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Abstract. The Abel differential equation y’ = p(x) y2 +g(x) y3 with p, g € R[x] is said to have
a center on an interval [a, b] if all its solutions with the initial value y(a) small enough satisfy the
condition y(b) = y(a). The problem of description of conditions implying that the Abel equation
has a center may be interpreted as a simplified version of the classical center-focus problem of
Poincaré. The Abel equation is said to have a “parametric center” if for each ¢ € R the equation
y = p(x) y2 +eq(x) y3 has a center. In this paper we show that the Abel equation has a parametric
center if and only if the antiderivatives P = [ p(x)dx, Q = [q(x)dx satisfy the equalities
P=Po W, 0= @ o W for some polynomials F, é and W such that W(a) = W(b). We also
show that the last condition is necessary and sufficient for the “generalized moments” |, f PidQ

and fub Q'd P to vanish for all i > 0.

Keywords. Periodic orbits, centers, Abel equation, moment problem, composition conjecture

1. Introduction

Let

Y =p)y* +qx)y’ (h
be the Abel differential equation, where x is real and p(x) and g(x) are continuous.
Equation (1) is said to have a center on an interval [a, b] if all its solutions with the
initial value y(a) small enough satisfy the condition y(b) = y(a).

The problem of description of conditions implying a center for (1) is closely related to
the classical Poincaré center-focus problem about conditions implying that all trajectories
of the system

{)f = —y+Fx,y), .

y=x+G(x,y),
where F(x, y), G(x, y) are polynomials without constant or linear terms, are closed in a
neighborhood of the origin. Namely, it was shown in [11] that if F(x, y), G(x, y) are ho-
mogeneous polynomials of the same degree, then one can construct trigonometric polyno-
mials f(cos @, sin @), g(cos ¢, sin ¢) such that (2) has a center if and only if all solutions
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of the equation

dr i 2 . 3
— = f(cos g, sing)r- 4+ g(cos ¢, sin@)r

dy
with r(0) small enough satisfy the condition r (27r) = r(0).
Set
X X
P(x) =/0 ps)ds, Q) Z/o q(s)ds. (3

The following composition condition introduced in [3] is sufficient for equation (1) to
have a center: there exist C!-functions P, Q, W such that

P(x)=P(WK), Q) =0WX), W) =W(®). 4)

Indeed, if (4) holds, then any solution of (1) has the form y(x) = Y(W(x)), where y is a
solution of the equation ~ ~

Y =Py’ + 0’y
implying that y(a) = y(b), since W(a) = W (D).

It is known that in general the composition condition is not necessary for (1) to have a
center [2]. However, it is believed that in the case where p(x) and ¢g(x) are polynomials,
equation (1) IlaSNa center if and only if the composition condition (4) holds for some
polynomials P, Q, W € R[x] (see [7], [9] for some partial results in this direction).

In this paper we study the following “parametric center problem” for equation (1)
with polynomial coefficients: under what conditions the equation

Y = p)y* +eq(x)y},  p.q e Rx], (5)

has a center for any ¢ € R? Posed for the first time in [4-6], this problem turned out
to be very stimulating and resulted in a whole area of new ideas and methods related to
the so called “polynomial moment problem” (see the discussion below). Along with the
parametric center problem some other weakened versions of the center problem for the
Abel differential equation have been introduced and studied (see e.g. [10], [13], [14]).
However, the parametric center problem has remained unsolved (see the recent paper [8]
for the state of the art), and the goal of this paper is to fill this gap.
Our main result is the following theorem.

Theorem 1.1. The Abel differential equation (5) has a center on an interval [a, b] for
any ¢ € R if and only if the antiderivatives P = [ p(x)dx and Q = [ q(x)dx satisfy
the composition condition (4) for some polynomials P, Q, W.

The proof of Theorem 1.1 is based on a link between the parametric center problem and
the vanishing of certain “polynomial moments”. Namely, it was shown in [6] that the
parametric center implies the equalities

b b
/ PidO=0. i=0. / 0'dP =0, i>0, ©)
a

a

and in fact we prove the following “moment” counterpart of Theorem 1.1.
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Theorem 1.2. Polynomials P, Q € R[x] satisfy (6) if and only if they satisfy the compo-
sition condition (4) for some P, Q, W € R[x].

The problem of description of polynomial solutions of the system

b
/ Pld0=0, >0, ™
a

called the “polynomial moment problem”, has been studied in many recent papers (see
e.g. [4-6, 12, 15-21, 23]). Again, the composition condition (4) is sufficient for equali-
ties (7) to be satisfied, although in general it is not necessary [15]. A complete solution
of the polynomial moment problem was obtained in [20], [19]. Namely, it was shown
in [20] that if polynomials P, Q satisfy (7), then there exist polynomials Q; such that

Q0=3;0;and
P(x) = Pi(W;(x)), Qjx)=V;(W;x)), Wja)= W;b) (3)

for some polynomials P;(z), V;(z), W;(z). Moreover, in [19] polynomial solutions of (7)
were described in explicit form (see Section 2 below).

In this paper we apply the results of [19] to each of the two systems in (6) separately
and show that the restrictions obtained imply that any solution P, Q of “mixed polyno-
mial moment problem” (6) satisfies the composition condition (4). The main difficulties
of the proof stem from the fact that a separate solution of systems in (6) leads to functional
equations of the type

Vi(Wj(x)) = A(B(x)), ®
=1

J

where V;, W;, A, B are polynomials, and r equals 2 or 3. Such equations can be consid-
ered as generalizations of the functional equation

A(B(x)) = C(D(x)), (10)

studied by Ritt [22]. However, the well established methods for studying (10) related to
monodromy cannot be applied to (9) for » > 1, and other methods are required.

Although the center problem for the Abel equation with polynomial coefficients can
be considered in the complex setting, in this paper we work in the classical real frame-
work. Thus, an adaptation to the real case of the results of [19] obtained over C is needed.
This is done in Section 2. We show that possible “types” of solutions of the polynomial
moment problem over R remain the same, although one of these types becomes “smaller”
(Theorem 2.10). Moreover, in Section 2 we establish some important restrictions of the
arithmetical nature on points a, b for which there exist solutions of (7) which do not
satisfy the composition condition (Corollary 2.5).

In Section 3 we apply the results of Section 2 to each of the two systems in (6) and
prove Theorem 1.2. Our approach consists in a painstaking analysis of systems of equa-
tions for the coefficients of the polynomials appearing in corresponding equalities (9).
Eventually, Theorem 1.2 is deduced from the restrictions on P and Q obtained from
these systems combined with the restrictions on possible values of a and b.
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2. Polynomial moment problem over C and over R

2.1. Solution of the polynomial moment problem over C

In this subsection we briefly recall the description of P, O € C[z] satisfying (7) for
a, b € C, obtained in [19]. For more details we refer the reader to [19].

Recall that the Chebyshev polynomials of the first kind 7;, can be defined by the
formula 7}, (cos ¢) = cos (ng). It follows directly from this definition that

(=1, T,(-=D=(D", n=0, (1)
T,oT,=T,0T, =Ty,, nm>1,

where (A o B)(z) = A(B(2)).
An explicit expression for 7, is given by the formula

[7/2]
T, == D (2x)" 12
() 2];( o2 @ (12)
implying in particular that
Tp(—=x) = (=D)"T, (x) 13)

(see e.g. [1, Chapter 22]).
Following [19], we will call a solution P, Q of (7) reducible if the composition con-
dition (4) holds for some P, Q, W € C[z].

