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Abstract. Schmidt and Spief described the abelian tame fundamental group of a smooth variety
over a finite field by using Suslin homology. In this paper we show that their result generalizes to
singular varieties if one uses Weil-Suslin homology instead.
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1. Introduction

In the 1980’s, Kato and Saito (based on ideas of Bloch) generalized the class field theory
for smooth, projective curves over finite fields to smooth, projective varieties of arbitrary
dimension [KaSa]: The map from the free abelian group generated by the closed points
which sends a generator x € X to the image of the Frobenius of k(x) under rrfb (k(x)) —>
Jrfb(X ) factors through the Chow group of zero cycles, and induces an isomorphism

rx : CHp(X) = 78 (X)w.

Here n]ab(X )w is the subgroup of elements in yrfb(X ) whose images in the absolute Galois
group of the finite base field are integral Frobenius powers.

If X is not necessarily projective but still smooth, then Schmidt and Spiel3 [SS, Sc]
showed that the same result still holds if one replaces the Chow group by Suslin ho-
mology and the fundamental group by its tame version: The reciprocity map induces an
isomorphism of finitely generated abelian groups

rx  HY (X, Z) = 77 (X)w.

This result does not extend to nonsmooth schemes: the example of the node shows that
rx is neither injective nor surjective in general. If X is normal, then ry is surjective but an
example of Matsumi—Sato—Asakura [MAS] shows that ry may have a nontrivial kernel.
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In this paper, we show that the result of Schmidt and Spie3 can be generalized to
singular varieties if one uses a refined version of Suslin homology on the one hand, and
replaces the fundamental group by the enlarged fundamental group of [SGA3, X, §6]

on the other hand. We denote the abelian enlarged tame fundamental group by Htl’ab in

order to distinguish it from the usual abelian tame fundamental group n]t’ab, which is its
profinite completion. The groups coincide if X geometrically unibranch (e.g., normal).
Our first result is:

Theorem 1.1. For any connected scheme X, separated and of finite type over a finite
field, the pro-group l_[tl‘ab(X )w is isomorphic to a (constant) finitely generated abelian
group.

On the other hand, recall from [Ge3] the definition of Weil-Suslin homology: Let F be
the finite base field, ' € Galy the Frobenius automorphism and G = Z the subgroup of
Galp generated by F. For an abelian group A, the groups HiWS (X, A) are defined as the
homology of the cone of 1— F* on the Suslin complex tensored by A of the base change X
of X to the algebraic closure F of F. By definition, there are short exact sequences

0— H>(X, A)g — HV5(X, A) - H® (X, A)¢ — 0.
Furthermore, for all i there are natural maps

HY (X, A) — HYS(X, A).

If X is smooth and A is finite, then it follows from the proof of Kato’s conjecture by
Jannsen, Kerz and Saito [KeSa] (and under resolution of singularities) that these maps are
isomorphisms (for i = 0 this follows from the theorem of Schmidt—SpieB).

We define a refined reciprocity homomorphism

recy : H\VS(X, Z) — 5™ (X)w

such that the composite with the natural map HOS (X,Z) - H 1w S(X, 7Z) is the reciprocity
map ry described above. Our main result, conjectured in [Ge3], is the following

Theorem 1.2. For any connected scheme X, separated and of finite type over a finite
field T, the homomorphism

recy : H\VS(X,Z) — N5 (X)w

is surjective. The kernel of recx contains the maximal divisible subgroup of le S(X,7),
and is equal to it if resolution of singularities for schemes of dimension < dim X + 1
holds over F.

As a corollary, we obtain (under resolution of singularities) an isomorphism of profinite
completions

recy : HYVS(X, Z)N = n;’ab(X).

Under Parshin’s conjecture [Ge3], les(X , Z) is finitely generated, hence recy would be
an isomorphism.
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2. The fundamental group and tame coverings

2.1. Etale and Weil-etale cohomology

Let X be a scheme, separated and of finite type over a finite field F. The absolute Ga-
lois group Galp acts on X = X xy [ via its action on FF. Pulling an etale sheaf F
on X back to F on X, we obtain a sheaf with a Galg-action [SGA7, XIII, §1.1]. By
using this action, the etale cohomology H( (X, F) can be calculated as the cohomology
of R I‘GahFRFet()_( JF ). The Weil-etale cohomology of F is by definition the cohomology
of RTg RTe(X, F), where G = Z is the subgroup of Galp generated by the Frobe-
nius. Since RI'Ga, and RI'g coincide on discrete torsion modules, etale and Weil-etale
cohomology coincide on torsion sheaves (cf. [Gel, §2] for a more detailed account).

We can calculate the Weil-etale cohomology of a sheaf F as follows: Choose an in-
jective resolution & — I°. Then

HY(X, F) = H'I*(X)°) and Hy(X,A) = H (I*(X) 1=F, I°(X)),

where F* is the pull-back along the Frobenius, and the left complex is considered to
be in homological degree 0. We form the double complex by using the negative of the
differential in the second complex, i.e., the differential of the total complex has the form

X))l (X)) - I X)) @l (X), () (do,a— Fra—dp). (1)
From the definition, we obtain short exact sequences
0— H.7\(X, F)¢ = H(X, F) - HL(X, F)¢ -0, )
as well as a homomorphism
H.(X,F) — Hiy(X, F) 3)

for each i > 0, which is an isomorphism for i = 0 and injective fori = 1.

By [SVI1, Thm. 10.2], etale and gfh-cohomology of a constant sheaf A coincide.
Hence, in order to calculate Weil-etale cohomology of A, we can also work with an in-
jective resolution A — 1I°® in the big gfh-site over F. If moreover A is a Z/m-module
for some m > 1, then we can also work with a resolution of A by injective h-sheaves of
Z/m-modules [SV1, Thm. 10.7].

For a regular connected curve C over a field k we consider the subgroup H/!(C, A)
- Helt(C , A) of tame cohomology classes (corresponding to those continuous homomor-
phisms 7§'(C) — A which factor through the tame fundamental group 7{(C’, C’ — C),
where C’ is the regular compactification of C).

For a general k-scheme X, we call a cohomology class ina € Helt(X , A) tame if for
any morphism f : C — X with C aregular curve, we have f*(a) € Ht1 (C, A). The tame
cohomology classes form a subgroup

Hl (X, A) € HL(X, A).
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The groups coincide if X is proper, if p = 0, orif p > 0 and A is p-torsion free, where p
is the characteristic of the base field k. If X is smooth with smooth compactification X’,
then H!(X,Z/p") = HL(X', Z/p") for any r > 1 by [GS, Prop. 2.10].

For X separated and of finite type over the finite field I, we define the tame Weil-etale
cohomology to be the subgroup

Hy (X, A) € Hy,/(X, A)

of those elements whose image in H} (X, A) in (2) is tame.
Recall that an abstract blow-up square is a cartesian diagram

ni l” @)

such that i is a closed embedding, 7 is proper, and 7 induces an isomorphism (X’ — Z')eq
— (X — Z)rea-

Proposition 2.1. If in the abstract blow-up square (4), w is finite, or if the abelian
group A is torsion, then there is an exact sequence

0 — HY (X, A) — HY (X', A) ® HY(Z, A) — HY(Z', A)
— