [=x1, x1], y1 € (f(32), fi(y2)},
Dy = {(y1,¥2) : y2 € (x1,7r1/2]U [—=r1/2, =x1), y1 € (f (32), f1(32))},
D3 =D\ (D1UDyUB).

By Lemma 2.2, for y € D1 U D, we have

0 . 0
©2(y) = cosa(y) a—;f,(y) —sina(y) a—g(y).
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Fig. 3

Note that by definition of s we have §p(y) < ry for y € D; U Dj. For such y, by
Corollary 3.3,

d
‘8—;@) < — fOog(y1 — £,

0
a—‘f(y) ~ (1 — fo)) V2
n

Hence

< c(y1 — fa)2llog(y1 — £,

dg
cosa(y) 0T »

. dp _
—sina(y) == () ~ =301 = f(2) 72
Note also that for y € D; U D, we have (|y — z|2 — 52)1/2 ~(—y1+ fi (yz))1/2. Recall
that we have chosen x| = 4/r — s. It follows that

0
- f Pa((x1,0), ) sina() 25 () dy
Dy

n

X 1)
—7/2 — — 1/2
~—x; ! / dy; y} / dyr (=y1 + fia) ™21 = fFa) ™2~ —x)
f

—x1 ()
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because fab(x —a) Y2(b — x)7'/2 dx = const. Similarly,

d
—/ Pa((x1,0), M) sina(y) 55 (1) dy
D,

n
ri/2 f1(32)
12 1 _ _ _ 172
~ —xy/ / dyry5? / dy (=y1 + i) 21 = fo) TV & —x) 2,
X f(2)
On the other hand,

9
/ P>((x1,0), y) cosa(y) —(f(y) dy’
Dy oT

B x| fi(y2)
<ex; / dy, y2 /f L Anent )2 (v = £ (y2)) 2 [log(y1 — £ (y2))]
—X1 J 2

1/2
< cxl/ [log x1],

d
/ Pr((x1. 0). y) cosa(y) “Z (y) dy’
D aT
r1/2 1)
<ex”? / dyz y3° /f . dy1 (—=y1+ Fi2) "2 (1 = F 2D 2 log(v — F(3))
X1 »2
< cx11/2|10gx1 |2.

By Lemmas 2.3 and 3.4 we obtain

1/2 —1/2 —1/2 1/2
/ Pa((x1. 0). y)ea(y) dy| < ex! / 522 (1552 (v dy < ex'2,
D3 D3

It follows that

1/2 1/2 —1/2 1/2
12— cpxPllogxi 2 < @aa(x1,0) < —esx; 7?4 cax|log xi %,

—c1x,
where x; = +/r — s. It is important that ¢, ¢, ¢3, ¢4 do not depend on s. Hence there

exists ro = r2(A) € (0, r/4] such that ¢y (x1, 0) = —xl_l/2 for any x; € (0, r2]. ]
Lemma 3.8. There exists r» = r2(A) € (0, ro/4] such that ¢11(x1, 0) ~ —x1_3/2 for any
x1 € (0, r2].

Proof. First we show that |@11(x1, 0)] < cx1_3/2 for x; € (0, rp]. We will use similar
notation to that in Lemma 3.7. Set » = ry. Let r; be the constant from Corollary 3.3.
We take s € (r — (rq /2)2, r),z = (r,0), B = B(z,s), and P is given by (19). For any
x1 € (r—s, r] by Lemma 3.5 we have ¢ (x1, 0) = fD\B P((x1,0), y)p1(y) dy. It follows
that

o131, 0) = / PL((x1,0), Vg1 (v) dy
D\B

:/ A((x1,0), M)o1(y) dy+/ E((x1,0), y)e1(y) dy,
D\B D\B

where A, E are given by (20), (21).



On concavity of solutions of the equation (—A)1/2(p =1 1379

Take x; = /7 — s (we have /7 —s < r1/2 < r/8). By (24), |p1(y)| < 6551/2@)
for y € D. We have

— X1

/D\B A((x1,0), )1 (y)dy = s2— (x; —r)?

f P((x1,0), Vg1 () dy.
D\B

—-1/2
‘/ P((xl,O),y)wl(y)dy‘ = |p1(x1, 0)| < cx, /
D\B
and —sz_r(;lxir)z R xl_l, SO
-3/2
/ A1, 0), Vg1 () dy| < ex;
D\B
for x| = /r —s.

Let f1, D1, Dy, D3 be as in the proof of Lemma 3.7. Using |p(y)| < C(SB]/Z(y) and
similar arguments to the proof of Lemma 3.7 we get the estimates

/ E((x1,0), y)o1(y) dy'
D,

X1 1)

—5/2 — — -3/2

<exp / dy> /f dyi (=y1 + A1) 21 = FOoa) V2 < ex
—X1 fOn)

(25)

/D E((x1.0), »)g1 () dy‘

ri/2 f1(32)

12 _ _ _

<exy/ / dy> y24ff( : dy1 (=y1 + i) 201 = fFG2) T2 + 1)
X1 »

—3/2
<cx, /

(26)

(here we have used the estimate y; < cy%). By Lemmas 2.3 and 3.4 we obtain

1/2 —1/2 —1/2 1/2
/ E((x1,0). y)g1 () dy| < cx)’ / 5712 (3067 () dy < ex! 2,
D3 D3
It follows that |¢@q1(x1, 0)] < cxl_3/2, where ¢ does not depend on s and x| = /r —s.
Since s € (r — (r1/2)%, r) we get |g11(x1, 0)| < cx; >/ for x1 € (0, r1/2].

Now we will show that ¢11(x1,0) < —cx1_3/2 for x; € (0, rp]. Here we will use
notation similar to the notation used in the proof of Lemma 3.1. We will use (18) for
s = r,in particular B = B(z, r). By (18), for x; € (0, r] we get

11(x1,0) = h11(x1,0) +/
D\

0A oE
— b (x, 0) + f 94 (1,00, Yoy dy + / IE (1,00, Vo) dy.
D\B 0X1 D\B 0X1

. P11((x1,0), y)o(y)dy
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One easily gets h11(x, 0) =~ —)c1_3/2 for x; € (0,r/4]).Forx € Band y € (B)¢ we have

dA —Cp(r? —x =z —r)?  —Cp(r?—|x —z|H712
) T T S P (y — 22 = P12 — yP2
N —2Cp(r* — |x — 272G — x)(x1 — y1)
(ly —z> = rH)12|x — y*
= AV, y) + AP, ) + AP (x, y),
dE —2Cp(r? —|x — ) V2r —x)(x1 —y) | —2Cp(r? —|x — zH)1/?
o Y = (y — 2P —r)P2x — yJ3 (y — 22 —r)12x — yJ3

8Cp(r* —|x —zIH)2(x1 — y1)?
(Jy —zI2 = r)12|x — y|©
=ED, )+ EPx, y) + EQx, y).

Let x; € (0,r/8] and y € (B)¢. We have AV (x, y), A®(x,y) < 0. Moreover
A®(x,y) > 0iff y; > xi. Let f; be as in the proof of Lemma 3.1. Let pj > 0 be
such that fi(p}) = x1, and p) < 0 be such that fi(p}) = x1 (we have p;, = —p)).
Note that p} ~ ,/x1 and |p}| ~ /x1. Furthermore f1(r/2) = r(1 — V3/2) > r/8 and
fi(p})) = x1 <r/8,s0 pj < r/2. Define

D} = {1, y2) : y2 € [Py, P11 y1 € (fF(2), iy2))},

D) = {(y1,y2) : y2 € (P}, /21U [=1/2, p3), y1 € (f(32), fi(y2))},

D} =D\ (D, U D, U B).
We have [;, AP ((x1,0). y)¢(y)dy = 0. Note that for y € D we have y1 < fi(y2) <
cy22, which gives ¢(y) < cSlD/Z(y) < c(y%)l/2 = cy; by Lemma 2.6. Hence

[ A%, 500 dy

p) r/2 f1(2)

~1/2 _ —

<cx, / / dyry; 4/ dyt 1 — i) yie(y)
/X1 F(n)

i [P —12
<cx / dy, <cx; 7,
cJ/x1

‘ / AP ((x1, 0), V() dy
D,

< cxfl/zf 81;]/2(y) dy < cxfl/z.
D/

3
Note that EV (x, y) = A® (x, y) and E® (x, y) < 0. To estimate fD\B E® ¢ we set
DY ={(y1,y2) : y2 € [=x1, x1], y1 € (f (2, i)},

Dy ={(y1,y2) : y2 € (x1,r/21U[=r/2, —x1), y1 € (f (32), fi(y2)},
Dy = D\ (D] UDjUB).
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Note that for y € D} we have (x; — y)? < xlz, which gives ¢(y) < célD/z(y) < cx1 by
Lemma 2.6. Hence

_ X1 J102)
/ E®((x1,0), y)p(y)dy < cx; "/ / dy / dyr (1 — Al ()
Dy —x fono)

—-1/2
C)Cl /

IA

Moreover, for y € D} we have (x; — y)? < xl2 + y12 < xl2 + cyg and ¢(y) < céll)ﬂ(y) <
€y, SO

fD CED((1,0), () dy

2

12 r/2 6. o 4 f1(2) Lip
=cx / dys y, (xi +y2)/ dyr (1 — f1(32)” "o ()
X f(2)
N 12 72 12
Scxl/ / y{4dyz+cx1/ / dy, <cx; 7,
X1 X

1

We also have ng/ E®((x1,0), Yo(y)dy < cxll/z.

3/2

It follows that for sufficiently small x; we have ¢11(x1, 0) < —cxl_ O

Lemma 3.9. There exists ro = ra2(A) € (0, ro/4] such that |@12(x1, 0)| < cx;1/2|10gx1|
forany x; € (0, r2].

Proof. We will use similar notation to that in Lemma 3.7. Set r = rg. Let r; be the
constant from Corollary 3.3. We take s € (r — (r] /2)2, r). Recall that z = (r,0), B =
B(z, s),and P is given by (19). For any x| € (r—s, r] by Lemma 3.5 we have ¢, (x1, 0) =
fD\B P((x1,0), y)p2(y) dy. It follows that

12(x1, 0) = / PL((x1. 0), )2 () dy
D\B
=/ A((xl,O),y)wz(y)der/ E((x1,0), )2 (y) dy.
D\B D\B

Take x; = «/r — s (we have /r —s < r;/2 < r/8). We obtain

r —Xi

T D) " P((x1,0), y)p2(y) dy.

f A(x1, 0, Vga(y) dy =
D\B

By Lemma 3.2,

/ P((x1,0), »)@2(y) dy‘ = ga(x1,0)] < ex,"*[logxy].
D\B
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Since (r — x1)(s> — (x1 —r)») ™' ~ x;!, we obtain

f\ A1, 0, Vga(y) dy| < exp P llog i,
D\ B

for x; = /r —s.
Let f1, D1, Dy, D3 be as in the proof of Lemma 3.7. By Lemma 2.2, for y € D1 U D
we have 5 5
@ . @
@2(y) = cosa(y) —= () — sina(y) = ().
oT on

By the arguments in the proof of Lemma 3.7, for such y,

<y — fan"Pllogyn — FO)] < ey, *llog yil,

¢
cosa(y) o7 6))

0
Fina(y) aﬁ(y) < eyl — FO) V2

n

Much as in the proofs of Lemmas 3.7 and 3.8, we obtain

dg
/E((x1,0>,y)cosa(y>T<y)dy‘
Dy oT
X1 f1(2)
<cx, 5/2/ dyz/ dy1 (=y1 + fi ()’2))_1/2)’11/2“0% yil < cx11/2|logx1|.
—X1 f(2)

Here we have used the inequalities y;/2|logy1| < cwmllogy:| < cxqllogx;| and

_ 1/2 B
ff]?y(zyf)(—yl + i) V2dy < Cfl/ (32) < cy2 < cxy.
Using similar arguments we get

0
‘/D E((x1,0), y) cosa(y) %(y)dy‘

12 r/2 4 Ji(»2) 112
<cx; / dyz y, /,:( : dyr (=y1 + fi(y2)” /7y, “log y1|(x1 + y1)
X1 »

< cx]1/2|logx1|.
By the same arguments as in (25), (26) one can easily obtain

—1/2
Sc-xl /7

/D E((x1,0), y2(y1 — fO2) "2 dy

—1/2 1/2
<cx, / +cx1/ |log x1],

fD E((x1,0), »)y2(y1 — f2) 2 dy
2

By Lemmas 2.3 and 3.4,

2

VD E((x1,0), Y)g2(y) dy sax}/sz 55 28, 2 (y) dy < ex)”.
3 3
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It follows that |@p12(x1, 0)] < cxl_l/2|logx1|, where ¢ does not depend on s, and x; =

Jr—s.Since s € (r — (r1/2)%,r) we get |p12(x1,0)] < cx; *[logx)| for all x| €
0, r1/2]. O

By Lemmas 2.2, 3.7, 3.8, 3.9 and Corollary 3.3 we obtain

Corollary 3.10. There exists ro = ra(A) € (0, ro/4] such that for any y € D with
Sp(y) < rp we have (22)-(24) and

3% _32

S50~ =5, 0),

82<p —1/2

3712()1) ~ =dp 2,
92 .
a*a(pi‘ )| < e85 > (llogGp ().
n

Lemma 3.11. There exists r3 = r3(A) € (0, ro/4] such that for any y = (y1,y2) €
B((r3,0), r3) we have

12 —172
2 < ey llog yil + Iy2ly; /), 27

—1/2 —3/2
o < ey Pllog yil + 1y2ly; ), (28)
lon ()|~ —y; 72, (29)

and for any y = (y1, y2) € Wr; ={(y1, y2) : y2 € [=r3,13], y1 € (f(y2), 131} we have

o1(3) ~ 85" (). (30)

Proof. We may assume that y, > 0. Let r € (0, r2] where r; is the constant from Corol-
lary 3.10 (recall that r, < rg/4). Let y = (y1, y2) € B((r,0), r) with y; > 0. By Lemma
2.2 we have sina(y) &~ yz, cosa(y) & c. Moreover, §p(y) ~ y; and y% <cyi.

