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Abstract. This article investigates matrix convex sets and introduces their tracial analogs which
we call contractively tracial convex sets. In both contexts completely positive (cp) maps play a
central role: unital cp maps in the case of matrix convex sets and trace preserving cp (CPTP) maps
in the case of contractively tracial convex sets. CPTP maps, also known as quantum channels, are
fundamental objects in quantum information theory.

Free convexity is intimately connected with Linear Matrix Inequalities (LMIs) L(x) = Ag +
Ajxy; + -+ + Agxg > 0 and their matrix convex solution sets {X : L(X) > 0}, called free
spectrahedra. The Effros—Winkler Hahn—Banach Separation Theorem for matrix convex sets states
that matrix convex sets are solution sets of LMIs with operator coefficients. Motivated in part by
cp interpolation problems, we develop the foundations of convex analysis and duality in the tracial
setting, including tracial analogs of the Effros—Winkler Theorem.

The projection of a free spectrahedron in g + & variables to g variables is a matrix convex set
called a free spectrahedrop. As a class, free spectrahedrops are more general than free spectrahedra,
but at the same time more tractable than general matrix convex sets. Moreover, many matrix convex
sets can be approximated from above by free spectrahedrops. Here a number of fundamental results
for spectrahedrops and their polar duals are established. For example, the free polar dual of a free
spectrahedrop is again a free spectrahedrop. We also give a Positivstellensatz for free polynomials
that are positive on a free spectrahedrop.
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1. Introduction

This article investigates matrix convex sets from the perspective of the emerging areas
of free real algebraic geometry and free analysis [Voi04, Voil0, KVV14, MS11, Pop10,
AMI15, BB07, dOHMP09, HKM13b, PNA10]. It also introduces contractively tracial
convex sets, the tracial analogs of matrix convex sets appropriate for the quantum channel
and quantum operation interpolation problems. Matrix convex sets arise naturally in a
number of contexts, including engineering systems theory, operator spaces, systems and
algebras, and are inextricably linked to unital completely positive (ucp) maps [SIG97,
Arv72, Pau02, Far00, HMPV(09]. On the other hand, completely positive trace preserving
(CPTP) maps are central to quantum information theory [NC10, JKPP11]. Hence there
is an inherent similarity between matrix convex sets and structures naturally occurring in
quantum information theory.

Given positive integers g and n, let S; denote the set of g-tuples X = (X1,..., X g)
of complex n x n hermitian matrices and let S denote the sequence (S%),,. We use M, to
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denote the algebra of n xn complex matrices. A subset I' C S8 isasequence I' = (I'(n)),
such that I'(n) C S§ for each n. A matrix convex set is a subset I' C S# that is closed
with respect to direct sums and (simultaneous) conjugation by isometries. Closed under
direct sums means thatif X € I'(n) and Y € I"(m), then

. Xy O X 0
XGBY._<<O Y1>""’(Og Yg))er(n+m). (1.1)

Likewise, closed under conjugation by isometries means that if X € I'(n) and V is an
n X m isometry, then

VEXV = (V*X1V, ..., V*X,V) € T(m).

The simplest examples of matrix convex sets arise as solution sets of linear matrix in-
equalities (LMlIs). The use of LMIs is a major advance in systems engineering in the past
two decades [SIG97]. Furthermore, LMIs underlie the theory of semidefinite program-
ming [BPR13, BN02], itself a recent major innovation in convex optimization [NemO6].

Matrix convex sets determined by LMIs are based on a free analog of an affine linear
functional, often called a linear pencil. Given a positive integer d and g hermitian d x d
matrices Aj, let

8
L(x)= Ao+ Y Ajx;. (1.2)
j=1

This linear pencil is often denoted by L 4 to emphasize the dependence on A. In the case
that Ag = Iy, we call L monic. Replacing x € RS with a tuple X = (X1, ..., Xg) of
n x n hermitian matrices and letting W @ Z denote the Kronecker product of matrices
leads to the evaluation of the free affine linear functional,

LX)=Ao® I+ ) A ®X,. (1.3)

The inequality L(X) > Ois a free linear matrix inequality (free LMI). The solution set "
of this free LMI is the sequence of sets

[(n) ={X €S} : L(X) > 0},

known as a free spectrahedron (or free LMI domain). It is easy to see that I is a matrix
convex set.

By the Effros—Winkler matricial Hahn—Banach Separation Theorem [EW97], (up to
a technical hypothesis) every matrix convex set is the solution set of L(X) > 0, as in
equation (1.3), for some monic linear pencil provided the A; are allowed to be hermitian
operators on a (common) Hilbert space. More precisely, every matrix convex set is a
(perhaps infinite) intersection of free spectrahedra. Thus, being a spectrahedron imposes
a strict finiteness condition on a matrix convex set.

In between (closed) matrix convex sets and spectrahedra lie the class of domains we
call spectrahedrops, namely coordinate projections of free spectrahedra. A subset A C S¢
is a free spectrahedrop if there exists a pencil

g h
L(x,y)=Ao+ Y Ajxj+ ) B
j=1 k=1
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in g + h variables such that
An)={XeS;:3r eS", L(X,Y) =0} (1.4)

In applications, presented with a convex set, one would like, for optimization purposes
say, to know if it is a spectrahedron or a spectrahedrop. Alternatively, presented with an
algebraically defined set I' € S¢ that is not necessarily convex, it is natural to consider
the relaxation obtained by replacing I' with its matrix convex hull or an approximation
thereof. Thus, it is of interest to know when the convex hull of a set is a spectrahedron or
perhaps a spectrahedrop. An approach to these problems via approximating from above
by spectrahedrops was pursued in [HKM16]. Here we develop the duality approach. Typ-
ically the second polar dual of a set is its closed matrix convex hull.

1.1. Results on polar duals and free spectrahedrops

We list here our main results on free spectrahedrops and polar duals. For the reader unfa-
miliar with the terminology, the definitions not already introduced can be found in Sec-
tion 2 with the exception of free polar dual whose definition appears in Subsection 4.2.

(1) A perfect free Positivstellensatz (Theorem 5.1) for any symmetric free polynomial p
on a free spectrahedrop A as in (1.4) says that p(X) is positive semidefinite for all
X € A if and only if p has the form

p&) = fE* )+ Y qe)*L(x, y)ge(x)
¢

where f and and g, are vectors with polynomial entries. If the degree of p is less
than or equal to 2r + 1, then f and g, have degree no greater than r.

(2) The free polar dual of a free spectrahedrop is a free spectrahedrop (Theorem 4.11 and
Corollary 4.17).

(3) The matrix convex hull of a union of finitely many bounded free spectrahedrops is a
bounded free spectrahedrop (Proposition 4.18).

(4) A matrix convex set is, in a canonical sense, generated by a finite set (equivalently a
single point) if and only if it is the polar dual of a free spectrahedron (Theorem 4.6).

1.2. Results on interpolation of cp maps and quantum channels

A completely positive (cp) map M, — M,, that is trace preserving is called a quantum
channel, and a cp map that is trace nonincreasing for positive semidefinite arguments
is a quantum operation. These maps figure prominently in quantum information theory
[NC10].

The cp interpolation problem is formulated as follows. Given A € S§ and B € Sy,
does there exist a cp map ¢ : M,, — M,, such that, for 1 < ¢ < g,

O(Ay) = Bg?
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One can require further that @ be unital, a quantum channel or a quantum operation. Im-
posing either of the latter two constraints pertains to quantum information theory [Hall,
Kle07, NCSB98], where one is interested in quantum channels (resp., quantum opera-
tions) that send a prescribed set of quantum states into another set of quantum states.

1.2.1. Algorithmic aspects. A byproduct of the methods used in this paper and in
[HKM13a] produces solutions to these cp interpolation problems in the form of an al-
gorithm, Theorem 3.4 in Subsection 3.2. Ambrozie and Gheondea [AG15] solved these
interpolation problems with LMI algorithms. While equivalent to theirs, our solutions are
formulated as concrete LMIs that can be solved with a standard semidefinite programming
(SDP) solver. These interpolation results are a basis for proofs of the results outlined in
Section 1.1.

1.3. Free tracial Hahn—Banach Theorem

Matrix convex sets are closely connected with ranges of unital cp maps. Indeed, given a
tuple A € S§,, the matrix convex hull of the set {A} is the sequence of sets

({B €S : Bj = ®(A)) for some ucp map @ : My, — M,}), .
From the point of view of quantum information theory it is natural to consider hulls of
ranges of quantum operations. We say that ) € S8 is contractively tracial if for all
positive integers m, n and finite collections {C¢} of n x m matrices such that

> CiCe 2 I,

we have ) C;YC ;‘ € Y(n) for all Y € Y(m). It is clear that an intersection of contrac-
tively tracial sets is again contractively tracial, giving rise, in the usual way, to the notion
of the contractive tracial hull, denoted cthull. For a tuple A,

cthull(A) = {B : ®(A) = B for some quantum operation ®}.

While the unital and quantum interpolation problems have very similar formulations, con-
tractive tracial hulls possess far less structure than matrix convex hulls. A subset %" C S8
is levelwise convex if each % (m) is convex (as a subset of Sy, ). (Generally levelwise refers
to a property holding for each % (m) C S%,.) As is easily seen, contractive tracial hulls
need not be levelwise convex nor closed with respect to direct sums. However, they do
have a few good properties. These we develop in Section 6.

Section 7 contains notions of free spectrahedra and corresponding Hahn—Banach type
separation theorems tailored to the tracial setting. To understand convex contractively
tracial sets, given B € Si, let $Hp = ($Hp(m)),, denote the sequence of sets

5B(m)={YeS£1:3Tzo, tr(T)fl,I@T—ZBJ-QZ)szO}.

We call $Hp a tracial spectrahedron. (Note that $p is not closed under direct sums, and
thus it is not a matrix convex set.) These )p are all contractively tracial and levelwise
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convex. Indeed for such structural reasons, and in view of the tracial Hahn—Banach sep-
aration theorem immediately below, we believe these to be the natural analogs of free
spectrahedra in the tracial context.

Theorem 1.1 (cf. Theorem 7.6). If V C S8 is contractively tracial, levelwise convex
and closed, and if Z € S, is not in Y (m), then there exists a B € S, such that ) € $p,
but Z ¢ Hp.

Because of the asymmetry between B and Y in the definition of $p, there is a second
type of tracial spectrahedron. Given Y € S{, we define the opp-tracial spectrahedron as
the sequence Hy" = (H}' (m)), where

Sy ={Besh AT =0, e <1, 18T -Y B®Y;=0]. (1)

Proposition 7.11 computes the hulls resulting from the two different double duals deter-
mined by the two notions of tracial spectrahedron.

1.4. Reader’s guide

The paper is organized as follows. Section 2 introduces terminology and notation used
throughout the paper. Section 3 solves the cp interpolation problems, and includes a back-
ground section on cp maps. Section 4 contains our main results on polar duals, free spec-
trahedra and free spectrahedrops. It uses the results of Section 3. In particular, we show
that a matrix convex set is finitely generated if and only if it is the polar dual of a free
spectrahedron (Theorem 4.6). Furthermore, we prove that the polar dual of a free spec-
trahedrop is again a free spectrahedrop (Theorem 4.11). Section 5 contains the “perfect”
Convex Positivstellensatz for free polynomials positive semidefinite on free spectrahe-
drops. The proof depends upon the results of Section 4. In Section 6 we introduce tracial
sets and hulls and discuss their connections with the quantum interpolation problems from
Section 3. Finally, Section 7 introduces tracial spectrahedra and proves a Hahn—Banach
separation theorem in the tracial context (Theorem 7.6). This theorem is then used to
suggest corresponding notions of duality. Section 8 contains examples.

2. Preliminaries

This section introduces terminology and presents preliminaries on free polynomials, free
sets and free convexity that we need.

2.1. Free sets

A set ' € S8 is closed with respect to (simultaneous) unitary conjugation if for each n,
each A € I'(n) and each n x n unitary matrix U,

U*AU = (U*AU, ..., U*A,U) € T(n).
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The set I is a free set if it is closed with respect to direct sums (see (1.1)) and simultaneous
unitary conjugation. In particular, a matrix convex set is a free set. We refer the reader to
[Voi04, Voil0, KVV14, MS11, Pop10, AM15, BB07] for a systematic study of free sets
and free function theory. The set I" is (uniformly) bounded if there is a C € R ¢ such that
C—YX;>0forall X €T.

