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Abstract. We study the derived representation scheme DRep,, (A) parametrizing the n-dimensional
representations of an associative algebra A over a field of characteristic zero. We show that the
homology of DRep,,(A) is isomorphic to the Chevalley—Eilenberg homology of the current Lie
coalgebra g[ﬁ(c_') defined over a Koszul dual coalgebra of A. This gives a conceptual explanation
to some of the main results of [BKR] and [BR1], relating them (via Koszul duality) to classical
theorems on (co)homology of current Lie algebras gl,, (A). We extend the above isomorphism to
representation schemes of Lie algebras: for a finite-dimensional reductive Lie algebra g, we define
the derived affine scheme DRep (a) parametrizing the representations (in g) of a Lie algebra a; we
show that the homology of DRep(a) is isomorphic to the Chevalley-Eilenberg homology of the
Lie coalgebra g*(C), where C is a cocommutative DG coalgebra Koszul dual to the Lie algebra a.
We construct a canonical DG algebra map ®g4(a) : DRepg(a)G — DReph(a)W, relating the
G-invariant part of representation homology of a Lie algebra a in g to the W-invariant part of
representation homology of a in a Cartan subalgebra of g. We call this map the derived Harish-
Chandra homomorphism as it is a natural homological extension of the classical Harish-Chandra
restriction map.

We conjecture that, for a two-dimensional abelian Lie algebra a, the derived Harish-Chandra
homomorphism is a quasi-isomorphism. We provide some evidence for this conjecture, including
proofs for gl, and sl; as well as for gl,,, sl,;, s0, and sp,,, in the inductive limit as n — oo. For
any complex reductive Lie algebra g, we compute the Euler characteristic of DRep (@)Y in terms

of matrix integrals over G and compare it to the Euler characteristic of DRep (@W. This yields
an interesting combinatorial identity, which we prove for gl,, and sl,, (for all n). Our identity is
analogous to the classical Macdonald identity, and our quasi-isomorphism conjecture is analogous
to the strong Macdonald conjecture proposed in [H1, F] and proved in [FGT]. We explain this
analogy by giving a new homological interpretation of Macdonald’s conjectures in terms of derived
representation schemes, parallel to our Harish-Chandra quasi-isomorphism conjecture.
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1. Introduction

This paper is a sequel to [BKR] and [BR1] (see also [BFR]), where we study the derived
representation scheme DRep,, (A) parametrizing the n-dimensional representations of an
associative algebra A over a field k of characteristic 0. This scheme is constructed in
[BKR] in an abstract way by extending the classical representation functor Rep, (-) to
the category of differential graded (DG) algebras and deriving it in the sense of non-
abelian homological algebra [Q1, DS]. The derived scheme DRep,, (A) is represented by
a commutative DG algebra which (to simplify the notation) we also denote by DRep,, (A).
The DG algebra DRep,, (A) is well defined up to homotopy; its homology He[DRep,, (A)]
is an invariant of A, which we call the (n-dimensional) representation homology.

From the very beginning, it was clear that representation homology must be somehow
related (dual) to the Chevalley—Eilenberg homology of matrix Lie algebras but the precise
form of this relation has been elusive. The first goal of the present paper is to clarify the
relation between representation homology and Lie algebra (co)homology and offer a sim-
ple explanation of the formalism developed in [BKR, BR1]. Our starting point is a basic
principle of homological algebra called Koszul duality. In concrete terms, it can be stated
as follows. Associated to a (nonunital or augmented) algebra A is a coassociative cofree
DG coalgebra BA called the bar construction [EM]. Any natural construction C(A) on
algebras can be formally dualized (by reversing the arrows) to give the corresponding
construction for coalgebras. When applied to B A, this dual coalgebra construction gives
a natural homological construction for A which we call the Koszul dual of C(A). Many
interesting complexes and homological structures related to associative algebras arise in
this way. For example, the Connes-Tsygan complex CC(A) defining the cyclic homol-
ogy of an algebra A can be identified (up to shift in degree) with the cocommutator
subspace of B A, which is the Koszul dual construction of the universal algebra trace
A — A/[A, A]. The cyclic bicomplex (originally introduced in [T] and [LQ] to explain
the periodicity properties of cyclic homology) can be interpreted as the Koszul dual of a
noncommutative de Rham complex X (A) =[--- — A — 9114, > A > Qi&,n - ]
called the periodic X-complex of A (see [Q3]). Another example (unrelated to cyclic
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homology) is Stasheff’s construction of the Gerstenhaber bracket on Hochschild coho-
mology HH®(A, A) of an algebra A: this bracket turns out to be the Koszul dual of the
usual Lie bracket on the space Der(A) of derivations of A (see [St]).

The main observation of the present paper is that DRep,, (A) is the Koszul dual of the
classical Chevalley—Eilenberg complex C(gl,,(A); k) computing homology of the current
Lie algebra gl,,(A). Recall that, for any Lie algebra g, the Chevalley—Eilenberg complex
C(g; k) has a natural structure of a cocommutative DG coalgebra. The dual construction—
the Chevalley—Eilenberg complex C°(®; k) of a Lie coalgebra &—has therefore the struc-
ture of a commutative DG algebra. We show (see Theorem 3.2) that, for any augmented
DG algebra A, there is a natural isomorphism of commutative DG algebras

DRep,, (A) = C° (gl (BA); k), (1.1

where BA is the reduced bar construction of A and gl% is the Lie coalgebra (linearly)
dual to the matrix Lie algebra gl,. Furthermore, under (1.1), the GL,-invariant part
of DRep,,(A) (see Section 2.4.2 for a precise definition) corresponds to the relative
Chevalley—Eilenberg complex of the natural Lie coalgebra map gl} (BA) — gl (k):

DRep,, (A0 = C(glr(BA), gl (k); k), (1.2)

which is Koszul dual to the relative Chevalley—Eilenberg complex C(gl,, (A), gl,, (k); k) of
the Lie algebra inclusion gl,, (k) C gl,,(A).

As a consequence of (1.1), the representation homology of an algebra A is isomorphic
to the Chevalley—Eilenberg homology of the matrix Lie coalgebra g’ (BA). This gives
a conceptual explanation to many results of [BKR] and [BR1]. For example, the derived
character maps Tr,(A)e : HC.(A) — Hl[DRep, (A)] constructed in [BKR] are Koszul
dual to the natural trace maps He(gl,,(A); k) — HCq_1(A) relating homology of matrix
Lie algebras to cyclic homology, the degree shift in cyclic homology being explained
by the fact that HC,(BA) = HC,_(A). The stabilization theorem for representation
homology proved in [BR1] is Koszul dual to the classical theorem of Tsygan [T] and
Loday—Quillen [LQ], although one result does not automatically follow from the other
(see Section 3.3).

It is important to note that, in (1.1) and (1.2), we can replace BA by any DG coal-
gebra C which is Koszul dual to the algebra A (see Section 2.3). In fact, the bar con-
struction B A is the universal Koszul dual coalgebra of A but it is often convenient to
work with other coalgebras. For example, if A is a quadratic Koszul algebra, we can re-
place B A by the coalgebra (A')* (the linear dual of the graded Koszul dual algebra of A),
which is known to be a minimal model for A (see [LV]). In this case, we have natural
isomorphisms (see Section 3.4)

DRep, (A) = C*(gl,(A"); k),  DRep, (A)" = C™*(gl, (A", gl(k); k),

where C~* denotes the (absolute and relative) cochain complexes of the Lie algebra
al, (A") equipped with homological grading.

Another natural way to generalize (1.1) and (1.2) is to replace gl, by an arbi-
trary finite-dimensional reductive Lie algebra g. In place of the derived representation
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scheme DRep,,(A), one should consider its Lie analogue: the derived scheme DRepg (a)
parametrizing the representations of a given Lie algebra a in g. By a representation of a
in g we simply mean a Lie algebra homomorphism a — g, and DRep(a) is defined by
extending the representation functor Rep () to the category of DG Lie algebras DGLAg
and deriving it using a natural model structure on DGLA. For an arbitrary g, the isomor-
phisms (1.1) and (1.2) then become (see Theorem 6.7)!

DRepg(a) = C°(g*(C);: k), DRepy ()€ = C(g*(C). g*: k), (13)

where C is a cocommutative DG coalgebra Koszul dual to the Lie algebra a.

Now, let h be a Cartan subalgebra of g, and W the corresponding Weyl group. The
natural inclusion h < g gives a morphism of Lie coalgebras g* — h*, which, in turn,
extends to a map of commutative DG algebras C¢(g*(C), g*; k) — C°(h*(C), b*; k). The
image of this last map consists of chains that are invariant under the action of W (cf.
Proposition 7.1): thus, in combination with (1.3), we get a natural map

®g(a) : DRepy ()¢ — C°(H*(C), b*; k)" (1.4)

More formally, ®4(a) can be defined as DRepg (a)G — DReph(a)W, which is a func-
torial derived extension of the restriction map k[Repg (@1¢ — k[Reph(a)]W. In the
simplest case, when a is a one-dimensional Lie algebra, DRepy(a) = k[g], and (1.4)
becomes k[g]G — k[h]", which is the classical Harish-Chandra homomorphism2 (see
Example 7.2). In general, we will refer to (1.4) as the derived Harish-Chandra homomor-
phism. By a well-known theorem of Chevalley [C], the classical Harish-Chandra homo-
morphism is actually an isomorphism:

k[g1® = k[n". (1.5)

It is therefore a natural question to ask if the map (1.4) is a quasi-isomorphism in general.

In the present paper, we address this question for finite-dimensional abelian Lie al-
gebras. Note that if a is abelian, a choice of linear basis in a identifies Rep(a) with the
commuting scheme of the reductive Lie algebra g (cf. [R]). Hence, in this case, DRep,(a)
should be thought of as the derived commuting scheme of g. We show that (1.4) cannot
be a quasi-isomorphism (for all g) if dimg(a) > 3 (cf. Section 5.2); on the positive side,
we expect that the following is true (see Conjecture 8.1):

If a is abelian and dimy (a) = 2, then ®4(a) is a quasi-isomorphism. (1.6)
In the case of gl,,, this implies (see Conjecture 4.6)

DRep, (k[x, y1)& Z klx1, ..., X0y Y1s vy Yns 015 -+ vy 0157,

I The derived schemes DRep,, (A) and DRep (a) are examples of a general operadic construction
that we sketch in the Appendix. The isomorphisms (1.1)—(1.3) are special cases of Theorem A.4
proved in the Appendix.

2 Harish-Chandra actually defined a homomorphism D(g)G — D(h)W of rings of invariant
differential operators that reduces to k[g]G — k[h]W on the zero order differential operators
(see [HC)).
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where the polynomial ring on the right is homologically graded so that the variables
X1,...,%x, and y1, ..., y, have degree O, the variables 61, ..., 6, have degree 1, and
the differential is identically zero. The symmetric group S, acts on this polynomial ring
diagonally by permuting the triples (x;, y;, 6;).

Conjecture (1.6) can be restated in elementary terms, without using the language of
derived schemes. To this end, consider the graded commutative algebra k[g x g] ® A g*,
where k[g x g] is the ring of polynomial functions on g x g assigned homological degree O,
and A g* is the exterior algebra of the dual Lie algebra g* assigned homological degree 1.
The differential on k[g x g] ® A g* is defined by

de€.n) = (& 0D, VEnegxg Ypeg"

The DG algebra (k[g x g] ® Ag*, d) represents the derived scheme DRepg(a) in the
homotopy category of commutative DG algebras, and the derived Harish-Chandra homo-
morphism ®4(a) is given in this case by the natural restriction map (see Proposition 8.2)

k[g x g1 ® Ag“C — k[ x hlo AHHWY. (1.7

Conjecture (1.6) is thus equivalent to the claim that (1.7) is a quasi-isomorphism.

Our second goal in this paper is to provide evidence for conjecture (1.6) and discuss
some of its implications. First, in the case of gl,, we prove that (1.6) holds for n = 2
and n = oo (see Theorem 4.7 and Theorem 4.10 respectively); we also prove that the
map Hq (g, ) induced by (1.4) on homology is surjective for all n (see Theorem 4.10).
Second, we show (see Theorem 8.8) that our conjecture for sl, is equivalent to that for
gl,, (and hence holds for sl,). Using a version of stabilization theorem of [BR1], we also
verify (1.6) for the orthogonal and symplectic Lie algebras, so,, and sp,,,, in the inductive
limit as n — oo (see Section 8.5). Finally, we compute the weighted Euler characteristics
of both sides of (1.4) and show that (1.6) implies the following constant term identity (see
Conjecture 8.5):

(1 —qt) (1—qre®)(1—e*) | det(1 — gtw)
(1I—g)l1 -1 CT{ 1_[ (1 —ge¥)(1 — te“‘)} N Z det(l — gw) det(1 — rw) "
(1.8)

aER weW

Here R is a system of roots of the Lie algebra g, [ := dimg(h) is its rank and CT :
Z[Q] — Z is the constant term map defined on the group ring of the root lattice of R
(see (8.4)). The determinants on the right are taken in the natural (reflection) represen-
tation of W on h. One of our main results (Theorem 5.5) is that the identity (1.8) holds
for gl,, and s, for all n, in which cases it can be described in purely combinatorial terms
(see (5.2) and also Remark 3 after Theorem 5.5).

If k = C, the identity (1.8) can be written in a more symmetric, integral form:

/ det(1 — gt Ad g) 1 det(1 — gtw) 19)
G

det(1 — g Adg)det(1 —tAdg) ¢~ 1w| = det(1 — qw) det(l — rw)’
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Here the integration is taken over a real compact form of the complex Lie group G, which
is equipped with the invariant Haar measure dg normalized so that [, ¢ dg = 1. Notice
that if we specialize ¢t = 0, (1.9) becomes the well-known identity

l
fdet(l—qug) 1:[ Pk (1.10)

which exhibits the equality of the Poincaré series of both sides of the Chevalley isomor-
phism (1.5). The Chevalley isomorphism (1.5) has a natural ‘odd’ analogue: the Hopf-
Koszul-Samelson isomorphism (A g)¢ = A(Primg), identifying the space of invariants
in the exterior algebra of g with the exterior algebra of its subspace of primitive elements
(see, e.g., [Me, Chap. 10]). At the level of Poincaré series, the Hopf—Koszul-Samelson
isomorphism gives the identity

/det(l+qug)dg—]_[(1+q2d'—‘) (1.11)
i=1

which may be viewed as an ‘odd’ analogue of (1.10). In his original paper [M] on Mac-
donald conjectures, I. Macdonald observed that (1.11) arises as a specialization of his
constant term identity>

(1 —6] (1 — ”+1td —1)
|W| {l_[ l—[ ntea} l—[ l_[ n+1)(1 _ q”td) ’ (112)

n>0(xER n>0i=

and he asked (cf. [M, Remark 2, p. 997]) whether (1.10) admits a (g, t)-generalization
analogous to (1.12). It seems that (1.8) is an answer to Macdonald’s question.

The above analogy raises the question if the Macdonald identity (1.12) has a homo-
logical origin similar to that of (1.8). Building on [M], Hanlon [H1, H2] (and indepedently
Feigin [F]) gave an interpretation of (1.12) in terms of cohomology of certain nilpotent
Lie algebras: they made a precise conjecture (cf. [H1, Conjecture 1.5]) on the structure
of this cohomology that entails (1.12). The Hanlon—Feigin conjecture (also known as the
strong Macdonald conjecture) was proved in full generality by Fishel, Grojnowski and
Teleman [FGT]. In the present paper, we will give a different interpretation of the Mac-
donald identity that clarifies its relation to our identity (1.8).

We begin with a general remark. Working with derived representation schemes
DRepg (), it is natural to put on a a (homological) grading: indeed, even when Repg (a)
is trivial (for example, when the grading on a does not allow any homomorphisms a — g
other than zero), the derived scheme DRep,(a) may have an interesting (and quite non-
trivial) structure. If a is abelian and dimy (a) = 2, putting a grading on a amounts to split-
ting it into the sum of two one-dimensional subspaces of homological degrees p and r (in
this case we will write a = a, , to emphasize the grading). It turns out that the structure
of DRep(a,,-) essentially depends only on the parities of p and r (see Proposition 9.6),

3 The constant term identity (1.12) as well as its generalization (the so-called inner product iden-
tity) was proved for an arbitrary root system by 1. Cherednik (see [Ch] and also [Kir]).
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and therefore there are three possibilities, which we refer to as the even, mixed and odd
cases (depending on whether p and r are both even, have opposite parities or are both
odd).

In the even case, we show that conjecture (1.6) holds for a, , if and only if it holds
for a with trivial grading (i.e., p = r = 0); thus, in this case, we expect the Harish-
Chandra homomorphism (1.4) to be a quasi-isomorphism, and the resulting constant term
identity is (1.8).

In the mixed case, the situation seems quite different: the derived Harish-Chandra ho-
momorphism is no longer a quasi-isomorphism, and we need to construct a new map. To
explain the construction we return for a moment to the general situation. Drinfeld [Dr] in-
troduced a natural functor on the category of Lie algebras that associates to a Lie algebra a
the universal invariant bilinear form

Aa) = SymZ(a)/{[x,y] -z —x - [y.z] : x, y.z € a).

Following a suggestion of Kontsevich [K], Getzler and Kapranov [GK] defined cyclic ho-
mology for Lie algebras (and more generally, for algebras over an arbitrary cyclic operad)
as the nonabelian derived functor of the functor A. Our starting point is a natural exten-
sion of the Drinfeld—Getzler—Kapranov construction: for an integer d > 1, we consider
the functor A : DGLA; — Comy assigning to a Lie algebra a (the target of) the universal
invariant multilinear form on a of degree d (so that 2@ =2). We prove (see Theorem 7.3)
that, for any d, this functor has a left derived functor LA@ : Ho(DGLA;) — Ho(Comy) de-
fined on the homotopy category of DG Lie algebras, and we let HCE‘Z) (Lie, a) denote
the homology of LA®) (). The meaning of this construction is clarified by Theorem 7.4,
which asserts that the (reduced) cyclic homology of the universal enveloping algebra I/ (a)

of any Lie algebra a has a canonical Hodge-type decomposition*
HC,Ua) = @ HCY (Lie, ). (1.13)

d>1

The decomposition (1.13) may be viewed as a Koszul dual of the classical Hodge decom-
position of the cyclic homology of commutative algebras. In particular, as in the case of
commutative algebras (cf. [BV]), there are Adams operations ¥” on HC.Ua), whose
(graded) eigenspaces are precisely HC(.d) (Lie, a) (see Section 7.2.2). Next, for any ho-
mogeneous invariant polynomial on g of degree d, we construct natural trace maps (see
Section 7.3)

Trgd)(a) : Lk(d)(a) — DRepg(a)G,

that are analogues of the derived character maps of [BKR] for Lie algebras. Letting d run
over the set {dy, ..., d;} of fundamental degrees of g, we then define the homomorphism
of commutative DG algebras

1 [
Sym, [@ Teld) (a)] : Sym, [EB L) (u)] — DRep, (@)%, (1.14)
i=1 i=1

4 This provides a (partial) answer to a question of V. Ginzburg about the existence of Hodge
decomposition for cyclic homology of noncommutative algebras.
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which we call the Drinfeld trace map. In the simplest case when a is a one-dimensional
Lie algebra, the Drinfeld trace map coincides with the inverse of the Chevalley isomor-
phism (1.5) (see Example 7.10).

Returning to the derived commuting schemes, we may now state our last main re-
sult (see Theorem 9.2): for the two-dimensional abelian Lie algebra a = a, , graded in
such a way that p and r have opposite parities, the Drinfeld trace map (1.14) is a quasi-
isomorphism, and at the level of Euler characteristics, it gives precisely the Macdonald
identity (1.12). Unfortunately, our proof of Theorem 9.2 is not entirely self-contained:
apart from results proved in this paper, it relies on one of the main theorems of [FGT].
Still, we believe that our interpretation of the Macdonald identity in terms of representa-
tion homology is, in some respects, more natural than the classical one in terms of Lie
cohomology, and at the very least, it clarifies the relation between (1.12) and (1.8). We
would also like to mention an interesting recent paper [Kh] which gives yet another homo-
logical interpretation of Macdonald’s theory in terms of representation theory of current
Lie algebras. It seems that our approach is related to that of [Kh] in a natural way (via
Koszul duality at the level of derived module categories); it would be interesting to study
this relation, especially with a view towards understanding (1.8).

Finally, we have to mention that, in the odd case (when p and r are both odd), the
structure of the derived commuting scheme DRep (ap, )¢ remains mysterious to us. We
do not know whether there exists a numerical identity analogous to (1.8) and (1.12) in
this case.

The paper is organized as follows. Section 2 is preliminary: here, we recall basic
facts of differential homological algebra and review the construction of derived repre-
sentation schemes from [BKR] and [BR1]. In Section 3, we prove our first main result,
Theorem 3.2, which relates representation homology to Lie (co)homology, and discuss its
implications. In Section 4, we construct the derived Harish-Chandra homomorphism for
representation schemes of associative algebras and state our main conjecture for gl,, (see
Conjecture 4.6). The key results of this section are Theorem 4.7 (proof of Conjecture 4.6
for n = 2), Theorem 4.10 (surjectivity of the Harish-Chandra homomorphism on homol-
ogy for all n and bijectivity for n = oo) and Theorem 4.13 (proof of the analog of Conjec-
ture 4.6 for g-polynomial algebras). Next, in Section 5, we compute Euler characteristics
and deduce our constant term identity in the case of gl,, (see (5.2)). The main result of
this section is Theorem 5.5, which proves the constant term identity for gl, for all n. In
Section 6, we define representation homology for an arbitrary (reductive) Lie algebra g.
The main result of this section, Theorem 6.7, is a natural generalization of Theorem 3.2.
In Section 7, we construct the derived Harish-Chandra homomorphism and the Drinfeld
trace maps for representation schemes of Lie algebras. The main result is Theorem 7.4
that gives a Hodge decomposition for the cyclic homology of the universal enveloping
algebra of any DG Lie algebra. In Section 8, we consider the derived commuting variety
of a reductive Lie algebra; we state our quasi-isomorphism conjecture in full generality
(Conjecture 8.1) and deduce the corresponding constant term identity (Conjecture 8.5);
we also provide some evidence in favor of Conjecture 8.1, including its verification for
orthogonal and symplectic Lie algebras in the limit # — oo (Theorem 8.15). In Section 9,
we explain the relation of our conjectures to the classical Macdonald conjecture [M] and
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the strong Macdonald conjecture of [H1] and [FGT]. The main result of this section is
Theorem 9.2 showing that the Drinfeld trace map is a quasi-isomorphism in the mixed
case. Finally, in the Appendix, we generalize our construction of derived representation
schemes to algebras over an arbitrary binary quadratic operad. This puts some of the main
results of present paper in a proper perspective.

2. Preliminaries

In this section, we introduce notation and recall some basic results from the literature.
In particular, we review the construction of derived representation schemes and derived
character maps from [BKR].

2.1. Notation and conventions

Throughout this paper, k denotes a base field of characteristic zero. An unadorned tensor
product ® stands for the tensor product ®; over k. An algebra means an associative k-
algebra with 1; the category of such algebras is denoted Alg;. Unless stated otherwise,
all differential graded (DG) objects are equipped with differentials of degree —1, and
the Koszul sign rule is systematically used. The homological degree of a homogeneous
element x in a graded vector space V will often be denoted by |x|. If V is a graded k-vector
space, we denote by 7} V its tensor algebra and by Sym; (V) its graded symmetric algebra.
Thus, Sym; (V) = Symy; (Vey) ® Nk (Vodd), where Ve, and Viqq are the even and odd
components of V respectively. Symd(V) will denote the d-th symmetric power of V.
Thus, Sym? (V) = @, ,,—4 SYM” (Vev) ® A (Voaa) and Symy (V) = B3, Sym? (V).
The graded symmetric coalgebra on V will be denoted by Sym® (V). For V, W € Comy,
we define Hom(V, W) to be the complex whose space of p-chains is

Hom(V, W), := HHomk(Vn, Whtp)
n
and the differential is given by df := dw o f — (—1)? f ody, where f € Hom(V, W),.

2.2. The bar/cobar construction

In this and the next section, we briefly recall some classical results from differential ho-
mological algebra which are needed for the present paper. An excellent modern reference
for this material is [LV].

2.2.1. DG algebras and coalgebras. Let DGA; denote the category of associative unital
DG algebras over k with differential of degree —1. Recall that A € DGAy is augmented
if it is given together with a DG algebra map ¢ : A — k. A morphism of augmented
algebras (A, e4) — (B, ep) is amorphism f : A — B in DGA; satisfying ep o f = €4.
We denote the category of augmented DG algebras by DGA 4. This category is known to
be equivalent to the category DGA of nonunital DG algebras: the mutually inverse functors
are given by
B' <+ B, DGAyx =DGA, A A
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where A := Ker(e) is the kernel of the augmentation map of A and B’ := k @ B is
the unitalization of B equipped with the canonical projection ¢ : B’ — k. Similarly,
we define the (equivalent) categories DGCA;,; and DGCA of commutative DG algebras:
augmented and nonunital, respectively.

