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Abstract. The goal of this work is to prove an embedding theorem for compact almost complex
manifolds into complex algebraic varieties. It is shown that every almost complex structure can
be realized by the transverse structure to an algebraic distribution on an affine algebraic variety,
namely an algebraic subbundle of the tangent bundle. In fact, there even exist universal embedding
spaces for this problem, and their dimensions grow quadratically with respect to the dimension of
the almost complex manifold to embed. We give precise variation formulas for the induced almost
complex structures and study the related versality conditions. At the end, we discuss the original
question raised by F. Bogomolov: can one embed every compact complex manifold as a C° smooth
subvariety that is transverse to an algebraic foliation on a complex projective algebraic variety?
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1. Introduction and main results

The goal of this work is to prove an embedding theorem for compact almost complex
manifolds into complex algebraic varieties. As usual, an almost complex manifold of di-
mension # is a pair (X, Jy), where X is a real manifold of dimension 2xn and Jx a smooth
section of End(7 X) such that J 2 — _Id; we will assume here that all data are C°°.

Let Z be a complex (holomorphic) manifold of complex dimension N. Such a
manifold carries a natural integrable almost complex structure Jz (conversely, by the
Newlander—Nirenberg theorem any integrable almost complex structure can be viewed as
a holomorphic structure). Now, assume that we are given a holomorphic distribution D
in TZ, i.e. a holomorphic subbundle D C T Z. Every fiber D, of the distribution is then
invariant under Jz, i.e. JzD, C D, for every x € Z. Here, the distribution D is not
assumed to be integrable. We recall that D is integrable in the sense of Frobenius (i.e.
stable under the Lie bracket operation) if and only if the fibers D, are the tangent spaces
to leaves of a holomorphic foliation. More precisely, D is integrable if and only if the
torsion operator 6 of D, defined by

0:0MD) xOD)— O(TZ/D), (,n)+ [, n]modD, (1.1)

J.-P. Demailly, H. Gaussier: Université Grenoble Alpes, Institut Fourier, UMR 5582 du CNRS,
100 rue des Maths, 38610 Gieéres, France;
e-mail: jean-pierre.demailly @univ-grenoble-alpes.fr, herve.gaussier @univ-grenoble-alpes.fr

Mathematics Subject Classification (2010): 32Q60, 32Q40, 32G05, 53C12



3392 Jean-Pierre Demailly, Hervé Gaussier

vanishes identically. As is well known, 6 is skew symmetric in (¢, ) and can be viewed
as a holomorphic section of the bundle A>D* ® (T Z/D).

Let M be a real submanifold of Z of class C* and of real dimension 2n withn < N.
We say that M is transverse to D if for every x € M we have

TxM&D,=T1,Z. (1.2)

We could in fact assume more generally that the distribution D is singular, i.e. given by
a certain saturated subsheaf O(D) of O(T Z) (“saturated” means that the quotient sheaf
O(T Z)/O(D) has no torsion). Then O(D) is actually a subbundle of TZ outside an
analytic subset Dsing C Z of codimension > 2, and we further assume in this case that
M N Dging = 0.

When M is transverse to D, one gets a natural R-linear isomorphism
Tx\M >~ T, Z/D, (1.3)

at every point x € M. Since T Z/D carries a structure of holomorphic vector bundle (at
least over Z\Dging ), the complex structure J7z induces a complex structure on the quotient

and therefore, through the above isomorphism (1.3), an almost complex structure J A%[D
on M.

Moreover, when D is a foliation (i.e. O(D) is an integrable subsheaf of O(T Z)),
then J ,ﬁ’D is an integrable almost complex structure on M. Indeed, such a foliation is
realized near any regular point x as the set of fibers of a certain submersion: there exists
an open neighborhood 2 of x in Z and a holomorphic submersion ¢ : Q — ' to an
open subset ' C C” such that the fibers of o are the leaves of D in Q. We can take Q2
to be a coordinate open set in Z centered at point x and select coordinates such that
the submersion is expressed as the first projection Q >~ Q' x Q" — Q' with respect
to @ c C* Q" c CN", and then D, TZ/D are identified with the trivial bundles
Q x ({0} x CVN~") and Q x C". The restriction

o  MNQCQ>Q

provides M with holomorphic coordinates on M N €2, and it is clear that any other local
trivialization of the foliation on a different chart @ = Q' x ©” would give coordinates
that are changed by local biholomorphisms Q' — €' in the intersection SZ ﬂ €, thanks to
the holomorphic character of D. Thus we directly see in that case that JZ w P comes from
a holomorphic structure on M.

More generally, we say that f : X < Z is a transverse embedding of a smooth real
manifold X in (Z, D) if f is an embedding and M = f(X) is a transverse submanifold
of Z,ie. fulx X @ Dfx) = Tfx)Z for every x € X (and f(X) does not meet Dging in
case there are singularities). One then gets a real isomorphism 7X =~ f*(TZ/D) and
therefore an almost complex structure on X (for this it would be enough to assume that f
is an immersion, but we will actually suppose that f is an embedding here). We denote
by J; the almost complex structure f*(J fz(,XD)).
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In this work, we are interested in the problem of embedding a compact complex or
almost complex manifold X into a projective algebraic manifold Z, transversally to an
algebraic distribution D C T Z. We will also make use of the concept of Nash algebraic-
ity. Recall that a Nash algebraic map g : U — V between connected open (i.e. metric
open) sets U, V of algebraic manifolds Y, Z is a map whose graph is a connected com-
ponent of the intersection of U x V with an algebraic subset of ¥ x Z. We say that a
holomorphic foliation F of codimension n on U is algebraic (resp. holomorphic, Nash
algebraic) if the associated distribution ¥ D U — Gr(TY, n) into the Grassmannian
bundle of the tangent bundle is given by an algebraic (resp. holomorphic, Nash algebraic)
morphism. The following very interesting question was investigated about 20 years ago
by F. Bogomolov [Bog96].

Basic Question 1.1. Given an integrable complex structure J on a compact manifold X,
can one realize J, as described above, by a transverse embedding f : X — Z into a
projective manifold (Z, D) equipped with an algebraic foliation D, in such a way that
fX)NDgng =B and J = Jy?

There are indeed many examples of Kéhler and non-Kihler compact complex manifolds
which can be embedded in that way (the case of projective ones being of course triv-
ial): tori, Hopf and Calabi—-Eckman manifolds, and more generally all manifolds given
by the LVMB construction (see Section 2). Strong indications exist that every compact
complex manifold should be embeddable as a smooth submanifold transverse to an al-
gebraic foliation on a complex projective variety (see Section 5). We prove here that the
corresponding statement in the almost complex category actually holds — provided that
non-integrable distributions are considered rather than foliations. In fact, there are even
“universal solutions” to this problem.

Theorem 1.2. For all integers n > 1 and k > 4n, there exists a complex affine algebraic
manifold Z,, j of dimension N = 2k+2(k2+n(k—n)) possessing a real structure (i.e. an
anti-holomorphic algebraic involution) and an algebraic distribution D, y C TZ, \ of
codimension n, for which every compact n-dimensional almost complex manifold (X, J)
admits an embedding f : X — Z,EQ’ w transverse to Dy i and contained in the real part
of Zn k., such that J = Jy.

Remark 1.3. To construct f we first embed X differentiably into R, k > 4n, by the
Whitney embedding theorem [Whi44], or its generalization due to [Ton74]. Once the
embedding of the underlying differentiable manifold has been fixed, the transverse em-
bedding f depends in a simple algebraic way on the almost complex structure J given
on X, as one can see from our construction (see Section 4).

The choice k = 4n yields the explicit embedding dimension N = 38n% + 8n (we will see
that a quadratic bound N = O (n?) is optimal, but the above explicit value could perhaps
be improved). Since Z = Z, and D = D, ; are algebraic and Z is affine, one can
further compactify Z to a complex projective manifold Z, and extend D to a saturated
subsheaf D of TZ. In general such distributions D will acquire singularities at infinity,
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and it is unclear whether one can achieve such embeddings with D non-singular on Z, if
at all possible.

Next, we consider the case of a compact almost complex symplectic manifold
(X, J, ®) where the symplectic form w is assumed to be J-compatible, i.e. J*w = w
and w(&, J€) > 0. By a theorem of Tischler [Tis77], at least under the assumption that
the de Rham cohomology class {w} is integral, we know that there exists a smooth embed-
ding g : X < CP* such that ® = g*wps is the pull-back of the standard Fubini—Study
metric wrs on CP°. A natural problem is whether the symplectic structure can be accom-
modated simultaneously with the almost complex structure by a transverse embedding.
Let us introduce the following definition.

Definition 1.4. Let (Z, D) be a complex manifold equipped with a holomorphic distribu-
tion. We say that a closed semipositive (1, 1)-form g on Z is a transverse Kdihler structure
if the kernel of 8 is contained in D, in other terms, if 8 induces a Kihler form on any germ
of complex submanifold transverse to D.

Using an effective version of Tischler’s theorem stated by Gromov [Gro86], we prove:

Theorem 1.5. For all integersn, b > 1 and k > 2n+ 1, there exists a complex projective
algebraic manifold Z, p, i of dimension N = 2bk(2bk + 1) + 2n(2bk — n)), equipped
with a real structure and an algebraic distribution Dy, p x C T Zy bk of codimension n, for
which every compact n-dimensional almost complex symplectic manifold (X, J, w) with
second Betti number by < b and a J-compatible symplectic form w admits an embedding
f: X — Zﬁlib,k transverse to Dy, p 1 and contained in the real part of Z, k, such that
J = Jrand w = f*B for some transverse Kihler structure B on (Z, p i, D p i)

In Section 5, we discuss Bogomolov’s conjecture for the integrable case. We first prove
the following weakened version, which can be seen as a form of “algebraic embedding”
for arbitrary compact complex manifolds.

Theorem 1.6. For all integers n > 1 and k > 4n, let (Z,, k., Dy x) be the affine algebraic
manifold equipped with the algebraic distribution Dy, C T Z, \ introduced in Theo-
rem 1.2. Then, for every compact n-dimensional (integrable) complex manifold (X, J),
there exists an embedding f : X — Zﬁlf ¢ transverse to Dy i, contained in the real part
of Zy k, such that

1) J=Jrand 37 f is injective;

(i) Im(d, f) is contained in the isotropic locus Ip, , of the torsion operator 6 of Dy, , the
intrinsically defined algebraic locus in the Grassmannian bundle Gr(Dyk,n) = Zn k
of complex n-dimensional subspaces in Dy, , consisting of those subspaces S such
that 9|S><S =0.

The inclusion condition (ii) Im(d; f) C Ip, , is in fact necessary and sufficient for the
integrability of Jy.
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In Section 6, we investigate the original Bogomolov conjecture and “reduce it” to a
statement concerning approximations of holomorphic foliations. The flavor of the state-
ment is that holomorphic objects (functions, sections of algebraic bundles, etc.) defined
on a polynomially convex open set of C" can always be approximated by polynomials or
algebraic sections. Our hope is that this might also be true for the approximation of holo-
morphic foliations by Nash algebraic ones. In fact, we obtain the following conditional
statement.

Proposition 1.7. Assume that holomorphic foliations can be approximated by Nash al-
gebraic foliations uniformly on compact subsets of any polynomially convex open subset
of CN. Then every compact complex manifold can be approximated by compact complex
manifolds that are embeddable in the sense of Bogomolov in foliated projective manifolds.

In the last Section 7, we briefly discuss a “categorical” viewpoint in which the above
questions have a nice interpretation.

2. Transverse embeddings to foliations

‘We consider the situation described above, where Z is a complex N-dimensional manifold
equipped with a holomorphic distribution D. More precisely, let X be a compact real
manifold of class C* and of real dimension 2n with n < N. We assume that there is an
embedding f : X < Z that is transverse to D, namely f(X) N Dgjpe = @ and

LT X ®Dry = TrnZ 2.1

at every point x € X. Here Dy(y) denotes the fiber at f(x) of the distribution D. As ex-
plained in Section 1, this induces an R-linear isomorphism f, : TX — f*(TZ/D), and
from the complex structures of 7Z and D we get an almost complex structure f*.J Z’XD)
on T'X which we will simply denote by J; here. Next, we briefly investigate the effect of
isotopies.

Definition 2.1. An isotopy of smooth transverse embeddings of X into (Z, D) is by
definition a family f; : X — Z of embeddings for + € [0, 1] such that the map
F(x,t) = f;(x) is smooth on X x [0, 1] and f; is transverse to D for every ¢ € [0, 1].

We then get a smooth variation Jy, of almost complex structures on X. When D is in-
tegrable (i.e. a holomorphic foliation), these structures are integrable and we have the
following simple but remarkable fact.

Proposition 2.2. Let Z be a compact complex manifold equipped with a holomorphic
foliation D and let f; : X — Z, t € [0, 1], be an isotopy of transverse embeddings
of a compact smooth real manifold. Then all complex structures (X, Jy,) are biholomor-
phic to (X, Jg) through a smooth variation of diffeomorphisms in Diff(X), the identity
component of the group Diff(X) of diffeomorphisms of X.
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Proof. By an easy connectedness argument, it is enough to produce a smooth variation
of biholomorphisms V; ;, : (X, tho) — (X, Jy,) when 1 is close to t, and then extend
these to all 7, fp € [0, 1] by the chain rule. Let x € X. Thanks to the local triviality of the
foliation at zo = f,(x) € Z \ Diing, D is locally near x the family of fibers of a holo-
morphic submersion o : Z D Q — €' C C" defined on a neighborhood 2 of zp. Then
cofi: XD ffl (©2) — ' is by definition a local biholomorphism from (X, J,) to
(endowed with the standard complex structure of C"*). Now, v, ;, = (0 o folo(oo Sio)
defines a local biholomorphism from (X, J fto) to (X, Jy,) on a small neighborhood of x,
and these local biholomorphisms glue together to a global one when x and 2 vary (this
biholomorphism consists of “following the leaf of D” from position f,(X) to position
f:(X) of the embedding). Clearly vy ;, depends smoothly on ¢ and satisfies the chain rule

Yt.10 © Yo, = Vi 1y - ]

Therefore when D is a foliation, to any triple (Z, D, o) where « is an isotopy class
of transverse embeddings X — Z, one can attach a point in the Teichmiiller space
JM(X)/Diffy(X) of integrable almost complex structures modulo biholomorphisms dif-
feotopic to identity. The question raised by Bogomolov can then be stated more precisely:

Question 2.3. For any compact complex manifold (X, J), does there exist a triple
(Z,D, X, a) formed by a smooth complex projective variety Z, an algebraic foliation D
on Z and an isotopy class o of transverse embeddings X — Z, such that J = Jy for
some f € a?

The isotopy class of embeddings X — Z in a triple (Z, D, «) provides some sort of
“algebraicization” of a compact complex manifold, in the following sense:

Lemma 2.4. There is an atlas of X such that the transition functions are solutions of
algebraic linear equations (rather than plain algebraic functions, as would be the case
for usual algebraic varieties). In this setting, the isotopy classes o are just “topological
classes” belonging to a discrete countable set.

This set can be infinite as one already sees for real linear embeddings of a real even-
dimensional torus X = (R/Z)>" into a complex torus Z = CV /A equipped with a linear
foliation D.

Proof of Lemma 2.4. We first cover Z . Dgine by a countable family of coordinate open
sets Q, >~ QI x QU such that the first projections o, : Q, — Q) C C" define the
foliation. We assume here that €], and Q2 are balls of sufficiently small radius, so that
all fibers 7/ x Q are geodesically convex with respect to a given hermitian metric on
the ambient manifold Z, and the geodesic segment joining any two points in those fibers
is unique (of course, we mean here geodesics relative to the fibers—standard results of
differential geometry guarantee that sufficiently small coordinate balls will satisfy this
property). Then any non-empty intersection () z; X Q” of the fibers from various co-
ordinate sets is still connected and geodesically convex. We further enlarge the fam-
ily with all smaller balls whose centers have coordinates in Q[i] and radii in Q, so
that arbitrarily fine coverings can be extracted from the family. A transverse embedding
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f : X — Zis characterized by its image M = f(X) up to right composition with an ele-
ment ¢ € Diff(X), and thus, modulo isotopy, up to an element in the countable mapping
class group Diff(X)/Diffo(X). The image M = f(X) is itself given by a finite collection
of graphs of maps g, : |, — € that glue together, for a certain finite subfamily of co-
ordinate sets (£2,),e7 extracted from the initial countable family. However, any two such
transverse submanifolds (My)r=o,1 and associated collections of graphs (g,,) defined on
the same finite subset / are isotopic: to see this, assume e.g. I = {1, ..., s} and fix even
smaller products of balls 52,) :~S~2:} X S~2:,’ € 2, still covering My and M, and a cut-off
function 6, (z’) equal to 1 on 2/, and with support in €2/,. Then we construct isotopies
(Ft.0)eef0,1] : Mo — M; i step by step, fork =1, ..., s, by taking inductively graphs of
maps (G k,v)re[0,1], k=1,....s, vel Such that

Gi1,1) = y(101(2); 80,1(2), g1.1(z)) on L,
Gi1.v(Z) = gov(z)  onay(Ry ~ (Supp(@) x 2))), v # 1,

G k(@) =y (10k(@); Gra—1x(Z), Gri—14(z)) on Q,
G (@) = Grr—1,0(@) onoy(Q2y ~ (SuppBr) x Q))), v #k,

M; 1 given by {

M; givenby{

where y (¢; a”, b") denotes the geodesic segment between a” and b” in each fiber z' x Q7.
By construction, we have My y = Mo and M1 NUy = MiNUgon Uy = Q21 U--- U,
thus f; := F; 5 : Mo — M, is a transverse isotopy between M( and M. Therefore, we
have at most as many isotopy classes as the cardinality of the mapping class group, times
the cardinality of the set of finite subsets of a countable set, which is still countable. O

Of course, when D is non-integrable, the almost complex structure Jy, will in general vary
under isotopies. One of the goals of the next sections is to investigate this phenomenon,
but in this section we further study some integrable examples.

Example 2.5 (Complex tori). Let X = R?"/Z" be an even-dimensional real torus and
Z = CN /A a complex torus where A ~ Z*V is a lattice of C¥, N > n. Any complex
vector subspace D C CV of codimension n defines a linear foliation on Z (which may
or may not have closed leaves, but for D generic, the leaves are everywhere dense). Let
f 1 X — Z be a linear embedding transverse to D. Here, there are countably many
distinct isotopy classes of such linear embeddings, in fact up to a translation, f is in-
duced by an R-linear map u : R — CN that sends the standard basis (e1,...,emwm)
of Z?" to a unimodular system of 21 Z-linearly independent vectors (1, ..., £2,) of A.
Such (ey, ..., €2,) can be chosen to generate any 2n-dimensional QQ-vector subspace V,
of A ®@ Q ~ Q2V, thus the permitted directions for V; are dense, and for most of them
f is indeed transverse to D. For a transverse linear embedding, we get an R-linear iso-
morphism i : R? — CV/D, and the complex structure Jr on X is precisely the one
induced by that isomorphism by pulling back the standard complex structure on the quo-
tient. For N > 2n, we claim that all possible translation invariant complex structures
on X are obtained. In fact, we can then choose the lattice vector images €1, .. ., &, to be
C-linearly independent, so that the map u : Z*" — A, ej — ¢&;, extends to an injection
v : C*" — CV. Once this is done, the isotopy class of embedding is determined, and a
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translation invariant complex structure J on X is given by a direct sum decomposition
C?" = S @ S with dim¢c S = n (and S the complex conjugate of S). What we need is
that the composition 7 : C** — CN — CV /D defines a C-linear isomorphism of S onto
3(S) ¢ CN/D and §(S) = {0}, i.e. D D v(S) and D N v(S) = {0}. The solutions are
obtained by taking D = v(S) @ H, where H is any complementary subspace of v(S & S)
in CV (thus the choice of D is unique if N = 2n, and parametrized by an affine chart of
a Grassmannian G(N — n, N — 2n) ift N > 2n). Of course, we can take here Z to be an
Abelian variety—even a simple Abelian variety if we wish.

