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Abstract. We provide a near-complete classification of the Lorentz spaces Ay, for which the se-
quence {S,},en of partial Fourier sums is almost everywhere convergent along lacunary subse-
quences. Moreover, under mild assumptions on the fundamental function ¢, we identify A, :=
Lloglog Lloglogloglog L as the largest Lorentz space on which the lacunary Carleson operator

is bounded as a map to L1 Asa consequence,

e we disprove a conjecture stated by Konyagin in his 2006 ICM address;
e we provide a negative answer to an open question related to the Halo conjecture.

Our proof relies on a newly introduced concept of a “Cantor multi-tower embedding,” a special
geometric configuration of tiles that can arise within the time-frequency tile decomposition of the
Carleson operator. This geometric structure plays an important role in the behavior of Fourier se-
ries near L, being responsible for the unboundedness of the weak-L! norm of a “grand maximal
counting function” associated with the mass levels.

Keywords. Time-frequency analysis, Carleson’s Theorem, lacunary subsequences, pointwise con-
vergence

1. Introduction

1.1. Historical background

In this paper we address the problem of pointwise convergence of Fourier series along
lacunary subsequences. Regarded in a broader context, the problem of pointwise conver-
gence of Fourier series has a rich history, tracing back to the cornerstone set by Fourier in
his study on heat propagation [14]. Since then, there has been a series of major advance-
ments, of which we only mention those closest to our topic: in 1873 du Bois-Reymond
[12] offered an example of a continuous function whose Fourier series diverges on the
set of rational points. This surprising result stimulated the search for new grounds upon
which one could reformulate the question of pointwise convergence for larger classes of
functions by focusing only on the “almost everywhere” behavior of the series, and thus
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allowing for pathologies on “negligible” sets (of “measure 0”). The appropriate setting
was developed by Lebesgue in his theory of integration [29]. Within this new framework,
Luzin [34] conjectured that if a function f is square integrable then its Fourier series
converges to f Lebesgue-almost everywhere. In 1922, Kolmogorov [19] constructed an
example of an L'-integrable function whose Fourier series diverges almost everywhere,
suggesting that Luzin’s conjecture may be false. However, after several decades of mis-
conceptions, in 1966, the breakthrough work of L. Carleson [5] confirmed the conjecture.
Shortly thereafter, Hunt [17] extended the techniques of [5], showing that Carleson’s re-
sult holds for any f € LP(T) aslongas 1 < p < oo.

At this point, we should mention that though not providing a new result, the sec-
ond proof of the almost everywhere convergence of the Fourier series for L? functions
offered by C. Fefferman [13] marked a fundamental advancement in understanding the
topic described here. A third proof of Luzin’s conjecture was given in 2000 by Lacey
and Thiele [28] using the tools they developed to address the boundedness of the bilinear
Hilbert transform [26], [27].

1.2. Formulation of the main problem(s); context

We start this section by formulating (at first in a looser language) one of the main open
questions in the area of Fourier series:

Main Question. What can be said about the (almost everywhere) pointwise convergence
of Fourier series between the two known cases for the Lebesgue spaces LP (T):

e p =1, divergence of Fourier series (Kolmogorov),
e p > 1, convergence of Fourier series (Carleson—Hunt)?

In order to make this Main Question precise, let us first introduce the following:

Definition 1.1. Let Y be a r.i. (quasi-)Banach space.! We say that Y is a C-space if there
exists Co = Co(Y) > 0 such that the Carleson operator C : C*°(T) — L*°(T) defined?
by

Cf(x) := sup / TNV cot(m (x — y)) f () dy| (1.1)
NeN |JT
obeys the relation’
ICfll1,00 = Collflly VfeY. (1.2)

With this definition, the Main Question can be reformulated as follows:

' For basic definitions and concepts of the theory of rearrangement invariant Banach spaces,
including Lorentz spaces, see the Appendix.

2 Depending on the context, we identify the torus T = R/Z with either [-1/2, 1/2] or [0, 1].

3 Recall that the weak-L! quasinorm is given by || fll1,00 := supy~q Al{x [ [ f(x)| > A}].
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Open Problem A. (1) Give a satisfactory description of the Lorentz spaces Y € L'(T)
that are also C-spaces. Describe the maximal Lorentz C-space Yy, if such exists.

(2) Let Y be a r.i. (quasi-)Banach space. Provide necessary and sufficient conditions
for Y to be a C-space.

The best known results relating to the above problem are:

log u
loglog u

e On the negative side: Konyagin [23], [24] proved that if ¢(u) = o(u ) as

u — oo then the space ¢ (L) = Ag is not a C-space, where ¢(t) := fé s¢(1/s)ds.
Thus, there exists f € ¢ (L) with

lim S, f(x) =00 forallxeT, (1.3)
m—0o0

where S, f stands for the m™ partial Fourier sum associated with f.

e On the positive side: Antonov [1] showed that (1.2) holds for the Lorentz space
Y = LlogLlogloglog L; later Arias-de-Reyna [3] showed that ¥ can be enlarged
to a rearrangement invariant quasi-Banach space, named Q A, and strictly containing®
Llog Llogloglog L.

We add here that the first results along these lines were obtained on the negative side by
Chen [8], Prohorenko [35] and Korner [25], and on the positive side by Sj6lin [36] and
Soria [38], [39].

It is worth noting that all the progress mentioned above on the positive side in-
volved tools from extrapolation theory. Recently, using methods that rely entirely on
time-frequency arguments, the author was able to reprove all the positive results by a
unified approach [30].

Now recall that both the maximal Hardy-Littlewood operator and the (maximal)
Hilbert transform are bounded from L log L to L!. At a heuristic level, the Carleson op-
erator may be thought of as a superposition of the maximal Hardy-Littlewood operator
and modulated copies of the (maximal) Hilbert transform. Thus, one is naturally led to
the following

Conjecture 1. The Lorentz space Y = Llog L is a C-space.

As a simplified model for better understanding the difficulties of Open Problem A (and
of the conjecture above) one can formulate its lacunary version. Recall that a sequence
{nj}jen C Nis called lacunary if

lim L

j—ooo Nj

> 1. (1.4)

4 For an interesting study of the properties of QA and relationship(s) between Antonov and
Arias-de-Reyna spaces, see [7]. In the same paper, the authors prove that under suitable conditions
on the function ¢ the space A, = LlogLlogloglogL is the largest Lorentz space contained
in QA.
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Now, by analogy with the previous situation, we first introduce the following
Definition 1.2. Let Z be a r.i. (quasi-)Banach space.

(1) Assume {n;};en C Nis alacunary sequence. We say that Z is a C{Ln" ki -space if there
exists C1 = C1(Z, {n;};) > 0 such that the {n;};en-lacunary Carleson operator
defined by

Clis €Ty - L(T)

lac
with
V) = sup / 2T ) cot(m (x — ) () dy|, (1.5)
jeN |JT
obeys
”Cl{:cj}jf“l,oo <Clflz VYfeZ (1.6)

(i) We say that Z is a Cy -space if itis a C{Lnj b -space for any lacunary sequence {n;};en.
Throughout the paper, if Z is a Cz -space, we will (often) express this as’

[Clac fllloo S IIfIlz Vf €Z, 1.7

where Ciye stands for “the generic” lacunary Carleson operator.®

We can now formulate the analogue of Open Problem A:

Open Problem B. (1) Give a satisfactory description of the Lorentz spaces Z that are
also Cp -spaces. Describe the maximal Lorentz Cy -space Zo, if such exists.”

(2) Let Z be a r.i. (quasi-)Banach space. Provide necessary and sufficient conditions
for Z to be a Cr-space.

In a more general context, initial progress on this problem was made by Zygmund [42]
who showed that Z = LlogL is a Lorentz Cr-space. On the negative side, Konyagin
[21] proved that if ¢ : Ry — R, is an increasing function with ¢(0) = 0 and ¢ (u) =
o(uloglogu) asu — oo then ¢ (L) = Ay is nota Cp-space. This last result was reproved
later in a slightly modified context by Antonov [2].8

In his invited talk at the 2006 International Congress of Mathematicians in Madrid,
Konyagin stated the following

Conjecture 2 (Konyagin, [22]). The Lorentz space Lloglog L is a Cp-space.

> Given A, B > 0, we write A < B and B > A to mean that there exists C > 0 such that
A < CB and B < CA respectively.

6 In (1.7), the implicit constant is allowed to depend on the specific choice of the lacunary se-
quence and on the space Z but not on the function f € Z.

7 One can formulate a more specific question by prescribing a lacunary sequence {n;};cn and
asking for a satisfactory description of the Lorentz spaces Z that are also C Lnj J -spaces.

8 As an immediate application of the concepts developed in this paper, one can obtain a simplified
proof of the results in [21] and [2]—see Section 13.
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At this point, we should say that one can phrase an analogue of the above conjecture for
Walsh-Fourier series (is it true that (1.7) holds for Z = L loglog L with Cj,c replaced by
the lacunary Walsh—Carleson operator?). In this latter context, Do and Lacey [11] were
the first to make progress by showing that if one takes Z = L loglog L logloglog L then
(1.7) holds for the Walsh form of the lacunary Carleson operator. Their proof relies on a
projection argument which is not transferable to the Fourier series case.’

In [31], we were able to prove the following

Theorem 1.3 ([31]). Let W be the quasi-Banach space defined by'"
W :={f:T — C | f measurable, | f|y < 0o},

where
= . W filoe | < = Zim1
Ifllw == inf {1 Flog )l fli loglog === | 3552, 1yl < coae,
j=1 Jji fi € L®(T)
Then
I1Crac fll1,00 S 1l (1.8)

Thus Z =W is a Cr-space. Moreover, it contains L loglog L logloglog L.

Taking Theorem 1.3 above as a black-box, Di Plinio [9] proved that the space
Lloglog Lloglogloglog L is a Cy-space. Indeed, relying entirely!! on standard extra-
polation techniques, he showed that

Z' := Lloglog Lloglogloglog L € W,

which in view of (1.8) immediately implies that Z’ is a Cy -space.

1.3. Main results

In this section we present the main results of the paper. They are based on a new concept
of “Cantor multi-tower embedding” (CME) whose nature will be detailed in the next
subsection. With these being said, we state the following

Main Theorem 1. There exists a lacunary sequence {n;}; and a sequence { fi}ren of
(positive) functions such that:
e cach fy is in L°°(T) with

”fk”LloglogL ~ 1 (1.9)

9 In the same paper, using previous results from extrapolation theory, the authors proved that the
Walsh form of (1.7) holds for a slightly larger quasi-Banach space Z = Qp. This last space turns
out to be isomorphic to the space W introduced in [31], though we have designed W by different
means independent of extrapolation theory.

10 Throughout the paper, log k stands for log, k.
1 The difficult combinatorial and time-frequency techniques are nedeed precisely in order to show
that W is a Cy -space. The present paper shows that Theorem 1.3 cannot be essentially improved.
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o we have
lim || fi |l L 1oglog L loglogloglog L = OO; (1.10)
k— o0

e there exists an absolute constant C > 0 such that for any k € N,

{nj}j
||C1acj Jfk”LLOO = C”fk”LloglongoglogloglogL- (L.11)

The next result states that the conclusion of the above theorem remains true for any lacu-
nary sequence {n;};. More precisely one has

Theorem 1.4. Given any lacunary sequence {n;};, there exists a sequence { fi}ren of
(positive) functions such that (1.9)—(1.11) hold.

Main Theorem 2.
(1) Define @9 : [0, 1] - R4 by

17 17
©o(s) := sloglog — loglogloglog —.
s s
Let ¢ : [0, 1] — Ry be a non-decreasing concave function with ¢(0) = 0.

@) If lim,_ o, @(s)/@o(s) > O then Ay is a Cp-space.
(i) If limg_ o4 @(s)/@o(s) = O then Ay is not a Cp-space.
(i) If limg_ o, @(s)/@o(s) = 0 < limg— 04 ©(5)/@o(s) then both scenarios are
possible.

(2) Let ¢ : [0, 1] = Ry be a quasi-concave function. Consider the following statements:
(A) The function ¢ obeys

1 " 1

- d

/ 5% ds%/ A (1.12)
0o @) 0 ¢(s) slogloglog?

(B) Any ri. Banach space X with fundamental function px = ¢ is a Cp-space.
Then:

(1) (A) implies (B);
(i) (B) implies lim, o, ¢o(s)/p(s) = 0;
(iii) if there exists € > 0 such that s — @o(s)/@(s) is increasing on (0, €) then
(A) is equivalent to (B).

Remark. In fact, one can derive Main Theorem 2 from Main Theorem 1 and Theorem
1.5 below. However, we prefer to give special attention to Main Theorems 1 and 2 since
these statements include the more conceptual nature of our results.

Theorem 1.5. Let k € N and let {rj}1<j<k be positive real numbers. For 1 < j < k

Y]
define y; = 2719272 Then, for any Xj € (¥j+1, ;1. one can construct measurable sets
F; C T such that:
o the sets {F}}j<k are pairwise disjoint;
[ ] |F]| = Xj,'
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o there exist absolute constants C1 > Cp > 0 such that the function

k
fe=)_rixr (1.13)
j=1
obeys the estimate
{27}
Coll fillw = 1Cpe ™ frlltoo = Cill frllwy- (1.14)

Consequences of Main Theorems 1 and 2. From point (1)(iii) of Main Theorem 2 (see
also the corresponding proof) one can deduce that there exist (infinitely many) Lorentz
Cp-spaces A, such that

Lloglog LloglogloglogL C Ay, CW.

While these A, spaces are non-canonical, their fundamental functions ¢ still share at
infinitely many space locations the same structure as that of ¢g. Thus, under suitable,
mild conditions on ¢, Ay, becomes the largest Lorentz Cp -space, this being simply the
content of the following:

Corollary 1.6 (Maximal characterization). Let ¢ : [0, 1] — R4 be a non-decreasing
concave function with ¢(0) = 0. Assume that
AC)
im
s—0+ o (s)

€ [0, oo] exists. (1.15)

Then the largest Lorentz Cp -space A, for which ¢ obeys (1.15) is

Zo = Lloglog Lloglogloglog L.
Taking in (1.15) the function ¢(s) = s loglog %, one further deduces
Corollary 1.7 (Resolution of Konyagin’s conjecture). Conjecture 2 is false.
At this point, we record this observation, surprising at first glance:

Observation 1.8. Define!?

o the {n;};-lacunary Lacey—Thiele discretized Carleson periodic model by

Clif)i=sup| D (f )b ) Ko, (1)) (1.16)
JEN " p cp0,0,0,+
o the {n;};-lacunary discretized Walsh—Carleson operator by
i £y = sup | D7 (f wiywr ()Xo, ()] (1.17)

JENReR

12' For more on the definitions, notation and properties of the discrete Carleson and Walsh models
see Section 12.
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o the {n;};-lacunary Walsh—Carleson operator by

C{Vi,ij}'if(x) = sup ‘Z(f, wr) wi (x) |, (1.18)

jEN k=0

where wy (x) stands for the N Walsh mode regarded as a periodic function on R;
o the {n;};-lacunary averaged Walsh—Carleson model by

{nj};
CAntﬁV’f(x) = sup

jeN

/T W, (0 wy, (—y) cOL(T (x — y))f(y)dy‘- (1.19)

(It is worth mentioning that Thiele [41] proved that, unlike the Fourier case, there is no
distinction between the discretized and the standard (non-discretized) Walsh—Carleson

operator, that is, C{an b f= @{W"f Jj £)
Now the following are true:

e Theorem 1.4 holds for the operator C Lntj",}j (and obviously for C1i}i);

e Theorem 1.4 does not hold for the operators C'nili and C{an b .

All these facts will be discussed in great detail in Section 12. Notice that this is the first
time when we are witnessing a sharp distinction between the behavior of the Carleson op-
erator and that of the corresponding Lacey—Thiele discretized Carleson model. This also

provides a first instance when Fefferman’s type discretization—which leaves the Carleson
operator unchanged—is a necessity and not a choice.

Observation 1.9. The next corollary answers an open question related to the so called
Halo conjecture]3 (see [16]), regarding whether or not, given a sublinear, translation
invariant operator T, the following are equivalent:

o T is of restricted weak type (A, LY;
e T is of weak type (A, LY.

Here A, is some generic Lorentz space.

Corollary 1.10 (Restricted weak type does not imply weak type). The {2/} jeN-lacunary
Carleson operator obeys the following:

) Cl{ azc-/ b is a sublinear, translation invariant operator.

o (Theorem 1.3, [31]) Cl{azcj b is of restricted weak type (L loglog L, LY); thus there exists

an absolute constant C > 0 such that

@/); 4
XEl1,00 = C|E[loglog — (1.20)

lac |E|

[

Jfor any measurable set E C T.
e (Main Theorem 1) Cl{jcj b is not of weak type (Lloglog L, L").

13" For more details on the connections between the Halo conjecture and pointwise convergence of
Fourier series the interested reader is referred to [37], [38] and [16].
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The next result explains why extrapolation techniques are not suitable for attempting
to prove sharp bounds near L' for the (lacunary) Carleson operator (see also Observa-
tion 1.12).

Indeed, if one attempts to regard L1 as a limiting space of the scale {L”*°} p>1,0N€
obtains the following:

Corollary 1.11 (Limitations of extrapolation theory). The {2/ }jen-lacunary Carleson
operator obeys:

o There exists ¢ > 0 such that forany 1 < p <2,

{27} 1
1Cac” fllpoo < 010g<2 + F)”f”p' (1.21)
o There exists no C > 0 such that
271
1CEZY Fllt oo < Cllfllziogiogr. ¥f € Lloglog L. (1.22)

The fact that (1.21) holds can be easily derived from [31, proof of Theorem 1] as noticed
in [10].

