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Abstract. We classify all groups G and all pairs (V, W) of absolutely simple Yetter—Drinfeld
modules over G such that the support of V @ W generates G, cw, ycy,w # id, and the Nichols
algebra of the direct sum of V and W admits a finite root system. As a byproduct, we determine
the dimensions of such Nichols algebras, and several new families of finite-dimensional Nichols
algebras are obtained. Our main tool is the Weyl groupoid of pairs of absolutely simple Yetter—
Drinfeld modules over groups.
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Introduction

In the last years, Nichols algebras turned out to be important in many branches of mathe-
matics such as Hopf algebras and quantum groups [30], [7], [27], [32], [34, 35], Schubert
calculus [14], [11], and mathematical physics [28], [33]. Nichols algebras appeared first
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in a work of Nichols [31], where he studies and classifies certain pointed Hopf algebras.
Pointed Hopf algebras have applications in conformal field theory [15].

Let K be a field and let G be a group. The Lifting Method of Andruskiewitsch and
Schneider [6] (see also [7]) provides the best known approach to the classification of
finite-dimensional pointed Hopf algebras. First, the method asks to determine all finite-
dimensional Nichols algebras over G and to provide a presentation by generators and
relations. Whereas for abelian groups the situation is understood to a great extent [19],
[20], [8], [9, 10], less is known for non-abelian groups.

One idea to approach the problem is to adapt the method applied for abelian groups.
The problem here is that the structure of the Nichols algebra of a simple Yetter—Drinfeld
module over G is very complicated. Only few finite-dimensional examples are known
[18], [21], and for the important examples of Fomin—Kirillov algebras [14] it is not even
known whether they are Nichols algebras or whether they are finite-dimensional. Nev-
ertheless, any direct sum of simple Yetter—Drinfeld modules having a finite-dimensional
Nichols algebra gives rise to the structure of a Weyl groupoid [5], and surprisingly, the
finiteness of the Weyl groupoid implies strong restrictions on the direct summands. There-
fore it is reasonable to attack the classification of semisimple Yetter—Drinfeld modules
with finite-dimensional Nichols algebras before looking at the simple objects. The situa-
tion is even more astonishing: The functoriality of the Nichols algebra [7, Cor. 2.3] allows
one to look at Yetter—Drinfeld submodules of simple objects, which are semisimple with
respect to a smaller group. Then information in the semisimple setting can be used for
simple objects [2], [3, 4].

First ideas to analyze in detail the Nichols algebra of a semisimple Yetter—Drinfeld
module were developed in [22]. That work is based on the notion of the Weyl groupoid
of tuples of simple Yetter—Drinfeld modules over arbitrary Hopf algebras with bijective
antipode [5], [23], [24]. Using the classification of finite Weyl groupoids of rank two [12],
a breakthrough in the approach was achieved in [26].

Recall that for any group G, a KG-module V is absolutely simple if L ®k V is a
simple LG-module for any field extension IL of K. We say that a Yetter—Drinfeld module
V over a group algebra KG is absolutely simple if L ®k V is a simple Yetter—Drinfeld
module over LG for any field extension L of K. Recall from [22] that the groups I',, are
central extensions of dihedral groups, whereas the group T, defined in [26], is a central
extension of SL(2, 3).

Theorem ([26, Thm.4.5]). Let G be a non-abelian group, and V and W be two ab-
solutely simple Yetter—Drinfeld modules over G such that G is generated by the sup-
port of V. @& W. Assume that the Nichols algebra of V & W is finite-dimensional. If
cw,vey,.w # idyvew, then G is an epimorphic image of T or of T'y, forn € {2, 3, 4}.

Note that if the square of the braiding between V and W is the identity, then B(V & W)
and B(V) ® B(W) are isomorphic as Np-graded objects in gyD by [16, Thm. 2.2].
On the other hand, the assumption that G is generated by supp(V @& W) is natural since
the braiding of V @ W, and hence the structure of B(V @ W) as a braided Hopf algebra,
depends only on the action and coaction of the subgroup of G generated by supp(V @& W).
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Already in [22], Nichols algebras of pairs of simple Yetter—Drinfeld modules over
non-abelian epimorphic images of I'y were studied and new Nichols algebras of dimen-
sion 1296 over fields of characteristic 3 were found. In [25], the Nichols algebras over
non-abelian epimorphic images of 7' and I'y were studied and new Nichols algebras of
dimensions 80621568, 262144 (if char K # 2) and 1259712, 65536 (if char K = 2) were
found. The situation is more complicated when G is a non-abelian epimorphic image
of '3, and it is studied in this work. It is the first case where one meets a finite-dimensional
Nichols algebra not of diagonal type which has a non-standard Weyl groupoid. We obtain
several new families of Nichols algebras, the ranks and dimensions of which can be read
off from Table 1.

Table 1. Nichols algebras with finite root system of rank two

Rank Group Dimension charK  Support Reference
2,2

4 ) 64 zy Example 1.2
4 r, 1296 3 z3%  Example 1.3
4 I3 10368 #2,3  z3! Thm. 8.2
4 I3 5184 2 z3! Thm. 8.2
4 I3 1152 3 z3! Thm. 8.2
4 ry 2230488 2 zy'  Thms.8.6,8.38
5 T3 10368  #2.3  Z37 Thm. 8.1
5 I3 5184 2 z3? Thm. 8.1
5 I3 1152 3 z3? Thm. 8.1
5 I3 2304 z3? Thm. 8.3
5 rs 2304 zy! Thm. 8.4
5 ry 2230488 2 z3? Thm. 8.7
5 T 80621568  #2 zy'  Example 1.7
5 T 1259712 2 zy'  Example 1.7
6 Iy 262144 £2 Zy? Example 1.5
6 ry 65536 2 Zy? Example 1.5

Having studied Nichols algebras over non-abelian epimorphic images of I'2, I'3, Iy,
and 7', we are able to classify all pairs (V, W) of absolutely simple Yetter—Drinfeld
modules over a non-abelian group G such that the Nichols algebra of V @ W is finite-
dimensional. Moreover, we determine the Hilbert series and the decomposition of the
Nichols algebra of V @ W into the tensor product of Nichols algebras of simple Yetter—
Drinfeld modules. The finite-dimensional Nichols algebras appearing in our classification
are listed in Table 1. The pairs (V, W) of absolutely simple Yetter—Drinfeld modules over
G appear in Section 1. Our main theorem is the following.
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Theorem. Let G be a non-abelian group and let V and W be absolutely simple Yetter—
Drinfeld modules over G such that G is generated by the support of V @& W. Assume
that (id — cw.vey . w)(V ® W) is non-zero and the Nichols algebra B(V @ W) is finite-
dimensional. Then B(V @ W) is one of the Nichols algebras of Table 1.

See Theorem 2.1 for a more precise statement. Let us explain briefly how the proof of
Theorem 2.1 goes. We have to study in detail Nichols algebras over non-abelian epimor-
phic images of the groups I';, I'3, 'y and T'. The analysis concerning the group I'; was
done in [22] and the groups I'4 and T were studied in [25]. The classification of finite-
dimensional Nichols algebras associated with I'; is one of the main results of this paper
and requires several steps. We need to deal with three different pairs (V, W) of absolutely
simple Yetter—Drinfeld modules over non-abelian epimorphic images of I'3. We first de-
termine when (ad V)™ (W) and (ad W)™ (V) are absolutely simple or zero, and then we
compute the Cartan matrix of (V, W). Then we prove that these pairs are essentially the
only pairs which we need to consider, and the reflections of these pairs are computed.
With this information we compute the finite root systems of rank two associated with
Nichols algebras over non-abelian epimorphic images of I'3. This information allows us
to determine the structure of such Nichols algebras.

The main result of our paper is expected to lead to powerful applications. We intend
to attack the classification of finite-dimensional Nichols algebras of finite direct sums of
absolutely simple Yetter—Drinfeld modules over groups. For this project it is very useful
that the reflections of the absolutely simple pairs are already calculated. On the other
hand, we are confident that our classification will be useful to study Nichols algebras
over simple Yetter—Drinfeld modules, as was done for example in [3, 4].

We do not know the defining relations of the Nichols algebras appearing in our classi-
fication. In the spirit of [1, Question 5.9], one then has the following problem: Give a nice
presentation by generators and relations of the Nichols algebras appearing in Table 1. To
attack this, the ideas of [9, 10] could be useful.

The paper is organized as follows. In Section 1 we list all the finite-dimensional
Nichols algebras appearing in our classification. In Section 2 we state the main result
of the paper, Theorem 2.1. This theorem classifies Nichols algebras of group type over
the sum of two absolutely simple Yetter—Drinfeld modules. Sections 3-8 are devoted to
the structure and the root systems of finite-dimensional Nichols algebras over non-abelian
epimorphic images of I'3. Finally, in Section 9, we prove our main result, Theorem 2.1.

1. The examples

Before stating our main result, we collect all the examples of Nichols algebras with finite
root systems obtained over non-abelian epimorphic images of I'2, I'3, I'4 and T'. These
are the examples which appear in our classification in Theorem 2.1.

Recall from [22] that I, for n > 2 is the group given by generators a, b, v and
relations

ba =vab, va=av~', vb=by, V'=1,
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and T is the group given by generators ¢, x1, x2 and relations

3
Cx1=x18 Cxa= X8, XIX2X1 = XeXiX2, XD = X3

Remark 1.1. The groups I'2, I'3, ['4 and T are isomorphic to the enveloping groups
of the quandles Zg’z, Zg’], Z;”z, Zi”z and Z‘;’] (see [26, §2] and [25] for an alternative
description of these quandles). An epimorphic image G of any of these enveloping groups
G is non-abelian if and only if the restriction of the epimorphism Gx — G to the

quandle X is injective.

By [22], I'3 is isomorphic to the group given by generators v, ¢, y and relations

yv:vzy, Ly =y¢, v =g, v =1.

1.1. Epimorphic images of T'»

In [22, §4], Nichols algebras over non-abelian epimorphic images of I'; were studied. Let
G be a non-abelian group. Let g, h, € € G, and assume that there is a group epimorphism

'h—-G, ar—g, b—h, vi>e.

Example 1.2. Let V, W € gyD. Assume that V >~ M(g, p), where p is a character
of G¢ = (e, g, hz), and W >~ M(h, o), where o is a character of G = (€, h, gz). Let
v € Vg with v # 0. Then {v, hv} is a basis of V and the degrees of these basis vectors are
g and eg, respectively. Similarly, let w € W), with w % 0. Then {w, gw} is a basis of W
and the degrees of these vectors are & and €h, respectively. The action of G on V and W
is given by the following tables:

V| w hv Wl w gw

€ | pe) p(e)hv € o(e)w o(e)gw

h hv p(hz)v h | o(hw o(e)o(h)gw
g | p(®v  pEp(@hy g | gw o(ghHw

Assume that

pleh®)o(eg®) =1, p(g) =o(h) =—1.
Then, by [22, Thm.4.6], dim*B(V @& W) = 64 and the Hilbert series of the Nichols
algebra B(V & W) is

M, 1) = (L+ 1> (1 + 1) (1 + )%,
A special case of this example appeared first in [29, Example 6.5].