By Corollary 3.10 we get

—1/2

g _ g
a—ﬁ@)fw—al)”z(y)%—y1 : 'ﬁ(y) < 8 (logBp ()| < cy,*llog y1.

Using this and the formula for ¢, from Lemma 2.2 we get (27).
By Corollary 3.10 we have

92 —12 ~1/2

aﬁa"; 0| = ¢85 *MllogGp (I < ey llog yil,
% a%p ~32 =y
W(}’) - m(y) <cdp / ) <cy, 2,

Using this and the formula for ¢, from Lemma 2.2 we get (28).
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—1/2 -1/2 3%

By Corollary 3.10 we have az—“’( )~ =8, (y) & —y, () ~ =8, (y) ~
y Yy S. 37:2 y y ’ 3*2 y D y

i 2, sin?a(y) & y3 < ey and

. % —1/2
sina(y) cosa(y) ——=(y)| < cy2y; '“llogyi1| < cllog y1].
onoT

Using this and the formula for ¢, from Lemma 2.2 we get (29) for sufficiently small r.

By (22), (23) and the formula for ¢; from Lemma 2.2 we deduce (30) for sufficiently
small 7. m}
We have (—A)/2¢(x) = 1 for x € D. We need to estimate (—A)/2¢(x) for x € (D)°.
For such x we have (—A)!2¢(x) = —@2m)~! [, I;D(L)P y.

Lemma 3.12. Let x = (—x1, 0) with x1 > 0. We have
(=)o) ~ 8570 + x5

Proof. Setr = rg. When x| € (—oo, —r/2) we have

() _ - _
/D dy ~ x| ~ 55201 + x>,

ly —x|3

When x| € [—r/2, 0), using Lemma 2.6 we obtain

o) 5/2 _
/ 3dy%f 5, (x)dy+f y| = dy
ply —x| DNB(0,5p (x)) DN(B(0,r/2)\B(0,5p(x)))

_ —1/2
+/ |72 dy ~ 55 (x). 0
DNB<(0,r/2)

Lemma 3.12 immediately yields

Corollary 3.13. For any x € (D) we have

—1/2

(=)o) ~ 85 /= (x) (1 + |x]) /2

4. Estimates of derivatives of u near 0 D x {0}

In this section we study the behaviour of u;; near 9D x {0}. The ultimate aim of these
estimates is to control the determinants of the Hessian matrices of u and v (which is
equal to u plus a small auxiliary harmonic function; for a precise definition see Section
6) near 0 D x {0}. The estimates are quite long and technical because the u;; are singular
near D x {0} and their behaviour is quite complicated.

In the whole section we fix C1, Ry > 0,k > «1 > 0, D € F(Cy, Ry, k1, k2)
and xo € dD. We write A = {C1, Ry, k1, k1}; ¢ is the solution of (1)-(2) for D and
u is the harmonic extension of ¢ given by (6)—(10). Unless otherwise stated, we fix a
2-dimensional coordinate system CSy, and notation as in Lemma 2.2 (see Figure 1). In
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Fig. 4

particular xg is (0, 0) in CSy, coordinates. To study u we also use a 3-dimensional Carte-
sian coordinate system Oxjxzx3 (see Figure 4), which is formed (roughly speaking) by
adding the Ox3 axis to the above 2-dimensional coordinate system. Recall that in the
whole section we use the convention stated in Remark 2.9.

Setr =ri Aro Ar3 A f(ro/4) A f(—ro/4), where rg, 11, ra, r3 are the constants
from Lemma 2.2, Corollary 3.3, Corollary 3.10 and Lemma 3.11. Note that f(ro/4) A
f(=ro/4) > C3rg/l6, where c3 is the constant from Lemma 2.2; here C3r§/16 depends

only on A. Define f; : [-r,r] = Rby fi(n) =r — Vi — y% and g1 : [0,7] - R
by gi1(y1) = v/r?2 — (y1 —r)? (the graphs of fi, g are parts of the circle {(yi, y2) :
(y1 —r)* + y22 = r2}). For any h € (0, r] we denote (see Figure 4)
S1(h) = {(x1,x2,x3) : x1 = —h, x2 =0, x3 € (0, h/41},
S2(h) = {(x1, x2,x3) : x1 = —h, x =0, x3 € (h/4, h]}
U{(x1, x2, x3) : x1 € (=h,0], x2 =0, x3 = h},
S3(h) = {(x1, x2,x3) : x1 € (0, h], x2 =0, x3 = h}
U{(x1,x2,x3):x1 =h, xo0 =0, x3 € (h/4, h]},
Sq(h) = {(x1,x2,x3) :x1 =h, x =0, x3 € (0, h/4]}.

The main tool which we use in this section is the formula
u(x) = / K(x1 — y1, x2 — 2, x3)0(y1, y2) dy1 dy».
D

To obtain estimates of u;; we differentiate under the integral sign in the above formula.
The results concerning estimates of #;; are divided into six propositions. In the proof of
Proposition 4.1 we use the formula

un(x) = / Ko(x1 — y1,x2 — y2, x3)@2(y1, y2) dy1 dy>
D

(for brevity we simply write uzy = | 1 K2¢2), the estimates of d¢/dn, d¢/ 9T from
Corollary 3.3 and the estimate of |V¢| from Lemma 3.4. In this proof we also use the
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formula @2 (y1, ¥2) — @2(y1, —y2) = 2y2022(y1, €) and the estimate of 7> from Lemma
3.11. In the proof of Proposition 4.2 (which is the easiest result of this section) we use the
formulas uy; = [}, K119, u13 = [ K139 and the estimate ¢ (x) < célD/z(x). In the proof
of Proposition 4.3 we use the formulas u1; = fD Kipr,uiz = fD K391, the estimate of
¢1 from Lemma 3.11 and the estimate of |V¢| from Lemma 3.4. The proof of Proposition
4.4 is based on a different idea than the proofs of the previous propositions. Namely,
we use the fact that uz(yi, y2,0) = —(—A)2¢(y1, y2) for (y1, y2) ¢ 9D. We also
use the formulas u13 = [po K1u3, u33 = [po K3us and the estimate of |(—A) /2| from
Corollary 3.13. In the proof of Proposition 4.5 we use the formulas u 1, = f p Ko, ux =
Ip K230, 91, y2) — (1, —y2) = 2y202(y1, £), the estimate of ¢(x) from Lemma 2.6
and the estimate of ¢, from Lemma 3.11. Moreover, we apply the formula ¢(z1+ 4, z2) —
o(=z1+h, 22)—@(z1+h, —22)+@(—z1+h, —22) = 4z122012(§1+h, &) and the estimate
of @12 from Lemma 3.11. The most difficult result of this section is Proposition 4.6. In
this proposition we study u23 on S4 (k) using two different formulas: 3 = fRz K>us and
U3y = fD K»>3¢. We use the estimate of |(—A)1/2(p| from Corollary 3.13, the estimates of
©2, 912, P22 from Lemma 3.11 and the estimate of ¢(x) from Lemma 2.6. In Lemma 4.7
we obtain results concerning u;3(x1, x2,0) fori = 1,2, 3 and (x1, x2) € D.

In this section we only use those geometric properties of the domain D which are
stated in Lemmas 2.2 and 2.3 (and additionally the fact that D is convex and D C
B(0, 1)). Let us recall that all constants in Lemmas 2.2 and 2.3 depend only on A. We
only use those inequalities for ¢, ¢;, ¢;; which are stated in Section 3 and in Lemma
2.6. The constants in those inequalities depend only on A. Therefore all constants in the
estimates of u;; obtained in Section 4 depend only on A.

Proposition 4.1. There exists ho = ho(A) € (0, r/8] such that for any h € (0, hg] we
have uy (x) ~ —x3h =32 for x € Sy (h)US2(h)US3(h), uzn(x) ~ —h~'/2 for x € S4(h).

Proof. Leth € (0, r/8]. We have

uxp(x) = / Ko (x1 — y1, —y2, x3)902(y1, y2) dy1 dy. (31
D
Denote (see Figure 5)

Dy ={(y1,y2) : y1 € Lfi(h), k], y2 € [=g1(yD), &1D]}

Dy ={(y1,y2) : y1 € (h,r], y2 € [=g1(01), &1 (YD1},

D3 = {(y1,y2) : y2 € [=h, k], y1 € (f(y2), fi(h)},

Dy = {(y1,y2) : y2 € [=7r/2, =h]1U[h, r/2], y1 € (f(32), f1(y2)},
Ds =D\ (D;UD,U D3 U Dy).

Fori = 1,2,3,4 we also set D;+ = {(y1,y2) € D; : y2 > 0}, Di— = {(y1,y2) € D; :
v < 0.

Note that fi(h) < h*/r < h/4.

We will estimate (31). The most important part is fD1UDz K>¢>. By Lemma 3.11 for

/

~1,2
y € D14+ U Dyy we have g2(y1, y2) — 92(y1, —y2) = 2y2020(y1,8) =~ —y2y, '~, where
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Ds Y1
4| f1(h) h r
Dy D
2
—h
Dy ——
—r/2}-
Ds
—r
Fig. 5

& € (—y2, ). It follows that

/ Ko(x1 — y1, —=y2, x3)02(y1, ¥2) dy1 dy>
D{UD,

2
= cx3/ ©2(¥1, y2) — @2(y1, —y2)) dy1dy>
D14UDs, (1 —y1)2+y22+x32)5/2( )
2. —1/2
— YoV
% C)C3/ dy1 dyz.
D1UDs, ((x1 — Y2+ ¥3 4+ x3)3/2

‘We have
/2

-1
/ —¥3¥
Dy ((x1 — y1)? + 3 +x3)3/2
2

1 rh i [ h 1 (810D -y
~os | dviy / dy2 (~y3) + / dyry; " / dys .
Jith) 0 fi(h) h

dy, dy;
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Since fi(y2) = ¥30 + (2 = )V~ and g1(31) = y”2@r — yn!/2, we obtain
1/2 1/2
c1y; < fi(n) < c2y3 and C3y1/ <gi(n) < C4y1/

depend only on A. Hence the last expression is comparable to —h~3/? (with constants
depending only on A).
By similar arguments we have

y2y71/2
271
dyi dy>
fDH ((x1 —yD?+y3 + 2>5/2
1/2

A2 gl()’l)
y v y v _
/d)’1/ dy, —21— 21 /d)’1/ ——~ -
i )’2

~ -3/2
It follows that fDlUDz Kopy ~ —x3h 2,
Now we will estimate fD3UD4 K>@>. It is sufficient to estimate fD3+UD4+ K>¢>. The

and the constants cq, ¢, ¢3, ¢4

estimate of ng_UD4_ K¢ is the same. By Lemma 2.2 and Corollary 3.3, for y € D34 U
Dy we get

lp2(V)] =

cosa(y) (y) —sina(y) — (y)‘

<)) (y)ﬂog«sD(ym +eyady ()
<c(f oD =y 2 o P llog((F T o) — y) £ o)
+on(f oD =y AT TR
It follows that

/ Ko(x1 — y1, =2, x3)@2(y1, y2) dy1 dy»
D3y

CcX3
hS

cxa S o
] /0 dy, /0 dys (S o) — )2 ) 2

hS
x [log((f ') — y2) f O)Iy2

filh) o
dyl/ dy> y2lea(y1, y2)|
0 0

cx3

s

By substituting w = f~'(y1) = y2 and using y» = f~'(v1) —w < [0, 7O
y: /% and f1(h) < ch? this is bounded from above by

Q) I7on . el 1a
[ /0 dy2 (F~ ) = v 2 o)) 2R,

fil 7 on
cX3 _ _
S an [ dww P o0 P ogtur T o)
0 0
fil f'on
cXx3 _ _ _
W d)ﬁ/ dww (7 1))? < exsllogh| + exsh™.
0 0
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In the above estimate we have used the inequality f~'(y;) < cy;/ 2, which follows from
Lemma 2.2 (property 3), so the constant ¢ depends only on A.