Theorem 2.1 ([19]). Let P, Q be non-constant complex polynomials and a, b distinct
complex numbers such that equalities (7) hold. Then either P, Q is a reducible solution
of (7), or there exist complex polynomials P;, Q;, Vi, W, 1 < j <r, such that

,
Q=Y 0;, P=PoW, Qi=VioW, W) =W,b).
j=1

Moreover, one of the following conditions holds:
(i) r=2and
P=Uo7""R"(Z"YoV, Wi =z7"oV, W,=7ZREZ")oV,

where R, U, V are complex polynomials, n > 1, s > 0, and GCD(s, n) = 1;
(i) r =2 and
P=UoTymoV, Wi =Ty oV, Wy=T,,0V,
where U, V are complex polynomials, m1 > 1, my > 1, and GCD(m1, my) = 1;
(ii1) r =3 and
P=Uoz’R*(z*) o Tyyym, o V,
Wi =T oV, Wi=Ty,oV, Ws=@ERE)o0Tmm)oV,

where R, U, V are complex polynomials, m; > 1 and my > 1 are odd, and
GCD(m1,mp) = 1.
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It is assumed that in the above formulas V (a) # V (b), since otherwise P, Q is reducible.
We will call solutions appearing in (i)—(iii) of Theorem 2.1 solutions of the first, second,
and third type, respectively.

Notice that these sets of solutions are not disjoint. For example, if one of the param-
eters n, m of a solution of the second type equals 2, then this solution is also of the first
type. Indeed, if say n = 2, then Wi = Tho V = o z% o V, where u = 2z — 1. On the
other hand, since m is odd in view of GCD(n, m) = 1, the polynomial W> = T;,, o V has
the form W = zR(z%) o V by (12). Therefore,

P=Uop) o?RA2) oV, Q=((Viow) oz>+VaozR(Z2)) oV,
and for the polynomials Wl =z20V and Wz =W, = zR(zz) o V we have
Wi(a) = Wi(b), Wala) = Wa(b). (14)

Similarly, if the parameters a, b of a solution of the third type satisfy V(a) = -V (b),
then this solution is also of the first type. Indeed,

VioTom + Voo Do, = Vioz?
for some \71 € C[z], while
ZR(Z%) o Tonymy = zﬁ(zz)
for some R C[z], since m |, m, are odd. Therefore,
P=Uoz*R*®) oV, Q=({Vioz24+Vz0zR(z}))oV,

and W; = 72 o V satisfies Wi (a) = W; (b), since V(a) = —V (b).

Finally, it is easy to check that a solution of the third type is also of the second type
if (T, o V)(a) = (Tjn, o V)(b) fori = 1 or 2 (see [19, pp. 725-726] for details and a
further discussion of interrelations between different types of solutions).

2.2. Lemmas related to a, b

It is clear that if Tj(a) = T;(b) for some distinct a, b € C, then T,,,(a) = T, (b) and
Tin,(a) = T,,(b) for any m; and my divisible by /. The following lemma shows that
for generic points a and b this is the only reason for two Chebyshev polynomials to take
equal values at a and b.

Lemma 2.2. Let Ty, Tin,, Tiny be the Chebyshev polynomials and a, b be distinct com-
plex numbers.

(a) Assume that
Ty (@) = Tn, (),  Tm,y(a) = Tin,y (D). (15)

Then either Ti(a) = T;(b) for | = GCD(m1, my), or

Tr:zlmz(a) = T;;’llmz(b) = 0 (16)
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(b) Assume that
T (@) = Ty (b)),  Twy(a) = Ty (b),  Tpy(a) = Ty (). a7
Then there exist distinct indices i1,1i2, 1 < iy,i> < 3, such that Ti(a) = T;(b) for
[ = GCD(@m;,, m;y).
Proof. Choose «, 8 € C such that cose = a, cos 8 = b. Then equalities (15) imply
mio = eym B+ 2rky, moa = eomyB + 2mwky, (18)

where 1 = £1, &2 = %1, and ky, k» € Z. Assume first that 1 = &,. Let u, v be integers
satisfying
umi +vmy = 1. (19)
Multiplying the first equality in (18) by # and adding the second equality multiplied by v,
we see that
la = &1lB +2nkiu + 2wkov,
implying that 7j(a) = T;(b).
Assume now that e = —¢1. Then similarly we conclude that
la = e1B(umy — vmy) + 2wkiu + 2w kpv. (20)

Furthermore, eliminating « from (18) we obtain

eymimyf = wkomy — wkymos. 21
Since
T, (cos ) = n(sinng/sin ), (22)
equality (21) implies that 7,,, ., (b) = 0 unless
B=rnky, kel (23)

If (23) holds, then b = 1 if k3 is even, and b = —1 if k3 is odd, implying that
Ti(b) = (=1,
in view of (11). On the other hand, (23) implies by (20) that
Ti(a) = (~1stm=oma),
Since the sum and difference of any two numbers have the same parity, this implies
Ti(a) = (=D)S0m+vm) — (18! = 1),

Similarly, one can see that 7;(a) = T;(b) unless T,;llmz(a) =0.
In order to prove (b) observe that equalities (17) imply

mio = em B+ 2k, moa =eymyaP +2nky, m3a =e3m3P +2nks, (24)

where €1 = =£1, &0 = =£1, g3 = =1, and k1, k2, k3 € Z. Clearly, among the num-
bers €1, €, €3 at least two are equal and we conclude as above that 7j(a) = T;(b) for
I = GCD(m;,, m;,), where g;; = &,. ]
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Corollary 2.3. Let T,,,, T,n, be the Chebyshev polynomials and a, b be distinct complex
numbers. Assume that

Tm1 (a) = Tn11 (b), Tmz (a) = Tmz(b)»
and GCD(m1, my) = 1. Then

Tn’“mz(a) = Tn’”mz(b) =0.

Proof. Follows from Lemma 2.2(a) since the equality S(a) = S(b) for some polyno-
mial S and @ # b obviously implies that deg § > 1. O

Recall that a number y € C is called algebraic if it is a root of a polynomial of positive
degree with rational coefficients. The set of all algebraic numbers is a subfield of C.
The monic polynomial p(x) € Q[x] of minimal degree such that p(y) = 0 is called
the minimal polynomial of y. A minimal polynomial is irreducible over Q. An algebraic
number y is called an algebraic integer if its minimal polynomial has integer coefficients.
In fact, this condition may be replaced by the condition that y is a root of some monic
polynomial with integer coefficients. The set of all algebraic integers is closed under
addition and multiplication.

Lemma 2.4. Assume that a € C is a root of T,.. Then a € R, and 2a is an algebraic
integer.

Proof. Since equality (22) shows that 7, has n — 1 distinct real roots, all roots of 7, are
real. The other statements follow from the formulas

[n/2 .k
T, =nU,—1 and U, = Z(—l)k( )(2)6)"_21{,
k=0 k

where U, denotes the Chebyshev polynomial of the second kind (see [1]). O

Corollary 2.5. In the notation of Theorem 2.1 assume that P, Q is a solution of (7) of
the second type, or a solution of the third type which cannot be represented as a solution
of the first type. Then 2V (a) and 2V (b) are algebraic integers.