Example 2.6 (LVMB manifolds). We refer to Lépez de Medrano—Verjovsky [LoV97],
Meersseman [Mer0O] and Bosio [Bos01] for the original constructions, and sketch here
the more general definition given in [Bos01] (or rather an equivalent one, with very minor
changes of notation). Let m > 1 and N > 2m be integers, and let £ = &, y4+1 be a
non-empty set of subsets of cardinality 2m + 1 of {0, 1, ..., N}. For J € &, define U,
to be the open set of points [z9 : ... : zn] € CPV such that zj # Ofor j € J and
Us = U cg Uy Then, consider the action of C" on Ug given by

welzo:... izl = [0z 1 eV Wzy]

where ¢; € (C™)* are complex linear forms C” — C, 0 < j < N. Then Bosio [Bos01,
Théoréme 1.4] proves that the space of orbits X = Ug/C™ is a compact complex mani-
fold of dimension n = N — m if and only if the following two combinatorial conditions
are met:

(i) for any Ji, Jo € &, the convex envelopes in (C™)* of {{;};cy, and {{;};e,, overlap
on some non-empty open set;

(ii) forall J € £ and k € {0, ..., N}, there exists k¥’ € J such that (J ~ {K'}D) U {k} € €.

The above action can be described in terms of m pairwise commuting Killing vector fields
of the action of PGL(N + 1, C) on CP", given by

; N N 3 N M
P= E ik Zk—, ik = —", <j<m.
’ k=0 s dzk 7 dw; !

These vector fields generate a foliation F of dimension m on CP" that is non-singular
over Ug. Under the more restrictive condition defining LVM manifolds, it follows from
[Mer(00] that X can be embedded as a smooth compact real analytic submanifold M in Ug
that is transverse to F; such a submanifold M is realized as the transverse intersection of
hermitian quadrics Y-y Ajklzk|?> = 0, 1 < j < m (this actually yields 2m real con-
ditions by taking real and imaginary parts). In the more general case of LVMB manifolds,
Bosio has observed that X can also be embedded smoothly in Us ¢ CPV (see [BosOl,
Prop. 2.3 and discussion thereafter] and also [BoMO06, Part III, Section 12]).
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3. Deformation of transverse embeddings

Let f : X — (Z, D) be atransverse embedding. Then Jy := f*(J fZ(’XD)) defines an almost
complex structure on X. In this section we give sufficient conditions on the embedding f
that ensure that small deformations of Jy, in a suitable space of almost complex structures
on X, are given as J ; where f are small deformations of f in a suitable space of trans-
verse embeddings of X into (Z, D). Since the implicit function theorem will be needed,
we have to introduce various spaces of C" mappings. For any r € [1, oo], we consider
the group Diff" (X) of diffeomorphisms of X of class C", and the subgroup Diff{(X) of
diffeomorphisms diffeotopic to identity. When r = s 4 y is not an integer, s = |r],
then C” denotes the Holder space of maps of class C° with derivatives of order s that
are Holder continuous with exponent y. Similarly, we consider the space C" (X, Z) of C"
mappings X — Z equipped with C" convergence topology (of course, in Diff” (X), the
topology also requires convergence of sequences fv_l). If Z is Stein, there exists a bi-
holomorphism ® : TZ — Z x Z from a neighborhood of the zero section of TZ to a
neighborhood of the diagonal in Z x Z, such that ®(z,0) = z and d; ®(z, {)j;=0 = 1d
on T,Z. When Z is embedded in C " for some N’, such a map can be obtained by taking
®(z,¢) = p(z + ¢), where p is a local holomorphic retraction CcN' - Z and T.Z is
identified to a vector subspace of CV " In general (i.e. when Z is not necessarily Stein),
one can still find a C* or even real analytic map @ satisfying the same conditions, by
taking e.g. ®(z,¢) = (z, exp,(¢)), where exp is the Riemannian exponential map of a
real analytic hermitian metric on Z; actually, we will not need @ to be holomorphic in
what follows.

Lemma 3.1. Forr € [1, o0o[, C" (X, Z) is a Banach manifold whose tangent space at a
point f : X — Zis C"(X, f*T Z), and Dift[(X) is a “Banach Lie group” with “Lie
algebra” C" (X, T X) [the quotes meaning that the composition law is not real analytic as
one would expect, but merely continuous and differentiable at I1dy, though the underlying
manifold is indeed a Banach manifold).

Let us also point out that if the composition of C" maps is merely C” *for0 < r < 1,itis
actually a C" map for r > 1.

Proof of Lemma 3.1. The use of the map ® allows us to parametrize small deformations
of the embedding f as f(x)=®(f(x), u(x)) [or equivalently u(x)= ¢! (fx), fxN],
where u is a smooth sufficiently small section of f*7 Z. This parametrization is one-to-
one, and f is C" if and only if u is C" (provided f is). The argument is similar, and very
well known indeed, for Difff;(X). O

Now, let 7" (X) denote the space of almost complex structures of class C" on X. For
1 < r < o0, this is a Banach manifold whose tangent space at a point J is the space of
sections i € C" (X, Endg(T X)) satisfying J o h + h o J = 0 (that is, C-conjugate-linear
endomorphisms of 7 X). There is a natural right action of DiffS(X Yon J" -1 (X) defined
by

(oY) = 5T, YT =dy )™ o J((x)) o dy (x).
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As is well-known and as a standard calculation shows, the differential of ¥ — w*J at
¥ = Idy is closely related to the d; operator

3, :C"(X, TX) — "X, A% TX* @ TX"%) = ¢"~'(X, Enda(T X)),

namely it is given by v = Jodv—dvoJ = 2Jd vifv € C" (X, T X) is the infinitesimal
variation of .

Let I'" (X, Z, D) be the space of C" embeddings of X into Z that are transverse to D.
Transversality is an open condition, so I'" (X, Z, D) is an open subset in C" (X, Z). Now,
Difff;(X) acts on I'" (X, Z, D) through the natural right action

I'(X, Z,D) x Diffy(X) - I'(X, Z,D), (f.¥)+— foy.

We wish to consider the differential of this action at (f, ¥), ¥ = Idx, with respect
to the tangent space isomorphisms of Lemma 3.1. This is just the addition law in the
bundle f*T Z:

C' (X, f*TZ) xC" (X, TX) - C"NX, f*TZ), (u,v) > u+ fov.

A difficulty occurring here is the loss of regularity from C” to C"~! coming from the
differentiations of f and v. To overcome this difficulty, we have to introduce a slightly
smaller space of transverse embeddings.

Definition 3.2. Forr € [1, oco] U {w} we consider the space
I"(X,Z,D) cI"(X,Z,D) c C'(X, Z)

of transverse embeddings f : X — Z such that f is of class C" together with all “trans-
verse” derivatives h - df, where h runs over conormal holomorphic 1—f~orms with val-
ues in (TZ/D)*. When r = oo or r = w (real analytic case), we set ['"(X, Z, D) =
X, zZ, D).

Then T (X, Z, D) satisfies the following conditions:

Proposition 3.3. For 1 <r < oo:

(i) the group Diff(r)+l (X) acts on the right on I’ (X, Z,D);
(i) the space T'" (X, Z, D) is a Banach manifold whose tangent space at a point f :
X — ZisC'(X, [*D) @ C"H(X, TX).

Proof. Part (i) is clear since Diff6+1(X ) acts on rr (X, Z, D) through the natural right
action - -
X, zZ,D) x Diff6+1(X) —-T"(X,Z,D), (f,¥)— fou.

For (ii), pick f € F’(X, Z,D),u € C"(X, f*D) and v € C"*1(X, TX). The flow
of v yields a family of diffeomorphisms ¥, € Diff6+1 (X) with 9 = Idy and 1ﬁ,|t:o =v
(in what follows, all derivatives %I =0 will be indicated by a dot). Now, fix # € C"(Z, D)
such that u = i o f, by extending the C" vector field f,u from f(X) to Z. The extension
mapping u +— i can be chosen to be a continuous linear map of Banach spaces, using
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e.g. a retraction from a tubular neighborhood of the C” submanifold f(X) C Z. Let
f; be the flow of u starting at fo = f, i.e. j—,ft = u(f;). Let (¢j)1<j<n be a local
holomorphic frame of T'Z such that (e;),+1<j<n is a holomorphic frame of D, (ej’.‘) its
dual frame and V the unique local holomorphic connection of T Z such that Ve; = 0. For
j=1,...,n, wefind

d d
(] odfy) = ¢ (f o vd—{‘ = ¢5(f) o V(@(f) = ¢X(f1) o (VA)(fy) - dfy.