Now standard interpolation/extrapolation'* results show that if (1.22) were true then
(1.21) would immediately follow. However in the light of our Main Theorems 1 and 2
this implication is false, that is, (1.21) does not imply (1.22).

Observation 1.12. As a consequence of the last two corollaries we have the following
conclusion: No general equivalence'> can be established between weak-L! type bounds
and either the corresponding restricted weak-type L! bounds or weak-L” bounds (p > 1).
Moreover, extrapolation theory by itself is not suitable to provide sharp answers to end-
point questions on pointwise convergence of Fourier series near L!. To get such answers,
one needs to take advantage of the special structure of the Carleson operator and hence to
exploit time-frequency analysis methods.

Finally, in relation to some previous work of the author, we have:

Corollary 1.13 (Lack of uniform control for Calderén—Zygmund tile partition). The
question raised in [30] has a negative answer. More precisely, with the notation therein,
there is no absolute constant C > 0 such that, for o € N,

IT® flh < Cliflh - Yf e LY(D).

Moreover, there exists f € L'(T) such that if one partitions P* = UQ/: 1 P% with each P
having constant mass (i.e. A(P) ~ 27" for any P € PY) then

1T Fllioo 2 NIFIL-

14 Gee [10, Section 1] for details.
15 For large classes of operators that include the family of (maximal) operators associated with
partial Fourier sums.
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1.4. The fundamental idea

In this subsection we will describe, at a philosophical level, a key aspect of the present
work—that of introducing the concept of a “Cantor multi-tower embedding” (CME)'°:

o What is it? It refers to a special geometric configuration of a set of tiles that, poten-
tially, could be part of the time-frequency decomposition of the (lacunary) Carleson
operator. The essence of this geometric configuration is that it is an extremizer for the
L1 norm of a “grand maximal counting function” (see (6.3)—(6.3)), a new object,
which turns out to play a fundamental role in the behavior of the pointwise conver-
gence of Fourier series near L!.

The existence of such tile configurations is a manifestation of the “mass transfer” phe-
nomenon from “heavy” tiles (P € P, withn € Ncloseto 1) to “light” tiles (i.e. P € P,
for large n € N) that is capable of realizing a Cantor set structure for each of the sets
E(P) corresponding to a P within the given tile configuration.

Thus, in constructing a CME, a key role is played by the structure of the sets E(P)
and not only by their relative size.

o Context within the literature. This particular configuration of tiles and the central

role played by the corresponding grand maximal counting function are novel facts,
which, to the author’s knowledge, do not have a direct counterpart in the previous time-
frequency literature. However, the more elementary concept of a counting function has
been used in many time-frequency papers, and in the framework of the Carleson oper-
ator it was first considered in [13].
Regarded in a broader context, the idea of studying extreme geometric configurations
along with their potential key role in deciding the answer to a (harmonic analysis)
problem has been successfully applied in many instances. Two such classical examples
are given by

— the (un)boundedness properties of certain (sub)linear operators, e.g. Besicovitch/
Kakeya sets related to the ball multiplier or Bochner—Riesz problems;
— special topological/additive structure properties of sets, e.g. Cantor sets.

o What is its purpose? Based on the geometric location of the tiles within a CME, and
in particular on the lacunary structure of the frequencies, we will first split the mass
parameter 7 into dyadic blocks. Then, for each block, say B;, we will construct a cor-
responding set F; C T that realizes the alignment of the sign of all the components
{Tp1(x)|xe Fi}pe F; where Fj is the collection of all tiles P inside the above mentioned
CME that have mass parameter n € B;. In the process we will make essential use of

the fact that the exponentials (e¥'27 i'}jeN oscillate independently in [0, 1], behaving

similarly to a sequence of i.i.d. random variables. As a consequence, we will be able
to “erase” the sign of the operators associated to various trees (of tiles), transforming

16 We warn the reader that these explanations can be truly understood only by experts in the time-
frequency area since this concept lies deeply at the heart of the time-frequency methods involved
in analyzing the boundedness properties of the Carleson operator. A reader unfamiliar with these
techniques might choose to skip this subsection and return to it only after being gradually exposed
to the construction of our counterexample.
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the adjoint lacunary Carleson operator restricted to this tile configuration into a posi-
tive operator. At this point, taking the input function f = Z j i xF; with {r;} arbitrary
positive coefficients and {F;} as above, one concludes that

1 Crac fll1,00 2 ILf llwy-

The precise definition of CME is somewhat intricate at the technical and notational level,
and therefore we will defer it until later (see Definition 7.2 below). For the time being,
sacrificing a bit in the way of rigor, we state the following

Theorem 1.14 (Existence). The CME structures are compatible with the tile decompo-
sition of the (lacunary) Carleson operator.

More precisely, these structures can arise within the process of the time-frequency de-
composition of the (lacunary) Carleson operator and are composed by tiles that, on the
one hand, contain some prescribed “amount” of the graph of the measurable function N
appearing in the linearization of the operator and, on the other hand, have some specific
relative position to one another. That is why the existence of such structures within the
time-frequency decomposition process is non-trivial.

1.5. Remarks

1) The present paper sheds new light on the topic of pointwise convergence of Fourier
series near L':

e Our Main Theorem 2 establishes near-optimal necessary and sufficient conditions for
a Lorentz space A, to be a Cp-space. It also provides a very good description of when,
given a quasi-convex function ¢, any r.i. Banach space X with ¢x = ¢ is a Cp-space.
Moreover, it essentially states (see (1.14)) that the largest r.i. quasi-Banach space on
which Cjac is L1"*-bounded is the space WV introduced in [31].

In the literature regarding the (almost everywhere) pointwise convergence of Fourier
series, almost sharp results of this type constitute a novelty.

e A second item is the method of approaching the difficult problem of pointwise conver-

gence of Fourier series near L'. Until very recently, all progress on this topic, on the
positive side, was based on extrapolation theory.
Using a different perspective—relying only on time-frequency reasonings—the author
reproved [30] the best current positive results. The present paper goes beyond offering
an alternative approach, as our results (Main Theorems 1 and 2) cannot'” be attained by
pure extrapolation methods. Thus, in the context of L! methods, this constitutes a first
instance when the efficiency of time-frequency techniques is overtaking the canonical
extrapolation approach used until now and serves for the idea advocated by the author
that in order to make substantial progress on the problem of convergence of Fourier
series near L', one needs to leave the general extrapolation theory framework and
make essential use of the special structure of the (lacunary) Carleson operator.

17" See for example Corollaries 1.10 and 1.11.
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e Thirdly, the spaces Y = Llog L logloglog L and Y = QA (i.e. the best known positive
results for Open Problem A), viewed for a long time as mere byproducts of extrapola-
tion techniques, are now revealed to be direct manifestations of the “positive behavior”
of the operators associated with generic CME. Indeed, as a consequence of the ideas
introduced here!® we have the following

Informal principle. The oscillation and mass transference from heavy to light tiles
encapsulated in a generic CME structure represent the real challenge in advancing on
Open Problem A. If one can reduce the behavior of the adjoint Carleson operator re-
stricted to a general CME to the corresponding positive operator (i.e. the absolute sum
of the operators associated with the maximal, weight-uniform trees within it) then, es-
sentially, the largest Lorentz C-space is precisely Antonov’s space L log L logloglog L.
If on the contrary, considering phase oscillation, one can remove (due to extra cance-
lation) the threat represented by the operators associated with these geometric struc-
tures, then Conjecture 1 can be answered affirmatively.

In view of this heuristic, we can now summarize as follows:
In the lacunary situation, based on the existence of CME configurations and on the
oscillatory independence of the lacunary trigonometric system {2 27!} jeN, one will be
able to reduce the adjoint lacunary Carleson operator restricted to this special geometric
configuration of tiles (and applied to a special input function) to the corresponding
positive operator. Thus, as mentioned earlier, one concludes that W is essentially the
largest C-space.
In the general situation (i.e. that of the full sequence of partial Fourier sums), while
one can easily adapt the extremal tile configuration to the new context, there is no ana-
logue of the oscillatory independence of the lacunary trigonometric system. Thus the
frequency locations of the tiles play now a determinative role in the boundedness prop-
erties of the Carleson operator: if one forms the positive counterpart'® of the adjoint
of C associated with a generic CME—call it Ci—then one discovers that, essentially,
the largest r.i. quasi-Banach space for which C is weak-L' bounded is given by QA
(notice the analogy with the lacunary case). Conversely, improving on Antonov’s and
Arias-de-Reyna’s results would require precisely showing that there is some cancela-
tion inside the operators associated with a CME. This is the key point where techniques
from additive combinatorics might play an important role.
As a last remark, one may notice the following interesting analogy: in both the case of
the Carleson operator and that of the bilinear Hilbert transform, the current technology
(producing the best results to date) stops at the point where one needs to consider the
sign/oscillation of some terms associated to particular structures:
— in the Carleson operator case, the current methods cannot do better than provide
bounds for the positive adjoint Carleson operator C restricted to a generic CME;

18 We here skip detailed explanations as this goes beyond the purpose of the current paper; how-
ever, in forthcoming work, we will clarify many of the considerations discussed in the informal
principle.

19" See the informal principle for the way in which this positive operator is defined.
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— in the bilinear Hilbert transform case (see e.g. [27]), the current methods can only
deal with estimating the absolute values of the elementary building blocks in the
Gabor decomposition of the model operator.

This is the point where we believe that further progress (in either of the directions)
requires innovative ideas—yvery likely connected with the additive combinatorial struc-
ture of the frequencies of the trees in the time-frequency decomposition of the cor-
responding operators. Though not in the same context or of similar nature, the paper
[40] is a confirmation of the usefulness of additive combinatorics techniques in related
time-frequency problems.

2) Passing now to the negative results (i.e. finding “the smallest” r.i. Banach space X with
LlogL € X C L' on which we have divergence of Fourier series), it is likely that part
of the ideas in the present paper will help to improve the result(s) in [23] and [24].

3) Finally, as briefly mentioned earlier, the geometry of the tile configuration introduced
here is in fact the expression of the behavior of a specific “grand maximal counting func-
tion” near L'. Though we will not detail this subject here, it is worth saying that this
function controls each of the counting functions of order n (n € N), i.e. those functions
that count the number of top maximal trees of mass 27" above each point x € [0, 1].
One should also add that the BMO behavior of each of these counting functions of order
n played a fundamental role in removing the exceptional sets in the discretization of the
Carleson operator. This last fact generated a first direct proof (i.e. without using inter-
polation, see [32]) of the strong L? boundedness of the (polynomial) Carleson operator
(for an earlier approach on weak-L? bounds and strong L” bounds with 1 < p < 2 see
also [33]).

We plan to detail many of the above considerations regarding pointwise convergence
of the full sequence of partial Fourier sums near L' in a subsequent paper.

Observation 1.15. In what follows we will build a sequence of steps to construct a sharp
counterexample to the conjecture of Konyagin. We proceed as follows:

e Section 2 presents a very brief overview of the nature of the counterexample.

e Section 3 reviews the discretization of the Carleson operator following Fefferman’s
approach [13]. It turns out to be important that this is an exact discretization of the
Carleson operator, unlike the one provided by Lacey and Thiele [28].

e Section 4 introduces the main definitions required for our further reasonings; it is tech-
nically involved.

e In Section 5 we present the main heuristic for our approach and also test the efficiency
of the definitions and concepts introduced in Section 4 on a toy model of our problem
that already strengthens the best results known to date; it is aimed to prepare the reader
for the very technical sections to follow (especially Sections 7-10);

e Section 6 discusses a key concept introduced in the present paper: the grand maximal
counting function.

e Section 7 presents the generic construction of a Cantor multi-tower embedding (CME).

e Section 8 explains in detail the construction of the input functions corresponding to the

sets {Fj }fzk J2+1"
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e Section 9 is meant to eliminate “the background noise” arising from the error terms; it
can be skipped at the first reading.

e Section 10 contains the proof of Main Theorem 1.

e Section 11 presents the proof of Main Theorem 2 and can be read independently of all
the other sections; it relies on extrapolation techniques.

e Section 12 was added at the request of the referee and does not contribute “per se”
to either Main Theorems 1 or 2; it can be completely skipped at the first reading. It
explains the sharp contrast between the behavior of the (lacunary) Carleson operator
(using Fefferman’s discretization) and the corresponding behavior of the Lacey—Thiele
discretized Carleson model and the (lacunary) Walsh—Carleson operator respectively.

e Section 13 presents several final remarks.

o Finally in the Appendix we recall several standard facts about rearrangement invariant
Banach spaces.

We encourage the reader to be patient with the sequence of technical definitions that will
soon follow and, at their first glance through the paper, focus more on the main heuristics
and “big picture” information provided in Sections 2, 5 and 6.

2. Construction of the counterexample—an overview

In this section we present the general strategy for proving Corollary 1.7.
We will show that for each k = 22° with K € N large, there exists a function f; € L™
with the following properties:

e fi is given by an expression of the form

k .
2]
fo= Y 28R yp, Q2.1)
j=k/241

where yr; designates the characteristic function of Fj and each set Fj has some pre-
scribed properties that will be detailed shortly;
e the Lloglog L norm is under control:

”fk”LloglogL ~ 1.

iy,
e the weak-L! norm of Cl{jc ) fi is large:

2/
Crac ” fill 1o 2 logk.

The construction of each F; requires some technicalities and will be detailed later. As of
now, we limit ourselves to revealing the following properties:
e F; C [0, 1] is a measurable set;
j .
o |Fl n 9~ logh2? 5 .%; (2.2)
e F; has a finite Cantor type structure.
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We end this section by mentioning that the construction of the sets {F}}; will directly
depend on the choice of the measurable function N in the linearization of the {2/};-
lacunary Carleson operator (see next section). Consequently, understanding/designing the
structure of the set P of tiles appearing in the decomposition of the {2/ }j-lacunary Car-

}

27y . .- .o . .
leson operator Cl{ac / is a precondition for assigning the precise properties to each F;.

3. Discretization of our operator

Let us first recall the main object of our study?"

2/
Cl{aC }ff(x) A sup
jeN

/ L6 £ y) dy | G.1)
TX —Y

Applying Fefferman’s discretization [13], we follow the same steps as in [31]:

e We linearize our operator and write
1 —27iN(x)y
Tf(x):=| —e Yf(y)dy,
TX—Y

where N : T — {2/} jeN 1s a measurable function. (Here, for technical reasons, we
erase the term N (x)x in the phase of the exponential, as later in the proof this will
simplify the structure of the adjoint operators 7*.)

o We use the dilation symmetry of the kernel and express

1
5= D () Yo<|yl <1,

k>0
where ¥ (y) := 25y (2Fy) (with k € N) and ¥ is an odd C™ function such that
suppy S {y e R[2 < |y] <38} (3.2)

o We write?!

Tr) =Y /T e INWY Y () £ (3) dy.

keN

e For each k € N, we partition the time-frequency plane into tiles (rectangles of area
one) of the form P = [w, I] with w, I dyadic intervals (with respect to the canonical
dyadic grids on R and [0, 1] respectively) such that |w| = |I |=1 = 2k, The set of all
such tiles will be denoted by P¥. Further, we set P = |, P*.

20 Standard reasoning reduces the study of Ci, to the corresponding operator having cot(mw (x—y))

replaced by xl 5
21 Throughout the paper we use the convention that 0 € N, thus N = {0, 1, 2, .. .}.
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e Toeach P = [w, I] € P we assign the set
E(P)={xel|Nkx) € w},
responsible for the mass (or “weight”) of the tile, |E(P)|/|I|. The mass concept will

later play a key role in partitioning the set .
e For P = [w, I € P* with k € N we define the operators

Tp f(x) = { fT e INEY Y (x — 9 F () dy}xE<p>(x), (3.3)
and conclude that
Tf(x)=> Tpf(x). (34
PeP

Notice that if we think of N : T — {2/} j as a predefined measurable function then the
above decomposition is independent of the function f.

Observation 3.1. For P = [wp, Ip] € P let c(Ip) be the center of the interval /p and
define Ip+ = [c(Ip) — H1Ipl, c(Ip) = 31Ip1ULc(Ip) + 31Ip], c(Ip) + 4 |1p[]l. From
(3.2) and (3.3), we deduce that

suppTp C Ip, (3.5)

while the adjoint operator of Tp denoted by 75 obeys>?
supp Tp C Ip~. (3.6)
As a consequence, if P;, P, C Pare such that Ip; C Ip, and |Ip,| < 2’10|Ip2|, then
supp Tp, Nsupp Tp, = 0. 3.7)

By standard reasoning we will be able to arrange that the following holds: if Pj, P, € P
and |Ip,| # |Ip,| then |Ip;| < 27'0Ip | or |Ip,| < 27'91p,|. Thus (3.7) is automatically
guaranteed if Ip, C Ip,.

We will make repeated use of this observation in our construction process.

Notation. Throughout the paper, if I is a (dyadic) interval of center ¢(/), and d > 0
a positive constant, then dI designates the interval having the same center c¢(/) and
length |dI| := d|I|. Also, if P = [w, I] and a > 0 then we define the tile-dilation
aP :=[aw,I].