Proof. Without loss of generality we may assume that V = x. If Q is of the second type,
then the statement follows from Corollary 2.3 and Lemma 2.4.
If Q is of the third type, then applying Lemmas 2.2(a) and 2.4 to the equalities

T2m| (a) = T2ml (b), T2m2 (a) = T2n12 (b),

we conclude that 2a and 2b are algebraic integers unless T>(a) = T»(b). However, the
last equality yields a = —b, implying, as observed above, that Q can be represented as a
solution of the first type. O
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2.3. Decompositions of polynomials with real coefficients

In this subsection we collect necessary results concerning decomposition of polynomials
with real coefficients into compositions of polynomials of lesser degree.
The following lemma is well known (see e.g. [19, Corollary 2.2]).

Lemma 2.6. Assume that
P=AoB=AoB,

where P, A, B, K, Be Clz] and deg A =deg A. Then there exists a polynomial u € C[z]
of degree one such that

K:Aou_l, §=M0B. O

Corollary 2.7. Let P = U o V, where P € R[z], while U,V € Cl[z]. Assume that the
leading coefficient of V and its constant term are real numbers. Then U, V € R[z].

Proof. Since P € R[z], we have
P=UoV=UoV, (25)

where U, V are polynomials obtained from U, V by complex conjugation of all coeffi-
cients. By Lemma 2.6, (25) implies that

ﬁZUOM_l, V:/LOV, (26)

where © = az + B for some «, 8 € C. Since the leadi_ng coefficient of V is real, the
second equality in (26) implies « = 1. Now the equality V = V 4 g yields 8 = 0, since

the constant term of V is real. Thus, U = U,V = V and hence U, V € R[z]. O

Corollary 2.8. Assume that P = U oV, where P € R[z], while U, V € C[z]. Then there
exists a polynomial u € C[z] of degree one such that the polynomials

U1=U0M_l, Vi=uoV

are in R[z]. In particular, if P is decomposable over C, it is decomposable over R.

Proof. Let u be any polynomial of degree one such that the leading coefficient and the
constant term of the polynomial Vi = w o V are real. Then Uy and V; are in R[z] by
Corollary 2.7. O

Lemma 2.9. Let i1, o be complex polynomials of degree one.

(a) Assume that the polynomial 1 oz" o o, n > 2, has real coefficients. Then there exist
1 € R[z] and c € C such that p = cji.

(b) Assume that the polynomial |11 o T, o pua, n > 2, has real coefficients. Then either
wo € R[z], or there exists 1 € R[z] such that 1, = iJL.
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Proof. Let w1 = a1z+ B1 and o = apz+ Ba, where o, B1, @z, B2 € C. Then the coeffi-
cients of z" and 7"~ ! of the polynomial pjo0z"ouy are ¢, = alo(g andc,_| = ala;_lﬂzn
respectively. Since by assumption these numbers are real, we conclude that the number

Cn—1/Cn = nf2 /0

is also real. Therefore, 82 /ay € R, and hence uy = asft, where it = z + Ba/as € R[z].
Similarly, since
T,(x) = 2n—1xn _ n2n—3xn—2 4.

by (12), the coefficients of 7", "1 72772 of the polynomial (1 o T;, o o are
cp = a12”71a’21, Choy = a12"71na;_1,32,
cns = 12" 2n(n — 1)0[;—2’322 — a12"73na'2’_2,

respectively. As above, ¢, ¢,—1 € R implies that 8> /as € R. Since

nn—1c, ( B2 2 ne, {1 2
hp=—7-—"(=) — -,
2 o 4 \op
it now follows from ¢,_> € R that a% € R. Since uy = asfi, where f = z + Ba/ay is
in R[z], this proves the statement. O

2.4. Solution of the polynomial moment problem over R

In this subsection we deduce from Theorem 2.1 a description of polynomials P, Q with
real coefficients satisfying (7) fora, b € R.

The theorem below is a “real” analogue of Theorem 2.1. Keeping the above notation,
we will call a solution P, Q e R[x] of (7) reducible if (4) holds for some P, Q, W e R[x].
We will also call solutions in (i)—(iii) described below solutions of the first, second, and
third type. Notice that the set of “real” solutions of the first type is “smaller” than the set
of “complex” solutions.

Theorem 2.10. Let P, Q be non-constant real polynomials and a, b distinct real num-
bers such that equalities (7) hold. Then either P, Q is a reducible solution of (7), or there
exist real polynomials P;, Q;, Vj, W, 1 < j <r, such that

,
Q=>"0;. P=PoW,. Q;=VioW, Wa)=Wb).
j=1

Moreover, one of the following conditions holds:
1) r =2and
P=Uox’R*(x) oV, Wy=x>0V, Wr=xRx?oV,

where R, U, V are real polynomials;
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(i1) r =2 and
P=UoTymoV, W =TyoV, Wy=T,o0V,

where U, V are real polynomials, my, my > 1, and GCD(m, mp) = 1;
(iii) r =3 and

P=Uox*R*(x* o Tyym, oV,
Wi=Ty oV, Wo=TpmoV, Ws=xRx? o Tum)oV,

where R, U, V are real polynomials, m, my > 1 are odd, and GCD(m1, my) = 1.

Proof. Our strategy is to apply Theorem 2.1 and to use the condition that P, O € R[x]
and a, b € R. Assume first that (4) holds for some P, O, W € C[x]. Applying Corol-
lary 2.8 to the equality P = P o W we conclude that without loss of generality we may
assume that P and W are in R[x]. Now the equality O = Q o W implies by Corollary 2.7
that Q is also in R[x].

Assume that P, Q is a solution of the first type. By Corollary 2.8 it follows from
P = P; o Wj that there exists a complex polynomial @ of degree one such that the
polynomial i«1 o Wy has real coefficients. Further, applying Corollary 2.8 to the equality
w1 o Wi = g ox" oV, we conclude that there exists a complex polynomial uy of
degree one such that the polynomials 1 0 x" o w2 and 5 o v have real coefficients. By
Lemma 2.9(a) this implies that there exist £ € R[x] and ¢ € C such that u, = cft. Since
,ug =1 1o x/c, it now follows from ugl oV e R[x] that V/c € R[x]. Therefore,
changing V to V/c, and modifying Pj, V1, U, and R in an obvious way, without loss of
generality we may assume that V € R[x].

Clearly, V € R[x] implies that W; = x"oV € R[x]. It now follows from P = PjoW;
by Corollary 2.7 that P; € R[x]. Furthermore, it follows from Wj(a) = W;(b) and
a,b € R that n = 2k and V(o) = —V(b) Since GCD(s, n) = 1, the evenness of n
implies that x*R(x") = xR(xz) for some R € C[z]. Moreover, for such R obviously

XSPRY(x™) = "% o szz(x2) Thus, changing P; to Pj ox”/2 Vi to Vi o x"2, U to
Uox"/2, and x* R(x") to xR(x2) we may assume that W) = x 2oV and W) = xR(x2)oV.
Applying Corollary 2.7 to P = (P, o xR(x%)) o V we see that P, o xR(x2) € R[x].
Therefore, taking into account that the constant term of xR (xz) is zero, Corollary 2.7
implies that for ¢ € C such that the leading coefficient of cx R (x?) is real the polynomials
P> o x/c and cx R(x?) are in R[x]. Thus, modifying P> and R we can assume that they
are in R[x]. Now Corollary 2.7 applied to P = U o (x?R%(x2) o V) implies U € R[x].