In the same way we get

/ Ko(x1 — y1, =y2, x3)02(y1, y2) dy1 dy>
D4y

r/2 S1(y2)
y2
< cx3/ dyz/ dy1 = 1e2(y1, y2)|
h f) Y3

fit/2) Ston e Uay et 1
< cx3 f dyi / dysy, (f7 (1) —y2)7(f (1)
f 811
x [log((f ' (y1) = y2) £~ )|
f1G/2) fton
ven [ an [ i o0 - R o0y,
f(h) g1()
Similarly to the estimate of f Dss K>, using the substitution w = f -1 (y1) — y2 we find
that the above is bounded from above by cx3|log 1|? 4+ cx3h~!. By Lemma 3.4 we get

~12
/ Ko (x1 — y1, —y2, x3)902(y1, y2) dy1 dy2| < Cx3/ 3y (y) dy.
Ds Ds

By Lemma 2.3 this is bounded from above by cx3. We finally obtain || DyUD» Kopr =
—x3h~3/% and | szUD‘tUdS Kopo| < cx3h~!, where all constants depend only on A. It is
clear that one can choose hg = ho(A) such that for any & € (0, ho] we have ux(x) =
Jpy0.0ps K292 = —x3h™/% for x € S1(h) U S2(h) U S3(h).

Now we estimate uo(x) for x € Sq(h). Set A = B((h,0),h/2), Ay ={y € A:
y» > 0}and A1+ = {y € B((h,0),x3) : y2 > 0}, Ao+ = A4 \ Ar+. By similar
arguments to those above we obtain f D\A Krpyp =~ —x3h~3/% and for y € A we get
$2(31, 2) = @2(y1, —y2) & —yay; 2 ~ —yah V2. Note that for x € Su(h) we have
x = (h, 0, x3), where x3 € (0, h/4]. It follows that

/ Ko(x1 — y1, =2, x3)02(y1, y2) dy1dy>
A

= / Ko (x1 — y1, —=y2, x3)(@2(y1, y2) — @2(y1, —y2)) dy1dy>
At

2
~ —-1/2 Y
~ —x3h f dyidy;
AsUAz, ((h— YD+ y2 +x3)5/2
—h= 12 prx h/2
~ 7] / p3 dp — X3h71/2/ ,rf2 dp ~ —h71/2, ]
X3 0 X3

Proposition 4.2. There exists ho = ho(A) € (0, r/8] such that |u11(x)] < cxzh™/2,
lus3(x)| < cx3sh™'? and |u3(x)| < ch™3/% for any h € (0, ho] and any x € Sy(h) U
S>(h) U S3(h).
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Proof. Leth € (0, r/8]. We have
up(x) = / Ki1(x1 = y1, —=y2, x3)@(y1, y2) dy1 dya,
D

Set D1 = D N B(0, h). By Lemma 2.6, for y € D; we have p(y) < ch!'/2, while for
y € D\ D; we have ¢(y) < c(dist(0, y))'/2. It follows that

/ Ko
D
/ Ko
D\D,

Since u11(x) 4+ uz2(x) + u33(x) = 0 and, by Lemma 4.1, u(x) = —x3h3/% for
x € S1(h) U Sa(h) U S3(h), we get |u3z(x)| < cxsh™>/2.
Similarly we have

h2
< CX3—7h1/2/ dy ~ C)C3h_5/2,
h D

o 2
< CX3/ %pl/zp dp ~ cx3h™/2.
h

urs(x) = f Ki3(x1 — y1. —y2, x3)0(1. y2) dy1 dya,
D

/ Kz

Dy

/ Kizp
D\D;

Proposition 4.3. There exists ho = ho(A) € (0,r/8] such that for any h € (0, ho]
we have uy3(x) ~ h=3/2 for x € Si1(h), and uy(x) =~ h=32, usz(x) ~ —h=3/2 for
x € Sh(h).

Proof. Let h € (0, r/8]. We have

h2
< chmhm/ dy ~ ch™3/?,
D

1

oo 3
Sc/ p—7,01/2pd,0%ch73/2. m]
h P

ui(x) = / K3(x1 — y1, —y2, x3)91(y1, y2) dy1 dya,
D

(1 —yD? +y3 —2x3
K 2 L 22 52
(1 —yD*+y;, +x3)

K3(x1 — y1, —y2,x3) =C

Set Dy = {(y1,y2) : y2 € (=r,1), y1 € (f(y2),r)}. By Lemma 3.11 we get ¢;(y) ~
8,/*(y) for y € Dy. We also have K3(x; — y1, —y2,x3) = O for y € Dy and x € Sy (h).
Let B(y) be the acute angle between Oy and the y; axis. Define Dy = {(y1, y2) : |y| €
(h, 1), B(y) € [0,7/6)}. Clearly, Dy C Dy. For y € Dy we have ¢1(y) ~ 85,'%(y) ~
|y|’1/2 and K3(x1 — y1, —y2, x3) > c|y|’3. It follows that

K3 Z/ Iy dy ~ 2
Dy D>

By Lemmas 3.4 and 2.3 we get

/ K3
D\D;

< c/ 5512 () dy < c.
D\D,
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Hence ui3(x) > ch™3/2 for x € S;(h) and sufficiently small #. By Proposition 4.2,
lu13(x)] < ch=3/2, 50 u13(x) ~ h=3/2.
We have

uir(x) =/ Ki(x1 — y1, —y2, x3)01(y1, y2) dy1 dy»,
D

x3(y1 — x1)
(1 — yD2+ y3 +x9)3/2

Ki(x1 — y1, —y2,x3) =3Cg

Here K1 (x1 — y1, —y2,x3) > 0fory € Dy and x € S(h). Fory € Dy and x € S>(h) we
have K1(x1 — y1, —y2, X3) > ch|y|’4. It follows that

Kig) > ch/ Iy~ dy ~ h =32,
Dy Dy

By Lemmas 3.4 and 2.3 we get | fD\Dl Ki¢1| <c.Henceupi(x) > ch=3/2 forx € Sy(h)

and sufficiently small /. By Proposition 4.2, |u11(x)] < ch™32,sou;1(x) ~ h=3/2. Since
u11(x) + ua(x) + uz3(x) = 0 and, by Proposition 4.1, uz (x) ~ —h~ Y2 forx e S>(h),
we get u33(x) ~ —h3/2, ]

Proposition 4.4. There exists ho = ho(A) € (0, r/8] such that for any h € (0, ho] we
have |ui3(x)| < ch™/2 for x € Sy(h), ui3(x) ~ —h=2 for x € S3(h), up3(x) <
—cx3h’5/2f0rx € S4(h), and uzz(x) ~ h=3/2, up(x) =~ —h*3/2f0rx € S4(h).

Proof. Let h € (0, r/8]. We have

u3(x) = /2 Ki(x1 = y1, =y2, x3)u3(y1, 2, 0) dy; dyz,
R

x3(y1 — x1)
((x1 — y1)? + y3 +x3)3/2

Ki(x1 — y1, —y2,x3) =3Cg

For y € D we have u3(y;, y2,0) = —1 and for y € (D)€, by Corollary 3.13,

u3(y1, y2,0) = —(=A) () ~ (14 1y /5, ().

Denote (see Figure 6)

A1 ={y € B(0,h):y <0},

Ay ={y € B(O,r)\ B(O,h) : y1 <O, |y2| < Iyil},
A3 ={y € B(O,r)\ B(O,h) : y1 =0, [y2 = |y1l},
Ay ={y:y2€l=h,hl, y1 €O, fO)I}

As ={y:y2 € (h,rlU[=r,—h), y1 € (0, f(y2)1},
Ag =D\ (A]UA UA3UA4U As).

Clearly Ay, Ay, A3, A4, A5, Ag C D°. We also set D1 = B((h, 0), h/2).
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1

Fig. 6

Let x € S3(h) U S4(h). We have

/ Kius
Ay

/ Kiusz ~ —X3f Iy|72dy ~ —x3h ™2,
Az Az

r 0
/ Kyus| < ch/ dyz/ dyr |y1|7 2yt < ch ™2
As nvz )y

For x € S3(h) U S4(h) and y € Ag we estimate |y; —x1| < y1 +h <ch, f()n) < cy%.

Hence
/ Kius
Ay

For x € S3(h) U S4(h) and y € As we estimate |y; — x1| < y1 +h < c|yz| and
fn) < cy%. Hence

/ Kius
As

Moreover,

<an [ 85 ydy < en 2,
Al

L G2 s B
< cx3h dy> dyy (=y1 + f(32) < cx3h™*.
—h 0

o r J fn) o Ry 2
=exs | 2 A yi(=y1+ f()” Ty, <cxshTr

/ Kiuz
Asg

— —1/2
sm/ Y3262 () dy < exs.
Ag
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For x € S3(h) we have

f Kiusz
D,

For x € S4(h) we have

/ K1u3
D,

For x € S3(h) U S4(h) we also have

/ Kius
D\D;

It follows that for x € S3(h) U S4(h),

lu13(x)| = '/ Kius
R2

(for x € S3(h) such an estimate also follows from Proposition 4.2).
Now note that K{(x; — y1, —y2, x3) < 0 and u3(y1, y2,0) > O for x € S3(h) U S4(h)
and y € A1 U A3. So fA|UAz Kius < 0. It follows that for x € S3(h) U S4(h) we have

J ®
D,

yi—h
=cx3 / dyydy, = 0.
Dy (1 — )2+ y3 + x3)5/2

< cx3h74/ dy = x3h72.
Dy

<ex; / (1 = h)? +yD) 2 dy < exsh™.
D\D,

< ch? (32)

ui3(x) =/ Kiuz < / Kiuz < —cex3sh ™% 4+ cpx3h ™2,
R2 A UA4UASUAgUD

It is clear that one can choose sufficiently small 2o = ho(A) such that for any & € (0, hg]
and x € S3(h) U S4(h) we have u13(x) < —cox3h /2. Using this and (32) we also obtain
u3(x) &~ —h =3/ for any h € (0, ho] and x € S3(h).

Now we will estimate u33(x) for x € S4(h). We have

u3(x) = /2 K3(x1 — y1, —y2, x3)uz(y1, y2, 0) dy dy»,
R

(1 —yD? +y3 —2x3
K .
((x1 — yD)? + y3 +x3)3/2

K3(x; — y1, —y2,x3) = C

For x € S4(h) and y € D¢ we have K3(x; — y1, —y2,x3) > 0 and u3(yi, y2,0) =~
1+ |y|_5/2)851/2(y). For y € D we have u3(yq, y2, 0) = —1. We obtain

/ Kius
A1UAy

c —1/2
< §p "(ndy
h3 x/z;]UA4 b

h fO2)
C _ _
<5 / dys / dyi (=y1 + FO) "2 ~ 32,
0 —h

[ w7y~ a,
Az Az
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r fOn) _ —1/2
/ K3us| < C/ dY2/ ay S f3(y2)) ~h2,
A3UAs h/V2 - ¥

_ —1/2
f K3us SC/ =265 2 (yydy < e,
Ag Ag

/ Kaus| < / (1 = W) + ¥ dy < ch™".
D\D, D\D;

The integral over D is computed directly. Recall that D = B((h, 0), h/2) and x =
(x1, x2, x3) € Sq4(h),sox; = h, xp =0and x3 € (0, h/4]. We have

/ K3(x1 — y1, —y2, x3)u3z(y1, y2, 0) dy1 dy>
D,

(h—y1)*+y; =23
_c / 275 dyidy,. (33)
D

(= y)? +y3 +x3)52
Let us introduce polar coordinates # — y; = pcosf, y» = psinf. Then (33)
hj2  pr-2x}
equals 27 Ck [, m

n2/4  t—2x2
to C :
Ko aradsr

Hence | fDl Ksus| < c/h.
It follows that |u33(x)| < ch~3/2. Since for x € S4(h) and y € (D)° we have
K3(x1 — y1, —y2,x3) > O and u3(y1, y2, 0) > 0, we get

u33(x) Z/ Ksu3 Z/ Kiuz > Kiuz — / Kiuj
R2 AUD Ap D

It follows that u33(x) ~ h=3/% for x € S4(h) and sufficiently small /. Since u;(x) +
u(x) 4+ uzz(x) = 0 and, by Proposition 4.1, u2y(x) ~ —h~1/? for x € S4(h), we get
ui(x) ~ —h—3/2, O

pdp. The substitution 1 = p> shows that this is equal

—ITCK h2
2(h2/4+x3)32"

dt. By elementary calculations this in turn equals

> ch™3? — c1h_1.

Proposition 4.5. There exists ho = ho(A) € (0, r/8] such that for any h € (0, hg] we
have lu12(x)| < ex3h™3/2|log h| for x € Sy(h) U S2(h) U S3(h), lui2(x)| < ch~?|logh|
for x € S4(h), and |up3(x)| < ch='/?|logh| for x € S1(h) U S(h) U S3(h).

Proof. Let h € (0, r/8]. We have

up(x) = / Kia(x1 — y1, —y2, x3)@(y1, y2) dy1 dya, (34)
D

x3(x1 — yD¥2
(1 =y +y3 +xH7/2

Kipp(x1 — y1, —y2,x3) = —15Cg

Let Dy, D>, D3, D4, Ds and D;y, D;_ fori = 1,2,3, 4 be as in the proof of Proposi-
tion 4.2. We have
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/ Kz
D1UD»

(x1 —yD»
= —cx3/ (@1, y2) —o(y1, —y2)) dy1 dys.
D1 UDy, ((x1 —y)2 4 y3 +x3)7/2

Fory € D112+UD125 by Lemma 3.11 we get |@(y1, y2) — (1, —y2)| = [2y200 (31, §)| <
cy2(2y, 24 yl/ [log y1|) for some & € (—y», y2). Hence

/ Kpe
Dy

|x1 — y1l 3 12, 2. 1)2
< CX3/ »y + 3y, “Nlog y1]) dy1 dy>
Diy (1 — y)2 4 y3 +x3)7/2 72 :

h h
_ —1/2 1/2
< exzh 6/0 d)’I/O dy> (v % + y3y P llog yil)

h ey
4 -2, 5. 1)2
+cx3h/ dyl/ dyz (v; 'y, / +y, Syl/ [log y11)
0 h
< ex3sh™?|loghl.

