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Abstract. In this paper we establish an improvement of the tilt-excess decay estimate for the
Allen—Cahn equation, and use this to give a new proof of Savin’s theorem on the uniform C Lo
regularity of flat level sets. This generalizes Allard’s e-regularity theorem for stationary varifolds
to the setting of Allen—Cahn equations. A new proof of Savin’s theorem on the one-dimensional
symmetry of minimizers in R” for n < 7 is also given.
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1. Introduction

This paper is devoted to generalizing Allard’s regularity theory in geometric measure
theory to the setting of Allen—Cahn equations and discussing its application to the De
Giorgi conjecture.
The Allen—Cahn equation
Au=u’—u (1.1)

is a typical model of phase transition. By now, it has been studied from various aspects.
One particular feature of this equation is its close relation to minimal surface theory,
through its singularly perturbed version

1 3
eAug = —(uy — ug).
€
By this connection and in view of the Bernstein theorem for minimal hypersur-
faces [23], De Giorgi made the following conjecture in [8]:

Let u € C2(R"*Y) be a solution of (1.1) such that
du

0xn11

lu] <1, >0 inR"L

Then u depends only on one variable if n < 7.

This conjecture has been considered by many authors, including Ghoussoub and
Gui [14], Ambrosio and Cabré [3] and Savin [20]. Counterexamples in R? were also
constructed by del Pino, Kowalczyk and Wei [10]. In particular, Savin proved an improve-
ment-of-flatness result for minimizing solutions (i.e. minimizers of the energy functional).
This result says that, given any 6y > 0, for a minimizer u, if in a ball 5; with [ large, its
zero level set is trapped in a strip {|x,+1]| < 6} with 8 > 6y, which is sufficiently narrow
(i.e. 617! is small), then by shrinking the radius of the ball, possibly after a rotation of
coordinates, the zero level set of u is trapped in a flatter strip.

By using this estimate, Savin proved

Theorem 1.1. Let u be a minimizing solution of (1.1) defined on the entire space R"*!
where n < 6. Then u is one-dimensional.

For n > 6, if we add some further assumptions on level sets of u, e.g. the global Lipschitz
regularity of {u = 0}, it is still possible to prove the one-dimensional symmetry of u. This
theorem also implies the original De Giorgi conjecture, under an additional assumption
that
lim  u(x, x,4+1) = £1.
Xp41—>E00

This type of improvement-of-flatness result appears in the partial regularity theory
for various elliptic problems, although sometimes in rather different forms. One main
ingredient to establish this improvement of flatness is the blow up (or harmonic approxi-
mation) technique, first introduced by De Giorgi in his work [7] on the almost everywhere
regularity of minimal hypersurfaces.
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Although the statement of Savin’s improvement-of-flatness result bears many simi-
larities with the De Giorgi theorem, the proof in [20] employs some new ideas. Indeed,
it is based on Caffarelli-Cérdoba’s proof of the De Giorgi theorem in [5]. This approach
uses the “viscosity” side of the problem, and relies heavily on a Krylov—Safonov type
argument. In particular, Savin first obtained a Harnack inequality (hence some kind of
uniform Holder continuity) and then used it to prove that the blow up sequence converges
uniformly to a harmonic function.

Savin’s approach can be applied to many other problems, even without variational
structure—see for example [25, 21, 22]. However, it seems that the maximum principle
and Harnack inequality are crucial in this approach. At present it is still not clear how
to get this kind of improvement-of-flatness result for elliptic systems, where the Harnack
inequality may fail. Thus, in view of the connection between Allen—Cahn equations and
minimal hypersurfaces, in this paper we intend to explore the variational side of im-
provement of flatness and establish some results paralleling classical regularity theories
in geometric measure theory. As in Allard’s regularity theory [2] (see also [16, Section
6.5] for an account), we use the following excess (for more details, see Sections 2 and 3)

/ [1— (ve - ens1)1e|Vite]?,
Ci1(0)

where C;(0) is the cylinder B;(0) x (—1,1) ¢ R*! and v, = Vu,/|Vug| is the unit
normal vector to level sets of u.. This quantity was first used by Hutchinson—Tonegawa
[15] to derive the integer multiplicity of the limit varifold arising from general critical
points in the Allen—Cahn problem.

This quantity can be used to measure the flatness of level sets of u, (see Lemma 4.6
below). Similar to Allard’s e-regularity theorem, if the excess in a ball is small, then after
shrinking the radius of the ball and possibly rotating the vector e, a little, the excess
becomes smaller. This improvement of tilt-excess is the main step in the proof of Allard’s
e-regularity theorem, and also in our argument. In contrast to the quantity used in Savin’s
improvement-of-flatness result, the excess is an energy type quantity. Indeed, if all the
level sets {u; = t} can be represented by graphs along the (n + 1)-th direction, in the
form {x, 11 = h(x, 1)}, then the excess can be written as

/ [1 = (v - ens1)X]e| Ve
C1(0)

1 Voh D
:/ (/ L)'zewug(x,h(x,t))ldx)dt,
~1\JB,0) 1+ |Vxh(x, 1)

which is almost a weighted Dirichlet energy, provided sup |V, i (x, t)| is small.

Thus the problem can be approximated by harmonic functions (corresponding to crit-
ical points of the Dirichlet energy) if |V (x, t)| is small. (We will see that just the small-
ness of the excess is sufficient for this purpose.) This is exactly the content of harmonic
approximation technique. Using the excess allows us to work in Sobolev spaces and apply
standard compact Sobolev embedding results to get the blow up limit, while in Savin’s
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version the main difficulty lies in the compactness for the blow up sequence where his
Harnack inequality enters.

We also note that this type of tilt-excess decay result was known to Tonegawa [24],
who he showed that this result implies the uniform C ¢ regularity of intermediate transi-
tion layers in dimension 2.

However, in this tilt-excess decay estimate we need one more assumption:

[1— (v - €)21e|Vug|? > &% (1.2)
Ci

Compared to Allard’s e-regularity theorem, this condition is not so satisfactory. It pre-
vents us from applying this improvement of decay directly to deduce the uniform
C1@ regularity of intermediate transition layers. (This obstruction was also observed
by Tonegewa [24].) One reason for the appearance of the condition (1.2) is that the
energy, although mostly concentrated on the transition part, is still distributed on a layer
of width €. Note that this phenomenon does not appear in minimal surface theory.

In Savin’s version of improvement of flatness, an assumption similar to (1.2) is also
needed. Using our terminology, it is equivalent to requiring that the excess is not of the
order 0(82). Note that this is weaker than (1.2). This weaker assumption is perhaps due to
the fact that in Savin’s approach only a single level set is considered, while our improve-
ment of flatness involves a family of level sets.

By exploiting the fact that u, is close to a one-dimensional solution up to O (¢) scales,
an iteration of the improvement of tilt-excess decay estimate gives a Morrey type bound
on level sets of u., which then implies that these level sets are graphs. Here, once again
due to the obstruction (1.2), this Morrey type bound does not imply the C1-¢ regularity
of {u; = 0}, but only a Lipschitz one. However, under the condition that {u, = 0}
is a Lipschitz graph, Caffarelli and Cérdoba [6] have shown that transition layers are
uniformly bounded in C1¢ for some & € (0, 1). Thus we get a full analogue of Allard’s
e-regularity theorem in the Allen—Cahn setting (see Theorem 9.1).

In this paper we do not fully avoid the use of the maximum principle. For example,
it seems that the Modica inequality is indispensable in our argument, because we need
it to derive a monotonicity formula with the correct exponent. We also need to apply
the moving plane (or sliding) method (as in Farina [12]) to deduce the one-dimensional
symmetry of some entire solutions. There a distance type function is used to control the
behavior of u far from the transition part. This function behaves like a distance function,
which follows from the Modica inequality. However, we do avoid the use of any Harnack
inequality. It may be possible to remove the above mentioned deficiency by strengthening
the tilt-excess decay estimate, but as explained above, the current version of Theorem 3.3
is already sufficient for proving Theorem 1.1 (see Section 11).

The above approach was first used by the author in [26], where we consider a De
Giorgi type conjecture for the elliptic system

Au=uv?, Av=vu?, u,v>0 inR".
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For the corresponding singularly perturbed system

2
{ Auy = Ku,c vy,

2
Ave = Kvuy,

an improvement-of-flatness result was established by using the quantity
/ V(e —ve —e- x)|2dx.
By

These two proofs are similar in spirit. In particular, in order to show that the blow
up limit is a harmonic function, we mainly use the stationary condition associated to the
equation, not the equation itself. This is more apparent in the current setting, because the
stationary condition for the singularly perturbed Allen—Cahn equation is directly linked to
the corresponding one in the limit problem, the stationary condition for varifolds (in the
sense of Allard [2]; see also [15]). Furthermore, since the excess is a kind of H ! norm, to
prove strong convergence in H'!, we implicitly use a Caccioppoli type inequality, which
is again deduced from the stationary condition by choosing a suitable test function (see
Remark 4.7 below).

Finally, although in our improvement of tilt-excess decay (Theorem 3.3) and the
e-regularity result (Theorem 9.1), we do not assume that the solution is a minimizer, the
multiplicity one property of transition layers is still needed here. (This is associated to the
unit density property of the limit varifold.) Thus our results do not remove the no folding
assumption in Savin’s result. However, we feel that a generalization of our technique to
the case with multiple transition layers is possible, which should be of more interest.

The organization of this paper can be seen from the table of contents. Part I is de-
voted to proving the tilt-excess decay estimate (Theorem 3.3). In Part II, we establish an
Allard type e-regularity theorem, the uniform C ¢ regularity of intermediate layers (The-
orem 9.1). In the proof of this theorem, a De Giorgi type conjecture for a class of entire
solutions (Theorem 11.1) is also obtained, which includes Theorem 1.1 as a special case.

2. Settings and notation

We shall work in the following settings. Consider the Allen—Cahn equation in the general
form as

Au= W (u), 2.1
where W is a double well potential, thatis, W € C 3(R) satisfying

e W=>0 W(xl)=0and W > 0in (-1, 1);
e forsomey € (0,1), W <0Oon (y,1)and W > Oon (-1, —y);
o W' > >O0forall [x|] > y.

A typical example is W () = (1 — u?)?/4, which gives (1.1).
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Through a scaling u,(X) := u(¢~' X), we get the singularly perturbed version of the
Allen—Cahn equation:

1
eAu, = EW/(ug). (2.2)

This equation arises as the Euler—Lagrange equation of the energy functional (after adding
suitable boundary conditions)

e s 1
Ee(ue) = /<§|Vus| + EW(MS)>~ (2.3)

We say u, is a minimizer (or a minimizing solution) if for every ball B in the definition

domain of u,,
€ 2 1 I 2 1
S Vue|"+ -Wiue) ) < —|Vu]* + —W(v)
B\2 & B\2 £

for any v € H'(B) satisfying v = u, on 355.
We will always assume |u.| < 1, and that it satisfies the Modica inequality

3 s 1
—|Vug|” < —Wi(ug). 2.4
2 e

This inequality (in the exact form as above) may not be essential in the argument, but
we prefer to assume it to make the arguments clean. (These estimates can be relaxed,
cf. [15].) By standard elliptic estimates, there exists a universal constant C such that

e|Vug| + €2|V2u,| < C. (2.5)

In particular, u, is a classical solution.
For any smooth vector field Y with compact support, by considering the domain vari-
ation in the form
ul(X) = us(X +1Y(X)) for || small,

from the definition of critical points we get

(el + 2w
dt 2 e e e

=0.
t=0

After some integration by parts, we obtain the stationary condition for u:

/[<§|w8|2 + éW@@) divY — eDY (Vu, wg)] =0. (2.6)

Finally, by the assumption on W, there exists a one-dimensional solution g(¢) defined
ont € (—oo, 00), satisfying

g/ =Wigw),  lim gn) ==l @7

where the convergence rate is exponential.
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The first integral for (2.7) can be written as

gt =v2W(g®) > 0. 2.8)

For any ¢ > 0, we denote g.(t) = g(e‘lt), which satisfies

1
eg, (1) = EW’(gs(t))- (2.9)
Throughout, oy denotes the constant defined by
* Ay * (1 AV
00 :=/ g (- dt =/ (—g )+ W(g(t))) dt. (2.10)
o0 —o\2

In this paper we adopt the following notation.

e A point in R"*! will be denoted by X = (x, x,41) € R" x R.

e B,(X) denotes an open ball in R”*! and B, (x) an open ball in R”. If the center is the
origin 0, we write 55, (or B, ).

e Cr(x) = B,(x) x (=1, 1) Cc R""! the finite cylinder over B, (x) C R".

e ¢;, 1 <i <n+1,is the standard basis in R"*!.

e P denotes a hyperplane in R"*! and ITp (or simply P) the orthogonal projection onto
it. If P = R", we use II.

e G(n) denotes the Grassmann manifold of unoriented n-dimensional hyperplanes
in R+,

e A varifold V is a Radon measure on R"*! x G (n). We use ||V | to denote the weighted
measure of V, that is, for any measurable set A C R+

[VII(A) = V(A x G(n)).

e For a measure u, spt u denotes its support.

Ve (X) = Vug(X)/|Vug (X)] if Vug(X) # 0, otherwise we take it to be an arbitrary
unit vector.

e = &|Vue|2dX.

H?* denotes the s-dimensional Hausdorff measure.

wy, denotes the volume of the unit ball By in R”,

H' is the Sobolev space with the norm (f(|Vu|2 + lu?)1/2.

disty is the Hausdorff distance between sets in R" 1,

Unless otherwise stated, universal constants C, C; and K; (large) and ¢; (small) depend
only on the dimension n and the potential function W.

Throughout, u, always denotes a solution of (2.2). We use ¢ to denote a sequence of
parameters converging to 0, which should be written as ¢; if we want to be precise.

Part I. Tilt-excess decay

3. Statement

The following quantity will play an important role in our analysis.
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Definition 3.1 (Excess). Let P be an n-dimensional hyperplane in R"*! and e one of its
unit normal vectors, B,(x) C P an open ball and C,(x) = B,(x) x (—1, 1) the cylinder
over B, (x). The excess of u, in C,(x) with respect to P is

E(r: x,ug, P) := r_"/ [1— (v - €)°1e|Vue|* dX. (3.1
Cr(x)

If P =R" and ¢ = ¢,11, the excess equals

n 2
oy
E(r;x,u )=r7”/ € E ( ) dX.
’ Cr) =\ 0%

Remark 3.2. For any unit vectors v and e, we have

lv—el|lv+el > ﬁmin{h} —el, |v+el}.
Therefore

l—(w-e=0-v-e)(1+v-e) =L —el*lv+el
1

5 min{|v — e|2, v + e|2}.

v

By projecting the unit sphere S" to the real projective space RP" (both with the standard
metric), we get
1—(v- e)2 > cdistgp (v, e)z,

for some universal constant c.
Our main objective in Part I is to prove the following decay estimate.

Theorem 3.3 (Tilt-excess decay). Given a constant b € (0, 1), there exist five universal
constants 8o, T, &9 > 0, 6 € (0, 1/4) and K¢ large such that the following holds. Let u,
be a solution of (2.2) with ¢ < &g in Ba, satisfying the Modica inequality (2.4), |u.(0)| <
1—b, and

€ 1
47"/ (—IVual2 + _W(”e)> =< (I + t0)oown- (3.2)
Ba 2 3
Suppose the excess with respect to R" satisfies
82 := E(2;0,us, R") < 83, (3.3)
where §; > Koe. Then there exists another plane P such that
0
E@©;0,u,, P) < EE(Z; 0, us, R"). 34
Moreover, there exists a universal constant C such that
le = ent1ll < CE(2:0,ue, M2,

where e is the upward pointing unit normal vector to P.

Roughly speaking, this theorem says that if the excess (with respect to some hyperplane)
in a ball is small enough, then after shrinking the radius of the ball and perhaps tilting the
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hyperplane a little, the excess becomes smaller. This decay estimate will be used in Part II
to prove the uniform Lipschitz regularity of intermediate layers.

The condition (3.2) says there is only a single transition layer, which corresponds to
the unit density assumption in Allard’s e-regularity theorem. In the next section we shall
see that (3.3) always holds (with respect to a suitable hyperplane), provided that (3.2)
is satisfied with 7¢ sufficiently small (depending on &p). However, the assumption that
8¢ > ¢ is crucial here, which is not so satisfactory compared to Allard’s and Savin’s
version.

We shall prove this theorem indirectly. So assume there exists a sequence ¢; (for
simplicity the subscript i will be dropped) and a sequence of solutions u, satisfying all of
the assumptions in Theorem 3.3, that is,

e there exists a sequence 7. — 0 such that

1
47"/ (flwsl2 + —W(us)) < (I + te)oown, (3.5
By 2 &
e the excess satisfies
82:= E(2;0,us, R") — 0, (3.6)
where
8¢/e > 00 ase — 0, 3.7
but for any unit vector e with
le — ent1ll < CE(2:0,ue, R")'2, (3.8)

where the constant C will be determined below (by the constant in (8.1)), we have
0
E0;0,ue, P) > EE(Z; 0, us, R"). (3.9

Here P is the hyperplane orthogonal to e and 6 is also a constant to be determined later
(see (8.11) and (8.16)).

The remaining part, up to and including Section 8, will be devoted to deriving a con-
tradiction from the assumptions (3.5)—(3.9). The proof is divided into four steps:

Step 1. Itis shown that {u; =t} (fort € (—1+b, 1 —b)) can be represented by Lipschitz
graphs over R”, x,+1 = h’(x), except a bad set of small measure (controlled by
E(2; 0, ug, R™)). This is achieved by the weak L! estimate for Hardy-Littlewood
maximal functions.

Step 2. By writing the excess using the (x, t) coordinates (¢ as in Step 1), i’ /8, are
uniformly bounded in HI})C(B1). Then we can assume that they converge weakly
to a limit . Here we need the assumption 8, >> ¢ to guarantee the limit is
independent of ¢.

Step 3. By choosing the vector field Y = ¢re, 41 in the stationary condition (2.6), where
¢ € C3°(By) and ¢ € C3°((—1, 1)), and then passing to the limit, it is shown
that /1 1s harmonic in Bj.



3006 Kelei Wang

Step 4. By choosing the vector field Y = ¢vrx,11€,+1 in the stationary condition (2.6)
and then passing to the limit, it is shown that (roughly speaking) i’ /5, converges
strongly in HILC(Bl). The tilt-excess decay estimate then follows from some basic
estimates on harmonic functions.

After establishing some preliminary results in the next section, Steps 1-4 will be done in
Sections 5-8 respectively.

4. Compactness results

In this section, we study the convergence of various quantities associated to u, and estab-
lish some preliminary results for the proof of Theorem 3.3.

Recall that we have assumed the Modica inequality (2.4). An important consequence
of this inequality is the following monotonicity formula (see for example [19]).

Proposition 4.1 (Monotonicity formula). For any X € B3,

g 1
r" / <—|Vue|2+—w<ug>)
B.(x)\2 €

is non-decreasing inr € (0, 1).
By combining Proposition 4.1 with (3.5), we get

Corollary 4.2. For any B,(X) C Bs, we have

1
/ (£|Vu5|2 + —W(ug)) < 8"opw,r". 4.1)
B, (x)\2 €

We use the main result in Hutchinson—-Tonegawa [15] to study the convergence of u,.
Define the varifold V; by

(Ve, d(X, S)) = / DX, I — v, @ v)e|Vue[2dX, V& e CFC(Cy x G(n)).

Hutchinson and Tonegawa proved:

1. Ase — 0, V, converges in the sense of varifolds to a stationary, rectifiable varifold V
with integer density (modulo division by the constant o).

2. The measures u. converge to || V|| weakly.

3. The discrepancy quantity satisfies

1 € 2 -
—-W(ug) — §|Vug| — 0 in L. “4.2)
&

4. For any ¢ € (—1, 1) fixed, {u, = t} converges to spt || V|| in the Hausdorff distance.

The last statement implies O € spt || V||, because O € {|u.| < 1 —>b} (b as in Theorem 3.3).
With the help of the bound (3.5), we can give a description of the limit varifold.
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Proposition 4.3 (Limit varifold). The limit measure satisfies ||V || = ooH" |rn.

Proof. By taking the limit in (3.5) and using the integer multiplicity of V, we get
47V [(Bs) = o0wn.
On the other hand, the integer multiplicity of V implies

lim r | V|| > oow,.
r—0

By the monotonicity formula for stationary varifolds [16, Theorem 6.3.2], we deduce that
V is a cone.

Recall that V is a rectifiable, stationary varifold with integer multiplicity. What we
have shown says that V has density one at the origin. Hence Allard’s e-regularity theorem
implies that spt || V|| is a smooth hypersurface in a neighborhood of the origin.

Combining the cone property with this smooth regularity, we see thatV is the standard
varifold associated to a hyperplane with unit density. O

Now we show that away from R”, u, is exponentially close to 1.

Proposition 4.4. For any h > 0, if ¢ is sufficiently small, we have

X411
(1 —ud) + [Vug| < C(hye™ e inCy\ {lxp411 < h}.

In particular, {u, = 0} N Cy lies in the h-neighborhood of R™ N C;.

Proof. By [15], ug converges to 1 uniformly on any compact set outside spt | V| = R".
In particular, for all & small,

2 .
ug zy inC3\ {|xp1| = h/2}.
By a direct calculation, there exists a universal constant ¢ such that

C .
A(l —u?) > (0= u) inCs\ {|xn1l = h/2).

Hence we can apply Lemma B.1 to get the exponential decay of 1 — uf in {|x,+1] > h}.
The estimate for |Vu,| follows from standard interior gradient estimates. m]

Remark 4.5. If u, converges to 1 (or —1) on both sides of R”, the multiplicity of V will
be greater than 1 (see [15, Theorem 1, (4)]). This contradicts Proposition 4.3.

Thus u, converges to 1 locally uniformly on one side of {x,+; = 0}, say in C; N
{xn4+1 > 0}, and to —1 locally uniformly in C; N {x,4+1 < 0}. Together with the previous
proposition, this implies

disty ({u, =0} NC,R*NCy) — 0.

The following lemma says that (3.6) is a consequence of (3.5).
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Lemma 4.6. Let u, be a sequence of solutions satisfying (3.5) and the Modica inequality
(2.4) in By. Then the excess with respect to R" satisfies

lim E(2;0, ug) = 0.
e—0

Proof. Forany n € Cgo (Cy), take the vector field Y = (0, ..., 0, nx,+1) and substitute it
into the stationary condition (2.6). This leads to

£ , 1 an
0= Ve + =Wue) || n+ Xn+1
Cy 2 & axn-l—l

n+l
— v} 46 V] —anZ vg,v8n+le|ws|> (4.3)

Xi

By (4.2) and our assumptions on u., both the measures
€ 5 1 2
§|vue| + EW(ug) dX, Ve,iVent1€|Vue|"dX

converge to some measures supported on R”. Thus

. a n+1
lim (( Vuel* + = W(ug)) xnﬂ—xmz vﬂvsn+le|wg|)=o.
e—~0Jc,

Inserting this into (4.3) and applying the Modica inequality (2.4) finishes the proof. O

Remark 4.7. Although we will not use the Caccioppoli type inequality explicitly, here
we show how to use the stationary condition (2.6) to derive it.

Take a € C3°((—1, 1)) satisfying 0 < ¢ < 1, ¢ = lin (=1/2,1/2), |[¢'| < 3.
For any ¢ € Cgo(Bl), take n(x, x,41) = qb(x)zw(xnﬂ)2 and replace x,,4+1 by x,41 — A
in (4.3), where A € (—1, 1) is an arbitrary constant. By this choice we get

_ € 2 1 2.2 2 1 _
0= [ ([517uel + 2 W) 10202 + 20700 (s = )
1
— 2, eIV —<xn+1—x>22¢w S il

— (Xp41 — 1202y sn+1£|Vu8|2). 4.4)

First consider those terms containing v’ (x,+1). Since ¥’ = 0in By X {|x,+1| < 1/2},
with the help of Proposition 4.4 we get

1
/C ([§|W€|2+EW(ua}z&W(an—A) (Xnt1 — A)2¢2 Yy “Hemaz)
1

— 0@ "),
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Substituting this into (4.4) leads to
€ 2 2 2, |1 2,2
VU V2, e Vue P+ = W) (¢
L2 e

n 8¢ _
= / Conp1 = 2) Y2007 ——ve ivenp16|Vue | + 0(e/%). (4.5)
Cy i=1 axi

By the Cauchy inequality,

n 8¢
[ G =202 2007 3 v v el Ve
Cy i=1 axi

1 n
<3 / ¢** Y V26| Vel + 64 f VY2 (gt — 2)2e| Ve .
Ci i—1 C
Substituting this into (4.5), by noting that

n
Dovii=1- e e,
i=1
and |
€
5|w€|2 — V26l Vue? + “Wiue) = 11— (v ceny1) el V|,
we obtain the following Caccioppoli type inequality:
/ SV = (e - ens)’le| Vurg P < 2° / VG2 (st — 22l Vatg |+ Ce™
€ € (4.6)

Remark 4.8. Since we only have control on 1 — (v, - e+ 1)2, in view of Remark 3.2, v,
may be close to e, 1 or —e,+1. To exclude one of these two possibilities, we need to use
the unit density assumption (3.5). A subtle point here is that, without such an assumption,
we cannot say that 1 — vg - e,41 (or 1 + ve - e,41) 1s small everywhere. This is related
to the possible interface foliation (and consequently the higher multiplicity of the limit
varifold V)—see the examples constructed by del Pino—Kowalczyk—Wei—Yang [9].

5. Lipschitz approximation
Let X
fe) = / [1 = e 0, 1) - enge)* 16l Vite (3, ) o
—1

By Lemma 4.6, f, — 0in L!(By). Consider the Hardy-Littlewood maximal function

Mfe(x) ;== sup rin/ fe(y)dy.
re(0,1) B, (x)

For any [ > 0, by the weak L! estimate, there exists a universal constant C such that

C
H'(Mfe = 10 BY) < Tl fell iy = C8/1. (5.1)
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Denote the set By \ {Mf. > [} by W,. (Its dependence on the constant [ will not be
indicated explicitly.) Note that since the integrand in the definition of f; and hence f.(x)
are continuous functions, W, is an open set.

