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Abstract. For two DG-categories .A and B we define the notion of a spherical Morita quasi-functor
A — B. We construct its associated autoequivalences: the rwist T € Aut D(3) and the cotwist
F € Aut D(A). We give sufficiency criteria for a quasi-functor to be spherical and for the twists as-
sociated to a collection of spherical quasi-functors to braid. Using the framework of DG-enhanced
triangulated categories, we translate all of the above to Fourier—Mukai transforms between the de-
rived categories of algebraic varieties. This is a broad generalization of the results on spherical
objects in [STO1] and on spherical functors in [Ann07]. In fact, this paper replaces [Ann07], which
has a fatal gap in the proof of its main theorem. Though conceptually correct, the proof was impos-
sible to fix within the framework of triangulated categories.

Keywords. Algebraic geometry, derived categories, DG-categories, autoequivalences, Fourier—
Mukai transforms, spherical functors, braid group actions

1. Introduction

Let X be a smooth projective variety over an algebraically closed field k of characteris-
tic 0. Let D(X) be the bounded derived category of coherent sheaves on X. In [STO1]
Seidel and Thomas introduced the notion of a spherical object in D(X). These objects
are defined in terms of certain cohomological properties and they are mirror-symmetric
analogues of Lagrangian spheres on a symplectic manifold. Given a Lagrangian sphere
we can associate to it a symplectic automorphism called the generalized Dehn twist. Cor-
respondingly:

Theorem ([STO1]). Let E € D(X). The twist functolr Tg is a certain functorial cone of
the natural transformation E @ RHomy (E, —) 2 px)- If E is spherical, then Tg
is an autoequivalence of D(X).

Moreover, in [STO1, Theorem 2.17] Seidel and Thomas give simple criteria on a set
E1, ..., E, of spherical objects in D(X) sufficient to ensure that the corresponding spher-
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ical twists 71, ..., T, represent the braid group By, in other words, that we have
LTy =TT, |i—jl=2

Spherical objects and twists quickly became an essential tool in studying derived
categories of algebraic varieties as well as more classical areas of algebraic geometry
[Muk87], [BriO8], [Bri09], [TU05], [BP14]. For some time now it has been understood
by specialists that the notion of a spherical object should generalize to the notion of a

spherical functor D(Z) N D(X) where Z is some other variety. Such a functor should
produce two auto-equivalences—the twist t € Aut D(X) and the cotwist f € Aut D(Z).
More generally, there should be a notion of a spherical functor between two abstract tri-
angulated categories. Limited special cases of this appear in [Hor05], [Rou04] [Sze04],
[Tod07], [KTO7], but general treatment was obstructed by well-known imperfections of
the axioms of triangulated categories such as non-functoriality of the cone construction
and non-uniqueness of the data supplied by the octahedral axiom.

In this paper, we are able, at last, to give a fully general and rigorous treatment of
spherical functors and to prove an ideal statement about their associated autoequivalences.
Due to increased prominence of spherical twist autoequivalences in studying derived cat-
egories of algebraic varieties, our results have been anticipated and made use of even
as the paper was being written. The works which already apply the results of this paper
include [Add16], [DW16], [HLS16], [BPP17], [DS15].

A previous attempt at this general treatment was made in [Ann07]. Conceptually
sound, it was brought low by the octahedral axiom. The proof of its main theorem [Ann07,
Prop.1] contained a fatal gap which is impossible to fix within the axioms of triangulated
categories. Nonetheless, it was clear that its ideas could work if we had an extra level of
control over what the octahedral axiom provides us with.

We gain this extra control by passing to differential graded (DG) categories. The ax-
ioms of triangulated categories were developed in [Ver96] to describe the derived cate-
gories of algebraic varieties, which are cohomological truncations of certain natural DG-
categories. The imperfections of these axioms can now clearly be seen as artefacts of the
truncation. Working in the original DG-category provides us with precisely the layer of
control that was missing. This allows us not only to fix the results in [Ann07], but to
significantly improve upon them. It allows us to do something more — to provide for a
collection of spherical functors, as [STO1] did for spherical objects, a set of straightfor-
ward criteria sufficient for braid relations to hold between their twists. For some years
now the first author has been well aware of what these criteria should be, but proving
them on the level of triangulated categories was hopeless.

We first state our results in the language of triangulated categories. Let A and B be two
Karoubi closed triangulated categories and let s be an exact functor A — B which has
left and right adjoints / and . Suppose that we can construct a preferred functorial exact
triangle for each of the four adjunction units and counits involved. Use these triangles to
define the twist t of s by the exact triangle

adj.counit

ldg — 1, (1.1)
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the dual rwist t’ of s by the exact triangle

dj.uni
¢ = 1dp 2 g, (1.2)
the cotwist f of s by the exact triangle
adj.unit
f—=Idy —— rs, (1.3)

and the dual cotwist f' of s by the exact triangle

adj.counit

Is Idy — f'. (1.4)

Define also two natural transformations
117 L gy et (1.5)
2 s L2 i, (1.6)

Definition 1.1. The functor s is spherical if all of the following hold:

(1) rand ¢ are quasi-inverse autoequivalences of B,
(2) f and f’ are quasi-inverse autoequivalences of A,

L5y . . . . . ..
(3) 1t[—1] u) r is an isomorphism of functors (“the twist identifies the adjoints™),

.6
“) r a9, f1[1] is an isomorphism of functors (“the cotwist identifies the adjoints”).

The main obstruction is the lack of canonical functorial exact triangles (1.1)—(1.4) defin-
ing ¢, ¥/, f and f’. What [Ann07] tried to do was to assume that some functorial exact
triangles as above exist, define s to be spherical if (2) and (4) hold, and then prove that
for any spherical s the condition (1) also holds. In this paper, as explained in more detail
below, we assume that

e A and B admit DG-enhancements,
e s, r and [ descend from DG-functors S, R and L between some enhancements of A
and B,

and prove that there is a canonical construction of the exact triangles (1.1)—(1.4) deter-
mined by a certain equivalence class of S such that any two of the conditions in Defini-
tion 1.1 imply that all four of them hold and s is spherical. This is the ideal statement
mentioned above.

Let us be more precise. Let A be a triangulated category. Traditionally, a DG-en-
hancement of A is a DG-category A together with an isomorphism H%(A) ~ A. A more
useful notion for us is that of a Morita enhancement, which is a DG-category A together
with an isomorphism D¢ (A) >~ A. Here D.(A) is the full subcategory of the derived

category D(A) consisting of compact objects. A Morita equivalence is a DG-functor
L "k
A —f> B whose induced functor D.(A) —f> D.(B) is an equivalence of categories.

This is the right notion of equivalence for Morita enhancements. Thus we are led to work
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in the Morita homotopy category Mrt(DG-Cat), which is the localization of the category
DG-Cat of all DG-categories by Morita equivalences. The objects of Mrt(DG-Cat) should
be thought of as enhanced Karoubi closed triangulated categories with a fixed equivalence
class of enhancements. The morphisms in Mrt(DG-Car) are called Morita quasi-functors.
Each Morita quasi-functor A — B induces a genuine exact functor D¢(A) — D(B).

Let A and B be Morita enhancements of triangulated categories A and B. A fun-
damental result of Toén [To€07, Theorem 7.2] implies that the Morita quasi-functors
A — B are in 1-to-1 correspondence with the isomorphism classes in D(A-B) of the
A-B-bimodules which are B-perfect, i.e. ;M € D.(B) for all a € A. Given M in
DB-Perf (A-BB), the derived tensor product functor

(=) &4 M: De(A) — De(B)

is the exact functor underlying the corresponding Morita quasi-functor. Thus, we think
of DB-Perf (A-B) as a triangulated category structure on the set Hommy(pg-car) (A, B)
and of morphisms in it as morphisms of Morita quasi-functors. This packages up into a
2-category structure on Mrt(DG-Cat) with a functor to the 2-category of Karoubi closed
triangulated categories. See Section 4 for a brief survey on DG-enhancements.

We now describe our results. In the body of the paper they are stated in a slightly more
flexible language of DG-bimodules. Here we state them in the language of Morita quasi-

functors, which gives a more intuitive picture. Let A — B be a Morita quasi-functor and
let A > B be the underlying exact functor. Assume that s has left and right adjoints

B LN A which also descend from Morita quasi-functors. The derived .A- and 5-duals of

. . . L.,R
S in D(B-A) are then A-perfect and hence define Morita quasi-functors B — A. In
Section 2.2 we construct derived trace and action maps

SRS 1dg and LSS Idy, (1.7)
ldg 2% SL and Id4 <5 RS, (1.8)

and prove that the exact functors underlying L and R are precisely [ and r, and that the
derived trace and action maps above induce the units and counits of the adjunctions of s,
[ and r. Then, working in the DG-enhancements, we construct natural exact triangles of
Morita quasi-functors

SRE1dg — T, (1.9)
T —1dg 3 SL, (1.10)
F—>1dg S Rs, (1.11)
LS S1dy — F, (1.12)

which define the twist T, the dual twist T', the cotwist F and the dual cotwist F’ of S.
Thus we obtain a natural choice of functorial exact triangles (1.1)—(1.4) defining ¢, ¢/,
f and f’. We then prove that /' and f’ are left adjoint to ¢ and f, respectively. All the



Spherical DG-functors 2581

above constructions are readily seen to be Morita invariant, i.e. they are preserved if we
replace A or B by a Morita equivalent DG-category. Hence they only depend on Morita
equivalence classes of A and BB and on S € Hommri(pG-car) (A, B).

The following is the main result of this paper:

Theorem 1.1 (see Theorem 5.1). Suppose any two of the following conditions hold:

(1) t is an autoequivalence of B (“the twist is an equivalence”).

(2) f is an equivalence of A (“the cotwist is an equivalence”).

5.11
(3) lt[—1] (——l> r is an isomorphism of functors (“the twist identifies the adjoints”).

5.12
@ r u) fl[1] is an isomorphism of functors (“the cotwist identifies the adjoints”).
Then all four hold and S is said to be a spherical quasi-functor.

Finally, we give the braiding criteria for spherical quasi-functors. These have a natural
interpretation in geometrical context that is the subject of a future paper [AL]. An example
of these criteria being satisfied can be seen in a construction by Khovanov and Thomas
in [KTO7].

Let Ay, ..., A,, B be triangulated categories with Morita enhancements Ay, ...,

An, B. Let A; i B be spherical Morita quasi-functors. For any i # j the trace maps
Si R; LY Idj and S; R; = Idg define a map
Si R trtrS; R;
SiRiSjRj ———— SiR; ® §;R;. (1.13)
Next, for any i # j define a Morita quasi-functor .4; A A; by

tro(L; tr S;)

0ij = F,-Cone(LiSjR/Si IdA[). (1.14)

As S; is spherical, we have R;[—1] >~ F;L;, so S; R; x Idg and S; R; LY Idg define (cf.
Section 6.2) a map

SiOijR; — SiR;S;R; ® S;R;SiR;. (1.15)

Theorem 1.2 (Theorems 6.1-6.2). Suppose that for all i, j € 1,...,n the following
hold:

(1) If li — j| > 1, there exists an isomorphism
S,‘RiSjRj ~ SjRjSiRi

which commutes with the maps (1.13).
) If i — j| =1, there exists an isomorphism

S; Oini ~ SjOjiRj
which commutes with the maps (1.15).

Then the twists T1, ..., T, generate a categorical action of the braid group B,, on B.
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Finally, we interpret the above in the context of algebraic geometry. Let Z and X be sep-
arated schemes of finite type over k. Let Dqc(Z) and Dy (X) be the derived categories
of quasi-coherent sheaves, and let D(Z) and D(X) be the bounded derived categories of
coherent sheaves on Z and X. Let A and B be the standard DG-enhancements of D(Z)
and D(X). These are given by the DG-categories of h-injective complexes of sheaves
on Z and X, respectively. In Example 4.3 we prove an analogue for the bounded co-
herent derived categories of the famous result of Toén [To€07, Theorem 8.9] for the un-
bounded quasi-coherent ones. We prove that the exact functors D(Z) — D(X) which
descend from the Morita quasi-functors A — B are precisely the Fourier—-Mukai trans-
forms. Given an object E € D(Z x X), the Fourier—Mukai transform ®g is a priori
a functor Dgc(Z) — Dgc(X). In Example 4.3 we identify Homm(pg-car (A, B) with
the full subcategory of D(Z x X) consisting of the objects E such that ® g restricts to

D(Z) — D(X). Under this identification, each Morita quasi-functor .A LN B goes to an

object E € D(Z x X) such that D(Z) E) D(X) is the exact functor s underlying S.

The above results for Morita quasi-functors can then all be interpreted for Fourier—
Mukai transforms. Let E € D(Z x X) be such that ® g restricts to a functor D(Z) =
D(X) and this restriction has a left adjoint which is also a Fourier—Mukai transform. For
example, it is sufficient to assume that E is proper over Z and X and perfect over Z
and X. Our results for Morita quasi-functors provide natural constructions at the level of
Fourier—Mukai kernels of the right and left adjoints » and / and of all four adjunctions,
units and counits involved. We conjecture that these coincide with the explicit formulas
proved independently in [AL12] and [AL16]. Regardless of whether this holds or not, the
functorial exact triangles (1.1)—(1.4) defining the twists and cotwists ¢, ¢/, f and f’ are
well-defined and depend only on E € D(Z x X). We say that E is spherical over Z if
the four conditions of Definition 1.1 are satisfied. Our main theorem then applies to show
that, in fact, it suffices to verify any two of these four conditions. The braiding criteria
above translate similarly to the language of Fourier—Mukai kernels. It is worth noting that
if we set Z = Spec k then the natural isomorphism Z x X =~ X identifies D(Z x X)
with D(X) and our results immediately imply the results in [STO1].

Finally, we also describe in Section 5.2 a variation on all of the above. It uses a slightly
different enhancement framework which allows one to work with the unbounded derived
categories Dgc(Z) and Dy (X). The penalty is a strong smoothness condition: We can
only work with E € Dgc(X x Y) such that ® g has a left adjoint which is also a Fourier—
Mukai transform and they both take compact objects to compact objects.

About the structure of this paper: In Section 2.1 we give an overview of the facts we
need on DG-categories and DG-modules over them. In Section 2.2 we define the dualiz-
ing functors for DG-modules and DG-bimodules. We then construct and study homotopy
trace and action maps and show them to be units and counits of homotopy adjunctions
between an A-B-bimodule M and its A- and B-duals M- and MB. In Section 3.1 we
give an overview of twisted complexes over a DG-category and prove explicit formulas
for taking a tensor product and for dualizing at the level of twisted complexes. Section 3.2
summarizes the facts we need about pretriangulated categories. In Section 3.3 we develop
a theory of twisted cubes, which acts as a “higher” octahedral axiom for the world of pre-
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triangulated categories. In Section 4 we explain the framework of DG-enhancements of
triangulated categories and its applications to algebraic geometry. In Section 5.1 we con-
structs twists and cotwists of a DG-bimodule, define a notion of a spherical DG-bimodule
and prove our main theorem on the level of DG-bimodules. In Section 5.2 we interpret this
for Fourier—-Mukai transforms between the derived categories of algebraic varieties via the
framework introduced in Section 4. In Section 6 we state and prove braiding criteria for
spherical DG-bimodules. Finally, the Appendix contains some technical results we need in
Section 6 on constructing homotopy equivalences between twisted complexes. There the
authors have to resort to using A;-categories, Aoo-functors and the interpretation of DG
quasi-functors as strictly unital A.-functors between the corresponding DG-categories.
It is something they quite happily avoided doing throughout the rest of the paper.

2. Preliminaries

Some proofs in this paper rely on explicit computations where matching up the signs
becomes important. As there are different sign conventions present in the literature for
the material in this section, we make our choices explicit at the cost of restating some
very well-known definitions. We aim to enable our reader to verify all the computations
which are “left to the reader”.

Notation. Throughout the paper all schemes are defined and all DG-categories are con-
sidered over the same base field we denote by k.

Let X be a scheme. We denote by Dgc(X), resp. D(X), the full subcategory of the
derived category of Ox-Mod consisting of complexes with quasi-coherent, resp. bounded
and coherent, cohomology.

2.1. DG-categories, modules and bimodules
Throughout this section, k is a commutative ring.
2.1.1. DG-categories. Let E and F be complexes of k-modules. Define E ® F to be the
complex of k-modules
(EQFn= @ Ei®F. de®f)=de® f+(-D*egdf. (1)
i+j=n
We have the standard sign-twisting isomorphism £ @ F S FQ®E given by
e® f > (=1)dee@deelN) oo (2.2)
Define Homy (E, F) to be the complex of k-modules
Hom}(E, F) = €D Homi(E;, Fy), df =dpof—(-1)*Vfods. (23)

j—i=n
A DG-category over k is a category A whose morphism spaces Hom 4 (a, b) are com-
plexes of k-modules and whose composition maps

Hom 4 (b, ¢) ® Hom 4(a, b)) — Hom 4(a, c)
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are closed degree 0 maps of complexes of k-modules. The homotopy category H°(.A) has
the same objects as A and its morphisms spaces are Oth cohomologies of their counter-
parts in A. Let Mod-k be the DG-category of complexes of k-modules with morphism
spaces defined by (2.3) and the composition (fog)(s) = f(g(s)). See [Kel94, §§1.1-1.2]
or [Toé11] for details.

Given a DG-category A denote by A°PP the opposite DG-category of A. Its objects are
the same as those of A and for all a, b € A°PP we have Hom 4opp (¢, b) = Hom 4 (b, ).
The composition is defined by composing the sign-twisting isomorphism (2.2) with the
composition map of A. In other words, we set

B oaom o = (—1)dee@deeBly o 4 g

for all @« € Hom _gorp (a, b) and B € Hom_gorp (b, ).

Let A and B be DG-categories. A DG-functor A — B is a k-linear functor which
preserves the grading and the differential on morphisms. Wherever the context permits we
omit “DG-"" and simply say “functor”. A degree n natural transformation of DG-functors

® L W is a collection
{t(a) € Homz(®(a), ¥(a))}sen

where 7(a’) o ®(a) = (—1)"" WV (a) o (a) for every o € Hom' (a, a’). Define the DG-
category DGFun(A, B) as follows. Its objects are DG-functors A — 5. Its morphism
complexes Hom]'DGFun( A B)(QD, W) consist of all natural transformations ® Ly graded
by degree and with differentials defined levelwise by those of B, i.e. df(a) = dg(t(a))
for each a € A. The composition maps are also defined levelwise by those of 5.

We denote by DG-Cat the category whose objects are all small DG-categories over k
and whose morphisms are DG-functors between them.

2.1.2. Closed symmetrical monoidal structure on DG-Cat. Let A and B be DG-cate-
gories. We define A ®; B to be the DG-category whose objects are pairs (a, b) with
a € A, b € B, whose morphism complexes are

Homygp(@a ® b,a’ ® b)) = Hom 4(a ® a’) ® Homp(b ® b)

and whose composition is defined by

@ ®B)o(@®p) = (—1)*EF@ (4 5 6) @ (B 0 B).

This construction is bifunctorial in A and B and defines a monoidal structure on DG-Cat
whose unit is k.
The monoidal structure (®j, k) is symmetric via the natural isomorphism

BorA— A B 2.4

defined on objects by b®a — a®b and on morphisms by fQa > (—1)dee@ deeBlyxp.
The monoidal structure (®y, k) is, moreover, closed. The internal Hom is given by
DGFun(—, —). Explicitly, for any DG-categories A, I3, C we have the natural isomor-

phism
DGFun(A ®; B, C) = DGFun(, DGFun(A, C)) 2.5



Spherical DG-functors 2585

which takes any A ®; B 2 ¢ to the functor

VbeB br> ®(—®b), VB eHompb, b) pr> oId® A),

and any @ i) U to the natural transformation {®(— ® b) i> V(— ® b)}per- The object
set of DGFun(—, —) is the set Hompg.cq:(—, —), so the isomorphism (2.5) induces an
adjunction isomorphism between (—) ®; A and DGFun(A4, —) which makes DGFun the
internal Hom in (DG-Cat, ®¢, k).

For any DG-categories A and B we have the tautological categorical isomorphisms

(A ® B)°PP ~ AP @, BOPP, (2.6)
DGFun(A, B)°?P >~ DGFun(A°PP, B°PP). 2.7

The former isomorphism sends any pair of objects or morphisms in A ®y, 3 to themselves
considered as elements of A°PP ®; B°PP. The latter sends any functor or natural transfor-
mation in DGFun(A, B) to itself considered as an element of DGFun(A°PP, 3OPP),

Finally, for any DG-categories A, B, C, D we have the simultaneous evaluation func-
tor

DGFun(A, C) @, DGFun(8, D) — DGFun(A ®y B, C ®k D) (2.8)

which sends any pair of functors A — C and B — D to the functor of simultaneously
evaluating them on any pair of objects or morphisms in A ®; B; similarly for natural
transformations of such pairs of functors. Note that there are no sign twists involved.

2.1.3. DG-modules. A (right) A-module is a functor from A°PP to Mod-k. Denote
by Mod-A the DG-category DGFun(A°PP, Mod-k). For brevity and to mimic the no-
tation used for DG-algebras, for any E, F € Mod-A we write Hom4(E, F) for
Homygoq.4(E, F). The category H 0(Mod-.A) admits a natural structure of triangulated
category which is defined levelwise by the usual triangulated structure on H°(Mod-k)
[Kel94, §2.2].