22 This is a direct consequence of (3.5) and of the fact that ¥ is compactly supported.



Pointwise convergence of Fourier series (I). On a conjecture of Konyagin 1671

4. Main definitions and preparations

In this section we will introduce several of the basic concepts which will be used later in
the proof. The first three definitions were introduced in [13], while Definitions 4.5 and
4.6 were first developed in [32].
Definition 4.1 (weighting the tiles). We define the mass of P = [w, I] € P as
|E(P")] 1
A(P) = sup -
5 I’ (1 +dist(10w, 100’)/|w|)No

P'=[o,I']eP
Icr

“.1n

where N is a fixed large natural number and if A, B C R then we write dist(A, B) =
infgea, pep la — b )
We also refer to the restricted mass or r-mass of P = [w, ] € P as
Ao(P) :==|E(P)|/IIp|.
Definition 4.2 (ordering the tiles). Let P; = [wj, I;] € P with j € {1, 2}. We say that
P < Phif I} C I and w; D wy. We write P; < P if Py < Py and |I{| < |I3].
Notice that < defines a partial order relation on the set P.
Observation 4.3. We will define various families of tiles with prescribed analytic and ge-
ometric properties (relating to the mass of a tile and to the order relation <, respectively).
In order to do so, we will introduce several refinements of the set [P, always keeping in
mind that the analytic and geometric properties that we will describe are strongly influ-
enced by the key fact ‘
Image(N) € {2/}jen. (4.2)
Let us first define
P0) :={P € P |0 € 100wp}, Py:={P € P\P(0) | Ag(P) = 0}, P := P\ (P(0)UPy).
For n € N, we further set
P,:={PeP|AP)e ", 27" (4.3)

From now on, we will say that a tile P has weight n if P € P,,.
Later on, in our construction of a CME, will be useful to impose the following re-
striction on the measurable function N:

2k
Image(N) C (22 +100m)

mel0,..., logk 22¢ =1y (4.4)
where we recall that k € N is a fixed large parameter.
Also we will ask that each tile P € PP obeys
_22k
A(P) >27". 4.5
Consequently, we deduce that
P= | P (4.6)
n§22k

In particular we will only work under the assumption that IP is finite.
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Definition 4.4 (tree). We say that a set P C P of tiles is a tree with fop Py € P if:

(1) P < Pyforall P € P,
) if P;,Pe Pand P{ < P < Pythen P € P.

Definition 4.5 (sparse tree). We say that a tree P C P is sparse if for any P € P we
have
> lpr| < ClIpl, 4.7)

P'eP
IpClp

where C > 0 is an absolute constant.
Definition 4.6 (forest; L° control over union of trees). Fix n € N. We say that P C P,
is an L*°-forest (of nth generation) if:
(i) P is a collection of separated trees, i.e. P = |J;cn P;j with each P; a tree with top
P; = [wj, I;] and such that
Vj'#j. PeP; 2P £10Py; 4.8)

(ii) the counting function

Np(x) =Y xi; (x) (4.9)
J

obeys the estimate |[Np| Lo < 27,

Further, if P C [P, only consists of sparse separated trees then we refer to P as a sparse
L*>-forest.

Observation 4.7. In this paper we focus on the decomposition of our set IP of tiles into
L>-forests with some prescribed properties (see below). For this reason, unlike for the
preceding tile decompositions in [32] and [30] (where we have introduced the concept of
a BMO-forest), we will refer to an L°°-forest simply as a forest.

Definition 4.8 (generalized forest, GF). Letr,n € N with r < n. We say that P C P is
a generalized forest of generation (r, n) if we can decompose

P =JPLi (4.10)
j=r

so that:

e each P[] is an (L°°-)forest of jth generation;

o if P[j] = U, Pi1j] is the decomposition of P[] into maximal separated trees, then
for any pair (j, j/) withr < j < j' < n,any [ and any P € P[] there exist I’ and
P’ € Py[j'] such that P < P’.

Definition 4.9 (saturated generalized forest, SGF). Letr, n € N with r < n. We say that
‘P C Pis a saturated generalized forest of generation (r, n) if:

e P is a GF of generation (r, n);
e if thereis a P € P; such that P > P’ for some P’ € P[], then P € P[j1;
o ifthereisa P € IP; such that P < P’ for some P’ € P[j], then P € P[J].
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Observation 4.10. All the previous definitions make perfect sense in a general context,
with no particular restriction on the linearization function N. The structures introduced
in the next two definitions, though, are not present (in a non-trivial form) for an arbitrary
choice of N. However, in the context of this paper, we will have the liberty of choosing N,
and thus guarantee their existence. The precise form of the definitions below is chosen in
order to simplify as much as possible the general tile-configuration of the counterexample.
For other, more general purposes, the requirements in these definitions can be significantly
relaxed.

Definition 4.11 (uniform saturated generalized forest, USGF). Letr,n € N withr < n.
We say that P C P is a uniform saturated generalized forest of generation (r, n) if:

e P is a SGF of generation (7, n);
e foreach j € {r, ..., n} there exists C; € (0, 1] such that

(Ipil=Cj VL,

where, with the notation above, P/ stands for the top of P;[j].

Definition 4.12 (uniform saturated generalized top-forest, USGTF). We say that P C P
is a uniform saturated generalized top-forest of generation (r, n) if P is a USGF of gen-
eration (7, n) and each tree P;[j] in the definition above consists of just a single tile, its
top.

In this paper we will only work with a special type of USGTF’s. We will describe their
properties in what follows, but first we need some more notation.
If J C [0, 1] is a dyadic interval and m € N, then we define

Zn(J) :={I C J | I dyadic, |I| = |J]27"}. @.11)

From now on, we will always apply the following convention: if {/} is a collection of
disjoint dyadic space intervals, then the indexing s reflects the relative position of these
intervals in [0, 1] from left to right, i.e., if 51 < 57 then c¢(Iy,) < c(Iy,).

Observation 4.13. In what follows we will use an alternative description of a tile P =
[w, I], namely P := I x «, where w = [l(w), r(w)) and @ := [(w). This is justified
since knowing I and /(w) completely determines P (recall that the area of the rectangle
{27y,

determined by P is always assumed to be one). Notice that due to the definition of C,,.

we can always assume that /(w) € {2/ JjeN.

Observation 4.14. From now on, whenever we refer to a family F C P as a USGTF (of
generation (7, n)) we will specify three sets of parameters, which, following the algorithm
described below, will completely determine F:
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The three sets of parameters:

e the collection of disjoint dyadic same-length space
intervals
ITOp(]:) = {Ij}j'
e the collection of distinct frequencies (arranged in
increasing order)

a(F) = ()] 4.12)

e the collection of disjoint dyadic (same-length)
space intervals

Btm(F) = | JZ,—(I)).
j

The algorithm (which completely determines F). We define F to be the USGTF (of gen-
eration (r, n)) obeying:

e The collection of tiles of weight n in F, denoted by F[n], is given by
Flnl:={I xa | I € ITop(F) & ¢ € a(F)}.

Also each P € F[n] has
A(P) = Ag(P) =27". (4.13)

e The collection of tiles of weight r in F, denoted by F[r], is given by

on—r

Firls={J Ul x| I e T, () & o € fog_pypr1410 - - g1}
jI=

As before, we require that P € F[r] implies
A(P) = Ag(P) =27". 4.14)
Thus, if P € F[n], we impose the condition that
there exists a unique P’ € F[r] such that P’ < P, 4.15)

and on top of that we require
E(P) = E(P'). (4.16)
Thanks to the above requirements, with a particular emphasis on (4.15) and (4.16), all the
tiles in the intermediate families {F[/]}; <<, are now completely determined.
Thus, F is indeed completely determined by the three sets of parameters in (4.12)
once we agree that we always run the above algorithm.

Notation. Let A = {A;};, B = {Bi}« be two collections of disjoint dyadic intervals. We
write A < B if each A; contained in some Bj. Also we define

./2(2: UA]
J
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If .A}‘ designates the left child of the interval A; then we set
Al = (AN

The same convention applies to .A™, the collection of right children of the intervals in A.
Recalling the definition of Z,,,(J) in (4.11), for A as before we set

Tn(A) = | Zu(4)).
J

Also, for J a dyadic interval, if Z,,(J) = {I;}; then Z!{(J) := {I}'}; and Z%(J) := {I["};.
Further, Z! (4) = | ; T (A;), and similarly for ZT (A).

If A = IBtm(F) for F a USGTF, then we set IBtm(F) = A, I''Btm(F) = A" and
I"Btm(F) = A''. With the obvious changes, the same applies to A = ITop(F).

Definition 4.15 (tower). We say that P C PP is a rower of generation (r, n) if there exists
m € N,m > 1, such that P = [ J;_; P; and

e cach P; is a USGTF of generation (r, n);
e [Top(Pi4+1) < IBtm(P;) foranyl € {1,...,m — 1}.

The two items above imply that for all [ % I’ and all P € P; and P’ € Py one has
P<£P and P £P. 4.17)

In particular?®
[ #£1" = a(P)Na(Py) =0. (4.18)

The number of USGTF’s is called the height of the tower P, while iTop(Pl) stands for
its basis; we write

Height(P) =m and Basis(P) = ITop(P)).

Definition 4.16 (multi-tower). We say that M C P is a multi-tower of generation (r, n)
if one can decompose it as M = | J; M; in such a way that

e each M, is a tower of generation (r, n);
e Basis(M;) N Basis(My) = @ forany I # 1.

Definition 4.17 (multi-tower embedding). If F L F2 are two (multi-)towers, with F/ of
generation (7, nj), we say that F U embeds into F», and write F' = F2, if

ni<ry, VPeF'n]3P e€Fr) P<P.
In particular, if F I and 72 are USGTF’s, we must have
ITop(F1) < IBtm(F,) and o« (Fp) C a(F?).

This finishes the preparations for presenting the main components of our proof.

23 If (4.18) were not true then a € a(Py) N a(Py) would imply that there exist P € P; and
P’ € Py with a(P) = a(P’) = a; this together with the second item in Definition 4.15 would
imply P < P’ or P/ < P, contradicting (4.17).
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5. Heuristics and a warm-up example

In order to smooth out the transition between two technical sections of our paper and to
help clarify the “big picture” in our reasonings, we start with

Main Heuristic. Our aim is to design some special function N that will give rise to a
family of embedded multi-towers, i.e., a multi-tower chain with respect to the embedding
relation “C". This chain will loosely have the form

F= U 5 5.1
k/2<j<k

such that

e each ]-"/ is a multi-tower of generation (Zj -1 9J ),
o E [ .F}+1.

At the informal level, a (lacunary) CME will be a chain that maximizes the L% norm of
a grand maximal counting function, a notion that will be our main focus in the section
to follow.

As a consequence of this requirement, for F a CME and a generic tile P € F, the set
E(P) has a Cantor-type distribution inside Ip.

Next, we would like to motivate the necessity of considering the CME concept and why
we were required to develop the notions of multi-tower and chain of multi-towers. For
this, we will first discuss a simpler toy model, naturally developing from our introductory
discussion in Section 1.

As mentioned in the Introduction, from [21] (see also [2]) we know that if ¢ :
R4+ — R; is increasing with ¢(0) = 0 and ¢(#) = o(uloglogu) as u — oo then
¢(L) = Agisnota Cr-space. This result can now be easily deduced from the following
stronger claim:

Proposition 5.1. There exists an absolute constant C > 0 and a sequence {Fy}reN of

measurable sets with the following properties:

o Fp C T with|Fy| — 0ask — oo,
e foranyk € N,

(27); 4
Clac " XFill1.00 = C|Fk|loglog Fl (5.2)

The idea of the proof relies on the newly introduced concept of tower: we let F; be a
tower of height 1 that is a single USGTF! More precisely, using the language introduced
in Observation 4.14, we define the collection Fy of tiles to be the USGTF of generation
(0, 2% given by the following characteristics:

o the collection of disjoint dyadic same-length space intervals

ITop(Fx) := {[0, 11};
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e the collection of distinct frequencies*

22k
a(Fi) = {22 FO0M)

e the collection of disjoint dyadic (same-length) space intervals
IBtm(F) := () Zy ([0, 1)).

J
Next, one can construct a set Fy with the following properties:

o the size given by .
A2
|Fel =272,

e the structure such that®
/RG(XFkT;(l))(') ~ / IxrTp(D)()| forall P € Fy.

Then, recalling that F[n] stands for the tiles in F; of weight n, we conclude that

) 2k
{27}, _an P O Fi|
IChe ' xRloo 23, D 27—l = 2“1, (5.3)
n=1 PeFy[n] | P|

thus proving our proposition.

Observation 5.2. We stress here that for the proof of the above proposition there was no
need to consider a chain of towers since we were not aiming at the extra log log log log
term in (5.2); equivalently, our reasoning involved a single characteristic function of a
set instead of an input function f; expressed as in (2.1), as a linear combination of &~ k
characteristic functions of sets. It is thus natural that once we turn to proving our Main
Theorem 1, we need to consider the more involved concept of multi-tower and finally that
of CME.

6. The grand maximal counting function

As announced, in this section we will elaborate on and motivate the introduction of the
new concept of grand maximal counting function, which is defined as

N :=supN;, 6.1)
J
where, recalling (4.3), we set _
1 2 1
./\/}‘ = F Z TlTl Z XIp> (62)
n=2J/-1+1 P ePmax

with P)'®* designating the maximal tiles?® P in P, such that A(P) > 271,

24 One can notice that here we made a minor modification of the USGTF model described in Ob-
servation 4.14 by requiring that the stack of tiles having mass 2K have height 22" instead of 22k_1.
25 The mechanism of realizing the size and structure conditions of Fj is described in full general-
ity (i.e. in the multi-tower case) in Section 8.1, and thus it will not be detailed here.

26 Relative to “<”.
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Observation 6.1. The motivation for defining the counting functions A; and N origi-
nates in [32] where the author used a complex greedy algorithm (involving more basic
counting functions) in order to remove the exceptional sets arising in the time-frequency
discretization and to provide direct strong (2, 2) bounds for the (standard) Carleson opera-
tor. Notice that N roughly controls the average spacial density location?” of the maximal
trees of mass parameter n &~ 2/, while \ picks the worst (largest) such density loca-
tion among all the possible dyadic mass scales. The normalization factor 1/2/~! in (6.2)
preserves a uniform control of the BMO norm of A, that is, ||./\/j IBMo(T) < 10 for any
jeN.

We move now to a further elaboration of the Main Heuristic whose key message is: “a
CME is a chain that maximizes the L !> norm of the grand maximal counting function”.

Observation 6.2. Define the k-fruncated grand maximal counting function as

N = sup N, (6.3)

l<j=<k
and notice that under the assumptions (4.4)—(4.6) we trivially have
NEK = A, (6.4)
Next, as a consequence of [32], for each j € N with j < 2k we have
[N lBmo S 1. (6.5)

This, together with the standard John—Nirenberg inequality, gives, as we will see momen-
tarily,
IV o < IV S Tog k. (6.6)

The crux of our main results is that one can construct special configurations inside P,
corresponding to chains as in (5.1), such that the inequality (6.6) can be reversed. In these
instances, one can thus show that

IV o ~ logk. (6.7)

We now start a more detailed analysis of the properties of the grand maximal counting
function A\ by first presenting a short proof of (6.6).
For this we start by defining

— 1
Nn = 2)’!*1 Z lev

PePma

and notice that

1 Z2j -
n=2J"141

27 That is, the number of maximal trees sitting above a point x as x runs through the interval [0, 1].
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Following the reasoning in [32], we find that for every n € N the function A/, belongs to
BMO(T) with

IV IBMOcT) < 10.

Now, since V; is an arithmetic mean of functions of the type N, we further deduce that
IV llBMo(T) < 10, (6.9)

and hence applying the John—Nirenberg inequality we find that there exists a universal
constant ¢ > 0 such that forany y > Oand j € N,

{x e TIN;(x) >y}l <e”. (6.10)

Next, for any C > 0, we have

k
INH < Clogk + Y IV Iac>clogkll- (6.11)
j=1

Choosing now in (6.10) y = Clogk with C = 1/c and inserting it in (6.11) we deduce
that

INH < (€ + 1) logk, (6.12)

thus proving (6.6).

We pass now to the proof of (6.7). (For the moment, the reader is invited to think of F
in the more vague terms described in the Main Heuristic corresponding to (5.1); later on,
if desired, one can consult the precise version given in Definition 7.2.)

Recall that we want to show that if for a given large k¥ € N the family P contains a
family F = F (k) of tiles as in (5.1) which is also a CME, then there exists C > 0 such
that

INK) o = Clogk. (6.13)

First we present the heuristic for why one would believe such a statement. This is based
on the following list of loosely stated observations:

e fory > Clogk the level sets {{N; > y}};‘:1 do not significantly

contribute to the norm ||N|[; : (6.14)
e similarly, for y < Clogk the level sets {{N; < )/}};?=l cannot
provide an estimate of type (6.13);

o there exists a set [P of tiles such that for suitable absolute positive constants Cy, C3,

{N; > Cilogk}| > Ca/k  Vk/2 < j <k (6.15)
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The first two items are just simple consequences of (6.10) and (6.11). The third item will
be a direct byproduct of the construction of the CME F = Uf: k/2+1 F; presented in the
next section.

Now, if on top of property (6.15) one could arrange that the functions {N; };f: k/2+1 be-
haved morally as if they were independent random variables, then we would immediately
conclude that

k
WV > Crioghll 2 Y 1A > Ciloghll B €2, (6.16)
J=kT241

thus proving (6.13).
The main point of the construction in Section 6 is that the CME as given by Definition
7.2 provides exactly the mutual independence behavior of {N; }j?: k241 mentioned above.
Properties (6.15) and (6.16) will be a byproduct of the construction of F presented
in the next section (see Definition 7.2). Indeed, writing, with the usual notation, F =

Uj‘{:k /241 7> one will be able to decompose each multi-tower F; into a controlled num-

ber of towers, namely F; = U}()zg]k }'jl , and then deduce the key properties>®

|Basis(F;*“)[ > ¢/k  ¥j e {k/2+1,....k) (6.17)
and
Basis(F1**) N Basis(FL8) =01 Vji # jo € /24 1,.... k), 6.13)

where ¢ > 0 is an absolute constant.
Relations (6.17) and (6.18) will then imply29

e forall j € (k/24+1,...,k}andm € {2/~! +loglogk, ..., 27},
HNm > logk}| = ¢/k, (6.19)

e forallm; e {21'1_1 +10g10gk,...,2j1}, my € {21‘2_1 +10g10gk,...,2j2} and j; #
jpef{k/2+1,...,k} one has

(N, >logk} N {N,, >logk} = 0. (6.20)

This ends our discussion on the motivation and main properties of the grand maximal
counting function.