Given b € (0, 1) and / > 0, we say a point X € {|u.| < 1 — b} N Cy is good if

sup "_n/B [1— (ve '€n+1)2]5|vus|2 <l
- (X)

O<r<l1

The good points form a set A, and we let B, = ({|lus] < 1 — b} NCyp) \ A, be the set of
bad points. Note that since [1 — (ve (x, x;41) - en+1)2]8|Vug(x, )c,hL1)|2 is continuous, A,
is an open set and B; is relatively closed in {|ug| < 1 — b} N Cy. Clearly W, C T1(A,).

Similar to the weak L! estimate for the Hardy-Littlewood maximal function, B; is
small in the following sense.

Lemma 5.1. There exists a universal constant C such that
1e(Be) < C82/1.

Proof. For any X € B,, by definition there exists an rx € (0, 1) satisfying

1
o< —f [1 = (v - ens)? e Vate .
LB, x)

By the Vitali covering lemma, choose a countable set of X; € B, such that B, (X;) (here
ri = ry,) are disjoint, and

B: C Ussr,. (X).

Then
1e(Be) <Y pe(Bsy (X)) <C Y rf' (by (4.1)

< c1—1/ [1— (ve - ens1)?1e|Vue > dX < CI7 182 O
Bri (Xi)

Another fact about B, is

Lemma 5.2. There exists a universal constant C such that H"(TT1(B;)) < Clilaez.
Proof. This is because I1(B;) C By \ W,. Hence (5.1) applies. O
Next we show that in A,, level sets of u, are essentially Lipschitz graphs.

Lemma 5.3. Given b € (0, 1), ifl is small enough, then for any t € (—1+b, 1 —b), the
set {ug = t} N A; can be locally represented by a Lipschiz graph {x,+1 = hl(x)}. The
Lipschitz constant of h. is controlled by a constant co(b, ) depending on b and 1, which
satisfies lim;_,o co(b, ) = 0.

Proof. Fix Xo € A, with u.(Xo) = t. After rescaling

v(X) = ue(Xo + £X),
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we are in the situation that
Av =W () in B,-1, 5.2)

1
/ <§|W|2 + W(v)) <CR", VRe (0,7}, (5.3)
Br(0)

n 9 2
/ Z(—v> <1 (5.4)
By (0) {5 \ 9x;

We claim that there exists an [y small such that for all [ < [, there exist two constants
c1(b,1) € (0, 1/2) and c,(b) such that

= (1 —c1(b,D)IVv] = c2(b)  inBy. (5.5

0Xp+1

Assume to the contrary that there exists a sequence of v; satisfying all the conditions
(5.2)—(5.4) with [ replaced by [;, which goes to 0 as i — 0. By standard elliptic estimates
and the Arzela—Ascoli theorem, v; converges to a function v in C120c (]R”H). Now, v is still
a solution of (5.2) in R"*!. Because |v| < 1 and

lv(0)] = lim |v;(0)] <1 —b,
11—

by the strong maximum principle, |v| < 1 in R"*!. After passing to the limit in (5.4)
(where [ is replaced by /;) and (5.3), we see v(X) = g(x,41 + t) for some t € R. (For
more details, see the proof of Lemma B.2.) Then by (2.8),

dv
axn+1

(X)' = V(X)) =V2W(@W(X)) = ¢(b) inB.

Thus for all i large, v; satisfies (5.5). This also implies that ¢ (b, [) converges to 0 as
[ — 0.

By (5.5), the level set {v = v(0)} N B1(0) is locally a Lipschitz graph of the form
{x,4+1 = h(x)}, with Lipschitz constant co(b, /) < 2c¢1(b, ). Coming back to u, we finish
the proof. O

By Lemma B.2 and [15, Proposition 5.6], for any L > 0 and X = (x, x,4+1) € Ag, if we
have chosen [ sufficiently small, then

T () N {ue = ue (X)) N Bre(X) = {X}. (5.6)

The above results only provide a clear picture of {u, = ¢t} N A, at O(e) scales. By the
unit density assumption (3.5), we can further claim:

Lemma 5.4. Givenb € (0, 1), foreveryt € (—1+b, 1 —b) and x € T1(A;), in !N
{ug = t} there exists exactly one point, (x, hg(x)) (as in Lemma 5.3). Moreover, hg is
Lipschitz on TI(A,).
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This lemma is a consequence of the following lemma, provided that we have chosen
first Rg large in the following lemma and then [ sufficiently small in the definition of A,.
The proof of Lemma 5.4 will be completed after Remark 5.6.

Lemma 5.5. For any b € (0,1) and § > 0, there exist three constants, Ry large and
11, Iy small, such that the following holds. Suppose that ug is a solution of (2.2) in Bg,,
where ¢ < 1, satisfying |lus(0)| < 1 — b, the Modica inequality (2.4), and

R*"/ <8|w 2+ twa )><(1+r
0 A € - ) ) = 1)00wy,
Br, \2 &

0

Ro‘"f [ = (s - ens )| Vate ? < Do,
Ro

Then {us = ug(0)} N By is contained in the §-neighborhood of R™ N B;.

This result can be seen as a quantitative version of the multiplicity one property for the
limit varifold V.

Proof of Lemma 5.5. Assume that there exists a sequence of solutions uy satisfying the
assumptions in this lemma, with ¢ replaced by ¢; € (0, 1],

—n Ek 2 l
R, —IVup|” + —Wug) | < (1 + w)oown, (5.7)
Bgy \ 2 &k

0

where 7, — 0, and

—n o ((duk g
R, /R e Z(W) — 0, (5.8)
0 i=1
but there exists Xy = (xg, Xp+1.4) € {ur = ur(0)} N By with |x,4+1 x| > 8. The constant
Rp will be determined below. Without loss of generality, assume that X converges to
some point Xoo = (Xoos Xn+1,00) € B1 With [x,41 00| > 6.
The proof is divided into two cases.

Case 1: g; converges to some gy > 0 (after subtracting a subsequence). By standard
elliptic estimates and the Arzela—Ascoli theorem, uj; converges to a function us, in
CZ(BRO_l). Because |ui| < 1, |usol < 1 in Bpr,—1. Further, uy is a solution of (2.2)
with ¢ replaced by ¢gg. Since |ux(0)] < 1 — b < 1, by the strong maximum principle,
[oo| < 1 strictly in Bg,—1. Passing to the limit in (5.7) leads to

£0 2 1 "

I Viuo|”+ —W(ux) | < oown(Ro — 1)". (5.9
Bry-1 \ 2 €0

Since g9 < 1, we cannot have u,, = 1~ (0), because otherwise

€0 2 l 1 n+1 n
Elvuool + W) | =2 —W(ueo(0)wyr1(Ro — 1)""" > opw, (Rp — 1),
BRO*] &0 €0

if we choose Ry large to fufill the last inequality. (It depends only on b, the dimension n
and the potential W.)
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By passing to the limit in (5.8) we obtain

Ry / £0 ( ) =0
0
BRO i—1 axi

Thus uee(X) = u(xy41).
Now, u is a one-dimensional solution. By (5.9), we have
/R0/2 (8_()
—Ry/2 2
for some universal constant C independent of Ry. Since g9 < 1, we claim that if Ry is

sufficiently large, then

dii |

dt

1
+ —W(ﬁ)) dt < Coy, (5.10)
€0

0l oo

(X)#0 forx,41 € (—1,1). (5.11)
0Xp41
This can be proved by a contradiction argument, using the following fact: Except the
heteroclinic solution g, all the other solutions of (2.1) in R! are periodic, hence their
energy on R is infinite.
By (5.11), uo # uoso(0) in By \ R”. However, by the convergence of Xj and uniform
convergence of ug, Uco(Xoo) = Uxo(0). Because X, € By \ R”, this is a a contradiction.

Case 2: g — 0. Let Vj be the varifold associated to uy as defined in Section 4. For any
ne CSO(BRO), let

(X, S) = n(X)(Sen+1, ent1) € C5°(Bry x G(n)).

By (5.8), ,
" /3
(Vk, @) = f n(X)ex Z(ﬂ> dX — 0.
BRO i=1 dx;

Let V be the limit varifold of Vi, which is stationary rectifiable with unit density by the
Hutchinson—Tonegawa theorem. Then

0=(V,®) =/n(X)<T€n+1,en+1)d||Voo||,

where T is the weak tangent plane of V at X. Hence T = R”" ||Vcll-a.e. and Vo =

00 Zj i(Tj) in Bry/» < (=Ro/2, Ry/2), where T; = R" x {(0, t;)} for some j and i (T})

is the standard varifold associated to it with unit density. By our assumptions, there are at

least two components, say T and 77, containing the points 0 and X , respectively.
However, passing to the limit in (5.7) gives

IVII(Bry) < oown Ry = o0l Toll (Bgy).

Thus we cannot have any more components other than 7y. This also leads to a contradic-
tion. O
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Remark 5.6. It will be useful to write the dependence of § and I, reversely as § =
c2(l2). This function is a modulus of continuity, i.e. a non-decreasing function satisfy-
ing 1im12_)0 Cz(lz) =0.

For any Xo = (xo, X0.n+1) € Ac and r € (¢, 1/Rp), applying the previous lemma to
e, (X) = ue(Xo +rX)
gives
{ue = ue(Xo)} N (Br2(Xo) \ Be(X0)) C {Ixnt1 — x0,n41] < c2(Dlx — xol}.  (5.12)

Together with (5.6), this implies that forevery t € (—1+ b, 1 —b) and x € TI(A;), there
exists at most one point in n!'wn {ues = t}.
On the other hand, by Remark 4.5, for each x € By,

us(x,1)>1-—>b, wu.(x,—1)<—1+0b.

Thus, by continuity of u,, there must exist one x,,+1 € (—1, 1) satisfying u.(x, x,4+1) = ¢.

In conclusion, for any x € IT(A;), there exists a unique point (x, x,41) € n'x)n
{us = r}. Combining (5.6) with (5.12), it can be seen that A’, is Lipschitz on IT(A,). This
completes the proof of Lemma 5.4.

Recall that we have assumed u, > 0 in C; N {x,41 > A} and u, < 0 in C; N
{xn+1 < —h} for some h > O—see Remark 4.5. (This & can be made arbitrarily small
as ¢ — 0.) Hence for any r € (g, 1/Ryp), by continuous dependence on r, (5.12) can be
improved to

{xna1 — xo,n11 > c2(D|x — x0l} N (B1y2(Xo) \ Be(X0)) C {ue > ues(Xo)}.  (5.13)
When r = ¢, combining this with Lemma 5.6, we obtain
g c(b)
e

X)=>=A—=c1(b,D)|Vus(X)| > —, VX €A (5.14)
0Xp41

In the following, for t € (—1+ b, 1 — b), we denote the Lipschitz functions by A’. By
(5.6), the definition domains of 4% can be made to be a common one, IT(A,). By (5.14),
hL is strictly increasing int € (—1+ b, 1 — b).

In the above construction, h’g is only defined on a subset of Bj, but we can extend it
to B without increasing its Lipschitz constant by letting (see for example [16, Theoerm
3.1.3])

hi(x):= inf (hi(y) +c3(b,D)|y —x|), Vx € By. (5.15)
yell(Ag)

Here c3(b, 1) = max{co(b, 1), c2(I)}. This extension preserves the monotonicity of A%, inz.
In Sections 7 and 8, b and hence / may be decreased further. Thus it is worth noting
the dependence of these Lipschitz functions on b and /.

Remark 5.7. If [ decreases, the definition domain of hé also decreases. But on the com-
mon part, these two constructions give the same function. If we define two families by
choosing two 0 < by < by < 1, these two families also coincide on (—1 + b>, 1 — b7).

Notation: D, = I1(A,).
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In the following it will be useful to keep in mind that, on {u, =t} N Ag,
1\ —1 t\—1apt
fue _ (Ohe) " Qwe (SRR i (516
0Xp41 ot 0x; ot 0x;

6. Estimates on /',

First we give an H' bound.

Lemma 6.1. There exists a constant C (b) independent of € such that

1-b
/ |Vht|>dx dt < C(b)s2.
—1+b J By

Proof. By Lemma 5.2, H"(B; \ D;) < CS?. The construction in the previous section

implies that |[VAL| < ¢3(b,1) in By forallt € (—1 + b, 1 — b). Hence
f / |Vh'|>dxdt < C52.
1+b J B\ D,

Next, by noting that ¢|Vu.| > c(b) on A, (see (5.5)), we have

82> | [1 = (ve - eny)?e|Vue > dX
Ag

6.1)

1-b
= / [/ (1= (e -en+1)2)e|Vug| d’H"] dt  (by the coarea formula)
{us=t}NA,

14+b

v

v

c(b)/ (/ |th|2dx>dz,
1+b

if we choose [ so small that the Lipschitz constants of A!, satisfy c3(b, 1) < 1/2.