Example 1.3. Let V, W ¢ gyD. Assume that V >~ M (g, p), where p is a character of
G = (e, g, hz), and W >~ M(h, o), where o is a character of G = (€, h, gz). Assume
also that char K = 3 and that

peh®)o(eg®) =1, p(e) =1, o) =—L. (1.1)

Then, by [22, Thm.4.7], dimB(V & W) = 1296 and the Hilbert series of the Nichols
algebra ‘B(V @& W) is

H(t, ) = 1+ 11 + )21+ )21 + tita + 173)2(1 + 1702)°.
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Remark 1.4. The braiding of the Yetter—Drinfeld modules of Examples 1.2 and 1.3 can
be obtained from the following table:

| v hv w gw

g | p@v  pleghv  guw o(g¥w
€g | plegyv  p(@hv  o(e)gw o(eghw
h hv oWy  o(w  o(ehgw
eh | p(e)hv p(ehz)v oleh)w oh)gw

1.2. Epimorphic images of T4

Finite-dimensional Nichols algebras over non-abelian epimorphic images of I'y were
computed in [25, §5]. Let G be a non-abelian group and let g, 4, ¢ € G. Assume that
there is a group epimorphism

'y —>G, ar— g, b—h, vi> ¢,
such that €2 # 1.

Example 1.5. Let V, W € g)}D. Assume that V >~ M(h, p), where p is a character
of the centralizer G" = (e,h,gz) with p(h) = —1. Let v € V, with v # 0. Then
the elements v, gv form a basis of V, and the degrees of these basis vectors are 4 and

ghg~! = e~ !h, respectively. The action of G on V is given by the following table:
V| v gu
e | plev  ple)Tgv
h| —v  —p@ 'gv
g | sv p(gHv

Assume that W >~ M(g, o), where o is a character of G§ = <€2, e 1h?, g) with
o(g) = —1.Letw € W, with w # 0. The elements w, hw, ew, ehw form a basis of W.
The degrees of these basis vectors are g, €g, €2g and € g, respectively. The action of G
on W is given by the following table:

Wl w hw ew chw

€ €w ehw G(ez)w a(ez)hw

h hw a(e_lhz)ew chw a(éh2)w
—w —a(éz)ehw —0(62)ew —0(62)hw

Assume further that
p(e) = p(gHa(e'h?), ple)* =—1.
Then, by [25, Thm. 5.4],

H(t, 1) = 1+ ) (1 + )0 4+ n0)* (A + 243)2q(n)q 1),
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where

) = (1+0%(1+1?) ifcharK # 2,
TO=V0 4102 if char K = 2.

In particular,

82647 = 262144 if charK # 2,

dimB(V e W)=
mBV e W) :42642=65536 if charK = 2.

Remark 1.6. The braiding of the Yetter—Drinfeld module of Example 1.5 can be ob-
tained from the following table:

v gv w hw ew ehw
h —v —p@©)~lgv hw o€ 1h?)ew ehw o (eh)w
3h —p(e)3v —gv 0(62)ehw G(e_lhz)w hw a(e_lhz)ew
g gu p(gHv —w —o()ehw —o(€)ew  —o(ED)hw
€g p(e3)gv p(egz)v —ew —hw —w —J(ez)ehw
62g p(ez)gv p(ezgz)v —0’(62)11) —ehw —ew —hw
e3g pe)gv p(e3g2)v —cf(ez)ew —a(ez)hw —a(ez)w —ehw

1.3. Epimorphic images of T

Nichols algebras over non-abelian epimorphic images of the group T were studied in [25,
§2]. Let G be a non-abelian group, and let x1, x2, z € G. Assume that there is a group
epimorphism

T — G, ¢+—2z, x1— X1, X2 x2.

Clearly, z is a central element of G. Moreover, the elements
. -1 . -1
X1, X2, X3 = X2X1X, , X4 = X|X2X,
form a conjugacy class of G.

Example 1.7. Let V, W € gyD Assume that V >~ M(z, p), where p is a character
of the centralizer G* = G, and W = M (x;,0), where o is a character of G* =
(x1,x2x3,2) with o(x1) = —1 and o(xox3) = 1. Let v € V; \ {0}. Then {v} is basis
of V. The action of G on V is given by

zv = p(2)v, xjv=p(xpv foralli €{l,?2,3,4}.
Let wy € Wy, be such that w; # 0. Then the vectors
Wi, W2 = —X4W[, W3 I= —XoW(, W4 = —X3W)

form a basis of W. The degrees of these vectors are x1, x2, x3 and x4, respectively. The
action of G on W is given by the following table:
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w ‘ wq wy w3 wy
X1 —wy —wy —wy —w3
X7 —w3 —wy —wy —w)
X3 —wy —w —w3 —wy
x4 | —ws —w3 —wy —wy

z | o@wy o@wy o@w3z o(@)wy
Assume further that
(P10 () = p(xNo @) +1=0, pxi1)oz) =1.

Then, by [25, Thm. 2.8], *B(V @ W) is finite-dimensional. If char K # 2, then

H(t1, 1) = (6)1(6),,3(6)22 ), )1 (0, )11, B 0112 (2] 2(3),,2(6) 2
and dim B(V @ W) = 63 723 = 80621568, and if char K = 2, then

M1, 12) = (31, 3),,33) 23 DL, BN, 7, B, (2)3”22 (3)3”22

and dimB(V @ W) = 3336% = 1259712.

Remark 1.8. The structure of the Yetter—Drinfeld module of Example 1.7 can be read
off from the following table:

| W wy wy w3 wy
z p(Dv  oc@w; oc@wy oc@ws o(Z)wy
x| pepv —wy —wy —wy —w3
x| pxpv —w3 —wy —wy —w]
x3 | pxpv —wy —wj —w3 —wy
x4 | pxpv —wp —w3 —wy —wy

1.4. Epimorphic images of '3

The results of this section will be proved in Section 8. Let G be a non-abelian group. Let
g, €,z € G, and assume that there is a group epimorphism

s — G, Y=g, V> €, L Z.

Example 1.9. Let V € g)}D. Assume that V. >~ M(g, p), where p is a character of
G® = (g, z). Letv € V, with v # 0. The elements v, ev and €2y form a basis of V. The
degrees of these vectors are g, ge and ge?, respectively.

Similarly, let W € gyD be such that W >~ M(ez, o), where o is a character of the
centralizer G¢ = (¢, z, g%). Let w € W,, with w # 0. Then w, gw is a basis of W. The
degrees of these basis vectors are €z and €z, respectively. The actions of G on V and W
are given in the following tables:

1% ‘ v €v €2y Wl w gw
€ €v v v € | o(e)w a(e)zgw
2 | pv  p@ev  p)e*v z | o@w o()gw

g | p@v p@e*  p(gev g | sw  o@w
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If p(g) = o(€z) = —1, p(2)?0(eg?) = 1,and 1 + o (¢) + o (€)? = 0, then

10368 ifcharK ¢ {2, 3},
dim*B(V @ W) = {5184 ifcharK =2,
1152  ifcharK = 3,

and
H(11, 12) = i, (), @1, Bty (), D7, By

where p = charK, hy = 3, h3 = 2,and h, = 6 forall p ¢ {2, 3}, and h/3 =2, h; =6
for all p # 3, by Theorem 8.1.
If p(g) = o(€z) = —1, p(2)*0(eg?) = o(€) = 1, and char K # 3, then

Hi, 1) = Q)L i, By D, 7 B

and dim*B(V & W) = 2304, by Theorem 8.3.
If charK = 2, p(g) = 1, B)oe) = 0, 0(z) = o (€), and p(z)?0(eg?) = 1, then
dimB(V @ W) = 2239488 and

H(tr, ) = 3L Q)] 23,3522 Bty D 611, (0) 2,2 (2,2, (D7, By
by Theorem 8.7.

Example 1.10. Let V € g)iD. Assume that V >~ M(g, p), where p is a character of
G¢ = (g,z). Letv € V, with v # 0. The elements v, ev and €2v form a basis of V. The
degrees of these vectors are g, ge and ge?, respectively.
Let W € gyD with W ~ M(z, o), where o is a character of G. Let w € W, with
w # 0. Then w is a basis of W. The action of G on V can be obtained from Example 1.9.
Let p =charK. If p(g) = —1, 3)_p(z)0(e) = 0, and p(z)o(gz) = 1, then

10368 if charK ¢ {2, 3},
dimB(Ve W)= {5184 ifcharK = 2,
1152 ifcharK = 3,

and
H(11,12) = (), 71, B @2, () 2, ()7 B,

by Theorem 8.2, where 4, and h;, are as in Example 1.9.
If charK = 2,0(z) = 1, B) o) = 0, and (0(g) — )(p(gz)a(g) — 1) = 0, then
dimB(V & W) = 2239488, and

H(t1, 12) = DB Wiy ©112(6) 2,2 2),83 D752 322 B, 07 By

or
H(t1, 1) = Q) Q)11 B 3, D, 33, D1, By )1y (6),6) 2,

by Theorems 8.6 and 8.8.
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Example 1.11. Let V € gyD. Assume that V. >~ M(g, p), where p is a character of
G¢ = (g,z). Let v € V, with v # 0. The elements v, ev and €%y form a basis of V.
The degrees of these vectors are g, ge and ge?, respectively. The action of G on V can be
obtained from Example 1.9.

Let W € gyD be such that W >~ M(z, o), where o is an absolutely irreducible
representation of G of degree > 2. Then charK # 3,dego =2,0(1 +€ + €?) =0, and
the isomorphism class of W is uniquely determined by the constants o (g?) and o (z) (see
Lemma 3.2).

Assume that p(g) = 0(z) = —1 and p(z*)o(g?) = 1. Then

H(t, ) = 205,27, P, (2)312,2 )7 )y,
and dim*B(V & W) = 2304, by Theorem 8.4.

Remark 1.12. The braidings of the Yetter—Drinfeld modules of Examples 1.9, 1.10, and
1.11, respectively, can be obtained from the following tables:

v €V GZU w gw
g | p@v  pl@ev  p(gev gw o(ghHw
ge | p(@e®v  pleev  p(@v  o(@gw  o(e2gHw

ge? | p@ev  pl@v  p(ev o(@’gw  o(eg?)w
€z p(2)€ev p(z)ezv p(2)v o(ezx)w o(ezz)gw
ez | p@e?v  p@v  p@ev o @Dw  oler)gw

‘ v €V 621) w

g | pl@v  p@e?v  pleev  o(gw
ge | p@e®v  p(glev p(gv o(ge)w
g2 | pl@ev  p@v  p@ev  o(gedw

2 | pv p@ev  p)EV  o@w

‘ v €V 621) w gw

8 p(@v  p(®)e’v  p(g)ev gw o(g®)w
ge | p@ev  p(gev p(gHv agw  Ao(gPw
ge? | p@ev  pv  p@ev  Algw  Ac(ghHw

z p(2)v pev  pev c@w  o@)gw

2. The Classification Theorem

Now we state the main theorem of the paper. It provides the classification of a class of
finite-dimensional Nichols algebras of group type. We have listed important data of these
Nichols algebras in Table 1.

Theorem 2.1. Let G be a non-abelian group and let V and W be finite-dimensional
absolutely simple Yetter—Drinfeld modules over G. Assume that cw yvcy,w # idygw and
that the support of V@& W generates the group G. Then the following are equivalent:
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(1) The Nichols algebra B(V & W) is finite-dimensional.

(2) The pair (V, W) admits all reflections and the Weyl groupoid of (V, W) is finite.

(3) Up to permutation of its entries, the pair (V, W) is one of the pairs of Examples 1.2,
1.3, 1.5, 1.7, 1.9, 1.10, and 1.11 of Section 1.

In this case, the rank and the dimension of *B(V @& W) appear in Table 1.

Theorem 2.1 will be proved in Section 9.

3. Preliminaries

Let us first state some useful results from [23, 22]. Recall that S, € End(V®"), where
n € N, denotes the quantum symmetrizer.

Lemma 3.1 ([22, Thm. 1.1]). Let V and W be Yetter—Drinfeld modules over a Hopf
algebra H with bijective antipode. Let ¢y = 0, X(‘)/ W =W, and

@m = id — cyem-ngw.y Cy.yem-new + (id ® gm_1)c12 € End(V®" @ W),
XV = om(V® X)) SVE" QW

forallm > 1. Then (ad V)" (W) ~ X"V for all n € Ny.