Finally, the equality

Q=VioWi+ VoW, =VioW; +VioW,

implies that
Vi+V Vo4V
_n+W o Wy + htVe o Wo.
2 2
Therefore, changing if necessary Vi to (V1 + Vl) /2 and V, to (V2 + Vz) /2, we may
assume that Vi, V> € R[x].
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Assume now that P, Q is a solution of the third type. We may assume V (a) #= —V (),
for otherwise, as observed after Theorem 2.1, this solution also belongs to the first type
considered earlier. As above, there exist complex polynomials 1; and u; of degree one
such that the polynomials 111 o T, o 2 and py U5 V have real coefficients. By Lemma
2.9(b), this implies that either uy € R[x], or there exists ;i € R[x] such that up, = iji.
Since 15 ove R[x], in the first case we have V € R|[x], while in the second one,

V=iV, VeRx]. 27)

Let us show that (27) is impossible. Indeed, applying Lemma 2.2(a) to the equalities
Wi(a) = Wi(b), Wa(a) = W, (b) and arguing as in Corollary 2.5, we conclude that V (a)
and V (b) are roots of the polynomial 7, . for otherwise V(a) = —V (b). Since T,
has only real zeroes, we conclude that V(a), V(b) € R, and hence (27) is impossible as
a,b € R. Thus, V € R[x].

Applying now Corollary 2.7 to the equality P = (P3 0 xR(x?)) o (Tyy;m, © V) we
deduce that P; o xR(x2) € R[x]. Furthermore, arguing as above, we conclude that we
may assume that P3, R € R[x] as well as P;, P>, U € R[x] and V{, V5, V3 € R[x].

The proof in the case where P, Q is a solution of the second type is similar with
obvious simplifications. O

3. Proof of Theorem 1.2

3.1. Plan of the proof

In the rest of the paper we will always assume that all the polynomials considered
have real coefficients. Let us describe the general plan of the proof of Theorem 1.2.
Let R(P, Q) be the subfield of C(x) generated by P and Q. By the Liiroth theorem,
R(P, Q) = R(W) for some W € R(x) with deg W > 2, implying that

P=PoW, Q=0QoW

for some P, Q € R(x) such that R(P,~Q)~= R(x). Moreover, since P, O € R[x], it
is easy to see that we may assume that P, Q, W € R[x]. Therefore, since equalities (6)
imply
W) W)
/ P'dQ =0, f Q'dP =0, >0, (28)
W(a) W(a)

in order to prove Theorem 1.2 it is enough to show that if polynomials P and Q satisfy
R(P, Q) = R(x) (29)

and a # b, then P and Q cannot satisfy (6).
Applying Theorem 2.10 to the first and to the second system of equations in (6) sep-
arately, we arrive at nine different “cases” depending on types of solutions. For example,
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“the case (2,1)” means that Q is a solution of the second type of the polynomial moment
problem (7), while P is a solution of the first type of the polynomial moment problem

b
/ 0'dP =0, i>0.
a
In more detail, this means that, on the one hand,
O=VioWi+VooW,, P=UoTy,oV,
where

Wi=T,0V, Wy=T,0V, 30)
Wi(a) = Wi(b), Wa(a) = Wa(b),

while, on the other hand,
P=V10W1+\720W2, Q=l~]ox2R2(x2)oV,
where

VT/1 :x2o§, szxR(xz)oV,
Wila) = Wi(b), Wa(a) = Wa(b).

In view of assumption (29), the polynomial V (as well as G) is of degree one, for other-
wise
R(P, Q) € R(V) & R(x).

Furthermore, it is clear that we may assume that one of the polynomials V and v equals x.
Our strategy will be to show that such systems of equations always imply that equali-
ties (4) hold, in contradiction with (29) (recall that the condition W(a) = W (b) implies
that deg W > 1).

Since we may exchange P and Q, it is only necessary to consider the cases (1,1), (2,1),
(3,1),(2,2), (3,2), and (3,3). Finally, we may impose some additional restrictions related to
the fact that a solution of the polynomial moment problem may belong to different types.
For example, assuming that the theorem is already proved in the case (1,1), considering
the case (2,1) we may assume that n, m > 2 in (30), since otherwise the solution P, Q
also belongs to the case (1,1).

For a polynomial

P=ayux" +ap_1x" '+ - +ax+ay, aecR 0<i<n,

of degree n, set
Ci(P)=ay—;, 0=<ic=<n

The following simple lemma permits us to control initial terms in a composition of
two polynomials and is widely used in the following.
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Lemma 3.1. Let T be a polynomial of degree d. Then for any polynomial S of degree r
with leading coefficient c we have

Ci(SoT)=Ci(cx" oT), O0<i<d—1l. 31)

In particular, for any two polynomials Sy, Sz of equal degree with equal leading coeffi-
cients,

Ci(S10T)=Ci($0T), 0<i<d-1.

Proof. Indeed, deg (S — cx") o T = dr — d. Therefore, (31) holds. m]

Corollary 3.2. Let T be a polynomial of degree d > 2 with C1(T) = 0, U an arbitrary
polynomial, and o, B € R, @ # 0. Then C1(U o T o (ax + B)) = 0 if and only if B = 0.

Proof. Indeed, if degU = r and Co(U) = ¢, then C;(U o T) = Ci(cz" o T) by
Lemma 3.1. On the other hand, Ci(cz" o T) = 0, since C;(T) = 0. Therefore,
Ci(U o T) = 0, and it is clear that for any polynomial F such that C;(F) = 0 the
equality C1(F o (ax 4+ 8)) = 0 holds if and only if 8 = 0. m]

3.2. Proof of Theorem 1.2 in the case (1,1)

Lemma 3.3. Let Wy, Wy be polynomials of degree two such that Wi(a) = W1(b) and
Wy(a) = Wa(b) for distinct a, b € R. Then Wy = A W1 + Ay for some Ay, A2 € R.

Proof. Let
Wy =a1x2+,31x+y1, Ws =a2x2+ﬂ2x+y2,

where a1, B1, Y1, @2, B2, ¥ € R. Then the assunptions of the lemma yield
at(@a+b)+p1 =0 ari@a+b) +p=0.

Therefore, B1 /01 = B2/cz, implying the statement. O
In order to prove the theorem in the case (1,1) it is enough to observe that in this case
there exist U, R, U, R € R[x] such that

P=UoxRxH)oW;, Q= (UoxR(x?))oW,

where
W]zxzoV, lexzov
are polynomials of degree two such that Wi(a) = Wj(b) and ﬁh (a) = Wl (b). By

Lemma 3.3, we have VT’l = M Wi + A for some A1, A» € R, and hence (4) holds for
W = Wi.
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3.3. Proof of Theorem 1.2 in the case (2,1)

If P, Q is a solution of (6) corresponding to the case (2,1), Qlen~wit110ut loss of gener-
ality we may assume that there exist polynomials Vq, V,, U, Vi, Vo, U, R and «, B € R,
a # 0, such that

Q=VioTy + V20T, =Uox*R*(x%) o (ax + B), (32)
P = V] O)CZO(C(X+/3)~I-‘72 oxR(xz)o((xx—l—,B) =UoTym,,

where GCD(m 1, my) = 1. In addition, for the polynomials
Wi=Tn., Wy=T,, W =xlo(x+pB), Wy=xRx>o/(x+p)
we have
Wi(a) = Wi(b), Wala) = Wab), Wila)=Wi(b), Wala)=Wab). (33)

If at least one of the numbers m 1, my equals 2, then P, Q belongs to the type (1,1) con-
sidered above. So, we may assume that m, my > 3. Notice that the second representation
for Q in (32) implies tbat n= dgg Q is even. Moreover, n > 6, for otherwise deg R = 0
in contradiction with W5 (a) = W1 (b).