With this lemma in hand, we first choose a ¢, € (—1 + b, 1 — b) such that

|Vhi|? dx < C(b)82,
B

and then take a A, so that the function defined by
- 1
h‘g = gh? - )\.g

satisfies || B, he = 0. By this choice and the Poincaré inequality,

/ he(x)*dx < c/ |Vhe (x)|? dx < C(b).
B By

1
——  |.J 2
C(b)/1+b</ [ 1+|th|2i| 14 |VhL] dx) dt  (by (5.16))

6.2)

(6.3)

Thus we can assume, after passing to a subsequence of ¢ — 0, that &, converges to a

function & weakly in H 1(B;) and strongly in L%(By).
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Let
It 1 t
. = ghg — Ae.
In D,
dh! 9 -1
0<e = () <ce. (6.4)
ot 8xn+1

with a constant C(b) depending only on b. Hence
0<hl™> —n;"* < C(b)e inD,. (6.5)

This also holds for x € By \ D, by (5.15).
Hence forany —1 +b <t <th <1 —b,

(h'' — h2)? < C(b)e?. (6.6)
By

Because §; > ¢, for any sequence 7, € (—1+b, 1 —b), R still converges to hin L%(B)).
Since 55_1 Vh’g is uniformly bounded in L%2(B; x (=1 + b, 1 — b), R"), it can be
assumed to converge weakly to some limit in L>(B; x (—1+b, 1 —b), R"). By the above
discussion, this limit must be V.
By Remark 5.7, / is independent of the choice of b. Hence we have a universal con-
stant C, independent of b and /, such that

(IVA* + 1% < C. 6.7)
By
Concerning the size of A, we have
Lemma 6.2. lim._.g|A:8:] = 0.
Proof. Note that
Aebe = / h's. (6.8)
B
By Proposition 4.4,
lim sup [Xp41] = 0.
£=0¢ynfjue | <1-b}
Thus

lim sup sup |hL(x)| = 0. (6.9)
e=>0te(—14b,1-b) xeD;

For any x € By \ D,, by Lemma 5.2,
dist(x, D) < CI7V/ng2/m,
Because the Lipschitz constant of h‘{: is smaller than c3(b, [) < 1, we obtain

sup sup  |hL(x)| < sup sup |hL(x)| + C(1)82/".
te(—14+b,1-b) xeB1\ D¢ te(—14+b,1-b) xeD;
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Combining this with (6.9) we see

lim sup sup |hL(x)| = 0.
=0 /e(—14b,1-b) xeB;

Substituting this into (6.8) we finish the proof. O

Next we establish a bound for the height excess
[ ot = s PelvieP,
C3/4
This can be viewed as a Poincaré inequality on the varifold V. (The Caccioppoli type

inequality in Remark 4.7 is a reverse Poincaré inequality.)

Lemma 6.3. There exists a universal constant C such that
(Xnt1 — Aede)?e|Vue|? < C82. (6.10)
Cs/4
Proof. The proof is divided into two steps. In the following we shall fix two numbers
0<by)<by <lsothat W >«kin(—=1,—1+b))U(l—by,1).

Step 1. Here we give an estimate in the part {|u.| < 1 — by} N Cy:

/ (ng1 — hede) el Vg < C82. 6.11)
{lug|<1—b2}NCy
First, by (6.2) and (6.6),
1—by
/H-b : (h! — %e8)?dx dr < C82. (6.12)
- 2 1

Then by a change of variable, the gradient bound (2.5) and the Lipschitz bound on hg, we
obtain

1—-by
f (nt1 — hede)’e|Viue|* = f (B — 2821+ [VAL e dx i
Ae —14b, J D, 0Xpt1
1-by
< C/ (h! — xe8)* dx dt < C82. (6.13)
—14by J D,

In B;, by Lemmas 5.1 and 6.2,

[ G = rebelVu <[ swp G = 20 e(B) < €. 614
B, {luel<1-b}

Combining (6.13) and (6.14) we get (6.11).
Step 2. We claim that in {|ug| > 1 — b2} N C3y4,

f (nt1 — Aebe)?e|Vue|* < C87. (6.15)
{lue|>1-b2}NC3/4
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Choose a function ¢ € C*°(R) satisfying

=1 in{|t]| > 1 — by},
¢ =0 in{|t] <1—5b},
2 8
| < , "< ———— in{l —b; < |t| <1—=by}.
ICI_bl_b2 ICI_(bl_bz)2 in { 1=t = 2}

We also fix n € Cg°(By x {|xn+1] < 4/3}) suchthat0 < n < landn =1inCs.
It can be directly checked that

K .
A(e|Vue?) = 8—2(8|Vue|2) in{fug| > 1—0b1}. (6.16)
Multiplying this equation by (x,41 — A¢8¢)?n¢ (1) and integrating by parts, we obtain
[ G = hed P etV
2

82
<= / AlGost — 2e8e) 201 (e)e | Ve |
K BZ

2

e ou
L2 / st = hebe) — e (ue)e | Vit
K JB, 0Xp4+1
2
£
v /B 2nst — hede) (V11 - Vi)t (e)e| Vato
2
82 Vi 2 / 2 2
+ ; 5 ({ (ue)|Vue|” + ¢ (us)Aus)(anrl — Xede) ne|Vue|”. (6.17)
2

On the right hand side, the first term is bounded by
£2
2 2 2
[ Al = a0l el Va < €, (6.18)
2

because both A[(x,4+1 — )»888)277] and ¢ (ug) are bounded by a universal constant.
Note that the supports of ¢’(u) and ¢”(u,) are contained in {|u.| < 1 — by}. By the
Cauchy inequality, the second term is bounded by

ou
£ n¢ (ue)e|Vue|?

82
/ 4(xn+l — Agbg)
K JB, 0Xp41

1/2
< Cs[ / (Xnt1 — As(sg)znzemﬂ
{lugl<1=b2}NB2

due \2 1/2
i U (8 ; > 8|Vus|2]
{uel<1=b2}nBy \ 0Xnt1

< Ces,. (6.19)

Here we have used Proposition 4.4, (6.11) and the fact that ¢ | ai—”il

<C.
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Similarly, the third term can be controlled as

& 2 ’ 2
7 5 (Xn41 — Ae8e) (VN - Vue ) (ue)e| V|
2

< C(SupIan)(SuwIVusI)S/ (Xnt1 — Aede) e Vug |?
{luel<1=bo}N\(By x(—4/3,4/3))
< Ces2. (6.20)

Finally, in the last term, by employing (2.5), we obtain

2
e
— /B (£" @) Ve * + ¢ (ue) Aue) (ny1 — hede)*ne|Vue |
2
<c / Cons1 — 2e8e)nelVuee 2 < C82. (6.21)
{luel<1=b2}NB,
Substituting (6.18)—(6.21) into (6.17), and noting that . > &, we obtain (6.15). Combin-

ing (6.11) and (6.15) finishes the proof. ]

Once we have this bound, we can further sharpen several estimates in the above proof to
show that

Corollary 6.4. For any o > O, there exists a constant b > 0 such that

/ (Xnt1 — Aebe)?e|Vue|> < 082 4 Ce2.
{lue|>1-b}NC3/4

Proof. The starting point is the estimate (6.17), where & is now assumed to have its sup-
portin (—1+b, 1 —b), and satisfies £ = 1in (—1+2b, 1 —2b), and |¢'|>+|¢”| < 64b72.
The constant b will be determined later.

We only need to get a better control in (6.21). Estimates in (6.18)—(6.20) will be kept.
By using the Cauchy inequality, they can be bounded by 083 + Cé?.

Replace (6.21) by

2
I
— /B (&" ()| Vits|* + &' (ue) Attg) (X1 — Ae8e)*ne| Ve |*
2
<c / Contt — hede)nelVue . (6.22)
{1-2b<|us|<1-b}NB,

Here the constant C is independent of b. This is because, instead of using the bound (2.5)
as in the proof of the previous lemma, we can use

2 |Vue > < 2W(ue), & Aue| < |W (ue)l,

which follow from the Modica inequality and (2.2). Thus £2(¢"” ()| Ve |? + ¢/ (ug) Aug)
is bounded independent of b € (0, 1).
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In view of this, to complete the proof we only need to prove that, for any o, there
exists a constant b € (0, 1) such that

/ (Xp41 — )\'888)28|Vu8|2 =< O'/ (Xp1 — )V888)28|vu8|2'
{1=2b<|us|<1-b}NB; {lue|<1—b}NB,
(6.23)
To this end, first note that, because (see Proposition 4.4)
lim sup (xp41 — A885)2 =0
£=>0 {ju, | <1-b}
(6.14) can be improved to
/ (Xng1 — Ae8e)2e|Vug|> < —52 Ve small. (6.24)

Next, by (6.6), (6.13) can be rewritten as

f (Xnt1 — Aebe)?e|Vue |*
Ae

1-b
=/ (h’ — Ae80)2(1 + |VAL|? )a dx dt
1+b Xn+1
U (h’g—ka)}[/ / (1+|Vh’|) dxdt]+0(82)
e 1+b A Xn+1

> c|: (h's — Agsg)Z] + 0(e?). (6.25)
Dy

In the last step we have used the fact that €5 1 >cin A; N {Jug| < 1/2}

Now consider the integral on (1 — 2b, 1 — D). By noting that &7 frl is small in
{lug] > 1 — 2b} (using the Modica inequality (2.4)), we obtain

/ Cintt — hede) el Vitg
AcN{1-2b<|uc|<1—b}

3
= [/ (h's —)\858)2}[/ (14 |VAL|?)e te dxdt:| + 0(e?)
Dy 1—2b<|t|]<1—b J D, 0Xn41

= ob(l)[/ (hs — )\838)2} + 0(). (6.26)
D;

Combining (6.25) and (6.26) we get

/ (i1 = Reb 61V = 0p(1) [ (ot =08 Pel Vit + O,
AeN{1=2b<|ugs|<1—b}) Ag
With (6.24) this implies (6.23), if we have chosen b small enough. ]

Finally, we give a uniform estimate on dA’, /91 in a good set.
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Lemma 6.5. There exists a set E; C D, with H" (D, \ E;) < C&. such that for any
te(=14+b,1—b)and X, € I"V(E,) N Ap withu.(X,) =1,

! !
a[a—;(xa} =87 (1) + 0:(1).
Here 0, (1) means a quantity converging to 0 as ¢ — 0, independent of X, and t.
Proof. Let E. = D N{Mf. < é:}. By (5.1),
H"(De \ E¢) < H"(Bi \ {Mfe = 8:}) < Cs, — 0.
For any X, € —1(E,) N A, consider
Ve(X) = u.(Xe +6eX) forX e 8871/2.

Then v, is a solution of (2.1). By definition, v, (0) = u.(X;) =t € (-1 +b,1 — D)
because X, € A.. As usual assume v, converges to a function v, in C120c (R”“), which
is also a solution of (2.1) on R*H1.

By the definition of the Hardy-Littlewood maximal function and our choice of E,

L n 8ve 2
sup r Z — ) <6, — 0.
O<r<e~1/2 B =1 dx;

After passing to the limit, we see v, depends only on x,41. Then by (4.1), we have the
energy bound

1 2 n n
§|Vvoo| + W) | < 8"ogwur”, Vr > 0.
B,

From this we deduce that vo (X) = g(x,41+g~ ' (t)) (see again the proof of Lemma B.1).
By definition and the CllOC convergence of vg,

ou Jav v _
f——(Xe) = ——(0) > ——(0) = g'(g”" (1)).
0Xp41 0Xp41 0Xp41
The claim then follows from (5.16). O

7. The blow up limit

This section is devoted to proving
Proposition 7.1. / is harmonic in By.

Fixay € CP((—1,1)) suchthat 0 < ¢ < 1, ¢ = lin (=1/2,1/2) and |¢'| < 4. For
any ¢ € C(‘;O(B1), let X(x, xy4+1) = @(X)¥ (xp+1)en+1, which is a smooth vector field
with compact support in Cj.
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To prove Proposition 7.1, we substitute this vector field into the stationary condi-
tion (2.6). Roughly speaking, if we view the level set of u, as the graph of a function #,
because i almost satisfies an elliptic equation, this procedure amounts to multiplying
the equation of / by a Cj° function and then integrating by parts, which of course is a
standard method in elliptic equation theory.

Note that

DX (x, xn+1) = W(xn+1)V<P(X) K ept1 + <P(X)1ﬁ/(xn+1)€n+1 & enti1,
div X (x, xp41) = @)V (Xpy1).
Since div X vanishes in B; x (—1/2, 1/2), by Proposition 4.4,

1 ,
/ |:£|Vug|2 + —W(us)} divX = O(e"/g). (7.1
¢ 2 3
Similarly,
/ aue 2 —c/e
)Y (xpt1)e = 0(e 7). (7.2)
Cl 3.Xn+1
Thus from the stationary condition (2.6) we deduce that
n
oue a(p) oug _
Y| ) = ) = 0(e™) = 0(50), (7.3)
/;1 (; 8)61' 3)6,' 8xn+1 ¢

where in the last equality we have used the assumption (3.7). First note that

"9 d d
[ v (305 22 ) M v
C1N{lug|=1—b} = Ox; 0x; ) 0Xny1

n a2 . \271/2
=l [ (50 ] UG )|
B C1N{lue|>1-b} ; ax; Cin{jue|=1-b}  \ 0Xn+1

= C(p)op(1)é;, (7.4)

where 0, (1) converges to 0 as b — 0 (by Lemma B.3).
Next in B,

n
dug 0@\ OJug
€ E — dxd
./E 1ﬂ<i=1 0x; 3xi>3xn+1 B

< C(s;llp IVgoI)[/S 8(12:1: Zj)z]uz[/ 8<ai:j_l>2i|l/2

< C(9)8epe(B)'/* < C(9)82  (by Lemma 5.1). (7.5)

Substituting (7.4) and (7.5) into (7.3) and noting that ¥+ = 1 on A, (recall that A, C
B1 x {|xp+1] < 1/2}), we see that

" du, 0 3
/AS(Z = —¢> Y dx dxnsr = 0(8) + op(1)5;. (7.6)

=1 3)6,' 3)61‘ 8xn+1
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By using the transformation (x, x,41) = (x, hé (x)) and (5.16), this integral can be trans-

formed into
ant\ ' & 8h’ 9
f / < > 2@ dxdt = 0(5,) + op(1)6,. a7
1+b e

Bx, 0x;

We need to further divide D, into two parts, using the set E, introduced in Lemma 6.5.
In the first part D, \ Eg, by (2.5), (5.16), and Lemmas 6.1 and 6.5,

/ / <ahg)‘iahf g
1+b JDANE, \0Xny1/) = Oxi 0x;
ant\ !
I= (sup (W) )(Sup|Vq)|)
2 172
(0L B ara] o
1+b Ds\Eal 1 axl

< C(@)8)? = 0(5y).

In E,,
1-b t\N—1 n t
oh dnt 9
/ /e<—8> 3 22 axar
—1+b JE, ot i 13)6 0x;
hl 3¢
f / g(g_l(t) —E—dxdt+o(5)
1+b JE, a a

where in the last equality we have used

sup

E¢

amiN""
8( a:) —g'(g” (t))‘ = 0,(1) = 0,

and the bound

3ht a
/ / 2 dxar
1+b JE. T Ax; x;

1-b 1/2 1-b 1/2
< [/ |Vh!|? dx dt] [/ |Vo|* dx dt]
—14+b JB; —14+b JB;

< C(¢)é: (byLemma 6.1).
By the Cauchy inequality we also have

/1+b /BI\EE
1-b

1/2
< c(sup |V¢|)[ / |VALI? dx dr] H'(B1 \ Eo)'/? < C(9)8}/* = 0(5e).
B —1+b J B

B’B(p

where we have used Lemmas 6.1, 5.2 and 6.5.
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Putting these three integrals together, by (7.7) we get

1=b 0! 9
/ f g > T 2 dxdi = 0p(1)8: + 0(5).
—1+b J B i=1 i

0x; 0X;

By the weak convergence of 88_1 Vhito Vhin L*(B; x (—1+b, 1—b)), wecanlete — 0

to obtain
= " 9k dg
/ —1 on Jp _
|:/1+bg s (t))dt][/gl 2 5 o dx} = op(D)- (1.8)

For b € (0,1/2),
1-b g~ (1-b)
f g @) adr =/ g ()2 ds > coy.
—14b g 1 (—1+b)

At the first step, we can choose a smaller b and get another family fz’g forte(—1 +b, 1 —I;).
Assume its limit is /. By Remark 5.7, ﬁ’s = h! fort € (=14 b, 1 — b). Then by (6.6),
h = h. In other words, the limit / does not depend on b.

After taking b — 0 in (7.8), we get

Since ¢ € C;°(B1) can be arbitrary and h € H'(By), standard harmonic function theory
implies that /4 is harmonic in By, and the proof of Proposition 7.1 is finished.

8. Proof of the tilt-excess decay

Recall that & is a harmonic function satisfying (see (6.7))

(VR +h? < C.
By

By standard interior gradient estimates for harmonic functions we get

IVh(0)| < C, sup|Vh —Vh(©O)| <Cr, ¥re(0,1/2). (8.1)
B,

Thus
/ |Vh — VR(O0)|> < Cr"*2,  Vr e (0,1/2). (8.2)
B,

In this section we complete the proof of Theorem 3.3. We first consider the special
case when VA (0) = 0, and then reduce the general case to this one.
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8.1. The case Vh(0) =0

Takeayy € C°((—1, 1)) satisfying0 < ¢ < 1,y = lin (-1/2,1/2), |¥'| < 3. For any
r € (0,1/4), choose a ¢ € Cgo(BZ,) such that 0 < ¢ < 1, ¢ = 1 in B,. In the stationary
condition (2.6), take the vector field

Y = ¢ ()W (tnr1)* (Kng1 — heBedenti,

where A, is the constant appearing in (6.2).

As in Section 7, by viewing the level set of u, as the graph of a function /4, because
h almost satisfies an elliptic equation, taking such a vector field as a test function corre-
sponds to the procedure of multiplying the equation of A by h¢? and then integrating by
parts, which is again a standard method in elliptic equation theory. (It is used to derive the
Caccioppoli inequality.)

By this choice of Y we get

0—/ ([fm P+ iwa )}[¢2¢2+2¢2W<x )]
== e, ) & e & n+1 £0¢g

n a¢
— ¢*UV7 16 Vi = Gonpr — Aede) ) 24"/'2_3» Ve iVent18| Vg |*
i=1 !

— (Xn41 — x855)2¢2w’v§,n+le|wg|2). (8.3)

As in the proof of the Caccioppoli inequality (4.6), those terms containing ¥ are bounded
by O (e~ 1/(Ce)y, By the Modica inequality (2.4), (8.3) can be transformed to

P21 — (ve - eny1)Te| Ve |
Cy n 3¢
< [ 260 Gt =280 - 5P veivenielVuel + O,
Ci i=1 axi
Since 1 — 2 = 0in {|x,41| < 1/2}, as before we have
fc *(1 — YD1 — (ve - ent1)?1e|Vue|* = 0(e71/(C9)),
1
Thus we obtain

) P [1 — (ve - ent1)?1e| Ve |
1

L) _
S/C 2p° (xn+1—/\gag)zEva,,-vg,nﬂgwuﬂ%O(e cey (8.4
1 i=1 "t

Now we consider the convergence of the integral on the right hand side of (8.4).
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Lemma 8.1. We have

s e—2 2 2
lim 5; /C | 2097 (Xns1 —A858>;Evs,iv5,n+18|Vu8|
! 2 T 2
= Ulg/(g‘l(t))dt][f 2 Vi(x)| dx].
_ 5

n 8¢
‘ / 2¢¢2 (xn—H — Agbs) Z _Vs,ivs,n+15|vue|2‘
lus|=1—b}NC = oxi

1/2
2
< C(Sll;]phbdf V¢|)[/ E vsls|Vu5| :|

e =1-b} 1=

12
X |:/ (Xn+1 — )\688)28|Vu8|2:|
{lue|=1-b}

= 017(1)552 (by the definition of §, and Corollary 6.4).

Proof. In{lus| > 1—0b},

In B,

n 3¢
‘ / 2¢w2 (Xn+1 - )Ls(ss) Z EU&[US,”+18|VM5|2‘
B, i—1 i

12
=c( swp o — e 88|>(sup|¢w Vol [/ vagw%ﬂ

{lue|<1-b} B =

172
X [/ e|wg|2}
B.

= 0(83),

where we have used the definition of excess, Lemma 5.1 and the fact that {|u.| < 1 — b}
is contained in a small neighborhood of {x,; = 0} (see Proposition 4.4), which together
with Lemma 6.2 implies that

lim sup |xp+1 — Al =0. (8.5)
£ 0 {lug|<1-b)

Because A; C {|x,+1] < 1/2}, we have ¥ (x,4+1) = 1 in A,. Hence, by using the (x, )
coordinates,

/ 2¢1/f (Xp1 — Aebe) Z Va iVe, n+18|vusl

t

-1
f /2¢(v¢ VhL)(hL — )»58)8<8h8> dxdt. (8.6)
1+b

In A, by (5.16) and (2.5),

N\ —1
s<%> _e 0 ¢ (8.7)

ot 8Xn+1
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Let E, be the set defined in Lemma 6.5. By the Cauchy inequality, Lemma 6.1, (8.7),
(6.2), (6.6) and the Sobolev inequality,

dni\ !
/ / 2¢ (V¢ - VhL) (R — ,\5)s< 5) dx dt
1+b F\EF

1/2 1/2
<c[/ / (Vo - Vh’)zdxdt} [/ / hL — Ae86)¢ dxdti|
1+b DE\Eg 1+b A\Ea

bt [ p1-b p 172
< C6;H"(Dg \ Eg) 27 |:/ < (hé - )‘855)2P¢2pdx) dtj|
By

1+b
1-b

1/2
< C8;H" (D, \ E,) £ [/ |V(h! — 1e8)p|* dx dt + 0(82)i|

—1+b J B
n gl o 2
< CH"(D: \ E) 7 62 = 0(82).
In the above, p > 1 is a constant depending only on the dimension n. This estimate gives

t

-1
/ / 2¢ (Vo - VRL)(hL — A 58)e<8h8) dx dt = 0(82). (8.3)
1+b J D\ E;

Hence by (5.16),

572 f 2692 (i1 — Agsaz v vl Vie

t

ont\ !
= -4, 2/ / 2¢ (V¢ - VA! )(ht A 55)8( 5) dx dt + op(1) + 0:(1).(8.9)
14+b JE,
In E;, by Lemma 6.1, (6.2)—(6.6) and the Cauchy inequality, we have

<82,

U / 2¢ (Vo - VRLY(h. — Ae8s) dx di
1+b JE,

Then by Lemma 6.5,

ani\ !
/ /2¢(v¢ VAL (R — A 58)s< 8) dx dt
1+b JE,

/ f 2¢(Vo - VRLY(h. — he8e)g (g7 (1) dx dt + 0(82).
1+b JE;

Finally, similar to (8.8), we have

f / 26 (V- VRLY (B — he80)g (g (1)) dx di = 0(5?). (8.10)
14+b J B1\E,
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This, combined with Lemma 6.5, implies that

8.2 fc 209 (X1 — Ae8e) (Vo - V)V 16| Vite |*
1

1-b
= —5;2/1 b/B 2¢ (Vo - VRLY(RL — Ae8:)g' (871 (1) dx dt 4 0p(1) + 0:(1).

By the Rellich compactness embedding theorem, Lemma 6.1 and (6.2)-(6.6), it can be
directly checked that

1-b
lim 3;2/ f 2¢ (Vo - VRD[RL — 1e8:1¢" (g7 (1)) dx dt
— B

e=>0 1+b
1-b
= [/ g(g (1) dt] [/ 2¢ (Vo - Vh)h dx].
—1+b B

Since A is a harmonic function (see Proposition 7.1), an integration by parts gives
/ 20 (V¢ - Vihdx = — | ¢*|Vh|? dx.
B By

Now we have proved that
lim 8,2 | 209 (xns1 — Aed )Xn:%v Ve 18| Vite [*
0 e e n+ e0O¢ < 8xi e,iVe,n+ 3

1-b
= [/ g/(g_l(t))dt}[ ¢2|Vf_z|2dxi| + op(D).
—1+b B

As in the proof of Proposition 7.1, we can let b — 0 to finish the proof. O
Note that
1 » o
| gaondi= [ goras=o
-1

—00

By (8.2), we can choose a 6 € (0, 1/2) such that

8.11)

er”f IVh? <CO*> < —— .
Bog 4 max{og, 1}

Then by choosing » = 26 in the definition of ¢, (8.4) and Lemma 8.1 give, for all ¢ small,

0
67" | 11— (e - en)*Ie|Vuie | < 382,
Co 3

which contradicts the initial assumption (3.9). This completes the proof of Theorem 3.3
in the special case Vi(0) = 0.

8.2. The general case

In general V/(0) may not be 0, and we only have an estimate as in (8.1). Here we show
how to reduce this problem to the special case treated in the previous subsection.
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For each ¢, take a rotation 7, € SO(n + 1) such that

ens1 + 8. VA (0)

Tce =e; = = . 8.12
e€n+1 e (1+53|Vh(0)|2)1/2 ( )
Next define 1, (X) := u. (T, X), which is still a solution of (2.2) in By4.
By (8.1),
les — ent1] < Cde. (8.13)
We can also choose T so that it satisfies the following estimates.
Lemma 8.2.
ITe = I < C8. Mo T, — Ipn|| < C67. (8.14)

Proof. Choose a basis in R” so that V/1(0) = [V/(0)|e,. We have defined T.en+1. Now
take _

_ en — 8¢ |Vh(0)|ent1

T L+ 82VRO))2

In particular, Te is only a rotation in the (e, e,+1)-plane.
Since 8;|Vh(0)| < 1/2 (recall that §, converges to 0 and we have a universal bound
on |Vh(0)]), the first inequality in (8.14) can be verified directly. For the second, we have

Tee; =e¢; forl <i<n-—1, Tge,

en 1
= = —é =1- =

(1 +82|VRO)»)1/2 " (14 82IVA(O)[})!/?
< C82|Vh ()2,

[TT o Teen — enl

and I[To T,e; = ¢; for 1 <i < n — 1. This finishes the proof. m]

Similar to v, define the unit normal vector v, associated to i, as in Section 2.

Lemma 8.3. There exists a universal constant C such that
/ [1— (Ve - ens1)?1e|Vitg|* < C82.
Ca/a

Proof. First by noting (8.14) and a change of variables, we have

f [1 = (B, - ens) 16| Vi
Cs/4

/ [1— (v - €)?1e|Vue | + O(e™/%)
T (Bajax{lxat11<1/2))

< | [1 = (ve - ee)?1e|Vue|* + O(e7/%), (8.15)
C

where O (e~/#) represents the contribution from the part near By x {1} where Proposi-
tion 4.4 applies.
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By (8.12),
1—(ve-ee)? <1 — (Ve - eny1)? + 2(ve - en+1)2(1 - 1_ )
(1+82IVAh(0)|2)!/2
+26¢[ve - entil [ve - VA(O).
By definition,

/C [ = e - eny ) lelVare 2 = 82,
1

Next, by (8.1),

1
20 - eni)?(1 = _ < C82.
(ve ”*”( (1+5§|Vh(0)|2)‘/2)‘ ¢

Finally, by noting that
- - o \12 29172
ve - VAO! < [VEOI(Dv2,) = €l = e - eIV,
i=1

we can use the Cauchy inequality to derive that

88/0 Ve - enst [ve - VAO)|e|Vite
1

1/2 172
< c&(/c |V -en+1|zs|ws|2> (/C [1— (ve ~en+1)2]e|wg|2) < C82.
1 1

Putting these together we get
[ 1= e < cs?
Ci

Substituting this into (8.15) and noting (3.7) finishes the proof. ]

With this lemma in hand, we can proceed as before to construct the Lipschitz functions fzé,
and prove that §_ l(fzfg — Ae8e) converge to a harmonic function h (the constant A, is
defined as X;), weakly in H! (B3/4) and strongly in L2(B3/4).

However by the definition of i, the graph of fzg is only a rotation of the one of A’.
More precisely, for any x € B34 andt € (=1 +b,1—b),

hL(x) 4 8.Vh(0) - x
(1 + 82|Vh(0)[2)1/2

= h'(ITo T, (x, h.(x))).

In fact, because i1, (X) = ¢ if and only if T, X € u;l(t), Xnt1 = ﬁé (x) if and only if
(Tsx)n+l = htg(n o Tz X),
which can be written as

Xng1 + 8 VA(0) - x h,( xn—as|vﬁ<0)|xn+1>
-xlv k) n—lv N

1+ 2ViO))12 ~° (1+82|VA(0)[2)1/2
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From this we deduce that

RL(x) = RE(x1, .« oy Xnet1, Xn — 86| VA(O) AL (x) + O(82)) — 8:VA(0) - x + O(82)
= h'(x) — 8:VA(0) - x + 0(8).
Here we have used the facts that the Lipschitz constant of 4% is smaller than 1/2 (by its

construction), and the sup bound of Eg goes to 0 as ¢ — 0 (by Proposition 4.4).
Hence ):s — Ae = 0¢(1), and

h(x) = 1in(1)[ﬁg/58 — el = lin%)[hi/(Sg — de — VA(0) - x] = h(x) — VA(O) - x.

Combined with Proposition 7.1, this implies that h is a harmonic function in B3 /4 sat-

isfying VA(0) = 0. Then we can proceed as in the previous subsection. By choosing a
smaller 6 to incorporate the constant C appearing in Lemma 8.3, for all ¢ small,

_ - - 0
67" | 11— rent)’le|Viie|? < 2 287 (8.16)
0

Here C is the constant appearing in Lemma 8.3, due to a change of variable associated
to the rotation T,. After rotating back, this contradicts (3.9) and finishes the proof of
Theorem 3.3.

Part II. Uniform C!¢ regularity of intermediate layers
9. Statement

In this part we prove the following local uniform C!-* regularity for intermediate layers.
This parallels Allard’s e-regularity theorem for stationary varifolds.

Theorem 9.1. For any b € (0, 1), there exist five universal constants €4, T4, o4 € (0, 1)
and Ra, K 4 such that the following holds. Let u. be a solution of (2.2) with ¢ < &y,
defined in Bg,, satisfying |us(0)| < 1 — b and

e 1
R;"/ <—|ws|2+ —W(ua) < (1 + Ta)wn00. ©.D
Bg, \2 €

A

Then there exists a hyperplane, say R" (after a suitable rotation), such that for any t €
(=1 + b, 1 —b), the set {uy, =t} NCy is a C-%A hypersurface represented by the graph
of a function x,+1 = h'.(x) with

”hi‘”ClﬂA(Bl) < Kja.

Assume the limit varifold V of u, satisfies the assumptions in Allard’s e-regularity theo-
rem at the origin 0. Hence it is a smooth minimal hypersurface with unit density near 0.
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By enlarging this minimal hypersurface around 0, the assumptions in this theorem are
fulfilled and this theorem applies, so that, in a neighborhood of 0, intermediate layers
of u, are hypersurfaces with uniformly C'**4 bound and they converge to the minimal
hypersurface in a C"%4 manner.

To prove this theorem, we first use Theorem 3.3 to obtain a Morrey type bound. As
explained in Section 1, due to the assumption §; > Kpe in Theorem 3.3, this Morrey
type bound does not give the required C1'%4 regularity. It only says that at every scale
up to O(¢), {ue = t} is close to a fixed hyperplane, i.e. a kind of Lipschitz regularity for
{us =t} up to O(e) scales. This is already sufficient for the proof of Theorem 1.1, which
is given in Section 11. The proof of Theorem 9.1 will be completed in Section 12, and it
uses the intermediate results established in Section 11.

10. A Morrey type bound

In this section, u, denotes a fixed solution satisfying all the assumptions in Theorem 9.1.
Here we prove

Lemma 10.1. There exist two universal constants K| and K, such that for any Xy €
{lug] < 1 — b} N By and any ball B, (Xo) withr € (K¢, 0), we can find a unit vector
e, (Xo) such that

r_"/ [1— (ve - e-(X0))?1e| Vue|* < K3 max{e?r 2, §3r%). (10.1)
B, (Xo)

Here a = |log(6/2)|/|log 8] € (1, 2).

For convenience, we shall replace the cylinders C, and Cy in Theorem 3.3 by balls B
and By respectively. This may change the constants in that theorem by a factor, which
however only depends on the dimension n and does not affect our argument too much.

By the monotonicity formula (Proposition 4.1) and (9.1), if Ry4 is sufficiently large,
then forany X € By andr € (0, R4 — 1),

1
P / (5|Vu8|2+ —W(ug)> < (1 +274)@n00. (10.2)
B,(x)\2 €

If 74 is sufficiently small, we can apply Proposition 4.4 to u.(r X), which gives

Lemma 10.2. Forany$ > 0, there exists a K (8) such that for any X € {|lug| < 1—b}NB;
andr € (K(8)e, 1), there exists a hyperplane P,(X) such that

disty ({ue = ue(X)} N B(X), P-(X) N B,(X)) < or.

By Lemma 4.6, if r > K¢ (with K the constant determined by Lemma 4.6) and t4
is sufficiently small, the excess with respect to P,(X) (with unit normal vector e, (X))
satisfies

E(r; X, ue, Pr(X)) < 82, (10.3)

with 8¢ as in Theorem 3.3. Note that in (10.3) it is integrated on 5, (X), not on a cylinder.
Now Theorem 3.3 applies. In the current setting it reads:
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Lemma 10.3. If E(r; X, u., P (X)) > Kgr_zez, then there exists another hyperplane
ISr (X) such that

~ 0
EOr; X, ue, Pr(X)) < EE(F: X, ug, Pr(X)).
Here e, (X), one of the unit normal vectors to f’r (X), satisfies
18- (X) — er(X)|| < CE(r; X, ue, Pr(X))"/2.

The constant # may be different from the one in Theorem 3.3, but we still have § < 1.
With this lemma in hand we can prove Lemma 10.1. The following proof is similar to
the one of [26, Theorem 2.3].

Proof of Lemma 10.1. Assume Xo = 0.Fork > 0, letry = 0% Define

eeS"

Ey := min s_zr,g*"/ [1— (ve - €)°1e| Ve |
"k

Take a unit vector e attaining this minimum.
Asin (10.3), for all r, > K¢,

Ep < 85e7%rf. (10.4)
Lemma 10.3 implies that, once E; > K 2 then

03
Ery1 < 7Ek~ (10.5)

Moreover, by the definition of Ej, we always have
Ejr1 < 0°7"Ey. (10.6)

Let k; € N be the unique number satisfying ok € [Kqe, Klé’ls).
Now we derive the claimed bound on Ej from (10.4)—(10.6), for k < k;. Let kg be the
smallest number such that, for all k > kg,

Ex < K362, (10.7)
As we will see below, this is well defined.

If ko = 0, then for any 0 < k < ki,

f [1 = (v - &0)71e|Vue| < K§0>"e?r) 2. (10.8)
By,

This can be extended to those r € [~K 1€, 0) by choosing a (unique) k so thatr € [rry1, ).
Next we assume there exists a k > 0 such that E; > KgGZ_". By (10.6), E;_; > Kg.
Then (10.5) applies, which says

2
E;_, = 7 E;.
In particular,

E-

- 2—n
i = Ep = Koo~ ™"
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With this estimate we can repeat the above procedure to deduce that, for all i € [0, k),

2 _
E; > 6—3Ei+1 > K36>".

From this we see kq is well defined.
The above decay estimate implies that, for all i < ky,

63\!
E; < (7> Ey,

/ [1 — (ve - &)*1e| Ve | < 83rM T (10.9)
B,

in other words,

This estimate can also be extended to those r € [ry,, #) by choosing an i so that r €
[ris1,7i).

In conclusion, for r € [ry,, 8), we have the estimate (10.9), and for r € (K¢, ry,)
(10.8) applies. By choosing a suitable universal constant K5, (10.1) follows from these
two estimates. O

Next we show that e, (X() can be replaced by a fixed unit vector (independent of r).

Lemma 10.4. For any o > O, there exist constants Kz := K3(0) and K4 (with K4
universal, independent of o) such that for any Xo € {lus| < 1 — b} N By and any
ball B, (Xo) withr € (K3e, 0), there exists a unit vector e(Xq) such that

r" /B " )[1 — (ve - €(X0)1e|Vue|? < o + Kador®/?. (10.10)
r 0

Here e(Xy) is independent of r € (K3e, 0).

Proof. Keep notation as in the proof of Lemma 10.1. For any r € (K¢, 6), combining
Remark 3.2 and Lemma B.5, we get

/ [ — (v - e2,(X0)*Te| Vo P + / 1= (v - e (X0))1e| Vit [
Bar (Xo) B (Xo)

> / [distgp (ve. e (X0))? + distap (Ve €2, (X)) e Ve |

B (Xo)
> cdistgpr (e2r (X0), e(X0))? /B e|Vug|* > cdistrpr (e2-(Xo), €r (X)) *r".
r(XO)
For k < ko, by Lemma 10.1 this gives
. 2
distrpr (ex+1(X0), ex(Xo)) < K25or;:/ = K2800%%/2.

Summing in i from k to kg, we see

K>
1 —92/2

distzp ek (X0), €x (X0)) = T— 776067 = Sorg?, Vk <ko. (10.11)
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For k € [ko, k1), we have
distgpr (ex+1(X0), ex(X0)) < Kpery ' = K2e0 ™%, (10.12)

Let ko < k be the largest number satisfying

n

K 0

Note that there exists a constant K3(o') such that ry, = ok < K3(0)e. Summing (10.12)
from k to kp, we get

K on
distze (exo (Xo). €x(X0)) < 5 2 R < o Vsksh. (1014
In particular,
9"
distrpr (ex, (X0), ek, (X0)) < i (10.15)

Let e(Xo) = ex,(Xo). By (10.11)—(10.15) we obtain, for any k € (0, k2),

n

. 0
distgpn (ex (X0), e(Xp)) < 20t T2

For any k > 0, similar to Remark 3.2, we have
1 — (ve - e(X0)? < [1 — (v - ex)*] + 2 distpp (ex, e(X0)).

Together with (10.1) and (10.13), this gives

_ 39" 2K,
ry / [1 = (s - e(X0)JelVato = =0 + <m + K§>50r,§/2.
Tk

For any r € (K3z¢, 0), by choosing a k so that r € (r, rr4+1], we obtain

2K
rt / [1— (ve - e(Xo) el Ve ? < 0 + 07" ——— + K3 )o0r™. (10.16)
B, 1 —pu/2
By taking
Ka=0 <m + K2>’
which is indeed a universal constant and does not depend on o, we get (10.10). O

The following result will be used in the proof of Lipschitz regularity of {u, = 0}.

Corollary 10.5. For any Xg € {u, =0} N By,

le(X0) — enti] < C(0? 4+5)/%).
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Proof. By taking r = 6 in (10.10), we have
97”/ [1— (ve - e(X0)*1elVue|* < o + Kado.
Bo (Xo)
On the other hand, by (9.1) and Lemma 4.6, we also have
e—"f [1— (ve - eny1) el Vue|* < C55.
Bo(Xo)

Similar to the proof of the previous lemma, combining these two and using Lemma B.5,
we get

distgpr (e(X0), en+1)2
< 9_”/ [1— (ve - e(X0))*1e|Vue |* + 9_"/ [1— (Ve - ens1)?1e| Vi |*
Bi4(Xo)

Bi/a(Xo)
< C(o + o).

Finally, we can fix e(Xp) so that it points upwards. Thus the estimate on the distance
in RP" can be lifted to an estimate in S”. O

What we have proved can be roughly stated as follows: level sets of u, are Lipschitz
graphs in the form of x,+; = h.(x) up to the scale K3¢. However, this may break down
for smaller scales, because in Lemma 10.4, K3 depends on o. To obtain further control
on the scale smaller than K3e, we first give a direct proof of Theorem 1.1 and then use
this to prove the full regularity of level sets of u,.

11. A direct proof of Theorem 1.1

This section is devoted to a direct proof of Theorem 1.1. In fact, we prove something
more.

Theorem 11.1. Suppose that u is a smooth solution of (2.1) on R"+! satisfying

1
lim R_"/ <§|Vu|2 + W(u)) < (1 + t4)w,00. (11.1)
Br

R—o0
Then there exists a unit vector e and a constantt € R such that u(X) = g(e - X 4 t).

In the following we will show that if u is a minimizing solution of (2.1) on R**!, where
n < 6, then (11.1) is satisfied. Thus Theorem 1.1 is a corollary of this theorem.

Since u is an entire solution, by the main result of [17], u satisfies the Modica inequal-
ity and hence the monotonicity formula of Proposition 4.1 for any X € R**! and r > 0.
This monotonicity ensures the existence of the limit in (11.1). It also implies that, for any
ball Bg(X) c R,

1
R_"fB ( )(§|Vu|2 + W(u)) < (1 + ta)wyop.
R(X
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With this bound, we can study the asymptotic behavior of u through the scaling
ug(X) := u(e ™' X).

As before, by Hutchinson—-Tonegawa theory, the varifolds V. associated to u, converge to
a stationary varifold V with integer multiplicity.
Furthermore, we claim:

Proposition 11.2. V is a cone with respect to the origin 0.

Proof. This is because for any R > 0, by the convergence of || V|| and (4.2),

RTIVII(Br) = lim R Vel (Br)

e—0

lim(~'R)™" /
e—0 B

In the last line, the existence of the limit follows from the energy bound (11.1) and the
monotonicity formula of Proposition 4.1. Note that this limit is independent of R. Then
by the monotonicity formula for stationary varifolds [16, Theorem 6.3.2], we deduce that
V is a cone with respect to the origin. O

By (11.1) and (11.2),

1
= lim R™" /B <§|Vu€|2 + EW(ue)) (by the definition of V)
R

1
<5|W|2 + W(u)> (by the definition of u).  (11.2)

= 1R

VB = (14 ta)wn00.

Hence we can apply Allard’s e-regularity theorem to deduce that spt || V|| is a smooth
hypersurface in a neighborhood of the origin. Then by the previous proposition, spt || V||
must be a hyperplane and V is the standard varifold associated to this plane with unit
density.
Let
D, =g, You e

be the distance type function (see Appendix A). Combining this blowing down analysis
and Proposition A.2, we get

Proposition 11.3. As ¢ — 0, &, converges (up to a subsequence of ¢ — 0) to a linear
function of the form e - X in Coc (R™*1), where e is a unit vector.

However, this argument does not give the uniqueness of this limit. Different subsequences
of ¢ — 0 may lead to different limits. To obtain the uniqueness of the blowing down limit,
we use the following lemma.

Lemma 11.4. There exists a universal constant C such that for any ball Br(X) with
R > 1, we can find a unit vector eg satisfying

[ [1—(v-er)?]|Vu|> < CR" 2. (11.3)
Br(X)

The proof is similar to the one of Lemma 10.1 (see also the proof of [26, Theorem 2.3]).
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Note that eg in this theorem may not be unique. In the following we assume that for
each R > 1, such a vector e has been fixed.

If n = 1, then as R — o0, since eg are unit vectors, we can take a subsequence of
R; — oosuchthateg, — ey € S!. Assume es, = €. Then by taking the limit in (11.3),

we get
ou \ 2
—) =0, VR=>0O0.
Brx) \ 01
Thus u(x1, x2) = u(xy).

Now consider the case n > 2. Similar to Lemma 10.4, we also have

Lemma 11.5. There exists a unit vector e, and a universal constant C such that
/ [1—(v-ex)?]IVul> <CR"2, VR > 1. (11.4)
Br(X)
For the blowing down sequence u., (11.4) implies that
/ [1— (ve - ex0) 16| Ve < Ce. (11.5)
By

Note that this estimate just says that the assumption §, > ¢ in Theorem 3.3 is not satisfied.
For any n € CP(R"), let (X, S) = n(X)*(Sews, exo) € CELR"™! x G(n)).
Passing to the limit in (11.5) gives

0= lim(V,, d) = (V, ®).
e—0

Thus for |V ||-a.a. X, the tangent plane of V at X is the hyperplane orthogonal to es. It
can be directly checked that V must be the standard varifold associated to this hyperplane.
(This can also be seen by noting that we have proved that spt || V|| is a hyperplane.)

The uniqueness of V also implies that the limit of ®, in Proposition 11.3 is indepen-
dent of the choice of subsequences of ¢ — 0, i.e.,

D, — oo - X in Cloe(R™1).

Without loss of generality, assume e, = €;,41.
Then by Theorem A .4, for any § > 0,

V&, — e,41 uniformly on By N {|x,41| > §}.

By compactness, this still holds true if the base point is replaced by any Xo € {u = 0}.
Thus we arrive at

Lemma 11.6. For any § > 0, there exists an L(5) such that, for any X € {|®| > L(5)},
IVP(X) — eny1] < 6.

In particular, in {|®| > L ()}, u is increasing along directions in the cone {e : ¢-¢e,4+1 > 8}.
Then we can proceed as in [12] to deduce that u is increasing along directions in this cone
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everywhere in R"+!. After letting § — 0, we deduce that for any unit vector e orthogonal
to ep+1,
e-Vu>0, —e-Vu>0, inR""

Thus 337“1 = 0inR"*! forall 1 <i < n. This then implies that u depends only on x, 1.

Finally, by using (11.1), it can be checked directly that u(X) = g(x,+1 + ) for some
t € R (see again the proof of Lemma B.2).

Next we prove Theorem 1.1. Let u be a minimizing solution of (2.1) on R"*!, where
n < 6. First we can use standard comparison functions to deduce an energy bound.

Lemma 11.7. There exists a universal constant C such that

/B (X)<%|Vu|2 + W(u)) < CR" (11.6)

for any ball Br(X).

As before, consider the blowing down sequence u. and the associated varifold V. By
[15, Theorem 2], its limit varifold V has unit density. In fact, in this case spt || V|| = 9€2,
where 2 has minimizing perimeter [18].

Moreover, by Proposition 11.2, 92 is a cone. Because n < 6, 32 must be a hyper-
plane [23]. Then (11.2) gives

R—o0

. —n 1 2
lim R [ =IVul*+ W) | = IVI(B1) = w,00.
Br \2

Hence u satisfies all of the assumptions in Theorem 11.1. By applying Theorem 11.1 we
get Theorem 1.1.

12. The Lipschitz regularity of intermediate layers

Now we continue the proof of Theorem 9.1. In this section we first prove that {u, = ¢t}
can be represented by a Lipschitz graph in the x,4; direction. This is a consequence of
Corollary 10.5 and Lemma 12.2 below.

Before coming to Lemma 12.2, we need the following lemma, which is an easy con-
sequence of Theorem 11.1.

Lemma 12.1. Let v be a solution of (2.1) in R**\. Assume there exists a constant o
small such that for all r large,

/ [1—(v-enr)?1IVV]* < 02", (12.1)
B,

and :
lim r_"/ <§|Vv|2 + W(v)) < (14 t4)0pw,. (12.2)
B,

r—>o0

Then there exists a constant t € R and a unit vector e satisfying
le —ent1| = Co, (12.3)
such that v(X) = g(e - X +1).
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Proof. The only thing we need to check is that (12.1) implies (12.3). This can be directly
verified by substituting u(X) = g(e - X +¢) into (12.1). O

Lemma 12.2. For any b € (0,1), R > 1 and 0 > 0 small, there exists R > R such
that the following holds. Let v be a solution of (2.1) in By, satisfying |[v(0)| < 1 — b, the
Modica inequality (2.4) and

]Q—n/ <%|VU|2 + W(v)) < (1 + ta)oowy.

R

Suppose that for any r € (R, R),

f [1— (- ens)?] V> < %

B,
Assume that v > 0 when x,41 > 0. Then for ® :== g1 o0,

sup [VP — e, 1| < 1/4.

Br
Proof. Assume that, on the contrary, there exists an R > 0, a sequence of R; — oo and
a sequence of solutions v; to (2.1) defined on Bg,, satisfying |v; (0)| < 1 — b, the Modica
inequality (2.4),

1
R f (_|w,.|2+ W(vi)) < (1 + TA)o0wn. (12.4)
By, \2
and
/ [ = - ent)?1Vuil® < 02", Vr € (R, R). (12.5)
B,
But
sup |V®; —ep41| > 1/4. (12.6)
Br

Then we can assume v; converges to a smooth solution v, on any compact set of R+
By the monotonicity formula and (12.4), for any r > 0,

1
r*”/ <§|ch>ol2 + W(voo)> = (1 + t4)oow,.
B,
Passing to the limit in (12.5) we also have
/ [1 — (Voo - €n+1)*1 VU |* < 0", ¥r > R.
B,

Then by the previous lemma (noting that v (0) = lim;_, ; v; (0) and v, > y in the part
far above R"), voo(X) = g(e - X + g7 (v50(0))) for some unit vector e satisfying

le —ent1| < 1/8.
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Consequently,
®;(X) =g 'ovi(X) > e-X inC'(Bg).

In particular, for all i large,
sup |V®; —e| < 1/4.
Br
This contradicts (12.6) and finishes the proof. O

We can apply this lemma to v(X) := u.(Xo + €X), where u, is as in Theorem 9.1 and
Xo € {ue = u:(0)} N By. Combined with Corollary 10.5 (provided o, and then ¢, are
sufficiently small), this results in

Lemma 12.3. For any X¢ € {u; = us(0)} N By, Vu, # 0in Bg,(Xo) and
Ve —ent1l < 1/2  in BK3£(XO)~

Here we only need to note that at the beginning we have assumed that v, > u.(0) in
{xp4+1 > 1/2} N By. Then by Lemma 10.2, u; < ug(0) in {x,11 < —1/2} N B;.
Next by combining Lemmas 10.2 and 10.4, for any r > K3e,

{(X — Xo) - e(Xo) = r/2} N By (Xo) C {ue > ue(0)}, 12.7)

thanks to the continuous dependence on r.
By (12.7), for any x € Bj, there exists a unique x,+1 € (—1, 1) such that (x, x,+1) €
{us = u-(0)}. Combined with the previous lemma, this then implies that

{ue =u (M}N By = {xp11 = he(x)}, x € By

Here h; is a function with Lipschitz constant bounded by 4. (This constant can be made
as small as we wish by decreasing ¢, 74 and ¢.)

To complete the proof of Theorem 9.1, we directly apply the main result in [6]. Note
that instead of the minimizing condition assumed in that paper, with our assumption (9.1)
the argument still goes through.

Appendix A. A distance type function

In this appendix, u, always denotes a solution of (2.3) satisfying the Modica inequal-
ity (2.4). Here we introduce a distance type function associated to u, and study its con-
vergence as € — 0. This is perhaps well known (see for example [11] for the parabolic
Allen—Cahn case). However, we have not found an exact reference, so we include some
details.

Recall that g, (¢) := g(¢~ ') is a one-dimensional solution of (2.2). Define

(X)) = g; ' ue(X)).

Then
—eAD, = f(e7 D)1 — VD), (A.1)
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where f(t) := —W'(g(1))//2W(g()) € CZ(R). Note that

lim f(1) = £/W/(£D),
t—=+00

where the convergence rate is exponential.
The following result is a consequence of the Modica inequality.

Proposition A.1. |Vd,| < 1.
Proof. Since u, = g.(®,), we have
[Vug| = g;(q>e)|vq>e|‘

Thus |[V®,| < 1 is equivalent to

Vie? < g,(®e).
The first integral for g, is

e s 1

E(gé) = EW(83)~
Then the final equivalent statement is exactly the Modica inequality for u,. O

By using (A.1), the limit of ®,, say ®¢, can be characterized as a viscosity solution of
the eikonal equation: In {®y > 0}, ®¢ is a viscosity solution of

|Vdo|> — 1 =0.
In {®¢ < 0}, Py is a viscosity solution of
1 —|Vdy|?> = 0.

This is similar to the vanishing viscosity method (see for example Fleming—Souganidis
[13]). However, here we would like to give a direct proof in our special setting.