However, if we write ﬁ =>, +1<k<n Uker we see that the composition vanishes since
e*ek = 0. Therefore < (e odf;) = 0and e odf; = € *(f) odf € C"(X). This shows

that fi € F’(X Z, D) for all 7, and by deﬁnltlon we have ﬁ =uo f = u. Now, if we
define g; = f; o Yy, we find g; € F’(X Z,D)by (i), and g = u + fyv smce I/Iz = .
The mapping (u, v) = g1 = (f; o ¥),=1 defines a local “linearization” of I (X, Z,D)
near f. O

We may now consider the differential of this action at (f, ¥), where f € F’(X ,Z,D)
and ¢ = Idy. If we restrict u to be in C" (X, f*D), we actually get an isomorphism of
Banach spaces

CX, " D)yxC X, TX) = C X, f*TZ), (u,v) v~ u+ fyv, 3.1

by the transversality condition. In fact, we can (non-canonically) define on rr (X, Z,D)
a “lifting”
O(f, ) :C"(X, f*D) »> (X, Z, D), uwr> ®(f u)

on a small neighborhood of the zero section, and the differential of ®(f, ¢) at 0 is given
by the inclusion C" (X, f*D) < C"(X, f*T Z). Modulo composition with elements of
Diff6+1(X ) close to identity (i.e. in the quotient space I'" (X, Z, D) /Diffg“(X )), small
deformations of f are parametrized by ® (f, u) where u is a small section of C" (X, f*D).
The first variation of f depends only on the differential of ® along the zero section of T Z,
so it is actually independent of the choice of our map ®. We can think of small variations
of f as f+u, atleast if we are working in local coordinates (zg, ..., zZy) € CN on Z, and
we can assume that D, C T,Z = CV; the use of a map ® like those already considered
is however needed to make the arguments global.
Let us summarize these observations as follows.

Lemma 3.4. For 1 <r < oo, the quotient space rr (X, Z, ’D)/Diff(r)"H (X) is a Banach
manifold whose tangent space at f can be identified with C" (X, f*D) via the differential
of the composition

D(f.*)

C'(X, f*D) —— I"(X, Z, D) — (X, Z, D)/Diff;" (X)

at 0, where the first arrow is given by u — ®(f, u) and the second arrow is the natural
map to the quotient. O
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Our next goal is to compute Jy and the differential dJy of f +— Jy when f varies in
the above Banach manifold I (X, Z, D). Near a point zg € Z we can pick holomorphic
coordinates z = (z1, ..., zy) centered at zg such that D, = Span (0/9z;)n+1<j<n. Then
we have

D, = Span <8_ + Z a,,(z)8 , aij(zo) = 0. (3.2)

3 1Sz Zl>n+l§j§N

In other words, D, is the set of vectors of the form (a(z)n, n) € C" x CN~", where
a(z) = (a;j(z)) is a holomorphic map into the space L(CN=" C") of n x (N — n)
matrices. A trivial calculation shows that the vector fields ¢;(z) = % + Y ai j (z)a%_

9l ol
have brackets equal to

da da;
lej. ex] = Z(az”‘( V-5t >> atzo.n+1<j, k<N,
l

1<i<n J

in other words, the torsion tensor 6 is given by

ad

0(z0) = Z Oijk(z0) dzj Ndzk ® —

I<i<n,ntl1<j k<N 9z
. (3.3)

1/ 0a;x da;j
0ijk(z0) = 3 —( 0) — —(Z ) ).

We now take a point xg € X and apply this to zo = f(xp) € M = f(X) C Z. In the
coordinates z = (z1, ..., zn) chosen as above, we have T,) M @ Span(9/0z;)n+1<j<n =
T,,Z, so we can represent M in the coordinates z = (z/,z”) € C" x CN7" locally as a
graph z” =g(z’) in a small polydisc ' x " centered at zo, and use z' = (z1, ..., 2,) €’

as local (non- holomorphic 1) coordinates on M. Here g : ' — Q" is C"*! differentiable
and g(z;) = z;. The embedding f : X — Z is itself obtained as the composition with a
certain local C" diffeomorphism¢ : X DV — Q' c C", i.e.

f=FoponV, ¢:Voxr—7=9px)eQ cC", F:Q537— (,gE))eZ
With respect to the (z/, z”") coordinates, we get an R-linear isomorphism
dF(Z):C" — TryM C TryZ ~C" x CN7",
¢ (5,dg(2) - ¢) = (5,98 - & +08() - ).

Here dg is defined with respect to the standard complex structure of C* > z’ and has a
priori no intrinsic meaning. The almost complex structure Jy can be explicitly defined by

Tr(x) = dp(x)™" o Jr(p(x)) o do(x), G4

where Jr is the almost complex structure on M defined by the embedding F : M C Z,
expressed in coordinates as 7' — (z/, g(z')). By construction we get

Jr@)=dF (&) omzpm(F(&)) o Jz(F(z) 0 dF () (3.5
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where Jz is the complex structure on Z and 7z p y(z) : T,Z — T, M is the R-linear
projection to 7; M along D, at a point z € M. Since these formulas depend on the first
derivatives of F, we see that Jy is at least of class C" ~1 on X and Jr is at least of
<:1ass~C’_1 on M. We will see in Proposition 3.5 that Jy is in fact of class C" on X for
f eI'"(X, Z, D). Using the identifications Tp o M ~ C", T, Z ~ CN given by the above
choice of coordinates, we simply have Jzn = in on T Z since the (z;) are holomorphic,
and we get therefore

J2(F(Z) 0dF(Z)-¢ =idF(Z) - ¢ =i(¢,dg(x) - £) = (i£, 9g(2) - i¢ — 8g(2) - i¢)
= (i¢,dg(2)) - it) = 2(0,3g(2) - iQ).
By definition of z — a(z), we have (a(z)n, n) € D, for every n € C¥", and so
7z p.m @O0, n) =720 m@) (0, n) — (@@)n,n) = 77D M) (), 0).
We take here n = 9g(z') - i¢. As (i¢,dg(z)) - i¢) € TryM already, we find

nzpm(F(@))oJz(F(Z))odF(Z) ¢
= (i¢,dg(2) - i¢) + 27z p u (F(2))(a(F(2'))dg(Z) - i¢, 0).
From (3.5), we get in this way
Jp(@) -t =i¢ —2dF (@) onzpm(FE@))(ia(F(Z))dg) - ¢, 0). (3.6)

In particular, since a(zg) = 0, we simply have Jg (z(’)) - =1ig.

We want to evaluate the variation of the almost complex structure Jy when the embed-
ding f; = F; o, varies with respect to some parameter ¢ € [0, 1]. Letw € C" (X, f*T Z)
be a given infinitesimal variation of f; and w = u + fyv, u € C' (X, f*D), v €
C't1(X, T X) its direct sum decomposition. With respect to the trivialization of D given
by our local holomorphic frame (e;(z)), we can write in local coordinates

u(p™'(@)) = (a(F)) - n(@). n(@)) € Dpe
for some section z’ — 1(z') € CN~". Therefore
u(p™'(@)) = (0. n(z) —dg(@) - a(F(2)) - 1)) + Fu(a(F () - n(2))

where the first term is “vertical” and the second one belongs to Tr M. We then get a
slightly different decomposition @ := w o ¢~ ! = + F,v € C"(Q/, F*T Z) where

() = (0,n(z) —dg@) - a(F(Z)) -n(@)) € {0} x V7",
U(Z) = guv(Z) + a(F(Z)) - (@) € C".
This allows us to perturb f = F o ¢ as f; = F; o ¢, with

X3x 72 =¢(x) =)+ 10(p(x)) € C",
C's7 v Fi(Z)=(,g(Z)) e Z, 3.7
g(@) =g@) +1u() =g@) +t(n() —dg(@) - a(F()) - n(@)),
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in such a way that f, = %(f;)pz() = w. We replace f, g, F, M by f;, g, Fr, M;
in (3.6) and compute the derivative for r = 0 and 7/ = 16. Since a(zg) = 0, the only
non-zero term is the one involving the derivative of the map 1 — a(F; (). We have
Fi(z) = (0, 1(zg)) = u(xo) where 1(z(,) € CN=", thus JF, can be expressed at z( as
7 / d /
Jr(zp) - ¢ = E(JF, (zg) - =0
= —2dF(zp) " o1z p m(zp)(idalzo)(u(x0)) - dg(z() - ¢, 0).

Now, if we set A = ida(zp) (u(xo))gg(z(’)) -¢,as Dy, = {0} x CN~" in our coordinates,
we immediately get

72 D.m(2) (A, 0) = (A, dg(zg)-k) = dF (zp)-k, so dF(zp) 'omz pum(zp)(%, 0) = A.
Therefore, we obtain the very simple expression
T, (20) = —2ida(z0)(u(x0)) - 9g(z() € Endx(C") (3.8)

where da(zo)(€) € L(CN~", C") is the derivative of the matrix function z > a(z) at
z = 70 in the direction & € CV, and 5g(z6) is viewed as an element of Lz(C", CN-m),
What we want is the derivative of Jy, = dg,” oy F, (@) ody; at xg for t = 0. Writing @,
as an abbreviation for d¢, we find, fort = 0,

Jp = —¢; odgop ! 0 Jr(@) 0 9u + 05 0 JR(9) 0dgr + 91 0 JF (@) 0 s
=207 3,05 00) + 95" 0 Jr, (9) 0 0s, (3.9)

where the first term on the right hand side comes from the identity —ds o Jy + Jr ods =
2Jy¢ 5st with s = go*_lgbt e(C" (X, TX)andds = <p*_1dgb,. Our choices V = g,v+aoF i
and ¢; = ¢ + 1V 0 ¢ yield

¢gr=Top=gv+aof-nop, so ¢ '¢g=v+e; @of nog).
If we recall that a(zg) = 0 and n(¢(xg)) = n(zé) = pry u(xp), we get, at x = xo,
3, (93 @) (x0) = 3 5,0(x0) + @5 (da(20) (@, f (x0)) - pra u(x0)). (3.10)

By construction, ¢, = d¢ is compatible with the almost complex structures (X, Jr) and
(C", Jr). A combination of (3.8), (3.9) and (3.10) yields

Jr, (x0) = 2J5 3, v(x0)
+ ¢, 1 (2ida(z0) @, f (x0)) - pry u(xo) — 2ida(z0) (u(x0)) - 9g(z)) © @)

As 3y, f(x0) = (37, F)(z)) o de(x0) = (0, dg(z()) © px and fi = Fy 0 gy, we get

T (x0) = f7 ' Fi(2ida(z0) (@, f (x0)) - pry u(xo) — 2ida(zo)(u(xo)) - pry 4, f (x0))
+2J5d 7, v(x0).
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By (3.3), the torsion tensor 6(zg) : Dy, x Dyy — T;,Z/D,, = FT;;M = fi Ty X is
given by
aa;x

0
Pt )— (zo))n, ko

0(n, 1) =
(7]) 32 31

1Si§n,n+1§j,k§N<
=da(zo)(n) - A —da(z0)(X) - 1.

