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Abstract. We consider an arbitrary topological groupG definable in a structure M, such that some
basis for the topology of G consists of sets definable in M. To each such group G we associate
a compact G-space of partial types, Sµ

G
(M) = {pµ : p ∈ SG(M)}, which is the quotient of the

usual type space SG(M) by the relation of two types being “infinitesimally close to each other”.
In the o-minimal setting, if p is a definable type then it has a corresponding definable subgroup
Stabµ(p), which is the stabilizer of pµ. This group is nontrivial when p is unbounded; in fact, it is
a torsion-free solvable group.

Along the way, we analyze the general construction of Sµ
G
(M) and its connection to the Samuel

compactification of topological groups.

Keywords. o-minimality, definable groups, compactification

1. Introduction

It was shown in [PS] that in a group G definable in an o-minimal structure, one can
associate to any definable unbounded curve γ ⊆ G a definable one-dimensional torsion-
free groupHγ . In fact, the groupHγ can be viewed as associated to the (definable) type p
of γ at “+∞”. Our initial goal in the current article was to extend that result to arbitrary
definable types inG and associate to any such p a definable groupHp, which is nontrivial
if and only if p is unbounded (here, a type p is called unbounded if no formula in p defines
a definably compact set with respect to the G-topology).

While working on the above we discovered interesting connections to general topo-
logical groups, G-spaces and their universal compactifications. Namely, consider an ar-
bitrary topological group G, definable in some structure M, with a basis for its topology
consisting of sets definable in M. Under these assumptions we view the partial type µ
of all definable open subsets of G containing the identity as an “infinitesimal subgroup”
and use it to define an equivalence relation on complete types in SG(M): p ∼µ q if
µ ·p = µ ·q as partial types. It turns out that this equivalence relation is well behaved and
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the quotient space SµG(M) is a compact G-space. Moreover, this construction recovers
the Samuel compactification [S] in the case of an arbitrary topological group, when all
subsets of G are definable in M. In the case when G is a discrete group our analysis is
already subsumed by the work of Newelski [N] and others (see for example [GPP]).

Returning to our original problem, the group Hp described above is just the stabilizer
of the associated partial type pµ under the action of G on SµG(M). For the result below,
we say that a complete type p ∈ SG(M) is µ-reduced, if its∼µ-class does not contain any
complete type of lower dimension. We first prove (Claim 3.4) that any definable type q
which is unbounded has a ∼µ-equivalent definable type p of positive dimension which is
µ-reduced. Summarizing our main results we have (Theorems 3.10 and 3.26):

Theorem 1.1. Let G be a definable group in an o-minimal expansion of a real closed
field. Then to any definable µ-reduced type p ∈ SG(M) there is associated a definable,
torsion-free group Hp = Stabµ(p) ⊇ Stab(p) with dimHp = dimp. In particular,
dimHp > 0 if and only if p is unbounded.

Regarding the general setting of a topological groupGwhich is definable in a structure M
and has a basis of definable sets, we prove in Appendix A the following (Theorem A.15):

Theorem 1.2. The quotient SµG(M) is a compact Hausdorff space on which the
group G(M) acts continuously. The map g 7→ tp(g/M)µ embeds G(M) as a dense
subset of SµG(M).

Thus, SµG(M) is a G-ambit, and we show that it is the greatest G-ambit within the so-
called definably separable G-ambits.

While our main interest is in the group G itself, we found it useful to treat the more
general case of G acting definably on a definable set X, and this is the setting throughout
the first part of the paper.

A uniformity vs. a type-definable equivalence relation. As already pointed out, our
construction of SµG(M) recovers to a great extent the work of Samuel [S] on compactifi-
cations of uniform spaces. Samuel works in a set endowed with a uniformity, a collection
of subsets of X2 which satisfies certain conditions and gives rise to a topology on X. As
we explain in Appendix A, the notion of a uniformity is the same as the model-theoretic
notion of a type-definable equivalence relation onX. Thus, we carry out some of the work
in this more general setting.

Outline of the paper. We begin in Section 2 by a general discussion of topological
groups and µ-types. In Section 3 we move to the o-minimal setting and analyze the group
Stabµ(p) in detail. In Appendix A we carry out the above mentioned analysis of the gen-
eral case and describe the space SµG(M) in detail. In Appendix B we prove a technical
result which is needed for the o-minimal case.

General conventions. We fix a complete first order theory T and a large saturated
enough model U of T . When D is a definable set and ϕ(x) a formula, we say that ϕ(x)
is a D-formula if U |= ϕ(x) → x ∈ D. We extend this definition to types (possibly
incomplete) by saying that a type q(x) is a D-type if q(x) ` x ∈ D. We let LD(M) be
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the collection of allD-formulas with parameters inM and let SD(M) denote the set of all
complete D-types over M .

We use the predicateD to denote both a definable set and a formula defining it. Thus,
we write for example g ∈ D or p ` D, where D is thought of as a definable set in the
first case and a formula in the latter. When D is a definable set over a model M and
N � M then we will write D(M) or D(N) to denote the specific realization of D in
the structures M or N . Very often when we work in a fixed structure M we just write D
instead of D(M).

2. Topological groups and µ-types

2.1. On definable groups and group actions

Let G be a group. Recall that a G-set is a set X together with an action of G on it. If
X is a G-set then for subsets P ⊆ G and Y ⊆ X, we will denote by P · Y the set
{x · y : x ∈ P, y ∈ Y } ⊆ X, and if P (or Y ) is a singleton {a} then we just write a · Y
(resp. P · a).

WhenG is a topological group, X is a topological space and the action is continuous,
(i.e. the map (g, x) 7→ g · x is a continuous function from G×X to X), then X is called
a G-space. All topological groups and compact spaces are assumed to be Hausdorff.

Throughout Section 2 we fix a small arbitrary M ≺ U and an M-definable group G.
We also fix anM-definable setX withG acting definably onX, namely, the map (g, x) 7→
g · x is definable in M. We call X a definable G-set.

Notation 2.1. • If ϕ(v) is a G-formula over M and ψ(x) is an X-formula then by ϕ · ψ
we will denote the X-formula

(ϕ · ψ)(x) = ∃v ∃u (ϕ(v)&ψ(u)& x = v · u).

• If p(v) is a G-type and r(x) is an X-type (possibly incomplete) then by p · r we will
denote the X-type

(p · r)(x) = {(ϕ · ψ)(x) : p(v) ` ϕ(v), r(x) ` ψ(x)}.

Remark 2.2. (1) For the action ofG on itself by left multiplication, the above definition
gives us a notion of product of types, but for p, q ∈ SG(M) the type p · q is usually
incomplete.

(2) If we identify an element g ∈ G(M) with the complete type tp(g/M), the above
definition agrees with the usual definition of the action of G(M) on the G-types and
the M-definable G-sets.

(3) It is easy to see that if ϕ(v) is aG-formula overM and ψ(x) is an X-formula overM
then

ϕ(M) · ψ(M) = (ϕ · ψ)(M).
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(4) For a G-type p(v) over M and an X-type r(x) over M we have

p(U) · r(U) = (p · r)(U).

But if N �M is not |M|+-saturated then in general we only have the inclusion

p(N) · r(N) ⊆ (p · r)(N).

(5) It follows from (4) that if p(v), q(v) are G-types over M and r(x) is an X-type over
M then

((p · q) · r)(x) = (p · (q · r))(x).

2.2. Topological groups and their infinitesimal types

For the rest of Section 2 we assume in addition that G is a topological group and fur-
thermore that G has a basis for its topology consisting of sets definable in M. Note that
this is a rather weak assumption and for example does not imply thatG(U) is still a topo-
logical group. When we develop the theory further, we make a stronger assumption, that
a basis for the topology of G is uniformly definable in M (which is what Pillay calls
in [P2] “a first order topological group”). This will be sufficient to ensure that G(U) is
a topological group.

Definition 2.3. The infinitesimal type of G is the partial G-type over M , denoted by
µG(v) (or just by µ(v) if G is fixed), consisting of all formulas over M defining an open
neighborhood of e.

Notice that the type µ(v) is not complete unless the topology on G is discrete. The next
claim follows from the continuity of the group operations.

Claim 2.4. (1) µ(v) = µ−1(v).
(2) g · µ = µ · g for every g ∈ G(M).
(3) µ · µ = µ.

Corollary 2.5. For any elementary extension N of M the set µ(N) is a subgroup of
G(N) and every element of G(M) normalizes µ(N).

Claim 2.6. For a partial X-type 6(x) over M and p ∈ SX(M), the following are equiv-
alent:

(1) (µ · p) ∪6 is consistent.
(2) p ` µ ·6.

Proof. We work in U.
(1)⇒(2): Assume that µ · p ∪ 6 is consistent and fix in G(U) and X(U) elements

ε |= µ and b |= p, respectively, such that ε · b |= 6. Let β = ε · b. Since b = ε−1β and
µ−1
= µ, we have b |= µ ·6. Since p is a complete type, this implies p ` µ ·6.
(2)⇒(1): Assume that p ` µ·6 and choose ε |= µ and b |= p such that ε−1

·b |= 6.
Since µ−1

= µ, we have ε−1
· b |= µ · p, so the result follows. ut
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Claim 2.7. For p, q ∈ SX(M), the following conditions are equivalent:

(1) The type (µ · p)(x) ∪ (µ · q)(x) is consistent.
(2) p(x) ` (µ · q)(x).
(3) µ · p = µ · q (here and below we consider two partial types over M to be equal if

they are logically equivalent).

Proof. We apply Claim 2.6, by taking 6 = µ · q, and using µ · µ = µ. ut

Notation 2.8. • For p, q ∈ SX(M) write p ∼µ q if µ · p = µ · q as partial types.
• We let SµX(M) be the quotient of SX(M) by the equivalence relation∼µ, and use pµ to

denote the ∼µ-equivalence class of a type p. Namely, µ · p is a partial type and pµ is
the associated equivalence class.

Claim 2.9. For any g ∈ G(M) and p ∈ SX(M) we have

g · (µ · p) = µ · (g · p).

Proof. Follows from Remark 2.2(5) and Claim 2.4(2). ut

Thus the action of G(M) on SX(M) preserves ∼µ, so it induces an action of G(M)
on SµG(M) by g · pµ = (g · p)µ. We will consider SµX(M) as a G-set. In Appendix A we
discuss other properties of SµX(M).

2.3. µ-stabilizers

We still assume that X is a definable G-set (and X is not assumed to carry any topology).

2.3.1. Stabilizers of partial types. As already pointed out, the group G(M) acts on
LX(M).

Definition 2.10. Let 6(x) be a partial X-type over M . We first define

Stab(6) = {g ∈ G(M) : for all ϕ ∈ LX(M), 6 ` ϕ ⇔ 6 ` g · ϕ}.

For ϕ(x) ∈ LX(M), consider the set

{h ∈ G(M) : 6 ` h · ϕ(x)} (2.1)

and define Stabϕ(6) ⊆ G(M) to be the stabilizer of the above set (so in particular a
subgroup).

The following is easy to verify:

Claim 2.11. For every partial X-type 6 over M ,

Stab(6) =
⋂
6`ϕ

Stabϕ(6) =
⋂

ϕ∈LX(M)
Stabϕ(6).
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Definition 2.12. We say that a partial type 6(x) ⊆ L(M) is definable over A ⊆ M if for
every formula φ(x, y) there exists a formula χ(y) ∈ L(A) such that for every a ∈ M ,
6 ` φ(x, a) if and only if M |= χ(a).

For 6(x) a partial type definable over M , and N � M, we denote by 6|N the
extension of 6 by definitions to a partial type over N . Namely, for a ∈ N and φ ∈ L(M),
φ(x, a) ∈ 6|N iff N |= χ(a), for χ(y) as above.

Here is our main use of definability of types:

Proposition 2.13. Assume that 6 is a definable partial X-type over M . Then Stab(6)
can be written as an intersection of M-definable subgroups. If in addition G has the
Descending Chain Condition onM-definable subgroups then Stab(6) is a definable sub-
group of G.

Proof. The fact that each of the sets in (2.1) is definable is immediate from the definability
of 6. It follows that each Stabϕ(6) is definable, and therefore Stab(6) is an intersection
of definable groups. If in addition G has DCC, then the intersection is finite, hence defin-
able. ut

Strengthening the assumptions. From now on we assume thatG has a uniformly defin-
able basis

{Bt : t ∈ T }

of open neighborhoods of the identity. We call such a G a definably topological group.
As pointed out earlier, for N �M the group G(N) is again a topological group and the
definable family {Bt : t ∈ T (N)} forms a basis for the open neighborhoods of e.

We may identify the type µ with the collection of formulas {Bt : t ∈ T }. Note that
µ itself is a definable partial type, over the parameters defining T . Indeed, for a ∈ M ,
µ ` φ(x, a) if and only if M |= ∃t ∈ T ∀x (x ∈ Bt → φ(x, a)). If N �M then µ|N
is just the infinitesimal type of G(N) in the structure N .

2.3.2. Stabilizers of µ-types

Notation 2.14. For p ∈ SX(M), we define the infinitesimal stabilizer Stabµ(p) as

Stabµ(p) = Stab(µ · p).

Note that Stabµ(p) contains the usual stabilizer of p, denoted by Stab(p). The claim
below and its proof was proposed to us by A. Pillay.

Claim 2.15. If p is a complete type in SX(M) definable over A ⊆ M then µ · p is a
partial type definable over A.

Proof. Let φ(x, y) be a formula. For b ∈ M we have (µ · p)(x) ` φ(x, b) if and only
if (µ · p)(x) ∪ {¬φ(x, b)} is inconsistent, which by Claim 2.6 is equivalent to p(x) 0
(µ · ¬φ(x, b))(x). Since p is a complete type, the latter condition is equivalent to the
existence of t ∈ T (M) such that p(x) ` ¬(Bt · ¬φ(x, b))(x).

Since the type p(x) is definable over A, there is a formula χ(u, y) ∈ L(A) such that
p(x) ` ¬(Bt · ¬φ(x, b))(x) if and only if M |= χ(t, b).

Thus (µ · p)(x) ` φ(x, b) if and only if M |= ∃t ∈ T (χ(t, b)). ut
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Remark 2.16. The definition of µ · p is canonical in the following sense: If p ∈ SX(M)
is definable over M and N �M then (µ|N) · (p|N) = (µ · p)|N .

Proposition 2.17. Assume thatG has the Descending Chain Condition for definable sub-
groups and that p ∈ SX(M) is a definable type overM . Then Stabµ(p) is anM-definable
subgroup of G. Moreover, if N �M then Stabµ(p|N) is defined by the same formula.

Proof. We take 6 = µ ·p, which is definable by the last claim. By Claim 2.13, Stabµ(p)
is definable in M. ut

The following claim follows from generalities about group actions.

Claim 2.18. For p, q ∈ SX(M) and g ∈ G(M), if g · pµ = qµ then

Stabµ(q) = g Stabµ(p)g−1.

Remark 2.19. In the case X = G we always consider the action of G on itself by left
multiplication. In particular, both stabilizer groups Stab(p) and Stabµ(p) are taken with
respect to left multiplication. Note that they could turn out to be different groups for the
opposite action. The following example is taken from [P3].

Let G = SL(2,R). Consider the curve

γ (t) =

(
t 1
0 t−1

)
, t > 0.

We will denote by S ⊆ G the image of γ , and let p(x) be the type on S corresponding to
t > R.

It is not hard to see that the µ-stabilizer of p with respect to left multiplication is{(
1 a

0 1

)
: a ∈ R

}
and with respect to right multiplication is{(

r 0
0 r−1

)
: r ∈ R>0

}
.

2.4. A partial “standard part” map

In the o-minimal case, when N is a tame extension of M, there is a standard part map
st : OM(N)→ M from the set of M-bounded elements of N into M (see Section 3.2 for
more details). Here we introduce an analogue of a standard part map without assuming
o-minimality or tameness.

Let N be an elementary extension of M. By Corollary 2.5, µ(N) is a subgroup of
G(N) normalized byG(M), hence µ(N) ·G(M) is a subgroup ofG(N), still normalized
by G(M). Abusing notation, we denote this subgroup by OG(N).

Because µ(N) ∩ G(M) = {e}, there exists a surjective group homomorphism
st∗ : OG(N) → G(M) which sends every h to the unique g ∈ G(M) such that
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h ∈ µ(N)g. We think of the map st∗ as a partial “standard part” map from G(N) into
G(M), so for Y ⊆ G(N) we will use st∗(Y ), again abusing notation, to denote the image
under st∗ of the set Y ∩OG(N).

Note that if H ≤ G(N) is any subgroup then st∗(H) is a subgroup of G(M). As we
shall see later, under various assumptions this group is definable in M .

Example 2.20. If G = 〈R,+〉 and R is a nonstandard elementary extension of the real
field then OG(R) equals the subgroup of elements of G of finite size. If G = 〈R>0, ·〉

then OG(R) is the collection of all positive elements a ∈ R such that both a and 1/a are
finite.

Claim 2.21. Let p, q ∈ SX(M), let N � M be |M|+-saturated and let α |= p and
β |= q be in N . For a ∈ X(N), let Ga = {h ∈ G(N) : h · a = a}.

(1) If p ∼µ q then st∗(Gα) = st∗(Gβ).
(2) The group st∗(Gα) is normal in Stabµ(p).

Proof. (1) Note that if p = q then we can immediately conclude that st∗(Gα) = st∗(Gβ).
Our result shows that it is sufficient to assume that p and q are µ-equivalent types.

Because p ∼µ q we may replace β by another realization of q if needed and assume
β = ε ·α for some ε ∈ µ(N). It follows thatGβ = εGαε−1. Also, it is not hard to see that
Gβ ∩OG(N) = ε(Gα ∩OG(N))ε

−1. Because st∗ is a homomorphism and ε ∈ ker(st∗),
we see that st∗(Gβ) = st∗(Gα).

(2) We first note that the group st∗(Gα) is contained in Stabµ(p). Indeed, assume that
g = st∗(h) for some h ∈ Gα , so g = εh for ε ∈ µ(N). Then

g · α = εh · α = ε · α |= µ · p,

so g ∈ Stabµ(p).
To see that st∗(Gα) is normal in Stabµ(p), we take g ∈ Stabµ(p) (in particular,

g ∈ G(M)), and then

g(st∗(Gα))g−1
= st∗(gGαg−1) = st∗(Gg·α) = st∗(Gα),

where the last equality follows by (1), since tp(g · α/M) ∼µ p. Thus we showed that
st∗(Gα) is normal in Stabµ(p). ut

Finally, we have:

Claim 2.22. For p ∈ SG(M) and |M|+-saturated extension N �M we have:

(1) Stabµ(p) = st∗(p(N)p(N)−1).
(2) Stabµ(p) = st∗(p(N)α−1) for every α |= p in N .

Proof. (1) Let us see that st∗(p(N)p(N)−1) ⊆ Stabµ(p). Indeed, assume that g =
ε · a · b−1

∈ G(M) for ε ∈ µ(N) and a, b ∈ p(N). Then clearly g · p is consistent
with µ · p, so, since g · p is a complete type, it follows that g · p ` µ · p. By Claim 2.7,
gµ · p = µ · p, so g ∈ Stabµ(p).
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For the opposite inclusion, assume that g ∈ Stabµ(p) and take an arbitrary b |= p.
Since g · p ` µ · p, there exist ε ∈ µ(N) and a ∈ p(N) such that ε · a = g · b (here we
have used the saturation of N ). It follows that g = εab−1, so g ∈ st∗(p(N)p(N)−1).

(2) Use the fact that if g = st∗(β ′α′−1) is in M and β ′, α′ |= p, then by saturation
of N using an automorphism over M we can replace α′ with α and β ′ with some other
β |= p. ut

This ends our discussion under the assumption that G is a general definably topological
group.

3. The case of an o-minimal G

We assume in this section that G is a definable group in an o-minimal structure M ex-
panding a real closed field R.

By Pillay’s work [P1] we know that for any k, G has the structure of a definable
Ck-manifold with respect to R, making G into a Ck-group. In particular it is a definably
topological group in M. Because G has DCC [P1], it follows from Propositions 2.17
and 2.13 that for a definable type p ∈ SG(M), the groups Stabµ(p) and Stab(p) are
definable. Our goal in this section is to realize Stabµ(p) as the image under the standard
part map of a definable set in a bigger model. This will allow us to prove for example that
Stabµ(p) is a torsion-free group which is nontrivial unless p is bounded. It will also help
us determine the dimension of Stabµ(p).