2.2. Free polynomials

One natural way free sets arise is as the nonnegativity set of a free polynomial. Given
positive integers £ and v, let C**¥ denote the collection of £ x v complex matrices. An
expression of the form

P= Zwa € CV(x),
w

where B, € C!*V, and the sum is a finite sum over the words in the variables x, is a
free (noncommutative) matrix-valued polynomial. The collection of all £ x v-valued free
polynomials is denoted C**V(x), and C(x) denotes the set of scalar-valued free polyno-
mials. We use C**¥(x); to denote free polynomials of degree < k. Here the degree of a
word is its length. The free polynomial P is evaluated at an X € Sy by

P(X) = Z By, @ w(X) € Clxmn,

we(x)

where ® denotes the (Kronecker) tensor product.

There is a natural involution * on words that reverses the order. This involution extends
to CYV (x) by

P* =" Bpw* e C"(x).
w

If & = £ and P* = P, then P is symmetric. Note that if P € C**¢(x) is symmetric, and
X € S§, then P(X) € C*" is a hermitian matrix.

2.3. Free semialgebraic sets

The nonnegativity set Dp C S8 of a symmetric free polynomial is the sequence of sets
Dp(n) ={X €SE: P(X) > 0}.

It is readily checked that Dp is a free set. By analogy with (commutative) real algebraic
geometry, we call Dp a basic free semialgebraic set. Often it is assumed that P(0) > O.
The free set Dp has the additional property that it is closed with respect to restriction
to reducing subspaces, that is, if X € Dp(n) and H < C” is a reducing (equivalently
invariant) subspace for X of dimension m, then X restricted to H is in Dp (m).
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2.4. Free convexity

If I is matrix convex, it is easy to show that I' is levelwise convex. More generally, if
Al = (A}, AYarein T(ny) for 1 < £ < k. then A = @;_, A* € T'(n), where
n =) ny. Hence, if Vy are ny x m matrices (for some m) such that V. = (V" ... V)*
is an isometry (equivalently Z]lf:] V) Ve = Iy), then

k
VEAV =) VFA', € T(m). 2.1)
=1

A sum as in (2.1) is a matrix (free) convex combination of the g-tuples {A® : £ =
1,...,k}

Lemma 2.1 ([HKM16, Lemma 2.3]). Suppose U is a free subset of SS.

(1) If T is closed with respect to restriction to reducing subspaces, then the following
are equivalent:

(1) T is matrix convex;
(i) T is levelwise convex.

(2) If T is (nonempty and) matrix convex, then 0 € I'(1) if and only if T is closed with
respect to (simultaneous) conjugation by contractions.

Convex subsets of R$ are defined as intersections of half-spaces and are thus described by
linear functionals. Analogously, matrix convex subsets of S& are defined by linear pencils
[EW97, HM12]. We next present basic facts about linear pencils and their associated
matrix convex sets.

2.4.1. Linear pencils. Recall the definition (see (1.2)) of the (affine) linear pencil L 4 (x)
associated to a tuple A = (Ao, ..., Ag) € Sf“. If Ag =0,ie., A= (Aq,..., Ap) €S§,
let

8
Axx) =) Ajx;
j=1

denote the corresponding homogeneous (truly) linear pencil, and
La=1— Ay

the associated monic linear pencil.

The pencil L4 (and also £4) is a free polynomial with matrix coefficients, so it is
naturally evaluatedon X € Sé using (Kronecker’s) tensor product, yielding (1.3). The free
semialgebraic set Dy, is easily seen to be matrix convex. We will refer to Dy, , as a free
spectrahedron or free LMI domain, and say that a free set I is freely LMI representable if
there is a linear pencil L such that I' = Dy . In particular, if T is freely LMI representable
with a monic £4, then 0 is in the interior of I"(1).

The following is a special case of a theorem due to Effros and Winkler [EW97] (see
also [HKM13a, Theorem 3.1]). Given a free set I', if 0 € I'(1), then O € I"(n) for each n.
In this case we will write 0 € T".
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Theorem 2.2. If C = (C(n))nen C S8 is a closed matrix convex set containing 0 and
Y € Sy, is not in C(m), then there is a monic linear pencil £ of size m such that £(X) > 0
forall X € C, but £(Y) # 0.

By the following result from [HM12], linear matrix inequalities account for matrix con-
vexity of free semialgebraic sets.

Theorem 2.3. Fix a symmetric matrix polynomial p. If p(0) > 0 and the strict positivity
set P, = {X : p(X) > 0} of p is bounded, then Y, is matrix convex if and only if it is
freely LMI representable with a monic pencil.

2.5. A Convex Positivstellensatz and LMI domination

Positivstellensétze are pillars of real algebraic geometry [BCR98]. We next recall the Pos-
itivstellensatz for a free polynomial p. It is the algebraic certificate for nonnegativity of p
on the free spectrahedron Dy, from [HKMI12]. It is “perfect” in the sense that p is only
assumed to be nonnegative on Dy, and we obtain degree bounds on the scale of deg(p)/2
for the polynomials involved in the positivity certificate. In Section 5, we will extend
this Positivstellensatz to free spectrahedrops (i.e., projections of free spectrahedra)—see
Theorem 5.1.

Theorem 2.4. Suppose £ is a monic linear pencil. A matrix polynomial p is positive
semidefinite on Dg if and only if it has a weighted sum of squares representation with
optimal degree bounds:

finite
p=sTs+ ) fLS
J

where s, f; are matrix polynomials of degree no greater than deg(p)/2.
In particular, if £4, £p are monic linear pencils, then Dg, C Dg, if and only if
there exists a positive integer (1 and a contraction V such that

A=V*(,®B)V. 2.2)

If Dg, is bounded, then V can be chosen to be an isometry.

Proof. The first statement is [HKM12, Theorem 1.1]. Applying this result to the LMI
domination problem D¢, C Dg,, we see that Dg, C Dg, is equivalent to

"
La(x) =SS+ VL)V (2.3)
j=1
for some matrices S, V;, i.e.,

I[=S8*S+) ViV;=SS+V*V, (2.4)
j

"
A=Y VIBV;=V*(I,® BV, 2.5)
j=1
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where V is the block column matrix of the V;. Equation (2.4) simply says that V is a
contraction, and (2.5) is (2.2). The last statement is proved in [HKM13a]. Alternatively,
as is shown in [HKM12, Proposition 4.2], if D¢, is bounded, then there are finitely many
matrices W; such that

=) Wregx)W;.
Writing $*S = ) " (W;8)*£p(x)(W;S) and inserting into (2.3) completes the proof. O

Example 8.1 shows that it is not necessarily possible to choose V in (2.5) to be an isometry
without additional hypothesis on the tuple B.

3. Completely positive interpolation

Theorem 3.4 below provides a solution to three cp interpolation problems in terms of
concrete LMIs that can be solved with a standard semidefinite programming (SDP) solver.
The unital cp interpolation problem comes from efforts to understand matrix convex sets
that arise in convex optimization. Its solution plays an important role in the proof of the
main result on the polar dual of a free spectrahedrop (Theorem 4.11) via its appearance
in the proof of Proposition 4.14.

The trace preserving and trace nonincreasing cp interpolation problems arise in quan-
tum information theory and the study of quantum channels, where one is interested in
sending one (finite) set of prescribed quantum states to another.

3.1. Basics of completely positive maps

This subsection collects basic facts about completely positive (cp) maps ¢ : S — My,
where S is a subspace of M,, closed under conjugate transpose (see for instance [Pau02])
containing a positive definite matrix. Thus § is an operator system.

Suppose S is a subspace of M,, closed under conjugate transpose, ¢ : S — My is a
linear map and £ is a positive integer. The (£-th) ampliation ¢¢ : My(S) — M¢(My) of ¢
is defined by applying ¢ entrywise,

Ge(Sjx) = (P(Sjx)) -

The map ¢ is symmetric if ¢ (S*) = ¢ (S)*, and it is completely positive if each ¢y is pos-
itive in the sense that if S € My (S) is positive semidefinite, then so is ¢, (S) € My (My).
In what follows, S is often a subspace of S,, (and is thus automatically closed under the
conjugate transpose operation).

The Choi matrix of a mapping ¢ : M, — My is the n x n block matrix with d x d
matrix entries given by

(Colij = (@ (Eij)ij-

On the other hand, a matrix C =(C;, ;) € M,;(My) determines a mapping ¢¢ : M, — My
by ¢c(E; ;) = Cij € My. A matrix C is a Choi matrix for ¢ : S — M, if the mapping
¢c agrees with ¢ on S.
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Theorem 3.1. For ¢ : M, — My, the following are equivalent:

(a) ¢ is completely positive;
(b) the Choi matrix Cy is positive semidefinite.

Suppose S C M,, is an operator system. For a symmetric ¢ : S — My, the following are
equivalent:

(i) ¢ is completely positive;
(i1) ¢g is positive;
(iii) there exists a completely positive mapping ® : M,, — M, extending ¢;
(iv) there is a positive semidefinite Choi matrix for ¢;
(V) there exist n x d matrices Vi, ..., Vyq such that

$(A) =) VIAV;. 3.1)

Finally, for a subspace S of My, a mapping ¢ : S — My has a completely positive
extension ® : M, — My if and only if ¢ has a positive semidefinite Choi matrix.

Lemma 3.2. The cp mapping ¢ : M,, — My asin (3.1) is
(a) unital (that is, ¢ (1)) = 1) if and only if

2Vivi=t
J

(b) trace preserving if and only if

2 ViVi =1
J

(c) trace nonincreasing for positive semidefinite matrices (i.e., tr(¢ (P)) < tr(P) for all
positive semidefinite P) if and only if

ViV sl
J
Proof. We prove (c), and leave (a) and (b) as an easy exercise for the reader. For A € M,,,
(@A) = Y w(vVyAvy) =u(4 D V;V)).
J J
Hence the trace nonincreasing property for ¢ is equivalent to

w(P(1 - ; vivi))z o

for all positive semidefinite P, i.e., [ — Zj V]V]* > 0. O
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Proposition 3.3. The linear mapping ¢ : M,, — My is

(a) unital (that is, ¢ (1)) = 1) if and only if its Choi matrix C satisfies

n
ch’j =I;
j=1

(b) trace preserving if and only if its Choi matrix C satisfies
(tr(ci,j)),r‘fj=1 = Iy;

(c) trace nonincreasing for positive semidefinite matrices (i.e., tr(¢ (P)) < tr(P) for all
positive semidefinite P) if and only if its Choi matrix C satisfies

(tr(Ci, j)i,j = In,
Proof. Statement (a) follows from

n n

o) =0(d Ejj) =D Cij.

j=1 j=1

where C is the Choi matrix for ¢. Here E; ; denote the matrix units.
For (b), let X = Z;l,j:l o j Ei,j- Then

r(X) =Y i, w@X) =Y a;tw(C)).
i=1

i,j=1

Since tr(¢p (X)) = tr(X) for all X, this linear system yields tr(C; ;) = §; ; for all 7, j.
Finally, for (c), if ¢ is trace nonincreasing, choosing X = xx* a rank one matrix,
X = (x;x;), we find that

> xixj (G j) = r(@(X) < w(X) = Y«

Hence I — (tr(C; ;)) > 0. Conversely, if I — (tr(C;,j)) > 0, then for any positive semidef-
inite rank one matrix X, the computation above shows that tr(¢ (X)) < tr(X). Finally, use
the fact that any positive semidefinite matrix is a sum of rank one positive semidefinite
matrices to complete the proof. O

The Arveson extension theorem [Arv69] says that any cp (resp. ucp) map on an operator
system extends to a cp (resp. ucp) map on the full algebra. Example 8.2 shows that a
CPTP map need not extend to a CPTP map on the full algebra.
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3.2. Quantum interpolation problems and semidefinite programming

The cp interpolation problem is formulated as follows. Given A! € S and A? € S§,, does
there exist a cp map ® : M,, — M, such that

AZ=0(A) fort=1,...,g?

One can require further that

(1) @ be unital, or

(2) @ be trace preserving, or

(3) @ be trace nonincreasing in the sense that tr(® (P)) < tr(P) for all positive semidef-
inite P.

Our solutions to these interpolation problems are formulated as concrete LMIs that can
be solved with a standard semidefinite programming (SDP) solver. They are equivalent
to, but stated quite differently than, the earlier results in [AG15].

Theorem 3.4. Suppose for £ = 1, ..., g the matrices Aé €S, and A% € S, are given.
Let af,,q denote the (p, q)-entry ofA;. There exists a cp map © : M,, — M,, that solves
the interpolation problem

DA =42, t=1,...,g,

if and only if the following feasibility semidefinite programming problem has a solution:

n
n . _ 4 A2
(Cpg)hgmy = C =0, Ve=1,....¢ Y af Cpy=A] (3.2)
p.q
for the unknown mn x mn symmetric matrix C = (Cp,q); g=1 consisting of m x m

blocks Cp 4. Furthermore,

(1) the map ® is unital if and only if, in addition to (3.2),
n
> Cpp=1In: (3.3)
p=1

(2) the map ® is a quantum channel if and only if, in addition to (3.2),

(tr(Cp,g))p.g = In; G4
(3) the map ® is a quantum operation if and only if, in addition to (3.2),

(tr(Cp.gNp,g = In. (3.5)

In each case the constraints on C are LMlIs, and the set of solutions C constitutes a
bounded spectrahedron.
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Remark 3.5. In the unital case the resulting spectrahedron is free: for fixed A! € S, the
sequence of solution sets to (3.2) and (3.3) parametrized over m is a free spectrahedron
(see Proposition 4.14 for details). In the two quantum cases, for each m, the solutions
D(m) at level m form a spectrahedron, but the sequence D = (D(m)),, is in general not
a free spectrahedron since it fails to respect direct sums.

