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Abstract. We consider the questions of efficient mixing and un-mixing by incompressible flows
that satisfy periodic, no-flow, or no-slip boundary conditions on a square. Under the uniform-in-
time constraint |Vu(-, #)[, < 1 we show that any function can be mixed to scale ¢ in time
O(loge|'*7), with v, = 0 for p < (3++/5)/2 and vy < 1/3 for p > (3 +~/5)/2. Known
lower bounds show that this rate is optimal for p € (1, 3+ V3) /2). We also show that any set
that is mixed to scale ¢ but not much more can be un-mixed to a rectangle of the same area (up to
a small error) in time 0(|10g8|2_1/p). Both results hold with scale-independent finite times if the
constraint on the flow is changed to [lu(-, 7)|lys,, < 1 with some s < 1. The constants in all our
results are independent of the mixed functions and sets.
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1. Introduction and main results

Mixing of substances by flows and processes involving it are ubiquitous in nature. In the
absence of diffusion, or when diffusion acts at time scales much longer than the flow and
thus can be neglected in short and medium terms, the basic model for mixing of passive
scalars (i.e., with no feedback of the mixed substance on the mixing flow) is the transport
equation

pr+u-Vp=0, (1.1)

with initial condition p(-,0) = pp. Here p : O x R™ — R is the mixed scalar (e.g.,
density of particles of a substance in a liquid), with Q € R? the physical domain, and
po : O — R, whileu : 0 x Rt - R? is the mixing flow. Of particular interest
in real-world applications are incompressible flows (with V - u = 0) and questions of
their mixing efficiency. A natural (and central) problem in this direction is how well a
given initial density pp can be mixed by incompressible flows satisfying some physically
relevant quantitative constraints.
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For the sake of transparency, we will consider here the case of a square Q = (0, 1)?
C R?, with either the no-flow boundary condition u - n = 0 on 3Q x R* (where n is
the unit outer normal to Q), or the no-slip boundary condition u = 0 on 3Q x RT,
or the periodic boundary condition p(0,r,t) = p(l,r,t) and p(r,0,t) = p(, 1,1)
for all (r,1) € (0,1) x RT (when Q becomes the torus T?). We will also assume that
00 € L(Q) (s0 |lp(-, )lloo = llpolleo for each t > 0) and pg is mean-zero on Q (i.e.,
/, 0 PO dx dy = 0). Obviously, the latter is not essential since changing oo by a constant
only changes p by the same constant.

To quantify the mixing efficiency of flows, one needs to define a suitable measure
of mixing (see, e.g., the review [20]). While in the case of diffusive mixing this may be
done in terms of global quantities, such as the decay of L? norms of (a mean-zero) p in
time [6, 10, 18,21], solutions of (1.1) have a constant-in-time distribution function, so we
need to look at small scale variations of p instead. In the present paper we will consider
the following natural definition, in which f W fdxdy = |A]~! [ 4 f dxdy is the average
of the function f over a set A.

Definition 1.1. Let f € L°°(Q) be mean-zero on Q and let k, ¢ € (0, 1/2]. We say that
f is k-mixed to scale ¢ if for each (xg, yo) € O,

][ S, y)dxdy| <kl flloo-
Be (x0,y0)NQ

If now pg € L>(Q) is mean-zero, we say that an incompressible flow u : 0 x RT — R?
Kk-mixes pg to scale ¢ in time T if p(-, T) is k-mixed to scale &, where p solves (1.1) with
p (-, 0) = po.

Remark. Another natural definition of mixing that has been used recently is in terms of
the H~! norm [1,11-13, 17] of f. (Other H~* norms [14] or the Wasserstein distance
of fy and f_ [3,16,17,19] have also been used.) In this case there is no « and the mixing
scaleis givenby || fll g-1 1l f ||gol. ‘We discuss the relation of this definition to Definition 1.1
and our main results after Corollary 1.5 below.

The motivation for Definition 1.1 comes from a paper by Bressan [4], whose definition is a
special case of ours. He considered the case Q = T? (i.e., periodic boundary conditions),
k =1/3,and po = x(0,1/2)x(0,1) = X(1/2,1)x(0,1)» and conjectured that if an incompressible
flow u 1/3-mixes pg to some scale ¢ € (0, 1/2] in time t, then

T
/ [Vu(-, )1 dt = Clloge|
0

(with some e-independent C < o00). Equivalently (after an appropriate change of the time
variable, as in the proof of Theorems 1.2—1.4 below), one conjectures that there is C < oo
such that if an incompressible flow u satisfies
sup [[Vu(-, )l <1 (1.2)
t>0
and 1/3-mixes pg to some scale ¢ € (0, 1/2] in time 7, then 7 > C|log¢|. One should
think of ||Vu(-, #)||1 as an instantaneous cost of the mixing at time ¢, and as we note in
Remark 2 after Corollary 1.5 below, the critical order of derivatives of u here is indeed 1.
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The above rearrangement cost conjecture of Bressan [4,5] remains an intriguing open
problem. However, its generalized version, with any ¥ > 0 and (1.2) replaced by

sup [|[Vu(-, t)ll, =1 (1.3)
t>0
for some p > 1 (for p = 2 this is the bounded enstrophy case), was proved for any
p > 1 by Crippa and De Lellis [7]. Due to a relationship between mixing in the sense of
Definition 1.1 and in terms of the H~! norm, discussed after Corollary 1.5, this can be
extended to the same result for mixing in the latter sense [11, 17].

Mixing for general functions. Our first goal here is to study the complementary ques-
tion of how efficient mixing by incompressible flows actually can be, that is, obtaining
upper bounds on best possible mixing times by flows satisfying (1.3). We do so by con-
structing very efficient mixing flows for general mean-zero functions po € L*°(Q) and
any ¥ > 0, with any of the three types of boundary conditions. Our main mixing results
have pg-independent bounds and are as follows.

Theorem 1.2. Consider incompressible flows u : Q x Rt — R? satisfying (1.3) for
some p € [1, oo] and the no-flow boundary condition on d Q x R™. For each p € [1, 00,
there is C,, < oo such that for any mean-zero py € L (Q) the following holds.

(1) If p € [1, 3+ +/5)/2), then there is u as above that, for any k, € € (0, 1/2], k-mixes
po to scale ¢ in time Cp|log(ke)l.

Q) If p = 3+ +/5)/2 (= golden ratio + 1), then for any k € (0, 1/2] there is u as

above that k-mixes pg to any scale ¢ € (0, 1/2] in time C)|log(ké¢)| |log llog,((—”)wl/‘".

) If p € (B++/5)/2,00] and v, = p;;;le (so v, < 1/3, and voo = 1/3),
then for any k, e € (0, 1/2] there is u as above that k-mixes pg to scale € in time
C,,K_”Pllog(lcs)|l+”1’. The flow u can be made independent of ¢ if we only require

that it k-mixes pg to scale ¢ in time Cpk "7 [log(ke)| ' log [log(ke)|.

Theorem 1.3. Theorem 1.2 continues to hold when the no-flow boundary condition is
replaced by the periodic boundary condition.

Theorem 1.4. Theorem 1.2 continues to hold when the no-flow boundary condition is
replaced by the no-slip boundary condition, with the following changes. For p < 0o, the
term C pkle/ P is added to each mixing time (so, in particular, u in (1) also depends
on k). For p = oo, the mixing times are changed to CpK_l [log(ke)|? for e-dependent
flows and CpK_l llog(ke)|?(log [log(ke)|)? for e-independent flows.

Remarks. 1. Of particular interest is the e-dependence of the mixing times, for a fixed
k > 0[4,5,7]. Due to the above-mentioned result from [7], our O(|log¢|) upper bound
on the shortest mixing time is exact for p € (1, 3 + NG) /2). We do not know whether
our bound for p > 3+ +/3)/2 is optimal for general pg, or whether the value p =
3+ \/3) /2 is indeed critical here.

2. Since the flow in Theorems 1.2(1) and 1.3(1) is independent of both ¢ and «, taking
k = ¢ yields e-mixing in time O(|loge|) for each ¢. In the special case of periodic
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boundary conditions, initial value po = x(0,1/2)x(0,1) — X(1/2,1)x(0,1), and (1.3) replaced
by sup,.g lu(-, )|l gy < 1, an O(|log ¢]) upper bound was previously obtained in [5, 13].

3. The jump in the power of |log(ke)| at p = oo in Theorem 1.4 is due to the no-slip
condition having an exponentially decreasing effect (at the rate 27"/7) for p < oo as our
flow acquires progressively smaller scales (of size 27", with n < [log(k¢)|). This is then
controlled by other terms in the relevant estimates. For p = oo this effect stays large at
all scales and becomes the dominant term. The details are in the proofs of Theorems 5.4
and 5.3.

4. It is easy to see that if pg is supported away from 9 Q, then the bounds from Theo-
rem 1.2 also hold in Theorem 1.4, albeit with C), also depending on dist(supp po, 0 Q).

Proofs. Theorem 1.2 is equivalent to Theorems 3.4, 4.5, and 4.6 combined; Theorem 1.3
is equivalent to Theorem 5.1; and Theorem 1.4 is equivalent to Theorems 5.2, 5.3, and 5.4
combined. The equivalences are obtained by noticing that if J(¢) := fot IVu(, s)lpds,
then the solution p of (1.1) with the flow (-, J(¢)) := || Vu(., t)||;1u(~, t) (and p(-, 0) =
po) satisfies p(-, J(¢)) = p(-, ). m]

Remark. The flows in this paper will all be piecewise constant (and hence discontin-
uous) in time (including the rescaled flow in the above proof). However, continuity or
smoothness in time is easily obtained by a change of the time variable on each in-
terval on which the flow is constant. For instance, if u(-,t) = uqg(-) for t € [to, t1],
we may take u(-, 1) := a(t)ug(-) for t € [t9,#1] and some ¢ € CX([tp, t1]) with

ftgl a(t)dt =t — tp. Indeed, if p solves (1.1) with & in place of u and p (-, 0) = p(-, 0),

then 5(-, 1) = p(-, 1o + f,;a(s)ds) for all ¢ € [19, 11].

A natural question is what happens if |Vu(-, ¢)||, is replaced by |[u(-, t) || s, in (1.3). The
flows we construct throughout this paper have a “self-similar” nature—they are “turbu-
lent” at an exponentially decreasing sequence of scales as time progresses—which allows
us to answer this question rather easily. Let us consider the family of squares (cells)

RS joj+1
=\ )\ 2

withn > Oand i, j € {0,...,2" — 1}. (Note that {erij}l'z”;_zo tile Q for each fixed n.)
Let us also consider only the e-independent flows from Theorems 1.2—1.4, before the
rescaling from the above proof, that is, as in the proofs of the theorems mentioned there.
Those proofs show that for each such flow u and each n > 0 the map u|(,,,+1] keeps all
the Q,;; invariant (“self-similarity”) and for some C;, < oo we have either

sup IVu(.0ll, <Cp and  sup u, )l < Cp27"
te(n,n+1] te(n,n+1]

in Theorems 1.2(1) and 1.3(1), or the same with extra factors « ~'n(logn)? on the right-
hand sides in the other cases (these latter worst case bounds are achieved for p = oo in
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Theorem 1.4). The interpolation inequality [|u]|yis,p/s < ngp||Vu||§,||u||<1>gs fors € [0, 1]
(see, e.g., [15, p. 536]) now yields either

sup ”u(‘7 t)”WS,p/s S C;,pz_(l_s‘)n
te(n,n+1]

in Theorems 1.2(1) and 1.3(1), or the same with an extra factor k ~'n(logn)? on the
right-hand side in the other cases. Then the rescaling in time from the above proof (but
corresponding to the W*P/S norm) provides a flow that is uniformly bounded in time
in WP/5(Q) and k-mixes po to scale 0 in finite time T (in the sense that for each ¢ > 0
there is T, < t such that p(-, t) is k-mixed to scale ¢ for each ¢ € (z, t)). This yields the
following.

Corollary 1.5. Consider incompressible flows u : Q x (0, t) — R satisfying

sup Ju (-, Dllyps.p <1
te(0,7)

for some p € [1,00] and s € [0, 1), any one of the three boundary conditions above on
0 x R, and also Supse(o,r—s) I V(- )llmax(sp,1y < 00 for each § > 0.

(1) Ifs < 3+ +/5)/(2p) and the boundary condition is no-flow or periodic, then there
is Ts,p < 00 such that for any mean-zero py € L°°(Q) there is u as above with
T 1= Ty p that, for any k € (0, 1/2], k-mixes po to scale O in time Ty p.

