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Abstract. We provide a compactness principle which is applicable to different formulations of
Plateau’s problem in codimension one and which is exclusively based on the theory of Radon mea-
sures and elementary comparison arguments. Exploiting some additional techniques in geometric
measure theory, we can use this principle to give a different proof of a theorem by Harrison and
Pugh and to answer a question raised by Guy David.
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1. Introduction

Since the pioneering work of Reifenberg there has been ongoing interest in formulations
of Plateau’s problem involving the minimization of the Hausdorff measure on closed sets
coupled with some notion of “spanning a given boundary”. More precisely, consider any
closed set H C R"t! and assume we have a class P(H) of relatively closed subsets K of
R+ \ H, which encodes a particular notion of “K bounds H”. Correspondingly, there
is a formulation of Plateau’s problem, where the relevant minimum is

mg = inf{H"(K) : K € P(H)}, (1.1

and a minimizing sequence {K;} CP(H) is characterized by the property H" (K;) — my.
Two good motivations for considering this kind of approach rather than the one based on
integer rectifiable currents are that, first, not every interesting boundary can be realized
as an integer rectifiable cycle, and second, area minimizing 2-d currents in R> are always
smooth away from their boundaries, in contrast to what one observes with real world soap
films.

There are substantial difficulties related to the minimization of Hausdorff measures on
classes of closed (or even compact) sets. Depending on the convergence adopted, these
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are either related to lack of lower semicontinuity or to compactness issues. In both cases,
obtaining existence results in this framework is a quite delicate task, as exemplified in var-
ious works by Reifenberg [Rei60, Rei64a, Rei64b], De Pauw [DP09], Feuvrier [Feu09],
Harrison and Pugh [Har14, HP16], Fang [Fan16], Liang [Lial3] and David [Dav14].

Our goal here is to show that in some interesting cases these difficulties can be avoided
by exploiting Preiss’ rectifiability theorem for Radon measures [Pre87, DLOS] in combi-
nation with the sharp isoperimetric inequality on the sphere and standard variational ar-
guments, notably elementary comparisons with spheres and cones. A precise formulation
of our main result is the following:

Definition 1 (Cone and cup competitors). Let H C R"*! be closed. Given K C R**1\ H
and By, :={y e R"!: |x — y| < r} c R"*!\ H, the cone competitor for K in B, , is
the set

(K\ By )U{Ax+ (1 —X)z:2€ KNIBy,, A [0, 1]}; (1.2)

a cup competitor for K in By , is any set of the form
(K \ Bx,r) U(@Bx,r \ A), (1.3)

where A is a connected component of 3By , \ K.
Given a family P(H) of relatively closed subsets K C R"*!\ H, we say that an
element K € P(H) has the good comparison property in B, , relative to P(H) if

inf(H"(J): J € P(H), J\ cl(By,) = K \ cl(B,)} < H"(L) (1.4)

whenever L is the cone competitor or any cup competitor for K in By ,. The family
‘P(H) is a good class if, for any K € P(H) and for every x € K, the set K has the good
comparison property in By , for a.e. r € (0, dist(x, H)).

Theorem 2. Let H C R"*! be closed and P(H) be a good class. Assume the infimum
in Plateau’s problem (1.1) is finite and let {K;} C P(H) be a minimizing sequence of
countably H"-rectifiable sets. Then, up to subsequences, the measures 1j := H"L K;
converge weakly* in R"T'\ H to a measure p = O0H"_K, where K := sptu \ H is a
countably H"-rectifiable set and 0 > 1. In particular, liminf; H" (K;) > H" (K).
Furthermore, for every x € K the quantity r—" w(By ) is nondecreasing and

B
6(x) = lim B
rl0 "

) (1.5)

where wy, is the Lebesgue measure of the unit ball in R".

Our point is that although Theorem 2 does not imply in general the existence of a min-
imizer in P(H), this might be achieved with little additional work (but possibly using
some heavier machinery from geometric measure theory) in some interesting cases.

We will give two applications. The first one is motivated by a very elegant idea of
Harrison, which can be explained as follows. Assume that H is a smooth closed com-
pact n — 1-dimensional submanifold of R"*!; then we say that a relatively closed set
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K c R™!'\ H bounds H if K intersects every smooth curve y whose linking number
with H is 1. A possible formulation of Plateau’s problem is then to minimize the Haus-
dorff measure in this class of sets. Building upon her previous work [Har15] on differen-
tial chains, Harrison [Har14] gives a general existence result for a suitable weak version
of this problem. In [HP16], Harrison and Pugh prove that the corresponding minimizer
yields a closed set K which is a minimizer in the original formulation of the problem, and
to which the regularity theory for (M, &, §)-minimal sets by Almgren and Taylor [Alm76,
Tay76] can be applied. In particular, K is analytic off an " -negligible singular set, and
actually in the physical case n = 3 and away from the boundary set H, this singular set
obeys the experimental observations known as Plateau’s laws. Boundary regularity seems
a major issue to be settled.

We can recover the theorem of Harrison and Pugh in a relatively short way from
Theorem 2. In fact, our approach allows one to work, with the same effort, in a more
general setting.

Definition 3. Let n > 2 and H be a closed set in R"*!. When H is a closed compact
n — 1-dimensional submanifold, following [HP16] we say that a closed set K ¢ R"T1\ H
spans H if it intersects any smooth embedded closed curve y in R"*! \ H such that the
linking number of H and y is 1.

More generally, for an arbitrary closed H let us consider the family

Cy:={y:S' - R"™ !\ H : y is a smooth embedding of S! into R"*!}.

We say that C C Cg is closed by homotopy (with respect to H) if together with any y € C,
the set C contains all elements belonging to the homotopy class [y] € w1 (R*t! \ H).
Given C C Cy closed by homotopy, we say that a relatively closed subset K of R**1\ H
is a C-spanning set of H if

KNy #@ foreveryy €C. (1.6)
We denote by F(H, C) the family of C-spanning sets of H.

Observe that in some cases, the class F(H, C) might be trivial: for instance if C contains
a homotopically trivial curve, then any element of F(H, C) has nonempty interior. Of
course, we are interested in classes F(H, C) admitting at least one element with finite
Hausdorff measure.

Theorem 4. Let n > 2, H be closed in R"*! and C be closed by homotopy with respect
to H. Assume the infimum in Plateau’s problem corresponding to P(H) = F(H,C) is
finite. Then:

(a) F(H,C) is a good class in the sense of Definition 1.

(b) There is a minimizing sequence {K;} C F(H,C) which consists of H"-rectifiable
sets. If K is any set associated to {K;} by Theorem 2, then K € F(H,C), and thus K
is a minimizer.

(c) The set K in (b) is an (M, 0, 00)-minimal set in R*+! \ H in the sense of Almgren.
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Remark 5. As already mentioned, the variational problem considered in [Har14, HP16]
corresponds to the case where H is a closed compact (n — 1)-dimensional submanifold
of R™! and C = {y € Cy : the linking number of H and y is 1}. In fact, there is yet a
small technical difference: in [Har14, HP16] the authors minimize the Hausdorff spheri-
cal measure, which coincides with the Hausdorff measure H" on rectifiable sets, but it is
in general larger on unrectifiable sets. After completing this note we learned that Harrison
and Pugh have been able to improve their proof in order to minimize the Hausdorff mea-
sure as well [HP14]. Finally, we stress that, while points (a) and (c) can be deduced from
Theorem 2 using elementary results about Radon measures and isoperimetry, point (b)
relies in a substantial way upon the theory of Caccioppoli sets and minimal partitions.

We next exploit Theorem 2 to obtain an existence result in the context of “sliding mini-
mizers” introduced by David [Dav14, Dav13].

Definition 6. Let H C R"*! be closed and Ko C R"*!' \ H be relatively closed. We
denote by X (H) the family of Lipschitz maps ¢ : R"*! — R"*! such that there exists
a continuous map ® : [0, 1] x R*™! — R"*! with &(1,-) = ¢, ®(0,-) = Id and
(¢, H) C H forevery t € [0, 1]. We then define

A(H, Ko) :={K : K = ¢(Ky) for some ¢ € X (H)},
and say that Ky is a sliding minimizer if H"(Ky) = inf{H"(J) : J € A(H, Kp)}.

We will use the convention that, whenever E ¢ R*t! and § > 0, Us(E) denotes the
é-neighborhood of E.

Theorem 7. A(H, Ky) is a good class in the sense of Definition 1. Moreover, assume
that

(i) Ko is bounded and countably H" -rectifiable with H" (Ky) < oo;
(i) H"(H) = 0 and for every n > 0 there exist § > 0 and w € X (H) such that

Lipr <1+n, nUs(H)) CH. 1.7

Then, given any minimizing sequence {K;} (in Plateau’s problem corresponding to P (H)
= A(H, Ky)) and any set K as in Theorem 2, we have

inf{H"(J):J € A(H, Ko)} = H*'(K) = inf{H"(J) : J € A(H, K)}. (1.8)
In particular K is a sliding minimizer.

The proof of the second equality in (1.8) borrows important ideas from the work of De-
Pauw and Hardt [DPHO3] and it uses in a substantial way the theory of varifolds, in par-
ticular Allard’s regularity theorem. A different approach to the existence of a K satisfying
the left hand equality of (1.8) has been suggested by David [Dav14, Section 7], who also
raised the question whether one could deduce the right hand equality. Our theorem gives
a positive answer to this question (see below for a stronger one, also raised by David).
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Remark 8. It seems hard to conclude something about the existence of a minimizer in
the original class A(H, Ko) from our approach, without a deeper analysis of what sliding
deformations can do to the starting set Ko. The following example illustrates this diffi-
culty. Let H be the union of two far away parallel circles and K¢ be a cylinder joining
them, namely define, for R large,

H = {(x1,x2,x3) € R3 :x%—f-x% =1, |x3] = R},

Ko = {(x1,x2,x3) e R® : x} +x3 =1, |x3] < R).

Let {K;} C A(H, Ko) be a minimizing sequence and p; = ’HzLKj. We obviously
expect that H>|_ K = H?_ K where

K = {(x1,x2,x3) 1 x} +x3 < 1, |x3] = R}

Of course K ¢ A(H, Ky), but we can easily build a map ¢ € X (H) which “squeezes”
Ko onto the set K1 := K U {(0,0,¢) : |[t| < R}, i.e. the top and bottom disks connected
by a vertical segment. K is then a minimizer in A(H, Ky). On the other hand, K =
spt(H?_ K1), and thus a purely measure-theoretic approach does not seem to capture this
phenomenon. It is however very tempting to conjecture that, upon adding a suitable H"-
negligible set (and possibly some more requirements on the boundary H), any set K as in
Theorem 7 is an element of A(H, Ko) (cf. [Dav14]). We refer the reader to [Whi83] for
a result of a similar flavour.

The results presented in this paper are concerned with Plateau’s problem in codimension
one. This assumption is used in a crucial way when we exploit the cup competitors and
the optimal isoperimetric inequality in S” to prove Theorem 2. Although we also take
advantage of some other typical codimension one tools (such as the degree theory and
the theory of minimal partitions), the main obstruction to extending our analysis to higher
codimension is really our use of cup competitors. Besides, in higher codimension the
available isoperimetric inequalities are more difficult to use (see for instance [AIm86]).
This point can be overcome by relying only on Lipschitz deformations to produce com-
petitors. In this way it is possible to give a different notion of “good class”, which is more
involved than the one considered here, but which still allows a general compactness re-
sult in the spirit of Theorem 2. Starting from this compactness principle, one can obtain
the higher-codimensional versions of both Theorems 4 and 7. These results are proved in
[DDG16] where, together with some of the ideas presented in this paper, new ones need
to be introduced, and more refined tools from geometric measure theory are exploited
(most notably, a suitable version of the deformation theorem for closed rectifiable sets
due to David and Semmes [DS00]).

2. Proof of Theorem 2
We start with the following classical fact. We include a quick proof just for the reader’s

convenience using sets of finite perimeter; the latter are however not really necessary,
in particular it should be possible to prove Theorem 2 without leaving the framework
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provided by the theory of Radon measures. In what follows we use the notation

Ok
k+1

or =H{(ze R 1zl =1) and g1 = H T (z e Rz < 1)) =

Lemma 9 (Isoperimetry on the sphere). If J C 0By, is compact and {Ap};2 ) is the
Sfamily of all connected components of d By » \ J, ordered so that H" (Ap) = H"(An+1),
then

H" 3By \ Ag) < CYH" ()"~ D. @2.1)
Moreover, for every n > 0 there exists § > 0 such that
min{}"(Ao), H" (A1)} = H" (A1) = (04/2 = 8)r" = H'" () = (o1 — "~
2.2)

The inequality (2.1) also holds if we replace 9By , with 0 Q for any cube Q C R+ or
with any spherical cap 3By, N{y : (y —x) - v > er}, where v € S" and ¢ € 10, 1[.

