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Lower matching conjecture, and a new proof of
Schrijver’s and Gurvits’s theorems
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Abstract. Friedland’s Lower Matching Conjecture asserts that if G is a d-regular bipartite graph
on v(G) = 2n vertices, and my (G) denotes the number of matchings of size k, then

24— p\nd—p)
mi(G) > (Z) (T”) (dp)™,

where p = k/n. When p = 1, this conjecture reduces to a theorem of Schrijver which says that a
d-regular bipartite graph on v(G) = 2n vertices has at least

(d—l)d_l n
(&)

perfect matchings. L. Gurvits proved an asymptotic version of the Lower Matching Conjecture,
namely

Inmi(G) 1 d )4

In this paper, we prove the Lower Matching Conjecture. In fact, we establish a slightly stronger
statement which gives an extra cp+/n factor compared to the conjecture if p is separated away from
0 and 1, and is tight up to a constant factor if p is separated away from 1. We will also give a
new proof of Gurvits’s and Schrijver’s theorems, and we extend these theorems to (a, b)-biregular
bipartite graphs.

Keywords. Matchings, matching polynomial, Benjamini—-Schramm convergence, infinite regular
tree, infinite biregular tree, 2-lift

1. Introduction

Throughout this paper we use standard terminology, but the second paragraph of Section 2
might help the reader in the case of some concepts undefined in this introduction.

One of the best known theorem concerning the number of perfect matchings of a
d-regular graph is due to A. Schrijver and M. Voorhoeve.
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Theorem 1.1 (A. Schrijver [25] for general d, M. Voorhoeve [27] for d = 3). Let G be
a d-regular bipartite graph on 2n vertices and let pm(G) denote the number of perfect
matchings of G. Then

d— DI=T\"
pm(G) > B

There are two different proofs of Theorem 1.1: the original one due to A. Schrijver [25],
and another proof using stable polynomials due to L. Gurvits [13]; for a beautiful account
of the latter see [18]. In this paper we will give a third proof which is essentially different
from the previous ones.

S. Friedland, E. Krop and K. Markstrom [9] conjectured a possible generalization of
this theorem which extends Schrijver’s theorem to any size of matchings. This conjecture
became known as Friedland’s Lower Matching Conjecture:

Conjecture 1.2 (Friedland’s Lower Matching Conjecture [9]). Let G be a d-regular bi-
partite graph on v(G) = 2n vertices, and let m;(G) denote the number of matchings of
size k. Then

2 n(d—p)
d _
mi(G) > (’;) (Tp) (dp)".  where p = k/n.

They also proposed an asymptotic version of this conjecture which was later proved by
L. Gurvits [14].

Theorem 1.3 (L. Gurvits [14]). Let G be a d-regular bipartite graph on v(G) = 2n
vertices, and let my(G) denote the number of matchings of size k. Then

Inmy(G) 1 d p
——— >~ pln| — d—p)In[1—=)—-2(1-p)In(1 — 1),
2 G) =2 p » +d—-p) p (I = p)In(1 — p) | + 0y)(1)
where p = k/n.
When p = 1 this result almost reduces to Schrijver’s theorem, but Gurvits used this

special case to establish the general case. More precisely, Gurvits used the following
result of Schrijver: Let A = (g;;) be a doubly stochastic matrix, and A = (g;;), where
ajj = a;j(1 — a;;). Then the permanent of A satisfies the inequality

Per(A) > l_[(l — aij).

iJj

Note that Gurvits [14] proved an effective version of Theorem 1.3, but for our purposes
any oy(G) (1) term would suffice, as we will make it “vanish”. More details on Gurvits’s
results can be found in Remark 3.3.

It is worth introducing some notation for the function appearing in Theorem 1.3, and
with some foresight we introduce another function with parameters a, b which will be
important for us when we study (a, b)-biregular graphs.
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Definition 1.4. Let0 <¢g < 1 and

H(g) =—(qIng + (1 —¢g)In(1 —¢q))

with the usual convention that H (0) = H(1) = 0. Furthermore, for a positive integer d
and0 < p < 1let

1 d
Ga(p) = §<p 1n<;> +(d—p) 1n(1 - g) —2(1 = p)In(l — p)),

and for positive integers a and b let

a a+b b a+b 1 ab a+b
G _ H H “pin(b)— -2 H ,
ab(P) =g ( 2a p)+a+b ( 2b p>+2p M= <2ab p)

2a 2b )

where 0 < p < min(m, s

Note that one can rewrite G, »(p) as follows:

Gustp = (o Y (2 Yy ot

ab P =P\ G byp avb U)" 2ab ¥

2a a+b 2b a+b
_<a+b_p>ln<1_ 2a p>_<a+b_p>ln<l_ 2 p))'

From this form it is clear that for a = b = d, we have G4(p) = G, p(p). Later it will
turn out that G, (p) is the so-called entropy function of the infinite d-regular tree Ty, and
Gua.»(p) is the entropy function of the infinite (a, b)-biregular tree T, .

To show the connection between Conjecture 1.2 and Theorem 1.3, let us introduce

one more parameter. Let p = k/n, and let p, be the probability that a random variable
with Binomial(n, p) distribution takes its mean value u = k. In other words,

pu = (Z)p"(l —p)" k.

With this new notation the function appearing in Conjecture 1.2 is

204 — p\"d—p
(D <Tp> (dp)"? = pi exp(2nGy(p)).

Hence Conjecture 1.2 claims that
mi(G) = pr exp(2nGa(p)).

It turns out that a slightly stronger statement is true.
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Theorem 1.5. Let G be a d-regular bipartite graph on v(G) = 2n vertices, and let
my(G) denote the number of matchings of size k. Furthermore, let p = k/n, and p,, be
the probability that a random variable with Binomial(n, p) distribution takes its mean
value u = k. Then

mi(G) = puexpnGy(p)).

In particular, Conjecture 1.2 holds true. Furthermore, for every 0 < k < n there exists a
d-regular bipartite graph G on 2n vertices such that

[1—p/d
mp(G) < % - puexpnGy(p)).

Note that p,, ~ 1/4/2mp(1 — p)n, which means that if p is separated away from 0 and 1,
then we can obtain an extra c,+/n factor compared to Conjecture 1.2. Also note that
always p, > # > ﬁ This inequality might be easier to handle in some cases.

We will show that Theorem 1.3 implies Conjecture 1.2. The idea of the proof of
Theorem 1.5 is to convert Gurvits’s theorem to a statement on analytical functions arising
from statistical mechanics. Then tools from analysis and probability theory together with
a simple observation will enable us to replace the term o, () (1) in Gurvits’s theorem with
an effective one which is slightly better than the corresponding term in Gurvits’s original
theorem (see Remark 3.3).

We offer one more theorem for d-regular bipartite graphs.

Theorem 1.6. Let G be a d-regular bipartite graph on v(G) = 2n vertices, and let
my (G) denote the number of matchings of size k. Let 0 < p < 1. Then

n k nd
P, P _\2(n—k) P
];)mk«})(d(l d)) (1-p) z(l d) :

When p = 1, Theorem 1.6 immediately yields Theorem 1.1. Indeed, when p = 1 only
the term m,, (G)(%(l — %))n does not vanish on the left hand side, because of the term

(1 — p)?"=h and we get
1 1 n 1 nd
GOl-=l1-- >(1-=] ,
mo(5(1-7)) = (1-2)

d—1 d—1\n
m,(G) = (—( — ) .

As already mentioned, Theorem 1.3 implies Theorem 1.5, but the main goal of this
paper is to give a new proof of Gurvits’s and Schrijver’s theorems with a novel method.
This method will be used to prove Theorem 1.6 too. This new proof shows that the ex-
tremal graph is in some sense the d-regular infinite tree. Indeed, we will show that the
function on the right hand side of Theorem 1.3 is nothing other than the so-called entropy
function of the d-regular infinite tree; the entropy functions of finite and infinite graphs

which is equivalent to
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will be introduced in Section 2. This means that for a deeper understanding of these the-
orems, one needs to step out from the universe of finite graphs. We will do it by using
the recently developed theory of Benjamini—Schramm convergence of bounded degree
graphs. This new technique also enables us to extend these theorems to (a, b)-biregular
bipartite graphs.

