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Abstract. We show that any group G is contained in some sharply 2-transitive group G without a
non-trivial abelian normal subgroup. This answers a long-standing open question. The involutions
in the groups G that we construct have no fixed points.
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1. Introduction

The finite sharply 2-transitive groups were classified by Zassenhaus [Z] in 1936 and it
is known that any finite sharply 2-transitive group contains a non-trivial abelian normal
subgroup.

In the infinite situation no classification is known (see [MK, Problem 11.52, p. 52]).
It was a long-standing open problem whether every infinite sharply 2-transitive group
contains a non-trivial abelian normal subgroup. Tits [Ti] proved that this holds for locally
compact connected sharply 2-transitive groups. Several other papers showed that under
certain special conditions the assertion holds [BN, GMS, GIGu, M, T2, Tu, W]. The
reader may wish to consult the Appendix for more detail, and for a description of our
main results using permutation-group-theoretic language.

An equivalent formulation of the above problem is whether every near-domain is a
near-field (see [Hall, K, SSS] and the Appendix below).

We here show that this is not the case. We construct a sharply 2-transitive infinite
group without a non-trivial abelian normal subgroup. In fact, the construction is similar
in flavor to the free completion of partial generalized polgyons [T1].

Recall that a proper subgroup A of a group G is malnormal in G if AN g 'Ag =1
forallg € G \ A.
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Theorem 1.1. Let G be a group with a malnormal subgroup A and an involution t €
G \ A such that A contains no involutions. Then for any u, v € G with Au # Av there
exist

(a) an extension G < Gy;

(b) a malnormal subgroup A1 of G such that Ay does not contain involutions and sat-
isfies A1NG = A;

(c) anelement f € Gy such that A1 f = Au and Atf = Av.

Remark 1.2. It is easy to see (see §2) that in Theorem 1.1 we may assume that u = 1,
v ¢ AtA and that either (1) vl ¢ AvA, or (2) v is an involution. If case (1) holds we
take G; = G * (f) to be the free product of G with an infinite cyclic group generated
by f, and A} = (A, f,tfv™1). If case (2) holds we take G| = (G, f | f~'tf =s) an
HNN extension and A} = (A, f).

As a corollary to Theorem 1.1 we get the following.

Theorem 1.3. Let G be a group with a malnormal subgroup A such that A contains no
involutions. Assume further that G is not sharply 2-transitive on the set A\G of right
cosets. Then G is contained in a group G having a malnormal subgroup A such that

1) ANG = A;

(2) G is sharply 2-transitive on the set X := A\G of right cosets;

(3) A contains no involutions (i.e. G is of permutational characteristic 2);

(4) G does not contain a non-trivial abelian normal subgroup;

(5) if G is infinite then G and G have the same cardinality (similarly for X and A\G).

As an immediate consequence of Theorem 1.3 we have

Theorem 1.4. Any group G is contained in a group G acting sharply 2-transitively on a
set X such that each involution in G has no fixed point in X, and such that G does not
contain a non-trivial abelian normal subgroup.

Proof. For |G| = 1, 2 this is obvious. Otherwise take A = 1 in Theorem 1.3. O

In fact there are many other ways to obtain a group G having a malnormal subgroup .4
and satisfying (2)—(4) of Theorem 1.3, e.g., take G = (t)* A, where 7 is an involution, and
A anon-trivial group without involutions, and apply Theorem 1.3. (Here the free product
guarantees that A is malnormal in G.)

Theorem 1.4 shows that there exists a sharply 2-transitive group G of characteristic 2
(see Definition A.2 in the Appendix) such that G does not contain a non-trivial abelian
normal subgroup. Further, as noted in the Appendix, if G is sharply 2-transitive of char-
acteristic 3, then G contains a non-trivial abelian normal subgroup. The cases where
char(G) is distinct from 2 and 3 remain open.

Finally, we mention that the hypothesis that A does not contain involutions in Theo-
rem 1.1 is used only in the case where we take G to be an HNN extension of G, and then
it is used only in the proof of the malnormality of A; in G;.
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2. Some preliminaries regarding Theorem 1.1

The following observations and remarks are here in order to explain to the reader the way
we intend to prove Theorem 1.1, and to explain the main division between the two cases
we deal with in §3 and §4.