Proof. We first prove (2.1) with J C 9By . The proof can be easily adapted to bound-
ary of cubes and spherical caps. Since dA;, C J and (without loss of generality)
H*1(J) < oo, we know [AFP00, Prop. 3.62] that each Aj has finite perimeter and
0*A, C J (where 0* Ay, denotes the reduced boundary). By the properties of the reduced
boundary one easily infers that 3, H"~!_9*A;, < 2H"~'L J. By the relative isoperi-
metric inequality on d By ,, if A C 9By , is of finite perimeter, then

min{H"(A), H" (3B, \ A)} < C(m)H"~(8*A)"/ =D, (2.3)
By the ordering property of the H" (Aj), we thus find
H'(Ap) < CYH" L @* A=Y, vh > 1.

Adding up over & > 1 and using the superadditivity of the function ¢ > 1"/~1 yields
—1 % n/(n=1) —1, p\n/(r=1)
H' @B \ Ag) = COon (3o @A) < CoyH™ ()b,
h>1

(2.2) can be proved via a compactness argument: assuming that it fails for a given n > 0,
we find a sequence J; of sets, each violating the statement for § = 1/k. Letting A](; and A]f
be the corresponding connected components, we can use the compactness of Caccioppoli
sets to conclude that they converge to two sets Ag°, A° with

HAP) = H'(AT) = %r", H' (A N AT) =0, 2.4)
max{H" "1 (8*AZ%), H" ' (3*AT®)} < (ou—1 — mr" L. (2.5)

By (2.4), 9*Ag° = 0*A{°; but then (2.5) contradicts the sharp isoperimetric inequality on
the sphere [BZ88, Theorem 10.2.1]. O
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Proof of Theorem 2. Up to extracting subsequences we can assume the existence of a
Radon measure x on R”*!\ H such that

M A w  as Radon measures on R"*1\ H, 2.6)

where u; = H"L K;. We set K := sptu \ H and divide the argument into four steps.
The first two steps feature some classical estimates in the theory of minimal surfaces (see
for instance [Mag12, Ch. 16—-17]) adapted to our context.

Step 1. We show the existence of 6y = 6p(n) > 0 such that
w(Byxr) = Ogwur", Vx €sptu, Vr < d, :=dist(x, H). 2.7
By [Mat95, Theorem 6.9], (2.7) implies
w=>6oH"_K onsubsets of R"!\ H. (2.8)

We now prove (2.7). Let f(r) := (B, ) and f;(r) := H"(K; N By ), so that
r
fir) — fi(s) > / H'NK;NdBy)dt, 0<s<r<dy,
S

by the coarea formula [Fed69, 3.2.22]. Since f; is nondecreasing on (0, d, ), one has
Df; > fj/ﬁl with  f/(r) = H""Y(K;NdB,,) forae.re(0,d)

(here Df; denotes the distributional derivative of f;, fj’ the pointwise derivative and Ll
the Lebesgue measure). By Fatou’s lemma, if we set g(f) := liminf; fj’(t), then

f(}") - f(S) = M(Bx,r \ Bx,s) > /r g(t) d[, PfOVided /’L(an,r) = /L(an,S) =0.

This shows that Df > gL£!. On the other hand, using the differentiability a.e. of f and
letting s 1 r, we also conclude f’ > g L!-a.e., whereas Df > f'L! is a simple conse-
quence of the fact that f is a nondecreasing function.

Let A; denote a connected component of 9 By, \ K; of maximal H"-measure, and let
K jf’ be the corresponding cup competitor of K; in By - (see (1.3)). Since P(H) is a good
class, for a.e. r < d, by (2.1) we find

fi(r) <H @B, \ A +6 < C)(H' @B, KDY " V4, (29

where ¢; — 0 takes into account the almost minimality of K;, namely we assume
H"(K;) < inf{H"(K) : K € P(H)} + ¢;. Letting j — oo we find that

fr) < C)gr)y ™Y < cm) /)™ forae.r < dy,

from which
FHV/"m < cm)f'(r) forae.r <dy,



2226 C. De Lellis et al.

which implies
L<Cm(fn'™y,  Vr<d.

Since the distributional derivative Df!/" is nonnegative, we deduce that r <
C(n)(f(r)'/" — £(0)!/"), hence u(By.,) > Gpw,r" for a suitable value of 6.

Step 2. We fix x € sptu \ H and prove that
r f(r)/r'" = u(Byx,)/r" isnondecreasing on (0, dy). (2.10)

This property can be deduced by using the cone competitor in By , in place of the cup
competitor: estimate (2.9) now becomes

r r
fi(r) < HNKGO Bey) + 65 = UK N0By,) + 5 < —f/() +ej,
yielding f(r) < (r/n)g(r) < (r/n) f'(r) for a.e. r < d,. Again the positivity of the mea-

sure D log(f) implies the claimed monotonicity. By (2.8) and (2.10) the n-dimensional
density of the measure p, namely

0) = 1im 20

> 6o,
r—0t wpr"

exists, is finite and positive p-almost everywhere. By the well known theorem of Preiss
[DLO8, Theorem 1.1], this property implies that u = 6H" L K for some countably H"-
rectifiable set K and some positive Borel function 6. Since K is the support of u, we
have H" (K \ K) = 0. On the other hand, H"(K \ K) = 0 by (2.8), and thus K must be
rectifiable and u = OH" L K.

Step 3. We prove that 6(x) > 1 for every x € K such that the approximate tangent space
to K exists (thus, H"-a.e. on K). Fix any such x € K \ H and suppose, up to rotating
the coordinates, that T = {x,+; = 0} is the approximate tangent space to K at x; in
particular (cf. [DLO8, Corollary 4.4]),

K —x
r

H' L SHULT  asr— Ot
By the density lower bound (2.7), for every ¢ > 0 there is p > 0 such that
KNBy, Cx+{yeR"™ |y, 1| <er), Vr<p. (2.11)

Indeed, assume r is so small that u(By 2, \ (x + {|yn+1] < €7r/2})) < 6p27"e"r". Then
K N (x + {lyn+1| > er}) N By, must be empty, since otherwise y belonging to that set
would imply

w(By 2r \ (x +{lynt1| < €r/2})) = w(By erj2) > Ooe"r" /27,
a contradiction. If we set c(g) = &/+/1 — &2, then (2.11) can be equivalently stated as

Kn Bx,,o Cx+ {(y', Yu+1) ¢ ynt1l < 0(8)|y/|}~ (2.12)
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If in addition we choose p satisfying H" (K N 0By, ,) = 0, then by the coarea formula
[Fed69, 3.2.22],

0= jl_i)lgo i (cl(Br,p) N (x + (Y, yug1) * lyns1l = c@Y'1)