Most of the work in this section concerns the action of G on itself by left multipli-
cation, but towards the end we also consider general definable G-sets in the o-minimal
setting.

3.1. Embedding G as an affine group

The following claim is known, but since we could not find a precise reference we provide
an outline of a proof.

Claim 3.1. The group G, with its Ck-manifold structure, is definably Ck-diffeomorphic
to a closed Ck-submanifold of Mn for some n.

Proof. This is done in two steps. First, we apply a result of Fischer [F, 1.3] to find a
Ck-diffeomorphism between G and a Ck-submanifold of Mn for some n. Since Fischer
states his result only for structures over the reals, we clarify several points: The main tool
in his article, Corollary 1.2, which states that every closed set is the zero set of a definable
Ck-function, can be replaced by [vdDM, 4.22], whose proof goes through word-for-word
for a general real closed field. The rest of the argument (we only need Step 1 in that proof)
can remain as is. We now identify G with its image in Mn.

Next we use the argument from [Cos, 6.18]: as above we find a definable Ck-function
h : Mn

→ M whose zero locus is the closed set Cl(G)\G and identifyG with the closed
set {(x, t) ∈ Mn+1

: x ∈ G, t · h(x) = 1}. ut

We assume from now on that G is a closed C1-submanifold of Mn, with the group oper-
ations C1-maps.
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Remark 3.2. Note that now p is an unbounded G-type if and only if p(U) is not con-
tained in any bounded subset of Un.

3.2. On the standard part map

Recall that an elementary extension N �M is called tame if for every n ∈ Nk the type
tp(n/M) is definable.

Let p be a type overM and α be a realization of p. By definability of Skolem functions
[vdD1] the definable closure of M ∪ {α} is an elementary extension of M that we will
denote by M〈α〉. Clearly, when p is a definable type, the extension M〈α〉 �M is tame.

Let N �M be a tame extension and O = OM(N) the set of M-bounded elements
of N , i.e.

O = {n ∈ N : −m < n < m for some m ∈ M}.

We denote by ν = νM(N) the set of M-infinitesimal elements of N , i.e.

ν = {n ∈ N : −m < n < m for any m > 0 ∈ M}.

Note that νn is the intersection of all M-definable open neighborhoods of 0 ∈ Mn.
Because N is a tame extension of M, every element in O is infinitesimally close

to a (unique) element in M [MS, Theorem 2.1], hence we have the standard part map
st : O → M defined as: st(n) is the unique m ∈ M such that n ∈ m + ν. We extend this
definition to st : On

→ Mn. Note that in this case the map st is the same as our previous
st∗ with respect to the group G = 〈M,+〉 or its cartesian powers.

The group G is embedded as a closed Ck-subamanifold of Mn. As before, the in-
finitesimal subgroup µ of G is given by a definable basis of G-open neighborhoods of
e ∈ G. As the group topology agrees with the restriction of the Mn-topology, we have
µ(N) = (e + νn) ∩ G(N). Thus a partial type which defines µ can be taken to be
{Bε : ε > 0, ε ∈ M}, where we write Bε for the intersection of the ε-ball inMn around e
with the set G.

Using continuity of the group operations it is not difficult to show that for any
g ∈ G(M) we have

g · µ(N) = (g + νn) ∩G(N).

Since G is a closed subset, it follows that for any a ∈ O(N)n ∩ G(N) we have
st(a) ∈ G(M), so that OG(N) = O(N)n ∩ G(N). In particular, the standard part maps
with respect to G and 〈Mn,+〉 coincide for elements of G(N).

3.3. Reduced types

Definition 3.3. We say that a type p ∈ SG(M) is µ-reduced if for every q ∈ SG(M)with
qµ = pµ we have dimp ≤ dim q.
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By finiteness of dimension, for every p ∈ SG(M) we can find a µ-reduced q ∈ SG(M)
with pµ = qµ. Note however that one ∼µ-class can contain more than one µ-reduced
type. For example in 〈M2,+〉 the type of (α, 0) where α > M and the type of (α, 1/α)
are both µ-reduced, one-dimensional and ∼µ-equivalent.

Our first goal is to show that for definable p ∈ SG(M) we can find a definable µ-
reduced q with pµ = qµ.

Claim 3.4. Let p ∈ SG(M) be a definable type. If p is not µ-reduced then there is a
definable type q ∈ SG(M) with qµ = pµ and dim q < dimp.

Proof. Assume p is a definable type that is not µ-reduced. Then we can find a type
s(x) ∈ SG(M) such that sµ = pµ and dim s < dimp. We can choose an M-definable set
V ⊆ G such that dimV = dim s and s ` V .

We fix some positive r ∈ M .
Since pµ = sµ we have

p(x) ` ∃y ∃z (x = y · z& y ∈ Br & z ∈ V ). (3.1)

We choose a realization α of p and let N =M〈α〉. Since the type p is definable, N
is a tame extension of M.

Using (3.1) we find that there are β ∈ V (N) and g∗ ∈ Br(N) such that α = g∗ · β.
Since g∗ ∈ Br(N), we have g∗ ∈ On. Let g = st(g∗) ∈ M . Then g∗ = g · ε for some

ε ∈ µ(N). We have α = g · (ε · β).
Let q ′(x) = tp(β/M). It is a definable type with dim q ′ ≤ dimV < dimp.
By Claim 2.9 we also have pµ = g · q ′µ. Now the type q(x) = g−1

· q ′ is definable of
the same dimension as q ′, and qµ = pµ. ut

Corollary 3.5. For any definable type p ∈ SG(M) there is a µ-reduced definable type
q ∈ SG(M) with pµ = qµ.

Finally, we easily obtain:

Claim 3.6. If p ∈ SG(M) is a µ-reduced type then for every g ∈ G(M), the type g ·p is
µ-reduced.

We end with the following observation:

Fact 3.7. For a definable type p ∈ SG(M), p(U) is bounded if and only if p is µ-
equivalent to an algebraic type tp(g/M) for some g ∈ G(M).

Proof. If p ∼µ tp(g/M) then any realization of p is infinitesimally close to g. But then
anyM-definable open set containing g must be in p, so p has formulas defining bounded
sets. For the converse, if p contains a formula over M defining a bounded set D then
D(N) ⊆ OG(N), where N =M〈α〉 for some α |= p. It follows that the standard part
map is defined on D(N), and in particular there exists g ∈ G(M) infinitesimally close
to α. ut
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3.4. Redefining Stabµ(p) using the standard part map

Our main goal in this section is to show that for a definable µ-reduced type p we can
find an M-definable set S in p such that for any realization α |= p we have Stabµ(p) =
st(Sα−1). We first clarify the notation.

Since p is a definable type, the structure N =M〈α〉 is tame and we work in N . As
before, O is the convex hull ofM in N and we have the standard part map st : On

→ Mn.
By [vdD2, Corollary 1.3], for every set D definable in N the image st(D ∩ On) is an
M-definable set. We are going to omit On and just write st(D) in this case. We still let
Br denote the intersection of the ball of radius r centered at e in Mn with G.

The first inclusion that we want is not difficult.

Claim 3.8. Let p ∈ SG(M) be a definable type and S an M-definable set in p. Then for
every realization α |= p we have

Stabµ(p) ⊆ st(Sα−1),

where st is taken in the structure N =M〈α〉.

Proof. Let α be a realization of p.
Assume g ∈ Stabµ(p). Then g · p ` µ · p.
As in Claim 3.4, for every positive r ∈ M we have

g · p(x) ` ∃y ∃z (x = y · z& y ∈ Br & z ∈ S).

Thus for every positive r ∈ M we have

N |= ∃y ∃z (gα = y · z& y ∈ Br & z ∈ S).

In the structure N we can now take the infimum of all r > 0 which satisfy the above.
This infimum belongs to ν(N), hence we can find ε ∈ ν(N) such that

N |= ∃y ∃z (gα = y · z& y ∈ Bε & z ∈ S).

Hence there is β ∈ S(N) (for z) and g∗ ∈ µ(N) (for y) such that g ·α = g∗ ·β. Therefore
g = st(β · α−1). ut

Recall [vdD2, Proposition 1.10] that for every definable set V in an elementary tame
extension N of M, we have dim st(V ) ≤ dimV . Since Stabµ(p) ⊆ st(Sα−1) and we can
choose S with dimp = dim S, we obtain:

Corollary 3.9. For every definable type p ∈ SG(M), dim Stabµ(p) ≤ dimp.

We can now state our main theorem.

Theorem 3.10. Let p ∈ SG(M) be a definable µ-reduced type. Then:

(1) dim Stabµ(p) = dimp.
(2) There exists anM-definable set S with p ` S such that dim S = dimp, and for every

α |= p and N =M〈α〉, we have:
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(i) Stabµ(p) = st(Sα−1).
(ii) The tangent space to Stabµ(p) at e equals the standard part of the tangent space

to Sα−1 at e, i.e. T (Stabµ(p))e = st(T (Sα−1)e).

In particular, if p is not a bounded type in Mn then dim Stabµ(p) > 0.

Remark 3.11. In the case when dimp = 1, clauses (1) and (2)(i) of the above follow
from [PS], and (2)(ii) is contained in [P3].

The proof of the above theorem will go through several steps and lemmas, and we divide
it into several subsections. The main point of the proof is to find an appropriate set S.

3.4.1. The existence of S and the proof of of clause (2)(i) in Theorem 3.10. During the
rest of the proof we fix a definable µ-reduced type p ∈ SG(M), a realization α |= p and
N =M〈α〉. We work in the structure N .

Notice that since p is µ-reduced, for every g ∈ G(M), the type g ·p is also µ-reduced.
To simplify notation, from now on we write O for OG(N).

Claim 3.12. For everyM-definable set Y ⊆ G(N), if dimY < dimp then O ·α∩Y = ∅.

Proof. Assume for contradiction that O · α ∩ Y 6= ∅ and let β ∈ G(N) be a point in
Y ∩O ·α. If we let g = st(βα−1) then tp(β/M) ∼µ g ·p while dim tp(β/M) ≤ dimY <

dim g · p. This contradicts the above observation that g · p is µ-reduced. ut

Claim 3.13. There exists anM-definable set S in p such that every element of S∩ (O ·α)
realizes p.