Although the above conditions seem to be very strong, it is difficult to use them in
their full generality since they contain many unknown parameters. Thus, actually we will
mostly use only the fact that in (32) the right side is a polynomial in x? o (@x + ), and
the first three equalities in (33).

First of all observe that any polynomial of the form Q = V| o T,,,;, + V2 o T}, can be
represented in the form

Q=dTh+dp1Th—1+---+diT1 +do, di €R, (34)

where d; = 0 unless i is divisible by m or m;. Indeed, it is clear that Ty, 71, ..., T, is
a basis of the subspace of R[x] consisting of all polynomials of degree < r. Therefore,
a polynomial S can be represented in the form

S=VoTy,=(ax +a_1x "+ - +ax+ay) oT),
if and only if
S =0T +br—1Tr—1+- - +bi1T1 +bo) o Ty = by Ty +br71T(r—l)m+‘ <+ +b1 Ty +bo.

Consequently, Q = V0T, + V20T, can be represented in the required form. Moreover,
it is clear that such a representation is unique.

Define C(n, m1, m>) as the set of all polynomials (34) such that d; = O unless i
is divisible by m or my, and d, # 0. To be definite, we will always assume that n
is divisible by m ;. Similarly to the notation C;(Q) introduced above, for a polynomial
Q € C(n,my, my) given by (34) set

Chi(Q)=dy—;, 0=<i=<n.
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Lemma 3.4. Let Q € C(n,my, my), where my,mp > 3 andn > 5.

(W) If Cm(Q) # 0, then Chy(Q) = 0.
(i) If Chi(Q), Ch3(Q) # 0, then my = 3 and Ch4(Q) =0,
(i) If Chi(Q), Ch3(Q), Chs(Q) # 0, then my = 3 and my = 4.

Proof. If Chi(Q) # 0, then my |n — 1 since otherwise both n and n — 1 are divisible
by m. Further,

|miky —miky| >m; >3, i=1,2, ki,kr eN, (35)

unless k1 = k», implying that n —2 can be divisible neither by m 1, since m | n, nor by my,
since my |n — 1. Thus, Chy(Q) = 0.

Assume that additionally Ch3(Q) # 0. Since m |n — 1, the number n — 3 cannot be
divisible by m in view of (35). Therefore, n — 3 is divisible by m, implying that m; = 3.
Furthermore, Chs(Q) = 0 for otherwise m> = 3 by (35), implying that both n and n — 1

are divisible by 3.
Finally, if also Ch5(Q) # O, it follows from m| = 3 that my |n — 5, implying that
my = 4. O

Notice that the restriction n > 5 in Lemma 3.4 is imposed since Ch;(Q), s > 1, is defined
only for polynomials Q of degree at least s.

Corollary 3.5. Let Q € C(n,m1, mp), where my,my > 3, and n > 5 is even. If
Ch1(Q) # 0, then either Chy(Q) = Ch3(Q) = 0, or Chr(Q) = Chs(Q) = Chs(Q) = 0.

Proof. Since my |n — 1 and n is even, my is odd. Therefore, m, # 4, and the statement
follows from Lemma 3.4. O

Lemma 3.6. Let Q and F be polynomials such that Q = F ox% o (x —8) for some § € R
andn =deg Q > 6.

1) If Cha(Q) = Ch3(Q) = 0, then either § = 0, or

3
(n—1)n-2)
(1) If Chao(Q) = Cha(Q) = Chs(Q) = 0, then either § = 0, or 2§ satisfies the equation

(28)> = (36)

%(n — D@ =2 =3 —Dt—m—-2m =3 +1=0. 37

Proof. 1f Chao(Q) = Ch3(Q) =0, then Q = ¢coT,, +c1T,—1 + R, where deg R| < n —4.
Set
T)(x) =2Ts(x/2), s>1.

Clearly, the equality
coTy +c1Tp_1 + Ri = Fox?o(x —§)

implies - -
el +caTl +R =Fo x2o(x—y), (38)
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where ﬁl =2R1(x/2), F =2F (x/4), and y = 2§. Furthermore, without loss of gener-
ality we may assume that co = 1.

Since the right side of (38) is a polynomial in (x — y)?, it follows by taking into
account deg Ry < n — 4 that the derivatives of T, + ¢ T, of ordersn — 1 and n — 3
at y vanish, that is,

_ -1 - -3
L V) +aT ey =0, TP +aT V@) =0,

Since
Tg* — x5 _ sxs—Z + s(s — 3)xs—4 _ s(s — 4 (s — 5)xs—6
; 2 6
by (12), this implies that

T (39)

nly +ci(n —1)!'=0,

M3 =2ty + cl((” DL SR 3)!) _o.

3! 2!

The first of these equalities implies that c; = —ny . Substituting this in the second equality
we obtain

n! (n—1)! n!
§y3 —n(n =2y —ny( > Y2 —m—1Dn —3)z> — —?yS—i—n(n —3)ly =0,

implying that 26 = y satisfies (36) unless 6 = 0.
Similarly, if Chy(Q) = Chs(Q) = Chs(Q) = 0, we arrive at
Ty +aT,) +03Tn*_3+§1 = I?oxzo(x —y), (40)

where deg R | <n—6andy = 24, implying that the derivatives of 7, +-¢1T,"_ | +c37T, 5
of ordersn — 1,n — 3, and n — 5 at y vanish. Thus,

L) +at o) =0,

L)+ a7 ) + 6T ) =0,

L)+ a0 + a5 ) =0,
By (39), these equalities are equivalent to

nly +ci(n—1)! =0,

3 =)y +c1<(” — D - D —3)!) +e3n—3) =0,

3! 2!
n! 5_n(n—2)! 3 hn—3)(n-—4)!
57 VT 2
n— 1) = )(n —3)! = D)(n —&)(n —5)!
+cl< I 2! a 2 )

+c3<(” ;3)!;/2 — (1 —3)n —5)!) —0.
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As above, it follows from the first of these equalities that c; = —ny, and substituting this
in the second equality we obtain

n—!VS —n(n =2y — nl/((n = 1)!)/2 —(n=Dn— 3)!) +c3(n—=3)! =0,

3! 2!
implying that
nn—1)n-2) ;4
3= ——/—/——vy —ny.
3

Now the third equality gives

n 5 nmn-=2) 5 nn-3)n-—4)!

517 TR 2

mn=-N0n!, @-1Dn-=-3)"!, G-Dm-—-4n->:)
"V( a7 2! re+ 2
—DHn-2 —3)!
+ <—n(n ;(n )y3—ny)<(n o ) yz—(n—3)(n—5)!> =0.

The coefficient of > in this expression is

n!' /1 l—i-l _2n!
31\20 4 15

The coefficient of 3 is

= = D@ =3)! a0 =D =D@ =3 = n(n-3)!