Proposition A.2. For any 6 > 0, there exist constants ey, Tz, Ry > 0 such that the fol-
lowing holds. Let u. satisfy all of the assumptions in Theorem 9.1 (with R4, €4 and T4
replaced by Ry, ey and Ty respectively). Then there exists a set @ C By with 0 € 9Q and
0S2 being a smooth minimal hypersurface such that

sup | @, — dyq| < 4. (A.2)
By

Here dyq is the signed distance function to 02, which is positive in 2.
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Proof. By Hutchinson—-Tonegawa [15], the varifolds V. converge to a stationary rectifi-
able varifold V with integer multiplicity. Moreover, (9.1) and the monotonicity formula
imply that

27MVIIB2AX)) = (14 219)00wa, VX € B,

provided R; has been chosen large enough.

If 74 is sufficiently small, Allard’s e-regularity theorem implies that spt || V| N B, is a
smooth hypersurface and V N B, is the standard varifold associated to this hypersurface
with unit density. This hypersurface divides B into two parts (see Remark 4.5), say Q
and Bj \ Q. As in Remark 4.5, u, converges to 1 uniformly in any compact subset of €2,
and to —1 uniformly in any compact subset of Q°.

Thus if &¢ is small enough, we can assume that there exists a set £ with 0 € 9€2 and
a2 being a smooth minimal hypersurface, such that

disty {ue > 0} N B1, QN B1) < §/8.

In particular,
sup |disty,,—o) — daql < 6/8.

1

By Proposition A.1, in {u, > 0} N By,
O, (X) < disty,, =0y (X) < distya(X) + 4.
Similarly, in {X : |distyq(X)| < §/4}, we have |®.| < §/2. Thus in this part,
|®e — dyal < [Pl + |daal < 6.

In order to prove (A.2), it remains to show thatif X € QN {X : distao(X) > §/4}, where
disty,,—oy = /8, then
®(X) > distyy,—0)(X) — §/16.

However, if we have chosen ¢y sufficiently small (compared to §), this can be proved
directly by constructing a comparison function in the ball Bist,,, _, (x)—s/16(X), by noting
that u, is close to 1 in this ball. O

In the following we assume that as ¢ — 0, ®, converges to a distance function @
uniformly. Now we present a fact about the C! convergence of &, near a C! point of ®y.
First we establish the uniform semiconcavity of ®,.

Lemma A.3. Let ®, satisfy (A.1) in By. Assume ®, > 1/2 and |V®,| < 1 in By. Then
V2. (0) < C,

where C is a constant depending only on the dimension n.

The constant 1/2 is not essential here. It can be replaced by any positive constant.
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Proof. We shall work in the setting where ¢ = 1 and the ball is B, where R = ¢~!. For
simplicity, all subscripts will be dropped.
Take a unit vector £. By directly differentiating (A.1) in the direction &, we get

n+1

—ADg = f1(®)(1 = [VOI)) Dz — 21 (D) ) PPy,
k=1
—A®ge = /(@)1 — [V Dgs + f"(D)(1 — VD) D}
n+l1 n+1 n+1

—4f/(®) ) DpDer®e — 21 (D) Y DpDeex — 21 (D) Y DF;.
k=1 k=1 k=1

Take an n € CSO(BR/Q) such that n = 1in Bgyy, 0 < n < 1, |Vp| < 8R! and
V2 + |An| < 100R~2. Denote w := n®gs. Since w is 0 on dBR 2, it attains its
maximum at an interior point X, where

Vw =nV&gs + OV =0, (A3)
and

0> Aw = ADgen + 2V D Vi + P A
> — /(@)1 = [VOP)w — f/(@)(1 — [VO)Pgn

n+1 n+1 n+1
HAL(D) Y DD Den + 21 (D) Y DrDeern + 21 (D) Y D
k=1 k=1 k=1

+2V®:eVn + wr)_1 An.

Substituting (A.3) into this, and applying the Cauchy inequality to the third term, we
obtain

/ 2
PG

f(®@)
> — /(@)1= VP w—2f(@)VOVyy w f (@)~ w2 +wn~ An—2wn~2|Vn|%.

Vo0 + f/(®@)(1 — [VO)Din

This can be written as
Aw(X0)? + Bw(Xo) < D,

where A > 0, B and D are constants. From this we deduce that
w(Xo) = |B|/A+VIDI|/A.

More precisely,

w(Xo) < | f(D)] (1 —|VOP)n +2|VP| |Vn| + ;mﬂl " 2 "
A F@ MM F@)
1 f(®)? - ., B - >1/2
+\/f(<l>) (4 f(®) Vel ®§n+f (®)(1 —|VD| )(I)ér; . (A.4)
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Since ® > R/2 in Bg2, by the definition of f and some standard estimates on g(t),
f(@) >c inBrpa, |f/(®)+]f(®)] < Ce™® inBgpp.

Substituting these into (A.4), by using the condition |[V®| < 1 and our assumptions on 7,
we obtain

sup ®ge < w(xp) < CR™.

BRra

Rescaling back we get the claimed estimate. O

Theorem A.4. Assume that ®, converges to ®¢ in CO(Q), where @ C R*! is an open
setand ©o > 0in Q. If ¢ € Cl(Q), then @, converges to ®q in CIIOC(Q).

Proof. Fix an open set Q¢ CC 2. Take an arbitrary sequence X, € g such that X, —
Xo € Qp as ¢ — 0. By the uniform semiconcavity of ®, in €y, there exists a constant
C () such that, for all ¢ > 0,

Do (X) 1= (X)) — C(20)|X — X, |?
is concave in 2¢. In particular, for any unit vector e and 7 < dist(€2g, 92),
o(Xe + he) < Do(Xe) +hV D (X, )e. (A.5)

Because |[V®.(X:)| < 1, assume V®,.(X.) converges to a vector £. By the uniform
convergence of @, in €2, passing to the limit in (A.5) leads to

Do(Xo + he) < ®o(Xo) + h(E - e) + C(Q)h*/2,  Vh > 0.

Since @ is differentiable at Xy, letting i — 0 gives § = V®((X(). From this argument
we get the uniform convergence of V&, in Q. O

Appendix B. Several technical results

Here we collect some technical results used in this paper.

The first one is an exponential decay estimate. It has been used in many places and
can be proved by various methods (see for example [6, Section 2]), so here we only state
the result.

Lemma B.1. Ifin the ball Bog (0), u € C? satisfies
Au>Mu, O0<u<lI, (B.1)

then

1/2
sup u < Ce=cRM'?,

Br(0)

The next one gives a control of the discrepancy using the excess.
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Lemma B.2. Given M, L and t > 0, there exist constants § > 0and R(M, L, 1) > 2L
such that the following holds. Suppose that u is a solution of (2.1) in Bg with R >
R(M, L, t), satisfying

R_n/ <1|Vu|2 + W(u)> =M, (2L)_n/ [1—(v-enr)?]Vul* <6.
Br \2 Bar

L—I‘l f
Br

Proof. Assume that, on the contrary, there exist constants M and 7, and a sequence of
solutions u;, defined in Bg, with R; — oo, satisfying

Then

W(u) — l|W|2 <t
5 <1

Rf”/ <1|Vui|2 + W(”i)) <M, (B.2)
Br. \2

i

QL)™ / [1— (v - en1)*1 Vi[> — 0, (B.3)
Bor

L /
Br

Denote the limit of u; by u,. By passing to the limit in (B.3) and the unique continuation
principle, u~, depends only on the x,; variable. By the monotonicity formula, for any

R € (0, R),
1

R‘”f <—|w,-|2 + W(u») <M.
Br \2

This also holds for uy, by passing to the limit. Because u, is one-dimensional, this

implies
o
1
[.G

Note that except the heteroclinic solution g, all the other solutions of (2.1) in R! are
periodic, and hence their energy on R is infinite. From this fact we deduce that uo, =
g(xy41 + 1) for some constant ¢ € R. Hence

but

1
W (u;) — 5|Vw|2 > 1. (B.4)

duso 2

dxp11

+ W(uoo)) <M.

1] duss |?
Wliee) = 2 dxniol
Consequently,
lim W (u;) — 1|Vu,'|2 =0.
i»oo /B, 2
However, this contradicts (B.4). ]

The following result says the energy &|Vu,|> is mostly concentrated on the transition part
{lugl =1—0}.
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Lemma B.3. Let u. be a solution of (2.2) defined in Bo, satisfying the Modica inequality

and
3 5 1
SIVuel” + =W(ue) | = M.
B, \2 e

For any § > 0, there exists a constant b € (0, 1) such that

/ e|Vu|? < 8.
{luel>1-b}NB;

This is essentially [15, Proposition 5.1]. We just need to note that by the Modica inequal-
ity, we can bound 8|Vug|2 by e~ IW(uy).
Here we give a different proof. More precisely, we prove

Lemma B.4. Let u. be as in the previous lemma. Forany 1 <i <n+1and 3§ > 0, there
exists a constant b € (0, 1) such that

2 2
e R
(lue|>1=b)nB;  \ 0 (luel<1—b)NB,  \ 0%;

Proof. For simplicity, denote & := 8(%)2, which satisfies
c .
Ag > 8—25 in {Jug| >y} (B.5)

By the gradient bound on the distance type function ®., we know that for any M > 0
there exists 0 < b < 1 such that

X1 — Xo| = Me, VXj €{ug| <1—2b}, X2 €{lug| >1—0b}.
In other words, for any X € {|u.| > 1 — b}, Bye(X) C {Jug| > 1 — 2b}.
By (B.5),if 1 —2b > y, then for any X € {|u.| > 1 — b},
e because £ is subharmonic,

sup & < CM_"_ls_”_I/ £(Y)dY;
Be2(X) By (X)

e by LemmaB.1,

E(X) < Ce™M sup &
Biej2(X)

Thus

E(X) < Ce~Mp—n—lg—n-l / E(Y)dY.
BMS(X)
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Integrating this on {|u.| > 1 — b} and then using the Fubini theorem, we obtain

/ E(X)dX < CeMpn—lgn—1 f / EX+Y)dYdX
{lue|>1-b}NBy {lue|>1-b)B; J Bye (0)

= Ce Mp—n=lg—n-l / EX+Y)dXdY
Bue(0) J{luc|>1-b)0B,

< Ce—cMM—"—le—”—‘/ / £(X)dX dY
Bue(0) J {luc|>1-26)0B,

<Ce M / £(X) dX.
(lue]>1—2b}NB,

Hence by choosing b small enough, which implies that M is sufficiently large, we get the
claimed estimate. m]

Finally, we give a lower bound of the energy in balls.

Lemma B.5. Forany b € (0, 1) and M > O, there exist constants c(M, b) and R(M, b)
such that the following holds. Assume u is a solution of (2.1) in Bg where R > 2R(M, b),
satisfying [u(0)| < 1 — b, the Modica inequality and the energy bound

/ <%|W|2 + W(u)) < MR".
Br

Then for any r € [1, R/2],
|Vul|®> > (M, b)r". (B.6)

-

By the monotonicity formula, it is easy to get a constant c¢(b) such that

/ (%qul2 + W(u)) >cb)r", V1 <r <R. (B.7)

However, this is weaker than our statement.
Proof of Lemma B.5. We first prove that, under the assumptions of this lemma (with a
different constant Ry (M, b)),
/ |Vu|?> > ¢(M, b)R" (B.8)
Bry2

if R > R{(M, b).

Assume this is not true, that is, the claimed R (M, b) does not exist. Then there exists
an M > 0 and a sequence of u;, which are solutions of (2.2) in Bg, where R; — o0,
satisfying |u; (0)| < 1 — b, the Modica inequality and the energy bound

—] Vuz—l-w u; < MR!
2| l| ( l) i
BR’,
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but

Rl._"/ [Vu|?> - 0. (B.9)
Brg, /2

Lete; = Ri_1 and ug,; (X) := u;(R; X). Then

i 1
f <€_1|V“5,-|2 + —W(Me,-)> =M,
B 2 &

and

/ &i|Vug,|* — 0. (B.10)
1/2

By the main result in [15], &;|Vu; |2dX — u as measures, where 1 is a positive Radon
measure (in fact, the weight measure associated to the limit varifold, as in Section 4).
Moreover, u,;, — =1 locally uniformly outside spt u. However, (B.10) obviously im-
plies that ;4 (B1/2) = 0. Thus for all i large, |us;| > 1 — b in By,2. This contradicts our
assumption that |ug, (0)| < 1 — b, and proves (B.8).

By the monotonicity formula (recall that we have assumed the Modica inequality),
for any r € (1, R),

/ (%IWI2 + W(u)) < Mr". (B.11)
Br

Thus the above discussion covers the case r € [R1(M, b), R] in (B.6), that is, (B.8) holds
for every r € [R1(M, b), R].

For the remaining case, we only need to note that it is impossible to have u = u(0),
because otherwise

1 2 n+1 n
/ (§|Vu| + W(u)) = Wp+1 Wu(0))r > Mr",
B

r

provided r > M /wy41(infse[—14p,1—b] W (s)). Then it can be directly verified that
/ IVul* = (M),
B

by using (B.11) with r = M /w,1(nfse[—145,1—1] W(s)).
Choosing R(M, b) = max{R{(M, b), M /wp41(infse[—145,1—-5) W (s))} we finish the
proof. O
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