Proof. For every definable set S ∈ p, the set Sα−1
∩ O is a relatively definable subset

of O ⊆ OM(N)
n, hence, by Theorem B.2 in Appendix B (see also Example B.1), it

has finitely many connected components. Namely, it can be written as a finite union of
pairwise disjoint, relatively definable subsets of O, each of which is clopen in Sα−1

∩O
and such that any other relatively definable clopen subset of Sα−1

∩ O contains one of
those.

We choose an M-definable S in p such that dim S = dimp, S is a cell, and the
number of connected components of Sα−1

∩ O is minimal. We claim that S has the
desired property.

Indeed, assume not, namely there exists β ∈ S∩(O·α) such that β |= q ∈ SG(M) and
q 6= p. By Claim 3.12, we must have dim q = dimp = dim S. Since p 6= q, there exists
an M-definable set Y in q but not in p. We may assume that Y ⊆ S, and furthermore that
Y is relatively open in S (because dim q = dim S), so Yα−1 is relatively open in Sα−1.

We claim that Yα−1
∩O cannot be relatively closed in Sα−1

∩O. Indeed, if it were,
then Yα−1

∩ O would be clopen in Sα−1
∩ O, and therefore would contain the whole

connected component of β in Sα−1
∩O. This would imply that the number of components

of (S \ Y )α−1
∩ O is smaller than that of Sα−1

∩ O, and furthermore α ∈ S \ Y . Since
S \ Y is defined over M , we obtain a contradiction to the minimality of components in
Sα−1

∩O.
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Thus, Y ∩O ·α is not closed in S∩O ·α, so the set Fr(Y )∩O ·α is nonempty. However,
Fr(Y ) is M-definable and its dimension is smaller than that of Y , so also smaller than
dimp. This contradicts Claim 3.12, so ends the proof of Claim 3.13. ut

In the rest of the proof we will show that any set S as in Claim 3.13 satisfies clause (2) of
Theorem 3.10.

Claim 3.14. Let S be as in Claim 3.13 and assume α |= p. Then Stabµ(p) = st(Sα−1).
Moreover, for every M-definable set S1 ⊆ S, if p ` S1 then Stabµ(p) = st(S1α

−1).

Proof. By Claim 3.8, we have Stabµ(p) ⊆ st(S1α
−1), so if we prove that st(Sα−1) ⊆

Stabµ(p) then we get equality.
Assume g ∈ st(Sα−1). Then there exist ε ∈ µ(N) and β ∈ S such that εg = βα−1,

so εgα = β. By the choice of S we have β |= p, which implies that the types g · p(x)
and µ · p(x) are mutually consistent, so g ∈ Stabµ(p). Thus, st(Sα−1) ⊆ Stabµ(p).

For the “moreover” part, it is easy to see that any such S1 also satisfies Claim 3.13. ut

This ends the proof of clause (2)(i) in Theorem 3.10.

3.4.2. The dimension of Stabµ(p) and the proof of clause (1) in Theorem 3.10. We start
by proving, via a sequence of claims, a general proposition. Below we write dimM and
dimN to emphasize that we compute the dimension of M-definable and N -definable
sets, respectively. Recall that we are using ν(N) to denote the infinitesimals of M in N .

Proposition 3.15. Let U ⊆ Nk be an M-definable open set containing 0, and Y ⊆ Nk

be an N -definable, relatively closed C1-submanifold of U with 0 ∈ Y . Assume that for
every h1, h2 ∈ ν(N)

k
∩ Y we have st(T (Y )h1) = st(T (Y )h2) (here T (Y )h is the tangent

space of Y at h). Then dimM st(Y ) = dimN Y .

Proof. Assume that dimY = `. By [vdD2], dimM st(Y ) ≤ dimN Y so it is sufficient to
prove that dimM st(Y ) ≥ `.

Let H0 = st(T (Y )0). Then H0 is a linear subspace of Mk of dimension `. After a
linear change of variables defined over M we may assume that H0 = M

`, identified with
the first ` coordinates of Mk . Let `′ = k − ` and write Nk

= N`
× N`′ . We will denote

by π : Nk
→ N` the projection onto the first ` coordinates.

The following is a special case of the implicit function theorem.

Fact 3.16 (Implicit Function Theorem). Let Z ⊆ Nk be a definable C1-submanifold of
dimension `, a ∈ Z, b = π(a), and L = T (Z)a . Assume π(L) = N`. Then locally,
near a, Z is the graph of a function F : N`

→ N`′ , and L is the graph of the differential
of F at b.

Claim 3.17. If h ∈ Y ∩ ν(N)k then, near h, Y is the graph of a function F : N`
→ N`′ .

Moreover ‖dFb‖ ∈ ν(N), where b = π(h).

Proof. This follows from our assumption on T (Y )h and Fact 3.16. ut

The following is easy to prove.
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Claim 3.18. Let D ⊆ ν(N)` be an open ball centered at 0 and F : D → N`′ a defin-
able smooth function. Assume that F(0) = 0 and ‖dFb‖ ∈ ν(N) for all b ∈ D. Then
F(D) ⊆ ν(N)`

′

, and therefore the graph of F is contained in ν(N)k .

Combining Claims 3.17 and 3.18 with the fact that Y ⊆ U is a closed submanifold, we
obtain:

Claim 3.19. Let a > 0 be in ν(N) and Da be the open ball of radius a in N` cen-
tered at 0. Let Y a0 be the connected component of Y ∩ (Da × N`′) containing 0. Then
Y a0 ⊆ ν(N)

k and it is the graph of a definable function F : Da → N`′ .

By o-minimality we conclude:

Claim 3.20. There is a > ν(N) in N such that Y contains the graph of a definable
function F : Ba → N`′ , where Ba is the open ball of radius a in Nk centered at 0. In
particular, π(Y ) contains an open ball Bb ⊆ N` centered at 0 of radius b with b ∈ M .

We can now complete the proof of Proposition 3.15. Because π(Y ) contains an M-
definable ball around 0, the set st(π(Y )) contains an M-definable neighborhood of 0
in M`, so in particular its dimension is at least `. But st(π(Y )) = π(st(Y )), hence
dimM st(Y ) ≥ `. ut

We now return to the proof of clause (1) in Theorem 3.10. As before, we assume that
G ⊆ Mn is an embedded k-dimensional closed C1-submanifold.

Claim 3.21. Let Y ⊆ G be an M-definable set with p ` Y and dimY = dimp = `.
Then for every positive m ∈ M , Bm · α ∩ Y is a closed `-dimensional submanifold of
Bm · α.

Proof. By o-minimality, the set Z of all points in Y at which Y is not an `-dimensional
submanifold ofG is anM-definable subset of smaller dimension. By Claim 3.12, we have
(Bm ·α)∩Z = ∅. Similarly, the intersection of Fr(Y ) with Bm ·α is empty, so Bm ·α ∩Y
is a closed submanifold. ut

By working in an (M-definable) chart ofG near e we identifyG locally at e with an open
neighborhood U of 0 inMk . Since U is an open subset ofMk , for each g ∈ U the tangent
space T (U)g can be identified with Mk . Thus working in N , for g ∈ G(N) ∩ U(N) we
identify the tangent space T (G)g with Nk .

For g ∈ G, let rg : G→ G be right multiplication by g. The differential d(rg)e of rg
at e is a linear isomorphism from T (G)e to T (G)g , and for g ∈ G(N) ∩ U(N) we will
view d(rg)e as a linear isomorphism from Nk to Nk , i.e. an element of GLk(N). Thus we
have a continuous, M-definable map g 7→ d(rg)e from U(N) to GLk(N).

Let S be an M-definable set as in Claim 3.13. Then every β ∈ O · α ∩ S realizes p
and, by Claim 3.14, Stabµ(p) = st(Sα−1). Replacing U with B1∩U if needed, and using
Claim 3.21, we may assume that Sα−1

∩ U(N) is a closed submanifold of U(N).

Claim 3.22. For every h ∈ µ(N) ∩ Sα−1,

st(T (Sα−1)h) = st(T (Sα−1)e).
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Proof. If h ∈ µ(N) ∩ Sα−1 then h = βα−1 for some β |= p. But then, since α ≡M β,
we have st(T (Sβ−1)e) = st(T (Sα−1)e). The map rh sends Sβ−1 to Sα−1 with e going
to h, so its differential at e sends T (Sβ−1)e to T (Sα−1)h. Since h ∈ µ(N) and the map
h 7→ d(rh)e is continuous and M-definable, viewing d(rh)e as an element of GLk(N)
we can write it as d(rh)e = I + ε, where ε is a k × k matrix whose entries are in ν(N).
Applying d(rh)e to an orthonormal basis of T (Sβ−1)e (with respect to the standard dot
product in Nk) we conclude that for each such basis vector v, st(d(rh)e(v)) = st(v). It
follows that st(T (Sβ−1)e) = st(T (Sα−1)h), so we get the desired result. ut

Using Claim 3.22 and Proposition 3.15, we conclude that dim Stabµ(p) = dim S =

dimp, thus ending the proof of clause (1) in Theorem 3.10.

3.4.3. Proof of clause (2)(ii) in Theorem 3.10. As in the previous section, we identify
G near e with an open M-definable subset U ⊆ Mk containing 0. Again, shrinking U if
needed we assume that U is contained in B1.

Note that in general it is not true that T (st(Y ))a = st(T (Y )st(a)), even for a smooth de-
finable manifold Y . However, we use the next fact, which easily follows from Mařı́ková’s
result [M, Theorem 2.23]:

Fact 3.23. Let Y ⊆ O(N)k be an N -definable submanifold of dimension `. Assume
also that dimM st(Y ) = dimN Y . Then there exists y ∈ Y such that st(T (Y )y) =
T (st(Y ))st(y).

Let S be an M-definable set as in Claim 3.13 and Y = Sα−1
∩ U(N). We need to show

that T (Stabµ(p))e = st(T (Y )e).
We apply the above fact to Y , and fix h ∈ Y with st(T (Y )h) = T (st(Y )st(h)).
As in the proof of Claim 3.22, h = βα−1 with β |= p, and

d(rh)e(T (Sβ
−1)e) = T (Y )h.

Let g = st(h). By continuity of the map h 7→ d(rh)e from U(N) to GLk(N), we have

d(rg)e(st(T (Sβ−1)e)) = st(T (Y )h).

However, st(T (Sβ−1)e) = st(T (Y )e) since β ≡M α. We conclude that

d(rg)e(st(T (Y )e)) = st(T (Y )h).

By our assumption on h, we have st(T (Y )h) = T (st(Y ))g , hence

d(rg)e(st(T (Y )e)) = T (st(Y ))g.

By Claim 3.14 we have Stabµ(p)∩U = st(Y )∩U , hence T (Stabµ(p))g = T (st(Y ))g ,
and

d(rg)e(st(T (Y )e)) = T (Stabµ(p))g.
Since g ∈ Stabµ(p) and Stabµ(p) is a subgroup of G, the map rg is a diffeomorphism of
Stabµ(p) to itself, hence T (Stabµ(p))g = d(rg)e(T (Stabµ(p))e), and d(rg)e(st(T (Y )e))
= d(rg)e(T (Stabµ(p))e).

The linear map d(rg)e is invertible, hence st(T (Y )e) = T (Stabµ(p))e, which is what
we wanted to prove.

This ends the proof of Theorem 3.10.
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3.5. The structure of Stabµ(p)

Below, M is an o-minimal expansion of a real closed field and G a definable group.

Claim 3.24. If p ∈ SG(M) is a definable type and H is an M-definable subgroup of G
with p ` H then Stabµ(p) ⊆ H .

Proof. Let S, α and N be as in Theorem 3.10. Replacing S by S ∩H if needed, we may
assume S ⊆ H . Then S · α−1 is also contained in H(N). Since H is closed in G, we get
st(S · α−1) ⊆ H . ut

We will need the following fact about definable groups.

Fact 3.25. Let G be a definable, definably connected group in M. Then there exists an
M-definable solvable, torsion-free subgroupH1 ⊆ G and a definably compact set C ⊆ G
such that G = C ·H1. In particular, G/H1 is a definably compact space.

Proof. We first prove the existence of a torsion-free H1 such that that G/H1 is definably
compact. This basically follows from the work of A. Conversano, but we give the details.

Use induction on dimG. If G is not semisimple then it has an infinite M-definable
normal abelian subgroup N . By induction the group G/N has an M-definable solv-
able torsion-free subgroup, which we may assume is of the form H/N , such that
(G/N)/(H/N) is a definably compact space. But then the group H is clearly solvable as
well, and the quotient G/H is isomorphic to (G/N)/(H/N), so definably compact. By
[CP, Proposition 2.2], H has a maximal normal torsion-free definable subgroup H1 EH

with H/H1 definably compact. It follows that the space G/H1 is definably compact as
well.

Assume now that G is semisimple. Then by [C, Theorem 1.2], G can be written as
a product K · H1 of two subgroups with K definably compact and H1 torsion-free (so
necessarily solvable). This clearly implies that G/H1 is definably compact.

Let us now prove the existence of a definably compact C ⊆ G such that G = C ·H1.
We first note that G can be written as an increasing union

⋃
r>0 Br of open sets such that

for each r , Cl(Br) is definably compact (here we use the fact that G is embedded in Mn).
We also haveG/H1 =

⋃
r π(Br), and since π is an open map, each π(Br) is open. Since

G/H1 is definably compact, there is r0 such thatG/H1 = π(Br0), but thenG = Br0 ·H1,
so in particular G = Cl(Br0) ·H1. ut

Theorem 3.26. (1) Let p be a definable type in SG(M). Then the group H = Stabµ(p)
is solvable, torsion-free, and dimH ≤ dimp. In particular, Stab(p) is torsion-free
as well.

(2) In the opposite direction, if H is a torsion-free group definable over M then there
exists a complete definable H -type p over M such that Stabµ(p) = Stab(p) = H .

(3) Any two maximal torsion-free definable subgroups of G are conjugate.

Proof. (1) Let H1 ⊆ G be any M-definable torsion-free solvable group as in Fact 3.25
and let C ⊆ G be a definably compact set, defined over M , such that C ·H1 = G.
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We take α |= p and work inside N = M〈α〉. There is some g ∈ C(N) such that
g−1α = β ∈ H1. Because C is an M-definable, definably compact set, there exists some
g0 ∈ C(M) such that g0g

−1
∈ µ(N). It follows that g−1

0 α ∈ µ(N) ·β, and since g0 ∈ M ,
we have g−1

0 α |= g−1
0 · p. If we let q = tp(β/M) then this implies (g−1

0 · p)µ = qµ.
Because β ∈ H1, it follows from Claim 3.24 that Stabµ(q) is a subgroup of H1, and

hence Stabµ(p) is conjugate, by an element of G(M), to a definable subgroup of H1.
Clearly, every such group is solvable and torsion-free.

(2) This is exactly [CP, Proposition 4.7].
(3) Let H1 ⊆ G be a definable torsion-free subgroup as in Fact 3.25. Let H ⊆ G

be a maximal definable torsion-free subgroup. By (2) there is a complete H -type p with
Stabµ(p) = Stab(p) = H . By the proof of (1),H = Stabµ(p) is conjugate to a subgroup
H2 < H1. As H is maximal, we get H2 = H1. ut

3.6. Stabilizers of types in definable G-sets

All that we have done so far in the o-minimal setting was to analyze SµG(M). We present
here several consequences for definable G-sets and leave the more substantial investiga-
tion for further research. We thus fix a definable group G and a definable G-set X in an
o-minimal expansion M of a real closed field.

Proposition 3.27. (1) The group µ(U) is torsion-free.
(2) If N is a tame extension of M then for every N -definable subgroup H , the M-

definable group st(H) has the same dimension as H .

Proof. (1) Assume for contradiction that µ(U) contains an n-torsion point ofG. Thus the
set {g ∈ G : g 6= e and gn = e} is an M-definable set whose closure contains e.

We consider the Lie algebra g, associated to G (see [PPS]). It is not hard to see that
for every n ∈ N, the differential of the map g 7→ gn at e, call it dn : g→ g, is just the map
v 7→ nv. Since it is invertible, the map g 7→ gn must be injective in a small neighborhood
of e, contradicting the fact that every neighborhood of e contains an n-torsion point.

(2) Assume thatH is anN -definable subgroup ofG. As noted before, for every h ∈ H
we have d(rh)e(T (H)e) = T (H)h. Hence st(T (H)h) = st(T (H)e) for all h ∈ µ(U)∩H .
But then, by Proposition 3.15, dim st(H) = dimH . ut

Regarding the above proposition, note that while dim st(H) = dimH , these groups could
be quite different. For example, let H be SO(2, R)A, where

A =

(
α 0
0 α−1

)
,

for α realizing the type of an infinitely large element. The group H is definably compact,
but

st(H) =
{(

1 a

0 1

)
: a ∈ R

}
is torsion-free.

We can now state two results on Stabµ(p) for definable G-sets.
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Proposition 3.28. Assume that X is a definable G-set, p ∈ SX(M) a definable type and
α |= p is in U.

(1) Let Gα = {g ∈ G(U) : g · α = α}. Then dim Stabµ(p) ≥ dimGα .
(2) Assume that G acts transitively on X, and endow X with the induced topology

(either through SµX(M), see Corollary A.11, or by identifyingX withG/Ga for some
a ∈ X(M)). If p is unbounded with respect to this topology then dim Stabµ(p) > 0.

Proof. (1) We work in N = M〈α〉, a tame extension of M. By Claim 2.21, the group
st(Gα) is a subgroup of Stabµ(p) definable in M, and by Proposition 3.27, its dimension
equals that of Gα . Hence dim Stabµ(p) ≥ dimGα .

(2) Fix a ∈ X(M). By definable choice we can find anM-definable set Y ⊆ G which
is in definable bijection withX via the map π(g) = g·a. While π is not a homeomorphism
of Y ⊆ G and X (with its quotient topology), if D ⊆ Y is a definable set such that
Cl(D) is definably compact inG, then π(Cl(D)) is definably compact with respect to the
topology of X.

Assume now that p ∈ SX(M) is a definable type which is not bounded, namely, does
not contain any definably compact X-formula. Let q ∈ SY (M) be the pull-back of p
under π (so q · a = p). Then q is a definable G-type which, by the above discussion, is
unbounded in G. By Theorem 3.10 the µ-stabilizer of q has positive dimension and it is
easy to see that Stabµ(q) ⊆ Stabµ(p). We have thus shown that Stabµ(p) is infinite. ut

4. Some examples

4.1. The group G = 〈R2,+〉

Let M be an o-minimal expansion of the real field, and G = 〈R2,+〉. Our goal is to
understand the space SG(M) and theµ-stabilizers of types. Note that every type in SG(M)
is definable [MS]. In our discussion below, p is a complete type in SG(M).

Bounded types. As pointed earlier, if p contains any formula which defines a bounded
subset of R2 then it is µ-equivalent to a (type of an) element g ∈ R2, and hence
Stabµ(p) = {e} (here e = (0, 0)).

Unbounded types of dimension 1. We may assume that there is a definable unbounded
curve γ (t) = (γ1(t), γ2(t)) : (0,∞)→ R2 such that p is the type of γ “at∞”. Clearly,
p is µ-reduced, for otherwise it will be infinitesimally close to a point g ∈ R2, contra-
dicting the fact that it is unbounded.

If we let

Ev = lim
t→∞

˙γ (t)

‖ ˙γ (t)‖
.

then Stabµ(p) = REv.

Unbounded types of dimension 2. We prove here a general claim:

Claim 4.1. If G is any definable group in an o-minimal structure M and p ∈ SG(M) is
a definable µ-reduced type with dimp = dimG then Stab(p) = Stabµ(p) = G.
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Proof. By Claim 3.13, there is an M-definable set S in p such that for every α |= p

and m ∈ M , every element in (Bm · α) ∩ S realizes p. Since dim S = dimp = dimG,
by Claim 3.12, every element in Bm · α realizes p. Because G(M) is the union of these
Bm(M)’s, it follows that every element in G(M) · α realizes p, so G(M) = Stab(p). ut

Going back to our example, we may conclude that Stab(p) = Stabµ(p) = R2.

4.2. The action of SL(2,R) on H

We now let G = SL(2,R) and consider its usual action on the upper half-plane H =
{z ∈ C : Im(z) > 0} via (

a b

c d

)
z =

az+ b

cz+ d
.

The action is transitive and the stabilizer of each point z ∈ H, call it Gz, is a conjugate of
SO(2,R).