Since our point xo € X was arbitrary and Jy, (xo) is the value of the differential d.J;(w)
at xo, we finally get the global formula

dJpw) =2J(f7'0@, f.u) +3,,v)

(observe that 3 i f € Le(TX, f*TZ) actually takes values in f*D, so taking a projec-
tion to f*D is not needed). We conclude:

Proposition 3.5. Letr € [1, oo] U {w}.
(i) The natural map f v~ Jr sends T’ (X, Z,D) into J" (X).
(i) The differential of the natural map

I"(X,Z,D) —» J"(X), frJp,

along every infinitesimal variation w = u + fyv: X — f*TZ = f*D & f.TX of
f is given by
dJp(w) =27 (f,'0@y, f.u) +3,,v)

where 0 : D x D — T Z/D is the torsion tensor of the holomorphic distribution D,
and df = 9 It v =a J; v are computed with respect to the almost complex
structure (X, Jr).

(iii) The differential dJy of f +— Jr on F’(X Z, D) is a continuous morphism

C'X, f*D)®C T (X, TX) — C"(X,Ends(TX)), (u,v) — 2i(0(f, u)+0v).

If r = 0o or r = w then we replace r + 1 by r in (iii).

Proof. Parts (i) and (ii) are clear, as it can be easily seen that 3 f depends only on the
transversal part of df by the very definition of Jy and of 9 f = %(df +Jzodf oJy).
Part (iii) is a trivial consequence of the general variation formula. O

Our goal now is to understand under which conditions f +— J¢ can be a local submersion
from I (X, Z,D) to J"(X). If we do not take into account the quotient by the action of
lefr+l on J"(X), we obtain a more demanding condition. For that stronger requirement,
we see that a sufficient condition is that the continuous linear map

C' (X, f*D) — C"(X,Ends(TX)), u > 2003 f, u), 3.11)

be surjective.
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Theorem 3.6. Fixr € [1, co]U{w} (again, w means real analyticity here). Let (Z, D) be
a complex manifold equipped with a holomorphic distribution, and let f € I (X,Z,D)
be a transverse embedding with respect to D. Assume that f and the torsion tensor 0 of
D satisfy the following additional conditions:

(i) f is a totally real embedding, i.e. 5f(x) € Endg(T X, Ty Z) is injective at every
pointx € X;

(i) for every x € X and every n € Ends(T X), there exists a vector . € Dy (y) such that
0@ f(x)-& 1) =n(E) forall€ € TX.

Then there is a neighborhood U of f in I (X, Z, D) and a neighborhood V of Jy in
J"(X) such thatUd — V, f v+ Jy, is a submersion.

Proof. This is an easy consequence of the implicit function theorem in the Banach space
situation r < oco. Let ® be the real analytic map TZ — Z x Z considered in Section 3,
and let -
Ve C'(X, f*D) - T"(X,Z,D), uwr> O(f, fru).

By geﬁnition f = Wr(0) and Yy defines the infinite-dimensional manifold structure
on I'"(X, Z, D) by identifying a neighborhood of 0 in the topological vector space
C"(X, f*D) with a neighborhood of f in I'" (X, Z, D), and providing in this way a “co-
ordinate chart”. As we have seen in (3.11), the differential u +— dJr(u) is given by

ur> Lyu) =2i0@ f,u)

where Ly € C"(X, Hom(f*D, Endg(T X))) is by our assumption (ii) a surjective mor-
phism of bundles of finite rank. The kernel K := Ker Ly is a C" subbundle of f*D, thus
we can select a C" subbundle £ of f*D such that

FFD=K®¢E.

(This can be seen by a partition of unity argument for » # w; in the real analytic case, one
can instead complexify the real analytic objects and apply a Steinness argument together
with Cartan’s Theorem B to obtain a splitting). The differential of the composition

urg=VYr(w), g Jg,

is precisely the restriction of Ly = d J to sectionsu € C"(X, £) C C" (X, f*D), which is
by construction a bundle isomorphism from C" (X, &) onto C" (X, Endz(7 X)). Hence for
r<oo,utr>g=V¥ru) J\yf(u) is a C"-diffeomorphism from a neighborhood Wrg 0)
of the zero section of C" (X, &) onto a neighborhood V, of Jy € J"(X), and so g > J,
is a C"-diffeomorphism from Z/{rg = \D(Wrg (0)) onto V.. This argument does not quite
work for » = 0o or r = w, since we do not have Banach spaces. Nevertheless, for r = oo,
we can apply the result for a given finite ro and consider r’ € [rg, oo[ arbitrarily large.
Then, by applying a local diffeomorphism argument in C" "atall nearby points g = Wy (u)
(and by using the injectivity on Urgo), we see that the map

US =T WEO)NC" (X, ) = Vi NT"(X), g+ Uy
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isa C’,-diffeomorphism. Since this is true for all ’ with the “same” neighborhood, i.e.
one given by the same seminorms of order ro and the same bounds, the case r = oo
also yields a local diffeomorphism of Fréchet manifolds. For r = w, we have instead an
inductive limit of Banach spaces of real analytic sections u € C7'(X, &) whose Taylor
expansions u(y) = Y uy(x)(y — x)* converge uniformly on tubular neighborhoods of
the diagonal, of shrinking radii p — 0 (with respect to a given real analytic atlas of X,
say). The argument is quite similar, by considering the intersection W, (0)NC (X, &) we
get a diffeomorphism onto a neighborhood of Jy in 7’ (X), if we take p smaller than the
radius of convergence pg that can be used for f, W, and £. We still have to justify the fact
that g — J, is alocal submersion near f. Again, for finite values of r, e.g. for r = ro, this
is true by the Banach case of the implicit function theorem. Then the fibers {g; J, = J}
of g > J, are Banach manifolds modeled on C"°(X, K) in a suitable neighborhood
Upy =YW @ WE) cT" (X, 2, D) of f,

0

where U, is obtained as the image by Wy of a sufficiently small neighborhood of 0 in
C(X, f*D) =C"(X,K)® C"(X, ).

Observe that the “central” fiber {g; J;, = Jr} is in fact tangent to C(X,K) C
C"(X, f*D), and by continuity, KerdJ, is a complementary subspace of C'0(X, &) for
g close to f in the C' topology, ro > 1. We conclude by considering neighborhoods of
fel"(X,Z, D),

Uy =W (WE @W5) NC (X, fD)),

that are “uniform” in r. O

Remark 3.7. (a) When D is a foliation, i.e. 6 = 0 identically, or when f is holomorphic
or pseudo-holomorphic, i.e. 3 f = 0, we have d Jr = 0 up to the action of Diff6+1(X ).
Therefore, when n > 1, one can never attain the submersion property by means of a
foliation D or when starting from a (pseudo-)holomorphic map f.

(b) Condition (ii) of Theorem 3.6 is easily seen to be equivalent to (3.11). When one
of these is satisfied, condition (i) on the injectivity of 3 f is in fact automatically implied:
otherwise a vector £ € Kerd f(x) could never be mapped to a non-zero element 7(£)
assigned by 7.

(c) For condition (ii) or (3.11) to be satisfied, a necessary condition is that the rank
N — n of D be such that

N —n > rank(Endz(T X)) = n?,

i.e. N > n? 4 n, so the dimension of Z must be rather large compared to n = dim¢ X.