() If either s > (3 4 ~/5)/(2p) or the boundary condition is no-slip, then for any k €
(0, 1/2] there is t5,p < 00 such that for any mean-zero py € L*°(Q) there is u as
above with t := 1 p , that k-mixes po to scale O in time T p .

Remarks. 1. One can use the above argument to also show algebraic-in-¢ time of k-mix-
ing of pg for s > 1, but one needs to adjust our flows appropriately near the boundaries of
the Q,;; to make them belong to W$P(Q) in this case. We leave the details to the reader.
2. The above suggests that 1 is indeed the critical order of derivatives of u in (1.3).
3. Itis not difficult to show that this result, and the fact that u|, ,1] before the above
rescaling keeps all the Q,,;; invariant, show that p weak-* converges in L>°(Q) to 0 in (1)
and to a function with values in [—«, k] in (2) ast — 7.

As mentioned in the remark after Definition 1.1, another measure of the mixing scale of
amean-zero f € L®(Q) is || fll -1 ||f||gol. One can easily check that f being x-mixed
to scale & implies that the mix-norm of f [14] is bounded above by Cv/& + «2 || f oo
for some C < oo [14, (8)—(10)]. Hence from the equivalence between the mix-norm and
the H~'/? norm [14, Corollary 2.1] one immediately has || f|l gz < Cve 4+ «2 | flloo
foralls > 1/2.

On the other hand, Lemma A.1 shows that || f||y-1 < ck®/?&?|| flloo (With some
¢ > 0) implies that f is x-mixed to scale ¢. This, combined with the result from [7], im-
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mediately shows that there is ¢, > O such thatif po = x(0,1/2)x(0,1) — X(1/2,1)x(0,1) and an
incompressible flow u satisfies (1.3) for some p € (1, o], then || p(-, T)| -1 < €llpolloc
implies T > cp|loge| (this is also proved in [11, 17]). One may again ask whether this
O (]log €]) bound is achievable.

Parts (1) of Theorems 1.2-1.4 (and || |l z-1 < Ci/e || flloo above when k = &)
show that there indeed is C, < oo such that for any mean-zero pp € L°°(Q) there
is an incompressible flow u satisfying (1.3) which yields [[o(:, T)||[z-1 < €llpolleo for
some T < Cpllogel|, albeit only for p € [1,(3+ \/3)/2) in the case of no-flow and
periodic boundary conditions (which includes the uniformly bounded enstrophy case,
(1.3) with p = 2), and for p = 1 in the case of no-slip boundary conditions. (This
obviously also yields a corresponding extension of Corollary 1.5.) The difference is that
for these p we achieve “perfect” mixing, with |, Ouij p(x,y,t)dxdy = 0forany t > n
and i, j € {0,...,2" — 1}, so k plays a less prominent role in the resulting bounds. We
are not able to do this in the other cases and, ironically, it turns out that the enemy to this
effort is the possibility of p(-, n) being very well mixed inside some Q;; (but not near
its boundary). Unfortunately, we cannot discard this possibility for general py.

A few days before we finished writing the present paper, Alberti, Crippa, and Maz-
zucato [1] announced that in the case of periodic boundary conditions they are able to
construct solutions satisfying the above O(|loge|) bound Gi.e., |[o(-, T) || g-1 < €llpollocc
with T < C,|loge]) for any p € [1, oo]. Their method has a more geometric flavor than
ours, but is also centered around flows with a “self-similar” structure, and they are able to
obtain a better control on p(-, n) inside the cells Q,;;. At the same time, this result only
involves some special solutions and does not apply to general initial conditions. A pa-
per with the proofs of the announced results appeared when the present paper was in
press [2].

Un-mixing for general sets. Our second goal, closely related to the first, concerns the
question of efficient un-mixing by incompressible flows. Here it is natural to consider
(measurable) sets A € Q and ask how efficiently they can be transported by incompress-
ible flows close to their un-mixed states A := (0, |A]) x (0, 1), or equivalently (after
time-reversal), how efficiently the rectangle A can be transported close to a desired set A
of the same measure, instead of just being mixed. Hence, this is a more delicate question
than that of mixing, albeit restricted to initial data which are characteristic functions of
sets. We are not aware of previous work in this direction. The somewhat related but quite
different phenomenon of coarsening has been studied before (e.g., in [3, 16, 19]).

Obviously, the time of un-mixing, given the constraint (1.3), will depend on the
scale to which A is mixed. By this we mean the scale ¢ = 27" such that most of the
squares Qy;; are each mostly contained in A or in Q \ A. Since this scale is given, it
makes little sense to ask whether the flows we construct can be e-independent. We will
therefore drop (1.3), require the un-mixing to happen in time 1, and try to minimize
sup,e(o,1) IIVu(-, )|l instead. This is an equivalent question, due to rescaling in time,
and will allow our flows to be p-independent.

Our main un-mixing result, illustrated in Figure 1, is now as follows (with the no-slip
boundary condition, so the other two hold as well).



Mixing and un-mixing by incompressible flows 1917

At most 22" cells {Qni; };,—g have
227L|A7Qm]| S (Iwyl —K) IAl
\

\

t=0 t=1

Fig. 1. An illustration of un-mixing from Theorem 1.6.

Theorem 1.6. There is C > 0 such that for any measurable A < Q, n > 0, and
k € (0,1/2], the following holds. If at most 2%k of the squares {Qpi ,}fj;lo satisfy
22MA N Ohijl € (k, 1 — k), then there is an incompressible flow u : Q x (0,1) — R?
withu =00ondQ x (0, 1) and

sup ||Vu(-, )|, < Cc ™ HFYPp2=VP for each p € [1, o0] (1.4)
t€(0,1)
such that if p solves (1.1) and p(-,0) = xa, then the set B for which p(-,1) = xp
satisfies
|B N[O, |A]) x (0, D]| = |A] = 2«.

Remarks. 1. By p solving (1.1) we mean that p(-, t) := xs¢) With S(t) := {X(x,)(?) :
(x,y) € A} and X (4 y) solving X ) (t) =u(X(x,y) (1), 1) and X(x ,)(0) = (x, y).
2. When (1.4) is replaced by sup,e(o 1 lu(-, t)|lsv < Chn, this also holds for x = 0
and the no-flow boundary condition # - n = 0 on dQ x (0, 1) (see the end of the proof).
3. Scaling of u in time (which is different for different p) shows that if we re-
quire sup,¢ (g 1) [Vu(-, )|l < 1, then the time 7 of the above un-mixing satisfies 7 <

Cik~1HU/Pp2=1/P That is, if A is mixed to scale & but not much more (in the sense of
Theorem 1.6), it can be unmixed in time O (|log 8|2_1/1’).

4. Similarly to the case of mixing, the “self-similar” structure of the flows we construct
shows that Theorem 1.6 holds with (1.4) replaced by SUP;e(0,1) N, Ollyisr < Cs,puc
when s € [0, 1) (i.e., the bound is independent of the scale 27"). Notice that for any
k > 0, any measurable set A C Q satisfies the hypotheses of the theorem for all large

enough n.

Finally, here is an interesting corollary of our construction of un-mixing flows, related
to the last remark. It shows that for s < 1/p, a rectangle can be transformed into any
measurable set of the same measure in finite time by an incompressible flow which is
uniformly in time bounded in WP (Q) and satisfies the no-flow boundary condition (it
also has bounded variation, so that (1.1) is well-posed). Notice that there are no errors
and no « here.
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Corollary 1.7. Foranys < 1/p thereis Cs , < 0o such that for any measurable A C Q
there is an incompressible flow u : Q x (0,1) — R2 withu -n = 00on dQ x (0, 1),
satisfying SUP;e(0,1—8) lu(-, t)|lgv < oo forany § > 0 and

sup [u(-, Dllyps.p < Cs,ps (1.5)
1€(0,1)

such that if p solves (1.1) and p (-, 0) = X{o<x<|a|}, then lim;—1 ||p(:, 1) — xall1 =0.

Organization of the paper. Theorem 1.2(1) is proved in Sections 2 and 3, and its
parts (2) and (3) are proved in Section 4. Section 2 contains the simplest version of
our method of construction of mixing flows, which only works for p < 2. The cases
pel2 @3+ \/3)/2) and p € [B+ «/5)/2, oo], treated in Sections 3 and 4, are progres-
sively more complicated. However, in a remark at the beginning of Section 4 we provide,
for the convenience of the reader, a relatively simple extension of the argument from Sec-
tion 2 which treats all p € [1, oo] (as well as other boundary conditions), although the
bounds obtained are worse than in Theorems 1.2—1.4.

The proofs of Theorems 1.3 and 1.4 appear in Section 5. The un-mixing results are
then proved in Section 6, which only uses results from Section 2 (it is also closely related
to the above-mentioned remark in Section 4). Some technical lemmas are left for the
Appendix.

2. Perfect mixing for no-flow boundary conditions and p < 2

In this section, we will start with the simplest case, p < 2 (plus the no-flow boundary
condition u -n = 0 on 0 Q), and show that the lower bound C,, . [log | on the mixing time
obtained by Crippa and De Lellis [7] is in fact attainable for these p. In the next section
we will extend this result to all p < (3 4+ +/5)/2. We note that the flows we construct in
this and the next section will in fact yield |, Ouij px,y,t)dxdy = 0 for any t > n and
i, j €{0,...,2" —1}. This is what “perfect mixing” in the sections’ titles refers to.

We start with the construction of two stream functions i and 5, which will serve as
the basic building blocks for the subsequent construction of our flow u.

Construction of the stream functions. Let Q. := [0, 11>\ {(0, 0), (0, 1), (1,0), (1, 1)}
be the closed square without the corners and let 9 Q. := 00N 0, be its boundary without
the corners. For a stream function ¥ € C(Q), denote V{ := (Y, ¥,) and V3y =
(Wxxs Yxys Yyx, Yyy). If the level set {yy = s} is a simple closed curve, we define

1
T, = ——do.
v(s) /W:s} vyl 0

Notice that then Ty, (s) equals the time a particle advected by the (incompressible) flow

u=VEty = (=¥, ¥)

traverses the curve {y = s}. If the level set is a point, we let Ty (s) := limy_,; Ty (s),
provided the (one-sided) limit exists.
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Proposition 2.1. There exists a stream function W € C(Q), with Vi continuous on Q.
and differentiable on Q \ {(1/2, 1/2)}, such that:

D) v>00n0, ¥ =00n00, Vi € L®(Q), and 9, = —4on 9Q,;

(2) V2§ € LP(Q) forall p € [1,2);

(3) the level set {y = s} for each s € [0, |[¥|loo) is a simple closed curve and for
s = [Vl it is the point (1/2,1/2), and Ty (s) = 1 for each s € [0, [|[{]lo]-

We will obtain i by modifying the stream function ¢ from the following lemma, which
satisfies (1) and (2), but not (3). The proof of the lemma is elementary but a little tedious,
so we postpone it to the Appendix.

Lemma 2.2. The function

_ 4 sin(rx)sin(ry)
p(x,y) = 7 sin(wx) + sin(rry) o

on Q (defined to be 0 at the four corners) satisfies:

(1) ¢ >00nQ, ¢ =00n3Q, Vp € L®(Q) and 3,90 = —40ndQ,;

(2) V2 € LP(Q) forall p € [1,2);

(3) the level set {9 = s} for each s € [0,2/m) is a simple closed curve and for s =2/
it is the point (1/2,1/2), and SUP¢0,2/7] Ty(s) < 0o and T, (0) = 1;

(4) T, is differentiable on (0, 2/m) and SUPge(0,2/7) |logs|7] |T¢/)(s)| SUP(p=s} [Vol|? < oo.

Proof of Proposition 2.1. With ¢ from Lemma 2.2, we let

P(x.y)
Yx,y) = / Ty(s)ds, (2.2)
0
so that ¢ and i share their level sets (although their values are different) and

Vir(x, y) = Tp(px, y)Vo(x, y). (2.3)

The properties of Vi and (1) now follow from the definition of ¢ and Lemma 2.2(1, 3).
Since from (2.3) we have

V29| < (V20| T, (p(x, y) + Vo l*I T, (0(x, ), 24)

(2) holds due to (for some C < 00)
1
E/ (IVol*IT, (@) dx dy < / llogg|>dxdy (by p < 2 and Lemma 2.2(4))
0 0
2/ 1
= / |log s|? ——daods (by the co-area formula)
0 {o=s) Vol

2/
= /0 |logs|2T¢,(s) ds < oo (by Lemma 2.2(3)).
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Finally, if F(s) := f(; Ty(s")ds' (and F —1 is its inverse function), then Lemma 2.2(3)
and

fw=s) V¥ ()] fo=F-1()) IV@I Tp(F~1(s))
yield (3). O

Let Qcc := Qc\{(1/2,0), (1/2, 1), (0,1/2), (1,1/2), (1/2,1/2)} be O without the nine
corners and centers of Q and its sides, and let Q.. := 9Q N Q... Besides ¥ from
Proposition 2.1, we will need the following stream function 5 (which satisfies Vi = Vi

on 3 Qcc).