Theorem 1.7. Let G = (A, B, E) be an (a, b)-biregular bipartite graph on v(G) ver-
tices such that every vertex in A has degree a, and every vertex in B has degree b. Assume
that a > b, i.e., |A| < |B|. Let my(G) denote the number of matchings of size k, and
p = 2k/v(G). Furthermore, let ¢ = “;l')b p, and let p,, be the probability that a random
variable with Binomial(|A|, q) distribution takes its mean value y = k. Then

mi(G) = puexp(v(G) - Gap(p)).

Note that if k = |A|, then p,, =1, and p,, > ﬁ > ﬁ for any p.

One can view Theorem 1.7 and the other results as extremal graph-theoretic problems
where one seeks for the extremal value of a certain graph parameter p(G) in a given fam-
ily G of graphs. In extremal graph theory it is a classical idea to try to find some graph
transformation ¢ such that p(G) < p(p(G)) (or p(G) > p(¢(G))), and ¢(G) € G for
every G € G. Then we apply this transformation as long as we can, and when we stop
then we know that the extremal graph must be in a special subfamily of G, where the
optimization problem can be solved easily. See for instance the proof of Turdn’s theorem
using Zykov’s symmetrization [28]. In our case, the transformation ¢ will simply be any
2-lift of the graph (see Definition 4.1). The new ingredient in our proof is that the se-
quence of graphs obtained by repeatedly applying the 2-lifts will not stabilize, but instead
converge to the infinite biregular tree. In fact, most of our work is related to the graph
convergence part, and not the graph transformation part.

Organization. In the next section we introduce all the necessary tools including the den-
sity function p(G, t), the entropy function A (p), and Benjamini—Schramm convergence,
and we compute the entropy function of the infinite biregular tree. In this section we also
give various results on the number of matchings of random (bi)regular graphs, which
shows the tightness of our results. In particular, we prove the second half of Theorem 1.5
here. In Section 3 we show that Gurvits’s theorem is equivalent to a certain (effective)
statement on the entropy function. In Section 4 we give a new proof of Schrijver’s and
Gurvits’s theorem together with the main part of the proof of Theorem 1.7. In Section 5 we
deduce Theorem 1.5 from the new version of Gurvits’s theorem, we prove Theorem 1.6,
and we also finish the proof of Theorem 1.7.

How to read this paper. This paper is occasionally a bit technical, especially in Sec-
tion 2. In order to make it easier to read we now roughly summarize its content and give
a road map for a first reading. Assuming that the reader is mainly interested in the proof
of Theorem 1.5, we first give an idea how the proof works.

Assume that p(G) is some graph parameter related to matchings and it is normalized
in such a way that we can compare graphs of different sizes, in particular it makes sense
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to compare two d-regular graphs. For instance

__Inpm(G)

~ v(G)

is such a graph parameter. We will prove that for a bipartite d-regular graph G we have
r(G) = p(Ta),

where p(Ty) a priori does not make sense, but can be defined as a limit lim;_, o, p(H;),
where H; is a sequence of graphs “locally converging” to T;. The plan is the following:
We define a sequence of graphs G; such that G = G and

p(G) = p(Go) = p(G1) = p(Ga) = ---

p(G)

and
lim p(G;) = p(Ta).
i—o00
This clearly gives
r(G) = p(Ta).

A technical difficulty arises from the fact that it is not really convenient to work with
the parameter
4(G) = Inmy(G)

v(G)

Instead we use the entropy function A (p) which is strongly related to ¢ (G), but is more
amenable to analysis. So Ag (p) will play the role of p(G). Of course, we need some tools
to transfer our knowledge from Ag (p) to g(G), but it is again just a technical problem.

So by keeping in mind our simple plan and the technical difficulty, we suggest the
following road map for the first reading: (1) first read the alternative definition of Ag(p)
(Remark 2.2), which is easy to understand, then take a quick look at its properties (Propo-
sition 2.1) without reading the proof, (2) read the definition of Benjamini—Schramm con-
vergence (Definition 2.5) and Example 2.7, (3) jump to Section 4, but read it only till the
proof of Theorems 1.1 and 1.3, (4) finally, read Section 5. We believe that reading just
this core of the paper will give a good impression of its content and the novel method
applied.

Let us mention that if the reader is familiar with Gurvits’s result (Theorem 1.3) and
only wants to know how one can derive Theorem 1.5 from it, then after step (1) in the
above plan one can jump immediately to Section 3 and then to Section 5.

2. Preliminaries and basic notions

This section is mostly reproduced from [2]. We could have simply cited that paper, but
for the convenience of the reader, we also include some proofs.

Throughout, G denotes a finite graph with vertex set V (G) and edge set E(G). The
number of vertices is denoted by v(G). The degree of a vertex is the number of its neigh-
bors. A graph is called d-regular if every vertex has degree exactly d. A cycle C is a
sequence vy, ..., U of vertices such that v; # v; if i # j and (v;, viy1) € E(G) for
i =1,...,k, where vp+1 = vi. The length of the cycle is k in this case. A k-matching is
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aset {eq, ..., ex} of edges such that for any i and j, the vertex sets of ¢; and e; are disjoint,
in other words, ey, ..., ey cover 2k vertices between themselves. A perfect matching is
a matching which covers all vertices. A graph is called bipartite if the vertices can be
colored with two colors such that each edge connects two vertices of different colors.
The standard notation for a bipartite graph is G = (A, B, E), where A and B denote the
vertex sets corresponding to the two color classes.

Let G = (V, E) be a finite graph on v(G) vertices, and let my (G) denote the number
of k-matchings (mg(G) = 1). Let t be a non-negative real number; in statistical mechanics
it is called the activity. Let

v(G)/2] [v(G)/2]
MG, D= Y mGrt, uwGx= Y Dm(Gx" @
k=0 k=0

We call M(G, t) the matching generating function," and (G, x) the matching polyno-
mial [16, 10, 11]. Clearly, they encode the same information. Let

2L MGt

#’ F(G,1t) =
v(G)-M(G,1) v(G)
We will call p(G, t) the density function. Note that it has a natural interpretation: Assume

that we choose a random matching M with probability proportional to r!!; then the
expected number of vertices covered by a random matching is p(G, t) - v(G). Let

2v(G)

v(G)’

where v(G) denotes the number of edges in the largest matching. If G contains a perfect
matching, then clearly p* = 1. The function p = p(G, 1) is a strictly increasing function
which maps [0, c0) to [0, p*), where p* = p*(G). Therefore, its inverse function ¢ =
t(G, p) maps [0, p*) to [0, 00). (If G is clear from the context, then we simply write ¢ (p)
instead of 1 (G, p).) Let

MG, 1

p(G, 1) = - Ep(G, ) In(r).

P*(G) =

rg(p) = F(G,1(p))
if p < p*, and Ag(p) = 0if p > p*. Note that we have not defined Az (p*) yet. We
define it as a limit:
A6 (p*) = lim Ag(p).
p/p*
We will show that this limit exists Proposition 2.1(c). We will call Ag(p) the entropy
function of the graph G.

The intuitive meaning of Ag(p) is the following. Assume that we want to count the
number of matchings covering a p fraction of the vertices. Assume that it makes sense:
p = 2k/v(G), and so we wish to count m(G). Then
Inmy(G)

v(G)

A more precise formulation of this statement is given below.

rc(p) ~

! In statistical mechanics, it is called the partition function of the monomer-dimer model.
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Proposition 2.1 ([2]). Let G be a finite graph.
(a) Let rG be the union of r disjoint copies of G. Then
rc(p) = ArG(p).
(b) If p < p*, then
d rc(p) ! Inz(p)
— =—=1In .
2y o 5 Int(p
(c) The limit
Ag(p*) = lim Ag(p)
p/p*

exists.
(d) Letk <v(G) and p = 2k/v(G). Then

Inm(G)| _ Inv(G)
vG) |~ (G

AG(p) —

(e) Let k = v(G). Then for p* = 2k/v(G) we have

_ Inmi(G)

A (p™) 2G)

In particular, if G contains a perfect matching then

Inpm(G)

Ac(l) = 2(G)

(f) If for some function f(p) we have
rc(p) = f(p) + ov (D)

for all graphs G, then
re(p) = f(p).

(g) Iffor some graphs G| and G, we have

InM(Gq,1t) - In M(G», 1)

oreveryt > 0,
WG w(Gy | lerevemi=z

then
AG(p) = Ag,(p) forevery0 <p <1
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Remark 2.2. Parts (a) and (d) of Proposition 2.1 together suggest an alternative defini-
tion for the entropy function Ag(p) for p < p*: Let (k) be a sequence of integers such
that
. 2k
lim =p
r—o0 rv(G)

Then

. Inmy, (rG)
Ac(p) = rlggo TG

In general when we have an infinite graph L, say 74, then it is a natural idea to consider
a graph sequence G; converging to L and to take a sequence (k;) such that

. 2k;
lim = p,
i—o0 v(Gy)
and then to consider
1 (G
AL(p) = lim Mk (GD).
i—00 U(G,')

In this sense, this alternative definition is nothing other than to consider the “G-lattice”
of infinitely many disjoint copies of G and approximate it with G; = i G, the union of i
copies of G.

This alternative definition is much more natural, especially from the statistical physics
point of view. On the other hand, it is hard to work with.

We will need some preparation to prove Proposition 2.1. First, we will need the following
fundamental theorem about the matching polynomial.

Theorem 2.3 (Heilmann and Lieb [16]). The zeros of the matching polynomial (G, x)
are real, and if the largest degree D of G is greater than 1, then all zeros lie in the interval

[—2+v/D —1,24/D —1].
We will also use the following theorem of Darroch.

Lemma 2.4 (Darroch’s rule [6]). Letr P(x) = Y ;_, arx* be a polynomial with only
positive coefficients and real zeros. If

1 P'(1) 1
— < <k+-——,
n—k+2 P(1) k+2
then k is the unique number for which ay = max(ay, ..., ap). If, on the other hand,
k+ ! P k+1 :
— < < -
k+2 P(1) n—k+1

then either ay or a1 is the maximal element of ay, . . ., a,.
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Proof of Proposition 2.1. (a) Note that
M@G,t) =M(G,t),

implying that p(rG, 1) = p(G, 1) and A, (p) = Ac(p).
(b) Since
InM(G,t) 1

—plnt,

rG(p) = 2(G) >

we have

da 1 IMG dar 1 1 dt 1
G(P)=< dl‘( ).___<1nt+p,?._)):——lnt,

dp v(G) M(G,t) dp 2 dp 2
since J
1 GMG.n _ p
v(G) M(G,t) 2
by definition.

(c) From %)\G(p) = —% Inz(p) we see that for p > p(G, 1), the function Ag(p) is
decreasing. (We can also see that Ag(p) is a concave-down function.) Hence

lim A )= inf A .
pp HO P = e o)
(d) First, assume that k < v(G). For k = v(G), we will slightly modify our argument.
Let t = ¢(G, p) be the value for which p = p(G, t). The polynomial
n
P(G.x)=M(G.tx) =Y mj(G)tix/,
j=0

considered as a polynomial in variable x, has only real zeros by Theorem 2.3. Note that

_ pu(G) _ PG, 1)

k = .
2 PG, 1)

Darroch’s rule says that in this case mi (G)i* is the unique maximal element of the coef-
ficient sequence of P (G, x). In particular
M(G,1t)

e < mp(G)t* < M(G,1).

Hence
Inv(G) - Inmy (G)

)\4 —
PG = TG
Hence for k < v(G), we are done.
If K = v(G), then let p be arbitrary such that

k—1/2 < pv(G)/2 < k.

< rc(p).

Again by Darroch’s rule,

Inv(G) _ Inm(G)
v(G) — v(G)

rG(p) — < (p).
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Since this is true for all p sufficiently close to p* = 2v(G)/v(G), and Ag(p™*)
limy, »,+ AG(p), we have

rg(p*) —

Inmy (G) _ Inv(G)
v(G) | T w(G)
in this case too.

(e) By (a) we have A,.g(p) = Ag(p). Note also that if k = v(G), then m,,(rG) =
my(G)". Applying the bound from (d) to the graph rG, we obtain

Inmy (G) - Inv(rG)

2P = =06 = a6y

Since Inv(rG)/v(rG) — 0 as r — oo, we get

_ Inmi(G)

A (p™) 2(G)

(f) This is again a trivial consequence of A,.g(p) = Ag(p).-
(g) From the assumption it follows that for the relative sizes of the largest matchings,
we have v(G1)/v(G1) = v(G2)/v(G2), and if there is equality, then

InmyG,)(G1) - InmyG,)(G2)
v(G1) - v(G2)

Thus the statement is trivial if p > 2v(G2)/v(G2). So we can assume that 0 < p <
2v(G2)/v(G2). Let us consider the minimum of the function A, (p) — A, (p) on the in-
terval [0, 2v(G2)/v(G>)]. This minimum is either attained at some endpoints or inside the
interval at a point where the derivative is 0. Note that g, (0) = Ag,(0) = 0. According
to (b), the derivative of Ag, (p) — Ag,(p) is

—3In1(G1, p) + 5 In1(Ga, p).

If itis O at pg then #(G1, po) = t(G2, po), but then with the notation t = ¢#(G1, po) =
t(G2, po) we have

InM(Gy,t) 1 In M(G», 1)

—poln(t) > ————— — =poIn(®) = Ag,(po)-

*6i(po) = — 1= 2 v(Ga) 2

So at every possible minimum of A, (p) — Ag,(p), the function is non-negative. So it is
non-negative everywhere. O

2.1. Benjamini—Schramm convergence and the entropy function

In this part we extend the definition of the function Ag(p) to infinite lattices L, more
precisely to certain random rooted graphs.
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Definition 2.5. Let L be a probability distribution on (infinite) rooted graphs; we will
call L a random rooted graph. For a finite rooted graph o and a positive integer r, let
P(L, a, r) be the probability that the r-ball centered at a random root vertex chosen from
the distribution L is isomorphic to «.

For a finite graph G, a finite rooted graph « and a positive integer r, let P(G, «, 1)
be the probability that the r-ball centered at a uniform random vertex of G is isomorphic
to a.

We say that a sequence (G;) of bounded degree graphs is Benjamini—Schramm con-
vergent if for all finite rooted graphs « and r > 0, the probabilities P(G;, «, r) converge.
Furthermore, we say that (G;) Benjamini—Schramm converges to L if P(G;,a,r) —
P(L, a, r) for all positive integers r and finite rooted graphs o.

Note that Benjamini—Schramm convergence is also called local convergence. This refers
to the fact that the finite graphs G; look locally more and more like the infinite graph L.

Example 2.6. Consider a sequence of boxes in Z¢ all of whose sides converge to infinity.
This is a Benjamini—Schramm convergent graph sequence since for every fixed r, we can
pick a vertex which is at least r away from the boundary with probability converging
to 1. For all these vertices we will see the same neighborhood. This also shows that we
can impose an arbitrary boundary condition, for instance the periodic boundary condition
means that we consider the sequence of toroidal boxes. Boxes and toroidal boxes will be
Benjamini—Schramm convergent even together, and they converge to a distribution which
is a rooted Z? with probability 1.

Example 2.7. Recall that a k-cycle of a graph H is a sequence of vertices vy, ..., Uk
such that v; # v; if i # j, and (v;, vi41) € E(H) for 1 <i < k, where vx41 = v;. For
a graph H, let g(H) be the length of the shortest cycle in H; this is called the girth of the
graph.

Let (G;) be a sequence of d-regular graphs such that g(G;) — oo. Then (G;)
Benjamini—Schramm converges to the rooted d-regular infinite tree Ty4. Note that if in
a finite graph G the shortest cycle has length at least 2k + 1 then the k-neighborhood of
any vertex looks like the k-neighborhood of any vertex of an infinite d-regular tree.

