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Abstract. We study the regularity properties of the solutions to the nonlinear equation with frac-
tional diffusion,

du + (—A)°2pw) =0,

forx € RN andt > 0, with 0 < ¢ < 2 and N > 1. If the nonlinearity satisfies some not very
restrictive conditions: ¢ € Cl7 (R) with 1 + y > o,and ¢'(u) > 0 for every u € R, we prove
that bounded weak solutions are classical solutions for all positive times. We also explore sufficient
conditions on the nonlinearity to obtain higher regularity for the solutions, even C®° regularity.
Degenerate and singular cases, including the power nonlinearity ¢(u) = ™ Ly, m > 0, are
also considered, and the existence of positive classical solutions until the possible extinction time

ifm < % N > o, and for all times otherwise, is proved.

Keywords. Nonlinear fractional diffusion, nonlocal diffusion operators, classical solutions, opti-
mal regularity

1. Introduction

This paper is devoted to establishing the regularity of bounded weak solutions for the
nonlinear parabolic equation involving fractional diffusion,

du+ (—A)?pw) =0 in Q =R x (0, 0). (1.1

Here (—A)?/2 = F~1(|-|° F), where F denotes Fourier transform, is the usual fractional
Laplacian with 0 < ¢ < 2 and N > 1. The constitutive function ¢ is assumed to be at
least continuous and nondecreasing. Further conditions will be introduced as needed.
The existence of a unique weak solution to the Cauchy problem for equation (1.1) has
been fully investigated in [18, 19] for the case where ¢ is a positive power. The solution
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in that case is in fact bounded for positive times even if the initial data are not, provided
they are in a suitable integrability space. The theory can be easily extended to the case of
more general functions ¢; see Section 8 at the end of the paper for a brief survey on the
existence and uniqueness theory under the present assumptions.

When ¢(1) = u the equation is the so-called fractional heat equation, which has been
studied in a number of papers, mainly coming from probability. Explicit representation
with a kernel allows us to show in this case that solutions are C* and bounded for every
t > 0, x € RY, under the assumption that the initial data are integrable. In the nonlinear
case such a representation is not available. Nevertheless, we will still be able to deduce
that bounded weak solutions are smooth if the equation is “uniformly parabolic”, 0 <
c<¢'(u) <C < oo

Classical solutions. Our first result establishes that if the nonlinearity is smooth enough,
compared to the order of the equation, max{1, o}, then bounded weak solutions are clas-
sical solutions, in the sense that all terms appearing in the statement of the equation are
continuous functions.

Theorem 1.1. Let u be a bounded weak solution to (1.1), and assume ¢ € Cl7(R) for
some0 <y < 1,and ¢'(s) > Oforeverys € R.If 14+y > o, then d;u and (—A)°*¢(u)
are Holder continuous functions and (1.1) is satisfied everywhere.

The precise regularity of the solution is determined by the regularity of the nonlinear-
ity ¢; see Section 5 for the details. Notice that the condition ¢’ > 0 together with the
boundedness of u implies that the equation is uniformly parabolic.

The idea of the proof is as follows: thanks to the results of Athanasopoulos and
Caffarelli [2], we already know that bounded weak solutions are C regular for some
a € (0, 1). In order to improve this regularity we write (1.1) as a fractional linear heat
equation with a source term. This term is in principle not very smooth, but it has some
good properties. To be precise, given (xg, fp) € O, we have

du+ (—A)Pu = (=A%, 1.2)

where
@u(x, 1)
¢’ (u(xo, 1))’
after the time rescaling 1 — /¢’ (u(xo, fo)). It turns out, as we will prove in Sections 4
and 5, that solutions to the linear equation (1.2) have the same regularity as f.

Next, using the nonlinearity we observe that f in the actual right-hand side is more
regular than u near (xg, fo) (see (4.1)). Once we have arrived at this point, we are in
a situation that is somewhat similar to the one considered by Caffarelli and Vasseur in
[8, Appendix B]. There, they prove C!* regularity for an equation, motivated by the
study of geostrophic equations, of the form

fx,t):=ux,t) —

du + (— A2y = div(vu),

where v is a divergence free vector. Comparing with (1.2), we see two differences: in
their case 0 = 1, and the source term is local. These two differences will significantly
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complicate our analysis. We want to stress that the main difficulty in [8] was proving
that the solution is C*. In our case this initial regularity is already available, and the
demanding part is to gain higher regularity.

In order to obtain the above-mentioned regularity for the solutions u to (1.2), we will
use the fact that they are given by the representation formula

u(x,t) =/ P.(x —x,tHu(x,0)dx
RN

t
+f / (=N PPy (x =%, 1 =) f(X, D) dxdl, (x,1) € Q,
0o JrY

where P, is the kernel of the o-fractional linear heat equation; see Section 3 for a proof
of this fact, which falls into the linear theory. Therefore, we are led to study the singular
kernel Ay (x, 1) := (—=A)°/2P, (x, ). Unfortunately, P,, and hence A,, is only explicit
when o = 1. However, using the self-similar structure of P,, we will be able to obtain
the required estimates and cancellation properties for A, (see Section 2).

Singular and degenerate equations. The hypotheses made in Theorem 1.1 exclude all
the powers ¢(u) = |u|™ 'u form > 0, m # 1, since they are degenerate (m > 1)
or singular (m < 1) at the level u = 0. Nevertheless, a close look at our proof shows
that we may in fact get a result that is local in some sense: weak solutions defined in the
whole space that are globally bounded and C? are indeed classical solutions (in the sense
mentioned above) in any set where the equation is uniformly parabolic. This is carefully
stated in Theorem 7.1 which applies to more general nonlinearities ¢. To be clear, in the
case of the power nonlinearities we may even consider signed solutions and the result
ensures that they are indeed classical solutions in the open sets where they are strictly
positive (or strictly negative). It is to be noted that local regularity results are not to be
expected for nonlocal equations unless appropriate assumptions are made on the far-away
behaviour. Our mild hypotheses do precisely that.

Higher regularity. If ¢ is C*° we prove that solutions are C°°. The result will be a
consequence of the regularity already provided by Theorem 1.1 plus a result for linear
equations with variable coefficients, Theorem 6.1, which is of independent interest. The
case 0 < 1 is a little more involved since we first have to raise the regularity in space
exponent from o to 1. See more in Section 6, where higher regularity results depending
on the smoothness of ¢ are given.

Theorem 1.2. Let u be a bounded weak solution to equation (1.1). If ¢ € C*°(R) and
¢ >0inR, thenu € C*(Q).

As a direct precedent of the present work, let us mention the paper [20], where we con-
sider the nonlinearity ¢(u) = log(1 + u) in the case ¢ = 1 = N, and prove that solutions
with initial data in some L log L space become instantaneously bounded and C*°. Notice
that in this case ¢'(u) = 1/(1 + u), and hence the equation is uniformly parabolic.