Proof of Theorem 3.4. This interpolation result is a consequence of Theorem 3.1. Let
S denote the span of {A}} and ¢ the mapping from S to M,, defined by ¢p(A}) = AZ.
This mapping has a completely positive extension ® : M,, — M,, if and only if it has a
positive semidefinite Choi matrix. The conditions on C evidently are exactly those needed
to say that C is a positive semidefinite Choi matrix for ¢.

The additional conditions in (3.3) and (3.4) (i.e., ¢(I,) = I, and trace preservation)
are clearly linear, so produce a spectrahedron in S,,,. Both spectrahedra are bounded.
Indeed, in each case Cp, , < Iy, 50 C <X I, Likewise, the additional condition in (3.5)
is an LMI constraint, producing a bounded spectrahedron. O

We note that cp maps between subspaces of matrix algebras in the absence of positive
definite elements were treated in [HKN14, Section 8] (see also [KS13, KTT13]).

4. Free spectrahedrops and polar duals

This section starts by recalling the definition of a free spectrahedrop as the coordinate
projection of a spectrahedron. It then continues with a review of free polar duals [EW97]
and their basic properties, before turning to two main results, stated now without techni-
cal hypotheses. Firstly, a free convex set is, in a canonical sense, generated by a finite set
(equivalently a single point) if and only if it is the polar dual of a free spectrahedron (The-
orem 4.6). Secondly, the polar dual of a free spectrahedrop is again a free spectrahedrop
(Theorem 4.11).

4.1. Projections of free spectrahedra: free spectrahedrops

Let L be a linear pencil in the variables (x1, ..., Xg; ¥1, ..., yn). Thus, for some d and
d x d hermitian matrices D, Q1, ..., Qg, I'1,..., 'y,

8 h
Lix,y)=D+ Y Qxj+ > Teye
j=1 =1

The set
proj, Dr(1) = {x e R¢ : Iy e R", L(x,y) > 0}

is known as a spectrahedral shadow or a semidefinite programming (SDP) representable
set [BPR13] and the representation afforded by L is an SDP representation. SDP rep-
resentable sets are evidently convex and lie in a middle ground between LMI repre-
sentable sets and general convex sets. They play an important role in convex optimization
[NemO6]. If S € RR® is closed semialgebraic and satisfies some mild additional hypoth-
esis, it is proved in [HN10] based upon the Lasserre—Parrilo construction [Las09, Par06]
that the convex hull of S is SDP representable.



Projections of LMI domains and the tracial Hahn—Banach theorem 1859

Given a linear pencil L, let proj, Dy = (proj, Dy (n)), denote the free set
proj, Dr(n) ={X €S§ : 3y e S, L(X,Y) = 0}.

We call a set of the form proj, Dy a free spectrahedrop and Dy, an LMI lift of proj, Dy..
Thus a free spectrahedrop is a coordinate projection of a free spectrahedron. Clearly, free
spectrahedrops are matrix convex. In particular, they are closed with respect to restrictions
to reducing subspaces.

Lemma 4.1 ([HKM16, §4.1]). If K = proj, Dy, is a free spectrahedrop containing
0 € RS in the interior of K(1), then there exists a monic linear pencil £(x,y) such
that

K =proj, Dg = {X € S¥ :3Y € S", &(X,Y) = 0}.

If, in addition, Dy, is bounded, then we may further ensure D¢ is bounded.

If the free spectrahedrop K is closed and bounded, and contains 0O in its interior, then there
is a monic linear pencil £ such that D¢ is bounded and ' = proj, D¢ (see Theorem 4.11).

Let p = 1 —x7 — x5. Itis well known that D (1) = {(x, y) € R? : 1 —x? — x3 > 0}
is a spectrahedral shadow. On the other hand, D,(2) is not convex (in the usual sense),
and hence D, is not a spectrahedrop. Further details can be found in Example 8.3.

4.2. Basics of polar duals

By precise analogy with the classical Ré notion, the free polar dual K° = (K°(n)), of a
free set KL C S8 is

g
K°(n) = {A €S5:Sa(X)=1®1-) A;®X; = 0forall X ¢ /c}.
j=1
Given ¢ > 0, consider the free ¢-ball centered at O,

N = {X eS¢ [X] <e) = {X:ezlsz}}.
J

It is easy to see that its polar dual is bounded. In fact,
Nijge) S NS SN gre-

We say that O is in the interior of the subset ' € S¢ if I" contains some free e-ball
centered at 0.

Lemma 4.2. Suppose K C S8 is matrix convex. The following are equivalent:

(i) 0 € RS is in the interior of K(1);

(i) 0 € S§ is in the interior of IC(n) for some n;
(iii) O € S§ is in the interior of K(n) for all n;
(iv) O is in the interior of K.
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Proof. It is clear that (iv)=>(iii)=>(ii). Assume (ii) holds. There is an ¢ > 0 with N;(n)
C K(n). Since K is closed with respect to restriction to reducing subspaces, and

Ne(l) ®D--- ®NS(1) - -N:e(n),

we see M (1) € K(1), i.e., (i) holds.

Now suppose (i) holds, i.e., Nz (1) € K(1) for some & > 0. We claim that \/, > C K.
Let X € /\/;/gz. It is clear that [—¢/g, e/g]8 € KC(1), hence [—¢/g,¢/g]8 ® I, C K(n).
Since each X; has norm < ¢/ g2, matrix convexity of X implies that

©,...,0,8X;,0,...,0) € K,

and thus |
X:g((gXl,O,...,O)+---+(0,...,0,ng))eIC. ]

For the readers’ convenience, the following proposition lists some properties of X°. The
bipolar result of item (6) is due to [EW97]. Given a collection I'y, of matrix convex sets, it
is readily verified that I' = (I"(n)),, defined by I"(n) = (1), [« (n) is again matrix convex.
Likewise, if I' is matrix convex, then so is its closure I = (I'(n)),. Given a subset K
of S8, let co™ K denote the intersection of all matrix convex sets containing &C. Thus,
co™M K is the smallest matrix convex set containing /C. Likewise, co™ | = comat C is
the smallest closed matrix convex set containing K. Details, and an alternative character-
ization of the matrix convex hull of a free set IC, can be found in [HKM16].

Proposition 4.3. Suppose K C S8.

(1) K° is a closed matrix convex set containing 0;

(2) if O is in the interior of IC, then K° is bounded;

(3) K(n) C K°°(n) for all n, that is, K C K°°;

(4) K is bounded if and only if 0 is in the interior of K°;

(5) ifthere is an m such that 0 € K(m), then K°° = co™ K;

(6) if K is a closed matrix convex set containing 0, then JC = K°°;
(7) if K is matrix convex, then K(1)° = K°(1).

Proof. Matrix convexity in (1) is straightforward.

If K has 0 in its interior, then there is a small free neighborhood N; of 0 inside K.
Hence K° C N = N/, is bounded.

Item (3) is a tautology. Indeed, if X € K(n), then we want to show £x(A) = 0
whenever £4(Y) > 0 for all Y in K. But this follows simply from the fact that £x(A)
and £4(X) are unitarily equivalent.

If K is bounded, then it is evident that O is in the interior of K°. If O is in the interior
of IC°, then, by (2), K°° is bounded. By (3), K € K°°, and thus K is bounded.

To prove (5), first note that 0 € co™ K(m) and since c6™ K (m) is matrix con-
vex, 0 € co™ K(1). Now suppose W ¢ co™ KC. The Effros—Winkler matricial Hahn—
Banach Theorem 2.2 produces a monic linear pencil £4 (with the size of A no larger
than the size of W) separating W from co™ K, that is, £4(W) ¥ 0 and £4(X) > 0 for
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X € co™* K. Hence A € K°. Using the unitary equivalence of £y (A) and £4(W) we
see that Ly (A) ¥ 0, and thus W ¢ K°°. Thus, K°° € co™ K. The reverse inclusion
follows from (3).

Finally, suppose K is matrix convex and y € K(1)°. Thus, yixj = (y,x) < 1for
all x € K(1). Given X € K(m) and a unit vector v € C™, since v*Xv € K(1), we have

1> Zij*va.

v*(I - Zijj)v >0

for all unit vectors v. So y € X°(1). The reverse inclusion is immediate. ]

Hence,

Corollary 4.4. If K C S¢, then K°° = co™* (K U {0}). Here 0 € RS,

Proof. Note that K° = (I U {0})°, and hence K°° = (}C U {0})°°. By Proposition 4.3(5),
o™ U {0}) = (K U {o)°°. O

Lemma 4.5. Suppose K C S¢t", and consider its image proj K C S under the projec-

tion proj : S8 — S&. A tuple A € S8 is in (proj KC)° if and only if (A, 0) € K°.

Proof. Note that A € (proj K)° if and only if for all X € proj KC we have £4(X) > 0,
if and only if £04.0)(X,Y) > 0 for all X € projK and all ¥ € S", if and only if
L,0(X,Y) = 0forall (X,Y) e K, ifandonly if (A, 0) € K£°. ]

The polar dual of the set {(x, x2) € R2:1-— x12 — xg > 0} is computed and seen not to
be a spectrahedron in Example 8.4.

4.3. Polar duals of free spectrahedra

The next theorem completely characterizes finitely generated matrix convex sets /C con-
taining O in their interior. Namely, such sets are exactly polar duals of bounded free spec-
trahedra.

Theorem 4.6. Suppose K is a closed matrix convex set with Q in its interior. If there is an
Q € K such that for each X € K there is a u € N and an isometry V such that

Xj=VU, ®Q)V, 4.1
then
K° = De,, 4.2)

where £q is the monic linear pencil Lq(x) =1 — ) Qx;.
Conversely, if there is an Q such that (4.2) holds, then Q2 € K and for each X € K
there is an isometry V such that (4.1) holds.

A variant of Theorem 4.6 in which the condition that O is in the interior of /C is replaced
by the weaker hypothesis that 0 is merely in K, and of course with a slightly weaker
conclusion, is separately stated in Proposition 4.9 below.
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Lemma 4.7. Suppose Q € S§ and consider the monic linear pencil £ = 1 — ) Qjx;.

(1) Let Q' = Q @ 0 where 0 € Sf,. A tuple X € S8 is in D4, if and only if there is an
isometry V such that
X;=V*{IQ® Q})v.

(2) If Dgg, is bounded, then X € S8 is in DEQ if and only if there is an isometry V such
that (4.1) holds.

Remark 4.8. As an alternative of (2), X € DEQ if and only if there exists a contraction V
such that (4.1) holds.

Proof of Lemma 4.7. Note that X € DZ,Q if and only if Dg, € Dg,. Thus if Dg, is
bounded, then the result follows directly from the last part of Theorem 2.4. On the other
hand, if X has a representation as in (4.1), then evidently X e DEQ.

If D¢, is not necessarily bounded and X € DEQ (m), then, by Theorem 2.4,

uw
X=) viey,
j=1
for some u and operators V; : C” — C” such that

=Y Vivi=o0.

There is a v > w and m x n matrices V11, ..., V), such that

v
D Vivi=1.
j=1
Let
Vi
forl <j <u,
Wi = <0> =/ =0
@ Vj*)* forpu < j<v.
With this choice of W, note that ) W]* W; = I, and

DSOWIQW =Y WHQe0OW; =) ViQV; =X (4.3)

v
j=1

If X has a representation as in (4.3) and £q(Y) > 0, then

Lx(¥) =D (W; ® )* Lo (Y)(W; @ I).
J

On the other hand, £¢/(Y) = £q(Y) @ I > 0. Hence X € DEQ. |

Proof of Theorem 4.6. Suppose first (4.2) holds for some Q € Sj. Since DEQ = K and
evidently Q € D¢ o it follows that 2 € K. Since 0 is assumed to be in the interior of /C,
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its polar dual X° = Dg,, is bounded by Proposition 4.3. Thus, if X € K = D3 . then by
Lemma 4.7, X has a representation as in (4.1).