Let (G;) be a sequence of (a, b)-biregular graphs such that g(G;) — oo. Then (G;)
Benjamini—Schramm converges to the following distribution: with probability ﬁ it is
the infinite (a, b)-biregular tree T, ; with root vertex of degree b, and with probability
ﬁ it is the infinite (a, b)-biregular tree T, ;, with root vertex of degree a. With slight
abuse of notation we will denote this random rooted tree by T, 5 as well.

Remark 2.8. Not every random rooted graph can be obtained as a limit of Benjamini—
Schramm convergent finite graphs. A necessary condition is that the random rooted graph
be unimodular, which is a certain reversibility property of the graph. On the other hand,
it is not known whether every unimodular random graph can be obtained as a limit of
Benjamini—Schramm convergent finite graphs. This is the famous Aldous—Lyons prob-
lem. The interested reader can consult the book [21].
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The following theorem was known in many cases for the thermodynamic limit in statisti-
cal mechanics. We also note that a modification of the algorithm “CountMATCHINGS”
in [3] yields an alternative proof of parts (a) and (b) of this theorem.

Theorem 2.9 ([2]). Let (G;) be a Benjamini—Schramm convergent graph sequence of
bounded degree graphs. Then the sequences of functions

(@ p(Gi,n),
(b) (nM(Gi,1))/v(Gi)

converge to strictly increasing continuous functions on the interval [0, 00). Let py be a
real number between 0 and 1 such that p*(G;) > po for all n. Then

(©) 1(Gi. p),
(d) Ag,(p)

are convergent for all 0 < p < pyo.

Remark 2.10. H. Nguyen and K. Onak [22], and independently G. Elek and G. Lippner
[8], proved that for a Benjamini—Schramm convergent graph sequence (G;), the following
limit exists:
lim p*(G;).
n—o0

(Recall that p*(G;) = 2v(G;)/v(G;).)

To prove Theorem 2.9, we need some preparation. We essentially repeat the argument
from [1].

The following theorem deals with the behavior of the matching polynomial in
Benjamini—Schramm convergent graph sequences. The matching measure was introduced
in[1]:

Definition 2.11. The matching measure of a finite graph is defined as

1
PG =G PBEEICHE

zi:pu(G,zi)=0

where &(s) is the Dirac-delta measure at s, and we take every z; into account together
with its multiplicity.

In other words, the matching measure is the probability measure of uniform distribution
on the zeros of w(G, x).

Theorem 2.12 ([1, 2]). Let (G;) be a Benjamini—Schramm convergent bounded de-
gree graph sequence. Let pg,; be the matching measure of the graph G;. Then the se-
quence (pg,) is weakly convergent, i.e., there exists some measure py, such that for every
bounded continuous function f, we have

ll;r(r)lo f(@)dpg,(z) = / f (@) dpr(2).
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Remark 2.13. This theorem was first proved in [1]. The proof given there relied on a
general result on graph polynomials given in [5]. To make this paper as self-contained as
possible we sketch here a slightly different proof outlined in a remark in [1].

Proof of Theorem 2.12. For a graph G let S(G) denote the multiset of zeros of the match-
ing polynomial (G, x), and
(G = > 2k

1€S(G)
Then pr(G)/v(G) can be rewritten in terms of the measure pg as follows:

p(G) [
2(G) —fZ dpg(2).

It is known that p(G) counts the number of closed tree-like walks of length k in the
graph G (see [10, Chapter 6]). Without going into the details of the description of tree-
like walks, we only use the fact that these are a special type of walks that we can count
by knowing all k-balls centered at the vertices of the graph G. Let TW(«) denote the
number of closed tree-like walks starting at the root of «, and let A be the set of
k-neighborhoods «. The size of Ny is bounded by a function of k and the largest degree
of the graph G. Furthermore, let Ny (G, o) denote the number of vertices of G whose
k-neighborhood is isomorphic to «. Then

pr(G) = Y Ni(G, ) - TW().
aeN;

Therefore
P(G)

v(G)

= > P(G.a. k) TW().
aeN

Hence, if (G;) is Benjamini—Schramm convergent then for every fixed k, the sequence

pe(Gi) [ 4
v(G?) _/Z 4pa; (@)

is convergent. Clearly, this implies that for every polynomial ¢ (z), the sequence

f q(z) dpg,; ()

is convergent.

Assume that D is a general upper bound for all degrees of all graphs G;. Then all zeros
of u(Gj, x) lie in the interval [-2+/D — 1,2+/D — 1]. Since every continuous function
on a bounded interval can be uniformly approximated by polynomials, we conclude that
the sequence (pg;) is weakly convergent. ]

Proof of Theorem 2.9. First we prove parts (a) and (b). For a graph G let S(G) denote
the set of zeros of the matching polynomial ¢ (G, x). Then

MG =[] a+rn= ] a+r'2

reS(G) A€S(G)
>0



New proof of Schrijver’s and Gurvits’s theorems 1825

Then

InM(G, )= Y Lin(1+2%).
reS(G)

By differentiating both sides with respect to t we get

%M(G,t)_ Z 1 A2
a7 — .
M(G,1) 2e5(6) 2 1+ 21t
Hence
2t - L M(G, 1) 1 22t 172
G,t) = dr = =/ dpc (2).
PO = G MG~ wG 2y T35 ) T P00
Similarly,

InM(@G, 1) 1
v(G)  v(G)

> %1n(1+)»2t)=/%ln(1+t12)dpg(z).

reS(G)

Since (G;) is a Benjamini—Schramm convergent bounded degree graph sequence, the
sequence (pg,) weakly converges to some p; by Theorem 2.12. Since both functions

172

14122

and %ln(l +12%)

are continuous, we immediately see that

li p(G 1) = / —t dp (2)
im i 4

and In M (G, 1)
n it i 1 2
lim —v(G,-) _/2ln(1+tz )dpr(2).

2 . . . . .
Note that both l—ti-ztzz and % In(1 + 1z?) are strictly increasing continuous functions of 7.
Thus their integrals are also strictly increasing continuous functions.

To prove part (c), let us introduce the function

1z J
p(L,t) = / 152 oL (2).
We have seen that p(L,?) is a strictly increasing continuous function, and
lim; o0 p(G;,t) = p(L,t). Since p*(G;) > po for all G;, we have lim;_, o, p(G;, t) >
po for all i. This means that lim;_,» p(L,t) > po. Hence we can consider the inverse
function of p(L, t) which maps [0, pg) into [0, co); let us call it 7 (L, p).
We will show that
lim 1(G;, p) = 1(L, p)
1—> 0
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pointwise for p < po. Assume this is not the case. This means that for some pj, there
exists an € and an infinite sequence n; for which

lt(L, p1) —t(Gn;, pD| Z €.
We distinguish two cases:

(i) there exists an infinite sequence (n;) for which t(G;, p1) > t(L, p1) + ¢,
(ii) there exists an infinite sequence (n;) for which t(G,;, p1) < t(L, p1) —&.

In the first case, let 71 = 1(L, p1), 12 = t1 + € and pa = p(L, 12). Clearly, p > p;. Note
that
t(Gp;s p1) 2 8L, p1) +e=0n

and p(Gy;, t) are increasing functions, thus
PG 12) < p(Gy, t(Gyyy p1)) = p1 = p2 — (p2 — p1) = p(L, ) — (p2 — p1).

This contradicts the fact that lim,, o0 p(Gy;, 12) = p(L, 12).
In the second case, lett; = ¢(L, p1),t» =t —¢ and p» = p(L, 1p). Clearly, p» < pi.
Since t (G, , p1) < t(L, p1) — & = tp and p(Gy,, t) are increasing functions, we have

P(Gy;, 1) = p(Gp,, t(Gy,, p1)) = p1 = p2+ (p1 — p2) = p(L, ) + (p1 — p2).