P
zf liggfﬂ"*‘(Kj N8By, N+ A, yut1) 1] = (@YD) dr.
0
So,if B, . :={y € 8By, : yuy1 > Xpp1 +er}and 8B, . :={y € 0By, : Yut1 <

Xn41 — €r}, then

liminfH"~"(K; NdBE,,) =0 forae.r < p. (2.13)

X,r¢e
J—>00

Let us fix 7 < p such that (2.13) holds, f'(r) exists, f'(r) > g(r) and each K; has the
good comparison property in By , (all these conditions can be ensured for a.e. r). Using
Lemma 9, namely the relative isoperimetric inequality in the spherical cap 332 r.e» ONE
finds that if A]‘.|r denotes the connected component of d B;" . .\ K; with largest 7{"-measure,

then 1" (9B}, . \ Aj) < CmH"'(K; N 9B, )"/ ™=V and thus, by (2.13),

lim H”(A;F) =H" (OB}

i xer);
similarly, ’H”(Aj_) — H"'(0B,,,) if Aj_ is the largest connected component of
0B re \ Kj.
We claim that, for j sufficiently large, A;.r and Aj_ cannot belong to the same con-
nected component of B, \ K;: otherwise, we can compare with the cup competitor of

K; in B, , defined by the connected component of d B, , \ K; containing A;F U A; (which
is the largest connected component of d B, \ K; when j is large enough), obtaining

(B ) < liminfH"(K; N By,,) <liminf H" 3By, \ (A7 UA}))
’ j—o00 ’ j—o00 ’ J J
< Hn(an,r N A{lyns1 — xp1l < er})) < Cer",

contrary to the density lower bound (2.7).
If we now fix 5, then we can choose ¢ so that Lemma 9 entails, for j large enough,

(@1 — )"~ <liminf H"~'(K; N 9By, < f(r).
]—)OO

In conclusion, f/'(r) > (6,—1 — n)r"~! forae.r < p. As f(r) > (o,—1 — n)r"/n for
every r < p, one concludes that 8(x) > (o,—1 — 1)/(nwy). Letting n — 0 we obtain
0(x) > 1.

To complete the proof of Theorem 2 we recall that a standard consequence of the
monotonicity (2.10) is the upper semicontinuity of 6; a simple density argument then
shows (1.5) (cf. [Sim83, Corollary 17.8]). O
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3. Proof of Theorem 4

Most of the proof of Theorem 4 relies on the following elementary geometric remark.

Lemma 10. If K € F(H,C), B,, cC R\ H, and y € C, then either y N
(K \ By,r) # @, or there exists a connected component & of y Ncl(By ) which is homeo-
morphic to an interval and whose end-points belong to distinct connected components of
cl(Bx.») \ K (and so to distinct components of 3By , \ K). The same conclusion holds if
we replace By, with an open cube Q CC R 1\ H.

Proof. Step 1. ltis clearly sufficient to assume y N (K \ By ) = #: since y must inter-
sect K, it must intersect cl(By_ ). We first prove the lemma under the assumption that y
and 0 B, , intersect transversally.

Indeed, we can then find finitely many mutually disjoint closed circular arcs I; C S',
I; = [a;, b;], such that y N By, = |J; ¥((a;, b)) and y N B, , = J;{y(ai), y(bi)}.
To reach a contradiction, we assume that for every i there exists a connected component
Aj of cl(By r) \ K such that y(a;), y(b;) € A;. (Note that, possibly, A; = A; for some
i # j.) By connectedness of A;, for each i we can find a smooth embedding 7; : I; — A;
such that 7;(a;) = y(a;) and 7;(b;) = y (b;); moreover, one can easily achieve this by
enforcing 7;(/;) N 7;(I;) = ¥. Finally, we define y by setting y = y on Sty U; L,
and y = t; on [;. In this way, [y] = [y] in ap(RAF1 \ H), with y N K \ cl(By,) =
y N K\ cl(By,) =%and y N K Ncl(By,) = ¥ by construction; thatis, y N K = .
Since there exists ¥ € Cy with [¥'] = [y] = [y] in 7 (R*t! \ H) which is uniformly
close to 7, we get ¥ N K = @, contradicting K € F(H, C).

Step 2. We now prove the lemma for any ball B, , cC R"*!\ H. Since y is a smooth
embedding, by Sard’s theorem we know that y and 9 B, ; intersect transversally for a.e.
s > 0. In particular, given ¢ small enough, for any such s € (r — ¢, r) we can construct
a smooth diffeomorphism f; : R"*! — R"*! such that f; = Id on R"*! \ B, , 5, and
fs(y) =x+ (r/s)(y — x) for y € By y4e, so that

fs — Id  uniformly on R"*! as s — r~. 3.1

We claim that one can apply Step 1 to fyoy. Indeed, the facts that fyoy € C and fsoy and
d B, , intersect transversally are straightforward; moreover, since dist(y, K N9 B ;) > 0,
(3.1) easily implies that (f; o ¥) N K \ By, = @. Hence, by Step 1, there exists a proper
circular arc I = [ay, by] C S! such that fs(y(as)) € Ay and fs(y(bs)) € Aj(y) for
some connected components A; # A; of cl(Bx ) \ K, and (fs o y)(ay, bs) C By . Up
to subsequences, we can assume that a; — a, by — b and the arc [ay, by] converges
to [a, b]. It follows that y(a) and y(B) must belong to distinct connected components of
cl(By ) \ K, as otherwise by (3.1), fs(y(as)) and f;(y (bs)) would belong to the same
connected component for some s close enough to r. By (3.1) we also have y ([a, b)) C
cl(By,r).

The argument for cubes Q is a routine modification of the one given above, and is left
to the reader. ]
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Proof of Theorem 4. Step 1. We start by showing that F(H, C) is a good class in the
sense of Definition 1. To this end, we fix V € F(H,C) and x € V, and prove that for
a.e.r € (0, dist(x, H)) onehas V', V" € F(H, C), where V' is the cone competitor of V
in By, and V" is a cup competitor of V in By .

We thus fix y € C and, without loss of generality, we assume that y N (V' \ By ) = 0.
By Lemma 10, y has an arc contained in cl(By ) homeomorphic to [0, 1] and whose end-
points belong to distinct connected components of d By , \ V; we denote by o : [0, 1] —
cl(By ) a parametrization of this arc. By construction, either o (0) or o (1) must belong to
yNV"N3 By . This proves that V" € F(H, C). We now show that y N V' Ncl(By ) # 0.
If x € o, then trivially V' N # @; if x € o, then we can project o radially on 9 By,
and the projection 7 o o must intersect V' N3 By, = V N3 By, by connectedness. If z is
such an intersection point, then V' > 7~ Y2 Nao (0, 1]) # 0, as 7~ 1(z) = Az for some
A € (0, 1). This proves that V' € F(H, C).