In fact, Lemmas 2.1(3) and 2.2 below, together with Remark 2.3, show that we may
assume throughout this paper that Hypothesis 2.4 holds; and that hypothesis naturally
leads to the division into the two cases dealt with in §3 and §4.

Lemma 2.1. Let A be a malnormal subgroup of a group G and let g € G . A. Then

(1) Cgla) <A foralla e A, a #1;
2 (@yNA=1
(3) AgA contains an involution iff g~' € AgA.

Proof. (1)Leta € Awitha # 1, andleth € Cg(a). Thena € AN A" Soh € A, since
A is malnormal in G.

(2) Since g € Cg(gk) for all integers k, part (2) follows from (1).

(3) If g=! ¢ AgA, then clearly AgA does not contain an involution. Conversely,
assume that g~! € AgA. Then g~—' = agh for some a,b € A, so (ag)? = ab™! € A.
Then, by (2), either (ag)> = lorag € A.Butg ¢ A, soag ¢ A, and we have (ag)’ = 1.
Hence AgA contains the involution ag. O

We now make the following observation (and introduce the following notation):

Lemma 2.2. Let G be a group with a malnormal subgroup A and an involution t €
G ~ A. Let G| be an extension of G such that G| contains a malnormal subgroup A
with A1 NG = A. Letr,s € G be such that Ar # As. Then

(1) there is at most one element f' € G| with A f' = Ayr and Ajtf' = Ays, which we
denote by f' = f, ¢ (if it exists).

The convention in (2)—(4) below is that the left side exists if and only if the right side
does, and then they are equal:

(2) fr,sg = frg,sg forany g € G.
(3) tfr,s = fs,r~
W) fairars = frs forallay, ax € A.

Proof. (1)Let f1, f» € Gy besuchthat A; fi = A f, = Arand Atf1 = A1tf, = Ays.
Then flfz_1 € Aj and tflfz_lt € Aj. Sincet € G \ Ay, and since A; is malnormal
in G, we see that flfz_1 =1,s0 f1 = f>.

2 Alfr,sg = Airg = Alfrg,sg and Altfr,xg = A1sg = Alfrg,sg- So, by (1),
frg,sg = fr,sg~

(3) Artfrs = Ars, and Attfrs = A frs = Arr. So, by (1), tfrs = for.

W) At fairas = Ararr = Ayr, and Artfyra,s = Arazs = Aps. So, by (1),
falr,azs = fr,s- ]
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Remark 2.3. Let the notation be as in Theorem 1.1. Notice that if there is an f € G such
that Af = Au and Atf = Av, we can just take G; = G and A; = A and there is nothing
to prove in Theorem 1.1.

Hence we may assume throughout this paper that this is not the case. In view of (2)
and (4) of Lemma 2.2, f,.v = fi y,~1%, and fi ava = fy-1 gna = fia, fora,a’ € A.
Hence we may assume that # = 1 (and hence v ¢ A) and replace v by any element of
the double coset AvA. By Lemma 2.1(3), we may assume that either v=! ¢ AvA, or v is
an involution. Further, since f;; = 1 and since ¢ is an involution, we may assume that
vé¢ AtAand v™! ¢ ArA.

Hence it suffices to prove Theorem 1.1 under the following hypothesis which we assume
for the rest of the paper.

Hypothesis 2.4. In the setting of Theorem 1.1, assume u = 1, v, vl ¢ AtA and either
v~! ¢ AvA or v is an involution.

3. The case where v—! ¢ AvA

The purpose of this section is to prove Theorem 1.1 of the introduction in the case where
v™! ¢ AvA. We refer the reader to Hypothesis 2.4 and to its explanation in §2. Thus,
throughout this section we assume that v~! ¢ AvA. Also, throughout this section we use
the notation and hypotheses of Theorem 1.1.

Let ( f1) be an infinite cyclic group. We let

Gi=Gx(f1), f=tfiv., Ai=(A fi.f).
In this section we will prove the following theorem.

Theorem 3.1. We have

(1) Ay = A x(f1)* (f2) with f1, f> of infinite order;
(2) Ay is malnormal in G1.