For any £ € Mod-A and a € A we write E, for the complex of k-modules E (a).
We write v € E if v € E, for some a € A. The Yoneda embedding A — Mod-A is the
fully faithful functor defined on objects by

a+> Homg(—,a) VYaeA

and on morphisms by composition. For each a € A denote by ,.A4 its image under the
Yoneda embedding; these are the representable objects of Mod-A. Note that for all
a,b € A we have , A, = Homy(b, a). For any E € Mod-A trivially Hom 4(, A, E)
= E,.Foreachs € E, and o € 4Aj, we write s-« for the element (—1)4€&() deg(@) f (g ()
€ Ep,. We have

(s-a)-B=s-(xop).

In other words, we can think of the data defining an .A-module E as a collection of fibers
E, € C(k) for each a € A with a right action of (the Hom-spaces of) .4 on them, such
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that ;.4 acts on E, and maps it to Ej. Similarly, a morphism of right .A-modules E LF

can be thought of as a collection of maps E, AN F, in Mod-k which commute with the
A-action: #(s - @) = t(s) -« forany s € E, and o € ,A.

A left A-module is a right A°PP-module, i.e. a functor A — Mod-k. To facilitate the
treatment of bimodules, it is often useful to treat right A°PP-modules as left .A-modules
and employ for them the following notation. For any F € Mod-A°P and a € A we
write , F (instead of F,) for the complex F'(a). For each a € A write A, for the image
of a under the Yoneda embedding of AP, i.e. for the functor Hom 4(a, —). Set o - s =
F(a)(s) foreach s € ,F and o € Ay; it is a left action of A on F. A morphism of

left A-modules E > F can be thought of as a collection of maps ,E SN «F which
skew-commute with the A-action: 7 (« - 5) = (—1)de€Ddee@y . 1 (5) for any s € 4 E and
o €A

2.1.4. Tensor and Hom. Let A be a DG-category and let E and F be a right and a left A-
module. Define the tensor product E® 4 F € Mod-k to be the quotient of @, 4 Ea @4 F
€ Mod-k by the A-action relations

- 0)R®t=5sQR(a-t) VaepA, se€kEptec,F. 2.9)
We extend this to a functor

(=) ®4 (—): Mod-A ®; Mod- A" — Mod-k (2.10)

by defining the tensor product A ® w of two maps E X Eand F & F as follows. The
map

PE©F > @PE I, e®fr (DI @ u(f)
acA acA

preserves A-action relations and we define A ® u to be the induced map E ® 4 F —
E'® AF ’
Similarly, we define the functor
Hom4(—, —): Mod-A ®; (Mod-A)°*? — Mod-k (2.11)
on objects by (E, F) +— Hom4(F, E) and on morphisms as follows. For any pair of

maps E X E'and F' % F in Mod-A we define the composition map

Ao(—)o
Hom 4(F, E) 222 Hom o(F', E'),  a > (—1)dee@deety o o 4.

2.1.5. DG-bimodules. An A-B-bimodule is an A°PP ® B-module. We write .A-Mod-B
for
DGFun(A ® B°°P Mod-k) ~ DGFun(A, Mod-3) ~ DGFun(3°PP, Mod-.4°P)

considered as the DG-category of all A-B-bimodules. Let M € A-Mod-B. For any
a € A, b € Bwe write ;,M}, for M (a, b) € Mod-k, write , M for the B-module M (a, —),
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and M}, for the A°PP-module M (—, b). The functor A — Mod-B which corresponds to
M maps a to , M. We can extend it to a functor

(=) ® 4 M : Mod-A — Mod-B,

where for any £ € Mod-A and b € B we set (E @ 4 M), = E ® 4 M}, and have 5 act
via M},. We can further extend this to a lift of the tensor bifunctor (2.10) from Mod-.4°PP
to A-Mod-5 in the second argument. This admits a more general description.

Let A, B and C be any DG-categories. Since C-Mod-.4 and C-Mod-B are equivalent
to DGFun(C, Mod-.A) and DGFun(C, Mod-5), the composition functor

DGFun(Mod-A, Mod-B) ®; DGFun(C, Mod-A) ~—°" DGFun(C, Mod-B)
induces via adjunction a functor

DGFun(Mod-A, Mod-B) — DGFun(C-Mod-A, C-Mod-B) (2.12)

best described as the functor of “defining fiberwise over C”. It takes a functor Mod-.4 2
Mod-5 and defines a functor C-Mod-A — C-Mod-5 which takes any C-.A-bimodule E
to the C-B-bimodule whose fiber over each ¢ € C is (. E), and similarly for morphisms.
We can apply a similar procedure to functors whose domain is a tensor product of
module categories via the simultaneous evaluation functor (2.8). We define the functor

(=) ®4 (—): C-Mod-A ®; A-Mod-B — C-Mod-B (2.13)
as the composition

DGFun(C, Mod-A) ®; DGFun(B°PP, Mod-.4°PP)
L(z.S)
DGFun(C ®j, B°PP, Mod-A ®; Mod-.A°PP)
(2.10)o(—)
DGFun(C ®; B°PP, Mod-k)
Similarly, we use the Mod-k-valued Hom functor (2.11) to define the functors
Homp(—, —): C-Mod-B ®; (A-Mod-B)°*P — C-Mod-A, (2.14)
Hom 4(—, —): A-Mod-C ®; (A-Mod-B)°?? — B-Mod-C. (2.15)

For any A-B-bimodule M we have the usual Tensor-Hom adjunction: for any DG-
category C,
(=) ®4 M: C-Mod-A — C-Mod-B

is left adjoint to
Homp(M, —): C-Mod-B — C-Mod-A.
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Its adjunction counit
Homp(M, —) ® 4 M — Id (2.16)
is given by the composition map
Homp(M, —) ® 4 Homg(B, M) — Hompg (B, —),

and its adjunction unit

Id - Homp(M, (—) ® 4 M) (2.17)
is defined by

s> VteM, t—>s®t) VeelC,ae A, s € (),

Similarly,
M ®p (—): B-Mod-C — A-Mod-C
is left adjoint to
Hom gopp (M, —): A-Mod-C — B-Mod-C
with analogous adjunction unit
Id — Hom gopp (M, M ®p (—)) (2.18)

and counit

M ®p Hom gopp (M, —) — 1d. (2.19)

2.1.6. Derived category. A module C € Mod-A is acyclic if for each a € A the complex
of k-modules C, is acyclic. A module P € Mod-A is h-projective if for every acyclic
C € Mod-A we have Hom ;0 yjeq-4) (P, C) = 0. Denote by P(A) the corresponding full
subcategory of Mod-A. A morphism E — F of A-modules is a quasi-isomorphism if for
each a € A the induced morphism E, — F, is a quasi-isomorphism. Let M’ C Mod-.A
be a full DG-subcategory. Then a left (resp. right) resolution of E € Aby E' € M’
is a quasi-isomorphism E’ — E (resp. E — E’). The derived category D(A) is the
localization of H°(Mod-A) by the class of all quasi-isomorphisms. It can be under-
stood explicitly as follows. By definition of acyclicity, D(.A) is the Verdier quotient of
H°Mod-A) by H(Ac(A)). By definition of h-projectivity, HO(P(A)) is left orthog-
onal to H°(Ac(A)). Since left resolutions by %-projectives exist in Mod-.A, we have in
fact a semiorthogonal decomposition

H(Mod-A) = (H(Ac(A)), HO(P(A)).

This canonically identifies D(A) = H°(Mod-.A)/H(Ac(A)) with H(P(A)). In prac-
tice, we can use for resolutions a smaller full subcategory SF(A) of semifree modules
in Mod-A. These are the modules E € Mod-A which admit an exhaustive filtration
0= Fy € F) € --- C E whose quotients F;/F;_; are direct sums of shifts of rep-
resentable modules. Any semifree module is h-projective and any .A-module can be
resolved by a semifree module [Dri04, §C.8]. When £ is a field, we have a functorial
h-projective resolution of A-modules provided by the bar-resolution A of the diagonal
A-A-bimodule A (see e.g. [Kel94, §6.6]).
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Another way to understand D (A) is via either of the two natural model category struc-
tures induced on Mod-A from Mod-k. In particular, in the projective model category
structure on Mod-k the weak equivalences are the quasi-isomorphisms and the fibrations
are the termwise surjections of complexes. In the corresponding model category struc-
ture on Mod-.A we define the equivalences and the fibrations levelwise in Mod-k, i.e. a
morphism A — B is an equivalence (resp. fibration) if for every a € A the morphism
A, — B, is an equivalence (resp. fibration) in Mod-k [To&07, §3]. It follows that ev-
ery A-module is fibrant, while the cofibrant modules are precisely the direct summands
of semifree modules. We denote the full subcategory of Mod-.A consisting of cofibrant
objects by Znt(A). It is the Karoubi completion of SF(A).

Summarizing, we have a chain of full subcategories

SF(A) = Int(A) — P(A) (2.20)

of Mod-.A which after applying H° becomes a chain of equivalent full triangulated sub-
categories

HY(SFA) = H(Tnir(A) = HO(P(A)) (2.21)

of H%(Mod-.A). The natural functor H°(Mod-.A) — D(A) induces an equivalence of
these with D(A). In the language of Section 4, SF(A), Znt(A) and P(A) are quasi-
equivalent DG-enhancements of D(A).

An A-module E is quasi-representable if it is quasi-isomorphic to a representable
module. We denote by Qr(A) and P¥(A) the corresponding full subcategories of Mod-.A
and of P(A). A semifree A-module E is finitely generated if the filtration Fy € F; C
.-+ C FE can be taken to be finite with quotients F;/F;_; finite direct sums of shifts of
representables. Denote by SFg, (A) the corresponding full subcategory of SF(A). Its ho-
motopy category H O(S.ng(.A)) is the triangulated hull of H(A) in H°(Mod-A), i.e. the
smallest full triangulated subcategory of H%(Mod-.A) containing H°(A). An A-module
E is perfect if its image in D(.A) lies in the full subcategory D.(A) of compact objects,
i.e. Homp4)(E, —) commutes with infinite direct sums. We denote the full subcategories
of perfect modules in Mod-.A and P(A) by Perf(A) and P77 (A), respectively.

In any category, an object E is a retract of an object F if there exist morphisms
E — F — E whose composition is the identity. For E, F € Mod-.A we say that E is a
homotopy retract of F if there exist E — F — E whose composition is homotopic to
the identity; in other words, E is a retract of F in H°(Mod-.A). In triangulated categories
the notion of a retract is the same as that of a direct summand. The category D.(.A) is the
Karoubi completion of H°(SF,(A)) inside D(A) [Kel94, §5]. Thus P™7(A) coincides
with the full subcategory in Mod-.A of homotopy retracts of elements of SFg,(A).

Let A and B be DG-categories and let M € A-Mod-B. Let (—) Q%A M, M (§L§>B (—),
RHompg(M, —) and RHom gopp (M, —) be the derived functors corresponding to the
functors (—) ® 4 M, etc.

We say that an .A-B-bimodule M is
o A-perfect if My, is a perfect A°PP-module for each b € 15,

o B-perfect if ;M is a perfect B-module for each a € A.

We similarly define the notions of .A- and B- quasi-representability, 4-projectivity, etc.
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Since acyclicity is defined levelwise in Mod-k, Homp (M, —) takes acyclic modules
to acyclic ones for any B-h-projective M. The same is true for M ®p (—), since it is
L
trivially true for any B-representable M. Thus to compute R Homp (M, —) and M ®p5 (—)
it suffices to take a B-h-projective resolution of M. Similarly, if M is A-h-projective
L
then (—) ® 4 M and Hom gopp (M, —) compute (—) ® 4 M and RHom gopp (M, —). If k
is a field! then any h-projective A-B-bimodule is both A- and B-h-projective [Kel94,
§6.1], and hence the derived functors above can be computed by taking an h-projective

resolution of M.
It follows from the above that M is

L
e A-perfect if and only if M ®p (—) restricts to D.(B°PP) — D (A°PP),
L
e B-perfect if and only if (—) ® 4 M restricts to D.(A) — D¢(B).

If k is a field we can be more precise. Let M € P(A-B). The functors (—) ® 4 M and
M ®p (—) restrict to A — P(B) and B°PP — P(APP), and M is

o A-perfect if and only if M ®p (—) restricts to a functor P™7 (BPP) — P ( A°PP),
o B-perfect if and only if (—) ® 4 M restricts to a functor P™7(A) — P™7(B).

2.2. Duals and adjoints

As before, let A be a DG-category. Define the diagonal A-A-bimodule A by setting
«Ap = Hom 4 (b, a) for any a, b € A. Then ,.A and A, are precisely the representable
modules Hom 4(—, a) and Hom 4(a, —) in Mod-.A and Mod-.A°PP. This coincides with
the notation introduced in §2.1.3.

The diagonal bimodule corresponds to the functor A — Mod-.A which sends a to 4.A.
We have natural functorial isomorphisms

Hom 4 (A, —) = Idyeq. 4 = (—) ®4 A (2.22)

given for any A-module M explicitly by

M—->MuA:s—s®Id,, ac A, seM,,
MRIUA—>M:sQar> s.a, a,be A, s e My, a € pA,,
M — Homy(A, M): s+— (x> s.aVbe A, a € s Ap), ac A, s € M,
Hom 4 (A, M) > M: a — a(Id,), ac A, a € Homy(, A, M).

We use these isomorphisms implicitly throughout the paper.
On the other hand, Hom 4(—, \A) is the dualizing functor

(—)A: (Mod-A)°PP — Mod-A°PP.

Explicitly, for any C € Mod-A its dual module CA is the A°PP-module a >

Hom 4 (C, ,.A). For any morphism C % D in Mod-A the dual morphism a” is de-

! If it is not, one should take cofibrant replacements of A and B [To&07, Prop. 3.3].
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fined with a sign twist: for each a € A define the requisite morphism Hom 4 (D, ,A) —
Hom 4(C, 4A) by
B (_1)deg(ﬁ)deg(a)lg oa.

Tautologically, (—)“ restricts to Id on the Yoneda embedded subcategories A°PP <
(Mod-.A)°PP and A°PP — Mod-.A°PP. Therefore it induces an equivalence

SFta(A)PP = SFpy (APP)

and a quasi-equivalence
P'Perf(A)OPP N Pme(AOpp)’

whose induced maps on morphism complexes are homotopy equivalences. By abuse of
notation, we also use (—)“ for the dualizing functor for A°PP. The double dualizing func-
tor (—)AA: Mod-A — Mod-A is isomorphic to the identity on SF¢s(.A) and homo-
topic to the identity on P77 (A). An analogous claim holds for (—)A4: Mod-APP —
Mod-.A°PP.

Let C € Mod-B, D € Mod-A and let M be an A-B-bimodule. There is a natural
map of DG k-modules

D ® 4 Homg(C, M) — Homp(C, D ® 4 M) (2.23)
defined by setting, for any a € A,
sQy> (VielC,t—>s5s®y(), s€ Dy, yeHomp(C, M)

This map is clearly an isomorphism when either C or D are representable. It follows that
it is an isomorphism when either C or D lies in SFg(.A), and a homotopy equivalence
when either C or D lies in P™7 (A).

If in (2.23) we set B = A and let M be the diagonal bimodule A, we obtain the
evaluation map

D ® 4 C* S Homy(C, D). (2.24)
It is the same map of DG k-modules as the composition map
Hom 4 (A, D) ® 4 Hom 4(C, A) — Hom4(C, D).

Let M be an A-B-bimodule. We define M, the dual of M with respect to A, to
be the B-A-bimodule Hom 4opp (M, A). In other words, MA corresponds to the func-
tor B — Mod-A which maps b to (M;,)A. Similarly, we define M B , the dual of M
with respect to B, to be the B-A-bimodule Homg(M, I5), which corresponds to the
functor A°PP — Mod-B°PP which maps a to (,M)B. More generally, define the func-
tor (—)A: (A-Mod-B)°PP — B-Mod-A fiberwise over B by the dualizing functor of

Mod-A, and define (—)B similarly. Denote by (—)“‘i and (—)B their derived functors
D(A-B)°P" — D(B-A). Since (—)* is defined fiberwise over B, it sends A-h-projective

acyclic bimodules to acyclic ones. It follows that if M is A-h-projective, then M A~
(M)A in D(B-A). Similarly, if M is B-h-projective, then MZ ~ (M)B in D(B-A).
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The evaluation map (2.24) induces a morphism of functors Mod-5 — Mod-A,
(-) @5 MB — Hompg(M, —). (2.25)

It follows from the above that for any M the map (2.25) is an isomorphism on all of
SFtg(B), and a homotopy equivalence on all of P7f(B). On the other hand, if M is
B-h-projective and B-perfect, then for any N € Mod-B the morphism (2.25) is a quasi-
isomorphism. This is because all , M lie in P7 (B), and thus (2.25) is a homotopy equiv-
alence levelwise in Mod-k. Similarly, we obtain a morphism of functors

MA® 4 (—) —> HomA(M, —), (2.26)

which is a quasi-isomorphism on all of Mod-.A°PP whenever M is .A-h-projective and
A-perfect.
Consider the map
MBoiM— B

given by the Tensor-Hom adjunction counit (2.16) evaluated at the diagonal bimodule B.
Taking its right adjoint with respect to M Bg A(—)yieldsamap M — M BB The induced
natural transformation

Id — (—)BB (2.27)

is a quasi-isomorphism for any B-A-projective and B-perfect M, since it is then a homo-
topy equivalence levelwise in Mod-B. We similarly define a natural transformation

Id — (—)AA, (2.28)

which is a quasi-isomorphism for any .4-h-projective and A-perfect M.
The above properties of the natural transformations (2.25)—(2.28) imply the following:

Lemma 2.1. (1) For any M € D A.py(A-B) we have an isomorphism of functors
D(A°PP) — D(B°PP):

MAS 4 (=) ~ RHom (M, —). (2.29)
(2) Forany M € Dpg.pyy(A-B) we have an isomorphism of functors D(B) — D(A):
(-) é)[g mMB = RHomp(M, —). (2.30)
(3) We have an isomorphism of endofunctors of D g. perf(A-B):
1d 5 (—)A4, 2.31)
(4) We have an isomorphism of endofunctors of DB. peyr(A-B):
1d 5 (—)BB, (2.32)

In view of Tensor-Hom adjunction we then have:
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Corollary 2.2. (1) Forany M € D 4 p.;f(A-B) the functor

s A
(=) ® M : D(B) - D(A)
is left adjoint to the functor
L
(=) ®4 M: D(A) - D(B).
(2) Forany M € Dp.pes(A-B) the functor
L B
(=) ® M”: D(B) - D(A)
is right adjoint to the functor
L
(=) ®4 M: D(A) - D(B).
Proof. (1) By Lemma 2.1 we have the isomorphism of functors
(o oM E (&4 MAA 2 RHom (M4, ). (2.33)
This isomorphism transforms the derived Tensor-Hom adjunction
L . ,
(-) &g M* < RHom 4(M*A, —)
with its unit (2.17) and counit (2.16) into the desired adjunction
L A L
(5)®BM” < (-) @A M.
(2) Similarly, by Lemma 2.1 we have an isomorphism
L .
(—) &5 MB 2225 RHompz(M, —) (2.34)
which produces the desired adjunction out of the Tensor-Hom adjunction
L B
(=) ®4 M < RHomg(M”, —). O

It is helpful to have the units and counits of the adjunctions in Cor. 2.2 written down
explicitly in terms of the maps between the corresponding bimodules:

Definition 2.3. Let M € A-Mod-B5. The B-trace map
BosM3S B (2.35)

in B-Mod-1 is the counit (2.16) of the Tensor-Hom adjunctlon evaluated at the diagonal

bimodule B. The derived B-trace map is the induced map M B ® AM L Bin D(B-B).
The A-trace map

MeogMAS A (2.36)

and its derived version are defined similarly.
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For B- and A-perfect M the associativity of the composition map implies that the natural
transformations

L L At L AL tr
() ®AMpM”™ —1ldpy, (—)BM” Q4 M — Idpp
coincide with the counits of the adjunctions in Cor. 2.2(1)—(2).

Definition 2.4. Let M € A-Mod-B5. The A-action map

A% Homg(M, M) (2.37)

in A-Mod-A is the unit (2.17) of the Tensor-Hom adjunction evaluated at .A. The derived

A-action map is the induced map A = RHomp(M, M) in D(A-A). When M is B-
L .

perfect we also use this term for the corresponding map A oM ®pB MB obtained via

the isomorphism (2.30).
The B-action map

B X% Hom gom (M, M) (2.38)
and its derived versions are defined similarly.

For B- and A-perfect M the induced natural transformations

P L 7 L P L L 5
dps) 25 (-) @ MA®AM,  Tdpy -5 (—) @a M &5 ME

coincide with the units the of adjunctions in Cor. 2.2(1)—(2). Showing this amounts to
checking that

() @4 A— o (L) @4 Homp(M, M)

l: l(2.23)
@17

(=) ————————Homp(M, (=) ®4 M)

commutes. It is a straightforward exercise we leave to the reader.
We would now like to lift these derived adjunctions to homotopy ones. That is, given
an A- and B-perfect M € A-Mod-B, we would like to write down h-projective resolu-

tions of M, M and M® and the four maps which induce in the homotopy category the
units and counits of the two adjunctions in Cor. 2.2.