We expect some of these ideas to have wider applicability. We point out several pos-
sible extensions, together with some comments and applications of (1.1), in Section 9.
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2. Kernel properties

In this section we consider two issues for the kernel A, = (—A)?/?P,, which play
an important role in the study of regularity, namely some estimates and a cancellation
property. Before doing this, it will be convenient to introduce a certain Holder space
adapted to equation (1.1), together with appropriate notation. For simplicity, we will omit
the subscript ¢ in what follows when no confusion arises. It will also be convenient to
use the notation Y = (x, t) € RV*1,

The kernel P has as Fourier transform P &,1) = e 11°t Therefore, it has the self-
similar form

Px,t) =t Nod(z), z=xt""7 RN t>0. .1

Moreover, the profile ® is a C* positive, radially decreasing function ®(z) = 5(|z|),
satisfying ®(s) ~ sN=9 for s — oo (see [4]). We will exploit all these properties in
what follows.

The o-distance and the associated Holder space. The self-similar structure of P mo-
tivates the use of the o -parabolic “distance” |Y1 — Y3|,, where

Vo i= (x* + 11172 =171z + D2

This is not really a distance unless o > 1, since the triangle inequality does not hold if
o < 1. However it is a quasimetric, with relaxed triangle inequality

Y1 — Y3lp < 29794/9(|Y) — Yalo + V2 — Y3ls). (22)

This will be enough for our purposes.
Observe the relation between the standard Euclidean distance and this o -parabolic
distance:
Y| <c|Y|, forevery|Y|<1, v:=minfl,o}. 2.3)

The o-parabolic ball is defined as Bg := {¥ € RNt : |Y|, < R}. Performing the
change of variables

s=1lxl 17177, = (x P P12, (2.4)

we get, forall§ > —N — o,

5 R otNta—1 > sV S+N+
. o — _ o
/BR |Y], dY = ZUNa)N/O r dr/(; (11 s2) N2 ds =cR .

In particular, the volume of the ball By is proportional to RN In the same way,
[pe 1Y15°dY = cR™TNT forevery § > N +o.
R
The Holder space C3(Q), o € (0, v), consists of all functions u defined in Q such
that for some constant ¢ > 0,

u(¥1) —uX2)| < cl¥1 — Ya|§ forevery Y1,Y2 € Q.
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The estimates. Using formula (2.1) we deduce that A = (—A)°/? P has the self-similar
expression

Ax, 1) = 1717 Now(g),
where z = xt~1/7 and W (z) = (—=A)?/2®(z). This is the basis for the estimates.

Proposition 2.1. For every Y € Q the kernel A satisfies

|A(Y)| = 18: ACY)| < IVxA(Y)| = 2.5

Cc C C
N ’ N+20’ N 1°
Nehaad Y5+ |y |otot

Proof. We observe that 5(5) = ¢ 1" hence @(S) = |.§|"e‘|5|a. Using the expression
of the inverse Fourier transform of a radial function we get
o
V@ = Blel) = el Y2 [ e VT ez
0

where Jy denotes the Bessel function of the first kind of order «. This yields the decay
|W(s)| = O(s~ =) for s large [21, Lemma 1]. Since W is bounded, we have

[B(12D] = [(=A)D@)| < el + [z~ VT2, (2.6)

which implies
c <
tH'N/"(l + |xt—1/a|2)(N+a)/2 - |Y|é\/+g~

JA(Y)| =

The estimate for the time derivative is a consequence of
BAY) = —(=8)7P(x,1) = =1 N72(=0)7D(2), 2.7

which follows immediately from the equation satisfied by P, and (2.6). Indeed,
c ¢

|81A(Y)| =< tN/o-+2(1 + |xt_1/a|2)(N+2(7)/2 = |Y|([TV+20'

In order to estimate the spatial derivative VA(Y), we consider the equation relating
the profiles ® and W,

o(—A)? ®P(z) — (N +0)¥(z) —z-VW¥(z) =0,
which follows from (2.7). It implies that
VW ()| < é(l‘y(z)l + (=27 D))

Since VW is bounded, we deduce that [U'(s)| < ¢(1 4 s2)~N+o+D/2 Finally,
c

_ —1=(N+D/o g,
VoA = O = v T

C
= (y\Nfo+l"
|Y|U+O'+

Let us point out that further derivatives may be estimated in a similar way.

Cancellation. We now show that the function A has zero integral in the sense of principal
value adapted to the self-similar variables: we take out a small o-ball and integrate, and
then pass to the limit.
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Proposition 2.2. For every R > ¢ > 0,

/ A(x,t)dxdt = / A(x,t)dxdt =0 2.8)
B \B: By \Be
where B;{ = BrN{t >0}and B = BgN{t < 0}.

Proof. From the equation for the profile @,
o (=A)D(2) — N®(z) —z- V() = 0,

we get an alternative expression for the profile of A,

sl

7N -
sV D(s)) .
o

~ 1~ ~
Y(s) = E(Nd>(s) +5®'(s)) =

Hence, using the change of variables (2.4) and the behaviour of ® at infinity, we get

R poo N—1y;
v
/ A(x,t)dxdt:Na)NU/ / stdr
BE\B, e Jo r

= Ny log(R/e)(s¥ ®(s))|32, = 0. O

3. The linear problem

As we have said in the Introduction, the solution u to equation (1.1) will be analyzed by
writing it as a solution of a linear problem with a particular right-hand side. This leads to
the representation of u by means of a variation of constants formula. We give a proof of
this independent fact and then proceed to establish the regularity of the linear problem.

3.1. A representation formula

Let us consider the Cauchy problem associated to the fractional linear heat equation with
a source term,

3.1)

du+ (—A)?u = (—A)°?f inQ,
u(-,0) = up inRY,

We assume that f € L ((0,00) : L'(RY, pdx)) with p(x) = (1 + |x[)~VF9). We
define a very weak solution to problem (3.1) as a function u € C([0, 00) : L'(RY, p dx))
such that

// u(x,t)a,;(x,z)dxdtzf(u—f)(x,r)(—A)”/zg(x,t)dxdt
0 0

forall ¢ € C2°(Q), and u(-, 0) = ug almost everywhere.
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Theorem 3.1. If f belongs to L ([0, 00) : L'(RN, p dx)) and is locally Hélder, and
ug € LP(RYN) for some 1 < p < oo, then there is a unique very weak solution of

problem (3.1), which is given by Duhamel’s formula:

u(x,t) 2/ P(x —Xx,Huo(x)dx
RN

t
+f/ (=A)°PP(x —%,t — D) f(X,Ddxdi, (x,0)eQ. (3.2
0 JRN

Proof. Step 1: Uniqueness. We may assume ug = f = 0 and then apply the results of
[3] where a wider class of data and solutions is treated.

Step 2: u is well defined. We have only to take care of the last term in (3.2), which can
be written as

/ AY = Vxgn fX)dY, Y eQcRVHL
o

In order to prove that this integral is well defined we decompose O = B,” U (Q \ B,),
with » > 0 small, where B, = {Y = (x,7) : |Y — Y|, < r, t <t}. The cancellation
property (2.8) combined with the local Holder regularity allow us to estimate the inner
integral:

/B CAY = Vxgen ) d?‘ = ‘ /B CAY =V (fO) = F())dY

< [ 1@ -DIir@ - fonlar

B,

< / dY <
_C [
By Y —yytoe

The outer integral is bounded by using estimate (2.5).