Suppose Theorem 3.1 is proved. We now prove Theorem 1.1 in the case where v~ ¢
AvA.

Proof of Theorem 1.1 in the case where v™' ¢ AvA. Let f := fi. Then A f = A{ fi
= Ay, and

Aitf = Atfi = A]lflvilv = A1 HLv = Av.
By Theorem 3.1(2), A; is malnormal in G1. By Theorem 3.1(1), Ay NG = A and f, is

of infinite order. Since A] = A = (f1) * (f2) and A does not contain involutions, A does
not contain involutions either. O

Proposition 3.2. f> is of infinite order in G1, and A1 = A % {f1) * (f2).
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Proof. We first show that f3 is of infinite order. Indeed let & := f;' for some n € Z, and
write /2 in terms of f] and elements of G. If n > 0, then A starts with 7 and ends with vl
while if n < 0O, then / starts with v and ends with ¢. In particular f> has infinite order.

Next let F' := (f1, f2). Then any element of F is a product of alternating powers
of f1 and f>. As we saw in the previous paragraph, any non-zero power of f> starts with ¢
or v and ends with # or v='. Since G| = G * (1), there will be no cancellation between
powers of f1 and powers of f>. It follows that F is a free group.

Now consider an element in A; = (A, F). It is an alternating product of elements
of A and elements of F. When we express it as an element of G| = G * (f1), f2 is
written as #fjv~! and f;l is written as v fflt. Accordingly, an element 1 # a € A in
this alternating product is multiplied by 1, v=! or ¢ on the left, and by 1, 7 or v on the
right. The possibilities are:

e vla, ta, at, av: all are distinct from 1 since ¢ and v are not in A.
e tat, v~ 'av: all are distinct from 1 since they are conjugate to a.
e tav, v_lar: all are distinct from 1 since v ¢ AtA. O

Proposition 3.3. A is a malnormal subgroup of G1.

Proof. We will show that the existence of a, b € Aj and g € G| . A; such thata # 1

and g~'ag = b leads to a contradiction.
Let
a=aifslarfs; ---anfy an1,  a#1,
b=bif)'baf)? - bef}, bet,
where a,-,bj €A, €, Uj = +1, §;, Vi € {1,2}, and if §; = §;_1 and ¢;, = —¢;_1 then

a; # 1 (i.e. there are no f;-cancellations in @), and similarly there are no f;-cancellations
in b. Write

Py A .
g=glfllg2f12"'gmf])L gm+1 € G N Ay,

where g; € G, A; = %1, and there are no f]-cancellations in g.
Assume that m is the least possible. We have the picture as in Figure 1 below.

Casel:m =n =0. Inthiscaseb = g_lalg € A1NG. By Proposition 3.2, A|NG = A,
sob € A, and we get a contradiction to the malnormality of A in G.

Case2:m =0andn > 0. Since G| = G*{f1), we must have n = £. Consider Figure 1.
By an analysis of the normal form in the free product G * ( f1) we see that the only way
we can get the equality gl_lagl = b is when both €] = u| and €, = w,. We distinguish
a number of subcases:

(1) 81 =yj0rd,; = yn.
(ii) 81 # y1 and 8, # Y.

(@ n=1.
(b) n> 1.
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Fig. 1

Subcase (i). By symmetry we may consider only the case where §; = y1. In this case,
regardless of whether €; = 1 or —1 and whether 6; = 1 or 2, we get g; = albfl €A,
a contradiction.

Subcase (iia). By symmetry we may assume that §; = 1 and y; = 2.

Suppose first that e, = pu; = 1. Then from the left side of Figure 1 we get
al_lglblt = 1, and from the right side we get azglbz_lv = 1. This implies that t € Ag1 A
andv~! e Ag1A. But then v~ € ArA, a contradiction.

Suppose next that € = 1 = —1. Then from the left side of Figure 1 we get
af]glblv = 1, and from the right side we get azglbglt = 1. Again this implies that
v=! € AtA, a contradiction.

Subcase (iib). By symmetry, we may assume without loss of generality that
61=1 and y; =2.
Suppose first that
€1 =pu1 = 1.

We may further assume that
a;lglblt =1 and e = us.

We now discuss the following cases separately:

e 8, = y». Inthis case, regardless of the sign of € = p, and whether §; = y» = 1 or 2,
we get a;lv_lbz = 1, which is false since v ¢ A.

e cr=purx=1,8 =11y =2. Weget a;lv_lbgt = 1, contradicting v ¢ AtA.

e = =186 =1,y =2 Wegeta, v 'bv = 1 with b, # 1. But this
contradicts the malnormality of A in G.
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ey =pu=18=2m=1 Weget ta;lv_lbz = 1, contrary to vl ¢ AtA.
ey = up = —1,8 =2,y = 1. We get v‘laz_lv_lbg = 1. This implies that

v~ € AvA, contrary to our hypotheses.

Suppose next that
€ =pp=—1

We may further assume that
arlglblv =1 and e = uo.

Again we discuss the following cases separately:

e 57 = y». In this case, regardless of the sign of € = 7 and whether 6, = y» = 1 or 2,
we get az_ltbz = 1, which is false since ¢ A.

e er=ur=1,6 =1,y =2. Weget a;ltbzt = 1, and by # 1. This contradicts the
malnormality of A in G.

e er=puy=—1,86=1,y =2. Weget a;ltbzv = 1, impossible, as above.

e )=y =18 =2, =1 Weget ta;ltbz = 1. This case forces ap = by, = 1
(because A is malnormal in G) . If n = 2 we get 1)_1cz3glb3_l = 1. But this together

with al_lglblv = 1 implies that v™' € AvA, contrary to our hypotheses. Thus n > 3.
But now we must have €3 = w3, and arguing exactly as in the previous cases, for all
choices of €3 = u3, 63 and y3, we get a contradiction as in one of the cases above.

e ecr=puy=-—1,60=2,9=1. Weget v_laz_ltbg = 1, impossible, as above.

Case 3: n = 0 = £ and m > 0. Notice that in this case there will be no cancellations
in Figure 1, since otherwise we must have either gl_lalgl =1, or gn:ilbl_lgmﬂ =1,
which is false.

Hence we may assume that either n > 0 or £ > 0 or both. By symmetry we may
consider the following case:

Case 4: m > 0 and n > 0. Notice that f;-cancellations have to occur in the product
g lagb™!, since it is equal to 1. Now f;-cancellations can occur only if one of the fol-
lowing occurs:

(i) The product fl_)‘lgl_lalf;ll equals 1, v™!, orz.

(ii) The product f<"a,.1g1 £ equals 1, ¢ or v.

P 5, An+181J1 €q

(iii) The product fll’” gm+1b1 £y, equals 1, v lorr.
(iv) The product f}, byt g,;}rl S equals 1,1 or v.

By symmetry, we may consider only (i). If ff)“gl_lalf;l‘ =1, then g; fl)“ =a f;ll. Let
hi=gof{? - f{" gms1 and

s
a =ayfs o fylannglfit = afy o fylanna f5l € Ay
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Notice that a’ is conjugate to a, so a’ # 1. Also h = ffllgflg, and h ¢ A, since
fl_)"'gl_l € Ay, while g ¢ A;. We get (see Figure 1) g~ 'ag = h='a’h € Ay, contradict-
ing the minimality of m.

If ff)”gl_lalf;ll = v~ then g ] = ai fs'v. Leth := vga f12 - f1" gms1 and

A —
d = (lzf;zz ) -~f§””an+1g1f1 [l a2f§22 ...fsz’a,,ﬂalf;ll € Aj.

As above, 1 #a’ € Ay, andif h € Ay, then g = glfl)‘lv_lh = alf;llh € Ay, which is

1

false. We again get g~ 'ag = h~'a’h € Ay, which contradicts the minimality of .
A —1

. 2 S A A
Finally, if f;"'g] alf;ll =1, then g1 f{" = alf;llt. Leth :=tg2f;7 - f{" &m+1
and

n )" n
a = aszzz e fylanpagifi'r = azf;z2 e Sy an+1a1f§11 €Al
As above we get 1 #a’ € Ajand h ¢ A, and again we get the same contradiction.
Note that if £ = 0, then no cancellation of the type (iii) or (iv) above can occur. ]

Proof of Theorem 3.1. Part (1) holds by Proposition 3.2, and (2) by Proposition 3.3. O

4. The case where v is an involution and v ¢ ArA

The purpose of this section is to prove Theorem 1.1 of the introduction in the case where
v is an involution. We refer the reader to Hypothesis 2.4 and to its explanation in §2. Thus,
throughout this section we assume that v is an involution and v ¢ AtA. Throughout this
section we use the notation and hypotheses of Theorem 1.1.

Let (f) be an infinite cyclic group. We define an HNN extension

Gi=(G. fIftf=v), Ar=(A )
In this section we will prove the following theorem.
Theorem 4.1. We have

(1) Ay =Ax(f);
(2) Ay is malnormal in G.

Suppose Theorem 4.1 is proved. We now use it to prove Theorem 1.1 in the case where v
is an involution.

Proof of Theorem 1.1 in the case where v is an involution. We have A; f = A; and
Atf = Ay fv = Ajv. By Theorem 4.1(2), Ay is malnormal in G|. By Theorem 4.1(1),
A1 NG = A. Also A; does not contain involutions, since A = A *x (f) and A does not
contain involutions. ]

Remark 4.2. Any element of G has the form

g=a1f"g  gmf " gmr1,

where gi € G,i=1,...,m+1,8; = £1,i =1, ..., m. According to Britton’s Lemma
we say that there are no f-cancellations in g if the equality §; = —§;_1 implies that if
6; =1, then g; # 1, ¢, whileif §; = —1, then g; # 1, v.
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Fig. 2

Further let g be as above, let 4 € G, and write
h=hifThy--hi f™hiy,

wherehj € G, j=1,...,k+1,n; ==%£1,j =1,...,k, and there are no f-cancellations
in g and A.

Then g = hifandonly if m =k, §; = n;,i = 1,..., m, and there are elements
wo, 21, W1, 22, W2, « -+« Zm» Wi, Zm+1 sSuch that for every oriented loop in Figure 2 the
product of edges is 1, that is:

@ hi=wi—1gizi,i=1,...,m+1;

b)) wo=1,zm+1 =1;

(c) if §; =1, theneitherz; =1, w; =1,0rz; =t, w; = v;
(d) if§; = —1, theneitherz; = 1, w; = 1, 0orz; = v, w; =t.

Lemmad4.3. A = A x (f).
Proof. Suppose that

818 g O gmar = M1 [P fO Ay,

and h;, g € A,i = 1,...,m + 1. By Remark 4.2, h; = gjz1, hence, by Remark
4.2(a)—(d), since t,v ¢ A, we have z; = 1, so h1 = g1, and then, by Remark 4.2(c)—(d),
w] = 1.

Assume w; = 1. Then h;j11 = w;gi+1zi+1 = &i+1Zi+1- Since t, v ¢ A, this implies
Ziv+1 = 1,and thenw;y1 =1.Sog; =h;jfori =1,...,m+1.Hence Ay = Ax(f). O

Proposition 4.4. A is malnormal in G.

Proof. We will show that the existence of a,b € A; and g € G ~ A such thata # 1
and g~ 'ag = b leads to a contradiction. Let

a=a f%u; - amfamr1, b=b1fPby by Py,

where a;, b; € A, o, fi = £1, and if ¢; = —;_1, then q; # 1, while if 8; = —f;_1,
then b; # 1. Recall that by Lemma 4.3, Ay = A x (f), and therefore in the above
expressions for a and b there are no f-cancellations. We also have

g=a1fg g f*gt,
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where g; € G, §; = 1, and §; = —§;—1 implies that if §; = 1, then g; # 1, ¢, while if

8; =—1,theng; # 1, v.
We assume that k is the least possible.

Case 1: k = 0. Then g = g1, so we have
gyl fMarap f " api1gr = bifPby by b,

We conclude thatn = mand o; = B; fori = 1,...,m.If m =n =0, thena = a; # 1,
b = by, so gl_lalgl = b1, which is impossible because A is malnormal in G.

Let m = n > 0. We obtain Figure 3 below, where

ifo; =1, then either p; = ¢; =1, orp; =t, gi = v, @1
ifo; = —1, theneither p; =¢; =1, orp;=v, q; =t. '
aj i @ fae am Sfom Am+1
81 P1 q1 Pi qi Pm dm 81
by fo b o bu f bup
Fig. 3

We have p; = aflglbl ¢ A since g1 ¢ A. Now assume p; ¢ A. Then g; ¢ A by (4.1),
and by Britton’s Lemma p; 4| = a,-_lelqibi—H is not in A either. In particular p;, g; # 1

foralli < m.
If m = n > 2, consider Figure 4:

f ax f*
P1 q1 P2 q2
S by fe
Fig. 4

We now use (4.1). If oy = 1, 0p = 1, theng) = v, pp = t,s0v = aztbz_1 € AtA,
a contradiction.

Ifo; =1, = —1, thenay # 1, q1 = v, po = v. Then vav = by, contradicting
the malnormality of A in G.

Ifa; =—-1,ap =1,thenay # 1, q) =t, pp =t, and tat = by, again contradicting
the malnormality of A in G.

Ifo=—1,ap=—1,theng; =1¢, pp =v,and v = a;]tbz € AtA, a contradiction.

So we are left with the possibility m = n = 1. In Figure 3 above, after cutting and
pasting we obtain the following Figure 5:
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ay ay
q1 81 D1
by by
Fig. 5
If ¢y = 1, then p; = ¢, g1 = v, while if ®; = —1, then p; = v, g1 = t. In both cases

v € AtA, contrary to the choice of v.

Case 2: k > 0. Consider Figure 6:

ai | fe | a | | am | fem | Am+1
\ \ T \ \ \
81 81
fsl ft?l
82 82
8k
8k
r A
8k+1 8k+1
| | e
bl fﬂl bZ bn fﬁn bn+l
Fig. 6

Notice that f-cancellations have to occur in the product g~

to 1. Therefore, at least one of the following cases must happen:

agh™!, since it is equal

(1) m =0,a = ajy, and £~ cancels with %' in =21 g, a1 g1 f71;
(2) n=0,b = by and f% cancels with f =% in g 1b1g; ! f~%;
(3) m > 0, and £~ cancels with f* in f~%1 g ay f1;

(4) m > 0, and f% cancels with % in f%a,,.1g1 f°1;

(5) n > 0, and f% cancels with fP1in f%g; 1by fP1;

(6) n >0, and fPr cancels with f =% in fPrb, 1g; 7} £ =%
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Incase (1),a = a1 # 1, so gf]mg] = t or v. Hence a; is conjugate to an involution,
which is impossible, as A does not contain involutions.

Similarly, in case (2) we have b = b; # 1, so gk+1b1g]:1 = f or v, again a contra-
diction.

In case (3) we have Figure 7 below, where p, g € {1, ¢, v} by Britton’s Lemma. We
define

d=ay - ayf"ampar f* and  h=qgr- - gk f% g1

a £ | @ | | 9m | Sfeom | Gm+1 a1 S
\ fooee I T T
@ / @ /
_ f _
e m
82 82
8k 8k
£ r
8k+1 Skt
et
bl fﬁ] b2 bn fﬁn bn+l
Fig. 7

We have h~'a’h = b, where @’ is conjugate to a. So a # 1 implies a’ # 1. Also the
f-length of /1 is k — 1. Notice that h = f~%1a;'g, and h ¢ A since f~“'a;' € A and
g ¢ A1. We have obtained a contradiction to the minimality of k.

The remaining cases are handled in entirely the same way. O

Proof of Theorem 4.1. Part (1) holds by Lemma 4.3, and (2) by Proposition 4.4. O

5. The proof of Theorem 1.3

In this section we show how Theorem 1.3 of the introduction follows from Theorem 1.1.

Let G be a group with a malnormal subgroup A such that A contains no involutions.
Assume that G is not 2-transitive on the set of right cosets A\G. If there exists an invo-
lutiont € G \ A, set Gg := G, Agp := A. Otherwise, let Gg := G * (t), where ¢ is an
involution, and let Ag = A. Then, by [MaKS§, Corollary 4.1.5], G is malnormal in Gy,
and then since A is malnormal in G, it is malnormal in Gy.
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We now construct a sequence of groups G; and of subgroups A; < G;,i =0, 1, ...,
having the following properties for all i > 0:

(1) G; = Giyrand A; < Ajyy;s

(2) A;ismalnormal in G; andt € G; \ A;;

(3) A; does not contain involutions;

@) Ait1 NG = Aj;

(5) foreach v € G; \ A, there exists f;, € A;j41 suchthat A;117f, = Aj1v.