This again contradicts the fact that lim,_, p(Gp,,2) = p(L, t2). Consequently, we
have lim; . o 1(G;, p) = 1 (L, p).
Finally, we show that A, (p) converges for all p. Lett = ¢(L, p), and

. MG, 1)
A = lim ———~ — splnt.
tp)= lm —r Gy 2P
Note that InM(G;. 1)
n i>li 1
AG: =——" " —>plny,
Gi(p) oG spIng

where t; = (G, p). We have seen that lim; . #; = ¢. Hence it is enough to prove that
the functions (In M (G;, u))/v(G;) are equicontinuous. Fix some positive uq and let

R(ug, u) = max |%ln(1 + ugz?) — %ln(l + uzz)|.
z€[-24/D—1,2/D—1]

Clearly, if |u — ug| < & for some sufficiently small 8, then R(ug, u) < ¢, and

InM(Gi,u)  InM(Gi, uo)
v(Gy) v(Gi)

< / |3 In(1 + uoz?) — L In(1 + uz?)| dpg, (z) < / R(u, up) dpg, (z) < .

- '/%1n(1+u0z2)dpci(z)—/ 3 In(1+uz?) dpg; (2)

This completes the proof of the convergence of Ag; (p). O

Now it is easy to define these functions for those random rooted graphs which can be
obtained as a Benjamini—Schramm limit of finite graphs.
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Definition 2.14. Let L be a random rooted graph which can be obtained as the
Benjamini—Schramm limit of finite graphs (G;) of bounded degree. Assume that p*(G;)
> po for all n. Let

. . InM(Gj, 1)
p(L,t) = lim p(G;, 1), F(L,t)= lim —————
n— 00 n— 00 v(G})

forallr > 0, and
t(L,p)= lim t(G;, p), Ar(p)= lim Ag,(p)
n—o0 n—0o0

for all p < py. Finally, let
AL(po) = lim Ap(p).
p./'po

Note that the functions p(L,t), F(L,t),t(L, p) and Ap(p) are well-defined in the
sense that if the sequences (G;) and (H;) both Benjamini—Schramm converge to L and
p*(G;), p*(H;) > po for all i, then they define the same functions on [0, co) or [0, po].
Indeed, we can consider the two sequences together and apply Theorem 2.9 to find that
the limits do not depend on the choice of the sequence. From the proof of Theorem 2.9,
we also see that p(L, t) and F (L, t) can be expressed as integrals against a certain mea-
sure pr .

2.2. Entropy and density function of the infinite d-regular tree Ty

In this section we give the entropy and density functions of the d-regular and (a, b)-
biregular trees.

Theorem 2.15. Let Ty be the infinite d-regular tree. Then

2d%* +d —dJT+4d — Dt

@ pla. ) = 2d%t +2 :
(b) /%m(l +tz2%) dpr,(2) = £ In Sy(1),
where
L(d=1\" VITAd =i - 1
Sa(t) = _2( ) s M= ,
ny \d —m 2(d — Dt
_ pd—p)
() t(Ty,p)= 20—

1 d
(d A, (p) =Gap) = 5(1) 111(;) +(d—p) 1n(1 - g) —2(1 = p)In(l - P)>~
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Theorem 2.16. Let T, be the infinite (a, b)-biregular tree. Then for 0 < p <

min(fﬁ, %) we have
@ _— 2abt + 245 — 240 /14 (2a +2b — 4)t + (a — b)212
p a,b, = ’

2abt + 2

b _atb
b  1(Tap p) = 2" Pl = 5pp)

2ab (1 - %p)(1 - Stp)
a a+b b a+b
AT, , (p) = Gap(p) = H ( p) + H ( p)

a+b 2a a-+b 2b
1 ab a+b
—pln(ab) — ——H| ——p ),

+apintab) =7y <2abp>

where H(q) = —(qIng + (1 — g) In(1 — g)).

There are two essentially different proofs for Theorems 2.15 and 2.16. We detail the first
proof, and in the next subsection we sketch a second one.

The first proof of Theorems 2.15 and 2.16 roughly follows the arguments of Section 4
of [1]. For an (infinite) tree, the spectral measure and the matching measure coincide. This
can be proved via [1, Lemma 4.2], or an even simpler proof is that for trees, the number
of closed walks and the number of closed tree-like walks are the same, so the moment
sequences of the spectral measure and the matching measure coincide, and since they
are supported on a bounded interval, they must be the same measure. For the d-regular
tree Ty, this is the Kesten—-McKay measure given by the density function

dy/4d — 1) — x2

Ja(x) = 27 (d? — x2) X[—2/d=1,2/d=1]

For the (a, b)-biregular infinite tree, the matching or spectral measure o, , is given by

la — b| aby/—(x2 —ab + (s — D2)(x2 —ab + (s + 1)2)
dpr, , = do + 5
' a+b w(a + b)(ab — x*)|x]|

X X(|Va=T-vh=T|<lv|=va=T+v5=T) 4%

where s = 4/(a — 1)(b — 1). As a next step one might try to compute the integral of the

functions

172

1+ 122
to obtain p(Ty p, t) and F (T, p, t). We will slightly modify this argument to simplify it.
Our modification shows that we do not need to compute these integrals—we can work
directly with the moment sequences which are simply the numbers of closed walks in
the corresponding trees. More precisely, in T, , we have to weight the number of closed
walks starting and ending at a root vertex of degree a with weight b/(a + b), and the
number of closed walks starting and ending at a root vertex of degree b with weight
a/(a+b).

and %ln(l )
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First of all, we need the following lemma on the number of closed walks in T, ;. We
are sure that it is well-known, but since we have not been able to find any reference, we
give its proof.

Lemma 2.17. Let Wj“ and W}’ be the number of closed walks of length j starting at and
returning to a root vertex of T, of degree a and of degree b, respectively. Then for the
generating function we have

1
Ga@) =Y Wizl = —————
a(@) = Z ‘ 1 —az’Fp(z)’
where
1+ b-—a)2—1—Qa+2b—42+ (b—a)’*
Fp(2) =
2(a — 1)z2
Similarly,
Gp(2) := i Wbzl = ;
= 1 —bz2F,(z)’
where
l4+@—b2—V1-Qa+2b—422+ (b —a)’
F,(2) =

2(b — 1)z2
Proof. Consider the rooted tree ']I‘Z’ »» Where the only difference compared to T, 5 is that
the root vertex has degree a — 1 and not a. Similarly, let TZ, , be the rooted tree where the
only difference compared to T, 5 is that the root vertex has degree » — 1 and not b. Let
Wa- be the number of closed walks of length j starting at and returning to the root vertex
of T“ . Furthermore, let U'; ; be the number of closed walks of length j starting at and
returmng to the root vertex of T » such that the walk only visits the root at the beginning
and at the end, and the walk has length at least 2, so it is not the empty walk. We can

similarly define W ; and [T j- Let

o0 o0
Fa@ =) Wiz, Fyx) =) W/,
j=0 j=0

and N .
R =) _Ujz/, Ry(x)=) U,z
Jj=1 j=1
First of all,
1
Fu(z) = 1 + Ra(2) + Re@* + Ra(2)* + - = et
- Ra

since every closed walk can be uniquely decomposed into walks which visit the root only
at the beginning and at the end. Similarly,

Fp(z) = TR
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Finally,
Ra(2) = (@ — 1)z*Fy(z) andsimilarly Ry(z) = (b — z*Fu(2),

since every closed walk which visits the root only at the beginning and at the end can be
decomposed in the following way: we erase the first and last steps (we can choose these
in a — 1 different ways in ']I‘Z’ »)» and we get a closed walk in Tgy »- Solving these equations
we get

1+ (b —a)z2? — /1= (2a+2b—4z2 + (b — a)?*

Fu(z) = T :

Fyo) — 1+ (@ —b)z%—1—Qa+2b—4H22+ (b —a)2z*
2(a — )72 '

Ry(2) = 3(1 4 (a = b)2> = V1 = Qa +2b — 42 + (b — a)’2*),

1
2
Rp@) = (14 (b —a)z® — V1 — Qa +2b — D22 + (b — a)z*).

(Note that at some point, we have to solve a quadratic equation, and we can choose only
the minus sign, because of the evaluation of the generating function at z = 0.)

Now let us go back to the original problem. Let U j?‘ be the number of closed walks of
length j starting at and returning to the root vertex of T, ; of degree a such that the walk
only visits the root at the beginning and at the end, and the walk has length at least 2, so
it is not the empty walk. We define U ;’ similarly. Let

o0 o
Ga@) =Y Wiz, Gpx)=) W,
j=0 j=0

and
o0 . o0 .
H,(z) = Z U]-“ZJ, Hy(z) = Z U}’z-’.
j=1 j=1
As before,
Gi(0)=————, Gpg)= ——.
“O=T"me YT T me
Finally,

H,(z) = az’Fy(z) and similarly Rp(2) = bz’ F,(2),

since every closed walk which visits the root only at the beginning and at the end can be
decomposed in the following way: we erase the first and last steps (we can choose these
in a different ways in T, ), and we get a closed walk in ']I‘z »- Hence

1
Gp(2) = ———— O

Ga(2) = 1= b22F,(2)

1 —az’Fy(z)’
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Proof of Theorems 2.15 and 2.16. Since Theorem 2.15 is a special case of Theorem 2.16,
we concentrate on the proof of the latter. We only need to work with part (a), since then
(b) follows immediately, and (c) follows from (b) by using

d
ap M Tes (P) = —3In1(T4p, p).
These are routine computations, left to the reader.
To prove (a), first assume that |f| < 1/(4(max(a, b) — 1)). Note that for such #, all
subsequent series are converging. We have

P(Tap 1) = / s dpr, ) = f >

= Z(—l)j+ltj/u2j dpr, , ().

Note that

: b
/uz] dpr,., () = ﬂwzaf tar bWZJ
Hence

p(Tap, -2 =1— ( Ga(2) + -

After some calculation we get

2abt + 25 — 20 /1 + (2a +2b — )t + (a — b)*?
2abt +2

p(Tfl,b’ t) -

for |t| < 1/(4(max(a, b) — 1)). On the other hand, both functions appearing in the previ-
ous equation are holomorphic in {z | |J3(¢)| < 91(¢)}, so they must coincide everywhere in
this region. O

2.3. Random graphs

The goal of this subsection is twofold. On the one hand, we show that Theorems 1.5 and
1.7 are quite precise, for instance if p is separated away from 1 then Theorem 1.5 is the
best possible up to a constant factor. On the other hand, we would also like to show a
connection between random (bi)regular random graphs and the entropy function of an
infinite (bi)regular tree.

An alternative way to obtain Theorems 2.15 and 2.16 is the following. We can use
Theorem 2.9 to obtain the required functions by choosing an appropriate Benjamini—
Schramm convergent graph sequence. It turns out that it is sufficient to consider random
d-regular or (a, b)-biregular bipartite graphs. Indeed, one can compute the expected num-
ber of k-matchings of a random d-regular or (a, b)-biregular bipartite graph quite easily.
Such a computation was carried out in [4, 9, 26, 12] for d-regular bipartite graphs and it
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easily generalizes to (a, b)-biregular bipartite graphs. We also note that a random (a, b)-
biregular bipartite graph contains a very small number of short cycles. This is a classical
result for random regular graphs, but it is also known for biregular bipartite graphs [7].

First of all, let us specify which biregular random graph model we use. Let the
vertex set of the random graph be V U W, where V. = {vy,...,v4,} and W =
{wi, ..., wp,}. Consider two random partitions of the set {1, ..., abn}: the first one is
P = {Aq, ..., Agy} where each set has size b, and the second is P, = {By, ..., Bp,}
where each set has size a. Then for every k € {1,...,abn} connect v; and w; if
k € A; N B;. This is the configuration model. Note that this model allows multiple edges,
but this is not a problem for us. In the special case when a = b = d we can choose V and
W to be of size n. The following theorem was proved in [9].

Theorem 2.18 ([9]). Let G be chosen from the set of labelled d-regular bipartite graphs
on v(G) = 2n vertices according to the configuration model. Then

n\? o 1
Emi(G) = (k) d (dn)
k

The corollary of this theorem is the second part of Theorem 1.5.

Corollary 2.19. Let p = k/n. There exists a d-regular bipartite graph G on 2n vertices

such that
[1—p/d
mp(G) < % - pu - exp(2nGy(p)).

Proof. We will show that

2
n 1 1= p/d
E :( ) a*— < _p]/) - pu - exp(2nGa(p)).

k(%) 1

For the first term we use Stirling’s formula. Let ®,, be defined by the following form of

Stirling’s formula:
m! = 2xm(m/e)" .

Note that

It is known (see [24]) that

12m + 1 12m
Then
1 0, — O _€ k(dn—k) _o, ore
E= —eO" Ok =Bk 27‘[—6 Oun+Ok+Oun—k . .ex 2I’ZG
S2wk(n—k)/n dn Pu-exp(2nGa(p))

[1—p/d .
— . p/ e®n_®nfk_®dn+®dn7k Py -exp(ZnGd (p)).
-p
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Thus we only need to show that
Op — Oy —Ouy +Oupi < 0.

This is indeed true:

1 1 1 1
O, —0,_; —06 O, < — — _
n = Onke = Odn + Odn—k = 15 = T T Taan+ 1 12(dn — k)
 —(12k—1) 12k + 1 0
T 12n(2i—k) + 1) | (2dn+ )(12dn—k) +1) —
iftd > 2. o

The following lemma is a straightforward extension of the previous results to (a, b)-
biregular bipartite graphs.

Lemma 2.20. Let G be chosen from the set of labelled (a, b)-biregular bipartite graphs
on v(G) = (a + b)n vertices according to the configuration model. Then

(@) Emi(G) = exp(v(G)(Ga,p(p) + 0u)(1)),  where p = 2k/v(G).

(b) ([7]) Let c2;(G) be the number of 2 j-cycles in the graph G. Then

((a— (b — 1))/
2j

Proof. (a) Note that the number of all partition pairs (P, P2) is

N — (abn)! . (abn)!.
albn blan

Ec2;(G) =

(I + ovy(D)).

The number of possible k-matchings is

Uy = abn\ (an)\ (bn V2.
k k k
If we fix one k-matching then we need to repartition the remaining abn — k elements into

sets of sizes a and a — 1, and b and b — 1. This can be done in

_ (abn —k)! (abn — k)!
T (a— Dkatbn—k " (p — 1)lkplan—k

1 b 1
Emi(G) = NUk Vi = <akn> ( kn) (ab)* (abn)'

k
Then by the usual approximation of binomial coefficients we get

Emi(G) = exp(v(G)(Ga,b(p) + 0ucy (1)),
where p = 2k/v(G).

Vi

ways. Hence
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(b) We can choose the possible cycles in

abn\ (an\ (bn
T) = 2j — 2
j (2j><1)(1>“ )

different ways. (We can choose the “edges” and vertices in (“Zb;) (“j") (bj’?) ways, then we
choose an ordering on the edges, and on each vertex set, and we connect the vertices and
“edges” along the orderings. Finally, we divide by 2j since we counted each cycle in 2
ways.) Next we need to repartition the remaining abn — 2j elements into sets of sizes a

and a — 2, and b and b — 2. This can be done in

_ (abn—2))! (abn —2j)!
7T (@ —2liab=i (b —2)liblan=i

ways. Hence

1 — 1) — 1))/
Ecz,-(c)zﬁT,-s,:((“ )2(] )

(1 + oy (1)). O

Part (b) of Lemma 2.20 shows that the expected number of cycles of length 2 is bounded
independently of the size of the graph. Note that the (a, b)-biregular graph sequence (G;)
Benjamini—-Schramm converges to T, p if for all fixed j we have ¢2;(G;) = o(v(G))).
Note that by Markov’s inequality,

IP’(mk(G) > 3]Emk(G)) < and IP(CQ.,'(G) > 3gEczl,~(G)) < %

8

W] =

for j =1, ..., g. Hence for any large enough n and fixed g, with probability at least 1/3
we can choose a graph G; on (a + b)n vertices such that G; has a bounded number of
cycles of length at most 2g and m(G;) < 3exp(v(G)(Gq,5(p) + 0y(G)(1))). This shows
that we can choose a sequence (G;) of graphs converging to T, ;, such that

Inmi(Gi)

2(Go) +ouGH(D) = Ag; (p) < Gy p(p) + oy (D).

This implies that
A, ,(P) < Gap(p).

Note that we have only proved this inequality for rational p, but then it follows for all p
by continuity.

Unfortunately, with this idea we have not been able to establish the inequality AT, , (p)
> Gya.p(p). The problem is the following. In principle, it can occur that a typical ran-
dom graph has a much smaller (exponentially smaller) number of k-matchings than the
expected value, and a large contribution to the expected value comes from graphs hav-
ing a large number of short cycles and matchings. Note that Theorem 1.7 implies that
this cannot occur, but we cannot use this result as it would result in a cycle in the
proof of this theorem. Instead we propose a conjecture which would imply the inequality
At,,(P) = Gap(p).



New proof of Schrijver’s and Gurvits’s theorems 1835

Conjecture 2.21. There exists a constant C independent of n and k such that
Emy(G)* < C(Emi(G))*.

Note that this conjecture is known to be true for perfect matchings in regular random
graphs [4]. To show that this conjecture implies A1, ,(p) > G4 »(p), we need the follow-
ing proposition.

Proposition 2.22. Let X be a non-negative random variable such that for some positive
constant C we have

1
P(X > CEX) < c and EX? < C(EX)>.

Then

1
P(;EX < X < CEX) > —.

2C
Proof. Let A = {w | X(®) < EX}, B = {» | ;EX < X(w) < CEX},and D =
{w| X(w) > CEX}. Then

/ XdP < JEX.
A

Furthermore,

2
IP(D).EXZEIP(D)./ deP:/ ldP-/ depz</ XdP).
D D D D

Hence

2 2 ?
16CC(IEX) >P(D)-EX z(/DXdP>.

In other words, f pXdP < }TEX . This implies that

/ XdP > iEX.
B
Since
/ XdP <P(B)CEX,
B
the claim of the proposition follows immediately. O

Fix a positive number g, and call a graph typical if
ng (G) < l6CgEC‘2j (G)

for j = 1,..., g. Note that a typical graph has a bounded number of short cycles, and
by Markov’s inequality, the probability that a graph is typical is at least 1 — 1/(16C).
First case: there is a typical graph G such that m;(G) > CEm(G), then we are done,



1836 Péter Csikvari

because Ag(p) = G, p(p) + 0(1). Second case: there is no typical graph with m(G) >
CEmy(G); then the proposition implies that

1
P(3Emi(G) = mi(G) = CEmi(G)) = 5.
Since the probability that a graph is typical is at least 1 — 1/(16C), we see that there are
typical graphs for which

mi(G) = TEmy(G),

implying again that g (p) > G, 5(p) +0(1). Hence we can choose a sequence of typical
graphs to show that At, , (p) > G4 p(p).

In spite of the fact that this proof did not lead to another proof of Theorem 2.16, we
feel that it was instructive to carry out these computations as they showed that Theo-
rems 1.5 and 1.7 are tight. This was known for perfect matchings of d-regular random
graphs [4, 26], and for matchings of arbitrary size [9]. Our computation for biregular
bipartite graphs is the natural counterpart of these results.

3. New version of Gurvits’s theorem

In this section we prove the following theorem.

Theorem 3.1. The following two statements are equivalent:

(i) For any d-regular bipartite graph G on 2n vertices, we have

Inmi(G)

2(G) > Gy(p) + oy (1),

where p = k/n and my(G) denotes the number of matchings of size k.
(i1) For any d-regular bipartite graph G, we have

rc(p) = Ga(p).

Proof. First we show that (i) implies (ii). Since both functions Ag(p) and G4(p) are
continuous, it is enough to prove the claim for rational numbers p. Let p = a/b. Consider
br copies of G, and consider the matchings of size k = ar. Then

Inmg(brG) Inv(brG) Inv(brG)

HOP) =G = Gy T gy = 1P o S

The (first) equality follows from Proposition 2.1(a), the first inequality follows from
Proposition 2.1(d), and the second inequality is the assumption of (i). As r tends to infin-
ity, the last two terms disappear, and we get

rc(p) = Ga(p).
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Next we show that (ii) implies (i). We have

Inmy(G) - Inv(G) Inv(G)

2(G) > Arc(p) — 2G) > Gy(p) — "G

The first inequality follows from Proposition 2.1(d), and the second is the assumption
of (ii). Since —(Inv(G))/v(G) = 0y(G)(1), we are done. m]

Theorem 1.3 implies

Corollary 3.2.
Inmy(G) Inv(G)
——— > Ga(p) - .
v(G) v(G)
Proof. See the second part of the proof of Theorem 3.1. O

Remark 3.3. L. Gurvits actually proved much stronger results than Theorem 1.3. He
showed that for all pairs (P, Q) of n x n matrices, where P is non-negative and Q is
doubly stochastic, we have

InPer(P)) > Y (1= QG, H)In(l = QG jH— Y. Q(,-,j)ln(Q(w)_

1<i,j<n 1<i,j<n P(l’])

From this he deduced the following inequality: for any doubly stochastic matrix A we
have

Per(A) > [ (1—AG. j)' 400,

1<i,j<n

Next he showed that this inequality implies that for a d-regular bipartite graph G we have

(1 — p/d)—rldndq _ 1/n)(1—1/n)2n2(1—17)

mp(G) > (p/d)y™n=211=P)((n(1 — p))!)2

’

where p = k/n as before. For fixed p € (0, 1) this gives

1 el=p

Let us mention that M. Lelarge [19] was able to give new proofs of Gurvits’s results
and extend both Gurvits’s results and the results of this paper by combining the methods
of this paper with some new ideas.
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4. New proof of Gurvits’s and Schrijver’s theorems

In this section we give a new proof of Gurvits’s and Schrijver’s theorems. We will show
that for any d-regular bipartite graph G,

rc(p) = Ga(p).

According to Theorem 3.1, this is equivalent to Gurvits’s theorem. For p = 1 we recover
Schrijver’s theorem via Proposition 2.1(e). Note that the function on the right hand side
is nothing other than A, (p) according to Theorem 2.15.

Definition 4.1. Let G be a graph. Then H is a 2-lift of G if V(H) = V(G) x {0, 1},
and for every (u,v) € E(G), exactly one of the following two pairs are edges of H:
((u, 0), (v,0)) and ((u, 1), (v, 1)) are in E(H) or ((u, 0), (v, 1)) and ((u, 1), (v, 0)) are
in E(H). If (u,v) ¢ E(G), then none of ((u, 0), (v, 0)), ((u, 1), (v, 1)), ((u,0), (v, 1))
or ((u, 1), (v, 0)) are edges in H.

Note that if G is bipartite then any 2-lift of G is bipartite too.
Lemma 4.2. Let G be a bipartite graph, and H be a 2-lift of G. Then for any k,
mp(G U G) = mi(H).

In particular, for any t > 0,
M(G,1)> > M(H, 1).

Proof. Since M(G U G,t) = M(G, )2, the inequality my(H) < mi(G U G) would
indeed imply the second part of the lemma. Note that G U G can be considered as a trivial
2-lift of G. Let M be a matching of a 2-lift of G. Consider the projection of M to G. Then
it will consist of disjoint unions of cycles of even lengths (here we use the fact that G is
bipartite!), paths and “double-edges” (when two edges project to the same edge). Let R
be the set of these configurations. Then

m(H) =Y |¢5' (R)] and mu(GUG) = ) Ipghe(R),
ReR ReR

where ¢ and ¢pgug are the projections from H and G U G to G. Note that
boig (R =25,

where k(R) is the number of connected components of R different from a double-edge.
On the other hand,
b (R)] < 24,

since in each component if we know the inverse image of one edge then we immediately
know the inverse images of all other edges. The only reason why there is not equality in
general is that not necessarily every cycle can be obtained as a projection of a matching of
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a 2-lift: for instance, if one considers an 8-cycle as a 2-lift of a 4-cycle, then no matching
will project to the whole 4-cycle. Hence

165 (R < loge (R,

and consequently
mi(H) < mi(G U G). O

By Proposition 2.1(g) we get the following corollary.

Corollary 4.3. If G is a bipartite graph, and H is a 2-lift of G, then Ag(p) > Ag(p) for
every0) < p < 1.