Now we collect information on I'3 we will need. By [22, §3], the center of '3 is Z(I'3) =
(¢, ¥?), and the conjugacy classes of I'; are

8¢ =18}, (8% =517}, (O ={Iys|0<j <2} (3.1)

where § runs over all elements of Z(I'3). In this section, let G be a group. Assume that
there exist g, €,z € G, € # 1, such that there is a group epimorphism I'3 — G with
y > g, v > € and ¢ — z. Note that the condition € # 1 just means that G is non-
abelian.

Lemma 3.2. Assume that K is algebraically closed. Let V be a simple KG-module and
let p : KG — End(V) be the corresponding representation of KG. Then dimV < 2.
Moreover, if dimV = 2 then charK # 3, p(1 + € + 62) = 0, and the isomorphism class
of V is uniquely determined by the scalars p(g*) and p(z).

Proof. Let v € V be an eigenvector of p(€). Hence V = Kv + Kgv, and sodim V < 2.

Assume that dim V = 2. Then gv ¢ Kuv. If ev = 1, then egv = ge?v = gv. Then
p(€) = idy, and Kw for an eigenvector w of p(g) is a KG-invariant subspace of V. This
contradicts the simplicity of V. Since €3 = 1 and 1 + € + € € Z(KG), we conclude that
p(1 + €+ €%) = 0 and char K # 3. Thus v, gv is a basis of V consisting of eigenvectors
of p(e€).

Let now W be a simple KG-module with dim W = 2, and let w € W\ {0} and A € K
be such that ev = Av, ew = Aw. Assume that g?w = p(g>)w and zw = p(z)w. Then
themap f : V — W, v — w, gv — gw, is an isomorphism of KG-modules. This
proves the lemma. O
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4. Reflections of the first pair

Let G be a non-abelian group, and let g, €, z € G. Assume that there is an epimorphism
' > Gwithy > g, vi> €, > z.LetV € gyD be such that V. >~ M(g, p), where
p is an absolutely irreducible representation of the centralizer G8 = (z, g). Since this
centralizer is abelian, deg p = 1. Let v € V with v # 0. The elements v, €v, €2y form a
basis of V. The degrees of these basis vectors are g, ge and ge2, respectively.

Remark 4.1. The action of G on V is given by the following table:

Mg, p) | v €v €2y
€ €V 621) v
z p@v  p@ev  pR)e’v
g PV p(®)e*v  p(gev

Let W € gyD be such that W >~ M (ez, o), where o is an absolutely irreducible repre-
sentation of G* = G€ = (e, z, gz). Since G¢ is abelian, dego = 1. Let w € W, with

w # 0. Then w, gw is a basis of W. The degrees of these basis vectors are €z and €2z,

respectively.

Remark 4.2. The action of G on W is given by the following table:
Wl w gw

€ | o(e)w a(e)2gw

z | o(@Qw o(@)gw

g | gw  o@Hw
In order to calculate R{(V, W), we first compute the modules (ad V)" (W) for n € N. For
n € N we write X,, = X,Y’W and ¢, = go,‘l/’w.

Lemma 4.3. The Yetter—Drinfeld module X ]V Wois absolutely simple if and only if
p(2)*0(eg?) = 1. In this case, XIV’W ~ M(gz, o1), where o| is the character of

G8* = (g, z) with
01(g) = —p(gz Ho(e), 01(2) = p(2)o (2).

Let w' = ¢1(€*v @ w). Then w' € (V® W), is non-zero. Moreover, w', ew’, and
e2w' form a basis of XY’W. The degrees of these basis vectors are gz, gez, and ge’z,
respectively.

Proof. By [22, Lemma 1.7], XY’W ~ KGgol(ezv ® w). Using the actions of G on V and
W we obtain

w' = (id — ey yey.w)(Ev Q@ w) = €2v @ w — p(z)o()’ev @ gw, 4.1)
and hence w’ € (V ® W)g; is non-zero. We compute
gw' = ge*v ® gw — o (€)*p(2)gev ® gw
= p(g)ev ® gw — 0 ()2 p(g2)0 (g2)e*v @ w.
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Since V and W are absolutely simple and G8* = (g)Z(G), the Yetter—Drinfeld module
X 1V Wis absolutely simple if and only if gw’ € Kw'. By the above calculations, this is
equivalent to p(2)%0(€g?) = 1, and in this case gw’ = —p(gz~ o (e€)w’. The remaining
claims are clear. O
Now we compute X;’W. Since (g, gz) and (ge?, gz) represent the two orbits of g x
(g2)% under the diagonal action of G, we conclude that

Xy = (v e X{") = KG{p(v @ w), g2 (*v @ w)). (4.2)
For the computation of ¢, (v ® w’) and ¢; (v ® w’) we need the following.

Lemma 4.4. Assume that p(z)?o (eg?) = 1. Let w' = ¢1(¢*v @ w). Then

Pp1(v@w) =o(e) lew, (4.3)
010 ® gw) = —p(2) ' w, (4.4)
P1(e* V@ gw) = —p(2) lo(e)lew. 4.5)

Proof. We first prove (4.3). Since
w =1V ®w) = 291 (v @ ew) = €20 (€)g1 (VB W),

equality (4.3) holds. Now apply g to (4.3) and use Lemma 4.3 to obtain (4.4). Finally, to
obtain (4.5) apply € to (4.4). O

Lemma 4.5. Assume that p(z)%o (eg?) = 1. Then

pEv@w) = (1+ p@)(Ev@w + p(g)a(e)v ® ew'), (4.6)
e w) = (+p(@%(E@)vew +p(goEe)i e ® cw’
+ p(g)o(6)%*v @ 2w’ 4.7

In particular, ¢2(e*>v @ w') = 0 if and only if p(g) = —1. Let w’ = ¢2(v ® w'). Then
w'e(VVe W) 2, is non-zero.

Proof. Recall that ¢y = id — CX:/’W, vxVw + (id ® ¢1)c1,2. Thus Lemma 4.3 and (4.1)

v
imply that

mEV@ W) =v@uw + p(g)o(e)v ® ew’
+0()€’v ® p1(7v @ w) — p(g2)a(€)°v ® p1 (v ® gw).
Hence (4.6) follows from Lemma 4.4. Similarly, we compute
P20 @ w') = (1 + p(g)’0 ()v @ w'
+p(2)ev ® 91 (v @ w) — p(2)0 (€)°¢*v ® p1 (v ® gw),

and then use Lemma 4.4 to obtain (4.7). From this the lemma follows. ]
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Lemma 4.6. Assume that p(z)*o (eg?) = 1. Let wi = @2(v ® w)). Then X;/’W is abso-
lutely simple if and only if p(g) = —1. In this case one of the following holds:

(1) If o(e)>*+0(€)+1 =0, then X;/’W = Kuw{ ~ M(g?z, 02), where o is the character
of G given by

0(g) =—p@) o), o) =1, 0l =p@) Q).

2) If o(e) = 1 and charK # 3, then X;/’W ~ M(g?z, 0»), where o> is the two-
dimensional absolutely irreducible representation of G with basis {w", ew"} and

gw// — —p(z)_lw”, ezw// = —w' — ew”, Zw// — ,O(Z)Z(T(Z)w//.
Proof. Since z € Z(G), we conclude that zw” = p(z)20 (z)w”. Further,
gw’ = ¢a(gv® gw') = —p(g°z Ha(w”

by Lemma 4.3. Since g2z and eg?z are not conjugate in G, (4.2) and Lemma 4.5 imply
that X;/’W is absolutely simple if and only if p(g) = —1 and KGw” is absolutely simple.

Assume that p(g) = —1. Since € = 1 in G, we know that o(¢)> = 1. Hence
o(€)>+0(e)+1=0o0ro(e) = 1. Using (4.7) and Lemma 4.3 one directly computes
(l-—ow' =l+a@E)+0E@)HVRW —ev®ew), (4.8)
and similarly
A4+e+Hw =1 -0 A +e+HVRW). 4.9)

Suppose first that o (€)> 4+ o (¢) + 1 = 0. Then (4.8) becomes (1 — €)w” = 0, and
hence the claim follows.

Suppose now that o (¢) = 1 and char K # 3. Then {w”, ew”} is linearly independent
and (1 4 € + €2)w” = 0 by (4.9). Hence the lemma follows. O

Lemma 4.7. Assume that p(z)>0 (eg?) = 1 and p(g) = —1. Then X3"" =0.

Proof. Lemma 4.6 implies that X ;/ W= KGe3(ev ® X;/ ’W). Now observe that
e2g(ev @ w”) € Kev ® €?w”, and hence it is enough to prove that g3(ev @ w”) = 0.

Since p(g) = —1, (4.6) implies that 95 (v @w’) = 0. Apply to this equality g and €2
and use Lemma 4.3 to conclude that ¢»(ev ® w’) = 0 and ¢2(ev ® €2w’) = 0. A direct
calculation using Lemmas 4.5 and 4.6 then shows that

p3ev@uw) =ev@w’ +o(e)ev @ e?w” + (1 +0(€))gev ® pa(ev @ w')
—0(6)’ge?v @ pr(ev @ ew') — 0 (€)?gv ® Pa(ev ® €2w')

=ev® W +o(e)e*w” + o) ew”).

By Lemma 4.6, if o(€)? + o(¢) + 1 = 0 then ew” = w”, and otherwise o (¢) = 1 and
(14 €+ €>)w” = 0. Hence p3(cv @ w”) = 0. 0
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Now we compute the modules (ad W)" (V) forn € N. Forn € N let ¢, = (p,XV’V. Let
Xlw’v = (W®V).By[22,Lemma 1.7], X}}V’V = KGo (w®ev). Let v] = @1 (w®e€v).
A direct calculation yields

V] =w ® ev — p(2)o(e))gw @ €. (4.10)
Hence v/1 € (W ® V), is non-zero.

Lemma 4.8. Assume that p(z)za(egz) = 1. Then XYV’V is an absolutely simple Yetter—

Drinfeld module, and XYV’V ~ M(gz, p1), where p| = o1. Moreover, v}, €v}, ezvi isa

basis of X 1W V. and the degrees of these basis vectors are gz, gez, g€z, respectively.

Proof. Since X 1V W~ x 1W Y via cy,w, the claim follows from Lemma 4.3. ]

Lemma 4.9. Assume that p(z)?c(eg®) = 1 and p(g) = —1. Then X;V’V = 0 ifand
only if 6 (€z) = —1. Moreover, XXV’V is absolutely simple if and only if o (€z) # —1 and
o (€z%) = 1. In this case X;V’V ~ M(gz2, p2), where ps is the character of G8 given by

p(8) =—p(@D 70, @) =p@a()
Proof. First we apply € and € to v] = ¢1(w ® €v) to obtain
P1(w ® €2v) = o (e)’ev], @1(w ®v) = g (e)e’v]. (4.11)

Since G acts transitively on (€z)¢ x (gz)¢ via the diagonal action, we deduce from [22,
Lemma 1.7] that XgV’V =KGpr(w ® evi). We compute

o (w ® ev)) = w ® v — p(2)o (€22 gw ® €]
+ o (D)W ® 1(w ® €7v) — p(2)a (2)gw ® Y1 (W ® V).
Equalities (4.11) imply that
pr(w ® ev)) = (1 +0(€2)(w R eV — p()o(€z)gw ® ezv;). (4.12)
Hence ¢ (w ® evi) = O if and only if o (ez) = —1. Let
v = w ® ev| — p(2)o(ez)gw @ €°v].
Then v{ € (W ® XYV’V)gzz is non-zero. Since p(z)%0 (eg?) = 1,
" __ 2./ _ 2 /
gv; = gw ® €°gv; — p(2)o(€2)o(g) w ® €8V
= gw ® p1(Q)e’v] — p(2) T ()P1(Qw ® €y
=—p1 (g),O(Z)_IU(Z)(w ® ev] — p(2)o () lgw ® ezvi).