Proposition 2.3. There exists a stream function n € C(Q), with V1 continuous on Q..
and differentiable on Q \ ({x = 1/2}U{y = 1/2}U{x +y =1/2} U {x +y = 3/2}),
such that:

(1) n=00n0QU{x =1/2}U{y =1/2}, Vi € L*°(Q), and d,n = —4 on 3 Q¢
(2) V2 e LP(Q) forall p € [1,2).

Proof. Decompose Q into two squares and four triangles, separated by the lines {x =
12, {y =172}, {(x +y = 1/2}, {x + y = 3/2} (see Figure 2). On the two squares Q3
and Qq4, we let n(x, y) = %w(Z(x — xp), 2(y — y0)), where ¥ is from Proposition 2.1,
and (xg, yo) is the lower left corner of Q3 and Q4, respectively.

Qs
Q4 Q5

Q@2

Q1 ©s

Fig. 2. The decomposition of Q from the construction of 7.

On Q; we let 1
n(x,y) =4(l+l+i) . 2.5)
x y 12—-x-y

One can easily check that n = 0O on Q1 and 9,7 = —4 on d Q1 (except at the corners).
Differentiation yields Vi € L>(Q1) and dV?n € L*®(Q1), where the function d is the

distance from the closest corner of Q1. It follows that V2 € L?(Q1) for all p € [1, 2).
Finally, in O, we define n by odd reflection across {x + y = 1/2} from Q; (in
particular, V7 is then continuous on d(Q>), and in Q5 U Qg by even reflection across
{x +y = 1} from Q1 U Q». The desired properties of n on Q then follow immediately
from the above properties of n on Q1 and the properties of . Note also that > 0 on

01U Q03U Q4 U Qg (white in Figure 2) and n < 0 on Q2 U Qs (shaded in Figure 2). O

Construction of the mixing flows. We are now ready to prove our first mixing result.
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Theorem 2.4. For any mean-zero pg € L>°(Q), there is an incompressible u : Q x R
— R? withu -n = 00ndQ x RY such that for any «, ¢ € (0, 1/2], the flow u «-mixes
0o to scale € in a time T, o satisfying

Ti,e
/0 IVu(, 0)llpdt < Cpllog(ke)] (2.6)

foreach p € [1,2), with C,, < 00 depending only on p.

Proof. We will construct a flow as above with sup,_o [[Vu(-, 1)[[, < C;, for each p €
[1,2) (and C[’, < oo depending only on p), such that an” p(x,y,n)dxdy = 0 at any
integer time 7 and any i, j € {0, ..., 2" — 1}. The theorem then immediately follows by
taking 7, = [|log,(x¢e)[1 + 2, with C}, such that Cp, logr > C;(ﬂogz r] + 2) for all
r > 4. This is because it is easily shown that for n := 7, . and any (x, y) € Q, the squares
QOnij which are fully contained in B¢ (x, y) N Q have total area > (1 — «)|B:(x) N Q].
Hence it remains to construct such a flow.

Obviously, me'; px,y,n)dxdy = 0forn = 0 and all 7, j (that is, i, j = O when
n = 0) because pg is mean-zero. We will now proceed inductively, assuming this property
holds for some (fixed from now on) n > 0 and constructing the flow « on the time interval
[, n + 1] so that it also holds for n + 1.

For any square Q,;;, and for all t € (n, t;;] (with #,;; € [n,n + 1/2] to be deter-
mined), let u in Qy;; be the “cellular” flow

w(x,y 1) = V(=D y @0 —i, 2"y — . 2.7
Proposition 2.1(3) and symmetry tells us that this flow rotates each Q,;; by 180° by
time n + 1/2. So if Q;”.j and Q;l’l.j are the left and right halves of Qy;;, the hypothesis
fQ ; o(x,y,n)dx dy = 0 and continuity of fQ’ p(x,y,t)dx dy in t show that for each

ni nij
Qnij there exists t,;; € [n, n + 1/2] such that fQ/ ~px, ¥, tyij)dxdy = 0. Of course,
nij

then also fQZij p(x,y, tnij)dxdy = 0.

Fort € (t4ij,n + 1/2], we letu in Q,;; be the “time-wasting” flow (see Figure 3)

u(x,y, 1) = VE[(=D)H272 2" — i, 2%y — j)]. 2.8)
Proposition 2.3(1) shows that this flow does not cross d Q;”. : and o QZZ. i hence
/ ,o(x,y,n+1/2)dxdy=0=/ px,y,n+1/2)dxdy.
Q/ //.,

nij nij

The flow for t € (n + 1/2,n + 1] is constructed in the same fashion, but with the
role of Q,;; played by both Q. ; and Q. i That is, we decompose Q into 22! identical
rectangles Q;j := (27D, 270D G 4 1)) x (27" j, 27"(j + 1)), so that by the above
anij p(x,y,n+1/2)dx dy = 0 for each of them. In each Qm-j we let

V(=127 Dy 0l — 2"y — )], 1€ (n+ 1/2, nij],

ulx,y,t)= L ~
(o3 :vi[<—1>l+12—<2"+1>n<2"+‘x—i,z"y—m, t € (Tnijon + 11,
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Fig. 3. The mixing flow in four adjacent squares, as the cellular flow (left) is switched to the time-
wasting flow (right) in one of them at t,;; € [n,n + 1/2].

where 7,;j € [n + 1/2,n + 1] is such that fQ p(x,y, tyij)dxdy = 0, with le
the lower half of le It follows that fQ( i ,o(x v,n+ 1)dxdy = Oforany i, j €
{0,...,2"t!1 — 1} and the induction step is completed

Flnally, u is obviously incompressible and satisfies the no-flow condition on 9 Q.
Moreover, for t € (n,n + 1/2], u is continuous on all of Q except at the corners and
centers of the squares Q,;; and the centers of their sides. This is because Propositions
2.1(1) and 2.3(1), and the factor (—1)i*J, show that each couple of neighboring squares
have the same velocity (of magnitude 4 - 27") on their common boundary (except at its
center). Since || Vu(-, 1)1}, 0u;) 18 clearly either 272 | V2| Lr(o) OF 272V 2o (o)

for each Qy;; and each t € (n,n + 1/2], it follows that ||Vu(-, t)||, is between ||V2w||p
and || V27| p for these . A similar argument applies to t € (n+1/2, n+1], with the speeds
being 2!~ and 22" on the horizontal and vertical boundaries of the Q,,; 7, respectively.
Thus sup,_q [|Vu(- Dll, < C, = 2max{[|[V*¥|,, [V?n],}, and Propositions 2.1(2)
and 2.3(2) yield C), < oo for p < 2. O

Remark. Related to the above construction is an example from [8] of a self-similar flow
which rotates squares with an exponentially decreasing sequence of sizes and has BV
norm bounded on time intervals not containing ¢ = 0, for which the associated transport
equation exhibits non-uniqueness of solutions to the Cauchy problem.

3. Perfect mixing for no-flow boundary conditions and p < (3 +/5)/2

For p > 2 we can no longer directly use the stream functions v, n from the last section
since V2yr, V2 ¢ L?(Q). This is because |VZ¢(x, y)| (with ¢ from Lemma 2.2) is
inversely proportional to the distance from (x, y) to the nearest corner of Q, and |V2n|
diverges in the same manner near each of the nine points in Figure 2. We will therefore
modify ¢, n near their respective problematic points to circumvent this issue, and then
adjust ¢ accordingly. Notice that this means that we also need to modify ¢ near the four
centers of the sides of Q, to match a cellular and a time-wasting flow in two neighboring
cells.
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Lemma 3.1. Let P be the set containing the four corners of Q and the four centers of
its sides, and let dp(x,y) = dist((x, y), P) for (x,y) € Q. Let f € COO(IRE)F) be a
non-decreasing function with f(s) = 5s for s € [0,1/10] and f(s) = 1 fors > 1/5.
Let

9a(x,y) = @(x, y) f(dp(x, ), @3.D

where ¢ is from (2.1). If a € (0, 1], then ¢, satisfies:

(1) @a>00n0 ¢s=00n030Q, Voa € L*(Q), and dyps = —4f(dp(x, y))* on 0Q;

(2) V2¢, € LP(Q) fora € (0, 1) and all p € [1,2/(1 — a)), and V@1 € L®(Q);

(3) the level set {@, = s} foreach s € [0,2/m) is a simple closed curve and for s =2/
it is the point (1/2,1/2), and for a € (0, 1) we have SUPse(0,2/7] Ty, (s) < o0

(4) Ty, is differentiable on (0,2/m) and SUPye(0,2/) SZ“/(“+1)|T¢/7(‘ ()] supyy, —g [Va|?
< 0.

Figure 4 shows a comparison of the level sets of ¢ and ¢,. Just as with Lemma 2.2, we
postpone the proof of Lemma 3.1 to the Appendix. Once we have ¢,, we can proceed as
in Proposition 2.1 and define a corresponding stream function v, whose period Ty, (s)
is 1 for each level set {{, = s}.

Fig. 4. Level sets of ¢ (left) and of ¢, with a = 0.9 (right).

Proposition 3.2. For any a € (0, 1) and ¢, from (3.1), let

@a(x,y)
Valx,y) = /0 Ty, (s)ds. (3.2)

Then V., € C(Q), Vi, is continuous on Q. and differentiable on Q \ {(1/2,1/2)}, and:
(1) ¥vy>00nQ, ¥, =00n0Q, Vi, € L°°(Q), and

Ima(x,y) = —4T,, (0) f(dp(x, y))*  for(x,y) € 30
2) V2, € LP(Q) forall p € [1, min{;2-, SEL1);

1-a’ 2a
(3) the level set {y, = s} for each s € [0, ||¥|lco) is a simple closed curve and for
s = [Yalloo it is the point (1/2,1/2), and Ty, (s) =1 for each s € [0, ||¥4]lo0]-
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Proof. The properties of Vi, and (1) are immediate from Lemma 3.1(1, 3) and

Va(x, y) = Voa(x, y) Ty, (@a(x, y)). (3.3)

The proof of (3) is identical to that of Proposition 2.1(3). Finally, differentiating (3.3)
yields

IVl < 1V20al Tg, (9a(x, YD) + IV a* 1Ty, (90 (x, ). (34)
=:A(x,y) =:B(x,y)

By Lemma 3.1(2,3) we have A € L?(Q) for p < 2/(1 — a). Lemma 3.1(1,3,4) and the
co-area formula show for any p < (a + 1)/(2a) and some C < oo (depending on p, a),

1 _ 2ap 2/m 2a 1

a+1 -
— | BPdxdy < | ¢, dxdy = s atl do ds
¢ o 0] 0 {¢pa=s} [Vl

2ap

2/
:/ s aF T, (s)ds < o0.
0

Hence B € L?(Q) for these p, and (2) also follows. ]

We next define a time-wasting flow n, with Vi, = Vi, on 0 Q...

Proposition 3.3. For any a € (0, 1), there exists a stream function n, € C (Q), with Vi,
continuous on Q.. and differentiable on Q \ ({x = 1/2}U{y =1/2}U{x+y =1/2}U
{x +y =3/2}), such that:

(D) ng = 00ndQ Ufx = 1/2}U{y = 1/2}, Vi, € L>(Q), and dyna(x,y) =
—4Ty,0) f(dp(x, y)* for (x,y) € 0Qcc;
2) Vzna € LP(Q) forall p €[1,2/(1 —a)).

Proof. Let 1 be from Proposition 2.3, P:=PU {(1/2,1/2)} (with P from Lemma 3.1),
and

Na(x, y) 1= Ty, O)n(x, y) f(dp(x, y)*

for (x, y) € Q. Then all the claims follow from the same properties for 1 (with (2) proved
as Lemma 3.1(2)). ]

We can now repeat the proof of Theorem 2.4, this time using the stream functions
Ya, nq instead of ¥, n. Proposition 3.2(2) suggests to pick a € (0, 1) which maximizes

min{ﬁ, %}, that is, a := ~/3 — 2. Then ﬁ = % = 3+2*/§, and we obtain the

following improvement of Theorem 2.4, with Vu(-,t) € LP(Q) forall p < 3+ NG /2.

Theorem 3.4. Theorem 2.4 holds with p € [1,2) replaced by p € [1, 3 +/5)/2).

