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Abstract. We consider partially hyperbolic C I+ diffeomorphisms of compact Riemannian man-
ifolds of arbitrary dimension which admit a partially hyperbolic tangent bundle decomposition
ES @ E*. Assuming the existence of a set of positive Lebesgue measure on which f satisfies
a weak nonuniform expansivity assumption in the centre unstable direction, we prove that there ex-
ist at most a finite number of transitive attractors each of which supports an SRB measure. As part
of our argument, we prove that each attractor admits a Gibbs—Markov—Young geometric structure
with integrable return times. We also characterize in this setting SRB measures which are liftable
to Gibbs—Markov—Young structures.
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1. Introduction

1.1. Physical measures

Let M be a compact Riemannian manifold with a normalized Riemannian volume Leb
which we will refer to as Lebesgue measure, and let f : M — M be a Cl* diffeo-
morphism of M (meaning that f is C' with Holder continuous derivative). For a Borel
probability measure ; on M we define the basin of u by

n—1

1 .
B, = {x €M : lim —Z(p(fj(x)) — /gpdu for all continuous ¢ : M — ]R}.
n—o0on =

Then B, is the set of points whose orbits are asymptotically uniformly distributed with
respect to . A priori there is no reason for the basin to be nonempty but under certain
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conditions it is possible to prove that it is and that indeed it is “large” in certain respects.
The classical Ergodic Theorem of Birkhoff implies, for example, that if u is ergodic and
invariant then u(B,) = 1. If u is singular with respect to Lebesgue measure, which it
usually is, this does not guarantee that the basin has positive Lebesgue measure which
is, in some sense, the reference measure with respect to which we want to describe the
dynamics. This motivates the following definition. We say that u is a physical measure if

Leb(B,,) > 0.

There are examples of systems without physical measures (e.g. the identity map) as well
as examples of systems with an infinite number of physical measures. These examples,
however, are somewhat “pathological” and the Palis conjecture [36] says that typical
dynamical systems admit at least one and at most a finite number of physical measures
and that their basins have full Lebesgue measure in M.

A particular type of physical measures are the so-called Sinai—Ruelle—-Bowen, or SRB,
measures which have the property of having nonzero Lyapunov exponents p-almost ev-
erywhere and admitting a system of conditional measures such that the conditional mea-
sures on unstable manifolds are absolutely continuous with respect to the Lebesgue mea-
sures Leb, on these manifolds induced by the restriction of the Riemannian structure
[14, 37, 39, 50]. The main result of this paper is to prove the existence and finiteness of
SRB physical measures in a natural and relatively general class of partially hyperbolic
diffeomorphisms. We mention that some of the specific constants in the conditions in
the following results depend on the choice of Riemannian metric, thus it is implicit in
our assumptions that it is sufficient for the conditions to be satisfied for some choice of
Riemannian metric.

Theorem A. Let f : M — M be a C'* diffeomorphism, K C M a forward invari-
ant compact set on which f admits a Df-invariant continuous tangent bundle splitting
Tk M = E* @ E“, and suppose there exists A € (0, 1) such that for all x € K,

IDFlEsll <% and [Df1gsll - 1DF g || < Ao (1)

Suppose moreover that there exists H C K with Leb(H) > 0 and an € > 0 such that for
all x € H,

1 n
liminf — Y "log | Df ~'|ger || < —e. )
n—-oo n /:1 // (x)
Then
(a) there exist closed invariant transitive sets Q, ..., Q¢ such that for Lebesgue almost
every x € H we have w(x) = Q;j for some 1 < j < {;
(b) there exist physical SRB measures |41, ..., Ly Supported on the sets Qq, ..., 2y,

whose basins have nonempty interior, such that for Lebesgue almost every x € H we
have x € B,Lj forsome 1 < j <.

We refer to the second part of (1) as domination property.
This result generalizes the well-known and often cited result of [4] in which the same
conclusions are obtained under the stronger assumption that condition (2) holds with a
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lim sup instead of a lim inf. While this may seem like a technical detail, we emphasize that
the lim inf condition (2) implies that the growth only needs to be verified on a subsequence
of iterates, in contrast to the same conditions with lim sup, which needs to be verified for
all sufficiently large times. The difference between these two assumptions leads to the
failure of a key technical property which means that the techniques and methods that we
use below to deal with the weaker assumption are completely different from those used
in [4]—see further discussion in Section 2 and Remark 4.3 below.

It is, in some sense, impossible to find an example of a diffeomorphism that satisfies
our condition (2) and not the a priori stronger condition in [4], because the conclusions of
Theorem A imply that the limit in (2) exists, and therefore, a fortiori, the two conditions
are equivalent. The spirit of our result is therefore mainly of a theoretical nature, but of
course it may very well be possible to encounter a situation in which only our weaker
condition is verifiable in practice. While it is not immediately obvious how to construct
such an example, it may be instructive to remark that a robust (C! open) class of examples
of diffeomorphisms is constructed in [4] which satisfies the conditions of that paper (and
therefore also the a priori weaker conditions of our Theorem A) which rely on the property
stated in [4, Lemma A.1] showing that typical points spend a uniformly positive frequency
of times in certain good regions B of the manifold, i.e. there exists some €y > 0 such that
liminfn='Leb{0 < i < n : fi(x) € B} > €. In principle, a situation in which this
property cannot be verified directly but can be replaced by a weaker statement of the
form lim sup n~1 Leb{0<i<mn: fi(x) € B} > €p, i.e. a situation in which there is an a
priori weaker control of the recurrence in B, might lead to the verification of condition (2)
and therefore to the desired conclusions on the existence and finiteness of SRB measures.

1.2. Transitivity and uniqueness of physical measures

We remark that our argument also works if we let ¢ = 0 in (2), in which case we get a
countable number of transitive sets and corresponding SRB measures supported on them.
On the other hand, as the ergodic basins B,,; have nonempty interior, in the special case
when f is transitive, partially hyperbolic and weakly nonuniformly expanding along E
on the whole manifold M, we get the following consequence.

Corollary B. Under the assumptions of Theorem A, suppose f is transitive and Leb(H)
= 1. Then w(x) = M for Lebesgue a.e. x, and f has a unique SRB measure with
Leb(B,) = 1.

We emphasize that the statement of Corollary B is nontrivial and makes full use of the
specific formulations of the results in Theorem A which derive from our construction
and proof, and in particular is not just an immediate consequence of the finiteness of er-
godic components under the additional transitivity assumption. Indeed, notice that there
are no uniqueness statements in [4] where a different strategy is used for the proof of
finiteness. The conclusions of Corollary B are obtained in [13] in the quite distinct setting
of a partially hyperbolic diffeomorphism with an invariant tangent bundle decomposition
E“* @ E" (i.e. with uniform expansion and nonuniform contraction, see Section 2 for an
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in-depth historical literature review of the various kinds of partial hyperbolicity and corre-
sponding results) with a particularly strong form of transitivity, namely that all the leaves
of the unstable foliation are dense in M. This does not seem like a natural assumption in
our setting since we do not have an unstable foliation, but if such a condition could be
verified in a specific example, it seems likely that the conclusions would follow here also.

We note that just adding the transitivity condition to the assumptions of Theorem A,
i.e. relaxing the assumption that Leb(H) = 1 to Leb(H) > 0, is probably not sufficient to
obtain the conclusions of Corollary B. Nevertheless, if required in specific applications, it
should be possible to find some additional conditions from which the result follows with-
out the a priori assumption that H has full measure, e.g. those used in [13] and mentioned
in the previous paragraph. Alternatively, assuming transitivity, Leb(H) > 0 and that H
contains an open set, would then make it natural to prove (or assume) that H is open and
dense, since condition (2) is invariant along orbits and it is thus natural to assume that
H is both forward and backward invariant (and, by transitivity, a forward and backward
invariant open set is also dense). In this case it should then be possible, using uniform
contraction in the direction of E* and the existence of a stable foliation, to deduce that
Leb(H) = 1 and thus obtain the conclusions.

1.3. Gibbs—Markov—Young structures

The main part of the proof of Theorem A consists in the construction of a finite collection
of nontrivial, and not at all a priori expected, geometric structures which we call Gibbs—
Markov—Young, or GMY, structures for the map f. The precise definition is rather long
and technical, and so, in order not to interrupt the flow of the presentation, we postpone it
to Section 1.5. For the formal statement of our results we just mention that such a struc-
ture consists of an induced map F = f® : A — A, defined on some set A € M by an
inducing time function R : A — N. Various combinatorial and geometrical conditions
need to be satisfied, as well as some control over the return time function which is gener-
ally unbounded; we give all the precise formulations in Section 1.5. For the moment we
just remark that the required control on the return time function is referred to as “integra-
bility of the return times”. The assumptions of the following theorem are exactly those of
Theorem A, but we restate them here in order to keep the statement self-contained.

Theorem C. Let f : M — M be a C'* diffeomorphism, K C M a forward invari-
ant compact set on which f admits a Df-invariant continuous tangent bundle splitting
Tk M = E* ® E, and suppose there exists 1. € (0, 1) such that for all x € K,

IDflegl < and IDflggll- 1Df |z Il <

Suppose moreover that there exists H C K with Leb(H) > 0 and an € > 0 such that for
all x € H,

| < —e. (3)
(x)

i
fi

S 1
lbn_l)érgf;jzllogHDf |E(c1

If there exists a closed invariant transitive set Q2 such that w(x) = 2 for every x € H,
then there exists a GMY structure A C Q with integrable return times.
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The statement in item (a) of Theorem A, i.e. the existence of a finite number of closed
invariant transitive sets €2, will be proved in Sections 3 and 4. Then Theorem C provides
a GMY structure for each of these sets. Classical results imply that the map F which
defines the GMY structure admits a unique SRB measure v with respect to which the
return time function R is integrable, and therefore we can define a probability measure

1 &
m > H Olrs i) @
=0

J Rdv =

which is one of the finite number of required SRB measures for f [49, Section 2]. There-
fore item (b) of Theorem A follows from (a) and Theorem C.

