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Abstract. We study the existence of a Chow-theoretic decomposition of the diagonal of a smooth
cubic hypersurface, or equivalently, the universal triviality of its CHy group. We prove that for
odd-dimensional cubic hypersurfaces or for cubic fourfolds, this is equivalent to the existence of a
cohomological decomposition of the diagonal, and we translate geometrically this last condition.
For cubic threefolds X, this turns out to be equivalent to the algebraicity of the minimal class 04 /41
of the intermediate Jacobian J(X). In dimension 4, we show that a special cubic fourfold with
discriminant not divisible by 4 has universally trivial CH(, group.
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1. Introduction

Let X be a smooth rationally connected projective variety over C. Then CHy(X) = Z,
as all points of X are rationally equivalent. However, if L is a field containing C, e.g.
a function field, the group CHo(X1) can be different from Z. As explained in [4], the
group CHp(X ) is equal to Z for any field L containing C if and only if, for L = C(X),
the diagonal (or generic) point &7, is rationally equivalent over L to a constant point x, for
some (in fact any) point x € X (C). Following [4], we will then say that X has universally
trivial CHy group. Observe that, on the other hand, the equality

8, =xr inCHyp(X.)=CH"(XL), n =dimX,

is, by the localization exact sequence applied to Zariski open sets of X x X of the form
U x X, equivalent to the vanishing in CH" (U x X) of the restriction of Ay — X X x,
where U is a sufficiently small dense Zariski open subset of X and Ay C X x X is the
diagonal of X. This provides a Bloch—Srinivas decomposition of the diagonal

Ax =X xx+Z inCH'(X x X), (1

where Z is supported on D x X for some proper closed subset D of X. As in [29], we
will call an equality (1) a Chow-theoretic decomposition of the diagonal. So, having uni-
versally trivial CHg group is equivalent to admitting a Chow-theoretic decomposition of
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the diagonal, but the second viewpoint is much more geometric, and leads to the study of
weakened properties, like the existence of a cohomological decomposition of the diago-
nal, which is the cohomological counterpart of (1), studied for threefolds in [29]:

[Ax]=[X xx]+[Z] in H*(X x X,Z), 2)

where Z is supported on D x X for some proper closed algebraic subset D of X. In these
notions, integral coefficients are essential in order to make the property restrictive, as the
existence of decompositions as above with rational coefficients already follows from the
assumption that CHo(X) = Z (see [7]).

Projective space has universally trivial CHy group. It follows that rational or stably
rational varieties admit a Chow-theoretic (and a fortiori cohomological) decomposition
of the diagonal. More generally, if X is a unirational variety admitting a unirational
parametrization P" --+ X of degree N, then there is a decomposition

NAx =N(X xx)+Z in CH (X x X),

with Z supported on D x X for some D C X.

Note, however, that the existence of a decomposition of the diagonal is certainly not a
sufficient condition for stable rationality, as there are surfaces of general type (hence very
far from being rational or stably rational) which admit a Chow-theoretic decomposition
of the diagonal (see Corollary 2.2). It could also be the case that a smooth projective va-
riety X admits unirational parametrizations of coprime degrees N; without being stably
rational (although we do not know such examples). Nevertheless, the existence of a de-
composition of the diagonal is a rather strong condition, and there are now a number of
unirational examples where the non-existence provides an obstruction to rationality or
stable rationality:

1) Examples of rationally connected varieties with no cohomological decomposition
of the diagonal include varieties with non-trivial Artin-Mumford invariant (this is the tor-
sion in H3(X, Z) or the second unramified cohomology group with torsion coefficients),
or non-trivial third unramified cohomology group Hr?r(X ,Q/Z) (see [11] for examples),
as both of these groups have to be 0 when X has a cohomological decomposition of the
diagonal (see [29]).

2) Examples of rationally connected varieties with no Chow-theoretic decomposi-
tion of the diagonal include varieties with non-trivial unramified cohomology groups
Hér(X ,Q/Z) with i > 4, as these groups have to be 0 when X has a Chow-theoretic
decomposition of the diagonal (see [12]). We refer to [22] for such examples and to [33]
for the cycle-theoretic interpretation of this group in degree 4.

3) Furthermore, we proved in [28] that the non-existence of a decomposition of the
diagonal is a criterion for (stable) irrationality which is actually stronger than those given
by the non-triviality of unramified cohomology: For example, we show in loc. cit. that
very general smooth quartic double solids do not admit a Chow-theoretic or even a co-
homological decomposition of the diagonal, while their unramified cohomology vanishes
in all positive degrees. We prove similar results for very general nodal quartic double
solids with k < 7 nodes, and in the case of very general double solids with exactly
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seven nodes, we prove in [28] that the non-existence of a cohomological decomposition
of the diagonal is equivalent to the non-existence of a universal codimension 2 cycle
Z € CH2(J(X) x X), where J(X) is the intermediate Jacobian of X. (J(X) is also
known to be isomorphic to the group CH?(X)pom of codimension 2 cycles homologous
to 0 on X.) Thus, in this case, the study of the decomposition of the diagonal led to the
discovery of new stable birational invariants which are non-trivial for some unirational
varieties.

The purpose of this paper is to investigate the existence of a decomposition of the
diagonal for cubic hypersurfaces. Motivations for this study are the following problems:

1) It is well-known that 3-dimensional smooth cubics are irrational (see [10]), but they
are not known not to be stably rational.

2) In dimension 4, some cubics are known to be rational and it is a famous open prob-
lem to prove that there exist irrational cubic fourfolds. Some precise conjectures concern-
ing the rationality of cubic fourfolds have been formulated and compared (see [15], [18],
[2], [1]). All these conjectures develop the idea that if a cubic fourfold is rational, it is
related in some way (Hodge-theoretic, categorical) to a K3 surface. An interesting com-
putation has recently been made by Galkin and Shinder [13], who prove that a rational
cubic fourfold has to satisfy the property that its variety of lines is birational to Hilb?(S)
for some K3 surface S, unless a certain explicitly constructed non-zero element in the
Grothendieck ring of complex varieties is annihilated by the class of Al that is, provides
a counterexample to the cancellation conjecture for the Grothendieck ring. (Note that such
counterexamples are now known to exist by the work of Borisov [9].)

A priori, the existence of a cohomological decomposition is much weaker than the
existence of a Chow-theoretic one. Our first result, which is unconditional for cubic four-
folds and for odd-dimensional cubics, is the following:

Theorem 1.1. Let X be a smooth cubic hypersurface. Assume H*(X,Z)/H* (X, Z)aq
has no 2-torsion (this holds for example if dim X is odd or dim X < 4, or X is very
general of any dimension). Then X admits a Chow-theoretic decomposition of the diago-
nal (equivalently, CHy(X) is universally trivial) if and only if it admits a cohomological
decomposition of the diagonal.

Here H*(X,Z)qy C H*(X,Z) is the subgroup of classes of algebraic cycles. For any
odd degree and odd dimension smooth hypersurface in projective space, the quotient
group H*(X, Z)/ H*(X, Z)a1g has no 2-torsion. For cubic hypersurfaces, the first example
where we do not know if the assumption is satisfied is 6-dimensional cubics and degree 6
integral cohomology classes on them.

The proof of Theorem 1.1 uses the fact that Hilb?(X) is birationally a projective
bundle over X, a property which is also crucially used in the recent paper [13].

One consequence of this result, established in Section 5, concerns the following no-
tion:

Definition 1.2. (i) If Y C X is a closed algebraic subset of a variety defined over a
field K, we say that CHo(Y) — CHg(X) is universally surjective if CHo(Y1) — CHp(X 1)
is surjective for any field L containing K.
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(ii) The essential CHy-dimension of a variety X is the minimal integer k such that
there exists a closed algebraic subset ¥ C X of dimension k such that CHo(Y) —
CHy(X) is universally surjective.

Theorem 1.3. The essential CHy-dimension of a very general n-dimensional cubic hy-
persurface over C is either n or 0.

More precisely, Theorem 5.2 proves the result above for a smooth cubic hyper-
surface of dimension n with no 2-torsion in H"(X,Z)/H" (X, Z)ag and such that
Enduys H" (X, Q)prim = Q. In dimension 4, we get further precise consequences, for ex-
ample we prove that a cubic fourfold which is special in the sense of Hassett [15], with
discriminant not divisible by 4, has universally trivial CHg group.

The rest of the paper focuses on the cohomological decomposition of the diagonal.
We first investigate the existence of a cohomological decomposition of the diagonal for
varieties whose non-algebraic cohomology is supported in middle degree, like complete
intersections. We prove the following result:

Theorem 1.4. Let X be a smooth projective variety such that H*(X, 7Z) has no torsion.
Assume that H¥ (X, 7)) is generated over 7 by algebraic cycles for 2i # n = dim X.
Then X admits a cohomological decomposition of the diagonal if and only if there exist
varieties Z; of dimension n — 2, correspondences I'; € CH"! (Z; x X), and integers n;
with the property that for a, f € H" (X, Z),

> ni(Tfa, T} B)z, = (o, Bx. 3)
L

Note that the condition (3) presents obvious similarities to the one considered in [23] by
Shen, who studied the case of cubic fourfolds. It is however weaker in several respects:
the integers n; do not need to be positive, and the correspondences I'; do not need to
factor through the variety of lines. Finally, the condition formulated by Shen is only con-
jecturally a necessary condition for rationality, while our condition is actually a necessary
condition for the triviality of the universal CHy group, hence a fortiori for (stable) ratio-
nality.

Remark 1.5. Concerning the second assumption in Theorem 1.4, it is satisfied by uni-
ruled threefolds by [31], but it is not clear that it is satisfied by Fano complete intersections
in any dimension. The group H? (X, Z), 2i # n, is equal to Z by Lefschetz hyperplane
restriction theorem, but Kollar [17] exhibits examples of hypersurfaces where this group
is not generated by an algebraic class for 2i > n. It is not known if such Fano examples
can be constructed.

The case of rationally connected threefolds X is also particularly interesting. In this case,
we complete the results of [29] by proving the following result. Let J (X) be the interme-
diate Jacobian of X. It is isomorphic as a group to CH?(X)pom via the Abel-Jacobi map.
It is canonically a principally polarized abelian variety, the polarization being determined
by the intersection pairing on H3(X, Z)/torsion = H'(J(X), Z). Let 0 € H*(J(X), Z)
be the class of the Theta divisor of J(X).
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Theorem 1.6 (see also Theorem 4.1). Let X be a rationally connected threefold. Then X
admits a cohomological decomposition of the diagonal if and only if the following three
conditions are satisfied:

(i) H3(X,Z) has no torsion.
(ii) There exists a universal codimension 2 cycle in X x J(X).
(iii)) The minimal class Gg_l/(g — D!on J(X), dim J(X) = g, is algebraic, that is, the
class of a 1-cycle in J(X).

