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Abstract. We show asymptotic completeness for a class of superradiant Klein—Gordon equations.
Our results are applied to the Klein—Gordon equation on the De Sitter—Kerr metric with small
angular momentum of the black hole. For this equation we obtain asymptotic completeness for
fixed angular momentum of the field.
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1. Introduction

1.1. Introduction

Asymptotic completeness is one of the fundamental properties one might want to show
for a Hamiltonian describing the dynamics of a physical system. Roughly speaking it
states that the Hamiltonian of the system is equivalent to a free Hamiltonian for which
the dynamics is well understood. The dynamics that we want to understand behaves then
at large times like this free dynamics modulo possible eigenvalues. In the case when
the Hamiltonian is selfadjoint with respect to some suitable Hilbert space inner product,
an enormous amount of literature has been dedicated to this question. The question is
much less studied in the case when the Hamiltonian is not selfadjoint. This situation
occurs for example for the Klein—Gordon equation when the field is coupled to a (strong)
electric field. This system has been studied by Kako [25] in the short range case and by
C. Gérard [16] in the long range case. In this situation the Hamiltonian, although not
selfadjoint on a Hilbert space, is selfadjoint on a so called Krein space. In a previous
paper [17] we addressed the question of boundary values of the resolvent for selfadjoint
operators on Krein spaces. Applications to propagation estimates for the Klein—Gordon
equation are given in [18].
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The Klein—Gordon equation can be written in a quite general setting in the form
(0% —2ikd; + h)¢p =0, ¢:R— H, (1.1)

with selfadjoint operators k and &. However, if A is not positive the natural conserved
energy for (1.1),

18:01% + (¢|hp),

is not positive and in general no positive conserved energy is available. This happens in
particular when the equation is associated to a Lorentzian manifold with no global time-
like Killing vector field. In this situation natural positive energies can grow in time, and we
will loosely speak about superradiance, the most famous example being the (De Sitter)
Kerr metric which describes rotating black holes. This example does not enter into the
framework of our previous papers because the Hamiltonian can no longer be realized as
a selfadjoint operator on a Krein space whose topology is given by some natural positive
(but not conserved) energy. The problem comes from the fact that the operator k has
different “limit operators” at the different ends of the manifold. In the one-dimensional
case scattering results for this situation have been obtained by Bachelot [4].

Asymptotic completeness for wave equations on Lorentzian manifolds has been stud-
ied for a long time since the works of Dimock and Kay in the 1980’s (see e.g. [10]).
The main motivation came from the Hawking effect. Such results are a necessary step to
give mathematically rigorous descriptions of the Hawking effect (see Bachelot [3] and
Hifner [22]). The most complete scattering results exist in the Schwarzschild metric (see
e.g. Bachelot [2]). Asymptotic completeness has also been shown on the Kerr metric
for nonsuperradiant modes of the Klein—Gordon equation (see Héfner [21]) and for the
Dirac equation (for which no superradiance occurs; see Hifner—Nicolas [23]). In this set-
ting asymptotic completeness can be understood as an existence and uniqueness result
for the characteristic Cauchy problem in energy space at null infinity (see [23] for de-
tails). As far as we are aware, asymptotic completeness has not been addressed in the
setting of superradiant equations on the (De Sitter) Kerr background. Note however that
scattering results have been obtained by Dafermos, Holzegel and Rodnianski [6] in the
difficult nonlinear setting of the Einstein equations supposing exponential decay for the
scattering data on the future event horizon and at future null infinity. Also there has been
enormous progress in the last years on a somewhat related question of decay of the local
energy for the wave equation on the (De Sitter) Kerr metric. In this context we mention
the papers of Andersson—Blue [1], Dyatlov [12], Dafermos—Rodnianski [7], Dafermos—
Rodnianski—Shlapentokh-Rothman [8], Finster—Kamran-Smoller—Yau [14], [15], Tataru—
Tohaneanu [29] and Vasy [30] as well as references therein for an overview.

Let us make some comments on the similarities and differences between asymptotic
completeness results and decay of the local energy:

— For a hyperbolic equation like the wave equation, the essential ingredients for asymp-
totic completeness are minimal velocity estimates stating that the energy in cones inside
the light cone goes to zero. No precise rate is required, but no loss of derivatives is per-
mitted in the estimates.
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— Energy estimates are necessary for asymptotic completeness. One needs to estimate the
energy at null infinity by the energy on a t = O slice and the energy at the time r = 0
slice by the energy at null infinity. Leaving aside the question of loss of derivatives, the
first estimate can probably be deduced from the local energy decay estimates. For the
other direction however a new argument is needed. Indeed, most of the local energy
decay estimates use the redshift, which becomes a blueshift in the inverse sense of time
(see [6]).

— The choice of coordinates has probably to be different. Whereas coordinates that extend
smoothly across the event horizon are well adapted to the question of decay of local
energy, they do not seem to be well adapted for showing asymptotic completeness
results.

We refer to [27] for a more detailed discussion on the link between local energy decay
and asymptotic completeness results.

In this paper we show asymptotic completeness results for the superradiant Klein—
Gordon equation in a quite general setting. Our abstract Klein—-Gordon operators have to
be understood as operators acting on R, x X, where ¥ is a manifold with two ends, both
asymptotically hyperbolic. Another important feature is that the operators are independent
of ¢, which allows us to reduce the Klein—Gordon equation to the form (1.1) and to rewrite
it as a first order evolution equation

du=iHu, u=/(p,i '8¢

(see Subsect. 2.2). The generator H will be called the Hamiltonian in what follows.
A more detailed description is given in Sect. 2.

We also impose the existence of “limit Hamiltonians™ at the ends which can be re-
alized as selfadjoint operators on a Hilbert space. In this setting the nonreal spectrum of
the Hamiltonian consists of a finite number of complex eigenvalues with finite multiplic-
ity, we can define a smooth functional calculus for the Hamiltonian, and the truncated
resolvent can be extended meromorphically across the real axis. We show propagation
estimates for initial data which in energy are supported outside so called singular points.
These singular points are closely related to real resonances, but unlike the selfadjoint
setting there may be singular points which are not real resonances.

From the propagation estimates it follows in particular that the evolution is uniformly
bounded for data supported in energy outside the singular points. The same holds true for
high energy data for which no superradiance appears.

We then apply our results to the De Sitter—Kerr metric with small angular momentum.
We show asymptotic completeness for a fixed but arbitrary angular momentum 7 of the
field. For n # 0 the absence of real resonances follows from the results of Dyatlov [11].
However, some additional work is required to show the absence of singular points. As
usual for asymptotic completeness results and to simplify the exposition, we consider
only the limit as # — oo. All the results in this paper also hold for the t — —oo limit and
the proofs are the same.

Our main example is the Klein—Gordon equation for the De Sitter—Kerr metric. Never-
theless we have found it appropriate to present several parts of this paper in more abstract
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settings. We have tried to present each type of results (definition of energy spaces, gen-
erator of the dynamics, meromorphic extension of the resolvent, propagation estimates
etc.) in its natural generality. On the one hand, this permits one to better understand the
mechanisms behind the proofs, on the other hand the method seems general enough to
include other examples in the future. For example, the charged Klein—-Gordon equation
for the De Sitter—Reissner—Norstrom metric can certainly be handled by this method. For
this equation there is also no positive conserved energy if the product of the charge of
the black hole and the charge of the field is too big. However, the method does not seem
to be general enough to treat the charged Klein—Gordon equation on the De Sitter—Kerr
Newman metric. In this case the operator k has limits which depend on the angle 6 and the
limit operator does not commute with the equation, which is an essential feature of our
construction. A summary of our results for a class of Klein—-Gordon equations including
the case of the De Sitter—Kerr spacetime is given in the next section.

Note added in proof. After this paper was completed, Dafermos, Rodnianski and Shla-
pentokh-Rothman [9] have shown existence and completeness of wave operators in the
Kerr spacetime by quite different methods making use of their decay results in [8]. Our
restriction to fixed angular momentum is dropped in [9].

1.2. Plan of the paper

— Sect. 2 contains a summary of the main results of this paper.

— In Sect. 3 we collect some results on general abstract Klein-Gordon equations and give
some basic resolvent estimates. It turns out that already in this abstract setting superra-
diance can only occur at low frequencies, as expressed in the estimates of Lemma 3.6.
This fact is already known for the Kerr metric (see e.g. Dafermos—Rodnianski [7]), but
not in this spectral formulation. We also study gauge transformations in Sect. 3.5.3. In
a more geometric language, they correspond to choices of different Killing fields.

— In Sect. 4 we recall some elements of meromorphic Fredholm theory. We show that a
meromorphic extension of the truncated resolvent of 4 gives a meromorphic extension
of the weighted resolvent of H.

— In Sect. 5 we describe the abstract setting for a Klein—Gordon operator on a manifold
with two ends. Our assumptions ensure that the asymptotic Hamiltonians at the ends
are selfadjoint. Gluing the resolvents of the asymptotic operators together gives the
resolvent for H by using the Fredholm theory of Sect. 4. In this way we obtain resolvent
estimates for the Hamiltonian H which are sufficient to construct a smooth functional
calculus for H.

— In Sect. 6 we prove propagation estimates which are needed for the proof of the asymp-
totic completeness result. We also introduce the notion of singular points. Singular
points are obstacles to uniform boundedness of the evolution and therefore also to
asymptotic completeness. A useful criterion for the absence of singular points is given.

— In Sect. 7 we show uniform boundedness of the evolution for data which are spectrally
supported outside the singular points.

— Asymptotic completeness is shown in the abstract setting in Sect. 8. The scattering
space corresponds to data which are supported in energy outside the singular points.
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— The geometric setting introduced in Sect. 2 is developed in Sect. 9. The main task is to
check that the operators there fulfill the hypotheses of the abstract setting. In particular,
existence of meromorphic extensions of weighted resolvents is deduced from a result
of Mazzeo—-Melrose [26].

— In Sect. 10 we apply our general result of Sect. 8§ to the geometric setting and obtain an
asymptotic completeness result in that setting.

— In Sect. 11 we describe the Klein—Gordon equation for the De Sitter—Kerr metric.

— In Sect. 12 the main results are formulated in the De Sitter—Kerr setting. Two types
of results are established: comparison to spherically symmetric asymptotic dynamics
on the same energy space and comparison to asymptotic profiles. These asymptotic
profiles give rise to energy spaces which are bigger than the original ones. The wave
operators can therefore only be defined as limits on dense subspaces. They then extend
by continuity to the whole energy space for the profiles. Inverse wave operators exist
on the whole energy space as limits.

— The proofs of the theorems in the De Sitter—Kerr setting are given in Sect. 13. We ap-
ply our earlier abstract theorems. To obtain the meromorphic extensions of the differ-
ent truncated resolvents it is crucial that the cosmological constant is strictly positive.
The absence of real resonances and complex eigenvalues follows from the work of
Dyatlov [11] for a compactly supported cut-off resolvent. A hypoellipticity argument
enables us to use an exponential weight. Our general criterion of Section 6 then yields
the absence of singular points.

The paper contains a certain number of hypotheses. Hypotheses (A), (ME), (TE), (PE)
and (B) are formulated in an abstract Hilbert space setting. The more concrete geometric
hypotheses (G) imply hypotheses (A), (ME), (TE), (PE), and (B). Below we list the places
where the different hypotheses are introduced.

The geometric hypotheses (G) are introduced in Sect. 2.1.

The abstract hypotheses (A) are introduced in Sect. 3.4.

The hypotheses on meromorphic extensions (ME) are introduced in Sect. 4.2.

The hypotheses on Klein—Gordon operators “with two ends” (TE) are introduced in

Sects. 5.1 and 5.2.

e The additional hypothesis to obtain propagation estimates (PE) is introduced in
Sect. 6.4.

e The additional hypothesis for boundedness (B) is introduced at the beginning of Sect. 7.

2. Summary of the results

In this section we will present a summary of the results of our paper about concrete Klein—
Gordon equations. We introduce a class of Klein—-Gordon equations which, while being
more general than the Klein—Gordon equations on De Sitter—Kerr spacetimes, retain their
essential features: invariance under time translations and axial rotations, and existence of
an ergosphere. These Klein—Gordon equations fit into the general framework

(92 — 2ikd; + h)¢ = 0, 2.1)
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where ¢ : R — H and A, k are two selfadjoint operators on some Hilbert space H, to
which a large part of the paper is devoted.

2.1. A class of Klein—Gordon equations

We set M = Jr_, ri[, X Sff)_l. We consider Klein—-Gordon equations on R; x M of the
form
(87 — 2ikd, + h)¢p = 0, (2.2)

where k, h are differential operators on M of order 1 and 2 respectively independent of t,
and are perturbations of simpler separable operators, which we now introduce.

To measure the size of a perturbation, we set g(r) := /(r+ — r)(r — r—) and define
T = {f € C®(M) : 9795 f € Oq(r)” )}, 23)

so that f € T? for o > 0 vanishes at r = ry. We also fix cut-off functions i1 €
C*®([r—, r+]) with i_ = 0 in a neighborhood of r, iy = 0 in a neighborhood of r_ and
-2 2

i +iy =1

2.1.1. Separable Klein—Gordon equations. We fix

d—1
P =" Djejj(@)D; > 0,
ij=1

a symmetric elliptic operator on L2891, dw), so that (P, H3(SY!, dw)) is selfadjoint.
We assume that for a suitable choice of coordinate 6; (the azimuthal angle ¢ if d = 3),
L*(S%!, dw) has a basis of eigenfunctions of Dg, . Let Y™ be the eigenspace correspond-
ing to the eigenvalue n € Z. Then we have

LS dw)y =P r".

nez
Our first assumption is
[P, Dg;] =0, i.e.the a;; are independent of 0. (G1)
We fix a second order differential operator on M of the form
hos = a1Dya3 Dy + a3 P +af. (2.4)

Here «;, 1 < i < 4, are smooth functions depending only on r. We suppose that there
exist Otj:-b € R, 1 < j <4, such that for some § > 0,

@j —q(ri-a; +iraf) e T, a2 qn). (G2)

Note that (G2) implies
aeT', o Sq0). 2.5)
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We will also need a first order operator on M of the form
ks = ks,rDel + ks,v~ (26)

Here ks , and k ,, are smooth functions depending only on r. We suppose that there exist
k., k.. € R such that for some § > 0,

s,v0 s

i—i—ks,rv i+ks,v € T2’
i (ks —ky,) € T?, (G3)
i (ks — Ky ) € T2
We set
hs = hos — k2.

The associated separable Klein—Gordon equation is

(82 — 2iksd; + hy)p = 0. 2.7

2.1.2. Perturbed Klein—Gordon equations. We fix a perturbation kg of hg ; of the form

d-1 d—1
holcgeovy = hos + Y DjgVDj+ ) (g'D; + Dig)
Lj=l i=1

+ D,¢"" Dy +¢' Dy + Dyg" + f
=:hoy+hp. 2.8)
We also fix a perturbation k of k; of the form
k= ks + (kp,r Do, + kp ) =: ks + kp, (2.9)
We assume

the functions gij, gi, g'". g f kpr, kpy are independent of 6, (G4)

ho 2 a1(r)(Drq*(r)Dy + P + Day (r),

(G5)
hos 2 a1(r)(Drq*(r)Dy + P + Day (r),

where the notation 2 is explained in Subsect. 3.1.
The asymptotic behavior of the various coefficients of the perturbations %, k), is as-

sumed to be as follows:
gl eT?, gmeT4S o eT?%  forsomed > 0,

g kprikpo, feT? (G6)

We set
h = ho — k?,
and consider the perturbed Klein—Gordon equation

(82 — 2ikd, + h)¢ = 0. (2.10)
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We introduce the Hilbert spaces H = L*(Ir—, ri[,xS% ! drdw) and H* = H N
Ker(Dg, —n). All operators have natural restrictions to the space H", which we denote by
a superscript n, for example hy is the restriction of /g to H". The operator k" is bounded
and (1", D(hg)) is selfadjoint. Let j+ € C®(Jr—, r+[) be such that j_ = 1 close to r_,
j— =0closetory, jy = 1closetory, j+ = 0close tor_ and

Jalt = jx, iy j-=i-j+ =0.
Let £ := nkg, + kg, and
ki =kF L2, he=ho—ki. (2.11)

We also set
he i=h_ +20k_ — > =ho— (£ —k_)>. (2.12)

We require

3¢ € R such that (h, ky) and (h_, k_ — £) satisfy (G5) with hq replaced by A", h".
(G

Remark 2.1. Let us now make some comments on the various hypotheses (G): (G1) and
(G4) express the axisymmetry of the problem, (G2), (G3), (G5) and (G6) the behavior
at the two infinities r = r4 of the various operators. In other words, ho tends to A s
at r = ry, while k tends to O at 4 and to k;r (r—)Dg, + kgv(r_) at r_. It is an essen-
tial feature of the problem that k; ,(r+) and k; , (r+) are constants independent of 6. The
positivity condition (G5) expresses the fact that the Cauchy surface {t = 0} is spacelike.
Finally, condition (G7) can be interpreted as follows. Whereas the operator £ is not posi-
tive, it is positive near r . Further, 4 is an operator which is equal to / near r and differs
from it near r_ so that it becomes positive. This change can be seen as only effected on
k, we keep ho which is the good positive operator. The change of k gives a change of A
via the formula & = ho — k*. Condition (G7) ensures that the asymptotic operators so
constructed give rise to a selfadjoint problem on an appropriate energy space. The situ-
ation near r_ seems at first glance a little different, but can be reduced to the situation
near r by considering v = e~"‘ instead of u. The function v fulfills a Klein—-Gordon
equation, where £ is replaced by ho — (k — £) and k is replaced by k — £. We then apply
this same procedure to the new operators hg — (k — £)2, k — ¢£. Rather than a change in
the unknown function, this can also be seen as a change of the energy we consider. In the
De Sitter—Kerr case this means that near 7_ we consider an energy associated to 9; + cd,
for some appropriate ¢ rather than d,. We refer to Sect. 3.5.3 for details.

It will be shown in Sect. 11 that Klein—Gordon equations in De Sitter—Kerr spacetimes
can be reduced to (2.10), with assumptions (G) satisfied, after some changes of unknown
function.
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2.2. Energy spaces
Set H = L2(r—, ro[ x S?~!, drdw) and consider the Cauchy problem for (2.10):
(87 — 2ikd, + h)¢ =0,
@li=0 = uo, (2.13)
i1 pli—o = u1,
for ¢ : R — . The hyperbolic nature of the equation is expressed by the condition
ho :=h—k*>0.

Setting u(t) = (¢(2), i1 0:¢ (1)), we can formally rewrite (2.13) as

u()y =e"u,  u=(uo, uy),

0 1
Hz(h Zk).

It is well known that there are two natural hermitian forms formally conserved by the
evolution e . The first is the charge:

for

qu, u) = (urluo)y + (uolur)z — 2(uolkuo)p (2.14)

where (-|-)3 is the scalar product for the Hilbert space H = L2 (r_, r4[r XSZ)_I, drdw).
The charge is of course related to the symplectic nature of Klein—Gordon equations.
The second is the energy

E(u,u) := (ui|ur)y + (wolhuo)y (2.15)

related in concrete models to the Killing vector field d;. On De Sitter—Kerr spacetimes,
there exists no global time-like Killing vector fields, which implies that E(u, u) is not
positive. Therefore E cannot be directly used to equip the space of Cauchy data with a
topology.

A large part of our paper will be devoted to the proof of resolvent estimates for
(H — z)~! when z approaches the real axis. The natural functional framework is as fol-
lows:

One defines the homogeneous energy space & to be the completion of Co*M) @
C° (M) for the norm

Il = llur — kuoll3, + (uolhouo)n (2.16)

(see Subsect. 3.5). One can then show that the formal expression H has a natural mean-
ing as a closed, densely defined operator on &, denoted by H (see Subsect. 3.5), which
is the generator of a strongly continuous group on &, henceforth denoted by e'H (see
Subsect. 3.6).