Step 3: u is a very weak solution. In order to justify the representation formula we pro-
ceed by approximation. Let # > 0 and take f € C°(Q) with f(x,7) =0forz >t —r,
r small, thus avoiding the singularity. In that case the integral in the ball B, vanishes
identically. Since moreover u given by (3.2) is a bounded classical solution, hence a very
weak solution, the assertion holds.

Next, for any f € C%(Q) and compactly supported in space (in a uniform way),
we use approximation with functions f,, as before by modifying f in the time interval
t —ry <1 < t.Using the fact that the fractional Laplacian can be applied to f;, instead
of P, it is easy to see that we can pass to the limit u of the solutions u,, which is still a
bounded classical solution. Moreover, the formula as it is written holds for functions f of
this class by integrating by parts and the integrability estimate from Step 2.

Finally, for general f as in the statement, we use approximation of f in a compact set
by functions f,, € C°°(Q) compactly supported in space. Passing to the limit in the very
weak formulation, which is again justified thanks to Step 2, we conclude that ¥ = limu,
is a very weak solution. O

Remark. Any bounded, locally Holder function f satisfies the conditions required by
Theorem 3.1.
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3.2. Regularity of the linear problem

The first term on the right-hand side of the representation formula (3.2) is regular. Hence,
u has the same regularity as

g(¥) = / A(Y = D)oy f(T)dY. (3.3)
RN+1

+
We start by proving that g has the same o -Holder regularity as f.

Lemma 3.1. Let f € C3(Q) N L>®(Q) for some 0 < a < v, and let g be given by (3.3).
Then g € C2(Q) N L*™(Q).

Proof. Let Y| = (x1,11), Y2 = (x2,12) € Q be two points with |[Y| — Y2l = h > 0
small. We assume without loss of generality that f(Y;) = 0. We have to estimate the
difference

g - g = [
R

+

(AT =V xary — A2 = VX)) fXAY  (3.4)

+1

and see if it is O (h*). We decompose Q into four regions, depending on the sizes of
|x — x1| and |7 — 1| (see Figure 1).

t1 4+ h?

ty — h?

]

Fig. 1. Integration regions.

(i) The small “ball” By, (Y1), where ¢ > 1 is a constant to be fixed later. We take # small
enough (o4 < min{ty, 1}) so that on the one hand By, C Q, and on the other hand we
can use the relation (2.3). The difficulty in this region is the nonintegrable singularity of
A(Y) at Y = 0. Integrability will be gained thanks to the regularity of f. We first have,
repeating the computations in Step 2 of the proof of Theorem 3.1,

/ A1 = V) f)dY | < ch®.
Bon(yy)
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To estimate the second term in (3.4), we consider the ball B, (Y>). To be sure that the
distance from 9By, (Y1) to Bj(Y2) is positive, we take ¢ = max{4, 22/"} (see (2.2)).
Using again the cancellation property (2.8), we get

| A= Dot DT
Bon (Y1)

= / A2 = V) Yjiary (f(Y) = f(Y2))dY
BQh(Yl)

I
+ f(Yz)/ A(Y2 = Y)xgerydY . (3.5)
Bon (Y1)\Bn(Y2)
I

The first integral satisfies |I1| < ch®. As to I», since we are far from the singularity of A,
dy
|| < Cha/ TN = ch®.
Bon(YD\By(Y2) I

(E) The narrow stiip S, = {Y e Ezh(Yl), |t — 11| < h°}). In this region we have
Y — Yilo < 01lY — Y2|s and |X¥ — x1| > @2h, for some positive constants g1, 02
depending only on o. Therefore,

/S (AT =V xparyy — A2 = V) Xgasy) V) dY‘
h

_ o i7
/(IA(Y1—Y)I+|A(Y2—Y)|)|f(Y)|dY5/ T
1lo

s lY —
n+he dx dt
= C/ / ¥ _ + |[Nto—a = ch®.
- {Ix—x1|>02h} [x — xi]

Notice that @ < o, so that the last integral is convergent.

(iii) The complement of the ball By, (Y1) for large times, T, = (Ye Ezh YD), t>t +h°)}.
The integral in this region is 0, since here we have

AL =V xjr<ry) = A2 = V) X(isy) = 0.

(iv) The complement of the ball By, (Y1) for small times, Dy, = {7 € EZ)h (Y1), t<t1—h°}.
The required estimate is obtained here using the fact that

A1 = V) Xger) — A2 = V) tjrary = A(Y1 = Y) — A(Y2 = Y).

Thus we are integrating a difference of A’s, so there will be some cancellation. Indeed,
by the Mean Value Theorem,

|A(Y1 —Y) — A(Y2 = Y)| < Y] — Y2l max{|V,A(0)], |9, A(6)]},
where 8 = s(Y; —Y) + (1 — 5)(Y» — Y) for some s € (0, 1).
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Since |Y1 — Y2| < |Y1 — Y2|) = h", and in D), we have |Y; — 7|0 < 2|0|s, Proposi-
tion 2.1 yields
ch’ ch’

A =)= A2 =P = ey < =

Therefore we conclude that

/D (AT = V) x(eryy — A2 = V) X)) f V) dY‘
h

<on dy <oh? dy _ o
- Y, — Y|N+o+v—a - - |Y|N+a+v—a ’
Dy Y1 o {IYle>oh) 1Y |5

assuming o < v so that the last integral is convergent. O

Remark. Notice that if some derivative (even a fractional one) of f belongs to
C%(Q) N L*°(Q), then a computation analogous to that in the above lemma shows that
the convolution of this derivative against the kernel A also belongs to CS(Q) N L*°(Q).
We conclude that g has the same regularity as f.

As a corollary of Lemma 3.1, we obtain a maximal regularity result for the linear equation
with a standard right-hand side that has independent interest.

Corollary 3.1. Let f € CZ(Q) N L*°(Q) for some 0 < o < min{l, o}. If w is a very
weak solution to
dw + (=A)w = f, (3.6)

then dyw, (—A)°?w € C%(Q) N L®(Q).

Proof. The function u = (—A)°/2w solves (3.1) in the distributional sense, hence it is in
C&(Q) N L*°(Q). The result now follows by noticing that o,w = f — u. ]

See also [6, Appendix A] for a related regularity result for the linear parabolic equa-
tion (3.6).

4. Improving o -Holder regularity

We now return to the nonlinear equation (1.1). For bounded weak energy solutions the
equation is neither degenerate nor singular. Hence, the results from [2] guarantee that
they are C2 for some « € (0, v). The aim of this section is to improve this regularity
showing that the solutions belong to C§ for all o < v. Further regularity, showing that
the solution is classical, will be obtained in Section 5.

The idea is to use the fact that the solution u to the nonlinear equation (1.1) is, after a
scaling in time, a solution to the linear equation

pu(Y))

ANT/2 —  AnGJ2 = -
du + (=2)"u= (A" f fX) =u) ¢’ (u(Yo))
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The function f satisfies the hypotheses of Theorem 3.1. Hence, u is given by the repre-
sentation formula (3.2). Moreover, since u € C5(Q) and ¢ is uniformly parabolic, and
since ¢’ € CY (R), applying the Mean Value Theorem we get

@' (0) lu(Yo) — 6017 o
Y)— f(YH)|=|1 - ——— YY) —u(Y — Y, - Y
[f (Y1) — f(Y2)l o a(Yo)) lu(¥1) —u(¥2)| < o w(Yo) Y1 — Y2,
< cmax{|u(Y1) —u(Yo)|”, lu(Y2) —u(Yo)|"}|Y1 — Ya|§
< emax{|Y1 — Yol |2 — Yol ¥ — Va2, @1

where 6 is some value between u (Y1) and u(Y>). This shows not only that f has the same
regularity as u, namely f € CJ(Q), but a bit more that will be enough to improve the
o-Holder regularity of u by a constant factor.