Conversely, assume that 2 € C has the property that any X € K can be represented
as in (4.1). Consider the matrix convex set

F={VU, @V :pueN, V¥V =1}

Since @2 € K, it follows that I' € K. On the other hand, the hypothesis is that  C T.
Hence K = I". Now, for £x a monic linear pencil, £x(2) > 0 if and only if

Ex(V U, @V)=(VRD*Lx(I, @D (VI >0

for all choices of u and isometries V. Thus, X € K° if and only if £x(2) > 0. On
the other hand, £x(2) is unitarily equivalent to £o(X). Thus X € K° if and only if
X € Dg,. O

Proposition 4.9. Suppose K is a closed matrix convex set containing 0. If there is an
Q € K such that for each X € K there is a u € N and an isometry V such that

Xj =V, ®Q)V, (4.4)

then
K° =Dg,, “.5)

where L£q is the monic linear pencil £q(x) = 1 — ) Qjxj. Here Q' = Q @ 0 as in
Lemma 4.7.

Conversely, if there is an Q2 such that (4.5) holds, then Q2 € K and for each X € K
there is an isometry V such that (4.4) holds.

Proof. Suppose first (4.5) holds for some € S§. Since Dy, = K and evidently
Q e DEQ, it follows that 2 € K. By Lemma 4.7, if X € K = DEQ, then X has a
representation as in (4.4).

Conversely, assume that €2 has the property that any X € K can be represented as
in (4.4). Consider the matrix convex set

F={V*UI,®Q)V :peN, V*V=1I)

Since 0, Q € I, it follows that Q' = Q@ 0 € K, and thus I' € K. On the other hand, the
hypothesis is that JC C I'. Hence K = I". Now, for £x a monic linear pencil, £x(2) > 0
if and only if £x (') > 0, if and only if

Ex(VU, W)=V RDN*Lx(U, 2NV QI =0

for all choices of u and isometries V. Thus, X € K° if and only if £x(2) > 0. On
the other hand, £x(2) is unitarily equivalent to £o(X). Thus X € K° if and only if
X € Dg,. O
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Remark 4.10. (1) For perspective, in the classical (not free) situation, when g = 2 it is
known that K € R? has an LMI representation if and only if K° is a numerical range
[Hen10, HS12]. It is well known that the polar dual of a spectrahedron is not necessarily
a spectrahedron. This is the case even in R¢ (cf. [BPR13, Section 5] or Example 8.4).

(2) In the commutative case the polar dual of a spectrahedron (more generally, of a
spectrahedral shadow) is a spectrahedral shadow (see [GN11] or [BPR13, Chapter 5]).

(3) It turns out that the 2 in Theorem 4.6 can be taken to be an extreme point of K in
a very strong free sense. We refer to [Far00, Kls14, WW99] for more on matrix extreme
points.

4.4. The polar dual of a free spectrahedrop is a free spectrahedrop

This subsection contains a duality result for free spectrahedrops (Theorem 4.11) and sev-
eral of its corollaries.

It can happen that D¢ is not bounded, but the projection K = proj, Dg is. Corollary
4.13 below says that a free spectrahedrop is closed and bounded if and only if it is the pro-
jection of some bounded free spectrahedron. For expositional purposes, it is convenient to
introduce the following terminology. A free spectrahedrop K is called stratospherically
bounded if there is a linear pencil £ such that K = proj, D¢ and Dg is bounded.

Theorem 4.11. Suppose K is a closed matrix convex set containing 0.

(1) If K is a free spectrahedrop and 0 is in the interior of K, then K° is a stratospheri-
cally bounded free spectrahedrop.

(2) If K° is a free spectrahedrop containing 0 in its interior, then IC is a stratospherically
bounded free spectrahedrop.

In particular, if K is a bounded free spectrahedrop with O in its interior, then both K
and K° are stratospherically bounded free spectrahedrops (with 0 in their interiors).

Before presenting the proof of the theorem we state a few corollaries and Proposition 4.14
needed in the proof.

Corollary 4.12. Given Q2 € Sfi, let £q denote the corresponding monic linear pencil.
The free set D;’:Q is a stratospherically bounded free spectrahedrop.

Proof. The set Dg,, is (trivially) a free spectrahedrop with O in its interior. Thus, by
Theorem 4.11, DEQ is a stratospherically bounded free spectrahedrop. O

Corollary 4.13. A free spectrahedrop K C S8 is closed and bounded if and only if it is
stratospherically bounded.

Proof. Implication (<) is obvious. (=) Let us first reduce to the case where KC(1) has
nonempty interior. If C(1) has empty interior, then it is contained in a proper affine hy-
perplane {¢ = 0} of R8. Here £ is an affine linear functional. In this case we can solve for
one of the variables, thereby reducing the codimension of /C(1). (Note that £ = 0 on /(1)
implies £ = 0 on L [HKM16, Lemma 3.3].)
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Now let X € R8 be an interior point of C(1). Consider the translation

K=Kk-%=J(Xx-2I,: X eKm)}. (4.6)
neN

Clearly, K is a bounded free spectrahedrop with 0 in its interior. Hence by Theorem 4.11,
it is stratospherically bounded. Translating back, we see /C is a stratospherically bounded
free spectrahedrop. O

Each stratospherically bounded free spectrahedrop is closed, since it is the projection of
a (levelwise) compact spectrahedron. Hence a bounded free spectrahedrop X will not be
stratospherically bounded if it is not closed. For a concrete example, consider the linear
pencil

X 1

9 _
L(x,y) = ® 2+ x),
(x,3) (1 z_y) 2+
and let C = proj, Dr. Then £ = {X € S : —2 < X < 2} is bounded but not closed.

Proposition 4.14. Given 2 € Sfl andT € SZ, the sequence K = (IKC(n)),,

Kn)={AeS;:A=V*I,®Q)V,
0=V*(I, @)V for some isometry V and . < nd},

is a stratospherically bounded free spectrahedrop.
Let £q.r) denote the monic linear pencil corresponding to (2, I'). The free set

C={A:(A,0 €D, }

is a stratospherically bounded free spectrahedrop.

Proof. Let S denote the span of {I, Qp,..., 2, I't,...,T's}. Thus S is an operator
system in My (the fact that / € S implies S contains a positive definite element). Let
¢ : S = M, denote the linear mapping determined by

II—)I, le-)Aj, F(l-)O.

Observe that, by Theorem 3.1, A € K(n) if and only if ¢ has a completely positive
extension ® : My; — M,,. Theorem 3.4 expresses existence of such a ® as a (unital) cp
interpolation problem in terms of a free spectrahedron. For the reader’s convenience we

write out this critical LMI explicitly. Let a),j,q denote the (p, g)-entry of €; and ylfq the
(p, q):entry of I'y. For a complex mAatrix (or scalar) Q we use Q to denote its real part
and i Q for its imaginary part. Thus Q = %(Q + Q%) and Q = —5(Q — 0%).
Now A is in KC(n) if and only if there exist n x n matrices C), 4 satisfying

® Zz,qzl Epg®Cpq = 0;

(i) Y51 Cpop = In:

(iii) Zz,qzl a)f,qCp’q =Ay fort=1,...,g;and

(V) Y0 =1 ViyCpg =0fore=1,... h.
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Since the C,, , for p # g are not hermitian matrices, we rewrite the system (i)—(iv) into
one with hermitian unknowns C, ; and C, ;. Property (i) transforms into

Z(EAIMI ®Cpg—Epg®Cpg)+i(Epg®Cpy+Epg®Cpy) =0,
P

i.e.,

e . . . (4.7)
Epg®@Cpg+Epg®Cpyg=0
Pq
In (ii) we simply replace C,, , with CA’,,, ps
d A~
> Cpp =1 (4.8)
p=1
Properties (iii) and (iv) are handled similarly to (i). Thus
Al A -
> Crg = iy Crpg = A,
e s 4.9)
> 0pgCrq + DpgCpyg =0,
Pq
and
Al A -
ZVMCIW ~ VpgCra = At
. (4.10)

N vt A
Z YpgCra + VpgCrq =0
P

Hence, /C is the linear image of the explicitly constructed free spectrahedron (in the
variables C p,q and C p.q) given by (4.7)—(4.10). Moreover, (i) and (ii) together imply
0 < Cp,p = I. It now follows that ||CA‘p,q||, ||Cv‘p,q|| < 1 for all p, g. Thus, this free
spectrahedron is bounded. It is now routine to verify that /C is a projection of a bounded
free spectrahedron and is thus a stratospherically bounded free spectrahedrop.

LetQ =Q@®0and IV =T & 0 where 0 € Sf}. Note that

DS(Q,]") = DS(Q’.F’)'
By Lemma 4.7, (A, 0) € Dz(m) if and only if
A € {B:3u € Nand an isometry V such that B = V*([, ® )V, 0= V*([, Q") V}.

By the first part of the proposition (applied to the tuple (2/, T')), it follows that C is a
stratospherically bounded free spectrahedrop. O
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Proof of Theorem 4.11. Suppose K is a free spectrahedrop with O in its interior. By
Lemma 4.1, there exists (€2, I'), a pair of tuples of matrices, such that

K={X:3Y, (X,Y) € D} = proj, De g1

where £q ) (x, y) is the monic linear pencil associated to (€2, I').
Observe that A € K° if and only if

£4(X) >0 foreach X € K.
Thus, A € K° if and only if
La0(X.Y) =0 forall (X,Y) € Do .,
if and only if
(A,0) € DE(Q,F).

Summarizing, A € K° if and only if (A,0) € DE(QD. Thus, by the second part of
Proposition 4.14, K° is a stratospherically bounded free spectrahedrop.

Because C contains 0 and is a closed matrix convex set, JC°° = K by Proposition 4.3.
Thus, if K° is a free spectrahedrop with 0 in its interior, then, by what has already been
proved, KC°° = K is a stratospherically bounded free spectrahedrop.

Finally, if IC is a bounded free spectrahedrop with O in its interior, then KC° contains 0
in its interior and is a stratospherically bounded free spectrahedrop. Hence, L = K°° is
also a stratospherically bounded free spectrahedrop. O

Note that the polar dual of a free spectrahedron is a matrix convex set generated by a
singleton (Theorem 4.6) and is a free spectrahedrop by the above corollary.

Corollary 4.15. Let £ denote the monic linear pencil associated with (Q,T). If K =
proj, Dg is bounded, then its polar dual is the free set given by

K°(n) ={A €S} : (A,0) € Dy}
={A €S} : 3 € Nand an isometry V with A = V*(I,  QV, 0= V*(I, ® ) V}.
Whether or not K is bounded, its polar dual is the free set
K°(n) ={A €S} : (A,0) € Dy}
={A €S} : 3 € Nand an isometry V with A = V*(1, @ Q)V, 0 = V*(1, ")V},

where Q' = Q®0andT’ =T &0, as in Lemma 4.7.

Proof. From the proof of Theorem 4.11, K° = {A : (A, 0) € D4}. Writing £ = £x, by
Lemma 4.7 (whether or not Dg is bounded),

D% = {X : 3u € N and an isometry V such that X = V*(IM ® AV}
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To obtain the stronger conclusion under the assumption that K is bounded, an ad-
ditional argument along the lines of [HKM13a, §3.1] is needed; see also [Zall7, Theo-
rem 2.12]. Let (A, 0) € D7.. We need to show that the unital linear map

Tospan{/, Q1,...,Qg, "1, ..., Ty} — span{l, Ay, ..., Ag},
Fj (ad Aj, Fk (ard O,
is completely positive. Assume
I®@Xo+) @Xj+) Ti®Y =0 @.11)
J k

for some hermitian X, ..., Xg, Y1, ..., Y). In particular, Xo = X;. We claim that
Xo > 0. Suppose Xy # 0. By compressing we may reduce to Xg < 0. From (4.11)
it now follows that

[®tXo+ Y Q®tX;+ Y Ti®tY =0
j k
for every t > 0. Since t X < 0, this implies
IQI+)Y Q®tX;j+ Y Iy @Y =0,
J k

whence (tX1,...,tX;) € K forevery t > 0.1f (X, ..., Xg) # 0, this contradicts the
boundedness of . Otherwise (X1, ..., Xg) =0, and

Zrk®yk>—1®xo>o.
k

Hence for any tuple (X1, ..., X,) of hermitian matrices of the same size as the Y,
IQI+) ®Xj+) Tk®t¥ =0
j k

for some ¢t > 0. This again contradicts the boundedness of /C. Thus Xg > 0.
By adding a small multiple of the identity to Xo there is no harm in assuming

Xo > 0. Hence multiplying (4.11) by X 2 on the left and right yields the tuple
Xo P(X1, . X, Yis ., Y X P € Dy Since (A, 0) € DY,

—-1/2 —1/2 —1/2 —1/2
LaoX, PX . X Y YX Py =101+ Ao Xy Pxxg 2 =0,
k

Multiplying by X é/ 2 on the left and right gives
1®X0+ZAk®Xk >0,
k
as required. O

To each subset I' C S8 we associate its interior intI" = (intI"(n)),,cn, Where int " (n)
denotes the interior of I'(n) in the Euclidean space S;. We say I" has nonempty interior
if there is n with int I"(n) #£ @.
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Corollary 4.16. If K C S8 is a bounded free spectrahedrop, then K is a free spectrahe-
drop.