Note that for y € D, we have |x; — y1| < cy;. We obtain

/ Kpe
D,

|x1 — y1 3 212, 2. 172
< cx3/ »y + 3y, "llog y1]) dy1 dy>
Doy ((x1 — yD? + y3 + D722 :

r Y1
—13/2 —11/2
SCX3/h d}’1/0 dy> (y3y, / + ¥y, Pllog yi1)

r r
—4 172 —-5.3/2
+Cx3/ d}’l/ dYZ(YQ4)’1/ +}’25)’1/ [log y11)

h Vi
< ex3sh™?|logh).

By Lemma 2.6 for y € D3 U D4 we have ¢(y) < c811)/2(y) < cy2. Note also that [x; — y1|
<2hfory e D3 and |x; — yi| <h+ y; fory € Ds. We get

s h fi(h)
/ K| < cx3h™ / dY2/ dyrys < cxsh™!,
D3 0 0

/ Kipe
D4+

The estimate of | fD4_ K12¢]| is the same, so | fD4 K12¢| < cx3h™!. Note that for y € Ds
we have |x; — y1| < cy; and ¢(y) < c. Hence
yily2l

K| < CX3/ D
/05 B¢(0,¢1r2) (y]2 + y22)7/2

For x € S1(h) U S2(h) U S3(h) we obtain

r Cly% 5 1
< cxsf dyz/ dyi(h+y1)y,” <cx3h™.
h 0

dyrdyz < cx3.

ux3(x) = / Ko3(x1 — y1, —=y2, x3)@(y1, y2) dy1 dy>.
D
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The proof of | [, K23p| < ch™'/?|log h| is very similar to that of the estimate | [}, K12¢|
< cx3h™3/2|log h| and is omitted.
We have

upp(x) = / Kip(x1 — y1, —=y2, x3)@(y1, y2) dy1 dys.
D

Set A = B((h,0), h/2). By the same argument as above we obtain |fD\A Kol <
CX3h_3/2|10gh|. We have

‘/ Ko
A

By the substitution z; = y; — h, z2 = y; this is equal to

CX3/ 01 = k)y> o1, y2)dy1 dy>
A (1 —h2+y3 47277

712
CX3/ 1—22¢(Z1 +h,z2)dz1dz2
B

(0,/2) (z% + z% + x32)7/
21228(z1, 22)
CX3/ —————-=dz1dzn
w (2} + 23 +x3)7/?

, 39

where g(z1,22) = (21 +h,22) —@(—=z1 +h,22) —@z1 +h, —22) + 9(—z1 + h, —22)
and W = {z € B(0,h/2) : z1,z2 > 0}. Note that for z € W we have g(z1,22) =
4z120012(81 + h, &) for some & € (—z1,21), & € (—z2,22). By Lemma 3.11, for
z € W and &1, & as above we have

lp12(&1 + h, £)] < ch™V?|log h| + czoh ™3/

It follows that (35) is bounded from above by

dzidz. (36)

o / 2323 (W~ log h| + z2oh=3/?)
3
W (22423 +x3)72

Set Wi = {z : z1,z2 € [0,x3]} and W, = {z € B(0, h/2) \ B(0, x3) : z1,z2 > 0}. We
have W C W; U W,. Thus (36) is bounded from above by

21dz2

2.2¢5—1/2 -3/2
z7z5(h logh| + z2h
ng/ 1 2( | g | 2 )d
Wy

7
X3

dzi1dz

2325(h~12[log h| + z2h=3/?)
+cx3 3 72
W (z7 +23)
< ch71/2|10gh|. ]

Proposition 4.6. There exists ho = ho(A) € (0, r/8] such that for any h € (0, hg] we
have |23 (x)| < ch=3/*|log h| for x € S4(h).
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Proof. Leth € (0,r/8]. Set p = (—r, 0); recall that z = (r, 0). We have

ux3(x) = /2 Ko(x1 — y1, —=y2, x3)uz(y1, y2, 0) dy1 dy>
R

/ Kous +/ Kous
B(0,r/4)NB(p,r) (DNBO,r/4N\(B(p,r)UB(z,r))

+/ Kous +/ Kous
(DNB(O,r/4)\(B(p,r)UB(z,r)) B(0,r/$)NB(z,r)

+/ Kous =1+ 1+ +1V + V.
B(0,r/4)¢

Note that u3(y1, y2,0) = —(=A)Y2p(y1, y2) for (y1, y2) € R?\ aD.
Set A = B(0,r/4) N B(p, r). For y € A by Corollary 3.13 we get |(—A)/2p(y)| <
c851/2(y) < c|y1|71/2. 1t follows that

2|y |72
IIIECX3/ y2y R
A ((h—yD?+y3 +x3)%/

fl(yz) 1/2 r/4 —f1(n) -1/2
y2|y1| 211l

< CX3/ dyz/ — +cx3/ dyz/ dy 220 =
—r/4 h h —r/2 Y

dy dy>

< cx3h_3.

We also have

h S1(2) 5 r/2 S102) 5 |
[} < cx3/ dyz/ dyy y2h™ +CX3f dy2/ dy1 y2y, > < ex3h™ .
0 0 h 0

For y € (D°NB(0, r/4)\ (B(p, r)UB(z, r)) by Corollary 3.13 we get |(—=A) /2 (y)| <
85" %(y) ~ (f (y2) — y1)~"/2. Hence

Fn)
|| < cx3 / dy / dyi (f () =y~ P2
fi(n2) h3 N

For y, € (0, r/4) we have

fn) S12)+f(v2)
/ (fO2) —y) V2dy = / 2 12dz < ey,
0

—fi(n2)
It follows that . i
| < Cx3/0 }yl—édyz + ex3 fhrmi—zd va < chng
Clearly
—Ccx3y2
= /B(O,r/4)m3(z,r) (th — y)? + ;;2 + xg)S/z dyydy> = 0.
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Using Corollary 3.13 we get
—-1/2
5p " (y)
V]| < C)C3/ dy+cx3/ D—dy < cx3.
D pe (1+1[y)>/2
It follows that for x € S4(h) we have
luz(x)] < T+ I+ I+ 1V + V| < cx3/h>. (37)

On the other hand, for x € S4(h) we have

u3(x) = / Ko3(x1 — y1, —y2, x3)@(y1, y2) dy1 dys.
D

Set W = B((h,0),h/2) and Wy = {y € W : yo > 0}. For x € S4(h) one may show
| fD\W Ka3¢| < ch™1/?|log h|. The proof of this inequality is omitted; it is very similar

to the proof of | fD\W Kpo| < cx3h—3/2|log h| (see the proof of Proposition 4.5).
We have

12x2 = 3(y1 — h)* — 3y3
Koyp = —C/ 2 y20(y1, y2) dy1 dy>
/W w (1 — )2+ y3+x3)7/2

B _C/ 12x3 — 3(y1 — h)* — 3y3
wy (1 —h)2 4 y3 +x3)7/2

v2(e(y1, y2) — (1, —y2))dy1dy.  (38)

For y € W, we have ¢(y1, y2) — ¢(y1, —¥2) = 2y202(¥1, &2) for some & € (—y2, y2),
and ¢2(y1, &) = ¢2(h, 0) + (y1 — h, &2) o Vg (§'), where &' is a point between (1, 0)
and (y1, &). It follows that (38) equals

12x2 — 3(y1 — h)? — 3y3
we (1 — )2+ y? +x2)7/2

B c/ 12x3 = 3(y; — h)? — 3y3
wy (1 — M2+ y3 +x3)772

—cga(h, 0)

2y3 dyi dy,

2y3(v1 — h, ) 0 V(&) dy1 dy, = T+11.

SetV = B(0,h/2)and V4 = {z € V : zo > 0}. By the substitution z; = y;1 —h, 20 = y2
we obtain

12x§ — 3z% — 3Z%

1= —cgy(h,0) 223 dy) dy,
v, B +2+xH727?
12x2 — 372 — 372
= —cp2(h,0) 3L 222 dyy dys.

v @+ R+

By symmetry of z1, z» the above integral equals

(22 + 25) dy1 dya.

1 / 12x3 — 323 — 323

2Jv @ +z3+x3)72
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Let us introduce polar coordinates z; = p cos 6, zo = p sin 6. Then the above expression

h/2 12x3-3p2
equals 7 [, e

(x3 4+ h?/4)7>/2. By Lemma 3.11, g2 (h, 0) < ch'/?|log h|. Hence |1| < ch™'/?|loghl|.
Now we estimate II. For y € W, and &;, £’ as above we have

1 = h, &) o Vea (") = (1 = Me12(E) + &2022(8). (39)

03 dp. By elementary calculation this is equal to (37/16)h* x

For any w € W by Lemma 3.11 we get |p12(w)| < ch™/?|loghl, |p22(w)| < ch™1/2, s0
(39) is bounded from above by ¢|y; — h|h~'/?[log h| + c|y2|h~1/2. Set B4 ((h, 0), x3) =
{y € B((h,0), x3) : y2 > 0}. It follows that

C _
m=5 [ v — G, O)Ph~ 2 log hl dy
X3 J By ((h,0),x3)
+ c/ ly — (h,0)| "2k~ ?log h| dy < ch™"/?|log h| [log x3].
Wi\B4((h,0),x3)

Hence for x € S4(h) we have

[u23(x)| <

/ sz‘ + 1] + 1] < ch™?|log k| [log x3]. (40)
D\W

For any f > 0 and x € S4(h) we get lun(x)|? < cfxfh’w by (37). Using this and
(40) we get Juxs ()" < cel xf |log x3|h=3#~1/2[log h|. Setting B = 1/9 we obtain
23 ()| < ch 3/ Hlog /10 < ch=3/*|loghl. 0

Lemma 4.7. For any (x1,x3) € D we have ui3(x1, x2,0) = uz3(xy,x2,0) = 0 and
u33(x1, x2,0) > 0.

Proof. The equalities u13(x1, x2, 0) = us3(x1, x2,0) = 0 for (x1, x2) € D follow easily
from (8). For (x1, x2) € int(D¢) we have
1 e(y)

u3(x1,x2,0) = —(=A)2p(x) = — .
27 Jp ly — x|

dy > 0.

By Corollary 3.13 we have f(x1, x2) = u3(x1, x2, 0) € L' (R?). By the normal derivative
lemma [15, Lemma 2.33] we get u33(x1, x2, 0) > O for (x1, x2) € D. ]

5. Harmonic extension for a ball

The aim of this section is to prove the following result.

Proposition 5.1. Let ¢ be the solution of (1)—(2) for the ball B(0, 1) C R? and u be the
harmonic extension of ¢ given by (6)—(10). We have

Hu)(x) >0, xeR? \ (B(0, )¢ x {0}). 41)
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Recall that H (u)(x) is the determinant of the Hessian matrix of u# at x. Recall also that
the solution of (1)-(2) for the ball B(0, 1) is given by the explicit formula ¢(x) =
Cp(l — |x])V/2, Cp = 2/m. Hence for x = (x1, x2, x3) where x3 > 0, the function u
is given by the explicit formula u(x) = fB(O,l) K(x1 —y1,x2 — y2, x3)0(y1, y2) dy1 dy>.
Applying this it is easy to check numerically that (41) holds (e.g. using Mathematica).
Unfortunately, it seems hard to formally prove (41) directly using the explicit formula
for u.

Instead, to show (41) we use a trick: we add an auxiliary function w to # and we use
Lewy’s Theorem 1.6. First, we briefly present the idea of the proof. We define

O (x) = (1 - byux) +bwx), belo,1],
where w is an appropriately chosen auxiliary function, namely

w(x) = K(x1, x2, x3 ++/3/2). 42)

Note that for any g > 0 we have {(x1, x2, x3) : K33(x1,x2,x3+¢q) = 0,x3 > —¢q} =
{(x1, x2,x3) : x12 + x% = (2/3)(x3 + q)z, x3 > —q}. The function w is chosen so that
w33(x) = 0forx € dB(0, 1)x{0},i.e. forx = (x1, x2, 0) with x?+x2 = 1. Such a choice
helps to control H(\l'(b))(x) near dB(0, 1) x {0}. One can directly check that v = g
satisfies H(WM)(x) > 0 forx € Ri U B(0, 1) x {0} (recall that Ri = {(x1, x2,x3) :
x3 > 0)). If WO = 4 does not satisfy H(¥@)(x) > 0 forx € R3 U B(0, 1) x {0}, one
can show that there exists b € [0, 1) such that H(W®)(x) > 0forx € ]RiUB(O, 1) x {0}
and there exists xg € Ri for which H(¥®)(x¢) = 0. This contradicts Theorem 1.6. If
WO = 4 does not satisfy H (W) (x) > 0forx € R?, one can use Lemma 2.7 and again
obtain a contradiction. This finishes the presentation of the idea of the proof.