Lemma 4.1. Let f be bounded and locally Hélder continuous, so that g in (3.3) is well
defined. Assume that there exist c, 8y, € > 0 with o + € < v such that

If(Y) = f(Yo)| <cl¥ — Yo|2Te, 4.2)
1Y) — F(Y)] <c8°1Y —Y|2, 4.3)

forall 0 <§ <dpand?, Y € Bs(Yy). Then
lg(Y) — g(Yo)| < '|Y — Yolg™e

forallY € Bsy;»(Yy), where ¢’ depends on c.

Proof. Since f is bounded, condition (4.2) holds for every Y € Q. This is enough to make
all the estimates used to prove Lemma 3.1 work, yielding terms which are O (h**€), ex-
cept for the integral 7 in (3.5). To estimate this term, take ph < §p and observe that (4.3)
gives

|I] = / AY =V xgen(f) = F(V))dY
Bon (Yp)
1 _ _
SchE/ ——————|Y =Y |%dY < ch®*e. o
B(¥y) |Y — Y |) T 7

Applying this lemma a finite number of times we obtain the desired regularity for the
nonlinear problem.

Theorem 4.1. Let u be a bounded weak solution to equation (1.1). Assume ¢ € CLY (R)
and ¢'(s) > 0 for every s € R. Then u € C%(Q) for all a € (0, v).

We must remark that the restriction @ + € < v in Lemma 4.1 is only needed to make
the outer integrals convergent; the estimate in the ball B, (Yy) is true for any o € (0, v)
and € € (0, 1]. This observation turns out to be of great importance in obtaining further
regularity in the next section.
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5. Classical solutions

Our next aim is to go beyond the C? threshold of regularity. Here we encounter an addi-
tional difficulty, stemming from the nonlocal character of the fractional Laplacian opera-
tor, which is not present in the work [8], namely that (—A)"/ 2P(Y ) X{¢>0) is not smooth
through + = 0 outside x = 0. For that reason we must treat the second order estimates
in the time and space variables separately. We begin by improving regularity in space, to
obtain u(-, t) € C*(R") uniformly in ¢ for some o« > v depending on the regularity of
the nonlinearity ¢. We then use equation (1.1) to get Lipschitz regularity in time, which
is later improved to u(x, -) € C*1+¥)/9 (R, ) uniformly in x. The last step is to reach the
desired smoothness in space, u(-,t) € C vA+y) (RN uniformly in 7.

Notation. By writing u € C* with o € [1,2) wemeanu € CH* lif o € (1,2), and
ueColifa=1.

Lemma 5.1. Let f be bounded and locally Holder continuous, and g as in (3.3). If f
satisfies in addition (4.2) and (4.3) with some 0 < o < v and 0 < € < 1, then, for every
e € RN with |e| = 1,

|g(xo + he, to) — 2g(x0, to) + g(xo — he, 19)| < ch®*¢  foreveryh > 0 small.  (5.1)

Proof. SetY = Yy + (he,0) and let Y* = 2¥; — Y be its symmetric point with respect
to Yp. We have to estimate the second difference

€N =260 + 2 = [ AV K )P,
+

where
A, Y0, Y) = AY = V) xgg<ry — 2400 = Y) Xgi<to) + A" = V) x(rr)
=(AY —Y) =240 —Y) + AQY* = Y)) X(r<1o)-
As in the proof of Lemma 3.1, we consider separately the contributions to the integral of
several regions, though here we only need to consider the ball B,;(Yp) and its comple-

ment B; » (Y0). The contribution of the integral in B, (Yo) is decomposed as Jy —2J2+ J3,
where

h=/ A =V Xy SV dY,

Bon (Yo)

h=/ A(Yy — Dty f (D) .
Bon (Yo)

n=[ AW =Ty DT,
th(YO)

Thus | fth(Yo) Af| < |J1l +2|J2| + |J3]. The integrals J; and J> were already estimated
in the course of the proof of Lemma 3.1, modified as in Lemma 4.1 (see the comment after
that lemma), thus giving O (h**€). Since Y* — Yy = Yy — Y, the integral J; is estimated
in just the same way.
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To estimate the contribution in the complement of the ball we use Taylor’s formula.
We have, by Proposition 2.1,

JA(Y, Yo, V)| =AY —=Y) —2A(Yo—Y) + AQYy — Y — Y)|

< ch2|D2A®O)] < ch”
< ch”|D;A(9)| < W,
where 6 is, as before, some intermediate point. This gives

dy
7|é\’+a+2—a—e

— ChOl+6

[ e n DD ol [
th (Yo) th(YO) |Y0 -
We have used the fact that @ + € < 2, and so the integral converges. This completes the
desired estimate. O

Lemma 5.2. Under the hypotheses of Theorem 1.1, bounded weak solutions u to equa-

tion (1.1) satisfy u(-, t) € C*IHVRNY for every a € (0, v) uniformly int > t > 0 for
every T > (.

Proof. For each given Yy € Q we define a function g and, as in the proof of Lemma 4.1,
we deduce estimate (5.1) with € = ay at that point, which is translated into the same
estimate for the solution u. Since the constants do not depend on the particular point
chosen, we find that u satisfies

lu(x + he, t) — 2u(x, 1) +u(x — he, t)| < ch®+7), (5.2)

with constant uniform in Q. We can thus prove that (—A)%/?u is bounded in RY for every
t >7>0andevery$ € (0, (1 + y)). Indeed,

f u(x +z,1) —2u(x, 1) +u(x —z,1)
c dz
N+1

(=AY u(x, 1) =

|Z|N+8
|Z|a(1+y) / dz
<c ———dz+c —— <c. (5.3)
/{|Z<r} |Z|N-HS {lz|>1} |Z|N+(S
The result now follows from [22, Proposition 2.9]. ]

Lemma 5.3. Under the hypotheses of Theorem 1.1, u(x, -) € C*1+V)/7 (R ) uniformly
inx e RV,

Proof. We first show that |(—A)“/ 2(p(u)l is bounded in Q. For that purpose we estimate
the second differences in x of ¢ () in terms of second differences in x of u and use the
previous result. If Z = (he, 0), e € RN, le] = 1, then

lo(Yo + 2)) — 20u(Y0)) + ¢(Yo — 2))|
< lp(Yo + 2)) — 20(u(Yo)) + ¢ u(Yo) — u(¥Yo + Z2))|
+ o (Yo — 2)) — 2u(Yo) — u(Yo + 2))|
< [plenr lu(Yo + Z) — u(Yo)|"t”
+ 11" @)l L) lu(Yo + Z) — 2u(Yo) + u(Yo — Z)| < ch*+7)
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for every ¢ < v. Since v(1 4+ y) > o we find, analogously to how we obtained (5.3),
that |(—A)°/?¢(u)| < c in Q. Now, using the equation we get |d,u| < c in Q, that is,
u is Lipschitz continuous in time, uniformly in space. This means u € CZ (Q). With this
information we now try to repeat the above calculations of Lemma 5.2 with x¢ fixed and
varying ¢. To this end we consider the point Y = Yy + (0, k), & > 0 (for simplicity), and
we replace i by h'/% in the regions of integration (see the proof of Theorem 3.1).

First, the integral in the ball B,p1/0 (Yo) is estimated as in Lemma 3.1, taking note

of (4.1), which holds with & = v. Thus | [} Lo (v A1 = O (hv(+n)/ey,
oh'/9

Now consider the region Dji/c = {7 € §2h1/g (Yp), t < to — h}. The idea here is
that the characteristic functions take all the value one. Thus, by using Taylor’s expansion,
since only ¢ varies, we have

JA(Y, Yo, V)| = |A(Y —=Y) —2A(Yo—Y) + AQYy — Y — )|

ch?

< ch?|?A0)] < ———=—,
' Yo — Y [N+

where 0 is some intermediate point. This gives

J

We now turn our attention to the difficult part, the small slice S;,1/0 = (Y e E; a0 (Yo),
|t — o] < h}, where we have to look more carefully at the possible cancellations. We have

N o Y, _71)(1+V) N
AY, Yo, V)| | f(Y)|dY < chZ[ Yo = ¥lo dY < ch’d+v/e,

3| N+3
Wl/o D,1/o Yo =Yg 7

A, Yo, Y) f(Y)dY
S,1/0

- /S (AY = V)t — 2400 = Vxgsy) + AX™ = V) X<ry) f (V) dY

nl/o

= /S (AQY =Y) = 2A(Y0 — V) X(i<ry)) () dY

nl/o

= /S (AY =Y)—A(Yy - 1)) f(Y)dY

nl/o

Ji

+ /S (A0 = V) Xiior) — A0 — V) X(er)) S (V) dY .

nl/o

)



Classical solutions and higher regularity for nonlinear fractional diffusion equations 1963

First, by the Mean Value Theorem applied to A in the time variable, together with the
C? regularity of u and Lemma 3.1, we have

to+h C]’l|Y Y |V(1+V) o
[J1] < =Nt dx dt
to—h J{F—xol>0h'oy Y — Yolg 727

dx
< chZ/ = chv*V/o,
= (F—xo|>0h1/o) |,Y _ xO|N+2(va(1+V)
As to the second integral J», performing the change of variables Y — Z; = Y =

(X, 2tg — 7), symmetric in time, in the second term (and writing again Y instead of Z),
we have

J = /
NSV

_ /S A(Yo = D) xgn) (FO) — FT)) Y.

nl/o

A(Yy — Doy f (D) dT — fs AQY = Yo Xory f (01 dT

nl/o

Now we observe that
If V) = FOV)] < clu@) —u¥o)|” [u(¥) — u(Y )| < ch|Y — Yol

(see (4.1)). Thus

to+h
|| < ch/ / ¥ - YOJHU d¥di < ch'+vv/o,
{[F—xol>0h'/7} |Y — Yolo

We conclude by noting that 1 +vy /o > v(l 4+ y)/o. O

Lemma 5.4. Under the hypotheses of Theorem 1.1, u(-,t) € C UV RN) uniformly
int.

Proof. Once we know that u(x,-) € C"117)/9(0, 00) uniformly in x € RY, we can
repeat the calculations in the proof of Lemma 5.2 with « replaced by v. O

Using the worst case we can write the joint regularity in the form

cU+y)/o (Q) ifo
cot Q) ifo

1,
]s

IAN IV

with both variables playing the same role. We also see that the solution is classical since
it has continuous derivatives in the sense required in the equation.

Corollary 5.1. Under the hypotheses of Theorem 1.1, the function z = du =
—(— A)U/Z(p(u) satzsﬁesz e CV(H‘V) o,(v(1+y)— U)/U(Q).
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Proof. We point out that both sides of the equation are bounded functions and equal
almost everywhere. We also know that d;u is Holder continuous as a function of ¢ for
a.e. x, and the Holder continuity is locally uniform. On the other hand, we easily conclude
that (—A)?/?¢(u) is Holder continuous as a function of x for a.e. 7, and this happens again
locally uniformly. Holder continuity everywhere in both variables follows. O

Let us recall that under our assumptions, o < v(1 4 y), so that we are getting Holder
regularity for d;u in all cases.

6. Higher regularity

We have already proved that solutions of (1.1) are differentiable in time. However, in
view of Lemma 5.4 at this stage they are only known to be differentiable in space if
o(1+y) > 1, where y is the Holder exponent of ¢’. This assumption can be weakened.

Proposition 6.1. Under the assumptions of Theorem 1.1, ifo < 1 and y + o > 1, then
u € CH*(Q) for some a € (0, 1).

Proof. We only need to study the case o (1 4+ y) < 1, when necessarily o < 1.

We consider the function z = 9;u, which belongs to CJ(Q) for all « < o. Let
Yo = (x0, o) € Q be fixed and denote a(Y) = ¢’ u(Y)), zo = z(Yy), ap = a(¥Yp). Then
z is a distributional solution to the inhomogeneous fractional heat equation

9z 4+ ag(—A)?z = (=A)PF 4+ (—A)°* By,

where
Fi =—(a—ap)(z—z0), F2»=—za.

We decompose z as z1 + 22, where z; is a solution to
dzi +ao(—=A) Pz = (—A)PF,  i=1,2.

The term z> inherits the regularity of F3, that is, the regularity of a(Y). As to z1, we use
the fact that the function 1 = (a — ag) (v — vg) satisfies conditions (4.2) and (4.3), which
implies, thanks to Lemma 4.1, that z| is more smooth than a, hence more smooth than z;.
Therefore, we concentrate on the “bad” term, z5.

The regularity of F,, that is, the regularity of ¢’(u), coincides with the minimum
between the regularities of ¢’ and u. Therefore, F>(x, -) belongs to C? (R) uniformly
in x. As for spatial regularity, at this stage we know that F>(-, ) is C*(R") uniformly
in ¢ for all « < min{o (1 + y), y}.

Ifo(l+y) >y, wegetza(-, 1) € CY(RY) N L®RYN) uniformly in ¢, and so does
z = du. Using the equation we conclude that u(-, ) € C¥*°(R") uniformly in time.
Since we have assumed that y + ¢ > 1, this means that u is differentiable also in x.

Ifo(l+y) <y, wegetz(,1) € COUIHRN)Y N L®®RN) uniformly in 7. Since
w = (—A)?/%z, satisfies

dw + ap(—A)?w = (=A) 2 (=A)° B,
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the regularity of w is given by the regularity of (—A)°/?F,. This implies that z(-, ) €
C%(RN) uniformly in ¢ for all @ < min{o(2 + ), }. Repeating this argument as many
times as needed, we finally deduce that z(-, 1) € C*(RY) for all @ < y uniformly in .

Using the equation, we conclude that u € Cf",Hy(Q) foralla <o + y. O

A similar argument allows us to prove a regularity result for linear equations with variable
coefficients that is of independent interest.

Theorem 6.1. Let u be a bounded very weak solution to d;,u + (—A)°/*(au + b) = 0,
where the coefficients satisfy a, b € C1*(Q)NL®(Q) anda(x,t) > 8 > 0. Ifu € C*(Q)
then d;u, dx,u € C*(QN{t >t NL®QN{t >1}),i=1,...,N, foreveryt > 0.

Proof. The proof of C!¢ regularity is done by considering the linear equations satisfied

by the derivatives. Boundedness for the derivatives then immediately follows, since u is
inclyn{r>tHNL®QON{t > 1)) o

This linear result is now used to obtain further regularity for the nonlinear problem, which
covers in particular Theorem 1.2.

Theorem 6.2. If in addition to the hypotheses of Theorem 1.1, ¢ € CKY(R) for some
k>2and0 <y < 1, thenu € C**(Q) for some o € (0, 1).

Proof. We proceed by induction on the differentiability order. Since ¢ € C!¢ for all
0 € (0, 1), Proposition 6.1 yields d;u, dy,u € C*(Q) N L*°(Q) for some o € (0, 1).
Assume that the result is true for derivatives of order j < k — 1. Let

N
vp =00 - alvu, N pi =
o
It is easily checked that vg satisfies an equation of the form

dvg + (—A)2 (¢ (u)vg + bg) = 0,

where bg is a polynomial in vg, B/ < B;,i = 0,..., N, ZlN:O B < j — 1, with co-
efficients involving the derivatives ¢ (1), 0 < [ < j. By hypothesis, bg € C Lecgyn
L*°(Q) for some a € (0, 1). Since u is bounded, we have a = ¢’ (u) > § > 0. Hence we
may apply Theorem 6.1 to conclude the proof. O

7. Nonlinear degenerate and singular equations

A careful inspection of the proof of Theorem 1.1 shows that the result has a certain
“local” nature. This will now be exploited to treat more general equations, which may
be degenerate or singular at some points.

Theorem 7.1. Let u be a bounded, locally Hélder continuous weak solution of equa-
tion (1.1) in Q. Let ¢ be continuous and nondecreasing, and such that ¢ € C"Y and
@' () > ¢ > 0inan interval of values u € (a, b). Then d;u and (—A)”/Zga(u) are Holder
continuous in O = {(x,t) : a < u(x,t) < b}. Hence, u is a classical solution of (1.1)
in O.
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Proof. The first time where a modification in our original proof is needed is in
Lemma 5.2. Indeed, the estimate of the second order difference (5.2) holds uniformly
in compact subsets of O, but this is not enough to obtain the desired spatial regularity.
To avoid this difficulty, we take a smooth cut-off function ¢ with support contained in O,
with ¢ = 1 in a subset O’ C O. The second order difference of ¥ = g¢ satisfies

V(Yo + Z) —2¢(Yo) + ¥ (Yo — Z) = (g(Yo + Z) — 2g(Yo) + g(Yo — Z))¢ (Yo)
+(p(Yo+ Z) — 29 (Yo) + ¢ (Yo — 2))g(Yo + 2)
+ (¢ (Yo) — ¢ (Yo — 2)) (g(Yo + Z) — g(Yo — Z)) = O (™17,

uniformly in Q, Z = (he,0),e € RV, |e| = 1,0 < a < v. Then (—A)*?4 is bounded
for every 8 < a(1 + y), which implies that ¥ is C*(!*?)_and thus g € (@), for
every 0 < a < v. The same trick allows one to fix the proofs of Lemmas 5.3 and 5.4. O

Remark. This local type result about classical regularity for bounded weak solutions of a
nonlocal equation is remarkable, since it is not expected to hold under general conditions
for this type of equations. Even for the linear fractional heat equation a counterexample
to time regularity is shown in [9] for a problem posed in a bounded domain, by giving
discontinuous Dirichlet conditions outside the domain. Our result applies to the more dif-
ficult degenerate parabolic equation, and the precise wording of the necessary conditions
is important. This difficulty explains why we are not attempting to prove higher regularity
in the setting of this section.

Application to the fractional porous medium equation. In order to apply Theorem 7.1
we need to make sure that the solution is locally Holder continuous. In the fractional
porous medium case, ¢(u) = |u|’”_1u, m > 1, this follows from [2]. However, the
equation degenerates when u = 0. Hence the application of Theorem 7.1 only yields the
regularity stated there in the set {# # 0}.

In the fast diffusion case, m < 1, the required local Holder regularity has been re-
cently obtained in [17]. Again, further regularity is only guaranteed where the solution is
different from O.

On the other hand, in our paper [19] we prove, for all m > (N — o) /N, that when
the initial value is nonnegative, the solution is positive everywhere for positive times. The
application of the results of the present paper then implies that the solution is classical.
This positivity property is in sharp contrast with the nonlinear theory for the standard
Laplacian and m > 1, where the existence of free boundaries is well-known [24]. For 0 <
m < (N —o)/N with N > o, solutions may vanish identically after a finite time [19,
Theorem 9.5]. However, if the initial value is nonnegative, the solution is positive, and
hence classical, up to the extinction time.

8. Existence and basic properties

As a complement to the previous regularity theory, we devote this section to a survey
of the main facts of the existence and uniqueness theory for the Cauchy problem for
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equation (1.1),

{8,14 + (=A)Y29w) =0 in O, )

u(-,0) = ug inRYV.

Such a theory has been developed in great detail in [19] for ¢ a power function. As in the
case of the standard (local) porous medium equation, many of the basic features of the
theory can be extended to more general nonlinearities ¢, as long as they are continuous
and nondecreasing [11]. Therefore, we will now outline how such extension can be done
in the fractional case o € (0, 2), with special attention to the points where the arguments
differ.

Let us recall the concept of weak solution to the Cauchy problem (CP): it is a function
u € C([0, 00) : LY(RY)) such that (i) ¢(u) € L% _((0, o0) : H?/2(RN)); (ii) the identity

loc

/ f ua,;dxdz—/ /(—A)"/4g0(u)(—A)"/4§dxdt=0
0 RN 0 RN

holds for every ¢ € C°(Q); and (iii) u(-,0) = uo almost everywhere. The (homoge-
neous) fractional Sobolev space HO/2(RN) is the space of locally integrable functions ¢
such that (—A)°/4¢ € L2(RN). We point out that this is a convenient choice among other
possible notions of weak solution, and it can be described as a weak L'-energy solution
to be specific.

8.1. Solutions with bounded initial data

We will start by considering the theory for initial data
up € L'®RY) N L®@®RY).