Remark. In fact, since we take a = /5 —2 for all pell,3+ ﬁ) /2), the proof shows
that our flow u is independent of p € [1, 3 + \/5) /2), in addition to being independent
of k,e € (0, 1/2].
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4. Mixing for no-flow boundary conditions and p > (3 + +/5)/2

Forp > 3+ «/5) /2, the construction from the previous section does not work because
of the behavior of V2, at 8Q. Indeed, the term |V2¢,| on the right-hand side of (3.4)
blows up as dp(x, )¢~ (with dp from Lemma 3.1) near the set P by (A.10), while
|T’ﬂ ()| ~ s24/@+D at s = 0 (i.e., near Q) by Lemma 3.1(4). For both these to be

in L?, one needs (1—a)p < 2 and 2“1 p < 1,but such a exists only for p < (3 + v/3)/2.

A solution to this problem is to “give up” on a small neighborhood of 9 Q, and not
require the period of our stream functions to be 1 on the stream lines with s < §, for some
8 > 0. (The affected region will have area ~ 8. We can then choose § ~ «|log(ke)|™!,
so a flow analogous to that from the proof of Theorem 2.4 will still k-mix pg to scale ¢ in
time ~ [log(k¢)|, although the bound on || Vu(:, #)||, will now also depend on §.)

Remark. The easiest way of doing so is by replacing in the proof of Theorem 2.4 the
stream functions ¥ and n by Y% (x, y) := ¥ (x, y) f (¥ (x, y)/8) and 0, with § > 0 small
and f from Lemma 3.1. Then V4° = 0 on dQ (which is why we do not need a time-
wasting flow), and properties of ¢,  show that sups_ 51—1/P||V21p5||p < oo for all
p € [1,00] (see the proof of Lemma 6.1). Notice that now we have T,s(s) = 1 for
s > § because ¥® = ¢ on Ds := {¢ > 8} (with |Q \ Ds| < C8§). The times thij €
[n, n + 1/2] (and similarly 7,;;) are now chosen so that fQ’ D p(x Y, tiij)dxdy =

fQ D,y p(x,y, thij)dx dy, with Dy;; C Qp;j being the i 1rnage of Djs under the transla-
tion + dilation taking Q to Qp;j (s0 |Dy;j| = (1 — C8)2™ 1) This yields

1 Cé__,,
‘/ p(x,y,n+1/2)dxdy — 5/ plx,y,mydxdy| = —==2""pollco,
m/ nij

and eventually | me-,- p(x,y,n)dx dy| < 4Cné| polloc via induction on n (the details of
this argument are spelled out in the proof of Theorem 4.3). Choosing again n = 7, ~
|log(ke)| and then § ~ k/n yields k-mixing to scale ¢ in time 7, . by a flow u with
sup,-o IVu(, ), < Cp(llog(ke)|/x)!=1/P. 1t follows that Theorem 2.4 holds (for all
p € [1, oo] and any of our three boundary conditions) with the right-hand side of (2.6)
being Cp/c_l“/ P|10g(/<8)|2_1/ P, We will now show how to improve this estimate for
no-flow boundary conditions, and also make the power of |log(ke)| converge to 1 as
p 1 3+ +/5)/2, in two steps. In Section 5 we treat the other boundary conditions.

For the sake of simplicity, let us start with the case p = oo.

Proposition 4.1. For any a € (0, 1), § € (0,1/10), there is a stream function Y4 5 €
C(Q) with Vi, 5 continuous on QC and differentiable on Q \ {(1/2,1/2)}, such that:

(D) Yas > 0on Q Yus = 0 on 90, Vs € L¥(Q), and das(x,y) =
—Ngu5(dp(x,y)) for (x,y) € dQ,, for some function Ny s : [0, 1/4] — [0, 00);

(2) supse(o.1/10) 8™ 42/ @D G2y, 510 < 00 for eacha € (0, 1);

(3) there exists sq. s > 0 with {45 < Sa.s}| < 8 such that the level set {{y,.,s = s} for
each s € [sq,s, |[Va,slloo) is a simple closed curve and for s = |4 sl 0o it is the point
(1/2,1/2), and Ty, ;(s) = 1 for each s € [sqs, |[Va,sllc0]-
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Proof. Foranya € (0,1)and § € (0,1/10),1et D, 5 := {(x,y) € O : @4(x,y) > 5}
with ¢, from Lemma 3.1. All constants below may depend on a but not on §sgiv, unless
specified.

The co-area formula and Lemma 3.1(3) give, for some C < oo,

')
|Q\Da,5|=/ /
0 {pa=s}

and by (A.9) we also see for some ¢ > O thatd, s := c81/@+D) gatisfies

dgs < inf  dp(x,y) (<1). (4.2)
(x,Y)€Dq 572

1 B
Vorl do ds :/0 Ty, (s)ds < Cé, 4.1
a

With f from Lemma 3.1, we now let

a5 (¥, Y) = @a(x, ) f(dp(x, y)/dap)' 7, 4.3)

so that ¢, s = ¢, whendp(x, y) > %da)g (and in particular, on Dy s/2). Since
Qa5 (x.y) = 5d%5 o(x. y)dp(x, y) = 5d%5 o1 (x. )

when dp(x,y) < %da,g, from (A.10) for a = 1 we obtain |V2(pa,5(x, V)| < Cdt‘j’gl
(for some C < oo) when dp(x, y) < %da,g. The same bound holds when dp(x, y) €
(%da,,g, %da,(g), due to (3.1), (A.9), and (A.10). From this and (A.10) for a, it follows that

for some C < oo (that changes between inequalities) and all (x, y) € O,
IV?a,5(x, )| < Cmin{dp(x, y)*~', dj5") < Cminfdp(x, y)~', 8= D/@+Dy,
4.4
Note also that 9, ¢, s(x, y) = =4 f(dp(x, y)* f(dp(x, y)/da,(;)l’“ on 0 Q.. For later use
we also mention that (4.3), Lemma 3.1(1), and ¢(x, y)da_’é < %||V(p||oO for dp(x,y) <
1d, s yield

sup ”V(pa,S”oo < OQ. (45)
8€(0,1/10)

We now construct a new stream function v, s by making the periods of all streamlines
of ¢4 5 contained in D, s (Where ¢, 5 = @) to be 1. We let

T,,(8), s €][0,8/2],
Tus(s) = | ¢ /
Ty, (s), selé,2/n],
and choose 7, 5 on (§/2, §) so that T s is differentiable on (0, 2/7),
sup | Tu,s5(s) — Tu,s(8)| < Ta5(8)/2 and  sup|T, 5(s)| < |T,, (8)]. (4.6)
§s<é §s<é

(We could have instead chosen T, 5(s) = T, (d) for s € [0, §), at the expense of Vi, 5
not being differentiable on the stream line {¢, = 4}. This would not change our main
results.) We now define

®a,5(x,y)
Ya,s(x,y) == / T, 5(s)ds.
0
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The properties of Vi, s and (1) immediately follow from the properties of ¢, and f, with
Nys(r) = 4f(r)“f(r/da)3)1_“T¢,a (8). Part (3) holds with s, s := f(f T,.5(s) ds and the
estimate |[{, 5 < Sq.5}| < C8 (which is sufficient because then one only needs to replace
Va5 by ¥a,5/c), due to (4.1) and because ¥, 5 — Y is constant on Dy 5 = {4 5 > Sa,s}
(since ¢4,5 = @4 there).

To show (2), notice that on D, s> we have, by (A.10), Lemma 3.1(3, 4), (4.6),
and (4.2),

Va5l < 1V20alTa,s(0a(x, ¥)) + [Va P 1T, 5(@a(x, )]
S CdP(.x, y)a—l + C(ﬂa(x, y)—Za/(a—H) S C8—max{l—a,2a}/(a+l)’

where C' < oo changes between inequalities. On Q \ D, s/2 we have ¥, s = Ty, 5(8)@a,s,
so (4.4) and Lemma 3.1(3) yield |V2wa,5| < C8@=D/@+D) there. These two estimates
prove (2). ]

We also define the time-wasting flow corresponding to v, 5.

Proposition 4.2. For any a € (0, 1) and § € (0, 1/10), there is a stream function n,,s €
C(Q), with Vn,_ s continuous on Q.. and differentiable on Q \ ({x = 1/2} U {y = 1/2}
Ufx +y=1/2}U{x 4+ y = 3/2}), such that:

(1) Na,s = OonoQU{x = 1/2} U {y = 1/2}r Vna,é € LOO(Q): and anna,é(xa y) =
—Ngu5(dp(x,y)) for (x,y) € 0Q¢c, with the function N, s from Proposition 4.1;
(2) SupBG(O,l/IO) (Smax{l_a'za}/(a+l)”Vzna,S”oo < 00,

Proof. Let
Na.s (X, ¥) 1= 1a(x, ) f(dp(x, ¥)/das) T, (8),

where d, s is from the previous proof. Then (1) follows from Proposition 3.3(1) and the
definition of N, s, and (2) is proved as Proposition 4.1(2). ]

Next, let us first obtain a weaker result for p = oo, with a ~ |log(ke) 13/2 bound. After-
wards, we will include an additional element to improve the bound to ~ |10g(/cs)|4/ 3=
llog(ke)| '+~

Theorem 4.3. For any mean-zero py € L*°(Q) and any «,e € (0, 1/2], there is an
incompressible flow u : Q x RT — R2 withu -n = 00n 3dQ x R which k-mixes pg to
scale ¢ in a time 7, ¢ satisfying

Ty,e
/ IVu(-, oo dt < Cic ™2 [log(ie) 2, 4.7)
0

with a universal C < oo. The flow can be made independent of ¢ if the right-hand side of
(4.7) is replaced by Ck~'/?|log(ke)|3/? log [log(ke)|.

Proof. Let a := 1/3 (which minimizes the power in Proposition 4.1(2), to 1/2), fix
some § € (0, 1/10) (to be chosen later), and let v, s, 4,5 be the corresponding stream
functions from Propositions 4.1 and 4.2. The construction of u is now almost identical
to the proof of Theorem 2.4, with ,  replaced by v, s, n74,5. The one change is that
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Proposition 4.1(3) only guarantees for each n and any square Q,;; (with Q) i o ; its left
and right halves) existence of t,,;; € [n, n+1/2] such that fQ Dy p(x V. thij)dx dy =
fQ” Dy P taij) dx dy, with the set Dy;j € Qpij such that |Dm]| > (1 =82~

nij

(in fact, Dm ; is the image of the set Dy 5 = {¥4,5 > 54,5} under the translation + dilation
taking Q to Q;;). We thus find that

s _
<52 1 00l o

1
‘/ p(x,y,n—i—l/Z)dxdy—E/ px,y,n)dxdy
Q;,,‘j ni

ij

A similar adjustment is made when finding the time 7,;; as in the proof of Theo-
rem 2.4. We thus find that for any of the four squares with side length 2~(+D which
form Q,;; (call it Q) we have

V p(x,y,n+1)dxdy —][ px,y,n)dxdy| <48|lpollco- (4.8)
Q Qnij
Since pg is mean-zero, it follows by induction on n that
‘][ p(x,y,n)dxdy| < 4néllpolloo-
Onij
We now construct this flow on the time interval [0,n] with n = 7., =

[log,(ke/2)|1 + 2 (then it is easily shown that for any (x, y) € Q, the squares Qy;;
which are fully contained in B¢ (x, y) N Q have total area > (1 — «/2)|B.(x) N Q))
and with § := «/(8n), which then obviously «-mixes pp to scale ¢ in time 7, .. As
in the proof of Theorem 2.4, but using Propositions 4.1(2) and 4.2(2), it follows that
Supe(o,n VU, Hlloo < C’871/2 for some universal C’ < oo. This yields the first claim
because C'8 12, , < C/c_1/2|10g(/<8)|3/2 for some universal C.

If we instead want the flow to be independent of &, we use on each time interval
[n, n + 1] the flows ¥13,5,, 111/3,5,, With some §,, > O to be chosen. We then obtain

‘][ p(x,y,n)dxdy
Ohnij

and sup; ¢, p417 VUG, Dlloo < C’s, 12 We again choose n 1= 1, 1= [|log,(ke/2)[]
+ 2, and then §; such that ) 2,8 < «/8, so that the flow obtained again «-
mixes po to any scale ¢ € (0,1/2] in time 7. We now make the specific
choice 8x_y = (k/M)k~'(logk)=2 for k > 2, with M = 8 2,k (ogk)~2.
Then the integral in (4.7) is bounded by C’Y 7/ (Sk_ Y 2, which is no more than

k~1/2|log(ke)|3/? log [log(ke)| for some large enough universal C. m]

n—1
<4llpolleo Y & (4.9)
k=0

To achieve better mixing for p = oo, we will next squeeze some mileage out of the sets
Onij \ Dy from the previous proof, instead of simply “giving up” on them. To do so, we
first need to obtain an estimate on the periods of the stream lines {y, s = s} for s < 4.
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This will show that even though these periods need not equal 1, most of them are still
close to 1. The following property of ¢, s, which we again prove in the appendix, will
yield the estimate.