We will see in the next section that it is indeed possible to find a quasi-projective alge-
braic variety Z whose dimension is quadratic in n, for which any n-dimensional almost
complex manifold (X, J) admits a transverse embedding f : X — Z satisfying (i), (ii)
and J = Jy. The present remark shows that one cannot improve the quadratic character
N = 0n?) of the embedding dimension under condition (ii).
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4. Universal embedding spaces

We prove here the existence of the universal embedding spaces (Z, , D, k) claimed in
Theorem 1.2. They will be constructed as some sort of combination of Grassmannians
and twistor bundles. For k > n, we let W C R* x Gr(2k, 2n) x Endg (R?) be the set
of triples (w, S, J) where w € R2* S lies in the real Grassmannian of 2n-codimensional
subspaces of R?*, J € Endg(R?) satisfies J2 = —I and J(S) C S. Clearly, W is a
quasi-projective real algebraic variety, and it has a complexification W€ which can be
described as a component of the set of triples

(z,S,J) € C* x Ge(2k, 2n) x Ende(C)

such that J2 = —J and J(S) C S. Such an endomorphism J actually induces almost
complex structures on C* and on S, and thus yields direct sum decompositions C2* =
Y®X"and S = 5’ @ S where S’ C ¥/, §” C T” correspond respectively to the +i
and —i eigenspaces. If J is the complexification of some J® € Endg(R?) and S is the
complexification of some S® ¢ R, we have

dim$ =dimS” = JdimS =k-n and dim¥' =dim¥” = LdimC* =k. (4.1

We let Z be the irreducible non-singular quasi-projective algebraic variety consisting
of triples (z, S, J) as above where J has such “balanced” eigenspaces S’, S”, &/, ©”.
Alternatively, we could view Z as the set of 5-tuples (z, S, §”, ¥/, ") with §' C ¥/,
§” ¢ ¥” and C?* = ¥’ @ ¥”, and with dimensions given as above (the decomposition
C?¢ = ¥/ @ %" then defines J uniquely). Therefore by (4.1) we have

N :=dim¢ Z = 2k + 2k + n(k — n))

since k2 is the dimension of the Grassmannian of subspaces &/ C C2k (or £ c C%),
and n(k —n) the dimension of the Grassmannian of subspaces S’ C X/ (or §” C X”). The
real part W = Z® < Z can also be seen as the set of 5-tuples p = (w, S, §”, £/, £")
forwhichw =z=7eR*, 8" =§ and 2" = ¥/

In our first interpretation, the tangent space T Z at a point p = (z, S, J) consists
of triples (¢, u, v) where ¢ € C% 4 e Hom(S, (Czk/S) and v € End(C?) is such
that voJ + Jov =0 and v(S) C S. In the second interpretation, T, Z is given by 5-
tuples (¢, u’, u”, v, v") with ¢ € C?**, w’ € Hom(S', ¥'/S"), u” € Hom(S", £"/S"),
v/ € Hom(X', C?*/ %) and v € Hom(X”, C2¥/"). [In order to check these relations,
it may be useful to use coordinate charts, constructed e.g. by considering a fixed J-stable
complementary subspace S @ T = C2*, and, points of the Grassmannian close to S being
then seen as graphs of maps u € Hom(S, T)—we leave these details to the reader.] We
let D, C T,Z be the set of 5-tuples (¢, u’, u”, v’, v") for which¢ € '@ X" C C% (with
no conditions on the other components (1, u”, v’, v”)). Therefore we have a canonical
isomorphism 7,,Z /D, ~ %'/S’, and we see that D is an algebraic subbundle of corank n,
i.e. rank(D) = N — n, and T Z/D is isomorphic to the tautological bundle ¥’/S" arising
from the flag manifold structure of pairs (§’, ¥') with §’ ¢ £’ ¢ Ck,
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Proof of Theorem 1.2. Let (X, Jx) be an arbitrary compact n-dimensional almost com-
plex manifold, where Jy is of class C" tlre [0, oo] U {w}. We may assume here that
the differential structure of X itself is C*. Since dimg X = 2n, the strong Whitney em-
bedding theorem [Whi44] shows that there exists a C* embedding g : X — R¥ where
k = 2(2n) = 4n. (By well-known results, one can even take X to be given by a real alge-
braic variety and g to be algebraic [Ton74].) Let N X be the normal bundle of g(X) in R¥
(with a slight abuse of notation consisting in identifying X and g(X)). We use here the
Euclidean structure of R¥ to view N X as a subbundle of the trivial tangent bundle TR
Next, we embed X in R%* by the diagonal embedding x — G(x) = (g(x), g(x)), whose
normal bundle is TX & NX @ NX. We have

TR x) =TXOTX®NX ®NX.

On NX & NX (or, for that matter, on the double of any real vector bundle), there is a
tautological almost complex structure Jyxgnx given by (u, v) +— (—v, u). For every

x € X, we consider the complex structure J(x) on TRI% o = R% defined by

T(x) i= Jx(x) ® (—Jx(x)) ® Inxenx (x).

Notice that (X, —Jx) is the complex conjugate almost complex manifold X. In some
sense, we have embedded X diagonally into X x X (this embedding is totally real and has
normal bundle 7 X), and composed that diagonal embedding with the product embedding

gxg:XxX— R x RF =R,

which has normal bundle pr*l‘ NX® pr§ NX.Let JC x) € End((CZk ) be the complexifica-
tion of .7(x), andlet . C C2%, Dille C% be the +i and —i eigenspaces of J~(x) respec-
tively (both are k-dimensional). By construction, the bundle X’ consists of all vectors of
the form (10, n®1 u, —iu), €10 ¢ 710X, n01 € 701X u € NCX, and similarly ="
consists of all vectors of the form (50’1, nl’o, u,iu). We further define SR« TRZ and
its fiberwise complexification S, = S)]f{ ®C c C* by

SE={0}@TXONX®NX, S={0aTX®N°x o NCX.
Clearly S)]? is stable by J (x), and

S=%NS={0}®T*" X & {(u, —iu); u e N°X},
§"=2"NS={0}®T"°X & {(u, iu); u e N°Xx}

are the +i and —i eigenspaces of JNS, respectively. We finally get an embedding of

class C"H!
f:X—>Z x> (Gx),S., S, 2, %,

s My

and since (TZ/D)fn) =~ Z./S, =~ T OX, we see that the almost complex struc-
ture Jy induced by the natural complex structure of TZ/D coincides with Jx. As this
point, Z is quasi-projective but not affine. However f(X) is contained in the real part
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W = ZR, especially the corresponding subspaces S = S’ @ S” lie in the real part
Gr(2k,2n) C G(2k, 2n) of the complex Grassmannian. In this situation, we can find an
ample divisor A of G(2k, 2n) that is disjoint from Ggr(2k, 2r) and invariant by complex
conjugation (to see this, we embed the Grassmannian into a complex projective space CIP*
by the Pliicker embedding, and observe that the real hyperquadric Q = {205 j<s zlz = 0}
is disjoint from RIP*; we can thus take A to be the inverse image of Q by the Pliicker
embedding). By restricting the situation to the complement G (2k, 2n) \. A, we obtain
an affine algebraic open set Z' C Z that is invariant by complex conjugation, so that

f(X) c Z’®. Theorem 1.2 is proved with Z,, ; = Z’ and D, ; = Dz O

Remark 4.1. A computation in coordinates shows that conditions (i) and (ii) of Theo-
rem 3.6 are satisfied in this construction. Actually (i) is already implied by the fact that
the image M = f(X) C Zy, is totally real.

Remark 4.2. It is easy to find a non-singular model for a projective compactification
7n,k of Z, x: just consider the set of 5-tuples p = (z, 5, §”, ¥/, X”), where z € CP?,
S'C ¥ cTCP*,8” c ¥ c TCP*, such that 7 : Zok — CP* is a fiber bundle
whose fibers are products of flag manifolds constructed from the tangent bundle of the
base. The associated distribution Z_D,Z,k = (m,()’1 (8" 4+ X”), however, does possess singu-
larities at all points where the sum S” 4+ X" is not direct.

Symplectic case: Proof of Theorem 1.5. Let (X, J, w) be a compact n-dimensional almost
complex symplectic manifold with second Betti number b, < b and a J-compatible sym-
plectic form w. We choose b; rational cohomology classes on X, denoted [w1], .. ., [wp,],
that form a basis of the de Rham cohomology space H2(X, R). For this, we take classes
[wj] € H 2(X , Q) very close to [w] such that [w] lies in the interior of the simplex of
vertices [0], [w1], ..., [wp,]. The 2-form w; can be taken to be very close to w in the
uniform norm over X. This ensures that the w;’s are symplectic and [w] is a convex com-
bination ) A;[w;] for some A1, ..., Ap, > OwithO < > A; < l and )} A; > 1. Since
u = w— ) Ajwj is a very small exact 2-form u, we can in fact achieve u = 0 after replac-
ing one of the w;’s by w; + k;lu. Also, after replacing each w; by an integer multiple,
we obtain w = ) A;jw; where w; is a system of integral symplectic forms and A; > 0,
Y Aj < 1. After replacing wp, by b — by + 1 identical copies w; = wp,, we can assume
that w = Zlfjfb Ajw; with A; > 0.

According to the effective version of Tischler’s theorem stated by Gromov [Gro86,
p. 335], for every j = 1,..., b there exists a symplectic embedding g; : (X, w;) —
(CP*, yrs) with k = 2n + 1, where yps denotes the Fubini—Study form on CP*. Then
g:=(g1, ..., gp) is a symplectic embedding of (X, w) into the Kéhler complex projective

manifold b b
Y, ) = (1_[ CP*, ij pr;‘ )/FS).
j=1 j=1

Here pr; : ]_[57=1 CP* — CP* denotes the j-th projection. By construction, we have

b

®= ijwj = g"y.
j=1
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Let N X be the normal bundle of g(X) in Y. Here, we identify the normal bundle with a
subbundle of T'Y|4(x) by using the symplectic structure, namely we define

NX={neTY; V& €TX, yr(g«§,n) = 0};

the positivity condition y;(g+&, g+Jx&) = w(§, JxE) > O for & # 0 implies that we
indeed have g, TX N NX = {0}, and thus TY|,(x) = g+TX & NX. Although we will
not make use of this, one can see that the Riemannian and symplectic normal bundles are
linked by the relation N X riem — jo N XSYMP where Jg is the standard complex structure
of Y, the latter being unrelated to Jx. We embed X in ¥ x Y by the “diagonal” embed-
ding x — G(x) = (g(x), g(x)) (set-theoretically ¥ coincides with ¥, but we take the
conjugate complex structure Jy = —Jy). We have a decomposition of the tangent bundle
given, for x € X, by

TY XxY)o) =TX: ®TX, ®NX, ®NX,

where the first factor T X, consists of all diagonal vectors (g.&, g«£&) (with the slight
abuse of notation consisting in identifying X and g(X) C Y), the second consists of
all “antidiagonal” vectors (g«&, —g«&), and the two normal bundle copies are prf NX

and pr} NX. With respect to this decomposition, we define a complex structure J (x) on
T(Y x Y)gx) by 3

J(0) = Jx(x) ® (—Jx (%)) & Jy yasmx )
where Jy oy is the tautological almost complex structure (u,v) + (—v,u) on

NX & NX. Clearly, we have G*J = Jx [in fact, Y x Y is just the complexification
of the underlying real algebraic structure Y® on Y, under the anti-holomorphic involution
(x,y) — (y, x)]. Let us consider the Kéhler structure

y = %(PTT Ya—Prsya) onY xY.