The main new result in this theorem is the fact that condition (iii) above is implied by
the existence of a cohomological decomposition of the diagonal. In particular, it is a
necessary condition for stable rationality. This can be seen as a variant of the Clemens—
Griffiths criterion which can be stated as saying that a necessary criterion for rationality
of a threefold is that the minimal class 97! /(g — 1)! on J(X) be the class of an effective
curve in J(X).

Note that examples of unirational threefolds not satisfying (i) were constructed by
Artin and Mumford [3], and examples of unirational threefolds not satisfying (ii) were
constructed in [28]. It is not known if examples not satisfying (iii) exist. More generally,
it is not known if there exists any principally polarized abelian variety (A, ®) such that
the minimal class #~1/(g — 1)! is not algebraic on A, where g = dim A. Notice that
for many Fano threefolds, the intermediate Jacobian J(X) is a Prym variety, so the class
208~ (g — 1)! is known to be algebraic. In the case of cubic threefolds, the algebraicity
of 9% /4! is a classical completely open problem. Combining the theorems above, we get
in this case:

Theorem 1.7. Let X be a smooth cubic threefold. Then X has universally trivial CHy
group if and only if the class 0% /4! on J(X) is algebraic. This happens (at least) on a
countable union of closed subvarieties of codimension < 3 of the moduli space of X.

The paper is organized as follows: Theorem 1.1 is proved in Section 2; Theorem 1.4 is
proved in Section 3; and Theorem 1.6 is proved in Section 4. In Section 5, we come back
to the case of cubic hypersurfaces, where we prove Theorem 5.2 and establish further
results, particularly in dimension 4.

2. Chow-theoretic and cohomological decomposition of the diagonal

In this section we prove Theorem 1.1. In the case of cubic hypersurfaces of dimension
< 4, a shorter proof will be given, which uses the following result of independent interest:

Proposition 2.1. Let X be a smooth projective variety. If X admits a decomposition of
the diagonal modulo algebraic equivalence, that is,

Ax — X xx=Z7Z inCH(X x X)/alg, “4)

with Z supported on D x X for some proper closed algebraic subset D C X, then X
admits a Chow-theoretic decomposition of the diagonal.
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Proof. We use the fact proved in [26], [27] that cycles algebraically equivalent to O are
nilpotent for the composition of self-correspondences. We write (4) as

Ax — X xx—Z=0 inCH(X x X)/alg (®)]
and apply the nilpotence result mentioned above. This provides

(Ax — X xx—2)°Y=0 inCH(X x X) (6)
for some large N. As Ax — X x x is a projector and Z o (X x x) = 0, this gives

Ax —Xxx—WoZ=0 inCH(X x X), 7)

for some cycle W on X x X. As W o Z is supported on D x X, for some D C X, this
concludes the proof. O

Corollary 2.2. Let S be a surface of general type with CHy(S) = Z and Tors(H*(S, 7))
= 0 (for example the Barlow surface [S]). Then S has universally trivial CHgy group.

Proof. (See [4] for a different proof.) As p4(S) = ¢(S) = 0 by Mumford’s theorem [21],
the cohomology H*(S, Z) is generated by classes of algebraic cycles. As H*(S, Z) has
no torsion, the cohomology of S x § admits a Kiinneth decomposition with integral co-
efficients, so that we can write the class of the diagonal of § as

[As]=) le]1®[B] in HYS x S, 7Z), ®)

where «;, B; are algebraic cycles on S with dim; + dim 8; = 2. Clearly, [«;] ® [Bi] =
[o; x B;]is supported over D x S with D C § when dim¢; < 2, so that (8) provides in
fact a cohomological decomposition of Ag:

[As] =[S x s]+[Z] in H*(S x S, 7), 9)

where Z is a cycle supported over D x S, for some D C S. Next, as CHo(S x S) = Z,
codimension 2 cycles on S x § which are cohomologous to 0 are algebraically equivalent
to 0 by [7]. Thus the cycle I" := Ag— S x s — Z is algebraically equivalent to O on S x S.
The surface S thus admits a decomposition of the diagonal modulo algebraic equivalence,
and we then apply Proposition 2.1. O

For a smooth projective variety X, we denote by X[?! the second punctual Hilbert scheme

of X. It is smooth, obtained as the quotient of the blow-up X x Xof X x X along the
diagonal by its natural involution. Let iz : X x X --» X[?! be the natural rational map

and 7 : X x X — X2 be the quotient morphism. We start with the following result:

Lemma 2.3. Let X be a smooth projective variety of dimension n. Then there exists a
codimension n cycle Z in X! such that u*Z = Ay in CH*(X x X).
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Proof. Let Ex be the exceptional divisor over the diagonal of the blow-up map t :

—~—

X x X — X x X. The key point is that there is a (non-effective) divisor § on X*!
such that r*8 = E . It follows that

P*8" = E” in CH"(X x X).
Now we use the fact that
n((=D)"VEN) = Ax  inCH"(X x X),
which gives u*((—1)""18") = 7,(r*((—=1)""18")) = Ax in CH" (X x X). o

Corollary 2.4. Any symmetric codimension n cycle on X x X is rationally equivalent
to wW*T for a codimension n cycle T on X121,

Proof. Indeed, we can write Z = Zj + Z> where Z; is a combination of irreducible
subvarieties of X x X invariant under the involution i of X x X, and Z5 is of the form
Z’, 4 i(Z}), where the diagonal does not appear in Z}. Write Z| = n1Ax + Z|, with

Z\ = _;njZ; ;, the Z; being invariant under i but different from Ax. Then Z] ; is the

inverse image of a subvariety Z{, jof X @ Let Z?l ; be the proper transform of Z 1 ; under
the Hilbert-Chow map X2 — X @ Then clearly p* zy j) =27 ; in CH"(X x X), so

M*(Zn,zfg’vj) =7 inCH"(X x X).
7

Next, let Z_/2 be the image of Z/, in X (2] by 1. Then clearly
W (Zy) = Zy +i(Z) = Z» in CH"(X x X).

Thus
Z=mAx+Z +Z = nAx + M*(Zn,-z;{j) + 1t (Zh).
J

Finally, we use Lemma 2.3 to conclude. O

‘We next have:

Lemma 2.5. Suppose X admits a cohomological decomposition of the diagonal
[Ax —x x X]=[Z] in H"(X x X,7), (10)

where Z is a cycle supported on D x X for some proper closed algebraic subset D of X.
Then X admits a cohomological decomposition of the diagonal

[Ax —x x X — X xx]=[W] in H"(X x X,7), a1

where W is a cycle supported on D x X for some D C X, and W is a symmetric cycle.
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Proof. Let us denote by 'T" the image of a cycle I" under the involution i of X x X.
Formula (10) gives as well

[Ax — X xx]=[Z] inH"(X x X, 7Z),

and
[(Ax — X xx)o(Ax —xxX)]=["ZoZ] 1in HZ”(X x X, 7). (12)

To conclude, we observe that the cycle 'Z o Z is not only supported on D x X and
invariant under the involution, but it even satisfies the stronger property of being rationally
equivalent to a symmetric cycle in X x X. This last fact is indeed clear if there is no
excess formula in the intersection product defining ’Z o Z; next it is easy to check that,
by choosing representatives for Z supported in D x X but in general position otherwise,
the intersection of p},Z and p3, ("Z)in X x X x X is a proper intersection. Finally, the
left-hand side in (12) is equal to [Ax — X X x — x X X] (we assume here n > 0), which
concludes the proof. O

The following proposition is a key point in our proof of Theorem 1.1.

Proposition 2.6. Let X be a smooth odd degree complete intersection in pro-
jective space. If X admits a cohomological decomposition of the diagonal, and
H™(X,7)/H* (X, Z)alg has no 2-torsion, then there exists a cycle T' € CH" (X2 with
the following properties:

G W''r=Ax —xxX—Xxx—WinCH" (X x X) with W supported over D x X,
for some proper closed algebraic subset D C X.
(i) [T]1=0in H*"(X", 7).

The proof of this proposition will use a few lemmas concerning the cohomology of X[?]
when X is the projective space or a smooth complete intersection in projective space. We
give here an elementary and purely algebraic proof. These results can be obtained as well
as an application of [8] or [20] (cf. [25]), but those papers are written in a topologist’s
language and it is not obvious how to translate them into the concrete statements be-
low. With a better understanding of those papers, our arguments would presumably prove
Proposition 2.6 for a smooth projective variety X such that H*(X, Z) is torsion free and
H™(X,7)/H* (X, Z)a1g has no 2-torsion.
Let X be a smooth projective variety and let

jE,XZEA‘X‘—>X[2], iex i Eax > X xX, tExEax > X

be respectively the inclusion of the exceptional divisor over the diagonal in X!?1, its in-
clusion in X x X, and its natural morphism to X. Let § € Pic X! be the natural divisor
such that 26 = E. Then §g := 4|k, y is the line bundle OF, ,(—1) of the projective
bundle TE X EA,X = P(Tx) — X.
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Lemma 2.7. Assume that X = P" and let h = ¢1(Opn(1)). For any cohomology class
a € H*(Ea pr, Z), one has (jg pn)sa € 2H*T2((PM?), Z) if and only if

a= " aimbl Thph"™ - (tj pnh — 8p)" mod 2H* (Ea pr. Z), (13)
i,m=>0
where the o; p, are integers.

Proof. To see that the condition is sufficient (and also to get a nice interpretation of the
condition), we observe that for any smooth subvariety ¥ C P” of codimension m, we
have the inclusion =2 ¢ (P")[2 and the class b = [§ - =3 e H¥" 22l 7)
satisfies 2b = [E pr - B1%1], so that

2b = (jgp)« (2PN gy ) in H" PP, Z).
Next we observe that =2 N Ea pr is equal to P(Tx) C P(Tpr). Take now for ¥ a
P~ C P". Then the class of P(Tg) C P(Tpr) is 7 pah™ - (tf pnh — 8£)™. We have
thus proved that (jg,pr)« (T} pah™ - (T} puh — 8g)™) is divisible by 2 in H*((P")[2], Z),
and hence so is the class

(GEP)« @ - Th pnh™ - (T puh — 8E)™) = 8"+ (jEp)w(Tf peh™ - (Tf puh — 8)™)

for any i > 0.

In the other direction, it is better to see (]P’”)[zl as a P2-bundle over the Grassmannian
GQ2,n + 1), namely, if 71y : P — G(2,n + 1) is the universal P!-bundle, it is clear
that (P")[2 is isomorphic to the second symmetric product 75 : P, - G(2,n+ 1) of P
over G(2, n + 1). Furthermore, EA pr C (P")[2] identifies with the Veronese embedding
P C P,. Write P = PP(E) with polarization H = tEPnh; then P, = P(S%2) with
polarization H;, and clearly

jipHy=2H inH*(P,7) (14)
since jg pr : P — P, is the Veronese embedding. The cohomology of P decomposes as
H*(P,Z) =n{H*(G2,n+1),Z) ® H - an*’z(G(Z, n+1),7).

We claim that modulo 2, the set of classes a as in (13) is exactly 7y H*(G (2, n+1), Z/2Z).
Let! = ¢(€) and ¢ = ¢2(€) be the two generators of H*(G(2,n + 1), Z). It is easy to
check that § = H, — n;l in H2(P2, 7). Restricting this equality to P, by (14) we get

8g = il mod 2H*(P, 7). (15)
Finally, we have w'c = H - (n{l — H) in H*(P, Z), hence by (15) we get
wic =t puh - (Tf puh — 85) mod 2H*(P, ), (16)

which together with (15) proves the claim. Having this, the fact that condition (13) is
sufficient tells us that

(Jep)s o (H*(G2,n+ 1), Z)) C 2H*(P>, Z),
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and in order to prove that it is necessary, we need to prove that the set of classes z €
H*(P,Z) such that (jgpr)«z € 2H*(P2, 7Z) is equal to ;' (H*(G(2,n + 1), Z)) mod-
ulo 2H*(P, Z). Equivalently, we have to prove that if z € H*(G(2,n + 1),7Z) sat-
isfies (jepn)«(H - {'z) € 2H*(P2,Z), then z € 2H*(G(2,n + 1), Z). But for any
ae€e H(GQ2,n+ 1), 7Z), we have

(@, 2)Gont+1) = (mfa, H -miz) p = (myt, (JE, )« (H - {2)) Py,

which implies that (&, z)G(2,,+1) is even since (jg pr)s(H - 7t]*Z) is divisible by 2. Hence
z is divisible by 2 by Poincaré duality on G(2,n + 1). O

Lemma 2.8. Let X C PV be a smooth odd degree complete intersection of dimension n.

(1) Forany integer m > 0, the class (jE,X)*(rEXh”’ ~(tzﬁxh—85)m) e HYm+2(x121 7)
is equal to 26 - [El[z]], where X,, C X is the smooth proper intersection of X with a
linear space of codimension m in PN.

(i) For any integral cohomology class a € H2"’2(EA,X, Z), one has (jg.x)«a €
2H?> (X121 7) if and only if

a= > Wimbly - Th xh™ - 8 — Tf xh)" mod 2H*(Ea x, Z), (17)

i,m>0,i4+2m=n—1
where the o; ,, are integers.

Proof. (i) This has already been proved in the case of PV and follows from the fact
that rEXhm . (rg’Xh —8p)" € H4’"(EAQX, Z) is the class of P(Ts,) = Ea,s, in
P(Tx) = Ena x.

(ii) In the case where X ELS PV has odd dimension, observe that the map jx« :
H*(X,Z/2) — H***@PN,7/2), k := N — n, is injective since X has odd degree.
It follows as well that if we denote by jx : P(Tx) — P(Ip~) the natural map, then
Jxx : H*(P(Tx), 72/2) — H*+4k(]p(T]pN), 7/2) is also injective. Now, let

ae H" X(Ex x,7) = H"2(P(Tx), Z)

be such that (jgx)«a € 2H?(X",Z). Then jxsa € H*(E,pn,Z) satisfies
(e pv)«(Jx«a) € 2H*((PV)2! 7). Thus we conclude by Lemma 2.7 that the class
Jxsa mod 2 belongs to the subgroup of H*(E 5 p~, Z/2) generated by the 8% . rEPnh’" :
(6 — rgyp,lh)’” with i, m > 0. It easily follows that @ mod 2 belongs to the subgroup of
H*(Ea x,7/2) generated by the 8% T xh" - (O — rgxh)m with i,/ > 0, since the
class of Ex x in E pv is equal modulo 2 to rEPnhN’” (8 — tbf’P,lh)N’”.

If X has even dimension, then the maps jy, : H*(X,Z/2) — H"t?(PN 7/2) and
Jxx H>™ 2(P(Ty), 7]2) — H2 =244k (P(Tpn), Z./2) are no longer injective, but their
kernels are equal respectively to H" (X, Z/2)prim and 82/2_1 . IEXH"(X, Z/2)prim- The
proof above shows thatif a € HZ"_Z(EA,X, Z) satisfies (jg x)«a € 2H (Xm, 7Z,), then

ac 82/271 - Tf yH"(X, Z/2)prim modulo the subgroup of H*(Ex x, Z/2) generated by
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the 82 . r;’th - (0 — rEXh)’” with i, m > 0. By (i), it thus suffices to prove that a

classa € 837" tf W H" (X, Z/2)prim satisfying (jg,x)«a = 0in H* (X%, Z/2) must

be 0. This is proved as follows: By a monodromy argument, either any class a € 875/ =t
15 x H"(X, Z/2)prim satisfies this property, or no non-zero class satisfies it. Assume that
the first possibility occurs. Then we get a contradiction as follows: Let

a=8""tiya, b=8""" 15 B e H" AErx. D),
with o, B € H" (X, Z)prim. Then
(Ja,xxa, ja, x+b) xi1 = —2(ct, B) x. (18)

If both (ja.x)s and (ja.x)«B are divisible by 2 in H>'(X?, Z), then ((ja x)«a,
(ja.x)«b) xi21 is divisible by 4, hence («, 8)x is divisible by 2 by (18). Thus, under our
assumption, the intersection pairing modulo 2 would be identically 0 on H" (X, Z/2)prim.
As X has odd degree, the intersection pairing is non-degenerate on H" (X, Z/2)ptim, and
we get a contradiction. O

Proof of Proposition 2.6. Let X be an odd degree complete intersection in PV which
admits a cohomological decomposition of the diagonal. We know by Lemma 2.5 that
there is a symmetric cycle W supported on D x X, D C X, suchthat[Ay —x x X — X xx]
=[W]in H*(X x X). Corollary 2.4 provides a cycle I'g € CH" (X'21) such that u*T'y =
Ax —xx X — X xx— WinCH"(X x X), which is property (i). It remains to see that
we can modify I'g keeping property (i) and imposing condition (ii), namely

[Tol =0 in H*'(X™ 7).

We know that u*[[o] = 0 in H*(X x X, Z), which implies that r*[I"g] vanishes in
H? (X x X \ Ea, 7). Thus there is a cohomology class 8 € H?*~2(E A, Z) such that

ipeB =r[To]l in H*(X x X, 7Z),

where we come back to the notation ig : EA — X X X, jg: Eao —> X (2] for the natural
inclusions of the exceptional divisor over the diagonal of X. This implies that jg,f is
divisible by 2 in H?"(X[?!, Z). Indeed, we have

JExB = riligsB) = ro(r*([To)) = 2[To]  in H*" (X', 7). (19)
According to Lemma 2.8(ii), one then has
B= Y wbh(h—8p)"h" +2y in H"X(Ea. ), (20)
i>0,i+2m=n—1

which by Lemma 2.8(i) gives

jeb=2( > s TUER) in B X, Z)mod jp.QH(EAZ) QD)
i>0,i+2m=n—1

for some integers «;. By (19), we thus have

o Y w4 jee) =2 X2 2) @)
i>0,i+2m=n—1
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for some integral homology class y € H 2=2(F 7). 1tis proved in [25, Theorem 2.2] that
the cohomology of X?! has no 2-torsion when X is an odd degree complete intersection
in projective space, so (22) gives

a8 4 jpu(y) = Dol in B (X1, 7). (23)
i>0,i+2m=n—1

We now observe that g is algebraic in H 2"_Z(E A, Z), which easily follows from the fact
that i g, is algebraic in H?" (m , Z) by recalling that X x X , Z is simply the blow-
up of X x X along its diagonal. We thus conclude from (20) that 2y is algebraic, and
by our assumption that H>*(X, Z)/ H**(X, Z)a1¢ has no 2-torsion, y is algebraic, that is,
y = [I] for some I € CH"~!(EA). Thus we have

Y. wdEP 4 el =Tl in H (X1, Z). 24)
i>0,i+2m=n—1

We have u*8" = £[Ax] and, for any z € CH'"'(E), u*(je«z) = NAyx for some
N € Z. As u*[Ty] = 0, we can thus assume, up to modifying '’ but without changing
w*To, that in formula (24), a;,_1 = 0 and I'/ satisfies g’ = 0, hence w*(je«(I')) =0
in CH"(X x X). Next, form > 0, u*8'*! [E,[nz]] is supported over D x X for some proper
closed algebraic subset D C X. It follows that the cycle

F=ro— Y ™[z — je.q)
i>0,i+2m=n—1

is cohomologous to 0 on X?!, and satisfies u*I" = u*Tg + Z’ where Z’ € CH"(X x X)
is supported over D x X. O

We now consider the case where X is a smooth cubic hypersurface in P**!. We then have
the following description of X[?!, which is also used in [13]. We denote below by F(X)
the variety of lines of X. Let

P={(ll,x):xel,l C X}

be the universal P!-bundle, with first projection p : P — F(X), and let P, — F(X)
be the P?-bundle defined as the symmetric product of P over F(X). There is a natural
embedding P, ¢ X! which maps each fiber of P — F(X), which is the second sym-
metric product of a line in X, isomorphically onto the set of subschemes of length 2 of X
contained in this line. Let px : Py — X be the projective bundle with fiber over x € X
the set of lines in P"*! passing through x. Note that P is naturally contained in Py, as
one sees by considering the second projectiong : P — X.

Proposition 2.9. (i) The rational map ® : X'21 ——5 Px which to an unordered pair of
points x, y € X not contained in a common line of X associates the pair ([lx y], 2),
where I  is the line in P+ generated by x and v, and z € X is the residual point
of the intersection I, y N X, is desingularized by the blow-up of P, in X2l
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(ii) The induced morphism o xI2l  py identifies X2 with the blow-up Py of P
in Px. _— ~

(iii) The exceptional divisors of the two maps X! — X2\ and Px — Px are identified
by the isomorphism ®' : X121 = Py of (ii).

Proof. (1) There is a morphism from X (21 to the Grassmannian G(1,n + 1) of lines
in P"*1, which to x 4 y associates the line (x, y). Let 7 : O — X?! be the pull-back
of the natural P!-bundle on G(1,n + 1). Let @ : Q — P"*! be the natural map. Then
a~1(X) is a reducible divisor in Q, which is generically of degree 3 over X!, with one
component D; which is finite of degree 2 over X?!, parametrizing the pairs (x, x + y),
and a second component D which is of degree 1 over X?! and parametrizes generically
the pairs (z, x + y). The divisor D is isomorphic to X[?! away from P,. Over P,, the
restricted P! -bundle O p, is contained in a ! (X) but not in D1, so it is contained in D.

We claim that D is smooth and identifies with the blow-up of X?! along P;. In-
deed, this simply follows from the fact that the divisor D is the zero-set of a section s of
Op(3)(—=Dy1) on Q. The line bundle Op(3)(—D1) on Q has degree 1 along the fibers of
0 — X2 so Ron*(’)Q (3)(—D) is arank 2 vector bundle £ on X'?! such that Q = P(E).
The section s provides a section s’ of £ and one easily checks that P, ¢ X!?! is scheme-
theoretically defined as the zero-locus of s’. This implies that D is the blow-up of X[?]
along P and the smoothness of P, implies the smoothness of D. The claim is thus proved.
On the other hand, the rational map & clearly pulls back to a morphism on D, so (i) is
proved.

(11)&(iii) If the length 2 subscheme Z = x + y (or Z = (2x, v) with v tangent
to X at x) does not belong to P>, then the line Iy y (or Iy ,) is not contained in X, the
morphism & is well defined at Z and its image is a pair ([/], #) where [ is a line passing
through u and is not contained in X. At such a point ([/], u) of Py, &~ ! is well-defined,
and associates to each ([I'], ") in a neighborhood of ([/], u) in Py the residual scheme
of u’ in I’ N X. This proves (iii).

It remains to understand what happens along the exceptional divisor O p, of D. Now
we have Qp, = {(u,x +y,[I]) : | C X,x +y € 1P, u € I}. By definition, ® maps
such a tr~iple to the pair (u, [[]), which by definition belongs to Px. Furthermore, the
fiber of ® over (u N [[]) when ! C X, that is, when (u, [[]) € P, identifies with the plane
1 = P2 Thus ®~!'(P) is equal to the smooth irreducible hypersurface Qp, in the
smooth variety D, and this implies that & factors through a morphism f : D — Py
which has to be an isomorphism, since it cannot contract any curve; indeed, otherwise
the contracted curve would be a curve in a fiber P? as described above, so the whole
corresponding P2 would be contracted by f, hence also all deformations of this P? in

D = X121, But then the divisor Q p, would be contracted by f, while its image has to be
the exceptional divisor of Py — Py. ]

We now first give the proof of Theorem 1.1 in the case of cubics of dimension < 4,
because the argument is shorter in this case.

Proof of Theorem 1.1 forn < 4. Let X be a smooth cubic hypersurface of dimension < 4
and assume X admits a cohomological decomposition of the diagonal. The assumptions
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of Proposition 2.6 are satisfied by X, since the integral cohomology of a smooth cubic
hypersurface has no torsion and the integral Hodge conjecture is proved in [32] for cubic
fourfolds. With the notation introduced previously, there exists by Proposition 2.6 a cycle
I' € CH"(X'?)) such that

pT=Ax —xxX—-Xxx—W inCH"(X x X), (25)

with W supported over D x X for some D C X, and [['] = 0in H*>"(X"?!, 7).

By Proposition 2.9, the blow-up o : X2 s x121 of x[2 along P, identifies via ®
with a blow-up of the projective bundle Px over X. Furthermore, the exceptional divisor
of ® : X[2I > Py is also the exceptional divisor of o : X[21 — X'2!, hence maps via o
to P, C X[?I. It follows that the pull-back o*(T") of the cycle I' to X[2! can be written as

o*() =T + Ty, (26)

where I'y and I'; are cohomologous to 0, I'; is a cycle cohomologous to 0 on the excep-
tional divisor of ® : XI2 — Py, and T, is the pull-back of a cycle I'} cohomologous
to 0 on Py. As the exceptional divisor of ) equals the exceptional divisor of o, it follows
from (26), by applying o, that

T =ip, (T}) +®*(%) inCH(X?), (27)

where I} is a cycle cohomologous to 0 on P,. Here ip, denotes the inclusion map of P,
in X2, It is known that for a smooth cubic hypersurface of dimension < 4, cycles ho-
mologous to 0 are algebraically equivalent to 0. For codimension 2 cycles, this is proved
by Bloch and Srinivas [7] and is true more generally for any rationally connected vari-
ety; for 1-cycles on cubic fourfolds, this is proved in [24], and this is true more generally
for 1-cycles on Fano complete intersections of index > 2. The result then also holds for
cycles on a projective bundle over a cubic of dimension < 4. Thus I'} is algebraically
equivalent to 0 and thus we conclude that

[ =ip, (') in CH(X™)/alg (28)
for some n-cycle I'; homologous to 0 on P>. We now apply the following result:

Lemma 2.10. Let X be an n-dimensional smooth cubic hypersurface and Z be an

ip
n-cycle homologous to 0 on P, < X2 Then w*(ip,,Z) € CH"(X x X) is supported
on D x X for some proper closed algebraic subset D of X.

Proof. Recall that P, is the union of the symmetric products L® over all lines L C X.
As before, denote by

q:P—-X, p:P—>F

the natural maps, and by g5 the natural map P x p P — X x X induced by g. We will also
denote by 7 : P xp P — F the map induced by p. Viaw, P xp P is aP! x P!-bundle
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over F. Let H := ¢;(Ox(1)) € CH'(X) and let h = g*H e CH!(P) be its pull-back
to P. For a cycle Z supported on P,, we have

1w ip,,Z) = 2 (r'"Z)  in CH(X x X)

where '’ is the quotient map P xp P — P>.Let T :=r'*Z € CH(P xg P). Thisis a
cycle homologous to 0 on P x g P, and thus it can be written as

T =hihyn*a+hna*B+hya*y +7*¢  inCH(P xf P), 29)

for some cycles «, B, y, { homologous to O on F, with h; = pr;k hfori =1, 2, pr:
P x g P — P being the i-th projection.
We now push forward these cycles to X x X via g and observe that the three cycles

@), qr(hihan™a), g (1™ B)

are cycles supported on D x X for some D C X. Indeed, for the two last ones,

=

this is due to the projection formula (and the equality h; = q;‘(Hl), where H| =
pr*lk H e CHI(X x X)), and for the first one, this is because g, (r*¢) is supported on
q(p’l(Suppg“)) x X. Now ¢ is a (n — 2)-cycle, so q(p’l(Supp £)) is a proper closed
algebraic subset of X. It remains to examine the cycle g2+ (h27*y). We observe now that
the diagonal Ap C P xp P C P x Pisadivisord in P x p P whose class is of the form
d = hi + hy + 7*A for some divisor class A € CH! (F). Furthermore, we obviously have
q2(Ap) C Ayx. Thus we can write

hna*y =(d —hy —a*M)r*y inCH(P xf P).
Hence
g2 (ha*y) = g2 (dm™y) — qae (M T*y) — @2 (w*(Ay))  in CH(X x X).

As already explained, the cycles g« (h17*y) and g2+ (7 *(Ay)) are supported over D x X
for some D C X. Finally, the last cycle go.(d*y) has to be 0 in CH(X x X). Indeed,
this is an n-cycle of X x X which is supported on the diagonal, hence proportional to it,
and also cohomologous to 0. O

Combining (25), (28) and Lemma 2.10, we conclude that
Ax=xxX+Xxx—W inCHX x X)/alg, (30)

where W' is supported on D’ x X for some D’ C X. In conclusion, X admits a decomposi-
tion of the diagonal modulo algebraic equivalence, and we can now apply Proposition 2.1
to conclude that X admits a Chow-theoretic decomposition of the diagonal. O

‘We now turn to the general case.

Proof of Theorem 1.1 for general n. Let X be a smooth cubic hypersurface such that the
group H**(X, Z)/H**(X, Z)ag has no 2-torsion. Then Propositions 2.6 and 2.9 apply.
Next, if we examine the proof in the case of dimension < 4, we see that the only place
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where we used the fact that dim X < 4 is in the analysis of the term ®*(I'}), where
I} is cohomologous to 0 on Px. We directly used the fact that this term is algebraically
equivalent to 0, which we do not know in higher dimension. The following provides an
alternative argument which works also in higher dimension:

Lemma 2.11. Let X be a smooth cubic hypersurface of dimension n > 2. Let Z be
an n-cycle cohomologous to 0 on Px. Then 3u*(®*(Z)) € CH"(X x X) is rationally
equivalent to a cycle supported on D x X for some D C X.

Proof. Recall that px : Px — X is the P"-bundle over X with fiber over x € X the
set of lines in P"*! through x. Let us denote by [ € CH'(Py) the class of Opy (1) (we
choose for Op, (1) the pull-back of the Pliicker line bundle on the Grassmannian of lines
G(1,P"+1)). The cycle Z can be written as

Z=pxZo+IpxZi+---+1"pxZy, 3D

where Z; are cycles of codimension #—i on X. Note that the cycles Z; are all homologous
to 0. As dim X > 2, we have CHy(X)hom = 0, and thus Zg = 0 in CHy(X). Hence (31)
shows that Z = [ - Z' for some Z' € CH(Px).Let W := ®opu : X x X --» Py and let

~

W : X x X — Px be the desingularization of W obtained by blowing up first the diagonal

of X, and then the inverse image of P, C X[?! (see Proposition 2.9). Let 7 : X x X —
X x X be the composition of the two blow-ups. There are two exceptional divisors of 7,
namely Ea and E p,. We thus have (using the fact that W factors through X[2!)

U*(l) = af*(H) + Hp) + BEA + Y Ep,.

where the coefficients «, B, y can be explicitly computed but this is not useful here.
It follows that

WH(Z) = WA - Z2) = 5T - 2) = 2(TF D) - U2
= T.((«T*(H1 + H2) + BEA + Y Ep,) - \Tf*(Z/)) inCH(X x X). (32)
Now, we develop the last expression and observe again that since Tu(BEA - \Il*(Z/ )) is
supported on the diagonal of X, it must be proportional to Ay, hence in fact identically O

as it is cohomologous to 0. Next, the cycle T.(y Ep, - $U*(Z')) comes from an n-cycle Z”
homologoustoQon P xp P, 1i.e.

T (yEp, - VX(Z)) = q2,(Z"), (33)

where g2 : P xp P — X x X is introduced above. We can then apply Lemma 2.10 to
conclude that the cycle T.(y Ep, - W*(Z')) is supported on D x X for some D C X. Thus
we conclude from (32), the projection formula, and the analysis above that

UZ)=H - Wi+ Hy-Wa+W inCH(X x X), (34)

where W is supported on D x X for some D C X, and Wj, W, are cycles homologous
to 0 on X x X. It thus suffices to show that cycles I' on X x X of the form H; - W)
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and Hp - Wy with W; homologous to 0 on X x X have the property that 3I" is rationally
equivalent to a cycle supported on D x X for some proper closed algebraic subset D of X.
For H; - W; this is obvious, and the coefficient 3 is not needed. For H, - W», we observe
thatifio : X x X — X x P"+1 denotes the natural inclusion, we have

3Hy - Wy = i; o0in«(Wp) inCH(X x X).
Now the cycle iz« (W>) € CH, ;1 (X x P"*1) is homologous to 0. Using its decomposition

in(W2) =) priyi-pry L",

1

with y; € CH (X)hom and L = ¢1(Opur1(1)) € CH'(P**1), we thus conclude that
o = 0, hence thatin(W2) = Y, prl vi -pry L"~ in CH" (X x P"*1). Hence in (W) is
rationally equivalent to a cycle supported on D x P"*+! for some proper closed algebraic
subset D of X, and thus 3H, - W = i;‘ o i2,(W>) is rationally equivalent to a cycle
supported on D x X for some proper closed algebraic subset D of X. O

The rest of the proof goes as before, using again Lemma 2.10, and this allows us to con-
clude that if X admits a cohomological decomposition of the diagonal, then 3(Ax — X x x)
is rationally equivalent to a cycle supported on D x X for some D C X. On the other
hand, as X admits a unirational parametrization of degree 2 (see [10]), we also know that
2(Ax — X x x) is rationally equivalent to a cycle supported on D’ x X for some D’ C X.
It follows that X admits a Chow-theoretic decomposition of the diagonal. O

3. Criteria for the cohomological decomposition of the diagonal

This section is devoted to the existence of cohomological decomposition of the diagonal.
Our main result here is the following criterion for such a decomposition to exist:

Theorem 3.1 (cf. Theorem 1.4). Let X be smooth projective of dimension n. If X ad-
mits a cohomological decomposition of the diagonal, then the following condition (%) is
satisfied:

(x) There exist smooth projective varieties Z; of dimension n — 2, correspondences I'; €
cH"! (Z; x X), and integers n;, such that for any o, B € H" (X, Z),

(@, B)x = Y _ni(Tfe, TfB)z,. (35)

Conversely, assume condition (x) and furthermore:

() H?*(X,7Z) is algebraic for 2i # n and H**1(X,7Z) = 0 for2i + 1 # n.
(i) H*(X, Z) has no torsion.

Then X admits a cohomological decomposition of the diagonal.
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Here I'f : H"(X,Z) — H""*(Z;, Z) is as usual defined by
IF(e) i=pry, (pry & — [T}]),

where pry, and pry are the projections from Z; x X to its factors. Let us comment on
assumptions (i) and (ii). If X is a complete intersection of dimension #, the integral co-
homology of X has no torsion and the groups H? (X, Z) are cyclic generated by A’ for
i < n/2, where h = ¢1(Ox(1)). Fori > n/2, they are also cyclic but the generator is
now (1/d)h?, where d = deg X, and it is not true in general that they are generated by
a cycle class, except when X is Fano and n = 4 (resp. n = 3), in which case H6(X, Z)
(resp. H*(X, 7)) is generated by the class of a line in X, and some sporadic cases. Note
that in any case the class A’ is algebraic for any i, and in some cases this can be used
as a substitute assumption in Theorem 3.1, like smooth cubic hypersurfaces (see Corol-
lary 3.2). Another interesting class of varieties which satisfy these two properties, needed
in order to apply Theorem 3.1 below, is the class of rationally connected threefolds with
trivial Artin—-Mumford invariant, for which it is proved in [31] that H 4 (X, Z) is algebraic.
In this case, one gets Theorem 4.1 which improves [29, Corollary 4.5 and Theorem 4.9].

Proof of Theorem 3.1. Let us first prove that assuming (i) and (ii), condition () implies
that X admits a cohomological decomposition of the diagonal. So let Z; and I'; be as
above and satisfy (35). AsdimZ; = n — 2, and codimI'; = n — 1, the I';’s are (n — 1)-
cyclesin Z; x X. We denote by (I';, I';) € CHZ”’Z(Z,' x Z; x X x X) the correspondence
pisLi - p5,Ti between Z; x Z; and X x X, where the p,; are the projectors from Z; x
Z; x X x X to the product of two of its factors. Observe that (I';, I';)+ Az, is supported
on D; x D;, where D; C X is defined as the image of SuppI'; in X under the second
projection. Let
r:= Zni(ri, T)«Az € CH (X x X).

l

Equation (35) can be written as

(a, B)x = / prja — pr; f— [T'] (36)
XxX

for any degree n classes o, 8 on X. It follows that the class
[Ax]—[T] € H*(X x X, Z) = Endo(H*(X, Z)) 37

annihilates H" (X, Z). In (37), Endg denotes the group of degree preserving endomor-

phisms. The isomorphism H>"(X x X,Z) = Endy (H*(X,Z)) is a consequence, by

Kiinneth decomposition and Poincaré duality, of the fact that H* (X, Z) has no torsion.
It follows that (again by Kiinneth decomposition)

[Ax]- M e @PH (X.Z)® H"(X.Z) C H"(X x X, 7). (38)
i#n
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On the other hand, condition (i) tells us that H*#" (X, Z) consists of classes of algebraic
cycles, so that (38) becomes

[Ax]—[T] =) prilWil — pr3[W/] (39)

for some cycles W;, W/ of X with dim W; 4 dim W = n. The right-hand side of (39) is
of the form
[X x x]+ Z [pr] W; - prs W/]
i, dim W/>0

and clearly » ;g wr-oPry Wi - pry W/ is supported on D’ x X for some proper closed
algebraic subset D’ C X. Hence

[Ax]—[X xx]=[T1+ > [pr} Wi prs W] =[Z],
i, dim W/>0

where the cycle Z =T + ", 4 w-o Pr} Wi - pry W/ is supported on (l D; U D) x X.

We now prove conversely that condition (x) follows from the existence of a cohomo-
logical decomposition of the diagonal of X.Let D C X be adivisorand Z C D x X be
an n-cycle such that

[Z]=[Ax]—[X xx] in H"(X x X, 7).

We first claim that we can assume that D is a global normal crossing divisor. In order to
achieve this, let T : X’ — X be a blow-up of X such that a global normal crossing divisor
D' C X’ dominates D. Enlarging D if necessary, we can assume that Z lifts to an n-cycle
Z' € CH"(D" x X'), where D" = | |; D; is the normalization of D’. (Indeed, it suffices
to choose D in such a way that for each irreducible component Z; of the support of Z,
D has at least one component which is generically smooth along Z;.) It follows easily
that the cycle class

[Ax]—[X xx] € H"(X x X)

is the class of a cycle Z; supported on (D’ U E) x X', where E is the exceptional divisor
of 7. The divisor D] = D" U E can also be assumed to have global normal crossings and
thus the cycle Z lifts to an n-cycle Z; € CH"(D{ x X'), where D{ = | |; Dy,; is the
normalization of D}. On the other hand, as («, B)x = (t*«, T*B)x fora, p € H" (X, Z),
it suffices to prove (x) for X’. This proves our claim.

From now on, we thus assume X = X’ and D is a global normal crossing divisor
in X with normalization |_]l. D;, so that Z lifis to acycle 7 in (Ui D;) x X. Let us denote
by I'; € CH"(D; x X) the restriction of Z to the connected component D; x X. Let
ki : D; — X be the inclusion map. We have

D ki 1dx)«[Ti] = [Z] = [Ax] — [X x x] in H*"(X x X). (40)
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We can of course assume n > 0, so that [Z]*« = « for any « € H"(X, Z). Then (40)
gives, for any «, B € H" (X, Z), the equality

(@ B)x = (2], [Z)B)x = (Z((kl, Idx)s [T Z((kl, 1dx).T)) - (D)
We now develop the last expression, which gives, for all «, § € H" (X, Z),
(o, B)x = Z(((kh Idy)«[TiD*a, ((kj, Idx)«[T;D*B) x- (42)
i,j

Note now that
((ki, 1dx)«[TiD* e = kix([Ti1*a)  in H"(X, Z)

and similarly for (k;, Idx)+[I';])«8. Hence (42) becomes
(o, BYx = ) (ki ([TiT*e), kju([T;1°B)) x, 43)
ij
where [ ]*a € H"2(D;, Z) and [I';]*8 € H"2(D;, Z). Let §; = k*(D;) € CH'(D;)

and let [§;] € H2(D,~, Z) be its cohomology class. As k; is an embedding, we have
k¥ o ki = [8;1 —: H""X(D;, Z) — H"(D;, Z), and thus

(kix([Ti1*e0), kix ([Ti1*B)) x = ([8:i]1 — [TiT*e, [[:1°B) p; - (44)
Write §; = Zl ni; Z;; where nj; € Z and Z;; is a smooth (n — 2)-dimensional subvariety

of D;. Then letting I';; € CH"’I(ZU x X) be the pull-back of I'; to Z;; x X, we can
write (44) as

(kis([Ti1* ), kix([T:1*B)) x = Znilqril]*% (Tiul*B)z,- (45)
i

The right-hand side of this equation is exactly of the form allowed in (35) and it remains
to analyze in (43) the terms

(ki (ITiT ), kju ([T;1°B)) x + (kju ([T 1" 00), ki (T3 17 B)) x

for i # j. Denote by W;; the intersection D; N D;. It admits two correspondences
Iij, Tji € CH”_l(Wij x X), namely the restrictionto W;; x X of I'; € CH"_l(Di x X)
andof I'; € CH"~! (Dj x X) respectively. With this notation,

( l*([r] a), k]*([r] Bx = ([Fl]] @, [F]l] Bw, Wij» (46)
(kj«(IT; T @), kix ([T 1)) x = ([Tl e, [Ti; 1" BYw;; »

which provides

(kix([TiT* ), ki ([T;1B)) x + (kjs ([T 1), kix ([T 1°B)) x
= ([T, [Tji* By w,; + ([F,l] o, [Ti1"B)w,
= ((Ti;1+ [TjiD*a, ((Ti1 + [TjiD*Bw;;
—([TijT% e, [Ty BYwy; — ([Tjil* e, [Tji1* B w, - 47
Each of the terms appearing in the final expression of (47) is of the form allowed in (35),
which concludes the proof. O
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Corollary 3.2. Let X be a smooth cubic hypersurface. Then X admits a coho-
mological decomposition of the diagonal (or equivalently a Chow-theoretic one if
H*(X,Z)/H*(X, Z)qg has no torsion) if and only if X satisfies condition (x).