Lemma 5.2. Let w be given by (42) and v = u + aw with a > 0. There exist M1 > 10
and hy € (0, 1/2] such that for any a > 0 we have

Hw)(x) >0, xe€eA1UAyUA3U Ay,
where
A = {(x1,x2,x3) 1 X + x5 € [(1 = h)*, (L+ 7). x3 € (0, b1},
Ay = {(x1,x2,x3) : x] + x5 € [(1 + h1)*, M{], x3 € (0, h]},
Az = {(x1,x2,0) : x7 + x5 < 1},
Ag = {(x1,x2,x3) € Ri_ :xl2 +x§ > M]2 orx3z > M;}.

Proof. First note that for any fixed x3 > 0 the function (xg, x2) — v(xy, x2, x3) is
radial, so it is enough to show the assertion for x € (A1 U A UA3U A4) N L, where L =
{(x1,x2,x3) 122 =0, x; <0}.Set A, = A;,NL,i =1,2,3,4 Forx € A{UAJUALUA}
we have vi2(x) = vp3(x) = 0 and vy2(x) < 0. Hence H (v)(x) = v (x) f(a, x), where

uir +awyy Uz +awis
uiz +awiz uzz+awss|

Uil v13
V13 U33

fla,x) = (43)

and it is enough to show f(a,x) < 0forx € A] U A, UA U Aj.
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We will consider four cases: x € A}, x € A}, x € A}, x € Aj.

Case 1: x € A’l. Set g0 = /3/2 and zo = (—1,0,0). Note that w33(z9) = 0,
wii(z0) = Ckqo(12 — 3¢ (1 + ¢§)™"/? ~ 9.185Cx (1 + ¢3)~"/? and wi3(z0) =

—Ck(12g — 3)(1 + ¢)7* = —15Cx(1 + ¢3)~"/%. Denote wii(x) = pi(x),
w13(x) = pa(x). Itis clear that for sufficiently small 2] and x € A’1 we have
V9/10 | p2(x)| > |p1(x)]. (44)

Let ho denote the minimum of the constants /y from Propositions 4.1-4.6. For any i €
(0, ho] denote

Ti(h) = {(=1+h,0,x3) : x3 € (0, h/4]},

To(h) ={(—=14+h,0,x3) : x3 € (h/4, h]} U {(x1,0,h) : x; € [-1, —1 + h)},

T3(h) = {(x1,0,h) : x1 € [-/2/3h — 1, —1]},

Ta(h) = {(x1,0,h) :x1 € [-1—h,—/2/3h — D}U{(—1 —h,0,x3) : x3 € (0, h)}.
Note that the value —4/2/3h — 1 in the definition of T3(h), T4(h) is chosen so that
w33(—+/2/3h — 1,0, h) = 0. Note also that w33(x) > 0 for x € T1(h) U Tr(h) U T3(h)

and w33 (x) < O for x € T4(h).
We will consider four subcases: x € Ty (h), x € To(h), x € T3(h), x € T4(h).

Subcase 1a: x € T|(h). By (43), Propositions 4.1, 4.4 and definition of w we have

| =13 4 pr(x)a —by(x)h™3/? — pr(x)a

F@ 2= | =2 — pya e()a+ bi()h2 + byx)h=/2|

where 0 < B] < bi(x) < B1,0 < by(x) < B2, 0 < B} < b3(x) < B3,0 <
Pl < pi(x) < P,0 < Py < pa(x) < Pp,and 0 < e(x) < E(h) < E(ho) with
limj,_, g+ E(h) = 0. More precisely, the estimates of b1(x), b2(x) follow from the esti-
mates of u11(x), u13(x) on S4(h) in Proposition 4.4, while the estimates of b3(x) fol-
low from u33(x) = —u11(x) — up(x) and the estimates of u11(x), uz(x) on Sg(h) in
Propositions 4.1 and 4.4. The estimates of p(x), p>(x) follow from the formulas for
w11(z0), w13(zo) and continuity of wiq(x), wi3(x) near zg. The estimates of ¢(x) and
limy,_, o+ E(h) = 0 follow from w33(z9) = 0 and continuity of w33(x) near zo. Hence
fa,x) = —e(@)b1(x)ah ™ = bi(x)h > — by ()b3(x)h > + e(x) p1(x)a”
+b1(x) p1(x)ah ™+ pi(x)b3(x)ah™ /> = b3 (x)h > — p3(x)a® = 2by (x) pa(x)ah /2.
Note that for sufficiently small # we have
p1x)b3(x)ah™""? < pi(0)bi (x)ah™/>.
For sufficiently small /4, using this and (44) we get
(9/10) p3(x)a* + b2 (x)h > > p(x)a® + b3 (x)h =3 > 2b1(x) p1 (x)ah >/
> by (x) p1(x)ah™3/% 4+ by (x) p1 (x)ah~'/2.
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For sufficiently small 7 we also have pq x)e(x)a? < (1 /10) p% (x)a?. Tt follows that for
sufficiently small 21 > O and forall0 < & < hy,a > 0,x € T1(h) we have f(a,x) <O.

Subcase 1b: x € T>(h). By (43), Propositions 4.1, 4.2, 4.4 and definition of w we have

| iR + pr(xv)a —by(x)h™3/? — pr(x)a

Sfla,x) = —bg(x)h_3/2 — pp(x)a  e(x)a — b](x)h_3/2 + b3(x)h_1/2 ’

where —B; < bi(x) < By, 0 < Bé < by(x) < B, 0 < Bé < b3(x) < Bj,
0 <P/ <pi(x) <P,0< P <prx) <Pand 0 < e(x) < E(h) < E(ho) with
limy_, g+ E(h) = 0. More precisely, the estimates of b1(x), b2(x) follow from the esti-
mates of u11(x), #13(x) on S3(4) in Propositions 4.2 and 4.4, while the estimates of b3 (x)
follow from u33(x) = —u11(x) — up(x) and the estimates of u11(x), u2(x) on S3(h) in
Propositions 4.1 and 4.2. The estimates of p(x), p2(x), e(x), and limy,_, o+ E(h) = 0,
follow by the same arguments as in Subcase 1a. Hence

fla,x) = e(@)by(x)ah ™% — b3 (x)h™> + by (x)b3(x)h % + e(x) p1 (x)a?
— b1 (x) p1(x)ah ™% 4 p1 (x)b3(x)ah ™2 — b3 (x)h =3 — p3(x)a® —2by(x) pa (x)ah /2.
First assume that by (x) > 0. Then for sufficiently small 2 we have
e(x)b1(x)ah ™% < by(x) pa(x)ah /2,
P13 (x)ah ™% < by(x) pa(x)ah=3/?,
b1 (x)b3(x)h ™% < b3 (x)h ™3,
e(x)p1(x)a* < p3(x)a®,

which implies f(a, x) < 0.

Now assume that b1 (x) < 0. By (44) for sufficiently small & we get
(9/10) p3 (x)a* + b3 (x)h™> > p(x)a® + bi(x)h > > [2b1 (x) p1 (x)ah™>/?|,
p1(x)e(x)a* < (1/10)p3(x)a?,

P1(X)b3(x)ah ™% < 2by(x) pr(x)ah 2,
which implies f(a, x) < 0.

It follows that for sufficiently small 21 > O and forall0 < h < hy,a > 0, x € T»(h)
we have f(a, x) <O.

Subcase 1c: x € T3(h). By (43), Propositions 4.1-4.3 and definition of w we have

| Bi)R T2 4 pr(x)a —by(x)h™3/? = pr(x)a

F@ 0 = o2 = pywa e()a — by (Oh=32 + byx)h12 |

where 0 < Bj < bi(x) < Bi, =By < ba(x) < B2, 0 < B} < b3(x) < Bs,
0 <P <pi(x) <P,0< P, <prx) <Ppand 0 < e(x) < E(h) < E(ho) with
limy,_, g+ E(h) = 0. More precisely, the estimates of b1(x), b2(x) follow from the esti-
mates of #11(x), #13(x) on S>(h) in Propositions 4.2 and 4.3, while the estimates of b3(x)
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follow from u33(x) = —uq1(x) — urp(x) and the estimates of u1(x), ux(x) on Sy(h)
in Propositions 4.1-4.3. The estimates of p1(x), p2(x), €(x), and limj_,o+ E(h) = 0,
follow by the same arguments as in Subcase la.

For sufficiently small 4 we have

b3(x)h~'? < bi(x)h 3?2, (45)
2By < 2 46)

Bi elx) < %
e(X)(p1(x) + 26(x)) < pa(x)/4. (47)

If e(x)a—by (x)h =324+ b3(x)h~ /2 < 0 then clearly f(a, x) < 0. So we may assume
e(x)a — b1 (x)h 32 + b3(x)h~1/? > 0, which implies (see (45))

e(x)a = by ()2 — b3~ > (b1 (x)h ) /2, (48)
e(x)a > e(x)a — by (x)h>* + bs(x)h~/? > 0. (49)
By (46) and (48) we get

2|b bi(x)h =32 2B P,
|b2(‘x)|h73/2 — | 2(-x)| l(x) < /28(.)()61 < La < PZ(X)G.
b1(x) 2 B 2 2

(50)

By (47)—(50) we get

fa,x) < (pr(x)a+ b1 ?)e(x)a — (pa(x)a/2)?
< (p1(x)a + 2s(x)a)e(x)a — p3(x)a*/4 < 0.

It follows that for sufficiently small #; > Oand forall0 < h < hj,a >0, x € T3(h)
we have f(a, x) <O.

Subcase 1d: x € T4(h). Note that for x = (x1,0, x3) € T4(h) we have w33(x) < 0.
Moreover,

uzz(x) = / K33(x1 — y1, X2 — ¥2, X3)@(y1, y2) dy1 dys.
B(0,1)

Recall that K33(x; — y1, X2 — y2, x3) = Cgx3((x1 — y1)? + (x2 — y2)? +x3) /% x (6x3 —
9(x; — yl)2 —9(x — yz)z). Hence to have K33(x1 — y1, —y2,x3) < Oforall (y1, y») €
B(0,1) and x; < —1 it is sufficient to prove 6x3 — 9(x; + 1)*> < 0. Note that for
x = (x1,0,x3) € Ty(h) we have 0 < x3 < —+/3/2(x; + 1), x; < —1. It follows
that 6x7 — 9(x; + 1)> < 0 and u33(x) < 0. Hence u33(x) + awss(x) < 0. Note that
u2(x) +awz(x) <0,s0u11(x) +awi(x) = —ux(x) —awrn(x) —ussz(x) —awss(x)
> 0. Together with (43) this implies that f(a, x) < O forany a > 0 and x € Ty(h).

Case 2: x € A}. This case follows by the same arguments as in Subcase 1d.

Case 3: x € A). Note that w33(x) > 0 for x € A}. Set X3 = x3 + /3/2. We have

w1 (x) = CxX3(x? +33) "2 (12x7 — 3%3).
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Note that

{(x1,0,x3) s w1 (x1,0,x3) =0, x; <0, x3 > —/3/2}
={(x1,0,X3):x3+\/7=_2xl}_

Set

-3 —/3
le{(xl,0,0):xle[%z_,O“, Tzz{(xl,O,O):xle<—l,%2_)}.

Then we have A, = T; U T>. Note that wi1(—+/3/(2+/2),0,0)) = 0, wi;(x) < 0
for x € Ty and wi;(x) > O for x € T,. Moreover for x = (x1,0,0) € A/3 we have
u(x) = ¢(x1,0) = Cp(1 —xHY2, souyy(x) <O.

We will consider two subcases: x € T1, x € T5.

Subcase 3a: x € 7). Note that wi(x) < 0and u;;(x) < 0,s0uj(x) +awii(x) <0
for a > 0. It follows that u33(x) +aws3(x) > 0 (because u33 +awsz = —(u1; +awy +
u + awyy)). Hence f(a, x) <O.

Subcase 3b: x € T,. For (y1,y2) € B(0,1) and y = (y1, y2,0) we have u(y) =
o1, ») =Cp(l — y]2 — y22)]/2. Therefore for x € T, we obtain u1(x) = ¢11(x1,0) =
—Cp(1=x}) 72, us3(x) = —g11(x1, 0) — g22(x1, 0) = Cp(1 —x7)~¥/2(2—x7). Hence

u3z(x) < 2|upr(x)|. (51)
For x € T, we also have —w»(x) — w1 (x) = w3z(x) > 0, so
|waa ()] > (w1 (x)]. (52)

Note that for x = (x1, x2,x3) = (x1,0,0) € T, we have x3/|x1| = +/3/2/|x1| and
x3/lx1l € (V3/2,2).

For x € T, we have

wis ()] _ xi] 1275 — 3x] =@< B 5 ) 2l _
lwa(x)l ¥3 (3xZ+3x3) X3 x3/|x1D? +1 X3 ’
SO
lwi3(0)] > [war (x)]. (53)

If a = 0 then by the explicit formulas, f(a,x) < 0.Ifa > 0and u;;(x) + awi;(x) <0
then u33(x) + awss(x) = —(u11(x) + awi(x) + uzn(x) + aw(x)) > 0and ui3(x) +
awi3(x) = awyz(x) # 0 (see (53)), so f(a,x) < 0. So we may assume a > 0 and
ur(x) +awpp(x) > 0.