Step 2. By Step 1, given a minimizing sequence {K;} C JF(H,C) which consists of
rectifiable sets, we can find a set K with the properties stated in Theorem 2. In order to
prove the second statement in (b) we just need to show that K € F(H, C).

Suppose for contradiction that some y € C does not intersect K. Since both y and K
are compact, there exists ¢ > 0 such that the tubular neighborhood U,.(y) does not
intersect K and is contained in R"H! \ H.Hence (U (y)) = 0, and thus

lim " (K; N Us(y)) = 0. (3.2)
Jj—00

Observe that if ¢ is small enough, there is a diffeomorphism @ : s x D, — U:(y)
such that @[, = v, where D, := {y € R" : |y| < p}. Denote by yy the parallel
curve @[g1, (. Then yy € [y] € 7 (R"1\ H) for every y € D,. Thus we must have
KiN(y x{y}) #@forevery y € D, and every j € N. If we let 7 : S x D, - D, be
the projection on the second factor and define 7 : U,(y) — D, as # o ®~!, then 7 is a
Lipschitz map. The coarea formula then implies

n

Wn€
"(K; N —_—
HYK; N U () = (Lip7)" > 0,

which contradicts (3.2). This shows that K € F(H, C), as claimed.

Step 3. We show that K is (M, 0, co)-minimal, i.e.
H"(K) < H"(¢p(K))

whenever ¢ : R"*! — R+l is a Lipschitz map such that ¢ = Id on R"*! \ B, , and
¢@(Bx,r) C By, for some x € R*t\ H and r < dist(x, H). To this end, it suffices to
show that given such a ¢, we have ¢(K) € F(H,C).

We fix y € C and assume that y N (K \ By,,) = ¥ for some p € (r,dist(x, H)).
By Lemma 10, there exist two distinct connected components A and A" of By, \ K
and a connected component of y N cl(By, ,) having end-points p € cl(A) N dB, , and
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q € cl(A") N 3By, ,. We complete the proof by showing that p = ¢(p) and g = ¢(q) are
in the closures of distinct connected components of By , \ ¢(K).

To reach a contradiction, denote by €2 the connected component of By , \ ¢(K) with
P, q € cl(2). If h denotes the restriction of ¢ to cl(A), then the topological degree of  is
defined on R"*1 \ A(3A), thus in . (Recall that the degree of a continuous function # is
an integer valued locally constant function equal to the algebraic sum of the numbers of
preimages in 2! (y), the sign being chosen according to whether & preserves or changes
orientation; see [Hir94, Ch. 5] for more details.) Since ¢ = Id in a neighborhood of
9By, one has deg(h, p’) = 1 for every p’ sufficiently close to p; since the degree is
locally constant and €2 is connected, deg(h, -) = 1 on Q. In particular, gz)" MWNA#D
for every y € . We apply this with y = ¢’ for some ¢’ € Q sufficiently close to g.
Let w € ¢~ !(¢); since ¢ = Id on R**' \ B, ,, if |¢'| > r then w = ¢/, and thus
g’ € A.In other words, every ¢’ € By, , sufficiently close to ¢ is contained in A. We
may thus connect in A any pair of points p’, ¢’ € By, which are sufficiently close to p
and g respectively, that is, p and g can be connected in A. This contradicts A # A’, and
completes the proof of the fact that K is an (M, 0, co)-minimal set. We are thus left to
prove (b).

Step 4. We want to show that given K € F(H, C) with H"(K) < oo, there exists K’ €
F(H, C) rectifiable such that H"(K') < H"(K). The proof is divided into three further
steps. By [Fed69, 2.10.25], 0 = (w1wn /@n+ DHTH(K) = [z H"(K N {x) = t}) dt, thus
L'{r e R:H"(K N{x; =1}) > 0}) = 0. In particular,

zl(U{z € 1): ’H”(K nJt =1 +h/2/}) > 0}) =0,
jeN heZ

so that, for a suitable x? € (0, 1) one has H"(KN{x; = x?+2‘j h}) = Oforevery j € N,

h € 7. This argument can be repeated for each coordinate, giving a point x® € R**! such

that H"(K N {x, = x0 +27/h}) = Oforeverym € {1,....,n+1},j € N, h € Z.

As a consequence, one finds a grid Q of open dyadic cubes such that H*(K N9 Q) =0

for every O € Q. We let W be the Whitney covering of R"*! \ H obtained from Q as

in [Ste70, Theorem 3, p. 16], so that if Q’ is the concentric cube with twice the size of
QeW,then Q' NH =@.

Step 5. First, for every Q € W we define a suitable replacement K in the cube Q
such that K¢ N cl(Q) is H"-rectifiable with H" (Ko N cl(Q)) < H"(K N cl(Q)) and
Ko\ cl(Q) = K \ cl(Q). Let us denote by {F;}; the family of connected components
of Q' \ K and consider the partitioning problem (into Caccioppoli sets, cf. for instance
[AFPOO0, Section 4.4])

inf{H”(Q’ N U B*Ei) : {E;}; is a partition modulo H"*! of Q’ with
ENQ=F\Q} (3

Since F; is open with 9 F; C K and H"(K) < o0, the infimum in (3.3) is finite and there
exists a minimizing partition {E;}; (one can apply, for instance, [AFP00, Theorem 4.19
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& Remark 4.20]). Let the closed set K be given by
—(K\Q)U (cl(Q) n CI(U a*E,-)).
i

By a slight modification of [Mag12, Lemma 30.2], H"(Q N (Ko \|J; 8*E;)) = 0, so that
cl(Q) N K is countably H"-rectifiable. To prove H" (Ko Ncl(Q)) < H"(K Ncl(Q)) it

suffices to show
H" (cl(Q) n (KQ U 3*E,~>) —0.
i
Since H"(Q N (Ko \ U; 3*E;)) = 0 and H" (K N3 Q) = 0, we just need to prove
7 (aQ N ((KQ Vo B*Ei» —0.
i
In turn, by [Mag12, Corollary 6.5], it is enough to find ¢y > O such that

H"(Bx,,mUa*Ei) > cor",  Vx € 00N(K\K), Vr < ry = dist(x, K\Q). (3.4)

To do so, let iy be such that x € Fj, and, for r < ry, let G; = E; \ By, if i # ip, and
Gi, = Ei, U By ;. Since {G;}; is admissible in (3.3), we find that

fr) = H" (cl(Bx,,)mU a*E,-) < A" (cl(Bx,)ﬂU B*Gi> =" (an’,mU a*G,-).