One then denotes by E", H" the energy spaces and generators associated to 7{".
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Remark 2.2. Let v = e—*'y. Then u is a solution of (2.1) if and only if v is a solution
of

@ +h))v =0, h(t)=e  nge™,  hog=h+k>>0.

The natural energy for v is
19:v]1% + (h(1)v|v).

Rewriting this energy for u gives (2.16).

2.3. Propagation estimates

Applying the abstract results of Sect. 5 to our concrete situation, we obtain the following
intermediate results.

2.3.1. Smooth functional calculus. The operators H" admit a smooth functional calcu-
lus, i.e. there exists a map

CPR) 3 x = x(H™) € B(E™)

which is a x-algebra morphism.

The above functional calculus extends trivially to the space C1 + C°(R) of smooth
functions constant near oo by setting (A + X)(H”) = Al + X(H") for A € C and
x € CP(R).

Moreover if UE%(FI ") = ¢ (i.e. H" has no complex eigenvalues), then for x € C;°(R)
with x = 1 near O one has

s- lim x(RT'H") =1
R—o0
(see Prop. 5.11).

2.3.2. Boundedness of the evolution away from singular points. From Sect. 5 one also
obtains the existence of a bounded, closed, discrete set S" C R such that if x € C1 +
C§°(R) vanishes near S" then

sup [l ™" x (H™) || g gny < 0. 2.17)
teR

We call the elements of S = | J,,.; S" singular points for H.

2.3.3. Propagation estimates away from singular points. Another consequence of the ab-

stract results of Sect. 6 is propagation estimates for ¢''" away from S: if x CP(R\S)
and € > 0 then

/]R lg(r)<e™ " x (H™ul}, di < Cyllull, - (2.18)
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2.3.4. Absence of singular points for De Sitter—Kerr. One of the key intermediate results
of our paper is Prop. 13.1, which asserts that for De Sitter—Kerr Klein—Gordon equations,
S is actually empty, provided the blackhole angular momentum a is small enough. We
deduce this from the work of Dyatlov [11].

2.4. Scattering theory

If we know that S = ¢, the estimates (2.17) and (2.18) are sufficient to apply the gen-
eral methods of time-dependent scattering theory to the (nonselfadjoint) operators H",
provided one first defines appropriate comparison dynamics.

Since M has two ends r = r4, we need two comparison dynamics, generated by
Hamiltonians Hioo. Forl = l(n) = nkg, + kg, € R we set (see (G3))

Bioo ' =hos, hoo:i=hioo—€% kijoo:=0, k_o:=0£.

The asymptotic Hamiltonians are then

. 0 1 . 0 1
H+00 = (h+oo 0>’ H—OO = (h—oo 26)’

which are selfadjoint as operators on their natural energy spaces Eioo (see Sect. 10).
Moreover the cut-off maps i+ introduced in Subsect. 2.1 map Sioo into £ and £ into
Etoo

The main result of our paper is then the following theorem (see Thm. 10.5), which
by 2.3.4 applies to Klein—Gordon equations on De Sitter—Kerr spacetimes for a small
enough:

Theorem 2.3. Assume hypotheses (G) and that S = (). Then:
(i) Forall p* € E+oo there exist Ut e & such that

_itHn . _ieqyn L.
eyt e M it 50 1> 00, iné.

(i) Forall y* e & there exist ot e E+oo such that
. Tn . T3 .
e i i T H Yt L0 1500, in i

Remark 2.4. (i) Theorem 2.3 is an asymptotic completeness result. We fix the angular
momentum 7. Then for every data in the asymptotic energy space we find data in the
full energy space such that the difference between the asymptotic solution multiplied by
a suitable cut-off and the full solution goes to zero (part (i)). Similarly for every data in
the full energy space we find data in the asymptotic energy space such that an analogous
difference goes to zero (part (ii)). Part (i) asserts the existence of direct wave operators,
and (ii) the existence of inverse wave operators.

(i) An important point in the theorem is that I-'Il are selfadjoint operators on their
energy space. The associated dynamics can now be compared to even simpler asymptotic
dynamics by the usual Hilbert space methods. We will illustrate this point in the concrete
case of the De Sitter—Kerr metric.
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2.5. The Klein—Gordon equation for the De Sitter—Kerr metric

We refer to Section 11 for an introduction to the De Sitter—Kerr metric and the Klein—
Gordon equation associated to it. Let H" and & be the first order Klein—-Gordon operator
and homogeneous energy space associated to the Klein—Gordon equation with fixed an-
gular momentum n for the De Sitter—Kerr metric with angular momentum a.

Remark 2.5 (Energy spaces in the De Sitter—Kerr case). In the De Sitter—Kerr case the
energy |lull¢ follows the local rotation of the spacetime. To see this, first observe that in
this case

Vet
— =T,
(VptVP1)1/2
and T is the four-velocity of a locally nonrotating observer. The energy [lul| ¢ is associated
to T rather than d;. We also observe that k = D, and 2 has finite limits 2, when
r — rx. Here r_ corresponds to the black hole horizon and r4 to the cosmological
horizon. These limits are called the angular velocities of the horizons. The Killing fields
0; — £_,4 0, on the De Sitter—Kerr metric are timelike close to the black hole (—) resp.
cosmological (+) horizon. Working with these Killing fields rather than with 9; leads to
the conserved energies

lellg =1 = Qs 0p)ull® + (ho = (k = Qo Dy)ut | ).

3 — ik =

Note that in the limit k — €2_,4 D, the expressions of |[u|| ¢ and [|u]| S coincide.

Our first result is

Theorem 2.6. There exists ay > 0 such that for all |a| < ag and n € Z, there exists
C, > 0 such that
—itH"

lle llgo < Callullgs, ue&" tek. (2.19)

To describe our asymptotic completeness result we introduce a Regge—Wheeler type coor-
dinate x. This change of coordinate gives rise to a change of the Hamiltonian, the Hilbert
space H" and the energy space. We denote the resulting Hamiltonian and spaces again
by H", H" and E". We now introduce the Hamiltonians H+, H_ which describe the
simplest possible asymptotic comparison dynamics. Let £+ := Q4n and

hi/f = _8)% - Zi/w k= =Ly,

acting on H". We associate to these operators the natural homogeneous energy spaces
& . and Hamiltonians H” .

Theorem 2.7. There exists ay > 0 such that for all |a| < ag and n € Z\ {0} the following
holds:

(i) Forallu € 5_?_1/1:1 the limits

sopn _eggn
itH zi/_e itHY,

Wi,—u:= lim e
t—00

exist in E". The operators W4, — extend to bounded operators W, ,_ € B(Si/_; .
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(i1) The inverse wave operators

. rTn P
ltHJr/,l-Z e—th”

Q= s—tl_igloe

exist in B(S’”; .1/7).
Statements (1) and (ii) also hold forn = 0 if m > 0.

Remark 2.8. (i) The limits in (i) cannot exist on the whole asymptotic homogeneous
energy space. The spaces Ei?f are subspaces of the asymptotic homogeneous energy
spaces. The elements of these energy spaces have a finite number of eigenmodes with
respect to a certain elliptic reference operator (see Sect. 12.3 for details). This problem
does not exist if one compares for example to a separable comparison dynamics (see
Sect. 12.2).

(i1) The dynamics in the above theorem can be computed explicitly (see Sect. 12.3 for
details).

(ii1) Other comparison dynamics are natural, in particular in the massless case. In this
case an interesting comparison dynamics is the one that pushes the first component along
the flow of incoming principal null geodesics and the second component along the flow of
outgoing principal null geodesics. In this case an asymptotic completeness result can be
interpreted as an existence and uniqueness result for the characteristic Cauchy problem at
infinity. We refer to [27] for the Schwarzschild case and to [23] for the Dirac equation for
the Kerr—-Newman metric.

(iv) Theorem 2.7 is a result for fixed angular momentum. It seems nevertheless to be
a good starting point if one wants to establish a mathematically precise description of the
Hawking effect for bosons in the De Sitter—Kerr setting. Indeed the chemical potential of
the Hawking state will depend on the angular momentum (see [22]).

3. Background on abstract Klein—-Gordon operators

3.1. Notation

—IfX,Yaresetsand f : X — Y, wewrite f : X = Y if f is bijective. We use the
same notation if X, Y are topological spaces and f is a homeomorphism.

— If H is a Banach space we denote by #* its adjoint space, the set of continuous anti-
linear functionals on H equipped with the natural Banach space structure. Thus the
canonical anti-duality (u, w), where u € H and w € H*, is anti-linear in u and linear
in w. In general we denote by (-|-) hermitian forms on 7, again anti-linear in the first
argument and linear in the second one, but if H is a Hilbert space its scalar product is
denoted by (-|).

— B(H) is the space of bounded operators on H, and B (H) the subspace of compact
operators.

— If S is a closed densely defined operator on a Banach space, then D(S), p(S), o (S) are
its domain, resolvent set and spectrum. We use the notation (S) = (1 + $>)/2if S is
an operator for which this expression has a meaning, in particular if S is a real number.
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— If § is a selfadjoint operator on a Hilbert space then § > 0 means § > 0 and
Ker § = {0}.

— If A, B are two selfadjoint operators or real numbers (possibly depending on some
parameters), we write A < B if A < CB for some constant C > 0 (uniformly with
respect to the parameters).

3.2. Scales of Hilbert spaces

Let H be a Hilbert space identified with its adjoint space H* = H via the Riesz isomor-
phism. If 4 is a selfadjoint operator on H we associate to it the nonhomogeneous Sobolev
spaces

(W ™*H :=Dom|h|*, (W)'H:=(h)H)*, s=>0.
The spaces (h)~*H are equipped with the graph norm || (k)*u||. We keep the notation

(ulv), wue{h)yH,ve (h)H,

for the duality bracket between (h) ~*H and (h) H.

If Kerh = {0} then we also define the homogeneous Sobolev space |h|*H equal to
the completion of Dom || ~* for the norm || || ~*ul|. The notation (h)*H or |h|*H is
convenient but somewhat ambiguous because usually a’H denotes the image of H under
the linear operator a. We refer to [18, Subsect. 2.1] for a complete discussion of this
question.

Let us mention some properties of the scales of spaces defined above:

(WY SHC ) "Hift <s, (W)Y H C |h|H and |h|*H C (h)*H if s > 0,
(M)OH = |h°H = H, (h)H = () H)*, |hI'H = (A H)*,

0eph) & (h)Y’H = |h|*H forsomes # 0 < (h)*H = |h|*H for all s,
the operator |A|* is unitary from || ~"H to |h|*~"H for all 5, ¢ € R.

3.3. Quadratic pencils

Let H be a Hilbert space, & a selfadjoint operator on H, and k € B(H) a bounded sym-
metric operator. Then hg = h + k? is a selfadjoint operator on A with the same domain
as h, hence (h)*H = (ho)*H fors € [—1, 1]. Thus the operators & and kg define the same
scale of Sobolev spaces for s € [—1, 1], which we shall denote

H = (h) " H=(hy)"H if-1<s<I.
We define the quadratic pencil
p(2)=h+z02k—z)=ho— (k—2)° zeC.

A priori these are operators on # with domain ! and we clearly have p(z)* = p(z) as
operators on . Moreover, for each s € [0, 1] they extend to operators in B(H*; H?* -
and, for example, the relation p(z)* = p(z) holds as operators #'/> — H~1/2. From this
it is easy to deduce the following lemma (see [17, Lemma 8.1] for a more general result).
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Lemma 3.1. The following conditions are equivalent:

D) pz): H! > H, ) p@) :H' > A,
@) p@) H2S>HV @ pE)H? S H2,
S p):H>HT, ©6) p) : H > H L.

In particular, the set
ph k) ={zeC:p@):H'? S H V) ={zeC:pi): H > H) (3.1
is invariant under complex conjugation.

The next result is easy to prove in the present context; one can find a proof under more
general conditions in [17, Lemma 8.2].

Proposition 3.2. If h is bounded below then there exists co > 0 such that
{z:|Imz| > |Rez|+ co} C p(h, k).

We shall now prove some estimates on p_1 (z) for z € p(h, k). Note that they are valid
under much more general assumptions on % and k than those imposed in this paper.

Lemma 3.3. Assume that h + ¢ > 0 for some ¢ > 0 and let b > 1. If 7 € p(h, k) then

bc
1 . 2
e 2
IP@ 7S e il 2 (32)

Proof. We abbreviate p = p(z) and u = Im z. The main point is the identity
1 1
Im— = —(h+[z[)—, (3.3)
mp p p

which is rather obvious:

z z 1 _ 1 1 1

- = @ ) = @D )

p P p p p P

i 2_ L1 2
Then (3.3) gives (|z| c) oy S Im L hence
2 —1,,2 -1 -1
lwl(zl” = ollp™ ull” < [Im(ulzp™ w)| < |z| llull |p~ ull,

hence |14](1z|* — ¢)||p~'ul|> < |z| ||u|, which is more than required. O

Lemma 3.4. Assume hg > 0 and K < ahg + B with « < 1. Then h is bounded from
below and if h + ¢ > 0 and ¢ > 0 then there is a number C such that for z € p(h, k) and

lz| > Ve +¢,
1/2 — _
lhy/*p(z)~"Il < Climz]~". (3.4)
Proof. If we set g = p~! then (3.3) implies ¢* (1 —a)ho + |212)q < Bg*q+ ' Imzg,
hence
12 — _ _ ,Bb2 b
(A=) lhyp~"ul® < Bllp™ ull® + 1z/pl ull I p~ ull < Wuun%?nunz

if |z]? > bchl. This estimate is more precise than (3.4). Note that we may take c = 8. O
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3.4. Spaces

The operators £, k, ho and the spaces 7* are as in the preceding subsection, in particular
k is a bounded operator in H, but now we shall impose much stronger conditions.
From now on we always assume that

ho :=h+k* > 0. (A1)

Then the homogeneous scale hf)?-l associated to hg is well defined. Note that, if & is
injective, the spaces |h|~'H and hy !¢ are quite different in general, although (h)~'H =
(ho)™"H.

We shall require k to behave well with respect to the homogeneous %g-scale:

k € B(hy'*H);
if z ¢ Rthen (k —2)~! € B(h, '“H) and
-1 —7 .
Ik —2) ||B(h51/2,H) < |Imz|™" for some n > 0; (A2)

1/2

there exists m > 0 such that if |z] > m|| k||, then

_ -1
(k —2) ]HB(hamH) S Izl = IklBan|

The next comments will clarify the meaning of these conditions. Recall that A, *# and
hyH are adjoints to each other but they are not comparable, and neither are they compa-
rable with #. The first assumption says that the operator & leaves D(h(l)/ 2) invariant and
that its restriction to D(h(l)/ 2) extends to a bounded operator, say k, in hy 1294 The rest
of the assumption concerns the resolvent of k in this space. In order not to overcharge the

notation we keep the notation k for k.
The preceding assumptions allow us to get a new estimate on the quadratic pencil p.

Lemma 3.5. Under conditions (A1) and (A2), there are numbers C, M > 0 such that

1/2 _ — 1/2 .
Ilhy*p(2) " (k — 2ull < Cllmz| " g ?ull  if 1zl = MIkllsay.  (3.5)

Proof. We abbreviate p = p(z) and m = z — k, so that m* =7 — k and p = hg — m>.
We have

z 1 1 Z 1 z z 1
“ho—m —m*—hy— =m*—| p*——hg — hp—— —m.
mp P m p*(p m2 " °|m|2p>p

If we replace here p by ho — m? and then develop and rearrange the terms, we get

1 _ 1 zm  zm* 1
m*— <(z —2ho——=ho +ho— — ho) —m.
p |m| m m p

. * —_7 . . .
Since - =1— <% and = =1+ % a simple computation gives

zm  zm*

k k
ho = (z —Z)(ho +ho— + —ho>.
m m

m* m
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To conclude, we have proved, with © = Im z,

1 Z 1 o 1 k 1
—Im| —ho—m | =m*"—| hgo+2Re ho + ho 2h0
J m - p pP* Im| p

We may also write this as follows:

-1

1
—Im(u|zm_1hop mu) = ||h1/2 _lmullz+2Re(p_lmu|km_1hop_1mu)
m

1

+ IIm_lhop_ mu||2.

Since the last term is positive, we get

||h1/2 -1 -1 -1

1
p mu||2 < —Im(ulzmilhop mu) — 2Re(p71mu|km71hop mu)
"

1 _
= —Im(y *ulhy Pam= h* - b p~ mu)
%

172

—2Re(hy> p~ mulhy Plm ™ g/ - 0/ p~ mu).

_1
Seta(z) = |lhy>zm = h/*| and b(z) = 2|lhy Zkm~'h}/|. Since zm ™ = 1 + km™",
assumption (A2) 1mplies the boundedness of a(z) for large z and b(z) — 0if z — oo.
Finally, we have

P p 7 \mull < a@)ll ik Pull,

(I =b@)lh
which proves the lemma. O

For easier reference later on, in the next proposition we summarize a particular case of
the estimates we got in Lemmas 3.3-3.5.

Proposition 3.6. Assume that conditions (A1) and (A2) are satisfied and let ¢ > 0. Then
there are numbers C, M > 0 such that

Ip~ @I < Clz| ' Imz| ™! if 1zl = A+ Ollklisay, (3.6
lhy*p~ (@Il < Climz|~! iflzl > A+ olklpa, G
1k p~ @)k — 2yull < Climz| ™ Al ull i 121 > MIIKlise- (3.8)

Sometimes it is useful to consider also the homogeneous %-scale. The following assump-
tion will be convenient in such situations:

h > ck*  for some real ¢ > 0. (A3)
This means that £ is positive and |[ku|| < ¢~ V2|hV 2y for all u € D(h'/?).

Lemma 3.7. Ifc > 0 is real then h > ck*> < h > ﬁ‘cho. Thus (A3) is satisfied if and
only if there is b > 0 real such that bhg < h < hg. If (A1) and (A3) hold then h > 0.



2388 V. Georgescu et al.

Proof. Note that h = hy — kK < hg. On the other hand, if ¢ > 0 is real then we clearly

have
c

h>ck?> & hyp>0+0)k> & h> : ho, (3.9)

Cc

and this implies the assertions of the lemma. O

Corollary 3.8. If (Al) and (A3) are satisfied then hyH = h*H forall —1/2 < s < 1/2.

Proof. Indeed, from bhyg < h < hy we get behg <h < hg if0 <6 <1. O

3.4.1. Inhomogeneous energy spaces. The inhomogeneous energy space is the vector
space

E=H"DH,

equipped with the natural direct sum topology which makes it a Hilbertizable space. For
consistency with the norm that we introduce later in the homogeneous case, we take

2
H (Z?) H = |lur — kuoll* + ((ho + Duo | uo), (3.10)
I

but of course we could replace here k by zero. It is convenient, as explained in [17], to
identify its adjoint space £* with 7 @ #~'/? the anti-duality being given by

(0, V) = (o | vi—kvo)+(u1—kug | vo)  ifu = (”0) €& v= (2(’) c&* 3.1
ui 1

usually called the charge. Observe that £ C £* continuously and densely. We identify
E** = £ as in the Hilbert space case by setting (v, u) = (u, v).
In what follows it will often be convenient to use the operator

D) = (/1 ?) (3.12)

Note that ® (k) : £ = £ and (k) : £* = £* with d~! (k) = ®(—k) and we may write
E=0|)((ho) PH@H) and &£ = dk)(H B (ho)'*H). (3.13)

which explains the choice of the norm in (3.10) and makes the connection with (3.15).

3.4.2. Homogeneous energy spaces. We define the homogeneous energy space & as the
completion of £ under the norm defined by

)

2
1= llur — kuoll* + (houoluo). (3.14)
£
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The completion is the set of couples u = (Z(l’) with ug € halﬂH, up € (1+ hal/z)’H,
and such that u; — kup € H. We shall realize its adjoint space £* with the help of the

charge anti-duality defined as in (3.11). Observe that since k € B(h,, 1/ 27—[) by (A2), we

also have ‘ '
E=oWhy PHOH), & =dR)(H®h)H). (3.15)

If assumption (A3) is satisfied then we also define the #-homogeneous energy spaces
E=h""PHOH, E =HehH.

Here the direct sums are in the Hilbert space sense, and the identification of E* with the

space adjoint to & is done with the help of the sesquilinear form defined as in (3.11) but
with k = 0.

Lemma 3.9. Assume (A1)~(A3). Then & = & and the norms |- llg and || - || s are equiv-

alent.

Il &

Proof. We have to prove that |u; — kuol|> + (houoluo) = |luil|*> + (huo|ug). But this is
obvious by (A3) and Lemma 3.7. O

3.4.3. Conserved quantities. On £ we introduce for £ € R the hermitian forms
(ulu)e :== (u1 — Lug | uy — Lug) + (p(Oug | uo), (3.16)

where p(€) := ho— (k—£)2. Ifu = (¢, i~ '9,¢) and ¢ is a solution of the Klein—-Gordon
equation (2.1) then these forms are formally conserved. Indeed, we compute

d

d
—{ulu)e = E((B,as — il | B — i) + ((h+ 2kl — 2) | $))

= 2Re(32¢p — ildi¢ | 9,0 — i) + 2Re((h + 2kt — £2)¢p | B¢)
= 2Re(i(2k — £)3;¢p — hep | 8:p — iL) + 2Re((h + 2kt — £>)¢p | 8:0)
= —2Re((2k — 0)d,¢ | L) + 2Re((2kt — £2)¢p | d,¢) = 0.

These forms are however in general not positive.

Lemma 3.10. Forall ¢ € R, (-|-); is continuous with respect to the norm || - ||s.

Proof. Due to the polarization identity it suffices to show |{u|u)¢| < |lu ||% forallu € €.
Since

1/2
(ulu)e = lur — Cuol® + g *uol® — Ik — Ouo|? (3.17)
and k is bounded, this is obvious. O
Lemma 3.11. Forall £ € R, (-|-)¢ is continuous with respect to the norm | - ||¢ if and

only if
ho > (k — 0)2. (3.18)
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Proof. We have |lul|% = lur — kuo|l® + lhy/*uo )| and we have to decide when | {u(u)e|
< lu ||i;. By (3.17) this holds if and only if there is a number ¢ such that

1/2
[ut — €uoll® = NGk — Quoll?| < cllur — kuoll® + cllhy *uoll>.

If this holds, let u; = kug + &(k — £ug with & > 0. Then al|(k — &ugll> < cllhy*uol?
with a = 2¢ + (1 — ¢)e2 and a > 0 for small &, hence (3.18) is satisfied. The converse is
obvious. m]

3.5. Energy Klein—Gordon operators
Let

o 1 N N 1
H:= (2 2k>=q>(k)1<q>1(k) where K := (;0 k). (3.19)

The energy Klein—Gordon operators will be various realizations of H.The operator K is
a charge Klein—-Gordon operator and will only play a technical role.

3.5.1. Klein—Gordon operator on the inhomogeneous energy space. The inhomogeneous
Klein—Gordon operator is the operator H induced by H on £. This means that its domain
is

DH) ={uecé:Hue&)=H oH?

and foru € D(H) we have Hu = Hu. For the second equality above, see [18, Sect. 5.2].
We also recall [18, Prop. 5.3]:

Proposition 3.12. Assume (Al) and (A2).

— One has p(H) = p(h, k).
— In particular, if p(h, k) # @ then H is a closed densely defined operator in £ and its
spectrum is invariant under complex conjugation.

— Ifz € p(h, k), then

_ _ -2k 1
Rz):=H-2"'=p 1(Z)<Z h Z)' (3.20)
We may similarly define the operator K induced by K in & and one may easily check,
under the same conditions (A1) and (A2), that ®(k) : H! & H'/2 > H! @ H/? with
inverse ®(—k), hence H and K have the same domain and H = ®(k)K ®(—k). This

implies
-1 -
RS P @z —k) p~ (@)
(k=2 ‘(1+@—mrﬂm@—m @—@V%m) 3.21)
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3.5.2. Klein—Gordon operator on the homogeneous energy space. The homogeneous
Klein—Gordon operator is the operator H induced by H on €. This means that its do-
main is

DH)={uec:Huecé&)

and for u € D(H) we have Hu = Hu. The proofs will involve the homogeneous oper-
ator K associated to the auxiliary operator K and acting in the space h 1294 @ H with
domain

DK)={vehy"HeH: Kvehy'*HaH).

1/2

From (3.15) and (3.19) we see that ® (k) induces an isomorphism of ha H & H with €

whose inverse is ® (—k). Clearly then H= <I>(k)K'CI>(—k).

Lemma 3.13. Under conditions (A1) and (A2) we have

1/2

D(H) = ®(k)((hy "H N hy'H) @ H'?).

Proof. From the preceding comments we see that the assertion of the lemma is equivalent
to

D(K) = (hy *H by 'H) @ H'/? (3.22)

Since Kv = (,kvotu , if v belongs to the right hand side above then kvg + v € ey,
g g 0

hovo+kv;
and hovg+kv; € H, thus Kv e hgl/z’HGB’H, hence v € D(f(). Conversely, if v € D(K)

then
—1/2 —1/2
vy € /’10 H, v € H, kvo +v; € hO H, hovg + kvy € H.

We have to show vy € hal/z’H N hal’H and v; € H1/2, which follow from vy € hgl’H

and v € hal/zH. The last relation is a consequence of kvy + v; € h(;l/z’;‘-l because

k € B(hal/zH). Since k is bounded on H, we finally get hgvg € H — kv; C H, hence
vo € hy M. O

Lemma 3.14. Assume that conditions (Al) and (A2) are satisfied and let 7 €
o (h, K)\R. Then the maps p(z)~" and p(z) ' hq induce continuous operators hgl/zH —
hgl/zH N halH and h(;l/z”;'-l — H/2 respectively.

Proof. We set m = z — k and, to simplify the writing, we do not specify z unless this is
really necessary, e.g. we write p for p(z) and p = hg — m2. From (A2) it follows that
m induces bounded invertible operators in all the spaces H* with —1/2 < s < 1/2 and
in the space ho_l/z’;’-[ (in all hf)'H with —1/2 < s < 1/2, in fact). Since &g extends to a

unitary operator hal/z”H — h(l)/z”;‘-l and h(l)/2’H, is a dense subspace of H~!/2

1/27-1 —> H1/2_ Then we write

, the operator
p~'hg extends to a bounded map p~'hg : hy

pt=ptm* = ho+hoym™2 = p~thom ™ —m~2,
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from which it follows that p~! 129

! sends hgl/z?’-t into ho 174 For this we note that

extends to an operator in B(h H). We still have to

prove that p~

1 1

hop~' = (ho —m* +mHp~t =14+ m?p!,

and thus, by what we have just proved, we see that hop_lhal/z’}-{, C hgl/z’H, hence p~!

sends hal/z’;’-[ into h53/27-[ N hgl/zH C hal’H, which clearly proves the assertion. O

Proposition 3.15. If (A1) and (A2) are true then p(H) \R = p(h,k) \ R, and for z in
this set,

-1 —1

o o (ol P @G k) @) ~

R() = (H —2) —<I>(k)<1+(z_k)p_1(z)(z_k) (Z_k)p_l(z)>q>< k).
(3.23)

Proof. As in the proof of Lemma 3.13, we prove the corresponding statement for the
operator K. Fix z € p(h, k) \ R and adopt the notation of the proof of Lemma 3.14. We
show that z € ,o(K) and that (K —z)~ ' is just the matrix in (3.23) or in (3.21):

-1 -1
RS p m D
(K —2)~ <1+mp b mp 1). (3.24)
We denote by S the matrix on the right hand side of (3.24) and first show that S sends

_1/27-1 @ H into D(K) as defined in (3.22). Thus, if vy € hy ~1/29 and v] € ‘H we must
prove that

1 -1

P~ mvo+p ;2

vi € hy "“HNRG'"H and  (14+mp~'m)vo+mp~'vy e H'/2. (3.25)

1/27-[ N halH, hence also mp_lvl e H1/2.

Thus it remains to treat the terms 1nvolv1r1g vg. From Lemma 3.14 we get p~'mug €

_1/27{ N hy 174. On the other hand, since p = hg — m?, Lemma 3.1 and a simple
computatlon give

From Lemma 3.1 we get p~'v; € #! C hy,

1+mp~'m=mp " hom™! (3.26)

in the sense of bounded operators /2 — #!/2. From this relation and Lemma 3.14
we get (1 +mp~'m)vg € H2.

Thus S : ha 1/ 2’;‘—[ DH— D(K ) and a straightforward computation gives (K —2)8v

=vforallv € hal/z’H @ . On the other hand, if u € D(K) and v = (K — z)u then it

is easy to show that u = Sv. This finishes the proof of the relation § = (K —z)~, i..
of (3.24). )
It remains to show that p(K) \ R C p(h, k). Assume that z ¢ R and

K—z:(yPHang'Hy@H? - ny' *HeH

is bijective Then for any v = (0) € h_l/2

1/2

H @ H there is a unique u = (;*) with ug €
HNOhy 194 and u1 € HY? such that —mug + u1 = 0 and houy — muy = vy. Then
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uo =m"'u; € H'/? and also ug € hal?—l, hence u € H! and pug = (hg — m*)ug = vy.

Thus p : H' — His surjective. It is also injective, because if puo = 0 for some ug € H!
then u = (n;’go) € D(K) and (K — z)u = 0, hence u = 0. O

We point out a simple relation between H and H (a similar statement holds for K and K).
Recall that £ C £ continuously and densely.
Lemma 3.16. H coincides with the closure of H in E.

Proof. If z € p(h k) \ R then z belongs to p(H) N p(H) and the resolvents R :

(H —z)land R = (H — )~ ! are bounded operators in Eand & respectively. Moreover
R is clearly a continuous extension of R to &, so it is the closure of R in €. By thrnkrng
in terms of graphs one easily sees that H —z = R 'is the closure of H — z = R~
iné. O

We will often consider the case where (A3) is fulfilled. In this case
D(H) = (W *HNh 1) o H/?

and H is selfadjoint (see e.g. [21, Lemme 2.1.1]). Note also that the resolvent of H is
then given by (see [18, Prop. 5.7])

pl@h-z7' pl@
R(z) = ( L (h ! (Z)). (3.27)

Moreover, if we assume (A3), then IIR(z)IIB(g') < |Imz|~!. Using [18, Prop. 5.10] we
obtain the following resolvent estimate for H:

Proposition 3.17. Assume (A1)—(A2). Then

IR@ e S A+ 1" DHIR@ e, + 1217 (3.28)
Assume in addition (A3). Then
IR@ e S (1 + 12~ Hiimz] " (329)

3.5.3. Gauge transformations. Let us recall that our starting point was the Klein—Gordon
equation

(8 — ik)?u + hou = 0. (3.30)
If u is a solution of (3.30) and £ € R, then v = ¢~‘y solves
(0 — ik — £))*v + hov = 0. (3.31)

Let us formulate this in terms of generators: if
OUHD'(¢) =: Hy + ¢,
then

_( 0 1 L
HZ_(P(Z) 2(k—e)>f p&) =ho— (k=)

It follows that if there exists £ € R such that (A3) is fulfilled with % replaced by p(¢)
and k by k — £, then H is selfadjoint on the homogeneous energy space

E=0O)(p@) " *HoMN).
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3.6. Existence of the dynamics

From [17, Cor. 8.6] we obtain:

Lemma 3.18. H is the generator of a Co-group e "'H on &.

Now we show that e ~//# extends to a Co-group on E.

Lemma 3.19. H is the generator of a Co-group on & and for each real t the opera-

tor e~ " coincides with the continuous extension of e ™" 1o £.

Proof. We start by proving that for some constants C, w > 0 we have
le”™ollg < CeMligllg Vo € €. (332)

Let first ¢ € D(H). We compute, by using (3.14) for u = (ug, u1) = e,

d

Enuné = 2Re(ihug + ikuy | uy — kug) + 2Re(hougliug)

= ([ik, Wuo | uo) < (houoluo) < llull%.

The inequality (3.32) then follows for @ € D(H) by Gronwall’s lemma and for @€ &
by density. From (3.32) we see that e’/ extends to a continuous operator V; on & such
that | Vi[lg < Ce®!l, This clearly implies that V; is a Co-group on &, and from Nelson’s

invariant domain theorem it follows that its generator is the closure of H in &, which by
Lemma 3.16 is just H. o

4. Meromorphic extensions

In this section we discuss various facts related to meromorphic extensions of quadratic
pencils.

4.1. Background and definitions

Definition 4.1. Let H be a Hilbert space. For zg € C, let U be a neighborhood of zg, and
let F : U\ {zo} — B(H) be a holomorphic function. We say that F' is finite meromorphic
at zg if the Laurent expansion of F' at zg has the form

o0

F()=) (z=20)"As, m> —00,
n=m
the operators A,,, ..., A_ being of finite rank if m < 0. If, in addition, A is a Fredholm

operator, then F is called Fredholm at z.
We will need the following fact (cf. [19, Prop. 4.1.4]):

Proposition 4.2. Let D C C be a connected open set, let Z C D be a discrete and closed
subset of D, and let F : D\ Z — B(H) be a holomorphic function. Assume that

— F is finite meromorphic and Fredholm at each point of D;
— there exists zg € D\ Z such that F(zo) is invertible.
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Then there exists a discrete closed subset Z' of D such that Z C Z' and

— F(z) is invertible for eachz € D\ Z';
— F~ 12D\ Z' — B(H) is finite meromorphic and Fredholm at each point of D.

4.2. Meromorphic extensions of weighted resolvents

Let w be a positive selfadjoint operator on H with bounded inverse w~!. One should think
of w as a weight function. Both w and w~! will act on &, & by w(ug, u1) = (wuog, wuy)
etc. In this subsection we will require (A3).

We need the following hypotheses:

(a) wkw € B(H),

(b) [k, w] =0,

(©) h™12[h, w=Tw¢/? € B(H) forall0 < € < I, (ME1)
(d) if € > 0 then Jw<ul| < |h'/2u| forall u € h—V/?H,

(e) wHh) ™! € Boo(H).

Note that part (d) of (ME1) is a Hardy type inequality and it implies the boundedness of
the operators w—¢h~1/2 and h~1/2w €. Later on we shall see that these two operators are
compact if (ME1) is satisfied (see the proof of Lemma 4.3).

Observe that from part (c) we also get w/?[h, w™¢]h~Y/? € B(H). Moreover, we
shall have w=¢(h) ¢ € Buoo(H) for all €,é > 0. Indeed, w=3(h) % € Boo(H) is an
analytic function of z in the region Rez > 0, and by (e) this is a compact operator for
Rez > 1, hence for any z.

We also need the assumption

—€ _ 21, —€
{ Ve > 035, > 0 such that w™¢(h — z°)” w™ € extends from Imz > 0 (ME2)

to Imz > —4§, as a finite meromorphic function with values in Beo ().

Lemma 4.3. Assume (A1)-(A3) and (ME1)-(ME2) and let 0 < € < 1. Then the opera-
tors
i) wp~l@w™

(i) (h+DV2w = p~lw™,
(i) wp~l()hwh~1/?
(iv) h'Pw=p~l(z)(z = 2k)w<h~1/?
extend from {Imz > 0} to {Imz > —&/2} as finite meromorphic functions with values
in Boo(H).
Proof. The relation p(z) = (1 + 2zk(h — z2)~ ") (h — z?) yields

w—ep—l(z)w—e — w—é (h _ 22)—1w—€(1 + zzwekwe . w—e(h _ ZQ,)—lw—e)—l
Applying Prop. 4.2 to

F(z) = 1+ 2zwkw - w (h — 22) 'w™¢

proves (i).
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We now write
hw ™ p ' @DQw ™ =whp ' @Qw™ + [h, w Tw?w?*p~HHw™*
=w X +z2(z-20w p  @Qw ™ + [h, w TwPw 2 p (DHw .
This allows us to compute the second operator:
(h+Dw™p~ @uw™
=h+D P H i+ D2 =20 w P @
+ e+ DT T Tw? wT P p T @wT + (DT T p T @u
By using (i) and hypotheses (c), (e) of (ME1) we get (ii).
Let us now prove (iii). Let x € Cgo (R) with x = 1 in a neighborhood of 0. We write
w e p L Dhw ™ ™2 = w p T (hw ™ hTV2(1 — x (b))
+w  p ' @Qhw  h 25 (h) = T) + T».
We have
Ti = w >h™ 21— x () +w ™ p~ @w™ -2z = 20h™ 2 (L = x ().

The first term is compact by the second comment after hypothesis (ME1), and the second
is compact outside the poles of w™¢ p~!(z)w™¢ by part (i). We have

T2 — w—Ep—l(Z)w—6/2 . wG/Z[h’ w—e]h—l/zx(h) + w—Ep—l(Z)w—E . hl/ZX(h)

By the same comment we see that both terms here extend to finite meromorphic functions
in {Imz > —3,/2} with values in Boo(H). Thus (iii) is proved.
Note that since h = p + z(z — 2k) we have

w e p  Dhw 2 = w2 h V2w p T w2z — 2w P12,

The left hand side here is a compact operator by what we have just proved, and the last
term is also compact by (i) and because w~/2p~1/2 is bounded by (MEI)(d). Since
0 < e < 1 is arbitrary, we see that w=¢h~!/? and h~!/?w ¢ are compact operators if
0<e<l.

Finally, we prove (iv). We have

2w p~(2) (z — 2k)w ™ h~ /2
— h—l/z[h7 w—é]wé/z . w—e/zp—l(z)w—e/z . (Z _ 2k)w—€/2h—1/2
+ h—1/2w76/2 . wfe/thfl(Z)wfe/Z . (Z _ Zk)w—e/thl/Z‘

For the first term of the right hand side we use (ME1)(c) as well as (i) and the boundedness
of w™¢/2h~1/2, For the last term we note that it is equal to

h 127z = 2w h !/
+ h—l/zw—e/zz(z _ Zk) . w—e/zp—](z)w—é/Z . (Z _ 2k)u)_€/2h_1/2.

The first term is a holomorphic function with values in Boo (H) because w~¢h~1/? and
h=12w=¢€ are in Boo (H) . The last line is treated as before. This proves (iv). ]
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Using this lemma we obtain a meromorphic extension of the truncated resolvent of H.

Proposition 4.4. Assume the hypotheses of Lemma 4.3 and let € > 0. Then w ¢ R(w™ ¢
and wE¢R(z2)w ™€ extend Jfinite-meromorphically to {Imz > —8¢2} as operator valued
Sfunctions with values in Boo (€) and Boo (E) respectively.

Proof. We first prove the assertion concerning R(z). Using (3.20) we see that

w  R(Hw™ = wEP(Z)1<Z _th ;)w6

_ 0 O —€ _—1 —€ Z—2k ]
_<w_2€ 0>+w pw (Z(Z—Zk) Z).

We then use Lemma 4}.3(i), (i) as well as assumption (ME1)(e).
Let us now treat R(z). Recall that under hypothesis (A3) we have

R = (z‘lp‘l(z)h -z7' pT'@ )
P @h 2 '(2)
Using the fact that w—¢h~!/? is bounded by hypothesis (ME1)(d), we can write

w e R(Z)w ™€ :w_ép_l(z)<z_2k 1>w_€.
h z
We therefore have to show that

h]/zw—ep—l(z)(z _ 2k)w_€h_1/2, hl/zw—ep—l(z)w—é’

u)fepfl(Z)hu)fehfl/27 w7€p71(z)zw7€

all extend finite-meromorphically with values in Boo (7). This follows from Lemma 4.3.
]

5. Klein—Gordon operators with “two ends”

In this section we discuss an abstract framework corresponding to Klein—Gordon opera-
tors on manifolds with “two ends”. The essential condition is that the asymptotic Hamil-
tonians in both ends are selfadjoint for a positive energy norm, modulo some gauge trans-
formation.

5.1. Assumptions

We assume that there exists a selfadjoint operator x on H with o (x) = oac(x) = R
such that w is a smooth function of x, k commutes with x, and hg is local in x in the
following sense: if x1, xo € C*°(R) are bounded together with all their derivatives and if
supp x1 Nsupp x2 = @, then x1(x)hox2(x) = 0. To summarize, we assume

[x, k] =0,

w = w(x) with w € C*°(R), (TE1)
hg is local in x.
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Letiy € C®(R) be such that i +i2 = 1,0 < iy < 1,and

suppi— C ]—oo,1[, i-=1 on]—-o0, —

suppi+ C ]—1,00[, iy=1 on[l,ool.

Let
J+ = ix(x F3).
‘We then have

Jrit = jt,  I4jo=i-j+ =0.

Let
ke :=kF L2,  hx:=ho—ki. (5.1
We also set
he i=h_+20k_ — > =ho— (£ —k_)>. (5.2)
We require
there exists £ € R such that (h4, k1) and (fz,, k_ — £) satisfy (A3). (TE2)

We also set p+(z) := h+ + z(2k+ — z). Note that h_ = p_(¥£).

Remark 5.1 (on assumptions (TE1)—(TE2)). x has to be thought of as a position vari-
able and w as a weight function depending on x. The mixed term k has to commute with
the position variable. (TE2) ensures that the asymptotic Hamiltonians define a selfadjoint

problem.

5.2. Asymptotic Hamiltonians
We introduce the homogeneous energy spaces

Ev=hn""HoH, E =owh "’

: 0 1
Hs = (hi 2ki)

Then the operators

are selfadjoint with domains

DHy) =hy"*HOh ' H e (hy) ' PH,

D(H-) = () ((h_'"?

We denote Ry (z) := (Hy —2)~ .

_"THOH).

HORZH) @ (ho) ™' PH).

(5.3)
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We will also need the following assumption for £ as in (TE2). Let i€ C5ead-2,2D
withi = 1on[—1, 1].
(a) witkiyw, wi_(k —£)i_w € B(H),
(b) [h, ix] = ilh, ivli,
(c) (h4, ky,w)and (h_, k— — £, w) fulfill ME1), (ME2),
@ hy2iehi" 2 n)Picng ' € B, (TE3)
(e) the operators w(h, ii]whfﬂ, wlh, ii]wh_l/ [h,ix]hy 1/2,
[A, ii]hal/z 1/2[w 1 ho]w are bounded on H,

(f) if € > O then |lw™cu| < ||hO u|| forallu € h, 294

Remark 5.2 (on assumption (TE3)). Large parts of assumption (TE3) just ensure that
the operations linked to commutators are local also in this abstract setting. (TE3)(a) states
that k has finite limits at =00 and the convergence rate can be measured by the weight
function w. (TE3)(c) will ensure that the weighted resolvents of the asymptotic Hamilto-
nians have meromorphic extensions. (TE3)(f) is some abstract Hardy type inequality.

As a direct consequence of Proposition 4.4 we obtain

Proposition 5.3. For any € > 0 the functions w™¢ RL(z)w ™€ and w_el.?'(z)w_€ extend
finite-meromorphically to {Im z > —8¢2} with values in Boo (E+) and B(E+) respectively.

5.3. Construction of the resolvent

We will need the following lemma:

Lemma 5.4. The linear maps
ii:€—>£, ii:giﬁgi, ii:gi—>(‘j, ii:g—>é:|:
are bounded.

Proof. First note that condition (TES)(d) and the relation [k, i+] = O give the continuity
of the maps iy : & — Eandiy : &4 — E.. Then note that

iv(hy +K2iy =iyhoiy, i (ho+(k—0%)i_ =i_hgi_.
This together with (TE3)(d) gives the continuity of iy : & — &4. We then claim that

iy(ho+k2)iy Siphyiy, (5.4)
i_(ho+ (k—0))i_ <i_h_i_. (5.5)

Indeed, (5.4) follows from

i+(l’l0 + kz)i+ 5 i+h+i+ +w™ l+ l+l’l+l+
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Here we have used (TE3)(c). Then (5.5) follows from

i_(ho+ Gk —02i_ <i_h_i_+i(k—0%_ <i_h_i-+w %% <i_h_i_.

Finally, (5.4), (5.5) and (TE3)(d) give the continuity of i, : &, — Eandi_ : & — .
O

We now introduce a new operator:
Q@) :=i_(H.—2)7Yi_ +iy(H —2)7tiy. (5.6)
Thanks to Lemma 5.4, Q(z) is well defined as a bounded operator on &. We now compute

(H—20@) =1+ [H,i_J(H- —2)7Ni_ + [H, i} )(Hy — 27 iy
- 0 0
LA, ix] = ([h,ii] o)'

1 8)1?1(2)&, K+ (2) ZziiR:t(Z)([h’Oii] 8) (5.7)

Note that

Let

0
[h,ix

K+(z) := <
Note that by assumptions (TE1) and (TE3) the operators
[H,is]w® and i+(1 — jo)wS are bounded on & forall € > 0. (5.8)
We set
ARR)=K_(2)(1 —jo)+ Ky — jp) : CH = B(E).

Using Proposition 5.3 and Lemma 5.4 we see that A(z) extends meromorphically to
Imz > —§ with values in By (€) for some § > 0. As Hy are selfadjoint, it follows
that

1A@ e, < 1/2

for Im z sufficiently large. Thus (1 4+ A(z))~! exists for Im z large enough. By Proposi-
tion 4.2 there exists a closed discrete subset ZT of the half-plane {Imz > —§} such that
(14 A(z)) 'existsif Inz > —8andz ¢ ZT, and (1 4+ A(z))~! is finite meromorphic in
{Imz > —§} and analytic in {Im > —8}\ Z*. Let

K@) = K_(2) + K+ (2).
Now observe that j, K, = 0 for a = &, b = &£ by assumption (TE3)(b). Therefore

1+ K@) = (1+ K- @) + K@) (1 + K- @)1 = jo) + K1 @)1 — j),
(1+K-@j-+K+@js) = 1-K_()j- — K4+(@)js-
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We can now construct the resolvent of H by

Ry = 0@+ K@)
= 0@)(1+K-@1 = j)+Ks@0 = jp)) (1= K@) — Kijp).  (59)

The same considerations are valid in the lower half-plane, and we obtain a set of poles Z~.
The set (Z~ NC™) U (ZT NCT) is clearly finite.

Proposition 5.5. If conditions (A1)-(A2) and (TE1)—(TE3) are satisfied then there is a
finite set Z C C\ R with Z = Z such that the spectra of H and H are included in R U Z
and the resolvents R and R are finite meromorphic functions on C \ R. Moreover, the
point spectrum of H coincides with the point spectrum of H, and the set Z consists of
eigenvalues of finite multiplicity of H and of H.

Proof. From the previous arguments it follows that if we define Ry (z) := Ry (z)|¢ then
Rpy(z) = R(z) and Ry (2) = R(z) for z with sufficiently large (positive or negative)
imaginary part. We know by Proposition 3.15 that ,o(H) N(C\R) = ph, k)N (C\R).
Then we use Proposition 3.6 to see that all the poles of H in C \ R are in a finite ball.
But in this ball (1 + A(z))~! has only a finite number of poles. By using (5.9) and an
analyticity argument we see that R(z) has only a finite number of poles in C \ R. From
the analyticity properties of a resolvent family it follows then that the nonreal spectrum Z
of H coincides with the set of nonreal poles of its resolvent, in particular it is finite.
From p(H) \ R = p(h, k) \ R and Lemma 3.1 we see that the complex spectrum is
invariant under conjugation. Note also that every eigenvector of H for a nonzero eigen-
value is in D(H), and thus is an eigenvector of H. It remains to show that the complex
point spectrum consists exactly of the complex eigenvalues of H and that the correspond-
ing eigenspaces are finite-dimensional. If zq is a pole of R(z), then on a neighborhood
of zp we may write R(z) = Zr],V:l (zo — 2)7" S, + S(z) with S holomorphic near zy and
the S, # O of finite rank because the function A(z) is finite meromorphic. From this it
follows that zg is an eigenvalue of finite multiplicity of H (see [32, Ch. VIII, Sect. 8] for
details). O

From now on we denote by al;%(H ) the set of nonreal eigenvalues of H.Forz € Uﬁ%(l-.l )
the Riesz projector is defined by

E(z, H) := é 515(}'1 -2 ldz,
Y

where y is a small curve in p(H ) surrounding z. Let

I, (H):= @ EG H) and Eg(H) = 15,(H)E.

zeo*gf,(H)
Let furthermore
Ir(H) :==1—15(H), Er(H) = 1r(H)E.

We clearly have £ = Er(H) @ Eﬁ,CP(FI ) and both spaces are invariant under e~/ H
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5.4. Resolvent estimates
For R, § > 0 we set
U(R,8) ={zeC :0<|Imz| <6, |[Rez|] < R}.

Lemma 5.6. Assume (A1)-(A2) and (TE1)—(TE3). Then for each R > O there are
M, 6 > 0 such that o (H) \ R does not intersect Uy(R, §) and for all 7 € Uy(R, 3),

IR@ 3¢, < Mmz| =, (5.10)
IR@BeE) S (1 + |21~ HImz] ™ + 127" (5.11)
Proof. Recall that
R@ = Q@1+ A@) ™ (1 - K-(2)j- — K+(2)j+)-
We choose 8 > 0 sufficiently small such that (1+ A(z))~! has no poles in Uy(R, 8). Then

1@ lp¢ S Mzl

The meromorphic extension of (1 + A(2))"! has only a finite number of real poles in
Uy (R, §), hence
11+ A M ge S mz ™1 My > 0.

Noting that [H, i4] : & — & is bounded by assumption (TE3) we obtain
I = K-@)j- = K+@i+llgee) < Imzl ™.
This gives (5.10) with M = Mj + 2; and (5.11) now follows from Proposition 3.17. O
Remark 5.7. If aé%(H ) = (4, then we can choose § independently of R.
Lemma 5.8. Let R > M||k||g(3) with M as in Proposition 3.6. Then
IR@ g, S Mz~ if |z = R.
Proof. Recall from (3.23) that

1 _
R(2) = (H—z)_1=d>(k)< —p @k~ P ><I>(—k).

1+ *k—2p '@k —2) —(k—2p ' (2)

Therefore it is sufficient to show

1
Iy~ @k = Dull S —— [l *ull, 5.12)
|Imz|
_ 1
lhg> P~ @ull S ———1lull, (5.13)
[Tm z|
1
Itk —2)p~ ' @ull S ——lull, (5.14)
|Im |
—1 1 1/2
[(1+ G = 2p~ @k — 2)u|| S ——Ilhg*ull, (5.15)

[Tm z|
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for |z| > R. Estimates (5.12)—(5.14) follow from Proposition 3.6. To show (5.15) we use
(3.26) and write

L+ *k—2p ' @k —2) = (k—2)p~ @hy/*hy/ >k — 27 hy PR/
Then using (3.7) and (A2) we obtain

~ 1 1 12
L+ k= 2p~ @k — )| < (kllsay + 12D ol
I( Ju| #) Imz| |z| — IkllBay °

We can suppose M > 2 and obtain
(kB +12) ———7—— S
O e = ks

which finishes the proof of the lemma. O

5.5. Smooth functional calculus

The resolvent estimates in Lemma 5.6 easily allow us to construct a smooth functional
calculus for H. For f € C{°(R) we denote by f € C{°(C) an almost analytic extension
of f, satisfying

flr=f,

)
' OV cyimz¥, N eN.

Proposition 5.9. Assume (A1)~(A2) and (TE1)—~(TE3).

(i) Let f € C°(R). Let f be an almost analytic extension of f with supp f N ag)(l-'] )
= (). Then the integral

: 1 af . -
f(H) = —/ —(@)R((z)dz ndZ
2mwi Jo 0Z

is norm convergent in B &) and is independent of the choice of f .
(i) The map C°(R) > f +— f(H) € B(E) is a continuous algebra morphism if we
equip C3°(R) with its canonical topology.

Remark 5.10. (i) The condition supp f N cré%(l-'l ) = @ can always be satisfied by
choosing supp f close enough to the real axis.

(i) If x € C®(R) with x = 1 on R\ ]-R, R[ then we define x(H) := lr(H) —
(1 — O (H). , ,

(iii) In the same way we define a smooth functional calculus for H, Hy, H.. For Hy this
coincides with the smooth functional calculus for selfadjoint operators.

Proposition 5.11. If UF()%(H) = Wand x € C(R) with x = 1 in a neighborhood of
zero, then )
s- lim x(L7'H) = 1.
L—oo
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Proof. First note that for some M > 0,

1

— 4+ — I 0. 5.16
Imz| |Imz|M tm 2| > (5.16)

IR ) <
Indeed, we first choose R > 0 as in Lemma 5.8. Then

IR e, < Vz € C\ B(0, R).

1
Imz|’
By Remark 5.7 we can choose § = R in Lemma 5.6 to obtain

. 1
IR@lge) S g Ve € BOR) CUOR, R).

In particular we can choose the same almost analytic extension of x to define x (L~ H)
for all L > 0. We now show that

Lllrrgox(L_IH) —i_x(L7'H )i — iy x(L™'Hy)iy =0. (5.17)
‘We have
X(L™VH) —i_x (L™ H_)io — i x (L™ Hyiy
= ﬁ / 0% (2)L(R(Lz) — Q(Lz))dz A dz.

Now recall that R(z) = 0 + K(z))™L, thus
R(Lz) — Q(Lz) = —R(L2)K (L2).
Thanks to (5.16), for L > 1 we have the estimate
0% (z)LR(L2)K (L2)|| < 1/L — 0.
This implies (5.17). As Hx is selfadjoint in Ex, using Lemma 5.4 we find
s+ lim i x(L™'Hy)iy =i3.

Thus )
s-lim x(L7'H) =i% +i2 =1. O
L—o0

6. Propagation estimates

In this section we derive resolvent and propagation estimates for H, similar to those
obtained for selfadjoint operators. The key ingredients are the meromorphic extension
of R(z) in Sect. 4 and the fact that the asymptotic Hamiltonians H are selfadjoint for
their energy norms. There is however a new difficulty not present in the selfadjoint case:
in addition to resolvent poles and thresholds, additional spectral singularities may appear.
In the theory of selfadjoint operators on Krein spaces used in our previous works [17, 18]
these spectral singularities are known as critical points.
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6.1. Resonances and boundary values of the resolvent

By the usual arguments the operator
Ay(@) = w K- ()1 = jow ™ + w K (@1 — jow™*

can also be extended meromorphically from the upper half-plane to {Imz > —d¢/»} with
values in By (€). By the same argument as in the construction of the resolvent, for Im z
large enough we have

| Aw(@llge) < 1/2.
Using Proposition 4.2 we see that (1 + Ap() s meromorphic in {Imz > —§¢/2}. Let
Sw be the set of its poles. Now we have
W R@W™ = w  Q@w (1 + Au@)
x (1 —w'K_(2)j_w ™ —w'K4(2)jrw™ ). 6.1)
Using (6.1) we see that w™¢R(z)w ¢ can be extended meromorphically from the upper

half-plane to {‘Imz > —8¢/2} with values in Boo (5’ ). The same result also holds for the
resolvents of Hy, by assumption (TE3)(c).

Definition 6.1. The poles in {Imz < 0} of the meromorphic extension of w™* R(z)w™¢

are called resonances of H. The set of real resonances of H, resp. Hy, is denoted by 7T,
resp. Tx.

Note that 7, 71 are obviously closed discrete sets. As a consequence of the meromorphic
extensions of w ¢ R(z)w € and w™ ¢ R4 (z)w ¢ we obtain:

Proposition 6.2. Assume (A1)—(A2) and (TE1)—~(TE3). Let € > 0.
— There exists v > 0 such that for all x € C3°(R\ T) and all k € N we have

sup  [[w X WREA £ i8)w g, < 0. (6.2)
>8>0, AeR

— Forall x € CP(R\ Tx) and all k € N we have

sup  [[w X WREQ £ i8)w ™| ge,, < 0. 6.3)
§>0, LeR

We apply [31, Thm. 4.3.1] to obtain:
Corollary 6.3. Assume (A1)—~(A2) and (TE1)~(TE3). Let € > 0 and T+ be as in Propo-
sition 6.2(ii). Then for all x € C°(R\ Tx),

sup /||w—€1'ei()\+i5)x(x)u||§f dx < oo. (6.4)
lullg, =1, 870 JR :

Note that we cannot directly apply [31, Thm. 4.3.1] to H, because the selfadjointness of
the operator is crucial in this theorem. To discuss this further let us introduce a definition.
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Definition 6.4. We call . € R a regular point of H if there exists x € C3°(R) with
x(A) =1 and v > 0 such that

sup /R lw RO + ia)x(x)ungi di < oo. (6.5)

Hqu-i:l, v>|8|>0

Otherwise we call it a singular point. We denote by S the set of singular points of H.

Remark 6.5. Denoting by S. the analog of S for Hy we see that Sx = 74 by Kato’s
theory of H-smoothness (see [31, Ch. 4, Sect. 3]).

In our situation it is still possible to control the set of singular points. Recall that
0(@) = (1 - K_(2) — K+()R@).
We then have
w0@) = (1-w  Kk_@w —w Ki@Qu)w “R(2).

Let ~ ~ ~

Ap(2) i= —w  K_(Qw® —w Ky (Q)we.
By the usual arguments Aw is meromorphic in {Imz > —4¢/2} with values in Boo(é").
Also || Ay (2)| B¢ = 1/2 for Imz sufficiently large. We can therefore again apply Propo-
sition 4.2 to see that (1 + A, (z))~ ! is meromorphic for {Imz > —dc/2}. We then have

WERE) = (1 + Ap(2) 'w ™€ 0(2). (6.6)

Proposition 6.6. Assume (A1)-(A2) and (TE1)—~(TE3).
(i) Let Ny, be the set of real poles of Aw(z). Then

ScN,UTLUT_.

It follows that S is a closed and discrete set.
(1) Let X be a regular point of H. Then there exists x € CgO(R) with x(A) = 1 and
v > 0 such that

sup /R lw RO + ia)x(H)unéi dx < oo.

”””9121’ >8>0

Proof. The first part follows from (6.6) and Corollary 6.3. For the second part we have to
show that we can replace x (1) by x (H) at a regular point. We choose ¥ € C3°(/) with
X x = x and write

lw™ R £ i) x (H) fIIE < lw™ RO i8)x () x (H) f11%
+llw RO £ 81 = X)X (H) £ 13- 6.7)
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The estimate for the first term follows from the definition of regular points and (6.5). Let
us treat the second term. We claim

lw™ R £i8)(1 = OGN X EDllgg, S W7,
uniformly in 4. In fact let
c . 1 -
Fi () = () gy (= X ODx ).

It is sufficient to show that all the seminorms || f; |, are uniformly bounded with respect
to A, 8. Note that g, (x) = (1 — x (1)) x (x) vanishes to all orders at x = A. If supp x C
[—C, C] this is enough to ensure that || f5 ||, is uniformly bounded in A € [-2C, 2C] and
6 > 0. For |A| > 2C we observe that

1
x—(A+id)
with analogous estimates for the derivatives. This gives the integrability of the second
term in (6.7). O

(A)

~

6.2. Propagation estimates

As an immediate consequence of Proposition 6.2 we obtain:
Proposition 6.7. Assume (A1)—(A2) and (TE1)~(TE3). Let € > 0.
— Forall x € CP(R\ T) and k € N we have

lw™e™™ x (Hyw™<llge, S ()75 (6.8)
— Forall x € C°(R\ Tx) and k € N we have
lw=Ce™ =y (How™ Nl e, S (07 (6.9)
Proof. We only prove (i), the proof of (ii) being analogous. We have
L . 1 . . .
w e "y (Hyw™ € = 5 / x(We P w ¢ (R +i0) — R(A — i0))w™¢ dA.