Lemma 4.4. Foranya € (0, 1) and § € (0, 1/10), the functions ¢, s from (4.3) satisfy:
(1) the level set {¢q 5 = s} for each s € [0, 2/m) is a simple closed curve;

(2) supg_y<5-1/10(8" @V 10g(28/5)) | Ty, ; () =Ty, (8)| < 00 foreacha € (0, 1).
We can now prove the final version of our result for p = co.

—1/2 P2 re

Theorem 4.5. The conclusion of Theorem 4.3 holds with each «
placed by k=13 |log(ke)|*/3.

Proof. We proceed identically to the proof of Theorem 4.3, but with a slightly different
choice of the times #,;; € [n,n + 1/2] (and also fnij € [n+1/2,n+ 1]). Let us define

llog(ke)

. ©a,5(x,y)
Fas(xy) = / T, ,(s)ds,
0

so that TJ; s = 1 and 1/7,1,5 — Y, 5 1s constant on D, s = {@, s > &}. The latter means that

if we let u and i be given on Qy;; X (n, t,;;] by (2.7) with ¥, 5 and &a,g in place of v,
respectively, then u = & on D, 5. Notice that u is the same as in Theorem 4.3.

Let us now pick, in the proof of Theorem 4.3, the time f,,;; so that if the flow in Qp;;
fort € (n, ty;;] were i, then we would have the equality fQ px,y, tij)dxdy =

fQ” p(x,y,tyij)dx dy. This is possible because u rotates Qm]/ by 180° in time 1/2.

Hav1ng this new #,;;, we still use u to transport p for t € (n, #,;;] because Vit = V2¢a s ¢
L*°(Q). This will introduce an error in the above equality of integrals of p(-, #,;;) over
Q;” and Qm , which we estimate by using Lemma 4.4. After doing the same with 7,,;; €
[n + 1/2,n + 1], we eventually still obtain an estimate like (4.8), but with a better bound
(see (4.14) below). This is because Lemma 4.4(2) shows that most stream lines of v, s
lying in Q \ Dy,s still have their periods Ty, , close to 1.

For the sake of simplicity, assume n = 0 (so Qp;; = Q,u = Vﬂﬁa,a, U= VL&a’a,
and #,;; = tooo € [0, 1/2]), since the general case is identical. We have u = it on Dy s,
and in fact
Ty, 5(@a,s(x,y))
Ta,S(ﬁaa,S ()C, y))
on Q. This and the definition of #yog above (which uses u instead of u#) mean that if
X(0;x,y) = (x,y)and X;(¢; x,y) = U(X(¢; x, y)) with

u(x,y) =

u(x,y)

T a ) - Ta a ’
U(x,y) = tooo(ii(x,y) —u(x,y)) = tooo s (9 ’S(Tx sy(zz o j}g(;) Ll y))u(x, ¥),
e (4.10)

then p solving (1.1) with u (not &) satisfies

/,O(X(l;x,y),tooo)dde=/ p(X (15 x, y), tooo) dx dy,
/ Q//
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(where Q’, Q" are the left and right halves of Q). We have V - U = 0 because U (x, y) =
VJ-h((pa,g(x, y)) for some function %, so X (1; -) is measure preserving and hence

/ p(x,y, tooo) dx dy = / p(x,y, tooo) dx dy. (4.11)
X(1;0) X(1;0")

We would like to replace X (1; Q"), X(1; Q") by Q’, Q” here. To control the resulting
error, we need to estimate the size of the symmetric difference of X (1; Q') and Q' (see
(4.13) below).

The definition of T, s, Lemma 3.1(3), and (4.5) show that |[u||oc < C for some
d-independent C < oo. Since also T, s(¢q,5(x, y)~! is bounded for (x, y) near 30,
uniformly in § € (0, 1/10) (because Vg, € L>*(Q)), we deduce from (4.10), the defini-
tion of 7, 5, and Lemma 4.4(2) that

26
X (L x, y)—(x, )| < €847/ D 1og — = when 0 < g45(x, y) <8 < 1/10,
@a,5(x,y)
4.12)

with C independent of § and (x, y). (Of course, X (1; x, y)=(x, y) when ¢, s(x, y) >4.)
We claim that this shows that if D; := {2_18 < Qa5 < 21_18} for [ > 1 (each Dy is
obviously invariant under the flows u, i, U), then
l{(x, y) € Dy : exactly one of (x, y) and X (1; x, y) belongs to Q'}| < ¢8>/ @*+Dj/2!
4.13)
for some (8, /)-independent ¢ < oo.
Assume this is true. Then X (1; -) being measure preserving and (4.11) show

1 N
‘/ p(x, ¥, t000) dx dy — 5/ p(x,y,O)dxdy‘ < IlpollooC«Sz/(“H)Zy
o' Q =1

=: /8% po .

Applying this for any n > 0 and any square Q,;; (and then an analogous estimate involv-
ing fm-j € (n+1/2, n + 1)), as in the proof of Theorem 4.3, we see that if Q is any of the
four squares with side length 2=+ which form Q,;;, then

<88 D) pplle.  (414)

][~ px,y,n+1)dxdy —][ p(x,y,n)dxdy
Q nij

ij

As a result, (4.9) now becomes (for mean-zero pq)

n—1
2/(a+1
‘][ p(x,y.mydxdy| <8¢ pollo D 8¢ “T. (4.15)
Ohnij k=0
We can now proceed as in the proof of Theorem 4.3, again with n = 7, =

[llog,(ke/2)|1T + 2. When the flow is allowed to depend on ¢, we pick & = § :
( K )(a+l)/2
16¢'n

, which then yields

|10g(l<8)| >max{1—a,2a}/2

sup ||vu("t)||oo <C/57max{]7u,20}/(a+]) SC//(
K

1€(0,n] -
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for some a-dependent C’, C” < co. We minimize the power (to 1/3) by again choosing
a := 1/3, and the first claim of the theorem follows.

If we want the flow to be independent of ¢, all is the same as in Theorem 4.3 but we
need > ;2 82/({”1) < k/(16¢) instead of > 72 | 8 < k/8. We pick again a := 1/3, so
that 82 := ((k/ M)k~ (log k)=2)?/3 satisfies this when M := 16¢" > 22, k! (logk) 2.
Then the integral in (4.7) is bounded by C’ ZZ;& 8 12 which is due to our choice of n
no more than Cx~1/3 [log(ke) |4/3 log |log(x€)| for some large enough universal C.

It remains to prove (4.13). The stream lines of U are the level sets {¢, s = s}. Each
of them is a simple closed curve, so each “moves” in a single direction. Also, {¢, s = s}
with s < 1/10 intersects {xo} x (0, 1/2) in exactly one point when x¢ € [1/4, 3/4]. For
0<s<s <1/10,]let

M; o (x0) := [{@a,s(x, y) € (s,5") : X(1;x, ) € {xo} x (0, 1/2) for some ¢ € (0, 1)}

be the measure of the set of those points between level sets {¢, s = s} and {5 = s’}
which cross the segment {xp} x (0, 1/2) during the time interval (0, 1) when advected
by the flow U (by the above, any point can cross at most once). Incompressibility of U
shows that M, ;v must be constant on [1/4,3/4] foreach 0 < s < s’ < 1/10. We now
pick s := 27/8 and 5’ := 2!718, and notice that the width of D; near {1/4} x (0, 1/2) is
easily shown to be comparable to 2~'8. Hence

My15.01-15(1/2) = My-15 51-15(1/4) < 8179/ @HDg 0l = 52/ @t Dy o

by (4.12), with some (6, [)-independent ¢ < oo. Since the same bound is obtained if
My-15 5115 is defined with (1/2, 1) in place of (0, 1/2), (4.13) follows if we replace c
by 2c. O

The case p € [(3 4 /5)/2, o0) is almost identical to p = oo, even simpler in a sense.
We now let

Gas.p(X,¥) = 0a(x, ¥) fdp(x, ¥)/das) T 7HP(1 —log f(dp(x, y)/das) "

and define ¥, 5, p via @ 5, p as in the proof of Proposition 4.1. That proposition then holds
for v, s, p, with a different bound in (2). Indeed, essentially the same proof yields

||V2Wa,8,p||p S C(SfmaX{l76{72/1),26{*(04’1)/p}/(d+1) forp > (3 + \/g)/z’

where the right-hand side is minimized (to C8‘<p2_3p+1)/(2p2_p)) whena = (p — 1)/
(3p — 1) (we fix this a from now on). For p = (3 + +/3)/2 we get ||V21pa,5,p||p <
Cllogd|'/? whena = (p — 1)/Bp — 1) = /5 — 2.

Lemma 4.4 also holds for p € [(3 + \/5)/2, oo)anda = (p — 1)/(3p — 1), with the
estimate in (2) being

sup  §P/CPTUIT, L (s) — T, (8)] < 0.
0<s<8<1/10 o
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Notice that there is no s-dependence in the first term when p < oo, which means that in
the argument from the proof of Theorem 4.5 we do not need to split {¢, s, < 8} into the
sets D; anymore. That argument (which also uses the proof of Theorem 4.3) then yields

n—1
3p—1)/2p-1
‘][ p(x,y,n)dxdy 58c/||p0||002:5]£[7 )/@p=1)
Onij
replaces 1 + =

k=0
instead of (4.15) (notice that 1 + g = = =)

3p—1
2p—1
Then the end of the proof of Theorem 4.5 (before the proof of (4.13)) has 8,%/ (@+1)
2 2
515317*1)/(217*1) and 3}:@ —3p+1/Q2p°—p)

and 8,:1/ 2 replaced by , respectively (the latter

is [log8]'/7 when p = (3 4+/3)/2). We therefore pick & := ()" /P~
(or 8p—n = ((k/ M)k~ (logk)=2)@r=D/Gr=1 jp the e-independent case, with M :=

16¢" 322, k= (log k)~2), and obtain the following.

Theorem 4.6. For any mean-zero pg € L°°(Q) and any k,e € (0, 1/2], there is an
incompressible flow u : Q x RT — R2 withu -n = 0o0n dQ x R which k-mixes pg to
scale € in a time 7, ¢ satisfying

/fw Vue ol < 1€ iV [log(ice) | T, p € (B++5)/2,00), .16
p Cpllog(K£)||10g \log(KS)\ |1/P p= G+ \/5)/2, ’
with v, := p3_23p L and Cp < oo depending only on p. The flow can be made indepen-

dent of €, but the p € (3 + ~/5)/2, 00) alternative of the right-hand side of (4.16) must
then be replaced by Cpk "7 [log(xk )|+ log [log(k€)|.

5. Mixing for periodic and no-slip boundary conditions

In this section we will show that the results from Sections 2—4 extend to periodic boundary
conditions with only minor modifications to their proofs (in particular, “perfect” mixing
is preserved here), and with some more work and slightly worse bounds also to no-slip
boundary conditions. Let us start with the simpler case of periodic boundary conditions.

Theorem 5.1. Theorems 3.4, 4.5, and 4.6 hold when the no-flow boundary condition
u-n=00ndQ x R is replaced by the periodic boundary condition.

Proof. Notice that the flows from all three theorems already satisfy periodic boundary
conditions at all times ¢ > 1. Hence the only change required will be for ¢ € (0, 1].

First consider the case from Theorem 3.4. What we need is that f 01 plx,y, dxdy
= 0forany i, j € {0, 1}. We first let u(x, y, ) = (2, 0) for ¢t € (0, 70] andu(x v,1) =0
for t € (ty, 1/4], where ty € [0, 1/4] is such that f(0,1/2)><(0,1) o(x,y, t0)dxdy = 0
(which exists because the left and right halves of Q would be swapped in time 1/4). Now
let

mo:=/ p(x,y,1/4>dxdy=—/ p(x, v, 1/4) dx dy,
Q100 Q01
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mi ::/ ,o(x,y,l/4)a’xdy=—/ px,y,1/4)dxdy.
111 110

Fort € [1/4,3/4) and a := /5 — 2 (the latter as in Theorem 3.4), define

oy t) — {VL[(—l)"Hz-zwa(zx —i.2y = I, e 1/4,1)

e VA(=D)T270,2x — 1,2y = ), 1 € (15, 3/4],
where #;; € [1/4,3/4] is such that the integrals of p(-, #;;) over the lower and upper
halves of Qy;; are equal (then they are both %(—1)i+jmi). Finally, for r € (3/4, 1] we let
u(x,y,t) = (0, 1), so that indeed ‘lei/ p(x,y,)dxdy =0foranyi, j € {0, 1}, and we
are done.