1.4. Positive Lyapunov exponents and liftability of measures

SRB measures associated to GMY structures through the formula (4) are, a priori, a spe-
cial kind of SRB measure. The additional structure may be useful in obtaining informa-
tion on various other properties of the dynamics and of the measure, such as for example
statistical properties of the dynamics with respect to u, like decay of correlations, large
deviations, limit theorems, etc.; see for instance [49, 28, 34, 35, 42]. SRB measures which
can be written in the form (4) are said to be liftable (to a GMY structure). We have the
following very natural question.

Question. Is every SRB measure p liftable?

In the setting of partially hyperbolic systems as above, we can give a full characterization
of liftable measures.

Theorem D. Let f : M — M be a C'T diffeomorphism, K C M a forward invari-

ant compact set on which f admits a Df-invariant continuous tangent bundle splitting

Tk M = E* ® E, and suppose there exists ). € (0, 1) such that for all x € K,
IDflegll <% and [Dflggll - 1Df ™ ggr || < .

Then for any invariant probability i supported on K the following conditions are equiv-

alent:

(a) w is an SRB measure and there exists an € > 0 such that for -a.e. x and every unit
vectorv € EY,
1
limsup — log | Df" (x)v|| > €; 5)
n—oo N

(b) w is liftable to a GMY structure on K.

We remark that the implication (b)=>(a) follows essentially from the definition of GMY
structure, so the nontrivial part is (a)=(b). If we replace condition (5), which can be
described as saying that p has positive Lyapunov exponents in the E* direction, by con-
dition (3), then this implication is essentially already contained in Theorem C, but we
emphasize that condition (5) is strictly weaker than (3): see for instance the example in
[2, Section 4]. We will use in an essential way the assumption of the existence of an invari-
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ant measure u to show that (5) implies that some iterate of f satisfies (3), after which we
can apply the techniques in the proof of Theorem C to conclude the proof of Theorem D.

In view of these remarks a natural and interesting question is whether a version of
Theorem C, and therefore also of Theorem A, could be proved under an assumption
of positive Lyapunov exponents such as in (5), which is in some sense more natural,
instead of condition (3). This turns out to be a challenging question and, without the a
priori assumption of the existence of an invariant measure, we do not know how to derive
(3) from (5), even for some higher iterate of f, nor do we know how to carry out the
construction of the GMY structure directly from the assumption (5). It is interesting to
observe, however, that condition (5), unlike (3), does not depend on the choice of metric.
One possible approach to the problem may be via the following

Conjecture 1. Assume that f is partially hyperbolic and satisfies (5) along E* on a
set H. Then there exists a Riemannian metric on M such that f satisfies (3) on H.

If this conjecture is true, we immediately obtain the conclusions of Theorem C and there-
fore of Theorem A and of Corollary B under the a priori weaker condition of positive
Lyapunov exponents. Pushing this theme even further we mention a long-standing con-
jecture of Viana along these lines.

Conjecture (Viana conjecture, [47]). If a smooth map has only nonzero Lyapunov expo-
nents at Lebesgue almost every point, then it admits some SRB measure.

So far, apart from the one-dimensional setting, it has been extremely difficult to work
directly with Lyapunov exponents and it has been necessary to introduce stronger versions
of nonuniform contraction and expansion as in [13, 4] and the present paper. Viana’s
conjecture forms an important part of the motivation for introducing increasingly weaker
conditions such as that of Theorem A above and questions such as that in Conjecture 1
above. In this direction we also mention the remarkable recent results in [22] where quite
new techniques are introduced to construct SRB measures for some diffeomorphisms
which are nonuniformly hyperbolic but do not have a continuous dominated splitting.

1.5. Precise definition of Gibbs—Markov—Young structure

We now give the precise formal definition of the GMY structures. These geometric struc-
tures were introduced in [49] and have been applied to study the existence and properties
of physical measures in certain classes of dynamical systems.

An embedded disk y C M is called an unstable manifold if d(f 7" (x), f7"(y)) = 0
exponentially fastasn — oo forall x, y € y; similarly y C M is called a stable manifold
if d(f"(x), f"(y)) — 0 exponentially fast as n — oo. We say that I'* = {y“}isa
continuous family of C' unstable manifolds if there is a compact set K*, a unit disk D"
in some R”, and a map ®“: K® x D" — M such that

o y" = ®¥({x} x D") is an unstable manifold;
e O“ maps K® x D" homeomorphically onto its image;
o x = ®"|(}x pr defines a continuous map from K* into Emb! (D", M).



SRB measures for partially hyperbolic systems 2917

Here Emb' (D*, M) denotes the space of C! embeddings of D" into M. Continuous fam-
ilies of C! stable manifolds are defined similarly.

We say that a set A C M has a hyperbolic product structure if there exist a continuous
family ' = {y"} of local unstable manifolds and a continuous family I'* = {y*} of local
stable manifolds such that

A=UrHnUJr":

dimy* + dim y* = dim M;

each y* meets each y* in exactly one point;

stable and unstable manifolds are transversal with angles bounded away from O.

If A C M has a product structure, we say that A9 C A is an s-subset if Ag also has a
product structure and its defining families I'j and I'g can be chosen with I'j C T'* and
I’y = I'; u-subsets are defined analogously. For convenience we shall use the following
notation: given x € A, let y*(x) denote the element of I'* containing x, for x = s, u.
Also, for each n > 1 let (f")" denote the restriction of the map f” to y*-disks and let
det D(f™)" be the Jacobian of D(f™)".

We say that f admits a Gibbs—Markov-Young (GMY) structure if there exist a set A
with hyperbolic product structure and constants C > 0 and 0 < 8 < 1, depending on f
and A, satisfying the following additional properties:

(Po) Detectable: Leb, (A) > 0 foreach y e I'*.
(P1) Markov: there are pairwise disjoint s-subsets A1, Ag, ... C A such that

(@) Leb, (A\JAi)Ny)=0foreachy e I'*;
(b) for each i € N there is R; € N such that fRf (A;) is a u-subset, and for all
X € Al‘,

R @) oy (ffie)) and R @) oy ().
(P2) Contraction on stable leaves: forall y* e I'*,x,y € ySandn > 1,
dist(f" (y), f"(x)) < CB".

(P3) Backward contraction on unstable leaves: for all y* € T*, x,y € A; N y" and
0<n <R,

dist(f"(y), f"(x)) < CBR " dist(f % (x), £5 ().
(P4) Bounded distortion: forall y* e ' and x,y € A; N yY,

det D(fRiy"(x)
8 det D(F R (y)

(Ps) Regularity of the foliations:

< Cdist(f® (x), fRi(y)).

(a) forally* eI, x,y e y*andn > 1,

1"—"[ det Df"(f'(x)) _

—— " < CB",
det Df*(f*(y))

i=n
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(b) given y,y’ € T, we define ®: y N A — Yy’ N A by taking ©(x) equal to
y*(x) N y’. Then O is absolutely continuous and

d(c(;DELeby) () = ﬁ det Dfu.(fif)f)) |
eb,,/ i det DfU(fH(O7(x)))

We define a return time function R : A — N by R[5, = R; and we say that the GMY
structure has integrable return times if for some (and hence all) y € T'%, we have

/ RdLeb, < oo. (6)
yNA

1.6. Outline of the paper

In Section 2 we give a relatively detailed discussion of the previously existing related
results in the literature, in order in particular to clarify the position and significance of
the results presented here. We also discuss some aspects of our strategy and how it is
developed in response to a failure of previous approaches to work with our weaker as-
sumptions. In Section 3 we give an abstract criterion for verifying that at most a finite
number of transitive topological attractors exist for a given set. In Section 4 we show
that this criterion is satisfied by the set H in Theorem A, thus proving item (a) in the
theorem. It is then sufficient to restrict our attention to one of these attractors, as in the
setting of Theorem C. In Section 5 we give the full combinatorial inductive “recipe” for
the construction of the GMY structure. In Section 6 we prove that this recipe does indeed
account for the dynamics of almost every point, and in Section 7 that all the formal con-
ditions in the definition of GMY structure are satisfied, except for the integrability of the
return times which is proved in Section 8, thus completing the proof of Theorem C. Com-
bining the conclusion of Theorem C with the comments at the beginning of Section 1.4
we get item (b) of Theorem A and the “if” direction of Theorem D; the other implication
is proved in Section 9.

2. Historical background and context

2.1. Uniform hyperbolicity

The problem of the existence and finiteness of physical measures was first formulated,
and solved, by Anosov, Smale, Ruelle and Bowen [14, 15, 43, 44] in the 1970’s, in the
setting of uniformly hyperbolic diffeomorphisms f : M — M, i.e. systems which admit
a continuous invariant tangent bundle decomposition TM = E* @ E" such that the differ-
ential map is uniformly contracting on E® and uniformly expanding on E*, on compact
manifolds. Their basic strategy was to choose some essentially arbitrary local unstable
manifold ¢, consider the normalized volume, or Lebesgue measure, on y, and define the
sequence of probability measures

1n—1 )
pni=—Y fiLeb,. (7
n n ; * Y
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By compactness of M the space of probability measures is compact in the weak-star topol-
ogy, and thus there exists some probability measure 1+ and some subsequence n; — 00
such that

Hn; — 1

in the weak-star topology as j — oo. It is then a relatively straightforward argument,
using the uniform expansivity and the uniform size of local unstable manifolds at every
point, to show that u is f-invariant and satisfies one of the key properties of SRB mea-
sures which is, as mentioned above, that it admits a local “disintegration” into conditional
measures on local unstable manifolds which are absolutely continuous with respect to
Lebesgue measure on such manifolds. Together with the second key property of absolute
continuity of the stable foliation, this implies that w is indeed an SRB measure and in
particular a physical measure.

2.2. Nonuniform and partial hyperbolicity

Since the 1970’s, ongoing research has achieved extensions of this result to increasingly
general classes of dynamical systems, but things get significantly harder as soon as the
uniform hyperbolicity conditions are relaxed in any way; progress has been slow and has
required the development of increasingly sophisticated new arguments and techniques.
There are two main natural directions in which the uniform hyperbolicity assumptions can
be relaxed: one is nonuniform hyperbolicity where the decomposition TM = E° @ E"
is only measurable and the contraction and expansion estimates are only asymptotic [11,
37]; the other is partial hyperbolicity where the tangent bundle decomposition takes the
form TM = E° @ E¢ @ E", which is still assumed to be continuous, and to admit
uniform contraction and expansion estimates in E° and E“ respectively, but also includes
a “central” direction on which, in principle, very little is assumed [16, 38]. Notice that
neither of these conditions implies the other.