Again by (43) and (51), (53) we get

ur1(x) +awyr(x) alwa (x)]
alw (x)] 20uii(x)| —aw(x) — awz(x) |

f(a,x) <
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Hence
fla,x) < =2luy () 4 3lug; () |win (xa — Jugy (x)] [w(x)|a
—w} (0)a* + w1 ()| wa(x)]a® — lwan(x)*a®.

By (52) this is bounded from above by

= 2lup () * 4 20un ()] win(x)la — wi (D)@ + wii () [ wz(v)]a® — [wn(x)[*a?
wiia\®  (win@a |wp®la\®  (|lwn@la)’
:‘<ﬁ'”““‘)" NG ) ‘( NN ) ‘( NG ) =
Case 4: x € Aj. Recall that X3 = x3 + /3/2 and write X = (x1, x2, X3). Recall also
that w(x) = K (x). We have
K11(%) = CxT3(x? + x3 + %) 721247 — 3x3 — 3%9),
K13(X) = Cxx1(x} 4+ x5 +33)77/2(12%3 — 3x} — 3x3),

K33(X) = Ckx3(x] + x5 +X3)7/2(6x3 — 9x] — 9x3).

For any M > 10 denote
Ti(M) ={(x1,0,x3) : x3 =M, x1 <0, X3 > 3|x1]},
(M) ={(x1,0,x3) :x3 =M, x1 <0,/3/2|x1] <x3 < 3|x1]},
T3(M) ={(x1,0,x3) : X3 =M, x1 <0, |x1] X3 <+/3/2x1]}
U{(x1,0,x3):x1=—M, 0 <Xx3 < M}.
We will consider three subcases: x € T1 (M), x € T,(M), x € T3(M).
Subcase 4a: x € T;(M). Set B = B(0, 1) C R2. We have

ui(x) = / (K11(x1 — y1, =2, x3) — K11(X)e (1, y2) dy1 dy>
B

+ Kll(f)f ©(y1, y2) dy1dy»,
B

Cxx3(12x7 —3%%)  Cx%3(12/9-3) —c

Kll(f) = < < —.
(% +x3)7/2 (x? +x3)7/2 X3

(54)

For (y1, y2) € B we also have

[K11(x1 — y1, =y2, x3) — Kni(X)| < (Iy1l + [y2| + [x3 = X3DIVK11(§)] < 4|VK11(8)],

where £ is a point between (x; — y1, —y2, x3) and X = (x1, 0, x3). For such £ we have
IVK11(8)] < ¢/x3. (55)

By (54), (55) for sufficiently large M and all x € T1(M) we have u1;(x) < 0. We also
have awq;(x) = aK1(x) < Ofora > 0, x € Ti(M). Hence ui;(x) + awqi(x) < 0,
which implies f(a, x) < 0. It follows that for sufficiently large M; > 10 and for all
M > Mi,a >0,x € T{(M) we have f(a,x) <0.
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Subcase 4b: x € T,(M). First we need the following auxiliary lemma.

Lemma 5.3. Let f(y1,y3) = —6yf - 3y12y3 + 24y, y32 — 3y§. For any y3 > 0 and
vi € [y3/3, y3l we have f(y1, y3) > 4.

Proof. The proof is elementary. Fix y3 > 0 and set g(y;) = f(y1, y3). We have g'(y) =
—18y% —6y1y3 + 24y§, g'(y1) = 0for y; = (—8/6)y3 and y; = ys, so g is increasing
for y; € [(—8/6)y3, y3]. We also have g(y3/3) = (40/9)y§’, so for any y; € [y3/3, y3]
we have g(y1) > 4y§. O

Setb = fB ©(y1, y2)dy1 dy,. For x € T,(M) we have

Kii(xX)(a+0b)+en(x) Kiz(x)(a+b)+e3(x)

Jlax = ' Ki3(®)(@+b) +e3x) Kn(@(a+b) +ex) [

where
&ij(x) :/(Kij(xl — 1, =2, x3) — K;j () (y1, y2) dy1 dy>
B

for (i, j) = (1, 1) or (1, 3) or (3, 3). For (y1, y2) € B we have
[Kij(x1 — y1, =y2,x3) — Ki; O < (Iy1| + |y2] + [x3 = X3DIVK;; (§)] < 4|VK;;(8)l,

where £ is a point between (x; — y1, —y2, x3) and X = (x1, 0, x3). We have |[VK;;(§)|
< cx3_5, SO

|&ij ()| < cb/x3. (56)
Write
Kinx)(@+b) Kizx)(a+b)
Kiz(x¥)(a+b) Ksz(X)(a+b)|

We have |K;;(X)| < cx3_4, so by (56) we obtain

fila,x) =

|f(a,x) = fi(a,x)| < cla+b)bx;”°. 57
On the other hand,
| fi(a, x)| = (a+b)*(KHE) — K11(X)K33(X))
— —\ 2
> (a +b)2<K123(f) 3 (Kll(x)‘;K%(x)) >
Ko ()] 2
= (a+b)2(|1<13(7c>|2 - (' 222()‘)') ) (58)

‘We have
|K13(0)| — |K22(®)|/2 = 3Ck (111> +33) 772 (=6]x1 > — 3]x1[7¥3 + 24|x1 X5 — 3%3).
By Lemma 5.3 we obtain

IKi3@)| — |Kn@)I/2 = YCx (1x1? + 73) 7772433 = exj ™.
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Using this and (58) yields
Ifi(a,x)| = (a+ b2 (1Ki3(®)| — [K2(®)/2)* > cla + b)*x; 5.

It follows that fj(a, x) < —c(a+ b)zx; 8 Using this and (57) we find that for sufficiently
large M1 > 10 and forall M > Mj,a > 0, x € Tp,(M) we have f(a,x) < 0.

Subcase 4c¢: x € T3(M). This subcase follows from the same arguments as in Sub-
case 1d. O

Proof of Proposition 5.1. Assume on the contrary that there exists z = (21, 22,23) €
R3\ (B(0, 1) x {0}) such that H (#)(z) < 0. By Lemma 2.7 we may assume that z; > 0.
By the explicit formula for ¢ and Lemma 4.7 we may assume that z; > 0. Define

U () = (1 = bulx) +bw(x), belo,1],

where w is given by (42). By direct computation for any x = (x1, x2,x3) € R3 with

x3 > —+/3/2 we have

27(x3 + V/3/2)(x7 + x5 +2(x3 + /3/2)%)
(2 4+ x2 + (x3 + /3/2)2)15/2

Recall thatRi = {(x1,x2,x3) € R3:x3 > 0} and set Q2 = Ri\(A1UA2UA4),where Al,
Ay, Ay are sets from Lemma 5.2. By that lemma we find that z € Q and H(\I'(b))(x) >0
forall b € [0,1] and x € 9. Note that W@ = », v = v, HWD)(z) < 0 and
HWWM)(x) > 0 for all x € Q. Clearly, all second order partial derivatives of W® are
uniformly Lipschitz continuous on £, that is,

> 0.

Hw)(x) = Cy

Vb e[0,1]1Vx,y e QVi, je{l,2, 3} |\Ifl.‘j’)(x) - xpg’)(xn <clx —yl.

It follows that there exists by € [0, 1) such that H(W®0))(z9) = 0 for some z9 € Q and
H(W®0))(x) > 0 forall x € Q. This contradicts Theorem 1.6. o

6. Concavity of ¢

In this section we prove the main result of this paper, Theorem 1.1. This is done by using
the method of continuity, Lewy’s Theorem 1.6 and results from Sections 3-5.
For any ¢ > 0 we define

VO ) = ux) +e(—x3/2 —x3/24+x3), xR\ (D x (0)), (59)

where u is the harmonic extension of ¢ given by (6)—(10) and ¢ is the solution of (1)—(2)
for an open bounded set D C R?. When D is not fixed, we will sometimes write v
instead of v(®.

Lemma 6.1. Let C1, R; > 0, k2 > k1 > 0, D € F(Cq, Ry, k1, k2), let ¢ be the solution
of (1)—(2) for D and u the harmonic extension of ¢ given by (6)—(10). For any ¢ > 0
let v be given by (59). For any (x1, x2,X3) € Ri we have H(®)(x1, x2, —x3) =
H©®)(x1, x2, x3).
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The proof of this lemma is similar to the proof of Lemma 2.7 and is omitted.

Proposition 6.2. Fix C;, Ry > 0, ko > k1 > 0and D € F(Cy, Ry, k1, k2). Denote
A = {Cy, Ry, k1, k1}. Let ¢ be the solution of (1)—~(2) for D, u the harmonic extension
of ¢ and v'® given by (59). For M > 10, h € (0, 1/2], n € (0, 1/2] define (see Figure 7)
U M) ={x e R3 :xl2 +x§ < M2, x3 =M orxz3 =—M}
Ulx e R :x? 4+ x5 = M?, x3 € [-M, M]\ {0}},
Us(h) = {x e R”: (x1,x2) € D, 8p((x1,x2)) < h, x3 € [~h, hl}
Ufx e R?: (x1.x2) ¢ D, 8p((x1,x2)) < h, x3 € [—h, h] \ {0},
Us(M,h,n) = {x € R : (x1,x2) ¢ D, 8p((x1,x2) = h, x] +x5 < M?,
x3 € [=n,n]\ {0},
Us(h) = {x e R*: (x1,x2) € D, 8p((x1,x2)) < h, x3 =0}
Then
der =c1(A) € (0,1]13IMo > 103k = h1(A) € (0, 1/21 VM > My Ve € (O, ClM_7]
3 = n(A, M. e) € 0,1/2]3C = C(A, M. &) > 0¥x € Ui(M)UU(h))UU3 (M. hy. 1)
H@®)(x) = C.
Moreover

3h =h(A) €(0,1/213C = C(A) > 0Vx € Us(h) H@u)(x) > C. (60)

X3
M Ui (M)
Ui (M)
Uy (h) Uy (h)
M ] | _ A M
D X1
U3 (M, h,n) U3 (M, h,n)
Ui (M)
Uy (M) -M

A cross section parallel to the xjx3 plane

Fig. 7
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Proof. In the whole proof we use the convention stated in Remark 2.9. We have
H@®)(x) = Wi(x) + Wa(x) + W3(x), where

Wix) = !5 0 (v @l (1) — 01D )Vl (),
Wa(x) = —v33 (0 (v} (0v5 (0) = v}F 0w} (),
W3(x) = v$ () £ (e, x),
_ @ (€) _(,® 2
fe,x) = U1q ()C)U33 (%) (v]3 (x)”.
The proof consists of three parts.

Part 1: Estimates on Ui (M). We may assume in this part that x; = 0, x3 > 0, x; < 0.
By the formulas u;;(x) = fD K;j(x1 — y1, X2 — ¥2, X3)@(y1, ¥2) dy1 dy> and the explicit
formulas for K;; (see Section 2), there exist M; > 10 and c such that for any M > M;
and x € U (M) we have [uj1(x)| < cx3sM >, un(x) & —x3sM >, luzz(x)| < cx3sM~>,
u13(x)| < eM™, Jugs(x)] < cM ™ and |uip(x)] < cxzM 0.
Fix M > M;.
Let x € Uy (M) (recall that we assume that x, = 0, x3 > 0, x; < 0). We have
Wi (x)] < cxsM oM ™M™ + x3MO(x3sM ™ 4+ 2¢)) < cxsM™ P + ceM ™10, (61)
(Wa()| < eM 7 ((aM > + )M + M~ x3sM %) < cxaM™ P +ceM™ 0. (62)
Now we estimate W3(x). We have
végz)(x) =upnkx)—e~ —cx3sM™ — s, (63)

The most important is the estimate of f (e, x). To obtain this estimate we will consider
six cases.

Case 1.1: x3 = M, |x1]| < x3/3. Setm(x) = CK()cl2 +x§)_7/2. We have
un(x) & K11 (x) = m(x)x3(12x3 — 3x3) < eM ™ "x3(12(x3/3)* — 3x3),
soup(x) < —cM™4, Moreover,
u33(x) & K33(x) = m(0)x3(6x3 — 9x7) = M~ Tx3(6x3 — 9(x3/3)%),
s0 u33(x) > c¢M~*. Therefore for any ¢ > 0 we have vﬁ) (x) < —ecM~* and vé? x) >
cM~*. Hence f(e,x) < —cM™8,

Case 1.2: x3 = M, |x1| € [x3/3, x3/+4/3/2]. By the arguments of Subcase 4b in the proof
of Lemma 5.2 we have u; (x)u33(x) — (1413(x))2 < —cM8 for sufficiently large M. For
any ¢ > 0 we have

| £(e, %) = (1 (uzz(x) — (u13(x))?)] < 26* + 2eury (x)| + eluzz (x)].