We next denote by Ei(t) the set of points x of density t of the set E;:

1
lim an+ (Bx,r N Ei) _
r—0 a)n+1r”+1

Now, for a.e. r < ry, one has H" (d By, N (El.((?) A 9*Gy,)) = 0, as well as

H'@Be, N(EN A9*G) =0, ViA£ig, M (an,, n (E}(?) Al E;“)) —0
i#ig

We thus find that f(r) < H"(dBy,, N E( )) for a.e. r < ry; now, again for a.e. r < ry,
the set 9By , N E( ) has finite perimeter in d By , with

H' (035, (0Br s NEL) A 3By, NI Ejy)) =0

since H"(0By, \ E (0)) > H"(0By.)/2 by convexity of Q, the isoperimetric inequality
on 3By, yields f(r) < Cm)H"~ 1(3*ElO N3B, )"~V < Cn) f'(r) forae.r < ry.
By arguing as in Step 1 of the proof of Theorem 2 we complete the proof of (3.4).
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Step 6. We finally set K" := Uy Ko Ncl(Q). By Step 2, K’ is H"-rectifiable, with

H'YK') < Y H'(Kgnel(@) < Y H'(KNc(Q) =Y H(KNQ),
QeWw QeWw QeWw

where in the last identity we have used Step 4. This shows that H"(K') < H"(K). We
now prove that K’ € F(H,C).Lety € C, so that y N K Ncl(Q) # @ for some Q € W.
Since KN30 C KgNaQ C K'N3Q, we may directly assume that y N K N Q # @.
By Lemma 10, there exists a connected component ¢ of y N cl(Q) with end-points p €
F;NoQ and g € F;N3Q for some distinct connected components F; and F; of cl(Q)\ K.
If either p or g belongs to K there is nothing to prove; otherwise, p € E; and g € Ej.
In particular, by connectedness of o, we must have 0 N K Ncl Q # ¥. This completes
the proof of (b). ]

4. Proof of Theorem 7

Step 1. In this and in the next step we prove that A(H, Ko) is a good class in the sense of
Definition 1. Let K € A(H, Kj); in this step we show (1.4) when L is a cup competitor
in By, C R*T1\ H (at least for a.e. r). We therefore consider B, CC R*+1\ H and
assume further H" (K N d By ) = 0, which holds for a.e. . Also, for convenience we can
translate, rescale and assume x = 0 and r = 1; we then write B instead of By ;. Consider
the cup competitor of K in B defined by a given connected component A of 9B \ K. Its
Hausdorff measure is H" (K \ B) + H"(dB \ A). Our goal is thus to show that, for any
given o > 0, there is J € A(H, K¢) with the property that J \ cl(B) = K \ cl(B) and
H'(J) <H"(K\B)+H'(OB\ A) +o0,s0

H'(J Necl(B) < H'"(@B\ A) + 0. 4.1

By definition we need a map ¢3 € X (H) such that J = ¢3(K). In fact we will build ¢3
so that ¢3 = Id on R"*! \ B 14 for some sufficiently small 7.

¢3 will be constructed building upon two additional maps ¢1 and ¢». To construct ¢
we just fix xop € A and a small p so that By, , N K = . Then ¢ projects B \ By,
onto d B along the rays emanating from xo, while it “stretches” By, , N cl(B) onto cl(B).
In doing so, we achieve that K1 = ¢1(K N cl(B)) is contained in dB and is disjoint
from By, ,.

We next claim that there exists a Lipschitz map ¢, : 0B — 9B with ¢» = Id on
U:(K N dB) for some positive & and

H' (¢2(K1)) < H"(@B\ A) +o. 4.2)

The existence of ¢, will be shown in a moment.
Corresponding to ¢, we can find > 0 such that B4, CC R\ H and

K n 8Bl+,

C U (KNdB), Vrie(0,n).
- e( ) ©,m)
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Finally, we define ¢3 : R"*! — R"*! by setting

h2(1(x)) for x| < 1,
-1 1 -
prcry = 2L IHm M G fort <l < 141,
n n
X, for |x| > 14+ n.

Notice that ¢3 is a Lipschitz map with
¢3=1Id on (R"1\ Biyp)U{(l+t)x:te0,n), x e U(KNOIB)J.

In particular, J \ cl(B) = ¢3(K \ cl(B)) = K \ cl(B) and J Ncl(B) = ¢3(K Ncl(B)) =
¢2(K1) and, by (4.2), (4.1) holds.

Thus it remains to construct the map ¢,. Up to conjugation with a stereographic pro-
jection with pole xg, the existence of ¢, is reduced to the following problem. Given

(i) a connected open set 2 C R" with bounded complement and with H" (9€2) = 0,
(ii) aball Bg C R”" such that 92 CC Bg and
(iii) ao > 0,
find ¢ > 0 and a Lipschitz map ¢ : R” — R” such that

(@) ¢ =Idon U,(3Q) U (R" \ Q) UR" \ Byg and
(b) H'(p(BrNQ)) < 0.

This can be achieved as follows. Let VW be the Whitney decomposition of Byg N €2,
constructed from the standard family of dyadic cubes in R". Given ¢ > 0 we can find a
“face connected” finite subfamily Wy of W such that

(BrN\ U009 C | 0,
0eWy

and for which there exists Qg € Wy with Qo \ Br # ¥. We now construct a Lipschitz
map f : R"*T — R"*! such that f =Id on R"1\ [y, Q with

(U ens)c U oo

QeWp QeWy

To this end we choose a ball Uy CC Qo \ Br, and then define a Lipschitz map fo :
R" — R" with fo =Id on R"\ Qo, fo(Uo) = Qo and fo(Qo \ Up) = 3 Qg by projecting
Qo \ Up radially from the center of Uy onto dQy, and then stretching Uy onto Q. Let
now Q1 € W) share a hyperface with Qy, so that the side-length of Q is at most twice
that of Q. In case the side of Q is twice that of Qg, we subdivide Q1 into 2" subcubes
and denote by Q1 the one sharing a hyperface with Qg; otherwise we set Ql = 0.
Let x; € Q be the reflection of the center of Q| with respect to the common hyperface
between Qo and Q 1. Then we can find a ball U; ccC Qo and define a L1psch1tz map
f1 R" — R" such that f; = Idon Rn\(QOUQl) F(Q1UQ)\U) € 3(QoU Q) and
f] ) = Q1 UQy. In the case when Q] # 0 we perform a further radial projection onto
0 Q1 from a small ball centered at the center of Q1 In this way we construct a Lipschitz
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map f1 : R" — R” suchthat f = Idon R"\(QoUQ1), f1((Q1UQp)\U;1) C 9Qp0UI0
and f1(U1) = Q1 U Qop. Thus g1 := f1 o fo is a Lipschitz map such that g; = Id on
R"\ (QoU Q1) and g1 ((Qo U Q1) \ Up) C 3Q0oU Q. A simple iteration concludes the
proof.