28 In what follows we refer to Basis(]—'jl.ogk) as U-Flogk_r iTop(}']l-ogk’r) where .7:}ng’r ranges

j
through the decomposition of }'jl.og ¥ into maximal USGTF’s. For more details, consult Section 7.

29 The appearance of the loglog k term is a technical artifact resulting from the construction of a
CME in Section 7. For a further illuminating discussion on this topic see item 2) in Section 13.



Pointwise convergence of Fourier series (I). On a conjecture of Konyagin 1681

7. The structure of the set E := {E(P)} pep. Definition of CME

In this section we will make a certain choice for N. This will not be done directly but
through the structure that we impose on the set P of tiles. More precisely, as described
above, we will run an algorithm for constructing a chain of multi-towers with some pre-
scribed properties, this way giving rise to the concept of CME.

We start with several general observations/heuristics:

e Our construction of the tile configurations will focus on the set>”

2k
F =~ U ]P’j.
j:2k/2

Later we will show that, as a consequence of our choice of the tile structure, the con-
tribution of the tiles in P \ F to the L'"> “norm” of our operator T is small in an
appropriate sense.

e Depending on the mass parameter, we will partition the set F into k/2 (dyadic) levels
(preparing thus the future generations):

k 2!
f:LJﬁwMIW UIW
I=k/2+1 j=21+1

e Our main task will be to design our set of tiles in such a way that each F; is a multi-
tower of generation (roughly) (2/=! + 1, 2%) and of height log k. This construction will
be realized through an inductive process that will move downwards from [ = k to
l=k/24+1.

We now present an outline of this process:
o At the first stage, we will design
logk

Fo=JF
=1

so that F is a tower of generation (roughly) (21 + 1, 2%) and of height log k. For this
we require that

30 In reality the set F will have a more complicated structure; for example, F will also contain
tiles from the families {P; } i <2k/2- Indeed, during the construction we will express F = Uf:k ) Fj

with each tower F; further decomposed as F; = U}O:glk .7-'}1 While each of the families {]—']l. }}Ozglkfz

will only have tiles in | i>ok/2 IP;, the remaining families .7-'}1.0g k=1 and ]-'jl.ogk will also contain tiles
from | i <ok/2 IP;. However, as described in Section 9, the tile set | j <ok/2 P; will play a secondary
role in the behavior of |7 fi|l1,00-



1682 Victor Lie

— each F} is a USGTF of generation’! ~ (2¢=1 + 1, 2¢);

— the set of frequencies oz(}",i) sits entirely below and is largely separated from that
corresponding to o (F, ,i'H);

— ITop(F. ™) < IBtm(F)).

e In general, having constructed the (multi-)tower F; of generation (2/ + 1, 2/*1) and
height log k we will divide it into maximal USGTF’s {¥; 1}, and within each Fj 1 ,
we will embed a specially designed multi-tower JF;[F; 11 ] of generation (277141, 2%)
and height log k.

e We will repeat this algorithm until we exhaust the family F by reaching the level j =
k/24+1.

Now, let us make the above description precise.

First stage: Constructing the tower F;. As mentioned before, we will split our fam-
ily Fi into log k sets,
logk

Fe=J A
=1
with each ]-',ﬁ being a USGTF of generation (2! + loglogk, 2%) (except for f,iogk_l

and F, ,l:)gk, which are USGTF’s of generation (1, 2k )). Based on the description made in
the previous section it will be enough to specify three parameters: the top, the bottom and
the frequency set of each .F,i. We will proceed by induction.

Step 1: Defining F, kl The key parameters of F, kl are:
e the top
ITop(F;) := {0, 11},

o the frequency set

k
| 2 4
a(F) =2 7 Oom}me{o,ﬁk—l—l}’

e the bottom
IBM(F}) = Tpi-1 _jog10gx ([0- 11).

31 In the actual construction process, for technical reasons, we will require that 7 ]l( be a USGTF of

generation (k-1 +loglogk, 2K). The same observation applies to the other multi-towers at level j,
i.e. the actual generation will be /1 +loglogk, 27). The appearance of log log k relies on the fol-
lowing loose statement: within the structure formed by the tiles at the bottom scale of each USGTF
of generation (27 -1 loglogk, 27) we can embed towers of generation (27 24 loglogk, 2/ -1
and height precisely log k, this being the height threshold that plays an important role in our proof.
Another way of saying this is that the bottom structure—mass and number of tiles at the bottom—
of a USGTF determines the height of a tower of a given (smaller) generation that can be embedded
within it.
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Step 2: Defining 7, kz The parameters of F; ,3 are
ITop(FP) = T5 11004 (10: 1D,
a(Fp) = {2222k+1°°m}me{22k,l,2zk_”,
IBN(F) = Tyt 1 _togtog 1 T3t 101081 105 1D
Step /: Defining ]-',i from ]-",iil (2 <1 <logk —2). Assume that ]-",ifl has
ITop(F} 1) :=7Z,
a(F = {2222kHoom}me{(z—z)22“1,(1—1)22“1—1}’
IBM(F, ") = Tyt _joglogk[Z]-
Then .F,i is given by
ITop(F) = T3 1 _joq1004[Z]:
a(Fy) = {2222kHoom}me{(Z—l)zlkfl,z22“—1}’
IBI(F}) = Dot _ioglogkl T5-1 _jog10g [ Z1]-

Steps logk — 1 and log k: Defining ]-'liogkfl and .F,lcogk. For the last two USGTF’s we
make some minor changes. We will require that both F, ,iogk_l and F, ,iogk_l be of genera-

tion (1, 2%), and assuming that we are given F,ing_Z we define .F,lng_l by setting

logk—2

TTop(F; 87" := T8 IBtm(F 2 2)],

k
logk—1\ . 722> 4£100m
a(Fy )= {2 bme(ogk—2)22 1, (log k—1)22*—1—1°

Bm(F ") = T, ITop(F 1.

Finally, the set F, iog “is given by

logk—1

ITop(F2%) := ITop(F 8 1),

k
logky . (22> +100m
alF =) =12 Vnet(ogk—1)2%~1 logk 22 -1_1)°

IBtm(F, %) := IBum(F 2.
This ends the process of defining the set F.

Second stage: Constructing the family F;_;. We start with the following observation:
the family F4_; has logk disjoint components according to the information carried by
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the graph of N within each of the previously constructed families {]—",i}le{l
we actually have

logk}- Thus

.....

log k

Fri—1 = U Fi1[FL.
=1

For the particular case [ = logk — 1 and [ = log k we have already determined J_ [.F,i],
since the sets ]-',i are themselves completely determined (up to tiles of mass one) by
the requirement that they be USGTF’s of generation (1,2X). (This is in contrast with
the case [ < logk — 1 where we only require that }',,i be a USGTF of generation
(21 + loglogk, 2¢).)

Thus it only remains to discuss the construction of the families {Fj_1 [}",i]};ozglk_z.
In our algorithm we will demand that each Fj_ 1[.7-',lc] be a multi-tower of generation
(25=2 + loglog k, 2= 1) and height log k embedded into F}.

In what follows, we will only detail the construction of Fj_ []-'kl] since the remaining
multi-towers are constructed in the same way by adapting the reasonings for J-'k1 to the
case of .F,i.

Recall now the properties of F, kl:

ITop(F}) := {10, 11},
22k
a(-/—"kl) = {22 +100m}me{0722k71_1}5
IBm(F) = Toi-1 _jog1ogx ([0, 11).
Write now
[Btm(F}) = "Btm(F}) U I"Btm(F}),
and further express
1t 1 22k71 —loglogk
(Recall here the index convention: s; < s implies ¢(Jy,) < ¢(Jy,).)
Fix such an interval J; and consider the set

logk
Iloglogk(Js) = {I;f}r(fl :

We then define the family Fj_ []—"kl][Jx] consisting of log k towers,

logk
Faa P = | Fa LR
r=1
Each tower can be decomposed as
logk

FlFAS = | 7RI,
=1
with each 7, | [F}[I5] a USGTF.
To see this, we first describe the maximal USGTF within each of the towers (/1 = 1):
FL [FNI51is a USGTF of generation (28-2 + loglog k, 2¢~1) with
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ITop(Fi_ [FIL]) = {I}},
a(FL IFAED

ok
.— (2% +100m
= {2 }me{(s—l)(logk22"’1*1)+(r—1)(22k*‘*1),(s—1)(1ogk22"*1*1)+r22"*1*1—1}’

IBm(F_ [ = T2 jogiogi (1)
Now, once we have established the base of each tower, the rest of the procedure should

follow the lines of the tower construction described at Stage 1. For clarity we will specify
the following:

Assume we have constructed f,il:]l[flg][lf]. Then for /] < logk — 2, ]-',iLl []-',g][l;']
is a USGTF of generation (25=2 + loglog k, 2~1) with

ITop(F,", [FAL]) == I"Bum(Fy [F LD,

a(}—llcl—l[}—kl][l;f]) = {2222k+100m}m€Ak‘r1”1’
B (AL LFD) = Tot -2 togiog  (TOPFLL LU D)
where
(s—1)(logk 22 =y (ry — 122 =1

Akrsiy = U {m} ifr41 —1<logk, (7.1)
m=(s—1)(logk 22~ =D (r— 141, 1) (227! -1)
(s=D(logk 22 14y —1-log k)22 =121
Ak rs,ly = U {m} otherwise. (7.2)
m=(s—1)(logk 22X 1 =1y L (r— 11 — 1 —log k) 22K "1 =1y

The construction of F, ,ﬁL LA ,: 1151 withl; € {logk—1, logk} follows a similar pattern
with the following changes (see also the corresponding changes at the First Stage):

]-"Iio_glk_l [}'kl][lf] is a USGTEF of generation (1, 2¢~1) with

log k—2

Top(F T A = TBm(F% LA,

log k—1 2
a(F2E T IFALD =127 e, s
logk—1 logk—1
Bm(F 2 [FRUD) = T (Top(FE T [FIUED),
where we preserve the definitions (7.1) and (7.2).
F LFII5] is a USGTF of generation (1, 251 with

k

ITop(F, % [FAII8]) := TTop(F 8!

FE TR NED,

log k 2
(FETRILD =27 et o

Btm(F 5 [FIIE]) = Bi(FE T IR,
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Observation 7.1. Notice the following key property of our construction:
a(]?,iLl[]?,j][Ij]) Na(FFIISD =0 Vr#r and V).

Moreover, for each 7, s, the sets {a(]—',iL JFA ])}}?i ]; form a partition of the frequency
k
22 +100m
set {2 V(5= 1)logk 22111 s log k 221 =1 _1y
This ends the process of defining F; and F;_;. We now repeat this algorithm and further
construct by induction Fy_, ..., Fi/2+41.

Third stage: Constructing a generic tower 7, k/2 + 1 < j < k — 2. Assume we
have constructed the multi-tower F; 11 of height log k. We first write as before its layer

decomposition
log k

Fj+1 = U ~7:;+1
=1
For the sake of clarity, we mention here the process of obtaining {]—'} +1)1- Thus, F !

) ) Jj+1
consists of the union of maximal USGTF’s of generation (2/ + loglogk, 2/+1),

1 _ 1,m
Fre =T
m
such that
- iTop(fju_”l') is maximal with respect to inclusion among all the sets ITop(A) with A a

maximal USGTF inside Fj1;
— the sets {iTop(]-'jlﬂ)}m are pairwise disjoint.

Erase now F /.1 1 from Fj and repeat the above algorithm to obtain ]—'j 2 -1 Continue this
process inductively. (Notice that once we reach [ = logk — 1, the generation of maximal
USGTF’s in the decomposition of ]—"jl 41 changes to (1, 2/+1) ) From our construction this
process will end in precisely log k steps.

With this done, fix a family ]-"/l 11 (here we assume [ < logk — 2, otherwise trivial
considerations), and, with the previous notation, write

/ _ l,m
‘Fj+1 - U }-j+l'
m
Now taking IltBtm(fj?f’l) = {J,1}s, and then

logk
Iloglogk(«]x) = {Irs}rozg] ’

we can initiate the same algorithm as in the case of the construction of Fj;_; above.
Adapting the description made at the second stage we have: given J;, we design precisely
log k towers, each tower being

— of generation (2/~! 4 loglogk, 2/) and height log k;
— embedded in 7}
— with basis equal to the corresponding I in the partition of J;.
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To make things clear, for each J;, we will construct the family ]-"j[}";ﬂ][ls] consisting
of log k towers,

logk
AT = J A,
Again as in the case of Fj_1, we have
log k
]_- []_—l ,m U ]_-11

h=1

with }"}‘ [.7-"};:”1][1,S] a USGTF of generation (2/~! 4 loglogk, 2/) (excepting the cases
Iy =logk — 1 and [ = logk).

For expository reasons we will no longer give further details of this construction,
since one follows the same steps (with obvious changes) as in the second stage of our
construction.

In this way, by repeating the above algorithms, our construction process ends by spec-
ifying the multi-towers

{Filietk/2+41,...k)

Lastly, just to specify the set of tiles P € P, with n < 2%/ (though this information is
not in any way essential for our later reasonings), we slightly modify the structure of the
last constructed family Fy /241 by requiring that all the maximal USGTF’s that sit inside
are of generation (1, 2¢/2+1),

Definition 7.2. We say that 7 C P is a (lacunary) Cantor Multi-tower Embedding
(CME) if
k

F= U = (7.3)
I=k/2+1

with F; constructed as above.

Notice that as a byproduct of the above construction process we find that Theorem 1.14
holds.

Observation 7.3. One could relax many of the requirements in Definition 7.2 above.
For example, the lacunary structure of the frequencies of each F; as well as the dyadic
splitting of the mass parameter (when forming the generations) are just an expression of
the particular operator considered in this paper, i.e. the lacunary Carleson operator. Also,
the precise number of multi-towers (in this case k/2) is irrelevant in general and should
be adapted to the nature of the problem under discussion. Thus, the CME structure can
easily be adapted to the study of pointwise convergence of the full sequence of partial
Fourier sums near L'.

However, the key property that should be present in every variation on the theme
generated by Definition 7.2 is that a CME structure is required to have a tile configuration
that maximizes the L'"* norm of a grand maximal counting function similar to (6.3).
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8. Construction of the set(s) F;

In this section we will focus on defining the sets {Fj}fzk /241 appearing in the definition
of f. Each set F; will be constructed independently. Its structure will be completely
determined solely by the normal component of the family J;, as given below:

Definition 8.1. Let j € {k/2 + 1, k} and F; be constructed as before. Partition
F=U7
r
into maximal USGTF’s. Set now

FIM = (P € Fj, | Ipe O R\ TTop(F; ) = ). @1

We then define the normal component of F; as

A =UAr 82)

r

with the boundary component of F; given by
Fl=F\Fm (8.3)

8.1. Construction of Fy

As mentioned previously, we will only work with the collection F.
Recall now the following key property:

ITop(F}) = I"Btm(F, ') V2 <I<logk— L. (8.4)
As a consequence,
[ITop(F})| = HIBtm(F, )| V2 <I<logk—1I. (8.5)
We next specify the size of Fi and its approximate location. We impose on Fj, the follow-
ing conditions:

k
o the total measure of Fy is |Fy| ~ 2 logk2 o=k %;
o Fi C iTop(}“,ing_l) = iTop(.F,iogk);

e forany P € f,iogk_l U ]-'Ilogk with Ip € IBtm(]—',ing_l) U IBtm(F,iogk) one has

[Ip N F|

T ~ 2logk B (8.6)
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It remains now to specify the concrete location of Fj inside each of the intervals Ip

mentioned in (8.6).

First we notice that from our construction, IBtm(]—",ing*l) = IBtm(}',iogk), and

IBtm(F, logk) consists of pairwise disjoint intervals. Given this, it will be enough to spec-
k p ) g P

ify the structure of Fj inside a given I € IBtm(F, ,iogk).

Now, fixing I € IBtm(]—',lcogk), our set Fy inside I will be determined by

o the frequencies of tiles P € F'™;
e the sign on I of the functions e ~>@P) T (10 1) (-).

Notice that given the choice of our frequencies for the tiles inside P, i.e.

2k
2% 4100m
{2 }me{(),‘..,logkzzk—]fl}’

we know that for any P € Fi, Tp is highly oscillatory on I}, or equivalently the oscilla-
tion period of e2mil@P) js much smaller than |Ip|.

Now the process of constructing I N Fy will follow a fractal pattern: we will start with
the tiles at the lowest frequency and as we move up the frequency scale we will trim more
and more from the possible location(s) of I N Fj inside /. (A detailed construction is only
done for the j = k case; with some small adaptations, everything can be repeated for a
general Fj).

Here are three key observations derived from Observation 3.1 (see properties (3.6),
(3.7)) and Observation 4.14:

ok
i (222 +100my )

e the frequencies {e are oscillating

mel0,...,.logk 22X =11}
independently;

e for each P € F}', e_Z”il(“’P)'T;(X[o,l])(-) keeps the same sign?
on I, and moreover due to the smoothing effect of the convolution is 8.7
morally constant on /;

e if P, P’ € F™ (P # P’) are such that [(wp) = [(wp) then

supp T Nsupp Tp, = 0.