For any ¢; € (0, 1] and all ¢ € (O, c1M~7] this is bounded from above by ceiM— 1,
It follows that for sufficiently small ¢; € (0, 1], for sufficiently large M and all ¢ €
(0, c; M~ 7] we have fle,x) < —cM8.
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Case 1.3: x3 = M, |x1| € [x3/+/3/2, x3]. We have
x2
un(x) & K11 (x) = m(x)xz(12x7 — 3x3) ~ M_7x3<12ﬁ - 3x§) ~ M4,

Moreover, for y € D C B(0, 1),

K33(x1 = y1, —y2,%3) < Cxx3((e1 — y1)* 435 +x3) 72635 = 90x1 — y1)?)

= Cxx3((x1 — y)? 4+ y3 +x3)77/2(6xF — 9x] + 18x1y1 — 9y]) < M >,
so u3z3(x) < c¢M ™. For sufficiently small ¢; € (0,1] and all ¢ € (O, M~ we
obtain vﬁ)(x) ~ M~* and vg?(x) < ¢M™3. We also have up3(x) ~ Kpi3(x) =

m(x)x1(12x32 — 3x12) > ¢cM~*. Tt follows that for sufficiently small ¢y, for sufficiently
large M and all & € (0, c;M~7] we have f (e, x) < —cM 8.

Case 1.4: x3 € [M/4, M], x; = —M. We have
w1 () & Ki1(x) = m(0)x3 (1247 = 3x3),
so uy1(x) > cM~*. Moreover,
u33(x) & K33(x) = m(x)x3(6x3 — 9x7),
so u33(x) < —ecM~*. Therefore for sufficiently small ¢c; € (0, 1]and all € € (0, c; M)
we have vﬁ)(x) > cM~* and vé’? x) < —cM~*. Hence f(e,x) < —cM8,
Case 1.5: x3 € [1, M/4], x; = —M. We have
u3(x) & Ki3(x) = m(0)x1 (1255 = 3x7),
soupz(x) < —cM~*. Moreover,

i (x) ~ K11 (x) = m(x)x3(12x7 — 3x3),

u33(x) & K33(x) = m(x)x3(6x3 — 9x7),

sou(x) > ¢cM 3 and uz3(x) < —cM 2. Therefore for sufficiently small ¢; € (0, 1] and
all ¢ € (0, c;M~7] we have vﬁ)(x) > cM~5 and vé?(x) < —cM ™. Hence f(g, x) <
—cM™8.

Case 1.6: x3 € (0, 1], x; = —M. By similar arguments to Case 1.5 we get uj3(x) <
—eM ™, Jupi(0)] < eM ™ and |usz(x)| < ¢M 2. Therefore for sufficiently small ¢ €
(0, 1] and all & € (0, c;M~7] we have [v\? (x)| < M5 and [0\ (x)| < ¢cM~5. Hence

for sufficiently small ¢y € (0, 1], for sufficiently large M and all ¢ € (0, ci M —7] we have
fe,x) < —cM8.

Finally, in all six cases, for sufficiently small ¢; € (0, 1], for sufficiently large M and
all ¢ € (0, c;M~"] we have f (e, x) < —cM~%. By (63) we get W3(x) = vi2 (x) f (&, x)
> cx3sM™13 4+ ceM 8. By (61), (62) we have |W;(x) + Wa(x)| < cx3sM ™13 4+ ceM ™19,
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Recall that H(v®)(x) = W} (x) + Wa(x) + W3(x). It follows that there exist sufficiently
small ¢{ = cj(A) € (0, 1] and sufficiently large My > M; > 10 such that for any
M > My and ¢ € (0, c’lM_7] and all x € U;(M) we have H(v®)(x) > ceM 8.

Let us fix the above My and M > M) in the rest of the proof of the proposition.

Part 2: Estimates on U, (h). We will use the notation and results from Section 4 (Propo-
sitions 4.1-4.6). In particular we choose a point on d D and a Cartesian coordinate sys-
tem with origin at that point in the same way as in Section 4 (see Figures 1 and 4). Let
h € (0, hol, where ho denotes the minimum of the constants 4y from Propositions 4.1—
4.6. By Lemma 6.1 we may assume x3 > 0, and by continuity we may assume x3 > 0.
Hence it is enough to estimate H (v®)(x) for x € Sy (h) U S2(h) U S3(h) U S4(h). We will
consider two cases. Assume that ¢ € (0, 1].

Case 2.1: x € S{(M)US2(WUS3(h). If x € S;(h)US3(h) we have (v'5 (x))? = u?,(x) >
ch™3, v ()85 (1) = up1 (0)uss (x) + 2w (x) — sz (x) — 262, (2611 (x)| < ceh™2
and |—eus3(x)| < ceh—3/2.

If u;1(x) < 0oruszz(x) < 0then uyg(x)uszz(x) < 0 (recall that uy;(x) + u3z(x) =
—u(x) > 0).Ifu;1(x) > 0and u33(x) > 0 then

u11(X)uzz(x) < ( >

Hence f(e,x) = —(v%) ()2 + Uﬁ) (x)vé? (x) < —ch3 for sufficiently small / and all
e € (0, 1].

If x € Sp(h) we have uy;(x) ~ h~=3/% and us3(x) ~ —h—3/2. Hence for sufficiently
small & and all & € (0, 1] we have v!* (x) & h=3/2, v (x) ~ —h=3/2 and f(e, x) <
—ch=3.

Hence for any x € S1(h) U S2(h) U S3(h) for sufficiently small z and all ¢ € (0, 1]
we obtain f (g, x) < —ch~3. We have vész) (x) &~ —x3h~3/2 — . Tt follows that W3(x) =
véaz) x)f(e,x) > C)C3h_9/2 + ceh™3. Moreover,

W1 (0| < exsh ™ *log h|(h—>*h~?|log h| + (2& + x3h~>/*)x3h~>/*|log h)
< exsh ™ |log h|* + ceh ™ log h|?,

IWa(x)| < ch™"?|log h|((e + x3h™>*h™ " [log h| + h =32 x3h =/ |log h|)
< cx3lf7/2|10gh|2 + csh*1|logh|2.

Hence there exists a sufficiently small h’l such that for all 2 € (0, h/l] and ¢ € (0, 1] we
have H(v®)(x) > cxzh™ % 4 ceh 3.
Case 2.2: x € S4(h). For sufficiently small & and all ¢ € [0, 1] we have W3(x) >
ch™12p=3 = ch=1%/4 and
W1 (x)| < ch™2|log h|(h=32h=3/*|log h| + h=3/*h~'/2|log h|)
< ch™""*loghl?,
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|Wa(x)| < ch™*log h|(h=3>h=3/*|log h| + h~?[log h|h~3/?)
< ch™'?*logh|?.

So there exists a sufficiently small 4 such that for all 2 € (0, 2{] and ¢ € [0, 1] we have
H®)(x) > ch™14/4,
Since u = v is continuous in a neighbourhood of any x € D x {0}, we obtain (60).
Fix hy = h' A h} in the rest of the proof of the proposition.

Part 3: Estimates on U3(M, h1, n). Choose a point on dD and a Cartesian coordinate
system as in Part 2. Note that it is enough to estimate H@®)(x) forx € Ug M, hy,n) =
{(x1,x2,x3) : x = 0, x; € [-M,—h1], x3 € (0,7n]} and sufficiently small n =
n(A, M, e).

Let x € Ug(M, hi1,1/2). Note that dist(x, dD) > hj. By the formulas u;;(x) =
fD Kij(x1 —y1, x2 — y2, x3)9(¥1, y2) dy1 dy> and the explicit formulas for K;; (see Sec-
tion 2) we have [u11 (¥)| < ex3h(”, [un ()| < exshi”, [uz3(0)| < exsh(”, [ui3(x)| <
chf4, luz(x)] < chf4 and |up(x)| < cxghfs. Note also that by our choice of coor-
dinate system for any y = (y1,y2) € D we have y; > 0. From now on we assume
additionally that x = (x1, x2,x3) € U3/ (M, hy, 1/2) with x3 < |x1|/«/6 (this condition
implies 12x§ < Zx%). For such x = (x1,x2,x3) and any y = (y1, y2) € D we have
12x7 = 3(x1 — y1)* = 3(x2 — y2)? < —(x; — y1)* < —x} < —h}.

It follows that

|u13(x)| ’ / (Xl - V1)(12x‘ — 3(x1 — y1)2 — 3( 5 y2)2)
= |Ck 3 X
D ((XI — )’1)2 + (xZ — y2)2 x32) 7/1

o(y1, y2) dy1dy>

Ch}
> i (64)
The constant C will play an important role in the rest of the proof, and this is why it is
not denoted by c as usual. Clearly, C depends only on A.

Recall that in Parts 1 and 2 of this proof we have fixed constants My, M > My, h;.
At the end of Part 1 we have chosen a constant c’1 € (0, 1]. Set

e =d A Len, (65)

where C is the constant from (64). In the rest of the proof we fix this constant ¢; and ¢ €
(0, c;M~"]. The reason for defining c1 by (65) is that 2¢? < 2c3M 14 < 1C2hSM—14,
which implies
263 < LEG2p0 4, (66)
42
which will be crucial in the following.
Note that for sufficiently small n = n(A, M, e) and x € U3’(M, h1,n) we have x3 <

|x11/+/6 and

v3) (¥) = —& + un(x) < —& + cxzhy’

vﬁ)(x) =—c4unlx) <—ce+ cmhl_5

IA

—&/2,
—&/2.

A
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We have

H@®)(x) = vl (0)vs5 (v () + 2017 (055 (0)vl) ()
— 05 (017 (0) = o) (N3 () = v ) (),

© © 2h6
—0y) () ()5 (1) = 5 1 (67)
—7 () (1))* = 0,
03y D }5 (D)2 < (exsh)? e + exshy), (68)
101 ()vs) ) (0] < exsh hT4RTH, (69)
10 ()8 v ()] < (6 + exsh>)2Qe + exshY). (70)

Note that the right hand sides of (68)—(70) are bounded by 263 4+ x3C(A, hy) (note
that h depends only on A, so C(A,h;) = C(A)). By (66) and (67) we have
263 < —1ol ()19 (0)%. Moreover, x3C(A, 1) < —1u§) ()0 (x))? for suffi-

ciently small n=n(A,M,e)and x € U (M, hy, n). For such n and x we have
2h6

HE)(0) = =50 01 0) = 5 MM

O

Lemma 6.3. Let ¢ be the solution of (1)—(2) for B(0, 1), u the harmonic extension of ¢
and v'® given by (59). For M > 10, h € (0,1/2], n € (0, 1/2] we define
Ui(M)={x eR®: x} + x5 < M* x3=Morx;=—M)
Ufx e R?:xf +x3 = M?, x3 € [-M, M]\ {0},
Usr(h) = {x e RY: x] +x3 € [(1 — )2, 1), x3 € [=h, hl}
Ufx e R¥: x? +x3 e [1, (1 + 1), x3 € [—h, ]\ {0},
Us(M,h,n) = {x e R3: x} +x3 € [(1+h)?, M?], x2+x3 < M?, x3 € [-n, n]\ {O}}.

Then

3¢y € (0,113Mp > 10 3hy € (0, 1/2]1 VM > Mo 3n = n(M) € (0, 1/2]
Ve € (0, M~ 1Vx €e Uy(M)U Ua(h) UU3(M, hy,n) H®)(x) > 0.

Remark 6.4. It is important here that n does not depend on €.

Proof of Lemma 6.3. Existence of ¢y, My, h1 and the estimate Hw®)(x) > 0forx e
Ui (M) U Us(hy) (Where M > Mg and ¢ € (0, c; M~"]) follow from the arguments in the
proof of Proposition 6.2.

Let e € (0,1]. Fix M > My and let x € U3z(M, hy, 1/2). We may assume that
x2 = 0,x35 > 0, x; < 0. We have Ho®)(x) = v\ (x) f (e, x), where f(s,x) =
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vﬁ)(x)vé?(x) - (v%)(x))z. We have 127 (x) < 0, so végz) (x) = um(x)—e < 0. Moreover,
lur1 (x)| < cxzhy” and |uz3(x)| < cx3h;”, which gives

o ) (6) = (11 () — )3z (@) + 26) < exshy 'O+ cxshiS,

Let us additionally assume that x3 is so small that x3 < (|x;| — 1)/ V6. For such x by the
arguments from the proof of Proposition 6.2 we have |u13(x)| > ch?M 7,50 |v%§) ®)* =
|u13(x)|2 > ch?M‘”. Hence for sufficiently small n = n(M) and x € U3(M, h1, n) we
have f (e, x) < 0, which implies H(v®)(x) > 0. ]

Proposition 6.5. Let ¢ be the solution of (1)—(2) for B(0, 1), u the harmonic extension
of ¢, and v'©) given by (59). For M > 10 define

Qu={xeR:x}+x3 <M* x3e[-M, M)\ {x e R®: x?+x5 e [1, M*], x3 = 0}.
Let c1 and My be the constants from Lemma 6.3. Then
VM > MoVe € (0,c;M~1Vx € Qy  HW®)(x) > 0.

Proof. Assume on the contrary that there exist M1 > My, &1 € (0, cle7] and z € Qy,
such that H(v")(z) < 0. By Lemma 6.3 there exist 1 € (0, 1/2] and n; = n1(M;) €
(0, 1/2] such that H(v®)(x) > O forall e € (0,c;M; "] and x € Uy(My) U U (hy) U
Us(M1, hy, n1).