Existence and uniqueness are proved by using the definition of the fractional Laplace
operator based on the extension technique developed by Caffarelli and Silvestre [7], which
is a generalization of the well-known Dirichlet to Neumann operator corresponding to
o = 1. Thus, if g = g(x) is a smooth bounded function defined in R¥ its o-harmonic
extension to the upper half-space, v = E(g), is the unique smooth bounded solution
v=uv(x,y)to

V.-V =0 in}Rﬁ+1 ={(x,y) e RVl :x e RN, y > 0},

8.1
v(,0) =g in RV, @1
Then it turns out (see [7]) that
v v
= —He lim Y77 = (=A)%, 8.2
oy o im Ty (=A)"g (8.2)

where 1, = 2"_1F(o/2)/F(1 — 0 /2).In (8.1) the operator V acts in all (x, y) variables,
while in (8.2), (—A)?/? acts only on the x = (x1, ..., xy) variables.
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In this approach, problem (CP) can be written in an equivalent local form. If u is a
solution, then w = E(¢(u)) solves

V-y'"Vw) =0, (x,y) eRY 150,

d 3

dw 9w eRN, y=0, 1 >0, (8.3)
ay° at
B(w) = uo, xeRN y=0,1r=0,

where 8 = ¢~ 1. Conversely, if we obtain a solution w to (8.3), then u = B(w)|y=o is a
solution to (CP).

We use the concept of weak solution for problem (8.3) obtained by multiplying by a
test function ¢,

[ f B(w)— dx di — Ma/ / Y= (Vw, Vi) dx dydt = 0.
o Jry ot o JrYH!

We then introduce the energy space X° (R_]X +1), the completion of CZ° (Rf‘“) with the

norm
12
lvllxe = (Ma/ yl_U|Vv|2dXdY) :
R$+l

In order to solve the evolution problem, which is our concern, we use the Nonlinear
Semigroup Generation Theorem due to Crandall and Liggett [10]. We are thus reduced to
deal with the related elliptic problem

V- Vw)=0, xeRV y>0,

0
——w—i—ﬂ(w):g, xeRN,yzo,
ay°

(8.4)

with g € L }‘_(]RN )y N L®(RN). As in the case treated in [19], in order to get a solution
by variational techniques, it is convenient to replace the half-space R_'XH by a half-ball
B = {|x|>+y* < R* : x € RY, y > 0}. We impose zero Dirichlet data on the “new
part” of the boundary. Thus we are led to study the problem

V-('7°Vw) =0 in B},

w=20 onaB;ﬂ{y>0}, 85
Jw .
“hye TAWI =g onDg = {|x| <R, y =0},

with g € L*°(Dp) given. Minimizing the functional

J(w>=“7"/ y1*°|Vw|2+/ B(w)—/ wg,
B,': Dg Dp

with B’ = B, in the admissible set A = {w € Xg(B;g) 10 < B(w) < |gllec}, Where

X3 (BY) = {f !B > R: /B+ YOIV P dx dy < oo, Fliast. y=0) =0},
R
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we obtain a unique solution w = wpg to problem (8.5). Moreover, if g1 and g» are two ad-
missible data, then the corresponding weak solutions satisfy the L'-contraction property

/D (Bwi(x,0)) = B(wz(x,0))), dx < /R(&(X) — g2(x))4 dx.
R

In order to pass to the limit R — oo we assume g > 0; thus, by monotonicity in R
of the approximate solutions wg we obtain a function we, = limg_, oo wg Which is a
weak solution to problem (8.4). The above contractivity property also holds in the limit.
Moreover, ||B(weo (-, 0))|lLe®) < llgllL>@®), and weo > 0. In the general case where g
changes sign we use comparison with the solutions corresponding to g+ and g~ to show
that the family wg is uniformly bounded, and then use compactness to pass to the limit
and obtain a weak solution.

Now, using the Crandall-Liggett Theorem we obtain the existence of a unique mild
solution w to the evolution problem (8.3). To prove that w is moreover a weak solution
to (8.3), one needs to show that it lies in the right energy space. This is done by using the
same technique as in [18], which yields the energy estimate

T 00
,u(,/ / / y17”|VW(x,y,t)|2dxdydt§/ B(p(up(x)))dx forevery T >0,
0 0 RN RN

where B'(w) = B'(w)w; that is, B(p(ug)) = ¥(uo) with ¥/ = ¢. Hence the
function u = B(w(-,0)) is a weak solution to problem (CP). In addition we have
I B@(-, 0) |l Loo®x(0.00)) < llttollLoo(r)- Recalling the isometry between H/?(RV) and
X° (R_’X“), we obtain

T
/ / |(—A)"/4¢(u)(x,r)|2dxdt5/ Y(uo(x))dx forevery T > 0.
0 RN RN

The semigroup theory also guarantees that the solutions we constructed satisfy the
L'-contraction property [|lu(-, 1) — @ (-, )|l1 < |lug — #ol1.

Uniqueness follows by the standard argument due to Oleinik et al. [16], using here
the test function

ST o) —p@)(x,5)ds, 0<1<T,
0, >T,

in the weak formulation for the difference of two solutions u and 4.
Summarizing, we have proved the following existence and uniqueness result.

Theorem 8.1. Let ¢ € C(R) be nondecreasing. Given ug € LY RNy N L®@RY) there
exists a unique bounded weak L'-energy solution to problem (CP).
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8.2. Solutions with unbounded data. Boundedness and decay

If the (nondecreasing) nonlinearity ¢ satisfies ¢'(u) > C lu|™=! for some m > 0, then
weak solutions with initial datain L' (RN)NLP (RV), where p > 1 satisfies p > p(m) =
(1 —m)N /o, become immediately bounded, hence, thanks to our results, classical.

The idea is to take as test function in the weak formulation ¢ = ¢(u) = |u|?~2u.
Though u is not differentiable in time a.e. for a general ¢, this is not needed for the proof,
since a regularization procedure, using some Steklov averages, allows one to bypass this
difficulty; see for example the classical paper [1] for the case of local operators. More
precisely, up to the above mentioned regularization, the formal argument proceeds as fol-
lows: we multiply the equation by d;¢(u) to show that 9;€(u) € L%OC((O, o0) : L2(RN)),
where (£/)2 = ¢'; observing that |9;|u|?| < Clu|®P~"=D/2|3,4(u)|, we deduce that
orlul|? € LIZOC((O, o0) : LZ(RN)) for every p > (m + 1)/2; now we use the results of [1]
which allow us to write the identity

15}
/ |u(x,t2)|pdx—/ |u(x,t1)|pdx+// (=N o) |ulPPudxdt =0  (8.6)
RN RN 1 JRN

i0c (0, 00) : H°/2(RN)). It can be seen that this last property holds
for every p > 2 by using the following result applied to v = ¢ (u).

Proposition 8.1. Ifve H7/2RY)NL®(RY) and f' € L® (RN), then f(v) € H'/2(RN).

loc

provided lul?~2u € L?

Proof. Using the extension technique we have

2 _ -0 2
Oy ny = o [ Y IVEG Py

sw[ YOV FE@)I dx dy
RN+1

+

< noll F €I [ Y IIVE@Pdxdy < clvlfpgy, D
]R+

Remark. If moreover f is convex then, noting that | E(v)|cc < ||V]lcc, We deduce the

estimate [| f ()l gor2ny < ILF' @ lloollvll for2gens-

The smoothing effect argument now starts from identity (8.6) for p > max{2, (m+1)/2}.

Applying the generalized Stroock—Varopoulos inequality, proved in [19, Lemma 5.2], we

obtain

n
/ |u<x,r1>|f’dxzc/ / (=2 G (w)|? dx d,
RN 151 RN

where
IG'w))? = ¢' W) |u|P~2 > clu|™P=3.