3! 2! 3 21
- _”(”2—_!3)!(”;2 —n— 1)) —n(n—3)(n—5)!((n_ 1)3(”_2) + (”;4)>
_ (2n—1)g(n—3)! _n(n_3)(n_5)!2n2—3n—8
= W((Zn— D(n—4)—2n? —3n—8)) = —n(n —2)(n —3)(n — ).

Finally, the coefficient of y is

nin — 3>2<n —4)! ne =D - DO = 3y — 5!

=n(n—5)!<(n_3)2(n_4) B (n—l)z(n—4) N

(n — 3)) =n(n —5).

Collecting terms and canceling n(n — 5)! we see that 26 = y satisfies (37) unless § = 0.
O
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Corollary 3.7. Let Q and F be polynomials such that Q = F o x? o (x — 8) for some
s eR.

(1) If Cha(Q) = Ch3(Q) = 0andn = deg Q > 6, then 46 is not an algebraic integer
unless § = 0.

(i) If Cha(Q) = Cha(Q) = Chs5(Q) = 0 and n = deg Q > 10, then 45 is not an
algebraic integer unless 6 = 0.

Proof. Sety =46.1f Cho(Q) = Ch3(Q) = 0 and § # 0, then y is a root of the equation
12
R |
n—1Dmn-2)

Since for n > 6 the number W%n—% is not an integer, this implies that y cannot be
an algebraic integer of degree two. Moreover, y cannot be an algebraic integer of degree
one, for otherwise y is an integer, implying that so is
2_ 12

n—1Hn-2)

If Chao(Q) = Cha(Q) = Chs5(Q) = 0 and § # 0, then y is a root of the equation

14

(n—1(n—2)(n —3)(n—Hr* —30(n —2)(n —3)1> + 120 = 0. 41

Observe that if y is a rational root of (41), then —y is also a root of (41), implying that
12— y2 divides the polynomial in (41). Hence the degree of an irreducible (over Q) factor
of that polynomial cannot be three, so it can only be one, two, or four.

If the polynomial in (41) is irreducible over Q, then y cannot be an algebraic integer
since (n — 1)(n — 2)(n — 3)(n — 4) does not divide 120 for n > 10.

Assume now that y is an algebraic integer satisfying an irreducible equation of the
form 12 + ¢it 4+ ¢, = 0 with ¢, ¢2 € Z. Then by the Gauss lemma,

(n—1)(n—2)(n—3)(n—Ht*—30(n —2)(n—3)1* +120 = (1> +c1t +c2)(dot* +dy 1 +d>)
for some dy, di, da € 7. Since the coefficients of #3 and ¢ on the left side vanish, we have
dy +c1dy =0, c1dy+cdy =0,

implying that, unless
c1 =0, d =0, (42)

we have
dy = —cidy, dy = cpdy. (43)

If (43) holds, then 120 = cydp = c%do contrarytodp = (n — 1)(n —2)(n — 3)(n — 4) and
n > 10. Similarly, if (42) holds, then 2 = —c is an integer, and it follows from (41) that
(n —2)(n — 3)y? divides 120, easily implying a contradiction with the condition n > 10.

Finally, if y is an integer, then so is y2, implying as above that (n — 2)(n — 3))/2
divides 120 in contradiction with n > 10. O
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Proof of Theorem 1.2 in the case (2,1). Observe first that if 8 = 0 in (32), then the
conclusion is true. Indeed, in this case the condition W] (a) = W] (b) is equivalent to
T>(a) = T>(b). Therefore, applying Lemma 2.2(b) to the equalities

T (@) = T (b),  Twy(a) = Ty (b), Tala) = Ta(b),
we conclude that at least one of the numbers m |, my is even, and hence
Q=UoxR*x)o(ax)? and P=UoTpm =U o TmypoTs

satisfy (4) for W = x2.
Further, observe that (32) implies that

0=UoxR*x)ox’o(ax+B)=Fox%o(x+B/a), (44)
where F = U o xR%(x) o o2x, while the condition W, (a) = W (b) yields
a+b=—28/a. (45)

If Ch1(Q) = 0, then (34) implies that also C1(Q) = 0, since C{(7,) = 0 by (12). In
its turn, C1(Q) = 0 implies that § = 0 by Corollary 3.2 applied to (44). So, assume that
Ch1(Q) # 0. By Corollary 3.5, this implies that either Chy(Q) and Ch3(Q) vanish, or
Chy(Q), Cha(Q) and Chs(Q) vanish (recall that n = deg Q is even and n > 6 so that we
can use Corollary 3.5).

If Chy(Q) = Ch3(Q) = 0, then Corollary 3.7(i) applied to (44) implies that —48/«
is not an algebraic integer unless 8 = 0. On the other hand, (45) implies that —48/« is
an algebraic integer, since 2a and 2b are algebraic integers by Corollary 2.5. Thus, we
conclude again that 8 = 0.

Similarly, assuming that Ch3(Q) # 0, while Chy(Q) = Chs(Q) = Ch5(Q) = 0, we
may apply Corollary 3.7(ii) whenever n > 10. Since n is even and Ch3(Q) # 0 implies
that 3 | n in view of m| = 3 (see Lemma 3.4), the only possible value for n which does
not satisfy n > 10 is 6. Substituting n = 6 in (41) we obtain the equation r* —3r>4+1 =0
whose roots are algebraic integers. Thus, for n = 6 the previous reasoning fails.

In order to prove the theorem in the remaining case, observe first that for n = 6 the
condition Ch1(Q) # 0 implies that my = 5. Thus, Q € C(6, 3, 5) and hence

0 =Ts+c1T5 + c3T3 + cg,

where c1, c3, ¢ € R. Recall that instead of (32) we have used in the proof the weaker
condition that the right side of (32) has the form F o x2 o (x — 8). Therefore, to finish the
proof it is enough to show that the equality

T +c1Ts + 3T + co = c(x(x* —d))? o (x — B), (46)

where c1, ¢3, cg, ¢, d, B € R, implies that 8 = 0. This may be verified by a direct calcu-
lation. Namely, the comparison of the leading coefficients of both sides of (46) implies
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that ¢ = 32, while the comparison of the other coefficients gives
16c1 + 1928 =0, —480B8% + 64d — 48 = 0,
6408° — 2568d — 20c| +4c3 =0, —4808% + 3848%d — 32d*> + 18 = 0,
1928° — 2568%d + 64Bd> + 5¢1 —3c3 =0, ¢ = —328° + 64B8%d — 328%d% — 1.

We leave it to the reader to verify (for example, with the help of Maple) that the only
solution of the above system is

c1=0, 3=0, c¢c=1, B=0, d=3/4

(for these values of the parameters, equality (46) simply reduces to Tg = T o T3). ]

3.4. Proof of Theorem 1.2 in the case (2,2)

First, observe that Theorem 1.2 in the case (2,2) follows from the following statement.