We use specific resolutions of M, M and MB obtained via the bar-construction
[Kel94, §6.6]. We briefly recall the essentials. Let A — Aand B — B be the bar-
resolutions of the diagonal bimodules in .A-Mod-.A and B-Mod-B. These are quasi-
isomorphisms with Aand B h-projective. The induced natural transformations (—) ® 4 A
— Idmed-4 and (—) ®p B — Idpea. are functorial h-projective resolutions for A- and
B-modules, respectively. This can be seen via the following useful fact:
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Proposition 2.5. Let A, B and C be DG-categories. Let M be an A-B-bimodule and N
be a B-C-bimodule. If either

(1) M is h-projective and N is a C-h-projective, or

(2) M is A-h-projective and N is h-projective,

then M ®p N is an h-projective A-C-bimodule.

Proof. Suppose M is h-projective and N is C-h-projective, and let Q be any acyclic
A-C-bimodule. By the adjunction of (—) ® g N and Hom¢ (N, —) we have a natural iso-
morphism

Homy.¢c(M ®p N, Q) =~ Hom4.5(M, Hom¢ (N, Q)).

Observe that for any a € A and b € B, ,N is an h-projective module and Q, is an
acyclic C-module. It follows that Hom¢g (N, Q) is an acyclic A-B-bimodule, and hence
Hom 4_g(M,Hom¢ (N, Q)) is acyclic. We have now shown that Hom 4.¢c(M ®p N, Q)
is acyclic for any acyclic Q, whence M ®p N is an h-projective .A-C-bimodule.

The case of M being A-h-projective and N being h-projective is treated similarly. O
Similarly, for .A-B-bimodules an A-projective resolution could be obtained by tensoring
with A°PP ® . However, there is another resolution more suited to our needs:

Corollary 2.6. Let M € A-Mod-B. Then A @4 M ®3 B — M is an h-projective
resolution of M.

Proof. By Prop. 2.5 the bimodule A® 4 M is A-h-projective, and then by Prop. 2.5 again,
(A®4 M) ®p B is h-projective. ]
Definition 2.7. Define 25(,4—6) to be the full subcategory of P(A-B) consisting of all
bimodules of the form A ® 4 M ®p B for some M € A-Mod-5.

Note that by Cor. 2.6 we have a canonical identification H O(ZS(A-B)) =~ D(A-B).
Let N be any A-B-bimodule. The quasi-isomorphisms A — A and B — B and the
functorial isomorphisms (2.22) yield functorial quasi-isomorphisms

A®4N > N < N®gB. (2.39)

If N is in P(A-B) then so are A® 4N and N ®p85, and the two quasi-isomorphisms in
(2.39) are actually homotopy equivalences. If moreover N € P(A-B), we have canonical
homotopy inverses of (2.39),

A®4N < N> N®gB, (2.40)

induced by the comultiplication maps A — A ®4 A and B — B ®p B defined in
[Kel94, §6.6]. Moreover, these are genuine right inverses—the following compositions
are not merely homotopic but equal to Id:

240) < 2.39 2.40 = (239
N deaNnE2 N, NER NvesBER N
This is our main reason for introducing 75(A—B): it makes a number of diagrams commute
genuinely and not up to homotopy. Throughout the rest of the paper, where necessary, we
implicitly identify any N € P(A-B) with A ® 4 N and N ®p B via (2.39) and (2.40).
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_ The dualization functors (—)A and (—)B do not restrict to functors 75(.A-B) —
P(B-A). We thus define:

Definition 2.8. Let M € A-Mod-B. Define M hA and M"B to be the bimodules B B
MA® 4 Aand BRg MP ® 4 A, respectively.

These are our chosen h-projective resolutions of the derived duals M A and MB. We now
proceed to define the unit and counit maps of our homotopy adjunctions.

Definition 2.9. Let M € P(A-B). The homotopy A-trace map M ®p M"* L Ais the
composition
MegMAEE yogmAe, A 4 (2.41)

Similarly, the homotopy B-trace map M hB & AM L Bis the composition

Id®tr

MB oM 2R BogMB ey m % B (2.42)

Definition 2.10. Let M € PB-P¢/( A-3). The map

CDON Homp(M, My@4 A (2.43)

is a quasi-isomorphism since (2.25) is one. Thus there exists a homotopy lift of A 2ol
Hompg(M, M) ® 4 A along (2.43). Choose once and for all such a lift and call it the

homotopy A-action map

M ®p5 MhB—>M®BMB® A

act

A5 MegM'B. (2.44)

Let M € PA P A-B). We define similarly the homotopy B-action map

B MM A g M. (2.45)
Proposition 2.11. Let A and B be DG-categories and M € P(A-B).
If M is B-perfect then (—) ®p M"B s homotopy right adjoint to (—) @ 4 M with the
unit and the counit being the homotopy B-action and B-trace maps. That is, the compo-
sitions

MhB Id®act MhB QUM S5 MhB r®ld MhB, (2.46)
p 2eeld act®ld M o5 M8 @M 22 ld®tr Mot . (2.47)

are homotopic to the identity maps.
If M is A-perfect then (—)Qp MM s homotopy left adjoint to (—) @ 4 M with the unit
and the counit being the homotopy A-action and A-trace maps. That is, the compositions

Mh'A act®lId Mh_A ®A M o5 MhA Id®tr Mh'A, (248)
M oM A M 22y (2.49)

are homotopic to the identity maps.
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Proof. The compositions

I I 3
MB d®act MB®AM® MB tr@ld MB,

M Aeeld act®Id M ®B MB o y dew Id®tr M

are equal to Id p(. 4) and Id p( 4.3 This is because the derived B-action and B-trace maps

L > L
are the unit and the counit of a genuine adjunction between (—) @ M B and (—)®@a M.
By construction, the images of homotopy B-trace and B-action maps in D (5-15) are

identified with their derived counterparts by the isomorphism M B ~ M"B_ It follows that
the images of (2.46) and (2.47) in D(B-A) and D(A-B) are conjugate (and thus equal) to
Idp(s-.4) and Idp(4-B). Hence (2.46) and (2.47) themselves are homotopic to Id.med-.4

and Id A-Mod-BB-
The second assertion is proved analogously. O

Let A, B and C be DG-categories. Let M € A-Mod-B and N € B-Mod-C. Consider the
composition
N¢ @5 MB =5 Homp(M, N¢) = Homg(M, Hom¢ (N, C))
dj.
~% Homg(M ®3 N.C) = (M ®p N)°.  (2.50)

The first map is the evaluation map (2.24), it is a quasi-isomorphism if M is B-perfect
and B-h-projective. The second map is the adjunction isomorphism for (—) ® g N and
Hom¢ (N, —). Similarly,

dj.
NB @ MA =5 Homgow (N, Hom 4o (M, A)) —> (M ®p5 N)A 2.51)

is a quasi-isomorphism if N is A-perfect and A-h-projective. We thus have:

Lemma 2.12. Let A, B and C be DG-categories. Let M and N be A-B- and B-C-
bimodules.
If M is B-perfect we have an isomorphism in D(C-A):

B 250

NC &p M ¢
B (M® N)~. (2.52)

If N is B-perfect we have an isomorphism in D(C-A):
NB &g MA 220 (M & M)A, (2.53)

More is true:

Lemma 2.13. Let A and B be DG-categories and M € D(A-B) be A- and B-perfect.
Then B 2% MA é)_A M is isomorphic in D(B-B) to

MB &M BB,
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L .
Similarly, A XM B MPB s isomorphic in D(A-A) to
L , ,
(M @5 MA S A A
Here by (—)IB we mean dualizing a B-B-bimodule as a left B-module. Similarly for
(=) A ete.
Proof. We only prove the first assertion, the second is proved similarly. Replace M by

7 L
an h-projective resolution. Then in D (B3-B) the map B X mA ®.4 M is isomorphic to

p 5 L
B Hom_gopp (M, M), and MB @ 4 M L Bis isomorphic to MB @ 4 M % B. It now
suffices to show that in 5-Meod-B the diagram

B——2 . Homom(M, M)

lld®(227)
act Hom _gopp (M, MBB) (2.54)
ladjunction
Homgomw (B, B) —— Hompew (MB ® 4 M, B)

is commutative, since its left column is an isomorphism and its right column a quasi-
isomorphism. The diagram (2.54) commutes because both its halves can be readily seen
to compose into the element of

Homp.z (3, Homgopp (MB ®4 M, B))
which is adjoint to the trace map M B AM L Bin
Homp 5(MP ® 4 M, B)

under the adjunction of M5B Q@4 M ®p (—) and Hompgepp (MB QA M, —). m]

Finally, we have the following analogue of Prop. 2.5 with h-projectivity replaced by per-
fection:

Proposition 2.14. Ler A, B and C be DG-categories. Let M be a perfect A-B-bimodule
L

and N be a C-perfect B-C-bimodule. Then M ®p N is a perfect A-C-bimodule.

Proof. Let @ Q; be an infinite direct sum of .A-C-bimodules. We have a chain of natural

isomorphisms:

Homp4.c) (M é)[g N, @ Q,-) >~ Homp4-B) (M, RHomC<N, @ Q,~)>, (2.55)

Homp 4.5, (M, R Homg (N, fany Qi)) ~ Homp (A5, (M, @D R Home (N, Qi)),
(2.56)
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Hom p(4.5) (M, @D R Home (N, Q,-)) ~ @D Homp4.5)(M. RHome(N, 0:)),
2.57)

L
D Hompa.5)(M. RHome (N, 01) = @D Hompac) (M ®5 N, Q). (2.58)

L
Here (2.55) and (2.58) are due to the adjunction of (—) ® g N and RHom¢ (N, —) done
over A, (2.56) is due to N being C-perfect, and (2.57) is due to M being perfect.

L L
Thus Homp4.c)(M ®p N, —) commutes with infinite direct sums, i.e. M ®p N is
perfect. O

Recall that a DG-category A is called smooth if the diagonal bimodule A is a perfect
A-A-bimodule.

Corollary 2.15. Let A be a smooth DG-category and B be any DG-category. Then any
B-perfect A-B-bimodule N is perfect.

Proof. By definition, A being smooth means that A is a perfect .A-.A-bimodule. We then
apply Lemma 2.14 to conclude that N >~ A ® 4 N is perfect. O

3. Twisted complexes and twisted cubes

3.1. Twisted complexes

The notion of a twisted complex was introduced in [BK90]. There exist at present two
different conventions for writing down twisted complexes: the original one introduced
in [BK90] and a slightly different one introduced in [BLLO4] where all the objects in
a twisted complex are shifted so as to ensure that all the twisted maps have degree 1.
Abstractly, this latter convention is more natural as these shifts are precisely what one has
to do when taking the convolution of a twisted complex.

However, all the twisted complexes we work with in this paper are lifts of genuine
complexes in the homotopy category, and hence they exist naturally in the convention of
[BK90]. For this reason we are going to present the material in this section, such as the
formulas for dualizing and tensoring twisted complexes, in the notation of [BK90]. The
authors are well aware that the signs in these formulas are much simpler in the notation
of [BLLO4]. However, to actually apply any formula in the [BLL04] convention to the
twisted complexes we work with throughout the paper, we would first have to shift every-
thing to make all the twisted maps have degree 1, then apply the formula, and then shift
everything back to relate the answer to what we are working with. This would introduce
back all the complicated signs, and it is therefore better to write down the formulas in the
[BK90] convention from the start.

The definitions in the published version of [BK90] contain sign errors. For the reader’s
convenience we give the corrected versions of these definitions:

Definition 3.1. Let A be a DG-category. A twisted complex over A is a collection

{(EDiez, aij: Ei — Ej}
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where E; are objects in A with E; = 0 for all but a finite number of i, and «;; are
morphisms in A of degree i — j + 1 satisfying the condition

(—l)delij + Zakj oar = 0.
k

A twisted complex is called one-sided if a;; = O foralli > j.

We adopt the following convention: to write a twisted complex we write down two ex-
pressions separated by a comma. The first expression is the ith graded part of the twisted
complex. The second expression is the twisted map from ith to jth graded parts of the
twisted complex. For example, (E;, o;;) is a twisted complex whose ith graded part is E;
and whose twisted map from E; to E; is «;;.

To make twisted complexes over A into a DG-category we define the Hom-complex
from a twisted complex (E;, «;;) to a twisted complex (F;, B;;) to be the complex of
k-modules whose degree p part is

[ Hom’(Ew F)
p=q+i—k

with the differential defined by setting, for each y € Homi‘(Ek, ),

dy = (=D'day + Y _Bmoy — (=D y o),
meZ
where d 4 is the differential on morphisms in 4.

The signs and indices in the definitions above are set up precisely so as to ensure that
the notion of convolution, defined below, extends naturally to a fully faithful functor from
the DG-category of twisted complexes over A to the DG-category Mod-.A.

First we need to define the notion of a shift of an A-module. We do it levelwise in
Mod-k and, since we are dealing with right modules, we do not twist the A-action. That
is:

Definition 3.2. Let M be an .A-module. For any n € Z define the .A-module M[n] by
setting

(M[n])g = Mg[n] Vae A
and having A act via its action on M. That is, for any o € ;. A, and any s € (M[n]), we
sets -y @ € (M[n])ptobe s -y a.

Definition 3.3. Let .4 be a DG-category and let (E;, o;;) be a twisted complex over A.
Let @i E;[—i] be the A-module where we use the Yoneda embedding to embed each E;
into Mod-A. The convolution of (E;, w;;) is the .A-module obtained by taking ; E;[—i]
and endowing it with a new differential d + j @ij, where d is the natural differential
of @i E;[—i].

We use curly brackets to denote taking the convolution of the twisted complex, e.g.
{Ei, ajj}.
The most time-consuming part of proving the results below is getting the signs to agree.
Recall the definitions of the bimodule-valued tensor product and Hom functors (2.13)—

(2.15). In particular, for any maps E — E’ in B-Mod-A and F 2 Fin A-Mod-C the
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product map
Eo FL P or
in B-Mod-C is given for every (b, ¢) € B® C°PP and a € A by

e® f > (—1)*eQEEB o) R B(f), e€pEa, f € aFe.

Similarly, for any maps E’ — E in .A-Mod-B and F LA F’in A-Mod-C the composition
map
Bo(=)oa: Homy(E, F) — Hom4(E', F/)

in B-Mod-C is given for every (b, ¢) € B ® C°PP by
[ (=D)*ENEE@B o fon,  f € Homy(Ep, Fe).
The formula for the other (“as right modules”) bimodule Hom functor (2.14) is identical.

Lemma 3.4. Let A, B and C be DG-categories and let (E;, ;) be a twisted complex
over A-Mod-B.

(1) Let (F;, Bij) be a twisted complex over B-Mod-C. Then

{Ei, aij} @B {Fi, Bij}
~ P Eesh Y D, @1+ Y (D 14 @]

k+1=i l+m=j k+n=j
3.1)

(2) Let (F;, Bij) be a twisted complex over C-Mod-B. Then

Homp({E;, aij}, {Fi, Bij})
- { @ Homp(Ey. Fl). Z (1) =RHA (g Z (_1)(l—n+l)kﬁlno(_)].
—k=i

l 4 l—m=j n—k=j
3.2)

Similarly, if (F;, Bij) is a twisted complex over A-Mod-C then

Hom 4 ({E;, aij}, {Fi, Bij})
= @D Homa(Ex, F). Y (=" (Cogt Y7 (=), 000,
[—k=i

l—m=j n—k=j
3.3)

Proof. (1) An isomorphism of DG-modules is an isomorphism of the underlying graded
modules which respects the differential. As a graded A-C-bimodule, i.e. forgetting the
differential, the LHS of (3.1) is isomorphic to

(P Et-n1) @5 (P FL-n),

keZ leZ
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while the RHS is isomorphic to
D (Ex ®5 Fil—k —11).

k,leZ
There is a tautological isomorphism between the two:
e@ fr>(-Dew .
ac Aoppv b S Ba ce C; ks lv klv l/ € Z9 e e (H(Ek)b)k,$ f € (b(El)C)l/’

which needs its sign twist to respect the B-action relations of the corresponding tensor
products. This isomorphism can be readily seen to also respect the differentials

de® f)=(D'dpe® f+ 3 (@ ® f + (D" e dp f

m

+ 3 =D e® B (),
de® f) = (-D)dpe® f+ (D" e@dp f+ ) (D' "Dy (e) ® f
+ ) (=D e @ B (f)

on the LHS and the RHS of (3.1).
(2) We only prove the first statement, the second is proved identically. As a graded
C-A-bimodule, the LHS of (3.2) is isomorphic to

Homs (€D Exl—k1. €D Fil-11). (3.4)
k I

while the RHS is isomorphic to
@D Homg(Ex. F)l—( — k). 3.5)

k.l

Since all the direct sums are finite, the obvious natural map from (3.5) to (3.4) is an
isomorphism of graded C-.A-bimodules. It does not respect the differentials given for any
a€A ceCand f € Homk((Ep), c(F1)) by

df = (=D'dpf+ ) (D" foaum+ ) B (3.6)

on the LHS of (3.2), and by
df — (_l)lfkdBf + Z(_l)q(m*k+l)+m(Wl7k)+l+lf 0 Uk + Z(_l)(17n+l)kﬁ1n
m n
3.7

on the RHS of (3.2). One can now readily check that the composition of the natural
isomorphism above with the automorphism of (3.5) which multiplies each Hom‘é(E > F1)
by (—1)@~Dk respects the differentials and thus yields the desired isomorphism of DG-
bimodules. m]
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Lemma 3.5. Let A and B be DG-categories and let (E;, o;;) be a twisted complex of
A-B-bimodules. Let E be its convolution {E,-, aij }

(1) Then
B B i2+ij+1 B
E” ~{E7,, =1/ It Ol(_j)(_,‘)}7 (3.8)
A A 24ij+1 A
EN = {ES, (=) ol ) (3.9)
in A-Mod-B. .
(2) The A-trace map E ®p EA S Ais isomorphic to the image in A-Mod-A of the
map

2
(@ Er ®5 EIA» Z (—Dk=mtDy @ 1d + Z (— 1)k +”l+1ld®a;f})
k—I=i i

m—Il=j k—n=j
- A (3.10)

t
which consists of a single degree 0 map @, Ex ®p E]'f‘ 2) A.

The A-action map A L Hompg(E, E) is isomorphic to the image in A-Mod-A of
the map

A— (l@ Homp(Ex, El)’l 2 _(_l)m(m_k)HH(—) O Uk
N Sy £ Y (g, (_)) (3.11)

n—k=j

t
which consists of a single degree O map A &) @D, Homp(Ey, Ey).
Analogous statements hold for the B-trace and B-action maps.
(3) Suppose each E; is h-projective and B-perfect.

The map E Qp EM S Ais homotopy equivalent to the image in A-Mod-A of the
map

( @ Er ®B ElhA’ Z (_1)l(k_m+l)akm ®Id+ Z (_1)k+n2+nl+lld ® aﬁ)
k—1=i m—Il=j k—n=j -
- A (3.12)

t _
which consists of a single degree 0 map @, Ex ®p E,fA 2) A.

The map A X E ®p E"B is homotopy equivalent to the image in A-Mod-A of the
map

A (P Ees EPE Y. (-1 Dy, g1d
k—I=i —l=j
' " 4 + Z (_1)k+n2+nl+11d®a5) (313)
k—n=j

- t
which consists of a single degree O map A &) @D Ex ®5 E,?B.
Analogous statements hold for the B-trace and B-action maps when the E; are h-
projective and A-perfect.
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Proof. (1) Both statements follow immediately from Lemma 3.4(2) by setting the twisted
complex {F;, B;;} to be the corresponding diagonal bimodule concentrated in degree 0.

(2) For the A-trace map claim, the isomorphisms (3.9) and (3.1) compose to an iso-
morphism from £ ®3 E A to the convolution of the LHS of (3.10). We claim that this
isomorphism composes with the image of (3.10) in .A-Mod-A to give E Q3 EA 5 A
When checking maps to be equal it suffices to only consider them as maps of graded mod-
ules. Thus we are reduced to checking that the trace map of a finite direct sum of graded
modules equals the sum of the trace maps of the individual modules. This is straightfor-
ward.

For the A-action map, we are similarly reduced to checking that the action map A —
Homp(E, E) is also compatible with finite direct sums.

(3) We only prove the first claim. The natural maps A — A and B — B induce

isomorphisms in D(A-A) between E ®p EM S Aand E ®p EA X A and also

between (3.12) and (3.10). It follows from (2) that £ ®p ERA K A and (3.12) are
isomorphic in D(A-A). Since all the bimodules involved are h-projective, the two are
furthermore isomorphic in H°(Mod-.A), as required. O

3.2. Pretriangulated categories

Let A and B be DG-categories. A functor A i) B is a quasi-equivalence if f induces

quasi-isomorphisms on morphism complexes and H%(A) m H%(B) is an equiva-
lence of categories.

A DG-category A is pretriangulated if H°(A) is a triangulated subcategory of
H°(Mod-A) under the Yoneda embedding. The pretriangulated hull Pre-Tr(A) of A
is the category of one-sided twisted complexes in .A—these are the twisted complexes
(Ej, gij) where g;; = 0if i > j. The convolution functor gives a fully faithful embed-
ding Pre-Tr(A) < Mod-A whose composition with A — Pre-Tr(A) is the Yoneda
embedding and whose image in Mod-A is equivalent to SF¢,(A) [Dri04, §2.4]. Hence
HO(Pre-Tr(A)) coincides with the triangulated hull of H°(A) in H°(Mod-.A). Therefore
A is pretriangulated if and only if the natural embedding A < Pre-Tr(A) is a quasi-
equivalence. We say that A is strongly pretriangulated if A < Pre-Tr(A) is in fact an

equivalence; in other words, if it has a quasi-inverse Pre-Tr(A4) — .A. Note that in that
case the convolution functor filters through the Yoneda embedding, i.e.