Notice that —y;, is in fact a Kihler structure on Y and @ = g*y, = g*(—y.). We thus
have G*j = g*y;, = w, and further claim that J is compatible with 7. In order to check
this, let us take two tangent vectors (£1, &,), (11,7,) € TY x TY, and write § = £’ 4+ &”
for the decomposition of § € TY along TX & N X. We find

JE1.8) = T(3GE] + 8.8 + &) + S — 8.8, — &) + E.0) + (0.8))
SUxE +8&). —IxE + &)+ S(—Ix(E — &), Ix (& — &)
+(—£,0) + (0.5))

= (Jx&) — &) —JxE{ +&).

Since Jx and w are compatible and @ = g*y,, we have (with our abuse of notation
§ { >~ 84§ {)

va(Ux&(, Jxn)) = o(Ux&(, Jxn)) = oE, 0} = v (&1, 1)),

and a similar formula for (£}, n5). We infer from this and from the y;-orthogonality of
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the decomposition T X & N X that

7(J(&1.E). Tm. 7))
= 1 Ux& — &) Jxnhy — 15) — Sva(—Jx& + &, —Jxn| + )
= 3V (UxE — & Ixnh — 15) + sva(=Jx& + &, —Jxn| +n))
= 17 (& b)) + S7 &) 0y + Ay EL D) + v @)
= 3mELm) — 37.E2. M) = 7(E1.E2). (1. 7).

This proves that J is compatible with the restriction of the Kihler structure 7 to G (X).

We now construct Z, p , following essentially the proof of Theorem 1.2. We view
Y =Y x Y as areal algebraic manifold equipped with a real algebraic symplectic form
7 (though Y is in fact complex projective and 7 Kihler). We consider

W={(w,S,J)eY x Gp(TY,2n) x Endp(TY); J>=—1, J*y =7, J(S) C S}

and its complexification W€ which is defined by the same algebraic equations over C. We
define Z, ; x to be the component of W for which J and Jis have balanced +i and —i
eigenspaces &' @ £” = TYC and §' @ §” = S. There is a natural projection

= =2
T =Tnbk: Lnbk —> YC=vZxY s

and y can be complexified to a Kéhler form 7€ on YC which restricts to 7 on the
real part. Our construction produces a canonical lifting f : X — Z,px of G : X —
Y = YR c YC. Then, as above, the bundle Dy, b of tangent vectors ¢ € T Z, p x such
that T, € S’ @ X" defines an algebraic distribution transverse to G (X), and additionally
B = n*pC is a transverse Kihler form that induces the given symplectic structure w on X.
A calculation of dimensions shows dim¢ Y© = 4bk and dimc Z,, j x = 2bk(2bk + 1) +
2n(2bk — n), since the symplectic twistor space {J} in dimension 2m = 4bk has dimen-
sion m(m — 1), and we have additionally to select n-dimensional subspaces S’, S” in
the given 2bk-dimensional eigenspaces of J. The above variety Z, ; i is merely quasi-
projective, but we can of course replace it with a relative projective compactification
over Y (C, and extend D,, ;, x as a torsion free algebraic subsheaf of TZ,, 5, 4. O

Remark 4.3. In the above result, we could even take B to be a genuine Kéhler metric
on Zy p.k. In fact Z, p  is (quasi-)projective, so it possesses a Kdhler metric y. One can
easily apply a perturbation argument, replacing B by B + ey and letting w vary in a
neighborhood of the original symplectic form on X.

5. A weak version of Bogomolov’s conjecture: proof of Theorem 1.6
We start with a formula computing the Nijenhuis tensor of the almost complex structure

Jy given by an embedding f : X < Z transverse to a holomorphic distribution D.
Recall that for any smooth (real) vector fields ¢, n of T X, the Nijenhuis tensor N; of an



Algebraic embeddings of smooth almost complex structures 3413

almost complex structure J is defined in terms of Lie brackets of %! = %(; +iJ¢),
n*! = %(17 +iJn) as

Ny ) =4Re % "0 = (¢, 01— (g, Inl + JIE, In) + J1JIE, nl.

Proposition 5.1. If 6 denotes the torsion operator of the distribution D on Z, the Ni-
Jenhuis tensor of the almost complex structure Jy induced by a transverse embedding
f X — Zis given by

VieX.VOneT.X, Nj.nm =400, f@) ¢ 3,f@ n. (1)

Proof. We keep the same notation as in Section 3. In particular, we set M = f(X), and
near any point xg € X, we write f = F o ¢ where ¢ is a local diffeomorphism defined in
aneighborhood V of xg and F : ¢ 3 7/ — (Z/, g(z')) € Z. According to (3.6), the almost
complex structure Jr on ¢(V) C M and the corresponding one Jy on V C X are given
by

Ve ep(V), Ve e LM,  Jp(2)-¢ =it —2dF (&) 'nz.pm(ia(F(E))(0g() ), 0)

and Jr(x) = do(x)~' o Jp(p((x)) o de(x) for every x € V. Thus, by construction, we
have 3, f = 51F Fody (ie. dp is compatible with Jr and JF), and (5.1) is equivalent to

Vze M, VeneT.M, Nyj(¢.n)=40(3s,F(2)-¢.07,F()-n).

3 7.0 8 4 .2 :
Let¢ = Z;l:l(gja_zj + {ja—zj), n = Z;Z:l(nj@ + WW) be real vector fields in 7’ —
T M. For the sake of clarity we denote by Ji¢ the vector field i¢ associated with the
“standard” almost complex structure of C", so that

& a — 0
; laz_ J ]

Without loss of generality (and in order to simplify calculations), we assume ¢, 71 to have
constant coefficients ¢;, n;. At the central point z6 € ¢(V) we have a(F (z(’))) = 0 and
Jr = Jg, hence (after omitting vanishing terms such as [¢, 1]), the Nijenhuis tensor of Jr
at z, is given by
Nip@ompy = —Jut - (<2dF () 7z, pma(FE) - @) - 1. 0) Ly
+Jan - (=2dF @) nzpua(FE)) - 0gE) 0. 0),._,
+Ja[¢ - (-2dF )z p oy ia(F @) - Bg@)-m. )],
+Ja[=n- (-2dF (@) 'nzpma(F (@) - Bg(@) - ©),0))],

Y
7'=z,
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We recall that by our normalization, a(F (z,)) = 0 and d F (z3) oz p,pm(z,) = id. Hence
forall ¢, n € T; M we get, at 25

Ny (&, m) = (2ida(zo)(dF (zp) - Jug) - (0g(z) - n), 0)
+ Jo(—2ida(zp)(dF(z() - ¢) - 9g(z) - 1, 0)
— (2ida(zp)(dF (z) - Jam) - 98(z() - ¢, 0)
— Jse(—2ida(zp)(dF (zg) - n) - 9g(zp) - ¢, 0).

Since Jy o da(F(z()) o J = —da(F(z;)), we infer

(da(G)@F () - Jsd) - @g(zg) - 1) — Ju(dalzp)@F () - €)) - Dg(zg) - 0, 0)
= —(Vs(da(FG)@F () + Jy 0 dF (z() 0 Jy) - €) - (B z) - 1), 0).

Finally, since d F (z()) + Js 0 dF(z() o Jy = 25F(z(’)) = 25g(16), forevery ¢, n € T, M
we obtain

N (6. m) = =4 (Ju(da(F @) @p F () - €) - @, F () - ). 0)
+ 4 (s (daF () @y F () 1) - @ F () - ©)),0)
= —4iJ5 001, F(20) - ¢, 05, F(20) - ),
which yields the expected formula. O

Proof of Theorem 1.6. Let (X, J) be a complex manifold and let f : X — Z, be
an embedding into the universal space (Z, k, Dy ) such that Jr = J. Then Jr is an
integrable structure, hence N, vanishes identically. It follows from (5.1) that Im(@@y f) is
contained in the isotropic locus of 6, that is, the set of n-dimensional subspaces S in the
Grassmannian bundle Gr(D,, x, n) — Z, x such that 8;sxs = 0 at any point z € Z, .

[m}

6. Relation to Nash algebraic approximations of holomorphic foliations

In this section we prove Proposition 1.7. Let X be a compact complex manifold. We
denote by Jx the corresponding (almost) complex structure. We first embed X diagonally
into X x X. This is a totally real embedding with normal bundle T X . If we denote by ¢ the
embedding then ¢(X) is totally real and compact in X x X. Moreoverif pr; : X x X — X
is the projection on the first factor then Ker(d prj) = prj TX defines a holomorphic
foliation of X x X and, quite trivially, ¢(X) is transverse to Ker(d pr,).

Since X x X is a complexification of the real analytic manifold ¢(X), a well known
result of Grauert [Gra58] shows that ¢ (X) possesses a Stein tubular neighborhood U in
X x X (by Nirenberg and Wells [NiW69], every totally real submanifold of a complex
manifold has in fact a fundamental system of Stein neighborhoods, and in the compact
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case they can be obtained as tubes U, = {d(z, w) < ¢} for the geodesic distance as-
sociated with any hermitian metric on X). According to a result of Stout [Sto84], the
Stein neighborhood U can be shrunk to a Runge open subset U’ € U that is biholo-
morphic to a bounded polynomial polyhedron €2 in an affine complex algebraic manifold
Z ={Pi(z) =0} C CN,say Q = {z € Z; |Q;(2)| < 1} € Z, where P;, Q; €
Clz1,...,zn]. Let ¢ : U — Q be this biholomorphism, let f = ¥ o : X < Z be the
resulting real analytic embedding and let Jz be the complex structure on Z. We denote
by M = f(X) = ¥(¢(X)) the image of X by f, and by F = f.(Ker(d pry)|y’) the
direct image of Ker(d pr;) restricted to U’. Then F C T Zq is a holomorphic foliation
of codimension n on €2, and M is transverse to F. By construction, the complex struc-
ture J 151’]: on M induced by (T Z/F, Jz) on M coincides with f,(Jx). Now, we invoke
the following

Proposition 6.1. There exists a Runge open subset Q@ C CN with Q@ = Q N Z, a holo-
morphic retraction p : Q@ — €, and a holomorphic foliation F of codimension n on Q
such that M C S is transverse to F.

Proof. The normal bundle sequence

o—>Tz_>T<c|NZ—>Nz—>0

admits an algebraic splitting o0 : NZ — T(Cf‘é since Hallg(Z, Hom(NZ,TZ)) =
(Z being affine). Then h(z,¢) =z +0(z) - {, ¢ € NZ,, defines an algebraic biholomor-
phism % from a tubular neighborhood V' of the zero section of N Z onto a neighborhood
h(V) of Zin CN. Clearly, if 7 : NZ — Z is the natural projection, then p = 7 o h™! is
a Nash algebraic retraction from V := h(V) onto Z. We take

G=[zeC PP =Y IK@P <e(+ D7 10,@P +CIP@I < 1

with & « 1and A, C > 1 chosen so large that € 2(V). Then p maps submersively
onto €2, and €2 is a Runge open subset in CN. We simply take F=(p) ' FCTQtobe
the inverse image of F in . O

End of proof of Proposition 1.7. Thanks to Proposition 6.1 and our preliminary discussion,
we may assume that f : X < ZN Q c Qisareal analytic embedding into a Runge open
subset €2 C CV, transversally to a holomorphic foliation F on €2, with Jx = Jf Assume
that such foliations can be approximated by Nash algebraic foliations F,onQ, uniformly
on compact subsets. This means that Fy is given by a Nash algebraic distribution §,
Q — Gr(CV, n) that is moreover integrable. It is worth observing that if the integrability
assumption is dropped, then the existence of the Nash algebraic approximating sequence
8, is actually granted by [DLS93] (but it seems quite difficult to enforce the integrability
condition in this context).

Now M = f(X) is still transverse to J, for v > vg, and in this way we would
f* Jfl,]:u

obtain a sequence of integrable complex structures J,, = on X that approximate

Jx = f*J f]’f in the Kuranishi space of small deformations of X. O
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Remark 6.2. Instead of embedding just X in an affine algebraic manifold Z, we could
embed the whole Kuranishi space X — § of X into a product Z x S, keeping S as a
parameter space (it is enough to take a small Stein neighborhood S’ C S containing the
base point 0 of the central fiber Xy = X). For this we simply observe that X embeds
diagonally as a totally real submanifold A C X x X C X x X, hence A admits a Stein
neighborhood as before, and we can embed the latter as a Runge open set in an affine
algebraic manifold. By looking at the projection pr; to X and at the fibers over S, the
vertical tangent bundle pr} TX defines a holomorphic foliation transverse to all complex
structures AX; close to XAy = X. It is then not unlikely that one could also embed the
original complex structure Jx (without having to take an approximation), by using some
sort of openness argument and the fact that we have embedded the whole Kuranishi space.

Remark 6.3. It should also be observed that there is probably no topological obstruction
to the approximation problem. In fact, it is enough to consider the case where we have a
real analytic embedding f : X < Z, transversal to a holomorphic foliation given by a
trivial subbundle 7 C T Z on some Runge open set Q2 € Z of an affine algebraic man-
ifold. Otherwise, thanks to [DLS93], one can always assume that F is isomorphic to the
restriction of an algebraic vector bundle F’ on Z (possibly after shrinking €2 and replac-
ing Z by some finite cover Z' — Z). Then, since Z is affine, one can find a surjective
algebraic morphism u : ng — F'.Its kernel G = Ker u satisfies F/ @ G =~ Ozp, i.e.
F' @ G is algebraically trivial. We replace Z by Z = G (the total space of G), and F
by the inverse image F=@m) WF)cTZvianr :Z — Z.Then F ~ n*(F & G),
hence F is holomorphically trivial. We can therefore always reduce ourselves to the case
where F is holomorphically trivial. When this is the case, F admits a global holomorphic
frame (¢;), and the Lie brackets satisfy [¢;, &k] = ), keS¢ for some uniquely defined
holomorphic functions i, on €2. These functions can of course be approximated by a
sequence of polynomials p]“)k/z € C[Z], v € N, but it is unclear how to construct Nash
algebraic foliations from these data.

7. Categorical viewpoint

Compact complex manifolds form a natural category CCM, where the morphisms are
by definition holomorphic maps W : X — Y. The present work is also concerned
with the category FAV of “foliated algebraic varieties” for which the objects are suit-
able triples (Z, D, f). Here, Z is a non-singular complex algebraic variety, D C O(T Z)
an integrable algebraic subsheaf and f : X — Z a C*° embedding of a compact even-
dimensional real manifold X transversally to D. A morphism

(Z,D, f)y—> (W,E,g) (where g:Y — W is transverse to &)

is a pair (¥, ¢) where ¥ : Z — W is an algebraic morphism such that dW (D) C W*E,
and ¢ : X — Y adifferentiable map with the property that ¥ o f = g o ¢. By definition,
¢ is then a holomorphic map from (X, Jy) into (Y, J,), since d¥ induces a holomorphic
(and even algebraic) morphism

dYmodD:TZ/D— ¥V (TW/E)
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between the “transverse structures”. We have a natural functor
FAV — CCM, (Z,D, f)— (X, Jp),

and the Basic Question 1.1 can then be reformulated:

Question 7.1. Is the functor FAV — CCM surjective?

Here, one can of course identify triples in FAV given by isotopy equivalent transverse
embeddings f : X — Z, and complex structures (X, J), (X, J’) that are equivalent
through a path of biholomorphic maps 4, : (X,J) — (X, J;),t € [0,1], Jo = J,
J1 = J', hy = Idyx. One could also say that a morphism

W, 0):(Z,D, f: X—>2Z)—> W, Eg:Y > W)
defines an “isomorphism of transverse structures” if ¢ : X — Y is a diffeomorphism and
dVYmodD:TZ/D— W (TW/E)

yields a bundle isomorphism on restriction to f(X) (so that d¥ mod D has to be a generic
isomorphism between the quotients; one could further allow W to be merely a rational
morphism provided the indeterminacy set does not intersect f'(X)). Such an isomorphism
of transverse structure is obtained by taking ¥ = pr; : Z x A — Z with an arbitrary
algebraic variety A, pulling back D to T(Z x A) and replacing f with f x {ag} : X —
Z x {ap}; in this way one can add many “extra parameters” to Z that play no role at all
in the transverse complex structure. One can obtain another such situation by blowing up
or blowing down subvarieties of Z that do not intersect f(X), possibly after displacing
f(X) by a transverse isotopy. Question 7.1 can then be completed as follows, but we
currently have extremely little evidence about it:

Question 7.2. What are the fibers of FAV — CCM, at least if we identify objects through
transverse isotopies and isomorphisms of transverse structures? Are they parametrized by
finite-dimensional moduli spaces?

Although we are not able to answer these questions, it can be observed that our weak
version of Bogomolov’s conjecture (Theorem 1.6) also admits a categorical interpreta-
tion. For this, we introduce a category WFAV of “weakly foliated algebraic varieties”. Its
objects are quadruplets

z,D,S, f)

where Z is a complex algebraic variety, S C D are nested algebraic subsheaves of O(T Z)
such that [S,S8] € D, and f : X — Z is a smooth embedding of a compact even-
dimensional real manifold X into Z such that f(X) is transverse to D and Im(d s fHcs
for the induced almost complex structure Jy. It then follows from Proposition 5.1 that
(X, Jy) is still integrable, thus (X, Jr) is a compact complex manifold. One can see that
a transverse isotopy (f;):efo,1] such that Im(d f;) C S yields a path of biholomorphic
structures. Morphisms

W, 9):(Z,D,S, f)—> (W,E, T, 2
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are defined to be algebraic morphisms W : Z — W such that dW maps Din £, Sin T,
and Vo f =gogwithg : X — Y. We then get the following affirmative answer to the
weak analogue of Bogomolov’s question.

Theorem 7.3. The natural functor WFAV — CCM defined by (Z,D, S, f) — (X, Jr)
is surjective.

Proof. First, we apply Theorem 1.6 to a compact complex manifold (X, J) to obtain a
smooth embedding f : X — Z, i that is transverse to a distribution D,, y C T Z, . We
replace Z, by W, C Gr(Dy k., n), where W, i is defined as the set of all n-dimensional
subspaces S € Gr(D, , n) such that |sxs = 0. Notice that W,, x — Z, y is actually
a smooth fiber bundle, thanks to the homogeneous action of the linear group preserv-
ing the flag construction. Let & : W, — Z, . We equip W, ; with the distribution
Enk = (dm)~! (Dy.x)- Then &, i possesses a natural rank n subbundle 7, x C &, ¢ de-
fined as the restriction of the tautological subbundle on the Grassmannian bundle. Now,
the smooth map ¢ = (f, d f) defines a morphism g : X — W, that is transverse to
Enk, and we have [E, k, Enk] C Tnk by construction. It is easy to see that the object
Waks Enks Tnk, 8) € WFAV is mapped to (X, J) € CCM by the natural functor. ]
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