Proposition 3.8. Let Vi, V;, U, ﬁl, \72, Ue R[x] and a, B € R, a # 0, satisfy

Vio T, 4 Voo Ty, =U o Ty, o (ax + B). (47)
VioTs, o(ax+ )+ Voo T, o (@x +B) = U o Ty, (48)

where
GCD(m 1, my) = GCD @iy, ip) = 1, (49)

andmy, my, my,my > 3. Thena = +1 and B = 0.
Indeed, in the case (2,2) the equalities
Q=VioTy + V20T, =UoTsm,o (@x + B), (50)
P=VioTs o(ax+p)+ VroTso0(@x+ ) =Uo Tpm (51)
and (49) hold for some m, my, my, np > 2. Additionally,
T (@) =Ty, (D), Tm,(a) =T, (D), (52)
Ty, (aa+ B) = Ty (ab + B), Tg,(xa + B) = Ty, (ab + B). (53)

If at least one of m, my equals 2, then P, Q belongs to the type (1,2) considered above.
So, we may assume that m1, my > 3. Similarly, we may assume that i1, n, > 3, since
otherwise P, O belongs to the type (2,1). Since under these conditions Proposition 3.8
implies that « = 1 and 8 = 0, it follows from the equalities

Ty (a) =Ty, (D), Twy(a) =Ty, (D), Ty, (a) = T, (£b)

by Lemma 2.2(b), taking into account (13), that we have T;(a) = T;(b), where either
s = GCD(my, my), or s = GCD(m», m1). Since

0 =U o Thymy 0 (%) = U o (£Ti,,) = U o (£Ti,0/5) © T
P =Uo Tyum =Uo Tyymyys o Ts,
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we conclude that (4) holds for W = T;. This completes the proof of Theorem 1.2 in the
case (2,2) assuming Proposition 3.8.

The next lemmas, used in the proof of Proposition 3.8, are similar to Lemmas 3.4
and 3.6 and are used for imposing restrictions on possible values of « and g in (47), (48),
and eventually to show that« = £1 and 8 = 0.

Lemma 3.9. Let Q and F be polynomials such that Q = F o Ty o (ax + B), where s > 5,
o, B R anda #0. Set n = deg Q.

(1) If Cha(Q) = Ch3(Q) =0, then either o = =1, 8 =0, or

6 2n — 4

4= ——— = 54

P = o= % Tamo1 4
@{i) If Cha(Q) = Cha(Q) = 0, then either o = 1 and B = 0, or
12 2n—17

4p% = 2= (55)

—_—, = .
m—-—1D2n-1 2n — 1
In particular, in both cases «> < 1 and B # 0 unless « = +1 and p = 0.

Proof. If Chy(Q) = 0, then
0 =coTy +c1Th—1+c3Ty—3 + caTy—4 + Ry,

where R is a polynomial such that deg Ry < n — 5 and ¢, c1, ¢3, c4 € R. Further, by
Lemma 3.1, for some by € R we have

Ci(Q)=Ci(FoTso(ax+ B)) = Ci(boTys o Ty o (ax + B))
=Ci(boTpo(@ax+8)), 0=<i=<s-—1,

implying that
Q = (boTy) o (ax + B) + Ra,

where R; is a polynomial such that deg Ry < n — 5. Thus,
0 =coTy +c1Th—1 +c3T—3 +caTy—4+ Ry = boTy o (ax + B) + Ro, (56)

where deg Ry, deg R, < n — 5 and ¢y, c1, ¢3, ¢4, bgp € R. Changing x to x/2, and R;(x)
to 2R; (x/2), we obtain, in the notation of Lemma 3.6, a similar equality

Q =coT* +c1TF |+ e3TF 5+ eaT) , + Ry = boT o (@x + B) + Ra, (57)

where E =28, a = «a. Furthermore, we may assume that cg = 1, implying by = 1/a"
and ¢; = Bn/a. Thus, we can rewrite (57) in the form

Bn

1 _ ~
0=T;+ ng*_l + 3T 5+l ,+ R = &—nTn* o(ax + B) + Rs. (58)
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Calculating C>(Q), C3(Q), C4(Q) for both representations of Q in (58) using (39)
(and also the Taylor formula, for the second representation), we obtain

1 n!,E2
. = — | Y _ !
T —2)!&2[ e 2)}’
—Bn(n—1) 1 [np? -
A S — -y, VA R
5 ST @ 3 "W
n(n —3) 1 nB* nn—2)1B2  nn—3)(n —4)!
——ta= — - + .
2 n—dla4| 4 2! 2
It follows from the first of these equalities that
& =1-m-1p%2. (59)

Further, if Ch3(Q) = ¢3 = 0, then substituting this value of &> into the second equality
we conclude that either (54) holds, or § = 0 and hence o« = 1 by (59). Similarly, if
Chs(Q) = cq = 0, then substituting (59) into the third equality we obtain

n!p* _n(n - 2)182 n nn —3)(n — 4)!

4! 2! 2
nn—3)n—H[n—1)2p* ~
_ == e s
2 4
implying that either @ = +1 and E = 0, or (55) holds.
Finally, it is clear that > < 1 and B # O unless & = &1 and 8 = 0. m]

Lemma 3.10. Let Q € C(n, my, my), where my,my > 3 and n > 6. Then at least one
of the coefficients Chy(Q), Chs(Q), Che(Q) vanishes.

Proof. Assuming Chy(Q), Cha(Q) # 0, we will show Che(Q) = 0. First, Cha(Q) # 0
implies by (35) that my | n — 2. It now follows from Chs(Q) # 0 by (35) that m; = 4.
Therefore, Che(Q) = 0, for otherwise my = 4 by (35), implying that both n and n — 2
are divisible by 4. O

Lemma 3.11. Ler Q and F be polynomials such that Q = F o T; o ax, where F € R[x],
a e R\ {0}, ands > 7. Setn = deg Q.

() If Chy(Q) =0, then o> = 1.

.o _ . 2 _ 2 _ _3
(ii) If Cha(Q) = O, then either a” = 1, or a* = 7=5.

(iii) If Che(Q) = 0, then either a* = 1, or a® is a root of the equation
(% =3n 4212 + (=2n* + 120 — 16)t + (1> —9n +20) =0.  (60)

In particular, in all these cases the inequality a®> < 1 holds unless a*> = 1.
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Proof. As in Lemma 3.9 we can write the equality Q = F o T o ax in the form

1
Ty +ciT, |+l s +c3T) s+caT) s+csT) s+ceT, ¢+ Ri = = T, o(ax)+ R,
where R, R are polynomials such that deg R, deg Ry <n —7,andc¢; e R, 1 <i <6.

Furthermore, it follows from (12) that ¢; = 0, implying inductively that also c3 = 0 and
¢s5 = 0. Calculating now C2(Q), C4(Q), Ce(Q) for both representations of Q in

1
Tn* + CzTn*_z + C4Tn*_4 + CﬁTn*_G + R = 571Tn* o (ax) + Ry, 61)
we obtain
n n
—n+c=——,
nn —3) nmn—3)
— T w-Data=——1—,
nn—4)(n — 5 n—2)(n—>5)c nn—4)(n—->5
=D =5) =D =N (L ne=de=S)
6 2 6a

It follows from the first equality that
= n(ot2 — 1)/a2,

implying that if c; = 0, then &> = 1. Substituting this value of ¢ into the second equality

we obtain

nn—3) nn—3) nn-2)(*—1) (n—Da* =2 —2)a?+ (n —3)
204 2 a? 204

cq =

Since

(n = Dot =201 = 2a” + (1 = 3) = (n = (@ — 1><0t2 - nf)
n_

2 _ n=3
— n—1"

this implies that if ¢4 = 0, then either a’=1,ora
Finally, since

_n(n —4Hn—-5 nn—4Hn-5) B (n—=2)(n —5)c

= 606 6 2 + = ey
__n(n—4)(n—5) nn—4)(n —5) B n=2)n—=5n@* -1
N 6a® 6 2 o?
_ 4 _ _ 2 _
- 4y (n— Do 2(n —2)a” + (n — 3)
204

