J. Eur. Math. Soc. 19, 1729-1783 © European Mathematical Society 2017
DOI 10.4171/JEMS/704

Pablo Guarino - Welington de Melo J E M S

Rigidity of smooth critical circle maps

Dedicated to Jean-Christophe Yoccoz (1957-2016), in memoriam

Received July 14, 2014 and in revised form September 19, 2016

Abstract. We prove that any two C 3 critical circle maps with the same irrational rotation num-
ber of bounded type and the same odd criticality are conjugate to each other by a C e circle
diffeomorphism, for some universal o > 0.
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1. Introduction

In the theory of real one-dimensional dynamics there exist many levels of equivalence be-
tween two systems: combinatorial, topological, quasi-symmetric and smooth equivalence
are major examples.

In the circle case, a classical result of Poincaré [45, Chapter 1, Theorem 1.1] states
that circle homeomorphisms with the same irrational rotation number are combinatorially
equivalent: for each n € N the first n elements of an orbit are ordered in the same way
for any homeomorphism with a given rotation number. This implies that circle homeo-
morphisms with irrational rotation number are semi-conjugate to the corresponding rigid
rotation. According to Denjoy’s theorem [7], any two C? circle diffeomorphisms with the
same irrational rotation number are topologically conjugate to each other. By a fundamen-
tal result of Herman [24], improved by Yoccoz [59], any two C 2+e circle diffeomorphisms
whose common rotation number p satisfies the Diophantine condition
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for some § € [0, 1) and C > 0, and for any positive coprime integers p and g, are con-
jugate to each other by a smooth circle diffeomorphism (see [29] for precise statements).
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Moreover, any two C* circle diffeomorphisms with the same Diophantine rotation num-
ber are C°°-conjugate to each other, and real-analytic diffeomorphisms with the same
Diophantine rotation number are conjugate to each other by a real-analytic diffeomor-
phism [45, Chapter I, Section 3].

These are examples of rigidity results: lower regularity of conjugacy implies higher
regularity under certain conditions.

Since rigidity is totally understood in the setting of circle diffeomorphisms, we con-
tinue in this article the study of rigidity problems for critical circle maps developed by de
Faria, de Melo, Yampolsky, Khanin and Teplinsky among others.

By a critical circle map we mean an orientation-preserving C circle homeomor-
phism f with exactly one non-flat critical point of odd type (for simplicity, and because
this is the generic case, we will assume in this article that the critical point is of cubic
type). As usual, a critical point c is called non-flat if in a neighbourhood of ¢ the map f
can be written as £ (1) = (¢(1))? + f(c), where ¢ is a C3 local diffeomorphism with
¢(c) =0, and d € N with d > 3. The criticality (or order, or type, or exponent) of the
critical point ¢ is d.

_ Classical examples of critical circle maps are obtained from the two-parameter family
fa.p : C — C of entire maps in the complex plane

~ b
far(@) =2+a— o sin2rz) fora €[0,1)and b > 0. (1.2)
b

Since each f; » commutes with unitary horizontal translation, it is the lift of a holomor-
phic map f, 5 : C\{0} — C\{0} of the punctured plane via the universal cover z > e2miz,
Since f, ; preserves the real axis, f, ; preserves the unit circle S l={zeC:|zl =1}
and therefore induces a two-parameter family of real-analytic circle maps. This classical
family was introduced by Arnold [3], and is called the Arnold family.

For b = 0 the family f,; : S' — S' is just the family of rigid rotations z
e?™i4z, and for b € (0, 1) the family is still contained in the space of real-analytic circle
diffeomorphisms.

For b = 1 each f,j, still restricts to an increasing real-analytic homeomorphism of the
real line that projects to an orientation-preserving real-analytic circle homeomorphism,
having one critical point of cubic type at 1, the projection of the integers. Denote by p(a)
the rotation number of the circle homeomorphism f; 1. It is well-known that a — p(a) is
continuous, non-decreasing, maps [0, 1) onto itself and is such that the interval ,o_1 ) C
[0, 1) degenerates to a point whenever 6 € [0, 1) \ Q (see [24]). Furthermore, the set
{fa € [0,1) : p(a) € R\ Q} has zero Lebesgue measure (see [54]). For 0 < p < ¢
coprime integers we know that p~!({p/q}) is always a non-degenerate closed interval.
In the interior of this interval we find critical circle maps with two periodic orbits (of
period g), one attracting and one repelling, which collapse to a single parabolic orbit on
the boundary of the interval (see [9]).

For b > 1 the maps f, : S' — S! are not invertible any more (they have two
critical points of even degree). These examples show how critical circle maps arise as
bifurcations from circle diffeomorphisms to endomorphisms, and in particular, from zero
to positive topological entropy (compare with infinitely renormalizable unimodal maps
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[45, Chapter VI]). This is one of the main reasons why critical circle maps attracted the
attention of physicists and mathematicians interested in understanding the boundary of
chaos [8], [15], [26], [32], [33], [37], [38], [46], [49]-[52].

For more examples of critical circle maps see the introduction of [19] and the exposi-
tory notes [20, Section 5.2]. For the ergodic aspects see [27], [17], [12] and the references
therein. For applications to local connectivity and Lebesgue measure of Julia sets (asso-
ciated to generic quadratic polynomials with Siegel disks) see [47], [41], [55], [48].

Since our goal is to study smoothness of conjugacies, we will focus on critical circle
maps without periodic orbits, that is, the ones with irrational rotation number. In [60],
Yoccoz proved that the rotation number is the unique invariant of the topological classes.
More precisely, any C3 orientation-preserving circle homeomorphism with only non-flat
critical points (maybe more than one) and with irrational rotation number is topologically
conjugate to the corresponding rigid rotation. We remark that the condition of non-flatness
of the critical points cannot be removed: in [23] Hall was able to construct C* homeo-
morphisms of the circle with no periodic points and no dense orbits.

Recall that an irrational number is of bounded type if it satisfies the Diophantine
condition (1.1) for § = 0, that is, p in [0, 1] is of bounded type if there exists C > 0 such

that
o

— >
I e

for any integers p and ¢ # 0. On the one hand, this is a respectable class: the set of
numbers of bounded type is dense in [0, 1], with Hausdorff dimension equal to one. On
the other hand, from the metrical viewpoint, this is a rather restricted class: while the
Diophantine numbers have full Lebesgue measure in [0, 1], the set of numbers of bounded
type has zero Lebesgue measure. More important for our purposes, bounded type numbers
are characterized by the property that their continued fraction expansion have bounded
partial quotients (see Section 3 for precise definitions).

Since a critical circle map cannot be smoothly conjugate to a rigid rotation, in order
to study smooth-rigidity problems we must restrict ourselves to the class of critical circle
maps. Numerical observations [15], [46], [52] suggested in the early eighties that smooth
critical circle maps with rotation number of bounded type are geometrically rigid. This
was posed as a conjecture in several works by Lanford [32], [33], Rand [49]-[51] (see
also [46]) and Shenker [52] (see also [15]) among others:

‘ P

Rigidity Conjecture. Any two C3 critical circle maps with the same irrational rotation
number of bounded type and the same odd criticality are conjugate to each other by
a C'* circle diffeomorphism for some o > 0.

The conjecture has been proved by de Faria and de Melo for real-analytic critical circle
maps [14] and nowadays (after the work of Yampolsky, Khanin and Teplinsky) it is under-
stood without any assumption on the irrational rotation number: inside each topological
class of real-analytic critical circle maps the degree of the critical point is the unique
invariant of the C'-conjugacy classes. In the following result we summarize many contri-
butions of the authors quoted above:
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Theorem A (de Faria—de Melo, Khmelev—Yampolsky, Khanin-Teplinsky). Let f and g
be real-analytic circle homeomorphisms with the same irrational rotation number and
with a unique critical point of the same odd type. Let h be the conjugacy between f and g
(given by Yoccoz’s result) that maps the critical point of f to the critical point of g (note
that this determines h). Then:

(1) hisa C' diffeomorphism;

(2) his C'*® at the critical point of f for a universal a > 0;

(3) for a full Lebesgue measure set of rotation numbers (that contains all bounded type
numbers), h is globally C'1¢,

See Section 8 for the definition of the full measure set of rotation numbers considered in
conclusion (3) of Theorem A. Let us point out that, by a result of Avila [5], there exist two
real analytic critical circle maps with the same irrational rotation number and the same
criticality that are not C'*# conjugate for any g > 0. See Section 8 for further comments.

Item (1) of Theorem A was proved by Khanin and Teplinsky [28], building on ear-
lier work of de Faria, de Melo and Yampolsky [10], [11], [13], [14], [55]-[58]. Item (2)
was proved in [31], and item (3) is obtained by combining [13] with [58]. The proof
of Theorem A relies on methods coming from complex analysis and complex dynamics
(see [39], [40] and the references therein), and that is why rigidity is well understood for
real-analytic critical circle maps, but nothing has been known yet for smooth ones (even
in the C* setting). In this article we take the final step and solve positively the Rigidity
Conjecture:

Theorem B (Main result). Any two C3 critical circle maps with the same irrational ro-
tation number of bounded type and the same odd criticality are conjugate to each other
by a C'*¥ circle diffeomorphism, for some universal o > 0.

The novelties of this article in order to transfer rigidity from real-analytic dynamics to
(finitely) smooth ones are two: the first one is a bidimensional version of the glueing pro-
cedure (first introduced by Lanford [32], [33]) developed in Section 7, and the second
one is the notion of asymptotically holomorphic maps, to be defined in Section 6 (Def-
inition 6.3). Asymptotically holomorphic maps were already used in one-dimensional
dynamics by Lyubich in the early nineties [35], and more recently by Graczyk, Sands and
Swiqtek in [16], but as far as we know never for critical circle maps.

Remark 1.1. We report here recent progress in the rigidity theory of smooth critical
circle maps, since the preprint version [22] of this paper first appeared: in [21], written in
collaboration with Marco Martens, we were able to extend Theorem A to the C* category.
More precisely, we proved that any two C* critical circle maps with the same irrational
rotation number and the same odd criticality are conjugate to each other by a C! circle
diffeomorphism, which is C 4o 4¢ the critical point, and, for some universal « > 0, this
conjugacy is a C!* diffeomorphism for Lebesgue almost every rotation number (see
[21, Theorem A]). See Section 8 for further comments.

Let us discuss the main ideas of the proof of Theorem B. A C3 critical circle map f
with irrational rotation number generates a sequence {R"(f) = (04, &1)}nen of com-
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muting pairs of interval maps, each being the renormalization of the previous one (see
Definition 3.4). To prove Theorem B we need to prove the exponential convergence of
the orbits generated by two critical circle maps with a given combinatorics of bounded
type (see Theorem 2.1).

Our main task (see Theorem D in Section 4) is to show the existence of a sequence
{fn = (u, &) }nen that belongs to a universal C®-compact set of real-analytic critical
commuting pairs, such that R" (f) is C?-exponentially close to f, at a universal rate, and
both have the same rotation number. In Section 4, using the exponential contraction of
the renormalization operator on the space of real-analytic critical commuting pairs (see
Theorem 2.3), we deduce the exponential contraction of the renormalization operator in
the space of C? critical commuting pairs with bounded combinatorics (see Theorem C in
Section 2), and therefore the C!* rigidity as stated in Theorem B.

To realize the main task we extend the initial commuting pair to a pair of C3 maps in
an open complex neighbourhood of each original interval (the so-called extended lift, see
Definition 6.5), which are asymptotically holomorphic (see Definition 6.3), each having
a unique cubic critical point at the origin.

Using the real bounds (see Theorem 3.1), the almost Schwarz inclusion (see Propo-
sition 6.7) and the asymptotic holomorphic property we prove that for all n € N greater
than or equal to some g, both 7, and &, extend to a definite neighbourhood of their inter-
val domains in the complex plane, giving rise to maps with a unique cubic critical point
at the origin, and with exponentially small conformal distortion (see Theorem 6.1). The-
orem 6.1 also gives us some geometric control that will imply the desired compactness
(we will not study the dynamics of these extensions, just their geometric behaviour).

Using the Ahlfors—Bers theorem (see Proposition 5.5) we construct for each n > ny
a C3 diffeomorphism ®,,, exponentially close to the identity in definite domains around
the dynamical intervals, that conjugates (1,, £,) to a C3 critical commuting pair (77\,1,%\,,)
exponentially close to (n,, &,), and such that 7771 o ’5,, is a holomorphic diffeomorphism
between complex neighbourhoods of the endpoints of the union of the dynamical intervals
(see Subsection 7.1). Using this holomorphic diffeomorphism to glue the ends of a band
around the union of the dynamical intervals we obtain a Riemann surface conformally
equivalent to a round annulus Ag, around the unit circle. This identification gives rise to
a holomorphic local diffeomorphism P, mapping the band onto the annulus and such that,
via P,, the pair (7, E,,) induces a C3 map G, from an annulus in Ag, to Ag,, having
exponentially small conformal distortion, which restricts to a critical circle map on S!
(see Proposition 7.7). The commuting condition of each pair (7, En) is equivalent to the
continuity of the corresponding G, and that is why we project to the annulus Ag, .

Using again the Ahlfors—Bers theorem we construct a holomorphic map H,, on a
smaller but definite annulus around the unit circle, that is exponentially close to G, and
restricts to a real-analytic critical circle map with the same combinatorics as the restriction
of G, to S! (see Proposition 7.8 for much more properties).

Finally, using the projection P,, we lift each H, to a real-analytic critical commuting
pair f, = (7, én) exponentially close to (7;,, E,,) having the same combinatorics and
with complex extensions C?-exponentially close to the ones of R"( f) produced in Theo-
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rem 6.1 (see Proposition 7.17). Compactness then follows from the geometric properties
obtained in Theorem 6.1 (see Lemma 7.18).

The organization of this article is the following: in Section 2 we reduce Theorem B to
Theorem C, which states the exponential convergence of the renormalization orbits of C3
critical circle maps with the same bounded combinatorics. In Section 3 we introduce the
renormalization operator in the space of critical commuting pairs, and review its basic
properties. In Section 4 we reduce Theorem C to Theorem D, which states the existence
of a C®-compact piece of real-analytic critical commuting pairs such that for a given C3
critical circle map f, with any irrational rotation number, there exists a sequence { f;},
contained in that compact piece, such that R (f) is C%-exponentially close to f, at a
universal rate, and both have the same rotation number. In Section 5 we state a corollary
of the Ahlfors—Bers theorem (Proposition 5.5) that will be fundamental in Section 7 (its
proof will be given in Appendix B). In Section 6 we construct the extended lift of a C3
critical circle map (see Definition 6.5), and then we state and prove Theorem 6.1 as de-
scribed above. In Section 7 we develop a bidimensional glueing procedure in order to
prove Theorem D. Finally, in Section 8, we review some further questions.

2. A first reduction of the main result

Just as in the case of unimodal maps, the main tool in order to obtain a smooth conjugacy
between critical circle maps is the use of renormalization group methods (see [4], [42]
and [43]). As was already clear in the early eighties [15], [46], it is convenient to construct
a renormalization operator R (see Definition 3.4) acting not on the space of critical circle
maps but on a suitable space of critical commuting pairs (see Definition 3.2).