The case from Theorem 4.5 is virtually identical, with ¥, n, replaced by ¥4.s, 4.5
as in that theorem (i.e., @ = 1/3 and either § = (16@")(%1)/2 when u can depend on ¢ or
6 =681 = ((k/M)(log 2)72)2/3 when it cannot), and with t;j € [1/4,3/4] again chosen
so that if the flow u in Q;j for t € (1/4,t;j] were given as above but with lﬁa,(g in place
of Va, then the integrals of p(-, t;j) over the lower and upper halves of Q1;; would be
equal. This creates an error with the same bound as the error created in the proof of
Theorem 4.5 during the time interval [0, 1].

Finally, the same adjustment works in the case from Theorem 4.6. O

The next theorem extends Theorem 3.4 to no-slip boundary conditions. Here the differ-
ence is that our flow will not be a “perfectly mixing” one because p (-, n) may not have
mean zero on the squares Q;; due to the no-slip condition. We will have to control the
resulting errors as we did in the theorems in Section 4. As a result, even though our “mix-
ing cost” for the no-slip boundary conditions has the same dependence on ¢ as (2.6) (i.e.,
O (|log €])), the dependence on « is worse.

Theorem 5.2. For any mean-zero pg € L*®(Q) and k € (0, 1/2], there is an incom-
pressible u : Q x RT — R2 withu = 00on dQ x R such that u k-mixes pg to any scale
e € (0,1/2] in a time 7, ¢ satisfying

Tk,
/ IVu(-, 1), dt < Cp([log(ice)| + k' T1/P) (5.1)
0

foreach p € [1, 3+ ~/5)/2), with C, < oo depending only on p.

Remark. In particular, choosing x := [loge|~?/("~D for a given & € (0, 1/2] gives us
an g-dependent flow that |10g8|_p/ (P=D_mixes pg to scale ¢ in time 7, such that (5.1)
holds with 7, in place of 7, . and C,|log ¢| on the right-hand side.

Proof of Theorem 5.2. We will change the flow from no-flow to no-slip by multiplying
the stream functions by a factor vanishing at d Q, which will make them vanish at 9 Q to
the second degree.
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Let us therefore repeat the construction from the proof of Theorem 3.4 on each time
interval (n, n + 1/2] (and then again on (n + 1/2, n + 1]), but with the following change.
Given p(-, n), let the stream function on each Q,;; be

Ty = JCDH 6@ =i, 2y = ), 1€ (i)
Y (=272, (2" — i, 2"y — j), 1€ (tnij.n+1/2],
with a = /5 — 2 and 1,,; j chosen so that we would have
/ P(X,y,tnij)dXdy=/ p(x, y, thij)dx dy (5.2)
QLU ZU

if the flow were ii := V' on the time interval (n, tyij] (here again Q:“.j, Q;l/ij are the
left and right halves of Q,;;). This is essentially the same construction as in Theorem 3.4,
except that the two integrals need not equal 0 because we may have | Onij p(x,y,n)dxdy

# 0.
We now pick 8, € (0, 1/2) (to be specified later) and define

Y,y 1) =Py, Dgn(x, y) == P, v, ) F(28, ' x (1= ) (2B, 'y = y),

with f from Lemma 3.1, and use the flow u := V1 for r € (n, n + 1/2] instead (which
satisfies the no-slip boundary condition). Notice that the #,;; remain defined in terms of #.

This means that we may not achieve (5.2) when Q,;; touches d Q, but we can estimate
the resulting error by finding the area of the set of stream lines of v, whose distance
from 0Q is < B,. Indeed, if that area is y,, then u = i on a subset of Q,;; which is
invariant under u over the time interval (n, #,;;] and has area 2—2n (1 —yu). Thus, for Q;
touching 0 Q we will have

‘/ p(x,y,tmj)dxdy—/ P, s tij) dx dy| < 27yl polloo
2, ol

nij

(the same argument appeared in Theorem 4.3), while for those not touching d Q we will
still have (5.2). The same statements then hold with #,;; replaced by n + 1/2, since
;u‘j’ QZU are still invariant under u on the time interval (z,;;, n 4+ 1/2].
After a similar argument is applied for ¢ € (n + 1/2, n 4 1] with the same B,,, we find
that if Q is any of the four squares of side length 2=+ forming Q,; j» then

’][ p(x,y,n+1)dxdy—][ p(x,y,n)dxdy| <4yullpolleo
0

nij

(and the difference is 0 if Q;; does not touch d Q). Since pg is mean-zero, it follows that

n—1 n—1

<4llpolloo D vk < Clipolloo Y Br- (53)
k=0 k=0

‘][ p(x,y,n)dxdy
Onij
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Here C depends only on a and is such that 4y, < Cp,. This last estimate is proved as
follows (with C below depending only on a but changing from line to line).

Let B, = {(x,y) € O : dyo(x,y) < pBn} and s, = supg ¥, Then
vn = {¥s < sp}| by definition, so we need to show |{y, < s,}| < CB,.
We have s, < CB, due to ||VYy,llc < o0, and the definition of v, gives
Yalx,y) > c! min{dyo(x, y), dp(x, y)1+“}, with dy ¢ the distance from 0Q and dp
from Lemma 3.1. This finally yields (with a changing C)

1/d 2/
(Wa < su}l < l{dyo(x. y) < Csu}l + l{dp(x. y) < Csy' ) < Clsy + 57/
S C,Bn'
Next we estimate || Vu(-, t)||, for t € (n,n + 1/2] (a similar estimate holds for ¢ €
(n 4+ 1/2,n 4+ 1]). Recall that u(x, y) = u(x, y) when dypo(x,y) = 27" B,. On the rest
of Q we have
V| < |Viilgn + 21V [Veul + ¥ Vgl < Vil + CB;

(with an a-dependent C), where in the last inequality we have used

WG 1< 27" (IValloo + [ Vnalloo)dag (x, y) < C272 B,
when dyp(x,y) < 27"B,. Since |{dyg < 27"Bu}l = 22778, and we have
sup,.o IVa(-, Hll, < C[’, as in the proof of Theorem 3.4, we now obtain for p €
[1. 3+ +/5)/2) (and anew C}),
sup  [|Vu(, 1), < Cp(1+27PpP/P), (5.4)
te(n,n+1]

Given k, ¢ € (0, 1/2], let again n := 7, = [|logy(ke/2)|] + 2. As in the proof
of Theorem 4.3, the constructed flow u will k-mix pg to scale ¢ in time 7, ., provided
2o Br < k/(2C) (with C from (5.3)). We pick B2 = (k/ M)k~ ' (logk)~2 with
M:=2C)Y 2, k~'(log k)2, which then yields (with C;,’ < oo depending only on p)

Ti,e n—1
s B 1— ~

for p € [1,(3+ «/3) /2). The result follows because the B; are independent of ¢, hence
SO is u. o

The following two results extend Theorems 4.5 and 4.6 to no-slip boundary conditions.

Theorem 5.3. For any mean-zero pg € L°°(Q) and any k,e € (0, 1/2), there is an
incompressible flow u : Q x Rt — R? withu = 0 on 3Q x R which k-mixes po to
scale € in a time 7, ¢ satisfying

Tk,e
/ IV, Dllso dr < Ci floglice) 2 (5.5)
0

with a universal C < oo. The flow can be made independent of ¢ if the right-hand side
of (5.5) is replaced by Ck ~![log(k¢)|?(log |log(k ) |)>.
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Proof. This is almost the same as the proof of Theorem 5.2, except that ¥ is constructed
not using V¥, and n, but the corresponding stream functions from the proofs of The-
orems 4.3 and 4.5. This results in the following two changes relative to the proof of
Theorem 5.2.

The first change is that (5.3) will also include the error from (4.15), hence the estimate
becomes (witha :=1/3,s02/(a+ 1) = 3/2)

n—1
< Clipolloo Y_(Bi + 8. (5.6)
k=0

‘][ p(x,y,n)dxdy
Onij

The second change results from the flow in Theorem 4.5 satisfying [|Vu(:, t)]lco
C(S;l/z fort € (n,n + 1], so (5.4) becomes

IA

sup  [IVu(, D)oo < C' (B + 8,2

te(n,n+1]

).

The rest of the proof follows that of Theorem 5.2, again with n = 7., :=

[logy(ke/2)|T + 2. When our flow is allowed to depend on ¢, we let By = 7, and

2/3 . o
S == (ﬁ) /3 Thus u k-mixes po to scale ¢ in time 7 ¢, and we have

o t " e\ . \-1/3
Vu(-, t)||lwdt < C’ . & D =Cn| | ==
/0 Vu(:, 1)lloo dt < ];(ﬂk +8 ) "[<4Cn> +<4Cn) }

8C'Cn?
<
- K

’

which is bounded by C/c’1|log(/<8)|2 (with a new C). If we instead want the

flow to be independent of &, we pick Br—2 := (K/M)k_l(logl’c)_2 and 8o, =
((c/ M)k~ (logk)=)%/3 with M := 4C Y 32, k~!(logk)~2. The above estimate then
gains a factor of (log |10g(;<£)|)2. ]

Remark. This result is the same as the one in the remark at the beginning of Section 4
for p = oo. The method is different, though, which will make a difference for p < oo
below.

Theorem 5.4. Theorem 4.6 holds when the no-flow boundary condition u - n = 0 on
90 x R* is replaced by the no-slip boundary condition u = 0 on 3Q x R*, and
C pK_1+1/ P is added to the right-hand side of (4.16) in both the e-dependent and e-inde-
pendent cases.

Proof. We proceed in the same way as in Theorem 5.3, but estimates for p = oo from
Theorem 4.5 are replaced by the corresponding estimates for p € [(3 + +/5)/2, o0) from
Theorem 4.6. This ultimately yields a flow u for which

n—1

3p—1)/2p—1
< Clipolloo Y (B + 87~ P/CP~D)
k=0

'][ p(x,y,n)dxdy
Onij



Mixing and un-mixing by incompressible flows 1937

for all n, and with n := 7, . := [|log,(ke/2)|1 4+ 2 we also have

Tk,e n—1 2 2
/ ||Vu(, t)”p dt < CI/) Z(sz/pﬁlgl_p)/p + Sk_(p =3p+1)/2p —P))
0 k=0

(with [log 8¢ |'/? in place of 8,:([72_31’“)/(21]2_[7) when p = 3+ V/5)/2).

We now take B from the proof of Theorem 5.2 (with 4C in place of 2C) and §; from
the proof of Theorem 4.6 (with 4C in place of 16¢"). We thus find that u «-mixes pg to
scale ¢ in time 7 ¢, and also

Tk,e —Vp
' n, (1=p)/ (K 1+
/0 IVuC, Dllpdt < Cl=PVP 4 c,,<4c) nl 57
for p > (3++/5)/2 (with the last term being C),((/M))~"»n' " (logn)*" in the &-
independent case; notice that v, < 1/3). For p = 3+ NG /2 the last term in (5.7) is

Cl’,n llog(x /n)|'/? in both the e-dependent and e-independent cases. This yields the result.
O

6. Un-mixing

Proof of Theorem 1.6. We will prove an equivalent statement, with p(-, n) = xp and

sup ||Vu(-, )|, < Cx= " HYPpl=1/P foreach p € [1, o] 6.1)
te(0,n]

(the equivalence is obtained by changing this flow to nu(-, t/n)). Let 6;; := 221 [AN Qpijl.
We claim that it is sufficient to find incompressible u : Q x (0, n] — R2 with # = 0 on
90 x RT and satisfying (6.1) such that the solution to (1.1) with 5(-,0) = X{0<x<|A]}
satisfies ||5(-, n) — xsll1 < « for some S C Q with 22| N Opijl = 6;j forany i, j €
{0,...,2" —1}. Indeed, then me_j lxs — xaldxdy < 2'=2"x whenever 6;; ¢ (x, 1 —x).
Combining this with the hypothesis that at most 2>« of the 6; j belong to («, 1 — k), we
obtain || xs — xalli < 3. It therefore suffices to let u(x, y,t) := —u(x,y,n —t). We
now observe that p(-, n — ¢) also solves (1.1), so incompressibility of u and |A| = |B]|
yield

2[BAOLUAL D x (0, DI[ = 15,00 = pC,m)llt = I15C,n) — xall < 4.