We start by focussing on the first level of our (multi-)tower, .}’-'k1 . In this USGTF we have
221 frequencies.

Making use of observations (8.7) above, we see that the following function is well
defined:

S[I, Fll:a(F) = {=1,1},

32 This is because in definition (3.3) the function Y is smooth, odd with xy;(x) > O for any
x € Rand x[0,11 = 0.
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where S[I, Fll(a) = 1if
Tp=0onl VP e FlNFM™ withl(wp) =a, (8.8)
and*3
Sl Fil(a) = sgn( /1 e miax T;;(X[o,l])(x)dx> (8.9)
if there exists (see the observation below) a tile P € F, ,3 N FZ™ such that
l(wp)=a and Tp(x0.1)) isnot0a.e.on /. (8.10)

Observation 8.2. Under the assumptions made in Observation 3.1, if a tile P obeying
(8.10) exists, then it is unique; however, this last fact is not actually essential in defining
S, ]—"kl] since the sign of the expression defined in the RHS of (8.9) remains the same
for all the tiles P € F N F™ obeying (8.10).

Next, fora € a(]-"kl), we let
UrilT1(@) = {x € I | sgn(Re(e*™)) = S, Fl(@)}. (8.11)

Note that U 7| [1](a) is a union of disjoint, equidistant, same-size dyadic intervals. More-
over,

1 . 1
a,bea(F;)witha <b = IZ/I]_—kl [I]1(a) DU}—kl [I1(b)| = §|Z/l]_-k1 [I]1(a)|. (8.12)
We now simply impose the following requirement on Fj:

Inkrc () UrilT1(@). (8.13)
aea(]-'kl)

The ends the process of restricting the location of Fy relative to the first level F, kl

Naturally, the same idea is further extended inside each of the higher level USGTF’s
{F ,ﬁ}lflogk. At the end of this inductive process, putting together all the levels, one con-
cludes

log k
INFS() [ Uplll@, (8.14)
=1 aea(Fh

where U 7 [I1(a) fora € oc(]-',i) designates the obvious notational extension from the case
[=1.
Let us write

Junh)

for the decomposition of ﬂ;ozglk ﬂa ca(Fl) U 7 [7/](a) into maximal (disjoint) dyadic inter-
vals.

33 Notice that from (3.3) and (8.10) the expression to which the sign function is applied in (8.9) is
always real.
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Notice that from (8.12) and (8.14) one has

U] 27 oek ), (8.15)

Also, if ag = ag(1, k) € a(Fy) stands for the minimal [(wp) with P € Frand Ip D [
then let

Up1(ao) = | J Ri (8.16)
!

be the decomposition of U, [I](ag) into maximalk disjoint dyadic intervals (as one can

2
easily notice, for j = k we actually have ay = 22 ). Notice that the intervals {R;}; have
the same length and are equidistant inside /. Moreover

|UE 1 (a0)| = |11/2. (8.17)

Then, we can finally determine Fi (up to small perturbations within each U,,(I)) by
requiring that for any / € IBtm(F, iOg k) the following hold:

o the set Fi obeys (8.14), or equivalently

10 F | JUn:
m

(8.18)
e the set I N Fy is equidistributed inside {Uy, (1)}, i.€.
[Un ()N Fr| = |Upw (D) N Fr|  VYm,m'.
e for each R; C I one has
|Ri 0 Fil /|Ry| ~ 25| Fy|; (8.19)
as a consequence, from (8.16), (8.17) and (8.19), one immediately has
|10 Fel/1] 270 27 088 loek . (8:20)

e inside each U,,(I) the set U,,(I) N Fy consists of a single dyadic interval called from
now on U, (I, Fy); its position is irrelevant for our purposes but for clarity pick this
dyadic interval so that its left end-point is the center of U, (1).

This ends the construction of Fj.
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8.2. Construction of an arbitrary Fj

In the general situation, we start by decomposing the multi-tower F; into maximal towers:

o first we apply the layer decomposition F; = }Ozglk .7-"jl ;

e then we decompose each .7-']1 into maximal USGTF’s, }}1 =Un ]:jl "
e finally we form the maximal chains (of length log k) which are precisely the maximal
towers we were looking for.

For each such maximal tower we repeat the main steps from the j = k case. Since this
process is pretty straightforward, we will not give further details. Putting together the
set specifications relative to each maximal tower, at the end of the day, we will have
constructed the set Fj.

8.3. Consequences of the construction

In this section we analyze how the presence of a CME structure within [P and the adapted
construction of {Fj}; reflects on the properties of our operator T' (or 7).
In the next section, we will prove

Proposition 8.3 (heuristic). The main component of our operator T relative to the
Il - 11,00 norm is given by

(=3 Y 1wy, (8:21)

k/2<j<k Pe}'j‘f““

In what follows we want to present a glimpse of the methods that we will employ in order
to prove our main result. As expected, the fundamental role in our reasonings will be
played by

o the properties of our CME F = U;?:k 241 F5s

e the properties of the sets {Fj}f:k J241

As a consequence of the above items based on the dual formulation

f Tor (fi) = / AT, (822)

we make the following fundamental observation:

the real part of the function f;Ty,(1) is a positive function whose integral is
bounded from below by || fi|lL1oglog L loglogloglog L-
This is the main reason for proving*

34 It is worth noticing that in general one can show a much stronger estimate for the full operator
Clac since we know that in particular [|Hf[l; ~ | fllL10gL Where H is the Hilbert transform.
However, relative to the L* norm, our operator Tj; becomes an error term due to the specific
choice of our CME. Indeed, one can trivially modify the proof of Lemma 8.4 and find that in
fact [Ty (fi)llh = Nl fkllL1oglog Lloglogloglog L ~ logk. In this context, the main contribution
is given by the operator representing the tiles at frequency 0, that is, the operator T (see the
notation/definitions from the next section). Notice that Tp behaves as a variant of the maximal
Hilbert transform.
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Lemma 8.4 (L' blowup). With the previous notation,
ITm (fiolli 2 logk. (8.23)
Proof. Based on the construction of our sets Fj and of our family of tiles, we have

Claim. We have
1
/Re(ijT;(l))C) > 300 / XF,-(')’/ Yp(-— Y xewr)(y)dy

500/|XF Tp(HO)I (8.24)

forall35 Pe ]-‘;"H \ (]:}ngfl U]_-}ogk).

Proof of claim. We will appeal repeatedly to the fundamental relations (8.8)—(8.15). As-
sume without loss of generality that

PeF™NF forsomele(l,... logk—2}. (8.25)

Now, from the construction of F; we know that F; C iBtm(}" !ng). As a consequence,

/RC(XF Tp(D)() = Z /RC(XF Tp(D)(). (8.26)

1€TBtm(F ")

Next, from our assumption (8.25), we have IBtm (.7-'/1.°gk) NIy #P, andif I € IBtm(]-'jl.ogk)
with I NIy #@then ] C Iy and |I]| < 27109075 as long as k is large enough.

Thus, it is enough to restrict our attention to a fixed I € IBtm(]-'}Og k) with I C I;‘,.
Define now

Jp = {J dyadic | J C I}, |J] = H(wp)7'). (8.27)

Notice that from our construction of the CME F we know that J € Jp implies |J| < |1].
With the notation from Section 6 we define°

Uplll = J tx € J | senRe(e®"“%) = S[J, {1 (@p))). (8.28)

JeJp
Jcli

Observe that there exists a subcollection of intervals inside / and belonging to Jp, de-
noted by J ; [Z], such that

uplll= J 7. (8.29)
JeJ
35 The condition P € ]-' m (]-' logk—1 u ]-' 10gk) could be relaxed here at the expense of some

extra technicalities.
36 Notice that definition (8.9) can be extended from / € IBtm(]-'/{ ) to any (dyadic) interval
J e Jp. '
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Moreover, as a consequence of our F; construction,
INF; =Up[I]NF;. (8.30)

Now due to the choice of the distribution of our frequencies (recall (4.4)), any two distinct
frequencies /(w1) > I(w,) in our CME must obey /(w1) > 2'%(w»). Fixnow J € J4 [I1.
Then, from our construction of the set F; we deduce the following uniformity-of-distri-
bution condition:

JINFj| = |hNF|=271JNF| VJi,JeZs(J). (8.31)
This implies that for any J € J4 1],

1
/]Re(XFjTﬁ(l))(') > Z/ijmlléj(')‘/ Vp(— V) xewr) () dy‘. (8.32)
Thus, as a consequence of (8.32), (8.30), (8.8), (8.9) and (8.26),

/ Re(xp TENO) = Y > f, |Re(xr; TH(1))()]

IetBm(F ") JeTF U
cr;

1
= Z Z Z/‘Xﬂ-ml‘ﬁj(')‘/'ﬂP('_)’)XE(P)(y)dy'

IelBun(F; ") JETE U
IC[’k

1
_500 XF; ()

/wp( _y)XE(P)(y)dy‘ (8.33)

This concludes the proof of our claim.

Now, from (8.24), we deduce that

2J 2J
[r( ¥ ¥ 2 mo)s [ F 5 o
k/2<j<k PeF}™ k/2<j<k PeFi™

(8.34)
Thus,

‘ / Tu(fio| >

-y ¥ i Hlogk 22! ) |Fj N pl EPI

“ ) 1 1
k/2<j<k1<l<logk r=2/-14loglogk pe}‘!‘m-l[r] 7P| 2P|

E(P
Z Z 2logk22 IF; m1P|| |1( |)I

k/2<j<k PeF™

F; N ITop(F!
DD ML LS op(F)|
[ITop(F))|

k/2<j<k 1<I<logk

102k22 571 p 1 A
ZIng Z 28 2]|Fj|"’”fk”LloglongoglogloglogLy
kj2<j<k
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where for the third relation we have used the fact that |F; N I|/|Ip| ~ |F; N iTop(]-"})| /
[ITop(F})| for all P € F1™'[r]. o

Our goal in this paper will be to show that the above lemma remains true if one replaces
in (8.23) the L' norm with an L' estimate.

9. Removing the small terms

As already announced, in this section we show that the contribution of the (T — Tys) (fx)
component of the operator is small. More precisely, we will prove that

(T — Ta) (fi)ll1,00 S I fkll L10glog L- 0.1

For this, let us first introduce some notation. Set

To(f) == Y Te(f). To(f):= Y Tr(fo)

PeP(0) PelP,

Te-fo= 3 3 Y TpeE ),

k/2<j<k n<2/—14loglogk PelP,\F;

Te-(o= Y 3 3 1p@9k ),

k/2<j<k n>2J PeP,

G = Y Y 1@ ),

k/2<j<k Pe]—'jb“
Also recall the formula

(o= 3 Y 1@ ),

k/2<j<k Pe}']f‘m
With this, we obviously have

T(fi) = To(fi) + To(fi) + Tr.<(fi) + TR (fo) + Tu (fi) + Tr. > (fi). 9.2)

We will show that

1To (fll1.00 S I fillzr, 9.3)
ITo(f 1,00 S I fill s 9.4)
1Tx,~ (Ol S I fillogiog ©.5)
I1Tr, <(fiolll S I fellL1oglogLs (9.6

TRl S 1l fellLioglog £ ©9.7)

The first relation is just a consequence of the simple geometric observation that the
tiles in P(0) form a tree—though in this case the tree concept must be slightly modified, by
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replacing the first item in Definition 4.4 with the more relaxed requirement 100P < P.
As a consequence, Ty behaves essentially like the maximal Hilbert transform which we
know to be bounded from L' to L .37 Thus (9.3) holds.

Next, (9.4) is a direct consequence of [30, Theorem 1.1(b)].

For (9.6), we start by decomposing

Tr.<(fi) = TR™ (fo) + TR*_(fo).

where

= 3 Y Y TeeeE .

k/2<j<kl<j PeFM™\F;

From the construction of {F}}; and F we have
Tlgfi(fk) =0. 9.8)

For the boundary term, we proceed as follows: First, fixing j, forany n < 2/~! +loglogk
we set

F¥nl:={PeP, | P ¢ FjandIp- N Fj #0),  JXIn]:={Ip| P e Finl}

Further, we define
bd .__ bd
Fo= U Fnl.
n<2/~!+loglogk

The key observation here is the following Carleson packing property>8: for any n <
27-1 + loglogk and J € j'jj![n],

Yoo mgi 9.9)

IeUrin ‘72(3 [r]
1C1000J

With this in mind, we have
2J
IR ol = 3 3 @ |
K2<j<k peFtd

E E: i [Ip= N Fi| |E(P)| 2
< 210gk22 J [Ip| < nlogk2 21°gk|F‘| < k|l fill1.
Nk/2</'<k bd [1p| [Ip| Nk Z il

J= Pe]-'<j /2= )<k

Thus (9.6) holds.
The proof of (9.7) is similar in spirit to that of (9.6); we omit the details.

37 A stronger estimate that implies the L1 — L1% bound for a tree is the content of [30,
Lemma 6.2].

38 The Carleson packing property can be viewed as a BMO-type condition arising naturally from
the concept of a Carleson measure; for more details, see [6].
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We pass now to (9.5). To prove this statement we need to essentially re-do one of the
main components of the proof in [31]. Setting

Teoljl:= Y 3 Tp@2%2 yp), (9.10)

n>2J PeP,

it is enough to show that

1T~ [ < 2°2k2 | Fyj2], ©.11)

since

Tr=(f)= > Tr-ljl

k/2<j<k

Proceeding as in [31], and using the properties of the set F; (corresponding to the ana-
logue of (8.18)), we follow the steps below:

e First, for some g € L°(T) with ||g]lcc = 1, we write

. 2'i .
1T ~Lj. 2][11 = 2'°8k2 fXF_,Tis,JJ,Z](g)

where

Tp 121 = ) Y The).

nz2] PE]P;«,

e Next, for f e L'(T)and I € IBtm(f}"g"), define

£,(f>:=f|’T{x,, L= > Lih).
IlBtm(F,*")

e Define the operator

Ty -lav, j,21()() == Y Y e LT (2)(), (9.12)

nzzl PeP,

where PP stands for the shift of P to the real axis (zero frequency) and if |Ip| = 27
then T;‘O(g)(x) = —f Yr(x — y)xewp)(y)g(y) dy is the corresponding shift of the
operator T75(g).

e We now have the key relation (see [31])

IT7 1 20 ey S IT 2 Mav, . 20 1 iy + | F- 9.13)
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e Next, we decompose P, = |_J P into maximal trees, and then, for each I € IBtm(]—"}ogk)

and n > 27, we further deduce

/ > e g, P (g))(-)’
INFj pep,

{xFni,e
snsﬂ’;n(g)nm,){z T
PeP,

2mil(wp) -y |2

1/2
} . (9.14)

where Sj; is the square function associated with IP,,, given by

sz, = 2 )"

PeP,

and we use the convention 77 := 3", «p Tp and 7" stands for the shift of 77 at the
0 frequency.
e Recall now Zygmund’s inequality:

L imjix
HZa]e 7
J

172
<{ a-2} 9.15
2y ]Z_| /1 (9.15)

for any lacunary sequence {m;}; C N. Applying this (see also [11], [31] for a similar
treatment) one has

2ril(wp) -\ (2 1/2 12
e INF I
{Z xrnr ) } Ll -’|<1+10g—|| ) 1712, 9.16)
= 7] 7] 1Nl

e Due to the global control of the L norm of S];n in terms of the mass parameter n we

have
X ws,
Ielstm(f_}"g")

, <22, 9.17)

e Now, putting together the j analogue of (8.18) with (9.13), (9.14), (9.16) and (9.17),
one concludes

15 -1 2@ sy S IFjL+1EL Y 27" k(loghk 222 SEPIFl. (9.18)

n>2J

Thus, we have actually improved on (9.5), proving that in fact

ITR,> (i)l S Ikl L ogroglog £)?- 9.19)
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10. Proof of Main Theorem 1

In this section we will prove the key result of our paper, encoded in the following

Theorem 10.1 (L'* blowup). With the previous notation,

1 Tv (fi)ll1,00 2 logk. (10.1)

Proof. To prove (10.1) we need to show that there exists G C [0, 1] such that for every
major set G' C G (i.e. |G'| ~ |G]), one has

[ o

In order to match Theorem 10.1 with relation (1.11) we need to make a “wise” choice
of G. Recall relations (9.3) and (9.4). In particular, choosing Gy = [0, 1] we can find a
major set G € Gy such that |G| > 1 — 10071900 and

2> logk. (10.2)

/G(ITo(fk)l +1To(fi)D) < I il (10.3)

Main Proposition. Taking G as above, for any G' C G with |G'| > 1 — 1071000 1
have

2> logk. (10.4)

’ / T3 ()

If we assume that this holds, then, putting together (9.2)-(9.7), (10.3) and (10.4), we
deduce Main Theorem 1, and hence Corollary 1.7.
Now we start the proof of the Main Proposition. First, from the previous discussion,

> f fiRe(Tf(xen 2 Y. 29k 37 / X TE (X6

k/2<j<k PeF;

‘/ Ty (xar)

(Strictly speaking in the definition of Tj; we only have to deal with the normal compo-
nents of F, namely {]—'}‘m }j; however, since in the previous section, we proved that the
term involving the boundary component is an error term, in the following estimates we
will allow terms arising from considering the full family F.)

With this observation we begin the analysis of the structure of the multi-tower F;. As
usual, we first apply the layer decomposition

logk
/
F=U%.
=1
Next, we decompose each ]—'Jl into maximal USGTF’s:
| _ l,m
7=Unm
m

39 Notice that as a consequence of Theorem 1, we actually have || Ty (fi)ll1,00 ~ logk.



1700 Victor Lie

We then introduce the following notation:

E(f}%vm) = J Ew®), G/(]-‘;’m) = E(]-"]l.’m) nG'.