Our goal is to understand µ-types in H. We work in an o-minimal expansion M of
the field R.

We are using the fact that there is a definable compactification of H, call it H, such
that the action of G can be definably extended to that of H. Namely,

H = {z ∈ C : Im(z) ≥ 0} ∪ {∞},

with the action ofG on the real line given by the same linear fraction, and with A ·z = ∞
when cz + d = 0 and A · ∞ = a/c. Clearly, the action is transitive on H \ H. The
topology on H is as follows: the induced topology on H ∩ C is the Euclidean one, and
neighborhoods of ∞ are of the form g · U , where U ⊆ H is a neighborhood of 0 (by
transitivity we could have chosen here any point other than 0). The space H is compact
and the action of G is continuous. Note, however, that because H \ H is a closed orbit
of G, it is not true for B ⊆ G open and z ∈ H \H that the set B · z is open.

Given a complete type p ∈ SH(M) we say that z ∈ H is a limit point of p if for every
M-definable open neighborhood U ⊆ H of z, the formula defining U ∩ H is in p. Since
p is a complete type and H is a Hausdorff space, each p has at most one limit point in H.

Consider now the intersection
⋂
p`Y Cl(Y ), where Cl(Y ) denotes the closure of Y

in H. Since H is compact and the collection of these Y ’s is finitely satisfiable, it follows
that the intersection is nonempty. It is not hard to see that any z in this intersection is a
limit point of p. Hence every p ∈ SH(M) has a unique limit point, call it limp, in H.

Claim 4.2. The map p 7→ limp factors through SµH(M) and induces a topological hom-
eomorphism of the G-spaces SµH(M) and H.

Proof. In order to see that the map factors through SµH(M) we need to show that if
p, q ∈ SH(M) and zp = limp 6= lim q = zq then pµ 6= qµ.

Without loss of generality, zp, zq ∈ C ∩ H. If either of them is in H then it is easy
to see that pµ 6= qµ, so we may assume that zp, zq ∈ R. Now, let Dp,Dq ⊆ C be open
discs centered at zp, zq , respectively, such that Dp ∩Dq = ∅. By continuity of the action
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on H, there exist open discs Up ⊆ Dp around zp and Uq ⊆ Dq around zq and a definable
open neighborhood W of e in G such that W ·Up ⊆ Dp and W ·Uq ⊆ Dq . By definition
of limp and lim q it follows that p ` Up and q ` Uq , hence µ · p ⊆ Dp and µ · q ` Uq ,
so pµ 6= qµ.

A small variation of the above argument shows that the induced map π : SµH(M)→ H
is continuous. Since H is dense in H and SµH(M) is compact, the map is surjective. Let us
see that it is also injective.

Assume that limp = lim q; we will show that pµ = qµ. Without loss of generality,
we may assume that limp = lim q = 0, and to simplify matters it will be sufficient to
take q = tp(βi/R), with β > 0 in an elementary extension of M infinitesimally close
to 0. It is clearly enough to show that pµ = qµ. Let α |= p in some elementary extension.
We will show that there exists h ∈ µ(G) such that h · α |= q.

Indeed, write α = α1 + α2i with α1, α2 infinitesimally close to 0 and take

h =

(
1 −α1
0 1

)
.

Clearly, h ∈ µ(G) and we have h·α = α2i |= q. It follows using Claim 2.7 that pµ = qµ.
We have thus shown that π : SµH(M)→ H is a continuous bijection. Since both spaces

are compact and Hausdorff, it is actually a homeomorphism. ut

As an immediate corollary we obtain:

Claim 4.3. If pµ ∈ S
µ

H(M) and zp = limp ∈ H then Stabµ(p) = Gzp . Hence, if
limp ∈ H then Stabµ(p) is a conjugate of SO(2,R), and if limp ∈ H\H then Stabµ(p)
is a conjugate of the solvable group{(

a b

0 1/a

)
: a, b ∈ R

}
.

Appendix A. More on the space SµX(M)

In topological dynamics the Samuel compactification S(G) of a topological group G is
the compactification of G with respect to the uniformity induced via the action of G on
itself by left multiplication. Up to a homeomorphism it is the unique compact space with
the following properties:

(i) There is an embedding χ : G → S(G) such that the image χ(G) is dense in S(G),
and group multiplication onG extends to a continuous map fromG×S(G) to S(G).
(In particular S(G) is a G-space.)

(ii) If C is a compact G-space then for any p ∈ C the map g 7→ g · p from G to C
extends uniquely to a continuous map from S(G) to C.

We refer to the original article [S] and a survey [U] for more details on the Samuel com-
pactification.
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In this section we investigate further properties of SµG(M) for a topological group
G definable in a first order structure M. We show that it has a natural compact topology
and under the additional assumption that every completeG-type is definable, property (ii)
above holds if we restrict ourselves to definably separable actions ofG on compact spaces.

In the special case, when every subset of G(M) is definable in M, the space SµG(M)
is exactly the Samuel compactification S(G) (by properties (i) and (ii) above). A slightly
different model-theoretic approach to the Samuel compactification is contained in [GPP,
Section 2].

If the topology on G is discrete then SµG(M) = SG(M). This case has already been
studied in several papers (e.g. [N]).

A.1. The topology of SµX(M)

Setting: We work in the same setting as in Section 2.1. We fix a first order structure M
and by definable we always meanM-definable. We also fix a groupG definable in M. We
assume that G is a topological group and that it has a basis of open neighborhoods of e
consisting of definable sets. As in Section 2.1, we will denote by µ(v) the infinitesimal
type of G. Here we always write G for G(M).

If X is a definable G-set then by Claim 2.9, the action of G on X induces an action
of G on SµX(M). Our first goal is to show that SµX(M) has a natural Hausdorff topology.
With respect to this topology, SµG(M) is compact and the group action is continuous, in
other words SµX(M) is a compact G-space (compact G-spaces are also called G-flows).

Since the relation ∼µ on SX(M) is induced by a type-definable equivalence relation
(see below), we present the basics in a more general setting, still denoting the underlying
set by X.

Let X be a definable set in M and E(x, y) an X2-type over M which defines an
equivalence relation on X(U) (we call it a type-definable equivalence relation on X). We
denote by E∗ the associated equivalence relation on SX(M):

pE∗ q ⇔ p(x) ∪ q(y) ∪ E(x, y) is consistent.

For p ∈ SX(M), let [p] denote its E∗-equivalence class.

Definition A.1. We equip the set S∗X(M) = SX(M)/E
∗ with the quotient topology,

namely a subset F ⊆ S∗X(M) is closed if and only if there is a partial X-type 6 over M
such that

F = {[p] ∈ S∗X(M) : p ` 6}. (A.1)

Claim A.2. The relation E∗ is closed in SX(M)×SX(M), hence S∗X(M) is compact and
the projection map π : SX(M)→ S∗X(X) is closed.

Proof. Take (p, q) /∈ E∗. Then p(x) ∪ q(y) ∪ E(x, y) is inconsistent, and therefore by
compactness there are formulas ϕ(x) ∈ p and ψ(y) ∈ q such that {ϕ(x), ψ(y)}∪E(x, y)
is inconsistent. The formulas ϕ and ψ define an open neighborhood Uϕ × Uψ of (p, q)
which is disjoint from E∗, so E∗ is closed.
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We now conclude that S∗X(M) is Hausdorff, so by continuity of π it is compact, and
π is a closed map. ut

As a corollary of the above we see that for each p ∈ SX(M), the E∗-equivalence class
[p] ⊆ SX(M) is a closed subset of SX(M), so given by a partial type, which we denote
by 8p(x). The next claim describes the topology on S∗X(M).

Claim A.3. Assume that X and E are as above.

(1) A nonempty subset F ⊆ S∗X(M) is closed if and only if there is an X-type 6(x) over
M such that

F = {[p] ∈ S∗X(M) : p(x) ∪ E(x, y) ∪6(y) is consistent}.

(2) A basis for the open sets in the topology of S∗X(M) is the collection, as ϕ varies in
LX(M), of sets of the form

U∗ϕ := {[p] ∈ S
∗

X(M) : 8p(x) ` ϕ(x)}.

Proof. (1) follows from the description of closed sets in (A.1).
(2) If F is any closed set as in (1) then its complement is

{[p] ∈ S∗X(M) : p(x) ∪ E(x, y) ∪6(y) is inconsistent},

which is the same as

{[p] ∈ S∗X(M) : 8p(x) ∪ 6(x) is inconsistent}.

By compactness, this is the union over all ϕ ∈ 6 of the sets

{[p] ∈ S∗X(M) : 8p ` ¬ϕ}.

Every such set is an open set of the form U∗
¬ϕ . ut

Remark A.4. Note that the notion of a type-definable equivalence relation E on X is the
same as that of a uniformity on X [K, Chapter 6]. Namely, the set {φ(M2) : φ(x, y)∈E}

is a base for a uniformity on X. Conversely, given a uniformity U on a set X, if we
endow X2 with a predicate for every set in U , then the set of these predicates is a type-
definable equivalence relation on X.

The space S∗X(M) that we described above is basically the compactification of a uni-
form space (a set together with a uniformity) described by Samuel [S].

We now return to the case when X is a definable G-space. Obviously,

8(x, y) = {∃z (θ(z) ∧ z · x = y) : θ(v) ∈ µ}

defines the equivalence relation µ(U) · x = µ(U) · y on X(U), and we have

p ∼µ q ⇔ p(x) ∪ q(y) ∪8(x, y) is consistent,
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therefore∼µ is the equivalence relation on SX(M) associated to8, whose quotient space
is SµX(M).

By our analysis above, the space SµX(M) is compact and a basis for its topology is
given by open sets of the form

Uµϕ = {pµ ∈ S
µ
X(M) : µ · p ` ϕ}

as ϕ varies over the X-formulas.
Although parts of what we do below can still be presented in a more general setting,

we stick to the case of definable G-sets.

Claim A.5. The action of G on SµX(M) (see Claim 2.9) is continuous, hence SµX(M) is a
G-space.

Proof. It is sufficient to show that for each X-formula ϕ over M the set Wϕ = {(g, pµ) :

g · pµ ∈ U
µ
ϕ } is open in the product topology on G× SµX(M).