Thus X ;V V' is absolutely simple if and only if o (€z) # 1 and gv{ € Kv{. This is equiva-
lentto o (ez) # 1 and o(ez?) = 1. Finally, the equality zv’1 = ,o(z)cr(z)zv’1 follows from
Vi e W®WQ®Vandze Z(G). O
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Lemma 4.10. Assume that p(z)?c(eg®) =1, p(g) = —1,0(e2) # —1, and o (ez%) = 1.
Define inductively yo = v and

Yo =w R €yu_1 — P (" Hgw ® €y
foralln > 1. Then y, € (W®" ® V)gn and

orw@ey—1) =1 +a@ - +a@™ Ny, (4.13)
foralln > 1.

Proof. We proceed by induction on n. For n = 1 the claim holds by (4.10) and since
o(€)? =o(e)~! = 0(z?). It is also clear that y, € (W®" ® V)gen foralln > 0.
Assume that (4.13) holds for some n > 1. Apply € and €2 to (4.13) to obtain

oW @€y =0+0@) "+ +0@ " o(e) ey, (4.14)
oW yu—1) = (1 + 0@+ -+ 0@ o (e)e?y,. (4.15)

Since a(ezz) =1,

Prt1 (W @ €yy) = w ® €y, — p(2)0(2)* 0 (€)*gw @ €2y,
+ 0 (€)W ® gy (w @ €2yp—1) — p(2)o (2" Ho(€2)gw ® P (W @ yu—1).

Using (4.14) and (4.15) and o (ez%) = 1 one obtains

onrtw®ey) =1 +0@ 7"+ + 0@ " )ynt1,
as desired. O

Lemma 4.11. Assume that p(z)?c(eg®) = 1, p(g) = —1, 0(e2) # —1, and o (ez%) = 1.
Then X,‘,}V’V ~ M(g7", pn) forall n > 1, where py is the character of G8 given by

on(g) = (=1 p(2) "o ()T p(2) = p(2)o(2)".

Moreover, X,'"Y =0 if and only if (”)ir(z) =0.

Proof. Foralln > 0 let y, be as in Lemma 4.10. Then zy, = 0(2)o(2)" y,, since y, €
W®" ® V and z € Z(G). To prove that gy, = p,(g)y, for all n > 1 we proceed by
induction. For n = 1 this holds by Lemmas 4.8 and 4.3. Suppose now that gy, = 0,(g)y»
for some n > 1. Then

Vi1 = W ® €2gy, — p(2)a (2" (P w ® egyn
= pu(8)(gw ® €2y, — p(D)o ("o (gPHw @ €yy).

Since a(ezz) = 1 and p(z)zo(egz) = 1, we conlude that the expression for p,1(g)
given in the claim can be written as

Pn+1(8) = —pu(9)p(2) Lo (22"72).

This implies the claim.
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To complete the proof of the lemma we observe that
X" = KGon(w ® eyn).

and hence equality (4.13) of Lemma 4.10 implies that X ,ZV V' —0if and only if (k) ;) =0
for some k < n, which is equivalent to (n); @ = 0. O

We collect all the results of this section in the following proposition. We write ai(‘]/.’w) for
the entries of the Cartan matrix of the pair (V, W).

Proposition 4.12. Let V, W € gyD be such that V.~ M(g, p), where p is a character
of G8, and W >~ M(ez, o), where o is a character of G*. Then:

(1) (ad V)™(W) and (ad W)™ (V) are absolutely simple or zero for all m € Ny if and
only if

p(2)’o(eg?) =1, p(g) =—1, (o(ez)+ D(o(ez?) — 1) =0.

In particular, these equalities imply that o (z)® = 1.
(2) Assume that the equalities for p and o in (1) hold. Then the Cartan matrix of (V, W)
satisfies af’vz’w) = —2and X;’W ~ M(gzz, 02), where
@ if 1 +o(e) + o(€)? = 0, then oy is the character of G given by oz(¢) = 1,
02(8) = —p(2) Lo (€), 02(2) = p(2)?0 (), and
(b) if o(€) = 1 and charK # 3, then oy is a two-dimensional absolutely irreducible
representation of G with 02(g%) = p(z) 2 and 02(z) = p(2)20 (2).

Moreover,
-1 if o(ez) = —1,
VW) _ -2 if 0(z) =o0(e) and (3)s() =0,
21 ~5  ifo(z) +0(€) = B)o(e) = 0and charK # 2,3,

l—p ifcharK=p=>5ando(e) =0o(z) =1,

and otherwise (ad W)™ (V) # 0 for allm € Ny. In these cases X,Y,V’V ~ M(gz™, pm)
form = —ag/l’w), where py, is the character of G8 with p1(z) = p(2)o(2), p1(g) =

p(z)"'o(e), and
om(2) = p(RDo @™, pn(g) = (=) p(z) o (z)CmTHIm/2
forallm > 2.

Proof. (1) follows from Lemmas 4.3—4.9 and 4.11. Further, Lemmas 4.6 and 4.7
. . . (V,W) . : V.W)

yield the claim concerning a; ;" . Now we prove the claim concerning a, " . Since

(o(ez) + 1)(o(ez%) — 1) = 0 and o (¢)> = 1, we need to consider the following cases:

e o(ez) =—lando(e)’ =1,

eo(e)=c(z)ando(e)®>+0o(c)+1=0,
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e 0(e) =0(z) =1landcharK = p > 5,
e 0(€) =0(z) =1andcharK =0,
e 0(e) = —0(2), 0’(6)2 4+0(e) + 1 =0and charK # 2, 3.

Using the equivalence between (ad W)™ (V) = 0 and (m)(!7 @ = 0 of Lemma 4.11, one

easily completes the proof of (2). O

Corollary 4.13. Let V, W € SYD with V ~ M(g, p) and W ~ M(ez, o), where p is a
character of G8 and o is a character of G€. Assume that
p(@ =0 =—1, p@’oEg) =1, (e =0
Letg' = g7, € = ¢, 7/ = g%z let p' be the representation of G8 dual to p, and let o’
be the character of G given by o’ (g) = —p(2)"'o(e), o/(€) = 1, 0'(2) = p(2)*0(2).
(V,W)
Thena, ," = —2and
Ri(V, W) = (V*, X;"")

with V* =~ M(g', p"), Xy ~ M(z, o"), and

PE)=—1, o) E@e)=1, 1-pE)'(g)+0 ) o') =0.

Proof. Using Proposition 4.12 one finds that aEVZ,W) = —2, and hence the description of

R (V, W) follows. It is clear that p'(g’) = p(g) = —1. A direct calculation yields

p'(Z)o'(Zg) = —o(e) = 1,

1-0'@)o'(g) + 0/ () (g) =1+a(e)  +a(e)? =0. O
Corollary 4.14. Let V, W € g))D withV >~ M(g, p) and W >~ M (ez, o), where p is a
character of G8 and o is a character of G€. Assume that

p(@ =0 =—1, p@’oEg) =1, (e =0
Let g = gz, €' = €', 2" = z71, let p" be the character of G$ given by p”(g) =
p(2)" o (€) and p"(z) = p(2)o(z), and let " be the representation of G dual to o.
Then aévl’ ") = 1 and
Ry(V, W) = (X{"V, W*)

with X{"V >~ M(g", p"), W* =~ M(€"7", 6", and

p//(g//) — O’//(e//z//) =1, p//(z//)z(f//(é//g//z) =1, (3)0”(6,/) —0.
Proof. The assumptions on p and ¢ and Proposition 4.12 yield ag/l’w) = —1, and hence
the description of R,(V, W) follows. Then we compute
O‘”(E”ZN) — O‘//(e—lzf]) =o(ez) = —1,
p"(g") = p"(82) = p"()p"(2) = —1,
140"y +0"(€") =1+ 0(e) + o(e)> = 0.
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As g and z commute, we obtain
o (€"8") = p" (@) 0" (€7 ) = p() oo (e) Po @)
Since o (€z) = —1, we obtain o (ez™*) = o (¢)~!. Hence we conclude that
""" (€"g") = (p() o (eg?) ™ = 1.
This completes the proof. O

Corollary 4.15. Let V, W € gyD withV >~ M(g, p) and W >~ M (ez, o), where p is a
character of G8 and o is a character of G€. Assume that char K # 3 and
p@=-1, pEoEgH=1, oE=1 ok =-L

Further, let g = g~ ', € = ¢, 7/ = g%z, let p’ be the irreducible representation of G

dual to p, and let o' be an absolutely irreducible representation of G with dego’ = 2,

0/(g2) = p(z)_z, and o' (z) = —,o(z)z. Then aif/z’w) = -2 and

Ri(V, W)= V¥, x,'")
. * AU / / V.W ~ !/ /
with V* >~ M(g', p"), X,"" =~ M(Z',0"), and

pg)=—1, o) EgH=1 @)=~

Proof. 1Tt is similar to the proof of Corollary 4.13. O

Corollary 4.16. Let V, W € gyD with V >~ M (g, p) and W >~ M(€ez, o), where p is a
character of G8 and o is a character of G€. Assume that charK # 3 and
p@=-1 p@g)=1 o@=1 o@=-L

Further, let " = gz, € = €1, 2" = z71, let p” be the character of G¢ given by

0" (2) = —p(z) and p"(g) = p(z)~", and let o" be the character of G€ dual to o. Then

aéVI’W) = —1and

Ry(V, W) = (x{"", w")
with X{"V >~ M(g", p"), W* =~ M(€"7", 6", and
p//(g//) — _1’ p//(z//)2a//(€//g//2) — 1’ (T//(E//) — 1’ G//(Z//) - 1.

Proof. It is similar to the proof of Corollary 4.14. O



1996 I. Heckenberger, L. Vendramin

5. Reflections of the second pair

In this section we have to deal with an irreducible representation of G of degree two.
Therefore we assume that K is algebraically closed. This will not be relevant for our
classification of Nichols algebras.

Let G be a non-abelian group, and let g, €,z € G. Assume that there is an epi-
morphism I's — G withy — g, v —> €,¢ — z.Let V,W € gyD be such that
V >~ M(g, p)and W >~ M(z, o), where p is a character of G¢ and ¢ is a two-dimensional
irreducible representation of G. Let A be an eigenvalue of o (¢€) and let w be a corre-
sponding eigenvector. Then, by Lemma 3.2, charK # 3 and 1 4+ A + A> = 0. Hence
egw = A""gw, A7! £ A, and {w, gw} is a basis of W, = W.

Remark 5.1. By the above discussion, we obtain the following table for the action of G
on W:

Wl w gw

€ Aw Azgw

z | o@w o(2)gw
gw  o(gPw

Now we compute the modules (ad V)" (W) for m € N. First we deduce that X lV’W =
o1(V® W) =KGo;(v® w) and

PV w) =vQ (w— p(x)gw). (5.1
Hence w = pi(v@w) € (V® W)y is non-zero.

Lemma 5.2. The Yetter—Drinfeld module X]V’W is simple if and only if p(z)*c (g%) = 1.
In this case, XIV’W ~ M(gz, 01), where oy is the character of G8 with

01(2) = p(2)o(2), 1(g) = —p(gz™").

A basis for X}/’W is given by {w’, ew’, €2w’}. The degrees of these basis vectors are gz,
gez, and ge®z, respectively.

Proof. Since le’W = KGw' and w’ € (V ® W), the module XIV’W is simple if and
only if gw’ = Kw’. Since

gw = gu® (gw — p(2)g*w) = p()v ® (—p()a (g)w + gw),

the latter is equivalent to gw’ = —p(gz)o (g>)w’, p(z)?0(g?) = 1. From this the claim
follows. o

Remark 5.3. The action of G on X }/ ‘W can be displayed in a table similar to the one in
Remark 4.1, where v has to be replaced by w’, and p by o7.
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Lemma 5.4. Assume that p(z)*c(g*) = 1. Then X;/’W # 0, and X;/’W is simple if and

only p(g) = —1. In this case, X;/’W ~ M(eg’z, 03), where o3 is the character of G€
given by

omE =1, 0@ =p%@G, o0E)=px>%

The set {w”, gw"} is a basis ofX;/’W. The degrees of these vectors are €g*z and €*g>z,
respectively.

Proof. Observe that X;’W is the direct sum KGgr(v @ w') ® KGga(e?v @ w') of two
Yetter—Drinfeld submodules. Applying g to (5.1) and using Lemma 5.2 we obtain

o1 (v ® gw) = —p(2)'w'. (5.2)
A direct computation shows that
pEew)=v®w + (e v
+ 0@V ®e1(v®w) — p(g2)v ® 91 (v gw).

Then g2 (v ® w') = (1 + p(g))*v ® w’. To compute 2 (e?v ® w’) we apply €2 to (5.1)
and (5.2) to obtain

P12V @ w) = re?w’,  @1(e?v ® gw) = —A%p(2) " 'e2w'.
Then one finds that
wEVQW) =ev@w + p(@)*v®ew + p(gev ® 1 (e?v @ w)
— P()p(R)ev @ 91(*v ® gw),
and hence
pEvw)=vew +p@EHr®cw — p(glev ® 2w (5.3)

Therefore w” = p(e2v @ w') € (VR V ® W)eg2, is non-zero. We conclude that
KGg(v @ w') = 0, that is, p(g) = —1. In this case one easily deduces from (5.3) that
ew” = w”. The equalities g?w” = p(z)~>w” and zw” = p(z)%0 (z)w” are clear since
g% z€Z(G)and o (g = p(2) 2. a

Lemma 5.5. Assume that p(z)?0(g%) = 1 and p(g) = —1. Then X;/’W =0.

Proof. Apply € and ge to w” = @2(e?v ® w’) and use Lemmas 5.4 and 5.2 to obtain
w’ = (v @ ew’) and gw” = —p(2) g2 (v ® €2w’), respectively. Now we calculate
W) =v®w — PRV O W’ — v ® (v O W)
— v @ @ew) — v ® ;v ® ezw’),

and hence ¢3(v ® w”) = 0. Since X;/’W = KGg3(v ® w”), the proof is complete. O

Now we compute the modules (ad W) (V) for n € N. For n € N we write ¢, = go,‘;‘/’v
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First note that
X"V =o1(W® V) =KGoi(w @ v).

Further,
V= o(w®v) = (w—pR)gw) Qv e (W V), 54

1S non-zero.

Lemma 5.6. Assume that p(z)za (gz) =1. Then XYV’V is simple and XYV Vi~ Mgz, p1),
where py is the character of G8* defined by

p1(g) = —p(gzh,  p1(2) = p(2)o(2).

The set {v}, €V}, ezvg} is a basis ofX}V’V. The degrees of these basis vectors are gz, g€z,
and ge®z, respectively.

Proof. This follows from Lemma 5.2. O

Lemma 5.7. Assume that p(z)*0(g%) = 1 and p(g) = —1. Then:

(1) X3V =0ifand only if o (z) = —1.

) X;V’V is simple if and only if 0(z) = 1 and 0(z) # —1. In this case, X;V’V =
M(gzz, 02), where py is the character of G8 with

p2(8) = —p()73 ;) = p).

Proof. Since X;V’V = @2(W®X1W’V) = KGp2(w®v)), we need to compute ¢ (wvy).
Using (5.4) we obtain

Iy — o ’ id ’
»w V) =w® ) CX]W‘V,WCW,X]W‘V(w ®vy) + {d ® ¢1)ci2(w ® vy)
=(1+0@)(wv —p)o(@)gw @ v)),
and hence (1) follows. Now assume that o' (z) # —1 and let v} := (w—p(2)0 (2)gw) V.
Then v} € (X ;’ v ¢z2 is non-zero. Further, using Lemma 5.6 we obtain
g = (gw — p()o ()g’w) ® gV} = p(2)~' (gw — (D)o (g°DIw) ® v}.

Observe that gv] = Kuv/ if and only if 0'(z*) = 1, and then gv] = —o(g?z)v{. Thus
X;V’V is simple if and only if 0(z) # —1 and o (z) = 1. In this case, since o (z) = 1, we
conclude that X;V’V ~ M(gzz, 02), where p3(z) = p(z) and pp(g) = —p(Z)_2. O

Now we define y, = (w — p(z)gw)®" ® v forall n > 0.

Lemma 5.8. Assume that p(z)’0(g>) = 1, p(g) = —1, 0(z) = 1, and 6(z) # —1.
Letn > 1. Then ¢,(w ® y,—1) = ny, and X,YV’V = n!KGy,. Moreover, if n! # 0 then
X,ZV’V ~ M(gz", pn), where py, is the character on G8 given by

on(g) = (="M@, pu(2) = p(2).
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Proof. 1tis clear that y, € (W®" ® V), for all n € N. Moreover,

gw —p@gw) = gw — p@) 'w = —p@ (w - p)gw),

and hence gy, = (—1)"T!p(z) ™"y, forall n € N. To prove the other claims we proceed
by induction on n. For n = 1 the claim holds by Lemma 5.6. So assume that the claim is
valid for some n > 1. Then

w,v
X0 =enriw @ X,"") = @ur1(w @ nlyn).

Since o (z) = 1, we obtain

Gntr1(W R yp) =W Yy — (D)W ® Yy + (W — p(2)gwW) ® Yp(w R yn—1).

Since ¢,(w ® y,—1) = ny, by induction hypothesis, the latter equality implies that
@ur1(W ® yu) = (n + 1)yys1. Therefore X', = (n + 1)!KGy,41. The remaining
claims are clear. O

In the remaining part of this section we do not use any assumption on the field K.

Proposition 5.9. Let V, W € gyD be such that V.~ M(g, p), where p is a character
of G8, and W >~ M(z, o), where o is an absolutely irreducible representation of G of
degree two. Then charK # 3 and:

(1) (ad V)™ (W) and (ad W)™ (V) are absolutely simple or zero for all m € Ny if and
only if

P =1, pl@=-1, o@*=1L.

(2) Assume that the conditions on p, o in (1) hold. Then the Cartan matrix of (V, W)
satisfies ai’VZ’W) = —2and X;/’W ~ M(eg?z, 02), where o is the character of G€
given by

o =1, 0@ =p@% @), o) =0
Moreover,
Jvw - e =-1,
21 1—p ifo(z)=1andcharK=p > 5,

and X,,VY’V ~ M(g7", pm), where m = —aévl’w) and py, is the character of G8 given
by

pn(@) = D" 0@, pu(2) = pR)o ().

Proof. Since W is absolutely simple and z € Z(G), the representation o is absolutely
irreducible. Hence charK # 3 and o(1 + € 4+ €2) =0 by Lemma 3.2.

Since (ad (L @k V)" (L ®@x W) ~ L ®k (ad V)" (W) for all m € N and all field
extensions L of K, for (1) we may assume that K is algebraically closed. Then (1) follows
from Lemmas 5.2 and 5.4-5.8. Further, under the conditions on p and o in (1) we find that

ag’w) = —2 by Lemmas 5.4 and 5.5, and the structure of X;/’W is given by Lemma 5.4.

Similarly, the value of aé‘l/’w) and the structure of X ,Z,V’ V" are obtained from Lemmas 5.7

and 5.8. O
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Corollary 5.10. Assume that charK # 3. Let V, W € gyD be such that V.~ M (g, p)
and W >~ M(z, o), where p is a character of G8, and o is an absolutely irreducible
representation of G of degree two. Assume that

p@ogH =1, p@=-1, o@=-1

Further, let g = g™\, €’ = €, 7 = g%z, let p' be the character of G = G& dual o p,

and let o’ be the character of G€ given by o' (¢€) = 1, 6/'(z) = —p(2)?, /(g% = o (g?).
v.w) _

Thena, y" ' = —2and

Ri(V, W)= (v* x,'")
with V* = M(g', p'), Xy'" ~ M(¢'Z, 0"), and

pEh=—-1, o' @H=-1, pE)idEegH =1 o)=L
Proof. By Proposition 5.9 we obtain ai?/z’ " — —2, and hence the description of R (V, W)
follows. Then

o'(Z) =0'(61)0' () = —o (gD)p()) = —1.
Similarly one proves the other formulas. O

Corollary 5.11. Assume that charK # 3. Let V, W € g:)iD be such that V.~ M (g, p)
and W =~ M(z, o), where p is a character of G8, and o is an absolutely irreducible
representation of G of degree two. Assume that

P =1, pl@=-1, o@=-L

1

Letg" =gz, €’ =€}, 2" =771, let p” be the character of G& given by p” (g) = p(z)~!

and p"(z) = —p(z), and let 6" be the degree two representation of G dual to o. Then
ag]l’w) = —1and

Ry(V. W) = (x"V, w")
with XIW’V ~M(g", p"), W~ M7, 0"), and

p//(Z//)ZU//(g//Z) =1, p//(g//) =1, U”(ZN) = 1.
Proof. 1t is similar to the proof of Corollary 5.10. O

6. Reflections of the third pair

Let V,W e gyD be such that V ~ M(g, p), where p is a character of G, and W ~
M(z, o), where o is a character of G. Let w €¢ W = W, with w # 0. Then {w} is a basis
of W. Since ge = ¢ ~'g and €3 = 1, we obtain

gw=oc(@w, ew=w, zw=o0c@Q)w.

We first compute the modules (ad V)" (W) for m € N.
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Lemma 6.1. The Yetter—Drinfeld module XIV’W is non-zero if and only if p(2)o(g) # 1.

In this case, XY’W is absolutely simple and XY’W >~ M(gz, 01), where o1 is the character
of G& given by

01(g) = p(g)o(g), 01(2) = p(2)o(2).

Let w' = v ® w. Then {w’, ew’, 2w’} is a basis of XIV’W. The degrees of these basis
vectors are gz, gez, and ge’z, respectively.

Again, the action of G on X Y’W can be displayed in a table similar to the one in Re-
mark 4.1, where v has to be replaced by w’ and p has to be replaced by o.

Proof of Lemma 6.1. Write XY’W =1 (VW) =KGg;(v® w) and compute
prv@w)=v@w —cw,vey,w(@w) = (1 —p(2)o(g)v R w.

Then w’ = v ® w € (V ® W), is non-zero and X,"" = 0 if and only if p(z)o (g) = 1.
Assume that p(z)o (g) # 1. Then

gw' =p(go(w’, zw' =p@o@@w.
Hence XIV’W = KGuw' >~ M(gz, 01), and the lemma follows. O

Lemma 6.2. Assume that p(z)o(g) # 1. Then X;/’W # 0. Moreover, X;/’W is absolutely
simple if and only if

p(&)=—1, B)proi@p =0 or pEao@ =1 B)-pg =0.
In both cases, X;/’W ~ M(egzz, 07), where o is the character of G€ with
02(6) = p(®)(1 = p(2)5(8)),  02(8") = p(gHo(gh),  2() = p(P)o(2).
Let w" = @2(e?v ® w'). Then a basis of X;/’W is given by {w”, gw”}. The degrees of
these basis vectors are €g>z and € g>z, respectively.