Proof. As in the proof of Corollary 4.13, we may assume the interior of X is nonempty.
This implies there is an * € R$ in the interior of K(1). Consider the translation K = K —x
as in (4.6). This is a free spectrahedrop containing 0 in its interior. Hence its closure

K = K is a free spectrahedrop by Theorem 4.11. Thus so is K = E + X. O

Corollary 4.17. If KL C S8 is a free spectrahedrop with nonempty interior, then K° is a
free spectrahedrop.

Proof. Assume K = proj Dy, ,. Applying Lemma 4.5 gives
K®={BeS*:(B,0)eDy,}
So if we prove D7  is a free spectrahedrop, then
K° = proj(Dg , N (S* ® {0}"))
is the intersection of two free spectrahedrops, so a free spectrahedrop. Thus without loss
of generality we may take K = Dy, and proceed. We will demonstrate that the corollary

in this case is a consequence of the Convex Positivstellensatz, Theorem 2.4.
Suppose x € R is in the interior of Dy ,. Without loss of generality we may assume

Lo=Ls(x) >0

(cf. [HVOT7]). Define the monic linear pencil
—-1/2 —-1/2 £ —1/2 —-1/2
L) =Ly PLy+ DLy P =1+ Ly ALg Py
j=1
By definition, a tuple Q2 € S¢ is in Dy , ifand only if D, € Deg,. Equivalently, with
g g
L) =1+ %) + > 2,
j=1 j=1

we have Dg € Dy . By Theorem 2.4, there is an S > 0 and matrices Vi with

L) =5+ Vi)V
k
That is,

g
T+> Q=Y ViV, and Q=Y ViLy'PaLy v, =15
j=1 3 k
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Equivalently, there is a completely positive mapping ® satisfying

—-1/2 —1/2 .
oLy PaLy =, j=1,....8 4.12)

() =T+ Q. (4.13)
j

As in Theorem 3.4 we now employ the Choi matrix C. Conditions (4.12) translate into
linear constraints on the block entries C;; of C. Similarly, (4.13) transforms into an LMI
constraint on the entries of C. Thus C provides a free spectrahedral lift of D7 . O

4.5. The free convex hull of a union

In this subsection we prove that the convex hull of a union of free spectrahedrops is again
a free spectrahedrop.

Proposition 4.18. ISy, ..., S; C S8 are stratospherically bounded free spectrahedrops
and each contains 0 in its interior, then ©0™ (S U- - -US;) is a stratospherically bounded
free spectrahedrop with 0 in its interior.

Proof. Let K =8, U---US;. Then
Ke=8n---NS;.

Since each S; is a stratospherically bounded free spectrahedrop with 0 in its interior, the
same holds true for S;’ by Theorem 4.11. It is clear that these properties are preserved
under a finite intersection, so XC° is again a stratospherically bounded free spectrahedrop
with 0 in its interior. Hence, by Proposition 4.3,

(K:o)o — %mat K

is a stratospherically bounded free spectrahedrop with 0 in its interior by Theorem 4.11.
O

5. Positivstellensatz for free spectrahedrops

This section focuses on polynomials positive on a free spectrahedrop, extending our Posi-
tivstellensatz for free polynomials positive on free spectrahedra, Theorem 2.4, to a Convex
Positivstellensatz for free spectrahedrops, Theorem 5.1.

Let £ denote a monic linear pencil of size d,

g h
L0 y) =T+ Qxj+ Y Ty, 5.1
i=1 k=1

and let C = proj, De. If i is a positive integer and g, € C?*#(x) (and so are polynomials
in the x variables only), and if ), g¢(x)*I'xg¢(x) = O for each k, then

> g (0)L(x, y)qe(x)
14
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is a polynomial in the x variables and is thus in C#**(x). For positive integers u and r
we define the truncated quadratic module in C*** (x) associated to £ and K by

M, = {3 aiac+ 0 qe € CN ), 0 € 0D, Y g Thqe = 0 forall k.
t 12

Here X/ = X/ (x) denotes the set of all sums of hermitian squares h*h for h € C#*H (x),.
It is easy to see that M (£) = Uen M¥ (L), is a quadratic module in C**#* (x).
The main result of this section is the following Positivstellensatz:

Theorem 5.1. A symmetric polynomial p € CH***(x)y,41 is positive semidefinite on K
ifand only if p € MY (L),.

Remark 5.2. (1) In case there are no y variables in £, Theorem 5.1 reduces to the Convex
Positivstellensatz of [HKM12].

) Ifr =0, 1i.e., pis linear, then Theorem 5.1 reduces to Corollary 4.15.

(3) A Positivstellensatz for commutative polynomials strictly positive on spectrahe-
drops was established by Gouveia and Netzer [GN11]. A major distinction is that the
degrees of the ¢; and o in the commutative theorem behave very badly.

(4) Observe that K is in general not closed. Thus Theorem 5.1 yields a “perfect”
Positivstellensatz for certain nonclosed sets.

5.1. Proof of Theorem 5.1

We begin with some auxiliary results.

Proposition 5.3. With £ a monic linear pencil as in (5.1), M. (), is a closed convex
cone in the set of all symmetric polynomials in C***(x)2,41.

The convex cone property is obvious. For the proof that this cone is closed, it is convenient
to introduce a norm compatible with £.
Given ¢ > 0, let
BE(n) :={X € S5 : |X| <e).

There is an € > 0 such that for all n € N, if (X,Y) € S§,+h and ||(X, Y)] < &, then
£(X,Y) > 1/2. In particular, B +h C Dg. Using this &€ we norm matrix polynomials in
g + h variables by

P, Wl == max{[| p(X, V)| : (X, ¥) € B§™"). (5.2

(Note that by the nonexistence of polynomial identities for matrices of all sizes,
lpx, »II = 0iff p(x,y) = 0 [Row80, §2.5, §1.4]. Furthermore, on the right-hand
side of (5.2) the maximum is attained because the bounded free semialgebraic set B§+h
is levelwise compact and matrix convex; see [HMO04, Section 2.3] for details.) Note that

if f € CPF(x)g and Il f (x)*€(x, y) f Il < N, then || /* £lIl < 2N2.

Proof of Proposition 5.3. Suppose (py) is a sequence from M/ (£), that converges to
some symmetric p € C***(x) of degree at most 2r + 1. By Carathéodory’s convex hull
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theorem (see e.g. [Bar02, Theorem 1.2.3]), there is an M such that for each n there exist
matrix-valued polynomials r, ; € C***(x), and t,,; € C?**(x), such that

M M

Pn = Zr;lk,ir”’i + Zt:,is(x’ Witni-

i=1 i=1

L, Ml < N*. In

view of the remarks preceding the proof, we obtain |||z, ;]| < V2 N for all i, n. Hence
for each i, the sequences (r,,;) and (#,,;) are bounded in n. They thus have convergent
subsequences. Passing to one of these subsequential limits finishes the proof. O

Since ||| pall < N2, it follows that lrnilll < N and likewise |||z

n,i

Next is a variant of the Gelfand—Naimark—Segal (GNS) construction.

Proposition 5.4. If A : C"*V(x)ok42 — C is a linear functional that is nonnegative on
X,y and positive on X} \ {0}, then there exists a tuple X = (X1, ..., Xg) of hermitian
operators on a Hilbert space X of dimension at most v dim C(x)y and a vector y € X®"
such that

A = (fX)y,y) (5.3)

forall f € C"*V(x)ok+1, where (., _) is the inner product on X. Further, if ) is nonneg-
ative on M} (£)i, then X is in the closure K of the free spectrahedrop K coming from £.

Conversely, if X = (X1,...,Xg) is a tuple of symmetric operators on a Hilbert
space X of dimension N, the vector y € X®", and k is a positive integer; then the linear
functional X : C"*V{(x)ox42 — C defined by

AN =Xy y)

is nonnegative on X . Further, if X € IKC, then X is nonnegative also on M V(.

Proof. The first part of the forward direction is standard: see e.g. [HKM12, Proposi-
tion 2.5]. In the course of the proof one constructs X; as the operators of multiplication
by x; on a Hilbert space X, that, as a set, is C(x) }CX” (the set of row vectors of length v
whose entries are polynomials of degree at most k). The vector space X'®¥ in which y
lies is C(x), " and y can be thought of as the identity matrix in C(x);*”. Indeed, the
(column) vector y has j-th entry the row vector with j-th entry the empty set (which
plays the role of multiplicative identity) and zeros elsewhere.

In particular, for p € X = C(x) ,ix", we have p = p(X)y.Let o denote the dimension
of X’ (which turns out to be v times the dimension of C(x)).

We next assume that A is nonnegative on M} (£); and claim that then X € K. Assume
otherwise. Then, as K is closed matrix convex (and X contains O since £ is monic), the
matricial Hahn—Banach Theorem 2.2 applies: there is a monic linear pencil £, of size o

such that £4 [ic = 0 and £, (X) # 0. In particular, Dg, 2 K, whence

Dy, € K°.
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By Corollary 4.15,

w w
K°(n) = {A e S§ : 3u e N Jisometry V, Z Vj*FVj =0, Z V]*QV, = A}. (5.4)
j=1 i=1

Since A € K°, there is an isometry W with

n n
Y OWITW; =0, ) WQW; =A.
j=1 j=1

Here, W = col(Wy, ..., W) for some 5, and W; € Cdxo
Since £ (X) # 0, thereisu € C° ® X with

u*La(X)u < 0. (5.5)

Let

U= E e v,
i

where ¢; € C? are the standard basis vectors, and v; € X. By the construction of X
1xv

and y, there is a polynomial p; € C{x),™" with v; = p;(X)y. Now (5.5) can be written
as follows:

0> u*Ca(X)u = (Zei ® Ui)*ﬁA(X)(Zej ® ”./')
i J

=Y (e ®v)* (We ® D*E(X, Y)(We ® I)(ej @ v))
i,j,t

=Y (Weei ® pi(X)y) (X, ¥)(Wee; ® pi(X)y). (5.6)
i,j,t

If we let py(x) = Zj Wee; ® pj(x) € C4* (x)1, then (5.6) is further equivalent to

0> > (PP LX, V) (Be(X)y) = Mq), (5.7)
Ja

where ¢ = )", pe(x)*£(x, y) pe(x) is a matrix polynomial only in x by (5.4), and thus
qeEM (£)r. But now (5.7) contradicts the nonnegativity of A on M, D).
The converse is obvious. O

Proof of Theorem 5.1. Let SymCH*H(x)y,41 denote the symmetric elements of
CH*H(x)or4+1. Arguing towards a contradiction, suppose p € Sym CH*#(x),,41 and
plic = 0,but p ¢ M¥(L),. By the scalar Hahn—Banach theorem and Proposition 5.3,
there is a strictly separating positive (real) linear functional A : Sym C***(x)y, 41 — R
nonnegative on M H(L),. We first extend A to a (complex) linear functional on the whole
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CH*H(x)2r4+1 by sending g + is to A(g) + iA(s) for symmetric g, s. We then extend A to
a linear functional (still called 1) on C***(x)5,42 by

Ei; ®u'v > 0 ifi ;é.joru # v,
C otherwise,

wherei, j = 1,..., u, and u, v € (x) are of length » + 1. For C > 0 large enough, this
A will be nonnegative on Ef 41~ Perturbing A if necessary, we may further assume A is
strictly positive on ¥ \ {0}. Now applying Proposition 5.4 yields a matrix tuple X € KC
and a vector y satisfying (5.3) (with kK = r). But then

0>A(p) = (pX)y,y) =0,

a contradiction. O

6. Tracial sets

While this paper’s original motivation arose from considerations of free optimization as
it appears in linear systems theory, determining the matrix convex hull of a free set has an
analog in quantum information theory [LP11]. In free optimization, the relevant maps are
completely positive and unital (ucp). In quantum information theory, the relevant maps
are completely positive and trace preserving (CPTP) or trace nonincreasing. This section
begins by recalling the two quantum interpolation problems from Subsection 3.2 before
reformulating these problems in terms of tracial hulls. Corresponding duality results are
the topic of the next section.
Recall a quantum channel is a cp map ® from M,, to My that is trace preserving,

tr(® (X)) = tr(X).
The dual @’ of @ is the mapping from My, to M,, defined by
tr(®(X)Y*) = tr(X D' (Y)").

Lemma 6.1 ([LP11, Proposition 1.2]). @' is a quantum channel cp if and only if ® is
unital cp.