Pre-Tr(A) I A< Mod-A

is the convolution functor. For strongly pretriangulated categories, by abuse of notation,
we mainly use the term convolution functor to mean 7T .

Let A be any DG-category. It is known that Pre-Tr(A) is strongly pretriangulated
[BK90]. Also DGFun(.A, C) is strongly pretriangulated for any strongly pretriangulated C
since we can define convolutions of twisted complexes levelwise in C. In particular,
Mod- A is strongly pretriangulated since Mod-k is. Finally, a full subcategory of Mod-.4
(or any other strongly pretriangulated DG-category) which is itself pretriangulated, e.g.
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it descends to a triangulated subcategory of H°(Mod-.A), and closed under homotopy
equivalences, is strongly pretriangulated. Therefore P(A) and P (A) are strongly pre-
triangulated and, for any other DG-category B, P P (A-B) and PB4/ (A-B) are
also strongly pretriangulated. If A itself is pretriangulated, then P9 (A) and P9 (A-B)
are strongly pretriangulated. If, on the other hand, B is pretriangulated, then PB'qr(A—B)
is strongly pretriangulated.

3.3. Twisted cubes

One of the chief technical tools we employ in this paper is the notion of a twisted cube
over a pretriangulated category. This seemingly trivial extension of the notion of a twisted
complex has some far-reaching consequences that we exploit. To the authors’ knowledge,
the material below is original to this paper.

We employ the following notation: Let I = {—1, 0}" enumerate vertices of an
n-cube.? For i, j € I withi = (i1,...,ip) and j = (j1,..., ju) we write j > i if
jm = im forallmandi # j.Foranyi € I we denote by |i| its degree ip.

Let C be a pretriangulated category. A twisted n-cube over C is

(1) aset {X;};es of objects of C,

(2) a set {g;;}; e, i< of morphisms in C such that g;; is a morphism X; — X5 of
degree li| — |j| + 1 which satisfies the relation
(—DVldg;; + Y qiia = 0. (3.14)
i<k<j

The total complex tot(X;, g; ]) of a twisted n-cube (X7, g; /v) is the one-sided twisted com-

plex

(D x X 4

iel, |i|=i i.jel, lil=i,|j|=j

over C. Its convolution is an object of C which we call the convolution of the twisted cube
(X7, g55)-
Lemma 3.6 (The Cube Lemma). Let X = (X;, g; ]) be a twisted n-cube indexed by 1
over a pretriangulated category C. Choose 0 < m < n and choose any m indices in
1,...,ntodefine a splitting I = J x K with J = {—1,0}", K = {—1, 0}, Then:

(1) Fixk € K. Then
k
Xgivies and  (=DMgs 0600 5es

form a twisted m-cube indexed by J over C. We denote it by Y* and call it a sign-

twisted subcube of X, to stress that the morphisms in Y k and in X differ (possibly)
by a sign.

2 We use {—1, 0} rather than {0, 1}"* as our indexing set since we want the arrows in the cube to
go from lower to higher degree vertices, and we want the terminal end of the cube to have degree 0.
This ensures that for a 1-cube diagram, i.e. a single morphism, the corresponding twisted complex
coincides naturally with the cone of this morphism, with no shifts involved.
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(2) Fixk,l € K. Forany0 <i < j <m let

K _ S
pij = 2 _ dabGa:
Ljel. lil=i.|jl=j

The collection ( pll.;ji )i,j defines a morphism of twisted complexes

tot(Y*) — tot(¥)

of degree |k| — |I| + 1. Denote it by pkl.

(3) The twisted complexes tot(Y*) and the morphisms p* form a twisted (n — m)-cube
over Pre-Tr(C) indexed by K. Let Z € Pre-Tr(Pre-Tr(C)) be its total complex.

(4) The (double) convolution of Z is isomorphic in C to the convolution of the original
twisted cube X. In particular, it is independent of m and of the choice of I = J x K.

Proof. A straightforward verification. O

Given a twisted n-cube X over a pretriangulated category C, its image in H°(C) is an
ordinary n-cube shaped diagram X which commutes (up to isomorphism). Roughly, the
point of the Cube Lemma is that X can be canonically extended in H°(C) to an n-cube X’
of side 2 with the following properties:>

e The vertices of X’ are convolutions of the faces of X.
o The rows and columns of X’ are exact triangles in H 0.
e X’ commutes (up to isomorphism).

This is best understood by looking at some examples. Let C be a pretriangulated category.
(1) A twisted 0-cube over C is a single object of C.

(2) A twisted 1-cube over C is a pair of objects A and B of C together with a closed
morphism

A faB B
of degree 0. Write
fab
a—b>b

for its image in H O(C). Here we denote by a, b and f,; the classes of A, B and fap
in H°(C).
There are no non-trivial ways to split this up as a cube of cubes, so the Cube Lemma
does not tell us anything new. However, the total complex of this cube is, trivially,
faB

A— B

deg.0

3 By an n-cube of side 2 we mean an n-dimensional cube whose sides are two edges long, i.e. its
vertices are enumerated by {—1, 0, 1}" instead of {—1, 0}".
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and its convolution fits into a diagram

LAY BN Y RELLN R RIS (3.15)

deg.0

in C where the two new morphisms are induced by the canonical morphisms of twisted
complexes

Idg faB
(deB;o) — (A = deB;.o)’ (3.16)
1 Id
(4= B) = (A) (3.17)

Moreover, the image of (3.15) in H 0©) is precisely the exact triangle

a 2% b Cone(fup) — (3.18)

which was the original point of [BK90].

Note that we can also complete A —fiﬁ) B to the diagram
deg.0

LN PR /L B} All] (3.19)
eg.!
whose image in H°(C) is canonically isomorphic to (3.18). The two new morphisms in
(3.19) are defined exactly as in (3.16) and (3.17).

Thus, convolving a twisted 1-cube produces an exact triangle in H°(C). In the lan-
guage above, the image of a twisted 1-cube in H%(C) is an ordinary 1-cube and we can
canonically complete it to a 1-cube of side 2 whose single row is an exact triangle. It is
this, together with repeated application of the Cube Lemma, that produces the desired
phenomena for twisted cubes of higher dimension.

(3) A twisted 2-cube over C is a diagram

A fas B
fAcl fl fo (3.20)
fep

C—D

of objects and morphisms in C, where fap, fac, fBp, fcp are closed maps of degree 0
and f4p is a map of degree —1 such that

—dfap = fepfaB + fcp fac. (3.21)
The image of (3.20) in H 0(C) is the diagram
Jab

—_—

a b
facl Lfbd (322)
c Jed d

-
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In general, f4p is not closed and thus does not define a morphism in H O(C). However,
the condition (3.21) on f4p ensures that fpg fup + fed fac = 01in HY(C), i.e. the diagram

(3.22) commutes up to the isomorphism (—1) Id,.

The Cube Lemma tells us that (A —Jas dBO) and (C Jeo, dDO) are twisted 1-
eg. eg.

cubes and that the maps (fac, fap, fep) define a closed morphism f4pcp of degree O
between their convolutions, producing a twisted 1-cube

fasco fep
=

{a 2L {ci2 p). (3.23)

deg.O} deg.0

Using the argument in the above discussion of twisted 1-cubes we complete (3.22) to

Jab

—> b —— Cone(fap) —

a b
ftlL‘ l lfbd l fabcd (324)
c fcd d

——d —— Cone(feq) —

We then check that each of the squares (including the third ‘wrap-around’ square) in this
diagram commutes (up to isomorphism). We can do this since we have constructed (3.24)
as the image in H%(C) of an explicit diagram of twisted complexes in Pre-Tr(C) and we

can check that, in fact, that diagram itself commutes up to isomorphism.

Similarly, the Cube Lemma tells us that (A ﬂ) C ) and (B fﬂ) dDO) are twisted
deg.0 eg.

1-cubes and that the maps (fap, fap, fcp) define a closed morphism f4cpp of degree O
between their convolutions producing a twisted 1-cube

{A —fac C} facsp { fBD }

B
deg.0

(3.25)

deg.0

We can therefore complete (3.22) to

(3.26)

Sacba

Cone( fze) — Cone( fpq)

and check that each of the squares in it commutes.
Finally, the Cube Lemma tells us that the convolutions of the twisted 1-cubes (3.23)
and (3.25) are both isomorphic to the convolution T of the original twisted 2-cube (3.20).
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We can therefore fit together diagrams (3.26) and (3.24) and then complete them to the
2-cube of side 2

a Jab b Cone( fup) —
far fbd fabcd
c 7 d Cone(feq) —
“ (3.27)
facbd
Cone(fac) - Cone(fbd) t

where all rows and columns are exact and where

Cone( facpa) = t = Cone( faped)-

We then check as above that every square in this diagram (including the ‘wrap-around’
ones) commutes up to isomorphism.

Lemma 3.7 (The Cube Completion Lemma). Let I = {—1,0}" and let X = (X;, ‘12'])
be a twisted n-cube over C indexed by I. There exists a uniquely defined “n-cube of
side 2”—a diagram Z = {Zy;, ran} in C indexed by M = {—1, 0, 1}" with the following
properties:

ey

(@)

Objects of Z. Let m be any vertex of M. Define the splitting I = J x K by choosing
for J all the indices ). € {1, ..., n} where m) equals 1. Let m' be the restriction of m
to K.

The object Z;; is isomorphic to the convolution of the sign-twisted subcube Y ' of X
constructed by the Cube Lemma with respect to the vertex m of K. This cube consists
of all the objects X; such that i restricts to m’ in K and all the morphisms between
these vertices in X multiplied by (=)'l

Since m uniquely determines the twisted cube Y™, we also refer to this cube simply
as Y™,

Morphisms of Z. Let] — i — i be any row of M, i.e. for some k € {1, ..., n} we
have

Li=—1,m; =0, nj =1, i =k,

m; = n;, i #k.

~

1

Take the sign-twisted subcube Y" of X and split its index set into J' x K' where we
choose for J' all the indices where [ and i equal 1, and for K' the single remaining
index k. Apply the Cube Lemma to Y™ with respect to this splitting to construct the
twisted 1-cube )

yhy S {ym

deg.0
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whose convolution is {Y"}. Then
Thin it Tal
Z; — Zz — Zj; — Zj[1] (3.28)
is the image in C of the diagram
I N (N S i) (3.29)

constructed as explained when discussing the completion for twisted 1-cubes
(cf (3.19)). .

(3) Any morphism in Z which does not occur in (3.28) for some rowl — m — n of M
is 0.

(4) Recursivity. Let I = J x K be a splitting as in the Cube Lemma and let Y be
the twisted cube of sign-twisted subcubes of X constructed by the Cube Lemma with
respect to this splitting. Then the cube Zy of side 2 in C defined by Y is naturally a
subcube of Z.

(5) Commutativity. The image of the diagram Z in H°(C) commutes (up to isomor-
phism).

Proof. The first three properties uniquely define the diagram Z = {Z;, rni}. The re-
cursivity is a straightforward verification. To prove the commutativity of Z it suffices to
prove that every 2-face of Z commutes. This reduces via the recursivity to the case of X
being a 2-cube, where it is again a straightforward verification. See the discussion of the
completion for twisted 2-cubes. O

4. DG-enhancements

4.1. On DG-enhancements of triangulated categories

Let T be a triangulated category. An enhancement of T is a pretriangulated DG-category
A together with an exact equivalence HO(A) 5 T. Two enhancements (A, €) and

(A, €') are equivalent if there exists a quasi-equivalence A EY They are strongly
equivalent if f can be chosen so that €/ o HO(f) = €. If we want to use DG-categories
as enhancements of triangulated ones, we are led to work in the localization of DG-Cat,
the category of all small DG-categories, by quasi-equivalences. We denote this localiza-
tion by Ho(DG-Cat). For any small DG-categories .A and B denote by [A, B] the set of
morphisms between A and B in Ho(DG-Cat). The elements of [ A, B] are called quasi-
functors.

Any category quasi-equivalent to a pretriangulated category is itself pretriangulated.
We denote the full subcategory of Ho(DG-Cat) consisting of classes of pretriangulated
categories by Ho(DG-CarP™"). We call the elements of Ho(DG-CatP™") enhanced tri-
angulated categories and think of them as small triangulated categories with a fixed
quasi-equivalence class of DG-enhancements. Similarly, we can think of a quasi-functor
between two enhanced triangulated categories as an exact functor between the triangu-
lated categories and a fixed choice of an equivalence class of DG-functors between their



Spherical DG-functors 2611

enhancements which all descend to this exact functor. In this sense, exact functors and
quasi-functors are precisely analogous to morphisms between cohomologies of two com-
plexes and morphisms between their classes in the derived category.

One way to understand the morphism set [.A, B] in Ho(DG-Cat) is via the model
category structure on DG-Cat constructed in [Tab05]. The weak equivalences are the
quasi-equivalences, and the fibrations are defined in such a way that every object is fibrant.
Therefore, the elements of [ A, B] can be identified with the functors from a fixed cofibrant
replacement of A into B, up to homotopy. Moreover, there exists a cofibrant replacement
functor Q: DG-Cat — DG-Cat equipped with a natural transformation Q — Id such
that QA — A is a quasi-equivalence which is the identity on the sets of objects [Tog07,
Prop. 2.3].

The set [A, B] can be naturally endowed with a structure of an element of
Ho(DG-Cat) as follows. The tensor product ® = &y of elements of DG-Cat can be
derived into a bifunctor

L
®: Ho(DG-Cat) x Ho(DG-Cat) — Ho(DG-Cat)

L

giving a symmetric monoidal structure for Ho(DG-Cat). We compute A ® B as either
L

QARBor A® QB.If k is a field, every small DG-category is k-flatand AQB = A® B.

The monoidal structure defined by (IX> on Ho(DG-Cat) is closed [Tog07, §4.2], i.e. for
any A and B in Ho(DG-Car) the functor [(—) ® A, B] is representable by an object of
Ho(DG-Cat), defined up to unique isomorphism. Denoted by R Hom(A, B), it is con-
structed as the class in Ho(DG-Cat) of PB4 (Q.A-B) [Toé07, Theorem 6.1]. These are
the h-projective Q.A-B-bimodules M where for all @ € Q.A the B-module ,M is quasi-
isomorphic (and hence homotopic as ;M is h-projective [Kel94, Lemma 6.1(c)]) to a
representable one. By [To€07, Cor. 4.8] the isomorphism classes of H 0(736"“( QA-B))
are in natural bijection with the elements of [.4, B]. Explicitly, any element of [A, 5]
can be represented by a functor Q.4 — 5. Composing this with the Yoneda embedding
B — Mod-5 defines a Q.A-B-bimodule which is even B-representable. Any h-projective
resolution of it defines the desired isomorphism class in H 0(pBar(0A-B)). Getting from
M e PBU(QA-B) to the corresponding quasi-functor f € [A, B] is more subtle, but
it is easy to pin down the underlying functor H%(A) — H°(B). Indeed, M defines a
functor Q.A — Mod-5 which maps every element of Q.A to something homotopic to a
representable element of Mod-5. This defines, up to isomorphism, the requisite functor
H°(QA) ~ H(A) — H°(B). Indeed, this also shows that any morphism between two
elements of H O(PB'qr(Q.A—B)) induces a natural transformation between the underlying
functors of the corresponding quasi-functors in a way which is compatible with composi-
tions.

In other words, R Hom(A, B) = PB¥(Q.A-B)* is, in a sense, a DG-enhancement of
the set [A, B]. Let us therefore enrich Ho(DG-Cat) to a 2-category by setting the category
of morphisms from A to B to be H*(R Hom(A, B)). By the above, each 1-morphism in

4 If k is a field, then PB'qr(Q.A—B) is quasi-equivalent to PB'qr(.A—B) and we use the latter
instead.
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Ho(DG-Cat) corresponds naturally to a quasi-functor from .4 to /3. By abuse of notation,
we now refer to the elements of H%(R Hom(A, B)) also as “quasi-functors”. There is a
natural functor

@: H' (R Hom(A, B)) — Fun(H"(A), H'(B)) 4.1

which sends each quasi-functor to its underlying functor. Defining ® depends on a choice
for each quasi-representable object in Mod-5 of a homotopy to a representable one. A dif-
ferent choice would produce a different functor canonically isomorphic to ®. We there-
fore make a particular choice for each BB and consider all functors ¢ fixed. Our functors
® package up into a 2-functor

®: Ho(DG-Cat) — Cat 4.2)

into a 2-category Cat whose objects are small categories, whose 1-morphisms are functors
and whose 2-morphisms are natural transformations.

By the above, if A and B lie in Ho(DG-Cat*™™) then so does RHom(A, B).
Therefore, in the 2-category Ho(DG-Cat®™™) the morphism categories are themselves
enhanced triangulated categories. The 2-functor & sends the triangulated category
H°R Hom(A, B)) of quasi-functors to the full subcategory in Fun(H°(A), H°(B)) con-
sisting of exact functors. Moreover, for any morphism of quasi-functors, @ sends its cone
to a functorial cone of the underlying morphism of exact functors. This is exactly the
situation we want to be in. This paper adheres to the currently prevalent philosophy that
instead of working with triangulated categories A and B and the (non-triangulated) cat-
egory ExFun(A, B) of exact functors between them, one should work with enhance-
ments A and B of A and B in Ho(DG-Cat) (which are often unique up to isomor-
phism, cf. [LO10]), the enhanced triangulated category R Hom(A, B) and the functor
HOR Hom(A, B)) g ExFun(A, B). For years now, this has been practiced implicitly
by all who work with Fourier—Mukai kernels of the derived functors between algebraic
varieties (cf. Examples 4.2 and 4.3 below).

4.2. Morita enhancements

The triangulated categories we want to enhance are the derived categories of quasi-
coherent sheaves and the bounded derived categories of coherent sheaves on separated
schemes of finite type over k. All these categories are Karoubi closed. It turns out that
the full subcategory of Ho(DG-CatP™™) consisting of those enhanced triangulated cate-
gories whose underlying triangulated categories are Karoubi closed admits a more natural
description.

Define a DG-category A to be kc-triangulated if it is pretriangulated and HO(A) is
Karoubi closed.” It follows that A is kc-triangulated if and only if the Yoneda embedding
A < PP7(A) is a quasi-equivalence. Denote by Ho(DG-Car*“™) the full subcategory
of Ho(DG-Cat) consisting of kc-triangulated categories. The following is explained in

5 Here “kc” stands for “Karoubi closed”. These are simply called “triangulated DG-categories”
in the papers of Toén, but we feel that this does not reflect well their main difference from the
established notion of pretriangulated DG-categories.
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detail in [Toéll, §4.4]. Let A i> B be a functor between DG-categories. The induced
functor fi,: Mod-B — Mod-A preserves acyclicity. Its left adjoint f*: Mod-A —
Mod-B preserves, by adjunction, k-projectivity. We say that f is a Morita equivalence

if D(B) ﬁ> D(A) is an exact equivalence, or equivalently P™7(A) f—> PPI(B) is a
quasi-equivalence. The functor

PP (—): Ho(DG-Cat) — HO(DG-CatkCtr)

is the left adjoint of the natural inclusion Ho(DG-Caf*"y <> Ho(DG-Car) [Toéll,
Prop. 6]. It follows, as explained in [Toé11, §4.4], that P™7(—) induces an equivalence
Mrt(DG-Cat) — Ho(DG-Car*"), where Mrt(DG-Car) is the localization of DG-Car
by Morita equivalences. We use this to identify Morita equivalence classes of small
DG-categories with the elements of Ho(DG-Car*"). In other words, when speaking of
the class of a small DG-category A in Ho(DG-Car*") we mean P™7 (A).

We call the morphisms in Mrt(DG-Cat) Morita quasi-functors. By the above,
Morita quasi-functors A4 — B correspond to the ordinary quasi-functors P™7(A4) —
PPf(B). It follows from [Toé07, Th. 7.2] that R Hom(P™ (A), P77 (B)) is quasi-
equivalent to PB-Perf (A-B). This gives a more natural DG-enhancement of the set
Hommri(pG-car (A, B). In particular, we think of the elements of DB-Perf ( A-1B) as Morita
quasi-functors A — B. Note that given M € Df‘ Perf ( A-B), the exact functor underlying
the corresponding Morita quasi-functor is (—) ® 4 M.

This leads to a slightly different notion of DG-enhancement. Define a Morita enhance-
ment of a small triangulated category A to be a small DG-category A together with an
isomorphism D.(A) — A. Since D.(A) = H(P™7(A)), A is a Morita enhancement
of A if and only if its class in Ho(DG-Car*“") is the usual enhancement of A. Moreover,
we can similarly use small DG-categories to enhance non-small triangulated categories
(i.e. unbounded derived categories of quasi-coherent sheaves). Define a large Morita en-
hancement of a triangulated category A to be a small DG-category A together with an
isomorphism D(.A) = A An advantage of this Morita point of view is that we use
much smaller DG-categories to define our enhancements. In fact, the derived categories
of schemes can be Morita enhanced by DG-algebras (cf. Examples 4.2 and 4.3).