Proof. Write X;/‘W =KGp (v ®@ w') @ KGgy(e?v ® w'). Then we compute

P2 @w) = (id —cyvw yoy )@ w) + ([d® e 2(v @ v ® w)
=1+ p@)(1 —p(g2)o(@)vew,

and using ¢ (e2v @ w) = (1 — p(z)o(g))e’w’, we find that

w” =g (e?v@w)

= (id — CXI/,W)VCV,XIV,W)(GZU Q)+ (d ® ¢1)c12(e?v @ v @ w)

=vRuw — p(g?)o(gv®ew + p(g)(1 — p(2)o(g))ev ® 2w
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Hence w” € (V® X Y ’W)egZZ is non-zero. Therefore w” is absolutely simple if and only
if (1+p(g)( — p(gz)o(g)) =0and ew” = Kw”. Since

cw’ =v®ew — p(g?2)o(g)ev @ 2w + p(g)(1 — p(2)o(g)e’v @ W/,

in the case p(g) = —1 we have ew” = Kw” if and only if (3)_,(;)0(s) = 0, and then
ew” = (p(z)o(g) — Dw”. Similarly, if p(gz)o(g) = 1, then ew” = Kw” if and only if
(3)—p(g) = 0, and then ew” = p(g)(1 — p(z)o(g))w”. The rest is clear. O

Lemma 6.3. Assume that p(z)o(g) % 1 and X;/’W is absolutely simple. Then X;/’W #0
if and only if p(g) # —1. In this case, charK # 3, p(gz)o(g) = 1, 3)—p) = 0, the
Yetter—Drinfeld module X ;/ Wis absolutely simple, and X g W m (832, 03), where

03(8) =0 (8),  03(2) = p()’0 ().
Proof. Applying €g to w” = @3(e?v ® w’) we obtain
w2 ®ew) =o(9) " (1 - p(Do(9) g,

Further, g2 (€?v ® €2w’) = €29y (v @ w’) = 0. A direct calculation using these formulas
and the expression for w” yields

p3(v®@w") = (1 + p@) (v @ w” — p(g’) (1 - p(D)o(8)’ev ® gu”).
Thus X;"" = 0 if and only if p(g) = —1. Assume now that p(g) # —1. Since X)""
is absolutely simple, Lemma 6.2 implies that p(gz)o(g) = 1 and (3)_,(,) = 0. Then

char K # 3, since otherwise (1 4+ p(g))? = 0, contradicting p(g) # —1. Let w” =
(14 p(g) " 'p3(e>v ® w”). Then

w" = 621) ® w”—l—p(gzz)ev@gw”,

and hence w” € (V ® X;/’W)g_sZ is non-zero, XX’W = KGuw"”, gw” = o(g)w”, and
zw” = p(z)30 (z)w”. Therefore X;/’W ~ M(g3z, 03), where o3 is the character of G8
with 03(g) = o (g) and 03(z) = p(2)*0 (2). O

Lemma 6.4. Assume that charK#3, p(gz)o(g)=1, and (3)_,s) = 0. Then XX’W #0,
and XX’W is absolutely simple if and only if char K=2. In this case, XX’W ~M(g%z, 04),
where o4 is the character of G given by

0a(g) = p(8)o(8), oue) =1, ou(z)=p@) o),

and X;/’W =0.
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Proof. The assumptions imply that p(z)o(g) = p(g)~! # 1, and p(g) # —1 since
char K # 3. Therefore X,Y’ Wis absolutely simple for alln € {1, 2, 3} by Lemmas 6.1-6.3.
By looking at the support of V ® X;/’W we also know that XX’W =KGoi(evuw”) ®
KGos(v @ w”).

We first obtain

"

y=v@uw” —cxyvevx;wW@w”) 4+ p(gev ® p3(v @ w)
+ p(&3e* ® p3(v @ gw).

(v @ w

Now apply € and ge to
p3(v@w’) = (1+ p(g)Hw"” ©.1)

to obtain

P30 @w") = p()2(1 + p(g)ew”,
P30 ® gw") = p() (1 + p(g)o ()€’ w”,

respectively. Then

n "

eaw@uw) =1+ p@) Hw@w” +ev@ew” + v @ 2w, (6.2)

and hence p4(v @ w"”) € (V ® X;/’W)g4Z is non-zero.
Apply €g to (6.1) and use the fact that o5 (€) = p(g?). Thus

P32V @ gw”) = (14 p()p(g)o(g)ew” .

Now compute

(,04(621) ® w///) — 621) ® w/// _ p(gZ)v ® Ew///
+p(8)e?v @ p3(>v @ W) — p(2)v ® P3(*v ® guw’)
=1+ +p@NEVOW —v®ew”).

Thus XX’W is absolutely simple if and only if (3),(;) = O (in which case charK = 2)
and KGy4(v ® w”’) is absolutely simple. Let

n

w =0 69 11]/”

+ev@ew” + v @ e*w”.

Then p4(v ® w”) = (1 4+ p(g) " Hw” by (6.2), gw”” = p(g)o(g)w””, and hence
XX’W ~ M(g4z, 04), where oy is the character of G given by o4(¢) = 1, o4(g) =

p()a(9), and 04(2) = p(2)*0 (2).
Now we prove that X ;/ ‘W = 0. Observe that

XY = os(v @ X,"") = KGos(v @ w).
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By applying € and ge to ¢4(¢’v ® w”) = 0 we deduce that ¢4(v ® ew”) = 0 and
@4(v ® €2w”") = 0, respectively. A direct calculation yields

ps@w”) = (14 pE@)v@w” + p(gv @ ps(v @w") =0,
which proves the claim. O
Now we compute the modules (ad W)™ (V) for m > 1. As before, we write ¢, = ¢,¥V’V.

Lemma 6.5. Let yo = vandlety, = w ® y,_1 foralln > 1. Then y, € (W®" ® V)gen
and KGy, >~ M(gz", pn), where py is the character of G8 given by

on(g) = p()o(@)". pu(2) = p)o )",
and ¢n (W ® yn—1) = VuYn foralln € N, where

Yo = (Mo (1 — p(2)o(gz" ).

Moreover, X,‘;V’V >~ KG((y1 - ¥Yn)Yn) foralln € Ny.

Proof. We prove by induction on n that ¢, (w ® y,—1) = ¥, y, for alln > 1. The remain-
ing claims are then easily shown.
Itisclearthat 1 (w @ V) = w v — gw ® zv = (1 — p(z)o(g))y1. Letnow n > 1.
Then
Pnr1(W @ yn) =W Q yn — 82"W ® 2yn + 0 (W ® P (W ® yp—1),

and hence the induction hypothesis implies that

Pnt1(W @ yp) = (1 + Do () (1 = p(2)0(82")) ynt1-
This proves the claimed formula. O

Proposition 6.6. Let V, W € gyD be such that V.~ M(g, p), where p is a character
of G8, and W >~ M(z, o), where o is a character of G. Then:
(1) (ad V)™(W) and (ad W)™ (V) are absolutely simple or zero for all m € Ny if and
only if
(@) p(z)o(g) =1, o0r

() p(g) =—1land (3)—pz)o(e) =0, or
(©) p(g2)o(g) =1, (3)p) =0, and charK = 2.

(2) Assume that in one of (la), (1b), (1c) holds. Then the Cartan matrix of the pair
(V, W) satisfies

0 in case (1a),

afj/z’w) = 1 -2 incase (1b),
—4  in case (1c).
Moreover,
(a) ifaiviw) = —2 then X;/’W ~ M(egzz, 07), where oy is the character of G€

given by 02(€) = —p(2)'o(g) 7!, 02(2) = p(2)%0(2) and 02(g?) = o (g?),
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(b) lfa(v W) — _4 then Xv W M(g*z, 04), where o4 is the character of G given
by 04(8) = p(g)0 (g), oa(€) = 1, and 04(2) = p(2)*0 (2).

(3) Assume that in one of (la), (lb) (1c) holds and let m € Ny. Then a(v W — if
and only if Y41 = 0and y1 - - - ym # 0, where

Ve = (Ko (1 — p2)o(gz"))

for all k € Ny. In this case, X,,‘;V’V ~ M(gz™, pm), where py, is the character of G8
given by
om(g) = p(8)a (@)™, pm(2) = p(D)o(2)™.

Proof. By Lemmas 6.1-6.4, (ad V)™ (W) is absolutely simple or zero for all m € Nif and
only if p(z)o(g) = 1or p(g) = =1, 3)—p(x)e(e) = 0, 0r p(g2)a(g) =1, 3)—p(g) =0,
charK # 3, charK = 2. By Lemma 6.5 the Yetter—Drinfeld modules (ad W)™ (V) for
m > 0 are absolutely simple or zero. This proves (1). Then (2) is easy to get from the
same lemmas. ]

Corollary 6.7. Let V, W € g)}D be such that V.~ M(g, p), where p is a character
of G8, and W >~ M(z, o), where o is a character of G, and

p(e) =—1, p@0o@E) =1 1-p@0o(g) +pio(g®) =0.

Further, let g = g~ ', € = €, 7/ = g%z, let p' be the character of G2 dual to p,

and let o’ the character of G¢ given by o'(€) = —p(z2) o (g)7L, 0/(2) = p(2)*0(2),
o'(¢?) = 0(g). Thena;;" = ~2 and

Ry(V. W)= (v*, x;°")
with V¥ >~ M (g, p), X;/’W ~ M('7, o), and

plE)=0'(€)=~1, P " =11+ E)+0'()=0.
Proof. Using Proposition 6.6 one obtains ag ZW) —2. The rest of the proof is similar

to the proof of Corollary 4.13. O

Corollary 6.8. Let V, W € gy’D be such that V. >~ M(g, p), where p is a character of
GS8, and W >~ M(z, o), where o is a character of G, and

p(e)=—1, p@o@E)=11-p@0o(g) +pi>o(g®) =0.

Let " = gz. € = €7\, 2" = 271, let p” be the character of G# given by p(g) =
—0(g), p""(z) = p(z)0(2), and let o be the character of G dual to o. Then aévl’w) =-1
and
Ry(V, W) = (x}"V, W)
with XYV’V ~ M(g”,,o”), W* ~ M(ZN (T//) and
n_rn

p"(g") =—1. p"@E"Me"(g") =1, B)-preren =0.

Proof. Since p(z)o(g) # 1, Proposition 6.6 implies that a(v ‘W) — _1. The rest of the
proof is similar to the proof of Corollary 4.14. O
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7. Computing the reflections

7.1. Pairs of Yetter—Drinfeld modules

Let G be a non-abelian epimorphic image of I'3. We first identify pairs (V, W) of Yetter—
Drinfeld modules over G with a Cartan matrix of finite type. More precisely, we define
classes g;, where 1 < i < 6, of pairs of absolutely simple Yetter—Drinfeld modules
over G such that all pairs in these classes can be treated simultaneously with respect to
reflections.

Definition 7.1 (The classes g; for 1 < i < 6 of pairs of Yetter—Drinfeld modules). Let
V and W be Yetter—Drinfeld modules over G and leti € N with 1 < i < 6. We say that
(V, W) € g, if there exist g, €, z € G such that:
(1) There is a group epimorphism
'3>G, yrH—>g vi>e€ (2.
(2) V =~ M(g, p) for some character p of G, and either W >~ M (ez, o) for some char-
acter o of G or W >~ M(z, o) for some absolutely irreducible representation o of

G.
(3) W, p, o, and K satisfy the conditions in the i-th row of Table 2.

Table 2. Conditions on the classes g;, 1 <i <6

(W] Conditions on p and & charK
e

g2 Mez) ootes? = oerl 73
©3  Mz,0) ’01522;22 — ;1 dego =2 £3
SR v et

ps M@ o) p(8) = U(Z)de:g L Bp@ot =0 5
s Moy PO=0@Q=-L0)peo@=0 ;3

dego =1

Proposition 7.2. Let V, W be absolutely simple Yetter—Drinfeld modules over G. Sup-

pose that cw ycy,.w # idygw, the pair (V, W) admits all reflections, the Weyl groupoid

of (V, W) is finite, and |supp V| > |supp W|. Then the Cartan matrix of (V, W) is of

finite type if and only if (V, W) belongs to one of the classes g; for 1 <i <5 in Table 2.
. v,w) _ (A

In this case a;y "' = —2anday "' = —1.