A vast literature exists concerning the properties of systems satisfying such weak hy-
perbolicity conditions and several papers address specifically the existence and finiteness
of SRB measures, but it turns out that both of these classes of systems, in full generality,
are extremely difficult to study. On a very heuristic level, the nonuniformly hyperbolic
setting, while maintaining the important property of absolute continuity of the stable fo-
liation, means that we lose the uniformity of several estimates including in particular the
size of the local stable manifolds, making it difficult to control the sequence (7) and to
show that the limit point ¢ has absolutely continuous conditional measures; on the other
hand, the partially hyperbolic setting maintains certain uniform estimates, including the
sizes of local stable and unstable manifolds, but we lose in general the absolute continuity
of the central foliation (or even the existence of that foliation).

These difficulties are clearly reflected in the way the subject has developed over the
years. A first pioneering paper is [39] in which Gibbs measures are constructed for par-
tially hyperbolic systems. Gibbs measures are in some sense analogous to SRB measures
in their intrinsic structure relative to the geometry of the invariant manifolds of the dif-
feomorphisms (in the sense that they have absolutely continuous conditional measures on
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unstable manifolds, but are not necessarily physical measures because of the possible lack
of absolute continuity or even existence of a foliation tangent to the central subbundle).
To overcome this problem, most results require the dynamics to be a combination of par-
tially hyperbolic and nonuniformly hyperbolic in the central direction. Moreover, most
of the time the dynamics is assumed to be either nonuniformly contracting in the central
direction, which for simplicity we will refer to by saying that the splitting has the form
E“®E", or nonuniformly expanding in the central direction, which for simplicity we will
refer to by saying that the splitting has the form E* @ E“; a mixture of both nonuniform
contraction and nonuniform expansion in the central direction would essentially present
the same difficulties as a fully nonuniformly hyperbolic system. We remark that the no-
tation £ and E“ does not imply the existence of a further splitting E“* = E* @ E*
or E° = E" @ E" which may or may not exist; for certain results, for example con-
cerning some geometrical properties of the systems, the existence or not of this further
splitting can be relevant, but for most of the results on the existence and finiteness of SRB
measures this turns out not to be a significant issue.

2.3. The “mostly contracting” case

In the light of the observations made above, perhaps the “easiest” of the two cases men-
tioned above is when the splitting is of the form E*¢ @ E“. Indeed, in this case (modulo
some not completely trivial technical difficulties), the uniform expansivity of E* implies
uniform estimates on the growth and size of local unstable manifolds and thus makes it
possible to show that the limit measures p obtained from a sequence as in (7) above admit
absolutely continuous conditional measures by similar arguments to the uniformly hyper-
bolic case. Moreover, the nonuniform contraction of E° implies, by standard theory of
nonuniform hyperbolicity, that the centre-stable foliation is absolutely continuous and we
conclude that p is an SRB, and thus physical, measure. This strategy was implemented
to show the existence and finiteness of SRB measures in this setting in [13]. Additional
results include conditions which imply uniqueness of the SRB measure for a diffeomor-
phism and its perturbations [18, 19, 48], mixing properties of this measure [20, 21, 25],
and even differentiability with respect to perturbations [26].

2.4. The “mostly expanding” case

In the case of a decomposition of the form E® @ E, the absolute continuity of the
stable foliation follows immediately from the uniformity of the contraction in E¥, but the
properties of the sequence of measures (i, as in (7) are much more difficult to control
due to the highly irregular pattern of growth of the derivative and consequently of the
length of pieces of unstable manifolds. This means that not all points on the initial local
unstable manifold y have neighbourhoods which grow to some sufficiently large fixed
size with bounded distortion at every iterate, which is the case when the expansion is
uniform. A key technical tool to overcome this problem is the notion of a hyperbolic
time, which was introduced in [1] and, for a given point x, is exactly the time when x has
a neighbourhood which grows to large scale with bounded distortion (see Definition 4.1
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and Lemma 4.4 below). It is also the key tool in [4] where the existence and finiteness of
SRB measures was first proved under the assumption that there exists a set H € K with
m(H) > 0 and an € > 0 such that for all x € H,

n
lim sup > logDf Mg |l < —e. ®)
n—oo N =1 1)
Notice that (8) is a stronger version of (2) with lim sup replacing lim inf. The key techni-
cal consequence of the difference between the two conditions is contained in Lemma 4.2
which says that under condition (2) almost every point x has an infinite sequence of hy-
perbolic times, while under (8), almost every point has an infinite sequence of hyperbolic
times and this sequence has positive density at infinity, i.e. the statement of Lemma 4.2
holds with lim inf instead of lim sup [1, 4].

The difference between these two statements is the reason why completely different
techniques are required for the proof in the present paper as compared to [4]. Indeed,
the positive density of hyperbolic times means that there is a positive density of times at
which the dynamics is essentially as in the uniformly hyperbolic case. This means that
it is actually possible to adapt, albeit in a nontrivial way, the argument mentioned above
used in the uniformly hyperbolic and mostly contracting cases.

Indeed, recalling the definition of the pushforward of a measure we have f: Leb, (A)
= Leb, (f7'(A)) = Leb, ({x : f'(x) € A}), and so it is clear that each of the measures
fi Leb,, coming into the definition of the measures (, in (7) is supported on the image
fi(y) of the starting chosen piece of local unstable manifold. In the case when f is
uniformly expanding along E* we can basically divide up all of y into pieces, each of
which grows to large scale with bounded distortion at time i, and thus fi (y) is supported
on some collection of uniformly large unstable disks. Therefore the same is true for w,,
and this is the crucial property used to show that any limiting measure p has absolutely
continuous conditional measures.

In the nonuniformly expanding case it is not true that for every i we can divide y into
pieces each of which grows to large scale with bounded distortion at time i. Instead this
will be true just for some points in y, precisely those for which i is a hyperbolic time
and the images at time i of other parts of y may be very small and/or very distorted. In
particular it is no longer the case that f!(y) is supported on a collection of uniformly
large unstable disks. Nevertheless some points do eventually have hyperbolic times, and
therefore some parts of the measures f!(y), and hence u,, are supported on some such
collection of uniformly large unstable disks. Thus it is possible to write the measures .,
as

Hn = M;z + /‘LZ
where w), is the “good” part of the measure supported on a collection of uniformly large
unstable disks and ], is the “bad” part on which we have little control. Using condition
(8) and the fact that it implies that almost every point has a positive density of hyperbolic
times, it is shown in [4] that the good part of the measure ], forms a proportion of the
overall measure u, that is uniformly bounded below in n and that it is therefore possible
to essentially recover a version of the original argument of Sinai, Ruelle, Bowen and show
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that there exists a limit measure p’ which has absolutely continuous conditional measures
and is therefore an SRB measure.

In this paper, the weaker condition (2) does not imply a positive density of hyperbolic
times, and therefore is not sufficient to imply that the mass of ), is uniformly bounded
below. Thus any hope of adapting further the classical argument breaks down in a fun-
damental and essentially unrecoverable way. For this reason we have used a completely
different strategy via the construction of the geometric GMY structure as stated in Theo-
rem C. In certain respects there are of course still some similarities with the classical ap-
proach in the sense that the GMY structure also relies on constructing some region where
large unstable disks accumulate, and indeed the problem of the possibly low asymptotic
frequency of hyperbolic times does not disappear in this approach but is rather “trans-
lated” into the problem of integrability of the return times. It turns out that it is possible
to resolve the problem in this framework with a remarkably simple argument, given in
Section 8 below, which nevertheless relies heavily on the specific and careful set up of
the construction of the induced map.

We close this section by mentioning some other related papers in similar settings:
[3, 8, 23, 27, 29, 46]. We also remark that we have restricted our discussion to dif-
feomorphisms, but the same kind of questions, and the Palis conjecture, also apply to
endomorphisms—see for example [9, 10, 17, 24, 32, 31] for the setting of one-dimension-
al maps, [45] in two dimensions, and [5, 6, 40, 41] for the construction of SRB measures
in certain higher-dimensional settings.

3. Ergodic components

Let X be a compact metric space and i a Borel probability measureon X. Let f : X — X
be a measurable map, not necessarily preserving the measure . Given x € X, the stable
set of x is

Wi(x) = {y € X : dist(f/(x), f/(y)) = Oas j — oo}.

Notice that “x ~ y if and only if y € W¥(x)” defines an equivalence relation on X. In
particular, we will use the transitivity of this relation. If U C X, let

WS (U) = U WS (x).

xeU

We recall that a set U C X is invariant if f~'(U) = U. We now introduce a notion
which is key to our argument. We say that Y C X is u-unshrinkable if it is an invariant
set with u(Y) > 0 and there exists a § > 0 such that for every invariant set U C Y we
have

wU) >0 = uw(WU)) > 6.

Proposition 3.1. Suppose Y C X is w-unshrinkable. Then there exist a finite number of
closed invariant subsets 21, ..., 2y of X such that for w-almost every x € Y we have
w(x) = Q; forsomel < j < L.
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We will split the proof of Proposition 3.1 into two lemmas. To do this we need to introduce
some additional concepts. We say that a set S is s-saturated if W*(S) = S. We say that
S is a u-ergodic component if it is invariant, s-saturated, and any subset S’ C § which is
also invariant and s-saturated satisfies 1 (S) = wu(S") or u(S’) = 0.

Lemma 3.2. Suppose Y C X is u-unshrinkable. Then Y is contained (u mod 0) in the
union of a finite number of u-ergodic components.

Proof. Let Y] =Y and let
F)={W'U): U<y, f'(U)=U, and n(W*(U)) > 0}.
Note that F (Y1) is nonempty because W* (Y1) € F(Y1). Moreover, we claim that
(W, W' e F(Y1)and w(W\ W) > 0] = W\ W e F(Y)). C)]

To see this, let U, U’ C Y; be invariant sets such that W = WS(U) and W = W*U’).
We claim that
WA W = WU\ WSU"). (10)

Notice that U \ W¥(U’) C Y1, and also U \ W*(U’) is invariant because both U, W*(U")
are invariant. Therefore (10) implies (9).