Just as in the case of unimodal maps (see for instance [45, Chapter VI, Theorem 9.4]),
the principle that exponential convergence of the renormalization operator is equivalent
to smooth conjugacy also holds for critical circle maps. The following result is due to de
Faria and de Melo [13, First Main Theorem, p. 341]. For any 0 < r < oo denote by d,
the C" metric in the space of critical commuting pairs (see Definition 3.3):

Theorem 2.1 (de Faria—de Melo 1999). There exists a set A in [0, 1], having full
Lebesgue measure and containing all irrational numbers of bounded type, for which the
following holds. Let f and g be C? critical circle maps with the same irrational rotation
number in the set A and with the same odd type at the critical point. If do(R"(f), R"(g))
converges to zero exponentially fast asn — oo, then f and g are C'T*-conjugate to each
other for some o > 0.

Roughly speaking, the full Lebesgue measure set A is composed of irrational numbers
in [0, 1] whose coefficients in the continued fraction expansion may be unbounded, but
their growth is less than quadratic (see Section 8 or [13, Appendix C] for the precise
definition). Let us point out that, in sharp contrast with the case of diffeomorphisms, A
does not contain all Diophantine numbers, and contains some Liouville numbers (again,
see Section 8). The remaining cases were more recently solved by Khanin and Teplinsky
[28, Theorem 2, p. 198]:
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Theorem 2.2 (Khanin-Teplinsky 2007). Let f and g be C> critical circle maps with
the same irrational rotation number and the same odd type at the critical point. If
dry(R™(f), R"(g)) converges to zero exponentially fast as n — oo, then f and g are
C'-conjugate to each other.

To obtain the smooth conjugacy (item (1) of Theorem A), Khanin and Teplinsky com-
bined Theorem 2.2 with the following fundamental result:

Theorem 2.3 (de Faria—de Melo 2000, Yampolsky 2003). There exists a universal con-
stant A in (0, 1) with the following property. If {1 and &3 are real-analytic critical commut-
ing pairs with the same irrational rotation number and the same odd type at the critical
point, then there exists a constant C > 0 such that

dr(R"(£1), R"(¢2)) = CA”

for all n € N and for any 0 < r < 00. Moreover, given a C®-compact set K of real-
analytic critical commuting pairs, the constant C can be chosen the same for any {;
and & in K.

Theorem 2.3 was proved by de Faria and de Melo [14] for rotation numbers of bounded
type, and extended by Yampolsky [58] to cover all irrational rotation numbers.
With Theorem 2.1 at hand, our main result (Theorem B) reduces to the following one:

Theorem C. There exists A € (0, 1) such that if f and g are C> critical circle maps with
the same irrational rotation number of bounded type and the same criticality, then there
exists C > 0 such that for alln € N,

do(R"(f), R"(8)) < CA",
where dq is the C° distance in the space of critical commuting pairs.

This article is devoted to proving Theorem C. Let us fix some notation that we will use
along this article. N, Z, Q, R and C denote respectively the set of natural, integer, ratio-
nal, real and complex numbers. The real part of a complex number z will be denoted by
N(z), and its imaginary part by 3(z). B(z, r) denotes the Euclidean open ball of radius
r > 0 around a complex number z. H and C denote respectively the upper half-plane
and the Riemann sphere. D = B(0, 1) denotes the unit disk in the complex plane, and
S' = 3D denotes its boundary, that is, the unit circle. Diffi (S!) denotes the group (un-
der composition) of orientation-preserving C> diffeomorphisms of the unit circle. Leb(A)
is the Lebesgue measure of a Borel set A in the plane, and diam(A) its Euclidean diam-
eter. Given a bounded interval [ in the real line we denote its Euclidean length by |/].
Moreover, for any « > 0, let

No(I) ={z€C:d(z,I) <all|},

where d denotes the Euclidean distance in the complex plane.
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3. Renormalization of critical commuting pairs

In this section we define the space of C? critical commuting pairs (Definition 3.2), and
we endow it with the C3 metric (Definition 3.3). This metric space, which is neither
compact nor locally compact, contains the phase space of the renormalization operator
(Definition 3.4). Each C3 critical circle map with irrational rotation number gives rise
to an infinite renormalization orbit in this phase space, and the asymptotic behaviour of
these orbits is the subject of this article.

As we said in the introduction, a critical circle map is an orientation-preserving C>
circle homeomorphism f with exactly one critical point ¢ € S' of odd type. For sim-
plicity, and since this is the generic case, we will assume that the critical point is of
cubic type. Suppose that the rotation number p(f) = 6 in [0, 1) is irrational, and let

[ag, a1, ..., an,...] beits continued fraction expansion:
. 1
6 = lim
n—00 1
ap + I

ay +——

o1

an

We define recursively the return times of 6 by

g=1, g1 =a0, QGu+1=0anqn +qu—1 forn=>1.

Recall that the numbers g,, are also obtained as the denominators of the truncated expan-
sion of order n of 6:
Pn 1
— =lao, a1, ...,ap—1]1= I
qn a0 +

a1+—' 1

an—1

Let Ry be the rigid rotation of angle 276 of the unit circle. The arithmetical properties
of the continued fraction expansion imply that the iterates {Rg” (¢)}nen are the closest
returns of the orbit of ¢ under the rotation Ry:

d(c, R (¢)) < d(c, R)(c)) forany je{l,...,q,—1},

where d denote the standard distance in S!. The sequence {g,} of return times increases
at least exponentially fast as n — oo, and the sequence {d(c, Rg" (¢))} of return dis-
tances decreases to zero at least exponentially fast as n — oo. Moreover the sequence
{Rg” (c)}nen approaches the point ¢ from alternating sides:

RI'(c) < RF(c) <+ <c < RIP(c) < RP(0).

By Poincaré’s result quoted at the beginning of the introduction, this information re-
mains true at the combinatorial level for f: for any n € N the interval [c, f9"(c)] con-
tains no other iterates f/(c) for j € {1, ..., g, — 1}, and if we denote by p the unique
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invariant Borel probability of f, we can say that u([c, f% (¢)]) < u([c, f/(c)]) for any
jef{l,...,q,— 1}.

We say that p(f) is of bounded type if there exists a constant M € N such that
a, < M for any n € N (it is not difficult to see that this definition is equivalent to
the one given in the introduction, see [30, Chapter II, Theorem 23]). As we said in the
introduction, the set of numbers of bounded type has zero Lebesgue measure in [0, 1].

3.1. Dynamical partitions

Denote by I, the interval [¢, f9 (c)] and define

Po = ALns fn)s ooy FO VIO sty fTns1)s ooy 27 L))

A crucial combinatorial fact is that P, is a partition (modulo boundary points) of the
circle for every n € N. We call it the n-th dynamical partition of f associated with the
point c¢. Note that the partition P, is determined by the piece of orbit

{f7():0<j <qn+qnt1—1}.

The transitions from P, to P, 41 can be described in the following easy way. The interval
I, = [c, f?(c)] is subdivided by the points f/9n+1T9(¢) with 1 < j < a,4; into
an41 + 1 subintervals. This subpartition is spread by the iterates of f to all the f/(I,) =
f I([e, fI(c)]) with O < j < g,+1. The other elements of the partition P,, which are
the f/(I,,1) with0 < j < g,, remain unchanged.

As we are working with critical circle maps, our partitions in this article are always
determined by the critical orbit. A major result for critical circle maps is the following:

Theorem 3.1 (Real bounds). There exists K > 1 such that given a C3 critical circle
map f with irrational rotation number, there exists ny = no(f) such that for all n > ng
and for every pair 1, J of adjacent atoms of 'P,, we have

KNI < 171 < Kl
Moreover, if Df denotes the first derivative of f, then

1
1 _1Dfr ) _
K = Dfn- 1l ~
1

|Dfi+17 1 (x)]
< —F— <K forallx,y e f(I,) and all n > ny.
K = [Dftn1=1(y)|

K forall x,y € f(I,+1) and all n > ny,

Theorem 3.1 was proved by Swiatek and Herman (see [25], [54], [18] and [13]). The
control on the distortion of the return maps follows from the Koebe distortion principle
(see [13, Section 3]). Note that for a rigid rotation we have |I,| = ap+1|li+1] + | Li42|. If
an+1 1s large, then I, is much larger than 7,1 1. Thus, even for rigid rotations, real bounds
do not hold in general.
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3.2. Critical commuting pairs

The first return map of the union 7, U I,,;1 of adjacent intervals is given respectively by
f9+1 and f97. This pair of interval maps

(Al VAN A VAN
motivates the following definition:

Definition 3.2. A critical commuting pair { = (n, &) consists of two smooth orientation-

preserving interval homeomorphisms n : I, — n(I;) and § : I¢ — &(I¢) where:

(1) I, = [0, £(0)] and It = [1/(0), O;

(2) there exists a neighbourhood of the origin where both 1 and & have homeomorphic
extensions (with the same degree of smoothness) which commute, that is, no§ = £on;

(3) (n08)(0) = (& on)(0) #0;

) 1'(0) =¢(0) =0;

(5) n'(x) #O0forallx € I, \ {0} and £'(x) # O forall x € I¢ \ {0}.

A

Ig

7(0) 0

Y

(106)(0) = (£0m)(0)

Fig. 1. A commuting pair.

Any critical circle map f with irrational rotation number 6 induces a sequence of critical
commuting pairs in a natural way. Let fN be the lift of f to the real line (for the canonical
covering t > e2mity satisfying f’(O) =0and0 < f(O) < 1. Foreachn > 1 let ;;, be the
closed interval in the real line, adjacent to the origin, that projects to 7,. Let T : R — R
be the translation x — x + 1 and define 7 : I~,, — Rand ¢ : EH — R as

n= T —Pntl o an-H and %- =T Pno .fqn_
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Then (nl7 . §|1~n+]) is a critical commuting pair that we denote by (f9+!|,, f9*[; ) to
simplify notation.

A converse of this construction was introduced by Lanford [32], [33] and it is known
as the glueing procedure: the map n~! o & is a diffeomorphism from a small neighbour-
hood of 7(0) onto a neighbourhood of £(0). Identifying n(0) and £(0) in this way we
obtain from the interval [7(0), £(0)] a smooth compact boundaryless one-dimensional
manifold M. The discontinuous piecewise smooth map

[ew fort e (), 0),
TeO =10 forr e 10,601,

projects to a smooth homeomorphism on the quotient manifold M. By choosing a dif-
feomorphism v : M — S! we obtain a critical circle map on S', just by conjugating
with . Although there is no canonical choice for the diffeomorphism v, any two dif-
ferent choices give rise to smoothly-conjugate critical circle maps in S'. Therefore any
critical commuting pair induces a whole smooth conjugacy class of critical circle maps.
In Section 7 we propose a bidimensional extension of this procedure, in order to prove
our main result (Theorem B).

Fig. 2. Scheme of a commuting pair.

3.3. The C" metric

We endow the space of C3 critical commuting pairs with the C3 metric. Given two critical
commuting pairs {1 = (1, &) and { = (2, &) let A| and A; be the Mobius transfor-
mations such that fori =1, 2,

Aimi(0) =—-1,  Ai(0) =0, A;E(©0) =1

Definition 3.3. For any 0 < r < oo define the C” metric on the space of C" critical
commuting pairs in the following way:

£1(0)  £(0)
m©0)  n2(0)

where || - || is the C" norm for maps in [—1, 1] with one discontinuity at the origin, and
¢; is the piecewise map defined by n; and §;:

dr(§1,4“2)=max{ ,||A10§10A1_1—A20§20A2_1||r},

§i il U Iy — I5; ULy, suchthat |, =& and &, = n;.
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Note that d, is a pseudo-metric since it is invariant under conjugacy by homotheties: if o
is a positive real number, and Hy(t) = at and {1 = Hy 0 {0 Ha_l, then d,(¢1, &) = 0.
In order to have a metric we need to restrict to normalized critical commuting pairs: for a
commuting pair { = (1, £) denote by ¢ the pair (ﬁ|,~]7 , .$§|,~E ) where tilde means rescaling

by the linear factor A = 1/|I¢|. Note that |I~§| = 1and 7,, has length equal to the ratio
between the lengths of I, and I¢. Equivalently 5(0) = —1 and 5(0) = |Ll/|Ig] =
£(0)/In(0)].

When we are dealing with real-analytic critical commuting pairs, we consider the C*-
topology defined in the usual way: we say that (n,, &,) — (n, &) if there exist open sets
U, D I and Ug D I¢ in the complex plane and ng € N such that n and n, forn > ng
extend continuously to Uy, are holomorphic in U, and satisfy ||n, — ]| T, 0,

and & and &, for n > ng extend continuously to U_g, are holomorphic in Ug and satisfy
16 =&l co T~ 0. We say that a set C of real-analytic critical commuting pairs is closed

if whenever {¢,} C C and ¢, — ¢, we have ¢ € C. This defines a Hausdorff topology,
stronger than the C”-topology for any 0 < r < oco.

3.4. The renormalization operator

Let ¢ = (17,&) be a C? critical commuting pair according to Definition 3.2, and recall
that (7 0 §)(0) = (§ o n)(0) # 0. Suppose that (§ o n)(0) € I, (just as in Figures 1 and 2
above), and define the height x (¢) of the commuting pair ¢ = (n, &) as r if

7" tHE0) <0 < " (£(0)),

and x(¢) = oo if no such r exists (note that in the latter case the map n|;, has a
fixed point, so when we are dealing with commuting pairs induced by critical circle
maps with irrational rotation number, we have finite height). Note also that the height
of the pair (f9+!|;,, f9];,.,) induced by a critical circle map f is exactly a,41 where
o(f) = lao, a1, az, ...] (because the combinatorics of f are the same as for the rigid
rotation R, r)).

For a pair ¢ = (n, §) with (§ o n)(0) € I;; and x(¢) =r < oo we see that

o, & op1- 1" 0 &lre)

is again a commuting pair, and if £ = (n, £) is induced by a critical circle map

¢=m8 = (", £,
we have
Ml &opts 1" 0 &) = (F1" 1, fU21,,0)-
This motivates the following definition (the definition in the case (§ o n)(0) € It is
analogous):

Definition 3.4. Let { = (7, &) be a critical commuting pair with (§ o n)(0) € I,;. We say
that ¢ is renormalizable if x(£) = r < oo. In this case we define the renormalization
of ¢ as the critical commuting pair

—(Fl —~— o oEl~
R = (o ey M 2617
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A critical commuting pair is a special case of a generalized interval exchange map of
two intervals, and the renormalization operator defined above is just the restriction of
the Zorich accelerated version of the Rauzy—Veech renormalization for interval exchange
maps (see for instance [61]). However, in this article we will keep the classical terminol-
ogy for critical commuting pairs.

A

[fn+2

fan+2(0) o
fan+1(0) 0 famrtan (0) £ (0)

Fig. 3. Two consecutive renormalizations of f, without rescaling (recall that f9 means
T~Pn o fdn) In this example a, | = 4.

Definition 3.5. Let ¢ be a critical commuting pair. If x(R/(¢)) < oo for j €
{0,1,...,n — 1} we say that ¢ is n-times renormalizable, and if x (R/(¢)) < oo for
all j € N we say that ¢ is infinitely renormalizable. In this case the irrational number 6
whose continued fraction expansion is equal to

(X (&) x(RE), -y x(R™()), .. ]
is called the rotation number of the critical commuting pair ¢, and denoted by p(¢) = 6.

The rotation number of a critical commuting pair can also be defined with the help of the
glueing procedure described above, just as the rotation number of any representative of
the conjugacy class obtained after glueing and uniformizing.

An immediate but important remark is that when ¢ is induced by a critical circle map
with irrational rotation number, the pair ¢ is automatically infinitely renormalizable (and
both notions of rotation number coincide): any C? critical circle map f with irrational
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rotation number gives rise to a well defined orbit {R"(f)},>1 of infinitely renormaliz-
able C3 critical commuting pairs defined by

R'(f) = (firlf_,. fo-17) foralln > 1.
For any positive number 0 denote by 0] the integer part of 6, that is, |0] € N and
6] <6 < 6] + 1. Recall that the Gauss map G : [0, 1] — [0, 1] is defined by
G@O)=1/6—-|1/6] for6 #0 and G(0) =0,

and note that p semi-conjugates the renormalization operator to the Gauss map:

p(R*(£)) = G"(p(f))

for any ¢ at least n-times renormalizable. In particular the renormalization operator acts
as a left shift on the continued fraction expansion of the rotation number: if p(¢) =
lag, a1, ...] then p(R"(¢)) = lan, an+1, ... ]

3.5. Lipschitz continuity along the orbits

ForK > landr € {0, 1, ..., 0o, w} denote by P (K) the space of C” critical commuting
pairs ¢ = (1, £) such that 7(0) = —1 (they are normalized) and £(0) € [K~!, K]. Recall
also that T denotes the translation ¢ — ¢ + 1 on the real line. Let Ky > 1 be the universal
constant given by the real bounds. In the next section we will use the following:

Lemma 3.6. Given M > 0 and K > K there exists L > 1 with the following property.
Let f be a C3 critical circle map with irrational rotation number p(f) = [ao, a1, ...]
satisfying a, < M for all n € N. There exists no = no(f) € N such that for any n > ng
and any renormalizable critical commuting pair ¢ = (n, &) satisfying:

() ¢, R() € P3(K),
@) L1/p(©)] = ay, ~
(3) if (T~Pnt1 o fI+1)(0) < 0 < (T~Pn o f9)(0) then

(T*P,, o f‘bl)(O) 1 K +1

= ~ 50| <= -7

(T—Pnt1 o fan+1)(0) K- K-1
otherwise, if (T™P1 o fn)(0) < 0 < (T~Pr+1 o fan+1)(0), then

(T_pn+l o ~‘In+l)(0) 1 K _I_l

— Ji —§0)| <= 7

(T Pn o f‘{n)(o) K K —1

4) (170 &)(0) and (T ~Pr+1=Pn o fan+1+dn)(0) have the same sign,

we have

do(R"(f), R(§)) < L - do(R" (), ©),
where dy is the C° distance in the space of critical commuting pairs.
We postpone the proof of Lemma 3.6 until Appendix A. We remark that to obtain Lip-

schitz estimates for the renormalization operator acting on unbounded combinatorics is a
much more difficult problem (see [21, Lemma 4.1]).
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4. Reduction of Theorem C

In this section we reduce Theorem C to the following:

Theorem D. There exist a C®-compact set K of real-analytic critical commuting pairs
and a constant A € (0, 1) with the following property. Given a C3 critical circle map f
with any irrational rotation number there exist C > 0 and a sequence { f;}nen C KC such
that

do(R"(f), fu) < CA"  foralln €N,

and f, has the same rotation number as R"(f) for alln € N.

Note that K is C"-compact for any 0 < r < oo (see Section 3.3). Note also that Theo-
rem D is true for any combinatorics. The following argument was inspired by [44].

Proof that Theorem D implies Theorem C. Let IC be the C”-compact set of real-analytic
critical commuting pairs given by Theorem D. By the real bounds there exists a uniform
constant ng € N such that R"(¢) € P*(Kq) for all { € K and all n > ng. Therefore
there exists K > K such that R"*(¢) € P?(K) forall¢ € Kandalln > 1. Let M >
max,cN a, where p(f) = p(g) = lao, a1, ...], and let L > 1 be given by Lemma 3.6.

By Theorem D there exist constants A1 € (0, 1) and C1(f), C1(g) > 0 and sequences
{fu}nens {gn}nen C K such that for all n € N we have o(f,) = p(gn) = lan, an+1, - - .1
and

do(R"(f), fu) < C1(fHA] and do(R"(g), gn) < C1(g)A]- 4.1)

Letno(f), no(g) € Nbe given by Lemma 3.6, and consider ng = max{ng(f), no(g)}
and C1 = max{C1(f), C1(g)}. Fix @ € (0, 1) such that ¢ > log L/(log L —log 1), and
foralln > (1/a)ng let m = |an]. By the choice of K > K, and since f;,, g € K for
all m € N, we have R/ (f,,) € P3(K) for all j € N. By the real bounds,

(T—Pnt1=Pn o fn+1+dn)(0)
(T—Pnt1 o fint1)(0)

and by (4.1) we have items (3) and (4) of Lemma 3.6 for ¢ = f;,, on taking ng large
enough. Applying Lemma 3.6 we obtain

do(R"(f), R"™™(fm)) < L"™™ - do(R™(f), fm) < CLL" AT,

e [1/K,K] foralln > ng,

and for the same reasons
do(R"(8), R"""(gm)) < L"™" - do(R™(g), gm) < C1L"™"AT".

Let Ay = Ll_“k‘i‘; note that A, € (0, 1) by the choice of «. Consider also C; =
2C1(1/x1)L > 0. Since f,, and g,, are real-analytic and have the same combinatorics,
we know by Yampolsky’s result (Theorem 2.3) that there exist constants Az € (0, 1) and
C3 > 0 (uniform in X) such that

do(R"™™(fm). R" ™ (gm)) < C3A5~ ™ foralln e N.
Finally, consider C = C> + C3 > 0 and A = max{A,, k;f‘”} € (0, 1). By the triangle

inequality,
do(R"(f), R"(g)) < CA* foralln € N. O
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5. Approximation by holomorphic maps

5.1. The Beltrami equation

Until now we have been working on the real line; now we start to work on the complex
plane. We assume that the reader is familiar with the notion of quasiconformality (the
books of Ahlfors [1] and of Lehto and Virtanen [34] are classical references). Recall the
two basic differential operators of complex calculus:

d 1 ( a .0 ) d 1 ( a .9 >
—=—-\—-i—) and —=-(—+i—).
dz 2\ 0x ay az 2\ ox dy

Instead of % and % we will use the more compact notation d F and 9 F respectively.
To be more explicit, if F : @ C C — C is differentiable at w € Q then (DF (w))(z) =
dF (w)z + 9 F (w)zZ for any z € C.

Recall that a continuous real function & : R — R is absolutely continuous if it has a
derivative at Lebesgue almost every point, the derivative is integrable and 4 (b) — h(a) =
f ab R'(t)dt. A continuous function F : Q@ C C — C is absolutely continuous on lines
in € if its real and imaginary parts are absolutely continuous on Lebesgue almost every
horizontal line, and on Lebesgue almost every vertical line.

Definition 5.1. Let 2 C C be a domain and let K > 1. An orientation-preserving hom-
eomorphism F : Q — F(R) is K-quasiconformal (K -q.c. from now on) if F is abso-
lutely continuous on lines and

AF(2)| <
[0F (z)| < K+

1
1 [0F(z)] a.e.in Q.

Given a K-q.c. homeomorphism F : Q — F(2) we define its Beltrami coefficient as the
measurable function g : 2 — D given by

IF (2)

fora.e. z € Q.
F(2)

pr(z) =
Note that ur belongs to L°°(£2) and satisfies ||urllooc < (K — 1)/(K + 1) < 1. Con-
versely, any measurable function from Q to C with L norm less than one is the Beltrami
coefficient of a quasiconformal homeomorphism:

Theorem 5.2 (Morrey 1938). Given any measurable function p : Q — D such that
()] < (K —1)/(K + 1) < 1 almost everywhere in 2 for some K > 1, there exists a
K-q.c. homeomorphism F : Q — F(2) which is a solution of the Beltrami equation

AF() i) =dF(zx) ae.

The solution is unique up to post-composition with conformal diffeomorphisms. In partic-
ular, if Q2 is the entire Riemann sphere, there is a unique solution (called the normalized
solution) that fixes 0, 1 and oo.
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See [1, Chapter V, Section B] or [34, Chapter V] for the proof. Note that Theorem 5.2 not
only states the existence of a solution of the Beltrami equation, but also the fact that any
solution is a homeomorphism. Moreover we have:

Proposition 5.3. If u,, — 0 in the unit ball of L*°, the normalized quasiconformal hom-
eomorphisms f"n converge to the identity uniformly on compact sets of C. In general if
Wy — 1 almost everywhere in C and ||y lloo < k < 1 foralln € N, then the normalized
quasiconformal homeomorphisms f"n converge to f* uniformly on compact sets of C.

See [1, Chapter V, Section C].

5.2. Ahlfors—Bers theorem

The Beltrami equation induces therefore a one-to-one correspondence between the space
of quasiconformal homeomorphisms of C that fix 0, 1 and oo, and the space of Borel
measurable complex-valued functions p on C for which ||]lcoc < 1. The following clas-
sical result expresses the analytic dependence of the solution of the Beltrami equation
with respect to u:

Theorem 5.4 (Ahlfors—Bers 1960). Let A be an open subset of some complex Banach
space and consider a map A x C — D, denoted by (A, z) + ;(2), satisfying the
following properties:

(1) forevery X the function C — D given by z — ;(z) is measurable, and |||4) |00 < k
for some fixed k < 1;

(2) for Lebesgue almost every z € C, the function A — D given by A +— u;(z) is
holomorphic.

For each A let F), be the unique quasiconformal homeomorphism of the Riemann sphere
that fixes 0, 1 and oo, and whose Beltrami coefficient is ), (F) is given by Theorem 5.2).
Then A — F)(2) is holomorphic for all z € C.

See [2] or [1, Chapter V, Section C] for the proof. In Section 7 we will make repeated use
of the following corollary of the Ahlfors—Bers theorem:

Proposition 5.5. For any bounded domain U in the complex plane there exists a number
CWU) > 0, with ClU) < C(W)if U C W, such that the following holds. Let {G, :
U — G, (U)}nen be a sequence of quasiconformal homeomorphisms such that:

e the domains G,(U) are uniformly bounded: there exists R > 0 such that G,(U) C
B(0, R) foralln € N;
o i, —> 0in the unit ball of L*°, where i, is the Beltrami coefficient of G, in U.

Then for any domain V such that V. C U there exist ng € N and a sequence {H,, :
V — Hy(V)}u>n, of biholomorphisms such that

R
| Hn — Grllcogyy < C(U)W”Mn”oo forall n = ny,
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where d(0V, dU) denotes the Euclidean distance between the boundaries of U and V
(which are disjoint compact sets in the complex plane, since V is compactly contained in
the bounded domain U).

We postpone the proof of Proposition 5.5 until Appendix B. In the next section we
will also use the following extension of Koebe’s classical one-quarter theorem [6, Theo-
rem 1.3]:

Proposition 5.6. Given ¢ > 0 there exists K > 1 for which the following holds. Let
f D — f(D) c C be a K-quasiconformal homeomorphism such that f(0) = 0,
f((=1,1)) C Rand f(ID) C B(0, 1/¢). Suppose that f|1,2,1/2) is differentiable and
| f ()| > eforallt € (—1/2,1/2), where f' denotes the real one-dimensional derivative
of the restriction of f to the interval (—1/2,1/2). Then

B(0, ¢/16) C f(D).

Proof. Suppose, for contradiction, that there exist ¢ >0 and a sequence { f,, : D — f,(D)
C C},en of quasiconformal homeomorphisms with the following properties:

(1) each f; is K,-q.c. with K, - 1l asn — 0o — o0;

(2) f4,(0)=0and f,((—1,1)) c Rforalln € N;

3) fu(M) C B(0,1/¢) foralln € N;

(@) ful(=1/2,1/2) is differentiable and | f,, (t)| > ¢ forallr € (—1/2,1/2) andn € N;
(5) B(0, &/16) is not contained in f, (D) for any n € N.

By compactness, since K, — 1 and f,,(0) = 0 for all n € N, we can assume by taking
a subsequence that there exists f : D — C holomorphic such that f;, — f uniformly
on compact sets of D as n — oo (see for instance [34, Chapter II, Section 5]). Of course
f(©0) = 0and f((—1,1)) c R. We claim that |[Df(0)| > &/2, where Df denotes the
complex derivative of the holomorphic map f. Indeed, note that item (3) implies that

(—e/m,e/m) C f((—1/m,1/m]) foralln,m e N,
and then by uniform convergence we have
(—e/m,e/m) C f([—1/m,1/m]) forallm € N.

Since f is holomorphic, this implies the claim. From the claim we see that f is univa-
lent in D, since the uniform limit of quasiconformal homeomorphisms is either constant
or a quasiconformal homeomorphism (again see [34, Chapter II, Section 5]). Finally,
by Koebe’s one-quarter theorem we have B(0, ¢/8) C f(ID), but this contradicts that
B(0, £/16) is not contained in f,, (D) for any n € N. ]

6. Complex extensions of R"(f)

For every C3 critical circle map, with any irrational rotation number, we will construct in
this section a suitable extension to an annulus around the unit circle in the complex plane
with the property that, after a finite number of renormalizations, this extension has good
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geometric bounds and exponentially small Beltrami coefficient. In the next section we will
perturb this extension in order to get a holomorphic map with the same combinatorics and
also good bounds.

Recall that given a bounded interval I of the real line we denote its Euclidean length
by |/], and for any « > 0 we denote by N (/) the R-symmetric topological disk

No(I)={z€C:d(z,I) <all|},

where d denotes the Euclidean distance in the complex plane. The goal of this section is
the following:

Theorem 6.1. There exist universal constants A € (0, 1) and ¢ > 0 and > 0 with the
following property. Let f be a C3 critical circle map with any irrational rotation number.
For all n > 1 denote by (n,, &) the components of the critical commuting pair R"(f).
Then there exist constants ng € N and C > 0 such that for each n > nqg both &,
and n,, extend (after normalization) to R-symmetric orientation-preserving C> maps de-
fined in Ny ([—1, 0]) and Ny ([0, &,(0)]) respectively, where we have the following seven
properties:

(1) &, and n,, each have a unique critical point at the origin, which is of cubic type;

(2) the extensions n, and &, commute in B(0, V), that is, both compositions n, o &, and
&, o n, are well defined in B(0, L), and they coincide;

(3) Np(€x([—1,00) C & (Na([—1,0D);

@ Ng([—1, (2 0 §)(0)]) C (N ([0, §,(0)]));

(5) 1a(Na(10, £ (0)])) U &, (Ne ([—1,01) C B(O, 17");

F)
max [0, (2)| <
2€Na ([—1,0D\{0} [0&,(2)]

(6)

0| _

@) max =<
2€Na (10,6 (OD\{0} |07, (2)]

In this section we prove Theorem 6.1 (see Subsection 6.3), and in Section 7 we prove
Theorem D.

6.1. Extended lifts of critical circle maps

In this subsection we lift a critical circle map to the real line, and then we extend this lift in
a suitable way to a neighbourhood of the real line in the complex plane (see Definition 6.5
below).

Let f and g be C? critical circle maps with cubic critical points ¢f and cg, and critical
values vy and v, respectively. Recall that Diffi(S 1) denotes the group (under compo-
sition) of orientation-preserving C3 diffeomorphisms of the unit circle, endowed with
the C3 topology. Let A, B C Diff3 (S') be defined by

A={y eDiff.(S") : ¥(cy) =cg} and B = {¢ e Diff(S) : ¢(vg) = vy}
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There is a canonical bijection between A and B5:

¥ = Rg, o o Ry,,

where Ry, is the rigid rotation that takes ¢ to v, and Ry, is the rigid rotation that takes v,
to cr. We will be interested, however, in another identification between A and 3:

Lemma 6.2. There exists a bijection T : A — B such that for any ¥ € A we have
w{ Wmm f=TW)ogoy.
gl —5 g1

The lemma is true precisely because the maps f and g have the same type at their respec-
tive critical points.

Proof of Lemma 6.2. Let ¥ in Diffi(Sl) be such that ¥ (cf) = cg, and consider the
orientation-preserving circle homeomorphism

TW)=foy log™!

that maps the critical value of g to the critical value of f. To see that T' () is in Diffi (sH
note that if z # v, then T () is smooth at z, with non-vanishing derivative equal to

Df((y'o g*)(z)))
Dg(g~'(2) ‘

(DT (¥))(z) = Dw‘1<g—1<z>><

In the limit we have

Df((y~to g*)(z))) 1 <(D3f>(cf>>
=D — )
Deg(s1(2)) VO Digyiey

a well-defined number in (0, 0o). This proves that T'(y) is in B for every ¢ € A. More-
over, T is invertible with inverse 7~! : B — Agivenby T"'(¢) =g ' op~ o f. O

Jim Dw—l(g”(z))(

Let A : S! — S! be the map corresponding to the parameters ¢ = 0 and b = 1 in the
Arnold family (1.2), defined in the introduction, and recall that the lift of A to the real
line, under the covering 7 : R — S! : 7 () = exp(2wit), fixing the origin is given by

~ 1
A(t) =t — — sin(2mt).
2

The critical point of A in the unit circle is at 1, and it is of cubic type (the critical
point is also a fixed point for A). Now let f be a C? critical circle map with a unique
cubic critical point at 1, and let f be the unique lift of f to the real line under the
covering 7 satisfying f'(0) = 0 and 0 < f(0) < 1. By Lemma 6.2 we can consider
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two C3 orientation-preserving circle diffeomorphisms 4 and sy, with A1(1) = 1 and
ha(1) = f(1), such that i 0 A o h1 = f, that is, the following diagram commutes:

SlgA'S]

For each i € {1, 2} let ﬁi be the lift of A; to the real line under the covering m,
determined by i~zl~ (0) € [0, 1). In Proposition 6.4 below we will extend both ﬁl and i72 to
complex neighbourhoods of the real line in a suitable way. For that purpose we recall the
definition of asymptotically holomorphic maps:

Definition 6.3. Let / be a compact interval of the real line, let U be a neighbourhood
of I inR?and let H : U — C be a C' map (not necessarily a diffeomorphism). We say
that H is asymptotically holomorphic of order r > 1 in I if for every x € I,

IH (x,y)
(d((x,y), D)1

uniformly as (x, y) € U \ I converges to /. We say that H is R-asymptotically holomor-
phic of order r if it is asymptotically holomorphic of order » in each compact interval of R.

dH(x,0) =0 and

The sum or product of R-asymptotically holomorphic maps is also R-asymptotically
holomorphic. The inverse of an asymptotically holomorphic diffeomorphism of order r
is asymptotically holomorphic of order r. Composition of asymptotically holomorphic
maps is asymptotically holomorphic.

In the following proposition we suppose r > 1 even though we will apply it for r > 3.
In the proof we follow the exposition of Graczyk, Sands and Swiqtek [16, Lemma 2.1,
p. 623].

Proposition 6.4. Fori = 1,2 there exists H; : C — C of class C” such that:

(1) H; is an extension ofﬁi.' Hilr = E,

(2) H; commutes with the unitary horizontal translation: H; o T = T o H;;
(3) H; is R-asymptotically holomorphic of order r;

(4) H; is R-symmetric: H;(z) = H;(z).

Moreover there exist R > 0 and four domains Bg, Ug, Vg and W in C, symmetric about
the real line and such that:

e Bp={z€C:—R <3(z) <R},
e H, is an orientation-preserving diffeomorphism between Bg and Ug;
o A(UR) = Vg,

e Hj is an orientation-preserving diffeomorphism between Vg and Wg;
e bothinf,cp, |0H|(z)| and inf cv, |0 H2(2)| are positive numbers.
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Proof. Forz = x +iy € C, with y # 0, let Py y be the degree r polynomial map that
coincides with A; at the r + 1 real numbers

{ X+ J y} .
") jefo,..r)
Recall that Py, can be given by the following linear combination (the so-called La-

grange’s form of the interpolation polynomial):

f— G+ APy
P, h
2@ = Z (”(’/”y)n< TGy — G+ Ay

1#1

/
_ Z RiCx+ (i /r)y) 1_[ 1)(/i;iy'
17_'5/

We define H;(x +iy) = Py y(x +iy), that s,

Hi(x +iy) = Py y(x +iy) = Zh (x4 (i/r)y) H —
I#J

After computation we obtain

(- 1>’()
Hi(x +iy) = Py y(x +iy) = ————hi(x +(j/r)y)
’ ,ZOH [(j/r)
where
=D7(})

_Zl+l(]/r) 70

Note that H; is as smooth as hl ,and H;(x) = h (x) for any real number x (item (1)).
Ash isalift, forany j € {0, 1, ..., r} wehaveh x+14+(/r)y) = h x+G/ry)+1,
but then Pyypy(x + 1+ (]/r)y) Py y(x+ (j/r)y)+ 1forany j € {0,1,...,r}, and
this implies Pyy1yoT =T o Py, in the whole complex plane. This proves item (2).

To prove that H; is R-asymptotically holomorphic of order r note that

— 1 < (r\ ~
. ; —_ —_1\/ / ;
0H;(x +1iy) = N jE:O( D (j.)fl,-(x + /)y,

and forany k € {0, ..., r},
k

GyF I i) = 55 Z( DY) "( )h“‘“’(x +(j/r)y)-

By using the identity Z/r':o(—l)Jj (]) = 0 for any k € {0,...,r — 1}, we obtain, for

any x € R,
— 1 ~ " (r
0H; =—"n —-1)/ =0
(x) N ,(x)jE:O( ) <])
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and forany k € {0, ..., r — 1},

k (k+1)( )

gy OHi0) = Z( D7) k()

By Taylor’s theorem
JH, '

lim 2HOED)

y_)o yr—l
uniformly on compact subsets of the real line, and hence H; is R-asymptotically holo-
morphic of order r (item (3)). To obtain the symmetry as in item (4) we can take z +—
H;(2) + H;(2)/2, preserving all the other properties. ~

Finally, note that the Jacobian of H; at a point x in R is equal to |A](x) |> # 0. This

gives us a complex neighbourhood of the real line where H; is an orientation-preserving

diffeomorphism, and the positive constant R. Since we also have |0 H;| = |h’| on the
real line, and each h; is the lift of a circle diffeomorphism, we obtain the last item of
Proposition 6.4. O

These are the extensions that we will consider:
Definition 6.5. The map F : Bg — Wg defined by F = H, o Ao H; is called the
extended lift of the critical circle map f.

Br —F Wi

H, Hy

Urp — Vi

We have the following properties:

e F is C” in the horizontal band Bpg;

e ToF =FoTin Bg;

e F is R-symmetric (in particular F' preserves the real line), and F restricted to the real
line is f;

e F is asymptotically holomorphic in R of order r; _

e the critical points of F in Bg are integers (the same as for A), and they are of cubic

type.

We remark that the extended lift of a real-analytic critical circle map will be C* in the
corresponding horizontal strip, but not necessarily holomorphic.

The preimage of the real axis under F consists of R itself together with two families
of C" curves, {y) (k)}xez and {y2(k)}xez, arising as solutions of J(F (x 4+ iy)) = 0. Note
that y1 (k) and y» (k) meet in the critical point ¢; = k.

Let ;" (k) = y;(k) NH and y;~ (k) = y;i (k) N H~ fori = 1, 2. We also denote y;" (0)

just by yl.+.
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Lemma 6.6. We can choose R small enough to have yl+ contained in T = {arg(z) €
(r/6,m/2)} N Br (that is, the open triangle with vertices 0, i R and (ﬁ + i)R), y2+
contained in —T, v, contained in —T, and y, is contained in T.

Proof. The derivative of Hj at real points is conformal, so the angle between both y;
and y, and the real line at zero is /3. o

6.2. Poincaré disks

Besides the notion of asymptotically holomorphic maps, the main tool in order to prove
Theorem 6.1 is the notion of Poincaré disk, introduced into the subject by Sullivan in his
seminal article [53].

Given an open interval I = (a,b) C Rlet C; = (C\R)UT = C\ R\ I).
For 6 € (0,m) let D be the open disk in the plane intersecting the real line along
and for which the angle from R to d D at the point b (measured anticlockwise) is 8. Let
DT =DnN{z:3(z) > 0} and let D~ be the image of D™ under complex conjugation.

Define the Poincaré disk of angle 6 based on I as Dg(a, b) = Dt U U D™, that
is, Dg(a, b) is the set of points in the complex plane that view I at an angle > 6 (see
Figure 4). Note that for & = /2 the Poincaré disk Dy (a, b) is the Euclidean disk whose

diameter is the interval (a, b).
Q i

0 (n/2,7)
0=m/2

0 e (0,7/2)
Fig. 4. Poincaré disks.

Poincaré disks have a geometrical meaning: C; is an open, connected and simply
connected set which is not the whole plane. By the Riemann mapping theorem we can
endow C; with a complete and conformal Riemannian metric of constant curvature equal
to —1, just by pulling back the Poincaré metric of D by any conformal uniformization.
Note that / is always a hyperbolic geodesic by symmetry.

For 6 € (0, ) consider £(8) = log tan(;r/2 — 6 /4), which is an orientation-reversing
real-analytic diffeomorphism between (0, 7) and (0, 00). An elementary computation
shows that the set of points in C; whose hyperbolic distance to 7 is less than ¢ is precisely
Dg(a, D).

In particular we can state the Schwarz lemma in the following way. Let I and J be two
intervals in the real line and let ¢ : C; — C; be a holomorphic map such that ¢ (1) C J.
Then for any 8 € (0, w) we have ¢ (Do (1)) C Dg(J).

With this at hand (and a very clever inductive argument, see also [36]), Yampol-
sky was able to obtain complex bounds for critical circle maps in the Epstein class [55,
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Theorem 1.1]. The reason why we chose asymptotically holomorphic maps to extend
our (finitely smooth) one-dimensional dynamics (see Proposition 6.4 and Definition 6.5
above) is the following asymptotic Schwarz lemma, obtained by Graczyk, Sands and
Swiatek [16, Proposition 2, p. 629] for asymptotically holomorphic maps (as explained at
the end of the introduction, we denote by diam(Dg (a, b)) the Euclidean diameter of the
Poincaré disk Dy (a, b)).

Proposition 6.7 (Almost Schwarz inclusion). Let h : I — R be a C3 diffeomorphism
from a compact interval I with non-empty interior into the real line. Let H be any C>
extension of h to a complex neighbourhood of 1, which is asymptotically holomorphic of
order 3 on 1. Then there exist M, § > 0 such that if a, c € I are different, 0 € (0, w) and
diam(Dg(a, ¢)) < & then

H(Dy(a, c)) € Dj(h(a), h(c)),
where § = 6 — M|c — a|diam(Dg(a, c)). Moreover, 6 > 0.

Let us point out that a predecessor of this almost Schwarz inclusion, for real-analytic
maps, already appeared in the work of de Faria and de Melo [14, Lemma 3.3, p. 350].

6.3. Proof of Theorem 6.1

With Proposition 6.7 at hand, we are ready to start the proof of Theorem 6.1. We will
work with f9+1];  the proof for f [, being the same.

Proposition 6.8. Let f be a C critical circle map with irrational rotation number, and
let F be its extended lift (according to Definition 6.5). There exists no € N such that for
any n > ny there exist K,, > 1 and 6,, > 0 satisfying K, — 1 and 6, — 0 asn — 00,

and

i | diam(De, x, (F(1)) _ diam(De, (Fo1 (1)) | _
im — =0

n—00 |f (L) | fan+1 (1)

with the following property. Let 0 > 6,, 1 < j < qn+1 and let J be an open interval such
that

I,CJC (anfl_‘InJrl(O)’ fLIn_‘InJrl(O))'

Then_the inverse branch F~I*! mapping fj (J) back to f(]) is well-defined over
Dy (f7(J)), and maps this neighbourhood diffeomorphically onto an open set contained

in Dok, (f(J)).
To simplify notation we will prove Proposition 6.8 for the case J = I,, and j = ¢, +1.

Proof of Proposition 6.8. Foreachn € Nand j € {1,..., g,+1 — 1} we know by com-
binatorics that fNis aC3 diffeomorphism from f/ (Iy) to fj“(l,,). Let Mj n, 8, > 0O
be given by Proposition 6.7 applied to the corresponding inverse branch of the extended
lift . Moreover, let M, = max;c1,...q,,,—1) Mj,n and 8, = minje(1, ... 4,1} 6j.n. For
eachn € Nlet A, and B, be the affine maps given by

An(t) = /I F1 (L)) — F+1(0)) and  By(r) = (1/|FU))(t — F(O)).

.....
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By the real bounds, the c3 diffeomorphism 7}, : [0, 1] — [0, 1] given by
Ty =Byof 1t oArt
has universally bounded distortion, and therefore
inf |7,(1)| > 0.

1€[0,1]

n=ng
In particular M = SUP,, > M is finite, and 6 = inf,>,,d, is positive. Let d, =
maxi<j<g, . |.f J (In)], and recall that by the real bounds the sequence {d,},>1 goes to

zero exponentially fast as n — oo. In particular we can choose a sequence {ot;},>1 C
(0, 7 /2) also convergent to zero but such that

dp

mm
n—00 (an)3

Let ¢ : (0, 1) — [1, 0o) be defined by

sin 6

1 for6 € [n/2, ).

v 6) =max{1 1+cos€} _ {M for 0 € (0, 7/2),

sin6
Note that ¢ is an orientation-reversing real-analytic diffeomorphism between (0, 7/2)

and (1, 0o). A straightforward computation shows that for any 6 € (0, 7) and any real
numbers a < b we have diam(Dy (a, b)) = ¥ (0)|b — a|. Consider

Gn+1—1
O = an + Y@M Y 1T 1P > 0 >0,
j=0
0 o 1t
K,= =1+ V@) su Z | FIH )P > 1.
ay oy, ;
j=0
By the choice of o, we have lim,_ (V¥ (ay)/0n)dy, = 0, and since
1= Fitl ()2 < d,, we see that 6, — 0 and K, — 1 as n — o0o. Moreover,
j=0

[V (6n/Kn) — ¥ (6n)] < ( max II//(9)|>|9n = On/Knl = 1Y On/Kn)| 105 — 00/ Ky

O€[6/Kn.6n]

= VO IED o gkl = L 16, g
sin(6,/K,) Sin oy,
2 gnt+1—1 2
_ SM(W(Oln)) Z |J’;’j+] (In)|2 < 3M(W(0€n)) dng
sin@, =5 sin o,

and this goes to zero by the choice of «,,. In particular

. diam(Da,l/Kn(f(In))) diam(De,,(fq”“(In)))
im — =0

n—00 |f (L) | fan+1(1,)]

as stated. We choose ng € N such that for all n > ng we have ¥ («,)d, < §.
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Define inductively {6;}7"%' by 6,,, = 6, and for 1 < j < gus1 — 1,

0; = 0541 — M| f7H (1)  diam(Dyg,, (F77 (1)) = 041 — My @01 7 (L) 2.

We want to show that 6; > a, = 6,/K, forall 1 < j < g,41. With this purpose, we
claim that for any 1 < j < g,4+1 we have

j—1
0 = an + Y (en)SM Y| PP > o
k=0

The claim follows by (reverse) induction on j (the case j = g, holds by definition).
If the claimNi_s true for j + 1 we have ¥ (0;4+1) < ¥ (), which implies 6; > 611 —
1//(01,1)3M|f1+1 (In)|2, and hence the claim is true for j. It follows that

diam(Dy, (f7 (1)) = v @) F1 ()] < Y (on)dy <8 <8 forall 1 < j < gui1.

By Proposition 5.6 the inverse branch F~! mapping f«/“‘i(ln) back to f~j (Iy) is a
well-defined diffeomorphism from the Poincaré disk Dy, (f J+1(I,)) onto its image,
and by Proposition 6.7 we know that

F=Y (D, (F7F Un)) S Do, (F7 ().
The claim also gives
01 = oy + ¥ (@)SM| F ) > an = 6/ K,
and this finishes the proof. O

Corollary 6.9. There exist constants o, C1,Cy > 0 and A € (0, 1) with the following
property. Let f be a C3 critical circle map with irrational rotation number, and let F
be its extended lift. There exists ng € N such that for each n > ng there exists an R-
symmetric topological disk Y,, with

No(f(I) C Yy

such that the composition Fim1=1 . Y, — Fin1=1(Y,)) is a well-defined C? diffeomor-
phism and we have:
diam(F+1~1(Y,))
| fane1 (In)]
gF‘hH—l_l
) sup ﬁ < A,
e, [0F+171(2)]

Proof. For eachn € N let:

(1) C; <

e [, be the closed interval whose endpoints are 0 and (77" o fqn)(O),
e J, be the open interval containing the origin that projects to

(an+1 (1), fqn*qﬂH (]))

under the covering 7 () = e>™!’, and
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e K, be the open interval containing the origin that projects to

(f‘bz—l_qtl+l (1)7 fqn—Qn-H (1))

under the covering .

Note that Ul CJy C J, C K, (see Figure 5). By combinatorics, the map f :
fI(Kp) — fIT1(K,) is adiffeomorphism forall j € {1, ..., gn+1— 1}, and therefore all
restrictions f : f/(J,) — f/T1(J,) are diffeomorphisms for any j € {1, ..., gny1 — 1}
(just as in the proof of Proposition 6.8).

} Jn il
—e g —e *—e —e >
f(l7r—l_(11l+1 (0) fq”'“ (()) 0 fin (()) f(Iw —Qqn+3 (0) f(ln,—(In,Jrl (0)
e —
In

Kn
: |

Fig. 5. Relative positions of the relevant points in the proof of Corollary 6.9.

Recall that the extended lift ¥ : Bg — Wk is given by the composition F =
H, o A o Hj (see Definition 6.5). Let ng € N be given by Proposition 6.8, and for each
n > nglet K, > 1 and 6, > 0 be also given by Proposition 6.8. Fix 8 € (0, 7) such that
6 > 6, forall n > ng and

lm @) < 3z, f7())?

for any z € Dg/Kn(fj(Jn)), any j € {1,...,qn+1 — 1} and any i € {1, 2} (as before,
wh, denotes the Beltrami coefficient of the quasiconformal homeomorphism H;, and d
denotes the Euclidean distance in the complex plane). The existence of such a 6 is guar-
anteed by Proposition 6.8, the fact that both H; are R-asymptotically holomorphic of
order 3, and the last item in Proposition 6.4. -

Let ¥, C F~ 4+ T(Dy(fi+1(J,))) be the preimage of Dg(f9++'(J,)) under
Fér+1~1 given by Proposition 6.8, and note that:

e Y, is an R-symmetric topological disk;

FU) C Yo
fUpt1) C Yy ) o
e by Proposition 6.8, F/(Y,,) C Dy, (fItYJ,)) forall j € {0, 1,..., qn+1 — 1}

Moreover,
diam(F@+171(¥,,)) = diam(Dg (f%+1 (J,))) = ¥ (O)| fT+1 (J)],

and by the real bounds, | ]7 n+1(J,)| and | f 4n+1(I,)| are comparable (with universal con-
stants independent of n > ng). Again the map ¥ is the same as in the proof of Proposi-
tion 6.8. This gives us item (1), and now we prove (2). For eachn > ng letk, € [0, 1) be



Rigidity of smooth critical circle maps 1757

the conformal distortion of Fén+1—1 at Y,, that is,

|5Fqn+1*1(z)|
k, = sup P Do
zet, [0 F It 172(Z)]
Moreover, for each j € {1,...,qn+1 — 1} 1§:t Ky, j, Ky j(1) and Knjj(Z) in [1, c0) be
respgctively the; quasiconforma}ity of F at F/~1(Y,), of H also at F/~1(Y,), and of H»
at (A o H))(F/~1(Y,)). Since A is conformal, we have

Gn+1—1 Gn+1—1

kn§10g< l_[ Kn,j) = Z lOgKn,j
Jj=1 Jj=1

qny1—1
= Y (logK, (1) +log K, ;(2))
Jj=1

Gnt1—1

< Z Mo(diam(F/~1(¥,)))?>  (for some My > 1)
j=1
qny1—1 . 5

< Y Mo(diam(Dy,, (f7 (Jn))))

j=1
Gnt1—1 Gny1—1
= Y Mo @/K)IF )P <M Y 1F P
Jj=1 Jj=1
The last inequality follows from the fact that K, — 1 as n — oo. By combinatorics

the projection of the family {fj (Jn)};?jll_1 to the unit circle has finite multiplicity of
intersection (independent of n > ng), and therefore

Gnt+1—1

Do PP < max 1P GI). (6.1)

j=1 JefL,..., qn+1—1}

where the constant M> > 0 only depends on the multiplicity of intersection of the pro-

jection of the family {fj ( Jn)};.]":*l1 ~! to the unit circle. By the real bounds, the right-hand
side of (6.1) goes to zero exponentially fast at a universal rate (independent of f), and
therefore we obtain constants A € (0, 1) and C > 0 such that
5 Fdn+1— 1
kn = sup ﬁ < CM'*  foralln > nyg.
zey, [ FI+171(2)]

To finish the proof of Corollary 6.9 we need to obtain definite domains around f(ln)
contained in Y,. As in the proof of Proposition 6.8, for each n > ng let A, and B, be the
affine maps given by

An@) = (/| f@ 1 (TN = F7+1(0)) and  B,(z) = (1/|f )z — F(0)),

and alsolet Z, = A,,(Dg( ]7 dn+1(Jy,))). By the real bounds there exists a universal constant
oo > 0 such that
Ny ([0, 1]) € Z,  forall n > ny.
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The R-symmetric orientation-preserving C 3 diffeomorphism 7, : Z, — T,(Z,)
given by
T, = B, o F~Int1tl ¢ A;l

induces a diffeomorphism in [0, 1] which, again by the real bounds, has universally
bounded distortion. In particular there exists ¢ > 0 such that |7, (t)| > ¢ forall 7 € [0, 1]
and all n > ng. By Proposition 5.6 there exists @ > 0 (only depending on & and ¢) such
that (for ng large enough)

Nu([0, 1)) C Ty (Z,) forall n > ng,
and therefore Na(f(ln)) C Y, forall n > nyg. ]

Proposition 6.10. There exist constants o, C1, Co > 0 and A € (0, 1) with the following
property. Let f be a C3 critical circle map with irrational rotation number, and let F be its
extended lift. There exists ng € N such that for each n > ng there exists an R-symmetric
topological disk X,, with

No(ly) C X, where 1, = [0, (TP o fr)(0)],

such that the composition Fi+1 s well-defined in X,, has a unique critical point at the
origin, and:

diam(Fa+1 (X))
| fan+1(1,)]
P dn+1
|3 Fint(z)] N
zex,\(0) [0 F 1 (z)]

Proof. From the construction of the extended lift F in Subsection 6.1 (see also Lem-
ma 6.6) there exists a complex neighbourhood €2 of the origin such that the restriction
F : Q — F()isof the form Qov, where Q(z) = z3+ f(0),and ¢ : © — Q' (F(Q))
is an R-symmetric orientation-preserving C> diffeomorphism fixing the origin. In partic-
ular there exist €, 8 > 0 such that if + € (=8, 8) then |(y 1) ()| > &, where (Y1)
denotes the one-dimensional derivative of the restriction of 1/;‘1 to Q_l (F(2) NR. Let
K > 1 be given by Proposition 5.6 applied to ¢ > 0. Since i is asymptotically holomor-
phic of order 3 in €2, we can choose €2 so small that i is K-quasiconformal. By taking
ng € N large enough we can assume that [ ([,)| < § and ¥, C F(R2) for all n > ny,
where the topological disk Y, is the one given by Corollary 6.9. By Corollary 6.9 and el-
ementary properties of the cube root map (see for instance [55, Lemma 2.2]) there exists
a universal constant oy > 0 such that for all n > ng we have

Noy (W (1)) € Q71 (1y). (6.2)

Define X, C Q by X, = F~(¥;,) = v~ 1(Q~1(¥,)). Item (1) follows directly from
Corollary 6.9(1) since F4+1(X,) = Fint1=1(y,). By (6.2) and Proposition 5.6 there
exists a universal constant o > 0 such that

I € < 2,

2 Co\™.

Ny(I,) C X, c 2 foralln > ny.
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To obtain item (2) recall that by Corollary 6.9(2) we have

sup |5F‘1n+1*1(z)| - ;
z€Y, |0Fan+1=1(z)| ~

Since Q is a polynomial, it is conformal at its regular points, and since ||fylloc =<
(K —-1)/(K+1) <1in 2 we have

5F‘]n+l
sup ﬂ < CA". ]
zex,\(0) [0 Fnt1(z)]

Theorem 6.1 follows directly from Proposition 6.10 and its analogue for f Dy -

7. Proof of Theorem D

As its title indicates, this section is entirely devoted to the proof of Theorem D, and recall
that Theorem D implies our main result (Theorem B) as we saw in Section 4.

First let us fix some notation and terminology. By a fopological disk we mean an
open, connected and simply connected set properly contained in the complex plane. Let
7w : C — C\ {0} be the holomorphic covering z > exp(2mwiz), andlet T : C — C be
the horizontal translation z +— z + 1 (which is a generator of the group of automorphisms
of the covering). For any R > 1 consider the band

Br={z€C:—logR < 273(z) < log R},
which is the universal cover of the round annulus
Ar={z€C:1/R < |z] < R}

via the holomorphic covering . Since Bg is T-invariant, the translation generates the
group of automorphisms of the covering. The restriction 7 : R — S! = 9D is also a
covering map, the automorphism 7 preserves the real line, and again generates the group
of automorphisms of the covering.

More generally, an annulus is an open and connected set A in the complex plane
whose fundamental group is isomorphic to Z. By the Uniformization Theorem such an
annulus is conformally equivalent either to the punctured disk D \ {0}, to the punctured
plane C \ {0}, or to some round annulus Ag = {z € C: 1/R < |z| < R}. In the last case
the value of R > 1 is unique, and there exists a holomorphic covering from ID to A whose
group of deck transformations is infinite cyclic, and such that any generator is a Mobius
transformation that has exactly two fixed points on the boundary of the unit disk.

Since the deck transformations are Mobius transformations, they are isometries of
the Poincaré metric on D, and therefore there exists a unique Riemannian metric on A
such that the covering map provided by the Uniformization Theorem is a local isometry.
This metric is complete, and in particular any two points can be joined by a minimizing
geodesic. There exists a unique simple closed geodesic in A whose hyperbolic length is
equal to 72 /log R. The length of this closed geodesic is therefore a conformal invariant.
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We denote by ® the antiholomorphic involution z +— 1/7z of the punctured plane
C \ {0}, and we say that a map is S'-symmetric if it commutes with ®. An annulus is
S l-symmetric if it is invariant under ® (for instance, the round annulus Az described
above is S'-symmetric). In this case, the unit circle is the core curve (the unique simple
closed geodesic) for the hyperbolic metric in A. In this section we will deal only with
S!-symmetric annuli. In particular any time that some annulus Ag is contained in some
other annulus A1, the annulus A separates the boundary components of A; (more tech-
nically, the inclusion is essential in the sense that the fundamental group 71 (Ag) injects
into 71 (Ay)).

Besides Theorem 6.1, the main tool in order to prove Theorem D is Proposition 5.5.
The proof will be divided into three subsections. Along the proof, C will denote a positive
constant (independent of n € N) and ny will denote a positive (large enough) natural
number. First, let ng € N be given by Theorem 6.1. Moreover, set W; = N, ([—1, 0]),
Wy = Wh(n) = Ny ([0, £,(0)]), Wy = B(0, 1) and ¥V = B(O0, 2~1), where @ > 0 and
A € (0, 1) are the universal constants given by Theorem 6.1. Recall that 5, (0) = —1 for
all n > 1 after normalization.

7.1. A first perturbation and a bidimensional glueing procedure

From Theorem 6.1 we have:

Lemma 7.1. There exists an R-symmetric topological disk U with —1 € U C W1 \ Wy
such that for all n > ng the composition

My o0& U = (1, 0 &)(U)
is an R-symmetric orientation-preserving C diffeomorphism.

For each n > ng denote by A, the diffeomorphism 1, ! o &,. Note that [|ua, [lcc < CA"

in U for all n > ng, and that the domains {A, (U)},>,, are uniformly bounded since they
are contained in | ; sz . Fix ¢, § > 0 such that the rectangle

V=(-1-¢e-14¢)x(—id,id)
is compactly contained in U, and apply Proposition 5.5 to the sequence
{An 2 U = An(U)}nzn
of R-symmetric orientation-preserving C* diffeomorphisms to obtain a sequence
{Bn : V= By(V)}nzn,
of R-symmetric biholomorphisms such that
|An — Bullcogyy < CA" foralln > ny.

By combining Theorem 6.1 with the commuting condition, we obtain the following
configuration, which somehow resembles the notion of holomorphic commuting pairs
introduced by de Faria in his PhD thesis [10] (see also [11, Section 2] and [14, Section 2]).
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Lemma 7.2. For each n > ny there exist R-symmetric topological disks V;(n) fori €
{1, 2, 3} with the following properties:

0 € Vi(n) C Wy,

(1n 0 §2)(0) = (81 0 1) (0) = & (—1) € Va(n) C Wy,

£,(0) € V3(n) C Wa;

when restricted to Vi(n), both n, and &, are orientation-preserving three-fold c3
branched coverings onto V and V3(n) respectively, with a unique critical point at the
origin;

o both &,|v and 0, |v, ) are orientation-preserving C 3 diffeomorphisms onto V5(n).

In particular n,; Yo &, is an orientation-preserving C3 diffeomorphism from V onto V3(n)
for all n > ny.

For each n > ng let U1 (n), U(n) and Uz (n) be R-symmetric topological disks such that:

e Uj(n), Ux(n) and U3z (n) are pairwise disjoint;
e VNUjn)=Wand Vi(n) NU;(n) =¥ fori, j € (1,23}
e Ui(n) C Wi and Uy(n) U Usz(n) C W»,

and such that

= inv U ((Jvim) u

3
i=1 j=1

;)]
is an R-symmetric topological disk (see Figure 6). Note that

I, UL, cU, C W UW, foralln > ng,

and U, \V U Vi(n) U Va(n) U V3(n) has three connected components, which are precisely
Ui (n), Uz(n) and Uz (n). By Theorem 6.1 we can choose U;(n), Ux(n) and Usz(n) so as

&n W
’ n(

An:nrjlogn

V —

Fig. 6. The domain 4;,.
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to also have

Ns([—1,0]) UNs([0,£,(0)]) C U, foralln = ny,

for some universal constant § > 0 independent of n > ng. Note also that each U, is
uniformly bounded since it is contained in N, ([—1, K]), where @ > 0 is given by Theo-
rem 6.1, and K > 1 is the universal constant given by the real bounds.

For each n > ng let 7, be an R-symmetric topological disk such that:
e V,Vi(n), Vo(n) and B, (V) are contained in 7,,;
e 7, \ (VU B,(V)) is connected and simply connected,;
o the Hausdorff distance between 7,, and U, is no more than

IAn — Bullcovy < CA".
Lemma 7.3. For each n > nq there exists an orientation-preserving R-symmetric C>
diffeomorphism ®,, : U, — T, such that:

®,, = Id in the interior of V U U (n) U Vi (n), in particular ®,(0) = 0;
B, =®,0(m; ' 0&)o®, inV,thatis, ®, 0 Ay = Byo®, inV;
1®, —1d]lcogy,) < CA"

lta,lloc < CA" inUy,.

Proof. For each n > ng we have ||A, — Bn”CO(V) < CM\*, and therefore

”Id - (Bn (¢] A;1)||C0(V3(n)) < C)\,n

If we define @, v,y = Bn o A,;' we also have ||1ua, lloo = it 4-1lloc in V3(n), which
is equal to || i a, lloo in V. In particular ||, loc < CA”™ in V3(n), and then we define &,

in the whole U, by interpolating B, o A, Uin V;(n) with the identity in the interior of
VUU(n) U Vi(n). O

Consider the seven topological disks:

X1(n) = int(V U U (n) U Vi(n)) C Wi NUy,

Xo(n) = int(Vy(n) U Uz(n) U Va(n) U Us(n) U V3(n)) C Wa NUy,

X1 ={z€ Xi(0) : &) €U},  Xa(n) = {z € Xa(n) : 0a(2) € Un},

T = ®a(X1(m) U ,(X2(m) C T,

Yi(n) = X1(0) N ®u(X1(n),  Ya(n) = Xa(n) N By(X2(n)).
Note that V, Vi (n) and B, (V) are contained in ﬁ for all n > ngy. Moreover, we have the
following two corollaries of Theorem 6.1:
Lemma 7.4. There exists § > 0 such that for all n > ng we have

Ns([—1,0]) C Yi(n) and Ns([0, £,(0)]) C Ya(n).
Lemma 7.5. Both
sup sup det(D&,(z)) and sup sup det(Dn,(z))

nzng zeYy(n) nzng zeY,(n)

are finite, where det(-) denotes the determinant of a square matrix.
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Let

£, D (X () = (Pp0E)(X1(n), & =DPpobod; !,
Tt Du(X2(n)) = (P, 0 1) (X2(n)) T =Ppomu0®;

Since each ®, is an R-symmetric C3 diffeomorphism, the pair (77\,,,/“;‘\,1) restricts to a
critical commuting pair with the same rotation number as (7, &,), and the same criticality
(which we assume to be cubic, for simplicity). Note also that 7,,(0) = —1 for all n > ny.
Moreover, from Lemma 7.5 and [|®, — Id|[cog,) < CA" we have

16n — &nllcocy,(nyy < CA" and  |n, — ﬁn”cO(Yz(n)) < C)" foralln > ny.

Therefore it is enough to shadow the sequence (’ﬁ,,,?,,) in the domains Y{(n) and Y>(n),
instead of (1., &,) (the shadowing sequence will be constructed in Subsection 7.3 below).
The main advantage of working with the sequence (ﬁn,é\,,) is precisely that 7, ! o g, is
univalent in V for all n > n¢ (since it coincides with B,,). In particular we can choose each
topological disk U, and 7,, defined above with the additional property that, identifying V
with B, (V) via the biholomorphism B,,, we obtain from 7, an abstract annular Riemann
surface S, (with the complex structure induced by the quotient).

Denote by p, : 7, — S, the canonical projection (note that p, is not a covering
map, just a surjective local diffeomorphism). The projection of the real line, p, (R N 7,),
is real-analytic diffeomorphic to the unit circle S'. We call it the equator of S,,.

Since complex conjugation leaves 7, invariant and commutes with B,, it induces
an antiholomorphic involution F, : S, — &, acting as the identity on the equator
pn(R N T,). Note that F,, has a continuous extension to 3S,, that switches the bound-
ary components.

Since S, is obviously not biholomorphic to D\ {0} or to C\ {0}, we have mod(S,,) < oo
for all n > ng, where mod(-) denotes the conformal modulus of an annular Riemann
surface. For each n > ng define a constant R, in (1, co) by

R, = exp(mod(S5,)/2),

that is, S, is conformally equivalent to A, = {z € C : Rn_1 < |z| < Ry}. Any bi-
holomorphism between S, and Ag, must send the equator p,(R N 7,) onto the unit
circle S! (because the equator is invariant under the antiholomorphic involution F,, and
the unit circle is invariant under the antiholomorphic involution z — 1/z in Ag,). Let
¥, : S, — Apg, be the conformal uniformization determined by W, (p,(0)) = 1, and let
P, : T, — Apg, be the holomorphic surjective local diffeomorphism

P, =W, 0o py
(see Figure 7). Note that P,(0) = 1 and P,(7, N R) = S! for all n > ng. Moreover

P,(z2)P,(z) = 1 forall z € T, and all n > ng. From now on we forget about the abstract
cylinder S,.
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equator\of S,

Fig. 7. Bidimensional glueing procedure.

Lemma 7.6. There exist constants § > 0 and C > 1 such that for all n > ng and for all
z € Ns([—1,&,(0)]) we have z € T,, C T, and

1/C < |Py(z)| <C.

Proof. By the real bounds there exists a universal constant Co > 1 such that for each
n > ng there exists w,, € [—1, &,(0)] such that

1/Co < | P (wn)| < Co.

We need to construct a definite complex domain around [—1, g,, (0)] where P, has univer-
sally bounded distortion. Again by the real bounds there exist § > 0 and / € N with the
following properties. For each n > ng there exist z1, ..., zx, € [—1, E,, 0)] with k,, < [
for all n > ng such that:

e -LEOIC U, B, o)
o B(z;,28) C T, CTyforalli € {1,...,k,};
® P,|p(y;,25) is univalent forall i € {1, ..., k;}.
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By convexity, for alln > ngand alli € {1, ..., k,} we have

Py <exp( w |Pn”(w>|>

v,weB(z;,d) |Pr€(w)| - weB(z;,5) |P;é(w)|

and by the Koebe distortion theorem (see for instance [6, Section 1.1, Theorem 1.6]),
VA

S LACI-

weB(z,8) | Pp(w)| — 8

foralln > ngandi € {1, ..., k,}. O

Now we project each commuting pair (7,,, ’5,,) from 7\,‘1 to the round annulus Ag, .
Proposition 7.7 (Glueing procedure). The pair
& @uXim) > Tu and Gy : Su(Xa(m) > T,
projects under P, to a well-defined orientation-preserving C> map
Gn : Pa(Ty) C Ag, — Ag,.

For eachn > ng, P, (ﬁ) is a ©-invariant annulus with positive and finite modulus. Each
G, is S'-symmetric, in particular G,, preserves the unit circle.

When restricted to the unit circle, G, produces a C3 critical circle map g, : ' — S!
with cubic critical point at P,(0) = 1, and with rotation number p(g,) = p(R"(f))
eR\Q .

(n-n)

CTn ——— Ta

JP,,

~ G
Py(Ty) C Ag, — AR,

)

Py

Moreover the unique critical point of G, in P, (’/7\;) is the one on the unit circle (at the
point 1) and B R
[0Gn(2)| < CA"10G,(2)|  forall z € Py(Ty) \ {1},

that is, || 4G, oo < CA™ in Py(Ty).

Proof. This follows from:

o the construction of U, and 7,,;

e the property B, = ®, 0 (1, 0&,) o @, 1inV;

e the commuting condition in Vi (n);

e the symmetry P, (z) P,(z) = 1 forall z € T, and all n > no;

o the fact that P, : 7, — Apg, is holomorphic, P,(0) = 1 and P,(7, NR) = S! for all
n = ng. O

Note that each g, belongs to the smooth conjugacy class obtained with the glueing pro-
cedure (described in Section 3.2) applied to the C? critical commuting pair (ﬁn,a). In
the next subsection we will construct a sequence of real-analytic critical circle maps, with
the desired combinatorics, that extend to holomorphic maps exponentially close to G, in
a definite annulus around the unit circle (see Proposition 7.8 below).
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7.2. Main perturbation

The goal of this subsection is to construct the following sequence of perturbations:
Proposition 7.8 (Main perturbation). There exist a constant r > 1 and a sequence
{(Hy: A — C}nzno

of holomorphic maps defined in the annulus A, such that for all n > nq the following
holds:

Ar C Py(Ty) C Pu(Ty) = ARn;

1 Hy — Gullcoga,y = C,)\hn,'

Hy(Ar) C(Gpo Po)(Tn) C Pu(Ty) = ARg,;

H,, preserves the unit circle and, when restricted to the unit circle, produces a real-
analytic critical circle map hy, : S' — S' such that:

— the unique critical point of h, is at P,(0) = 1, and is of cubic type;

— the critical value of hy, coincides with the one of g,, that is, h,(1) = g,(1) €
P,(VNR);

= phn) = p(gn) = p(R"(f)) e RAQ;

o the unique critical point of H,, in A, is the one on the unit circle.

The remainder of this subsection is devoted to proving Proposition 7.8. We will not per-
turb the maps G, directly (basically because they are non-invertible). Instead, we will
decompose them (see Lemma 7.9 below), and then we will perturb their coefficients (see
the definition after the statement of Lemma 7.9). Those perturbations will be done, again,
with the help of Proposition 5.5.

Let A : C\ {0} — C\ {0} be the map corresponding to the parameters a = 0 and
b = 1in the Arnold family (1.2), defined in the introduction. The lift of A to the complex
plane by the holomorphic covering z — exp(2mwiz) is the entire map A : C — C given
by

~ 1
A(z) =z — — sin(2m 7).
2
Then A preserves the unit circle, and its restriction A : ' — S! is a real-analytic critical

circle map. The critical point of A on the unit circle is at 1, and is of cubic type (the critical
point is also a fixed point for A). The following is a bidimensional version of Lemma 6.2:

Lemma 7.9. For each n > ng there exist:

o S, >1;
o an S'-symmetric orientation-preserving C3 diffeomorphism v, : Py(T,) — As,;
o an S! -symmetric biholomorphism ¢, : A(As,) — (G, o P,)(Ty,) such that

Gy=¢p0Ao0Y, in Pn(’?;t)
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The diffeomorphisms v, and ¢, are called the coefficients of G, in P, (’f,).
~ Gy ~
Pn(’ﬁl) — (Gpo Pn)(7;l)

lﬁn ¢n

A

Ag

n

A(As,)

Proof of Lemma 7.9. For each n > ng let S, > 1 be such that A(Ag,) is a ®-invariant
annulus with
mod(A(As,)) = mod((Gy o Py)(Ty))-

In particular there exists a biholomorphism ¢, : A(As,) = (G, o0 P,,)(ﬁ) that commutes
with ®. Each ¢, preserves the unit circle and we can choose it so that ¢, (1) = G, (1),
that is, ¢, takes the critical value of A to the critical value of G,,.

Since both G, and A are three-fold branched coverings around their critical points
and local diffeomorphisms away from them, the equq\tion G, = ¢, o A o, induces an
orientation-preserving C> diffeomorphism v, : P,(7,) — A s, that commutes with ©®
and has ¢, (1) = 1, that is, v, takes the critical point of G, to the one of A. The fact
that v, is smooth at 1 with non-vanishing derivative follows from the fact that the critical
points of G, and A have the same degree (see Lemma 6.2). O

Note that, at the beginning of the proof of Lemma 7.9, we have used the fact that the
image under the Arnold map A of a small round annulus around the unit circle is also
an annulus. This is true, even though A has a critical point on the unit circle (placed
at 1, and being also a fixed point of A). Even more is true: the conformal modulus of the
annulus A(Ay) depends continuously on s > 1 (and we have also used this fact in the
proof).

As we said, the idea of the proof of Proposition 7.8 is to perturb each diffeomor-
phism v, by means of Proposition 5.5. In order to control the C size of those pertur-
bations we will need some geometric control, which we state in four lemmas, before
entering into the proof of Proposition 7.8. From Lemma 7.6 we have:

Lemma 7.10.

1 < inf R, and sup R, < o0.
nzno n=ng

Lemma 7.11. Foralln > ng both P, (’77,) and (G, o Pn)(’/f:,) are ©O-invariant annuli with
finite modulus. Moreover, there exists a universal constant K > 1 such that

1/K < mod(Pn(ﬁ)) < K foralln > ny.

Proof. By Lemma 7.10 we know that R = sup,,-.,, Ry, is finite, and since for all n > ng

both P, (’7;) and (G, o P,,)(”f,,) are contained in the corresponding Ag,, we see at once
that both have finite modulus, and also sup,,, 0 mod (P, (7)) is finite. Just as in Lemma

7.10, the fact that inf;,>,, mod(P, (’7;,)) is positive follows from Lemmas 7.4 and 7.6. O
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Lemma 7.12. There exists a constant ro > 1 such that Zro Cc P, (72) for all n > ny.

Proof. By the invariance with respect to the antiholomorphic involution z +— 1/z, the
unit circle is the core curve (the unique closed geodesic for the hyperbolic metric) of each
annulus P, (7,). Since inf,>,, mod(P,(7,)) > 0, the statement is well-known: see for
instance [39, Chapter 2, Theorem 2.5]. O

Lemma 7.13. We have

s=inf S, >1 and S = sup S, < oco.
nzno nzno
Proof. Since iy, = g, in P,(T,), we have [y, oo < CA" in Py(7,) for all n > no.
By the geometric definition of quasiconformal homeomorphisms (see for instance [34,
Chapter I, Section 7]) we have

L-cx 7 1+ Can _
TT o mod(Py (7)) < 21og(Sy) < T mod(P, (7))
for all n > ng, and we are done by Lemma 7.11. o

With this geometric control at hand, we are ready to prove Proposition 7.8:

Proof of Proposition 7.8. Letrg > 1 be given by Lemma 7.12 (recall that Zro Cc P, (ﬁ)
for alln > ng), and fixr € (1, (14rg)/2). How small r — 1 must be will be determined in
the course of the argument (see Lemma 7.14 below). For any r € (1, (14 rg)/2) consider
r=ro—(r—1 € 1l+r0)/2,ro).
The sequence
{WW : Aro - wn(Aro)}nZno
of §'-symmetric C? diffeomorphisms satisfies the hypothesis of Proposition 5.5 since:

® Ly, =[G, In P,,(’ﬁ), and therefore ||y, oo < CA" for all n > no;
o Y, (Ay) C As, C Ag forall n > ng (see Lemma 7.13).

Apply Proposition 5.5 to the bounded domain A,, compactly contained in A,,, to obtain
a sequence of S!-symmetric biholomorphisms

{‘Zn DA — ’:”\n(AL)}nZno

such that R
I¥n — Yullcoca,) < CA"  foralln > no.

Fix ng large enough to have @,,(AL) C Ag,, and note that we can suppose that each 1;"
fixes the point 1 (just as 1,,) by considering

1 ~
2> =Y (2).
Yu()
Since |1/p\,,(z)| < Sforall z € A, and all n > ngp (where § € (1,00) is given by
Lemma 7.13), and since |y, (1) — 1] < CMA"* for all n > ng, we know that this new
map (which we will still denote by v, for simplicity) satisfies all the properties that we
want for 1, and also fixes the point z = 1.
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For each n > ng consider the holomorphic map H, : A, — C defined by H, =
¢n o A o Y. We have:

° Hn(AL) C(Gyo Pn)(7;l) C AR,,;

e H, is S'-symmetric and therefore it preserves the unit circle;

e when restricted to the unit circle, H, produces a real-analytic critical circle map A, :
st — st

o the unique critical point of H, in A, is on the unit circle, at P,(0) = 1, and is of cubic
type;

e the critical value of H, coincides with the one of G,, that is, H,(1) = G,(1) €
P,(VNR).

We divide the rest of the proof of Proposition 7.8 into three lemmas. We need to prove
first that, for a suitable r > 1, H,, is C 0-exp0nentially close to G, in the annulus A,
(Lemma 7.14 below), and then that we can choose each H,, with the desired combinatorics
for its restriction h,, to the unit circle (Lemma 7.15). This last perturbation will change
the critical value of each H,, (it will not coincide with the one of G,, any more). We will
finish the proof of Proposition 7.8 with Lemma 7.16, which allows us to keep the critical
point of H, at P,(0) = 1, and to place the critical value of H, at g,(1) for all n > ny.
This will be important in the following subsection, the last one of this section.

Lemma 7.14. There exists r € (1, (1 + ro)/2) such that in the annulus A, we have
| Hy — Gullcoga,, < CA"  foralln = no.

Proof. The proof is divided into three claims:

Claim 1. There exists B > 1 such that Z,g C A(Asg,) for all n > no.

Indeed, by Lemma 7.13 the round annulus A ()2 is compactly contained in Ag, for all
n > nog, and therefore the annulus A(A(14y)/2) is contained in A(Ag,) for all n > ng.
Thus we just take 8 > 1 such that Z,s C A(A(11s),2), and Claim 1 is proved.

From now on we fix @ € (1, B).

Claim 2. There exists r € (1, (1 4 ro)/2) so close to 1 that (A o Y,)(A,) C Ay and
(Aoy,)(Ar) C Ay foralln > ny.

Indeed, since A, C A, 1’/7,1 is holomorphic, and @n (A;) C As, C Agforalln > ng
(where S € (1, o0) is given by Lemma 7.13), by the Cauchy derivative estimate we have
supnzno{h/ﬂ\,; ()] : z € A} < oo. Since each 1//;,, preserves the unit circle, and since
IIIZH = Yullcoga,) < CA" forall n > ng, Claim 2 is proved.

Another way to prove the second claim is by noting that since A, C A g C Z/S C
A(Ag,) for all n > ng, the hyperbolic metric on any annulus A(Ag,) and the Euclidean
metric are comparable in A, with universal parameters, that is, there exists a constant
K > 1 such that

E'Z — w| < dag,)(z, w) < K|z —w|
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for all z, w € Ay and all n > ng, where daa ) denote the hyperbolic distance in the
annulus A(Ag, ) (this is well-known, see for instance [6, Section 1.4, Theorem 4.3]). Since
each A o fp\n : A, — A(Asg,) is holomorphic and preserves the unit circle, we know by
the Schwarz lemma that for all z € A, and all n > ny,

dacas) (Ao ¥n)(@), S') < da, (z, S,

where d4, denote the hyperbolic distance in the annulus A,. Since all distances d(4,)
are comparable with the Euclidean distance in As with universal parameters, for all
z € Ay and all n > ng we have

d((A oY) (), S) < Kda, (z, SY),

where d is just the Euclidean distance in the plane. Fix r € (1, (1 4+ rp)/2) so close to 1
that z € A, implies dg, (z, SH < (@ — 1)/(K ) (and therefore (A o ¥,)(z) € Ay for all
n > ngp). Again since ||1Z,1 — Ynllcoga,y = C)\" for all n > ng, Claim 2 is proved.

Claim 3. There exists a positive number M such that |¢),(z)| < M forall z € Ay and all
n = no.

Indeed, recall that ¢, (A(As,)) = (G o P,,)(’ﬁ) C Ag, forall n > ng. By Lemma 7.10
glere exists a Lﬁnite) number A such that ¢,,(A(As,)) C B(0, A) for all n > ng. Since
Ay C Ag C Ag C A(Ag,) forall n > ng, Claim 3 follows from the Cauchy derivative
estimate.

With the three claims at hand, Lemma 7.14 follows. O

To control the combinatorics after perturbation we use the monotonicity of the rotation
number:

Lemma 7.15. Let f be a C3 critical circle map and let g be a real-analytic critical circle
map that extends holomorphically to the annulus

Ar={z€C:1/R < |z| < R} forsomeR > 1.

There exists a real-analytic critical circle map h, with p(h) = p(f), also extending
holomorphically to Ag, such that

Ih —gllcoag) < dcocsty(f, 8)-

In particular
dcr(sl)(h,g) SdCO(Sl)(f’ g) foranyOSr < Q.
Proof. Let F and G be the respective lifts of f and g to the real line satisfying

p(f) = lim F*(0)/n and p(g) = lim G"(0)/n.

Consider the band Bg = {z € C: —log R < 273(z) < log R}, which is the universal
cover of the annulus A g via the holomorphic covering z — ¢*™%. Let § = |[F —G|| COR)>
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and for any ¢ in [—1, 1] let G, : B — C be defined as G; = G + 5. Each G, preserves
the real line, and its restriction is the lift of a real-analytic critical circle map. Moreover,
each G, commutes with the unitary horizontal translation in Bg.

Note that |G, — Gllcoggy = 1118 < |F — Gllcow) for any 7 € [—1, 1]. Moreover,
for any x € R the family {G,(x)};c[—1,1] IS monotone in ¢, and we have G_(x) <
F(x) < G1(x). In particular there exists typ € [—1, 1] such that

lim G (0)/n = p(F),
n—>oo

and we define £ as the projection of G, to the annulus Ag. O

After the perturbation given by Lemma 7.15 we still have the critical point of /,, placed at
1, but its critical value is no longer g, (1) (however, they are exponentially close). To finish
the proof of Proposition 7.8 we need to fix this, without changing the combinatorics of A,
in S'. Until now each H, is S'-symmetric, in the sense that it commutes with z > 1/7
in the annulus A,. We will loose this property in the following perturbation, which turns
out to be the last one.

Lemma 7.16. For each n > nq consider the (unique) Mobius transformation M, which
maps the unit disk D onto itself fixing the basepoint z = 1, and which maps H, (1) to
G, (1). Then there exists p € (1, r) such that Zp C M, (A,) for all n > ny. Moreover for
each n > no we have

My o Hy o M1 — Gullcoga,) < CA".

Note that, when restricted to the unit circle, each M,, gives rise to an orientation-preserv-
ing real-analytic diffeomorphism which is, as Lemma 7.16 indicates, C°°-exponentially
close to the identity.

Proof of Lemma 7.16. Consider the biholomorphism ¢ : H — D given by ¥ (z) = %,
whose inverse ¥~! : D — H is given by ¥~ !(z) = l(%) Note that ¥y maps the
vertical geodesic {z € H : R(z) = 0} onto the interval (—1, 1) in . Since v and ¥ ~!
are Mobius transformations, both extend uniquely to corresponding biholomorphisms of
the entire Riemann sphere. The extension of i is a real-analytic diffeomorphism between
the compactification of the real line and the unit circle, which maps the point at infinity
to the point z = 1. For each n > ng consider the real number 7, defined by

Gn(l) - Hn(l)
(1 = Gp(1)(1 = Hy (1))

Each 1, is finite since for all n > ng neither G, (1) nor H, (1) is equal to one. Moreover,
we claim that

th =¥ (G(1) — ¥ N (H, (1) =2i

inf |G,(1)— 1| >0 and inf |H,(1)— 1| > 0.
n=ng n=ngo

Indeed, since |H,(1) — G,(1)] < CA" for all n > ny, it is enough to prove that
infy,;>p, |Gy (1) — 1| > 0, and this follows from Lemma 7.6 since 1 = PF,(0) and
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G,(1) = P,(—1) for all n > ng. In particular, again using |H,(1) — G,(1)| < C\"
for all n > ng, we see that |t,| < CA" for all n > ng. From the explicit formula

n

. f .
Qi—ty)z+t, T m 22—y

T Qi) —tz 1- iz 2i

M, (z) for all n > ny,

we see that the pole of each M, is at the point z, = 1 + i(2/t,), and since |t,| < CA"
for all n > ng, we can take ng large enough to have z, € C\ B(0,2R), where R =
SUp,>,, Rn < 00 is given by Lemma 7.10. A straightforward computation gives

th(z — 1)?
M, —1d)(z) = ——— foralln > ny,
(My = 1)) = = 0

and therefore
My —1dllcoca,y < CA"  foralln > no.

In particular for any fixed p € (1,7) we can choose ng large enough to have Zp C
M, (A,) for all n > ng. Moreover, given any z € A, we have

(My 0 Hyo M, ' — Gu)(2) = (My — 1d)((Hy 0 M, )(2) + (Hy — G)(2)
+ (Hy (M ' (2)) — Hy(2)).
In particular
1My 0 Hy o My = Gollcoga,y < 1My —Tdllcoggy, a,) + 1Hn = Gallcoa,)
+ 1 Hullcrgan 1M, = 1dllcoga -
Since H,(A;) C Ag and A, C A, C Ag, the terms [M, — Id|cocy,(a,))>

|H,—G, ||C0(A,,) and ||Mn_1 _Id”CO(A,,) are each less than or equal to CA” for all n > ny.

Finally, since each H, is holomorphic and A, C A, and H,(A;) C (G, 0 Pn)(f,)
C AR, C Apg forall n > ng, from the Cauchy derivative estimate we obtain

sup [[Hpllc1ea,) < 00,
n=nq

and therefore || M, o H, o M, ! — Gullcoa,y < CA" foralln > no. ]

With Lemma 7.16 at hand we are done, since (M,, o H), o Mn_l)(l) = G,(1). We have
finished the proof of Proposition 7.8. O

7.3. The shadowing sequence

This is the final subsection of Section 7, which is devoted to proving Theorem D. Let us
recall what we have done: in Subsection 7.1 we constructed a suitable sequence {G; },>n,
of §!'-symmetric C3 extensions of C? critical circle maps g, to some annulus P, (7,).
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When lifted via the corresponding projection P, (also constructed in Subsection 7.1),
each g, gives rise to a C? critical commuting pair (7;,, 51) exponentially close to R"(f)
and having the same combinatorics at each step (moreover, with complex extensions
C-exponentially close to the ones of R"(f) produced in Theorem 6.1; see Proposi-
tion 7.7 above for more properties).

In Subsection 7.2 we perturbed each G, in a definite annulus A,, in order to obtain a
sequence of real-analytic critical circle maps, each of them having the same combinatorics
as the corresponding R"(f), that extend to holomorphic maps H, exponentially close
to G, in A, (see Proposition 7.8 above for more properties). Both the critical point and the
critical value of each H,, coincide with the ones of the corresponding G, more precisely,
the critical point of each H,, is P,(0) = 1 € P,(Vi(n)) N S, and its critical value is
H,(1) = G,(1) € P,(V)NS! = P,(B,(V)) N S'. Recall also that H,(A,) C P,(Ty)
for all n > ny.

In this subsection we lift each H, : A, — Apg, via the holomorphic projection P, :
Tn — Apg, in the canonical way: Let & > 0 be such that for all n > ng we have

Nu([—1,0]) U Ny (10, €, (0)]) C Ty,

and P,(Ny([—1,0]) U NO,([O,E,(O)])) is an annulus contained in A, and containing the
unit circle (the existence of such an « is guaranteed by Lemmas 7.4 and 7.6). Set Z1(n) =
Ny ([—1,0]) and Zr(n) = Na([O,gL(O)]). For eachn > ng let 7, : Zo(n) — 7T, be the
R-preserving holomorphic map defined by

H,oP,=P,07, inZy(n), and 7,(0) = —

In the same way let E,, : Z1(n) — T, be the R-preserving holomorphic map defined by
the two conditions:

HyoP,=P,0& inZi(n), and &,(0) = &,(0).

( ns E”
Zi(m) U Zan) C T, 25l

P)l Pn

H,
A, CARn AR

n

In the next proposition we summarize the main properties of this lift, which are all
straightforward:

Proposition 7.17 (The shadowing sequence). For each n > ng the pair fo = (i, En)
restricts to a real-analytic critical commuting pair with domains 1 (E,,) = [, (O) 0] =

[—1,0] and 1(5,) = [0, én(O)] = [0,&/(0)), and such that p(f,) = p(in.&n) =
Pp(R™"(f)) € R\ Q. Moreover, En and 7, extend to holomorphic maps in Z{(n) and
Zy(n) respectively where:

) En has a unique critical point in Z1(n), which is at the origin and of cubic type;
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° ﬁi has a unique critical point in Z>(n), which is at the origin and of cubic type;
* 118 = &nllcozymne, @ my = C*"n"
o n = Tnlicozymna, Ry = CA

With Proposition 7.17 at hand, Theorem D follows directly from the following conse-
quence of Montel’s theorem:

Lemma 7.18. Let @ be a constant in (0, 1) and let V be an R-symmetric bounded topo-
logical disk such that [—1, o Y C V. Let Wi and W, be topological disks whose closures
are contained in V and [—1,0] C Wi and [0, « '] C W,. Denote by K the set of all nor-
malized real-analytic critical commuting pairs ¢ = (n, &) such that:

e 1(0) = —1and£(0) € [or, ™ '];

o a|n([0, £ < [E(—1,0D] <« ' n([0, EO)])I;

e both & and n extend to holomorphic maps (with a unique cubic critical point at the
origin) defined in Wi and W, respectively, and satisfy:

(1) Ne(§([—1,01) C §(W);
(@) Nu(n([0,£(0)]) C n(W2);
(3) EWp Un(Wa) C V.

Then K is C®-compact.

8. Concluding remarks

As was already mentioned in the introduction (see Remark 1.1 after the statement of
Theorem B), since the preprint version [22] of this paper first appeared, we were able to
prove (in collaboration with Marco Martens) that any two C* critical circle maps with the
same irrational rotation number and the same odd criticality are conjugate to each other
by a C! circle diffeomorphism, which is C'** at the critical point, and that, for some
universal @ > 0, this conjugacy is a C'** diffeomorphism for Lebesgue almost every
rotation number [21]. In other words, the precise statement of Theorem A holds in the ct
category (see [21, Theorem Al]).

To the best of our knowledge, the possibility of generalizing these results to C3 dy-
namics with unbounded combinatorics remains open (nor do we know whether rigidity
holds for less regularity, for instance C 2+¢ gmoothness, even for bounded combinatorics).
Moreover, we do not know how to deal with critical points of non-integer criticality (not
even with fractional criticality).

The question of “how smooth the conjugacy is” is a delicate problem. On the one
hand, the presence of the critical point gives us more rigidity than in the case of diffeo-
morphisms: smooth conjugacy is obtained in the C* category for any irrational rotation
number, with no Diophantine conditions (again, see [21] and the references therein). On
the other hand, there exist examples [5], [13] showing that this smooth diffeomorphism
may not be globally C'** in general, even for real-analytic dynamics. It seems possible,
although difficult, to obtain some arithmetical condition on the rotation numbers that
would decide whether the conjugacy may or may not be “better than C!”.
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Let us be more precise. The set A C [0, 1] of de Faria and de Melo (see Theorem 2.1)
is the set of rotation numbers p = [agp, a1, . . .] satisfying the following conditions:

1 n
lim sup — loga; < 0o,
n—)oopl’l; g /

lim l loga, =0,

n—oon

1 k+n n

— Z loga; < a)p<—> forall0 < n <k,

S k
where w, (t) is a positive function (that depends on the rotation number) defined for ¢ > 0
such that tw, () — 0 as ¢t — 0 (for instance, we can take w,(t) = C,(1 — log?) where
C, > 0 depends on the number).

The set A obviously contains all rotation numbers of bounded type, and it has full
Lebesgue measure in [0, 1] (see [13, Appendix C] or [20, Appendix, p. 63]).

Is there a condition on the rotation number equivalent to C!'*¢ rigidity? This is not
clear even in the real-analytic setting (see [5]). We remark that C'** rigidity fails for
some Diophantine rotation numbers (see [13, Section 5]).

Another difficult problem is the following: what can be said, in terms of smooth rigid-
ity, for maps with more than one critical point? More precisely, let f and g be orientation-
preserving C? circle homeomorphisms with the same irrational rotation number, and with
N > 1 non-flat critical points of odd type. Denote by Sy = {c1, ..., cy} the ordered crit-
ical set of f, by S, = {c],...,c}y} the ordered critical set of g, and suppose that the
criticalities of ¢; and ¢ are the same for all i € {1, ..., N} (the cubic case is the generic
one). Finally, denote by uy and ug the corresponding unique invariant measures of f
and g.

By Yoccoz’s result [60], f and g are topologically conjugate to each other. For ele-
mentary reasons, the condition 7 ([c;, ci1]) = pg([ch, clfH]) foralli e {1,...,N—1}
is necessary (and sufficient) in order to have a topological conjugacy between f and g
that sends the critical points of f to the critical points of g.

Is this conjugacy a smooth diffeomorphism? If yes, what is its degree of smoothness?
To the best of our knowledge, these questions remain completely open.

Appendix A. Proof of Lemma 3.6

In this appendix we prove Lemma 3.6, stated at the end of Section 3 and used in Section 4.
For this purpose, we need the following fact:

Lemma A.l. Let fi, ..., f, be C' maps with C' norm bounded by some constant B >0,
andlet g1, ..., gn be co maps. Then

n—1
oo fi=giorogilleo= (D B) max Ifi = gillcs
=0 1,...,n}

i€fl,...,

whenever the compositions make sense.
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Proof. The proof goes by induction on n (when n = 1 we have nothing to prove). Sup-
pose that

n—2

I fatoo fi—gnro--ogilco = (3 B7), max Ifi = gillco

=0 ie{l,..
Then for any ¢,
|(fno-ofi—=gno- 08| = [fu((fa—10---0 f1)®)) — fal(gn-10---0g1) ()]

+ | fa((gn—10---081)(#) — gn((gn—10---08(®))]
< B|(fnc10---0ofi—gu10---0g)®O|+ I fu — gnllco

,,,,,

n—1
< B/ ) - — gillco. u]
< (,;) maxLfi = gilleo
For K > landr € {0, 1,..., 00, w} recall from Section 3 that we denote by P”"(K)
the space of C” critical commuting pairs { = (7, &) such that n(0) = —1 (they are

normalized) and £(0) € [K ™!, K].

Lemma A.2. Given M € N, B > 0 and K > 1 there exists L(M, B, K) > 1 with the
following property. Let i = (1, &) and t» = (12, &) be renormalizable C critical
commuting pairs satisfying the following conditions:
(1) &1, R(G1), &2 and R(52) belong to P> (K);
(2) the continued fraction expansion of both rotation numbers p(¢1) and p(¢2) have the
same first term, say ag, with ag < M. More precisely,

L1/p@CD] = 11/p(2)] =ao € {1, ..., M};
(3) max{[nillcr, l€1ller} < B;
@) (1 0&1)(0) and (3 o0 &)(0) have the same sign;

1 K+1
5 0) — &0 — .
() 151(0) — &(0)] < X K1
Then

do(R(¢1), R(£2)) < L - do(&1, £2),

where dy is the C° distance in the space of critical commuting pairs (see Section 3.3).
In the proof of Lemma A.2 we will use the following notation. For ¢ > 0 denote by Ty
the (unique) Mobius transformation that fixes —1 and 0, and maps « to 1. Moreover, for
eachi € {1, 2} let

xi = &), yi=n"x)=n"&©0), zi =T, =Ts00n°E©0)).

Proof of Lemma A.2. Suppose that both (171 o £1)(0) and (172 o &)(0) are positive, and
let V C R be the interval [0, max{(n7 o £1)(0), (92 o £)(0)}]. Note that (in the notation
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described before the proof) p, = o + a}%g is the pole of T,,. If « > K /(K + 2) then
po ¢ [1/K, K], and if & € [1/K, K/(K +2)] then py — a > + - £ By item (5) in
the hypothesis, and since ¢; and ¢> belong to P3(K) by (1), there exists Lo(K) > 1 such

that

1T llctvy = Lo. 1 Tx; — Tyl coovy < Lolxi — x2| < Lo - do (&1, £2),
Iy1 = y2I < Lol7{° (1) = 15" (1)1,
||ﬁl||c1([o,1]) < Lolmli¢iqo,x1) < LoB.

where 7; = Ty, o nj o ijl fori € {1,2}. By Lemma A.1,

ap—1
Iy1 =2l = L%(Z B])”ﬁl - ﬁ2||c0([o,1])-
J=0

Defining L (M, B, K) = L% Zjﬁi_ol B/ we obtain

[yi = y21 < L1 -do(81, £2).
Therefore
|zt — 22| < lz1 — Ty 2| + [Ty, (2) — 22|
< Lo|y1 — y2| + Lo - do(¢1, $2) < (LoL1 + Lo) - do(&1, £2).

Defining Lo(M, B, K) = LoL1 + Lo we obtain

|zt — 22| < Lo - do(S1, 82). (A1)
Moreover, there exists L3(M, B, K) > L, with the following properties:

e from (1), both M&bius transformations 77, and also their inverses, have C I norm
bounded by L3 in W = [0, max{z, z2}];

e both Mobius transformations 77, are at C 0 distance less than or equal to L3 - do(¢1, &2)
in W (this follows from (A.1) and (1));

o the same with their inverses, that is, both Mdbius transformations Tzlfl are at CO dis-
tance less than or equal to L3 - do(¢1, &2) in [0, 1] (again from (A.1) and (1));

e the maps

Ty, 0oni® oo TXTI and Ty, onjo TXTI

have C! norm bounded by L3 in[—1, 0] and [0, 1] respectively (follows from (1)—(3)).
Note that for i = {1, 2} we have
Ty, o r;?o oo T;l =T, 0(Ty o r;?o oo Tx[_,l) ) Tzl,_l

in[—1, 0], and
Ty, onjo T;1 =T, 0Ty onio ijl) °© Tz;_l
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in [0, 1]. By Lemma A.1 and the four properties listed above there exists Ls =
L4s(M, B, K) > Lj such that

1Ty, on{® o0& 0Ty =Ty, 005 0 &0 T o
< Lamax{[| Tz, — T, llco. do(¢1. 22), 1T = T Ml co} < L3La - do(Z1, &)
in [—1, 0], and
1Ty, omo Tyt =Ty omo T, o
< Lamax{[| Tz, — T, llco. do(¢1. 22), 1T, = T, Ml o} < LaLa - do(81. &)
in [0, 1]. Therefore we are done by taking L > L3L4. O

With Lemma A.2 at hand, we are ready to prove Lemma 3.6.

Proof of Lemma 3.6. Let f be a C3 critical circle map with irrational rotation number
o(f) = lao, ai, ...], and recall that we are assuming that a, < M for all n € N. Let
no(f) € N be given by the real bounds, and note that R"(f) € P3(K) for all n > ng
(since K > Kj by hypothesis, and so P3(K) D P3(Kp)). As a well-known corollary of
the real bounds (see for instance [13, Theorem 3.1]), there exists a constant B > 0 such
that the sequence {R"(f)},en is bounded by B in the C ! metric, and we are done by
taking L > 1 given by Lemma A.2. O

Appendix B. Proof of Proposition 5.5

Assume that each p,, is defined in the whole complex plane, just by extending it by zero
in the complement of the domain U, that is,

wn(2)8G,(z) = 0G,(z) forae.z e U, and u,(z)=0 forallzeC\U.

Fixn € N.If u, = 0 we take H, = G, |y, so assume that || 4, ||co > 0 and fix some small
e € (0,1 — ||tnlloo)- Denote by A the open disk B(0, (1 — &)/||tnlloo) in the complex
plane (note that D C A). Consider the one-parameter family {i,(¢)};ea of Beltrami
coefficients defined by
M (1) = tiy.

Note that for all # € A we have ||, (#)|lcc < 1 —& < 1. Denote by f#» @) the solution of
the Beltrami equation with coefficient u, (¢), given by Theorem 5.2, normalized to fix 0, 1
and oo. Note that f#() is the identity and, by uniqueness, there exists a biholomorphism
H, : f*W(U) - G, (U) such that

Gp=H,o f*M inu.

By the Ahlfors—Bers theorem (Theorem 5.4), for any z € C the curve { f*» O (z) -
t € [0, 1]} is smooth, that is, the derivative of f#» ® with respect to the parameter ¢ exists
at any z € C. Following Ahlfors [1, Chapter V, Section C], we use the notation

fHn (s+t)(z) — fHn (S)(Z)
; .

f,, (z,s) = lim
t—0
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The limit exists for every z € C and every s € [0, 1] (actually for every s € A), and the
convergence is uniform on compact subsets of C. Then

1
1D —1d]| oy = sup|f“"“>(z>—z|<sup / | fa(z. 5)| ds.
zeU

Moreover, fn has the following integral representation (see [1, Chapter V, Section C,
Theorem 5] for the explicit computation):

fuzs) = —% / [C Yo () SCFA1) (), 0 (2)) (™9 (w))? dx dy

for every z € C and every s € [0, 1], where w = x + iy and

B 1 B z Z_l_ Z(Z_l)
S ) = T T T e T v D2

Since each p,, is supported in U, we have

fuzrs) = —% / f o () SCFP1) (), 11O (2)) (39 (w))? dx dy.
U

From the formula

Mn(s) 2 _ Hon (s)
o= (1 - |s|2|un(w>|2)det(Df w)
we obtain
| falz, )] < —// '“Z(w)l 5 det(Df S )| S(fH O (w), f17)(2))| dx dy
L — 5|7 pn (w)]
<. % // det(Df“”(s)(w))|S(f“"(S)(w), f””(s)(z))|dx dy
L= Isi"lpnllss JJu

%/[ IS(w, fHS)(2))|dx dy.
1—IsPllpnllZ JJpmo @)

Therefore the length of the curve { f ma®) (z) = t € [0, 1]} is at most

1 1
e [ s iy as
7 Jo L1 = IsI"llmnll5 FrnG)(U)

1 1
L e T pocoan]s
7 1= lualls Jo Frn()(U)

M,(U) = —SUPf [// [S(w, f”"(s)(z))ldxdy]
T ;eU fHa)(U)

1
T
1
T

If we define
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we get
”fun(l) _ Id||C (U) < ”M"—MM )
I =l ll5
We have two remarks:

First remark: Since @, — 0 in the unit ball of L*, we know by Proposition 5.3
that for any s € [0, 1] the normalized quasiconformal homeomorphisms f*#() converge
to the identity uniformly on compact subsets of C, in particular on U. Therefore the
sequence M, (U) converges to

—supf |S(w, 2)|dxdy < — sup/ |S(w, 2)|dxdy < oo.
T zeU T zeU

For fixed z € C, S(w, z) is in Ll((C) since it has simple poles at 0, 1 and z, and is
O (Jw|™3) near co. The finiteness then follows from the compactness of U.

Second remark: x > x/(1 — x?) is an orientation-preserving real-analytic diffeomor-
phism between (—1, 1) and the real line, which is tangent to the identity at the origin. In
fact x/(1 — x%) = x + o(x?) in (—1, 1).

With these two remarks we obtain n; € N such that for all n > n; we have

|| £V —Idllcoyy < M(U)llnlloo, where M(U) = SUP/ IS(w, 2)|dxdy.
T zeU

Since V is compactly contained in the bounded domain U, the boundaries dV and 0U
are disjoint compact sets. Let § > 0 be their Euclidean distance, thatis, § = d(dV, 0U) =
min{|z — w| : z € 3V, w € dU}. Again by Proposition 5.3, since u, — 0, there exists
no > np in N such that for all n > ng we have V. f*()(U) and

D@y 2> B(z,8/2) forallze V.
If we consider the restriction of H, to the domain V we have
I Hy = Gullcoy < I1H, o LY = Tdll coqry < I1H oy MUt ll o

By Cauchy’s derivative estimate we know that forall z € V,

|H, ()| =

j o dw = Hyllcog prndy = 0
27i Jap.sy2) (w —2)? nllcO(frnMWy) nllcow)

<2R/§ foralln > ng.

That is,
| H, |l 2R for alln >
———  foralln > ny,
V) = G@V, a0) =10
and we deduce that for all n > ny,
H,— G R
” n”CO(V) < sup/ 1S (w, z)ldxdy.
Il tenlloo d(3V W) 7 e

Therefore it is enough to set C(U) = (4/m) sup, .y fo |S(w, 2)|dx dy. O
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