PG‘FJ{.M
Also we set
10g k J_—l j—_l ]_—l,m ]_—l,m
T]:J'::ZTJ', TJ'::ZTJ’ , where T7J7 = Z Tp.
=1 m Pe]—';""
We first claim that if
G'(F)™)| = SIEF"™), (10.5)

then there exists an absolute constant*® ¢ > 1073 such that

1,m . ~
/ x5, (T (k6| = €2/ |Fy N ITop(FI™)|. (10.6)

This is a direct consequence of the special properties of the family F resulting from our
construction. '
Indeed, first notice that ];]l "2/=1 4 loglogk] is precisely the bottom of the fam-

ily .7-"]l "™ (i.e. the time intervals of these tiles form precisely the set IBtm(]-"]l. ).
Set now /
AY (P):=|E(P)NG'|/|Ipl,

and let the heavy component of ]-"Jl M2/~ + loglog k] be

Fi"27! +loglog kI(H) := {P e F;™[2/7! + loglogk] | A (P) = }Ao(P)}.
Now, from (10.5), we must have
#f}’”[zf—l +loglogk1(H) > %#f;*m[z-/—l + log log k1. 10.7)

Observe now that from our construction, more precisely from the USGTF properties
(4.13)~(4.16), we have: given I € ITop(}';’m), ace a(]—';"") ands € [2/~ " +loglogk, 2/]
there exists a unique P = [wp, Ip] € ]-';’m such that

o [pC I

e l(wp) = a; (10.8)

o Ag(P) e [275, 275+,

Moreover, E(P) = E(P’) for any P, P’ € ]-'jl.’m with Ip, Ipr € I and l(wp) =
l(wp) = a.

40 The value of the constant ¢ here is not relevant. The condition ¢ > 1073, while not at all
fundamental for the reasonings to follow, can be easily verified and is used only to give explicit
quantitative bounds of the sort of (10.37). Alternatively, one can choose to work with unspecified
constants ¢ but then the statement of the Main Proposition above must be adjusted correspondingly.
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Thus, if for each I € ITop(]-";’m) and a € a(.7:;’m) we specify the information
E(P) N G’ carried by the unique tile P = [wp, 5] € F;™[2/7 + loglogk] with
l(wp) = a and I3 C I, we will then have determined the entire structure of the fam-
ily 7"

Define now

f}””(H) =[P e fj“” | 3P € ij””[zf'*1 + loglog k1(H) with P’ < P},
f]?*’"[s](H) = f}”"(H) N f;”"[s].

Then from our previous observations (10.8) and the geometry of our tiles in ]—'jl " we find
that

i 1 e 1
[,m o -
-/V;- (H) := 7j-1 _ Z Z ZS—IXIP
s=2/""+loglogk PeFI"™[s](H)
obeys
LA (Dl > 1072 TTop(F]™)]. (10.9)
Since
1,m
‘ f xE T e 2 Y / X1 TE (x|
PeF;" (H)
and
15N F;|  [Top(F™) N Fj|
p ]|% J J %21|Fj| VPE]'-;’mm\anm» (10.10)

1731 [ITop(F™)|

we deduce that (10.9) implies (10.6).
Moreover, combining (10.6) with (10.10) and (2.2), we have

lozk?” / x5, (171" (x| = e 2 TTop(Fi™) (10.11)
Define now
W= U A (10.12)
m
]-";’m satisfies (10.5)

=, (10.13)

]
Hi=JH;. (10.14)

J

Then, using (10.11), one deduces that

1 ~ 2] L.m
/ feRe(T(xa) 2 ¢ Y 2MTop(Fy™l+ 3 2k / X7 ().
Fi"eH Fi"EH
(10.15)
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Take now a very large constant C > 0 (C > 2190

assume that

is enough). To reach a contradiction

- klogk
3 2 iTop(F™)| < %, (10.16)
]—'}’”’e?—l
since otherwise we are done. Set
V)= Z 2l|iTop(f]?~’”)|, (10.17)
1,m
7,
Vi(H) = Z 2l|iTop(f;~’")|, (10.18)
1,m
R,
ViLy = Yy 2'[Top(F)™). (10.19)
1,m
FmeR
Notice that
Vi =Vi(H)+ Vi(L).
On the one hand, from the construction of F we know that
Vi=270 vjl. (10.20)
On the other hand, reformulating (10.16) we have
ko lek klogk
> Y ViH) < . (10.21)
j=k/2+1 I=1 ¢
Let now
D:={jefk/2+1,....k} |3, V(L) = VI(H)}. (10.22)
Then, as a consequence of (10.20) and (10.16), we have
#D > k/100. (10.23)
For j € D, let [; be the smallest value of / that appears in (10.22). Set
EGip= |J EF™.
FI e FINH)
J J J
. j,m
Gimp= U GFH™.
}_Ij.m }_lj ,Hlj
i &FiH,
Aj = EG. )\ G'(J.1)).
Also define
1 2l 1
AG(X) = m Z 2}1—1 Z XIp- (1024)

n=2J"!+loglogk+1 PeFjln]
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Then, for any j € D, we have

o [Ajl = 3EG. DI = 1005 2 m |iT°p(]:Jj'iym)|;

| | N ;€ (10.25)
° .Aj E{XH\/](X)ZZJ}»
o 141 = g5l x| NG = 1)

Let us now turn our attention to the level sets of the function(s) ;.
Forl € {1, ..., logk} we decompose the set

Chi={x | Nj(x) = 1} (10.26)
into maximal disjoint (dyadic) intervals,

ci=Jcim. (10.27)

Now, from our construction of the CME F, we have the following key properties:
e if ji > j, then for any pairs (I1, r1), (I2, r2),
. I 1 I [y — -
either Cj2 (rn) C le (r1) or Cj2 ()N le (r) =0,

C"(r») then we have the (10.28)

. I : [y
o if we set C; (r)[j2, l2] := UCZ(rz)CCJI-: o Ci

John—Nirenberg type condition
L)Lz, Bl < 2727101 ).
Indeed, properties (10.28) rely on the key observation that given any le. (r),
37" A € ITop(F,™), 1= C(r). (10.29)

Now the first item in (10.28) is a direct consequence of (10.29) and of the construction
of F which requires

if j1 > j» then for every I € ITop(fjf"’mS) with s € {1, 2} we have

(10.30)
either 1 NI =Wor I, C I.
The second item in (10.28) follows from (10.29), (10.30) and
ifl; <l thenforallk/2 < j <kand I € ITop(}';"’mJ) with s € {1, 2}, (1031

either Iy N I, = Wor I, C Ij with || < 2'928=L .
From (10.25) and (10.28), one deduces the following behavior of the sets {A;};ep:

210070 54y > 2710007l A N A | < 210141 1A, (10.32)
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To see this, we first notice that with notations (10.26) and (10.27) and from (10.25)
the first item in (10.32) trivially follows from

l; 1 1;
AjcCl and  |Aj] = lCH (10.33)
275 < 2lf|cjf| <210, (10.34)

where for the last relation we have used (10.20) and the last item in (10.28) with j, = j,
Ji=klh=Iljandl; = 1.
For the second item of (10.32) we use (10.33) and first notice that
l; I
[Aj N ALl < IChnCl). (10.35)

Now, assuming without loss of generality that j; > j, and making use of the last item in
(10.28) we have

lj lj —1;,+10) A 70, b (g Al 100
;' NCrl=2 nt i1 < 271G HIC2 T < 270 Ay | 1A, (10.36)

where we have again used (10.33) and (10.34).
At this point, notice that

IG\ G| > ) U Aj‘ — 1001000, (10.37)
jeD

Using now (10.37), (10.32), (10.23), (10.20) and the inclusion-exclusion principle we
conclude that
|G\ G| =275%, (10.38)

which contradicts the requirement that |G’| > 1 — 107199 thus proving our proposition.

This concludes the proof of Theorem 10.1 and of Main Theorem 1. O

11. Proof of Main Theorem 2

In this section we will give the proof of Main Theorem 2. The main ingredients that we
will use are Theorem 1.3 and Main Theorem 1. To these, we will need to add: for (1)(i)
the simple observation that

Lloglog Lloglogloglog L C W, (11.1)

noticed in [9], and for (1)(iii) reasonings in the spirit of [7, proof of Theorem 2.3].

11.1. Proof of (1)(i)

In this case we just remark that
Ay © Ay, = Lloglog Lloglogloglog L,

and from (11.1) and Theorem 1.3 we deduce that A is a Cr-space.
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11.2. Proof of (1)(ii)

Assume for contradiction that A, is a Cy -space. Then there exists C > 0 such that

ITfliLree = Cliflla, VS €Ay (11.2)

Take now f = fi as designed in the proof of Main Theorem 1. Further, let

k .
&= Z glosk2” XF¥ (11.3)
j=k2+1 !

be the decreasing rearrangement of f.
Recall the definition of the A,-norm:

1
1 fella, = /O F2(1) do ().

Using this and (11.3) we find that
k k

27 2J
Ifela, = D 2loek? / dp S Y 2 (R
F*

j=k/2+1 ; j=k/2+1
Next, we notice that o (| Fj|) ~ 2~ logk 2 (logk)/k. Thus,

log k i o(F;])

I filla, S —— ) (11.4)
¢ j=k/2+1 (pO(leD

At this point, from Main Theorem 1, we know that there exists C’ > 0 such that
T fill 1.0 = C'logk. (11.5)

Combining (11.4) and (11.5) with assumption (11.2), we deduce that

1 & e(FD

Co < (11.6)

where is Cy > 0 is an absolute constant.
Letting now k — 00, we notice that the hypothesis limy_, o4 ¢(s)/@o(s) = O contra-
dicts (11.5), thus proving that our assumption (11.2) cannot be true.
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11.3. Proof of (1)(iii)

Assume now that

@(s) — @(s)

lim =0 < lim . (11.7)
s—0+ %o(s) s=0+ @o(s)
We will first show that there exists ¢ obeying (11.7) such that
Ay, = Lloglog LloglogloglogL C Ay, C W, (11.8)

and hence A, is a Lorentz Cy -space strictly larger than A,.
Given the analogy between (11.8) and [7, Theorem 2.3], we will only outline the main
steps of the proof (just a simple adaptation of the corresponding steps in [7]):
e Define u : [0,1] — R4 by u(0) = 0 and u(¢) := rloglog(4/t) with t € (0, 1].
Notice that

: f=3572 0
<||p||1> sl r=
I fjlloe

£l =inf 3 Y"1 +log NI filloomt ;
fi € L=(T)

j=1

e Preserving the notation in [7], for s = {s, },en With each s, in [0, 1], define A®) as the
space of all measurable functions f : T — C such that there exists a sequence { f; },eN
with f,, € L*(T) satisfying f = ), .y fa (With convergence in LY(T)) and

o
(sn)
Zmax{||fn||1,snnfnnoo}“s" (1+1logn) < oo.
n=1 n
We endow A®) with the norm

o0

. w(sn)

1f 1l pw = mf{Zmax{nfnnl,snufnnoo} (1 +logn) ’ f= an}. (11.9)

n=1 n neN

e Using the simple observation pu(«e) < max{l, «/B}u(B) for any a, B € (0, 1) one
shows that for any sequence s = {s,},en € (0, 11N, A® is a r.i. Banach space such
that

A® W, (11.10)

with the inclusion norm < 1.

e Fors € (0, 1]N as before, let (p(s) be the quasi-concave function on [0, 1] defined by
»®(0) = 0 and

w(sp)

n

P9 t) = ingmax{t, Sn) (1+41logn), Vre(0,1].
ne

Then, for ¢*) the least concave majorant of ¢*), we have

Ay = W, (11.11)

with inclusion norm smaller than or equal to 1. To prove (11.11) one uses (11.10),
(14.7) (the last observation in the Appendix) and the fact that the fundamental function
of A®) is precisely ¢®). This last fact is pretty straightforward and we leave its proof
to the reader.
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o Ifs = {sy)nen € (0, 11V is given by 5, = 2-2 | then

Age) = Lloglog Lloglogloglog L.

2}1
We can now end the proof of (11.8). Let s = {s,},en € (0, 11N with s, = 2=2"" and
define
¢(1) = min{o (1), §). (11.12)
Then clearly
Axpo c A(p - A¢(x) + A<P0 CW.
In order to prove that
Ay C Ay, (11.13)
we just notice that
_ 22n n
Qo(sy) # 277 2%'n,
while .
(s) ~ _222 on
@ (sp) < u(sp)(1 +logn) ~ 2 2% logn.
We conclude that
. @(sn)
lim =0
=20 0 ($5)
thus showing (11.13) and ending the proof of (11.8).
We pass now to proving that there exists ¢ obeying (11.7) such that
Ay is not a Cp-space. (11.14)

For this, appealing again to Main Theorem 1, we notice that it will be enough to show
that for a proper choice of ¢,

1

k .
lim > 202k (| Fi) = 0. (11.15)

For each n > 100, take k, = 2%" in the counterexample provided by Main Theorem 1 and
define [, to be the line passing through the points Ay, 241 = (| Fk,/2+1!, 9o(| Fk,/2+11))
and Ay, = (| Fx,|, ¢o(| Fk,1)). Define now ¢ as follows:

(@) ift € [|Fk,241l, [FE, 1], n € N, n > 100,
B @o(t) otherwise.

o) : (11.16)

One can now easily check that ¢ satisfies (11.7). Moreover, for k = k,, = 22"

logk
k b

k . k . .
2] 2/ 2J
> 2Ry = Y 2R L (R ~ 20K L (1 FD ] jmkga
j=k/2+1 j=k/24+1

and thus (11.15) holds.
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11.4. Proof of (2)(i)

Our goal here is to prove that if X is ar.i. Banach space with fundamental function px = ¢
obeying (1.12) then X is a Cp -space.

Now, by (14.7), it will be enough to show that (1.12) implies M,, C Ay,. But this
last relation follows easily from the following:

e f € M,, implies that there exists C > 0 such that
@) < C/o) Vte(0,1]. (11.17)
o [1fllag = Jo fX@ deo() ~ [y f*O)—tef®)]dt.

11.5. Proof of (2)(ii) and (iii)
With the notation of point (1) of Main Theorem 2, assume that

k
ITfll1,00 Z Il ficllv = inf Z”j|Fj|ZJ log(o(j) + 1), (11.18)
o €Sk =

where Sy designates the group of all permutations of {1, ..., k} (the proof of this state-
ment will be outlined when proving Theorem 1.5 below).

Next, imposing the condition that {r;}1<;j<x is an increasing sequence of positive
numbers and using the definition of the Marcinkiewicz space M, , we find that

(Fal) &
1 fill,, ~ sup E2 S )L (11.19)

1<n<k Fal

Thus if we assume that (B) holds, taking X = M, , we deduce that there exists an absolute
constant C’ > 0 such that

k k
. ; . (| Ful)
inf Fi|F;i12 log(o(j) +1) < C’ sup ri| Fjl (11.20)
GGSk; Y 1<n<k |Fnl ]Z,:l 7

for any k € N large enough.

If we choose r; : relation (11.20) becomes

_ 1
TIFI2i 7

F,

sup 2UED e og )2, (11.21)
n<k 2" Fyln

which further implies

tm 29 _ o (11.22)
s—0+ @ (s)
thus proving (2)(ii).
. . e l .
Notice that for the choice of r; := TFTjog ) one can improve (11.22) to

@(s)
=00
! log log log log %

s

lim
s—0+ o (s) loglog log

(11.23)
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Passing now to the proof of (2)(iii), assume without loss of generality that
s — @o(s)/e(s) is increasing on (0, 1), (11.24)

i.e. € = 1 (otherwise trivial modifications are necessary).
In this setting it is enough to show that (B) implies (A).
Making the choice r; = 1/¢(|Fj|) and using (11.24) we obtain

k
PUF) & IFl

I fillm,, ~ sup S L (11.25)
" desk 1Fl S e(FD
and
k/2
@o(|Fjl)
IT fiellt,00 2 : (11.26)
> Z<o<|F|>
Take now | Fj| such that
F; Yi V(s
kil :/ L(—‘pﬁ)( ))ds. (11.27)
o(|Fj]) v )\ ep(s)
Then, from (11.25)—(11.27) and the requirement that M,,_ is a Cr-space we deduce that
U —sqll(s
im [ 209, ds <1, (11.28)

k=00 Sy, @(8)

finishing the proof of (2)(iii).

11.6. Some remarks on the proof of Theorem 1.5

Notice that our claim follows if we are able to show (11.18). For this, though, all that we
need is to notice that we can follow the reasonings in the proof of Main Theorem 1 and
construct F; € T measurable such that:

o the size of Fj obeys |Fj| € [yj+1, ;]
o the location of {F;}; comes from the CME structure following the steps of Sections 7
and 8.

In this new setting, defining fj as in (1.13) and proceeding as in Section 8, one obtains

ITfilloo 2 ZmF |loglog —— log— ~ N fillv- (11.29)
P 1y,<1/2j 1 | il
)’]>O

Thus in particular (11.18) holds.
It is worth mentioning that actually

C'll fllw < I filv < "1l fiellw (11.30)

for some absolute C” > C’ > 0.
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12. A discussion regarding the (Lacey-Thiele) discretized Carleson model and the
(discretized) Walsh model

This section explains in detail the comments in Observation 1.8. We will thus present a
detailed antithesis between the a.e. pointwise convergence properties of the (lacunary)
Carleson operator Cl{:‘f i
ator C‘{;j ki and (more briefly) to the (lacunary) Lacey—Thiele discretized Carleson model.