(% =3n+2)a® + (=3n% 4+ 15n — 18)a* + 3n2 — 21n + 36)a? — n% +9n — 20
n
600

’
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it follows from the factorization
(n* —3n +2)a® + (=3n% + 151 — 18)a* + (3n? — 21n + 36)a® — n® + 9n — 20
= (@ — D((n* = 3n + a* + (=2n* + 12n — 16)a” + (n* — 9n + 20))

that either o2 = 1, or a?

n?—6n+8—+3n2—18n+24  J/n—2(n— (/1 —2)(n—4) —/3)

is a root of (60). Solving (60), we find two roots

=

n?—3n+2 (n—Dn—2)
LMot 8 43— B+ 24 D0 - D =D D) + V)
2T n? —3n +2 - (n—1)(n—2) '

Since n > 7, they are real and positive. Moreover, #; < tp and
V3 =2)n—4-3n4+6 /3 —2)(vn—4—/3(n—2))
= <
(n—1m—-2) (n—1m—-2)

Proof of Proposition 3.8. Denote the polynomials (47), (48) by Q and P as in (50), (51).
Observe that (50), (51) and the restrictions imposed on m1, my, m1, niy imply that

Hh—1= 0. O

deg P >mimy > 12, deg Q > mmy > 12.

Assume that Chy(Q) # 0. Then Lemma 3.4 implies that either Chy (Q) = Ch3(Q) =0,
or Chy(Q) = Chs(Q) = 0. Applying Lemma 3.9 to equality (47) we see that, unless
o = =1 and B8 = 0, the conditions @ < 1 and 8 # 0 hold. So, assume that « < 1 and
B # 0. Rewrite (51) in the form

P:VloT,;“+V20T,%2=U0Tmlmzo(xa'3). 62)
Since B # 0, Corollary 3.2 applied to (62) implies that C;(P) # 0. Applying now
Lemmas 3.4 and 3.9 to (62) in the same way as before to (50), we conclude that 1/ < 1.
The contradiction obtained proves that @ = =1 and g = 0.

Assume now that Chi(Q) = 0. Then B = 0, by Corollary 3.2. Furthermore, by
Lemma 3.10 at least one of the coefficients Chy(Q), Cha(Q), Che(Q) vanishes, implying
by Lemma 3.11 that, unless « = £1, 8§ = 0, the condition ¢ < 1 holds. Since 8 = 0
implies by Corollary 3.2 that C1(P) = 0 in view of (62), we conclude as above that the
assumption o < 1 leads to a contradiction. O

3.5. Proof of Theorem 1.2 in the cases (3,1), (3,2), (3,3)
The case (3,1) reduces to the case (2,1) as follows. We start from the equality
Q = V10 Tam, + V20 Tam, + V30 xR(x2) 0 Tyyymy = U 0 x’R*(x*) o (@x + B),  (63)

where Vi, V2, V3, R, ﬁ, Ue Rlx], o, 8 € R, a # 0, and m, m, > 3 are coprime and
odd. It follows from the first representation for Q in (63) that Q can be written in the form

Q=d,T,+dy1Ty_1+---+diTh +dy, d; €R, (64)
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where d; = 0 unless i is divisible by 2m 1, 2m», or mm;. Clearly, the conditions imposed
on mp, mo imply that
[2miky — 2mokyo| > 2 unless |[2mik; — 2moky| = 0,
2m;ki — 2miky| > 2m; > 6 unless |2m;ki — 2m;k>| = 0, i=1,2,
|2mik1 — mimoko| > m; >3 unless |[2mjky —mimoky| =0, i=1,2,

|mimaky — mymoky| > mymy > 15 unless |mymyk; — mimoky| = 0.
Therefore, Ch1(Q) = 0, implying that C1(Q) = 0, since C{(7;) = 0. It now follows
from the second representatlon for Q in (63) by Corollary 3.2 that = 0. Since the
polynomial W1 = 7% o (ax + P) satisfies W1 (a) = Wi(b), this implies that a = —b.
Therefore, the solution P, Q also belongs to the case (2,1) considered earlier (see the
remarks after Theorem 2.1). o

In the case (3,2) there exist Vi, Vo, V3, U, R, V1, Vo, U e R[x]and o, B € R, o # O,
such that

Q = VioTom + V20 Tomy + V30 xR(x?) 0 Typymy = U o Tii iy 0 (ax + B),  (65)

P =Vi0Ts o(@x+pB)+ Vao T o (@x + ) =U ox’R*(x?) 0 Tymy,  (66)
where m1, my > 3 are odd and coprime, and m1, nip > 2 are coprime. Further, without
loss of generality we may assume that a # —b, for otherwise P, O belongs to the case
(2, 2). Moreover, we may assume that n1, m, > 3, for otherwise P, Q belongs to the
case (3, 1).

Since equalities (65), (66) may be written in the form
Q= VioTr+ V30xR(x?) 0 Ty,) 0 Ty, + (Va0 12) 0 Ty, = U o Ty, 0 (@x + B),
P =V oTz o(ax+B)+Vho T, o (@x+B) = (U ox>R2(x>)) o Tyy,m,.

it follows from Proposition 3.8 that « = +1 and 8§ = 0. Since we have assumed that
a # —b, it follows now from the equalities

Tom (@) = Tom, (D), Tomy(a) = Tam,(b), T (Fa) = T, (£b)

by Lemma 2.2(b), taking into account (13), that we have T5(a) = T (b) either for
s = GCDQ2my,my), or for s = GCD(2m>, m1). Finally, since in any case s | mm>
and s | 2mm,, we obtain
Q = U o Tii,iny o (Ex) = U o (£Tjiyiiy) = U o (£Tiiiiy /) o T,
P =Uox*R*(x?) o Tyyymy = U 0 xR*(x) 0 x> 0 Tyyymy = F 0 Taymy
=Fo T2m1m2/s o Ty,

where
x+1

F=UoxR*(x)o

Thus, (4) holds for W = Tj.
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In the case (3,3) the proof is similar: there exist Vi, Vo, V3, U, R, ‘71, ‘72, ‘73, 17, R
in R[x] and , B € R, & # 0, such that

Q = V10 Tom, + Voo Tomy + V3 0 xR(x?) © Ty,
=Uo x2§2(x2) o T\ i, © (ax + B),
P = 171 o Tr, o (ax + B) + \72 o Tr, o (ax + B) + Vg oxﬁ(xz) o T, o (ax + B)

= U o x’R*(x?) o Tyuymy»

where m, ma, my, mo > 3 are odd and GCD(m1, my) = GCD(my, nm2) = 1. More-
over, without loss of generality we may assume that a # —b. Using Proposition 3.8 we
conclude as above that @ = =1 and g = 0. Finally, it follows from the equalities

Tomy (@) = Tom (b),  Tomy(a) = Tom,(B), o, (Fa) = Tog, (£b)
that (4) holds for W = T, where either s = GCD(2m 1, 2m1), or s = GCD(2m>, 2m1).
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