In order to construct G;+1, A;+1 from G;, A; we enumerate the set G; ~ A; = {vy :
a < p} for some ordinal p. For each ordinal oo < p we construct the pair G¥, A¥ and the
element f,, € AY having the following properties:

(i) G¥ < G for all ordinals § < a;
(i) AY is malnormal in G¢ and t € G¥ \ A{;
(iii) A¥ contains no involutions;
(iv) A2NGP = Al forall B < a;
(V) fu, € AY and A%tfy, = AYv,.

We let G¥ = G, and A? = A;. If @ = B + 1, we construct (G¥, A%, f,,) from (G7, A)
as follows: If there is some f € Af with Aftf = Afjva we let GY = G?, AY = Af
and f,, = f. Otherwise apply Theorem 1.1 to Gf , Af} withu = 1 and v = v, to
obtain G{, A and f,, € AY. Of course, by construction, A contains no involutions and
A% N GP = AP So (i)~(v) hold,

For a limit ordinal & we set Gga’l) = Up<a G;B, Aga’l) = Up<a A?. We now show
that when « is a limit ordinal, AE“’D is malnormal in GE“’I). Notice that for each ordinal

B < a and each g € GQB ~ Af, we have ¢ € G\ " < A" Indeed, else take the
minimal ¥ < « such that g € AE/. Then, by definition, y is not a limit ordinal, and
g € Gl}/fl ~ Ag/fl. Sog € Al’./ N Gly*l = Ag/fl, a contradiction. This means that
Aga’l) N Gf} = Af for all ordinals 8 < «.

Suppose now that g~ lag = b with g € GE“’I) ~ Af“’l) and a,b € Af“’l). Then, by
the previous paragraph, there exists 8 < « such thata, b € Af and g € Gf ~ A? , and
then we get a contradiction to the malnormality of Af.s in G;B . Clearly Af“’l) contains no
involutions. Next if there exists f € AE“’I) such that AE“‘I)tf = Al(.a‘l)ua then we let
GY = GE“’I), AY = AE“’I) and f,, = f.Else we construct G¥, A? and f,, from Gl(“’l),
AE“’I) using Theorem 1.1 with u = 1 and v = v, (just as in the construction above in the
case of a non-limit ordinal). Again we see that (i)—(v) hold.

Finally, set

Git1= U G, A= U AY,

a<p a<p

¢6=|JGi. A=[JA and X=AQ.

i<w i<w
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As in the construction of Gl(a’ 1), Aga‘l) in the case where « is a limit ordinal, we see that
A is malnormal in G, and A N G; = A; for eachi < w. To see that the action of G on
X is 2-transitive, just note that any v € G \. A is contained in some G; so that there is
some f, € Aj+1 € Awith A;4tf, = Aj1v. Since A;1| < A, we see that Arf, = Av
as required. Since A is malnormal in G, the action of G on X is sharply 2-transitive. By
construction, A contains no involutions.

Finally, as is well known, if G contains a non-trivial abelian normal subgroup, then
necessarily all involutions in G commute with each other (see, e.g., [GMS, Remark 4.4]).
But, by our construction, this is not the case in G. Indeed, if G| = Gg * (f1) is a free
product, then ¢ does not commute with ffltfl. Suppose that G| = (G, f | f~ltf = v)
is an HNN extension. Let s € G be an involution distinct from ¢ (notice that ¢ is not in the
center of G since A is malnormal in G, so such an s exists). Thensf~'sf and f~lsfs are
in canonical form, so they are distinct, and the involutions s and f —lg f do not commute. !
This completes the proof of Theorem 1.3.