Lemma 4.4 (Linial [20]). For any graph G, there exists a graph sequence (G;);2 such
that Go = G, G; is a 2-lift of Gi—1 fori > 1, and g(G;) — oo, where g(H) is the girth
of the graph H, i.e., the length of the shortest cycle.

Proof. We will show that there exists a sequence (G;) of 2-lifts such that for any &, there
exists an N (k) such that for j > N(k), the graph G; has no cycle of length at most .
Clearly, if H has no cycle of length at most k — 1, then neither does any 2-lift of it. So it
is enough to prove that if H has no cycle of length at most k — 1, then there exists an H’
obtained from H by a sequence of 2-lifts without a cycle of length at most k. We show
that if g(H) = k, then there exists a lift of H with fewer k-cycles than in H. Let X be the
random variable counting the number of k-cycles in a random 2-lift of H. Every k-cycle
of H lifts to two k-cycles or a 2k-cycle with probability 1/2 each, so EX is exactly the
number of k-cycles of H. But H U H has twice as many k-cycles as H, so there must
be a lift with strictly fewer k-cycles than H has. Choose this 2-lift and iterate this step to
obtain an H' with girth at least k + 1. O

Corollary 4.5. (a) For any d-regular graph G, there exists a graph sequence (G;)2,,
such that Go = G, G; is a 2-lift of Gi_1 fori > 1, and (G;) is Benjamini—Schramm
convergent to the d-regular infinite tree Tg.

(b) For any (a, b)-biregular bipartite graph G, there exists a graph sequence (G;){2,,
such that Go = G, Gj is a 2-lift of Gi_1 fori > 1, and (G;) is Benjamini—Schramm
convergent to the (a, b)-biregular infinite tree T, p.

Proof of Theorems 1.1 and 1.3. Let 0 < p < 1. Choose a graph sequence (G;){2,,
such that Go = G, G; is a 2-lift of G;_| for i > 1, and (G;) is Benjamini—Schramm
convergent to the d-regular infinite tree T,;. Then by Corollary 4.3,

AGo(P) Z A61(P) Z 2Gy(p) Z -+ and  lim A, (p) = A1, (p)

since G; converges to Ty (see Theorem 2.9). Hence Ag(p) > Ar,(p) for 0 < p < 1.
Finally, for p = 1 we have

re(1) = lim A6 (p) = lim Az, (p) = A, (1).
p—1 p—1
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Note that by Proposition 2.1(e), the inequality A (1) > A, (1) is equivalent to

In pm(G) - 11 ((d — 1)d-!
wG) 2 N\ Tga2 )

which completes the proof of Theorem 1.1. O

One can prove the following theorem the very same way.

Theorem 4.6. For any (a, b)-biregular bipartite graph G we have

b
26 (p) = Gap(p) forevery0<p < min(a i - +b).

With the same technique one can prove the following theorem.

Theorem 4.7. Let G be a d-regular bipartite graph, and t > 0. Then

[%ln(1+tzz)dpc(z) Z/%ln(1+tzz)d,oqrd(z).

Proof. Note that
InM(G,1) / 1 5
—— = | 5In(1+1tz°)d .
2(G) 7 In(1 +72%) dpg (2)
Choose a graph sequence (Gi);?io such that Gy = G, G; is a 2-lift of G;_; fori > 1, and
(G;) is Benjamini—Schramm convergent to the d-regular infinite tree T;. By Lemma 4.2,
In M(Go, t) > InM(Gy,1t) > InM(Ga,t) .
v(Go) v(G1) v(G2)

)

and by the weak convergence of the measures pg,; (see Theorem 2.12),

. InM(G;, 1) . 1 2 1 2
lim ——— = lim [ 5In(l1 +7z7)dpg,(z) = | 53 In(1 +1z7)dpr,(2).
i—oo  v(Gj) i—00
Hence
f%ln(1+tzz)dpg(z) Z/%ln(hl—tzz)d,oqrd(z). O

Next we prove Theorem 1.6 which is a direct consequence of the previous theorem.

Proof of Theorem 1.6. We can assume that 0 < p < 1; for p = 1 the claim follows by
continuity. We have seen that, for ¢ > 0,

InM(G,t¢
%:/%ln(l—ktzz)aﬁ% z/%ln(l—i—tzz)dmrd-

Note that by Theorem 2.15 we have

/ 3In(1 +12%) dpr, = 3 In Sa(0),



New proof of Schrijver’s and Gurvits’s theorems 1841

where i
1 /d—-1\°" J14+4d -t —1
n? \d —n ! 2(d — )t
Hence

M(G, 1) = Sq(t)"
for all + > 0. Now let

p(d—p)
t =t(Ty, p) = —-.
(Ta, p) 21— p)
Then J
4 (I-p/d)
= s Sat) = ————.
=T T T,y
Hence | ;
m(c, 24P ). -2,
d*(1 — p)? (1—p)> d
After multiplying by (1 — p)*, we get the claim of the theorem. O

We end this section with another corollary of Theorem 4.7. The so-called matching en-
ergy, introduced by I. Gutman and S. Wagner [15], is defined as follows:

MEG) = Y Izl

zi: n(G,zi)=0

where all zeros are counted with their multiplicity. With our notation this reads

ME(G) = U(G)/ |z dpg (2).

The following theorem shows that if we normalize the matching energy by dividing by
the number of vertices, then among d-regular bipartite graphs its “minimum” is attained
at the infinite d-regular tree T,.

Corollary 4.8. Let G be a d-regular bipartite graph. Then

/Izldpc;(z) Z/Izldmrl,(z)-

Proof. For any z we have

1 %1 -
== [ 0+
wJo t

1 (1 2 9
[eldoc = [(5 [ zma i) docto
T Jo t
1 1 2 9
=—/ = /ln(l—l—t 77) dpg(z) | dt
T Jo !
1 [*1
> ;/(; t—2</ln(l+t222)d,oqrd(z)) dt:/lzldpqrd.

Since we have integrated a non-negative function, the interchange of the integrals was
allowed. m]

Hence
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di2 d_l>>'

Remark 4.9. Note that

/ Izl dpt,(2) = ;<2vd —1—-(d-2) arctan(

5. Proof of the Lower Matching Conjecture

In this section we prove Theorem 1.5. Here the main tool is that the matching polynomial
has only real zeros—this gives sufficient information about its coefficients so that together
with our results on the entropy function we can finish the proof of Theorem 1.5. The
argument in this section is more or less standard; a survey of related methods and results
can be found in [23].

Proof of Theorem 1.5. We can assume that 0 < p < 1, since for p = 1, the statement
reduces to Schrijver’s theorem. Choose ¢ such that p(G, t) = p = k/n. Then

(©) = "D (e
m = ——exp(v .
k M(G. 1) p G\p
Let )
o mj(G)t/
aj = ———.
M(G,1t)
Then the probability distribution (ag, ai, - .., a,) has mean u = k. By the Heilmann—

Lieb theorem, ) ajxj has only real zeros. Then it is known that it is the distribution of
the number of successes in independent trials. Indeed, let

n
M(G.t)=[]a+yn.
i=1
where y; = k% with our previous notation, and

14 )/jt.

Pj

If I; is the indicator variable that takes the value 1 with probability p;, and 0 with proba-
bility 1 — p;, then

Pth+--+1,=j)=aq.
The advantage of this observation is that there is a powerful inequality for such distribu-
tions, namely Hoeffding’s inequality.

Theorem 5.1 (Hoeffding’s inequality [17]). Let S be a random variable with probability
distribution of the number of successes in n independent trials. Assume that ES = np.
Let b and c integers satisfying b < np < c. Then

Pb<X<c)> Z(?)pj(l - p)" .

J=b
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In the particular case when np = k, we get

n _
a > (k>pk<1 -p"F=p,

with our previous notation.

Putting everything together we obtain

G)tk
mi(G) = % exp(v(G)AG(p)) = puexp2nGy(p)).
In the last step we have used the fact that Ag(p) > G4(p) by Theorem 3.1. ]

Proof of Theorem 1.7. The proof is completely analogous to the previous one. We have
to use the inequality LG (p) > G, 5 (p) (see Theorem 4.6). O
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