Note that from v® = u and Proposition 5.1 we have H (v®)(x) > 0 forall x € Qy,.
It follows that there exist &3 € (0, e1]and z € Qp, \ (U1 (M1)UU2(h) VU3 (M, by, n1))
such that H(v®?)(Z) = 0 and H(v®)(x) > 0 for all x € Qy,. This contradicts Theo-
rem 1.6. O

As a direct consequence of Propositions 6.2 and 6.5 we obtain

Corollary 6.6. Fix C;, Ry > 0, ko > k1 > 0and D € F(Cy, Ry, k1, k2). Denote A =
{C1, Ry, k1, k1) Let P be the solution of (1)~(2) for D, u'P) the harmonic extension
of P given by (6)—(10) and v'&?) given by (59). Then

Ac; = c1(A) € (0, 1]13cr = c2(A) > 03IMy > 103k = hi(A) € (0, 1/2]1 VM > M
Ve € (0,c;M~ 13 = n(A, M, &) € (0, (1/2) A&l Tez = c3(A, M, &) > 0
Vxe QM.D.e)  H@®?)(x) = e,
Vx € Q(M, B(0,1)) H@®BOD)(x) > ¢3,
Vx € Q4(D) HuP)(x) > e,
where (see Figure 8) Q(M, D, e) = Q1(M)U Q»(M, D,e)U Q3(M, D, ¢),
O1(M) ={x € R3 :xl2 +x§ <M*’ x3=Morxz = —M}
U{x e R x] +x3 = M?%, x3 € [-M, M1\ {0}},
02(M,D,e) = {x e R>: (x1,x2) € D, 8p((x1,x2)) < hy, x3 € [-n, 71},
03(M,D,e) = {x e R*: (x1,x2) € D, x{ +x3 < M?, x3 € [-n, 7]\ {0},
Q(M,D) = {x e R : x} +x3 < M?, x3 € (=M, M)} \ (D x {0}),
04(D) = {x e R?: (x1,x2) € D, 8p((x1,x2)) < h, x3 =0}
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x3
X3
01(M)
02(M, D, ¢) 02(M, D, ¢)
M S ———— M, Y] @i
o;m.pe) D osm. Do) ! 2
X1

01(M)

-M

TR T w >

A cross section of Q2 (M, D) Q(M, D)

Fig. 8

Proof of Theorem 1.1.

Step 1. In this step we will use the notation from Corollary 6.6. We will show that for
any A = {C1, R, k1,k2}, D € F(A) and x € R3\ (D€ x {0}) we have H (u®)(x) > 0.

Fix A = {Cy, Ry, k1, k2} where C{, Ry > 0, k3 > k1 > O and fix Dg € F(A). Let
{D(#)}sef0,11 wWith D(0) = Do and D(1) = B(0, 1) be the family of domains defined by
(16). By Lemma 2.4 there exists A’ = {C{, R}, k|, x5} where C|, R] > 0, k), > k| >0
such that D(t) € F(A’) forall ¢ € [0, 1]. Set v&" = p©&DPO),

We will apply Corollary 6.6 to A" = {C{, R, k], k{}. Fix M > My > 10 and ¢ €
0,c;M~7]. Let

T ={re[0,1]: Hv®")(x) > 0forall x € Q(M, D(1))}.

Let Q4 (M) = {x e R : x} +x3 < M?,x3 € (0,M)} and Q_(M) = {x € R’ :
x? 4+ x3 < M?, x3 € (—M, 0)}. Observe that H(v®))(x) > 0 for all x € Q(M, D(1))
if and only if H(v®")(x) > 0 for all x € Q. (M). Indeed, if the latter inequality holds
then H(w®")(x) > 0 for all x € Q_(M) by Lemma 6.1 and H(v®")(x) > 0 for all
x € D(t) x {0} by Lewy’s theorem. It follows that

T=1{tel0,1]: Ho®")(x) > 0forall x € Q4 (M))}.

The reason to consider 24 (M) instead of 2(M, D(¢)) is that Q4 (M) does not depend
on t. By Corollary 6.6 we have 1 € T, so T is nonempty. We will show that 7 is both
open and closed (relatively in [0, 1]), which implies that T = [0, 1].

By Lemma 2.5 and standard arguments, v©? (x) — v®&9(x) for x € Q. (M) as
[0,1] >t — 5.

Assume that {t, :n =1,2,...} C T and t, — tg asn — o0o. Then H (v&0))(x) > 0
forall x € Q4 (M). By Corollary 6.6, H (v®))(x) does not vanish identically in Q4 (M).
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By Lewy’s theorem H@ED)(x) > 0forall x € Q4 (M). Hence t9 € T, which implies
that T is closed.

Now, assume on the contrary that 7 is not open. Then there exists fp € T and a
sequence {f,} such that [0,1] 3¢, — tfpasn — ocoandt, ¢ T foranyn = 1,2,....
Hence there exist x,, € Q4 (M) such that H(v®™"))(x,) < 0. Taking a subsequence if
necessary, we may assume that x, — x9 € Q4 (M) asn — oo. If x9g € D(tp)¢ x {0}
then for sufficiently large n we get x, € Q>(M, D(t,), e) U Q3(M, D(t,), €), contrary
to Corollary 6.6. If xg € Q4 (M) U Q1 (M) U (D(tp) x {0}) then by standard arguments
Hw®m)(x,) = H@®)(xg) <0asn — o0o.Ifxg € Q4 (M)U(D(1g) x {0}) then we
get a contradiction with our assumption that#y € T.If xg € Q1(M) we get a contradiction
to Corollary 6.6. So T is open.

It follows that for any fixed M > My > 10 and ¢ € (0, c1M~7) we have H (v©& L0 (x)
> 0 for all x € Q(M, Dg). By letting ¢ — 0 we obtain H(uP?)(x) > 0 for all
x € Q(M, Dy). By the estimates of H(uP0)) on Q4(Dg) from Corollary 6.6 we de-
duce that H (uP?)(x) does not vanish near 8Dy x {0}. Hence Lewy’s theorem implies
that H(uP)(x) > 0 for all x € (M, D). Since M > My > 10 was arbitrary, we get
Hu®P)(x) > 0forall x € R3\ (D§ x {0}).

Step 2. We denote by sign(Hess(u(y))) the signature of the Hessian matrix of u(y). In
this step we will show that for all A = {Ci, Ry, k1,k1}, D € F(A) and y € R3 \
(D€ x {0}) we have sign(Hess(u(y))) = (1, 2) and ¢ is strictly concave on D.

Fix A = {Cy, Ri,«1,k1} where C1, R1 > 0,kp > k1 > Oand fix D € F(A). Let
@ be the solution of (1)—(2) for D, and u the harmonic extension of ¢. Let (x1, x2) € D
and x = (x1, x2, 0). Denote f(x) = uy1(x)uxp(x) — u%z(x). By Lemma 4.7, u13(x) =
u3(x) = 0 and u3z3z(x) > 0. By Step 1, H(u)(x) > 0. Hence f(x) > 0. We have
w1 (x) +ux(x) +u3zz(x) =0,s0up1(x) +uxp(x) < 0. Therefore f(x) > 0 implies that
u11(x) < 0 and u(x) < 0. Hence sign(Hess(u(x))) = (1, 2). Since H (u)(y) > 0 for
any y € R3\ (D€ x {0}), we get sign(Hess(u(y))) = (1, 2).

The inequalities f(x) > 0, uj;(x) < 0 and u(x) < 0 show that ¢(x1,x2) =
u(xy, x2, 0) is strictly concave on D.

Step 3. In this step we will show that for any open bounded convex set D C R2, ¢ is
concave on D.

Fix an open bounded convex set D C B(0,1) C R2. 1t is well known (see e.g. [9,
p. 451]) that there exists a sequence of sets D,, such that D, € F(A,) for some A, =
{Ciny Rips K1y k2,0} and ey Dy = D, Dy C Dpy1,n € N, and d(D,, D) — 0
asn — oo (where C1,,R1, > 0, k2, > k1, > 0). Let go(”), ¢ denote solutions
of (1)—(2) for D, and D. By Step 2, @™ are concave on D,,. By Lemma 2.5 we have
lim,_ o0 ™ (x) = @(x) for x € D. So ¢ is concave on D.

By scaling we may relax the assumption D C B(0, 1). O

7. Extensions and conjectures

Proof of Theorem 1.5. (a) It is well known that if ¥, (x) = ¥ (rx) for some r > 0 and
all x € R? then (— A2y, (x) = r*(—A)¥ %y (rx) (see e.g. [4, p. 9]). Fix xo € 9D and
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L€ (0,1). Set f(x) = p(hx + (1 — L)xg) — A%p(x). We have (—A)*/? f(x) = 0 for
x € D and f(x) > 0forx € D. Hence f(x) > 0 forx € D.

(b) Fixx,y € Dand A € (0, 1). Set z = Ax 4+ (1 — A)y. Let [ be the line through x
and y. Let xg € 3D be the point on [ which is closer to x than to y, and yy € dD be the
point on / which is closer to y than to x. We have

7—Xx Z—x
z=y| o|+x0(1_| 0|>'
ly — xol ly — xol
By (a) we get

0(2) = ('Z_’“") o(y) = ('Z_x') o) = (1 — V().

|y — xol ly — x|
Moreover,
z— 7—
_— yol_l_y0<1_| y0|>.
lx — yol |x — ol
Again by (a) we get
lz — yol \* lz—yI'\*
@ (z) > (— p(x) = [ — ) &) =1%p(x). |
|x — yol |x — ¥l

Now we present some conjectures concerning solutions of (3)—(4).

Conjecture 7.1. Let o = 1 andd > 3. If D C RY is a bounded convex set then the
solution of (3)—(4) is concave on D.

It seems that one can show this conjecture by using the generalization of H. Lewy’s result
obtained by S. Gleason and T. Wolff [20, Theorem 1]. Leto = 1,d > 3 and D C RY be
a sufficiently smooth bounded convex set such that d D has a strictly positive curvature,
¢ the solution of (3)—(4) and u its harmonic extension in R*! 1t seems that using the
method of continuity, as in this paper, one can show that the Hessian matrix of u has
constant signature (1, d — 1). This implies concavity of ¢ on D. Anyway, Conjecture 7.1
remains an open challenging problem.

Conjecture 7.2. Letd > 2, D C R? be a bounded convex set and ¢ be the solution of
(3)—(4).

@) If a € (1,2) then ¢ is 1 /a-concave on D.

) If a € (0, 1) then ¢ is concave on D.

Remark 7.3. For any « € (1,2), n € (0,1 — 1/«) and d > 2 there exists a bounded
convex set D C R? (a sufficiently narrow bounded cone) such that the solution of (3)—(4)
is not 1/« + n-concave on D.

Justification of Remarks 1.4 and 7.3. 1t is clear that it is sufficient to prove Remark 7.3.
Forany 0 € (0, r/2) and d > 2 let

D) = {(x1,...,x0) 1 \/x3 + -+ +x3 < xitan, |x| < 1}.

Let o € (0, 2) and ¢ be the solution of (3)—(4) for D(0).
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By [29, Theorem 3.13, Lemma 3.7] for any ¢ > O there exist 0 € (0, 7/2) and ¢ > 0
such that
p(x) <clx|*7%,  x e D@®). (71)

Theorem 3.13 and Lemma 3.7 in [29] are formulated only for d > 3, but small modifi-
cations of the proofs in [29] give these results also for d = 2. (71) for any d > 2 also
follows from the recent paper [7].

Fixd >2,0e€(1,2),ne€ (0,1 —1/ax)and ¢ € (0, 1(:—277(1)' There exist 6 € (0, /2)
and ¢ > 0 such that the solution ¢ of (3)—(4) for D(6) satisfies p(x) < c|x|*~¢. Fix
x0 = (a,0,...,0) € D(9).If ¢ is 1 /o + n-concave on D(#) then for any A € (0, 1) we

have

o (127
9(Ax) = AT p(xg) = A%~ The o (xp).

On the other hand ¢ (Axg) < cA*¢|xg|* 7%, so

_ %y
A xo]* 8 = A% TR g (xp),

which gives
2

o’y _
2T > g(xo)e ol
for any A € (0, 1), a contradiction. ]

We finish this section with an open problem concerning p-concavity of the first eigen-
function for the fractional Laplacian with Dirichlet boundary condition.

Leto € (0,2),d > 1, D C R? be a bounded open set and consider the following
Dirichlet eigenvalue problem for (—A)*/2:

(=A@ (x) = hngn(x), x €D, (72)
on(x) =0, x € D°. (73)

It is well known (see e.g. [13], [27]) that there exists a sequence of eigenvalues 0 < A} <
Ay < A3 <---, Ay — o0 and corresponding eigenfunctions ¢, € LZ(D). The ¢, form
an orthonormal basis in L2(D), they are continuous and bounded on D, and one may
assume that ¢; > O on D.

Open problem. Forany o € (0,2) andd > 2 find p = p(d, o) € [—00, 1] such that for
every open bounded convex set D C RRY the first eigenfunction of (72)—(73) is p-concave
on D. It is not clear whether such a p exists.

Any results, even numerical, concerning this problem would be very interesting.
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