Proof. From [25, Thm. 7.3] we know that the quandle supp(V @ W) is isomorphic to Z; )1
or Z;*z. Since |supp V| > |supp W|, we conclude that |supp V| = 3 and |supp W| < 2.
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Let g, g’ € suppV with g’ # gandlete = g’ !g. Thene # 1 and €3 = 1 by (3.1).
Since V is absolutely simple, there exists a character p of G such that V >~ M (g, p).
Since W is absolutely simple and supp(V & W) generates G, there exists z € Z(G) such
that either W ~ M (ez, o) for a character o of G¢, or W >~ M(z, o) for some absolutely
irreducible representation o of G. Then dego < 2 by Lemma 3.2.

Since the pair (V, W) admits all reflections and the Weyl groupoid of (V, W) is finite,
we conclude from [22, Theorem 2.5] that (ad V)™ (W) and (ad W)™ (V) are absolutely
simple or zero for all m > 1. The condition cy vcy w # idygw just means that the
Cartan matrix of (V, W) is not of type A; x Aj. Propositions 4.12, 5.9, and 6.6 imply
that the Cartan matrix of (V, W) is of finite type if and only if (V, W) belongs to one

of the classes gp; for 1 < i < 6 in Table 2. Moreover, in this case afvz’w) = —2 and
vV.w) _
a, ) = —1.

We have to exclude the class gg. To do so, it suffices to prove that if (V, W) € g¢
then not all assumptions of the proposition are fulfilled.
Assume that (V, W) belongs to gg. By Proposition 6.6,

Roy(V, W) = ((ad W)(V), W¥) = (M(gz, p1), M(z~', 071,

where p; is the character of G¢ with p1(g) = p(g)o(g) and p1(z) = p(z)o(z). Let
(V/, W) = Ry(V, W). We find that p;(gz) = p(z)o(g) ¢ {1, —1}, since B)—p@o@
= 0 and char K # 3. Since also char K # 2 by assumption on g, Proposition 6.6 implies
that not all of (ad V/)™(W’) and (ad W)™ (V') for m > 1 are absolutely simple or zero.
This contradicts the assumption that (V, W) admits all reflections and the Weyl groupoid
of (V, W) is finite. ]

Let (V, W) be a pair of Yetter—Drinfeld modules over G. If (V, W) € g1, then we have
Ri(V, W) € g4 and Ry(V, W) € g1 by Corollaries 4.13 and 4.14. On the other hand, if
(V, W) € g4, then R{(V, W) € g1 and R2(V, W) € g4 by Corollaries 6.7 and 6.8. We
display this fact in the following graph:

Ry

o1 §4 (7.1)

We omit R; in the graph, since it fixes the classes g and 4. Since the Cartan matrices
of (V, W) are the same for all reflections of (V, W) in the classes g and g4, we infer the
following.

Lemma 7.3. Let (V, W) be a pair in g1 or g4. Then (V, W) admits all reflections and
the Weyl groupoid of (V, W) is standard of type B>.

Similarly to the previous paragraph, Corollaries 4.15, 4.16, 5.10, and 5.11 imply that the
reflections of the pairs (V, W) in g5 and g3 can be displayed in the following graph:

§2 §3 (7.2)

Lemma 7.4. Let (V, W) be a pair in £ or 3. Then (V, W) admits all reflections and
the Weyl groupoid of (V, W) is standard of type B>.

The reflections of the pairs (V, W) € g5 show a more complicated pattern.
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Let us assume that char K = 2. Lemmas 7.5-7.10 below imply that the reflections of
the pairs (V, W) in g5 can be displayed in the following graph:

Ry Ry
L25]

05 [ (7.3)

The classes g5 and gg are defined in the same way as s in Definition 7.1, except that in
the last line one refers to the conditions in Table 3. Since the class s is non-empty only
if char K = 2, in the definitions of o and o we also assume that char K = 2.

Table 3. Conditions on the classes s, ©5, 97

(W] Conditions on p and o

s Mz, 0) p@) =0(2) =1,3)piz)o(g =0,dego =1
9L M(ez,0)  B)ge) =0,0(:) =0(e), pzH)o(egh) =1, p(g) =1
pg M(z,0) Bpe) =0,0(2) =1, p(g2)o(g) =1,dego =1

Lemma 7.5. Let (V,W) € g5 and g, €, z, p, 0 be as in Definition 7.1 such that V ~
Mg, p)and W ~ M(z,0). Let g = g7', € = ¢, 7/ = g°z, let p’ be the character
of G# dual to p, and let o' be the character of G¢ given by ¢’ (€) = —p(z) ‘o ()7},
o'(z) = pz)? 0/ (g%) = o(g?). Then ag’vz,W) = —2and

Ri(V, W)= V¥, x,'")
with V* = M(g', p'), Xy'" =~ M(¢'Z, 0"), and

p'E)=1, p P g =1, o@)=0"E) @i =0.
In particular, Ry(V, W) € pf.
(V,W)
1,2

Proof. Using Proposition 6.6 we obtain a = —2, and hence the description of

R1(V, W) together with the isomorphisms regarding V* and X ;/ ‘W follows from the same
proposition. The remaining claims are easy to check. O

Lemma 7.6. Let (V, W) € ggg and g, €, z, p, o be as in Definition 7.1 such that V =~
M(g, p) and W ~ M(ez,0). Let g = g7, € =€, 7 = g%z, let p’ be the character of
G¢ dual to p, and let o' be the character of G given by o’ (¢€) = 1, ' (g) = p(z) o (e),
0'(z) = p(2)*0(2). Then aff/z’w) = —2and

Ri(V, W) =(V* x,")
with V* ~ M(g, p"), X3 ~ M(z, o"), and
p'@)=0')=1, 14 p)o'(g)+ (' (Z)o'(g))*=0.

In particular, R{(V, W) € ps.

Proof. It is similar to the proof of Lemma 7.5, but one needs Proposition 4.12. O
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Lemma 7.7. Let (V,W) € o5 and g,¢€,z, p, o be as in Definition 7.1 such that V =~
M(g,p)and W ~ M(z,0). Let g = g~', € =€, 7/ = g*z, let p’ be the character
of G dual to p, and let o’ be the character of G given by o'(g) = p(g)o(g), o'(z) =
p(2)*0(2), 0’ (€) = 1. Then ai}/z‘w) = —4 and

Ry(V, W)= (V* x,"")
. % o N V.w o
with V* ~ M(g', p"), Xy'" =~ M(Z',0"), and

Pg)o'(gh =1, 1+p@E)+0 () =0 oE&)=1
In particular, Ry(V, W) € .

Proof. 1t is similar to the proof of Lemma 7.5. O

Lemma 7.8. Let (V, W) € g5 and g, €, z, p, 0 be as in Definition 7.1 such that V =~
Mg, p)and W ~ M(z,0). Let g = gz, €" = €1, 7 =z, let p" be the character of
G¢ given by p"(g) = o(g), p"(z) = p(2), and let ¢ be the character of G dual to o.
Then a,; =-—1 and

Ry(V, W) = (X", w¥)
with X{"V ~ M(g", p"), W* =~ M(z", 0"), and
p//(g//z//)o_//(g//) — 1’ 1 + p//(g//) + p//(g//)2 — O, O_//(Z//) — 1

In particular, Ry(V, W) € pg.
Proof. It is similar to the proof of Lemma 7.5. O
Lemma 7.9. Let (V,W) € ggg and g, €, z, p, o be as in Definition 7.1 such that V =~

M(g,p)and W ~ M(ez,0). Let " = gz%, € =€\, 2 = z71, let p” be the character

of G8 given by p"(g) = p(2) 20 (z)"L, p"(z) = p(2)o(2)% and let " be the character

of G dual to o. Then aévl’ ) = 2 and

Ry(V, W) = (X,"", w*)
with X3V ~ M(g", p"), W* =~ M(z", 0"), and
p//(g//) — 1’ ,O//(Z//Z)G//(E//g//2) — 1’ G//(Z//) — G//(E//), (3)0,/(6”) —0.

In particular, Ry(V, W) € 5{);

Proof. It is similar to the proof of Lemma 7.6. O
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Lemma 7.10. Let (V, W) € @5 and g, €, z, p, 0 be as in Definition 7.1 such that V ~
M(g,p)and W =~ M(z,0). Let g’ = gz, € = €7, 7/ = z71, let p” be the character
of G8 given by p"(g) = p(g)o(g), p"(z) = p(z)0(2), and let " be the character of G
dual to o. Then aé}/l’w) =—1land

Ry(V, W) = (X}"", w*)
with X}/V’V ~ M(g”’ ,0//), W* ~ M(Z”, O'//), and
p//(g//) — O_//(Z//) =1, (3)p”(z”)a“(g”) = 0.

In particular, Ry(V, W) € gs.
Proof. 1t is similar to the proof of Lemma 7.5. O

8. Nichols algebras over I'3

8.1. Simple Yetter—Drinfeld modules

In this section, let G be a non-abelian epimorphic image of '3 and let g, €, z € G be such
that the group epimorphism '3 — G maps y — g, v +— € and { — z.

Let P = {0} U{p € N|pisprime}. Let i = 3, h3 = 2 and h, = 6 for all
p € P\ {23}, and h} = 2,h;) =6forall p e P\ {3}.Foralll <i < 8let)); be
the class of Yetter—Drinfeld modules U over G such that there exist x, g, €,z € G and
an absolutely irreducible representation T of G* such that U >~ M(x, 7) and x, 7, and
K satisfy the conditions in Table 4. In Table 4 we also provide the Hilbert series of the
Nichols algebras of the Yetter—Drinfeld modules in the classes ); forall 1 <i < 8 and
the references to these Hilbert series.

Table 4. Classes of Yetter—Drinfeld modules

X T char K  Hilbert series Ref.
Y1 g t@=-1 @203 [29]
Yo g8 B =0 2 (3t (@) (6)¢(6);2  [21, Prop. 32]
V3 oz degr=1,7(x)=-1 @) (31, §3.4]
Vi z degr=1,03)_rp =0 peP (hp) [31, §3.4]
Vs z degr=2,7(z) = —1 (2)? (31, §3.4]
Vo €z 1@ =1(),3)r(e)=0 (3)? (31, §3.4]
Vi ez t(@)=11(k)=-1 @7 [31, §3.4]
Vs ez () =-1.0)ey=0 peP Q) [17, Prop.2.11]

Ry

8.2. Nichols algebras related to 1 4

Theorem 8.1. Let p = charK. Let V, W € gyD be such that V.~ M(g, p), where p
is a character of G8, and W >~ M€z, o), where o is a character of G€. Assume that
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(V, W) € g1, that is,
p(g)=—1, poEg) =1, l+o)+o@E?=0, o(z)=—1.
Then W € Vg, (ad V)(W) € V1, (ad V)2 (W) € Yy, V € V1, and
BV @ W)~ B(W)®B((ad V)(W)) @ B((ad V)*(W)) ® B(V)
as N%-gmded vector spaces in gyD. In particular, the Hilbert series of B(V @& W) is

H(11,12) = Qi (0, 71, By (hp)2,, D7, By
and
10368 if charK ¢ {2, 3},
dimB(V & W) = 15184  if charK =2,
1152 if charK = 3.
Proof. The Cartan scheme of (V, W) is standard of type B by Lemma 7.3. The Yetter—
Drinfeld modules (ad V)(W) and (ad V)2(W) are in the claimed classes because of Lem-

mas 4.3 and 4.6. Then the claims concerning the decomposition and the Hilbert series of
B(V @ W) follow from [22, Cor. 2.7(2) and Thm. 2.6] and Table 4. ]