Assume (g, pµ) ∈ Wϕ . Then there are θ(v) ∈ µ and ψ(x) ∈ p(x) such that
(g · θ · ψ)(x) ` ϕ(x). Since µ · µ = µ, there is θ1(v) ∈ µ such that (θ1 · θ1)(v) ` θ(v).
Let 21 = {h ∈ G : M |= θ1(h)}. It is an open subset of G. For every h ∈ 21(M) we
have (

(g · h) · (θ1 · ψ)
)
(x) ` ϕ(x).

It is easy to see that g ·21 × U
µ
θ1·ψ

is an open subset of Wϕ containing (g, pµ). ut

Recall that in general when a group G acts on sets X and Y then a map f : X → Y is
called equivariant if it commutes with the action of G, i.e. f (g · a) = g · f (a) for all
g ∈ G and a ∈ X.

Also recall that if f : X → Y is an M-definable map between M-definable sets
(and hence also from SX(M) to SY (M)) then f has a canonical extension to a map f∗
from LX(M) to LY (M) such that for a saturated elementary extension U of M we have
f (6(U)) = f∗(6)(U) for every X-type 6(x), and if p ∈ SX(M) then f∗(p) ∈ SY (M).

Claim A.6. Let X, Y be definable G-sets and let f : X → Y be an M-definable equiv-
ariant map. Then the map f∗ : SX(M) → SY (M) respects ∼µ, namely for p ∈ SX(M)
we have f∗(µ · p) = µ · f∗p. The induced map from S

µ
X(M) to SµY (M), still denoted by

f∗, is equivariant and continuous.

Proof. Since f : X → Y is definable, the map from X(U) to Y (U) that it defines is
equivariant with respect to the action ofG(U). Using Remark 2.2 and properties of f∗ we
obtain

f∗(µ · p)(U) = f ((µ · p)(U)) = f (µ(U) · p(U))
= µ(U) · f (p(U)) = µ(U) · f∗(p)(U) = (µ · f∗(p))(U).

Hence f∗(µ · p) = µ · f∗(p), and it is not hard to see that the induced map from S
µ
X(M)

to SµY (M) is equivariant. It is continuous since f∗ : SX(M) → SY (M) is continuous in
the logic topology. ut
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Notation A.7. For a definable G-set X we will denote by χX the map from X to SµX(M)
defined as χX : a 7→ tp(a/M)µ.

Claim A.8. Let X be a definable G-set.

(1) The image χX(X) is dense in SµX(M).
(2) Let a, b ∈ X. Then χX(a) = χX(b) if and only if b ∈ Ga · a, where Ga = {g ∈ G :

g · a = a} is the stabilizer of a in G, and Ga is its topological closure in G. In
particular the stabilizer of every a ∈ X is closed in G if and only if χX is injective.

Proof. (1) Since the set {tp(a/M) : a ∈ X} is dense in SX(M) in the logic topology, its
image in SµX(X) under the projection map is dense as well.

(2) Assume first that b ∈ Ga · a; we will show that tp(b/M) ` µ · tp(a/M). Choose
g ∈ Ga with b = g · a. Since g is in the closure of Ga , for every θ(v) ∈ µ(v) there is
hθ ∈ Ga with g ∈ θ(M) · hθ . Thus b ∈ θ(M) · hθ · a = θ(M) · a. Hence we obtain
tp(b/M) ` θ · tp(a/M) for every θ(x) ∈ µ(x), so tp(b/M) ` µ · tp(a/M).

For the opposite direction assume µ · tp(b/M) = µ · tp(a/M), or equivalently
tp(b/M) ` µ · tp(a/M). First we claim that in this case b is in the G-orbit of a. In-
deed, take any ϕ(v) ∈ µ(v). We have tp(b/M) ` ϕ · tp(a/M), hence b = g · a for some
g ∈ ϕ(M). Now we fix some g ∈ G such that b = g · a. For every θ(v) ∈ µ(v) there
is hθ ∈ θ(M) such that b = hθ · a, hence h−1

θ g ∈ Ga . Since µ = µ−1, and the sets
θ(M) · g, θ(v) ∈ µ form a basis of open neighborhoods of g, we conclude that g is in the
closure of Ga . ut

Thus if the stabilizer of each point a ∈ X is closed, then the map χX is injective and
we can consider X as a subset of SµX(M). Notice that this is indeed the case when X is a
definable G-set in an o-minimal structure, since all definable subgroups of G are closed.

The next claim describes the induced topology on X.

Claim A.9. Let X be a definable G-space. Assume the map χX : X → S
µ
X(M) is injec-

tive. Then after identifying X with χ(X) the topology on X induced by SµX(M) is exactly
the topology whose basis is

{V · a : V open in G, a ∈ X}.

In particular:

(1) Every G-orbit in X is open and closed.
(2) For every a ∈ X the orbitG · a is homeomorphic to the factor spaceG/Ga (with the

quotient topology) under the natural map gGa 7→ g · a.

Proof. Let us see that every such V · a ⊆ X is indeed open in the induced topology.
Without loss of generality, V is a definable open set given by a G-formula ϕ(v). We
claim that Uµϕ·a ∩ χX(X) = χX(V · a). Indeed, if tp(b/M)µ ∈ U

µ

ϕ(x)·a then in particular
b ∈ V · a. Conversely, if b ∈ V · a then there is g ∈ V with b = g · a. But then there is an
M-definable open neighborhood V1 of g contained in V , so in particular (µ ·g) ·a ` V ·a,
hence tp(b/M)µ ∈ U

µ
ϕ·a .



2990 Ya’acov Peterzil, Sergei Starchenko

Let us see that every open subset of χX(X) is a union of sets of the form χX(V · a).
Consider tp(a/M)µ ∈ U

µ
ψ∩χX(X) for someX-formulaψ(x) and x ∈ X. Sinceµ·a ` ψ ,

there exists θ ∈ µ with θ · a ` ψ . If we take V = θ(G) then χX(V · a) ⊆ U
µ
ψ , so we can

write Uµψ ∩ χX(X) as a union of sets of this form.
(1) and (2) easily follow. ut

Remark A.10. It is not hard to see that in the previous claim properties (1) and (2) define
a unique topology onX, and it is the strongest topology onXmaking the action ofG onX
continuous.

Corollary A.11. If H is a definable closed subgroup of G then the space X = G/H

with the quotient topology embeds into the compact space SµX(M), and the action of G
on SµX(M) is the unique continuous extension of the action of G on G/H . In particular,
for H = {e} the map χG is a topological embedding of G into SµG(M), and under this
embedding the action of G on SµG(M) is the unique continuous extension of the action
of G on itself by left multiplication.

A.2. Definably separable actions

In [GPP] a map f from a definable set D to a compact space C was called definable
if for any disjoint closed C1, C2 ⊆ C their preimages f−1(C1) and f−1(C2) can be
separated by definable subsets of D. Since we prefer to reserve the term “definable” for
actual definable maps, we will use the term “definably separable” instead.

As in [GPP], we say that an action of a definable group G on a compact space C is
definably separable if for every x0 ∈ C the map from G to C given by g 7→ g · x0 is
definably separable.

Lemma A.12. Assume G acts continuously on a compact space C. Let c0 ∈ C and
assume the map f : G → C given by g 7→ g · c0 is definably separable. Then f can be
uniquely extended to a continuous G-equivariant map f∗ : S

µ
G(M) → C (we identify G

with its image in SµG(M) under the map χG).

Proof. For C0 ⊆ C we will denote by C0 the topological closure of C0 in C.
The definition of the map is classical and goes back to Stone–Čech: If p(v) ∈ SG(M)

then using definable separation of f and compactness of C it follows that the set

f [p] :=
⋂

p(v)`ϕ(v)

f (ϕ(M))

is a singleton. This gives a map from SG(M) to C. We claim that for p, q ∈ SG(M) with
p ∼µ q we have f [p] = f [q].

Assume not, and f [p] 6= f [q] for some p ∼µ q, hence f [p] ∩ f [q] = ∅. By
compactness of C it then follows that there are ϕ(v) ∈ p(v) and ψ(v) ∈ q(v) such that
f (ϕ(M)) ∩ f (ψ(M)) = ∅.

In general, by standard compactness arguments, when a groupG acts continuously on
a compact space C, for any two disjoint closed subsets C0, C1 of C there is an open subset
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O of G containing e such that O · C1 ∩ C2 = 0. Therefore there is a formula θ(v) ∈ µ
such that

θ(M) · f (ϕ(M)) ∩ f (ψ(M)) = ∅,

and in particular θ(M) · f (ϕ(M)) ∩ f (ψ(M)) = ∅.
Therefore (θ(M) ·ϕ(M)) · c0 ∩ψ(M) · c0 = ∅, and hence θ(M) ·ϕ(M)∩ψ(M) = ∅.

But this contradicts the consistency of µ · p and q.
For p ∈ SG(M) we define f∗(pµ) to be the unique element in f [p]. It is not hard to

check that the map f∗ is continuous. The uniqueness of f∗ and its G-equivariance follow
from the density of G in SµG(M). ut

The proof of the following claim is similar to the proof of [GPP, Lemma 3.7]

Lemma A.13. Let X be a definable G-set, and assume p ∈ SX(M) is a definable type.
Then the map fp : G → S

µ
X(M) given by g 7→ g · pµ is definably separable. In partic-

ular, if every type p ∈ SX(M) is definable then the action of G on SµX(M) is definably
separable.

Proof. Let C1, C2 be disjoint closed subsets of SµX(M). By Claim A.3(1) there are
X-types 61(x),62(x) such that

Ci = {sµ(x) ∈ S
µ
X(M) : s ` µ ·6i}, i = 1, 2.

It follows that µ · 61 ∪ µ · 62 is inconsistent, so there are θ(v) ∈ µ and ψi(x) ∈ 6i(x)
such that (θ · ψ1 ∧ θ · ψ2)(x) is inconsistent. Obviously, qµ ∈ Ci ⇒ q(x) ` (θ · ψi)(x).

Since p(x) is a definable type, the sets Ui = {g ∈ G : g · p(x) ` (θ · ψi)(x)},
i = 1, 2, are definable. They are disjoint and, by the above, g ·pµ ∈ Ci ⇒ g ∈ Ui , hence
f−1
p (Ci) ⊆ Ui . ut

Remark A.14. It follows from the proof that instead of the assumption of definability of
p it is sufficient to assume that for any formula ϕ(x) the set {g ∈ G : g · p ` ϕ(x)} is
definable.