Proof. The necessity of (x) is proved above and the proof does not use assumptions (i)
and (ii) of Theorem 3.1, so it works in our case. The converse is not in fact a direct
corollary of the theorem, since the proof uses these assumptions and we do not know
that cubic hypersurfaces satisfy (i), but we can make a small variant of the proof, using
the following observation: As a smooth cubic hypersurface of dimension > 2 admits a
unirational parametrization of degree 2, twice its diagonal admits a decomposition

2Ax =2(X xx)+Z in CH(X x X),

with Z supported on D x X for some D C X. So X admits a cohomological (or Chow-
theoretic) decomposition of the diagonal if there is such a decomposition for 3Ax. But
we know that A’ is algebraic for any i, and thus each class 3 pri o; — prj a,_; for 2i #n,
0 is the class of a cycle supported on D x X for some D C X, where «; is a generator
of H?* (X, Z). The proof of the existence of a decomposition of 3[A ] assuming condi-
tion (x) then works as in the proof of Theorem 3.1. m]

Let us conclude this section with the following variant of (part of) Theorem 3.1.

Theorem 3.3. Let X be a smooth projective variety of dimension n, and let N be an
integer. Assume there is a decomposition

N[Ax] = N[X x x]+[Z] in H"(X x X, 7Z),

where Z is supported on D x X for some D C X. Then there exist smooth projective
varieties Z; of dimension n — 2, correspondences I'; € CH"_l(Zi x X), and integers n;,
such that for any o, B € H" (X, Z),

N*{a, Byx = > ni(Tfe. TFB)z,. (48)

i
Proof. We look at the proof that condition (x) follows from the existence of a cohomo-
logical decomposition of the diagonal and we repeat it replacing everywhere (o, 8)x by

N?(a, B)x. The main point is that with the same notation as in the proof of the theorem,
letting Z = Zi(ki, Idx).I';, we have by assumption

[Z]*a = Na
fora € H" (X, Z) (with n > 0), and thus

N*(a, B)x = ([Z]*a, [Z]*B)x. O

4. Rationally connected threefolds

In the case of rationally connected threefolds, we have the following result, which was
partially proved in [29]:
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Theorem 4.1 (cf. Theorem 1.6). Let X be a rationally connected 3-fold and let J (X) be
its intermediate Jacobian, with principal polarization 0 € H 2(J(X), Z). Then X admits
a cohomological decomposition of the diagonal if and only if:

() H3(X,Z) has no torsion.

(b) There exists a universal codimension 2 cycle I" on J(X) x X.

(c) The integral Hodge class 64~ /(g — 1)! € H*272(J(X), Z), where g := dim J(X),
is algebraic on J(X), that is, is the class of a 1-cycle Z € CH{(J(X)).

Proof. Indeed, it is proved in [29, Corollary 4.5] that for a rationally connected 3-fold,
conditions (a) and (b) are necessary for the existence of a cohomological decomposition
of the diagonal, and in [29, Theorem 4.9] that (a)—(c) are sufficient for the existence of
a cohomological decomposition of the diagonal. So it suffices to show that (c) is also
necessary.

Assume X admits a cohomological decomposition of the diagonal, and let Z;, I'; and
n; be as in Theorem 3.1. Then the Abel-Jacobi map ®x of X induces (after choosing a
reference point in Z;) a morphism

Vi = ®x 0 Tiy 1 Zi > CH*(X)hom — J(X)

with image Z! := y;5Z; € CH{(J(X)). We claim that (35) is equivalent to the equality

D omilzZ1=05"/(g — D). (49)

1

Indeed, as A\> H'(J(X),Z) = H2(J(X),Z) = H®¥2(J(X), Z)*, (49) is equivalent to
the fact that for o, 8 € H' (J(X), Z),

gs!
Zni <Vi*a’ Vi*ﬂ>zi = < o, .B> . (50)
7 (g —1! J(X)

Now, the right-hand side is equal, by definition of the polarization 0, to {a’, ') x, where
we use the canonical isomorphism H'(J(X),Z) = H3(X,Z) to identify o, 8 with
classes «’, B’ of degree 3 on X. Finally, using again this canonical isomorphism, we
have

yia =T/, y*B=T;p
so that the left-hand side in (50) is equal to ) ; n; (I'Fa, T'}' B’) z,. Hence (50) is equivalent
to the fact that for any o/, 8’ € H3(X, Z),
Y niTfe Tz, = (&, B)x,
i
which is equality (35). O

The following variant is proved as above, using Theorem 3.3 instead of Theorem 3.1. It
answers a question posed to us by A. Beauville.
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Theorem 4.2. Let X be a rationally connected threefold with no torsion in H(X, 7).
Assume that, for some integer N, N Ax admits a decomposition

[NAx] = N[X x x] +[Z] 61V}

with Z supported on D x X for some D C X. Then:
(i) There exists a codimension 2 cycle I" € CHZ(J(X) X X) such that for any t € J(X),

ox([Ty) =Nt inJ(X).

(ii) The integral cohomology class N*08~1/(g — 1)! € H*¢72(J(X), Z) is algebraic
on J(X), where g = dim J (X).

Proof. (i) Let D< Xbea desingularization with a cycle Z e CH(5 x X) such that
(j,Idx)«(Z) = NAx — NX x x. It follows that for any o € H3(X,7),

Na = ju(Z*a),

and similarly, looking at the induced morphisms of complex tori,

N1dyx) = juo Z*: J(X) > J(X),
where Z* gives a morphism

v J(X) — JY(D) = Pic’(D).
Now we use the existence of a universal divisor D on Pico(ﬁ) x D. Let
Z = (Idyx), )W, 1d5)*(D) € CH (I (X) x X).

Then for any ¢ € J(X),

Dx(Zy) = ju(@5(Dy ) inJ(X).
The right-hand side is equal to j,. (¥ (¢)) = j*(z*(t)) = Nt, proving (i).

(ii) We use Theorem 3.3. We thus have curves C;, correspondences I'; € CHZ(Ci xX),
and integers n; such that for any «, 8 € H3(X, Z),

X_Zn, Fa, T B)c

As in the proof of Theorem 4.1, this equality exactly says that the 1-cycles D; := y;x €
CH;(J(X)), where y; = ®x o [y : C; — J(X), satisfy

an[D] N? 971)' in H¥72(J(X), Z). O
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Remark 4.3. If X is a unirational threefold admitting a degree N unirational parametr-
ization ¢ : P> --» X, then NAy admits a decomposition as in (51), simply because,
denoting by Y a blow-up of P? on which ¢ is desingularized to a true morphism ¢, one
has L

(¢, 9)«(Ay) = NAx

and Y admits a decomposition of the diagonal. In this case, Theorem 4.2(ii) has an imme-
diate proof which provides the following stronger statement:

There is an effective cycle of class N@g’l/(g — D!in H*®¥72(J(X), Z), where
g = dim J(X).

To see this, recall from [10] that (J(Y), 8y) is a direct sum of Jacobians of smooth curves.
Thus there exists a (possibly reducible) curve C C J(Y) with class 95/_1 /(g’ —1)!, where
g =dimJ(Y).Lety : J(Y) — J(X) be the morphism induced by q; 1Y - X.

We claim that 1/, (C) C J(X) has class N6¢~!/(g—1)!in J(X). Indeed, by definition
of the Theta divisor of J(X), this is equivalent to saying that for any «, 8 € H 3(X,7),
denoting by o, B’ the corresponding degree 1 cohomology classes on J(X) via the iso-
morphism H3(X,Z) = H'(J(X), Z),

Na, B)x = / o AP (52)
¥(C)

However,

/ a/ /\ﬁ/ — / w*a/ /\ w*a/’

P (C) C

where y*o’ identifies with ¢*« € H>(Y, Z) via the natural isomorphism H'(J(Y), Z) =
H3 (Y, 7Z), and similarly for $. Finally, by definition of the Theta divisor of J(Y) we get

fc v At =t ")y = Nla, B)x.
which proves (52).

In the case of a smooth cubic threefold, we get the following consequence of Theorem 4.1:

Corollary 4.4 (cf. Theorem 1.7). A smooth cubic threefold admits a Chow-theoretic de-
composition of the diagonal (that is, its CHg group is universally trivial) if and only if the
class 0% /4! is algebraic on J(X).

Proof. Indeed, this condition is necessary by Theorem 4.1. Its sufficiency is proved as
follows: The cubic 3-fold has no torsion in H3(X, Z). It is not known if it admits a
universal codimension 2 cycle, but it is known by work of Markushevich-Tikhomirov
[19] that it admits a parametrization of the intermediate Jacobian with rationally con-
nected fibers, that is, there exists a smooth projective variety B and a codimension 2
cycle Z € CH?(B x X) such that the induced morphism

®z:B— J(X), > Px(Z),
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is surjective with rationally connected general fiber. In [29, Theorem 4.1], it is proved that
if such a parametrization exists for a given rationally connected 3-fold X, and if further-
more the minimal class 687! /(g — 1)! is algebraic on J(X), then there exists a universal
codimension 2 cycle on J(X) x X. In the case of the cubic threefold, we conclude that
if the minimal class 6% /4! is algebraic, then there exists a universal codimension 2 cycle
on J(X) x X. Thus Theorem 4.1 implies that X admits a cohomological decomposition
of the diagonal. By Theorem 1.1, X then admits a Chow-theoretic decomposition of the
diagonal. O

We conclude with the following result:

Theorem 4.5. There exists a non-empty countable union of proper subvarieties of codi-
mension < 3 in the moduli space of smooth cubic threefolds parametrizing threefolds X
with universally trivial CHg group.

Proof. We first claim that if (J(X),0) is isogenous via an odd degree isogeny to
(J(C), mOc) for some (possibly reducible) curve C, then J(X) has a 1-cycle whose
class is an odd multiple of the minimal class #*/4!. Indeed, we have the odd degree
isogeny u : J(C) — J(X) with u*6xy = m6c. As deg u is odd, m is odd. Furthermore,
[+ (04 /41) = m(6*/4!) and 67 /4! is algebraic on J(C). As 2(9*/4!) is an algebraic class
because (J(X), 0) is a Prym variety (see [10]), we conclude that 64 /4!is algebraic, which
proves the claim.