Theorem 8.2. Let p = charK. Let V, W € gyD be such that V >~ M(g, p), where
o is a character of G8, and W =~ M (z, o), where o is a character of G. Assume that
(V, W) € gpu4, that is,

p(@)=—1, p@0oE)=11-p@0E) +(p0o(g) =0.
Then W € Y4, (ad V)(W) € Vi, (ad V)2 (W) € Dg, V € D1, and
BV O W)~ B(W)RQB((ad V)(W)) ® B((ad V)2 (W)) @ B(V)
as N%-gmded vector spaces in 8)723. In particular, the Hilbert series of B(V @ W) is

M1, 12) = (hp) )71, Britn (2, () 2, D7 By
and
10368 if charK ¢ {2, 3},
dimB(V @ W)= {5184 if charK =2,
1152 if charK = 3.
Proof. 1tis similar to the proof of Theorem 8.1. For the structure of (ad V)" (W) form =

1,2 see Lemmas 6.1 and 6.2. Alternatively, one can deduce the claim from Theorem 8.1
since R1(V, W) € py and RZ(V, W) =~ (V, W). u]

Ry

8.3. Nichols algebras related to £3

Theorem 8.3. Let V, W e gyD be such that V. >~ M(g, p), where p is a character of
G8, and W =~ M(ez, o), where o is a character of G€. Assume that charK # 3 and
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(V, W) € g, that is,
p@) =0(@) =—1, pEo(eg?) =o()=1.
Then W € Y7, (ad V)(W) € Yy, (ad V)2 (W) € Vs, V € Yy, and
BV & W) >~ BW) @ B((ad V)(W)) ® B((ad V)*(W)) ® B(V)

as Ng-graded vector spaces in gyD. In particular, the Hilbert series of B(V @ W) is
H(t, ) = )52, 3,5, ()7 3),
182

and dimB(V @ W) = 2832 = 2304.

Proof. The Cartan scheme of (V, W) is standard of type B> by Lemma 7.4 and the de-
composition of B(V @ W) follows from [22, Cor. 2.7(2) and Thm. 2.6]. It is clear that
V e Yy and W € )y. Using Lemmas 4.3 and 4.6 we find that (ad V)(W) € ); and
(ad V)2(W) € Ys. Now a direct calculation using Table 4 yields the Hilbert series of
BV D W). O

Theorem 8.4. Let V,W € gyD be such that V.~ M (g, p), where p is a character
of G8, and W ~ M(z, o), where o is an absolutely irreducible representation of G of
degree two. Assume that charK # 3 and (V, W) € g3, that is,

p(@)=0(@)=—1, pEoE) =1
Then W € Vs, (ad V)(W) € V1, (ad V)2(W) € )7, V € Yy, and
BV O W) ~BW)RQB((ad V)(W)) ® B((ad V)2 (W)) @ B(V)
as N3-graded vector spaces in $YD. In particular, the Hilbert series of B(V & W) is

H(t1, ) = 205,27, P, (2)312,2 )7 3y,

and dimB(V @ W) = 2832 = 2304.

Proof. 1t is similar to the proof of Theorem 8.3, with the use of Lemmas 5.2 and 5.4.
Alternatively, one can deduce the claim from Theorem 8.3 since R|(V, W) € g, and
RI(V, W) >~ (V, W). u]

Ry Ry

5

8.4. Examples related to ) o5

Lemma8.5. Let I ={1,2}, X ={a,b,c},ri =(ab) €Sy, rn = (bc) €Sy,

2 =2 2 =2 . 2 -4
a __ b _ c __
w=(5 ) (05 (G 5)

Then:
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() C=CU, X, (r)ier, (AX)XGX) is a Cartan scheme.
(2) (A™X)xcx forms a finite irreducible root system of type C, and
AT = {ay, a0, a1 + 2, 2001 + a2, o + 20, 201 + 302},
AP = oy, 0, @1 + a2, 201 + @2, 30y + 202, 4oy + 32},
AT = {ay, a2, a1 + 02, 201 + a2, 301 + a2, 4oy + az).
Proof. Both claims follow from the definitions. The Cartan scheme C appeared already

in [13, Thm. 6.1]. O

Theorem 8.6. Let V, W € gyD be such that V.~ M(g, p), where p is a character
of G8, and W ~ M(z, o), where o is a character of G. Assume that charK = 2 and
(V, W) € gs, that is,

p(e) =0@ =1, 1+p@0o(g+pi) o(g?=0.

Then there exist Yetter—Drinfeld submodules W1 € Y1, Wa € Vo, W3 € V1, Wa € )i,
Ws € Yo, and Wg € V3 of B(V @ W) of degrees a1, 201 + a0z, 301 + 200, 4oy + 3,
a1 + ap, and ay, respectively, such that

BV eW)=B(We) @B(Ws)®---QB(Wr)

as N%-graded vector spaces in gyD In particular, the Hilbert series of B(V @& W) is
H(t1, 1) = Q)P @i 01622 (D13 272332 By, (7, B

and dimB(V @ W) = 21037 = 2239488,
Proof. Let V', W’ be Yetter—Drinfeld modules over G. If (V', W) € gs, then V' € ));
and W’ € )5 by Tables 3 and 4. Similarly, if (V', W') € gg, then V' € Y and W' € Vg,
and if (V/, W') € o, then V' € ) and W’ € ).

By assumption, (V, W) € gs. Lemmas 7.5-7.10 and 8.5 imply that the pair (V, W)
admits all reflections and that the set of real roots A™(-W) i finite. More precisely,

|Af(V’W)| = 6. Hence, by [24, Cor. 6.16], there exist absolutely simple Yetter—Drinfeld
submodules W; € gyD of B(V @ W) with 1 <i < 6, such that

BV O W)= B(We) @ B(Ws) ®---Q B(W)).
By the same reference, we may also assume that
deg Wait1 = (s152)' (1) and  deg Witz = (s152)'s1(e2)

foral 0 < i < 2,andif 1 < kK < 6 and degW; = s ---s;,(aj) for some
m > 0andiq,..., i, j € {1,2}, then Wi is isomorphic in gyD to the j-th entry of
R;, -+ R; (V, W). Since Arf(v’w) consists of the roots

im

si(az) =201 + a2,  sis2(ar) =31 + 202, sys2s1(e2) = 4o + 30z,

s1828182(01) = a1 + @z, spsasisasi(an) = ap, o,
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and since
Ri(V,W) e ps, RRI(V.,W)egps, RRR(V,W)e ps,
RyRIRyRI(V, W) € o, RiRyRIR2R|(V, W) € pF,

the first paragraph of the proof implies that Wi € YV, Wp € Vg, W3 € V1, Wy € )3,
Ws € V», Wg € V3. Finally, a direct calculation using Table 4 yields the Hilbert series of
BV D W). O

With similar proofs, or by applying the reflections Ry and R» to pairs in s, one also
obtains the following two theorems on Nichols algebras of V & W, where (V, W) € g5
or (V,W) € pr.

Theorem 8.7. Let V., W ¢ gyD be such that V.~ M(g, p), where p is a character
of G8, and W ~ M (ez, o), where o is a character of G€. Assume that charK = 2 and
(V, W) € g, that is,

p() =1, @ =0@), o =0 pEHoleg?) =1.

Then there exist Yetter—Drinfeld submodules Wi € Y1, Wo € V3, W3 € )b, Wy € )i,
Ws € Vi, and We € Ve of B(V & W) of degrees oy, 201 + o, o] + a2, 201 + 3aa,
o1 + 20, and oy, respectively, such that

BV OW)=BWe) @ B(Ws) ® -+ Q@ B(W))
as Né-graded vector spaces in gyD. In particular, the Hilbert series of B(V @& W) is

H(t,0) = 3L 2); 13,222 Bty Dir 00112 (6) 22,2, (27, B

and dimB(V @ W) = 21037 = 2239488.

Theorem 8.8. Let V., W ¢ gyD be such that V. >~ M(g, p), where p is a character
of G8, and W >~ M(z, o), where o is a character of G. Assume that charK = 2 and
(V, W) € i, that is,

BGppy =0, o@ =1 p(g2o(g =1.

Then there exist Yetter—Drinfeld submodules Wi € ), Wy € V3, W3 € Vi, Wy € Vs,
Ws € Vi, and We € Y3 of B(V & W) of degrees a1, 41 + oo, 31 + a2, 201 + o,
o1 + ao, and an, respectively, such that

BV OW)=BWe) @ B(Ws) ®--- Q@ B(W)
as N(z)—graded vector spaces in gyD. In particular, the Hilbert series of B(V @& W) is

H(t1, ) = ), Q)11 By B, D, 3, Dy, By B (04 (6),2

and dim B(V @ W) = 21937 = 2239488.
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9. Proof of Theorem 2.1

Here we prove the main result of the paper, Theorem 2.1.

First we prove (1)=(2). Since dim*B(V & W) < oo, the pair (V, W) admits all
reflections by [5, Cor. 3.18] and the Weyl groupoid is finite by [5, Prop. 3.23].

Now we prove simultaneously (2)=>(3) and (3)=-(1). By [25, Thm. 7.3], the quandle
supp(V @ W) is isomorphic to

2,2 3,1 3,2 4,2 4,1
Z5 ,Z3 ,Z3 , ZyTor Zy

and G is a non-abelian epimorphic image of its enveloping group:

4,1 2,2 3,1 3,2 4,2
Quandle Zr zy Z3 Z3 zZ,

Enveloping group T Irp I's I's ry

We consider each case separately. Suppose first that G is an epimorphic image of I',
and supp(V @& W) =~ Z%’z. Hence, by [22, §4], we may assume that V >~ M (g, p) and
W ~ M (h, o). Now the claim follows from [22, Thm. 4.9].

Now assume that G is a non-abelian epimorphic image of I'3. We first prove that
(2) implies (3). By [26, Prop. 4.3], there is a pair (V’, W’) of absolutely simple Yetter—
Drinfeld modules over G, which represents an object of the Weyl groupoid of (V, W),
such that the Cartan matrix of (V’, W’) is of finite type. The list of examples in Subsec-
tion 1.4 contains precisely the pairs in the classes g; for 1 <i < 5and ng, gog’ . Hence this
list is stable under reflections by Lemmas 7.3, 7.4, and 7.5-7.10. Thus we may assume
that the Cartan matrix of (V, W) is of finite type. Now (3) follows from Proposition 7.2.

The implication (3)=>(1) follows from Theorems 8.1-8.4 and 8.6-8.8.

Assume now that G is a non-abelian epimorphic image of I'4, but not of I'», and that
supp(V & W) =~ Zj’z. Without loss of generality we may assume that [supp V| = 2
and [supp W| = 4. Let h € suppV, g € suppW, and € = hgh~'g~!. Then g¥ =
{g,eg, eZg, e3g} and h® = {h,e~'h}. Since supp(V @ W) generates G, we conclude
that G is generated by g and &, and V >~ M (h, p) and W >~ M (g, o) for some character
p of G" and some character o of G8. Then the implications (2)=>(3) and (3)=-(1) follow
from [25, Thm. 5.4].

Finally, suppose that G is an epimorphic image of 7' and supp(V & W) =~ Z4T’1. We
may assume that |supp V| = 1 and [supp W| = 4. Let z € supp V and x| € supp W. Then
z and xlc generate G. Choose x» € xIG \{x1}. ThenT — G, x1 > x1, xo > X2, { > 2
is an epimorphism of groups, and V >~ M(z, p) and W >~ M (x1, o) for some absolutely
irreducible representations p of G and o of G*!. Then the implications (2)=-(3) and
(3)=(1) follow from [25, Thm. 2.8].
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