Recall the cp interpolation problem from Subsection 3.2. It asks, given A € S} and
B € SE,: does there exist a unital cp map ® : M, — M,y such that B; = ®(A;) for
j = 1,...,g? The set of solutions B for a given A is the matrix convex hull of A.
The versions of the interpolation problem arising in quantum information theory [Hall,
Kle07, NCSB98] replace unital with trace preserving or trace nonincreasing. Namely,
does Bj equal ®(A;) for j =1, ..., g for some trace preserving (resp. trace nonincreas-
ing) cp map ® : M, — M,,? The set of all solutions B for a given A is the tracial hull
of A. Thus,

thull(A) = {B : ®(A) = B for some trace preserving cp map P}. 6.1)
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We define the contractive tracial hull of a tuple A by
cthull(A) = {B : ®(A) = B for some cp trace nonincreasing map ®}.

The article [LP11] determines when B € thull(A) for g = 1 (see Section 3.2). For
any g > 0 the paper [AG15, Section 3] converts this problem to an LMI suitable for
semidefinite programming; see Theorem 3.4 here for a similar result.

While the unital and trace preserving (or trace nonincreasing) interpolation problems
have very similar formulations, tracial hulls possess far less structure than matrix convex
hulls. Indeed, as is easily seen, tracial hulls need not be convex (levelwise), and contrac-
tive tracial hulls need not be closed with respect to direct sums. Tracial hulls are studied in
Subsection 6.1, and contractive tracial hulls in Subsection 6.2. Section 7 contains “tracial”
notions of half-space and corresponding Hahn—Banach type separation theorems.

6.1. Tracial sets and hulls

A set Y C S8 is tracial if whenever Y € Y (n) and C; are m x n matrices such that

D CiCi=1,

then )" C; YC;.k € Y(m). The tracial hull of a subset S C S$ is the smallest tracial set
containing S, denoted thull(S). Note that if S is a singleton, this definition is consistent
with the definition afforded by (6.1).

The following lemma is an easy consequence of a theorem of Choi, stated in [Pau02,
Proposition 4.7]. It caps the number of terms needed in a convex combination to represent
a given matrix tuple Z in the tracial hull of 7. Hence it is an analog of Carathéodory’s
convex hull theorem (see e.g. [Bar02, Theorem 1.2.3]).

Lemma 6.2. Suppose T € St and Cy, ..., Cy are m x n matrices with > CZ‘C@ =1, If

Z= Z?,:l C¢T C}, then there exist m x n matrices Vi, ..., Vi such that )"V, Vy = I,
and
mn
Z=Y VTV
=1

Proof. The mapping ® : M, — M,, defined by
O(X) = Z CeXC}

is completely positive. Hence, by [Pau02, Proposition 4.7], there exist (at most) nm ma-
trices V; : C" — C” such that

mn
O(X) =) ViXV}.
=1

In particular,
Z=d(T)=) VTV
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Further, for all m x m matrices X,
w(X) = tr(X 3 cg‘cg) - tr(Z cexcz‘) — t(d(X))
= tr(Z Vexv;) - tr(X 3 Vng).
It follows that ) V'V, = I. m|

Lemma 6.3. For S = {T} a singleton,

thull({T}) = |Z CTCy: Y CiC = 1}.

Moreover, this set is closed (levelwise).
The tracial hull of a subset S C S8 is

thull(S) = {Z CTCH:Y CiCi=1.T ¢ S} = | thunir.

TeS

If S is a finite set, then the tracial hull of S is closed.

Proof. The first statement follows from the observation that {}  C,TC} : 3~ C;Cy = I}
is tracial.

To prove the “moreover” part, suppose T has size n and suppose Z¥ is a sequence
from )Y (m). By Lemma 6.2 for each k there exist nm matrices Vi, of size n x m such
that

Z8 =3 " Vil TV,
2

and each Vj ;¢ is a contraction. Hence, by passing to a subsequence, we can assume that
for each fixed ¢, the sequence (Vi ¢)x converges to some W,. Hence zk converges to
Z =% WeTW;. Also, since Y, V", Vi, = I for each k, we have }, W;W; = I,
whence Z € Y(m).

To prove the second statement, let S C Sé. Evidently,

Sc U thull({7'}) < thull(S).
TeS

Hence it suffices to show that | J; g thull({T'}) is itself tracially convex. To this end,
suppose X € (Jycgthull({T}) and Cy, ..., Cy with )~ C;Cy = I are given (and of the
appropriate sizes). There is an § € S such that X € thull({S}). Hence, by the first part
of the lemma, Y C,X Cz € thull({S}) < UTE s thull({T'}), and the desired conclusion
follows.

The final statement of the lemma follows by combining its first two assertions and
using the fact that the closure of a finite union is the finite union of the closures. O
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6.2. Contractively tracial sets and hulls

A set Y C S8 is contractively tracial if whenever Y € ) (m) and C; are n X m matrices
such that

Y CiCe = In, 6.2)

then )" C ;Y C;.k € Y(n). Note that, in this case, ) is closed under unitary conjugation and
compression to subspaces, but not necessarily direct sums. It is clear that intersections of
contractively tracial sets are again contractively tracial.

If S is a singleton, the contractive tracial hull of a set S, defined as the smallest
contractively tracial set containing S, is consistent with our earlier definition in terms of
cp maps.

Lemma 6.4. The contractive tracial hull of a subset S C S8 is

cthull(S) = |Z CTC:Y CiC <1, Te s} = | cthuni(7.
TeS

If S is a finite set, then the contractive tracial hull of S is closed.
Proof. The proof is the same as for Lemma 6.3, so is omitted. O

Tracial and contractively tracial sets are not necessarily convex, as Example 8.6 illustrates,
and they are not necessarily free sets because they may not respect direct sums. Lemma
6.5 below explains the relation between these two failings. Recall that a subset ) of S8 is
levelwise convex if each ))(n) is convex (in the usual sense as a subset of Sj). Say that
Y is closed with respect to convex direct sums if given £ and Y',...,Y" ¢ Yand given
A, ..., g = 0with ) A; <1, we have

@ Aj Y/ e V.
j
Lemma 6.5. If ) is contractively tracial, then ) is levelwise convex if and only if Y is

closed with respect to convex direct sums.

Proof. Suppose each Y(m) is convex. Given Y/ e Y(@mj)forl < j<d{letm= Zm,
Consider the block operator column W; embedding C" into C" = P ; C™. Note that
Wj*Wj = Imj and thus contractively tracial implies W;Y J Wj?k € Y(m). Hence, given
Aj = 0with )" X; = I, convexity of J(m) (in the ordinary sense) implies

Pry/ = LWy W e Yim).
j

To prove the converse, suppose Y/ € Y(n) and m = £n. In this case, > WjW]?" = I,
and hence tracial implies

ZWf(@Aij)W, =3 1Y e Y. o
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6.3. Classical duals of free convex hulls and of tracial hulls

This subsection gives properties of the classical polar dual of matrix convex hulls and
tracial hulls. Real linear functionals A : S — R are in one-one correspondence with
elements B € S} via the pairing

200 =u(YBX;), X=X, Xy,

Write A p for this A. To avoid confusion with the free polar duals appearing earlier in this
article, let /°¢ denote the conventional polar dual of a subset U C SE,

={BeS;:rp(X)<I1forall X €U)}.

Lemma 6.6. Suppose A € S;.

(i) co™(A)°¢ = {Y : thull(Y) C {A}°°};
(ii) thull(A)°¢ = {Y : {A}°¢ D co™(Y)}; and
(iii) thull(B) C thull(A) if and only if {A}°¢ D co™(Y) implies {B}°¢ D co™(Y).

Proof. The first formula:
co™ () = [y 1 - tr(z Vi AVY) Z 0, Z Vv =1
{Y:l—tr( ZVYV ) =0, ZV Vi —1}

={Y: l—tr(AG) >0, Ge thull(Y)}
= {Y : {A}° 2 thull(V)}.

The second formula:

tllllll(A)OC:{ l—tr(ZV AVY)>0 Zvv*_ }
={Y l—tr( ZVJYV>20 ZVJV*—I}

={r:{Ay°2 com‘“(Y)}.
The third formula: thull(B) C thull(A) if and only if thull(B)°¢ 2 thull(A)°¢, if and only
if
{Y {B}OL o) Comat(Y)} {Y {A}Oc - Comat(Y)}

if and only if {A}°¢ D co™(Y) and {B}°¢ 2 co™(Y). O
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7. Tracial spectrahedra and an Effros—Winkler separation theorem

Classically, convex sets are delineated by half-spaces. In this section a notion of half-
space suitable in the tracial context—we call these tracial spectrahedra—is introduced.
Subsection 7.3 contains a free Hahn—Banach separation theorem for tracial spectrahedra.
The section concludes with applications of this Hahn—Banach theorem. Subsection 7.4
suggests several notions of duality based on the tracial separation theorem from Subsec-
tion 7.3. Subsection 7.5 studies free (convex) cones.

7.1. Tracial spectrahedra

Polar duality considerations in the trace nonincreasing context lead naturally to inequali-
ties of the type

8
IQT - Bi®Y; =0
j=1

for tuples B, Y € S$ and a positive semidefinite matrix 7" with trace at most one. Two
notions, in a sense dual to one another, of half-space are obtained by fixing either B or Y.
Given B € Sj, let

9p=J{resi:arzouvm =1 107-Y B0y, =0

meN

- U{YeS,gn:HT:O,tr(T)zl,I®T—ZBJ-®YJ»:0},

meN

We call sets of the form $p tracial spectrahedra. Tracial spectrahedra obtained by fix-
ing Y, and parametrizing over B, appear in Subsubsection 7.4.2.

Proposition 7.1. Let B € S,f . Then

(a) the set $Hp is contractively tracial;
(b) for each m, the set $p(m) is convex; and
(c) for each m, the set Hp(m) is closed.

In summary, $p is levelwise compact and closed, and it is contractively tracial.

Remark 7.2. Of course $p is not a free set since, in particular, it is not closed with
respect to direct sums.

Proof of Proposition 7.1. Suppose Y € Hp(m) and C, satisfy (6.2). There is an m x m
positive semidefinite matrix T with trace at most one such that

I®T - B ®Y; =0.

It follows that
0XI®) CTCr—) B®Y CY;Cj.
[ j [
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Note that 7/ =), C,TC} > 0 and
w(T') = tr(T 3 CZ‘Cg) = t(T'2CCT?) < w(T) < 1.

Hence > Cy YCZk € Y(n), and (a) is proved.
To prove (b), suppose both Y Land Y2 are in V. To each there is an associated positive
semidefinite matrix of trace at most one, say 77 and 75. If 0 < 51,50 < land s; +s52 = 1,

then T = ) s¢T; is positive semidefinite and has trace at most one. Moreover, with
Y = Z S j Y/ N

1er -y Bie (Y sr) =Y s(len-) Bey)=o.
J ¢ i

To prove (c), suppose the sequence (Y k)k from $Hp(m) converges to ¥ € S§,. For
each k there is a positive semidefinite matrix T of trace at most one such that

I1Q Ty — Ag(YF) > 0.

Choose a convergent subsequence of the 7y with limit 7. This 7 witnesses Y € $p(m).
]

To proceed toward the separation theorem we start with some preliminaries.

7.2. An auxiliary result

Given a positive integer n, let 7, denote the positive semidefinite n x n matrices of trace
one. Each T € 7}, corresponds to a state on M,, via the trace

M, > A — tr(AT). (7.1)

Conversely, to each state ¢ on M,, we can assign a matrix T such that ¢ is the map (7.1).
Note that 7}, is a convex, compact subset of S, the symmetric n x n matrices.

The following lemma is a version of [EW97, Lemma 5.2]. An affine (real) linear
mapping f : S, — R is a function of the form f(x) = ay + Ar(x), where A is (real)
linear and ay € R.

Lemma 7.3. Suppose F is a convex set of affine linear mappings f : S, — R. If for
each f € F thereisa T € T, such that f(T) > 0, then there is a ¥ € T, such that
f(Z) =0 forevery f € F.

Proof. For f € F,let
By ={T €Ty: f(T) 20} S T

By hypothesis each By is nonempty and it suffices to prove that

ﬂ By #40.

feF
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Since each By is compact, it suffices to prove that the collection {By : f € JF} has the
finite intersection property. Accordingly, let fi, ..., f,, € F and suppose

m
ﬂ By, = 0.
j=1

Define F : S,, — R™ by

F(T) = (fi(T), ..., fm(T)).

Then F(7,) is both convex and compact because 7, is both convex and compact and
each fj, and hence F, is affine linear. Moreover, F'(7,,) does not intersect

RZy = {x = (x1,..., xn) € R" : x; > 0 for each j}.
Hence there is a linear functional A : R™ — R such that
MF(T2)) <0 and  A(RZy) > 0.