In the next theorem we list the main properties of SµG(M).

Theorem A.15. (i) The space SµG(M) is compact. There is a topological embedding
χ : G → S

µ
G(M) with image dense in SµG(M), and the group multiplication of G

extends to a continuous map from G× S
µ
G(M) to SµG(M).

(ii) Assume that every type p ∈ SG(M) is definable. Then the action of G on SµG(M) is
definably separable.

(iii) For any compactG-space C and p ∈ C, if the map g 7→ g ·p is definably separable
then it extends uniquely to a continuous G-equivariant map from S

µ
G(M) to C.

Remark A.16. (a) It follows from the above theorem that in the case when every type
p ∈ S

µ
G(M) is definable, the space SµG(M) has the same universal property as the Samuel

compactification if one considers only definably separable actions of G on compact
spaces.
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(b) In general, the spaces SµG(M) and the Samuel compactification S(G) have very
different properties. For example, by a theorem of W. Veech [V] every locally compact
group acts freely on its Samuel compactification, but Theorem 3.26 implies that if H is a
torsion-free group definable in an o-minimal expansion M of the real field then H fixes
some type pµ ∈ S

µ
H (M).

(c) Theorem 3.26 and Fact 3.25 give a complete description of minimal compact G-
invariant subsets of SµG(M) in the case when G is a group definable in an o-minimal
expansion of the real field. They are exactly orbits of µ-types qµ for types q whose stabi-
lizers are maximal torsion-free subgroups of G. Indeed, each such orbit is compact since
G/Stabµ(q) is compact. If Y ⊆ SµG(M) is a minimal compact G-invariant set then there
exists a G-map f : SµG(M)→ Y which, by minimality, necessarily sends the orbit of qµ
above onto Y . It follows that Y = G · f (qµ) and Stab(qµ) ⊆ Stab(f (qµ)). Because
Stabµ(q) is a maximal torsion-free group, Stab(qµ) = Stab(f (qµ)).

(d) As for Samuel compactifications, it is easy to see, by properties (ii) and (iii) in
Theorem A.15, that when every type p ∈ SµG(M) is definable, the action of G on SµG(M)
extends to a semigroup operation on SµG(M).

Appendix B. On connected components of relatively definable subsets

We work in an o-minimal structure M, and by definable we mean definable in M.
Recall that every definable nonempty subset X ⊆ Mn is a disjoint union of finitely

many definably connected components X1, . . . , Xk . These components are unique, up to
a permutation, and characterized by the following two properties:

(I) Every Xi is a nonempty definable subset of X that is clopen in X.
(II) If Y ⊆ X is a definable clopen set and Y ∩Xi 6= ∅ then Xi ⊆ Y .

In this section we show that the same is true for relatively definable subsets of convexly
definable open sets.

Let I ⊆ M be an interval and {Vi : i ∈ I } a uniformly definable family of open
subsets of Mn. A subset J ⊆ I is downward closed if for all x < y in I , if y ∈ J then
x ∈ J . For a downward closed subset J ⊆ I we denote by VJ the open set

VJ =
⋃
r∈J

Vr ,

and call such an open set convexly definable.
A subset X ⊆ VJ is called relatively definable if X = X ∩ VJ for some definable

set X.

Example B.1. Assume M is an o-minimal expansion of a group and M0 ≺ M is an
elementary substructure. Then the convex hull OM0(M) and all its cartesian powers are
convexly definable open sets, via Vr = (−r, r), for r ∈ M≥0.

The following is the main theorem of this section.
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Theorem B.2. Let VJ ⊆ Mn be a convexly definable open set and X ⊆ VJ a relatively
definable set. Then there are disjoint nonempty relatively definable subsets X1, . . . ,Xk
⊆ VJ such that X =

⋃k
i=1 Xi and:

(1) Every Xi is clopen in X in the topology induced from Mn.
(2) If Y ⊆ X is a relatively definable clopen set and Y ∩ Xi 6= ∅ then Xi ⊆ Y .

We call the sets Xi above the connected components of X .
In the rest of this section we prove the above theorem.
Replacing Vr by

⋃
s≤r Vs if needed, we assume that s ≤ r implies Vs ⊆ Vr . Let

X ⊆ Mn be a definable set such that X = X ∩ VJ . For r ∈ I we denote by Xr the set
X ∩ Vr , so X =

⋃
r∈J Xr .

For r ∈ I and α ∈ Xr we denote by Xr(α) the definable connected component of Xr
containing α.

The following claim follows easily from o-minimality and properties of connected
components.

Claim B.3. (1) The family {Xr(α) : α ∈ X, r ∈ I } is uniformly definable.
(2) For any α ∈ Mn and r1 < r2 ∈ I we have Xr1(α) ⊆ Xr2(α).
(3) Assume Xr(α) ∩ Xr(β) 6= ∅. Then Xr(α) = Xr(β) and for all r < s ∈ I we have

Xs(α) = Xs(β).

For α ∈ X we define
X (α) =

⋃
r∈J

Xr(α).

The following claim follows from Claim B.3(3).

Claim B.4. For α, β ∈ X , either X (α) = X (β) or X (α) ∩ X (β) = ∅.

For α ∈ X let us call the set X (α) a component of X .

Claim B.5. X has finitely many components.

Proof. By o-minimality there is an integer N such that for every r ∈ I the set Xr has at
most N connected components. We claim that X has at most N components.

Assume not. Then there are α0, . . . , αN ∈ X such that the sets X (αi), i ≤ N , are
disjoint. We can choose r ∈ J such that all αi are in Xr . But then Xr has at least N + 1
connected components, a contradiction. ut

Claim B.6. Each component Xi is relatively definable.

Proof. The claim is obvious if J has a least upper bound (in M ∪ {+∞}), since then X
and all Xi are definable. Assume J does not have a least upper bound. Choose α1, . . . , αk
in X such that Xi = X (αi).

For every i < j consider the set of all r ∈ I such that Xr(αi) ∩ Xr(αj ) = ∅. By
Claim B.3(1), it is a definable set containing J , hence contains an element rij ∈ I that is
not in J .

Let r∗ = min{rij : i < j}. Notice r∗ 6∈ J . Since the set Xr∗(αi) is definable and
Xi = Xr∗(αi) ∩ VJ , the set Xi is relatively definable. ut
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Claim B.7. For every α ∈ X , the component X (α) is clopen in X with respect to the
Mn-induced topology.

Proof. Since X is a disjoint union of finitely many X (α)’s we only need to show that
each X (α) is open.

Since every Vr is open, for any r ∈ J the set Xr = X ∩ Vr is open in X . The
connected componentXr(α) ofXr is open inXr . HenceXr(α) is open in X , and X (α) is
open in X as a union of open sets. ut

Claim B.8. Let Y be a relatively definable clopen subset of X . If Y ∩ Xi 6= ∅ then
Xi ⊆ Y .

Proof. Assume Y ∩ Xi 6= ∅ and choose α ∈ Y ∩ Xi . Since Y is relatively definable,
for every r ∈ J the set Y ∩ Vr is a definable subset of Xr that is clopen in Xr . Thus it
contains the definably connected component Xr(α), hence Y contains Xi = X (α). ut

This finishes the proof of Theorem B.2.
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[M] Mařı́ková, J.: o-minimal fields with standard part map. Fund. Math 209, 115–132 (2010)
Zbl 1221.03029 MR 2660559

[MS] Marker, D.: Definable types in o-minimal theories. J. Symbolic Logic 59, 185–198 (1994)
Zbl 0801.03026 MR 1264974

[N] Newelski, L.: Topological dynamics of definable group actions. J. Symbolic Logic 74,
50–72 (2009) Zbl 1173.03031 MR 2499420

[PS] Peterzil, Y., Steinhorn, C.: Definable compactness and definable subgroups of o-minimal
groups. J. London Math. Soc. (2) 59, 769–786 (1999) Zbl 0935.03047 MR 1709079

[PPS] Peterzil, Y., Pillay, A., Starchenko, S.: Definably simple groups in o-minimal structures.
Trans. Amer. Math. Soc. 352, 4397–4419 (2000) Zbl 0952.03046 MR 1707202

[P1] Pillay, A.: On groups and fields definable in o-minimal structures. J. Pure Appl. Algebra
53, 239–255 (1988) Zbl 0662.03025 MR 0961362

[P2] Pillay, A.: First order topological structures theories. J. Symbolic Logic 652, 763–778
(1987) Zbl 0628.03022 MR 0902989

[P3] Poulios, G.: Peterzil–Steinhorn subgroups of real algebraic groups. PhD Thesis, Univ. of
Notre Dame (2013) MR 3450225

[S] Samuel, P.: Ultrafilters and compactification of uniform spaces. Trans. Amer. Math. Soc.
64, 100–132 (1948) Zbl 0032.31401 MR 0025717

[U] Uspenskij, V.: Compactifications of topological groups. In: Proc. Ninth Prague Topologi-
cal Symposium (2001), Topol. Atlas, North Bay, ON, 331–346 (2002) Zbl 0994.22003
MR 1906851

[V] Veech, W. A.: Topological dynamics. Bull. Amer. Math. Soc. 83, 775–830 (1977)
Zbl 0384.28018 MR 0467705

http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1221.03029&format=complete
http://www.ams.org/mathscinet-getitem?mr=2660559
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0801.03026&format=complete
http://www.ams.org/mathscinet-getitem?mr=1264974
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1173.03031&format=complete
http://www.ams.org/mathscinet-getitem?mr=2499420
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0935.03047&format=complete
http://www.ams.org/mathscinet-getitem?mr=1709079
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0952.03046&format=complete
http://www.ams.org/mathscinet-getitem?mr=1707202
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0662.03025&format=complete
http://www.ams.org/mathscinet-getitem?mr=0961362
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0628.03022&format=complete
http://www.ams.org/mathscinet-getitem?mr=0902989
http://www.ams.org/mathscinet-getitem?mr=3450225
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0032.31401&format=complete
http://www.ams.org/mathscinet-getitem?mr=0025717
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0994.22003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1906851
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0384.28018&format=complete
http://www.ams.org/mathscinet-getitem?mr=0467705

	Introduction
	Topological groups and -types
	The case of an o-minimal G
	Some examples
	Appendix A. More on the space S_X(M)
	Appendix B. On connected components of relatively definable subsets
	References