An explicit example is as follows: Consider a smooth cubic threefold defined by a ho-
mogeneous polynomial P (X, ..., X4), where P is invariant under the automorphism g
of order 3 acting on coordinates by

g'Xo=Xo. ¢Xi1=jX1, §X2=j’X2, g'Xs=X3 g'Xs=Xs,
where j = exp(2ur/3). The invariant part H3(X, Q)™ of H3(X, Q) under the action of g
has rank 6. This can be seen by looking at the action of g* on H>!(X), the latter space
being computed via Griffiths residues (see [34, 6.1]): One gets a residue isomorphism

AQ
HY(X,0x(1)) = H>'(X), A > Resy

3R (53)

where €2 is the canonical generator of H 04, Kpa(5)). As g*Q = Q, (53) induces an
isomorphism _ .
HO(X, OX(l))an ,-:\, HZ, 1 (X)an’
so that dim H>! (X)) = 3.
Let 7 =1d + ¢* + (¢%)* € End(H>(X, Z)). Then 7/3 is the orthogonal projector of
H3(X, Q) onto H3(X, Q)™ with respect to the intersection pairing on H 3(X, Q). Hence
over Q we have an orthogonal decomposition

H3(X,Q) = H3(X,Q™ @ H*(X, Q)%,

where H3(X, Q).tI = Im(Id — 7/3). Over Z, we conclude that H>(X, Z) contains a sub-
lattice H3(X, Z)™ & H3(X, Z)*, where

H3X,2)" = H*(X,Q)* N H*(X, Z) = (H3 (X, Z)™)*.
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The index of this sublattice is a power of 3, since fora € H 3(X,7), we can write
3a = (a+g*a + (g9)%a) + (3a — (@ + g*a + (¢H)*a))
with
a+gta+(g)ae HX, 2™, 3a—(a+g*a+ (g)*a) e H (X, Z) .
It follows that we can construct two finite index sublattices
Hi C H3(X,Z)™, H,c H3(X,Z)*

such that the restriction of the intersection form (, ) x to H; and Hj is m times a unimod-
ular intersection pairing, where m is a power of 3. These sublattices determine principally
polarized abelian varieties A and B of respective dimensions 3 and 2, together with an
isogeny

AP B — J(X)

such that the pull-back of Oy is m (64, 6p). The ppav’s A and B are Jacobians of curves
Ca,Cp,and (A @ B, (64, 0p)) is the Jacobian of the curve C4 U, Cp.
We conclude with the following:

Lemma 4.6. Each choice of sublattices Hy, H> as above provides us with a subvariety
of codimension < 3 in the moduli space of X along which the class 6* /4! is algebraic.

Proof. Let C = C4 U, Cp be a curve as above, with x general, and let
C—V, ceV, (C.=C

be a universal family of deformations of C~ Similarly, denote by U the base of a universal
family of deformations of X. Denote by As x the base of a universal family of deforma-
tions of the ppav J(X), and As c the base of a universal family of deformations of the

ppav J(C). We have an isogeny « : J(C) iség J(X) and the (local) period maps
Pc:V —> -/Zs,c, Px :U — ,Zlvix.
The isogeny « provides a local (for the Euclidean topology) isomorphism
o .Zic = .Zs,x.
As dim levs, x = 15, any component of the subvariety G C V x U defined by
G ={(t,u) € Ms x U : a(Pc(1)) = Px ()}

has codimension < 15 in V x U, hence has dimension > 7 since dimU = 10 and
dimV = dim Ms = 12. The image U’ C U of the second projection py : G — U
consists of cubics whose intermediate Jacobian is isogenous (via the given isogeny type)
to a Jacobian of curve. As dim U = 10, one has codim U’ < 3, unless p; is not generically
finite on its image. In this case, the image of G under the first projection is contained in the
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locus of reducible curves, as this is the only locus where the period map Pc has positive-
dimensional fibers. So we have to exclude this last possibility. Assume it happens. Note
that the intermediate Jacobian of a generic cubic threefold X with Z/3Z-action as above
has only two simple factors, one of dimension 2, the other of dimension 3. Hence the
fiber of the period map P¢ over any isomorphism class of an abelian 5-fold isogenous to
J(X) has dimension at most 2. As dim G > 7, it follows that p(G) C U has dimension
> 5, hence codimension < 5, and is contained in the locus of U parametrizing cubic
threefolds with reducible intermediate Jacobian. This can be excluded by an infinitesimal
computation at any point x € U. In fact, it suffices to prove that the infinitesimal variation
of Hodge structure at x,

Ty » — Hom(H>'(X), H'(X)),

maps Ty x surjectively onto the 6-dimensional space Hom(H 2, 1.(X )inv, H"“2(X)%), where
H'2(X)" is defined as the orthogonal complement of H>!(X)™. Indeed, the space

Hom(H>'(X)™™, H'2(X)%)

identifies with the normal bundle of the locus of reducible ppav’s in Zs, x . Using Griffiths’
theory (see [34, 6.1-2]), we can easily perform this computation in the Jacobian ring of
the Fermat equation P = Y, X;. ]

It is a standard fact that there are countably many choices of pairs (H, H3) of lattices as
above. Indeed, starting from the unimodular intersection pairing on Hj, we can write Hj
as the sum of two Lagrangian sublattices,

H =A® AN,

and then for each integer m, we can consider H{(m, A, A") := mA & A’; we also have
to make a similar construction for Hy.

This way we get countably many corresponding codimension < 3 subvarieties, and it
is likely that they are Zariski dense in the moduli space of cubic threefolds, but we have
not tried to prove this. O

5. More results on cubic hypersurfaces

Let X be a smooth cubic hypersurface of dimension n > 3. The Hodge structure on
H" (X, Q)prim is a polarized non-trivial Hodge structure (that is, when n = 2k + 1, it is
non-zero, and when n = 2k, it is not purely of type (k, k)). Let Endys (H" (X, Q)prim) be
the space of endomorphisms of this Hodge structure.

Lemma 5.1. For the very general cubic hypersurface of dimension n,

Endys (H" (X, Q)prim) = Q1d.
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Proof. This follows from the fact that the Mumford-Tate group of the Hodge structures
under consideration is the symplectic group if n is odd and the orthogonal group if n
is even. This fact in turn follows from the fact that the Mumford—Tate group contains a
finite index subgroup of the monodromy group (see [30]) and that by [6], the monodromy
group of a smooth hypersurface is Zariski dense in the symplectic or orthogonal group
of H"(X, Q)prim except for even-dimensional quadrics and cubic surfaces, for which it
is finite. This immediately implies the lemma because by definition of the Mumford—
Tate group G := MT(H" (X, Q)prim), any endomorphism ¢ of the Hodge structure on
H"(X, Q)prim has to commute with G, thatis,¢po g =go¢ forg € G. O

The next result says that for cubic hypersurfaces satisfying the conclusion of Lemma 5.1,
the CHy group cannot be universally supported on a proper closed algebraic subset of X,
unless it is trivial. Let ¥ C X be a proper closed algebraic subset. We introduced in
Definition 1.2 the notion of CHy(Y) — CHy(X) being universally surjective. When Y is
a point, this is equivalent to X having universally trivial CHg group.

Theorem 5.2. Let X be a smooth cubic hypersurface such that H" (X, Z)/H" (X, Z)ag
has no 2-torsion for n = dim X, and Endys(H" (X, Q)prim) = QId. Assume there is
a proper closed algebraic subset Y C X such that CHo(Y) — CHgy(X) is universally
surjective. Then CHo(X) is universally trivial.

The assumptions of the Theorem are satisfied by a very general cubic hypersurface, which
proves Theorem 1.3 stated in the introduction.

Proof of Theorem 5.2. Let L = C(X). Then we have the diagonal point 7, and the fact
that it comes from a O-cycle supported on Y7 implies, by taking the Zariski closure in
X x X and using the localization exact sequence, that there is a decomposition of the
diagonal of X which takes the form

Ax =Z1+Zy inCH (X x X),

where Z; is supported on D x X for some proper closed algebraic subset D C X, and Z»
is supported on X x Y. This decomposition gives in particular a cohomological decom-
position:

[Ax]=1Z11+[2Z2] in H(X x X, 2), (54)
where Z1 and Z, are as above. We now use Lemma 5.3 below which says that a decom-
position as in (54) implies that X admits a cohomological decomposition of the diagonal
because we have assumed Endys (H" (X, Q)prim) = QId and we use Theorem 1.1 which
says that X then admits a Chow-theoretic decomposition of the diagonal because we
have assumed that H" (X, Z)/H" (X, Z)a¢ has no 2-torsion; hence we have proved that
CHy(X) is in fact universally trivial. ]

Lemma 5.3. Let X be a smooth cubic hypersurface. Assume that there is a decomposition

[Ax]1=[Z11+1[Z2] in H"(X x X, Z), (55)

where Z1 is supported on D x X, and Z; is supported on X XY for some proper closed al-
gebraic subsets D,Y C X. If furthermore Endys (H" (X, Q)prim) = Q1d, then X admits
a cohomological decomposition of the diagonal.
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Proof. Indeed, recall that cubic hypersurfaces admit a unirational parametrization of de-
gree 2. So 2[A x] can be decomposed as 2[X x x] + [Z], where Z is supported on D x X
for a proper closed algebraic subset D C X. Hence it suffices to show that for some odd
integer m, we have a decomposition

m[Ax] =m[X x x]+[Z] in H"(X x X, 7Z),

where Z € CH"(X) is supported on D x X for some closed algebraic subset D C X.
Consider the decomposition (55); each class appearing in this decomposition acts on
H" (X, Z)prim via a morphism of Hodge structures, the diagonal acting as identity. As
Endys (H" (X, Z)prim) = Z1d, we have

[Zi]F =mi1d,  [Z2]" =m>1d,

where m, my are two integers such that m| + m> = 1. We may assume that m is
odd, applying transposition to our cycles if necessary. It follows that m, is even, and the
cycle class [Z>] — ma[Ax] acts trivially on H" (X, Q)prim. Over Q, using the orthogonal
decomposition

H*(X,Q) = H"(X, Q)prim ® H* ", Q)x,

we conclude that for some rational numbers «;,

(Z2] — ma[Ax] = Zaihﬁ @Ky in H*(X x X, Q), (56)

where h € H*(X, 7Z) is ¢; (Ox (1)) and the right-hand side makes sense in H*(X x X, (@)
via Kiinneth decomposition. We now observe that because H*(X, Z) has no torsion and
the pairings (h, "1y are equal to 3, the denominators in the coefficients «; of (56) are
equal to 3 (or 1), so that

3[Z2] — 3ma[Ax] = Z Bipri k' — pri k"1 in H¥(X x X, Z), (57)
i

where now the §; are integers. Combining (57) with (55), we get

3[Ax]=3[Z1]+ 3ma[Ax]+ Y _ Biprih' — pryh" " in H'(X x X, Z), (58)
i

where Z; is supported on D x X for some closed algebraic D C X. Hence

(3 —=3m2)[Ax] —3Bo[X x x]
=3[Z 1+ Y _Biptih —pis A" in HM(X x X.Z),  (59)

i>0

and clearly ) ;_, Bi pr} ht — pr; K"~ is the class of a cycle supported on D’ x X for
some closed algebraic D’ C X. As m» is even, 3 — 3m; is odd, and thus (59) finishes the
proof. O
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In the case of cubic fourfolds, we can replace in Theorem 5.2 the assumption that
Endys (H" (X, Q)prim) = Q1d by an assumption which concerns the simple Hodge struc-
ture

HY (X, Q) = H*(X, Q).

namely Endps(H*(X, Q)y) = QId. This is a weaker and more natural assumption, be-
cause when the Hodge structure on H*(X, @) prim is not simple, or equivalently when
H*(X, Q)prim contains non-zero Hodge classes, the algebra Endys (H (X, Q)prim) con-
tains projectors associated to sub-Hodge structures, and this happens along codimension 1
loci parametrizing special cubic fourfolds. On the contrary, the non-existence of non-
trivial endomorphisms of the Hodge structure on H 4(X, Q) is satisfied in codimension 1,
and in particular at the very general point of a Noether—Lefschetz locus by the following
lemma:

Lemma 5.4. In the moduli space of smooth cubic fourfolds, the set of points parametriz-
ing cubics X such that Endys(H*(X, Q)y) # QId is of codimension > 2.