There exists A; € R such that A(x) = )" A;x;. Since A(RZ,) > 0 it follows that A; > 0
for all j, and since A # O, for at least one k we have 1; > 0. Without loss of generality,
it may be assumed that ) 1; = 1. Let

£=Y 2

Since F is convex, it follows that f € F. On the other hand, f(T) = A(F(T)). Hence
if T € T,, then f(T) < 0. Thus, for this f there does not exist a T € 7, such that
f(T) = 0, a contradiction which completes the proof. O

7.3. A tracial spectrahedron separating theorem

The following lemma is proved by a variant of the Effros—Winkler construction of sep-
arating LMIs (i.e., the matricial Hahn—Banach theorem) in the theory of matrix convex
sets.

Lemma 7.4. Fix positive integers m, n, and suppose that S is a nonempty subset of Sy,
Let U denote the subset of S§ consisting of all tuples of the form

"
e e
=1

where each Cp isnxm, each Y isin S and > C;Cg <I1.IfB e S8 is in the conventional
polar dual of U, then there exists a positive semidefinite m x m matrix T with trace at
most one such that

I®T—ZBJ~®Y]- >0 foreveryY € S.
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Proof. Recall the definition of Ap from Subsection 6.3. Given C; and Y as in the state-
ment of the lemma, define fcy : S§, — R by

fer) =u(Yocxcy) - rp(3cercy).

Let F = {fc,y : C,Y}. Thus F is a set of affine (real) linear mappings from S¢ toR. To
show that F is convex, suppose, for 1 <s < N, C* = (C7, ..., th) isatuple of n x m
matrices, for | <s < N and 1 < j < u; the matrices Y5/ arein S, and A, ..., Ay are
positive numbers with Y~ A; = 1. In this case,

D Asfesys = fey
for

C= (—1 cg) Y =
- ’ - S, L.
vV )"S s,b
Hence F is convex.
Given n x m matrices Cy, ..., Cy, and Yl ..., Yt eS8, letD = > CZ‘C@. Assuming
D has norm one, there is a unit vector y such that | Dy|| = ||D|| = 1. Choose T = yy*.
Thus T € 7,,. Moreover,

tr(z c@Tc;) — w(TD) = (Dy,y) = 1.

Thus, using the assumption that B is in /°°, we see that

fexy(T)=1- AB(Z CgYZCZ) > 0.
If D is not of norm one, a simple scaling argument gives the same conclusion,

fey(T) = 0.

Thus, for each f € F there exists a T € 7T, such that f(7T) > 0. By Lemma 7.3, it
follows that there is a ¥ € 7y, such that fc(¥) > 0forall C and VY, i.e.,

tr(Z cgsc;) — B (Z Ce ch;) >0, (7.2)

regardless of the norm of ) C;Cy.
Now the aim is to show that

A::I®T—ZB]-®Y1-30 forevery Y € S.
J

Accordingly,letY € Sandy = ) e; ® y5 € R" @ R™. Compute

(Ay.y) =Y (v vs) — D > (Bsul¥vs. vi)-
j st

N
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Now let I'* denote the matrix with s-th column y;. Hence I is n x m and
Jp YT =te( 30 BTV T) = 3 3 Bty v).
st

Similarly,

(DI = Y (Tys. ¥)-

S
Thus, by (7.2),
(Ay,y) =a(CIT*) — Ag(CYT*) > 0.

It is in this last step that the contractively tracial, not just tracial is needed, so that it is not
necessary for I'*I" to be a multiple of the identity. O
Proposition 7.5. If YV C S8 is contractively tracial and if B € Sﬁ is in the conventional
polar dual Y (n)°¢ of Y (n), then Y C Hp.
Proof. Suppose ) is contractively tracial and Y € Y(m). Letting S = {Y} in Lemma 7.4,
it follows that there is a T such that

I®T - B ®Y; =0.
Thus, Y € $p, and the proof is complete. O
We are now ready to state the separation result for closed levelwise convex tracial sets.

Theorem 7.6. (i) If Y C S¢ is contractively tracial, levelwise convex, and if Z € Sﬁl
is not in the closure of Y(m), then there exists a B € Sﬁl such that Y < $p, but

Z ¢ Hp. Hence,
yzm{fJB:ﬁB 2V = m m HB.

neN Be) (n)°¢

(ii) The levelwise closed convex contractively tracial hull of a subset Y of S8 is
ﬂ{ﬁg :Hp 2 V).

Proof. To prove (i), suppose Z € S but Z ¢ Y(m). Since Y is levelwise convex, there
isAp suchthat Ap(Y) < 1 forall Y € Y(m), but Ag(Z) > 1 by the usual Hahn—-Banach
separation theorem for closed convex sets. Thus B is in the conventional polar dual of
Y(m)°¢. From Proposition 7.5, Y C $p.

On the other hand, if T € 7, and {ey, ..., e, is an orthonormal basis for R™, then,
withe =) e, ® e, € R" @ R™,

(1eT =Y B@z)e.c)=um -u(}Bz)=1-12) <0.

Hence Z ¢ $p and the conclusion follows.

To prove (ii), first note that if Z denotes the intersection of the $jp that contain ),
then ) C 7. Since the intersection of tracial spectrahedra is levelwise closed and convex,
and contractively tracial, the levelwise closed convex tracial hull H of Y is also contained
in Z. On the other hand, from (i),

H=()Hp: 95 2H} 2T 2H. o
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Remark 7.7 (The contractive tracial hull of a point). FixaY € S# and let ) denote its
contractive tracial hull,

y={> vy vy <af

Evidently each Y(m) (taking V; : R" — R™) is a convex set. From Lemma 6.4, ) is
closed. Hence Theorem 7.6 applies and gives a duality description of . Namely, Y is in
the contractive tracial hull Y if and only if for each B for which there exists a positive
semidefinite 7' of trace at most one such that

I®T - Bi®Y; =0,
there exists a positive semidefinite T of trace at most one such that

[®T—ZBJ'®)~’]'EO.

7.4. Tracial polar duals

We now introduce two natural notions of polar duals based on the tracial spectrahedra.
Rather than exhaustively studying these duals, we list a few properties to illustrate the
possibilities.

7.4.1. Ex situ tracial dual. Suppose IC C S8. Let K denote its ex situ tracial dual defined
by
K=)9s
Thus,
Koy ={resi:vBexar=oum=1.167-) By, =0}.
Proposition 7.8. If KC is matrix convex and each K°(n) is bounded (equivalently, IC(1)

contains 0 in its interior), then

() K)={(Y €S§:3T =0, «(T) < 1VBeK, IQT — Y. B;®Y; = O};

(i) Kn) ={SMS: M e K°(n), S = 0, tr(5?) < 1}.

Proof. Suppose K is matrix convex. To prove (i), let Y € I@(n). F(zr each B, let Tz =
{TeT,:1QT —) Bj®Y, > 0}. Thus, the hypothesis that Y € K(n) is equivalent to
assuming that for every B in /C, the set Tp is nonempty.

That 75 is compact will be verified by showing it has the finite intersection property.
Now given Bl,...,BteK,let B= @k B* € K. Since B € K, there is a T such that

P(rer-Y Bley)=1aT-> By =0
k
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Hence T € (_, Tpt- It follows that the collection {73 : B € K} has the finite intersec-
tion property and hence thereis a 7' € () 7. and the forward inclusion in (i) follows.
The reverse inclusion holds whether or not /C is matrix convex.

To prove (ii), suppose Y € K(n). Thus, by what has already been proved, there is a
positive semidefinite matrix S such that tr(S?) < 1 and

I®S*—) Bi®Y =0 (7.3)

for all B € K. For positive integers k, let S,j' denote the inverse of S + 1/k. Multiplying
(7.3) on the left and on the right by / ® S,j yields

I®P-Y B @SVt =0,
where P is the projection onto the range of S. It follows that M} = S,:LYS,;Ir e K°(n).
Since K°(n) is bounded (by assumption) and closed, it is compact, and consequently a
subsequence of (M), converges to some M € K°(n). Hence, Y = SMS.
Reversing the argument above shows that if M € K°(n) and S is positive semidefinite

with tr(S%) < 1, then Y = SMS € l&(n), and the proof is complete. ]

Proposition 7.9. The ex situ tracial dual K of a free spectrahedron K = Dg, is exactly

the set
{Z CIQC, - tr(z CZ‘C/@) < 1}.
4

Proof. Suppose Y is in the ex situ tracial dual. By Proposition 7.8, there is a positive
semidefinite matrix S with tr(S?) < 1 and an M € K° such that Y = SMS. Since
M € K°, by Remark 4.8 there is a positive integer i and a contraction V such that

"
M=V, ®QV =) V.
k=1

Hence,
Y =) SVFQWS.
k

Finally,
tr(z svk*vks) <(s?) < 1.

Conversely, suppose tr(}_C;C¢) < landY = ) C;QCy. Let T = ) C;C¢ and
note that for B € K,

19T =Y Biey,=Y Ci(lel-Y B e9)C =0 o
z 7
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7.4.2. In situ tracial dual. Given a free set I C S, we can define another dual set we
call the in situ K = (K*(m)),, by

K (m) ={B €Sy, : K € 95}
Equivalently,
Kom) = |BeSh VY e KT =0, u(M) <1, 10T - Y B @Y > 0].

Each K” (m) is levelwise convex. Moreover, if B € K~ and V*V < I, then V*BV € K.
On the other hand, there is no reason to expect that K” is closed with respect to direct
sums. Hence it need not be matrix convex.

A subset Y of S8 is contractively stable if C;‘YCJ- € Y forall Y € ) whenever
> C;‘Cj =< I. In general, contractively stable sets need not be levelwise convex, as Ex-
ample 8.7 shows.

Proposition 7.10. The set KC* is contractively stable.

Proof. Suppose B € K”(m). Let n x m matrices Cy, ..., C be such that ) C,ka <1
and consider the n x n matrix D = ) C;BC},.

Given Y € K(p), there exists a positive semidefinite p x p matrix T of trace at most
one such that

I®T - Bj®Y; =0
Thus,

8 8
IQT-> Di®Y,=10T-Y Y CiBCi®Y,
j=1 j=1 k

=(1-Yca)er+Y cen (IeT-Y B eY)Cial=0.
T 7

Hence D € K, and the proof is complete. O

The contractive convex hull of ) is the smallest levelwise closed set containing ) that
is contractively stable. The following proposition finds the two hulls defined by applying
the two notions of tracial polar duals introduced above.

Proposition 7.11. For K C S&, the set IC> is the levelwise closed convex contractively
tracial hull of K. Similarly, (KC)” is the levelwise closed contractively stable hull of K.

The proof of the second statement rests on the following companion to Lemma 7.4. Recall
from (1.5) the opp-tracial spectrahedron,

sy ={B:ar=0um=1107-) By, =0}
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Lemma 7.12. Fix positive integers m, n, and suppose that S is a nonempty subset of S5 .
Let U denote the subset of S, consisting of all tuples of the form

n
> crBtcy,
(=1

where each Cp isn x m, each Bt isin S and ZCZ‘Cg < 1.

(1) If Y € S, is in the conventional polar dual of U, then there exists a positive semidef-
inite m x m matrix T with trace at most one such that

I®T—ZBJ-®Yj =0 foreveryB € S.

(2) The tracial spectrahedra $y" are closed and contractively stable.

(3) If K C S# is contractively stable and Y € S%, is in the conventional polar dual
K(m)°© of K(m), then K C $}".

@) If K C S8 is levelwise closed and convex, and contractively stable, then

K=oy : 67 2K =197 : ¥ € Km)™).

(5) The levelwise closed and convex contractively stable hull of K C S8 is
sy : 57 2 K.

(6) For K C S8, we have Y € I@(n) if and only if K C 9.

Proof. The proof of (1) is similar to the proof of Lemma 7.4 and is omitted. Likewise,
the proof of (2) follows an argument given in the proof of Proposition 7.10.

To prove (3), suppose that Y € K(m)°¢. Given B € K(n), an application of (1) with
S = {B} produces an m x m positive semidefinite matrix 7" with tr(7) < 1 such that
I®T —) B;®Y; = 0.Hence, B € H".

We now move on to (4). From (3), if Y € K(m)°‘, then IC C £}". On the other hand,
if ¥ € Sy, and K € HY, then, for B € K(m),

I®QT - Bi®Y; =0

for some positive semidefinite 7 with trace at most one. In particular, if we set e =
YL e ® es € R™ @ R™, then

0= (1 QT — ZB]- ® Yje, e) =tr(T) — Ay(B).
Hence Y € K(m)°¢. Continuing with the proof of (4), from (3) we obtain

Koy e Km>).