Let DGC (resp., DGCy) denote the category of coassociative (resp., coassociative couni-
tal) DG coalgebras over k. We shall often work with augmented coassociative counital
DG coalgebras C which are conilpotent in the sense that

_ (n) _
¢ = JKer[c & c®" — C®] Q.1

n>2

where A denotes the n-th iteration of the comultiplication map A¢c : C — C ® C
and C is the cokernel of the augmentation map ec : k — C. We denote the category
of such coalgebras by DGCy /. Similarly, DGCC (resp., DGCCy) will denote the category of
cocommutative (resp., cocommutative counital) DG coalgebras over k, and DGCCy/x will
denote the category of coaugmented conilpotent cocommutative DG coalgebras over k.

2.2.2. Twisting cochains. Given an algebra R € DGAy/« and a coalgebra C € DGCy/x, we
define a twisting cochain T : C — R to be a linear map of degree —1 satisfying

dpT +tdc + mp(t ® 1) Ac =0, 7Toegc =0, erotrT=0,

where dr and dc are the differentials on R and C, and mp, is the multiplication map on R.
We write Tw(C, R) for the set of all twisting cochains from C to R. It is easy to show that,
for a fixed algebra R, the functor

Tw(-, R) : DGCy/r — Sets, C +— Tu(C, R),

is representable; the corresponding coalgebra B(R) € DGCy/k is called the bar construc-
tion of R: itis defined as the tensor coalgebra T (R[1]) with differential lifting dg and mp.
Dually, for a fixed coalgebra C, the functor

Tw(C,-) : DGA/x — Sets, R~ Tw(C, R),

is corepresentable; the corresponding algebra £(C) € DGAyy is called the cobar con-
struction of C: it is defined as the tensor algebra T} (C[—1]) with differential lifting d¢
and Ac. Thus, we have canonical isomorphisms

HomDGAk/k(SZ(C), R) = TW(C, R) = HomDGck/k(C, B(R)) (22)

showing that & : DGCy/x = DGAg/« : B are adjoint functors.

2.2.3. Koszul-Moore equivalence. The categories DGA; and DGCA; carry natural model
structures (see [Hi]). The weak equivalences in these model categories are the quasi-
isomorphisms and the fibrations are the degreewise surjective maps. The cofibrations are
characterized in abstract terms: as morphisms satisfying the left lifting property with re-
spect to the acyclic fibrations. The model structures on DGA; and DGCA; naturally induce
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model structures on the corresponding categories of augmented algebras (cf. [DS, 3.10]).
In particular, a morphism f : A — B in DGAg/« is a weak equivalence (resp., fibration
or cofibration) iff f : A — B is a weak equivalence (resp., fibration or cofibration) in
DGAg. All objects in DGA; and DGAy i are fibrant. The cofibrant objects in DGAg/x can
be described more explicitly than in DGA: every cofibrant A € DGAy, is isomorphic to
a retract of (C), where £(C) is the cobar construction of an augmented conilpotent
coassociative DG coalgebra C (see [Ke, Theorem 4.3]).

There is a dual model structure on DGCy,, where the weak equivalences are the
morphisms f such that &(f) is a quasi-isomorphism. A well-known result, due to
J. C. Moore, asserts that the model categories DGA;,; and DGCy are Quillen equivalent:
more precisely,

Theorem 2.1 ([Mo]). The pair of adjoint functors
Q: DGCyk = DGAy/k : B 2.3)

is a Quillen equivalence. In particular, the functors (2.3) induce mutually inverse equiva-
lences between the homotopy categories

L2 : Ho(DGCy k) = Ho(DGAk/x) : RB.

The proof of this theorem can be found, for example, in [LV].

2.3. Koszul duality

Let C € DGCy/k and let R € DGAy /. Let Mod(R) denote the category of right DG modules
over R, and dually let CoMod(C) denote the category of right DG comodules over C which
are conilpotent in a sense similar to (2.1). Given a twisting cochain 7 € Tw(C, R) one can
define the functors

—®; C : Mod(R) = CoMod(C) : —®¢ R

called the twisted tensor products. Specifically, if M € Mod(R), then M ® C is defined
to be the DG C-comodule whose underlying graded comodule is M ®; C and whose
differential is given by

d=dy ld+1d®dc +(mId)(Id @t @ IA)Id @ A).

Similarly, for a DG comodule N € CoMod(C), one defines a DG R-module N ®; R. In
the same fashion, for a DG bicomodule A/ € Bicomod(C), one defines a DG R-bimodule
R: @ N ®; R.

Next, recall that the derived category D(R) of DG modules is obtained by local-
izing Mod(R) at the class of all quasi-isomorphisms. To introduce the dual notion for
DG comodules one has to replace the quasi-isomorphisms by a more restricted class of
morphisms in CoMod(C). We call a morphism f in CoMod(C) a weak equivalence if
f ®:. R(C) is a quasi-isomorphism in Mod€2(C), where 7¢c : C — (C) is the universal
twisting cochain corresponding to the identity map under (2.2). The coderived category
D¢(C) of DG comodules is then defined by localizing CoMod(C) at the class of weak
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equivalences. It is easy to check that the twisted tensor products induce a pair of adjoint
functors
-®: C:D(R)=DC):-Q; R. 2.4

The following theorem characterizes the class of twisting cochains for which (2.4) are
equivalences.

Theorem 2.2 (see [LV, Theorem 2.3.1]). For t € Tw(C, R), the following are equiva-
lent:

(1) the functors (2.4) are mutually inverse equivalences of categories;

(ii) the complex C ®; R is acyclic;

(iii) the complex R @ C is acyclic;

(iv) the natural morphism R @, C ®; R S Risa quasi-isomorphism;

(V) the morphism Q(C) S R corresponding to T under (2.2) is a quasi-isomorphism
in DGAy /i,

(vi) the morphism C = B(R) corresponding to t under (2.2) is a weak equivalence
in DGCy k.

If conditions (1)—(vi) hold, the DG algebra R is determined by C up to isomorphism
in Ho(DGAy k) and the DG coalgebra C is determined by R up to isomorphism in
Ho(DGCy/ k).

A twisting cochain 7 € Tw(C, R) satisfying the conditions of Theorem 2.2 is called
acyclic. In this case, the DG coalgebra C is called Koszul dual to the DG algebra R and
R is called Koszul dual to C.

2.4. Derived representation schemes

Derived representation schemes were originally discussed in [CK] as part of a general
program of deriving Quot schemes and other moduli spaces in algebraic geometry. A dif-
ferent, more algebraic approach was developed in [BKR], where it was shown, among
other things, that the representation functor is a (left) Quillen functor on the model cate-
gory of associative DG algebras. In this section, we briefly review the basic construction
of [BKR].

2.4.1. The representation functor. For an integer n > 1, let M,,(k) denote the algebra
of n x n matrices with entries in k. If B € DGAg, we write M,,(B) := M, (k) ® B; this
gives a functor on the category of DG algebras: M,,(-) : DGAy — DGAg. Next, we define

/= :DGA; — DGAr, A > [A s M, (k)M ®), (2.5)

where A *x; M, (k) is the free product (coproduct) in DGA; and [.. .]M"(") denotes the
(graded) centralizer of M,, (k) as the subalgebra in A x; M,, (k).

The following proposition is a generalization (to DG algebras) of a classical result of
G. Bergman (see [BKR, Proposition 2.1]).

Proposition 2.3. The functor /= is left adjoint to M,,(-).
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Now, let DGCAy be the category of commutative DG algebras. The natural inclusion func-
tor DGCAy — DGAy has an obvious left adjoint given by

(5)ab : DGAy — DGCAx, A= Ay = A/([A, A)), (2.6)

where ([A, A]) is the two-sided DG ideal of A generated by the graded commutators.
Combining (2.5) and (2.6), we define

()n : DGA; — DGCA;, A > A, = VA, 2.7)
Then, as a consequence of Proposition 2.3, we get

Theorem 2.4. The functor (=), is left adjoint to M, (=) on the category of commutative
DG algebras. Thus, for any A € DGAg, the DG algebra A, (co)represents the functor of
points of the affine DG scheme

Rep, (A) : DGCAy — Sets, B +— Hompgy, (A, M, (B)), 2.8)
parametrizing the n-dimensional representations of A.

Theorem 2.4 implies that there is a natural bijection
Hompgy, (A, M, (B)) = Hompeaca, (As, B), (2.9

functorial in A € DGA; and B € DGCA;. Accordingly, we refer to (2.7) as the functor of
n-dimensional representations, or simply the n-th representation functor on DGAg. Letting
B = A, in (2.9), we have a canonical DG algebra map x,, : A — M, (A,), called the
universal n-dimensional representation of A.

The algebra A, has the following canonical presentation described in [BKR, Sec-
tion 2.4]. Let {e;; }?, =1 be the basis of elementary matrices in M, (k). For each a € A,
define the ‘matrix’ elements of a in A *; M, (k) by

n
ajj = Z €Liaejk.
k=1

Then a;; € VA foralli,j = 1,...,n, and we also write a;j for the corresponding
elements in A,,.

Lemma 2.5. The algebra A, is generated by the elements {a;j : a € A} satisfying the
relations

n
(a—i—b)ij:aij—i-b,-j, (ab),-j=Za,-kbkj, Aij = 8ijA, Va,be A, A €k.
k=1

The differential on A, is determined by the formula d(a;j) = (da);j. The universal
n-dimensional representation of A is given by

Tn i A—> My(Ay),  awlajl.
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In this paper, we will work with augmented DG algebras. Note that if A is augmented,
then A, has a natural augmentation ¢, : A, — k coming from (2.7) applied to the
augmentation map of A. This defines a functor DGA;/x — DGCA;,i, which we again
denote by (—),. On the other hand, the matrix algebra functor can be modified in the
following way:

M., (=) : DGCAk/x — DGAg/k, M (B) :=k & M, (B). (2.10)

With this modification, Theorem 2.4 holds for augmented DG algebras. Moreover, as a
special case of [BKR, Theorem 2.2], we have

Theorem 2.6. (a) The adjoint functors (-), : DGAg/x = DGCAg/x : M, (-) form a
Quillen pair.
(b) The functor (=), : DGAg/x — DGCAy /i has a total left derived functor defined by

L(-); : Ho(DGAg/k) — Ho(DGCAy/k), A+ (QA),,

where QA = A is any cofibrant resolution of A in DGAg /k-
(c) Forany A in DGAy/x and B in DGCAy, there is a canonical isomorphism

Homgomacay, ;) (L(A)n, B) = Homgo ey ;) (A, M, (B)).

Definition. Given A € Algy i, we define DRep, (A) := L(QA),, where QA S5 A
is a cofibrant resolution of A in DGAy k. The homology of DRep, (A) is an augmented
(graded) commutative algebra, which is independent of the choice of resolution (by The-
orem 2.6). We set

H.(A, n) := H,[DRep,, (A)] (2.11)

and call (2.11) the n-dimensional representation homology of A.
By [BKR, Theorem 2.5], for any A € Alg,, there is a natural isomorphism of algebras
Ho(A,n) = A,.

Hence DRep,,(A) may indeed be viewed as a ‘higher’ derived version of the representa-
tion functor (2.7).

2.4.2. GL-invariants. The group GL, (k) acts naturally on A, by DG algebra automor-
phisms. Precisely, each g € GL, (k) defines a unique automorphism of A,, corresponding
under (2.9) to the composite map

AT M (A 229 A, (A, 2.12)

This action is natural in A and thus defines the functor
(—)SL :DGAg/k — DGCAg/k, A ASL”, (2.13)

which is a subfunctor of the representation functor (-),. On the other hand, there is a
natural action of GL,, (k) on the n-th representation homology of A, so we can form the
invariant subalgebra He (A, n)GL". The next theorem, which is a consequence of [BKR,
Theorem 2.6], shows that these two constructions agree.
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Theorem 2.7. (a) The functor (—),(;IL has a total left derived functor
L[(-)$"] : Ho(DGAk k) — Ho(DGCAg/x), A = (QAS".
(b) Forany A € DGAyy, there is a natural isomorphism of graded algebras
H.[L(A)SY] = Ho (A, n)Cn.,

Abusing notation we will often write DRep,, (A)C" instead of L(A)S" for any DG alge-
bra A.

2.4.3. Trace maps. Recall that, for an augmented DG algebra R € DGAy/k, we denote by
R C R the kernel of the augmentation map of R. Now, we set

where [R, R] is the subcomplex of R spanned by the commutators in R. This defines the
functor
(-)g : DGAg/k — Comy, R+ Ry, (2.14)

which we call the (reduced) cyclic functor.
The next theorem, which is a well-known result due to Feigin and Tsygan, justifies
our terminology.

Theorem 2.8 ([FT1]). (a) The functor (2.14) has a total left derived functor
L)y Ho(DGA/) — Ho(Comy), A (QA)y,

where QA is a(ny) cofibrant resolution of A in DGA /.
(b) For A € Algy )y, there is a natural isomorphism of graded vector spaces

H,[LL(A);] = HC,(A),
where HC, (A) denotes the (reduced) cyclic homology of A.

For a conceptual proof of Theorem 2.8 we refer to [BKR, Section 3].
Now, fix n > 1 and, for R € DGAg, consider the composite map

T

RS M,(R) -5 R,

where i, is the universal representation of R and Tr is the usual matrix trace. This map
factors through Ry, and its image lies in R,C,;L. Hence, we get a morphism of complexes

Tra(R)s : R/[R, R — RJ", 2.15)
which extends by multiplicativity to a map of graded commutative algebras

Sym Tr,,(R), : Sym(R/[R, R]) — RO". (2.16)
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If R € DGAy/x is augmented, the natural inclusion R — R induces a morphism of
complexes R, — R/[R, R]. Composed with (2.15), this defines a morphism of functors
that extends to a morphism of the derived functors from Ho(DGA«) to Ho(Comk):

LTr, : L(-); — LS. (2.17)

Now, for an ordinary k-algebra A € Algy ., applying (2.17) to a cofibrant resolution
R = QA of AinDGA/y, taking homology and using the identification of Theorem 2.8(b),
we get natural maps

Tr,(A)e : HCo(A) — Ho(A, n)S,  ¥n > 0. (2.18)

In degree zero, Tr, (A)g is induced by the obvious linear map A — k[Rep,, (A)]C de-
fined by taking characters of representations. Thus, the higher components of (2.18) may
be thought of as derived (or higher) characters of n-dimensional representations of A. For
each n > 1, these characters assemble to a single homomorphism of graded commutative
algebras which we denote

Sym Tr, (A). : Sym[HC4(A)] — He(A, n)CF.

An explicit formula evaluating Tr, (A), on cyclic chains is given in [BKR, Section 4.3].

3. Representation homology vs Lie (co)homology

The main result of this section (Theorem 3.2) identifies the representation homology of a
DG algebra A with homology of the Lie coalgebra gl (C) defined over a Koszul dual DG
coalgebra C. This crucial observation is the starting point for the present paper.

3.1. Chevalley—Eilenberg complexes

First, we recall the definition of the classical Chevalley—Eilenberg complex (cf. [Q2, Ap-
pendix B]). If g is a DG Lie algebra, the Chevalley—Eilenberg complex of g with trivial
coefficients is the (coaugmented, conilpotent) cocommutative DG coalgebra

C(g; k) := (Sym“(g[1]), d + da),

where d; is induced by the differential on g, and d> is the coderivation whose corestriction
to g[1] is given by the composite map

Sym?(g[1]) = k[1]1 @ k[1]1 ® A g kit k[1]® g = g[l].

Here, w1 : k[1] ® k[1] — k[1] is the natural map of degree —1 and [, —] is the Lie
bracket on g. If h C g is a DG Lie subalgebra, the relative Chevalley—Eilenberg complex
C(g, b; k) is the DG coalgebra (Sym“[(g/h)[11], di + d2)y, where (—)p denotes the sub-
complex of h-coinvariants in Sym¢[(g/h)[1]]. We denote the homology of the complex
C(g: k) (resp., C(g, b; k)) by He(g: k) (resp., He(g, b; k).
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Now, dually, if & is a DG Lie coalgebra with Lie cobracket ]-[: & — A? ®, the
Chevalley—FEilenberg complex of & is defined to be the (augmented) commutative DG
algebra

C(&; k) := (Sym(&[—1]), di + da),

where d; is induced by the differential on &, and d5|e[—1] is given by the composite map

=t

SI—1 2 k—1]1® 6 2 - @k-11® A26 = Sym2(B[—1]).  (.1)

Here, A_1 : k[—1] — k[-1] ® k[—1] takes li—1] to —lx—1] ® lx—1]. When
one has a surjection & — §) of DG Lie coalgebras, the commutative DG algebra
(Sym(Ker(® — $H)[—1]), d1 +d>») comes equipped with a coaction of $. The Chevalley—
Eilenberg complex C (&, 9; k) of the pair (&, ) is the DG subalgebra of $)-invariants of
(Sym(Ker(& — 9H)[—1]), di + d»). Note that if § is a finite-dimensional DG Lie algebra
and $ = b*,

C°(®, H; k) = (Sym(Ker(& — H)[—11), di +d2)".

We denote the homology of the complex C¢(8; k) (resp., C° (8, 9; k)) by He (8; k) (resp.,
Ho (8, $; k)). Note that if & is concentrated in homological degree 0, then

H_1(&:; k) = Ker(]-[: & - A’ ®).

This is dual to the basic fact that H; (g; k) = g/[g, g] for a Lie algebra g concentrated in
degree 0.

We note that the Chevalley—Eilenberg complex C(g; k) of a DG Lie algebra g is the
analogue of the bar construction of a DG algebra, while the Chevalley—Eilenberg complex
C¢(®; k) of a DG Lie coalgebra is the analog of the cobar construction of a DG coalgebra
(see Section 6.2). We write C(g; k) = Brie(g) and C€(®; k) = R1i(®) when we want
to emphasize these facts.

3.2. Derived representation schemes and homology of Lie coalgebras

For a DG coalgebra M and an augmented DG coalgebra C € DGCy i, we define an
augmented tensor product ® by

M®C:=k®d(M®C),

so that M @ C = M ® C. The next proposition relates the (noncommutative) repre-
sentation functor /- defined in (2.5) to the classical cobar construction introduced in
Section 2.2.2.

Proposition 3.1. There is a natural isomorphism of functors from DGCy i to DGAg k-
Y=o ) = QMK & ). (32)

In particular, for any C € DGCy /i, there is a natural isomorphism of DG algebras

VR(C) = QME(k) ® C).
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Proof. Indeed, for any B € DGAy/x, we have

Hompgy, , (R(M, (k)" ® C), B) = Tu(M,, (k) ® C, B)

4 MCHom(M: (k) ® C, B)) = MC(Hom(C, Hom(M (k), B))
= Tw(C, Hom(M? (k), BY) = Tu(C, M/,(B))
= Hompga, , (R(C), M, (B)) = Hompea, , §/R(C), B),

where M, (B) is the unitalization of the DG algebra M, (B) defined in (2.10). The result
of Proposition 3.1 follows now from the Yoneda Lemma. O

Remark. Proposition 3.1 implies an isomorphism of functors on Ho(DGAg/¢):
LYy==QoM(-)o B,
where B is the reduced bar construction.

The following theorem makes precise the statement made in the Introduction that repre-
sentation homology is Koszul dual to Lie algebra homology. This is one of the key results
of the present paper. While it is an easy corollary of Proposition 3.1, we state it as a
theorem in order to highlight its importance.

Theorem 3.2. Let A € DGAyy and let C € DGCy i be a Koszul dual coalgebra of A.
Then, for any n > 1, there are isomorphisms in Ho(DGCAy /):

DRep, (A) = C°(gl*(C); k),  DRep, (A)SL = C(gl* (C), gl (k); k). (3.3)
Consequently,
Ho(A,n) ZHo(@l(C): k), Ho(A, )" Z Ho(ghi(C), gl (k) k). (34)
Proof. Note that DRep, (A) = R(C),, = [/R(C)].p. By Proposition 3.1,
V/R(C)]a = LM (K) & O
By Theorem 6.2 (in particular, see (6.6)),
M, (k) & Cap = C(Lie® (M (k) & C); k) = C(gh; (C); k).

This proves that DRep, (A) = Cc(g[j‘l(c_'); k). Now, the GL,, (k)-invariant subalgebra of
Ce(glr (C); k) is indeed C (gl (C), g} (k); k). This completes the proof. O

Corollary 3.3. Let A, C be as in Theorem 3.2. Assume, in addition, that C is finite-
dimensional in each degree, and let E := C* be the (linear) dual DG k-algebra. Then

Ho(A,n) =H *(gl,(E); k),  Ha(A, n) = H*(gl,(E), gl, (k): k), (3.5

where H™® denotes (continuous)® Lie algebra cohomology with negative grading.

5 See Theorem 6.3 and the subsequent remarks for a precise definition.



Derived Harish-Chandra homomorphism 2829

Proof. 1f C is finite-dimensional in each degree and E := C*, then H, (g[Z(C_’); k) =
H™*(gl,(E); k) by (6.8). Hence, He (gl (C), gl (k); k) = H™*(gl,(E), gl,,(k); k). The
result is now immediate from Theorem 3.2. O

Remark. Theorem 3.2 gives a natural interpretation to the Chevalley—Eilenberg Lie ho-
mology of the matrix Lie coalgebra g} (C). Note that, in the first isomorphisms in (3.3)
and (3.4), gl is defined over C = Coker(g¢), not C itself. It is natural to ask whether the
complex C¢(gl}(C); k) for an arbitrary (but not necessarily augmented) coalgebra C can
be identified with the DRep,, of some DG algebra A. The answer is ‘yes’ : the correspond-
ing A is given by the extended cobar construction 2*'(C) introduced in [AJ]. Precisely,
for any counital coalgebra C, Anel and Joyal (see [AJ, Sect. 5.3]) define *'(C) as the
Sweedler product® C > MC of C with the Maurer—Cartan algebra MC, which is the free
DG algebra generated by one element u of degree —1 with differential du = —u?. The
argument of Proposition 3.1 combined with results of [AJ] gives a natural isomorphism
of functors DGC; — DGAg:

=0 @ (=) = QF(M; (k) ®-),
and the result of Theorem 3.2 can thus be extended to arbitrary DG coalgebras as

C(gl(C); k) = DRep, [ (C)].

3.2.1. Representation homology of bimodules. In [BKR, Section 5], we defined repre-
sentation homology of a DG algebra A with coefficients in an arbitrary DG bimodule
over A. Proposition 3.4 below gives an interpretation of this construction in terms of
homology of Lie coalgebras.

Let Bimod(A) denote the category of DG bimodules over A. For a fixed n > 1, the
universal representation 77, : A — M, (A,) makes M, (A,) a DG A-bimodule, which
also has a natural DG A, -module structure compatible with the action of A. This allows
one to define the functor

() : Bimod(A) — Mod(A,), M > M ®4c M, (Ap),

which we call the van den Bergh functor (as it first appeared in [VdB]). In [BFR, Sec-
tion 5], it is shown that (—)';‘lb is the abelianization of the nonadditive representation functor
(2.7) in the sense of model categories (cf. [Q1, Section II.5]), whence its notation.
The derived functor of the van den Bergh functor is computed by the formula (see
[BKR, Theorem 5.1])
L(M);® = [F(R, DT,

where R — A is a cofibrant resolution of A in DGA; and F (R, M) is a semifree resolution
of M in Bimod(R). This is independent of the choice of resolutions and allows one to
define the n-th representation homology of a DG bimodule M € Bimod(A) by

H,(M, n) := H[F(R, M)™].

Now, assume that A € DGAy/ and let C € DGCyy be a Koszul dual coalgebra to A.

6 See Appendix, (A.3), for the definition of the Sweedler product.
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Proposition 3.4. Let M € Bimod(A), and let N be a DG C-bicomodule such that there
is a quasi-isomorphism 2(C) @ N ®. R(C) S Min Bimod[R(C)], where t¢c : C —
Q(C) is the universal twisting cochain associated to C. Then there is an isomorphism

Ho(M, n) = Ha (gl (C); gli(N)),

where gl (N) denotes M (N) viewed as a DG Lie comodule over g, (C) via the coad-
Jjoint coaction.

Proof. Indeed, 2(C) 5 A s a cofibrant resolution of A in DGA /k and (C) @z N Q¢
Q) 5 M is a semifree resolution M in Bimod[£2(C)]. Hence,

LM = [R(C) ®re N ®rc O,

Since (C) Rz N Q@ L(C) = N ® R(C)°¢ as graded £(C)-bimodules, [R(C) Q-
N ®<. Sl(C)]i‘lb is generated as a graded $2(C),-module by M (N). By Theorem 3.2,
Q0), = Cc(g[Z(C_‘); k). A direct computation then verifies that the differential on el-
ements of M*(N) in [(C) R N R+ SZ(C)]flb is the sum of a term induced by the
coadjoint coaction of gl (C) on M¥(N) and another term induced by the differential
of N. This proves that

[R(C) ®c N @ RO = C (gl (C); gli(N)).

The desired result is now immediate. O

3.3. The Tsygan—Loday—Quillen theorem for coalgebras

For a coalgebra C € DGCy/x, let CC(C) denote the complex of reduced cyclic chains on C

(the definition of CC(C) is formally dual to the definition of the reduced cyclic complex
CC(A) of an augmented DG algebra A—see [L, 2.1.4 and 2.2.13]). For each n > 0, there
is a generalized cotrace map (cf. [L, 2.2.10])

coTr,(C) : CC(C) — CCIM (k) ® C],

where M (k) := M, (k)* is the matrix coalgebra dual to M,, (k). Furthermore, dual to
the construction of [L, 10.2.3], one has a natural morphism of complexes

6 : CC(M;(O)[—1] — C(ghi (). gl (k): k),
which is induced by the projection
(g, ...,0) > g A+ Aay.

Abusing notation, we denote the composite map 6 o coTr, (C) by coTr, (C). Note that for
any n, there is a canonical epimorphism in DGCA «:

Pt 2 CE(gh 41 (O, gy (K); k) — C(gl, (O, gl (K); k).
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Therefore, we can pass to the projective limit

CE(gl5. (O, gls, (b): k) := Him C (gl (C), gl (K): k).

It is easy to check that ;41,5 © coTr,41(C) = coTr,(C). Hence we have a morphism of
complexes L
coTrso(C) : CC(O)[—1] — C(gl5,(C), gli (k); k).
This extends by multiplicativity to a morphism of DG algebras
Sym(coTro) : Sym (CC(C)[—1]) — C* (gl (C), gl (k); k). (3.6)
Now, by a result of Quillen [Q3], there is a natural isomorphism
2(C); = CC(O)[-1],

where (-)y is the cyclic functor defined by (2.14). On the other hand, by Theorem 3.2, we
have an isomorphism SZ(C)S’L = C(glr(C), gl (k); k). The following lemma is verified
by an easy computation which we leave to the reader.

Lemma 3.5. For any n > 0, the following diagram commutes:

Q(C); CC(O)[-1]

Quillen
Tr, l/ coTr,

R(O)" ————5= C(a(C), gl (k)1 k)

As a consequence, we get an isomorphism of (topological) DG algebras

CE(glE, (C), gl (k); k) = [R(O)IGE~. (3.7)
Proposition 3.6. Under (3.7), the morphism (3.6) is identified with Sym(Tre.) : £(C)y
- [R(O)Z™.
Proposition 3.6 combined with [BR1, Lemma 4.1] implies that the image of (3.6) is a
dense DG subalgebra of C¢(gl} (C), gl%, (k); k), which, following [BR1], we denote by
CTf(ng;o (C), gl% (k); k). The main theorem of [BR1] (precisely, [BR1, Theorem 4.4])

then implies the following result, which is a (relative variant) of the Tsygan—Loday—
Quillen theorem for coalgebras.”

Theorem 3.7. For any C € DGCyy, there are natural isomorphisms of DG algebras
Symy (CC(O)[—1]) = Sym [R(C);] = CT (gl (C), gl (k); k).

Remarks. 1. Theorem 3.7 can be also proven by dualizing the invariant-theoretic argu-
ments in [L, Ch. 10]. With Theorem 3.2, one can then presumably give a different proof
of [BR1, Theorem 4.4]. This, however, does not seem to answer the questions of [BR1]
regarding Koszul duality (see [BR1, Question 5.2.1]).

7 A nonrelative version of this result has been proven in [Ka] using a direct invariant-theoretic
approach.



2832 Yuri Berest et al.

2. If the DG coalgebra C is bigraded (see Section 3.4 below), then the DG al-
gebra CT(gl*_(C), gl¥, (k); k) coincides with C¢(gl%,(C), gl’, (k); k). The bigraded dual
of Theorem 3.7 yields (see (6.9)) the Tsygan—Loday—Quillen theorem for the bigraded
DG algebra A := C*. Hence, [BR1, Proposition 7.5] implies a version of the traditional
Tsygan—Loday—Quillen theorem.

3.4. Bigraded algebras

Recall from [BR1, Section 7] that a bigraded DGA is a DG algebra equipped with homo-
logical as well as weight (polynomial) grading that is finite-dimensional in each weight
degree.® We remark that unlike in [BR1], we allow our DGA to have nonzero components
in negative homological degree as well. The differential is required to obey the graded
Leibniz rule with respect to the homological grading. Additionally, we require that a bi-
graded DGA be concentrated in nonnegative weight degrees and that the component in
weight degree 0 be isomorphic to k. A bigraded DGA is therefore, augmented as well.
Following [BR1, Section 7], one can verify that the category BiDGAy of bigraded DGAs
is a model category whose weak equivalences are the quasi-isomorphisms and whose fi-
brations are the surjective morphisms. The category BiDGCA; of bigraded commutative
DGAs has an analogous model structure,

Similarly, a coalgebra C € DGCy/x will be called bigraded if C has a homological as
well as weight grading, is concentrated in positive weight degree and is finite-dimensional
in each weight degree. Note that in this case, 2(C)p is a bigraded commutative DGA. In
the bigraded setting, we have the following result, the first part of which is Theorem 3.2
in the bigraded setting.

Theorem 3.8. Let A € BiDGAy, and let C be a Koszul dual coalgebra to A. Assume that
C is bigraded, and the quasi-isomorphism Q(C) — A is in BiDGAy. Then:

(a) In Ho(BiDGCAy k), there are isomorphisms

DRep, (A) = C°(gl*(C); k),  DRep, (A)SL = C¢(gl* (C), gl (k); k).
(b) If E := C* is bigraded dual of C, then

Ho(A,n) 2H *(gl,(E): k). He(A, m) = H™*(gl,(E). gl, (k); k),

where H™® denotes the classical Lie algebra cohomology9 equipped with negative
(homological) grading.

Remark. For A € BiDGA, at least one E as in Theorem 3.8(b) exists: namely, the
bigraded dual of BA.

Proof of Theorem 3.8. The proof of Theorem 3.2 goes through word for word in the
bigraded setting: this gives (a). Part (b) follows immediately from (a) and (6.8). O

8 Bigraded DGAs are also referred to as weight-graded DGAs or WDGAs. See [LV, Sec. 1.5.11].
9 See remarks after Theorem 6.3.
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We conclude this section with one application of Theorem 3.8. Let A = A(V, R) be a
quadratic associative algebra defined by a (finite-dimensional) quadratic data (V, R) =
{R € V ® V} (see [LV, Chap. 3]). Let A' = A(s~'v*, s72R1L) denote its graded'?
Koszul dual algebra. Recall that A is a Koszul algebra if (and only if) the canonical map
(A"Y* — BA is a quasi-isomorphism (cf. [LV, Theorem 3.4.6]). Theorem 3.8 then implies

Corollary 3.9. If A is a Koszul quadratic algebra then there are natural isomorphisms

H.(A,n) ZH *(gl,(A); k), He(A, ) = H™*(gl,(A"), gl, (k); k).

4. Derived Harish-Chandra homomorphism

The classical Harish-Chandra homomorphism is defined by restricting the characters of
representations (viewed as functions on a representation variety) to the subvariety of di-
agonal representations. In this section, we construct a derived version of this homomor-
phism.

4.1. Basic construction

Recall that, for a fixed DG algebra A € DGA; and an integer n > 1, the affine DG
scheme of n-dimensional representations of A is defined by the functor Rep,, (A) which
is represented by the commutative DG algebra A,, (see Section 2.4.1). Now, we introduce
the functor of diagonal representations

Diag, (A) : DGCAy — Sets, B +— Hompga, (A4, B*"), 4.1

where B*" denotes the (direct) product of n copies of B in the category of commutative
DG algebras. There are natural isomorphisms of sets

Hompgp, (A, B*") = Hompga, (A, B)*" = Hompgca, (Aap, B) ™"

= Hompeca, ((Aan)®", B),

which show that (4.1) is (co)represented by the commutative DG algebra (A,)®", the
n-th tensor power of the abelianization of A.
Next, observe that the functor Diag, (A) comes together with a natural transformation

Diag, (A) — Rep, (A), “4.2)

defined by the algebra maps B*" — M, (B) identifying B*" with the subalgebra of
diagonal matrices in M,,(B). By Yoneda’s Lemma, this natural transformation gives a
homomorphism of commutative DG algebras

Dy (A): Ay — (Aa)®", (4.3)

10 We warn the reader that our definition of A differs from that of [LV] by a choice of grading:
our A' equals A" in the notation of [LV].
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which is obviously functorial in A € DGA. In terms of the generators of Lemma 2.5, the
homomorphism &, (A) is given by

ajj = 51‘]‘61,‘ , (4.4)

wherea; =1® - ®a ®--- ® 1is the image in (A,,)®" of an element a € A sitting in
the i-th tensor factor.

Now, for a commutative DG algebra B € DGCAg, let " (B) denote the n-th symmetric
power of B, i.e. §"(B) := [B®"]5. By definition, S”(B) is a subalgebra of B®"; since
k has characteristic 0, we may identify S”(B) with the image of the symmetrization map
Sym"(B) — B®".

Lemma 4.1. The map (4.3) restricts to a homomorphism of commutative DG algebras

®,(A) : ASE — " (Ag). 4.5)
Proof. Consider the (right) action of S, on M, (k) by permuting the columns of matrices,
Le it M = |[My, ..., Myll € My(k) then M7 := [[M,-1y), ..., My-1(,l foro € S,.
Define ¢ : S, — GL, (k) by t(0) = I, where I, is the identity matrix in M, (k). Then,
for any M € M, (k), we have M° = M(c). Hence ¢ is an injective group homomor-
phism. We claim that (4.3) is an S,-equivariant map provided S, acts on A, by restricting
the canonical GL,-action via ¢. To see this recall that the GL,-action on A, comes from
the adjoint action on M, (k) (see (2.12)). Hence it suffices to check that the following
diagram commutes for all o € S;;:

Ma(A) ~Z2% Mou[(Aa)®"]

Adt(a)l lm@a 4.6)
1d®d,

Mu(Ap) ——= M, [(Aab)®n]

In terms of generators of A,, the left vertical map in (4.6) is given by

_ _ -1
Ad o) llaijl = @) laijlle @)™ = wo)llaijllete™) = I laii 1S = llao o l-

On the other hand, by (4.4), the horizontal maps are ||a;;|| — diag(ai,...,a,). The
commutativity of (4.6) is therefore obvious. Since @, (A) is an equivariant map, it takes
invariants to invariants. ]

The functor S (=)ap : DGAy — DGCA is not a homotopy functor in the sense that it does
not preserve weak equivalences and hence does not descend to homotopy categories.
However, just as the representation functor (2.7), S"(—),p admits a left derived functor
that gives a functorial approximation to the induced functor at the level of homotopy
categories.

Proposition 4.2. (a) The functor S" (-)ap has a total left derived functor given by
LS"(—)ab : Ho(DGA;) — Ho(DGCAr), A S"[(QA)ab],

where Q A is a cofibrant resolution of A.
(b) For any A € DGAg, there is a natural isomorphism of graded commutative algebras

HL[LS"(A)ap] = S"[He(A, D].
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Proof. (a) The abelianization (—)ap : DGA;y — DGCAy is a left Quillen functor adjoint to
the inclusion DGCA; < DGAx. Hence it maps acyclic cofibrations in DGA; to weak equiv-
alences. On the other hand, the functor S” commutes with taking homology (see, e.g.,
[Q2, Appendix B, Prop. 2.1]), hence it maps weak equivalences (= quasi-isomorphisms)
in DGCA;, to weak equivalences. It follows that S (=),p = S” o (=)ap maps acyclic cofi-
brations to weak equivalences. Hence S” (—),p has a total left derived functor by Brown’s
Lemma (see, e.g., [BKR, Lemma A.2]).

(b) follows from the obvious isomorphism (=), = (—); and the fact that S” o Hy =
H, o S". O

Notation. We will write the derived functor ILS" (-),, as S"DRep; (-). This is justified
by Proposition 4.2: indeed, for A € DGAy, we have DRep; (A) = IL(A)ab, so S"DRep;(A)
is to be computed by the same formula as IL.S" (A)ap.

Now, by Lemma 4.1, we have a natural transformation of functors ®, : (St —
S™(=)ab- By Theorem 2.7 and Proposition 4.2, both (—),Cl’L and S” (—)ap have left derived
functors. Hence, ®,, induces a (unique) natural transformation at the level of homotopy
categories:

Ld, : L(=)S" — LS"(<)ap. (€%))
For a fixed A € DGA, this gives a canonical morphism in Ho(DGCA):
®,(A) : DRep,(A)SY — S"DRep, (A), (4.8)

which we call the derived Harish-Chandra homomorphism."!

Next, we introduce natural maps combining (4.8) with the trace maps constructed
in Section 2.4.3. To this end, we note that the functors (—)SL, S"(-)ap and the natural
transformation ®,, are well-defined on the category of augmented DG algebras (cf. The-
orem 2.6). Hence we can regard (4.7) as a morphism of functors from Ho(DGAy /) to
Ho(DGCAy,x). Composing this morphism with the trace (2.17), we get a morphism of
functors from Ho(DGAy ) to Ho(Comy):

LTr, : L(=); — LS" (Dab- 4.9)
The next proposition shows that ILTr,, is essentially determined by LTr.
Proposition 4.3. For each n > 1, the morphism LTr, factors as
LTr, = S" o LTry,
where S" is a symmetrization morphism (see (4.10))

Proof. It suffices to check this on cofibrant objects. If A € DGAy, is cofibrant, then
LTr,(A) = Tr,(A), and by Lemma 2.5, the composite map Tr,(A) : Ay — ASL —

S™(Agp) is given by
n n
a > Za,',' (ad Zai,
i=1 i=1

" This terminology will be justified in the next section where we reinterpret the construction of
®,,(A) in Lie-algebraic terms.
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wherea € A,a € Ajanda; =1®---Qa®---®1 € (Aa)®" (witha € Ay in the i-th
posigon). Hence Tr, (A) factors through the canonical map A; — Agp, which is nothing
but Try (A). The induced map is precisely the symmetrization:

n
S": A —> S"(A)wn.  ar> Y a. (4.10)
i=1

This finishes the proof of Proposition 4.3. O
For any A € DGAy,, the morphism (4.9) induces on homology natural maps

Try(A)e : HCo(A) — [He(A, 1)®"]5. 4.11)

We call (4.11) the reduced trace maps. By Proposition 4.3, it suffices to compute these
maps for n = 1. We give a general formula for Tr{(A), in our subsequent paper (see
[BFT, Theorem 4.1]).

4.2. Interpretation in terms of Lie (co)homology

We now reinterpret the derived Harish-Chandra homomorphism (4.8) in Koszul dual
terms of Lie coalgebras. Let b, (k) denote the Cartan subalgebra of gl,(k), which is the
subalgebra D, (k) of diagonal matrices in M, (k) viewed as a Lie algebra. Dually, one
has a surjection of coalgebras M (k) — D; (k) where D} (k) denotes the k-linear dual
of D, (k). Hence, for any C € DGCy/, one has a morphism M (C) — D;(C) of DG
coalgebras that induces the natural map M (k) — Dji(k). Viewing M (C) and D} (C)
as DG Lie coalgebras, one obtains a morphism gl (C) — h%(C) of DG Lie coalgebras
that induces the natural morphism g} (k) — b} (k) of Lie coalgebras. As a result, by
functoriality, we get a morphism of commutative DG algebras

®,(C) : C(gl,(C), gl (k); k) — C“(h;,(C), by, (k); k) . (4.12)

Now, let A = (C) be the cobar construction of C, which is a cofibrant DG al-
gebra in DGAg«. Since fy, is abelian and dim by, = n, we have canonical isomorphisms in
DGCAg/k:

CE(bE(O), b (k); k) = [C(gl (O)]®" = (Aan)®™. (4.13)
On the other hand, by Theorem 3.2,
CE(glk (C), gl (k); k) = ASL, (4.14)

With these isomorphisms we can compare (4.12) with the Harish-Chandra homomor-
phism (4.5). The following proposition is a direct consequence of Lemma 4.1.

Proposition 4.4. With the identifications (4.13) and (4.14), the map ®,(C) agrees
with ®,(A). The image of ®,(C) is contained in C°(h}(C), bk (k); k)5, where the ac-
tion of S,, on the Chevalley—Eilenberg complex comes from the natural action on by,,.

In Section 7, we will construct the derived Harish-Chandra homomorphism for an arbi-
trary reductive Lie algebra g, generalizing the above construction for gl,,. Proposition 4.4
then shows that the Harish-Chandra homomorphism for associative algebras (when C is
cocommutative) is a special case of the one for Lie algebras.
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4.3. Symmetric algebras

In this subsection, we take A to be the symmetric algebra Sym(V'), where V is a vector
space of dimension » > 1 concentrated in homological degree 0. This is a quadratic
Koszul algebra defined by the quadratic data (V, S) with S C V ® V spanned by the
vectors of the form v ® u — u ® v (cf. [LV, Example 3.2.4.2]).

4.3.1. The minimal resolution. Recall that A has a canonical (minimal) semifree reso-
lution R = Q (A1) given by the cobar construction of the Koszul dual coalgebra Ai =
C(sV,s%S) (see [LV, Sect. 3.2.1]). The algebra R is the tensor algebra generated by the
vector space s~ A(sV), whose elements of degree k — 1 we denote by

Ay, ., v) = sil(svl Ao ASV;) € s~ /\k(sV). (4.15)
With this notation, the differential on R satisfies
dr(vi, v2) = —[v1, v2], (4.16)
dr(vi, v2, v3) = —[v1, A(v2, v3)] — [V2, A(v3, V)] — [v3, A(V1, V2)]. 4.17)
In general, we have

Lemma 4.5. The differential d on the minimal resolution R of A = Sym(V) is defined

by
d)"(vlv M vﬂ)
= D> D2 Y (=D - Vo(p)s AV (pitys - s Va(prg))s
prq=n oeSh(p.q)
l<p=q
where Sh(p, q) denotes the set of (p, q)-shuffles, i.e. 0 € Sp4 of the formo = (i1, ..., ip;
Iptlse-siprg) Withip < --- <ipandipy) < - - <ipyq.

Proof. The proof is by direct computation using the definition of the differential on the
cobar construction. We leave the details of this computation to the interested reader. O

It follows from Lemma 4.5 that R, is isomorphic to is the graded symmetric algebra of
s~ A\(sV) equipped with zero differential. Explicitly (omitting the shifts), we can write

R = Sym(A' VOA?V®--- @A V) = Sym(V)@Sym(A2 V- -- @A V)  (4.18)

with the understanding that the elements of AFV have (homological) degree k — 1.

4.3.2. Main conjecture for gl,. For A = Sym(V'), the homomorphism (4.8) is given by
@, : DRep, (A)°" = Sym[h* @ N' V& - @& A V)%,

where DRep, (A) = Sym[M (k) ® AN'Ve @& NV)asa graded commutative
algebra. Explicitly, ®,, is the restriction to DRep,, (A4)S" of the map of commutative DG-
algebras taking each generator of the form ¢/ ® « to §; J ¢! ® a. Here, the ¢/’s are a basis
of M (k) dual to the elementary matrices, and the e'’s form the basis of b} dual to the
standard basis, and « is any elementin A\' V@ --- @ A" V.
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On the 0-th homologies, ®,, induces an algebra map
Ho(®,) : k[Rep, (A)1°" — Sym(h: ® V)5,

By [Do, Theorem 4.1] (see also [Val, Theorem 3]), this map is known to be an isomor-
phism for all V and all n > 1. It is therefore tempting to conjecture that ®,, is actually a
quasi-isomorphism, i.e. induces isomorphisms on homology in a/l homological degrees.
This is indeed the case when dim(V) = 1 (since Sym(V) is a cofibrant DG algebra when
dim(V) = 1, and hence DRep, (A) = A, has no higher homology). On the other hand,
by evaluating Euler characteristics, we will show in Section 5.2 that ®,, cannot be a quasi-
isomorphism (for all n) when dim(V) > 3. In the case dim(V) = 2, we believe that the
conjecture is still true.

To state our conjecture in more explicit terms, we choose a basis {x, y} in V and
identify Sym(V) = k[x, y]. Denote by 6 the degree 1 element A(x,y) € AV and
write x; (resp., y;, 6;) for the elements e @ x (resp., ¢’ ® y, ¢! ®0) in hr® N Ve V).
Then Sym[h} ® (/\1 VoA WIZEklx1, ...y X0, Y15 ooy Y, 01, ..., 6,], and we have

Conjecture 4.6. For any n > 1, the map
@, : DRep,, (k[x, YD — K[x1, .o\ Xy Y1 o vy Vi 01, oo, 001 (4.19)

is a quasi-isomorphism. Consequently, there is an isomorphism of graded commutative
algebras

H.(k[-xv y]vn)GL gk[-xls "'7-xn7 y17 "'»yl‘lvel’ ~--79n]sn-

Remark. When dim(V) = 2, the map Ho(®,) coincides with the usual Harish-Chandra
homomorphism for gl, as defined, for example, in [J]; it is therefore natural to call ®,
the derived Harish-Chandra homomorphism.

As afirst evidence for Conjecture 4.6, we recall a vanishing theorem for the representation
homology of A = k[x, y] proved in [BFR, Theorem 27]: for alln > 1,

H;(k[x, y],n) =0, Vi>n.

This implies that H; (k[x, y], n)®" = 0 for i > n, and hence ®, induce isomorphisms
(which are actually the zero maps) in homological degrees i > n.
For n = 1, Conjecture 4.6 is obvious. Furthermore, we have

Theorem 4.7. Conjecture 4.6 is true for n = 2.

Proof. We will explicitly construct the inverse map to @ at the level of homology. To
simplify notation we set A = k[x, y], and using [BKR, Theorem 2.5], identify Hy(A, 2)
= Aj, where A, is the coordinate ring of the commuting scheme of 2 x 2 matrices:

Ay = k[x11, X12, X21, X22, Y11, Y12, Y21, y221/1,
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with I generated by the relations

X12y21 — y12x21 =0,
X11y12 + X12y22 — y11x12 — yi2x22 =0, (4.20)
X21¥11 + X22y21 — Y21%11 — y22x21 = 0.

With this identification, we define an algebra homomorphism
o : klx1, x2, y1, y21 = M2a(A2)

by
x1— X, x> X% y1— Y, 2 = Y¥,

X (xn m)’ X* e ( X2 —X12)
X21 X22 —X21 X11
and similarly for ¥ and Y*. Note that X* and Y* are the classical adjoints of X and Y,
and the relations (4.20) imply that [X, Y] = 0. It follows that the matrices X, Y, X*, Y'*

pairwise commute, and the map Wy is thus well-defined.
We claim that W restricts to an algebra isomorphism

where

S ~ GL»

\I’O :k[xlv-va )’1, )’2] - A2 ’ (42])

where ASL C Aj is identified with a subalgebra of scalar matrices in M>7(A»). Indeed,
the invariant subalgebra k[x1, x3, y1, yg]S2 is generated by the five elements: x| + x2,
y1+y2, X1x2, y1y2 and x1y1 +x2y2, which are mapped by (4.21) to Tr(X), Tr(Y), det(X),
det(Y) and Tr(XY), respectively. It is immediate to see that Hy(®) o ¥y = Id. On the
other hand, as mentioned above, the map Hy(®) is known to be an isomorphism.12 The
map W is thus the inverse of Hyo(®), and hence an isomorphism as well. We will use the
following notation for the generators of k[x1, x2, y1, yg]SZ:

T(x) :=x1+x2, T =y +y D) :=xix2, D)= yiy,

T(xy) :==x1y1 + x22.

Now, it is easy to check that the graded algebra k[x1, x2, y1, ¥2, 61, 6,152 is generated

by its degree zero subalgebra k[x1, x2, y1, yz]S2 and three extra elements of degree 1,
which we denote by

T@) =601 +62, Tx0O):=x101+ x202, THO) := y161 + y20,.
These elements satisfy the following relations:
T(y) - T(x60) - T(0) — T(x) - T(y0) - T(0) = 2T (x0) - T(y0),
(T(x)* = 4D(x)) - T(y0) — 2T(xy) — T(X)T(y)) - T(x0)
= (T(x)’T(y) — 2D(X)T(y) — T(X)T(xy)) - T(®),
Q2T(xy) — T@)T()) - T(y0) — (T(y)* — 4D(y)) - T(x6)
= (T(y)*T(x) — 2D(»)T(x) — T(»)T(xy)) - T(O).

12 In fact, the map Hy(®) coincides with the isomorphism A’ in [Val, Theorem 3].
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On the other hand, by [BKR, Example 4.2], the full representation homology algebra
Hl (A, 2) is generated by Hyo(A, 2) = A, and three invariant elements 7, &, 1 of degree 1,
satisfying

X120 — y12§ = (x12y11 — y2x11)7,

x21n — y21§ = (x21y22 — y21X22)7,

(x11 = x22)n — (Y11 — y22)§ = (X11y22 — y11%22)7,

&n=ynr) —xn(r) = yn(Er) — x207).

We now extend the map (4.21) to the map
W, @ klxt, x2, Y1, v2, 601, 621 — He(A, 2)

by sending
TO)—~ 1, Tx0)— &, TOO)+— n.

A straightforward (but tedious) calculation, using the above relations, shows that W,
is a well-defined algebra map. Its image coincides with He(A, Z)GL, since Hq (A, 2) is
generated over Ho(A, 2) by GL-invariant elements, and we already know that W is an
isomorphism onto Hyo(A, 2)6L . On the other hand, it is again easy to see that He (®) o W,
= Id. Hence ¥, is injective and is thus the inverse of He(®P). ]

4.4. Conjecture 4.6 in the limit

In this section, we prove that Conjecture 4.6 holds in the limit n — oo.

4.4.1. Supersymmetric polynomials and power sums. Let x1, ..., xq be variables of ho-
mological degree 0. Let the symmetric group Sy act on the x;’s by permutations. Consider
the power sums P; := Z;i:] x]’ It is a classical fact that the symmetric polynomials in
X1, ..., X4 can be rewritten as polynomials of degree < d in the power sums P;,i > 1.
Further, equip the variables x, ..., x; with weight 1, making k[xy, ..., x4] a weight
graded (commutative) algebra. Let k[xq, ..., xg, .. 15 = lim  k[xq, ..., x4]% where
the projective limit is taken in the category of weight graded algebras. Then the homo-
morphism

o0
klg1, ..., qd,...] = k[xl,...,xd,...]S&, qi — Zx’.,
j=1

is an isomorphism.

We now generalize this classical fact. Consider the set of Nd variables {x,; : 1 <
a < N, 1 <i < d}. Assume that the variables x1;,..., X, 1 < i < d, have odd
homological degree, with the remaining variables having even homological degree. In
particular, in k[xy; : 1 <o < N,1 <i < d], we have xii = 0 for @ < m. Let S; act
on these variables, with a permutation o € Sy taking x4 ; t0 X4 (). Let k[xq,; : o < N,
i € NS> .= 1(iLnd klxgi:1<a<N,1<ic< d]5¢ where the projective limit is taken
in the category of bigraded DG algebras and the variables x, ; have positive weight d .
Consider the power sums P, = Zizl ]_[(1)[\,:l xg" where a := (aj,...,ay) runs over

N
{0, 1y x ZY5™.
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Proposition 4.8. Let W be the k-vector space spanned by variables {qa}, where a €
{0, 1y x zZ¥;™.

(i) The homomorphism of bigraded (commutative) DG algebras
SymW — klxgi:1<a<N,1<i<d], ga+> Py, (4.22)
restricts to an isomorphism of bigraded k-vector spaces
Sym='W = k[xg,; 11 <a <N, 1<i<d.

(i1) The homomorphisms (4.22) induce an isomorphism of bigraded (commutative) DG
algebras
Sym W = k[xq;:a < N, i € N5,
Proof. Clearly, (i) implies (ii). We therefore show (i). Any element of k[xy,; : 1 <a <N,
1<i<d ]Sd is a k-linear combination of orbit sums of the form

0ui= Y o(TTIT5)

ceS;  a=lj=1

SC=N, 1=

zero. If p = 1, then O, is precisely the power sum P, where a = (Ug,1, - . ., la,N). NOte
that

where p < d and no column of the N x p-matrix p := (Uq, j)1<a<N, 1<j<p is identically

)4
Op== l_[(P(lll,jwusllN,j)) + ZCU 0,
j=1 v

where v runs over matrices with less than p columns (and where ¢, € k). Hence, by in-
duction on p, we see that O, is represented as an element in the image of Sym,fp W under
the homomorphism (4.22). Clearly, this representation is unique. This proves (i). O

4.4.2. Proof of Conjecture 4.6 as n — oo. The minimal free resolution of A = k[x, y]
is given by R = k{x, y, #) with differential d6 = [x, y]. Then Ry = k[x, y, 0] with
d6 =0 and

Sn(Rab) gk[xl,-'-7xn,y17-~"}7n,91,-uyen]s’l, n 2 1'

By Theorem 2.8, Ho(Ry) = HC, (A); on the other hand, by [L, Theorem 3.4.12], we can
identify HC.(A) = Q°*(A)/d2*1(A), where Q*(A) is the algebraic de Rham complex
of A. With these identifications, the reduced trace maps (4.11) are given by the following
formulas (see [BF', Section 4.4.1])

n
Tru(A)o: A —> S"(Rw),  P(x,y) > Y P(xi,y),
i=1

Trn(A)1 : Q'(A)/dA — S"(Ra),

[P(x, y)dx + Q(x, Y)dyl = Y (Py(xi, yi) — Qx(xi, y))bi.

i=1

Using these formulas, it is easy to prove the following fact.
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Lemma 4.9. The image of Tr, (A)e in S"(Ryp) is spanned by the power sums
n
Pipe := foyf’@f, (a,b,c) € Zzzo x {0, 1}.
i=1

Endow R with the structure of a bigraded DG algebra, where x, y € R have weight 1
and homological degree 0 and 8 € R has weight 2 and homological degree 1. Note that
there is a natural (surjective) homomorphism S (Ry,) — S"~!(Ryp) for any n > 2. Let
S®(Ryp) := 1<iLnn S" (Rap) where the projective limit is taken in the category of bigraded
commutative (DG) algebras. Using Proposition 4.8 and Lemma 4.9, we can now establish
the following result, which can be viewed as a further evidence in favor of Conjecture 4.6.

Theorem 4.10. Let ®,, be the derived Harish-Chandra homomorphism for A = k[x, y]
(see (4.19)).

(i) Foranyn > 1, the map He(®,,) is degreewise surjective.

(i1) The map He(P o) is an isomorphism of bigraded commutative algebras.

Proof. Note first that we have a commutative diagram

Sym, (HC,(A))

SymTr, (A).
SymTrn<A>.‘ m)

He(A, n)SE ey S" (Rab)
The map @, being surjective follows from Lemma 4.9 and Proposition 4.8(i). The
map Po, being an isomorphism follows from Proposition 4.8 (ii), which says that
Sym Try(A)e is an isomorphism, and from [BR1, Theorem 4.4], which says that
Sym Try,(A), is an isomorphism. O

Note that part (i) of Theorem 4.10 is the surjectivity part of Conjecture 4.6; thus, to prove
Conjecture 4.6 it suffices to prove that the map He(®P,,) is injective. As a corollary of
Theorem 4.10, we obtain (in the gl,, case) a classical result of A. Joseph [J, Theorem 2.9].

Corollary 4.11. The restriction map
Symy[gl, (k) @ gl, ()1 — Symy[h, (k) @ b, (1% = klx1, ., Xy Y1y yal™

(4.23)
is (graded) surjective.
Proof. Note that (4.23) is precisely the composite map
Ho(®,)
k[Rep, (k{x, YD1 — k[Rep, (k[x, yDI°" —— 8" (k[x, D).
The surjectivity of (4.23) thus follows from that of Hy(®,,). ]

4.4.3. The case of three variables. One might expect that Conjecture 4.6 extends to poly-
nomial algebras of more than two variables. We now show that this is not the case. In
fact, Conjecture 4.6 fails already for polynomials of three variables. Let A = k[x, y, z].
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As in [BFR, Section 6.3.2], we write the minimal resolution of A in the form R =
k{x,y,z,§,0,A,t), where degx = degy = degz = 0, degé = degf = degir =1
and degt = 2. The differential on R is defined by

dé =[y,z], df=|[z,x], dr=Ix,y]l, dt=[x,&]+[y,0]+[z,A]

Again, we equip R with the structure of a bigraded DG algebra, with x, y, z having
weight 1, &, 0, A having weight 2 and ¢ having weight 3.

As in Section 4.4.2, we can define S°°(Ryp) as a projective limit in the category of
bigraded commutative (DG) algebras. Note that Proposition 4.8(ii) implies that S°°(R,p)
can be naturally identified with the free bigraded commutative (DG) algebra generated by
the power sums

Pa — Z %_m )Laz tha4xa5 yza6 77 , (4.24)
where the multi-index a := (ay, ..., a7) runs over {0, 1}° x Zio.

Now, by Theorem 2.8 and [L, Theorem 3.4.12], we can identify

H.(R;) = HC,(A) = Q°*(A)/dQ* "1 (A)
where Q°(A) is the algebraic de Rham complex of A. This shows, in particular, that
HC,;(A) vanish for i > 3. Representing the cyclic classes in HCo(A), HC;(A) and
HC,(A) by differential forms
wy=P, w =Pdx+ Qdy+ Rdz, wy= Pdx Ady—+ Qdy ANdz+ Rdz Adx,

we have the following formulas for the (reduced) trace maps (4.11) derived in [BF™,
Section 4.4.2]:

Troo(A)olwo] = Z
Troo (A)1fe1] Z (P} = Q)% + (QL = RE + (R, — PD6),
Troo(A)2len] = Z(( i QL+ RO+ (Pl + L, + R Ak

+ (Pl + Q% + R )E0;)
o0
+ Y (PL+ QL + Rt

i=1
Here, Py, Py, P, Pyy, ... denote the derivatives of a polynomial P € k[x, y, z], and Pi
stand for the corresponding elements P (x;, y;, z;) € S®(Ra)-

The above formulas show that the image of the map Tro.(A), is spanned by power
sums (4.24). However, this map is not surjective: for example, it is easy to see that no
power sum P, with a; > 2 appears in the image of Troo(A).. By [BR1, Theorem 4.4],
we conclude

Proposition 4.12. The map Hy(Pso) : Ho(A, 00)OF — S®(Ry,) is injective but not
surjective.
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Proposition 4.12 implies that if dim(V) = 3, the derived Harish-Chandra homomorphism
®,(A) for A = Sym(V) cannot be a quasi-isomorphism for any n. More generally, in
Section 5.2, we will show that @, (A) is not a quasi-isomorphism when dim(V) > 3.
Thus Conjecture 4.6 does not extend to higher dimensions. There is, however, another
natural way to generalize this conjecture in which case we can actually prove that it holds.

4.5. Quantum polynomial algebras
In this section, we will show that (the analogue of) Conjecture 4.6 holds for the g-poly-
nomial algebra
Ay i=k(x,y)/(xy —qyx), qek”.

Precisely, we will prove
Theorem 4.13. If g € k* is not a root of unity, the derived Harish-Chandra homomor-
phism

®,(A,) : DRep, (A,)°" — S"DRep; (4,)
is a quasi-isomorphism for alln > 1.
We expect that the claim of Theorem 4.13 holds for an arbitrary value of g (except pos-

sibly for ¢ = 0); however, our proof relies on the following vanishing result that requires
the restriction on q.

Lemma 4.14 ([BFR]). If g € k* is not a root of unity, then, for alln > 1,
H;(A4,n) =0, i>0.
For the proof of Lemma 4.14 we refer the reader to [BFR, Section 6.2.2].

Proof of Theorem 4.13. Let us restate the claim of the theorem in explicit terms. The
minimal cofibrant resolution of A, is given by the free DG algebra R = C(x, y, )
with x, y of degree 0, 6 of degree 1, and the differential defined by d6 = xy — gyx.
Hence, DRep,, (A,) and S"DRep;(A,) are represented respectively by the following DG
algebras:

n
By = klxij. yij. 0 i, j = 1.....n1%  d6jj = (xaeyj — qyicxej).  (4.25)

k=1
Ey:=klx;i,yi, 0 :i=1,....,n1%, d6; =(1—q)x;y;. (4.26)
The derived Harish-Chandra homomorphism (4.8) is explicitly given by
®,: B, — E,, Xijj > 5,‘jx,', Yij = Sijyi, 9,'j = 8,'j9,'. 4.27)

We need to show that (4.27) is a quasi-isomorphism.

First, we put an augmentation on the algebra A, letting £(x) = &(y) = 0. The DG
algebra R, and hence B, and E,, then becomes augmented in a natural way, and the
map (4.27) preserves the augmentations. Next, using the notation of Section 2.4.3, we
set Ry 1= R/[R, R] and define W to be Sym(Ry). Note that W is filtered by the graded
vector spaces W=" := Sym~"(Ry), each of which carries a differential induced from R.
We may think of Ry as the space of cyclic words in letters x, y, 0; then W=" is spanned
by products of at most n such words.
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Now, consider the composition of morphisms of complexes

wsr g Pp (4.28)

The first map in (4.28) is defined by the trace morphism (2.17): explicitly, it sends
a cyclic word to the corresponding trace expression (e.g., xy@ +—> Zi’ .k Xij YjkOki)- The
second map is the Harish-Chandra homomorphism (4.27).

We claim that each arrow in (4.28) is actually a quasi-isomorphism. To see this we
first show that the composition is a quasi-isomorphism. By Theorem 2.8, the homology
of R, can be identified with the reduced cyclic homology HC, (A4). When g is not a root
of unity, the latter is known to vanish in all positive degrees while spanned by the cyclic
words {x”} and {y”} in degree O (see [Wa, Théoreme 2.1]), i.e.,

HC.(A,) = HCo(Ay) = P kx? @ kyP).

p=1
This implies
H. (W=") = Ho(W=") = Sym="[Ho(Ry)] = Sym="[HCo(A,)]
Zk[Xp, Yy :p=12,...17", (4.29)

where the variables X, and Y}, correspond to the cyclic words x? and y”.
Now, by Proposition 4.8(i), we can identify

E, = Symsn(ﬁab)y
where Ry, = k[x, y, 0] with differential d60 = (1 —¢g)xy. In this case, He (Ryp) is concen-

trated in degree 0 and Hp(Ryp) is spanned (as a vector space) by the classes of x” and y”
with p > 1. Hence the natural projection Ry — Ry, induces an isomorphism of graded

vector spaces Hq (Ry) = H. (Rab), which gives
Ho(W=") S Ho(E,). (4.30)

It is easy to see that the isomorphism (4.30) is actually induced by the composite map
(4.28); thus (4.28) is a quasi-isomorphism. Now, by [BR1, Theorem 3.1], we know that
the trace map Tr,, : W=" — RnGL is (degreewise) surjective. Since both W=" and RSL are
nonnegatively graded, the map induced by Tr, on the zero homology is also surjective:

Ho(Tr,) : Ho(W=") — Hy(B,) 4.31)

On the other hand, by Lemma 4.14, the homology of R, is concentrated in degree 0. Since
GL,, (k) is reductive, this implies

Ha(B,) = Ho(R,)®" = Ho(R,)" = Hy(B,). (4.32)
Combining (4.30)—(4.32), we now see that (4.28) induces an isomorphism
H,(W=") - H,(B,) = Ho(E,). (4.33)

where the first arrow is also surjective. It follows that both maps in (4.33) are isomor-
phisms. In particular, ®, is a quasi-isomorphism. O
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Remark. Note that (4.29) gives isomorphisms
He(Bn) EHo(Ep) (X, Y, :p=1,2,.. 7", (4.34)

where the variables X, and Y, have homological degree 0.

5. Euler characteristics and constant term identities

In this section, we compare the Euler characteristics of both sides of Conjecture 4.6 and
prove the resulting identities for all n. Throughout, we assume that k = C.

5.1. A constant term identity for gl,,

The target of the Harish-Chandra homomorphism (4.19) is the graded commutative al-
gebra E, == C[x, ..., X0, Y15 e Y, 015 -+ 6,15 with x;, y; of homological degree 0
and 6; of degree 1. It has an additional Z> grading, which we call weight, such that
wt(x;) = (1,0), wt(y;) = (0, 1), wt(6;) = (1, 1).

Let G, (g, t, s) be the generating function

Gu(g.1.5) =Y dim((En)d.a)sq"t"

of the dimensions of the homogeneous components (E,)q 4 » of degree d and weight
(a, b).

Lemma 5.1. G,(q, ¢, s) is equal to the coefficient of V"* in the Taylor expansion at v = 0
of
l_[ 1 4 gty
— b
4.b=0 1 — g%y

Proof. A generating set is given by the S, orbit sums of monomials 6" x*y* with expo-
nents A, u € Z’;O, v € {0, 1}". Such an orbit sum contributes q|}‘|+|”|t|”|+|“|s|”| to the
generating function, where |A| = > A;. To get a basis we take the subset of such orbit

sums whose exponents obey (i) v is a partition: v; > v;4 foralli = 1,...,n — 1, (ii)
Ai > Ajy1 wWhenever v; = vj4q, (ill) 4; > i1 whenever v; = v = 0and A; = Aj4q
and (iv) u; > Wi4+1 whenever v; = vj41 = 1 and A; = X;41. Such data are in one-

to-one correspondence with families (m4,5) of nonnegative integers labeled by triples
(d,a,b) € {0, 1} x Zio such that |m| = Zd’a’b Mmyap = nand migp < 1:for (v, A, p)
obeying (i)—=(iv), mgqp is the number of parts of size b of the partition (1j)jes where
Jj € Jiff v; =d and A; = a. This gives

iGn(q,t,s)v" — 1_[ iqmatmbvm 1_[ iqm(a—k])tm(h-i-l)smvm
n=0

a,b>0m=0 a,b>0m=0
1_[ 1+qa+1th+lsv

_ qa¢h
@.b=0 1 —¢g%®v
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The (weighted) Euler characteristic of E,, is the value of G, ats = —1, where the fprmula
simplifies considerably. Let us use the standard notation (v; ¢) 1= ]_[?io(l —q’v) and

W @n = (V: @)oo/ (q" V5 @)oo-
Corollary 5.2. The Euler characteristic x(E,,q,t) = G,(q,t,s = —1) is the coeffi-
cient of V" in the Taylor expansion at v = 0 of the function
1—v
(V5 @)oo (v; Doo
More explicitly,

n

tJ
E}’h ) = NN
X0 = D e,

Proof. The first statement is immediate from Lemma 5.1; the second follows from the
well-known Rothe identity
1 X "
= Z O
n=0

(V5 @)oo (@ Dn
Let us compare this Euler characteristic with the Euler characteristic of the graded com-
mutative algebra B, := RSL underlying the invariant part of the complex computing

representation homology. Here
R, = (C[xij, Vijs 9,'./' i, j=1,...,n].

Again, we assign degree 0, 0, 1 and weight (1, 0), (0, 1) and (1, 1) to x;;, y;; and 6;;,
respectively. The weighted Euler characteristic of B, can be extracted from the character
valued weighted Euler characteristic

X(Ru,q.t,u) =Y trace(u|(Ry)a.ap)(—1)?q"",  u = diag(u, ..., u,) € GL,,
of the GL,,-module R,,.
Lemma 5.3.
1 —qtu;/u;
(I —qu;/uj)(1 — tu; /uj)

Proof. We use the basis of monomials, noticing that u acts on x; ;, y; j, 6; j by multipli-
cation by u; /u;. O

X(Raq,t,w) =[]

1<i,j<n

To find the weighted Euler characteristic of B, we need to select the coefficient of 1
in the expansion of the coefficients of the character valued Euler characteristic in Schur
polynomials. This is obtained by taking the 1/n! times the constant term of the product
with the Weyl denominator:

Corollary 54. Let CT : Z[ulil, e, ufl][[q, t]] — Zllq, t1] be the constant term map.
Then

I d—gqn)" (A —qtui/uj)(L —ui/u;)
B,,q,t) = — ———"———CT .
TN T 15,135” (U= qui /up (1 = tuifu))
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Now, Conjecture 4.6 implies the equality

X(En,q,t) = x(Bu,q,1), (5.1

which, using Corollaries 5.2 and 5.4, we can write as the identity

1 d—gqn)" oT (A —qtu; /uj)(1 — u;/u;j) :2": t/ _
n! (1 —-q)"(1—1)" (1 —qu; fuj)(1 — tu;/uj) (G @n—j(t; 1)}
(5.2)

1<i#j<n j=0

The main result of this section is

Theorem 5.5. The identity (5.2) holds for alln > 1.

Proof. This is an immediate consequence of Theorem 4.13. Indeed, if we forget differ-
entials, the commutative algebras B, and E, introduced in this section coincide with the
algebras (4.25) and (4.26) introduced in Section 4.5. The differentials in (4.25) and (4.26)
respect the weight gradings, and so does the Harish-Chandra homomorphism (4.27). The-
orem 4.13 thus implies the equality (5.1), which is equivalent to (5.2). O

Remarks. 1. The lastisomorphism in (4.34) allows one to compute the right-hand side of
the identity (5.2) directly, without using Lemma 5.1. Indeed, C[X,, Y, : p = 1,2, .. J="
consists of polynomials in X1, Y1, X», Y3, ... of degree < n. The number of monomials
of degree exactly n and of bidegree (a, b) is the coefficient of v"¢%” in the generating
function [ [;-,(1 — vg®)~1(1 — vr*)~1. The number of polynomials of degree < n can
be obtained by multiplying this function by 1/(1 — v). The result of Corollary 5.2 follows
then easily from (4.34).
2. The identity (5.2) can be rewritten equivalently in the form

/ det(1 — gt Ad(g)) do — 1 det(1 — gto)
U

o det(1 — g Ad(g)) det(1 — 1 Ad(g)) ° n! & det(1 — o) det(1 —10)’

where the integration on the left is taken with respect to the normalized Haar measure
over the n-th unitary group U (n) and the determinants on the right are taken with respect
to the natural action of S, on C”". In this form, the identity (5.2) extends to an arbitrary
reductive Lie algebra (see Section 8.2).

3. The left-hand side of (5.2) is the expansion at ¢ = ¢ = 0 of an integral over
the product of unit circles |u;| = 1 defined for |g|, |f{] < 1 and can be computed by
iterated residues, with the following result: let Z,, (g, t) be the left-hand side of (5.2) and
Z(v,q,t) =1+ 22 Zy(q, t)v" the generating function. Then

)
Z(v.q.1) = exp(Z %Wk(q, t)).
A

The sum is over all partitions (nonincreasing integer sequences converging to 0) A =
(A1 = A = --- > 0) of positive size [A| = Y A;. The coefficient Wy (g, ¢) is a regularized
product over the boxes (i, j) of the Young diagram

YOO ={(, )eZ:1<j<h)={G))eZ:1<i<1})
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of the partition A, with conjugate partition A’:
(1- q/ll)(l _ q—j+lt—i+l)
M—j+1t*)‘}+i)(1 _ q—)»,'+jt)‘_;'*"+l) ’

Wi(g, 1) =
G.pere (I—¢q

In the regularized product [ we omit the factor 1 — ¢%° appearing at (i, j) = (1, 1).
Using the product formula of Corollary 5.2 for the generating function of the right-hand
side of (5.2) we see that the identity (5.2) is equivalent to

l_qntn
Y Wig)=——— n=12,....
= (1—g")(1 — ")

This calculation is a trigonometric version of a similar calculation occurring in super-
symmetric gauge theory [N]: the Nekrasov instanton partition function of A' = 2 super
Yang-Mills theory on R* with U (N) gauge group has both an integral representation and
an expression as a sum over collections of partitions (see [N, (3.10) and (1.6)], respec-
tively). They are related by iterated residues.

5.2. Other examples

It is known that the derived Harish-Chandra homomorphism (4.8) induces an isomor-
phism on the 0-th homology for any commutative algebra.'> In Section 4.4.3, we have
shown that this isomorphism cannot be extended to higher homologies for A = k[x, y, z].
We now give a general argument showing that ®,, is not a quasi-isomorphism for A =
Sym(V) when dim(V) > 3. We will also look at the algebra of dual numbers, in which
case the analogue of Conjecture 4.6 also fails.

5.2.1. Euler characteristics for arbitrary symmetric algebras. Our aim is to prove

Proposition 5.6. The derived Harish-Chandra homomorphism
®, : DRep, (Sym(V)L — Sym(h* @ A'V @ --- @ A" V))S
is not a quasi-isomorphism when the dimension r of V is at least 3 (and when n > 2).

Proof. Suppose that r := dimg(V) = 3. Choose a basis {x, y, z} of V. Note that both
DRep, (Sym(V))C" and Sym(h* @ (A'V @ A2V @ A’ V)5 are Z3-graded, with x
having weight (1, 0, 0), y having weight (0, 1, 0) and z having weight (0, 0, 1) (these
weights uniquely determine the weight of each generator of DRep, (Sym(V)) as well as
the weight of each generator of Sym(h ® (/\1 VoA Ve V))). Further note that by
its very construction, the derived Harish-Chandra homomorphism is weight preserving.
We then claim that

Lemma 5.7. The subcomplexes of weight (1,1,1) in DRep, (Sym(V))GL and
Sym(h} ® AV e A2V e A V)3 have different Euler characteristics.

13" This follows from a theorem of Vaccarino [Va2, Theorem 4.1], which asserts that the so-called
norm map det : S"(A) — ASL is an isomorphism for any commutative k-algebra A and any n > 1.
A direct calculation shows that Hy(®,,) coincides with the inverse of det.
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This shows that ®,, cannot be a quasi-isomorphism when r = 3 and n > 2. Further, when
r > 3, one can choose a basis {x,...,x,} of V, and equip both DRep,, (Sym(V))GL
and Sym(h} ® A'V@--- @ A\ V) with the Z’-grading determined by fixing the
weight of x; to be (0,...,0,1,0,...,0) (with i-th coordinate 1). Again, the derived
Harish-Chandra homomorphism is weight preserving by its very construction. Further, it
is easy to see that the subcomplexes of weight (1, 1, 1,0, ..., 0) in DRep, (Sym(V))S
and Sym(h*@(A' VOA? VO A} V- - -@A” V)5 are isomorphic to their counterparts
for the case when r = 3. Thus, Lemma 5.7 implies the desired proposition in general.

It remains to verify Lemma 5.7. For notational brevity, we write { = —A(x, y),
n = —Az,x), &€ ;= —A(y,2) and t := —A(x,y,z). Then the minimal resolution
R is generated by x,y,z,¢,n,&,t with d¢ = [x,y], dn = [z,x], d§ = [y, z] and
dt = [§,x] + [n,y] + [¢, z]. Thus, DRep, (k[x, y, z]) is generated by the variables
Xij, Yij»Zijs Cij» Mij» &ij» tij for 1 < i, j < n where x;; := e @ x, etc. The subcomplex of
DRep,, (k[x, y, z])GL of weight (1, 1, 1) is of the form 0 — C, — C; — Cop — 0 where

Cy := Span{Tr(?)},

Ci := Span{Tr(§x), Tr(ny), Tr(£2), Tr(§) Tr(x), Tr(n) Tr(y), Tr() Tr(z)},
Co := Span{Tr(xyz), Tr(xzy), Tr(xy) Tr(z), Tr(yz) Tr(x),

Tr(zx) Tr(y), Tr(x) Tr(y) Tr(2)}.
For n > 3 the above elements are linearly independent. When n = 2, there is one relation:
Tr(xyz) +Tr(xzy) — Tr(xy) Tr(z) — Tr(yz) Tr(x) — Tr(zx) Tr(y) + Tr(x) Tr(y) Tr(z) = 0.
Hence, x (DRep,, (k[x, y, z])ga’])) = 1whenn >3 and 0 forn = 2.

On the other hand, writing x; := ¢’ ® x, etc., we identify Sym(b} ® AN VeN Ve
A3 V)5S with

A=
k[xla"'7xn7y17~'-9yn,zla"~7Zn1$17-~'asnvn1’~"7nn’§13-'~’§n7t1’"'7tn]Sn'
In homological degree 0, we have
Ao(1,1,1) = Span( Z xaybzc)
(a,b,c)eO

where O runs over the orbits of S, in {1, ..., n}3. For n > 3 there are five such orbits:
those of (1, 1, 1), (1, 1, 2), (1,2, 1), (2, 1, 1) and (1, 2, 3). In homological degree 1,

A LD =Span( D Em 3 e Y Law)

(a,b)eO (a,b)eO (a,b)eO

where O runs over the orbits of S, in {1, ..., n}?. There are two such orbits: those of
(1, 1) and (1, 2). Finally,

Ax(1,1,1) = Span(t; + - - - + 1).

Thus, the Euler characteristic of A(1, 1, 1) is 0 when n > 3 (and —1 when n = 2). This
verifies Lemma 5.7, thereby completing the proof of Proposition 5.6. O
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5.2.2. Dual numbers. Let A := C[x]/ (x?), the algebra of dual numbers. In this case,
C = T¢(V) where V is a 1-dimensional vector space in homological degree 1. Explicitly,
(C) is the free DG algebra R := C(x, t1, t2, . .. .) with x having homological degree 0
and #; having homological degree i for all i € N. The differential on (C) is given by
dty = xty_ —titp2+ -+ (=D, 1x, p>1.
Note that as DG algebras, both A and R are weight graded as well, with the weight of x
being 1 and that of 7, being p + 1 for all p > 1. Note that the derived Harish-Chandra
homomorphism is weight preserving by its very construction. Also, all the complexes
involved have finite total dimension in each weight degree. To see that the derived Harish-
Chandra homomorphism is not a quasi-isomorphism in this case, it suffices to check that
the weighted Euler characteristics x (DRep,(A)%Y, ¢) and x ((DRep, (A)®?)%2, q) differ.
Here, for V a weight graded complex of C-vector spaces that has finite total dimension in
each weight degree, we define the weighted Euler characteristic of V' by

X(V.q) =Y (=) dime(V;(j))g’
ij
where V;(j) is the component of V; of weight ;.
Note that

x(S*DRep; (A), ) = 3[x (DRep;(A), q)> + x (DRep; (A), ¢*)].
Since X(DRepl(A), q) — n]?il(l _ q2k+2)(1 _ q2k+l)—l — Zj‘io qj(j+l)/2’

X(S*DRepy(A), ) = 1+q+¢*+¢° +¢* +2¢° + - . (5.3)
On the other hand (see [BR1, Section 7.6]),

o0 .
A DRepy () = [ TTdett — g’ Adce) "' de.
U@ i=1
The above integral is taken over the unitary group U(2) C GL;(C), where the Haar
measure dg is normalized so that the volume of U(2) is 1. The determinant is taken in
the adjoint representation of GL,(C) on M;(C). The above integral can be computed
directly, giving
L _ |

X (DRep,(A)~™, q) = m 5.4

Comparing (5.3) and (5.4), one sees that the derived Harish-Chandra homomorphism

®; : DRep, (C[x]/(x*))%"2 — S?DRep; (C[x]/(x?))

is not an isomorphism in Ho(DGCAg /).

6. Derived representation schemes of Lie algebras

In this section, we construct a (derived) representation functor on the category of DG
Lie algebras. We prove a basic result (Theorem 6.7) relating the derived representation
functor of Lie algebra to the homology of a Lie coalgebra defined over a Koszul dual
cocommutative coalgebra.
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6.1. Classical representation schemes

Let g be a finite-dimensional Lie algebra. For any Lie algebra a, there is an affine scheme
Rep, (a) parametrizing the representations of a in g. More precisely, the functor

g(-) : CommAlg, — LieAlg,, B+ g(B):=gQ® B,

has a left adjoint
(-)g : LieAlg, — CommAlg,, ar> ag.

In particular, for a fixed Lie algebra a, the commutative algebra a4 represents the functor'*
Repy(a) : CommAlgy — Sets, B> Homrjerg, (a, g(B)).

By definition, ag is the coordinate ring of the affine scheme parametrizing the represen-
tations of a in g. For example, if a is the abelian two-dimensional Lie algebra over k, and
g is reductive, then Rep, (a) is the classical commuting scheme of the Lie algebra g.

In this section, we extend the functor (-)4 to the category DGLA; of DG Lie algebras
and derive it using the natural model structure on DGLA;. We then define the representation
homology H, (a, g) as the homology of the corresponding derived functor.

6.2. Quillen equivalences for Lie (co)algebras

We begin with a brief review of the bar/cobar formalism in the Lie setting.

6.2.1. Basic functors. Recall that DGCA; /4 denotes the category of commutative DG al-
gebras augmented over k. Let DGLA; denote the category of DG Lie algebras over k. Let
DGCCy, i denote the category of DG cocommutative conilpotent coalgebras coaugmented
over k. Similarly, let DGLCy denote the category of conilpotent DG Lie coalgebras.

There is a pair of adjoint functors

Qcomn : DGCC/x = DGLA; : Birie, 6.1)

where By e is defined by the classical Chevalley—Eilenberg complex of a DG Lie algebra
(see Section 3.1) and 2comm is the functor assigning to a cocommutative coalgebra C the
free graded Lie algebra on the vector space C[—1]. The differential on R¢opn (C) is given
by d; + d», where d; is induced by the inner differential on C, and d5 is the lift of the
linear map
- A_1®A ~ _
K—11® C ——— k[-1]® k[-1]1® Sym*(C) = A*(C[-1)),
where A_; : If[—l] — k[—1] ® k[—1] takes 1x[—1] to —1k[—1] ® lk[—1], and A is the
coproduct on C.
Dually, there is a pair of adjoint functors

Qrie : DGLC, = DGCAg/k : Bcomn, 6.2)

14 This functor in a more general operadic setting is briefly discussed in [G, Section 6].
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where 21 is defined by the Chevalley—Eilenberg complex of a DG Lie coalgebra (see
Sec_tion 3.1), and B comn is the functor taking R € DGCAy/ to the cofree DG Lie coalgebra
L(R[1]) equipped with (co)differential d; 4+ d» where d; is induced by the differential
on R and d; is determined by the linear map

AX(R1]) = k(1] @ k(1] ® Sym*(R) %% k(1] ® R = R[1]

(Here, w1 identifies 1] ® 1g1; with 1gq) and p : Symz(R) — R is induced by the
multiplication map on R.)

Notation. If there is no danger of confusion, we will use the notation C := Brje and
C¢ := Qie for the Chevalley—FEilenberg functors on Lie algebras and Lie coalgebras,
respectively.

6.2.2. Model structures and Quillen theorems. The following theorem collects basic
facts about the model structures and Quillen equivalences for Lie (co)algebras: part (i)
is well known (essentially due to Quillen [Q2]); for parts (ii) and (iii), see, for example,
[Hi, Theorems 3.1 and 3.2] and [SW, Corollary 4.15].

Theorem 6.1. (i) The categories DGCAy/x and DGLAy have model structures where the
weak equivalences are the quasi-isomorphisms and the fibrations are the degreewise
surjective maps.

(ii) The category DGLCy (resp., DGCCy /i) admits a model structure, where the weak
equivalences are the maps f such that Qcomn(f) (resp., Rrie(f)) is a quasi-iso-
morphism and the cofibrations are degreewise monomorphisms.

(iii) For the above model structures, the pairs of functors (6.1) and (6.2) are Quillen
equivalences.

Note that part (iii) says that the functors (6.1) and (6.2) induce derived equivalences

LLcomn : Ho(DGCCy k) = Ho(DGLAg) : RBLe,
L5 ie : Ho(DGLCy) = HO(DGCAk/k) : RBcomn-

6.2.3. Relation to DG algebras and linear duality. We now introduce the following
functors on coalgebras: the coabelianization functor (—)ab : DGCx/x — DGCCyyi as-
signing to a DG coalgebra C its maximal cocommutative DG subcoalgebra C** € C
(this functor is dual to the abelianization functor (2.6)); the universal coenveloping coal-
gebra functor ¢ : DGLC;y — DGCy/ dual to the universal enveloping algebra functor
U : DGLAy — DGAy/k; the Lie coalgebra functor Lie® : DGCy/x — DGLCy assigning to
each C the coaugmentation coideal C viewed as a DG Lie coalgebra (this functor is dual
to the Lie algebra functor Lie : DGAg/x — DGLA assigning to A € DGAg /4 the augmenta-
tion ideal A viewed as a DG Lie algebra). Their relationship to Quillen equivalences (6.1)
and (6.2) is summarized by the following theorem.
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Theorem 6.2. In each of the following diagrams the square subdiagrams obtained by
starting at any corner and mapping to the opposite corner commute (up to isomorphism).

Q Q
DGCy/p =—————= DGAg/k DGCy/r =————= DGAg/k
in || (=) U\ | Lie Lie€ | | U (Dab | | in (63)
SZComm SzLie
DGCCy/x =———— DGLAy DGLCr ————= DGCAg/x
Brie Bcomn

Proof. Let C € DGCCy/i. Let £V denote the free Lie algebra generated by a graded
vector space V. Since T (V) = U(LV) as graded k-algebras, we have an isomorphism of
graded algebras

2(C) = U[Lcomm (CO)].

The fact that this isomorphism commutes with differentials follows from the fact that the
coalgebra C is cocommutative. Hence, on the category of cocommutative DG coalgebras,
we have an isomorphism of functors

2 = U o Lcomn. (6.4)
By adjunction, this gives an isomorphism
Blic o Lie = (-)*® o B, (6.5)
which proves the result for the first diagram in (6.3). A similar argument shows that
(ab 0 R = L3¢ 0 Lie", (6.6)

which by adjunction (together with (6.6)) gives an isomorphism of functors on commuta-
tive DG algebras
B = U° o Bcomn. 6.7)

This establishes the desired result for the second diagram in (6.3). m]

The following theorem, an immediate consequence of a simple generalization of [SW,
Theorem 4.17], explains the canonical linear dualities relating Lie algebraic and coalge-
braic Quillen functors.

Theorem 6.3. (i) Let g € DGLA be finite-dimensional in each degree. There is a natural
isomorphism
QLie(g%) = Brie(9)™ (6.8)

(i1) For ® € DGLCy finite-dimensional in each degree, we have a natural isomorphism
Brie(®") = Qi (). (6.9)

Here, (-)* stands for the restricted dual on the right-hand side.
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Note that the (full) graded k-linear dual of Bi;e(g) is precisely the complex of Lie
cochains of g with trivial coefficients. The restricted dual Brie(g)* is therefore the com-
plex of continuous Lie cochains of g with coefficients in k, where k is given the dis-
crete topology and C(g; k) is given the topology induced by the decreasing filtration
F"C(g; k) := Sym="(g[1]). In particular, we have H,[Bric(g)*] = H™*(g; k), where
H*® denotes the continuous Lie algebra cohomology. Thus, the isomorphism (6.8) ex-
plicitly relates the homological and cohomological Chevalley—Eilenberg complexes. In
several interesting cases, the complex of continuous Lie cochains of g coincides with the
complex of Lie cochains of g for degree reasons. One such case is when g is concen-
trated in degree 0. Another is when g is cohomologically graded and 2-connected (i.e.,
concentrated in cohomological degrees > 2). In addition, Theorems 6.2 and 6.3 hold
in the bigraded setting in which case (—)* means the bigraded dual. It is natural to re-
gard Brie(g)™ (rather than the full homologically graded k-linear dual of Br;ie(g)) as the
complex of Lie cochains of g in the bigraded setting.

6.3. Derived representation schemes

6.3.1. Convolution Lie algebras. For a fixed ® € DGLC; and A € DGCAg, we define a Lie
bracket on Hom(®, A) by

[f;gl:=mo(f®g)ol-l

wherem : A ® A — A is the multiplication map on A, and ]-[: & — & ® & is the Lie
cobracket on &. For & € DGLCy, fixed, this gives a functor

Hom(®, —) : DGCA; — DGLA, (6.10)

which we call a convolution functor.

6.3.2. The left adjoint functor. For arbitrary elements &, n in a DG Lie algebra a and for
x € &, let (Jx[, &, n) denote the image of x ® £ ® n under the composite map

62100 6068101 > (G0 — SyMAG®a) - Sym(G®a)  (6.11)

The following proposition describes the left adjoint for the Lie convolution algebra func-
tor Hom(&, -).

Proposition 6.4. The functor (6.10) has a left adjoint ()¢ : DGLAy — DGCAg, which is
given by
a> ag = Sym (6 ® a)/(x @ [§, n] — (Ix[. &, ),

where (1x[, &, n) is defined by (6.11).
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Proof. For B € DGCA consider natural maps

Hompgra, (¢, Hom(&, B))——— Homcon, (a, Hom(®, B))

L=

~ Homcon, (6 ® a, B)

|=

Hompgcy, (ag, B)—— Hompgca, (Symy (& ® a), B)
The map
Hompgy, (a, Hom(®, B)) — Hompgca, (Symy (& ® a), B) (6.12)
obtained by following the upper right part of the above diagram is explicitly given by
(f :a > Hom(®, B)) > [f : Sym (6 ® ) — B, x ® & > (=DM &) ().

Further, by a straightforward calculation, f is a DG Lie algebra homomorphism iff

fUE D = [fE). f(]iffforallé, n € aand x € &, f(x ® [£, 7] — (x[, &, 1)) = 0.
This shows that the image of the map (6.12) is precisely Hompgca, (ag, B). This proves
the desired proposition. O

As a consequence of Proposition 6.4, we obtain:

Theorem 6.5. The pair of functors (-)e : DGLA; = DGCA; : Hom(®, -) is a Quillen
pair. As a result, the functor (=) has a (total) left derived functor

L(-)g : Ho(DGLA;) — Ho(DGCAR), ar (Qa)g,

where Qa Soais any cofibrant resolution in DGLA.

Proof. By Proposition 6.4 and [DS, Remark 9.8], it suffices to check that Hom(®, —)
preserves degreewise surjections and quasi-isomorphisms. This is obvious. O

The functor Hom(®, —) can be modified naturally to give a functor on augmented com-
mutative DG algebras

Hom(®, -) : DGCA;/x — DGLA;, A +— Hom(®, A).

The left adjoint (-)¢ of Hom(&, —) : DGCA;/x — DGLA; is the functor assigning to each
a € DGLA; the commutative DG algebra ag equipped with the canonical augmentation

eap —> k

corresponding to 0 € Hompgra, (0, Hom(®, k)) under the adjunction (6.13). As in The-
orem 6.5, it is easy to verify that the pair of functors (-)s : DGLA; = DGCA;/i :
Hom(®, -) is Quillen. Hence, (—)¢ has a left derived functor

L(-)s : Ho(DGLA;) — Ho(DGCA k),

which after applying the forgetful functor Ho(DGCAy ) — Ho(DGCA;) coincides with
L(-)e : Ho(DGLA;) — Ho(DGCAg).
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6.3.3. Derived representation schemes. Let g be a finite-dimensional Lie algebra over k.
Let & := g*, the dual Lie coalgebra. Then

Hom(®, A) = Hom(g*, A) = g® A =: g(A).
Thus, the commutative DG algebra ag := ag represents the functor
Repg(a) : DGCAy — Sets, A +— Hompgry, (a, g(A)),
that is, there is a natural isomorphism of sets
Hompgep, (ag, A) = Hompgra, (a, g(A)). (6.13)
As in the associative case, we now define
DRepy (-) := L(-)g : Ho(DGLA;) — Ho(DGCAg).

We call DRep(a) the derived representation scheme parametrizing representations of a
in g. Further, if G is a Lie group whose Lie algebra is g, G acts (via the adjunction (6.13))
on ag by automorphisms for any a € DGLA;. One can therefore form the subfunctor

(-)§ : DGLA¢ — DGCA¢, a+—> af,
of (-)g. An argument using Brown’s lemma similar to the proof of [BKR, Theorem 2.6]
shows that the functor (—)g has a total left derived functor

DRep, ()¢ :=L(-)§ : Ho(DGLAL) — Ho(DGCA).
We define the representation homologies
H,(a, g) := Ho(DRepy (1)),  Ho(a, ) := Hy(DRep,(a)).

More generally, g acts (via the adjunction (6.13)) on ag by derivations. One can therefore
form the functor
(-)219 . DGLA; — DGCA;,  a+> a¥l.

Again, an argument paralleling the proof of [BKR, Theorem 2.6] shows that the functor
(—)‘;‘]l 9 has a total left derived functor

DRep, ()¢ := L(-)§'® : Ho(DGLAL) — Ho(DGCA).

We define
H.(a, 9)*9 := H.[DRep' % (a)].

Note that if g is the Lie algebra of a reductive Lie group G, the functors (—)g and (—)2,dg

coincide. Hence, in this situation, their derived functors coincide as well.

The discussion in Section 6.3.2 points out that DRep (a) can be viewed as an object in
Ho(DGCA k) (rather than Ho(DGCAy)). In the same way, DRep, ()29 can be viewed as an
object in Ho(DGCA«). Similarly, if G is a Lie group whose Lie algebra is g, one can con-
sider DRep, (a)© as an object in Ho(DGCAy/). In this case, DRepg (a)6 = DRep, (a)2ds,
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6.3.4. Representation homology and Lie cohomology. The following proposition leads
to the main result of this section (Theorem 6.7).

Proposition 6.6. For any & € DGLC, the following diagram commutes (up to isomor-
phism of functors):

SZComm
DGCCy/k —————>DGLA;
Brie
BR— (e | | Hom(&,—)
Qrie
DGLC; ————= DGCA/
BComm

where & ® C := & Q C forany C € DGCCy k. Thus, there is an isomorphism of functors

e o SZComm = QLie 0 (Qj ®_) =C‘o () ® -). (6.14)

Proof. For any C € DGCCy/ and £ € DGLA, let Tw(C, £) denote the set of Maurer—
Cartan elements (i.e., elements satisfying do + %[(x, a] = 0) in the DG Lie algebra
Hom(C, L). Similarly, for £° € DGLCy and A € DGAy/x, TW(SC, A) will denote the set of
Maurer—Cartan elements in the DG Lie algebra Hom(£¢, A). Now, for any A € DGCA /¢
and C € DGCCy/, we have
Hompgca, /; (82comn(C) e, A) = Hompgra, (Rcomm (C), Hom(&, A))

= Tw(C, Hom(®, A)) = Tw(6 ® C, A)

= Hompcen, , (C°(8 @ C). A).
The first isomorphism above is Prgposition 6.4, the second is from [Hi], the third is be-
cause the DG Lie algebras Hom(C, Hom(®, A)) and Hom(® ® C, A) are isomorphic
by the standard Hom-tensor duality, and the fourth is from arguments similar to those

in [Hi] proving the second. (6.14) follows from this by Yoneda’s Lemma. The rest of the
proposition follows from (6.14) by adjunction. O

Theorem 6.7. (a) Suppose that & = g* for some Lie algebra g. If Rcomm(C) Soais
a quasi-isomorphism for some C € DGCCy/, then

DRep, (@) = C°(g*(C); k),  DRepy(a)*? = C(g*(C), g*; k).
In particular,
H.(a,9) = H.(g"(C); k), Ha(a, )9 = H,(g*(C), g*; k).

(b) Suppose, in addition, that g is finite-dimensional and C is either finite-dimensional
in each degree or bigraded. Let A = C* (with bigraded duals being taken in the
bigraded setting). Then

DRep,(a) = C(g(A): )*,  DRepy ()48 = C(g(A), g: k)*.
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Here, (—)* stands for continuous or bigraded dual as the case might be."> In partic-
ular,

H.(a,9) = H *(g(A); k), Hd(a, 9)*9 =H*(g(A), g; k).

Here, “Lie cohomology” means “continuous Lie cohomology” or “Lie cohomology
in the bigraded setting” as the case might be.

Proof. That DRepg (a) = C(g* (C); k) is immediate from Proposition 6.6. The isomor-
phism DRepg(a)‘ﬂdg = C%(g*(C), g*; k) then follows from the fact that C¢(g*(C), g*; k)
= C°(g*(C); k)29, This proves (a). Part (b) follows from (a) and (6.8). O
Remark. Recall that, by (6.4), (C) = U(Rcoma(C)) for any C € DGCCy /.

Now, take g = gl,,(k), & = g* € DGLCy and M = M, (k)* € DGC. The following

proposition clarifies the relation between derived representation schemes of Lie algebras
and their associative counterparts.

Proposition 6.8. Let C € DGCCy . Then there is a natural isomorphism of commutative
DG algebras
QO = QCom(C)g[,,~ (6.15)

Hence, for any DG Lie algebra a,
DRep, (U(a)) = DRepg (a). (6.16)
Proof. For any B € DGCA, we have

Hompgca, (S2(C)y, B) = Hompgy, (2(C), M, (B))
= Hompga, U (R¢comn(C)), M, (B))
= Hompgra, (82comn (C), gl, (B))
= Hompgca, (S2comn(C)gt, , B).
The isomorphism (6.15) now follows from Yoneda’s Lemma. To prove (6.16), note that
for any a € DGLA, one can find C € DGCCy/« such that ¢opn(C) — ais a cofibrant

resolution in DGLA, (for example, C = Bric(a)). Then (C) = U(RLcomm(C)) — U(a)
is a cofibrant resolution of I/ (a) in DGA;. Hence,

DRep, U(a)) = R(C)y = Reom(C)gi, = DRepy; (a). o

7. Derived Harish-Chandra homomorphism and Drinfeld traces

The aim of this section is to construct the derived Harish-Chandra homomorphism and
trace maps for representation schemes of Lie algebras. Our starting point is the observa-
tion of Section 4.2 interpreting the derived HC homomorphism for associative algebras
in terms of Chevalley—Eilenberg complexes.

15 See remarks after Theorem 6.3.
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Throughout this section, g will denote a finite-dimensional reductive Lie algebra,
h C g its Cartan subalgebra and W the Weyl group of g. Recall that in this case, if V

is any k-vector space with an action of the reductive group G whose Lie algebra is g, then
VO = yug,

7.1. The derived Harish-Chandra homomorphism

The natural inclusion h < g defines a homomorphism of Lie coalgebras g* — h* and
hence, for any C € DGCCy/«, a morphism of commutative DG algebras

g (C) : C(g*(C), g™ k) — C(H™(C), h™; k). (7.1)
The following proposition is a generalization of Lemma 4.1.

Proposition 7.1. The image of ®4(C) lies in the DG subalgebra C¢(h*(C), b*; WY of
chains that are invariant under the action of the Weyl group W of g.

Proof. As b is an abelian Lie algebra, we have an isomorphism C¢(h*(C), h*(k); k) =
C¢(h*(C); k). The map ®4(C) is thus the restriction of the natural map C¢(g*(C); k) —
CE(h*(C); k) to CE(g*(C), g*; k) = C°(g*(C); k)29 = C¢(g*(C); k), where G is the
Lie group attached to g. Now, let N denote the normalizer of § in G, so that there is
a surjective group homomorphism N — W. Since W acts naturally on h*, so does N.
Thus, N acts on h*(C) as well, making h*(C) a DG-Lie coalgebra with N-action. This,
in turn, induces an N-action on the commutative DG algebra Cc(h*(c_‘); k). On the other
hand, the adjoint action of G on g makes g*(C‘ ) a DG Lie coalgebra with G-action (and
hence N-action). Thus, the commutative DG algebra C¢(g* (C); k) acquires a G-action
(and hence an N-action). Since the map g* — h* is N-equivariant, the map g*(C) —
h*(C) is N-equivariant as well. Therefore, the map C¢(g*(C); k) — C"(b:(@); k) is
N-equivariant. Since any element of C¢(g*(C), g*(k); k) is G-invariant (and hence N-
invariant), any element in the image of ®4(C) is N-invariant (and hence W-invariant).

O

Thus, we have a morphism of commutative DG algebras
D4(C) : C(g"(C), g1 k) — C° (O (0), ™1 b)Y,

which we call the derived Harish-Chandra homomorphism. Suppose that there exists a
quasi-isomorphism R¢omn (C) — a for some Lie algebra a. By Theorem 6.7, the derived
Harish-Chandra homomorphism can be viewed as a map in Ho(DGCA /«)

®4(C) : DRepy ()¢ — C(H*(C). b*: k)",
It follows that the derived Harish-Chandra homomorphism induces the map
He(®g) : Ho(a, ¢ — Ho(h*(O), % )",

If C has zero differential, then C¢(h*(C), b*; k) al_so has zero differential, and hence in
this case, He (®4) maps He (a, g)° to Symy (h* @ C[-1D)7.
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Example 7.2. Let k = C and let a := C.x be the one-dimensional Lie algebra
with x having weight 1 and homological degree 0. The cocommutative coalgebra C :=
Sym€(a[1]) = A°(sx) is Koszul dual to a. In this case, g*(C) = g*.(sx) ® g* and
C(g*(C), g*; C) = Sym(g*)®. In this case, the derived Harish-Chandra homomorphism
becomes the Chevalley isomorphism

Sym(g*)¢ = Sym(p*)".

7.2. Drinfeld homology

We now proceed with constructing the analogues of the trace maps (2.18) in the case of
Lie algebras. As the first step, we introduce an appropriate version of cyclic homology
for Lie algebras that will relate to representation homology via the trace maps.

7.2.1. Drinfeld [Dr] introduced the functor
A :DGLA; — Comy, at> Sym?*(a)/([x,y]l-z—x-[y,z]l:x,y,z €a),

that assigns to a Lie algebra a (the target of) the universal invariant bilinear form on a.
As shown in [GK], this functor plays a role of the cyclic functor (2.14) on the category
of Lie algebras: its left derived £ exists and defines the analogue of cyclic homology for
Lie algebras (cf. [GK, Theorem (5.3)]).

More generally, extending Drinfeld’s construction, for an integer d > 1, we define

A@D . DGLA; — Comi, at> Symd(a)/[a, Symd(a)].

This functor assigns to a Lie algebra a (the target of) the universal invariant multilinear
form of degree d on a; in particular, for d = 2, we have 2@ =
Note that the symmetric invariant d-multilinear forms g x --- x g — k are in one-
to-one correspondence with linear maps A)(g) — k. To be precise, a nondegenerate
pairing
Sym(g) x Sym?(g*) — k
induces a nondegenerate pairing
D (g) x Sym? ()¢ — k.

The next theorem generalizes the result of [GK, Theorem (5.3)] in the case of the Lie
operad.

Theorem 7.3. For eachd > 1, the functor .9 has a (total) left derived functor given by
LA : Ho(DGLA;) — Ho(Comg), a > A9 (L),

where £ = aisa cofibrant resolution of a in DGLA.

Proof. Suppose that £ € DGLAy is cofibrant and that f, g : £ — a are homotopic. Then,
by [BRZ, Lemma 2.1], there exists & : £ — a®k[t, dt] suchthath(0) = fandh(l) = g.
Here, deg(#) = 0 and d(¢) := dt and h(a) denotes postcomposition of 4 with the map
Idq ® ev, where ev, : k[t, dt] — k is the map taking ¢ to a and df to O for any a € k.
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Note that for any B € DGCA, one has natural maps in Comy
2 9Da® B) - 19 ® B. (7.2)
One therefore has a map H : A (&) — 1@ (a) ® k[r, dt] given by the composition

(72)

2@ gy 220 A(d)(a Q® k[t, dt]) —=> 19D (a) ® K[z, dt].

Clearly, H(0) = A“(f) and H(1) = A D (g). It follows that the maps A (f) and
1@ (g) are homotopic in Comg.

Now, if f : £ — £ is a weak equivalence between cofibrant objects in DGLA, there
exists a g : £ — £ in DGLA; such that fg and gf are homotopic to the respective
identities. It follows that A ( fg) and 1(9) (g f) are homotopic to the respective identities
as well. Hence, k(d)( f) is a quasi-isomorphism. In other words, the functors 2@ take
weak equivalences between cofibrant objects to weak equivalences. The desired theorem
now follows from [DS, Proposition 9.3]. O

We let HCSd) (Lie, a) denote the homology Ho[LA@ ()] and refer to it as Drinfeld
homology. Note that A1 is just the abelianization functor: a + a/[a, a], and hence
HCSU (Lie, a) =Hq+1(a; k) for any Lie algebra a (see, e.g., [BFR, Example 1, Sect. 2.6]).
Ford =2, HC?) (Lie, a) is precisely the Lie cyclic homology introduced by Getzler and
Kapranov [GK] (and denoted HA,(Lie, a) in that paper). In general, the meaning of the
homology groups HCid) (Lie, a) is clarified by the following theorem which is one of the
main results of this section.

Theorem 7.4. Let a € DGLAy. The reduced cyclic homology of the universal enveloping
algebra U(a) of the Lie algebra a has a natural Hodge-type decomposition

HC.[U(0)] = EB HCYW (Lie, a). (7.3)

Proof. Let C € DGCCyy be a coalgebra Koszul dual to the Lie algebra a (for example,

C = Byie(n)). Then we have a cofibrant resolution R¢omm (C) = ain DGLAy. For a
graded k-vector space V, there are natural isomorphisms of graded vector spaces

T (V)i =T (V) /(k + [V, Ti(V)D = Ti(V) [ (k + [Le(V), Te(V)]),
where Ly (V) C Ty (V) is the free (graded) Lie algebra generated by V. It follows that
2(C); = (C)/[Rcomm (C), L2(C)] (7.4)

as complexes of k-vector spaces. By (6.4), (C) = U(R¢comm(C)). On the other hand,
since Rcomm(C) is a DG Lie algebra, we have an isomorphism of DG ¢opn (C)-modules

Symy [2comn(C)] — Uk [Rcomn (C)] (7.5)

given by the symmetrization map. Therefore, writing

Sym?[Rcomn (C)]; := Sym? (Rcomn (C))/[Rcomn (C), Sym* (Rcomn (C))],
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we get the decomposition

Q(C); = P Sym” [Qcom (O)]:. (7.6)
d=1

Note that (C) Su (a) is a cofibrant resolution in DGA; /. By [BKR, Proposition 3.1],

H.[R(C),] = HC,U(a)).

On the other hand,
He[Sym (Rcomn (C));] = HC{ (Lie, a)
since C is Koszul dual to a. This proves the desired theorem. O

7.2.2. Lie-Hodge decomposition. Let a € DGLA; and let C € DGCCy/x be Koszul dual
to a. By (6.4), 2(C) = U(R¢omm(C)). From this isomorphism, (C) acquires the struc-
ture of a (primitively generated) cocommutative DG Hopf algebra whose DG Lie algebra
of primitives is Rcomn(C). Let m, : Q(C)®P — Q(C) denote the p-fold product and let
AP : Q(C) — R(C)®P denote the p-fold coproduct. For each p > 2, define the Adams
operation

Yl i=mp,o AP : Q(C) — Q(C).

Note ¥” o 7 = yP4. The following proposition is dual to [FT2, Props. 5.3.4-5.3.6].
Proposition 7.5. The Adams operations ¥, p > 2, descend to Adams operations
Y RC)Hy — C),, p=2.

It is verified without difficulty that on the image of Symd(SlcOmm(C )) in (C) under the
symmetrization map (7.5), ¥ coincides with multiplication by p?. Therefore,

Proposition 7.6. 7 acts on the direct summand Symd[SZCOmm(C )y of (7.6) by multipli-
cation by p?.

Corollary 7.7. There are Adams operations
Y? : HC.[U(a)] — HC,[U(w)], p >2.

Further, HCEd) (Lie, a) is precisely the (graded) eigenspace corresponding to the eigen-
value p® of WP for each p > 2.

Corollary 7.7 justifies referring to (7.3) as a Hodge decomposition. When C is the k-linear
dual of a smooth commutative algebra A, the decomposition (7.3) can be related to the
Hodge decomposition of the cyclic cohomology HC'(4) by the following proposition,
which is an immediate consequence of [FT2, Corollary 6.5.1].

Proposition 7.8. Let a € DGLA;, and let C € DGCCy i be a cocommutative coalgebra
Koszul dual to a. Assume that C = A* for some smooth commutative k-algebra A. Then

HC (Lie, a) = HC ;) (A)[—11.
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In particular, HCEZ) (Lie, a) is isomorphic (up to a shift) to the Harrison cohomology
of A. More generally, for C € DGCCyi, one can define a Hodge decomposition for
m.(C) dual to the decomposition defined in [L, Theorem 4.6.7]. When C = A*, this
Hodge decomposition coincides with that on HC * (A) (after the obvious identification
is made). Proposition 7.8 therefore shows that the homology of the direct summand

Sym? (Rcomn(C)):[11 of (C);[1] should be denoted by HC.. " (C). Thus,

(d-1)

HCY (Lie, a) @ HC, (C)[-1]. (1.7)

If a is a finite-dimensional abelian Lie algebra, one can compute HCEd) (Lie, a) ex-
plicitly, using the classical Hochschild—Kostant—-Rosenberg Theorem. Precisely, we have
a natural isomorphism

HC? (Lie, a) = Sym?(a) ® A®*(a)/d[Sym?*! (@) ® A\*~ (@)1, (7.8)

where d is the de Rham differential on the (algebraic) de Rham complex of the symmet-
ric algebra A = Sym(a). For the proof of (7.8) and further properties of the Lie—Hodge
decomposition (7.3) we refer the reader to [BFT]. Here, we only remark that Proposi-
tion 7.8 also holds in the bigraded setting. In that case, HC®(A) should be viewed as the
cohomology of the bigraded dual of the reduced cyclic chain complex of A.

7.3. Drinfeld trace maps

Let g be a finite-dimensional reductive Lie algebra over k. The adjunction (6.13) gives a
universal representation
Tg:a—> g®ag

for any a € DGLA. Let £ Z abe acofibrant resolution in DGLAg. For any d > 1, consider
the composite map

2@
2 D(g) 2 (g g g T D) @ 2. (7.9)

oge . . . d adg
Proposition 7.9. The image of the composite map (7.9) lies in A\ (g) ® £y °.

Proof. Equip £ with the trivial g-action. Then 7y : £ — g ® £4 is g-equivariant. It
follows that A@ (7rg) is g-equivariant as well. On the other hand, it is easy to verify that
the map (7.2) from 1D g ®Ly) to 1D (g) ® L4 is also g-equivariant. Since g acts trivially
on 14 (g), the desired proposition follows. O

One therefore obtains the maps
Trg : )»(d)(ﬂ) = )L(d)(g) ® £;dg'

For d = 2, the vector space A?)(g) is one-dimensional: indeed, there is a unique (up
to a scalar factor) invariant bilinear form on g (the Cartan—Killing form). Hence, at the
level of homology, the map Try induces a canonical trace map

Trg : HC.(Lie, a) — Hq(a, g)2de, (7.10)
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More generally, let P € Sym?(g*)249. Then one has the trace map

T —
b 2@ (g) =5 2@ (g) @ gals LI cads,

Recall that we have the Chevalley isomorphism
Sym(g")*® = sym(y)Y Z [Py ... P]

where deg(f‘i) =djforl <i <l anq the d; are the fundamental degrees of g. Choosing
P; € Sym(g*)*9 corresponding to P; under Chevalley’s isomorphism, we get a family
of trace maps
di) . ePi . di) adg
Trg ._Trg ML) - £y,

which yields a homomorphism of commutative DG algebras
i
Sym, [Tr.(£)] : Sym, [@ ,\<df>(£)] — gids (7.11)
i=1

We refer to (7.11) as the Drinfeld trace map. We shall sometimes abuse this terminology
and use it for closely related maps as well. At the level of homology, (7.11) gives

I
Sym[Tre(a)] : Symy [@ HCﬁd’)(Lie, a)] — Ha(a, g)9. (7.12)
i=1

In particular, if £ = ¢omn (C), then by (7.7), the above map becomes

i
Sym[Tr @1 : Sym [P HC " ©O1-11] > Ho@ 98 (7.13)
i=l
Remark. The Drinfeld trace map depends on the choice of the P;, 1 <i </ ._This chgice
in turn depends precisely on the choice of an isomorphism Sym(h*)V = k[P, ..., P/].

Example 7.10. Let a := k.x be a one-dimensional Lie algebra over k with generator x
having weight 1 and homological degree 0. Note that a is a free (and therefore cofibrant)
DG Lie algebra. Since a is also abelian,

LA (a) = Sym?(a) = k.x?.
In this case, a;dg = Sym(g*)?49 and the map
ad
)L(d)(u) N Cl; g ® )L(d)(g)
becomes the map dual to the nondegenerate pairing
2D (g) ® Sym?(g*)™® — k.
It follows that for a fixed choice of isomorphism

Sym(h*V = k[P, ..., P,
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the Drinfeld trace becomes the map

k[Pi,..., Pl — Sym(g")%®, P, P;,

where the variable P; is identified with x%. Since P; corresponds to P; under the
Chevalley restriction isomorphism, the Drinfeld trace is indeed a generalization of the
map inverse to the Chevalley restriction isomorphism. Combining this observation with
Example 7.2, we conclude that when a is a one-dimensional Lie algebra, the derived
Harish-Chandra homomorphism and the Drinfeld trace are mutually inverse (quasi-)iso-
morphisms.

8. Derived commuting schemes

In this section, we turn to our main example: the derived commuting scheme associated
to a finite-dimensional reductive Lie algebra g. Our goal is to state a general version of
Conjecture 1 for g, deduce the corresponding constant term identity and present some
evidence in favor of this conjecture. The next section will explain the relation to the
famous Macdonald conjectures proved in [Ch] and [FGT].

8.1. Main conjecture

Let a be an abelian Lie algebra of dimension r > 1. In this case ¢/a = Sym(a) and the
graded coalgebra C := Sym°(a[1]) is Koszul dual to a. Explicitly, C =k ® a & N ad
---@A" a, where A\’ a has homological degree i. For a reductive Lie algebra g, the derived
Harish-Chandra homomorphism (7.1) then becomes

@ : DRepy ()¢ — Sym[h* ® (@@ N a® - @ N a)]",

where A’ a has homological degree i — 1. If dima = 2, ® g induces on the 0-th homology
the map

k[Repy (0)]¢ — Sym[h* ® a]"’,
which is known to be an isomorphism, at least when g is complex semisimple and
Repg(a) // G is reduced (see, e.g., [Ha, Sect. 6.2]). It is therefore, reasonable to make
the following conjecture extending Conjecture 4.6.

Conjecture 8.1. Let dim(a) = 2. Then, for any reductive Lie algebra g over k,
@4 : DRepy ()¢ — Sym(h* @ b* @ h*[1)"

is a quasi-isomorphism (at least when the quotient commuting scheme Repg(a)//G is
reduced).

Remark. The scheme Repg(a) in Conjecture 8.1 is precisely the classical commuting
scheme of the Lie algebra g. It is known that the underlying variety of Rep(a) is irre-
ducible for any semisimple complex Lie algebra g (see [R]). However, the question of
whether Repg (a) (or even Repg (2)%) is a reduced scheme remains open in general.

Conjecture 8.1 can be restated in elementary terms, without using the language of derived
representation schemes. To this end, define the DG algebra (k[g x g] ® A g*, d), with g*
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being in homological degree 1 and with differential d : g* — k[g x g] given by

de.n) =¢(& 1), V& neg peg”

The adjoint action of G on g induces the diagonal G-action on (k[g x g] ® A g*, d), and
this last action commutes with the differential. We may therefore consider the invariant
DG algebra (k[g x g] ® A g*, d). Since the functions on g restrict to b, there is a natural
DG algebra homomorphism

g : (klg x gl ® N g*,d) — k[h x h1 ® A\ b,

where the right-hand side has zero differential. It is easy to see that the image of
(klg x gl ® Ag*, d)¢ under ®y lies in (k[h x hl @ A h*)W, and we have the follow-
ing proposition.

Proposition 8.2. Conjecture 8.1 is equivalent to the following statement: the DG algebra
" O (kg x gl ®Ag" d)® — (kIh x hl @ ApH)Y @.1)
is a quasi-isomorphism.
Proof. By Theorem 6.7, there is an isomorphism
DRepy () = C°(g*(C), g*; k)
where C = Sym°€(a[1]). Choose any basis {x, y} of a over k. Then, as graded algebras,
C(g™(0). g™ k) = Sym(g".x D g".y B g".0)

where g*.x := g* ® x, etc., and x, y have homological degree 0 and 6 := s~ !(sx A sy)
has homological degree 1. Hence,

Cg™(C), g% k) Zklg x gl @ A g™

In particular, Sym(g*.x @ g*.y) can be identified with k[g x g]. A direct computa-
tion using (3.1) then shows that for any ¢ € g*, the differential of the generator %(p.@
in C°(g*(C), g*; k) is equal to the function d¢ € k[g x g] satisfying do(§,n) =
@([&, n]). This identifies C¢(g*(C), g*; k) with (k[g x g]® A g*, d)© . The identification of
C(h*(C), b*; k) with k[h x h]® A b™* is obvious. Since the derived Harish-Chandra homo-
morphism &4 : C(g*(C), g*; k) — C°(h*(C), h*; k)% is indeed restriction of cocycles
from g to b, it coincides with the map ® : (k[g x g] ® A g*, d)° — (k[h x h1RAHHY
defined above. This proves the desired proposition. O

8.2. A constant term identity

We now assume that k = C and compare the Euler characteristics of DG algebras in
Conjecture 8.1. Write a = Cx @ Cy with [x, y] = 0, and denote By := DRepg(a).
Recall that as graded algebras,

By = Sym¢(g*.x ® g".y ® ¢g*.0) = Symc(g.x @ g.y @ g.0), (8.2)
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where x, y have homological degree 0 and 6 has homological degree 1. The DG algebra
By is equipped with an additional 7Z?-weight grading, with the subspaces g.x and g.y
having weights (1, 0) and (0, 1), and g.6 having weight (1, 1).

Now, for i € b, define x(Bg, g, 1, eh) to be the character-valued Euler characteristic

DD D T (B0 a

a,b>0icZ
where V,, , denotes the component of a Z2-graded vector space V of weight (a, b).

Lemma 8.3.

1—gn) 1 — gree®
X(BgJ]vt,eh) ( q) 1_[ ( e )

T A= A=) Jp (1= qe*®)(1 = 1)’
where | = dimc(h) is the rank of g and R is the root system associated to g.
Proof. Since g =h @ B, g du- it follows from (8.2) that

By = By ® (X) By,

aeR

where By :=Sym(h.x @ h.y @ 5.0) and By, := Sym(gy.x ® gy.y ® gu.0). Since el acts
as the identity on h and by multiplication by ¢*? on the root space g, we have
(1—gt)

x(Bh,q,t,eh)=m» X(Bg,.q.1.€") =

(1 = gre®™)

(I = qe*®) (1 — @)’
(8.3)
The desired lemma now follows from the multiplicativity of the Euler characteristic. O

Let O = Q(R) be the root lattice of g, and let Z[ Q] denote the group ring of Q. For each
a € R C Q(R), write e* € Z[ Q] for the corresponding element in Z[ O], and denote by
CT : Z[ Q] — Z the map assigning to a polynomial in Z[ Q] its constant term which does
not involve any e”. This constant term map naturally extends to the ring Z[Q][[q, t]] of
formal power series over Z[ Q]: specifically, we define CT : Z[Q]llq, t]1] — Zllq, t]1] by

CT Y Pup(e)g“t’ := ) CT[Pyp()lg"t". (8.4)
a,b=0 a,b>0

As corollary of Lemma 8.3, we now get
Corollary 8.4. The weighted Euler characteristic of BgG is given by

1 (1—g0) CT{H (I —gte®)(1 —e%) }

G _
X(Bg ’Q7t)_ |W| (l—q)l(l—t)l (l—qea)(l—tea)

a€eR

Proof. Tt suffices to verify the above formula for the compact real form of the group G,
which we also denote by G. We have

x(Bg,q,t) = fo(Bg,q,t,Adg)dg,
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where dg is the Haar measure on G normalized by |, 48 = 1. Now, let T be the maximal
torus of G corresponding to R. For « € R, regard e* as a character of 7. Then, by Weyl’s
integration formula,

1
/X(Bg,q,t,Adg)dgz—/X(Bg,q,t,Adr)H(l—ea(r))dt
G Wi Jr weR

where dt is the normalized Haar measure on 7. The result follows immediately from
Lemma 8.3 and the fact that fT e“(t) dt = 0 for any nonzero root «. m]

Next, we look at the right-hand side of Conjecture 8.1. We write
= Symc(h* & b* @ h*[1]) = Symc(h.x ® h.y ® h.6),

where x, y are of homological degree 0 and 6 of homological degee 1. Again, the algebra
Ay has an additional 72-grading, with h.x and h.y having weights (1, 0) and (0, 1) and
bh.0 having weight (1, 1). For an element w € W, let {A, ..., A;} be the eigenvalues w
under the natural action of W on h. Then

li[ (A —qtrh) det(1 — grw)

A b 7t’ = - ’
x(Ag.q.t,w) LY (L —qr) (1 —1th) — det(l — qw) det(1 — 1w)

where ‘det’ is taken on End fj. By the classical Molien formula, we get

det(l — gtw)

Al q.1 .
x(Ag.q.0) = (W] A det(T — qu) det(l — 1w)

Conjecture 8.1 therefore implies the following constant term identity generalizing (5.2):

Conjecture 8.5. The following identity holds:

(1 —qt) (1 —qre)(1—e®)| _ det(1 — gtw)
(1 —q)l(1—1) CT{ [1 (1 —ge*)(1 — te®) } - XV:V det(1 — qw) det(1 — tw)

oeR

Note that Conjecture 8.5 can be equivalently rewritten as

/ det(l1 — gt Adg) do — 1 det(1 — gqtw) 8.5)
g det(l —gAdg)det(l —rAdg) §= W &, det(l — qw) det(1 — tw)’ '
For ¢t = 0, this simplifies to the well-known identity
dg 1 L
- — 8.6
/G det(l —g Adg) |W| det(l —qw) 1:[ (8.6)

which is obtained by equating the Poincaré series of both sides of the Chevalley isomor-
phism
Sym(g")? = Sym(h™")".
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In (8.6), the numbers d; are the fundamental degrees of W, i.e. the degrees of algebraically
independent elements generating Sym(h*)". If we expand both sides of (8.5) as power
series in r and compare the corresponding Taylor coefficients under 7, we get a sequence
of identities extending (8.6) for k > 1. Thus, Conjecture 8.5 answers a question of 1. Mac-
donald posed in [M, Remark 2, p. 997].

We now provide some evidence for Conjectures 8.1 and 8.5. We recall that we have
already proved Conjecture 8.1 for gl, (Theorem 4.7) and Conjecture 8.5 for gl, for an
arbitrary n (Theorem 5.5).

8.3. Lower order terms

First, we show that the Taylor expansion in g, ¢ of both sides of Conjecture 8.5 agree up
to degree 2. In fact, in their normalized form (8.5) the quadratic terms are independent of
the root system.

Proposition 8.6. The first terms of both sides of (8.5) (viewed as power series in q,t)
are equal to
T+q>+qt+12+---,
where the dots stand for terms of degree at least 3 in q, t.
Proposition 8.6 follows from Lemma 8.7 below that evaluates both sides of (8.5) as in-

tegrals of the same ratio of determinants over a compact Lie group for a real irreducible
nontrivial representation (we formally think of W as a compact Lie group of dimension 0).

Lemma 8.7. Let p: G — GL(V) be a nontrivial irreducible representation of a compact
Lie group G over R with invariant measure dg and volume |G|. Then

s / det(1 — g1p(s))
|G| Jg det(1 — gp(g)) det(1 —1p(g))
Proof. For any endomorphism a of a finite-dimensional vector space,

dg=1+q>+qt+t"+---.

det(1 — gta)
det(l — ga) det(1 — ta)

If p is irreducible and nontrivial then its character has norm 1 and is orthogonal to the
trivial character. Thus

i
— | trp(g)dg =0,
Gl Jo

= 1+(g+t—gn tra+ @+ (tra)* + L (g* +H) (@) +- - - .

1
G|

Now real representations have real-valued characters and the Frobenius—Schur theorem
holds:

/ trp(e)Pdg = 1.
G

i/ wp(gd)dg = 1.
IGl Ja
The average over the group is then
I+ 3@+ + 5@+ + - =1+g g+ 4.

This finishes the proof of the lemma and of Proposition 8.6. O
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8.4. The case of sl,
Our next result is
Theorem 8.8. For any n > 2, Conjecture 8.1 for sl, is equivalent to Conjecture 8.1
for gl,.
Proof. Let t, denote the Cartan subalgebra of sl,, comprising the diagonal matrices with
trace 0. The short exact sequence of Lie algebras
Tr
0—sl,—>gl, > k—0

has a canonical splitting, giving an isomorphism of Lie algebras

gl, > sl @k, M (M —n"" Te(M)Id,, Te(M)). (8.7)

This restricts to an isomorphism of diagonal Cartan subalgebras §, = t, @ k, which is
equivariant under the action of the Weyl group S, (with S, acting trivially on k).

Let C := Sym°(a[l]) where a := k.x @ k.y is the two-dimensional abelian Lie
algebra. The isomorphism (8.7) induces an isomorphism gl (C) = s} (C) @ C. Hence,

CE(gli(C), gL (k); k) = CO(sLE(C), s (k); k) @ CE(C; k). (8.8)
Similarly, the S, -equivariant isomorphism b, = t,, @ k yields
CE(BE(C), b (k); k)St = CE(E:(O), £ (k); k)5 ® C(C k). (8.9)

Let @4, (resp., ®g1,) denote the derived Harish-Chandra homomorphisms for gl,
(resp., sly). Since the isomorphism b, = t, @ k is the restriction of gl, = sl, & k
to b, one has the following commutative diagram:

CE(@EE(C), gl (k); k) — > CE(sE(C), 8T (k); k) ® C°(C: k)

D1, L @5[“®IdL

CEMEC). b3 (k): k)S —== CE(5(C). £ (k): kyS ® C°(C k)

Hence, @ is a quasi-isomorphism if @y is. Conversely, if @4y, is not a quasi-
isomorphism, choose k to be the minimum homological degree such that Hi(®gr,) is
not an isomorphism. Since C°(C; k) = k[x, y, 0],

Hi (@gr,) = Hi(Psi,) @ Idgpx,y) @ Hi—1(Psr,) ® Idix, 16,
and so Hy (®gy,) is not an isomorphism either. This proves the desired theorem. ]
As a consequence of (the proof of) Theorem 8.8, we have
Corollary 8.9. Conjecture 8.5 holds for s\, for alln > 2.

Proof. We need to show the equality of Euler characteristics:

x(DRepy( ()3, g, 1) = x (C(€(O), (k) B>, g, 1).



2872 Yuri Berest et al.

In view of isomorphisms (8.8) and (8.9), we have

X(DRepyy ()%, g, 1).x (K[x, y, 601, ,1) = x(C°(gh;(C), ab; (k); k), g, 1),
X(CW(O), 6,(k); )%, g, 0).x (klx, y, 01, g, 1) = x (C(05(C), b (k) k)™, g, 1).
Note that y(k[x,y,0],q,t) = %. Hence, x(k[x,y,0],¢q,t) is an invertible
power series in g, ¢. The result follows now from Theorem 5.5, which says that the Euler
characteristics of C¢(gl* (C), gl¥ (k); k) and C (h*(C), b (k); k)> are equal. O

8.5. Orthogonal and symplectic Lie algebras

We now verify that Conjecture 8.1 holds in the limit n — oo for orthogonal and symplec-
tic Lie algebras. We begin with definitions of these classical Lie algebras.

8.5.1. The orthogonal Lie algebras s0y,4+1. Fix a basis {ey, ..., ex+1} of k2L Let
My, +1 denote the matrix of the nondegenerate symmetric bilinear form Q satisfying

O(ezi—1,e2) = Qezi,ei—1) =1, 1=<i=<n,
O(ezny1,em41) =1,
QO(ei,ej) =0  otherwise.

Define SO(2n + 1) to be the group of invertible matrices of determinant 1 preserving the
bilinear form Q. In other words, SO(2n + 1) is the group of invertible matrices P of size
2n + 1 and determinant 1 satisfying

Moy = P'Moyii P.

The Lie algebra 507,11 of SO(2n+1) is therefore the Lie subalgebra of gl,,, | comprising
those matrices X satisfying

X' Mopt1 + Mopi1 X = 0.
Further, let M», denote the matrix of the nondegenerate symmetric bilinear form Q sat-
isfying
Q(esi-1, e2) = Q(ezi, e2i-1) =1, 1=<i=n,
QOfeiej) =0 otherwise.

The Lie algebra s0,, can similarly be defined as the Lie subalgebra of gl,, comprising
those matrices X that satisfy

XZMQ,, + My, X =0.

Padding on the right and bottom with 0’s gives an embedding so, < s0,41 for all n. We
may therefore form the direct limits

50200+1 1= liM 802,11,  §0200 = liM 502,  §000 := lims0,,.
n n n

It is easy to see that one has isomorphisms of Lie algebras 50200+1 = 5000 = §0200-
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8.5.2. Lie algebras with (anti-)involution. An (anti-)involution on a DG Lie algebra g is
a map of complexes o : g — g satisfying 0> = Id and

o((X,Y]D) = (DX o), 0(X)] VX,Y eg.

Note that multiplication by —1 in an anti-involution on every Lie algebra g. For termino-
logical brevity, we refer to an anti-involution on a Lie algebra as an involution. Further, for
any involution o on a DG Lie algebra g, the (—1)-eigenspace of ¢ is a DG Lie subalgebra
of g. For example, if My, is as in Section 8.5.1, then

X M[2n+1XtM2n+l = Mopt1 X' Maupi

is an involution on gl,, 1. The (—1)-eigenspace of this involution is precisely 502,41.

Note that any involution on a DG Lie algebra £ extends to an involution on its uni-
versal enveloping algebra U/ £. Equip M, (k) with an involution. Recall from [BR2]
that for an involutive DG algebra A, one has the commutative DG algebra Rep;: (A) of
functions on the DG scheme parametrizing involution preserving representations of A
to M, (k). Let gl denote the (—1)-eigenspace of this involution. The following proposi-
tion is proven in [BR2].

Proposition 8.10. For any DG Lie algebra £, we have an isomorphism of commutative
DG algebras

k[Repg[; (£)] = k[Rep; (UL)]
where the involution on UL is the extension of the involution on £ given by multiplication

by —1.

Suppose that £ = g is a cofibrant resolution in DGLA;. Then I/ £ Su g is a cofibrant res-
olution in DGA/¢. Let o denote the involution on I/ £ (resp., U/ g) extending multiplication
by —1 on £ (resp., g). Suppose that the involution chosen on M, (k) is trace preserving.
Let G be a Lie subgroup of GL, (k) whose Lie algebra is gl, . For A an involutive DG
algebra, denote

Apo = A/(k+[A, Al +Im(1 —0)).

Then there is a natural morphism of complexes
Tr, : U(L)5.0 — k[Rep)UL)I, (8.10)
induced by the trace map Tr,[UU(£)] : U(L); — (L{ﬁ)gl‘ (see [BR2]). This gives the

commutative diagram at the level of homology groups:

HC. (Ug) —2> H,Ug, n)°"

-

HD, (Ug) —=> HE(Ug. n)C

Here, HD, (U/g) denotes the reduced dihedral homology of U/g with respect to the involu-
tion on U/ g that extends the involution on g given by multiplication by —1.
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Leta =k.x @ k.y. Let A := Ua = k[x, y] denote the universal enveloping algebra
of a equipped with the involution that takes x (resp., y) to —x (resp., —y). Let C :=
Sym©(a[1]). Then £ := Rcomn(C) is a cofibrant resolution of the abelian Lie algebra a.
Explicitly, £ is the free Lie algebra generated by x, y, & with x, y in degree 0 and 6
in degree 1 satisfying d6 = [x, y]. Its universal enveloping algebra is the free algebra
R :=k(x,y,0 :d6 = [x, y]) resolving k[x, y]. By Proposition 8.10, we have

DRepy,,, ., (@) = k[Rep,,, ., (£)] = k[Repj, ,; (R)].
Hence, the trace maps (8.10) become
Tropg1 : Ryo — k[Repsozn+1 (g)]SOan’
which give the following maps at the level of homology groups:
Tront1 : HDo(A) — He(a, 502,41)50%1

The inclusion of Lie algebras s05,,4+1 <> 502,43 induces a (degreewise surjective) homo-
morphism of commutative DG algebras

M2n+1 - k[Repsaz,H:; (2)] - k[Rep502n+l (2)]

It is easy to verify that (9,41 maps k[Rep502n+3 ()Z‘,)]SOM+3 to k[RepsoZ”“ (2)]502"+1 and
that

H2n+1 0 Trop3 = Tropyg -
Hence, one obtains a map of complexes

Troo : Ryo = k[Repgq, (1P = lim k[Rep,,, ., (L1501,
n

Here, the projective limit is taken in the category of bigraded commutative DG algebras.
By multiplicativity, one obtains a morphism of commutative DG algebras

Sym(Troo) : Sym(Ry o) — k[Reps,, ., ()14

The following result is a consequence of the stabilization theorem [BR1, Theorem 4.4]
for involutive DG algebras. We however sketch a different proof of this statement.

Proposition 8.11. Sym(Tr) : Sym(R;,) — k[Repsom“(}3)]502004rl is an isomor-
phism of bigraded commutative DG algebras.

Proof. Let E := C* denote the bigraded dual of C. Then the complex Ry, whose
homology is HD, (k[x, y]), coincides on the nose with the complex D(E)*[—1], where
* denotes bigraded dual and D(E) is the complex computing the relative skew dihedral
homology of E with respect to the trivial involution. On the other hand, by Theorem 6.7,

k[Repg,,, ., ()19 = C(s02,41(E), 502,41 (k): k)*.

Hence,
k[Repgq,.,, (£)1502H = C(5020041(E), 5020041 (K); k).
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Note that §0200+1 = §000. The map Sym(Try) can then be verified to be the bigraded
dual of the map
C(5000(E), 5000(k); k) — Sym(D(E)[1])

induced by the map of complexes denoted in [L, Section 10.2.3] by tr, o6,. By the relative
version of [LP, Theorem 5.5] (see also [L, Section 10.5.7]), this last map is an isomor-
phism of DG coalgebras. This proves the desired proposition. O

On homologies, Tr, gives a map
Troo : HDu(A) = Ha(@, 5020041)30%#! := Hy(k[Reps,, ,, (£)1502+1).
By Proposition 8.11, Sym(Tr,) gives an isomorphism on homologies
Sym(Troo) : Sym(HD4(A)) — Ha (a1, 5020041) 0241,

We therefore need to compute the (relative) dihedral homology HD,(A). Note that it
is the space of covariants (and hence invariants) of the Zj-action on HC.(A) induced
by the chosen involution on A. On the other hand, H_CO(A) = A/k and HC(A) =
Q!(A)/dA = A.ydx, and the other reduced cyclic homologies of A vanish. Let A%/ and
A®® denote the subspaces of A = k[x, y] spanned by all monomials of odd and even
weight respectively (for this definition, x and y are both taken to have weight 1).

Lemma 8.12. There are isomorphisms of vector spaces
HDo(A) = A% /k, HD;(A) = A°Y ydx.

Proof. Recall from [BKR, Example 4.1] that the monomial x*y! in A/k is identified
with the cyclic chain x¥y’ in Ry. The involution on R maps XKyl to (=1)kHylxk,
which coincides with (—1)*t/xky! in R;. Hence, x¥y! is a nontrivial basis element of
R/(k +[R, R1+Im(1 — o)) iff k + [ is even.

Similarly, [BKR, Example 4.1] tells us that the basis element xkyldx (g =1
of HC|(A) is identified with the cycle Y '_fy'~'~x¥y'0 in R, This cycle is
mapped by the involution on R to (—1)** Y106y xky/=1=1 which coincides with
(=1} Sl yi=1=ixkyig in Ry, Tt follows that x¥y!dx is a nontrivial basis element
in HD(A) iff k + [ is even and [ > 1. This proves the desired lemma. ]

8.5.3. The derived Harish-Chandra homomorphism for the odd orthogonal case. Note
that for 50,41, one can choose the Cartan subalgebra by, to be the abelian Lie subal-
gebra of 02,41 spanned by the basis elements h; := ep;j_1,2i—1 — €2i2i, 1 <i < n.The
Weyl group of s07,,+1 is (Z2)" x S,, where elements of S, permute the 4;’s and the ele-
ment y; ;= (1,...,y,...,1) of (Zp)" with the generator y of Z; in the i-th coordinate
transforms h; to —h; and leaves other /;’s unchanged.

The derived Harish-Chandra homomorphism therefore becomes a morphism of com-
mutative DG algebras

@ : k[Repg,,, (D150 = k[x1, ... Xn, y1. oo yn. 01, .. 0,] 7205
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where elements of S,, simultaneously permute the x;’s, y;’s and 6;’s, and y; multiplies the
generators x;, y; and 6; by —1 and leaves the other generators unchanged. In the limit, the
derived Harish-Chandra homomorphism becomes the map

® 1 k[Repg,,, (DI — klxp,..osyr,..oi 6y, J5T05
where

klx1,...;y1,...:01, ...](ZZ) X800 . — l(ir_nk[xl, ey Xy Vs ey Yy 01, ...,Qn](ZZ) XSn

n

Here, the limit is taken in the category of bigraded commutative algebras.

For a word w € R, let |w|y (resp., lw|y, [w|s) denote the number of occurrences of
x (resp, y, 6) in w. Note that the homological degree of w is |w|g. Let |w| := |w|y +
|lwly + |wls be the length of w and keep the notation Try,41 for the composite map
R — Ry o — k[Reps,,, , (£)150x+1.

Lemma 8.13. (® o Tra,y1)(w) = (1 + (=DM Y7, xley gl o0 apy € R,

In particular, if |w| is of odd length, or of homological degree > 2, then (® o Tra,41)(w)
vanishes. Lemmas 8.12 and 8.13 enable us to explicitly compute the map

He(®) 0 Trapg1 : HDo(A) = k[X1, vy Xns V1o v v vy Yy 01, .., 0y ]2 S0,

Lemma 8.14. We have

n
(Ho(®) 0 Trop 1) (x*y') =2 " xfy! for k+1 even,
i=1

n
(He(®) 0 Tr2n+1)(xkyldx) =2l foyf*le,- for k + 1 even.

i=1

Theorem 8.15. (i) @ : k[Rep,,, (21502 — k[x1,...iy1,...;0p,...] 57 x5
is a quasi-isomorphism.

(i) Ho(®) : He(a, 502,150+ — K[X1, ..., X0 Y1y evvs Yns 01, ..o, 0,172 " XS0 g ¢
surjection.

Proof. We first prove (i). By Proposition 8.11, it suffices to prove that the composite map

= (0] 00
Sym(R; ;) = k[Reps,, ., (O304 2 kxy, . .sy1, ... 6, .. ] ED T NS

is a quasi-isomorphism. This is equivalent to verifying that the map

— Sym(Hq (®)oTrso) )
Symy (D, (A)) 0BT, hlwrs s yr, o6y, L 028

is an isomorphism. For a := (s, p,l) € {0, 1} x Zzzo’ let P, denote the power sum
Zizl xfyf@f. Call an element a := (s, p,[) of {0, 1} x Zio even if s + p + 1 is even.
By Lemma 8.12, HD,(A) can be identified with the bigraded vector space V spanned
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by basis vectors g, for a € {0, 1} x Zio even. The basis element ¢(1, ) corresponds
to the form 2(1£r1)x1’yl+1dx in HD;(A), and the basis element q(,p,)) corresponds to

the form %xl’yl in HDo(A). Lemma 8.14 implies that Hy(®) o Treo maps ga to the
power sum P, for each even a in {0, 1} x Z2>0. (i) therefore follows once we verify

that k[x1,...;y1,...;61,.. .](Z2>°CNSOo is isomorphic to the graded symmetric algebra
generated by the power sums P, for a even.
To see this, note that for any n > 2, the orbit sum

O(x‘f”...xg"yf'...yf”erl...0,?"):: Z o(x‘lxl...xff”yisl...y{f”@r'...9,},”’)
oe(Zp)" XSy (8 12)

is nonzero iff the triples (y;, «;, B;) are even for 1 <i < n and (y;, a;, Bi) # (v}, &}, Bj)
whenever 1 <i < j <nand y; = y; = 1. Starting with this observation and proceeding
as in the proof of Proposition 4.8, one can show the following analog of Proposition 4.8
without difficulty.

Proposition 8.16. (i) The homomorphism of bigraded commutative algebras
Symy (V) — K[X1 ..o\ Xps V1o os Yo 01 ooy 6,175 o> Py foraeven,
induces an isomorphism of bigraded vector spaces
SymZ" (V) ZK[X1 ..oy Xy Y1y v vy Vs 01, oo, 6] P2 2050,
(i1) The homomorphism

BRSNS

Symy (V) — klx1,...;y1,...5061,. ga > Pa,

is an isomorphism of bigraded commutative algebras.

Proposition 8.16(ii) is precisely what we needed to verify to complete the proof of (i).
Proposition 8.16(i) implies that the natural map

KIXT, oo y1 o3 01, P72 s ke, oo Xy V1 s Vs Ol - 0y )20

is surjective. (ii) is now immediate from (i). ]

8.5.4. The even orthogonal and symplectic cases. The DG algebras on both sides of the
Harish-Chandra homomorphism in the even orthogonal case coincide in the limit with
their odd counterparts. Hence, the analog of Theorem 8.15(i) holds in the even orthogonal
case as well. The Weyl group for s0,, is however (Zg)”_1 X S, rather than (Z)" x S,,.
Here, (Z2)"~! is the subgroup of (Z,)" comprising those elements that flip the signs of
an even number of the Cartan basis elements #;. In this case, the map

e n—1
KIXT, s Ve 01, 0 PD7205% o kg, o Xy V1s ey s 01y ey 0] ED 450
(8.13)
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is not surjective for n > 2. For example, the element x; ... x, of k[x1, ..., Xu, Y1, .-+, Yn,
01,..., 9,1](22)'1_1 XSn is not in the image of (8.13). The argument we used to deduce
part (ii) of Theorem 8.15 from part (i) in the odd orthogonal case does not therefore work
in the even case.

Remark. Note, however, that the elements xj . .. x,, and similarly the elements of the
form

O(x1 .. . XkYk+1---yn) and  O(xp...XkYk+1 - Yn—16n),
where O(...) denotes the orbit sum as in (8.12), do not lead to trivial counterexamples to
Conjecture 8.1. In fact, these elements are the images of the following ‘Pfaffian’ cocycles
in k[Repsoz" (£)]502n:

Z(_I)GXJ(I)J(Z) <« X (2k=1)0 (2k) Yo (2k+1)o (2K) - + + Yo 2n—1)o (2n)
o

and

Y (=1 X ()o@ - - Xo (2h—1)0 (k) Vo 2k+ 1o (2K) - - - Yo 2n—3)0 2n-200 2n— 1) 2n)-

[ea
A small computation shows that the latter element is indeed a cocycle, and it cannot
be exact, since its expression contains no repeated indices, while repeated indices are
necessarily introduced by the differential (recall that the differential of 6;; is given by
2k ik Yij — VikXij))-
The case of sp,,, is analogous to that of s02,41. The only modification here is a different
involution on My, (k): it is given by X +— Mtan ! M»,,, where My, is the matrix of the
nondegenerate skew-symmetric bilinear form Q on k%" satisfying

O(ezi-1,e2) = —Q(ezi,eri—1) =1, 1=<i=<n,
QO(ei,ej) =0  otherwise.

In particular, the obvious analogues of both parts of Theorem 8.15 hold in the symplectic
case.

9. Macdonald conjectures

In this section, we explain how our Conjecture 8.1 is related to the strong Macdonald
conjecture proved in [FGT]. The key point is to consider the G-equivariant derived com-
muting scheme DRep, (@)% of the two-dimensional abelian Lie algebra a with ‘shifted’
homological degrees. Following the conventions of [FGT], we will assume in this sec-
tion that k = C. As in the previous section, g will denote an arbitrary finite-dimensional
reductive Lie algebra with associated complex algebraic group G.

9.1. Graded commuting schemes

Let a := C.u & C.v be a homologically graded Lie algebra with trivial bracket, where u
has degree —1 and v has degree —2. Let z € (a[1])* and w € (a[1])* denote basis vectors
dual to su € a[l] and sv € a[1] respectively. Thus z and w have homological degrees 0
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and 1. We equip a with a Z2-weight grading by setting the weight of u to be (1, 0) and that
of v to be (0, 1). By convention, the weight of the dual of a finite-dimensional weight-
homogeneous vector space W will coincide with that of W. Also, in this section, (-)* will
mean bigraded dual.

Lemma 9.1. DRepg(a)G =C(glz, wl, g; O)*.
Proof. Since a is abelian, a cofibrant resolution of a in DGL; is given by
Qcomn (Sym€ (a[1])). Note that the bigraded dual of Sym€(a[1]) is exactly C[z, w]. By
Theorem 6.7,

DRepy ()¢ = C°(g*(Sym‘ (a[1])), g*; C).
The desired lemma now follows from the isomorphism (6.8). ]

We have the following restatement of the (now proven) strong Macdonald conjecture
(see [FGT, Theorem 1.5]) in terms of derived representation schemes.

Theorem 9.2. The map

I 1
Sym, [Try(a)] := Sym;, [@ Trfgd")] : Sym,, [@ Lk(di)(a)] — DRepg(a)G
i=1

i=1

is a quasi-isomorphism. In particular, the induced map

l
Sym, [Trg(a)] : Sym, [QB HCY) (Lie, a)] — Ho(a, )¢ 9.1)
i=1
is an isomorphism of graded algebras.

Proof. Since the bigraded dual of Sym°(a[1]), namely C[z, w], is a smooth graded com-
mutative algebra, Proposition 7.8 applies. Thus, the map (9.1) becomes
i
T~ i)
Symy [Trg (a)] : Symk[@ HC,"| (C[z, w])*] — C@lz, wl, g: O, (9.2)
i=1

where m;, 1 < i < r, are the exponents of g. It turns out that (9.2) is precisely the map
in [Te, (3.1)]; [FGT, Theorem 1.5] states that this map is a quasi-isomorphism. m]

Corollary 9.3. H,(a, g)¢ is isomorphic to the symmetric algebra with one generator in
homological degree —(2m + 1) and weight (n 4+ 1, m) and one generator of homological
degree —(2m + 2) and weight (n, m + 1) for each exponent m of g and eachn > 0.

Proof. Indeed, [FGT, (1.7)] shows that H_Cg,':,)ﬂ(((f[z, w]) is identified with the
(weight graded) vector space C[z].w(dw)™ for each exponent m of g. The du-

als of the basis elements z"w(dw)™ of H_C;n,;)ﬂ((C[z, w]) give generators of

Symk[@leﬁﬁif (Clz, w])*] having homological degree —2m — 2 and weight
(n,m 4 1) for each n > 0 and for each exponent m of g. Similarly, [FGT, (1.7)]
shows that for each exponent m of g, ﬁ;’fjﬁ (Clz, w]) is identified with the (weight
graded) vector space Clz].dzw(dw)™ . The duals of z*dzw(dw)™ ! give generators
of Symk[@ﬁle_CE'?iil)((C[z, w])*] having homological degree —2m — 1 and weight
(n+1, m). Theorem 9.2 (more precisely, its proof) then implies the desired corollary. O
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9.2. Lie algebra (co)homology and parity

For a fixed pair (p, r) of integers, let a,, , := C.u ® C.v denote the homologically graded
abelian Lie algebra, with # and v having degrees p and r respectively. We now demon-
strate that much of the behavior of DRep(a,, )¢ depends only on the parity of p and r.

9.2.1. Functors on complexes. LetI" be an abelian group. Let I'-Com denote the category
of I'-weight graded complexes of C-vector spaces. In other words, any V € I'-Com is a
direct sum of subcomplexes,

v=Ev,.

yell
Here, V), is the subcomplex of V' of weight y. Let I'-Com; denote the category of I'-weight
graded Z,-homologically graded complexes. One has a functor
M:-Con — I-Comp, V1> (D) Van = @D Vaun).
nez nez

The functor IT (for ‘parity’) remembers only the parity of the homological grading while
retaining the I"-weight grading. Note that the functor IT is faithful but not full. For most
of this section, I' = Z2. The following lemma is obvious.

Lemma 9.4. A morphism ¢ € T'-Com is a quasi-isomorphism iff T1(¢) is a quasi-iso-
morphism in T'-Comy.

For any k > 1, there is a functor
Fr : 7*-Com — Z-Com

that assigns to a Z2-weight graded complex V = @(a’ pyez2 Via,b) the Z-weight graded
complex Fy (V) with component of weight r being Fi(V), = @u +kb=r V(a,b)- Note that
F, only changes weights without changing the homological grading or differential.

9.2.2. As before, we equip u and v with Z>-weights (1, 0) and (0, 1) respectively. The
proof of the following lemma is essentially the same as that of Lemma 9.1.

Lemma 9.5. There is an isomorphism of DG algebras
DRep,(a,,)¢ = C(glz, w], g: C)*,

where z has degree —(p + 1) and weight (1, 0) and w has degree —(r + 1) and weight
O, 1.

Hence, we get

Proposition 9.6. (i) The weighted Euler characteristic of DRepg (ap,r)G depends only
on the parities of p and r.
(ii) If either the derived Harish-Chandra map

@y : DRepy(@)¢ — Syme(h* ® Sym“(a[1])"
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or the Drinfeld trace map

l
Symy[Try(a)] : Sym, [@ L,\<df)(a)] — DRepy ()¢
i=l1

is a quasi-isomorphism for a, ,, then it is a quasi-isomorphism for a, ,» whenever
p, p' and r, ¥’ have the same parity.

Proof. Note that if p, p’ and r, r’ have the same parity, then
H[(Dg (ap,r)] = H[cbg (ap’,r’)]a I (Symk [Trg (ap,r)]) =1 (Symk [Trg (ap’,r’)])-
The desired proposition therefore follows from Lemma 9.4. O

Thus, when p, r are both even, we expect that the derived Harish-Chandra homomor-
phism gives the quasi-isomorphism

DRep, (a,.,) = Sym(h*[pl ® b*[r1 @ b*[p +r + 1",

and we get Conjectures 8.1 and 8.5.

On the other hand, when p, r are of opposite parity, by Theorem 9.2, the Drinfeld
trace map must be a quasi-isomorphism, so that the homology of DRep, (ap,r)G is a
free graded commutative algebra, and we get the classical (g, t)-Macdonald identity (see
Section 9.3 below).

9.3. Euler characteristics

Let By := C(glz, w]/g; C). It follows from Lemma 9.1 that the weighted Euler char-
acteristic of DRep, (@)Y coincides with that of its bigraded dual, namely, Bgdg =
C(glz, w], g; C). We compute this Euler characteristic by computing the character-valued

Euler characteristic

X(Bg.q.t.e") =Y " Y (=1) Tr(e"|(s,),,)q"t"

a,b>0ieZ

Lemma 9.7.

1— qn—H l 1— qn—i-leot
X(Bg.q.t,e") = [( ) ,
g ’g) 1—qg"t Og.‘, 1 —qg"te*
where | := dimc () is the rank of g.
Proof. The proof is identical to that of Lemma 8.3. O

Note that Bg = Bgdg , where G is the complex reductive Lie group whose Lie algebra
is g. Hence, we get

Corollary 9.8.

adg _L l_qn-i-l)
X(Bg' % q,1) |W|n>0< ]_[]_[ ntea : 9.3)

n>0(x€R
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Proof. The proof is similar to the proof of Corollary 8.4 from Lemma 8.3. O

As a consequence, we obtain the following proposition:

Proposition 9.9. The following identity holds:

1-4g"nH(d — q”""ltmi)
|W| {1_[ 1_[ nte“} 1_[ 1—[ (1 — g"thy(1 — gremitly’ 94

n>0a€R n>0i=1

where m; := d; — 1 are the exponents of the Lie algebra g.

Proof. Let [ be the rank of g. The Euler characteristic of DRep, (a)9 equals that of its
homology. By Corollary 9.3, the latter Euler characteristic is equal to

n+1tm,

HH g ©.5)

n>0i= 1

On the other hand, by Lemma 9.1, the Euler characteristic of DRep (a)¢ is equal to that

of Bgd 9. By Corollary 9.8, the Euler characteristic of Bgd 9 also equals the right-hand side
of (9.3). Equating the right—hand side of (9.3) with the expression (9.5) and multiplying

both sides by I—[n>0( !, we obtain the desired identity. |

T—q"t )
Remark. The left-hand side of (9.4) is exactly the expression denoted by ﬁ [A g1/ 2]o
in [Kir]. Thus (9.4) is equivalent to the standard (g, t)-version of Macdonald’s constant

term identity [Kir, (2.7)], which is the special case of the inner product identity for P; = 1
[Kir, Theorem 2.4].

9.3.1. The q-Macdonald identity. Let V € Z*-Com be such that the subcomplexes Va.p of
weight (a, b) are finite-dimensional and nonzero only for a, b > 0. Recall the definition
of the functor Fy : Z*-Com — Z-Com above. There is an equality of Euler characteristics

x(V.q,qd" = x(Fe(V), @).
As a result, we get

Lemma 9.10.

x(Clz)/2*, 8:©), 9) = x(BE®, 4, ¢5).
Proof. Consider the DG Lie algebra gj[z, w] := (g[z, w], ow = zk), which is quasi-
isomorphic to g[z]/z. Hence, C(gs[z, w], g; C) is quasi-isomorphic to C(g[z]/z~, g; C).
Note that the differential on C(gs[z, w], g; C) is obtained by twisting that on Bgdg =
C(glz, wl, g; k) with the differential induced by 9. The latter differential also preserves
weights provided we apply the functor Fy to Bgdg. Hence,

x(C(glz1/2*, g: ©), @) = x(Clgalz, w], g; ©), @) = x (Fx(Bg' "), ) = x(Bg'?, 4, 4").
O
On the other hand, the identity (9.4) implies
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Lemma 9.11. The following identity holds:

I k=14 q’“’“*l l
e ool =I5 =110, oo

j=0aeR i=1j=1

i=1

Proof. Setting t = g* in (9.4), we obtain (9.6). Equivalently, we can multiply both sides
of (9.6) by 1‘[’?;} (1 — ¢7)! to obtain

[ k=1
] l o _ kmi+j
|W| H(l —q’) CT{H [Ta-a/en}= [T[Ta-g" on
j=0aeR i=1j=1
By Corollary 9.8 and Lemma 9.10, the left-hand side of the above identity is the Eu-
ler characteristic of C(g[z]/z%, g; C). That this Euler characteristic equals the right-hand
side of the above identity follows from [FGT, Theorem A], which explicitly computes
H.(g[z]/z*, 9: C) as a free bigraded commutative algebra and specifies the weights
and homological degrees of a set of homogeneous generators. We remind the reader
that [FGT, Theorem A] is proven from [FGT, Theorem 1.5] by replacing g[z] /zk by
the quasi-isomorphic DG Lie algebra g3[z, w] and computing He (gs[z, w], g; C) by ap-
pealing to [FGT, Theorem 1.5] (which computes Hq(g[z, w], g; C)) and using a simple
spectral sequence argument. O

Remark. Being the Euler characteristic of C(g[z]/z*, g; C), the left-hand side of (9.7)

can be rewritten as
k—1
/ ]_[ det(1 — ¢/ Adg)dg.
G

The identity (9.6) is thus equivalent to
k—1 I k-1

/ [[dett — g/ Adgydg =[]t — ¢"" . 9.8)

]1 i=1j=1

which is a version of the original Macdonald identity (see [M, Conjecture 3.1']).

Appendix. Derived representation schemes of algebras over an operad

In this Appendix, we construct (derived) representation schemes for (DG) algebras
over an arbitrary binary quadratic operad. Our generalization covers the representation
schemes of associative algebras studied in [BKR, BR1], the representation algebras de-
fined in [Tu] as well as the representation schemes of Lie algebras introduced in Section 6.
We also construct canonical trace maps from operadic cyclic homology to representation
homology, generalizing the derived character maps of [BKR]. For cyclic operads our no-
tion of operadic cyclic homology agrees with that of [GK]. The main result of this section,
Theorem A.4, unifies Theorems 3.2 and 6.7.

Throughout this section, P will denote a finitely generated binary quadratic operad
and Q = P’ will stand for its (quadratic) Koszul dual. Unlike Getzler and Kapranov [GK]
who work with cyclic operads, which are not necessarily binary quadratic, we will work
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with binary quadratic operads, which are not necessarily cyclic. This is due to the follow-
ing fact that we need for Theorem A.4: if A is a DG P-algebra and if B is a DG Q-algebra
then A ® B has a natural DG Lie algebra structure (see [LV, Prop. 7.6.5]).

A.l. Internal Hom-functor and the representation functor

Let DGPA (resp., DGQA) denote the category of DG P-algebras (resp., DG Q-algebras)
over k. If € is a DG P-coalgebra, the complex Hom(&, B) naturally acquires the structure
of a DG P-algebra for any B € DGCAy /. We therefore have a functor

Hom,, (¢, -) : DGCAz/x — DGPA, B > Hom(C, B),

where * indicates that we form the convolution algebra with the augmentation ideal B.
Let A € DGPA. Each generating operation m € P(2) gives k-linear maps

mpg:ARA— A, me:C—>CRC.

Fora,b € A and x € €, define (mg(x),a, b) € Sym, (€ ® A) to be the image of the
elementx ®a @ b € € ® A ® A under the composite map

me@ldId 1d®7;®Id
_— —_—

CRARA CRERARA CRA)®ERA)
2, Sym2(€ ® A) < Sym, (€ ® A).

The proof of the following proposition is a straightforward generalization of that of Propo-
sition 6.4. We therefore leave it to the interested reader.

Proposition A.1. The functor Hom, (&, ) : DGCAy/x — DGPA has a left adjoint
¢ X —:DGPA;y — DGCAg/k, A CX A :=8Sym(C® A)/I, ¢,
where L4 ¢ is the ideal generated by the elements
x®my(a,b) — (meg(x),a,b), meP?2), xeCa,becA.
In particular, there is a natural isomorphism
Hompgpa (A, Hom, (€, B)) = Hompgey, , (€ X A, B). (A.1)

The category DGPA has a natural model structure where fibrations are degreewise surjec-
tions and weak equivalences are quasi-isomorphisms (see [H]). It is easy to verify that
the functor Hom, (¢, —) preserves fibrations (i.e, degreewise surjections) and acyclic fi-
brations. Hence, we have

Theorem A.2. (a) The following functors form a Quillen pair:
¢ x —: DGPA = DGCA/« : Hom, (€, -).
(b) The functor € x — : DGPA == DGCAy,/« has a (total) left derived functor

L
¢ X —: Ho(DGPA) — Ho(DGCAy/r), A €x QA,
where QA = A is any cofibrant resolution of A in DGPA.
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(c) Forany A € DGPA and B € DGCAyx, there is a canonical isomorphism
Homgo(papa) (A, Hom(€, B)) = Homgopaca, ) (€ X A, B).

We define the derived representation scheme of A over the coalgebra € by

L
DRepg(A) := € x A € Ho(DGCAy/x)
and the representation homology of A over € by

H.(A, €) := H,[DRepg(A)].

A.2. Representation homology vs Lie homology: the operadic setting

Recall that Q denotes the Koszul dual of the operad P. The main result of this section,
Theorem A.4, identifies the representation homology He (A, €) with the homology of the
Lie coalgebra € ® C constructed over a Q-coalgebra C Koszul dual to A; this unifies
Theorems 3.2 and 6.7 in the main body of the paper. We begin by recalling some facts
on twisting chains and Koszul duality in the operadic setting. The main reference for this
material is [LV].

A.2.1. Twisting chains and Koszul duality. Let DGQC denote the category of conilpotent
DG Q-coalgebras. Let A € DGPA and C € DGQC. The following proposition is a special
case of [LV, Proposition 11.1.1].

Lemma A.3. (a) The complex Hom(C, A) has the natural structure of a DG Lie al-
gebra.

(b) If € is a DG P-coalgebra, the complex € ® C has the natural structure of a
(conilpotent) DG Lie coalgebra.

Proof. We note that Hom(C, A) has the natural structure of an algebra over the
Hadamard product P @y Q of the operads P and Q (see [LV, Section 5.1.12]). The Lie
algebra structure on Hom(C, A) comes from the morphism of operads Lie — P ®y Q
in [LV, Prop. 7.6.5]. This proves (a).

On the other hand, € ® C is naturally a DG coalgebra over the operad P ®y Q.
The DG Lie coalgebra structure on € ® C then comes from the morphism of operads
Lie — P ®u Q in [LV, Prop. 7.6.5]. The conilpotency of € @ C follows from the
conilpotency of C. This proves (b). O

A twisting chain from C to A is a degree —1 element T € Hom(C, A) satisfying the
Maurer—Cartan equation
dt + %[r, 7] =0.

Let Tw(C, A) denote the set of all twisting chains from C to A. It can be shown (see [LV,
Prop. 11.3.1]) that, for a fixed P-algebra A, the functor

Tw(—, A) : DGQC — Sets, C +— Tw(C, A),
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is representable; the corresponding coalgebra Bp(A) € DGQC is called the bar construc-
tion of A (see [LV, Sect. 11.2.1]). Dually, for a fixed coalgebra C, the functor

Tw(C,-) : DGPA — Sets, A Tu(C, A),

is corepresentable; the corresponding algebra 2o(C) € DGPA is called the cobar con-
struction of C (see [LV, Sect. 11.2.5]). Thus, we have canonical isomorphisms

Hompgpa (29(C), A) = Tw(C, A) = Hompgac(C, Bp(A)) (A.2)

showing that ¢ : DGQC = DGQC : Bp are adjoint functors. We say that C € DGQC is
Koszul dual to A € DGPA if there is a quasi-isomorphism £29(C) = A in DGPA. Note

that since 29 (C) is free as a graded P-algebra (see [LV, Sect. 11.2.5]), o(C) SA
is a cofibrant resolution of A in DGPA when C is Koszul dual to A. Further, if P is a
Koszul operad, there is at least one C € DGQC Koszul dual to A, namely, Bp(A) (see
[LV, Sect. 11.3.3]).

A.2.2. . For C € DGQC and for any DG P-coalgebra €, let Lie°(€ ® C) denote € ® C
equipped with the Lie coalgebra structure from Lemma A.3.

Theorem A.4. There is a natural isomorphism of functors from DGQC to DGCAy /-
(€x ) oo () = Quie[Lie(C® )]

As a result, if C € DGQC is Koszul dual to A € DGPA, there are isomorphisms in
Ho(DGCAgi):
DRepg(A) Z C(Lie“ (€ ® C); k).

Consequently,
Ho(A, ©) = Ho(Lie® (€ QR C); k).

Proof. Let C € DGQC. For any B € DGCA/, we have natural isomorphisms
Hompgea,,, (€ X R9(C), B) = Hompepa (R0 (C), Hom(€, B))
=~ Tw(C, Hom(¢, B)) = Tw(Lie(€ ® C), B)
= Hompgcy, , (Rie[Lie (€ ® O)], B).
The DG Lie algebra structure on Hom(C, Hom(¢, B)) comes from Lemma A.3 and
the fact that Hom(, B) acquires the structure of a P-algebra. The third isomor-
phism above is from the isomorphism of DG Lie algebras Hom(C, Hom(C, B)) =

Hom(Lie (¢ ® C), B) coming from hom-tensor duality (and Lemma A.3). The natural
isomorphism

Cx 29(C) = Qrie[Lie(C® C)] =C(Lie (€ QR C); k)
follows from the natural isomorphism
Hompgca, , (€ x R9(C), B) = Hompgea, , (Rrie[Lie (€ ® C)], B)

by Yoneda’s Lemma. This proves the first statement of the theorem.
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If C € DGQC is Koszul dual to A € DGPA, then o (C) 5 A is a cofibrant resolution
of A. Hence, DRepg(A) = € x 9(C) = C°(Lie“(€ ® C); k). This proves the second
assertion in the above theorem. The final statement of the theorem now follows immedi-
ately. O

A.3. Examples

A.3.1. Derived reresentation schemes for associative algebras. When P = Q = Ass,
the operad governing associative algebras, DGPA becomes DGA, the category of nonunital
DG k-algebras. Recall that there is an equivalence of categories (see Section 2.2.1):

DGA — DGAy/k, A A :=k® A.

The inverse is the functor that assigns to each augmented DG algebra A its augmentation
ideal A. In this case, Proposition A.1 is a generalization of [Tu, Lemma 2.1] to the DG
setting. Let € be a counital DG coalgebra. Denote the composite functor

DGAg/x — DGA xS DGCAk/k
by € x —. For A € DGAy/«, one has a natural isomorphism
EXAZ(C> A)b,
where
CrA=TCRA)/m@ab—mPa)®mMP @b), m®@1—u(m).l). (A.3)

Here, u(m) € k and A(m) = Zm(l) ® m@ are the counit and the coproduct of €
evaluated at an element m € €. This operation is introduced in [AJ, Section 3.4], where
it is called the Sweedler product.

Note that the algebra homomorphisms € > A — A correspond precisely to the left
actions € ® A — A commuting with the multiplication A ® A — A and the unit map
k — A on A. This clarifies the meaning of the defining relations and the notation for the
algebra € > A (cf. [Maj]).

Now, if € = M (k) is the finite-dimensional coalgebra dual to the matrix algebra
M, (k), the functor Hom(¢, -) is canonically isomorphic to M, (-), Hence, by adjunc-
tion (see Proposition 2.3), we have a natural isomorphism

Ap = ME(K) X A.

This allows one to regard the representation functor (2.7) as a special case of the general
construction of this section. In particular, all results of Section 2.4 (along with Theo-
rem 3.2) follow from results proved in this section (e.g., Theorem 2.6 is a special case of
Theorem A.2, Theorem 3.2 is a special case of Theorem A.4, etc.)

Remark. The existence of the noncommutative ‘lifting’ € > A of € x A appears to be a
special phenomenon that occurs only in the case P = Q = Ass. In this case, the natural
morphism of operads Lie — Ass ®py Ass factors through the associative operad. Hence,
from the point of view of a coalgebra-algebra pair over a Koszul dual pair of operads, it
is the abelianization of the Sweedler product (rather than the Sweedler product itself) that
is the natural construction.
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A.3.2. Derived representation schemes of Lie algebras. When P = Lie, the operad
governing Lie algebras, then Q = Comm, the operad governing commutative algebras. In
this case, the constructions of this section specialize to those of Section 6. For example,
Proposition A.1 specializes to Proposition 6.4. Theorem A.4 specializes to Proposition 6.6
and Theorem 6.7, etc.

A.4. P-cyclic homology

We now construct derived trace maps relating (operadic) cyclic homology to (op-
eradic) representation homology. Our construction generalizes the construction of traces
in [BKR] as well as Drinfeld traces of Section 7.3.

A.4.1. Invariant bilinear forms. We say that a symmetric bilinear form B on a DG P-
algebra is invariant if for all m € P(2),

B(m(a, b),c) = (=D B, m®,c)) foralla,b,c e A.

Let Ay denote the target of the universal invariant bilinear form on A; this is equal to the
quotient of A ® A by the subcomplex spanned by the images of the maps

MmMRINMA-—Idm) : AQRARA—>ARA,

where m runs over all (homogeneous) elements of P(2). If P is a cyclic binary quadratic
operad, our notion of an invariant bilinear form agrees with that of [GK] (cf. [GK,
Prop. 4.3]). In this case, Aj is denoted in [GK] by A(A).

Dually, if € is a DG P-coalgebra, a (homogeneous) 2-tensor « is called invariant if it
is a (homogeneous) element of € ® ¢ such that for all m € P(2), the composite map of

complexes

m®Id—Id®m
—_———

kol S ecoce CRCRC

vanishes. We denote by €7 the subcomplex of invariant tensors on €.

The following theorem is a generalization of [GK, Theorem 5.3] to arbitrary binary
quadratic operads. Since its proof is similar to that of Theorem 7.3, we omit it in order to
avoid being repetitive.

Theorem A.5. The functor
(-)p : DGPA — Comy, A Ay,
has a (total) left derived functor
L(-); : Ho(DGPA) — Ho(Comg), A +— Ry,
for any cofibrant resolution R = A in DGPA.

We denote the homology H (ILAy) by HC, (P, A) and call it the P-cyclic homology of A.
When P = Lie and A = aq, this is exactly the Lie cyclic homology HC,(Lie, a) used in
Section 7 (which [GK] denotes by HA,(Lie, A)).
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A.5. Traces

Suppose that the DG P-coalgebra € is equipped with a degree 0 invariant 2-tensor
coTr : k — €7,
Then, for any A € DGPA, there is a natural morphism of DG P-algebras
s :A— Hom, (¢, Cx A) — Hom(C, € x A),

where the first arrow corresponds under the adjunction (A.1) to the identity morphism on
¢ x A. Denote by mgg4 the composite map

A® A ZET Hom(¢, ¢ x A) @ Hom(C, € x A)
— Hom(€%®2, (¢ x A)®?) > Hom(€ ® €, € x A),

where the last arrow is induced by the product on € x A. The map of complexes
A®A 224 Hom(€ ® €, ¢ x A) — Hom(€%, € x A)
induced by the inclusion ¢% < ¢ ® € clearly factors through Ay, giving
A; — Hom(¢?, € x A).

Composing this last map with the map Hom(¢", € x A) — Hom(k, & x A) = € x A
induced by coTr, we get

Tre : A, > € x A. (A4)

We remark that, in general, Tre depends on the choice of the invariant 2-tensor coTr
on ¢; however, instead of making that choice, we could work with the universal invariant
2-tensor €% < ¢ ® C.

By construction, Tre gives a natural transformation of functors

(-); = € x —: DGPA — Comy. (A.5)

It therefore gives a natural transformation of derived functors

L
Tre : L(-); — € X —: Ho(DGPA) — Ho(Comy). (A.6)

Applying this to A € DGPA and taking homologies, one obtains maps of graded vector
spaces

Tre : HCo(P, A) — H (A, €). (A7)

We now give a few examples of the trace (A.7).
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A.5.1. Example. Let P be a cyclic binary quadratic operad. Suppose that € is a finite-
dimensional P-coalgebra in homological degree 0. Let S := €* and let tr : 8§ — k
denote the dual of the map coTr. Let G := Aut(S, tr) denote the algebraic group of trace
preserving automorphisms of the P-algebra S (see [G, Section 6]). Suppose A is a P-
algebra concentrated in homological degree 0. In this case, € x A = k[Repp(A, S)]. The
trace (A.7) induces a trace map

Trs : Ay — k[Repp(A, S)]

on O-th homologies. It is easy to verify that the image of Trg actually lies in
k[Repp (A, 8)]¢. The map

Trs : Ay — k[Repp(A, $)°

appears in [G, Section 6].

A.5.2. Example. Let P = Ass and let € = M (k). Let A be a unital DG k-algebra.
Then (see [GK, Section 4]) A; = A/[A, A]. Dually, since M} (k) is counital, [M (k)]"
can be identified with the cocommutator subspace of M (k). This subspace is a one-
dimensional subspace of M (k) generated by the dual of the usual trace map. Choosing
that dual as our cotrace and applying the construction in this section, one sees that the
trace map (A.7) becomes the trace map

Tr,(A)e : HCo(A) — Ho(A, n)

constructed in [BKR, Section 4].

A.5.3. Example. Let P = Lie and let € = g* where g is a semisimple Lie algebra.
Then € is a one-dimensional k-vector space generated by the Killing form on g. If we
take the Killing form as our invariant 2-tensor, the trace (A.7) specializes to the canonical
trace (7.10).
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