Step 2. In this step we address cone competitors. As before, we consider balls B, centered
at 0 with B, cc R**!\ H. We assume in addition that K N 9 B, is "~ '-rectifiable with
H" (K N3B,) < oo and that r is a Lebesgue point of (0, 00) 5 ¢ — H"~ (K N 3B,).
All these conditions are fullfilled for a.e. r, and again by scaling we can assume that 7 = 1
and use B instead of B;. Let K’ denote the cone competitor of K in B. For s € (0, 1) set

0, rel0,1—y)),
—(1 =
ps(r) = M, refl—s, 1],
r, r>1,

and ¢ (x) 1= @g(|x|)x/|x| for x € R*™! Then ¢, : R"*! — R"*! is a Lipschitz map
with ¢y = Id on R**!1 \ B. In particular, ¢;(K) \ B = K \ B, and thus we only need to
show that

limsup H" (¢s(K N B)) < H"(K' N B).

s—0t

Since ¢5(K N Bi—g) = {0}, we just have to show that

lim sup H" (¢5(K) N (B \ Bi—y)) < H" ' (K N 3B)/n.

s—0t

Denoting by JX ¢, the tangential Jacobian of ¢, with respect to K, we find

H ($o(K) O (B\ Bi_y)) = / K gy dH
KN(B\Bi_y)
/ dt/ 7, d?—l”*l—k/ JKpsdM", (4.3)
1-s  JrnaBN-i<l} /1 — (v-%)2 KN(B\Bj_,)N{v-£=1}

where v(x) € §"H N (T K)* for H"-a.e. x € K and X := x/|x|. We first notice that on
the set K N (B \ Bi_s) N{v-% = 1} we have JX¢,; < 1. Moreover

lim #"(K 1 (B\ Bi—)) = 0,
S—>
and thus the second term in (4.3) can be ignored. At the same time, for a constant C,

T ps(x) < C+ V1= @02 (IxD(es(IxD/IxD)"™" for H"-ae.x € K.

The constant C gives a negligible contribution to the integral as s | 0; as for the second
term, having ¢, = 1/s on (1 — s, 1), we find

1

ne1 1 n—1
HUK (9Bl (1) (%t(t)) dt — 1 H' (K NaB,) <<pst(t)) dt.
N

1—s 1—s
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Since t = 1 is a Lebesgue point of (0, 00) > ¢ H"L(K N 3B,), we have

1 1
lim — |H" " (K NaB;) —H" " (K NdB)|dt =0,

s—>08 Ji—g

so that combining the above remarks we find

1Y (o) \"!
limsup H" (¢; (K N B)) < H"~'(K N dB) limsup —/ <%—()) dt
s—0t s—>0t S J1-s t
_ H"'(KNdB)
" )

as required. This completes the proof that A(H, Ky) is a good class.

Step 3. Having proved the first statement of the theorem, we now show the rest. Under the
rectifiability assumption on Ky, any minimizing sequence in A(H, K) consists of rectifi-

able sets, and we can therefore apply Theorem 2. Thus H" L K A u=0H"L_K, where
K is countably H"-rectifiable and 6 > 1. Moreover we assume that ¢; |, 0 quantifies the
almost minimality of K, namely inf{H"(J) : J € A(H, Ko)} = H"(K;) — ¢;.

In this step we prove that & < 1 p-a.e. For contradiction, assume that 0 (x) = 1 + o
> 1 for some x where K admits an approximate tangent plane 7' (cf. Step 3 in the proof
of Theorem 2). Without loss of generality we can assume x = O0and T = {y : y,4+1 = 0}.
By (1.5), we can find ro > O such that

u(cl(By))
Wy "

KNB CS:, 140Z< <140 +¢0, Vr<ry, 4.4

where Sgr = By N {|x,+1] < er}. If we fix any r < rg we then find jo = jo(r) € N such
that

H'KNB) > (1+Z Your",  H'((KiNB)\Sey) < Zwar™, Yj=>jo, (4.5)
Jj r ) nt" J r er g ot J = Jos .

and thus
H"'(K; N Ser) > <1 + %)a)nr", Yj > jo.
Set
Xer i =1{x = (x/, Xn+1) € Ser : |x/| <(1- \/E)r},

and define f : XU (R*"H1\ B,) — R**! with f(x) := (x,0)ifx € X, and f(x) :=x
otherwise. In this way Lip f < 1 + C./e, and thus by Kirszbraun’s theorem [Fed69,
2.10.43] there exists a Lipschitz extension f : R"!1 — R*+! with Lip f < 1+ C./e.
Such an extension belongs to X (H) and we thus find

H'(K;j N B,) —¢j
< H"(F(Kj N Xer)) +H' (FK; O (Ser \ Xer))) +H(F(Kj N (B \ Ser))) -

I i i
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By construction, / < w,r", while, by (4.5), H"(K; N B,) > (1 4+ 0/2)w,r" and
.2 o
I < (Lip /)"H"(K; N (B, \ Ser)) < (1 + Cﬁ)”zwnr’l.
Hence, as j — oo,
o Lo o
(1 + —>a)nr” < wpr" + iminfII 4+ (1 + C\/e)" —w,r",
2 j—o0 4

that is,

o < liminf 4.6)

j—oo i

1 (14 Cye)"
G225

By (4.4) and again by the monotonicity of s~ u(By), we finally estimate

limsup /I < (1 + C/&)" u(cl(B,) \ B_ eyr)

j—o00
<(1+CVe)'((1+o+e0)— (1 +0)1 — &) )war". 4.7
However, since o > 0, (4.6) and (4.7) are incompatible when ¢ is sufficiently small.

Step 4. We show that H"(K;) — H"(K), thus proving the first equality in (1.8). Note
that since H" L K; weakly converges to H" L K in R"*+1\ H, we only need to exclude
any concentration of mass in H in the limit, as well as any loss of mass at infinity.