This proves the result. Hence it suffices to prove the lemma below (with the ~ dropped).
O

Lemma 6.1. There is C > 0 such that for any n > 1, k € (0,1/2], and 6;; € [0, 1]
(with i,j € {0,...,2" — 1)), there is S C Q with 2**|S N Onijl = 0ij foranyi, j €
{0, ..., 2" — 1}, and there is an incompressible flow u : Q x (0, n] — R withu = 0 on
00 x (0, n] and satisfying (6.1) such that the solution to (1.1) with p(-,0) = x{o<x<|S|}
satisfies ||p(-,n) — xsli < «.

Remark. Remark 2 after Theorem 1.6 applies here, too.
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Proof of Lemma 6.1. This is related to the previous constructions, particularly to that in
the remark at the beginning of Section 4. The basic stream function here will be

Yo y) =Y, 0 y) =Y (T I =) 8Ty =) (6.2)

with ¢ from Proposition 2.1, f from Lemma 3.1, and § € (0, 1]. Notice that if § > O,
then V4-4® = 0on 8 Q since = 0on dQ and f(0) = 0. Then (2.3), Lemma 2.2(1,3,4),
(A.2), (A.5), and the definition of f show that for some §-independent C < oo,

Cdc(x,y)™! dyo(x,y) =6,

V2ud| < V20 (e + 21V | Vel | + v (V20| <
IVEYo < [Vorlg IVYIVE |+ ¢ [V7gT] < Cs-1 dro(x, y) <,
where we have also used ¥ (x,y) < [[V{¥|oodsg(x,y) (and d., dsp are the distances
from the nearest corner and from d Q, respectively). This yields, for any p € [1, oo] and
5 €(0,1],

IV2y°), < cs~' 1P (6.3)
with a new p-independent C.
Let us define
n—l_pon_q 2m_1 2"
p:=2"2" 3" > 6;<1/2 and 6 :=2"" > Y 6;<1/2.
i=0 j=0 i=on-1 j=0

Notice that if § is as in the statement of the lemma, then 6y = |[S N [(0, 1/2) x (0, 1)]|
and 61 = |SN[(1/2,1) x (0, 1)]|.
Fort € (0, 1/4] letu(x, y,t) = 0 when x € (0, 6p], and

u(x, y, 1) = vi[z(l —90)1//5()16 _Zo,yﬂ (6.4)
— v

when x € (6p, 1). This flow, as well as p(-, 0), are illustrated in Figure 5(a). Proposition

2.1(3) and symmetry show that if ¥ were replaced by v here, then p(-, 1/4) would equal

X{0<x<6p} + X{1—6; <x<1}» as illustrated in Figure 5(b). This is because the flow VJ-[Zw]
0 c d

——— —r

I

|

1

1 20,

; »

T W i
(a) t =0 (b) t =1/4 (c) t=1/2 (@) t=1

Fig. 5. What p(-, t) would be at different times if W0 were replaced by v in the construction of the
flow u.
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rotates Q by 180° in time 1/4. However, the factor g in (6.2) limits us to only

lo(, 1/4) — Xj0<x<8y) — X{1-0,<x<1}ll1 < C8 (6.5)

for anew C < oo. This is due to the area of the set of stream lines of ¥ whose distance
from dQ is < & (which are the ones affected by g®) being bounded by C§ (because of
Vg € L*™ and (A.5)). Notice also that 6y < 1/2 and (6.3) show (with a new C)

sup | Vu(-, )|, < €871 TVP. (6.6)
te(0,1/4]
Fort € (1/4,1/2] let
(=12l

, ¥, t = vt
u(x,y, 1) [ 5

¥ ({2x}, y)],

with [2x |, {2x} the integer and fractional parts of 2x, respectively. This flow is illustrated
in Figure 5(b). Again (6.6) holds for r < 1/2, and again, if ¥® were replaced by  here
and in (6.4), then p(-, 1/2) would equal

X(0,1/2)%(0,260) + X(1/2,1)%(0,261)

as shown in Figure 5(c). This is because the flow V-4 rotates Q clockwise (and V- [—y]
rotates Q counter-clockwise) by 90° in time 1/4, due to Proposition 2.1(3) and symmetry.
However, as above, the extra factor g‘S means we only obtain (with a new C)

lo(, 1/2) = x@©0.1/2)%0.200) — X172, D)% 0,200 11 < C8.

For t € (1/2, 1] we run the same argument as for r € (0, 1/2], but separately on the
rectangles (0, 1/2) x (0, 1) and (1/2, 1) x (0, 1) instead of Q, and rotated by 90° (so
the first argument of the stream functions is either 2x or 2x — 1, instead of the second
being y). The end result is

oG, 1) = X©0,a)x(0,1/2) — X(1/2,1/245)x(0,1/2) — X(0,¢)x(1/2,1) — X(1/2,1/2+d)x(1/2,1) 11

S C(Sa
with a new C and

21 2n—1 2n1 -l 2n—

a .= 2172” Z 49,"/', b= 2172'1 Z Z 9,']', c = 2172n Z Z 9,'],
i,j=() j=2on—1 j=() i=0 j:2n—1
-1

. 1-2

d:=2""2" %" ¢;

i, j=2n-1

(soa+c =20y and b +d = 26;). That is, p(-, 1) is C8-close in L' (Q) to the function
from Figure 5(d), which is the sum of the characteristic functions of four rectangles, each
being the intersection of one of the squares Q19o0, Q101, Q110, Q111 With a half-plane
with normal vector (1, 0), and each having area equal to 2-2" times the sum of those 6; J
for which Q,;; lies inside that square.
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It is clear that a scaled version of this construction can be repeated for t € (1, 2],
separately on each square Q10, Q101, Q110, Q111, With (6.6) still valid for these 7 (be-
cause scaling of the stream functions is by a factor of 2 in space and 1/4 in value)
and at the expense of an additional L' norm error A—I‘CS on each square. Continuing
up to time t = n and scale 27", we obtain ||p(-,n) — thnj;lo Xr;;lli < Cnd, where
Rij = Q7,270 + 6;)) x 27"j,27"(j + 1)) € Qpij forany i, j €{0,...,2" —1}.
So S := Ulznj_:lo R;; and it now sulffices to pick § := k /(Cn).

The claim of the remark follows by replacing ¥® by ¥ in the proof. O

Proof of Corollary 1.7. Let 0y = 221 AN Onij| and consider the setting from the last
sentence of the previous proof (i.e., x = 0 and ¥ in place of y®) for any n and with the 6; ]
being the 6,;;. Then the constructed flows for n = n and n = n; obviously coincide for
t € (0, min{ny, n»}]. Thus there is a unique incompressible flow u : @ x RT — R2 satis-
fying the no-flow boundary condition which coincides with all these flows (for different n)
on their time intervals of definition. One easily sees that sup,.q ||u(:, t)||py < 00, so in
particular (1.1) is well-posed.

Due to the nature of the scaling of the stream functions in the previous proof by a
factor of 2% in space and 272k in value for 1 € (k, k + 1] (relative to ¢t € (0, 1]), we have

sup  JluC, Ollypsp < Cs, 207K
te(k,k+1]

forany s < 1/pandk = 0,1... (weneed s < 1/p to make u(-,t) € W*P, since it
is discontinuous along finitely many lines). Indeed, this follows from Lemma A.2 in the
appendix (rather than from interpolation, as in the introduction, because the flows here do
not belong to W'7(Q)). Scaling u|( x+1; in time by a factor of (1 —25~1)~12(1=9% apd
multiplying it by the same factor creates an incompressible flow % on Q x (0, 1) such that

sup [lu(:, Dllyps.p < Cs,p
te(0,1)

(new C;, , equals old Cy p, times (1 — 25=1)=1y and the solution to (1.1) with & in place
of u and with p(-, 0) = X{o<x<|a|} satisfies mej p(x,y, 1 —26"DMydxdy = 6, for
all n, i, j. Because A is measurable (so a.e. (x, y) € Q is its Lebesgue point), we obtain
limy1 [|p(-, 1) — xall1 = 0. o

Appendix: Properties of stream functions ¢, ¢,, ¢, s and two inequalities

Proof of Lemma 2.2. The first two claims of (1) are obvious, and the other two follow
from

sin(rx) ) -2 (A1)

ox(x,y) = 4cos(7rx)<1 + —
sin(ry)

and a similar expression for ¢, .
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To show (2), we start by taking another x-derivative of (A.1):

sin(nx)>2

sin(ry)

ax(x,y) = —4xm sin(nx)(] +

sin(x)

sin(y)

-2
—8n cos2(nx)<1 + ) (sin(rx) + sin(ry)) L.

Hence
8 8 40
- - <4 + =< s
sin(rrx) + sin(wy) V2do(x,y) ~ de(x,y)

loxx (x, )| < 47 +

with d,. the distance to the closest of the four corners of Q. Obviously, ¢y, obeys the same
bound due to symmetry. As for the cross term, taking the y derivative of (A.1) gives

Oxy(x, y)
= 8m cos(irx) cos(mry) (1 +

sin(mc)>_1 (1 4 sin(wy)

—1
. . 1
sin(ry) sin(nx)) (sin(rx) +sin(my))

hence |@yy(x, y)| < 20d.(x, y)_l. These estimates now show (2) because they yield

IV2o(x, y)| < (A2)

de(x, y)

To show (3), first note that d,¢ = —4 on dQ. implies T,(0) = 1. Consider the
triangle Or := {0 <y < x < 1/2},and for s € (0,2/7) let ['(s) := {(x,y) € Ot :
@(x,y) = s} (note that 0 < ¢ < 2/m on Q). By symmetry we have

1
Ty(s) = 8/ ——do,
re) Vel

so with [I"(s)| the length of the curve I'(s),

T,(s) < 8|T'(s)| max |Ve|™". (A.3)
I'(s)
Since ¢y > @x > 0 on Qr, the function of x whose graph is I'(s) has slope between
—1 and 0 on its domain (b(s), 1/2), with b(s) := % arcsin % Thus
1 1 . TS
IT(s)| <v2(= — —arcsin— ) (<1 (A.4)
2 7w 2

for all s, and limy 5/ |I"(s)| = 0. Moreover, on I"(s) we have sin(rx) > sin(rry), so

|V |—1 < ( )—1 < ! (l + SiIl(JTy))Z < !
@ = @y ~ 4cos(my) sin(r x) ~ cos(mb(s))

1
= — (A.5)

V1 — (s/2)?
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there. Combining (A.4) and (A.5) with (A.3) now gives
% arcsin %5

1= (%)

1
T,(s) < 8v/2 2

The fraction is bounded in s € [0, 2/7) away from 2/, and one can easily check that it
converges to 1/ as s — 2/m. This proves (3).
It remains to prove (4). Let us first use the divergence theorem to find

T (s) — Vo _ Vo
o(8) = —n‘—2d0— —V-—zdxdy,
(p=s) Vol (9>5) Vol

with n the outer unit normal vector to {¢ > s}. This yields

1 v A Vo - (V2pV
Tq;(s)z/ _v._‘/’zd(;:/ ( L 4 ( ¢ ‘”)>do~ (A.6)
{o=s) IVl Vel {o=s} \ IVl Vol

fors € (0,2/m), so T, is differentiable on (0, 2/7). We also obtain

’ 2 |V2§9| 2
|T¢(s)| max |Vp|© <4 3 do ( max |Ve|7). (A7)
{p=s} (o=s) Vol {p=s)

Recall that || Ve[|« < 0o by (1), and | V|~ is easily seen to be uniformly bounded away
from (1/2, 1/2) (where s &~ 2/m). Since (A.2) shows that |[V2¢| is uniformly bounded
away from the corners of Q (where s & 0), we only need to bound the RHS of (A.7) near
s=0,2/m.