Integration by parts gives

. . 1 - . ..
—e —itH —€ __ j—1 ) —ith . — . —
w™CeT My (Fyw™ = — (it)kgj;ick /X,(A)e =€ RI (L £ i0)w ™ dA

with x; := x ®*+1=1) The estimate then follows from Proposition 6.2. O

Proposition 6.8. Assume (A1)-(A2) and (TE1)—(TE3). Let € > 0. Then for all x €
CPR\S),

/R lw=e™™ x (g% dt < Nl (6.10)
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Proof. We write
w (RO +i8) — RO —i®))x () f =i /]R w€e I giM o= HE y (F) £y
By Plancherel’s formula this yields
/Rnw—f (RO +i8) — RO — i8))X(H)fH§ dr = /Re—”"‘ ||w—€e—”HX(H)f||§ dt.

By Proposition 6.6(ii) the left hand side of this equation is uniformly bounded in § for §
small enough. O

Corollary 6.9. If (A1)—(A2) and (TE1)—(TE3) hold and X is a real eigenvalue of H then
reS.

6.3. Estimates on singular points

It will be important in applications to prove that H has no singular points. To do this we
will use the following proposition.

Proposition 6.10. Assume (A1)—(A2) and (TE1)—(TE3). Then

ScTUT_UT,.
Proof. From (5.9) we obtain, for Imz > 1,

R@) =01 +K@) =01 - 01 +K@) 'K,
hence

W RE) =w Q) —w Q@)1+ K@) 'w wK ()
=w 0@ —w ‘R@QOw ‘wK ().

Next we write w*K (z) = w*K_(z) + w*K(z) and deduce from the expression (5.7)
for K+ (z) that w*K1(z) = mcRi(2)ix for me € B(E). It then suffices to recall the
expression (5.6) for Q(z), and apply Remark 6.5. ]

6.4. Additional resolvent estimates

In this subsection we make the link between the poles of 7p~!(z)n and those of nR(z)n
for n € C°(R).
We will need the following hypothesis:
(@) ¥ € C&R) = hy/*y0)hg* € BH),

o . ) (PE)
O Y e CPM), ¥ >0, ¥y =1near0 = s-limy 00 Y (x/n) =1inh, "“H.
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Lemma 6.11. Let n, 1 € Cg°(R) with im = n. If z is not a pole of ip~ V()7 then z is
not a pole of NR(z)n or of nR(2)n, and if P(2) := ||7p~" ()7l B3) then

InR@nllseE) S ()20 + (@) PH2), (6.11)
InR@nlze) S (220 +(2)P?(2). (6.12)

Proof. We choose 11,10 € C5°(R) with non = n, nino = no and nn; = ny. We first
notice that (6.12) follows from (6.11) because

InR@nulle < InR@nulle < ()20 + (@P @) Inoulle S ()1 + (2P @) lullg,

where we have used Hardy’s inequality, (TE3)(f). Now recall from (3.23) that

—p7 @)k —2) @

o
Ria):=H =2 _q)(k)<1+<k—z)p1(z>(k—z) —k-9p @)

)dJ(—k).

It is therefore sufficient to show that

lnp~ @)k — Dl < () A+ (2)*PE)lull, (6.13)
Inp~ ' @nully < (1 + (@*P@)llully, (6.14)

In(1+ (k —2)p~ '@k — Dnuly < @A+ &P lully.  (6.15)
Itk —2p~ " @nully < (2)P@)lullpg. (6.16)

First, (6.16) is clear; let us consider (6.14). By complex interpolation (6.14) will fol-
low from

Inp~' @nullae S (2P @) + Dlluly. (6.17)

We compute

honp™" ()0 = [ho. nlp™" ()0 + nhop™" (@)
= (ho + 1) '[ho. nlno(ho + Dp~ " (2)n
+ (ho + D~ [ho, [ho. nllnop™" (2)n + nhop™" ()1,
nohop™ (2)n = n+ (k — 2)*nop™ ' ().

Thus
Inohop ™' @null < (14 (2)*P @) llully-

As (ho + D~ Yho, [ho, n]] is bounded, this gives (6.17) and thus (6.14).
Let us now consider (6.13). First note that ||(k — 2)ully1 S (2)||lull51. We then esti-
mate, using (6.14),

Inp™ @nullzg S (2P + Dllulzy.

This gives (6.13).
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Let us now show (6.15). We write
n(1+ & —2p '@k —2)n
= np~ " @milho, knolhy 2P0 p~ @)k — D+ np~ (@) (k — 2)%n.

Using (6.13) we have

Inp~" @milho, knolhg *hy*mi p™ (@) (k — 2)nully
SPIRY i p~ @k — Dnllsapluly S @P@A + (2)2PE)llully

This proves (6.15). ]

Corollary 6.12. If w—p~'(z)w™¢ has no real poles then w=¢R(z)w™¢ has no real
poles.

Proof. By the preceding lemmas 7R (z)n has no real poles for all 7 € C5°(R). Suppose
that w—€R(z)w € has a pole at z = zp € R. In a neighborhood of z = zg we have

. m A,
“R@w =) —L—+H
w *R(x)w 2 @ z0)] + H(z),

where H (z) is holomorphic and the A; are of finite rank. Let 11, n2 € C3°(R). We have

m
. _ nAjn
w mR@mw ™ =Y —— =+ mH@n.
= =20

As mR(z)nz does not have a pole at z = z(, we have
mA;n, =0, VI]],I]QECSO(R),jZL...,m.

It follows that
Ajn=0, VneCy°R), j=1,...,m.

In view of (PE) this implies that A; = 0. O

7. Boundedness of the evolution 1: abstract setting

The aim of this section is to show that the evolution is bounded outside the complex
eigenvalues and the singular points of H. We assume

w: D(ho) — D(ho), and [—ik, h] < w_lhow_1 as quadratic forms on D(hg). (B)

For x € C*°(R) and v > 0 we set x, (1) := x (A /).
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Theorem 7.1. Assume (A1)-(A2), (TE1)~(TE3), (PE), and (B). Assume furthermore
ope(H) = 0.

(1) Let x € C®°[R) with x = 0on[—1, 1] and x = 1 outside [—2, 2]. Then there are
o, C1 > 0 such that for all @ > po andt € R,

le ™  x(Hullg < Crlixu(Hullg, ueé. (7.1)
(i) If x € C3°(R\ S) then there is C > 0 such that for all u € Eandt € R we have
le " x (Fullg < Callullg. (7.2)

Remark 7.2. Ifa(C (H) # (), then the theorem still holds for e™ itH |£ (- Here Er(H) =
Ir(H)E (see Sect. 5.3).

The proof of Thm. 7.1 is divided into a high frequency analysis (part (i)) and a low
frequency analysis (part (ii)).

7.1. High frequency analysis

Lemma 7.3. Assume (A1)—(A2), (TE1)—(TE3), (PE), and (B). If x is as in the statement
of Thm. 7.1 then for u > 0 sufficiently large,

) 1 )
IO (HDwolln S ;”X/L(H)MHS-

Proof. Let x be as x with x x = x. Set ¢ = x — 1 and observe that ¢ = —1 on ]—1, 1[.
Let ¢ be some (finite order) almost analytic extension of ¢ given by (for some N > 1)

Gx +iy) = Z (’)()(’” ((Sf—x))

r=0

with T € CgO(R), 7(s) =lin|s| < 1/2,and t(s) = 0in |s| > 1. Here ¢ is chosen such
that R(z) has no poles in [Im z| < §(x) if x € supp ¢. We compute

IR DN (30 LR 0
doa) = O s

(iy)" i yx
(r) 7 _
+<ZO O ) <6<x>><8<x> +a<x>2>

= @1(x +iy) + @2(x +iy).

Let u > po = max{(l + &)lIkllg@n, 2(1 + &)kl 53)/3). Then suppag C K =
{zeC:luzl = A+ )kllpa} Ni{z € C: |z| = min{l1, §/2}}. Indeed, on supp ¢; we
have |z| > 1 and thus

lnzl = no = (1 + &) kB3
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On supp ¢ we have |z| > §|z|/2 and thus

lnzl = pé/2 = (1 + &) lklBm)-

Note that
1 — 1
= —(x - DO = —./ng(z)—dz AdZ.
21 z
‘We have
Xu(H) = @u(H) + 1
1 (= H -1
=—./3¢(z)<<——z> +—>dz/\d2
2mi 2 Z
1 — ) 1 H 3
=—— / 00(2)(H — nz)~ —dz Adz. (7.3)
2mi z

Let v* = X,L(I-.I)u. We compute
) L H (oY 1
((H — j2) 1—( %)) = -p (w2 (uzvl + o).
Z vy 0 Z
For z € supp d@(z) we estimate, using Proposition 3.6,

Ip~ (w2 zivl g S Ip~ (uD)znl — ko)l + Il p ™ (r2) zikvl 1
<

~

Iy — kvg)lla + g Il

[Im z| w|Imz|

Ip~ (w)hvl 1y S Ip~ ' @hovl Il + 1 p~ (ko) 1

1 172 1
't + ——

[ o Yo [l M2|ImZ|

m
S 2l llvg Il

1
|Tm z] e

A

172 1
g vl 3¢ + e

[Im z|

Using (7.3) we obtain

. 1 . 1 .
IOt (H D)ol < ;”X;L(Hn)uﬂg + ;”(X;L(HH)M)OH’H~

This gives the conclusion for p sufficiently large. O

Corollary 7.4. Assume (A1)-(A2), (TE1)—(TE3), (PE), and (B). Let x be as in Thm. 7.1.
Then for u > 0 sufficiently large there exists € > 0 such that for all u € &,

Ot (FD, Xy (HDu)o = ], (HDu %
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Proof. By Lemma 7.3 we have
O CED, X (HDuYo = e (HDul % = 211k Qoo (Huoll,
> (1= C/uH)lxu(Hul%,
which gives the conclusion for u sufficiently large. O

Corollary 7.5. Assume (A1)—(A2), (TEl)—(TE'?a), (PE), and (B). Let x be as in Thm. 7.1.
Then there exists C; > 0 such that for allu € € andt € R,

le ™ # x, (Hullg < Cillxu(H)ullg.

Proof. We use the fact that (e’”Hx,L(H)u, e’”HXH(I-'I)u)o is conserved. By Corol-
lary 7.4 we have

||e_itHXlL(H)u”§ S <e—ifHX#(H)u, e_i[HXM(H)u)O

= Ot (H)u, xu (HDuo S 11 xp (HDu % o

7.2. Low frequency analysis
Part (ii) of Thm. 7.1 follows from the following

Lemma 7.6. Assume (A1)~(A2), (TE1)~(TE3), (PE), and (B). Let x € Cj°(R\S). Then
there exists C > 0 such that

e~ x(Fullg < Cllulg, el teR. 79
Proof. Letu € E. Let

Y = Wo(0). Y1 (1) = e—"”‘(_lk ?)e—”’ X (Fu.

Note that
le H y (Ful2 = 19117 + @Yo = 1 13,
with A (t) = ek (h + k?)e'’¥, and that solves the wave equation
OF +h)Yo®) =0,  Y1(t) = —id o (D).
Thus

d - .
e (g = ¢ OYo) o)),

where
h/(t) — e_ilk[—ik, h]eikt 5 w_le_ikthoeiktw_l,

by (B). Therefore

d .o . B I
Tl o (EDullf S Iw™ Y Oligq) S Ilw™e x(Hullg, (7.5)
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where we have used the fact that w™! commutes with e =% (} 9) (see (TE1)). Integrating
(7.5) we obtain

. t o .
lle™ ™ x (FDullE < Nlul} +/ lw=e™H x (FHull% di’ < ull,
0

by Prop. 6.8. O

We end this section by proving a weak convergence result, which will be important in
Sect. 8.

Lemma 7.7. Assume (A1)~(A2), (TE1)~(TE3), (PE), and (B). Then

ey () =0, VyeCPR\S).

Proof. Since e~ith x (H) is uniformly bounded in ¢ by Thm. 7.3, it suffices to prove
that (v|e‘i’Hx(H)u)g~ — 0 for u, v in a dense subspace of &, where (:])¢ is the scalar
product associated to the norm of €. By (PE) the space {u € £ : u = x (x)u, x € Ci°(R)}

is dense in . For such u, v the convergence to 0 follows from Prop. 6.7. O

8. Asymptotic completeness 1: abstract setting

In this section we prove existence and completeness of wave operators, comparing the
full dynamics e~ with the two asymptotic dynamics e ~*/#+ for energies away from
the set S of singular points. We first define the spaces of scattering states.

Definition 8.1. We call x € C°°(R) an admissible cut-off function for H if

— x = 0in a neighborhood of S, and
— x=0orx =1onR\ ]—R, R[ for some R > 0.

We denote by C the set of all admissible cut-offs for H.
Definition 8.2. The spaces of scattering states are defined as

Eseart = {x(Hu:u &, x e€C”),  Ecars = {x(He)u:u e, x eC”}.
We will need the following three lemmas.
Lemma 8.3. Assume (A1)~(A2) and (TE1)~(TE3). Then w[H, i+]w € B(&; Ex).
Proof. We have

wlh, is]w 0) € B(; £4),

by hypothesis (TE3)(e). ]
Lemma 8.4. Assume (A1)—(A2) and (TE1)—(TE3).
(i) Let x € Ci°(R). Then

wlH,is]w = (

i+ x(He) — x (H)iz € Boo (4 E),
(ii) Let x € C*°(R) be such that x = 1 outside |—R, R[ for some R > 0. Then
ixx(He) — X (H)iz € Boo(Ex; E).
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Proof. Note first that (ii) follows from (i), by replacing x by 1 — x. We therefore only
have to prove (i). Let x be an almost analytic extension of x such that supp x does not
contain complex poles of R(z). We have

ixx (He) = x(H)ix = z—fn / X (D)R@IH, i£]Re(2) dz A dZ.
By hypotheses (TE3)(b) and (TE3)(e) we have
[H,ix]R+(2) € Boo(4; E).

Then we apply the estimates in Lemma 5.6. O
Theorem 8.5. Assume (A1)-(A2), (TE1)—(TE3), (PE), and (B).
(i) Forall goi € Sscmi there exists 1,//jE € gscan such that

e‘”pri - z'ie_’-tl:li(pi -0, t—>o00, ink.
(i) Forall € éscatt there exist (pi € é"scani such that

e_”Higoi — iie_itHl// -0, t—o00, infy.

Proof. Let x € CH. We only prove (i), the proof of (ii) being analogous. We first show
that the limit

W = lim ey (H)ize " y (Ha)g (8.1)

exists for all ¢ € E'i. We ﬁrst. treat the case x = O on R \ ]—R, R[. Using Thm. 7.1(1),
Lemma 5.4 and the fact that Hy are selfadjoint, we obtain

e x (Eize ™ x (Hoplle < g, - (82)

By (8.2) and assumption (PE) we may assume that ¢ € D(w). We compute

Ze””x(H)iie*””ix(Hi) ="y (H)[H, iz]e "=y (Hy). (8.3)

Integrating (8.3) and using Lemma 8.3 and Proposition 6.7 we obtain
ey (Fyisce ™ y (Fie) — 1 x (H)ize™ e y ()
t . t
< / lw™"e ™ e x (Ho)pllg, dt' S / (Y72l wellg, >0, 5.1 — oo.
S N

This gives the existence of the limit (8.1). Letnow x = lon R\]—R, R[.Let ¥ € C°(R)

with ¥ = 1 in a neighborhood of 0. Using the fact that e’ H x(H) is uniformly bounded

by Thm. 7.1(ii), and Lemmas 8.4 and 6.11, we see that
s- lim e/ y (ize "M 32 (L7 Ha) x (H)
—00

=s-lim "™y (F)R (L™ H)ize "™ R (L™ He) x (H2)
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exists, since x (L~ -) is compactly supported. Let € > 0. We estimate
e H x (Fize ™y (Hi)p* — 7 y (F)ize 0% y (H)p™ | ¢
< |le " y (F)ize ™ 52 (L7 Fa) x (Ha)p*
— ey (Ayige M 32 (L Hy) x (HO@F |l g + 2011 — 2 (LT H))eFllg < e,

if we choose first L and then ¢, s large enough. This shows the existence of the limit (8.1)
if xy =1 onR.\]—R, R[.
For ¢ € &, let

Y=y (H)ize My (Ho)g™,  ¢* = lim y;".
11— 00
Let us write
vE=yE4+r@), r@)—0,t— co.
Let ¥ € CH with x x = x. We clearly have )Z(H)t/f,i = 1/f,i and thus
XHY™ + X (H)r() =y* +r(@).
Taking the limit # — oo we find

)Z(H)lﬁi = 1/fi, in particular wi € éscatt,

hence e”"Ht/fi is uniformly bounded by Thm. 7.1. It follows that
T YE — y (H)ise " 5 (Ha)p® — 0.
Applying Lemma 8.4 we find
eTitHyE i ot e 2 eE L0 1 s 0. (8.4)
Applying once more a density argument we obtain (i). O

9. Geometric setting

In this section we consider the geometric framework introduced in Subsect. 2.1. The main
task will be to check that the hypotheses (G) imply the abstract hypotheses of Sects. 4, 5.
We will check the hypotheses for the restrictions of the operators to H" and the corre-
sponding energy spaces. In the following, we will drop the index n.

9.1. Asymptotic Hamiltonians

To apply the framework of Sect. 5 we need a coordinate function x on M with range
equal to R. This is easily done with the change of variables given by
dx

-2
o =a; " (r).
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Note that there is a freedom in the choice of the integration constant. This choice, how-
ever, is not important for what follows. For r — r_ we find

x(r) —x(ro) = /r a21q2 dr’ + /r h(r') dr'

with h(r) € O((r — r_)~'*%). Here we have used (G2). Recalling that ¢(r) =

JV(ry —r)(r —r-) we find, for r close to r_,

x(r) —x(r-) > L In(r —r_)—-C
K

with k_ = (@_)%(r4 — r_). It follows that
r—r_ S, r—r_.
In a similar way we obtain

re—r Se Y,

r—ry,
where Ky = (oc+)2(r+ —r_). Since 9, = ozl_z(r)ar, we find that
fr)yer? iff f@rix)eT’ for

oK_x/2 _
T? ::{fecw(Rde—l):agagfe{O(e B OOH

O(e %+*/2) x — 00
This change of variables gives rise to the unitary transformation
U L(r—, ry[ x S drdw) — L*(R x S, dxdw) =: H,,
v(r, o) = a1 (r(x)v(x, o).
We set
Exgi= U OUNEL,  hl=Uhht", kL = thkatd] !
We compute
d—1 d—1
ho =Unholt; " = Urho Uy + Y DigD;+ ) (¢' D; + Dig')
i,j=1 i=1
+a; (N Dxg e 2 (1) Daay () + o (g Dy (1)
+o7 (DD () + .
Urho Uy = Dxagal_sz +aiP +al.

We will often drop the exponent 1 when it is clear which coordinate system is used.

9.2. Meromorphic extensions

In this subsection we will check that 4, h_ satisfy (ME2). To do so we use a result of
Mazzeo and Melrose [26] about the meromorphic extension of the truncated resolvent for
the Laplace operator on asymptotically hyperbolic manifolds. We start by briefly recalling
this result.
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9.2.1. A result of Mazzeo—Melrose. Let Y be a compact n-dimensional manifold with
boundary given by the defining function y:

0¥ ={y =0}, dylay #0, ylyo > 0.