To prove (10), we prove first of all that W \ W € WS(U \ W*(U’")). Suppose x €
WA\ W, ie.x € W&U) and x ¢ W*(U’). This means that there exists u € U such that
x € W3(u) and also that x ¢ W¥(u') for any u’ € U’, which implies that x ¢ W*(z) for
any z € W*(U’) by the transitivity of ~ mentioned above. This proves the C inclusion.
To prove D, let x € WS (U \ W*(U’)). Then clearly x € W and x € W*(y) for some
y € U\ WS(U’). It just remains to show that x ¢ W’. For contradiction, suppose that
x € W = WSU'"); then x € W¥(u') for some u’ € U’, and so, as x ~ y, we have
y € W*(u'), which contradicts the fact that y € U \ W¥(U’). This completes the proof
of (10) and hence of (9).

Now consider the partial order on F (Y1) defined by strict inclusion, meaning that
W = W if W > W and n(W \ W) > 0. We claim that for this partial order, every
totally ordered subset of F (Y1) is finite, and in particular it has a lower bound. Indeed,
for contradiction suppose that there is an infinite sequence W1 > W, > ---in F (Y1), i.e.
W1 D Wy D -+ with w(Wi \ Wiy1) > Oforall k > 1. Then

D Wi\ Wig1) = p(Wh) < oo,
k>1

and therefore (Wi \ Wi41) — 0as k — oo. Since Wy \ Wi+1 € F (Y1) by (9), this
contradicts our assumptions that Y1 = Y is p-unshrinkable. This shows that every totally
ordered subset of F (Y1) has a lower bound. Thus by Zorn’s Lemma there exists at least
one minimal element W*(U;) € F (Y1), which must therefore necessarily be a u-ergodic
component.

We now let Y, := Y| \ W#(Uy), which is again invariant. If ©(Y2) = O then Y = Y}
is essentially contained in W*(Uy), which is a u-ergodic component, and thus we are
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done. On the other hand, if £ (Y2) > 0 we can repeat the entire argument above to obtain
aset Uy C Y, and a u-ergodic component W*(U;). Inductively, we construct a col-
lection of disjoint u-ergodic components W*(Uy), ..., W*(U,) and continue as long as
wY\ WUy u---UWwU,)) > 0.But, as u(W*(U;)) = s forall 1 < j <r by the
assumption that Y is p-unshrinkable, this process will stop and we will get the conclu-
sion. O

Lemma 3.3. Suppose S C X is a u-ergodic component. Then there exists a closed in-
variant set Q2 C X such that w(x) = Q2 for p-almost every x € S.

Proof. Given any open set B C X, let
B, :={xeS:wlx)NB #@}

Then B,, is invariant and s-saturated, and therefore, by the assumption that S is u-ergodic,
w(By) = 0 or u(By) = u(S). Now, let Z; = X and C; be any finite covering of X
by open balls of radius 1. By the previous considerations, for every B € C; we have
w(By) = 0 or u(By,) = w(S), and therefore, since we only have a finite number of
elements in Cy, there exists at least one B,, € C; such that u(B,) = u(S). Let

Cil={BeC :uB,)=0 and Z=2\ ] B.
BeC|

Then Z; is a nonempty compact set and w(x) € Z, for pu-almost every x € S. We can
therefore repeat the procedure with a finite cover C, of Z by open balls of radius 1/2,
and, by induction, construct sequences Cy, Ca, ..., Ci, Cé, ...and Zy, Z», ... such that
Z1 D Zy D --- is a sequence of nonempty compact sets and w(x) C Z; for almost every
x € §. In particular,

o) S Q= ()2

n>1

It just remains to show that @ C w(x) for p-almost every x € S. Indeed, given y € Q
we have y € Z, for every n > 1, and therefore there is some B™ ¢ ¢, \ C;, such that
y € B™. Since diam(B™) — 0 as n — oo, this implies that (), B® = {y}. Moreover,
as B™ € C,\ Cl, we have u(BU") = 1u(S), and therefore w(x) N B™ s ¢ for ju-almost
all x € S. This implies that y € w(x) for u-almost all x € S, and as w(x) is closed and
invariant, the statement follows. ]

4. Transitive attractors

Here we prove the topological part of Theorem A. Throughout this section we assume
that the assumptions of the theorem hold. Let f : M — M be a C'T diffeomorphism,
K C M a forward invariant compact set on which f is partially hyperbolic, and H C K
a set with Leb(H) > 0 on which f is weakly nonuniformly expanding along E“. The
main result of this section is the following proposition.
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Proposition 4.1. There exist closed invariant sets Q,...,2 < K such that for
Lebesgue almost every x € H we have w(x) = Q; for some 1 < j < (. Moreover,
each Q; is transitive and contains a cu-disk A; of radius 81/4 on which f is weakly
nonuniformly expanding along E" for Leba;-almost every point in A;.

We first prove some preliminary lemmas. We remark that K is not assumed to contain
any open sets. We therefore fix continuous extensions of the two subbundles E£* and E*
to some compact neighbourhood V of K, which we still denote E* and E*. We do not
require these extensions to be D f-invariant. Given 0 < a < 1, we define the centre-
unstable cone field CS"* = (C5"(x))xev of width a by

Co'(x) ={vi +v2 € Ey ® EY" : |luill < allv2ll}. 1D
We define the stable cone field C;, = (CJ(x))xev of width a in a similar way, just re-
versing the roles of the subbundles in (11). We fix @ > 0 and V small enough so that the

domination condition in (1) remains valid in the two cone fields:

IDF ) |- IDF = (F O™l < A - o]

for every v* € Ci(x), v € CS*(f(x)) and any point x € V N F~1(V). Note that the
centre-unstable cone field is forward invariant: Df (x)CS*(x) C C5*(f(x)) whenever
x, f(x) € V. Actually, the domination property together with the invariance of E*|x
implies that Df (x)C5*(x) C C5u(f(x)) C C*(f (x)) for every x € K, and this extends
toany x € V N f~1(V) just by continuity.

Definition 4.1. Given 0 < o < 1, we say that n is a o -hyperbolic time for x € K if

n
[T 1Df g 1 <0® foralll <k <n.
j=n—k+1 e

The next result gives the existence of (infinitely many) o -hyperbolic times for points sat-
isfying the weak nonuniform expansion condition (2). For a proof see [7, Corollary 5.3].

Lemma 4.2. There are 0,0 > 0 such that if (2) holds for x € K, then

1
limsup —#{1 < j < n: jisao-hyperbolic time for x} > 0.
n—oo N

Remark 4.3. We remark that the limsup in the conclusions of Lemma 4.2 is directly
related to the liminf in condition (2). Replacing that liminf with a limsup, as in [4],
would allow us to replace the lim sup in the statement of Lemma 4.2 with a lim inf and
thus obtain positive frequency at infinity of hyperbolic times, which plays a crucial role
in the argument used in [4, Corollary 3.2] to prove the existence of SRB measures. The
fact that we do not have such a positive frequence is exactly the reason why we cannot
use those arguments here.
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Hyperbolic times are defined pointwise but, as we shall see below, some important proper-
ties can be derived for a neighbourhood of the reference point at a hyperbolic time. From
now on we fix ¢ and 6 as in Lemma 4.2. Now observe that, by continuity of the derivative,
we can choose a > 0 and §; > O sufficiently small so that the §;-neighbourhood of K is
contained in V and

IDf = (F vl <o VD g Tl (12)

forallx € K,y € V with dist(x, y) < §1, and v € CS¥(y). From now on we fix these
values of a, §; so that (12) holds.

We say that an embedded C! submanifold D C V is a cu-disk if the tangent subspace
to D at each point x € D is contained in the corresponding cone CS*(x). Then f(D) is
also a cu-disk, if it is contained in V, by the domination property. Given any disk D C M,
we use distp (x, y) to denote the distance between x, y € D, measured along D.

Lemma 4.4. Let D be a cu-disk. There exists C1 > 1 such that if n is a o-hyperbolic
time for x € K N D, then there exists a neighbourhood V," (x) of x in D such that f"
maps Vn+ (x) diffeomorphically onto a cu-disk B’2‘5I (f™(x)) of radius 281 around f"(x).
Moreover, for every 1 <k <nandy,z € Vn+(x) we have

(1) distpi (o) (S5 f775@) < 0 dist gy o) (S 0D, 1@

|det Df" |7, p]

) log —— DD
¢ |det Df" |z, p|

< Cidistenpy(f"(y), f"(2));

(3) for any Borel sets X, Y C V,F(x),

Lebprran U XD Lebyrn (X0
Leb nyt oy (1)) ~ ' Leby+ ) (V)

The first two items are proved in [4, Lemma 2.7 & Proposition 2.8], and the third is a
standard consequence of the second. Notice that the factor o3/4 in the first item differs
from the factor o'/2 in [4, Lemma 2.7] simply because we have chosen §; > 0 sufficiently
small so that (12) holds, in contrast to [7, (6)] where §; > 0 is chosen so that a similar
conclusion holds with o''/2 in place of /4.

Remark 4.5. Notice that if we replace the assumption that n is a o-hyperbolic time in
Lemma 4.4 with the assumption that n is a o®-hyperbolic time for some o > 1/4 then
the conclusions of the lemma continue to hold with o®~1/# instead of ¢3/# in item (1),
where the term 1/4 comes from (12).

Now we define V,,(x) € V' (x), where f"(Vy(x)) = B(‘;1 (f™(x)) is the cu-disk of ra-
dius &; around f"(x) contained in Bgsl (f™(x)) as in Lemma 4.4. The sets V, (x) are
called hyperbolic pre-disks and their images f”(V,,(x)) hyperbolic disks. The following
result is proved in [7, Proposition 5.5].
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Lemma 4.6. Let D be a cu-disk and U C H with Lebp(U) > 0. Then there exists a
sequence of sets --- € Wo € W1 C D and a sequence of integers ny < np < --- such
that

(1) Wy is contained in some hyperbolic pre-disk with hyperbolic time ny;
(2) Dy := f™(Wy) is a cu-disk of radius 51 /4;

3) lim ZPUUND)
k—o00 Lebp, (Dx)

Now we are in a position to prove Proposition 4.1. We define

H:= ] .

nez

1.

Then H is clearly invariant and Leb(ﬁ ) > 0.
Lemma 4.7. H is Leb-unshrinkable.

Proof. It is sufficient to show that there exists § > 0 such that for every f-invariant set
U C H with Leb(U) > 0 we have Leb(W?*(U)) > §. We remark that in the proof of this
assertion, to be given in the following paragraphs, we will only use the assumption that
U is forward invariant. This allows us to assume without loss of generality that U C K.
Indeed, if U is invariant of positive Lebesgue measure, then it must intersect K in a set of
positive Lebesgue measure, and as K is forward invariant, also UNK is forward invariant.
Clearly, if Leb(W*(U N K)) > 4 then also Leb(W*(U)) > 4. In particular, as U € K
it admits a partially hyperbolic structure, and as also U € H, it is weakly nonuniformly
expanding along E€*.

Now we show that there exists a cu-disk D C V such that Lebp(U) > 0. Recall
that V is the neighbourhood of K introduced at the beginning of this section. To see this,
consider a Lebesgue density point p of U. Notice that T;, M has a partially hyperbolic
splitting £, & E}* and we can consider a neighbourhood of the origin foliated by disks
parallel to the E“* subspace whose images under the exponential map exp,, are cu-disks
in the manifold. Since exp), is a local diffeomorphism, the preimage of U under the expo-
nential map has positive volume in 7, M and full density at the origin. By Fubini, at least
one of the disks above must intersect this set in positive relative volume, and the same
must hold for its image under the exponential map.

Now let D C V be a cu-disk satisfying Lebp (U) > 0, as in the previous paragraph.
Consider the sequences --- C W, € W) € D andn; < np < --- given by Lemma 4.6.
By Lemma 4.6(3) the relative measure of f" (U N D) in Dy converges to 1. Since U is
forward invariant, we conclude that the relative measure of U in Dy converges to 1, and
therefore Lebp, (U) — 61/4 as k — oo. Since U C K and all points of U have local
stable manifolds of uniform size, and since the f0~liation defined by these local stable
manifolds is absolutely continuous, it follows that H is Leb-unshrinkable. O

The previous result, together with Proposition 3.1, implies that there exist closed invariant
sets 21, ..., £¢ such that for Lebesgue almost every x € H we have w(x) = ; for some
1 < j < £. This gives the first assertion of Proposition 4.1. We divide the proof of the
remaining part of Proposition 4.1 into the next two lemmas.
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Lemma 4.8. Each Q@ = Q; contains a cu-disk A of radius §1/4 on which f is weakly
nonuniformly expanding along E" for Leba-almost every point in A.

Proof. Let
A™ = {x € H : dist(f*(x), Q) < 1/n for every k > 0}.

Since the set of points x € H with w(x) = 2 has positive Lebesgue measure, we clearly
have Leb(A™) > 0 for every n > 1. Then, by the same arguments used in the proof
of Lemma 4.7, with A® playing the role of U, there exists a cu-disk D™ C V such
that Leb pu (A™) > 0, and corresponding sequences --- C Wz(") C Wl(") c DWW,
ny < ny < --- (also depending on n, but we omit the superscript here for obvious
reasons) and cu-disks D,En) = f% (W,g")) such that

Leb,m (A™) — 81/4 ask — oo. (13)
k

Let p,ﬁ”) denote the centre of the disk D,E"). Up to taking a subsequence, we may assume
that the sequence { p,E") } converges to a point p™ € K, and up to taking a further subse-
quence, and using Ascoli—Arzela and the fact that the disks D,({") have tangent directions

contained in the cu-cones, we may assume that the sequence {D,E")} converges uniformly,
as k — oo, to some cu-disk A® of radius 81/4. Notice that each A® g necessarily
contained in a neighbourhood of 2 of radius 1/x.

We claim tht f is weakly nonuniformly expanding along E* for Leb () -almost every
point in A® To see this, recall first of all that the property of weak nonuniform expansion
is an asymptotic property, and therefore if it is satisfied by a point x then it is satisfied
by every point y € W*(x). Moreover, every point of A’ has a local stable manifold of
uniform size, and the foliation by those local stable manifolds is absolutely continuous.
Since the sequence {D,E")} converges uniformly to A" for large k, the disks D,E") will
intersect the stable foliation through points of A, and therefore, by (13) and the fact that
A C H, it follows that f is weakly nonuniformly expanding along E“ for Leb A~
almost every point in A,

Now, arguing as above, we can consider a subsequence of A"™)’s converging uni-
formly to some cu-disk A of radius §1 /4 such that f is weakly nonuniformly expanding
along E" for Leb-almost every point in A. As each A is contained in a neighbour-
hood of 2 of radius 1/n and 2 is closed, it follows that A C €. O

Lemma 4.9. f|q is transitive.

Proof. Recall that by construction there exists some point (in fact a positive Lebesgue
measure set of points) in H whose w-limit set coincides with 2. The orbit of any such
point must eventually hit the stable manifold of some point in A € Q. As points in the
same stable manifold have the same w-limit sets, we conclude that there exists a point
of 2 whose orbit is dense in €. O
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5. Construction on a reference leaf

In this section we describe an algorithm for the construction of a partition of some sub-
disk of A which is the basis of the construction of the GMY structure. We first fix some
1 < j < £ and for the rest of the paper we let 2 = ; and A = A; be as in Propo-
sition 4.1. We also fix a constant §; > 0 so that the local stable manifolds W(SSY (x) are
defined for all points x € K. For any subdisk A" C A we define l

ch = J wsw.
xep’
Let v denote the projection from C(A’) onto A’ along local stable leaves. We say that a
centre-unstable disk y* C M u-crosses C(A') if w(y) = A’ for some connected compo-
nent y of y* NC(A).

Remark 5.1. We will often be considering cu-disks which u-cross C(A’). By continuity
of the stable foliation, if we choose §; sufficiently small, then the diameter and Lebesgue
measure of such disks intersected with C(A’) are very close to those of A’ respectively.
To simplify the notation and the calculations below we will ignore this difference as it has
no significant effect on the estimates.

Lemma 5.2. Given N € N, there exists 8, = 82(N, §1) > 0 such that if y* C Qisa
cu-disk of radius 81 /2 centred at z, then f™(y") contains a cu-disk of radius &y centred
at f™(z), foreach1 <m < N.

Proof. We first prove the result for j = 1. Let z be the centre of y“. Let f(y) be a point
in df (y") minimizing the distance from f(z) to df (y*), and let n; be a curve of minimal
length in f(y*) connecting f(z) to f(y). Letting o = f~'(11) and 71 (x) be the tangent
vector to the curve 7 at the point x, we have

IDF~ w01l < Clln (x)Il,  where C = max IDF ol = 1.

Hence,
length(ng) < C length(n1).

Since 159 is a curve connecting z to y € dy“, we have length(ng) > §;/2, and so
length(n71) > C~ ' length(g) > C~'8;/2.

Thus f(y") contains the cu-disk y|' of radius C —18,/2 around f(z).

If we now make y{* play the role of y“ and f 2(z) play the role of f(z), the argu-
ment above proves that f(y;) contains a cu-disk of radius C =28, / 22 centred at f2(z).
Inductively, we prove that ™ (y") contains a cu-disk of radius C™"8; /2™ > C~Ns§; /2N
around f"(z), foreach 1 <m < N. We take 8, = C~V§;/2V. o

Lemma 5.3. There are p € A and Ny > 1 such that for all 5o > O sufficiently small
and each hyperbolic pre-disk V,,(x) C A there is 0 < m < Ny such that "™ (V,(x))
intersects Wai/z (p) and u-crosses C(Bg‘0 (p)), where B(’S‘0 (p) is the ball in A of radius &
centred at p.
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Proof. First of all we observe that, as the subbundles in the dominated splitting have
angles uniformly bounded away from zero, given any p > 0 there is ¢ = «(p) > 0, with
a — 0as p — 0, for which the following holds: if x, y € € satisfy dist(x, y) < p and
dist,u« (y, dy") > §; for some cu-disk y* C €, then WSSS (x) intersects y* in a point z
with

distwgv(x) (z,x) <a and distyu(z,y) < 81/2.
Take p > 0 small enough so that 4o < §;. Since f|q is transitive, we may choose g € Q2
and Ny € N such that both:
° W§:/4(q) intersects A in a point p with dista (p, 9A) > 0; and
o {f7N(g), ..., f1(q), q} is p-dense in Q.
Given a hyperbolic pre-disk V,,(x) € A we know by definition that /" (V,(x)) is a cu-
disk of radius 8; centred at y = f"(x) inside €. Consider 0 < m < Ny such that
dist(f 7™ (q), y) < p. Then, by the choice of p and «, the set Wy (f7/(q)) intersects
f™(V,(x)) in a point z with distwg (f—j(q))(Z, f_-/ (q)) < a < §g/4 and distyn (v, (x)) (2, ¥)
< 81/2. In particular, f"(V,(x)) contains a cu-disk y* of radius 8;/2 centred at z. It
follows from Lemma 5.2 that /™ (y") contains a cu-disk of radius , = §>(Ny, 81) > 0

centred at f(z) € W*(p). Moreover, as distances are not expanded under iterations of
points in the same stable manifold, we have

distws () (™" (2), p) < distwsp) (f" (2), q) + distws(p) (g, p) < 85/4 + 85/4,
which means that f*™"(V,(x)) intersects WgT /2( p). Also, choosing §y > 0 sufficiently
small (depending only on §,) we see that £ (V, (x)) u-crosses C (B(’S‘O (p)). O

We now fix p € A, Ny > 1 and §y > O sufficiently small so that the conclusions of
Lemma 5.3 hold. Considering the constant

Ko =max{[[Df ' ()], | Df @I}, (14)
xeM
we choose in particular §p > 0 so small that
250K 0N < 8 KN (15)
Now we define
Ao = By (p) and Co = C(Ag). (16)

We also choose §p > 0 so small that any cu-disk intersecting W3S5S /4 cannot reach the

top or bottom parts of Co, i.e. the boundary points of the local stable manifolds Wy (x)
through points x € Ag. For every n > 1 we define

H, = {x € AN H : nis ahyperbolic time for x}.

It follows from Lemma 4.4 that for each x € H,, N A there exists a hyperbolic pre-disk
V,(x) C A. Then by Lemma 5.3 there are 0 < m < Ny and a centre-unstable disk
w, € A such that

w(f" " (@y)) = Ao. (17)
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We remark that condition (17) may in principle hold for several values of m. For definite-
ness, we shall always assume that m takes the smallest possible value. Notice that )}, is
associated to x by construction, but does not necessarily contain x.

Now we describe an inductive partitioning algorithm which gives rise to a (Leb mod 0)
partition P of the cu-disk Ag.

Base step. We observe that since ||Df || is uniformly bounded, for any n > 1, all hyper-
bolic pre-disks V,(x) contain a ball of some radius 7, > 0 which depends only on n.
In particular, by compactness, the set H, is covered by a finite number of hyperbolic
pre-disks V;, (x).

We fix some large ngp € N and ignore any dynamics occurring up to time ng. Then
there exist £,, and points z1, ..., 2, € Hy,, such that

Hn() N AO C Sno = Vno(zl) U---u Vno(zfno)-
We now choose a maximal subset of points xq, ..., Xj, € {z1,..., Zzno} such that the
corresponding sets a)ﬁg of type (17) are pairwise disjoint and contained in Ay, and let

Xi
X Jngy
pno = {wn(l)y <oy Wpg }.

These are the elements of the partition P constructed in the no-th step of the algorithm.
Let

A=A\ | o

©€Pn

For each 0 <i < j,,, we define the inducing time
R|")');é) =ngy+ m;
where 0 < m; < N is the integer associated to a)ﬁ() as in (17).

Inductive step. We now assume inductively that the construction has been carried out up
to time n — 1 for some n > ng. More precisely, for each np < k < n — 1 we have a
collection of pairwise disjoint sets P, = {wz‘, e, a)ij"} which “return” at time k + m
with 0 < m < N, and such that for any k # k’, any two sets w € Py and o’ € Py
are disjoint. We also have a set Ay which is the set of points which do not yet have an
associated return time. To construct all relevant objects at time n, we first observe, as
before, that there are zy, ..., z¢, € H, such that

HyNAp—1 CSypi=Vu(z)U---UVy(zg,),

and we choose a maximal subset of points x1, ..., xj, € {z1,...,z¢,} such that the cor-
responding sets of type (17) are pairwise disjoint and contained in A, _1. Then we let

.
Lo o)

P, = {w}

n
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These are the elements of the partition P constructed in the n-th step of the algorithm. We
also define the set of points of Ay which do not belong to partition elements constructed
up to this point:

Av=00\  |J o

weP,,OUmU'Pn

Foreach 0 <i < j, we set
R|wz,‘ =n-+m;

where 0 < m; < N is the integer associated to a)ﬁg as in (17). Note that for each n > ng
one has
H,nrhocs,u | o (18)
©€PyyU--UP,

More specifically, we have H, N A,_1 C S,, i.e. all points in A,,_; which have a hyper-
bolic time at time n are “covered” by S,,, while the points which have a hyperbolic time
at time n but which are already contained in previously constructed partition elements,
are trivially “covered” by the union of these partition elements. The inclusion (18) will
be crucial in the proof of Proposition 6.1 and in Section 8 to prove the integrability of the
return times. This inductive construction allows us to define the family

P=J P

n=ngo
of pairwise disjoint subsets of Ag. In the next section we prove
Proposition 5.4. P forms a Leb mod 0 partition of Ay.

The statement in Proposition 5.4 seems intuitively obvious. After all, the elements of P
are automatically disjoint by construction and almost every point x has a basis of arbitrar-
ily small neighbourhoods which in time grow to large scale and return to the base within
a finite number of iterates, and each of these returns is a candidate for the creation of an
element of P containing x. The potential problem is that each time such an opportunity
arises, the region w”* which returns either may not contain x or cannot be chosen because
it overlaps a previously constructed element of P. Thus it is theoretically conceivable a
priori that P may not have full measure in Ag.

6. Partition on the reference leaf

In this section we prove Proposition 5.4. The key step is the following result.

Proposition 6.1. > °° Leba(S,) < oo.

n=n

Proof of Proposition 5.4 assuming Proposition 6.1. Recall that AgD A,y D Apyy1 D+,
where A, is the set of points which do not belong to any element of the collection P
constructed up to time 7. It is enough to show that

Leba (ﬂ A,,) —0. (19)
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To prove this, notice that by Proposition 6.1, the sum of the Leba-measures of the sets
S, is finite. It follows from the Borel-Cantelli Lemma that Leba -almost every x € Ag
belongs only to finitely many S,’s, and therefore one can find n such that x ¢ S; for
J = n. Since Leba-almost every x € Ag has infinitely many hyperbolic times, it follows
from (18) that x € w for some w € P,,, U - - UP,, and therefore (19) holds. ]

To prove Proposition 6.1 it will be useful to decompose S,,, which is simply the union of
all hyperbolic pre-balls V,,(z;) associated to points z1, ..., z¢, € H, N A,_1, into several
pieces as follows. Recall that we have points x1, ..., xj, € {z1, ..., z¢,} which give rise
to elements of P,,. We collect the corresponding hyperbolic pre-balls in the set

Jn

V, = L_Jl V(x;).

The remaining pre-balls are associated to the points

Zy={z1, ..., ze, ) \ {x1, ..o, xj, )

which do not give rise to elements of P, because the corresponding domains " intersect
some previously (or currently) constructed partition element, i.e. some w € Py, U --- U
Pn U {AG}. We need to further distinguish them according to precisely which of these
regions they intersect. Thus, for any w € Py, U --- U P, U {Ag} define

Z)={z€Zy: 0} Nw # ¥}

and its n-satellite

Sy = U V. (2).
z€ZY
Clearly,
Sy = U 52U V.

0EPyyU--UP,U{AG)

We can now prove two technical lemmas which will allow us to prove Proposition 6.1.

Lemma 6.2. There exists Co > 0 such that for any n > k > ng and any o € Py we have

Leba(S?) < C, LebA( U wi)

«
Z€Z®

Proof. We note first of all that, from the construction above, two distinct points zp, z2
with the same hyperbolic time 7 can give rise to the same associated disks ;' = w5;>. We
prove here that the measure of the union of the hyperbolic pre-disks V;,(z) associated to
points z € Z;? which give rise to the same disk @ is comparable to the measure of 3.
More precisely, we will show that for every n > 1 and z1, ..., zy € H, with 0 = w;'
for 1 <i < N we have

N
Leba (U A (z,»)) < Cy Leba (). (20)

i=1
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Notice that (20) implies the statement in the lemma. Indeed, consider a subdivision of the
set S of all hyperbolic pre-disks associated to the points of Z% into a finite number of
classes such that all hyperbolic pre-disks in each class have the same associated set w?.
Then apply (20) to each. This gives the statement in the lemma.
Thus we just need to prove (20). For simplicity of notation, for 1 <i < N, we write
U; = V,(z;) and B; = f"(V;). We define
i—1
X;=U and X;=Ui\|JU; for2<i=<N.
j=1
Similarly
i—1
Y =B; and Yi=B,~\UBj for2<i <N.
Jj=1
Observe that the X;’s are pairwise disjoint sets whose union coincides with the union of
the U;’s, and similarly for the ¥;’s and B;’s. Recalling that w3 = 5! for 1 <i < N, by
Lemma 4.4(3) we have

LebA(X,-) < C] Lebfn(A)(Yl-)
Leba(wy') ~  Lebpna)(f" (@)’

Hence

Leba(UyU---UUy) YL, Leba(X))
Leba (w;") Leba (w;')
_ ¢ Yi i Lebpray(Y) _ ¢, L) (Bi U~ U By)
Lebyn(a) (f" (")) Lebgna) (f" (wp'))

We just need to show that the right hand side is bounded above, and for this it is sufficient
to show that the denominator Lebyna) (f" (wg")) is bounded below. This is clearly true,
because by definition of @3 there exists m < N such that f**"(w3') is a cu-disk of
radius §. ]

Remark 6.3. The argument used to prove (20) gives in particular that foreach 1 <i < j,
we have Leba (V (x;)) < Cy Leba (w})).

The next lemma shows that, for each n and m fixed, the Lebesgue measure on the disk H
of the union of candidates wj, ,,, which intersect an element of a partition is proportional
to the Lebesgue measure of this element. The proportionality constant can actually be

made uniformly summable in 7.

Lemma 6.4. There exists C3 > 0 such that for alln > k > ny and w € Py we have

LebA< U wg) < C30" * Lebp ().

€79
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Proof. By construction, given w € Py, there is some hyperbolic pre-disk Vi (y) such that
® C Vi(y) C V()

and the images fX(Vi(y)) and fk(VkJr(y)) are respectively cu-disks Bg’l C Bgal cen-
tred at f k (y). Moreover, there exists some integer 0 < £ < Ny such that fk“'Z(Vk )
u-crosses Co and f*t(w) is the part of FHE(Vi(y)) which projects onto Ag. More-
over, fk(Vk+(y)) is a 61-neighbourhood of FE(Vi(y)), and so ka(VkJr(y)) contains a

K, No-neighbourhood of f¥¢(Vi(y)), where Ky is defined in (14). In particular,
FEEVE () contains a 8 K(;No—neighbourhood of af* T (w). 1)
For any n > k we let
AD p =1z € VD) 1 sty ) @ 0F T @) < 280K o EENO)Y,

A}z’k ={ze fk+@(w) : distfkﬁ(vkﬂy))(z, 8fk+‘3(a))) < 281Kévoo'n—(k+N0)}.

Observe that Ag ¢ and All1 ¢ are both annuli surrounding the boundary of Y w) in
e (Vk+ (v)), with Ag « containing this boundary in its interior, whereas Arll « shares this

boundary with f**(w) and is fully contained in f*+¢(w).
A straightforward calculation shows that there is a constant C > 0, independent of k
and n, such that _
Lebfku(vﬂy))(Ajl’k) <Co"*  i=01. (22)

Now we see that for z € Z¢ we have f*T(»?) contained in Ag,k or A}l’k, depending on
the following two possible cases:

(1) @% € w. By Lemma 4.4(1) (see also Remark 5.1), for each w? with z € Z;? we have
diam pere p) (f T (@F)) < diam perep) (FT(Va(2)) < 281 K 0o =0T (23)

Noting that as z ¢ w and 0} C w, V,(z) necessarily intersects the boundary of w,
and so ¥4V, (2)) intersects 8 f*+¢(w). It follows from (23) that

A wd) < AL, (24)

(2) @i ¢ w. In this case, w necessarily intersects the boundary of w because z € Z.
Once more by Lemma 4.4(1) (see also Remark 5.1), we have

diam pise ) (FFH(@)) < 280K 00" (N, (25)

where we have used the fact that w7 is contained in some hyperbolic pre-disk V;,(z)
and the term K(I)V % comes from the fact that »? may require up to Ny iterates to go
from f"(V,(z)) to the cylinder Cy, u-crossing it. Since w? intersects the boundary
of w, ¥ (w?) intersects the boundary of f¥+¢(w). Recalling that o < 1 and (15),
it follows from (21) and (25) that

@) < AY,. (26)
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Therefore
k—+1¢
Lebyr ) (Uzezo @n)  ~ Lebpureqyr ) (7 (Uzezg @)
Lebyi (@) Leb kst ) (P @)
0 1
Leb e vt () (A 1) + L€y )y (A 1)
Lebka(V]:'(y)) (fk—HZ (@))

A
™

IA
™\

’

where C > 0 is a uniform constant that incorporates the distortion at the hyperbolic time k
given by Lemma 4.4 and the distortion of f ¢ with £ < Ny. If we now recall that f L))
u-crosses Cop, the result follows by (22), (24) and (26). ]

Proof of Proposition 6.1. Observe that
Z Leba(Sy) < Z Leba (S20) 4 Z > ZLebA(S“’)—i— Z Leba(V,). (27)
n=ny n=ny k=ngo wePy n=k n=ng

We start by estimating the sum with respect to the satellites of Ag. Notice that from
Lemma 4.4 it follows that all hyperbolic pre-disks V,, (x) have diameter < 25;0". There-
fore

S8 (x € Ag : dist(x, dAg) < 2810},
and so we can find ¢ > 0 such that
AC
Leba (S, ") < ¢o™.

This obviously implies that the part of the sum related to Ag in (27) is finite.
Consider now n > k > ng. By Lemmas 6.2 and 6.4, for any w € Py we have

Leba (S?) < C2C30" ¥ Leba (w).

It follows that

Z Z ZLebA(S”’) < CCs Z Z Zof Leba (@)

=ng weP n= =ng wePy j=0

Z Z Leba (@) < C2C3

=ng wePx

= C2C3

Leb A(A).
Finally, by Remark 6.3 we have

D Leba(Vi) <C2 Y Y Leba(w) < CaLeba(A),

n=ng n=ng peP,

and this gives the conclusion. O
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7. The GMY structure

We are now ready to define the GMY structure on €2 as at the beginning of Section 5.
Consider the centre-unstable disk Ag C A as in (16) and the Leba mod 0 partition P
of Ag defined in Section 5. We define

I = {Wj (x) : x € Ag}.

Moreover, we define I'* as the set of all local unstable manifolds contained in Cy which
u-cross Co. Clearly, I'* is nonempty because Ag € I'*. We need to see that the union
of the leaves in I'* is compact. This follows ideas that we have already used to prove
Proposition 4.1. By the domination property and the Ascoli—Arzela Theorem, any limit
leaf y of leaves in T'* is still a cu-disk u-crossing Cp. Thus, by definition of ', we have
Yoo € I'*. We thus define our set A with hyperbolic product structure as the intersection
of these families of stable and unstable leaves. The cylinders {C(®w)},ep then clearly
form a countable collection of s-subsets of A that play the role of the sets Ay, Aa, ...
in (P) with the corresponding return times R(w). It just remains to check that conditions
(P1)-(Ps) hold.

7.1. Markov property and contraction on stable leaves

Condition (P;) is essentially an immediate consequence of the construction. We just need
to check that £ (C(w)) is a u-subset for any w € P. Indeed, choosing the integer ng
in the base step of the inductive algorithm sufficiently large, and using the fact that the
local stable manifolds are uniformly contracted by forward iterations under f, we can
easily see that the “height” of f R(@)(C(w)) is at most & /4. Hence, by the choice of §p we
have R (C(w)) made up of cu-unstable disks contained in Cy. Moreover, as fX (w)
u-crosses Cp, the same occurs with the local unstable leaves that form C(w), and so (P;)
holds. (P3) is clearly satisfied under our assumptions.

7.2. Backward contraction and bounded distortion

The backward contraction on unstable leaves and bounded distortion, respectively prop-
erties (P3) and (P4), follow from Lemma 4.4. Indeed, by construction, for each € P
there is a hyperbolic pre-ball V() (x) containing @ associated to some point x € D
with o-hyperbolic time n(w) satisfying R(w) — Ny < n(w) < R(w). It is sufficient to
prove (P3) and (P4) at time n = n(w) instead of R(w) since the two differ by a finite
and uniformly bounded number of iterations whose contribution to the estimates is also
uniformly controlled.

An immediate consequence of (12) is that if y € K satisfies dist(f/ (x), f/(y)) < 8;
forO0 <j<n-—1,thennisa 03/4-hyperbolic time for y, i.e.

n
[ IDf g I <o foralll <k <n.
j=n—k+1 o
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Therefore, taking 8, 89 < 81/2, for any y € I'* we find that n is a o-3/4-hyperbolic time

for every point in C, N y. The backward contraction on unstable leaves and bounded
distortion are then consequences of Lemma 4.4 (recall Remark 4.5).

7.3. Regularity of the foliations

Property (Ps) is standard for uniformly hyperbolic attractors. In the rest of this section we
shall adapt classical ideas to our setting.

We begin with the statement of a useful lemma on vector bundles whose proof can be
found in [30, Theorem 6.1]. Let us recall that a metric d on E is admissible if there is a
complementary bundle E” over X, and an isomorphism 4: E@® E’ — X x B to a product
bundle, where B is a Banach space, such that d is induced from the product metric on
X x B.

Lemma 7.1. Let p: E — X be a vector bundle over a metric space X endowed with an
admissible metric. Let D C E be the unit ball bundle, and F: D — D a map covering
a Lipschitz homeomorphism f: X — X. Assume that there is 0 < « < 1 such that for
each x € X the restriction Fy: Dy — Dy satisfies Lip(Fy) < k. Then

(1) there is a unique section oy: X — D whose image is invariant under F;
(2) ifk Lip(f)* < 1 for some 0 < a < 1, then og is Holder continuous with exponent .

Proposition 7.2. Let f : M — M be a C' diffeomorphism and Q@ C M a compact
invariant set with a dominated splitting ToM = E @ E“. Then the fiber bundles E*
and E"* are Holder continuous on Q.

Proof. We consider only the centre-unstable bundle as the other one is similar. For each
x € Qlet Ly be the space of bounded linear maps from ES to ES® and let L] denote
the unit ball around O € L,. We define Ty : L}C — L}(x) as the graph transform induced
by Df (x):

Fa(d) = (Df lgg) - i - (DF s ).

Consider the vector bundle L over 2 whose fiber over each x € Q is L,, and let L! be its
unit ball bundle. Then I' : L' — L' is a bundle map covering f|q with

Lip(Ty) < [1Df eIl - I1Df Mg I <4 < 1.

Let ¢ be a Lipschitz constant for f|g, and choose 0 < o < 1 so small that Ac® < 1.
By Lemma 7.1 there exists a unique section op: M — L! whose image is invariant
under I' and which satisfies the Holder condition with exponent «. This unique section is
necessarily the null section. O

The next result gives precisely (P5)(a).

Corollary 7.3. There are C > 0and 0 < 8 < 1 such that for all y € y*(x) andn > 0,

[]lenryon

— L LT < o
det Df“(f*(y))

i=n
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Proof. As we are assuming that Df is Holder continuous, it follows from Proposition 7.2
that log|det Df“| is Holder continuous. The conclusion is then an immediate conse-
quence of the uniform contraction on stable leaves. O

To prove (Ps)(b) we introduce some useful notions. We say that ¢ : N — P, where N
and P are submanifolds of M, is absolutely continuous if it is an injective map for which
there exists J : N — R such that

Lebp(f(A)) = / JdLeby.
A

J is called the Jacobian of ¢. Property (P5)(b) can be restated in the following terms:

Proposition 7.4. Given y,y’ € T, define ¢: y' — y by ¢(x) = y*(x) Ny. Then ¢ is
absolutely continuous and the Jacobian of ¢ is given by

B detDSU(f )
0= garremn

One can easily deduce from Corollary 7.3 that this infinite product converges uniformly.
The remainder of this section is devoted to the proof of Proposition 7.4. We start with
a general result about the convergence of Jacobians whose proof is given in [33, Theo-
rem 3.3].

Lemma 7.5. Let N and P be manifolds, P with finite volume, and for each n > 1, let
¢n : N — P be an absolutely continuous map with Jacobian J,. Assume that

(1) @y, converges uniformly to an injective continuous map ¢ : N — P;
(2) J, converges uniformly to an integrable function J : N — R.

Then ¢ is absolutely continuous with Jacobian J.

For the sake of completeness, we observe that there is a slight difference in our definition
of absolute continuity. In contrast to [33], and for reasons that will become clear below,
we do not impose the continuity of the maps ¢,,. However, the proof of [33, Theorem 3.3]
uses only the continuity of the limit function ¢, and so it still works in our case.

Consider now y, ¥’ € T and ¢: ¥’ — y as in Proposition 7.4. The proof of the next
lemma is given in [33, Lemma 3.4] for uniformly hyperbolic diffeomorphisms. Neverthe-
less, one can easily see that it is obtained as a consequence of [33, Lemma 3.8] whose
proof uses only the existence of a dominated splitting.

Lemma 7.6. For each n > 1, there is an absolutely continuous w, : f"(y) — f*(y’)
with Jacobian G, satisfying

(1) Jim,sup distys ) (" (), 1" (§(x)) = 0;
xey
@) lim sup |1 —G(x)| =0.

"0 xefr(y)
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We consider the sequence of consecutive return times for points in A,
rr=R and ryp 1 =r,+Ro f™ forn>1.

Notice that these return time functions are defined Leb, -almost everywhere on each
y € I'" and are piecewise constant.

Remark 7.7. Using the sequence of return times one can easily construct a se-
quence (Q;,), of Leb, mod O partitions by s-subsets of A with r, constant on each
element of Q,, for which (P;)—(Ps5) hold when we take r, playing the role of R and
the elements of Q,, playing the role of the s-subsets. Moreover, the constants C > 0 and
0 < B < 1 can be chosen not depending on n.

We define, for eachn > 1, the map ¢, : y — Y’ as

$n = f7 7, 7 (28)
It is straightforward to check that ¢, is absolutely continuous with Jacobian

Jatx) = ASLPISCL_ (prny) (29)
X) = . "(x)).
! |det (Df™)" (@)™
Observe that these functions are defined Leb, -almost everywhere. So, we may find a
Borel set A C y with full Leb, -measure on which they are all defined. We extend ¢,
to y simply by considering ¢, (x) = ¢(x) and J,,(x) = J(x) foralln > landx € y \ A.
Since A has zero Leb, -measure, J, is still the Jacobian of ¢,.

Proposition 7.4 is now a consequence of Lemma 7.5 together with the next one.

Lemma 7.8. (¢,), converges uniformly to ¢, and (J,), converges uniformly to J.

Proof. 1Tt is sufficient to prove the convergence of each sequence restricted to A described
above. In particular, the expressions of ¢, and J,, are given by (28) and (29) respectively.

Let us first prove the case of (¢,),. Using the backward contraction on unstable leaves
given by (P3) and recalling Remark 7.7, we may write, for each x € y,

dist, (¢ (x), ¢ (x)) = dist, (f "7, [ (x), 77 [ (x))
< CB™ distyru () (7, [ (x), [P (x)).
Since r, — o0 as n — o0 and distm (T, f(x), f"¢(x)) is bounded, by

Lemma 7.6, we have the uniform convergence of ¢, to ¢.
Let us now deal with the case of the Jacobians (J,),. By (29), we have

T,(x) = |det (Df™)*(x)|  |det (Df™)" (¢ (x))]
! det (Df")* (@ (x))|  |det (Df )" (¢ (x))]

Using the chain rule and Corollary 7.3, it easily follows that the first term in the product
above converges uniformly to J(x). Moreover, by Lemma 7.6, the third term converges

-G, (f" (x)).
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uniformly to 1. It remains to see that the middle term also converges uniformly to 1.
Recalling Remark 7.7, by bounded distortion we have

|det (DF™)" (¢ (x))] ) ., .
[det (D)4 (¢, (x))] = exp(Cdlstfrn(y/)(f (p(x)), f (d)n(x)))")

= exp(C distym () (f7 (@ (X)), 77, (7 (1))").

Similarly we obtain

et DFY @G _ o
|det(Df’n)“(¢n(x))|ZeXp( CdIStf'"(y)(f (Qb(x)),nr,,(f (x))) )

The conclusion then follows from Lemma 7.6. O

8. Integrability of the return time

In the previous sections we have constructed a GMY structure on 2. To complete the
proof of Theorem C it just remains to show that this GMY structure has integrable return
times as in (6). Recall first that the existence of a GMY structure implies the existence
of an induced map F : A — A with an invariant probability measure v (see remarks
following Theorem C). This measure can be disintegrated into a family of conditional
measures on the unstable leaves {y“} with conditional measures which are equivalent
to Lebesgue measure with densities bounded by uniform constants above and below [49,
Lemma 2]. We fix one such unstable leaf y € ' and let v denote the conditional measure
associated to v and equivalent to Lebesgue measure. The integrability of the return times
with respect to Lebesgue measure as in (6) therefore follows immediately from the next
result.

Proposition 8.1. The inducing time function R is v-integrable.

Proof. We first introduce some notation. For x € A we consider the orbit x, f(x),...,
F"~1(x) of the point x under iteration by f for some large value of n. In particular x may
undergo several full returns to A before time . Then we define the following quantities:

H®™ (x) := number of hyperbolic times for x before time n,
S (")(x) := number of times x belongs to a satellite before time 7,
R"™ (x) := number of returns of x before time 7.

Each time x has a hyperbolic time, it either has a return within some finite and uniformly
bounded number of iterations, or by definition it belongs to a satellite. Therefore there
exists some constant ¥ > 0 independent of x and n such that

R™(x) + 5™ (x) = k H™ (x).
Notice that x may belong to a satellite or have a return without it having a hyperbolic

time itself, since it may belong to a hyperbolic pre-disk of some other point y which has
a hyperbolic time. Dividing the above inequality through by n we get

(n) (n) (n)
R (x) n SV (x) . KkH (x)'

n n n
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Recalling that the hyperbolic times have uniformly positive asymptotic frequency, we see
that there exists a constant @ > 0 such that H " (x)/n > @ for all n sufficiently large, and
therefore rearranging the left hand side above gives

R(”)(x) N (x)
n R™ (x)

)2/<9>O.

Moreover S™ (x)/R®™ (x) converges by Birkhoff’s Ergodic Theorem to precisely the av-
erage number of times, [ S dv, that typical points belong to satellites before they return,
and from Proposition 6.1 it follows that f S dv < o0o. Therefore, we have
R™ (x)
n

>k’ >0 (30)

for all sufficiently large n where k” can be chosen arbitrarily close to k6/(1 + [ SdV),
which is independent of x and n. To conclude the proof notice that n/R™ (x) is the av-
erage return time over the first » iterations, and thus converges to f R dv by Birkhoff’s
Ergodic Theorem. This holds even if we do not assume a priori that R is integrable, since it
is a positive function and thus [ R d¥ is always well defined and lack of integrability nec-
essarily implies | R dv = oo. Thus, assuming towards a contradiction that i Rdv = oo
gives n/R™ (x) — [ Rdb = oo, and therefore R™ (x)/n — 0. This contradicts (30),
and therefore we have [ R dv < o0 as required. O

9. Liftability

In this section we complete the proof of Theorem D. The “if” part of this result is well
known and we refer to it in the comments preceding Theorem D. We therefore just need
to show that every SRB measure with positive Lyapunov exponents in the E* direction is
liftable. To achieve this, first of all let 2 denote the support of the given SRB measure .
Then €2 is invariant under f, and thus under any positive iterate of f. We will show in the
following proposition that there exists some N > 1 such that f on € is nonuniformly
expanding, and thus weakly nonuniformly expanding, along E“. We can then apply the
conclusions of Theorem C to obtain a GMY structure for fV with integrable return time
function R. This easily gives a corresponding GMY structure for f with return time
function N R, which is therefore still integrable and, as explained above, gives rise to an
SRB measure. By uniqueness of SRB measures it follows that this measure coincides
with p, thus proving that w is liftable.

Proposition 9.1. There exists N > 1 such that fV is nonuniformly expanding along E*
on a set of positive Lebesgue measure.

Proof. We prove first of all that there exists N > 1 such that

/ log |(DfN|ge) ' dp < 0. (31)

Indeed, by assumption all Lyapunov exponents of f along E* are positive and therefore
all Lyapunov exponents of f~! along E* are negative. Thus, considering the cocycle
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x,v) — (f -1, D f ~1(x)v), Oseledets’ Theorem implies that there exists A such that

1
lim —log || Df | geu . Df Ngu| =1 <0 (32)
n—oon f”H’l(.\') x
where A is the largest Lyapunov exponent of f~! [12, Addendum 4]. By the chain rule
and the inverse function theorem, we have
Df Mg, o Df g = (Df" gz, )7 (33)

_f_”'H(x —(x)

Since the sequence
¢n =logl(Df"|ger, )7l

satisfies ¢uim < ¢p + ¢m o f7", using the invariance of p with respect to f~! and
Kingmann’s Subadditive Ergodic Theorem we have, for -almost every x,
. 1 n -1 . 1 n —1

lim —log||(Df"|gee, )7 |l = inf — [ log [(Df"[gex, )"l du,

n—>00 n ) n>ln PARC))
which, together with (32) and (33), gives (31).

Notice that .« may not be ergodic for £V, but it can have at most N ergodic compo-

nents. Indeed, notice first of all that any subset C which is £V -invariant and has positive

measure, satisfies u(C) = 1/N: Assume for contradiction that 4 (C) < 1/N and consider
the set U]}-V;O] f77(C). We have

N—1 N—1
0 < u(]L:JO F70) = ];) u(F () < 1.

This gives a contradiction, because the setis f-invariant and u is ergodic. Now, if (f N 0)
is not ergodic, then we decompose M into a union of two f”-invariant disjoint sets of
positive measure. If the restriction of w to one of these sets is not ergodic, then we iterate
this process. Note that this must stop after a finite number of steps with at most N disjoint
subsets, since f N _invariant sets of positive measure have their measure bounded from
below by 1/N.

Thus, (fV, ) has at most N ergodic components. By (31), at least one of these
components, whose support we denote by X, satisfies fz log ||(DfN|E§u)_1 ldu < O.
Hence, by Birkhoff’s Ergodic Theorem, for -almost every x € X,

n—1

1 - -
lim ~% log | (DfY gy 7' =/ log (DN |£g) ™" Il dp < 0.
n—-oon j:O N (x) %

This proves that £V is nonuniformly expanding along E* for j1-almost every point in X.
Since u is an SRB measure, conditional measures of © on local unstable manifolds are
absolutely continuous with respect to Lebesgue measure. In particular there is some local
unstable manifold y* on which we have nonuniform expansion for a set of points of pos-
itive Leb,«-measure. Considering the union of the local stable manifolds through these
points and the absolute continuity of the stable foliation, we get the result. O
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