Now we assume N > o, which is always the case if N > 2. Using the Hardy—Littlewood—
Sobolev inequality [14, 23], we get

N—o
5] m+p— N
/ |u(x,t1)|pdec/ </ uix, )] " dx> di 8.7)
RN 51 RN
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for every p >max{2, (m + 1)/2}. If in addition p > (1 —m)N /o, we have W > p.

Inequality (8.7) is then enough to apply Moser’s standard iteration technique to obtain
an LP-L° smoothing effect. We can weaken the restriction on p using interpolation
(see [19]).

Let us state precisely the smoothing result thus obtained.

Theorem 8.2. Let ¢ € CL(R) be such that o' (u) > C|u|’”_1 for some m > 0. Let
ug € L'RY) N LPRN), where p > 1 satisfies p > (1 — m)N /o, and assume N > o.
Then there exists a unique weak L'-energy solution to the Cauchy problem (CP) which is
bounded in RN x (t, 00) for all t > 0. This solution moreover satisfies

sup |u(x, )| < C17" |l (8.8)
xeRN

withy, = N/(N(m—1)+op) andd, = opyp/N, the constant C depending onm, p, o,
and N.

Remark. The result is also valid if ¢’(u) > C|u|"~! for |u| > A, for some m > 1 and
A > 0.

In the case N = 1 < o < 2 we must replace the Hardy—Littlewood—Sobolev inequality
by a Nash—Gagliardo-Nirenberg inequality (see [19, Lemma 5.3]). To get an inequality
like (8.7) we must also assume the upper estimate ¢’(«) < Clu|™~'. We omit further
details.

Existence for data which are unbounded is proved by approximation; see [19] for the
details in the case where the nonlinearity is a pure power. As for uniqueness, continuity
in L! guarantees that two solutions with the same initial data do not differ by more than &
in L' norm for some small enough time. Since for positive times solutions are assumed to
be bounded, we may use the L! contraction property to prove that the distance between
the two solutions stays smaller than ¢ for any later time. Since ¢ is arbitrary, uniqueness
follows.

9. Extensions and comments

Some applications. Equation (1.1) appears in the study of hydrodynamic limits of in-
teracting particle systems with long range dynamics. Thus, in [13], Jara and co-authors
study the nonequilibrium functional central limit theorem for the position of a tagged
particle in a mean-zero one-dimensional zero-range process. The asymptotic behaviour
of the particle is described by a stochastic differential equation governed by the solution
of (1.1).

In several space dimensions, equations like (1.1) occur in boundary heat control, as
already mentioned by Athanasopoulos and Caffarelli [2], who refer to the model formu-
lated in the book by Duvaut and Lions [12], and use the extension technique of Caffarelli
and Silvestre.

For a more thorough discussion on applications see [5].
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Regularity for unbounded solutions. In our proofs we are requiring the solutions to
be bounded in order to make the integrals on unbounded sets convergent. However, this
requirement can perhaps be weakened. It may be enough that the solutions belong to
C([0,T] : LY(RN, pdx)). It would be interesting to explore this possibility, since this
may be helpful in the study of higher regularity.

Higher regularity for the fractional porous medium equation. The main difficulty
in obtaining further regularity in this case is that, since the equation is not uniformly
parabolic at infinity (it is not true that 0 < ¢ < ¢'(u) < C < 00), we do not know
the derivatives to be bounded. Hence, we cannot apply Theorem 6.1 directly. However,
as mentioned in the previous paragraph, this might be circumvented by substituting the
boundedness requirement by some less restrictive condition. A precise quantitative state-
ment of the positivity property obtained in [5] might be helpful.

The fractional porous medium equation with sign changes. Our results only show
that the equation is satisfied in the classical sense where the solution is different from O.
It remains to determine what is the optimal regularity for sign changing solutions. A
first step would be to study whether solutions are strong, i.e., whether d;u (and hence
(—A)?/?u) are functions, and not only distributions.

The very fast fractional porous medium equation. The nonlinearities ¢(u) =
(A +uw)™ —1)/m, m # 0, are uniformly parabolic if we restrict ourselves to nonneg-
ative solutions. Moreover, they fall within the hypotheses of Theorem 8.2 if we modify
the nonlinearity suitably for u < 0, which does not matter if we only consider nonnega-
tive solutions. Therefore, we obtain existence of C° solutions for all nonnegative initial
datain L'(RY) N LP(RY) with p large enough. If 0 > 1 —m and N = 1 we can even
take p = 1.

The nonlinearity ¢(u) = log(l + u) is also uniformly parabolic if we restrict to
nonnegative solutions. In addition, after a suitable modification for u < 0, it satisfies the
hypotheses of Theorem 8.2 with m = 0. Thus, if N = 1 and 0 = 1 we are in the critical
case where we need a bit more than integrability to have existence. In [20] we proved that
it is enough for u( to belong to some L log L space. The solution is then guaranteed to
be C*°.

The singular nonlinearities ¢(u) = u™/m, m < 0, and ¢(u) = logu (with u > 0)
cannot be treated in the same way, and require new ideas.

The fractional Stefan problem. For the Stefan nonlinearity ¢(s) = (s — 1), the func-
tion ¢(u) is continuous [2], but it is not known to be Holder continuous. Though u is
continuous in the set {# > 1}, we cannot proceed further, even if we restrict to that set.

Problems in fluid mechanics. We now explore an interesting and enlightening con-
nection, in the case N = o = 1, between equation (1.1) and Morlet’s family of one-
dimensional nonlocal transport equations with viscosity [15],

dv — 83y (Hw)v) — (1 = HW)dyv = —(—=A)2v, 0<8<1.  (9.1)
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For a nonnegative solution u to equation (1.1), we consider the change of variables
(x,t,u) — (y, T, v) given by the Bécklund type transform

y =/ (I +u(s,t))ds —c(t), t=t, v(y, 1) =@ulx,t))),
0

with ¢’(t) = H(¢(u))(0, t). We denote (y, T) = J(x, t). Notice that the Jacobian of the

transformation J is %((i;) =1+ u # 0, since u > 0. Then we may write the inverse

_l/y do .
=) Tro e,y

with¢'(z) = —H (p@))(0, 1) /(1 + u(0, 1)).
We recall that if the operators act on smooth enough functions, then the half-Laplacian
(—A)Y/2 can be written in terms of the Hilbert transform

1
Hf(x)=—PV. & dy
T RX—Y
as (—A)!/2 = H3, = 3, H. Therefore,
dy=1+u 8&y=—Hpw)=—H(@),

where H (v) = H(v o J) o J™!is the conjugate of the Hilbert transform H by the trans-
formation J. Specifically,

. 1 L)
Hw@x»=memn»=;RVAg%%ﬁQW

1 v, 0 /
= —P.V./ dy'.
T R (1+¢7 00, D) [} m

Ifo) =(1+uw)™"—1)/m,m € [—1, 0), then equation (1.1) becomes
v — H@)dyw = —(1 + mv)d, H (v).

If instead of H we had the standard Hilbert transform H , and we took m = —§, we would
have an equation in Morlet’s family (9.1). The connection also works for m = 0 if we
take o (1) = log(1 + u) (see [20]).
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