Appendix. Some background and a permutation-group-theoretic point of view

Recall that a permutation group G on a set X is regular if it is transitive and no non-trivial
element of G fixes a point; G is a Frobenius group on X if G is transitive on X, no non-
trivial element in G fixes more than one point, and some non-trivial elements of G fix a
point; and G is sharply 2-transitive if G is transitive on X, and for any two ordered pairs
(x1, x2), (xi , xé) € X x X of distinct points in X, there exists a unique element g € G
such that x;g = x/,i = 1,2.

Remarks A.1. Let G be a group and let A be a subgroup of G. Let X := A\G be the set
of right cosets of A in G. Then the following are equivalent:

(1) A is malnormal in G.
(2) Either

(a) A =1and G is regular on X, or
(b) G is a Frobenius group on X (so A # 1).

If a sharply 2-transitive group G on X contains a non-trivial normal abelian subgroup B,
then B is necessarily regular on X and G = HB with H N B = 1, where H is the
stabilizer in G of some point in X. In this case we say that G splits, otherwise we say that
G is non-split.

The primary example of sharply 2-transitive groups are the 1-dimensional affine
groups. Given a field F, the 1-dimensional affine group over F is the group G := {x
ax+b|a,beF, a0} of functions on X = F. So G is Frobenius on X.

If G is a 1-dimensional affine group over F, then G splits. Indeed, if we let B =
{x—>x4+b|be Fland H ={ax | a € F, a # 0}, the stabilizer of 0 in G, then B is

I Note that we could start with a group G which already contains an involution that does not
commute with ¢. Then it would immediately follow that G does not split. We thank Uri Bader for
pointing this out.
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an abelian normal subgroup of G and G = BH. In fact, in [K, §6] it is shown that sharply
2-transitive groups can be completely characterized by means of “1-dimensional affine”
transformations x + ax + b on an algebraic structure called a near-domain defined
in [K, Definition, p. 21]. Further, the notion of a near-field is defined in [K, below the
Definition on p. 21]. And in [K, Thm. 7.1, p. 25] it is shown that the assertion that every
sharply 2-transitive group splits is equivalent to the assertion that every near-domain is a
near field (see also [Hall, Subsection 20.7, p. 382], [SSS, Chapter 3]).

However, for an infinite sharply 2-transitive group G it was a long-standing problem
whether or not G splits. It is known that a sharply 2-transitive group splits in the following
cases:

G is locally compact connected [Ti];

G is locally finite [W];

G is definable in an o-minimal structure [T2];

G is linear (with certain additional restrictions) [GIGu];

G is locally linear (with some additional restrictions) [GMS];
further splitting results can be found in [BN] and [SSS].

To state some additional splitting results we need to introduce some more definitions.
So let G be an infinite sharply 2-transitive group on a set X. Then G contains “many”
involutions. Let / C G be the set of involutions in G. Then I is a conjugacy class in G.
If i € I has no fixed points in X we say that G is of characteristic 2 and we write
char(G) = 2. Otherwise each i € [ fixes a unique point. In this case the set of all
products of distinct involutions, 7% ~. {1}, forms a conjugacy class in G, and a non-trivial
power of an element in 72~ {1} belongs to I~ {1}. It follows that the elements in 7>~ {1}
either have an odd prime order p, or are of infinite order. In the former case we say that
the characteristic of G is p, and in the latter case we say that the characteristic of G is 0.
Hence we have the following definition.

Definition A.2. Let G be a sharply 2-transitive group on a set X, and let / be the set of
involutions in G. Let 12 = {ts | ¢, s € I}. We define the characteristic of G, denoted
char(G), as follows:

e char(G) = 2ifi € I has no fixed point in X;
char(G) = 0 if each g € 12 ~ {1} is of infinite order;
char(G) = p, where p is an odd prime, if the order of each g € 17 ~. {1} is p.

e In [K, Thm. 9.5, p. 42] and in [Tu] it was shown that if char(G) = 3, then G splits.
e In [M] it was shown that if the exponent of the point stabilizer is 3 or 6, then G splits.

Using the above terminology, we can now rephrase Theorem 1.3 as follows.

Theorem A.3. Every Frobenius or regular permutation group which is not sharply
2-transitive, and whose involutions do not have any fixed point, has a non-split sharply
2-transitive extension of characteristic 2.

Here, by an “extension” we mean an extension of both the given set and the given permu-
tation group.
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