Let g be a complete metric on Y of the form
_ 2

where 4 is a C* metric on Y. One is usually interested in the Laplace—Beltrami opera-
tor A,. We have to consider slightly more general operators. Let

VoY) ={V e C¥(Y; TY) : V]yy = 0},

the space of vector fields vanishing on the boundary. In local coordinates (y, x) near 9Y
the vector fields ydy, ydy; span Vo(Y).

We now need the definition of the normal operator. For p € 0Y the tangent space T, Y
is divided into two half-spaces by the hypersurface 7),0Y. We will denote by Y, the hali-
space on the “Y” side (that is, spanned by 7,dY and the inward normal vector at p).
Then any smooth coefficient polynomial Q in Vy(Y') defines a natural constant coefficient
operator on Y):

Np(Q)u = lim RYf*Q(f ™))" Ry u, 9.2)

where u € C*°(Y},), R, is the natural R -action on ¥, >~ N, T,dY given by multiplica-
tion by r on the fibers, and f is a local diffeomorphism from Q2 C Y, p € Q:

f:Q->9Q, QCcT,Y, f(p)=0, df,=1, [f@Y)CT,dY.

The definition is independent of f. The normal operator freezes the coefficients at a
point p, one obtains a polynomial in the elements of Vy(Y,). The following result is
implicit in [26]. We use here the formulation in [28].

Proposition 9.1 (Mazzeo-Melrose, 1987). Let Q be a second order differential opera-
tor on Y which is a polynomial in Vy(Y) with coefficients in C*°(Y). Assume that

(i) the principal part of Q is an elliptic polynomial in the elements of Vo(Y) uniformly
onY,
(ii) for every p € 0Y the normal operator of Q defined by (9.2) is given by

' n n—1 2
N,(Q) = _K[Z%DZ?] +i(n=2)zD; +27 Y hij(p)D;,D;; — (T) }
ij=2

Y, {zeR":z; >0}, [hij]1=C1, C >0,

where K < 0 is constant on the components of dY.
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Then for any metric g of the form (9.1),
Ro(z) = (Q — 2571 LA(Y, dvoly) — L(Y, dvoly)

is holomorphic in {Imz > 1}. For N > 0 the operator yNRQ(z)yN extends to a mero-
morphic operator in {Imz > —§} for some § > O.

Remark 9.2. The width of the strip onto which one can extend the truncated resolvent is
of order N if one removes some special points along the imaginary axis. At these points,
which are given by (—K)]/z(—i)(Lz_l)l/z, k € N, essential singularities might occur. If
the operator is the Laplacian associated to an asymptotic hyperbolic metric and the metric
is even, then no essential singularities appear—see [20] for a detailed discussion of these
questions. In our case it is sufficient to know that there exists a meromorphic extension in
some strip, and we will not study the type of singularities.

9.2.2. Meromorphic extensions of the resolvents of h, h_

Lemma 9.3. Assume hypotheses (G). Then (hy,ky,w) and (h—,k_ — £, w) satisfy
(ME1D)—(ME2) for w = q(r)~".

Proof. We will show that w=¢(h". — z2)~'w™¢ has a meromorphic extension to a strip
{Imz > —4¢}, 8¢ > 0. Let us start with A .

We want to apply Prop. 9.1 for ¥ = M = [r_, r] x SY~!. The principal part of h'} is
an elliptic polynomial in the elements of Vy(Y) and hypothesis (i) of Prop. 9.1 is fulfilled.
Near each boundary component we set z = r — r— and z = ry — r resp. We change the
C®° structure on Y (as a manifold with boundary) and allow a new smooth coordinate
y = /z. We will denote the new manifold by Y; ;2 and think of Y7, as a conformally
compact manifold in the sense of having a metric of the form (9.1).

Near r = r_ the operator i, becomes

d-1
hy = 3@*@)*(ry —r)*DyyDyy + (@) —ro)?y? Z Diai; D;

ij=1
d—1
— (kfn + k)P + 00N (Dyy)? + 0%y Y DiaijDj + OGP).
i,j=1

We now conjugate 4 by a weight function (see [28]) and set

0= ((1— )+ xy)hs((1 =)+ xyH7, (9.3)

where x € C®°(Y) with x = 1 fory < € < 1/2and x = 0 for y > 2e. It follows that
the normal operator becomes

1420412 af 2 2 4(0‘;)2 =«
Np(Q) = z(a] ) (o)) (ry—r-) <y <Dy+(af)2(a;’)2(r+—r_)2 WXZ:I D; Otij(P)Dj>

4(kfn + k)2
+iyDy —1 ®r ) )

@2y =)
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This operator is shifted with respect to the model operator of Prop. 9.1, and the points

where essential singularities may occur are now given by z2 = (=K )(,3 - (%)2)

kL2 2 N4 o Akgntke)?
k € N, where —K = z(a )* (0 )*(r4 —r—-)" and 8 = @@
ative, all these points have strictly negative imaginary part. Hence we obtain a meromor-
phic continuation of w™¢(Q — z2)~'w™¢, where Q is given by (9.3). Since for Imz > 0
we have

. As B is neg-

(hy =) = (A =0+ 07 Q=)A= x0) + 1),
we obtain a meromorphic continuation of w™¢(h4 — z2)~'w™¢. The proofs near r = r
and for h_ are similar. |

9.3. Verification of the abstract hypotheses

Proposition 9.4. Assume hypotheses (G). Then conditions (A1)-(A2), (TE1)-(TE3),
(PE), and (B) are satisfied.

The rest of the subsection is devoted to the proof of Prop. 9.4. We start by some prepara-
tions.

9.3.1. Some useful facts. By (G5) we have estimates

1/2

lg () Dyey (Fyull < 1A ull, 9.4)
lgr)Djull S Ik %ull,  j=1,...,d -1, 9.5)
lgryull S kY %ul. (9.6)

The estimates (9.4)—(9.6) also hold with &g replaced by i or h_. We will also need the
following Hardy type estimate.

Lemma 9.5. We have

. _ 2
@) 1) ullg S Iy *ulla,
Gi) Il fully S g ullyg,  feT? 8>0.

Proof. Since (x(r)) ~ |In(r —ry)| asr — ry, (ii) follows from (i). We recall a version
of Hardy’s inequality:

o0 o0
/ lv(x)|?x 2 dx < 4/ W' @) dx, veCPRN (0. 9.7)
0 0
Let x1 € C°(R) with x1(0) = 1, and x2 € C*(R) with x1 + x2 = 1. We have

-1 2 2 2 2
1)~ a3y, < lauldy, S (=02 + edu | W
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because oz% 2z X12~ Now applying (9.7) to xou gives
1) xaully, < / |0x (xou)|* dx do
RxS?

5/ (x5)*ul dx dw+/ X3l P dxdo S (=97 +au | u)y,
RxS? RxS?
because ( )(é)2 < alz. It follows that

/<x>*2|u|2dx do < /(|Dxu|2 + afu)?) dx do.

Changing to (r, w) coordinates yields, since dx = ;—2dr and D, = alzD,,
1

/(;c(r)>—4|u|20l—12 drdw < /(|oz1Dru|2 + u?) dr do.
1
Setting v = a_l]” gives
/<x(r)>—4|v|2dr do 5 /<|qura1v|2 +aiv?) dr do,
< /<|quaw|2+a%|v|2>drdw,

and using hg 2 o] (quzDr + Doy and (G5) we complete the proof. ]

Lemma 9.6. Let f, g € C®(R) with limjy|—o0 f(x) = lim|x|00 g(x) = 0. Then the
operators f(x)g(hy) and f(x)g(ﬁ_) are compact.

Proof. We only prove the lemma for A, the proof for h_ being analogous. We may
assume that f, ¢ € C3°(R). Let € be a bounded domain which contains supp f. Then
f(x)g(hy) sends LZ(M) to H*(Q). But H3(Q) «— L*(2) — L*(M) and the first
embedding is compact. O

9.3.2. Verification of hypotheses (A1)—(A2). We have already noticed that (G5) implies
(A1) (in particular (G5) implies 0 ¢ opp(ho)). Let us check (A2). We first check that

hy/*khy /> € B(H). This will follow from
khok < hg  on C°(M). 9.8)
Several terms have to be estimated:
—kayd,a3d, a1k = —a1d,k*a3 0,01 — a0 kadark’ + aik?ad + aik'a3kd,a

< —a10,¢%0a1 — alarkagalk’ + a%k/za% + a1k’ an2kd, o,

k\? kYo (kY
—kd,g"" 3,k = —o“a,(—) g o —ay0,kg’”" (—) + (—) g kdray
o a1 231

kY kY
5 _alarqzaral - ()[13,]((—) grr + <_> grrkaraly
o] o]
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and

k? 1 kY
kg" Dk = —g" Dy + —kg" (—) a.
o i o

Summing and adding the angular terms we find

k /
khok < a1D,q>Dray — a1d,kadark’ + ai (K)?ad + ark'askd e — ark<—> g
aj

kY 1 kY k2 k> 1/ kY
+ <_> kgrraral + Tkgr<_> ar + _grDral +alDr_§r - _<_> ko‘lgr
o] l o] o] o] 1\ o]

+ Y sDjaijk* Djoz + kK*af + > Dik*g" Dj + > (¢'k*Di + DiK*g) + K f

i,j i,j i
+ Y Dfkajaij(Djk) — > a3(Dfk)aijkD; — > a3 (DFk)aij(Djk)
ij ij ij

+ Y Dikg"(Djk) — Y "(Dfk)gkD; — Y "(D}k)g" (Djk)
i,j i,j ij

+ > kg'(Dik) = Y (DFhkg' +21m g kK.

i i

We have
k{k\ k'
kalk' € T?, ok ?as € T4, KaskeT? —(—)g" eT? kag'(—) eT°,
q \o1 23]
k2 r1 ) i7,2 2 2 4 2 * 6
Ol_lg ; eT’, g'k-eT”, kOl3Ol,'j(D,'k) eT”, o3(D; k)ot,'j(Djk) eT”,

kg'l(Djk) € T+, (Drk)gl (Djk) € TOF, k¢! (Dik) e T*,  g"kk' € T2,
This gives (9.8) by using (G5), (9.4)—(9.6) and Lemma 9.5. The estimate for

Gk =27 172y,
is exactly the same with the derivatives of k replaced by (kékz)z' Here we also use the
inequalities
1k =2 500 = ——. 1k =2 50 = ————.
[Tm z| 2| = IkliBcx)

the second one being valid for |z] > (1 4 €)|[kllzz), € > 0.

9.3.3. Verification of hypotheseg (TE1)—(TE3). (TE1) is obvious; let us check (TE2). We
check it for h, the proof for h_ being analogous. First note that (G5) for k4 implies
0 ¢ opp(hy). We have ki € T?. This implies the estimate

1/2
leruell < 1B ull.

We now check that (TE3) is fulfilled. Recall that w = q_l.



Asymptotic completeness for superradiant Klein—Gordon equations 2423

— (TE3)(a) follows from (G3).

— (TE3)(b) is clear. ~

— (TE3)(c): We have already shown in Sect. 9.2.2 that ., h_ fulfill (ME2). Let us check
(ME1):

— (MEI)(a) follows from (G3).
— (ME1)(b) is clear.
— (MEI)(c): Let us show that h;l/z[th, w~ ¢ w/? is bounded. We have

lihy, w1 = a1 Dyaden (w™) + Dy (w™) + g" (w™) + he
2 —€N/ grr —€\/ 1 1 ' rr. —€ey/
= a1 Dyt (w™Y +ar D S (Y — o — ) " (w )
aq 1 aq

+g (W™ ) +he
=a1Drqa + B

witha € T€ and g € T<H. We have i, '/*fw</2 € B(H) by Lemma 9.5. We have

hll/zal D,qaw</’* € B(H) by (9.4). The proof for h_ is analogous.
— (ME1)(d) follows from Lemma 9.5.
— (ME1)(e) follows from Lemma 9.6.

— (TE3)(d): The proof is exactly the same as for (A2), we omit the details.
— (TE3)(e): We start with w[h, i+]whfrl/2. We have

wlih,iyJw = w(otlDroz%oqi’+ + Dyg""il 4+ gl + ho)w = ag Doy + B

with @ € T and 8 € T°. This gives w[h, i+]wh11/2

other operators is the same, except for ha 1/ 2[w’], holw

to the proof for h;]/z[h, w ¢ we/2. We omit the details.
— (TE3)(f) follows from Hardy’s inequality of Lemma 9.5.

€ B(H). The proof for the

172 for which it is analogous

9.3.4. Verification of hypotheses (PE) and (B). For (PE), thanks to (9.4)—(9.6) we see
12" 2 . .
that ||y “ul|* is equivalent to

d—1
IDcul® + Y llg(r) Djull® + g (r(x))ull®.
j=1

As ¥ (x/n)u — uin L2(R x S=1, we only have to show that
[iDx, ¥ (x/n)lu — 0

1/27-[. We have

1
[li, 1//<f—l>:|u - %w’(f—l);ho V2pliy,

foru € h,



2424 V. Georgescu et al.

By Lemma 9.5 it is sufficient to show that
fgﬁ’()—c>v — 0 forve L’(R xS,
n n

which is obvious.

For (B), first note that w™¢ clearly sends D (hg) into itself. We compute
liho.s. k] = a1 Dya3K'ay + Y Dfatij(3;k)a3 + he =: Cr + C.
i.j
We have
wéCrwe = ayw Dyadk'aywe + he = ay Dyadk'agw* ko) — %(we)’a%alzwf + he.
Using
w kK e T?7%, (w9 d3aiw € T, aj0;;(dk)w* e T,
we find that for e < 1,
weCrws < hy, wCowt < ho,
by Lemma 9.5. We now compute

w[i (ho — hos), Kl =)

U(iDk)w?*
i 4q

+ ) g (Dikw™
i

1 wY’
+ otlDerEal_lg”k/ — —a <—> g kK'w + he.
1 a1

Noting that
g 2 3452 i 2 3482
—(Djkw € e T =€, g‘(iDjk)w € e T o=,
q
2
grk/w2e c T2+5—26 w Gg”k/ c T2+6—26
qai

€ I

w _

(—a ) a1 k' w€ e T2
1

and using (9.4)—(9.6) and Lemma 9.5, we find that, for € > 0 sufficiently small,
we[i(ho — ho,s), Klw® < ho.
Thus (B) is fulfilled.

10. Asymptotic completeness 2: geometric setting

In this section we will compare the full dynamics to the asymptotic spherically symmetric
dynamics. We set

hioo i=hog, heoo:=hioo =02, kioo: =0, k_oo:="1.
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! 0 1 : 0 1
oo i= <h+o<, 0)’ H-oc:= (h_oo 2e>

Eioo = (hao) VPHOH resp. E_oo i= PU)((hioo) V’HBOH)

The operators
are selfadjoint on

with domains
D(Hyoo) = (hioo) PH N (hioo) "H® (hiyoo) *H,  D(H-o0) = @) D(Hio0).
Remark 10.1. We have opp(Hioc) = (). This follows from [21, Lemme 4.2.1].

Lemma 10.2. Assume (G1)—(G7). Then €+oo = 5_,_ and E_oo = E_ with equivalent
norms.

Proof. We have to show
Bioo Shy Shicor oo She Shise. (10.1)

Recalling that hg s = h4oo, it is sufficient to show (10.1) for /4 replaced by ko ;. First
note that

< a1 (Dyg*Dy + P + Day. (10.2)

~

hO,s

(G7) then gives ~
hO,S 5 h+, hO,s 5 h_.

By (GS5), (G6), the Hardy inequality of Lemma 9.5, and the estimates (9.4)—(9.6) we have
hO S., h(),s«

Now, ~
hy=ho—k% Sho Shos,  he=ho— (ke — 0% S ho S hos,

which finishes the proof. O

Lemma 10.3. Assume (G1)—(G7). For x € Cgo (R) we have

X(Hioo) — x(Hy) € Boo(Ex).

Proof. Let x € C3°(R). We prove the conclusion for X (Hioo) — x(Hy), the proof for
% (H_o0) — x (H_) being analogous. Let us introduce, for a positive selfadjoint operator /,
the transformation

1 hl/2 i 1 1 W12 12
= 500 1) e (7 )

Note that

Uhy) x> HOH, Uhioo) i Erco = HOH
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are unitary. We set
Lioo = Ulhtoo) Hyodd* (hiso), Ly :=Uhy) HL U (hy).
By [21, Lemmes 6.1.3, A.4.4] we have

(1 = Uh4o)U* (hi ) X (L), X (Lyoo) — (L) € Bos(H @& H). (10.3)

‘We now write

X (Hioo) — X (Hy) = U (hioo) (1 — Uh0o)U* () x (LUK )
+ U (hyoo) (X (Ltoo) — X (LU (hto0)
+ U (hyo0) X (L) (L = U )U* (hioo)DU (ht00),

which is compact by (10.3). o

Let
Rioo(z) = (Hioo —2)!

In the same way as for Hy we can show:

Proposition 10.4. Assume (G1)—(G7). Let € > 0. There exists a discrete and closed set
Ttoo C R such that for all x € Cg°(R \ Txoo) and all k € N we have

sup ||w_ex()»)R]ono()L + ié)w_GHB(&m) < 00. (10.4)
e>0, AeR

Let 7A‘ =S U Tino. The‘admissible energy cut:offs for Hioo are now defined in exactly
the same manner as for H, with S replaced by 7 in the definition. Let C*> be the set of

all admissible cut-off functions for Hioo. We define

éscatt,ioo = {X(Hioo)” X € CHioc, ue (c/.‘iOO}a
Escae = {x(H)u : x € CHioo, ueékl.

Theorem 10.5. Assume (G1)-(G7).

(i) Forall (,0jE € é"scan,ioo there exists wi € Sscan such that
e_”Hwi — iie_”Him(pi —0, t—>o00, iIn E.
(ii) Forall ¢ € éscan there exists goi € Sscm,ioo such that

e x0Ty 50, t— 00,  inEico.
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Proof. Let x € CH+~ By Thm. 8.5 it is sufficient to show the existence of the wave
operators

W;E = s- lim &Mt oy (B, ) in &g,

11— 00
QF = - lim eitHioog=itHey () in &y
and that ) )
XHDOWE =W, X (Hioo) = Q (10.5)

for ¥ € CH=> with ¥x = x. The existence of W and QF follows directly from [21,
Thm. 6.2.2]. For the existence of Wx_ , Q; note that

PU)H @ ') =H (401, SWH_d'(0)=H" +¢1,

o (0 1\ .. 0 1
Ao = (ho,s 0)’ A== (h()—(k_—ﬁ)z 2(k_—1z))‘

Again the existence of

where

WX_ = s—tgrgo e”er_”wax(Hfoo), Q; = S-tl_i)rrolo e"’vace_”HfX(Hf)
follows from [21, Thm. 6.2.2]. The existence of W,", €2}  then follows by applying the
transformation @ (£). The identity (10.5) follows from Lemma 10.3. ]

Remark 10.6. (i) Note that the results of [21] apply here although the situation con-
sidered in [21] is slightly different. In [21] the cylindrical manifold R x S9! has one
asymptotically Euclidean end and one asymptotically hyperbolic end, whereas here we
consider two asymptotically hyperbolic ends. The latter situation is simpler, in particular
no gluing of the two conjugate operators for the ends in the setting of Mourre theory is
necessary.

(i1) As app(Hioo) = () and Hi, Hioo are selfadjoint, the wave operators

WE = s- lim /"o Hxoo
t—>0o0

exist. In a similar way we obtain the existence of the wave operators

QF i=s-lim oMo M2y ),
=00

where 12¢(H..) is the projection on the absolutely continuous subspace of H..