We first let Ry > 0 be such that H C Bpg, and consider the Lipschitz map ¢(x) :=
min{|x|, Ro}x/|x|. Obviously ¢ € X (H) and we easily compute

1
H'(Kj) —ej < H"(p(K;)) < H"(K; N Bag,) + z—nH"(Kj \ Bagy)-

This implies that H" (K \ Bag,) — 0. In order to prove H"(K;) — H"(K), it remains
to show that there is no loss of mass at H. To this end, fix n > 0, and consider § > 0 and
the map 7 as in (1.7). Then, from 7 € X(H) and H" (7w (Us(H))) < H"(H) =0,

H"(K) < limsupH"(K;) < limsup H" (7 (K;)) < (1 +n)" limsup H"(K; \ Us(H))
j—o0 j—o00 j—o00
= (1 +n)" limsup H"((Kj Ncl(Bagy)) \ Us(H))
j—oo

< (1 +n)"H"(K Ncl(Bagy)) < (1 +n)"H"(K).
The arbitrariness of 7 implies that lim sup; HY(K;) =H"(K).

Step 5. To complete the proof we need to show the second equality in (1.8). We argue
in two steps, borrowing some important ideas from [DPHO3]. We show in this step that
H'(K) < H"(¢(K)) whenever ¢ € X(H) is a diffeomorphism. Let G(n) denote the
Grassmannian of n-planes in R"H letd(z, o) denote the geodesic distance on G (n), and
let J* ¢ be the tangential Jacobian of ¢ with respectto T € G(n). Given ¢ > 0, by Lusin’s
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theorem we can find § > 0 and a compact set KCK With H'(K \ K ) < & such that K
admits an approximate tangent plane t(x) at every x € K,

sup sup |[Vo(x) = Vo) <e, sup sup d(z(x),7(y) <e¢, (4.3)
xeK YE€Bxs xek yeKNB, s

and moreover, if we denote by Sy , the set of points in B, , at distance at most er from
x4+ t(x),then K N By, C Sy, foreveryr < §and x € K. By the Vitali-Besicovitch
covering theorem [AFPO0, Theorem 2.19] we can find a finite disjoint family of closed
balls {cl(B;)} with B; = By, ,, CC R*™I\ H, x; € K,and r; < 8, such that H”(K\
(U; cl(Bi)) = 0. In particular a finite subfamily of them, still denoted by {B;}, satisfies
H' (K \ U; cl(By)) < ¢; furthermore, by slightly enlarging the radii we can still assume
that the balls are disjoint, that their radii are less than §, and that ’H”(I% \U; Bi) < e.
By exploiting the construction of Step 3, we can find j(¢) € N and maps f; : cl(B;) —
cl(B;) with Lip f; < 1 + C./¢ such that, for a certain X; C S; = Sx; eri»

fi(Xi) C Bi N (xi + T(x))), (4.9)
H'(fi(Kj N B)\ X)) < Cewur!, Vj=je). (4.10)

By (4.8), (4.9) and the area formula, using w, r;' < H" (K N B;) (thanks to monotonicity)
and setting «; := H"((K \ I?) N B;), we obtain

H" (¢ (fi(K; N X1))) = / JTOD@(x) dH" (x) < (JTH D@ (x;) + &)y !

Si(KiNX;)
< (D) + e)H"(K N B;) < (J* D (x;) + &) (H'(K N B;) + ;)

< / (W) + 26) dH (¥) + (Lip )" + )
KNB;
— W (G(R N B) + 261" (K N By) + (Lip$)" + )ai, @.11)

where in the last identity we have used the injectivity of ¢. Recalling Step 3, each f; is
the identity on 9 B;. Since {cl(B;)} is a finite disjoint family of closed balls, we can define
f :R" — R”" by imposing f = f; on each B; and f = Id on R" \ | J; B;. Obviously
f € X(H). Combining (4.10) with @, r' < H"(K N B;), adding up over i, and letting
J — oo we thus find H"(K;) —¢; < H"'(¢(f(K})) < ’H”(d)(le)) + o(¢e) for every
j > j(e), where o(¢) — 0 as e — 0% in a way which depends on n, Lip ¢, and H" (K)
only. We first let j — oo and then ¢ — 0 to prove our claim.

Step 6. By Step 5, the canonical density one varifold associated to the rectifiable set K
turns out to be stationary in R”*!\ H. By Allard’s regularity theorem [Sim83, Chapter 5]
there exists an H"-negligible closed set S C K such that I' := K \ S is a real analytic
hypersurface.

We may now exploit this fact to improve on Step 5 and show that H"(K) <
H" (¢ (K)) for every ¢ € X (H), which proves that K is a sliding minimizer (and hence
an (M, 0, co)-minimal set). The idea is that, by regularity of I', at a fixed distance from
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the singular set one can project K; directly onto K, rather than onto its affine tangent
planes localized in balls. More precisely, since H"(H U S) = 0 and H"(K) < oo, one
has

limsup H"(K; NUs(H U S)) < H"(K Ncl(Us(H U S))) =: 0(), 4.12)
j—o00

where 0(8) — 0as § — 0T. If N,(A) denotes the normal e-neighborhood of A C T,
then by compactness of I's := I" \ Us(H U S) there exists ¢ < & such that projection onto
I" defines a smooth map p : Np.(I's) — I's. We now define a Lipschitz map

fes : Ne(Ts) U Uspa(H U S) U R"H\ Us(I)) — R*!
by setting fz s = p on N.(I's), and f. s = Id on the remainder. Observe that

lim Li =1<o0.
elw ip fe.s <

For every § we then choose ¢ < § so that f = f; s has Lipschitz constant at most 2 and
extend it to a Lipschitz map f on R"*! with the same Lipschitz constant. Obviously f
belongs to X (H). We can then estimate

H"(f(Kj)\ Ts) < (Lip /)"H"(Kj \ No(T's)). (4.13)
Observe that R"™!\ N, (I's) cC R\ Uy 2(K) U Ups(H U S), and thus

limsup " (K; \ Na(Ts)) < H'(K NUn(HNS) S 028).  (4.14)

j—o0
Combining (4.13) and (4.14) yields

lim sup 1" (f (Kj) \ T's) < 2"0(28).
J
On the other hand, I's C K. Thus, combining (4.13) and (4.14) with a standard diagonal
argument we obtain a sequence of maps f; € X (H) such that H" (f;(K;)\K) — 0. Since
each K; equals v;(Ko) for some ¥; € X(H), we conclude that there exists a sequence
{¢;} C Z(H) such that H"(¢;(Ko) \ K) — 0.
We are now ready to show the right identity in (1.8). Fix ¢ € ¥(H). Then

H (9(K)) = l}rggf'ﬂ"@ 0 ¢j(Ko))
> inf{H"(J) : J € A(H, Ko)} = H"(K).
This shows that K is a sliding minimizer. O
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