To establish the reverse inclusion, suppose that C is not in KC(m). Since KC(m) is assumed
to be closed and convex, there exists a Y € (m)°°, the conventional polar dual of /(i)
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(so that Ay (KC(m)) < 1) with Ay (C) > 1. In particular, L C $}". On the other hand, if T
is m x m and positive semidefinite with trace at most one, then with e = ) e; ® es,

((1 ®T-Y C® Yj)e, e> = (T) = Y_ (G ¥)) = te(T) = 2y () < 0.
J

Hence, C ¢ 97".

To prove (5), let 7 denote the contractively stable hull of C. Let also Z denote the
intersection of all the tracial spectrahedra $3* such that K € $}". Evidently #H C Z. On
the other hand, by (4),

KSHCSIC()HY: 9y 2 H) =H.

Finally, for (6), first suppose Y € K(n). By definition, for each B € K there is a
positive semidefinite 7' of trace at most one such that / ® T — > B; ® ¥; > 0. Hence
K C 9y Conversely, if B € Hy’, then I @ T — > B; ® Y; > 0 for some positive
semidefinite 7" of trace at most one depending on B. Thus, if  C $)}’, then Y € l@(n).

O

Proof of Proposition 7.11. Since

E= () 9s= [

Bek> K<Hp

Theorem 7.6(ii) gives the first conclusion of the proposition.
Likewise,

Ky =(B:K<hgl=[) oy =)o : 9y 2K,
Yek

and the term on the right-hand side is, by Lemma 7.12, the closed contractive convex hull
of IC. O

7.5. Matrix convex tracial sets and free cones

In this subsection we introduce and study properties of free (convex) cones.

A subset S of S8 is a free cone if for all positive integers m, n, £, tuples T € S(n)
and n x m matrices Cy, ..., Cy, the tuple ) CTC; is in S(m). The set S is a free
convex cone if for all positive integers m, n, £, tuples T, ..., Tt ¢ S (n) and n x m
matrices Cy, ..., Cy, the tuple Zi C;‘TiCi lies in S(m). Finally, a subset ) of S8 is a
contractively tracial convex set if ) is contractively tracial and given positive integers
m,n,wand Y1, ... Y* € Y(m) and n x m matrices Cy, ..., C,, with Y. CrCj <1, the

tuple
e gles

lies in Y (n). This condition is an analog to matrix convexity of a set containing O which
we studied earlier in this paper. Surprisingly:
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Proposition 7.13. Every contractively tracial convex set is a free convex cone.

For the proof of this proposition we introduce an auxiliary notion and then give a lemma.
A subset Y of S8 is closed with respect to identical direct sums if for each Y € ) and
positive integer ¢, the tuple I; ® Y isin V.

Lemma 7.14. Suppose )Y C S8.

(1) If Y is contractively tracial and closed with respect to identical direct sums, then )
is a free cone.

(2) If Y is contractively tracial and closed with respect to direct sums, then Y is a free
convex cone.

(3) If Y is a tracial set containing O which is levelwise convex and closed with respect to
identical direct sums, then each ) (m) is a cone in the ordinary sense.

Proof. To prove (1), let Y € YV(n) and let £ be a positive integer. Let Vi denote the block
1 x £ row matrices with m x n matrix entries with I, in the k-th position and O elsewhere,
fork =1,..., ¢ It follows that ) Vk* Vi = I. Since also Iy ® Y isin ) and ) is tracial,

D VY @ IV =kY € Y(n).

Now let m and £ be positive integers and consider m x n matrices Cy, ..., Cy and
YL, ..., Yt € Y(n). Choose a positive integer k such that each D; = cj/ﬁ has norm at
most one. Let M; be the block 1 x £ row matrix with m x n entries with D; in the j-th
position and 0 elsewhere, for j = 1, ..., £. It follows that

> M;M; = diag(D}Dy..... D;D¢) < I.
j

Since ) is tracial, either assuming Y J = Y* for all J,k and Y is closed under identical
direct sums, or assuming that ) is closed under direct sums @le Y/ isin ), and hence

Y 4
S (P rimp =k DY =3 CYCT € Vi,
j=1 j=1

Thus, in the first case ) is a free cone and in the second a free convex cone.

To prove the third statement, note that the argument used to prove the first part of the
lemma shows that if ) is a tracial set that is closed with respect to identical direct sums
and if each Cj is I, then £Y = > Ci(¥Y® Ig)C]’.“ is in Y(n). If Y is levelwise convex,
since also 0 € Y (n), it follows that ) (n) is a convex cone. ]

Proof of Proposition 7.13. Fix positive integers n and v. Let Y, ..., Y" € Y(n). Let
C¢ denote the inclusion of R” as the ¢-th coordinate in R" = @;_, R". In particular,
C;Cy = I, and hence zZt =y YECQk € Y(nv) (based only on ) being a tracial set).
Now let V; denote the block v x v matrix with n X n entries with 7, in the (¢, £) position
and zeros (n x n matrices) elsewhere. Note that ) Vz* Ve = I,,,. Hence,

Z VeZ v =diag(Y! ... YY) € Y(nv).
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Thus Y is closed with respect to identical direct sums. By Lemma 7.14(2), ) is a free
convex cone. O

Remark 7.15. If Y C S8 is a cone and if B € S¢ is in the polar dual of the set U/
consisting of all tuples )" C; Y/ CJ’f for Y/ € Y and C; such that ) Cj* C; < I, then

> Bi®Y; <0

for all Y € Y(m). In particular, the polar dual B = )° of a cone ) is a free convex cone.
To prove this assertion, pick B € Sy in the polar dual of I/. Fix a positive integer m.
By Lemma 7.4, there exists a positive semidefinite 7 with trace at most one such that

I®QT - Bi®Y; =0

forall Y € Y(m). Since Y(m)isacone, [ @ T — ) B; ® thj > 0 for all real ¢, and
hence

- B;®Y; >0
It follows that
—Y C*BiC®Y; =0 (7.4)

for any C. The conventional polar dual of a set is convex, which implies convex combi-
nations with various C; in (7.4) are in B. Hence B is a free convex cone.

8. Examples

The examples referenced in the body of the paper are gathered together in this section.
Some of the examples consider the scalar level I'(1) € R$ of a free set ' C S8.

Example 8.1. This example shows that it is not necessarily possible to choose V to be
an isometry in equation (2.5) of Theorem 2.4 if the boundedness assumption on Dg, is
omitted. Let g = 1, and consider £4(x) = 1 + x, £p(x) = 1 4 2x. In this case,

Dey={X:X>=-1/2 S Dg, ={X: X = -1}

It is clear that there does not exist a y and an isometry V such that A = V*(I, ® B)V.
This example is in fact representative in the sense that if £p is a monic linear pencil and
Dg, is unbounded, then there is a monic linear pencil £4 with Dg, C Dg, for which
there does not exist a u and an isometry V such that A = V*(I,, @ B)V.

Example 8.2. Here is an example of a trace preserving cp map ¢ : S — M with domain
an operator system S that does not admit an extension to a trace nonincreasing cp map
¢ : M> — M. This phenomenon contrasts with the classical Arveson extension theorem
[Arv69] which says that any ucp map extends to the full algebra.

Let W
1/2 0
S =span{l, E12, Ez1}, V= ( 0/ v3/2> '
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and consider the cp map ¢ : S — Mp,
¢(A) =V*AV forAeS.
We have

3 3
sy =vv=" 3). @)= Phin ¢ =L

S0 ¢ is trace preserving on S.
Now let us consider a cp extension (still denoted by ¢) of ¢ to M>. Let

P(ELD) = (Z i’)

Then the Choi matrix for ¢ is

a b 0 V3/2
b ¢ 0 0
C= 0 12-a -b |=©

0
V3/2 0 —b  3/2—c¢
Suppose ¢ : M>» — M5 is trace nonincreasing. Then
1 =tr(Ey,) > tr(¢p(Er1) =a+ec,
1 = te(Ezp) = te($(E22) =2 —a —c,

whence a + ¢ = 1. Since C is positive semidefinite, the nonnegativity of the diagonal of
C now gives us 0 < a < 1/2. But then the 2 x 2 minor

a V3/2
V3/2 1/2+a
is not positive semidefinite, a contradiction.

Example 8.3. Consider

2 _ .4
p=1—x{—x,.

In this case p is symmetric with p(0) =1 > 0.

X2

1

)
N

Bent TV screen D (1) = {(x1, x2) € R?:1 —x% — x§ > 0}.

X1
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The free semialgebraic set D, is called the real bent free TV screen, or (bent) TV
screen for short. While D, (1) is convex, it is known that D), is not matrix convex (see
[DHMO7] or [BPR13, Chapter 8]). Indeed, already D, (2) is not a convex set.

03

olp

0o

—6.6 —6.4 —OI.?. OI.(J DI_’Z (J.‘d D‘.ﬁ
A nonconvex 2-dimensional slice of Dp(2).

That the set D) (1) is a spectrahedral shadow is well known. Indeed, letting

1 0 xg 1
Lxi,x2,y)=[0 1 ee( 2),
x1 y 1

we readily check that proj, Dy (1) = Dy(1). Further, Lemma 4.1 implies that L can be
replaced by a monic linear pencil £. An explicit construction of such an £ can be found in
[HKM16, §7.1]. We remark that proj, Dy strictly contains the matrix convex hull of D),
[HKM16, §7.1].

The next example is one in a classical commutative situation. We refer the reader to
[BPR13] for background on classical convex algebraic geometry.

Example 8.4 (The polar dual of the bent TV screen D), = {(X,Y) : 1 — X2—v*>0)).
We note that D (1) coincides with the classical polar dual of D, (1) by Proposition 4.3
(cf. [HKM 16, Example 4.7]).

We first find the boundary 9D, (1) using Lagrange multipliers. Consider a linear func-
tion 1 — (c1x + cay) that is nonnegative but not strictly positive on D;(l), and its values
on (the boundary of) D,(1). The KarushKuhnTucker (KKT) conditions for first order
optimality give

l—xz—y4=0, c1 = 2A\x, 02=4Ay3, 1 =c1x 4+ cpy.
Eliminating x, y, A leads to the following formula relating cy, ¢>:

q(cy,c2) = —166‘? + 48C? - 486? — SCTCE1 + 16c% — ZOC%C‘Z1 - Cg + 63 =0.
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Thus the boundary of D;(l) is contained in the zero set of ¢. Since g is irreducible,
9Dy (1) in fact equals the zero set of ¢. In particular, D) (1) = {(x, y) € R?: g(x,y) > 0}
is not a spectrahedron, since it fails the line test in [HVO07].

y

Polar dual ’D; (1) of the bent TV screen.

Example 8.5. Recall the free bent TV screen is the nonnegativity set D), for the polyno-
mial p = 1—x%—y* (see Example 8.3). Let K denote the closed matrix convex hull of D,,.
Then (1) = D,(1), and hence, by Proposition 4.3 and Example 8.4, D; (1) =D,(1)°is
not a spectrahedron. Consequently, D}, is not a free spectrahedron. In particular, K cannot
be represented by a single 2 as in Theorem 4.6.

Example 8.6. Tracial and contractively tracial hulls need not be convex (levelwise), as
this example shows. Consider

) 03 %)

To show that D = %(A + B) is not in thull({A, B}), suppose there exist 2 x 2 matrices
Vi, ..., Vi such that ) VJ*V] =1 and

2_ViAV} =D.
On the one hand, the trace of D is zero, on the other hand, ) V]AVJ* has trace 1. Hence
D is not in the tracial hull of A. A similar argument shows that D is not in the tracial hull
of B. Hence by Lemma 6.3, D ¢ thull({A, B}).
Now consider the tuples A = (A1, Az) and B = (B, B) defined by

1 0 0 0
B o

In this case D = 1(A + B) is

1 _
o= 43 1)

Suppose Y C;Cj < I.Let
Fy = Z CiAC}
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and note tr(F;) > 0. On the other hand, tr(Dy) = 0. Hence, if F; = Dy, then
0=tr(F) = Ztr(CjAkC;‘) > 0.
J

But then, for each j,
0=1tr((Cj (A1 + Az)C;‘) = tr(CjC;-‘).

It follows that C; = O for each j, and thus F; = 0, a contradiction. Thus, D is not in the
contractive tracial hull of A, and by symmetry it is not in the contractive tracial hull of B.
By Lemma 6.4, D is not in the contractive tracial hull generated by {A, B}.

The following example shows that a contractively stable set need not be convex.

Example 8.7. Consider the 2 x 2 matrices A, B from Example 8.6. The smallest con-
tractively stable set containing A, B is the levelwise closed set

y={>crac;: Y ciqy =1 uly prep; Y pioy <1},
Each matrix in ) is either positive semidefinite or negative semidefinite, so %(A—i—B) Z).
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