11. The Klein—Gordon equation on the De Sitter—Kerr spacetime

In this section we recall the Klein—-Gordon equation on the De Sitter—Kerr spacetime,
which will be our main example of the geometric framework from Sect. 9.
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11.1. The De Sitter—Kerr metric in Boyer—Lindquist coordinates

In Boyer—Lindquist coordinates the De Sitter—Kerr spacetime is described by a smooth
4-dimensional Lorentzian manifold Mgy = R, x R, x Sg), whose spacetime metric is
given by
Ay —a*sin?0 Ay 5, 2asin?0 (12 +a®)Ag — A,)
g = 207 dt” + 27 dtdy
o

2 -2 2
6
g P g M IO (11.1)
A, Ag A2p2

p2 = r2 + a2 COSze, Ay = (1 - %ArZ)(rZ + az) —2Mr,
Ag =1+ %Aa2 cos’0, o=@ +a®?Ag —d’Arsin?6, Ai=1+ %Aaz'

2

Here A > 0 is the cosmological constant, M > 0 is the mass of the black hole and a its
angular momentum per unit mass. The metric is defined for A, > 0; we assume that this
holds on an open interval Jr_, ry[. (For a = 0, this is true when 9AM 2 < 1; it remains
true if we take a small enough.)

Note that the vector fields d; and 9, are Killing. The De Sitter—Schwarzschild metric
(a = 0) is a special case of the above. The set {p> = 0} is a true curvature singularity.
In contrast to p2, the roots of A, are mere coordinate singularities. 7_ and r represent
event horizons and we will only be interested in the region r— < r < r4. This region
is not stationary in the sense that there exists no global time-like Killing vector field. In
particular there are regions in R, x Jr_, ry [, X SLZU in which 9; becomes space-like. Indeed,
the function A/ has a single zero rmayx on Jr—, ro[. The function A, is strictly increasing
on |r—, rmax[, and strictly decreasing on ]rmax, 7+[. Therefore there exist r1(6), r2(0)
defined on ]0, 7z [ such that

<0 onl]lr_,ri®)],
Ar—a’sin®@Ag {>0 onlri®), ),
<0 onlr@®),ril.
As a consequence the vector field 9; is

— time-like on {(z, 7,0, @) : r1(0) <r < ry(0)},
— space-like on {(t,r,0,¢) : r— <r < r(@)}U{(t, 10,90 : rn@O) <r < ry} =
A_UA,.

The regions A4 are called ergospheres. Of particular interest are the locally nonrotating
observers. These observers have four-velocity
a_ VU
(Vpt Vor)1/2"

They rotate with coordinate angular velocity

Q- 8o a((r* +a*)Ag — Ay)
= -t = 5 .

8oy o

(11.2)
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Their four-velocity is then (see also Remark 2.5)
u® =9 — Q.
Note that the angular velocity has finite limits at both horizons:

a

Qr =Q04,0) = ———.
+ (r+, 0) R

(11.3)

11.2. The Klein—Gordon equation on the De Sitter—Kerr spacetime

We now reduce the Klein—-Gordon equation on the De Sitter—Kerr spacetime to the ab-
stract form (2.1).

A standard computation using O, = | gl=128,1g1'/*g*?d, yields, for the De Sitter—
Kerr metric,

( oW, alA = +a2)A9)/\28 . (A, —a®sin® 6 Ag)ﬂaz
02 AgA, ! 02 Ag A, o p2Ag A, sin2 6 ¢
1 1
— =0, A0 — ———0psinf Agdp +m” )p =0.  (11.4)
0 sinf p
We multiply the equation on the left by ¢? = 2 2@’7?9 to obtain
a2 2a(Ar —(r? +a2)A9)a . (A, — a%sin®6 Ag)az
! o? e sin? 0 o2 ¢
ArAg ArAg . P2A Ay
—mar r r—m8951n9A989+Wm ¢=0 (115)

We now consider the unitary transform

o? o
U:L*(M, drd L*(M, drdw), ———.
(M A Ap r w) — L*M.,drdw), ¢+ ArA6¢

If ¢ solves (11.5), then u = U ¢ solves
Ay —a*sin?0 Ay 5, A Ag VA Ay
- 05 — . 0; A, 0y .
o o

Ar— (2 +aH)A
I (Ve G LO PN
o? sin” fo2 ¢
VAA VAA 2ALA
Yl e sing Agdp Ym0 4 P 2202 )y =0, (11.6)
Asinf o ro 1202
We introduce a Regge—Wheeler type coordinate x by the requirement

dx }er +a?
dr A

We then introduce the unitary transform

Ay
V:L*Qr—, ril xS?) — L2 R x §%, dxdw), v(r,») — /m v(r(x), w).
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Let u be a solution of the Klein—Gordon equation (11.6) and ¢ = ﬁu. Then
)
P2 2a(A, — (r? +a2)A9)8wat Ay —d?sin® 0 Ag 52
o? sin® 6 o2 ¢
2 A 2 YA
YT AR, (2 4 gy, YT
o o
VAA VAA ZALA
_#aesmemag k’ o +’°A2’29m2>w=0. 1.7
sinf o o o

12. Asymptotic completeness 3: The De Sitter—Kerr case

In this section we state the main theorems for the De Sitter—Kerr spacetime. The proofs
are given in Sect. 13.
We consider the Klein—-Gordon equation (11.7) and write it in the usual form

(82 — 2ikd; + h)y = 0.

Let
H' ={uecL*RxS?:(Dy—mu=0}, neZ (12.1)

We construct the energy spaces £", £ as well as the Klein—-Gordon operators H", H"
as in Sect. 3. Also let i+ € C*®(R), i— = 0 in a neighborhood of oo, i+ = 0 in a
neighborhood of —oc and i? + 1'_2|r = 1. We will use two types of comparison dynamics:

— a separable comparison dynamics,
— asymptotic profiles.

12.1. Uniform boundedness of the evolution

Theorem 12.1. There exists ag > 0 such that for all |a| < ay and all n € Z, there exists
C, > 0 such that
—itH"

le " ullgn < Collullgn, uecé”, teR. (12.2)

Note that for n = 0 the Hamiltonian H" = H? is selfadjoint, therefore the only issue is
n # 0.

Because of the existence of a zero resonance the evolution is not expected to be uni-
formly bounded on the inhomogeneous energy space. This is already the case for the De
Sitter—Schwarzschild metric, i.e. if a = 0. In fact from [5, Thm. 1.3], denoting by r the
zero resonance state, for y € C5°(R) we have

; rx(xriu
XeltHXuz)/( X(XO| 1)

IEMlle S e “lIl(=Ag)ulle, (12.4)

) + E(t) forsomey > 0, (12.3)
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with some € > 0. Note that in [5] the norm

1
lur 112+ (houlu) +/ /S luo|?(x, w) dx do
0

is used, but the same proof also gives (12.4). Now suppose that ¢~/

bounded on £. Then from (12.3) we obtain, as t — 00,

is uniformly

Irxxlunlle S llulle,  ue CPMR x SH @ CPR x %),

and thus
lrx rxlunliy S llulle,  ueé,
by density. Here H = L?(R x S?, dxdw). It follows that

lrxrxvliy S vy, ve

Thus |7 x|l < 1 uniformly in yx, which implies » € H which is false. Therefore the
evolution is not uniformly bounded on &, nor on &Y. 1t is however bounded on £" for all

n # 0.

12.2. Separable comparison dynamics

Let £+ := Q4n. We set

hioo 1= —£2 — 32 4 A A koo i= b,
22(r? + a?)
where
. e 1 :
P = _sin29 8(p — m@g sinf Agdy.

For n = 0, P might have a zero eigenvalue and the natural energy spaces associated
to hg and hio, may be different in the massless case. We will therefore consider the case
n = 0 only in the massive case. Let Sioo, H . be the homogeneous energy spaces and
operators associated to (h4o0, k+oo) according to Sect. 3.

Theorem 12.2. There exists ay > 0 such that for all |a| < ag and n € 7Z \ {0} the
following holds:

— The wave operators
. copTn _iegn
W = s lim /""" i (12.5)
11— 00

exist as bounded operators W= € B(ElL; EM).
— The inverse wave operators

. e _iepgn
QF =5 lim 'MExjy ™1 (12.6)
11— 00

exist as bounded operators Q* € B(E"; EL).
(12.5) and (12.6) also hold forn =0 if m > 0.
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12.3. Asymptotic profiles

We now introduce the Hamiltonians H,, H; which describe the simplest possible asymp-
totic comparison dynamics. Let

hf/z = —33 - Ei/—’ Ky = €4/—,

acting on H" defined in (12.1).
We associate to these operators the natural homogeneous energy spaces 5;’/ ; and

Hamiltonians Hr”/ I Note that the solution of

(82 — 2048 — 32— 03)u =0,
ult=0 = uo, (12.7)

Oput|r=0 = u
can be computed explicitly. Indeed, if u is the solution of (12.7), then v = e~ ¢!y fulfills

(87 — 3Hv =0,
v[r=0 = uo, (12.8)
0rV|=0 = u1 — ilsiug.

Thus for smooth data the explicit solution of (12.7) is given by

X+t

eifit
uo(t, x, w) = 5 (uo(x+t,w)+uo(x—t,w)+/

x—t

(u1(r, w) —ilyuo(t, w)) d‘L’).

Let us denote the cut-offs iy, by i,/;.
—itH"

The spaces iléf and iréf are not included in £” and the group e /1 does not

improve regularity. There is therefore no chance that the limits

. g, —itH"
Wtu =t1_1)I(I>106”H irpie

exist for all u € Ef/ ;- We will first show the existence of the limits on smaller spaces
and then extend the wave operators by continuity. Let {A; : ¢ € N} = o(P) and Z; =
Tz, (P)H. Then

D(ho) = D(ho,) = {u eH: Y lhylp, (Pul? < oo},
geN

where k7 is the restriction of hg s to L*(R) ® Zg. Let
W, = (LPR)®Z) & (LPR)® Z,), &N =& NW,,

Srﬁ/l?" = [u €&,:30>0,ue€ @53/;1}
q=0Q
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Theorem 12.3. There exists ag > 0 such that for all |a| < ap and n € Z \ {0} the
following holds:

(i) Forallu € 5:1;11‘" the limits

W, iu = lim e zrz/le "y,
—>00

exist in E". The operators W, extend to bounded operators W,/ € B(gf/l; 6"").

(ii) The inverse wave operators

tH') .2 _itH"
r/ lr/le

Qr/l =s- lim el
t—00

exist in B(E™; Sr"/l).

Statements (1) and (ii) also hold forn = 0 if m > 0.

13. Proof of the main theorems for the De Sitter—Kerr spacetime

We want to apply the geometric setting developed in Sect. 9. To do so, we have to reduce
the setting to £, = 0 by a change of coordinates. We introduce the new coordinate

~ a "
ki w4

the other coordinates remain unchanged. We will denote ¢ again by ¢ in the following.
In the new coordinates, (11.7) reads

((a a_, )2 ,a(8, — (r2+a2)A9)8 <a a_, )
) e 2 e\ % T 3 a4
r2+a o 2 +a

A, —a’sin?0Ag 5 A Ay VA Ay
92 — ~ R -
o o

sin 6 o2 ¢
VAN VAN 2A,A
_Y2rB0 in Mgy 0 L L2202y —0,  (13.0)
Asinf o Ao 2202
i.e.
) a a(Ay — (r* +a*) Ag)
(at —2< — + 5 >a¢at
ry +a [es
< a? a’ (A, — (r* +a%) Ag) A — a?sin?6 A9>82
(r_2|r +a?)? 02(r_2|r +a?) sin? @ o2 ¢
JAA AA AA JAA 2A,A
_ r earArar\/ r 9_\/.r gagsineAgag r 9+,0 r Omz v =0.
y¥es h¥es Asinf o Ao 2202
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Set
_ a a(Ar = (r* +a*)Ag)
ry +a [eg
L < a? a’ (A — P2+ a¥)Ng) A, —a?sin?6 Ag)az
T (ri +a?)? Uz(ri +a?) sin? @ o2 ¢
JAA AA AA JAA A A
. r earArar\/ r 9_\/‘r eagSiHQA(;a@ r 0+P r 9m2.
Ao h¥es Asinf o Ao 2202

Noting that the coordinate change ¢ > @ corresponds to the unitary transform e S+ D¢
and using Subsect. 3.5.3, we see that it is sufficient to show the corresponding theorems

of Sect. 12 for the operators &, k. We set ho := h + k>. A tedious calculation gives

AN 2 VA VA Ay

ho = - 0, A0
0 o4sin?0 ¢ o T e
JAA JAA IAA
VB0 5 Gin Agap or 2l L P o0, 0 (13.3)
Asinf o P¥e; A2o2
We set
o PP oDAAg
0 = —27’1
o*sin“ 0
VAA A A AA AA AL A
_ r earArar\/ r 9+\/ r GP\/ r0 P~ Ay t9mz7 (13.4)
¥ rC AZo2
A, — (@ +aH)A
ko= a +a( r (r= +a“)Ag) n. (135)
r? +a? o?
In the following we will drop the index n which is implicit in the operators.
13.1. Verification of the geometric hypotheses
Let us recall that
P S dp sin @ Agd,
= — — —— 09y sin .
sin?0 ¢ sinf 0%
With this choice of P, (G1) is clearly fulfilled. We now set
VA VA VA VA
ho,s == . : — L+ Am

A2+ a®) T2+ a2 T A2+ a2 A2+ a?) "

Recall that g(r) = /(r+ —r)(r —r—). We write A, = q*(r)P>(r), where P, is a poly-
nomial of degree 2. It is easy to see that (G2) is fulfilled with

+ + . \/PZ(”:I:) azc — M, 4 2 \/P2(V:I:)

o =y = s a, =mt—.
PO A0t +ad) 4 (r2 +a?)?
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We also set

. a _ a
ks 1=k == (i’_%_ T a2 2 +a2)n,
. an
i +a)el +a?)
ks = k;, =0.

s,V °

r— —rp)r— +ry),

With these choices (G3) is clearly fulfilled. (G4) follows from (13.4). Let

AN . VA, |
g1 = eT’, gO.ZﬁGT,
Ao A+ a®)
VAA VA
pri=Y""Cer! pyi= et
o r-+a

We have

g1—g €T p—poeT?
An elementary calculation gives
8" =(g0—g)(go+g)A, €T,

¢ =i((d-g1)g1 — (3,80)80) A, € T°,
g% = (po— p)(po+ p1) € T?,

g” =i((@p1)p1 — 9 po)po) € T,
2 2
m-Ayp~Ag
f = (080 = 08 Ar + (Bp0)* = @op1)") + =5 5— = A’
4
ArA A
+<P 'r20_ r — )nzeTz’
o4sin®0  (r2+ a?)?sin“ 0
g% = g% =0.

Note that because of the diagonalization with respect to Dy, we can put g% and g into f.
We also have

al, a3 sin? 0 A,
kpyv =

2 _
2 2 +a2)62>n €T, kp,=0.

It follows that hypothesis (G6) is fulfilled.

Let us now check (G5). We consider the case n = 0 only if m > 0. Also (G5) will
only be satisfied if |a| < aj for some a; independent of n. We first show that (G5) is
fulfilled for h{ .. We have

hy . =o1(Dr Ay Dy + P+ (r2 4+ a*)?m™)ay 2 a1(Drg? Dy + P + Dy

8
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with o] = because P 2 1 for n # 0 and we suppose m > 0 for n = 0. Let now

P ANg 5 A, VA,
N A
02 Ag sin” 6 A(re +a*) A(rs+a*)
VA, VA, P2A,m*Ag
—89 sin @ Agdg
A(r? + a?)sin A2 4 a?) A2o2
> al(D,q D, + P + Daj.
We then compute
W — 1 1 VA Ag
©0 e 2+aVA) 2
VA, VA Ag (1 1
0r A0, e
GEToN A o (r?+a>)JAg
1 1 JAA VA Ay
e agsme Agdg——
o  (r2+a?)JAy) Asind P¥e;
VA, A, <1 1 )

A
A(r2+a?)

hy =

m

0r A0y

—8 sinf Ago
(r2 4+ a?)A sin o 0% A

o (P+a)Vbg

We compute

1 1 27,520 (1 1 -
<E T2 +a2)¢A_9) T 02(7 a2 A <E G +a2)A9) @ 8a
We have g, € T2 uniformly in @, meaning that
Vo B €N, 187958l < Capq(r)* ™
with Cy g independent of a. We then compute

VARA VAFA ArA ArA
_azga 4 GarArar ro = _a2 . GargaArar re
A Ao A o
2 VA Ag VA Ag
a8 Ao Brdr Ao

> —a’h}) — a*hl,
where g, = g,0 € T? uniformly in a. Using similar arguments for the other terms we
find ~ 3
hy — ht = —a*h — a*hf,
and thus for a small enough (independently of n),
hy > Y > a1 (Drg* Dy + P+ Day. (13.6)

This is (GS5) for hg.

Let us now check (G7). Recall that £ = kg ,. We construct h, h_ and ki as in
Subsect. 2.1. We have

hy =ho—k3., K< Cra’n(ry =) —ro).
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Observing that P > n?/sin” @ we obtain, using (13.6),
ht 2 @1(Drqg* Dy + P+ Dy +n*(ry —r)(r —ro).
Thus there exists a; > 0 (independent of n) such that for all |a| < a> and n € Z we have

hi, h- 2 a1(r)(Drg*(r) Dy 4+ P + Day ().

In particular (GY) is fulfilled for &4, h_ if a is small enough. Thus (G7) is fulfilled.
In the following we assume |a| < ag, where ay is such that all the geometric hypothe-
ses are fulfilled for alln € Z \ {0} (im = 0) resp. all n € Z (m > 0) if |a| < ap.

13.2. Proof of Thm. 12.1

Thm. 12.1 will follow from Thm. 7.1, provided we show that the set S of singular points
is empty. We recall that the sets S, 7, T2 were defined in Subsect. 6.1 and that we showed
in Prop. 6.10 that S C 7 U 7_ U T4 Therefore Thm. 12.1 will follow from

Proposition 13.1. (i) There exists a; > 0 such that for |a| < a; andn # 0
o (H) =T = 0.
(i) 7= =0 forn #0.

Proof. (i) essentially follows from the work of Dyatlov [11]. Let us first prove that
oC(H) = ¢. By [11, Thm. 4] we have p(h, k) N {Imz > 0} = @ for a > O sufficiently
small. Then we apply Prop. 3.15.

Let us now prove that 7 = @, i.e. r(z) := w™¢p~(z)w™¢ has no real poles. We
replace the weight w—¢ by cosh(ex) ! which is equivalent and holomorphic in a neigh-
borhood of the real axis. We will denote this new weight again by w™¢. We know that
r(z) has a meromorphic extension to {Imz > —4§.} for some 3. > 0. We still call this
meromorphic extension r(z). Let

p(2) = p(z, x, 8y) = w p(x)w*.
This is an elliptic second order operator with analytic coefficients. We clearly have
r(z)op(z) =p(z)or(z) =1, (13.7)

first for Im z sufficiently large and then in {Imz > —§¢} by meromorphic extension. Let
K. (x, x") be the distribution kernel of r(z). We have

P, K (x,x") =8(x,x"), zeQ,
P &, 9K (x,x") =8(x, X)), ze€Q,
where p(z)! is the transpose of p(z), and is also elliptic with analytic coefficients. By the

Morrey—Nirenberg theorem [24, Thm. 7.5.1], p(z) and p(z)' are analytic hypoelliptic,
which implies that K, (x, x) is analytic in x, x’ outside the diagonal for {Imz > —§&¢}.
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Recall from [11] that there exists §, > 0 such that for all n € Cgo(]r, + &, 4 — 8D
and some 8y > 0, np~'(z)n has no poles in {Imz > —8g}. Let now zg € {Imz > —&o}
be a possible pole of r(z). We write

N
r@ =Y Piz—2z0) " + H(),
j=1
where the P; are finite rank operators and H (z) is holomorphic close to zp and Py # 0.

We want to show that all the P; are zero. Clearly it is sufficient to show that Py = 0.
We have

1
Py =— %(z — 200V (2) dz,
2w [,
which shows that the kernel Py (x, x") of Py is analytic outside the diagonal. But as

np(z)~'n has no poles, we necessarily have Py (x, x") = 0 for distinct x, x’ € supp 1. By
analytic continuation we therefore have Py (x, x’) = 0 for x # x’. We then have

1
p(z0) Pn % 7§ P(z0)(z — 200V 'r(2) dz
17T y

1 RN T
= 51§<z 20V (5z0) — FOIF() dz
1T y

1
+ im yg(z — 20" h(2)r(z) dz.
y

As p(z) — p(zo) = (z —z0)T (z) with T (z) holomorphic close to zg, the first term is zero;
the second is zero because p(z)r(z) = 1. It follows that p(zg) Py = 0.

Let us show that this implies Py = 0. Let u € L*(R x S?) with compact support.
As the distribution kernel of Py is supported on the diagonal, v = Pyu also has compact
support and p(zg)v = 0. Again by analytic hypoellipticity of p(zg), v is analytic with
compact support, thus v = 0. By a density argument Py = 0. This completes the proof
of (1).

Let us now prove (ii). By [18, Prop. 9.3] we know that 7+ "R\ {0} = @. By Corollary
6.12 it is sufficient to show that O is not a resonance of w’fpf(z)w’e. We treat the +
case, the — case being analogous. Suppose that 0 is a resonance. First note that p (0) is
an elliptic operator with p, (0) > n?w™2. In particular w€ py (0)wv = 0 implies v = 0.
Letr(z) =w™¢ pj_l(z)w_f. Suppose that r(z) has a pole at z = O:

N

P;
r@Q =) S+H@.  Py#AO.

j=1
Here the P; are of finite rank and H (z) is holomorphic. Let u € H with Pyu # 0. Then

N
M = ZZN*J w py @w Pju + 2N w pi(w H(2)u.
=1

In the limit 7 — 0 we obtain w€ p (0)w* Pyu = 0 and so Pyu = 0, a contradiction. O
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13.3. Proof of Thm. 12.2

We will apply the results of Sect. 10. First note that in our new setting (i.e. after rotation)
we have to consider

A A,m?
h_no = —£> — 92 "_p s ,
o x r2 4 a? + A2(r2 4+ a?)
k_oo =4,
A A,m?
h = =32+ d . ,
+oo 2442 A2(r2 +a?)
k+oo = O,

‘ ( a a )
= — n.
ri +a2 rZ+4a?

We associate to these operators the operators Hi oo, Hioo and spaces 1o, Sioo as in
Sect. 3. Let T be the set of singular points of Hyso.

Lemma 13.2. Forn # 0 we have Tioo = 0.

Proof. As H.is is selfadjoint, we can use the Kato theory of H-smoothness. The proof
for the absence of real resonances is analogous to the proof of Prop. 13.1(ii); we omit the
details. m]

13.4. Proof of Thm. 12.2

We first consider the case n # 0. By Prop. 13.1 we know that alé%(l-'l) =8 ="T10 =0.

Thus 1 = 1r(H) is an admissible energy cut-off. Using in addition the fact that ¢/’ H ,

e~ "H+o0 are uniformly bounded, we deduce the theorem from Thm. 10.5. For n = 0 all
operators are selfadjoint. This case follows from [21]; we omit the details. O

13.5. Proof of Thm. 12.3

We first write the comparison dynamics which we obtain after rotation:
hy = =82, h=-082—0* k=0, k=¢

We associate to these operators the natural homogeneous energy spaces & /1. Let

. (0 1 . (0 1
Hr:(h, 2k,>’ Hl:(h, 2k,)'

We now further analyze the energy spaces. Note that

E=0WH'R;LAS)) O L* R xS?), & =H' R L*S?)) ®L*RxS?).
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We will need the following subspaces:
EF = {(uo, u1) € & :uy —ilug € L'(R; L2(S%),

/(u1 —ilugp)(x,w)dx =0a.e.in a)},

EL =L wo,ur) €& :uy € L'(R; L*(S?)), /ul(x,w)dx =0ae. inw}.

We define the spaces of incoming/outgoing initial data:
(S"lin ={ue SIL Tup = Ocug + ilug}, E;n ={ue&l:u =auo),
Slout ={uc SIL cup = —0cug + ilugl, 6",0”‘ ={uc ErL Tup = —0cug).
If (ug, uy) € 6"}“, then the solution of (12.7) is given by
uo(t, x, w) = emuo(x +t, w),
which is clearly incoming.
Lemma 13.3. We have
gL = ging o gL _ gin g gou

Proof. We only show the lemma for & L 5,L being the special case £ = 0. For u =
(o, u1) € EF we define

. o
uin =1 / (—dyuo — (ur — i€ug))(z. w) .,
X
in 1 . il o .
up = j(ul — ilug + 0xug) + 3 (—0yug — (u1 — ilug))(tr, w)dr,
X
X
U = %/ (Oxtto — (1 — ilug)) (T, ) dx, (13.8)
—0o0

out __ 1 . il x .
uy = 5(uy —ilug — dyuo) + > (Oxuo — (w1 — ilug)) (7, w)dr,
—0Q

in/out in/out  in/out
U™ = (ug ", u}O).

It is easy to check that

u = i + Ut yint/out o gé“/om’
which shows that 6.}“ + 5’;’”‘ = &. Nextifv € S’}n N 6";”‘ we have 9,v9 = 0, vg € L2,
hence vg = 0, hence v; = 0. O

Remark 13.4. If (ug, u1) € & or (ug, u1) € EF and suppuo, suppus C IRy, Ro[ x S2,
then A
suppug; C ]—00, Ry[ x S%, supp u(o)”]t C 1Ry, oof x S2. (13.9)
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The spaces 5:1 e Ef‘/“l are defined as before but starting with slightly modified operators
(due to rotation). Let

DYy = CPR x §%) x CPR x SHNEYNEL,.
Lemma 13.5. Df/“l is dense in Erﬁ/“l.

Proof. We prove the lemma in two steps. First, Cg°(R x $?) x Co*(R x SN Sf/‘ll is
dense in Erﬁ/“l This follows easily from the usual regularization procedures.

Secondly, CSO(RXSZ) X CSO(RXSZ)OE}E‘;}OS’VL/I is dense in CSO(RXSZ) X CSO(RXSZ)

N 5:1/‘11. We can clearly replace Erﬁ/nl by Sf /1 in this statement. We only treat the /-case. Let
u = (uo,u1) € CCR x S?) x CR x SHNES.
We will consider u as a function of x alone. We set
v=®(—)u.

Lety € Ci°(R), ¥ > 0, ¥ = 1 in a neighborhood of zero and [ ¥ (x)dx = 1. We set

vy =vo, V] =i —n_ll/f(n_lx)/vl(x) dx,
so that [ v} (x)dx = 0. We then estimate

—1/2 —1/2, o —1 ~1/2
lor = v} ll2 < =P or e ™ 29 ()l < Cnm VP juill e — 0,

which completes the proof. O
‘We need an additional fact:
Lemma 13.6. There exists C > 0 such that
lirjiullg, , < Cllullg,  u e £
Proof. We have
lipul = llirur 3, + Grhsosiriolio)

S llut = kuolig; + Gir (oo + kirug | uo)
< lur = kuoll3, + (houoluo) = Ilull%.

Now recall that

A

hooo=—02+ P +m?A,.

r2 4+ a2
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‘We then estimate

i3, = irGer = €uo)|* + Girh—oiruoluo)
S Nlir(ur = kuo) I3, + ir(h—oo + (k = €)%)iruo | uo)
< lur = kugll3, + (houoluo) = llul. o

Proof of Thm. 12.3. We first show for u € é’f‘/“l the existence of the limit

Wy = lim e,y e~y

in€ioo. Letu € EBIquQ £4. Using the estimate

itHioo:  —itH,
e iy e il s < C(Q)lullg,,

as well as the spherical symmetry of the problem, it is sufficient to show for all |g| < O
the existence of the limit )

lim eitHiooi,/le_”H’q/’uq,

—0o0
where u¢ € £9 and HY, resp. Hr”/l are the restrictions of H. oo Tesp. Hrl/l to Srq/l. The
existence of this limit follows from standard arguments using the exponential decay of A,
at +00. Using Thm. 12.2 we obtain the existence of the limit
—itH,

lim e

itH 2
lr
—o0

/1€ u = W, u.

We now want to show that there exists C > 0 such that for all u € Erﬁ/“l,

IWrjiullg < Cllullg, - (13.10)

We first consider W;. By Lemma 13.5 we can suppose (ug, 1) € Dlﬁ“. Let supp ug, supp u1
C ]R1, Ry[. We decompose (ug, u1) into incoming and outgoing solutions according to
the discussion at the beginning of this subsection:

ug = ubnl + ugfllt, up = ullnl + u‘l’?lt.
By Remark 13.4 we have

suppugfl, supp u‘lnl C ]—00, Ry[ x S?, supp ugf’f, supp u‘l’t‘; C 1Ry, oo x S%.

Let ul® = (i, ul) and uf™ = ™, uS"!). We have Wjuf" = 0, because i7e iy "t

= 0 for ¢ sufficiently large. We have

suppe_"”‘."u}n C (J—00, Ry — t[ x S$?) x (]—00, Ry — t[ x S?).
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We then estimate for ¢ large
”eitHl-lZe—itH[uin”g S_, ||l-lze—itH[uiﬂ||g
) A o
< in) 2 r 2 —itHj  in
~ ||I/l ”5] + ((}’2 +a2P + Arm (6 u )0

< u™F + e Q + D3,

(e—itHluin)())

— ||uin||§], t —> o0.

It follows that |[Wjullg < Cllull & which is the required estimate. The proof for W,

is analogous. Part (ii) is shown in the same way. The required estimate follows from
Lemma 13.6. o

Acknowledgments. We thank J.-E. Bony for fruitful discussions and the referees for many valuable
comments and suggestions which allowed us to improve the readability of the paper. This work was
partially supported by the ANR project AARG. DH thanks the MSRI in Berkeley for hospitality
during his stay in the fall of 2013.

References

[1] Andersson, L., Blue, P.: Hidden symmetries and decay for the wave equation on the Kerr
spacetime. Ann. of Math. 182, 787-853 (2015) Zbl 06514748 MR 3418531

[2] Bachelot, A.: Asymptotic completeness for the Klein—-Gordon equation on the Schwarzschild
metric. Ann. Inst. H. Poincaré Phys. Théor. 61, 411-441 (1994) 7Zbl 0809.35141
MR 1311537

[3] Bachelot, A.: The Hawking effect. Ann. Inst. H. Poincaré Phys. Théor. 70, 41-99 (1999)
7Zbl 0919.53034 MR 1671210

[4] Bachelot, A.: Superradiance and scattering of the charged Klein—Gordon field by a step-
like electrostatic potential. J. Math. Pures Appl. (9) 83, 1179-1239 (2004) Zbl 1063.81095
MR 2092306

[5] Bony, J.-F., Hifner, D.: Decay and non-decay of the local energy for the wave equation in the
De Sitter—Schwarzschild metric. Comm. Math. Phys. 282, 697-719 (2008) Zbl 1159.35007
MR 2426141

[6] Dafermos, M., Holzegel, G., Rodnianski, I.: A scattering theory construction of dynamical
vacuum black holes. J. Differential Geom., to appear; arXiv:1306.5364

[7] Dafermos, M., Rodnianski, I.: Lectures on black holes and linear waves. In: Evolution Equa-
tions, Clay Math. Proc. 17, Amer. Math. Soc., Providence, RI, 97-205 (2013) MR 3098640

[8] Dafermos, M., Rodnianski, 1., Shlapentokh-Rothman, Y.: Decay for solutions of the wave
equation on Kerr exterior spacetimes III: The full subextremal case |a| < M. Ann. of Math.
183, 787-913 (2016) Zbl 1347.83002 MR 3488738

[9] Dafermos, M., Rodnianski, I., Shlapentokh-Rothman, Y.: A scattering theory for the
wave equation on Kerr black hole exteriors. Ann. Sci. Ecole Norm. Sup., to appear;
arXiv:1412.8379

[10] Dimock, J., Kay, B. S.: Scattering for massive scalar fields on Coulomb potentials
and Schwarzschild metrics. Class. Quantum Gravity 3, 71-80 (1986)  Zbl 0591.35080
MR 0821837


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06514748&format=complete
http://www.ams.org/mathscinet-getitem?mr=3418531
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0809.35141&format=complete
http://www.ams.org/mathscinet-getitem?mr=1311537
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0919.53034&format=complete
http://www.ams.org/mathscinet-getitem?mr=1671210
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1063.81095&format=complete
http://www.ams.org/mathscinet-getitem?mr=2092306
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1159.35007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2426141
http://arxiv.org/abs/1306.5364
http://www.ams.org/mathscinet-getitem?mr=3098640
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1347.83002&format=complete
http://www.ams.org/mathscinet-getitem?mr=3488738
http://arxiv.org/abs/1412.8379
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0591.35080&format=complete
http://www.ams.org/mathscinet-getitem?mr=0821837

2444

V. Georgescu et al.

(11]
(12]
(13]
(14]

(15]

[16]
(17]

(18]

(19]
(20]
[21]
[22]
(23]
[24]

[25]

(26]

(27]
(28]
[29]

(30]

(31]

(32]

Dyatlov, S.: Quasi-normal modes and exponential energy decay for the Kerr—de Sitter black
hole. Comm. Math. Phys. 306, 119-163 (2011) Zbl 1223.83029 MR 2819421

Dyatlov, S.: Exponential energy decay for Kerr—de Sitter black holes beyond event horizons.
Math. Res. Lett. 18, 1023-1035 (2011) Zbl 1253.83020 MR 2875874

Dyatlov, S.: Asymptotic distribution of quasi-normal modes for Kerr—de Sitter black holes.
Ann. Henri Poincaré 13, 1101-1166 (2012) Zbl 1246.83111 MR 2935116

Finster, F., Kamran, N., Smoller, J., Yau, S.-T.: Decay of solutions of the wave equation in the
Kerr geometry. Comm. Math. Phys. 264, 465-503 (2006) Zbl 1194.83015 MR 2395483
Finster, F., Kamran, N., Smoller, J., Yau, S.-T.: Erratum: “Decay of solutions of the wave
equation in the Kerr geometry”. Comm. Math. Phys. 280, 563-573 (2008) Zbl 1194.83014
MR 2395483

Gérard, C.: Scattering theory for Klein—-Gordon equations with non-positive energy. Ann.
Henri Poincaré 13, 883-941 (2012) Zbl 1253.81049 MR 2913626

Georgescu, V., Gérard, C., Héfner, D.: Boundary values of resolvents of selfadjoint operators
in Krein spaces. J. Funct. Anal. 265, 3245-3304 (2013) Zbl 1310.47055 MR 3110502
Georgescu, V., Gérard, C., Héfner, D.: Resolvent and propagation estimates for Klein—-Gordon
equations with non-positive energy. J. Spectr. Theory 5, 113-192 (2015) Zbl 1326.35212
MR 3340178

Gohberg, 1., Leiterer, J.: Holomorphic Operator Functions of One Variable and Applications.
Oper. Theory Adv. Appl. 192, Birkhéduser (2009) Zbl 1182.47014 MR 2527384
Guillarmou, C.: Meromorphic properties of the resolvent on asymptotically hyperbolic mani-
folds. Duke Math. J. 129, 1-37 (2005) Zbl 1099.58011 MR 2153454

Hifner, D.: Sur la théorie de la diffusion pour I’équation de Klein—-Gordon dans la métrique
de Kerr. Dissertationes Math. 421, 102 pp. (2003) Zbl 1075.35093 MR 2031494

Hifner, D.: Creation of fermions by rotating charged black holes. Mém. Soc. Math. France
(N.S.) 117, 158 pp. (2009) Zbl 1213.83007 MR 2742529

Hifner, D., Nicolas, J.-P.: Scattering of massless Dirac fields by a Kerr black hole. Rev. Math.
Phys. 16, 29-123 (2004) Zbl 1064.83036 MR 2047861

Hormander, L.: Linear Partial Differential Operators. Springer (1963)  Zbl 0108.09301
MR 0161012

Kako, T.: Spectral and scattering theory for the J-selfadjoint operators associated with the
perturbed Klein—Gordon type equations. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 23, 199-221
(1976) Zbl 0367.47026 MR 0412634

Mazzeo, R., Melrose, R.: Meromorphic extension of the resolvent on complete spaces
with asymptotically constant negative curvature. J. Funct. Anal. 75, 260-310 (1987)
Zbl 0636.58034 MR 0916753

Nicolas, J.-P.: Conformal scattering on the Schwarzschild metric. Ann. Inst. Fourier (Gre-
noble) 66, 1175-1216 (2016) Zbl 06644889 MR 3494169

Sa Barreto, A., Zworski, M.: Distribution of resonances for spherical black holes. Math. Res.
Lett. 4, 103-121 (1997) Zbl 0883.35120 MR 1432814

Tataru, D., Tohaneanu, M.: A local energy estimate on Kerr black hole backgrounds. Int.
Math. Res. Notices 2011, 248-292 Zbl 1209.83028 MR 2764864

Vasy, A.: Microlocal analysis of asymptotically hyperbolic and Kerr—de Sitter spaces (with
an appendix by Semyon Dyatlov). Invent. Math. 194, 381-513 (2013) Zbl 1315.35015
MR 3117526

Yafaev, D. R.: Mathematical Scattering Theory: General Theory. Transl. Math. Monogr. 105,
Amer. Math. Soc. (1992) Zbl 0761.47001 MR 1180965

Yosida, K.: Functional Analysis. 6th ed., Springer (1980) Zbl 0435.46002 MR 1336382


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1223.83029&format=complete
http://www.ams.org/mathscinet-getitem?mr=2819421
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1253.83020&format=complete
http://www.ams.org/mathscinet-getitem?mr=2875874
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1246.83111&format=complete
http://www.ams.org/mathscinet-getitem?mr=2935116
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1194.83015&format=complete
http://www.ams.org/mathscinet-getitem?mr=2395483
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1194.83014&format=complete
http://www.ams.org/mathscinet-getitem?mr=2395483
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1253.81049&format=complete
http://www.ams.org/mathscinet-getitem?mr=2913626
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1310.47055&format=complete
http://www.ams.org/mathscinet-getitem?mr=3110502
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1326.35212&format=complete
http://www.ams.org/mathscinet-getitem?mr=3340178
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1182.47014&format=complete
http://www.ams.org/mathscinet-getitem?mr=2527384
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1099.58011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2153454
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1075.35093&format=complete
http://www.ams.org/mathscinet-getitem?mr=2031494
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1213.83007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2742529
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1064.83036&format=complete
http://www.ams.org/mathscinet-getitem?mr=2047861
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0108.09301&format=complete
http://www.ams.org/mathscinet-getitem?mr=0161012
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0367.47026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0412634
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0636.58034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0916753
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06644889&format=complete
http://www.ams.org/mathscinet-getitem?mr=3494169
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0883.35120&format=complete
http://www.ams.org/mathscinet-getitem?mr=1432814
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1209.83028&format=complete
http://www.ams.org/mathscinet-getitem?mr=2764864
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1315.35015&format=complete
http://www.ams.org/mathscinet-getitem?mr=3117526
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0761.47001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1180965
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0435.46002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1336382

	Introduction
	Summary of the results
	Background on abstract Klein–Gordon operators
	Meromorphic extensions
	Klein–Gordon operators with ``two ends''
	Propagation estimates
	Boundedness of the evolution 1: abstract setting
	Asymptotic completeness 1: abstract setting
	Geometric setting
	Asymptotic completeness 2: geometric setting
	The Klein–Gordon equation on the De Sitter–Kerr spacetime
	Asymptotic completeness 3: The De Sitter–Kerr case
	Proof of the main theorems for the De Sitter–Kerr spacetime
	References