4.3. Examples

The following examples illustrate the notions introduced in the previous section and ex-
plain the framework to which the main definitions of Section 5 rightfully belong. First is
the usual framework of DG-enhancements:

Example 4.1. Let A and B be elements of Ho(DG-Cat). As described in Section 4,
R Hom(A, B) is represented in Ho(DG-Cat) by the full subcategory PB4 (A-B) of
P (A-B) consisting of B-quasi-representable bimodules. In particular, such bimodules are
B-perfect.

Let M € PB(A-B). The funct(zr HO(A) — HO(B) defined by the corresponding

quasi-functor is the restriction of (—)® 4 M from D(A) — D(B) to H'(A) — HY(B). It



2614 Rina Anno, Timothy Logvinenko

L
follows from Section 2.2 that if M is also A-perfect, then (—)® 4 M, as a functor D(A) —

D(B), has left and right adjoints (—) élg MA and (-) é)B MB. 1f moreover MA and
MPB are A-quasi-representable, then these adjoints restrict to functors H 0By > HO(A).
In other words, M and MB define quasi-functors B — A whose induced functors
H%(B) — HO(A) are left and right adjoint to the functor H%(A) — H°(B) defined
by M.

Next we illustrate Morita enhancements. In the two examples below we explain how
derived categories of algebraic varieties are Morita enhanced by DG-algebras and how
quasi-functors between these enhancements may be represented as DG-bimodules for
these algebras:

Example 4.2. Let X and Y be quasi-compact, quasi-separated schemes over k. By
[BvdB03, Th. 3.1.1] there exist compact generators Ey and Ey of Dqc(X) and Dgc(Y).
We choose h-injective resolutions of Ex and Ey and define A and B to be their DG-
End-algebras. Then A and B are the standard large Morita enhancements of Dg.(X) and
Dyc(Y),i.e. P(A) and P(B) are their standard enhancements in the usual sense.

By [Toé07, Th. 7.2] the pullback along the Yoneda embedding A <> Mod-.A induces
an isomorphism

R Homes(P(A), P(B)) — RHom(A, P(B))

in Ho(DG-Cat). Here R Homcs stands for the full subcategory consisting of continu-
ous quasi-functors, i.e. the quasi-functors P(A) — P(B) whose underlying functors
D(A) — D(B) commute with infinite direct sums. The universal properties of R Hom
and [Toé07, Lemma 6.2] imply that R Hom(A, P(B)) is represented in Ho(DG-Cat) by
P(A-B). Explicitly, after replacing A by its cofibrant resolution any quasi-functor in
HOR Hom(A, P(B))) can be represented by an actual functor A — P(13). Taking an
h-projective resolution of the corresponding A-B-bimodule gives the desired homotopy
class in P(A-B).

Thus every continuous quasi-functor P(A) — P(B) can be represented by an el-
ement M € P(A-B). The underlying functor Dgc(X) — Dg(Y) is then precisely

(—) ® A M. It follows from Section 2.2 that if M is A- and B- perfect then M4 and
MPB define quasi-functors P(B) — P(A) such that (—) ®B MA and (-) ®3 MB are the

left and right adjoints of (—) <§L§) A M.

It is also shown in [Tog07, Section 8.3] that A°°P ® B is the standard large
Morita enhancement of D(X xj; Y) via a natural identification of D(X xj Y) with
D(A-B). Together with the above, we obtain an identification of D(X xj Y) with
HOR Homes(P(A), P(B))) which sends each object E € D(X x; Y) to a quasi-functor
P(A) — P(B) whose underlying functor Dqc(X) — Dgc(Y) is isomorphic to the
Fourier—Mukai transform defined by E.

Example 4.3. Let X and Y be separated schemes of finite type over k. By [Rou08,
Th. 7.39] there exist strong generators Fx and Fy of D(X). Choose h-injective reso-
lutions of Fy and Fy and let A and B be their DG-End-algebras. Then A and B are the



Spherical DG-functors 2615

standard Morita enhancements of D(X) and D(Y), i.e. P™/(A) and P™7(B) are their
standard enhancements in the usual sense. It was, moreover, proved in [Lunl0, Th. 6.3]
that for any choice of generators Fx and Fy the DG-algebras .4 and B are smooth.

By [Toé07, Th. 7.2] the pullback along the Yoneda embedding A — P77’ (A) in-
duces an isomorphism

R Hom(PP (A), PP (B)) = R Hom(A, P77 (B))

in Ho(DG-Cat). Once again, the universal properties of R Hom and [Toé€07, Lemma
6.2] imply that R Hom(A, PP (8B)) is represented in Ho(DG-Car) by PBPef (A-B),
the full subcategory of P(A-B) consisting of 5-perfect bimodules. Explicitly, after re-
placing A by its cofibrant resolution, any quasi-functor in H%(R Hom(A, P77 (13))) can
be represented by an actual functor A — P77 (B). Taking any h-projective resolution
of the corresponding B-perfect A-B-bimodule, we obtain the desired homotopy class in
PE-Perf (A-B).

Thus every quasi-functor P77 (A) — P™7(B) can be represented by an element
M e PBPerf(A-B) and the underlying functor D(X) — D(Y) is then (—) (ELQA M. 1t
follows again from Section 2.2 that MPB defines a quasi-functor ”PP“’r (B) — PP7(A)
whose underlying functor (—) ®B MPB is the right adjoint of (—) ® A M If M is also
A-perfect, then M “4 defines a quasi-functor whose underlying functor (—) ® BM A s the
left adjoint of (—) ®A M.

It also follows from [Lunl0, Prop. 6.14] that A°°P ® B is the standard Morita en-
hancement of D(X x Y). Since A is smooth, we have by Cor. 2.15 a natural inclusion
PB-Perf (A-B) ¢ PP (A-B). This identifies each quasi-functor P77 (A4) — PP7 ()
with an object E € D(X x Y) in such a way that its underlying functor D(X) — D(Y)
corresponds to the Fourier—Mukai transform defined by E.

5. Spherical DG-functors

5.1. Spherical bimodules and spherical quasi-functors

Let A and B be small DG-categories and S € D(A-B) be A- and B-perfect. Denote by R
and L the derived duals S& and S in D(B-A). Let

s: D(A) — D(B)

L
be the exact functor (—) ® 4 S and

r,l: D(B) — D(A)

L 3 L 7
be the exact functors (—) ®pg SB and (-) ®B SA. By Cor. 2.2, r and [ are right and left
adjoint to s.
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As per Section 4 the objects of e.g. D(A-B) represent continuous quasi-functors
P(A) — P(B). The functors s, r and [ are the exact functors underlying the quasi-
functors S, R and L. Accordingly, we introduce the following notation. Given e.g. S €

L
D(A-B) and R € D(B-A), we write SR for the object R ® 4 S € D(B-B). The exact
functor underlying the quasi-functor SR is then sr.

Definition 5.1. Define:

e The twist T of S is Cone(SR LY B) in D(B-B).

e The dual twist T' of S is Cone(B 2 SL)[—1]in D(B-B).
e The cotwist F of S is Cone(A -5 RS)[—1]in D(A-A).

e The dual cotwist F’ of S is Cone(LS LY A) in D(A-A).

Thus we have the following natural exact triangles in D(B-8) and D(A-A):

SRE BT, 5.1)
T - B2 sL, (5.2)
F— A% Rs, (5.3)
LSS A F. (5.4)

Letr,t': D(B) — D(B)and f, f': D(A) — D(A) be the corresponding exact functors.
By Cor. 2.2 the functorial exact triangles induced by (5.1)—(5.4) are

P L R (5.5)
¢ > dps, adionit . (5.6)
f — ldpa 2 s, 57)
s adj.counit ldpea) — ', (5.8)

i.e. t and f[1] are functorial cones of the counit and the unit of the adjoint pair (s, r),
while ¢'[1] and f’ are functorial cones of the unit and the counit of the adjoint pair (I, s).
Finally, consider the compositions

(5.1) tr

11 % Lsr 5 R, (5.9)
R rsr O Frpy, (5.10)

and the induced natural transformations

) oo
11[—1] 824 pgp 2coum (5.11)

adj.unit

rst 22 ). (5.12)
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Definition 5.2. An object S € D(A-B) is spherical if it is A- and B-perfect and the
following hold:

(1) t and ¢’ are quasi-inverse autoequivalences of D ().

(2) f and f’ are quasi-inverse autoequivalences of D(A).
S.
(3) It[—1] (—”)> r is an isomorphism of functors (“the twist identifies the adjoints”).

@ r (5.12)

We say that an A-B-bimodule is spherical if its image in D(.A-B) is spherical.

fI[1] is an isomorphism of functors (“the cotwist identifies the adjoints”).

The following is the main theorem of this section:

Theorem 5.1. Let S be an A- and B-perfect object of D(A-B). Suppose any two of the
following conditions hold:

(1) t is an autoequivalence of D(B) (“the twist is an equivalence”).
(2) f is an autoequivalence of D(A) (“the cotwist is an equivalence”).

5.11
3) Itf[-1] u) r is an isomorphism of functors (“the twist identifies the adjoints”).

5.12
@ r (——)> flI[1] is an isomorphism of functors (“the cotwist identifies the adjoints”).

Then all four hold and S is spherical.

To prove this result we lift everything to the DG-enhancements P(A-A), P(B-B),
P(A-B) and P(B-A) and work with twisted complexes over them. As these
DG-categories are strongly pretriangulated, the canonical convolution functors send
twisted complexes over them to (the Yoneda embeddings of) these categories them-
selves. Given e.g. a twisted complex Egy — --- — E, over P(A-A), we write
{Ey — --- — E,} forits convolution in P(A-A).

Recall that R Homs(P(A), P(B)) is represented in Ho(DG-Caty) by P(A-B)
(cf. Example 4.2). Similarly, Morita quasi-functors A — B3, the morphisms from A
to B in Mrt(DG-Cat), are in 1-to-1 correspondence with ordinary quasi-functors
PPI(A) — PP (B), and R Hom(P™7 (A), P77 (B)) is represented in Ho(DG-Cat)
by PA-Perf (A-B) (cf. Example 4.3). Define a quasi-functor P(A) — P(B) or a Morita
quasi-functor A — B to be spherical if the corresponding element of D(A-B) is
spherical.

Let M = AQ® 4 S ®p B, with S viewed as the corresponding bimodule in .A-Mod-3.
Then M is an h-projective resolution of S in .A-Mod-B. We now make use of the homo-
topy adjunction theory set up in §2.2, and in particular of h-projective resolutions M hA
and M"B of M4 and MB.

Below, we use the following shorthand: T denotes a map which consists of applying
all possible instances of the canonical maps A — A, B — B, e.g. MM S MA or
Mo M"B 5 M ep MB.

In the diagrams below, maps of degree 0 are denoted by solid arrows and maps of
degree —1 are denoted by dashed arrows.
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By Def. 2.10 of the homotopy action maps, the following diagrams commute up to
homotopy:

B—s MA@ M A Mo MB

rL L(z.zé)or rl L(z.zsm (5.13)

B —%5 Hom4(M, M) A Homp(M, M)
Fix 05 € Homg_lB(B, Hom 4 (M, M)) and 6 4 € HomiA(/_l, Homg(M, M)) such that

(2.26) o T oact = acto t + dOp,
(225) ot oact=acto 1 +db 4,
i.e. the squares in (5.13) commute up to dfi and df 4.
To establish our homotopy adjunctions we have proved in Prop. 2.11 that the four

compositions (2.46)—(2.49) are homotopic to the identity. We can now make this more
precise: Let

1d®6
xA=M 5 M @gHoma(M, M) > M € Hom 'z (M, M),

6 1d
x5 =M 225 Homp(M, My @4 M & M € Hom ! 5(M, M),

1d®0RId 5 - 1d®(—o—)®Id
MhA 120BEI B®pHom 4 (M, M)®BMA®A.AM—> MhA

€ Homg,_lA(MhA, MhA),

dO4ld = - 1d®(—o0—)®Id
£y = M8 MEAS B MB @ 4 Homp(M, M)@ 4 A2

A=

MhB
€ Homg' ((M"B, M"P).

The compositions (2.46)—(2.49) equal Id + dég, Id + dxp, Id + dé4 and Id + dx 4,
respectively.

By construction, the homotopy action and trace maps are isomorphic in D(A-.A4) and
D(B-B) to their derived counterparts. Therefore

T~{MBgsM> B} inD®B-B),
deg.0

T/ ~ {d§0 2 MM @M} in DB-B),
Fx|{A X MogM'B)  inDA-A),

deg.0
F'x{MesM™ S A} in D(A-A).
eg.!
Proposition 5.3. We have

TB~T inDB-B), (FYA~F inD(A-A).

Consequently, t' is the left adjoint of t: D(B) — D(B), and [’ is the left adjoint of
f: D(A) — D(A).
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Proof. By definitions of T’ and T we have exact triangles
T’—)Ba—Ct>MA(§I§AM, MgébAMgB—)T
in D(B-B). Applying the functor (—)ZB to the latter we obtain an exact triangle
7B 5 Y (P ®.4 M),
Lemma 2.13 produces an isomorphism MA é)A M > (MB é)A M)'B which makes the

diagram . L
B—X s MAQAM

!B

5 L
B—— (MB @4 M)/B

commute. Thus there exists 7" ~ T'B which completes the above to an isomorphism of
exact triangles.

An identical argument produces an isomorphism (F ’)’“‘I ~ F in D(A-A). The final

L 5 L e
assertion then follows since by Cor. 2.2 the functors (—) ®p T'B and (—)®4 (F )’A are
left and right adjoint to # and f”, respectively. O

Thus, if ¢ is an autoequivalence of D(B) then ¢’ is always its quasi-inverse, and similarly
for f and f’.
Denote by B L TT and T'T S B the maps in D(B-B) which the isomorphism

T' ~ T'B of Prop. 5.3 identifies with the derived action and trace maps for 7. By con-
struction of the (¢, ) adjunction these maps induce its unit and counit.

Proposition 5.4. The maps B X TT and T'T S Bare isomorphic in D(B-B) to the
maps

B—

deg.0

(MhB ®A M trd(act®Id) =

Bo (M esMepM™B oM

deg.0

—Id
) actd( ®tr) Mh‘A ®A M),

(5.14)

® A M)
- B (5.15)

deg.0

_1d _
LB, B (M"B @4 M @p MM @ 4 M)

deg.0

1d
(MhB ®AM act@(tr@ ) MhA

of twisted complexes over B-Mod-B given, respectively, by

5 ld®act

— Ide (Id Id
B—>B®(MhA®AM)M>

Ba M@ MepM"B@4M),
(5.16)

- —(Id 0@
g BB hA oy, (5.17)
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and
Be M @i MepMAey M LU Ba mBeym) L B, (5.18)
M"B g 4y B, (5.19)

Proof. We treat the case of the adjunction unit, the case of the counit is treated identically.
act

It suffices to show that (5.14) is isomorphic in D(B-B) to B — TT 1B The latter is
isomorphic to

act tr t
B % Homjp({MB @4 M > Bl (MBosM > B (5.20)

since {M Boim 5B } is a left B-h-projective bimodule homotopically equivalent
to T deg.0

By the commutativity of (2.54), the composition of the B-action map with the quasi-
isomorphism

adjunction
—_—

Hom 4 (M, M) — Homy (M, MBB) (MB @ 4 M)'B (5.21)

is the left dual of the B-trace map. The following is a chain of quasi-isomorphisms of
twisted complexes:

deg.0

tré(act®Id) _ act@(—Id®tr)
MB g 4 M Be MM g s MegMB @4 M) MhA @ 4 M
l T~ Leesen T~ _ —ogeo l‘

T T~ 7@ (ev®Id)or -~ evor

5 tr@® (act®Id) T 5 act@(—1d®tr) ~
M” @4 M B@(HomA(M,M)®BM R4 M) Hom 4 (M, M)

Idl 1de(5.21) (521

rou!Bold) B (-1dot)
MB @ M Bo (MB g M)BogMB o4 M) MB @ 4 M)'B
actev

tro(—)@(—)otr (—)otrd—tro(—)
_— _—

Homy (B, MB ® 4 M) Homy;3(B, B) @ Homyg(MB ® 4 M, MB ® 4 M) Hom;z(MB @ 4 M, B)

(5.22)
By Lemma 3.5(2) the map (5.20) is isomorphic to the map
B
lactﬂ)act (523)

tro(—)@(—)otr (—)otr®—tro(—)
_— _—

[Homy5(B, MB ® 4 M)) Hom;;3(B, B) @ Homyg(MB @ 4 M, MB ® 4 M) Homyz(MB © 4 M, B))
To show that (5.14) is isomorphic in D(B-B) to (5.23), it now suffices to show that

(5.22) o (5.14) is homotopic to (5.23) o 7. It is a routine check of the kind we normally
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leave to the reader, but we write it out in detail just this once to give the flavor of the
computations involved.
The composition of (5.14) with (5.22) is the map

B —~ —
T - @ (5.24)
(actot)®ay() — - _
T = s
[Hom; 5 (B, MB © 4 M)) ————— Hom;(B, B) ® Homjg(MB ® o M, MB ® 4 M) — > Homjz(MB ® 4 M, B)}
tro(—)@(—)otr (=)otr@—tro(—)

where

a1 = (B =5 Hom (M, M) 222 Homp(MB® 4 M, B))

act —1d®xB
—

] 5.21)oevo
+(B5 MM oM 2 ocver,

MM @M Homys(MB @ A M, B))

and the composition ¢ can be computed by considering the following diagram:

Id®act®Id

~ act
B M Ag M MMAQ A M@ MBe oM

, |

A Id®act®Id A Id®eveld A B ev®ld B
MARAM —— MA@ gHomp(M, M)®AM <——— MARA MR MB® A M ——— Hom 4 (M, M)@MB & 4 M

@ \ é o) Bl l 148 (2.27)8ld (@2T)0(-)Bld L
Id®act®Id

Id®@eveld evld
ev MA® gHomp (MB, MBY@ AM <— MARUMBB@EMB® A M — Homp (M, MBB)@MB @ 4 M

evo(Id®(2.23)) evo(adjunction®Id)
(2.18)o(—)

adjunction

t
B2 Hom_4 (M, M) ~> Hom_4 (M, Hompg (MB, MB @ M)) ~~~c~~~~~~~~~~~~~>> Homy g (MB @ 4 M. MB ® 4 M)

This diagram commutes except for the sections marked (A) and (B). These commute up
to dfp and T @ df 4 ® 1d, respectively. The upper right border of this diagram composes

to ap, while its bottom line composes to B il HomlB(MB RQAM, MB@M)). It follows
that
o :actor+d(ﬂ1 o0+ Brol(r ®9A®Id)oact)
where 81 and B, are the corresponding compositions of the wavy arrows in the diagram.
Thus (5.24) is the sum of (5.23) o t and the map

B —~ —
T - @ (5.25)
0®d (81 083+B20(t®6_4 ®1d)oact) - - _
T = s
[Hom; 5 (B, MB © 4 M)) ————— Hom;(B, B) ® Homjg(MB ® o M, MB ® 4 M) — > Homjz(MB ® 4 M, B)}
tro(—)@(—)otr (=)otr@—tro(—)

and it remains to show that (5.25) is a boundary.
It suffices to show that

@) =—(tro(=))o(Brobp+pro(t®64®1d)oact).
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By definition of o1 and x5, this would follow from
521)o0 0 =(tro(—)) o B 063,
(5.21)oevo(ld®ev) o (t®604 ®Id) ocact = (tro(—)) o fro (T ® 04 ® Id) o act.

In fact, a stronger statement is true: (5.21) = (tro(—))o B and (tro(—))o B cevo (Id®ev)
= (tro (—)) o Ba. It is equivalent to the commutativity of the following two diagrams:

(2.18)o(—) B B adjunction B B
Hom 4 (M, M) —————— > Hom 4 (M, Homp(M*~, M® @ M) ———— > Homyp(M® @ A M, M~ @ g M)

\ l(lro())o() llro()
(2.27)0(—)

adjunction
Hom 4 (M, MBB) Hom 4 (MB ® 4 M, B)

B

1d®(—)” ®Id

MA@ 4Homg(M, M)®@ A M ————— > MA@ 4 HomgMB, MBy® g M ———= = Hom 4 (M, Hom (MB MB)y® 4 M)
A B A A B A A B A

1d®ev \ (—)Bgld)o(= (2.23)0(_)

MAR M Hom_4 (M, Hompg (M, M)® 4 M) Hom_4 (M, Homg(MB, MB @ M))

ev (tro(—=))o(=)
(2.18)0(—) (tro(—))o(—)
—_—

Hom 4 (M, M) ————— > Hom_4 (M, Homg (MB, MB @ M)) Hom 4 (M, MBB)
which is readily checked. o

Let A2 FF and F'F 5 Abe the maps in D(A-.A) which the isomorphism (F ’)’“‘I ~
F of Prop. 5.3 identifies with the derived action and trace maps for F. The following
proposition is proved in the same way:

Proposition 5.5. The maps A X FF and F'F 5 Aare isomorphic in D(A-A) to
the maps

A —
deg.0

1
(M ®5 act@(treld)

M A EECED, gy (M @p MM ® 4 M @5 M) M@ M"E),
deg.0
(5.26)

—Id
actd(—1d®tr) M®s MhB)

Id -

deg.0

(M ®nB
- A (527
deg.0

of twisted complexes over A-Mod-A given, respectively, by

] Jaoact Id@act Ao M op MhB) Wﬂ A® (M o5 mhA R4 M Rp MhB),
(5.28)
A Zalldorct s MB, (5.29)
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and
A ldo—(Id®ueld) = _
A®(M®BMhB®AM®BMhA)MA@(M@BM}’A) Idetr A,
(5.30)
M ®B Mh.A —tro(xp®Id) ./_l (531)
Consider the twisted 2-cube over B-Mod-.A
0 Mh.A
LId@act (5.32)

MhBﬂMhA ®AM®B MhB

By the Cube Lemma (Lemma 3.6) the convolutions of the rows of (5.32) fit into a
1-cube (i.e. a single morphism) whose convolution is the convolution of the total com-
plex of the 2-cube. And similarly for the convolutions of the columns of (5.32). This
is formalized in the Cube Completion Lemma (Lemma 3.7) which constructs for us the
diagram

0 Mh.A Mh.A (1

Id®act

1
MMB o M M@ M ——— (M5 — M A MeME)
acl deg.0

MhB . {Mh.A N Mh.A®M®MhB} . {Mh‘A@MhB N Mh.A®M®MhB} [_1]>

deg.0 deg.0

(1] [1] (1]

(5.33)

in B-Mod-A. The morphisms marked [1] are morphisms of degree 1 which “wrap
around” to the beginning of the corresponding row or column. We have not labeled all the
maps within twisted complexes or the morphisms between their convolutions in (5.33),
but the precise formulas can be found in Lemma 3.7.

Let now Q be the convolution of the 2-cube (5.32) shifted by one to the right, that is,

—Id®act—act®Id
0 := [MMA g pB el

deg.0

Id®act+act®Id
_—

~ Cone(R & L RSL)[-1] in D(B-A).

The diagram (5.33) descends to a commutative 3 x 3 diagram in D (B-.4) whose rows and
columns are exact:
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0 s —1
l j(act)L la’
R per — o RTIN (5.34)

|
R —*= FL[1] — Q[1]
The connecting morphisms for the exact triangles are the images of the morphisms labeled

[1]1in (5.33).

Lemma 5.6. The following are equivalent:

5.12
( ) ——> fI[1] is an isomorphism (condition (4) of Theorem 5.1).

r(unit)®unit
r @1 ——— rsl is an isomorphism.

0 ~0in D(B-A).
a is an isomorphism in D(B-A).
o’ is an isomorphism in D(B-A).

L
Proof. Denote by ¢ the functor (—) ® Q from D () to D(A). The morphisms R — RSL

and L — RSL in (5.34) induce the natural transformations r m rsl and [ u—m—t> rsi.

Hence R > F L[1] induces the natural transformation (5.12). The functorial exact

triangle r M fI[1] — gq[1] induced by the bottom row of (5.34) implies that

5.12
r SE f1[1] is an isomorphism if and only if ¢ is the zero functor. Similarly, the ex-

act triangle R @ L w) RSL — Q[1] implies that r & [ M rsl is an

isomorphism if and only if g[1] is the zero functor.

Clearly QO ~ 0 implies that g is the zero functor. On the other hand, if g is the zero
functor then it sends all representable B-modules to 0 € D(A). Thus ,Q is an acyclic
A-module for all b € B, and hence Q is acyclic. We conclude that ¢ is the zero functor if
and only if Q >~ 0in D(B-A).

Finally, Q >~ 0 is equivalent to « (resp. &) being an isomorphism by exactness of the
bottom row (resp. right column) of the diagram (5.34). |

Now define

—tr@ld—Id®t
deg.0

Lu®dtrR

~ Cone(LSR —— L@ R)[1] in D(B-A).

Then, in a similar way, the twisted 2-cube

MhB 4 M B Mh.A tr®1d; MhA
| L (5.39)

Mh8—>0
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produces the following 3 x 3 diagram in D(3-.4) whose rows and columns are exact
triangles:

Q-1 —— FRI-11 -2~ 1L

.

LT[-1] LSR L (5.36)
ﬁl l (tr)R l
Arguing as in the proof of Lemma 5.6 we obtain:
Lemma 5.7. The following are equivalent:
5.11

o [t[—1] u) r is an isomorphism (condition (3) of Theorem 5.1).

[ (counit)®counit R . .
o lsyr ————— > | @ r is an isomorphism.
o O'>~0in D(B-A).
e B is an isomorphism in D(B-A).
o B’ is an isomorphism in D(BB-A).
Consider now the twisted 2-cube over Pre-Tr(3-Mod-5):

MMAg M 1d MA@ M
deg.1 =~ deg.1
T~ _1->1:-ld®xn
lal:ld®act®ldl =~ - ll%l:ld
T~
hB —act®Id hA hB 0—0:tr 5 act hA
(M de(?OAM — > M eAMesM ®AM) 1—1: —Id®tr (delgo —M ®‘AM)

(5.37)

A priori the total complex of a face of a twisted cube over Pre-Tr(3-Mod-B) is an object
of Pre-Tr Pre-Tr(53-Mod-B5). However, there is a canonical equivalence

Pre-Tr Pre-Tr(3-Mod-1) = Pre-Tr(B-Mod-B)

(see [BK90, §2]). We implicitly use this equivalence wherever possible.
The Cube Completion Lemma constructs from the 2-cube (5.37) a 3 x 3 commutative
diagram in D(B-B) whose rows and columns are exact. We now compute this diagram.
The left column of (5.37) is the image under (—) ® 4 M[—1] of the first map in the

right column of (5.33). It descends to the morphism SL[—1] Se, SRT’ in (5.34) in
D(B-B) and its convolution is isomorphic to SQ.

The bimodule B is homotopy equivalent to the total complex of the right column
of (5.37):
(Bo MM @4 M2 MhAg 4 M), (5.38)

> 0—0: Idd— act
(B) ——
deg.0 deg.0
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The total complex of the top row of (5.37) is the null-homotopic twisted complex
(M"A @M X oyrAg M ), while the total complex of the bottom row is the twisted

deg.0
complex
d 5 —Id
M"B @ M L2, By (MM A @4 M @p M'E @ 4 M) T, A g, M
deg.0
(5.39)

which we have shown in Prop. 5.4 to convolve to TT".

By the Cube Lemma, the total complex of the whole 2-cube equals the total complex
of the 1-cube constructed from its rows. It is then clear that the total complex of (5.37) is
homotopy equivalent to (5.39):

tré (act®Id) act@(—Id®tr)

—Id _
(MM A QM = MM A Q4 M) (M"B @ 4 M S, Bo MA@ s Mo M'B g 4 M) 4, MA@ 4 M)
deg.0 0—1:—Id®xpg.1—>1:1d deg.0

—_
—

0—0: 0ld®actxId

—
—

=~ — 1=0:0¢-Id®act®Id
= - Id

1—>1:Id®xE = - -
-~ B
MB@ g M — Bo(M"MA @4 MeogMB @, M) — MM @ 4 M)
tr@(az@m) deg.0 acl(-B(detX)tr)

(5.40)

Consider the map which the Cube Lemma constructs from the total complex of the
right column of (5.37) to the total complex of the whole 2-cube. It composes with the
homotopy equivalences (5.38) and (5.40) to give the map (5.14). The latter was proven in

act

Prop. 5.4 to be isomorphic in D(B-B)to B — TT’.
Putting together all of the above, we see that the diagram constructed by the Cube
Completion Lemmma from (5.37) is isomorphic in D(B-B) to

SL[—1] == SL[-1] ——=0
w ]
SRT' T’ TT' (5.41)
o) B—X 711

Similarly, the following twisted 2-cube over Pre-Tr(B-Mod-B5):

_ . —1->—1: —Id®act -
(MBgm S )y ="l (B, MegMiAg M —E2S MiAg 4 M)
deg0” 0—0: act deg.0
l Tt~ 11 —ld®xa
—1l>—1:1d T~ L—l—)—l: 1d®treld
T~ s
M"B @ 4 M ld M"B 4 M

deg.—1 deg.—1 (542)



Spherical DG-functors 2627

produces the following diagram in D (3-B) with exact rows and columns:

tr

T'T B SQ’

T'T T SLT (5.43)
A
0 —— SR[1] === SR[1]

Similarly, we incorporate the maps .4 X FF and F'F 5 Ainto the following two
3 x 3 diagrams in D(A-.A) with exact rows and columns:

RS[—1] =——= RS[-1] ——=0
o
FLS F FF' (5.44)
0Ss A— S FF
F'F—Y s A Q'S
F'F F’ F'RS (5.45)
L e
0 ——> LS[1]=—— LS[1]

We obtain immediately:

Proposition 5.8.

(1) If the natural transformation lt[—1] w) r is an isomorphism (condition (3) of

Theorem 5.1) then the adjunction counits 't — Id and f’ f — 1d are isomorphisms.

5.12
(2) If the natural transformation r u> fl[1] is an isomorphism (condition (4) of
Theorem 5.1) then the adjunction units Id — tt’ and 1d — ff’ are isomorphisms.

Proof. We only prove the first claim. By Lemma 5.7 condition (3) of Theorem 5.1 is
equivalent to Q ~ 0 in D(BB-A). Therefore SQ ~ 0 in D(BB-B), and since the bottom

row of (5.41) is exact, B 2 T T isan isomorphism. Thus Id g tt’ is an isomorphism.
Similarly, QS ~ 0 in D(A-.A), and by the exactness of the bottom row of (5.44) the map

act . . . unit . . .
A — FF’is an isomorphism. Hence Id —> ff” is also an isomorphism. O
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Lemma 5.9. Let a, o/, B and B’ be as in diagrams (5.34) and (5.36). Then:

- R F !

(1) The composition R ﬂ) FF'R ——ﬂ—> FL[1] is the map .
/ R

(2) The composition LT[—1] 2T RT'T B R s the map B.

L T’
(3) The composition L LY 7 LLIN RT'[1] is the map o'

(4) The composition F'R[—1] o prrr 98 1 i the map B’.

Proof. We only prove the first claim, the other three are proved analogously. Note also
that throughout the proof we omit labeling the internal twisted maps inside twisted com-
plexes, since they are not relevant to our argument. The results we quote before stating
each twisted complex identify these maps explicitly.

By construction of (5.34) the map R 5 F L[1]in D(B-A) descends from the map of
twisted complexes

(M%)

deg.0

l act®ld ( 5. 46)

(Mh.A%MhA ®AM®B MhB)

deg.0

By Prop. 5.5 the map R Lok FF'R descends from the map of twisted complexes

(M25)

deg.0

~
Id®(Id®act) ~N
~

N
N Id®(—(x.4a ®Id)oact)
hB hB hB
M"E (M@ MepM'P) N
deg.0 AN
N
1dg(~Td®act®Id) S
AN
A

(M"B@AM@pM"* — M"BoM"B A MM @ AMesM"B) — M"Bg 4 M@5M"B)

— deg.0 —_ >

(5.47)
Fp

Finally, FF'R — FL[1] descends from the map of twisted complexes which is com-
puted as follows.

U

By construction of the diagram (5.36) the map F'R — L[1] descends from

(MhB ®AM®B Mh.A—>Mh.A

deg.0

—tr®ld (5.48)

(M%)

deg.—1
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On the other hand, F is the convolution of ( A M e M"B ). Thus the map FF'R
Fﬁ/ . deg.0
— FL[1]1is

WB nA ld®tr hB
{M ®A M ®B M Aig_() } ® {deg.

5 M e M)

(5.48)®Id
—_—

deg.—1 deg.0

Lemma 3.4 tells us how to take tensor product of twisted complexes in a way compatible

F ’
with convolutions. It follows from it that F F'R —ﬁ> F L[1] descends from the map

— T >
(MhB®AM®BMh‘A%MhBGB(MhB®AM®BMhA®AM®BMhB) %Mhlg@_AM@BMhB)

deg.0

L —tr®Id L 0 (—tr1d)

(M"A M'"A@ AM®pM"B) (5.49)

deg.0

It remains to prove that the composition of (5.47) and (5.49) is homotopic to (5.46).
This is equivalent to the following diagram commuting up to homotopy:

Id®act Id®act®Id
M"B 2 MMB R MM —2 (MMBe g MY@p MM AR A M@ M"E
trld trld
i~ | |
MhB act®lId Mh'A®AM®BMhB

(5.50)

This is clear: the square in (5.50) commutes up to homotopy by the functoriality of the
tensor product, while the triangle commutes up to homotopy by Prop. 2.11. O

Let y : F'L[—1] — LT’[1] be the map induced by the following morphism of twisted
complexes:

deg.0
le (5.51)

deg.0
Lemma 5.10. The morphism (5.51) is a homotopy equivalence. Consequently, the map
y is an isomorphism.
Proof. Consider the composition

MA@ 4 (M @p MM Ay K25 yhA B8 (A e My @ MM, (5.52)
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We claim that the homotopy inverse of (5.51) is the morphism

~ el deg.0

~ _ E.A ~ —5A0(1d®tl’)
- o] 1d—(5.52) S~
3 iA R hA
(A @4 M &5 M o MY

Indeed, the composition of (5.51) with (5.53) is the morphism of twisted complexes

Id®tr
(Mh.A ®Adﬁ‘g40®8 Mh.A 5 Mh.A)

~ o —&g0(det
lld—(s.sz) JEacddzm)

~

S A
(Mh.A ®AM®B Mh.A %thl)
deg.0

which differs from the identity morphism by

(Mh.A ®AM®B Mh'A&Mh’A)

deg.0
>~ o Ego(ld®tr)
l(5.52> L 1d

~
~

dew >
(Mh.A ®.Ad£‘g40®8 Mh.A T Mh.A)

This is null-homotopic because it is the differential of the following degree —1 morphism
of twisted complexes:

Id®tr
(Mh.A ®.AdAg40 ®B Mh.A 5 Mh.A)
ce- |

act®Id : Eq

Y
(Mh.A ®AM®B Mh‘A$MhA)

deg.0

Thus the composition of (5.51) with (5.53) is homotopic to Id.
The composition of (5.53) and (5.51) being homotopic to Id is proved similarly. O

’ ! /T/
Lemma 5.11. The composition F'L[—1] B PRT ﬁ—> LT'[1] equals the map y.

Proof. Arguing as in Lemma 5.9 we see that F'L[—1] L, F'RT’ descends from the
twisted complex map
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deg.0

L 0@ (Id®act®1d®Id) Id®act

(MhB®AM®BMh.A 9‘MhB@(Mh'A®AM®BMhB®AM®BMh'A) Q'Mh'A®_AM®BMhB)

—_ deg.0 _ -

(5.54)

Once again we omit labeling the internal twisted maps inside twisted complexes since
. . /T/

they are not relevant to our argument. Similarly, F'RT’ ﬁ—> LT'[1] descends from the

twisted complex map

- = - — x>
(M"B@AMRM"A — M"BeM'" AR AMRM"BRAMRM"A) — M"® A MezM"B)

deg.0

tr@Id L 0@ (Id®I1dRtreld)

(mhA M"A@ g M@pM"A) (5.55)

deg.0

’ /T/
Hence the composition F’'L[—1] o FRT LI LT'[1] descends from

(Mh.A ®AM®B Mh.A S Mh.A)
deg.0

LId®((1d®tr)o(act®ld))®1d (556)

(MhA — s MhA QA MQp Mh'A)

deg.0

By Prop. 2.11 the composition

M act®ld M o5 MhB QUM ld®tr M

is homotopic to Id, and thus (5.56) is homotopic to the map y . O
Lemma 5.12. The following maps are equal:

o LT[—11 %% FLp11.

5.26 FyT 15
o LT[-1]1 222 rrrri—11 24 Frrrig 229 o,
Proof. By Lemma 5.9 the composition LT [—1] —aﬁi F L[1] equals the composition
LT—11 4L T RO R O2OK ppp P prin, (5.57)

By functoriality of tensor product the composition (5.57) equals the composition

Fp’

4 526)RT'T FF'R(5.15
L1 YL rrr 208 pprrrr ZEROD, ppp BB pLn). (5.58)
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which by functoriality of tensor product again equals the composition

5.26 "o FB'T'T 5.15
Lri-11 2220 pror-n 229 prrrr 2255 Py 282 Fop,
(5.59)
The claim now follows by applying Lemma 5.11 to the two maps in the middle of (5.59).
O

Similarly, let y" : RT[—1] — FR[1] be the map induced by the following morphism of
twisted complexes:

(MhB A MRp M"B L@Id MhB)

deg.0
le (5.60)
(MhB ldgact 1B OUM S5 MhB)
deg.0

The following two results are proved identically to Lemmas 5.10 and 5.12:

Lemma 5.13. The morphism (5.60) is a homotopy equivalence. Consequently, the map
y' is an isomorphism.

Lemma 5.14. The following maps are equal.:

a’of’

o F'RI—11 25 RTIIL.
4 . F/ /T/ . ’
o F'R[—11 25 prprr—11 2275 prrrrp S2285 R,

Thus, if the adjunction maps (5.26) and (5.15) are isomorphisms, then the composition

« o B is an isomorphism, and it filters through the canonical map RSL LF L[1].
We are now in a position to prove the main theorem. Before we begin, recall that in

a triangulated category all retracts are split. More precisely, let Z 5 Y be aretract in a

triangulated category, that is, there exists Y L zZwihz Sy S z being the identity.

Then for any completion of g to an exact triangle X —f> vy & Z,X®Z & Y is an

. . o . h® .
isomorphism. Moreover, its inverse is of the form Y 2% X @ Z for some morphism

Y 2% X. This can be established using only the axioms of triangulated categories, though
for enhanced triangulated categories one can see it very explicitly on the level of twisted
complexes.

Proof of Theorem 5.1. (3)&(4) = (1)&(2): Suppose that the natural transformations

5.11 5.12 L .
[t[—1] u> r and r u) fI[1] are functorial isomorphisms. In other words, con-

ditions (3) and (4) hold. Then by Proposition 5.8 the units and counits of both adjoint
pairs (¢, 1) and (f', f) are isomorphisms. Hence (¢', 1) and (f’, f) are pairs of mutually
inverse equivalences, that is, conditions (1) and (2) hold.

H&3) = @), (H&E) = 3), 2)&3) = 4), (2)&(4) = (3): We only prove the first
assertion, the other three are proved similarly.
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Assume that (1) and (3) hold. Condition (1) is (¢, t) being mutually inverse equiv-
alences. In particular, the adjunction unit Id — ¢’ is an isomorphism. Therefore the

14
morphism B Ll T'T, which by Prop. 5.4 induces this adjunction unit, is also an

isomorphism. On the other hand, by Lemma 5.7 condition (3) is equivalent to the map
LT i R[1] in (5.36) being an isomorphism.
By Lemma 5.7 condition (4) is equivalent to the map L 2 RT’ [1]in (5.34) being an

isomorphism. By Lemma 5.9 the map L % RT'[1] decomposes as

L(5.14) LN BT’

L—— LT RT'[1].

By the above, both the composants are isomorphisms. Hence L SN RT’[1] is also an
isomorphism, as desired.

()&(2) = (4): Assume that (1) and (2) hold. Then Id °=% FF and T'T 222 1d are
isomorphisms. By Lemma 5.10 the map F'L[—1] RN LT’[1] induced by (5.51) is always

an isomorphism. By Lemma 5.12 the map LT [—1] i RS FL[1] decomposes as

5.26 FyT 5.15
LT—11 222 preri-n 25 rrrrpg 222 prpng

and is therefore an isomorphism.

This isomorphism « o g filters through the canonical map RSL LF L[1], thus FL[1]

° —1
is a retract of RSL. More specifically, denote by 7 the map FL[1] % LT[-1] ﬁ)

R ﬂ RSL, so that B
FL[11 2 RSL 2 FL[1]

tL
is the 1dent1ty map. Since all retracts in triangulated categories are split, and L=

RSL L F L[1] is an exact triangle, it follows that there exists a map RSL b such

that

Lo FL[1] 2P pop SO 1 o FL1]

. . 5.27 5.14
are mutually inverse isomorphisms. Similarly, since F’F L2, Id and Id SN TT' are

isomorphisms, Lemmas 5.13 and 5.14 imply that the map F’R[ 1] ﬂ) RT'[1] is an

_ N4 —1
isomorphism. Let Z be the map RT'[1] 22— F'r{—11 £ L % RSL. Then there

exists a map RSL R R such that

R: 3 ‘Ract
R @ RT'[1] BV pop KAV b o RT'IN

are mutually inverse isomorphisms.
5.15)
Since T'T L), B is an 1s0m0rph1sm it follows from the exactness of rows and

columns in (5.43) that SLT[—1] — SR is an isomorphism. So is SLT[—-1] —— SuoSB
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SF L[1], and hence so must also be SR Se SFL[1]. Then S(aoB)~ ! = (S8)lo(Sa)~ !,
and hence the following diagram commutes:

.
SFL[1]—1~ SRSL

Sa | ~
SRact

SR
Consider now the map SFL[1] — T’[1] which is adjoint to FL[1] £om, RT'T1]. It
filters through
S(¢o
sFL[1] 27 srTM1],
which we can rewrite as

SFL] S92 sr SR srer 5 srTL,

and R Ract RSL AN RT'[1] is the zero map. We conclude that FL[]] -— RT'[1]is

adjoint to the zero map, and hence itself is the zero map.
Similarly, S’ and SB’ are isomorphisms and the following diagram commutes

i
SRT'[1] == SRSL

I~

SL
. S(RactoactL . . . RactoactL
It follows similarly that SL StRactoacth), SR is the zero map, and hence so is L Ractoartk .

Observe now that the composition

(actL)®7] (Ract)®¢

L& FL[1] RSL R & RT'[1]
is an isomorphism and we have shown that the compositions

L2% per U R and FLI] S RSL S RT'[1]

are the zero maps. It follows that the compositions

actL Ract

L2 R 5 RT[1] and FL[1] 2 RSL B4 R

are isomorphisms. The former composition is, by definition, the map L 2 RT'TI. 1t
follows by Lemma 5.7 that condition (4) holds, as desired. O

5.2. Applications to algebraic geometry

In this section we interpret the results of Section 5.1 in the context of algebraic geometry.
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Let Z and X be two separated schemes of finite type over k. Recall that for any
E € Dy (Z x X) the Fourier-Mukai transform ®g is the functor Dgc(Z) — Dgc(X)
defined by

Ry, (E ® 75(—),

where w7 and my are the projections from Z x X to Z and X. Note that &g does not
a priori restrict to a functor D(Z) — D(X).

As explained in Example 4.3, we can Morita enhance D(Z) and D(X) by smooth
DG-algebras A and B whose classes in Ho(DG—CatkCtr ) are the standard enhancements
of D(Z) and D(X). Moreover, D(Z x X) is Morita enhanced by the DG-algebra A°PP ® B
and the following holds. Recall that Morita quasi-functors A — B are identified naturally
with the elements of DB 77 (A-B). Since A is smooth, we have a natural inclusion
DB-Perf (A-B) < D.(A-B). Thus to each Morita quasi-functor A £ B corresponds an
element in D.(A-B), and so an element E € D(Z x X). The Fourier-Mukai transform

&g restricts to a functor D(Z) 2 D(X), and this functor is isomorphic to the exact
functor D(Z) — D(X) underlying F.

Similarly, X x Z, Z x Z and X x X are Morita enhanced by B°°P @ A, A°PP @ A
and B°PP ® B with a similar correspondence between Morita quasi-functors and Fourier—
Mukai transforms. We implicitly identify X x Z with Z x X using the canonical isomor-
phism between the two. For any object E in D.(A), D.(B), D.(A-B), etc. let E be the
corresponding object in D(Z), D(X), D(Z x X), etc.

Let S € D(Z x X) be such that the corresponding S € D.(A-B) is A- and B-perfect.
Let L = S” and R = SB. These are A-perfect and B-perfect, respectively. Since .4 and
B are smooth, L and R lie in D.(B-.A) by Cor. 2.15. The corresponding objects L and R

o7, Dp
in D(X x Z) define the Fourier—-Mukai transforms D (X) LR D(Z) which are left

@,
and right adjoint to D(Z) —% D(X). The adjunction counits and units are the natural
transformations of the Fourier—Mukai transforms induced by the derived trace and action
maps

SRE B and LSS A, (5.61)
B2 SL and A% Rs. (5.62)

The cotwists F, F' € D(A-A) and the twists T, T" € D(B-B) of S were defined in
Section 5.1 as the cones and the (—1)-shifted cones of the derived trace and action maps
above. It follows from Cor. 2.15 that they are all compact objects. Hence we can define the
cotwist and the dual cotwist of S to be the corresponding objects F and F' € D(Z x Z)
and the twist and the dual twist of S tobe T and T’ in D(X x X). Finally, define

CDR — q)];q)z[l], (563)
O;P5[-1] — Dp (5.64)

to be the natural transformations of Fourier—Mukai transforms which correspond to the

. 5.11 5.12 . .
natural transformations /7[—1] u) randr u) f1[1] constructed in Section 5.1.
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The algebras A and B are constructed as DG-End-algebras of Z-injective strong gen-
erators Fz and Fy of D(Z) and D(X). It follows from [Lun10, Th. 6.3] that choosing a
different generator Fy of e.g. D(X) produces a Morita equivalent DG-algebra 3'. More
generally, it follows that a different choice of generators F/, and F} produces Morita
equivalent DG-algebras A', B/, A'-B', A'- A’ and B'-B'.

All the constructions from Section 5.1 we have used so far were defined entirely in
terms of the derived duals R and L of S and the derived trace and action maps. One
can check that the derived dualizing functors and the derived trace and action maps are
preserved under Morita equivalences. Thus the objects L, R, F', F/, T, T’ and the natural
transformations (5.63)—(5.64) defined above depend only on S € D(Z x X) itself, and
not on our choice of the generators Fx and Fy of D(Z) and D(X).

Though we have established that the above objects and maps are well-defined and are
determined only by S € D(Z x X), to actually compute them in any practical scenario
would require explicit formulas for L, R in terms of S as well as explicit formulas for the
maps in D(X x X) and D(Z x Z) which correspond to the derived trace and action maps.
To this end we offer the following:

Conjecture 5.15. Let S € D(Z x X) be such that the corresponding S € D¢(A-B) is
A- and B-perfect. Then

L ~RHomzxx(S,7,(0z)), R =RHomzxx (S, 14(Ox)),

and the maps in D(Z x Z) and D(X x X) which correspond to the derived trace and
action maps (5.61)—(5.62) are isomorphic to the explicit maps written down in [AL12]
and [AL16] which lift the adjunction counits and units of Fourier—Mukai transforms to
the level of Fourier—Mukai kernels.

Finally, we need an intrinsic condition on § € D(Z x X) on the algebro-geometric side
which ensures that the corresponding S € D.(.A-B) is .A- and B-perfect.

Lemma 5.16. Let S € D(Z x X). The Fourier—-Mukai transform @ restricts to D(Z) —
D(X) and this restriction has a left adjoint which is also a Fourier—Mukai transform if
and only if the corresponding object S € D¢(A-B) is A- and B-perfect.

Proof. As explained above, S € D.(A-B) is B-perfect if and only if &g restricts to

L
— @_
D(Z) — D(X). In that case D.(A) M D (B) corresponds to D(Z) N D(X).
L §
Suppose now S is also A-perfect. By Cor. 2.2 the functor (—) ®p SA is left adjoint

L 8
to (—) ®4 S. Moreover, since S is A-perfect, so is S4. Hence there exists an object in
D(X x Z) which defines the Fourier—Mukai transform D(X) — D(Z) which corresponds

L -
to (—) ®p SA In particular, this Fourier—Mukai transform is left adjoint to ®.
Conversely, if there exists a Fourier—-Mukai transform D(X) — D(Z) which is the

. L
left adjoint to ®g, let L be the corresponding object of DA-Perf (B- A). Then (—) ®p L is
L
left adjoint to (—) ® 4 S as functors between D.(A) and D.(13). But since derived tensor
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product commutes with infinite direct sums, these are, in fact, adjoint on the whole of
D(A) and D(B).

Since L is A-perfect, by Cor. 2.2 the functor (—) (ELQ gL from D(A) to D(3) has aright
adjoint (—) QLZ) A LA. By uniqueness of adjoints we conclude that the functors (—) Q% AS
and (—) é)A LA are isomorphic. Since L is A-perfect, so is LA Hence (=) (§>,4 LA takes
compact objects to compact objects, and hence so does (—) <§L§> A S. We conclude that S is
also A-perfect, as desired. O
Theorem 5.1 immediately implies the following:

Theorem 5.2. Let S € D(Z x X) be such that Dy restricts to D(Z) — D(X) and this
restriction has a left adjoint which is also a Fourier—Mukai transform.
Suppose any two of the following conditions hold:

(1) @5 is an autoequivalence of D(X) (“the twist is an equivalence”).
(2) @ is an equivalence of D(Z) (“the cotwist is an equivalence”).

5.63
(3) @z (———)> @z D7 [1] is an isomorphism of functors (“the twist identifies the
adjoints”).
5.64
4) ;o7 [—1] (———)> @ is an isomorphism of functors (“the cotwist identifies the
adjoints”).

Then all four of them hold. If that happens, we say that S is spherical over Z.

We can repeat all the arguments in this section using the framework of Example 4.2 rather
than Example 4.3. Thus we would work with large Morita enhancements of Dg.(Z) and
Dy (X), rather than Morita enhancements of D(Z) and D(X). This yields a construction
of twists and cotwists as functors Dgc(X) — Dgc(X) and Dgc(Z) — Dgc(Z) and an
analogue of Theorem 5.2. However, we would have to impose the following condition on
the objects of S € Dy (Z x X) we work with: ®g must have a left adjoint which is a
Fourier—-Mukai transform and they must both send compact objects to compact objects.
This condition can also be stated equivalently as: ® must have left and right adjoints
which are both Fourier—Mukai transforms.

6. Braiding criteria for spherical DG-functors

Let Aj, Ay and B be small DG-categories and let S € D(A;-B) and S; € D(A,-B) be
two spherical objects. We keep all the notation conventions of Section 5. For example, R;

5 L
denotes SiB, Si R; denotes R; ® 4; S;, T; denotes the cone of S; R; X B, etc.

In particular, M = A ®4, S1 @ Band N = A ® 4, S» ®p B are h-projective
resolutions of S7 and S». In this section it has been possible to simplify a number of com-

putations by replacing all homotopy trace maps M hBg AM X Band N"B QAN 5B by
their compositions with B 5 B.To keep the notation simple, we write M"8 @ 4 M % B
and N"B @ AN X B for these compositions throughout.
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6.1. Commutation

By functoriality of the derived tensor product, the following diagram commutes:

S$>2Ry #— SRy

try Id@y

S1R1 SR, tr S>R>S1 Ry tr
st treld 6.1
r
B B
L
_—
S1Ry W S1Ry

The main result of this section is:

Theorem 6.1. Suppose there exists an isomorphism

SIRIS:Ry 5 S1RyS1Ry
which makes the diagram (6.1) commute. Then
7T, ~TT.
Proof. By definition, T T, is isomorphic in D(B-B) to

{NhB®A2NE>d£O}®B{MhB®A1M£> B}

deg.0

which by Lemma 3.4 is isomorphic to the convolution of
(N"B @4, NogM"B oy M-S (NBoy, N) o MBoy ML B) (62
eg .

where ¢ = (—Id ® tr) ® (tr®Id) and y = tr @ tr. Similarly, 7,7} is isomorphic to the
convolution of

(M"B oy MegN B, NL NBg Ny ©MEey M S B) 63

where 8 = (tr® Id) & (—Id ® tr).

By Theorem A.1 of the Appendix, to show that (6.2) and (6.3) are homotopy equiv-
alent in Pre-Tr(53-Mod-B), and hence that 717> and T,7; are isomorphic in D(B-B), it
suffices to exhibit

f € Hom} s(N"B @ 4, N @ M"® @ 4, M, M"P @ 4, M @5 N"E @4, N),

51 € Homg,_lB(NhB ®4 N ®g M"B @4 M, (NP @4, N) & (M"E @4, M)),

52 € Homg%s(N"P @ 4, N @ M"5 ® 4, M, B)
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such that
f is a homotopy equivalence, ds; =aoa — Bf, ds»=ys].

Since all the source bimodules are A-projective, the Hom'-spaces above are isomor-
phic to the Ext'-spaces between the same objects in D (B-B).
In particular, we can lift the isomorphism

SIRISHRy % $R281R
in D(B-B) to some homotopy equivalence
f € HomY s(N"B @ 4, N @p M"B @ 4, M, M"E ® 4, M @5 N"B @ 4, N).
The fact that ¢ makes (6.1) commute in D (B-B) implies that @ — Sf vanishes in
Homp.5)(S1R1S2R2, S1R1 © $2R2).
Hence we can find some
51 € Homl;]B(NhB 4, N Q5 M"B ®4, M, (M"B ®4, M) D (N5 ® A, N))

with ds; = o — Bf. But there is no a priori reason for the class of ys; to vanish in
EXtB%B-B) (S1R1S2R,, B), which is what we need to warrant the existence of

52 € Homg?y(N"B @ 4, N ®@p M"5 @ 4, M, B)

with ds» = ys1, whence as explained above the claim of this theorem would follow.
It suffices, however, to find

11 € Homg' s (N"® ® 4, N ® M"® ® 4, M, (M"P @ 4, M) & (N"B ® 4, N))

with dt; = 0 and y#; = ys1 in ExtB}B_B)(S] R8> Ry, B). For if we then replace s; with
s1 — 11, the condition ds; = o — Bf would still hold, but the class of ys; would now
vanish in ExtBiB_B)(S 1R1S2R,, B) as required. Thus it remains to show that the class

[ysi]in ExtBiB_B)(SlRlSsz, B) lifts with respect to

B =)
Extplg 5 (S1RIS2 R, SR @ $1Ry) 2= Extply o (S1R1S2R,. B) (6.4)

to some class in ExtB}B_B)(SlRlSsz, S1R1 & S$2Ry).
We claim that, in fact, (6.4) is surjective. Indeed, it follows from Prop. 2.11 via the
usual adjunction-type argument that for any Ny € D(A,-A;) and N, € D(B-B) the map

Extpy (3.3, (S1N1 Ra, N2) — Exty i 5 (N1, RiN2S)) (6.5)
given by

act Ny act

RiaS
¢ = N —— RiSINIR:S, S RiIN2S>
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is a functorial isomorphism. We thus have a commutative diagram

- (6.4) _
EXtD%B—B)(SlRISZRZ, SiR1 © 2R)) ——— EXtD%B—B)(SlRISZRz’ B)

~l(6.5) ~l(6.5) (6.6)

Ext})! R1S. RiSIRiSy ® Ry SHRySy) — VD, iyl RS2, Ri S
Xty A,-ap) (R152, RiSIR1S2 © R1S2R282) —————Ext);, 4 4, (R152, R152)

The map Ry $7 is

RitrS$H®R tr S
RiS1R1S ® R1S2RS, M) RS,

and by Prop. 2.11 the map

%act RlSzea%RlSz act
RS> RiSIRIS2 ® RiS$2R2S

is its left inverse in D(A»-A ;). Therefore

_ (R1y$2)(—) _
EXtD}Az-AQ(RlSz’ RiSIR1S; ® R1S:RSy) ————> ExtDiAz_Al)(Rlsz, R1S>)

is surjective, and hence so is (6.4) as desired. O

6.2. Braiding

Define
tro(L; tr S;)
5

O; = F;{LiS;R;S; A; } € D(A;-A) 6.7)

deg.0
where i, j € {1,2},i # j. For spherical Sy, S the natural map R;[—1] % F;L; is an
isomorphism and it identifies the map in (6.7) with the map

R,‘SjRjSi[—l] R,;rS,) R;Si[—1] — F;

whose second composant comes from the exact triangle F; — A; — R;S;. Thus O and
O, are isomorphic to the convolutions of the twisted complexes

_ d DB (—:
0, = ((M ®5 N'B @ 4, N ©p M%) @ 4, oSO, 11 @55 MhB),
deg.0
- 1deu®Id)d(—
0 := ((N @5 M"B @4 M &5 N'B) @ 4y L2205y g NHB),
deg.0
There are natural maps
S101R1 — S1R1 SR ® S2 Ry S1 Ry, (6.8)
S202Ry — S1R1 SRy ® S2RyS1 Ry, (6.9)

where (6.8) is the map induced by

1dRId®trld®Id
_—

M"B@ 4 MREN"B® 4, NogM'Be 4 M M"B 4 MegN"B® 4, N,

(6.10)
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reld®ld®Ideld
S NB g, NegMBe 4 M,

6.11)

M"B@ 4 MaN"Be 4, NogMBe 4 M

and (6.9) is defined analogously.
The main result of this section is:

Theorem 6.2. Suppose there exists an isomorphism

S101R1 5 $,0,R,
which commutes with the maps (6.8) and (6.9). Then
WL T, ~ T, i T.

Proof. T1T»T; is isomorphic by the Cube Completion Lemma 3.7 to the convolution of
the twisted cube

M"E@MRN"BeNeM"BeM
%@m W
MhB®M®NhB®N NhB®N®MhB®M MhB®M®MhB®M
—Id®tr trld
tr®ld —ld®tr —Id®tr tr®ld
N'BgN M"Bg M M"BoMm
tr \ tr
tr
B (6.12)

deg.0
11
We now use the isomorphism (MhB ® M) (MhB ® M) M) (MhB ® M) D
(M hB & M ) to rewrite the total complex of (6.12) as

Id®tr —Ildetreld
treld

M"BeMoN"BoN @& NBgNeoM"BomM @& M'BPoMeoM"Beom

—tr®Id
trld \ —2(tr®Id)
NhB®N @ MhB®M o) MhB®M

(6.13)

deg.0
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Let X and Y be the full subcomplexes of (6.13) which comprise its left two columns
and its right column, respectively. Since the right column has no outgoing arrows, its

incoming arrows define a closed degree O morphism X L Y whose total complex is

(6.13). Let

— 1 ld®@act®Id
e e

Y = (M"B oM M"® @ Mo M"E @ M).

deg.—2
Lemma 5.10 yields a homotopy equivalence Y 2, Y'. The total complex of X 2 yis

then homotopy equivalent to the total complex of X L% ¥'. Thus (6.13) is homotopy
equivalent to the twisted complex

MhB®M®NhB®N®MhB®M@ MhB®M
%r@ld deweld - %Id@act@ld
M"B@M@N"BQN N'BoNe@M"BoM ® MBoMeM'Bom
7Id®tr
trId ~ldew treold
NhB®N MhB®M
\
tr
B

(6.14)

deg.0

Now observe that M"B @ O @ M[-3] is homotopy equivalent to the following initial
subcomplex of (6.14):

MhB®M®NhB®N®MhB®M @ MhB®M
W\ L —l1d®act®ld (6.15)
MhB QM MhB QM
deg.—2

By the same argument as above, (6.14) is homotopy equivalent to the twisted complex
MBeoieM S MPoMeNTeN) e (NPeNeME oM

L (M"B @ My® (N"B @ N) > B. (616
Similarly, 7> T 7> is isomorphic to the convolution of the twisted complex
NBoO, e NS MBoMeNBoN) e NP oNoME oM

Y (M"B @ M)y ® (N"B @ N) B. 617
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The complexes (6.16) and (6.17) descend to the following complexes of objects in
D(B-B):

SiRitr —trS|Ry
( )

—trSH5Ry SRy tr tréptr

SIR1 & 2Ry — B,
(6.18)

6.8
S101R; o8 SIR1S2R, ® SHRyS1 Ry

( Sl’;l}g *StrglRl)
—tr$2Ry 2Ry tr tréptr
S1R1 & SRy — B.

(6.19)

6.9
S>02R; ©2 SIR1S2R, ® SHR2S1 Ry

By Theorem A.l to show that (6.16) and (6.17) are homotopy equivalent in
Pre-Tr(B-Mod-B), and hence that 717, T} and 7> T| T» are isomorphic in D (B-B), it suf-
fices to exhibit

f € Hom% ;(M"B 0,9 M, N"B @0, ® N),

s1 € Homg'z(M"B@ 010 M, M"B @M N"E@ N)® (V"B e N @ M"B @ M),
52 € Homgs(M"B @ 01 @ M, (M"8 @ M) & (N"B @ N)),

s3 € Homg y(M"P ® 01 @ M, B)

such that
f is a homotopy equivalence, ds; =a — Bf, ds» =ys|, ds3= —4sr.

As in the proof of Theorem 6.1 we can lift ¢ to some homotopy equivalence f, and
the existence of

§1 € Homg's(M"" @ 01 @ M, M"P @ M @ N"B @ N) & (N"P @ N @ M"B @ M)

with ds; = o — Bf is guaranteed by the commutation of ¢ with (6.8)—(6.9). Since
ya = yB = 0 we deduce that d(y5;) = 0. Thus y5; defines the class [ysi] €
Ext’D(B_B)(Sl O1R, S1R1 ® $2R3), and since §y = 0 the composition [y s1] vanishes in

EXtiD(B—B)(Sl O Ry, B). By Cor. 6.2 below there exists
1 € Homg,(M"™ @ 019 M, M"B @ M @ N"B @ Ny & (N"B @ N @ M"B @ M)

such that dt; =0 and [y§1]=[y#] in EXtiD(B—B) (S1O1R1, SR ® S2Ry). Sets1 =51 — 1.

We still have dsi = o — Bf, but the class of ys1 in Ext), ;3 12 (S1O1R1, SiR1 @ $2R2) is
zero, so there exists

5 € Homg’ (M" © 01 @ M, (M"8 @ M) & (N"5 ® N))
with ds, = ysy. Since §y = 0, we have d(§52) = 0. Again, by Cor. 6.2 there exists

12 € Homyg 2 (M"8 © 0y ® M, M"E @ M) & (N"E @ N))
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with dty = 0 and [812] = [852]. Set sp = 52 — tp. We still have ds, = ysq, but the class of
8sp in Ext’D(B_B)(Sl O1 Ry, B) is zero, so there exists

s3 € Homg s (M"B @ O, @ M, B)
with ds3 = —és». o

Lemma 6.1. There is a diagram of Ext groups in D(B-B)

Ext) 5.5 (s S1R1)

K1 131
m Vi

EXtiD(B-B)(*’ B) EXti[)(B_B)(*, SIR1S2R2 @ $2R281Ry)

2 V2
K2 K2

ExtiD(B_B)(*, S2R2) (6.20)

where x can mean S101R| or S0 Ry (since they are isomorphic in the derived cate-

gory).
Moreover, nik; = Id and viu; = 1d, while vopu; = —kon1, v = —k1n2 and

mviy = —mva.