In fact, in most of our analysis we will insist on analyzing the Walsh—Carleson oper-
ator, as the corresponding analysis of the Lacey—Thiele discretized Carleson model will
then become immediately transparent.

We first list (a detailed explanation will follow) the key aspects that will make a dif-
{njlj
W

and those corresponding to the (lacunary) Walsh—Carleson oper-

ference in the behavior of C

(D) the algebraic properties of the Walsh wave-packets;

(II) the discrete/dyadic character of the Walsh—Carleson operator. (2.1

In order to better explain the above items, let us recall*! some of the definitions/properties
of the Walsh system/Walsh—Carleson operator.

We will only discuss the periodic setting, since this is the one of interest for us. Thus
we define the Walsh phase plane W = [0, 1) x [0, co). We fix the canonical dyadic grid
(having origin at 0 and scales in powers of two) on both [0, 1) and [0, c0). As before, a
dyadic interval will be of the form [27/n, 27/ (n + 1)) with j € N (or j € Z for positive
real axis) and n € N. Keeping the notation from the Introduction, we refer to P as a tile
if P=1Ip x wp C W with Ip, wp dyadic intervals such that |Ip| |wp| = 1, and we let
P be the collection of all such tiles. Unlike the Fourier setting, here we will also need to
work with bitiles, dyadic rectangles R = Ig x wg C W of area two (that is, Ir, wg are
dyadic intervals such that [Ig| |wgr| = 2). We denote the collection of all bitiles by R.

Next for R € R with Ig = [xg, x1) and wg = [&o, &) we define

Ry :=[x0, x1) x [(§0 + &1)/2,61) € P, the upper son of R;
R; := [x0, x1) X [&0, (50 + &1)/2) € P, the lower son of R;
1% .= [x0, (xo + x1)/2) X [€0, &1) € P,  the left son of R; (12:2)
rR = [(xo +x1)/2, x1) x [E0, &1) € P,  the right son of R.

Let us now recall the definition of the Walsh system.
Fix n € N and let

o0
n= Ze,-zf with ¢; € {0, 1} (12.3)
=0

be its dyadic decomposition. Let {r;j}jen be the Rademacher system, that is, r;
[0,1) — R with ro(x) = 1 and rj(x) = sgn(sin2/zwx) for j > 1 and x € [0, 1).
Then we define the Walsh system {w, },eN as:

41 For this we will closely follow [41].
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e if x e R\ [0, 1) then w,(x) = 0 forany n € N;
e ifx €[0,1) and n = 0 then w, (x) =r,(x) = 1;

e if x € [0,1) and n > 1 obeys (12.3) then*?
(12.4)

wa (@) = [ i1 () = [ [sen(sin 2+ x)) .
i=0 i=0

Next, given P € P with P = [2771,277(1 + 1)) x [2/n,2/(n + 1)) and j,I,n € N we
define the associated Walsh wave-packet as

wp(x) = wyyj(x) = 2w, 27x —1). (12.5)

Given R € R and using now definitions (12.2), (12.4) and (12.5) we have the following
key algebraic properties of the Walsh wave-packets:

1

WR, = E(U)IR — er), (126)
1

wg, = E(w,R + w,r). (12.7)

Now, as a consequence of (12.6) and (12.7), the following key identity holds:*3

n

Wof (x) := D (frwdwi(x) = D> (f. wr) W, (¥) Xag, () (12.8)

k=0 ReR
forall f € L'(T) andn € N.

Observation 12.1. We deduce from (12.8) that the (lacunary) Walsh—Carleson operator
obeys
' £ = sup | D 1, wihwr () X, (1)) (12.9)
JeNReR
The meaning of item (II) is precisely that the Walsh—Carleson operator is of discrete
nature, namely, it can be written as a superposition of projection operators associated
with a single dyadic grid.

We end this discussion of the basic properties of the Walsh system by mentioning another
relevant algebraic feature of it: as a consequence of (12.4),

2L

L—1
Y wax) = [ J0o) +rigi () (12.10)
i=0

n=0
for all L € N. This implies that for any f € L'(T),

L—1
Wor_1 () (x) = <f(~), [ oot + ri+1(X)ri+1(~))>~ (12.11)
i=0

42 Notice that in (12.3) only finitely many ¢;’s are non-zero.
43 Fora proof see [41].
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One can reshape (12.11) for other subsequences of partial Fourier—Walsh sums or even
differences of partial sums. For example, choosing L > M with L, M € N one has

Wor 1 () (x) = Wor_om 1 (f)(x)
L—1 M-1
=(£O. (TT ri1@rinn ) (TT G006 + rim1risi (). (12.12)
i=M i=0
Let us now switch our attention to the Carleson operator C (or its lacunary version
Cl{:Cj b ). To make the analogy with the Walsh case more transparent, we will use a differ-
ent, cleaner decomposition than the one in [28].44
Following the Walsh case development, we first define the real Fourier phase plane as
F,= R xR and the periodic Fourier phase plane*’ as F, =[—1, 2) xR. Unlike the Walsh
case, in order to connect C with its discretized model, we will need to use a continuum
of grids. Let A, ;u be parameters ranging in [0, 1). On two real axes we will use “dyadic”
grids defined by the following structure:

e in space: I:,ﬁ’y, the set of intervals 27" *[n + y,n + y + 1) with

m,n €%,y €0, 1]. (12.13)
e in frequency: j,ﬁ "# the set of intervals 2m+2 [n4+w,n+ w4+ 1) with
m,n € 7.
Define now

— the (v, A, n)-collection of tiles (real case)

Prit= Pt = | I50 < Ta (12.14)

mez meZ

— the (v, A, i, +)-collection of tiles (periodic case)

]P)y,)ullﬂ"l' = U IP);]"’)“’M’_F = I_)‘"y'_l— X ‘7}’})’:’#’ (12.15)

—m
meN meN

where T 7" = (1 eZ°%Y |1 C[-1,2)).

—m
We now define the Fourier wave-packets adapted to P¥»*+# (with the obvious changes for
the periodic case).
Let ¢ € S(R) with supp$ < [—0.1,0.1], ¢ > 0 and ¢ = 1 on [—0.07, 0.07].
Next, we introduce the classes of symmetries entering in the structure of the Carleson
operator:

e translations: 7 f(x) = f(x - z) with x, z € R;
e modulations: M¢ f(x) = e?™*¢ f(x) with £ € R;
e dilations: DY f(x) = A7/ f(»~'x) with » > 0 and p € (0, oo].

44 This simple, elegant decomposition of the real line Carleson operator appears in the junior
paper [18] written under the supervision of E. Stein and guidance of the author.

45 For technical reasons, in order to remove the boundary terms we enlarge the canonical interval
[0, 1) to [—1, 2).
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Let now P be a generic tile, that is, belonging to P= Uy,k,p.e[O,l) PYAUIfP = IpXwp
(recall that P has area one) then c(wp) is the center of Ip, wp, = (—00, c(wp)]Nwp and
wp, = wp \ wp,, and as before define

P, =1p x wp,, the upper son of P;

P =1p x wp,, thelowersonof P.
We are now ready to define the wave-packet associated with P; by
$p (X) := Me(p) Teip) Dy, 6 (), (12.16)

or equivalently ¢p, (x) = > ¢@r)X|[p |_1/2¢(’%[(,1‘P)).
We now define

e the (y, A, i, &)-discretized Carleson real model as

COMMF) = Y (f bR () Ko, ) (12.17)

PPy

forx,& e Rand f € L'(R);
e the (y, A, i, &)-discretized Carleson periodic model as

COM Py = Y dr)PR () Xon, €) (12.18)

PPyttt
forx € [0,1),E e Rand f € LY(R) with supp f C [0, 1).
We have the following key result:

Proposition 12.2. In what follows, ¢ € R is an absolute constant that is allowed to
change from line to line. The following are true:

e Forany u € [0, 1/4] we have for the real case
1
X(—co01(E) = ¢ / > oot > |65 &) Xoop, O dr,  (12.19)
0 mez P20, 1) x T
and for the periodic case
1
fema® =c [ Y2 @, Odh (1220
0 meN P20, 1) x T

where X(—o0,0] Stands for a smooth version of X(—oc,0, that is, X(—co,01 € C®(R) with
SUPP X (—c0,0] S (=00, 0] and X(—c0,01(§) = 1 for & < —1.
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o If N € R is fixed then for the real case

1 1
X—oom(€) = /O /0 S )P ey, (V) didp,

mez PEZ_’”_)‘[O,I)X‘Z;\’M
(12.21)

while for the periodic case

1 1
T (€)= c /0 /0 S R P ey, (V) dhdp,

meN Pe2=m=2[0,1)x T
(12.22)
where as before X (—oo,n] Stands for a smooth version of X(—oco,N]-
e For f € S(R), define the real axis Carleson operator
2wiN(x—y) 1
Cf(x):=sup|Cnyf(x)]=sup|pv. [ e f(y)dy]|. (12.23)
NeZ NeZ R =Yy
Further, for N € 7Z, set
~ N A .
Cnf(x) = / F &) de, (12.24)
—0o0
and notice that there exist absolute constants c1, ¢y € R such that
Cvf=ciCyf+ef. (12.25)
As a consequence, one can reduce studying C to the study of
Cf(x):= sup |Cy f(x)| := sup f f (&)™ g ' (12.26)
NeZ NeZ|J—o0

Now, for f, g € S(R), one has

1 pl pl
Exrgr=c[ [ [ X (en0n ehron, W ardudy. 227
0 Jo Jo plpin
Thus, linearizing the supremum, we deduce
_ 1 pl pl
Cfx) = C/ / / Z (fs &P )PP, (X) Xwp, (N(x))drdpdy, (12.28)
0o Jo Jo plman

or equivalently

1 1 1
Cf(x) = c/ f f é}g('j)’“)f(x)d,\ dudy. (12.29)
0 0 0
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o [In what follows, we consider [ € CSO(R) with supp f € [0, 1) and x € [0, 1). Let us
recall the definition of the periodic Carleson operator:

Cf(x) :=sup |Cy f(x)| = sup
NeZ NeZ

p.v./ INEY) cot(r(x — y)) F(y) dyl|. (12.30)
T

Following the real case reasonings, for N € Z, one defines

B 1 plopl
CNf(x)3=/0/0/(; Z (fs &P )PP (X) Xwrp, (N) drdpdy. (12.31)

PePyhopt

Then relation (12.25) is replaced by
Cnf=cCnf+ANS (12.32)

with
sup [Ay f| < M, (12.33)
N

where M stands for the Hardy-Littlewood maximal operator. Thus, setting

1 1 1
Cfx) = /0 /0 /0 S O ten, (NGO didudy,  (1234)

PPyt

or equivalently

Crix)= /01 /01 /01 CRt foo)drdpdy, (12.35)
from (12.32) and (12.33) one finds that there exists ¢ € R such that
|ICf —cCf| < Mf. (12.36)
Observation 12.3. From (12.35) and (12.36) we notice that*®

1 1 1
/()/of > (fv¢P1>¢Pl(x)Xa)pu(nj)d)udy,dy"

0 peprint

cili f(x) — csup
J

<Mf(x) (12.37)

whenever f € C3°(R) with supp f € [0, 1) and x € [0, 1).

Comparing now (12.37) with (12.9), we deduce that unlike the Walsh—Carleson oper-
ator, the Carleson operator is obtained as a continuum average of discrete models of type
(12.18). This will play a key role in explaining the differences between the a.e. pointwise
behavior of the two operators.

This ends the prerequisites about the basic definitions, concepts and properties regarding
C‘{)ﬁ"}j and C)i |

{nj}j

46 In what follows, for notational simplicity, we drop the subscript lac from Cj 5
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We pass now to a detailed motivation of the statements made in Observation 1.8.

From the proof of our Main Theorem 1, it should by now be obvious that there is no
fundamental distinction between the a.e. pointwise behavior of C}i and that of Ci‘nifv}j .
Indeed, we immediately have the following

Corollary 12.4 (“averaged” Walsh—Carleson model*’). Recall definition (1.5) of the
(lacunary Fourier) Carleson operator. Given N € N one can replace the Fourier
mode e*N* with the corresponding Walsh mode wy (x) and so for a given sequence
{nj}jen C N one can define an averaged Walsh—Carleson model by

C%‘,}j fx) = §u§
jE

/T iy (V)10 (—y) cotGr(x — ) () dy). (12.38)

(Here {wp,;}; are regarded as periodic functions on R.) Then the conclusions of Main

Theorem 1, Main Theorem 2, Corollary 1.6 and Corollary 1.7 remain true for C i‘n‘v"v}j .

Indeed, one notices that Corollary 12.4 requires only trivial modifications. In fact, the
entire CME structure of F and the construction of the sets {F;}; are left untouched. The
only required modifications are expressed in the actual form of the (lacunary) averaged
Walsh—Carleson operator C Lnév}j and part of the intermediate estimates provided in the last
two sections.

To complete our antithesis and thus fully address Observation 1.8, it remains to dis-
cuss why

e Theorem 1.4 holds for C1ili;
e Theorem 1.4 does not hold for C{an b (and for the corresponding (12.39)
Lacey-Thiele discretized Carleson model).

We start our analysis with an easy but important observation on the behavior of Ci}i
versus its discretized model(s):

Theorem 1.4 states that for any lacunary {n;}; C N we can find a sequence { fi}x C
L'(T) such that (1.9) and (1.10) hold and for some absolute constant C > 0,

”C{nj}‘j (fk)”Ll,OO = C”fk”LloglongoglogloglogL~ (12.40)

(Notice that Theorem 1.4 is proved as a consequence of the proof of Main Theorem 1 and
of the first item in Section 13.)
Now in view of (12.37), we know that (12.40) can be rewritten as

1 1 1
[ [ [ ey ananay
0o JOo JO

‘We now present

= C/”fk”LloglongoglogloglogL- (12.41)
1,00

sup
J

47 1In the initial version of this paper, the corollary addressing the Walsh—Carleson model (labeled

then as Corollary 3) was stated incorrectly. We thank Michael Lacey and the referee for point-
ing this out. The subtle difficulties arising from the discretization of the Walsh—Carleson operator
are now discussed in great detail in the present section with the corresponding implications being
summarized in Observation 1.8.
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Observation 12.5. While (12.41) holds, it is possible to find triples (y, A, u) for which
the corresponding un-averaged relation does not hold. In fact, there exist triples (y, A, 1)
and ¢ > 0 such that for any f € L'(T) one has

[sup 1€, = el luicn, (12.42)

Indeed, pick {n; = 273 jeN and take a closer look at the discrete operators {C £ (0.0 JjeN.
Given definitions (12.13) and (12.18) we deduce that

UM = Y (b)) Ko, D). (12.43)

v,0,0,+
PeIP’H_]

This is a single scale operator, and we immediately deduce that for any f € L'(T),

sup ICXOP (P S Mf), (12.44)

and hence
~(v,0,0
[sw 15 I, S 1A, (12.45)
j El

explaining Observation 12.5.
Exactly the same argument can be carried out for the Walsh operator, giving

2/
suplcy (OI], S IMF oo SISy (12.46)
; ,

Observation 12.6. Thus, we have identified a first reason of why Theorem 1.4 does not

hold for C{W"j i, relying on (12.1)(I), we find that the discrete nature of the Walsh oper-
ator makes possible a “boundary effect” where a specific choice of {n;}; interacts with
the choice of the dyadic grid in the decomposition of the operator, allowing a single
scale behavior at the frequencies defined by the sequence. In this way, the key geometric

configurations of tiles defined by a CME cannot be present in the time-frequency decom-

position of Cy; tnsl; since this structure requires a superposition of multiple scales*® at each

frequency deﬁned by—possibly a subsequence of—our lacunary sequence.

One can now ask the following natural

Question: Is it true that the only way in which the Walsh analogue of (12.40) can fail is

when the time-frequency decomposition of C {an Ji lacks CME structures?

Answer: No!

48 The number of such scales must tend to infinity as the parameter & in (12.41) goes to infinity.
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Indeed, one can easily check that shifting the previous dyadic sequence, that is, defining
nj :=2/ —1(j € N), one has:

{2/ -1y

e the operator Cy, maps L' into L1,

i1y, 12.47
e the time-frequency decomposition of C i‘%j i does admit CME ( )

structures.

To understand the general framework that allows the above answer (as well as the un-
derlying mechanism behind the example provided by (12.47)) we need to elaborate on a
subtle element that plays a key role in the proof of Main Theorem 1 and Theorem 1.4.
Preserving the usual notation and in particular identifying C}% with the opera-
tor T used in the proof of Main Theorem 1, suppose we have constructed our CME

F = U;C:k /241 Fj with Fj = ;Ozglk ]-"]l . When next constructing the corresponding sets
{F; }j?:k /241 there are two important properties that we want each set F; to fulfill:

e foreach P € F;j the function Re(XF_/. T3 (x0,11)) is positive;

o foreach P € ! one has |15 N F;|/|Ip| ~ |Ip N Fy|/|Ip| ~ 2'| Fj]. (12.48)

Decompose now .7-'11 = Um .7-'jlm into maximal USGTF’s. Next, fix an .7-'jlm and choose
ae a(]—'; *™); denote by ]—']l " (a) all the tiles P € .F]l ™ that live at frequency a. Recall that
.7:;’m[n] stands for those tiles P € f”’” having A(P) = Ag(P) = 27" withn e {2/~ +
loglogk, 2/}. Set now ]-' "nl(a) == F"[n]N }'l " (a). From our CME construction,
]-'jl’m [n](a) has precisely one element; moreover, denotrng by Pj (a) the unique element
in .7-';”"(5;) with [le,m(a) € IBtm(.F;) one has

E(P)=E(P;"(@) VP eF"@. (12.49)

As a consequence of (12.48), if P € }“;’m[n](a) then

Re( / xlw,.(x)T;(x[o,l,)(x)dx) ~ / X COITE o 1) ()] dx

[E(P)] 240
[1p|

It is now the moment to include the above relation into the following

~ |15 N Fj| 2IF|E(PI™(@)].  (1250)

Observation 12.7. The proof of our Theorem 1.4 involving the operator T ~ C}i

relies crucially on the fact that for each P € .7-" ™ (a) the quantity Re( f XF; T* (X[0,17)) has

the same sign and approximate size given by 21 |Fj||E (Pl " (@))|, a quantity independent

(at least for our construction of USGTF’s) of the scale and of the mass of the tile P.
Hence one immediately deduces that

/XF T5 (X, 11)’ ~2’21|F||E(le(a))| (12.51)
]_-Im
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The analogue of (12.51) for the Walsh case would read

Yo s WR)X01WaWR X g pl () X, (@)
ReR !