Proof. Equivalently, we have to show that this set does not contain the very general
point of a Noether—Lefschetz locus D, defined by a class o, or the very general point
of the moduli space. For contradiction, let X be a very general point of D,, and let
h € Endus(H*(X, Q)¢) be a morphism of Hodge structures (which then has to remain a
morphism of Hodge structures acting on H 4 (X¢, Q)¢ for any small deformation X, of X
parametrized by a point t € D) but is not a homothety. Let A € C be the algebraic num-
ber such that h*nx = Anx, where ny is a generator of the rank 1 vector space H 3.1 (X).
As the Hodge structure on H X, Q) is simple and /% is not a homothety, A is not a ra-
tional number. It follows that the eigenspace H) of h associated with the eigenvalue A has
complex dimension < % dim H 4(X , Q)¢ On the other hand, the period map restricted to
Dy has by assumption its image contained in P(H,). As the period map is injective, we
conclude that
dimD, < 5(dim H*(X, Qv — 2),

which is absurd since the right-hand side is equal to 19/2 while the left-hand side is equal
to 19. This contradicts our assumption that 4 is not a homothety. The same argument
works if X is a general point of the moduli space. O

Our next result is the following:

Theorem 5.5. Let X be a smooth cubic fourfold such that Endys(H*(X, Q)y) = QId.
Assume there is a proper closed algebraic subset Y C X such that CHo(Y) — CHp(X)
is universally surjective. Then CHy(X) is universally trivial.

Proof. The proof is very similar to the previous proof. The assumption is that
[Ax]=1[Z11+[Z2] in H3(X x X, 2),

with Z; supported on D; x X and Z, supported on X x D, for some closed proper
algebraic subsets D1, D, C X. We consider the action of [Z;]* on H*(X, 7). Since
Endys(H 4(X , Q) = QId, each of them must act as a multiple of the identity and the



On the universal CHg group of cubic hypersurfaces 1649

sum [Z;]* + [Z2]* equals Id g4y 7). So one of them, say [Z;]*, must act as an odd
multiple of the identity and the other as an even multiple of the identity. Let [Z>]* =
2m1d on H*(X, Z)i. Then 2m[Ax] — [Z2])* acts as 0 on H*(X, Z). Note also that
(2m[Ax] — [Z2])* maps Hdg4(X, 7Z) = H*(X, Z)# to itself, and this implies that

2m[Ax] - [Z,] € Hdgh(X. Z) @ Hdg"(X. 2) © > H*(X.Z) ® H* ¥ (X. Z)
72 c H3(X x X, 7).

All classes in Hdg*(X, Z) are algebraic by the Hodge conjecture for integral Hodge
classes on cubic fourfolds proved in [32], and all classes in H *#4(X, 7) are algebraic.
Hence we conclude that

2m[Ax] —[Za] = ) priIWil — pr3[ W]

for some integral cycles W;, W/ on X satisfying dim W; + dim W/ = 4. The rest of the
proof works as before, allowing us to conclude that X admits a cohomological decompo-
sition of the diagonal, hence also a Chow-theoretic one by Theorem 1.1. O

We finally prove Theorem 5.6 below. Let X be a cubic fourfold. Assume X is special
in the sense of Hassett, that is, H*(X, Z) contains two independent Hodge classes (one
being the class h2, the other being denoted o). Let P C H 4(X, Z) be the sublattice
generated by these two Hodge classes. The restriction of the intersection form (, )x to P
has a discriminant D (o). This number, which is always even, has been very much studied
in conjunction with rationality properties of cubic fourfolds (see [15], [16], [18], [1]).
Hassett’s work has suggested that if a cubic fourfold is rational, then it is special and the
discriminant D (o) satisfies severe restrictions.

Theorem 5.6. If 4 does not divide D(o), then the CHy group of X is universally trivial
(that is, X admits a Chow-theoretic decomposition of the diagonal).

Proof. The assumption on X being satisfied along a countable union of Noether—Lef-
schetz type divisors D, in the moduli space of cubic fourfolds (see [15]), it suffices to
show that the conclusion holds for X very general in each D, . Indeed, inside each di-
visor Dy, the existence of a cohomological (or Chow-theoretic) decomposition of the
diagonal is satisfied along a countable union of closed algebraic subsets (see [28, proof
of Theorem 1.1]). So if it is satisfied at the very general point of Dy, it is satisfied every-
where along D,,. Next, by Lemma 5.4, for a very general point X in a Noether—Lefschetz
divisor, we have Endys(H*(X, Q)¢) = QId. Theorem 5.5 thus tells us that if there is
a surface ¥ C X such that CHyg(X) — CHp(X) is universally surjective, then CHp(X)
is universally trivial. The existence of a special Hodge class o provides us with an alge-
braic cycle Z on X of class o, by the Hodge conjecture for integral Hodge classes proved
in [32]. Adding to o a high multiple of 42, we can even assume that Z is the class of
a smooth surface X in general position. Indeed, as we are working with codimension 2
cycles, their classes are generated by c» of vector bundles on X. For any vector bundle E
of rank r, a twist of E is very ample and its ¢; is represented by a rank locus associated
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to a morphism ¢ : O"! - E, and this rank locus is smooth in codimension 5. Let now
% be as above. Recall the rational map

O X?-5 X, D,x)=x", x+x+x"=xx)NX.
We now have

Lemma 5.7. Assume the restriction of &' to %2 is dominant of degree 2N not divisible
by 4. Then the map CHo(X) — CHo(X) is universally surjective.

Proof. Indeed, the rational map @1 5y, 18 symmetric, that is, factors through a rational
map ¥ : ©@® --» X, and our assumption implies that ¥ has odd degree N. It follows
that ¢ : CHO(Ef)) — CHyo(X}) is surjective for any field L containing C because its

cokernel is annihilated by N, with N odd, and also by 2, since X is a cubic of dimension
> 2, hence admits a unirational parametrization of degree 2. On the other hand, if z €

CH()(Ef)) is of degree k, then z provides a O-cycle z’ on X of degree 2k, and obviously
Vi(2) = kh* — ju(z)  in CHo(X 1),

where j : ¥ — X is the inclusion map. It follows that j, : CHo(Xr) — CHp(XL)
is surjective as well, since h* € CHp(X1) belongs to its image. Indeed, it belongs to
the image of CHo(X¢) = Zxo — CHy(X ) for any xo € X (C), which one can take
in X (C). m]

The next lemma relates the degree of CIDfE «x to the discriminant D (o).

Lemma 5.8. Let ¥ C X be a smooth surface in general position. Then the degree of the
rational map quZx): 1 X X X --» X is congruent to D(o) modulo 4, where o = [X].

Proof. Let x € X be a general point of X and let
Tyt X —-» P

be the linear projection from x. To say that (z, z') € 2 satisfies ®’(z, z') = x is equiv-
alent to saying that z, z’ and x are collinear, or that 7, (z) = 7(z'). As T is in general
position, the restriction of 7, to £ maps X to a surface X’ which is smooth apart from
finitely many double points corresponding to pairs {z, z'} as above. It follows that the
degree of CI>1 5«3 18 equal to twice the number N of these double points (this argument
appears in [16, 7.2]). We now compare the geometry of the two immersions

YCX, TWyyi=Tyz:X— P,
The two corresponding normal bundle exact sequences give
0— Ty - Txjx > Ngyx >0, 0— T2—>n;"ETP4—>NE/P4—>O, (60)
which by the Whitney formula provides

c2(Ts) = c2(Tx|z) — c2(Nx/x) + Kz - c1(Nx/x),

(61)
c2(Ts) = co(my 5 Tps) — c2(Ny jpa) + Kz - c1 (N pa).
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We now use the equalities
ex(Txjs) = 6hjy.  ca(m) 5 Tps) = 10h,
ci(Nz/x) = Ks +3hjz, ci(Nyp1) = Kz + 5his
together with
a(Nsyx) =0, o =[Zle H'(X,Z),
2Ny jp) = (h{g)* —2N = (o - h*)* — 2N.
Thus (61) becomes
(Ts) = 6h* -0 —0” + K5 - (Kx + 3h),

2 22 (62)
c2(Tx) =10h" -0 — (0 - h*)" + 2N + Ky - (Kx + 5h).
We now add these two equalities and consider the result modulo 4, which gives
205(Ts) = —0% — (0 - h*)? + 2N + 2K% mod 4. (63)
As2cr(Ty) — 2K % is divisible by 4 by Noether’s formula, we conclude that
02+ (o - h*)?> = 2N mod 4. (64)
As D(o) =302 — (0 - h?)? is equal to —02 — (o - h*)? modulo 4, we have proved that
2N = —D(0) = D(0) mod 4. O
Combining Lemmas 5.8 and 5.7, we conclude that the map CHo(¥) — CHo(X) is uni-
versally surjective, hence that CHo(X) is universally trivial. O

Remark 5.9. If one looks at the proof of the integral Hodge conjecture for cubic four-
folds given in [32], one easily sees that it gives more, namely: the group of Hodge classes
of degree 4 on a cubic fourfold is generated by classes of rational surfaces. Thus the sur-
face X above can be chosen rational. However, Lemma 5.8 does not allow us to conclude
that if D (o) is not divisible by 4, then X admits a unirational parametrization of odd de-
gree. Indeed, the rational surface produced by the construction of [32] will be presumably
singular, and not in general position.
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