For s close to 2/ we have |V2g| < 200 by (A.2), hence

1 maxg— Vel max g} | V|2

|T;(s)| max [Ve|* < 800/
{p=s}

= 8007, (s
to=s) Vol ming—) [Ve|? v ()

mingy—y} |Ve|?
(A.8)

The RHS is bounded near 2/m because T, is bounded and the fraction is bounded
near 2/m. Indeed, by symmetry it suffices to show the latter with I"(s) in place of {¢ = s}.
We have

IVo| = cos(b(s)) = sin(m(1/2 — b(s)))

on I'(s) by (A.5). We also have |Vg| < «/§<py < 4ﬁcos(ny) on I'(s), as well as
y > b(s) — (1/2 — b(s)) = 2b(s) — 1/2. The latter is because the curve starts at the
point (b(s), b(s)) and its slope (as a function of x) is between 0 and —1 on the interval
(b(s), 1/2). It follows that

IVl < 4v/2sin(2r(1/2 — b(s)))

onI'(s). As 1/2—b(s) =~ 0 for s near 2/, the last fraction in (A.8) is bounded near 2 /7.
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It remains to bound (A.7) for s near 0. Since |V¢|, |Vo|~! are both bounded near 8 Q
and the slope of I'(s) is between 0 and — 1, we obtain, for some C < oo,

1 70 12704/2
—|T,(s)| max |Vel|* 5/ V2| do 5/ d / /2
C {p=s) I'(s) r

o <
(s) de(x,y)
< 100[log b(s)|.

dx

b(s) X

But |logb(s)| = |log(% arcsin %)‘ < ‘log%‘ < 2|log s| for s near 0, so (4) is proved. O

Proof of Lemma 3.1. Note that ¢, = ¢ on O \ {dp < 1/5} 2 B3;10(1/2,1/2) =: D. All
constants below may depend on a € (0, 1].

The first, second, and fourth claims in (1) follow immediately from Lemma 2.2(1).
We also obtain, for a > 0,

IVea(x, )| < Vo, )Ifdpx, y)* + o, y) fdp (e, ) ool Vdp (x, ¥)]

< Vo, WL 1%dp (x, ) + o, VI 1% dp (x, )* 7" < Cdp(x, y)°
(A.9)

for some C < oo, where in the last inequality we have used ¢(x, y) < 2wdp(x, y). So
(1) is proved.

(2) is proved similarly: direct differentiation, together with ¢(x, y) < 2mdp(x, y),
(A.2),and |V2dp(x, y)| <dp(x,y) ! on {dp < 1/5} yield, for some C < oo,

V2@, (x, y)| < Cdp(x, )7L (A.10)

It remains to show (3) and (4). Since ¢, = ¢ on D (and D fully contains the level sets
{@s = s} for all s near 2/m), all the claims hold when restricted to all s near 2/, due to
the same properties of ¢. We therefore only need to consider s away from 2/ .

The claim in (3) about the level sets of ¢, follows from the same statement for ¢,
and from positivity of the derivatives of ¢ and dp in the direction (1/2,1/2) — p in-
side each connected component of {dp < 1/5}, where p is the unique point from P
belonging to that component. Also, since s ~2#/(*+1 is integrable near 0 for a € (0, 1)
and Vg, € L*(Q) for a > 0, boundedness of T, for a € (0, 1) as well as (4) for
a € (0, 1] will follow if we show sup; g 4] sz“/(“+1)|Tq/)a (s)] < oo fora € (0, 1] with
S0 = sup(x,y)EQ\D p(x,y) < 2/”

For any s € (0, so], let b,(s) be the unique value such that (b,(s), b,(s)) € 00T
(with Q7 from the proof of Lemma 2.2) and ¢, (b, (s), b, (s)) = s. A direct computation
yields ¢’s'/@+D) < p,(s) < C's'/@*D for some ¢/, C' € (0, 00). Due to (A.6) and
symmetry we have

T ()] < 32 /
v tva=s)n07 |V¢a
5 /1/2 V204 (X, Ya,s(x))]
ba(s) 1V9a (X, Ya.s )21 @a) y (X, a5 (X))
<3 /1/2 |V2<pa<x,ya,s<x))|3 .
ba(s) |(‘Pa)y(xa Ya,s ()]

|V2‘Pa|

3 do

(A.11)
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where y, s(x) is such that ¢,(x, y,s(x)) = s and (x, y,s(x)) € Qr. Its uniqueness
is guaranteed by (¢,)y > 0 on Qr, which holds because ¢, dy¢, and f(dp(x, y)) are
positive on O, and 9y[ f (dp(x, y))] > O there. In fact, on Q7 N {¢ < so} we have, for
some C < 00,

(Pa)y(x,y) = dyp(x,y) f(dp(x, y)* = Cdp(x, y)*.
Combining this and (A.10) with (A.11) yields, for s € (0, so] (with anew C < 00),

1 1/2 12
FT, 0= [ dpr o) a

ba(s)

1/4 1/2—bq(s) 172
< / x T ax + / (x —1/2)7 120 dx +/ ya,s(x)flfza dx.
ba(s) 1/4 1/2—ba(s)

The first two integrals are each bounded by %(c’)_zas_za/ @+D) (recall that b,(s) >
/s1/@tD)y) a5 we need. For x € [1/2 — b,(s), 1/2] and s € (0, sg] we have (with C :=
IVollooll f/ll5)

§ = @a(X, Yas (X)) < Cyas(X)dp(x, Yas(x)* < C(C)yq,s(X) (s EOD 1y, ()9

because 1/2—x < b, (s) < C's'/@+D This gives max{y, s(x)s% @Dy, ()41} > ¢s
(with some ¢ € (0, 1]), which implies y, ;(x) > cs!/@+D_ This and b,(s) < C’s!/@+D
show that the third integral is bounded by C’¢~172¢s=2¢/(@+D) for 5 € (0, so]. Hence we
indeed get sup;¢ (g 5] s2a/ta+D) |T,, ()| < oo fora € (0, 1], and we are done. O

Proof of Lemma 4.4. Since ¢,5 = ¢4 on Dy s U9 Q, we only need to consider s € (0, §)
in (1). Fixa € (0,1), 6 € (0,1/10), and s € (0, ). We have ¢, 5(x,y) = @q(x,y)
when dp(x,y) > %da,‘;, so their level sets coincide outside B, s = {(x,y) € QO :
dp(x,y) < %da’g}. (Recall thatd, s = c81/@+D for some é-independent ¢ > 0.) (1) now
follows as the same claim for ¢, in the proof of Lemma 3.1(3).

From Lemma 3.1(4) and |Vg| ™! being bounded except near the point (1/2, 1/2) (and
hence (sup(,, -} IV¢a 1)~! being bounded except near s = 2/7) it follows that

sup & Ima/@tiT (6) — Ty, (8)] < 0.
0<s<é<1/10
It is therefore sufficient to show (2) with T, (s) in place of T, (8). The parts of the
integrals defining Ty, (s) and T, , (s) coincide outside By s, so

Ty s(5) — Ty (s) = /

do —/ do.
{¢a.s=5)NBas | VPa.sl {¢a=s)NBys | Val

It therefore suffices to show

-1
sup <3<1a>/<a+1> log 2_5)
0<s<8<1/10 s

1 1
X max{/ dO’,/ da} <o0. (A12)
{pa=s)NBas |Val {0as=5)NBas | Va5l
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On B,,s we have dp < 1/10 (because d, s < 1/2, which is due to ¢,(1/4,1/4) =
«/E/JT > §), SO

dp(x,y>>1“‘

@alx,y) =5%(x, y)dp(x, y)* and @qs(x,y) = 5”<p(x,y)dp(x,y)“f( as
a,

there. Also, B, s has eight connected components, but the following analysis is essentially
the same in each of them. We will therefore only consider the one near the origin (or rather
one half of it, due to symmetry). So let B’ := Bi, ;50,00 N {0 <y < x}.

On B’ we have ¢,, ¢y, (dp)y, (dp)y > 0, which together with f’ > 0 shows that
(with the usual ~ notation, where constants depend on a but not on 8, )

Vgl ~ (goa)x + ((pa)y and |V(pa,6| ~ (¢a,5)x + ((pa,é)y (A.13)

and also that the curves {¢, = s} N B’ and {p, s = s} N B’ are graphs of decreasing
functions of x. Those graphs start at some points (b, (s), b, (s)) and (b, s(s), ba 5(s)) (the
former being from the proof of Lemma 3.1). Since ¢(x, y) ~ y and dp(x, y) ~ x on B/,
and f(r) ~ron (0, 1), we obtain (using also d, s = c§1/(a+h)y

ba(s) ~ sV@D and b, 5(s) ~ 810/ GatDl/2, (A.14)
Since on B’ we also have 0 < ¢, < ¢y~ 1and 0 < (dp)y < (dp)x ~ 1, it follows that
IVga(x, y)| ~x% and Ve, s(x, y)| ~ 8~ 170/ @ty

on B’. From this and (A.14) we deduce that the first integral in (A.12), with B, s replaced
by B’, is bounded above by a constant times

da,6 da,S
/ x YA+ W @x))dx < / X7dx + by (s) by(s) < st-a)/@+l)
ba(s) ba(s)

with & the decreasing function whose graph is {¢p, = s} N B". By the same argument (and

also using ﬁ — 21a;+a2 = 1/2), the second integral is bounded above by a constant times

da,S
/ s/ @ty =1 gy 4 s0-a)/@tDp )" 1p, s(s) < 80-D/@HD (1 4 10g(5/s)).
ba,s(s)

The same bounds are obtained for the integrals from (A.12) over the remaining parts
of B, s (the four connected components in the corners of O are divided into two parts
each, the other four connected components into four parts each). This proves (A.12), and
thus (2). ]

Lemma A.1. There is ¢ > 0 such that for any s € [0, 1] and «, ¢ € (0, 1/2], a function
f € L*®(Q) is k-mixed to scale € whenever || f || g—s < ck 757215 £l oo.
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Proof. Let us consider the same test function g : R2 — [0, 1] as in [11, Lemma 2.3],
smooth and satisfying ¢ = 1 on B(0, ), g¢ = 0 on R?\ B(0, (1+«/20)¢), and | Vg|loo <
40/(k¢e). Elementary computations yield [lgll2 < Ci¢ and |Igllg1 < Cik~ Y2 for some
C1 < oo. Interpolation then gives |Igll gs < Cik~5/2¢1=5 for s € [0, 1]. We thus have,
for any x € Q such that d(x, dQ) > 2¢ (so that g(- — x) is supported on Q),

2
= fla—sliglgs = Cicke |l flloos

‘/ Fgly —x)dy
0

which gives

1 3mice?
F(‘/Q.f(y)g(y—X)dy‘+ 20 ”f”oo>

Clc 3
< <? + %)K”f”oo- (A.15)

][ F) dy‘
Be(x)

For x € Q such that d(x, Q) < 2¢ we instead use the test function g(- — x)h(-),
where h(y) = 1 when d(y, 3Q) > k&/20,h = 0on R?\ Q and ||VA|s < 40/(x€). An
argument as above yields ||g(- — x)h()|l zs < Cak /215 for some C < oo and all
s € [0, 1]. Similarly to (A.15) we also obtain

4Crc 12
][ fydy| < (— + —>K||f||oo (A.16)
B.(x)NQ T 20
because |Bg(x) N Q| > %82. Choosing ¢ := {5 max{C1, C»}~! finishes the proof. O

Lemma A.2. Let p € [1,00), s € (0, 1/p), and n > 0. Assume that a family of functions
Uij}; iZb on Q satisfies || fijllws.r < 1 and | fijlloo < 1 foranyi, j € {0,...,2" =1},
Let f : Q — R be defined on each Qp;j by

f&)=27"f;2"x = (@, j))-
Then || f lws.r < CX,PZ_U_S)” for some C ,, > 0 which depends only on s, p.

Proof. Since s € (0, 1) and Q € R?, the fractional Sobolev norm can equivalently be
defined by (see, e.g., [9])

|f(x) — fFO)IP l/p
I fllws.r = (/Qlfl”dx+/Qszxdy> :

=1[f]

Obviously || fIl, < 27", so it is sufficient to show I[f] < Cy, ,2~1="% This would
follow from

_ P
DSl ACDIN dy < Cy 27 2n=(=9mp (A.17)
Oy %0 |X _ y|2+sp s, p

forany i, j € {0, ...,2" — 1}, which we shall now prove.
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Since I[ fij] < 1 for any i, j by hypothesis, we have

/ |f()€) - f(y)lp dx dy _ 2_2n_(1_S)an[fij] < 2—2n—(1—s)np_ (A.18)
Qg

—_ y|2+sp
2 =yl

Also, for some Cy ;, < oo and any x € Q;; we have, using || f|lL~(g) < 27",

_ V2
/ | f(x) f(y)l”d 5/ (2||f||°°)p2nrdr
O\ Qnij

lx — y[2+sp dx,00uy) TP
= Cs,pzinpd(xs 8Qnij)isp-

Integrating this over x € Q;; and using sp < 1 gives (with a new Cy )

_ P
/ @ = F0IF J;iy” dxdy < cs,pz—"l’/ d(x, 8 Qi) dx
0nij x(Q\Quij)  1X = YIFTP

nij

< Cs)p2—2n—(l—s)np.

Adding this to (A.18) yields (A.17). ]
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