1,m .
RyeF;" @) m2/21|Fj||E(le’m(a))|. (12.52)

However, the above relation does not hold for arbitrary values of a € N.
Indeed, taking {n, := 2" — 1},ey and a = ap = 2" — 1 (for some large r € N), we
appeal to (12.6)—(12.8) and (12.12) to deduce that

‘ Z (XFJ s le) (X[O,l]wao WR;, XE(P.I’m(aQ))>XwRu (ao)
RER !
Ru€F}" (ao)

= |<Wd0(XF,) -W 22}*1+1og10gk(XF_‘j)a X[O,]]wa()XE(le-m(ao))H

ap—

sup ]IP XF;

> |E(PI™ (ao))| S 2'1Fj| |E(P}™ (ag))]. (12.53)
PeF."
J

A

This contradicts (12.51) for large enough j € N.

By simple modifications of (12.12), one can see that (12.53) continues to hold for
many other choices of (frequencies within) lacunary sequences {n,}, that have some suit-
able dyadic structure. Some examples are given by {n, = 2" + m},cn (Withm € N
fixed) or more generally any lacunary sequence {n,},<n having the property that there
exists p € N such that for any r € N the dyadic expansion of n, has at most p non-zero
terms.** All these examples have the property that

clr maps L' into L%, (12.54)
which has been known for some time (see e.g. [20]). Indeed, based on an interesting
observation of Konyagin [20], one can find many other (classes of) sequences {n;}; for
which C‘{;j i maps L' to L1 boundedly. Exactly because of this peculiar behavior, in

his ICM address, Konyagin posed the following

Open Problem (OP 1) ([22]). Find a necessary and sufficient condition on a sequence
{nj}; € N for which the associated Walsh—Carleson operator

CYY maps L' to L. (12.55)

In view of the second item in (12.39) and of the discussion following it, it is natural to ask
if (12.55) can only hold for rather “exceptional” (lacunary) sequences as a manifestation
of a “boundary effect” due to the special algebraic and dyadic/discrete structures of the
Walsh system. In this context, we raise the following

49 Of course, in this latter case the constant appearing in the second to last inequality of (12.53)
depends on p.
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Open Problem (OP II). Decide if the Walsh analogue of Main Theorem 1 holds, that is,

ifitis true that in (1.11), Cl{:g}j can be replaced by C‘{;j}j,

However, due to the dichotomy (12.52)—(12.53), we now better understand what type
of obstacles we encounter when dealing with Open Problems I and II. For example, a
reasonable strategy in approaching OP II relies on the following

Observation 12.8. In order for Main Theorem 1 to hold in the Walsh case (or equiv-
alently, for our Open Problem II to be affirmatively decided) one needs to search for
lacunary sequences {n,}, for which

o there is a CME structure compatible with the time-frequency discretization of C {4’,”}*;
e once we identify a CME, relation (12.52) must be satisfied.

Turning to the Fourier case, we continue with the following

Observation 12.9. Notice the following antithesis:

e It is possible to use a single (time-frequency) dyadic grid to decompose the Carleson
operator. Indeed, (proceeding as in Section 3) one can write, for a generic operator
C"¥  the following equality:

lac

cirr = 3" cp. (12.56)
PeP

The key fact is that in this case Cp are not projection operators of rank one, but convo-
lution operators of the form imposed by (3.3). Due to this specific form, once we fix a
certain frequency N (x) = a, all the adjoint operators C}, with a € wp will oscillate at
the same frequency.

e In contrast, one can use a decomposition of the Carleson operator involving infinitely
many time-frequency “dyadic” grids. In the latter case, in the sense described in
(12.34)—(12.37) one has

1 1 1
Cf(x)%/o /0 /0 CR? o)y drdpdy (12.57)
with
oMW = 3" Cpe, (12.58)
PePy i+

where the Cp ¢ are rank one projection operators defined by

CP,Ef = <f’ ¢P[>¢P/ (x)prM (S) (1259)

Notice that unlike the previous case, if we now fix the frequency N (x) = a, the adjoint
operators {C} .} pcpy.ru+ Will oscillate at pairwise distinct frequencies.
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Now the entire proof of our Main Theorem 1, including the construction of a CME, is
realised using a single dyadic time-frequency grid corresponding to the family of tiles P ~
P0-0-0-+ and involving decomposition (12.56) as described in the first item above. Taking
now such a CME F and using the standard notation as before, assume that max{|/p| |
P e f}’m(a)} =270 and min{|Ip| | P € ]—'}’m(a)} = 271 Then, following the same
approach and in the same spirit as in (12.34)—(12.37) we obtain

ml
> cp<xF)<x)~ff/ (xF;+ &p)

lm m=m yA/L-*-
]:j Pe Pm

X BB (X)X p ph ) D)€ Xoop, (@) dddpdy.  (12.60)
J
Notice that while the RHS of (12.52) corresponds in the Fourier setting to

Z <XF/"¢PI><¢PI (')e—ZJTl'a-’ XE(le(a))()X[O,]]())XQ)PM (a)v (1261)
Pep0.0+ J
PEF!" (a)

after the averaging process we get, using (12.60) and (12.51),

> /CP(XF)X[OI]N/// (xF;» &p)

P]_—lm m= mOPPyA/L-%—

m

X (pp (e Fria, XE P @y D X10.11()) Xoop, (@) drdpdy
J
~ 22| [E(P" @)]. (12.62)
Thus we can now conclude with the following

Observation 12.10. We now understand the second reason why Theorem 1.4 does not

hold for C{ il : while necessary, the existence®® of CME structures is not sufficient for
the Walsh analogue of (12.40). This is due to the combined effect of two facts:

e The CME structure has different frequency implications in the Fourier (‘“continu-
ous”) case and in the Walsh (“discrete”) case. Indeed, as hinted at in Observation

12.9, in the first case, all the operators {C}} Pe ]_-1 "4 oscillate at the same fre-

quency a. In the second case, the operators {Wy} R, ]_.1 m deﬁned by Wrf(x) :=

(fs WRDWR, (%) Xwp, IN(x)=a will oscillate at pairwise dlstmct frequencies. The latter
property is not due to the particular (algebraic) structure of the Walsh wave-packets,
but is due to the geometry of the tile discretization: if R is any family of bitiles with
the property that there exists € R such that R € R implies a € R, then any two
tiles within the family {R;},_5 are pairwise disjoint.

50" Relative to the time- frequency decomposition of Cy, tn; }’
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e Based on the algebraic properties of the Walsh wave packets (such as (12.7)—(12.12))
one can find counterexamples to the Walsh analogue of (12.51). However, as described
in Observation 12.7, relation (12.51) is of key importance in the proof of Theorem 1.4.

Finally, we notice that taking averages over discrete models makes the pointwise behavior
of the lacunary Carleson operator C "/} independent of the structure of the lacunary
sequence {n;};.

13. Final remarks

1) We start with a discussion of Theorem 1.4. We will briefly present the relevant modi-
fications in the proof of Main Theorem 1 that are required in order to deal with a general
lacunary sequence. The key observation is that the mechanism involved in constructing
the CME F is independent of the specific choice of the lacunary sequence, and the only
thlng that depends on {n;}; s and hence needs special care, is the construction of the sets
{F; J i=k/2 +1 ! Indeed, it is natural to expect that the structure of the frequencies plays
a role in the corresponding structure of the sets. In the case of a perfectly dyadic se-
quence, once we constructed the multi-tower F = U;f:k /2+1 ) and decomposed each

Fi = }‘flk ]-"j[ and then each tower ]-'jl into maximal USGTF’s | J,, ]-'jl,’m, taking for

simplicity j = k, we could arrange for (8.12) to hold for each I € IBtm(F, ing) and thus
in turn we were able to construct Fy to obey (8.18). This further implied that

forany I € IBtm(}',lng) the set I N Fy

13.1
has a fractal structure (Cantor set) of the same size. ( )

For an arbitrary lacunary sequence {n;}; we no longer aim at preserving the exact
form of (13.1). Instead, we seek for a good approximation of (13.1), meaning that we
want the sets I N Fj to have fractal structure with “almost” the same (relative) size as
ranges through IBtm(F, ng) The precise meaning of the above heuristic is explained in
what follows:

Let {n;}; be our favorite choice for a lacunary sequence. Fix as before k = 22" for
some large K € N. We want to construct the sets { F; };?:k /241 such that the function

k
—————————XF;
:kZl|F|10glo ; /

obeys (1.11).

nilj . . . .
Now since Clacj ’ is a maximal operator and we are interested in a lower bound for

its L1-> norm, we can always restrict our attention to any subsequence of the initial {n;};.

— k
Taking K := 22* and possibly passing to a subsequence, we can assume thatn; > 1 and

nigi/ng>28 vjeN. (13.2)

51 This should be integrated in the line of thought supporting Observation 7.3.
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We now adapt (4.4) to our new context by requiring
Image(N) C {nk+m}m€{0,logk22k’1}' (13.3)

With this done, we follow line by line the construction of our CME F := Uf:k 24171

in Section 7 with the only trivial change regarding the frequency locations of our tiles in
k

each USGTF: whenever we see a frequency o (P) = 2222 + 100m, we replace it with the
corresponding analogue a(P) =ng ..

Having constructed our CME we now adapt the construction of the sets {Fj}f:k /241
in Section 8.1 to the new setting. For simplicity and space constraints we only focus on
the case j = k. As in Section 8.1, we fix [ € IBtm(]-',ing) and define S[I, }"kl] and
Z/{fk] [/](a) exactly as in (8.8)—(8.11).

Note that (8.12) ceases to remain true; however, based on the fact that for any P € F
(in particular Ag(P) < 1/2) one has |Ip| > 22 and hence 1/n; < |I| for any j > K,
we deduce that
e foralla € a(Fy),

1 1 1 1
<5_ﬁ>|” < Up (@) < (EJFﬁ)'”; (13.4)

o foralla,b € a(F}) witha < b,

1 1 1 1
(5 — ﬁ)mfg (@) < Uz @) N Uz ]B)] < (5 + ﬁ)lu}'k‘ [I1(@)].
(13.5)

Notice now that (13.5) becomes a very good approximation of (8.12).

Following Section 8.1, we require that the set F; obeys in a first instance (8.13) and
then the more general (8.14). In fact, we can now slightly simplify the initial dyadic
scenario and directly define F} as the set obeying:

o [} = UIeIBtm(f,ing) 1N Fy;
log k

o INF :=()2 maea(]—‘,ﬁ) U}—i[l](a)-
Making essential use of (13.4) and (13.5) we then get the analogue of (8.20):
I BN AoV - S B B
- — <—<\|z+—= , (13.6)
2 2K)2 |1] 2 2K)2
which from the choice of K further implies that
1 1 [ N Fyl 1
1_ 1. <e——. (13.7)
e plogk22"~! |1] 2logk 221

In particular, since |iBtm(]-",l<°gk)| ~ 2 logk — 1 /k, we get

1 ‘.
| Fy| ~ ET“"D’“Z : (13.8)
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Notice now that from the above construction one gets another key property that our
set Fj must satisfy:

lIp N Fel/lIp| ~2'|Fy| Vle(l,... logk}andVP € F}. (13.9)

The above process can be repeated with the obvious changes for a general j € {k/2+1, k}
and in this situation (13.7)—(13.9) become respectively

11 11N Fj| 1
< <

- _ . 13.10

e glogk2¥ -1 — |I| T ezlongN*I ( )
1 j_

|Fj| ~ Ez‘l‘)g“z/ g (13.11)

\Ip N Fj|/lIp| ~2'|Fj| VIe({l,... logk}andVP € F,. (13.12)

Thus at the end of this process one is able to construct the desired sequence of
sets {F; }j k241"

Finally, based again on the properties (13.2), (13.4) and (13.5) one can easily check
that the fundamental Claim in Section 8.3, more precisely (8.24), holds.

With this done, the reasonings in Sections 9 and 10 can be repeated, concluding the
proof of Theorem 1.4.

2) Recalling the description of the CME F = Uk_k /241 Fj (see Section 7), this remark
seeks to explain why we chose the helght of each tower .7-" to be of the order log k. As
one can notice, writing F; = (J/L, ]—" a first impulse would be to aim for a height m
as large as possible (e.g. m = (logk)? ) hoping that this would increase the lower bound
of the L1'®° norm of Cjyc fr. However, in the view of the discussion in Section 6, we
immediately notice that this is not the case. Indeed, based on (6.10), (6.11) and (6.14) and
on the fact that

N; =m} C Basis(F") C N; > m/2}, (13.13)

we notice that there exists an absolute constant ¢ > 0O such thatif m > Clogk with C > 0
an absolute constant large enough then

k
Y [Basis(F)| < ke™™" = o(k), (13.14)
j=k/2+1

and thus U}(:k /241 Basis(}"j’”) becomes an “exceptional” (removable) set that conse-
quently has a negligible impact on the size of ||Ciac fk||1,00- From this, one further no-
tices the strong connection between the tile structure maximizing || Ciac fx|l1,00 and the
one corresponding to the maximal size of || A/ 1,00

3) Corollaries 1.6, 1.7, 1.10 and 1.11 are straightforward applications of the first part of
Main Theorem 2.

4) For Corollary 1.13, preserving the notation in Section 7, one simply takes P* := ]-"kl
and f = xp,. We leave further details to the interested reader.
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5) Our entire paper relies on a completely new idea revealing the deep relationship be-
tween the behavior of the grand maximal counting function and the pointwise conver-
gence of Fourier series near L. This is the first result in the literature regarding this topic
that provides a counterexample using multiscale analysis of wave-packets. All the pre-
vious counterexamples focused on identifying and working directly with input functions
and on involved computations with local pointwise estimates of (sub)sequences of par-
tial Fourier sums applied to such input functions. In our case, we change the point of
view, by first designing a geometric construction of tiles that encode both the nature of
the lacunary sequence (reflected in their frequencies) and the extremizer property relative
to the L'"* norm of the grand maximal counting function. The input functions are now
naturally obtained as a direct byproduct of this construction, relying on the alignment of
the oscillations requirement.

Thus, the entire paper is not about a technical loglogloglog L factor addition but is
about a conceptual advancement that identifies a structural mechanism in approaching
the problem of pointwise convergence of Fourier series near L.

14. Appendix

In this section we review some of the basic facts concerning rearrangement invariant
(quasi-)Banach spaces. We follow closely the description in [7] which further relies
on [4].

Denote by L%(T) the topological linear space of all periodic Lebesgue-measurable
functions equipped with the topology of convergence in measure. Given f € LO(T), we
define its distribution function as

mgA) :=m({x € T ||f(x)] > A}), (14.1)

where m stands for the Lebesgue measure on T.
The decreasing rearrangement of f is defined as

fr@):=inf{A >0 |mpr) <1}, t>0. (14.2)

All the quasi-Banach spaces X mentioned in our paper are considered as subspaces
of LO(T).
We say that X is a (quasi-)Banach lattice if the following properties are satisfied:

— there exists h € X with 4 > 0 a.e.;
— if |f| <|glae. withg € X and f € LO(T) then || fl|x < llgllx.

A (quasi-)Banach lattice (X, || - ||x) is called a rearrangement invariant (quasi-)Banach
space if given f € X and g € LO(T) with my =mgonehas g € Xand || fllx = lIgllx.

If X is ar.i. (quasi-)Banach space and x4 stands for the characteristic functions of a
measurable set A C T, then the function

ex (@) = lixallx  with m(A) =1 € [0, 1] (14.3)

is called the fundamental function of X.
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In what follows we introduce two classes of r.i. Banach spaces: the Marcinkiewicz
and the Lorentz spaces.
We say that ¢ : T — R, is a quasi-concave function if:

— @(0) =0and ¢(t) > Oforall ¢ € (0, 1);
— the functions ¢(¢) and ¢, () = t/¢(t) are non-decreasing on T.

It is worth noticing that, for our purposes here, we can always replace a quasi-concave
function ¢ with its least concave majorant ¢, since ¢ (1) < 2¢p(t) < 2¢(t) forallr € T.
The Marcinkiewicz space M, is the r.i. Banach space of all f € LO(T) such that

I fllm, == sup

t
L'/‘ fH(s)ds < oo. (14.4)
re0,11 (1) Jo

Defining a Lorentz space always requires first defining a function ¢ : T — [0, c0)
with the following properties:

o ¢(0)=0;
e ¢ is non-decreasing; (14.5)
e ¢ is concave.

With ¢ as above, we define the Lorentz space A, as the r.i. Banach space of all the
functions f € LO(T) such that

1
I/, ::/o fr(s)do(s) < oo. (14.6)

Finally, we close with the following observation: if X is a r.i. Banach space with funda-
mental function ¢, then

e (¢ is quasi-concave;
o the following continuous inclusion holds:

A —> X — M,,. (14.7)
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