—S1R S1R ..
Proof. Let v; be the map S1R1S2R> & S2RyS1R; w) S1R;. Similarly, let

S:Ra®—S:R
vy be the map S1Ri 2Ry @ SyRy S| Ry ——2o 2020

maps St R X Band S2R> = B.
Let 1 be the composition

S2R;. Let 1 and 71, be the trace

: SoRy(—)S2R
Exthy 3. (S202R2, 1 Ry) 222028

Sy act Op act Ry
_

EXtiD(B-B) ($2R25202R282 Ry, SHR2S1R152R2)

EXtZ(B_B)(5202R2, S$2R2S1R1$2R?)

— 3 (@SR R)B 5 (S2R2S1 Ry 1)

EXtiD(B_B)(&Osz, SIRISRy ® SHRyS1Ry).  (6.21)
Let «1 be the composition

. S1R1(—)SIR
Ext) ., (S101 Ry, B) =————

St act Op act Ry
_—

Exthy .5, (SIR1S1 01 RIS Ry, SR S| Ry)

; SRt ;
Ext), 5.5,(S101 Ry, S1R1 S1R)) 2 Ext}, ;5.5,(S101 R1, S1Ry).
(6.22)
The maps 7 and ; are defined analogously.

We have n1v; = —nv; by functoriality of the tensor product. The relations n;«; = Id
and v;u; = Id are verified directly using Prop. 2.11. Let us prove that vopu; = —k2n1.
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Consider the composition

- SyRy(—)$HR
Exth,5.5)(S202R2, B) DRIk

S act Os act Ry
—_—

Ext), 5.5 (S2R2S202 RS2 R, S2R282R2)

Ext) 3.5, (5202R2, S2R282 Ry)

— % (tr $» Rz)@%(Sz R tr)

Ext’b(B_B)(Sz O2Ry, 2R ® SHRy)  (6.23)
and the map

EXtiD(B_B)(&Osz, S1IR1$2R2 @ $2R281R1)

rSHROH Ryt i
SRR Exth 3.5, ($202R2. S2Ry ® HR). (6.24)

Applying the map S; R 5 Bto every composant of (6.21) and using functoriality we
see that the square

m

EXtiD(B_B)(SZO2R2, S1R1) EXtiD(B_B)(5202R2, B)

11 l l(6.23)

4 624) _ .
EthD(B-B) ($202R>, S1R1$2R ® SHRS1R1) — EthD(B-B)(SZOZRZ’ SHRy & SHRy)

commutes. By inspection, the composition of (6.23) with the map

i ld®—1d i
Exthy 3.5, (202 R2, 2Ry @ S2R2) ——— Exthy 3 5 (50:Ry. $1Ry)  (6.25)
is —k7, while the composition of (6.24) with (6.25) is v;. It follows that vou; = —k2171,
as desired. m]

Corollary 6.2. The sequence
Ext), 5.5 (S101R1, SIR1S2Ry ® S1R2S1R1) RN Exthy5.5,(S101R1, SIR1 @ S2R2)

8 .
— EthD(B-B)(SlOlRl’ B)

is exact in its middle term and surjective onto its last term.

Appendix. On homotopy equivalences of twisted complexes

Let C be a strongly pretriangulated DG-category. The example one wants to keep in mind
is P(A) for some DG-category A, so that H(C) = D(A). Let (E;, gij) be a twisted
complex over C. The objects E; and the degree O morphisms g;+1) form an ordinary
differential complex over H 00):

qi-2)(i—1) qai—1yi qi(i+1) q@i+1)(i+2)
: Ei1 E; Ein e

Let (E;, g;j) and (F;, r;;) be twisted complexes over C. We would like to know when
their convolutions {E;, g;;} and {F;, r;;} are isomorphic in H 9(C). Since C was assumed
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to be strongly pretriangulated, constructing an isomorphism of {E;, ¢;;} and {F;, r;;} in
HO(C) is the same thing as constructing a homotopy equivalence of (E;, g;;) and (F;, r;;)
in Pre-Tr(C).

Suppose that the underlying differential complexes of (E;, ¢;;) and (F;, r;;) are iso-

morphic, more specifically—that we have a set of isomorphisms E; i> F; in H°(C)
which gives an isomorphism of these differential complexes. This alone does not ensure
that (E;, g;;) and (F;, r;;) are isomorphic in H 0(C), since the same differential complex
over H%(C) can, in general, be lifted to several non-homotopically equivalent twisted
complexes over C. Thus the question arises: what are the sufficient conditions on f; for
us to be able to cook up a homotopy equivalence of (E;, q;j) and (F;, ri;) from them?

When trying to construct this homotopy equivalence even in simplest cases, one en-
counters a number of conditions which, at first glance, seem unavoidable, but in fact are
redundant:

Example A.1. Let E 4 Gand F 5 G be twisted complexes over C. Let E 1) Fbea
homotopy equivalence in C such that the square

1.6

E
fl lld (A1)

F—'s¢G

commutes in H°(C). Since H°(C) is triangulated, there exists an isomorphism Cone(q)
— Cone(r) which extends this square in H 9(C) to an isomorphism of exact triangles. It
follows that we can extend E i> Fand G L G to a homotopy equivalence in Pre-Tr(C)

of the twisted complexes E 4 Gand F 5 G.
If we actually try and construct this homotopy equivalence, we run into the following
type of problems:

Claim. Ler g € Homg(F , E) be a homotopy inverse of f; in other words, there exist
h € Hom;'(E, E) and h' € Homg ' (F, F) such that gf —1d = dh and fg —1d = dh'.
Then there exist mutually inverse homotopy equivalences

E—q>-G F—'s¢G 1

‘ ¢ teHomE (E, G) A2
ft\ le gj\ lld Y eHomEl(F, G) (A2)
F—'+G E—1sG

of E 4 Gand F 5> G if and only if h and h' can be chosen so that the following
equivalent conditions hold:

o r(fh— I f) = ds for some s € Hom_*(E, G).
o g(gh' — hg) =ds' for some s’ € Homgz(F, G).

Proof. Straightforward verification. O
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A priori, there is no reason to expect a class like r(fh — h'f) in Hom, (E G) to be
null-homotopic. In fact, for general & and 4’ it would not be. So this may seem like a
genuinely necessary condition.

However, it turns out that we can always choose h and &’ so that even fh — I’ f and
gh’ — hg are null-homotopic. Since dg = dr = 0, it would also imply the conditions
above.

The explanation is: f h—h'f and gh’ — hg are both killed by the differential, and thus
define classes £ € Hom HO (C)(E F)and £ € Hom HO (C)(F E), respectively. Since f and

g are 1somorphlsms in H(C), they identify both Hom, 5o (C)(E F) and Hom (C)(F E)
HO © (E, E). A priori, neither & nor & is zero, but one can check that & and —¢&’

give the same class in Hom, HO (C)(E E). We can therefore correct h € Hom,, (E E) by

this class and kill off both & and &, as required.

It is not a calculation one would want to try and write down in a larger, more compli-
cated scenario. Fortunately, there turns out to be a more conceptual argument. It requires
us to consider Axo-categories and Ao-functors—see [KelO1] and [LHO3, §8] for the ba-
sics. In particular, we use the convention in [LHO3, §8] for denoting Ao -functors as (f, fi)
where f is the object map, f; is the morphism map and f;>> are the higher morphism maps.

A choice of h and i’ as above and also of j € Hom52(X, Y)and j € HomEZ(Y, X)
such that fh — h'f = dj and fh — I’ f = dj’ can readily be checked to be a part of
precisely the data necessary to define a strictly unital As.-functor

with Hom

Yo=1de [N«
o =1d, v\
Bb=a .
oy = B y%

G.5)

which sends x, y,a to E, F, G and ¢, ¥, o, B to f, g, q, r. Here, the quiver on the left
defines an additive k-category whose objects are the vertices of the quiver and whose
Hom-spaces are generated by the paths in the quiver, modulo the indicated relations.
The trivial path from a vertex to itself correspond to its identity morphism. Denote this
category by B; we think of it as of a DG-category concentrated in degree 0.

Conversely, any Aso-functor B —(i£—> C as above contains the data of homotopy

equivalences (A.2). This is because (f fi) extends naturally to an A-functor Pre-Tr([3)

ﬁ) Pre-Tr(C). In Pre-Tr(13;) the twisted complexes x % aand y ﬁ) a are isomorphic.

Specifically,
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are mutually inverse isomorphisms. Their images under f; are the morphisms

E—* . ¢ F—' -G
| hw¢>| | bmw)l
F—' oG E—% -G

in Pre-Tr(C). Since (f, H O(fl)) is an exact functor, these become mutually inverse isomor-
phisms in H°(Pre-Tr(C)). Thus, they are the mutually inverse homotopy equivalences
(A.2) we want.

To construct a strictly unital Aso-functor B; m C it suffices to construct a strictly

unital Ao-functor B % C where B3] is the category

IS
1y

.‘(_.k

Roughly, this is because B is the minimal A.-structure of a certain DG-quotient of B

whose universal properties ensure that 5 % C filters through some B; ﬁ) C. We

will give the full argument in a greater generality later on in this section.
Thus we are reduced to constructing a strictly unital A..-functor 5 (gl) C which
sends x, y,ato E, F,G and ¢, a, B to f,q,r. The data of such a functor is simply the

choice of f2(B, ¢) € Hom (E G) such that

q —rf =B, ).

The existence of such a class in Homg1 (E, G) is precisely the condition that (A.1) com-
mutes in H°(C).

To sum up, a sufficient condition for the homotopy equivalence E i> F to induce a
homotopy equivalence

(EL Gy = (FL G) (A.3)

is that £ must commute with ¢ and  in H%(C). This is also precisely the condition that
a strictly unital Aoo-functor B — C exists which sends x, y,a to E, F, G and ¢, «, S to
£, q, r. All the other conditions which seemingly arise when one naively tries to construct
the homotopy equivalence (A.3) are part of the data necessary to lift this functor to a
functor B; — C. The latter gets done for us automatically by the universal properties of
DG-quotients.
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The method outlined in Example A.1 can be applied in full generality to any pair of

twisted complexes (E;, g;;), (F;, r;j) and any set of homotopy equivalences E; i> F; to
answer the question posed at the beginning of this subsection. In that generality, however,
the answer would not only look fearsome, but also quite obfuscating.

Below, we only argue in the generality we need for the proofs in Section 6.

Definition A.2. Denote by B, the category defined by

WP = Idx ).C

oy =1d, X

Bp =« ap a ap—1 ap

ay =B ¢ v R A S/
rie=y1p=0 %

Yi+1vi =0 . (A4)

We consider it as a DG-category concentrated in degree 0. Denote by B, its subcategory
defined by the same quiver but with the arrow ¥ removed.

DG-quotients were introduced by Drinfeld in [Dri04] to which we refer the reader for all
the details.

Lemma A.3. Let B;f be the full subcategory of the DG-quotient Pre-Tr(3,) /Cone(¢)
supported at the objects of B,. Then B,{ is isomorphic to the DG-category defined by

0,
Bp =« Lk
a = e
vie=yip=0 K X
Vi+l)/i == 0 ap ap . an—1 ay
40, = —1d,+yo¢ LV LT T s * T ®
6, = 1d, — ¢y %
dy =0 40_.
dE = —¢0, — 0,0
X (A.5)

where the dotted arrows denote morphisms of degree —1 and the dashed arrow a mor-
phism of degree —2.

Proof. In Pre-Tr(3,) the cone of ¢ is the twisted complex x g y. As explained in
[Dri04, §3.1] the DG-quotient of Pre-Tr(5,) by x i) y is constructed by adding a single

endomorphism € of x 4 y of degree —1 with de = Id and no other relations.
As B, is a subcategory of (A.5), every twisted complex over 5, is a twisted complex
over (A.5). Let A be the full subcategory of Pre-Tr((A.5)) consisting of all the objects in
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Pre-Tr(B,). Define a functor from Pre-Tr(B,,)/(x i) y) to A by sending € to

¢
X —>=Y)
§
0)( W 9.\’
¢
X ——>Yy
Define a functor in the opposite direction by sending 6y, 8y, ¥ and & to the compositions
X y y X
Id
; o 1} 0
X L y X —Yy X L y X ———>Yy
le lé le le
X—>y X ———>Yy X—>y X— =)
¢ ’ ¢ ’ Id
i o !
X y X y

in Pre-Tr(B,)/(x ﬂ y), respectively. One can readily check that these functors are mutu-

ally inverse. Hence Pre-Tr(5,)/(x i) y) is isomorphic to A4, and the result follows. 0O

Recall that an Ao-category is called minimal if it has m; = 0. Let A be an A.-category.
The minimal model of A is a minimal A..-category A’ together with an Aso-quasi-
isomorphism 4" — A. Such a model always exists and is unique up to A -isomorphism
(see [LHO3, §1.4.1] and [KSO1, S6.4]).

Lemma A.4. There exists a strictly unital Aso-quasi-isomorphism
B_n (8.9:) B}{ (A6)

which gives B,, the structure of the minimal model of B,{ .

Proof. Recall that B, is an ordinary category considered as an A.o-category concen-
trated in degree 0. In particular, B,, can be identified with its own graded homotopy cate-
gory H*®(By).

The category B, is defined by the quiver (A.4), while Lemma A.3 identifies B,{ with
the category defined by the DG-quiver (A.5). Forgetting the relations and identifying
vertices and arrows which have the same labels gives the quiver (A.4) the structure of a
subquiver of (A.5). This structure defines a map § from the set of objects of 5, to the set
of objects of B,{ and a map g; of morphism spaces of B, into morphism spaces of B,{ .
These are compatible with differentials, but are not compatible with compositions.

By inspection, (g, g1) does define an isomorphism

B, > H*(B))
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of graded homotopy categories. We can therefore apply the procedure described in [KSO1,
§6.4]. It can be readily checked that it constructs g>, which extend g and g; to a strictly
unital Ao-quasi-isomorphism B, (5.9), B;f , as required. O
Before we proceed, we need to state the following well-known fact:

Lemma A.5. Let A be a DG-category, let m < n be two integers and let Ay, ..., A, be
objects of A. The one-sided twisted complexes

A; form <i <n,
(E;, qij) € Pre-Tr(A) with E; = i Je = 1 <
0  otherwise,

are in 1-to-1 correspondence with the strictly unital Ao-functors

am+1 An—1 dan (f»ft)
L)

am
iYit1 =0 ° ° cee °
Vivit Ym Ym+1 Yn-2 Yn—1

with f(a;) = A;.

Proof. Mutually inverse maps between the two sets can be defined by setting

FeGitk—1: Vidk—20 - ¥)) = (=D 'gipny Vi€ {m,....n} and k € {l,...,n—i}
and vice versa. ]

Let C be a strongly pretriangulated category and let (4;, g;;) be a one-sided twisted com-

plex over C concentrated in degrees 1,...,n. Let (E;, ¢;;) and (F;, r;j) be one-sided
twisted complexes over C concentrated in degrees 0, ..., n whose twisted subcomplexes
supported in degrees 1, ..., n are both equal to (A;, g;;).

Let A denote the convolution of (A;, g;;). Consider the closed degree 1 morphisms
(go;) and (ro;) from Eg and Fy to (A, g;;) in Pre-Tr(C). Denote by Ey 2 A and

Fy % A the corresponding morphisms in C.
Recall that 5, is the category defined by

X
[ ]
po=a N
ne=pB=0 ol %Y
Y1 Y2 V3 Yn-2 Yn—1
Yi+1vi =0
y %
° (A7)
Proposition A.6. There exists a strictly unital Aoo-functor
B, (F.§) c
whose restrictions to the full subcategories of B, supported at x,ay,...,a, and
y.ai,...,ay correspond to the twisted complexes (E;, q;;) and (Fj, r;j) if and only if

the following two equivalent conditions hold:
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(1) There exist f € Homg(Eo, Fo) and s; € Homgk(Eo, Ag) fork € {1,...,n} such
that

qok —ronf =Y, qjesj + (—=Ddsy. (A8)
1<j<k—1

(2) There exists f € Hom HO(C)(E07 Fo) such that

Eo —2. A[1]
/ l /
Fo
commutes in H°(C).
Proof. The existence of (f, fi) < (1). The condition that (f, fi) restricts on x, ay, . e
and y, ai, ..., a, to the functors corresponding to (E;, g;;) and (F;, r;;) determines f and
all the values of f; other than
f1(@), F2(8.9), F3(1, B, ), -y Fnt1(Vn—1, .- v1, B, @). (A.9)
One can readily verify that if we set these to f, sq, ..., s,, then the standard relations

which (A.9) must satisfy according to the definition of an As.-functor [KelOl, §3.4] be-
come precisely the equations (A.8), and vice versa.

(1) & (2). Lets; € Homgk(Eo, Ay) for k € {1,...,n}. Consider the degree 0 mor-

phism Ey ﬂ (A;, gij) in Pre-Tr(C). It is a straightforward verification that d(sy) is the
morphism Ey — (A;, g;;) whose component in Homgk‘H(Eo, Ay) is precisely the RHS
of (A.9).

On the other hand, for any f € Homg(Eo, Fp) the LHS of (A.9) is the component in

(@0))—(ro)).
Hom_**!(Ey, Ay) of the morphism Eq 0NN (A, i7) in Pre-Tr(C).

We conclude that (1) is equivalent to the existence of f € Homg,(Eo, Fo) and s €
Homg(Eo, A) such that go — ro f = ds. This is precisely the claim of (2). ]

The following is the main result of this section:
Theorem A.1. Let Ey i) Fo be a homotopy equivalence satisfying the equivalent con-
ditions of Prop. A.6. Then there exists a homotopy equivalence

(fij)
(Ei,qij) — (Fi,1ij)

in Pre-Tr(C).
Proof. By Prop. A.6 there exists a strictly unital As,-functor

B, (.50 c
with f1(¢) = f. It extends naturally to a strictly unital A-functor

Pre-Tr(B,) V1% Pre-Tr(C).
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By [Kel06, §4.3] there exists a corresponding quasi-functor

Pre-Tr(B,) 2 Pre-Tr(C)

in Ho(DG-Car) with H® ~ Hf as functors HO(Pre-Tr(13,)) — HO(Pre-Tr(C)). Since
Hf(¢) = f and since f is an isomorphism in HO(C), it follows that H ® (Cone(¢)) = 0.
By the universal property of DG-quotients [Dri04, Th. 1.6.2] the quasi-functor @ lifts to
a quasi-functor

Pre-Tr(B,,) /Cone(¢) i; Pre-Tr(C)

with ® = ®’Q where Q is the quotient quasi-functor Pre-Tr(13,,) — Pre-Tr(8,) /Cone(¢).
Denote by

-
Pre-Tr(3,,) /Cone(¢) & Pre-Tr(C)

the corresponding strictly unital Aso-functor. We have (f, fi) = (f/ , 1) Q, and hence re-

stricting to the full subcategory B,{ of Pre-Tr(15,)/Cone(¢) consisting of objects of 5,
we obtain a strictly unital As.-functor

(.5
gl T e

Recall that in Lemma A.4 we have constructed a strictly unital Ay,-quasi-isomor-
phism B, 5.9, B;{' which gives B, the structure of the minimal model of B,{ Taking
. = (@80 or () . : :
the composition of B, ALLIR B,{ —— C we obtain the strictly unital A-functor de-
noted

Bn (h,hi) c.

We claim that B, UILIN C restricts on the full subcategory B, < B, to B, (fo), C.
As (f, fi) = (', /) Q this reduces to the following diagram being commutative:

By

Q (A.10)

Bn (8.9:) B ’{
This is a straightforward check. On the one hand, in Lemma A.3 we have constructed
an explicit isomorphism between B,{ and the category defined by (A.5). One can check

that it identifies the DG-quotient functor B, g) B,{ with the functor induced by the
inclusion of (A.7) into (A.5) as quivers with relations. On the other hand, in Lemma A .4
we have used the above isomorphism between B,{ and (A.5) to define g and g; by the
quiver inclusion of (A.4) into (A.5) which ignores relations. However, restricted from
(A.4) to (A.7), this inclusion does respect the relations. Therefore (g, g;) restricted to B,
is a genuine functor. One can check that this forces g>3 constructed by the procedure in
[KSO1, §6.4] to be zero when restricted to B,. Thus (g, g;) restricted to B, is just the
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functor (g, g1), i.e. the functor defined by the inclusion of (A.7) into (A.5). The claim
follows.

In Pre—Tr(Bn) the twisted complexes x =z a —> - Ll a, and y £> a; —

Yn—1 . . . .
- g, are isomorphic, for instance the following

X o aj a Aapn—1 An
[ ) [ ) [ ) ... [ ]
Vi Y2 Yn-2 Yn—1
qbl lld le lld lld (A.11)
y B a az an—1 an
[ ) [ ) [ ) ... [ ] [ )
Vi Y2 Yn-2 Yn—1

is an isomorphism of twisted complexes. Hence the complexes are also isomor-
phic in H O(Pre-Tr(B,)), and hence their images under (b, HO(h)) are isomorphic in
H(Pre-Tr(C)). But by the claim above, (b, b;) and (f, fi) agree on the subcategory

Pre-Tr(13,) of Pre-Tr(53,). Hence (f), h;) takes x =z a — - RLN a, and y i a; —>
RELN ay to (Ej, gij) and (F;, r;;). The claim of the theorem follows. O
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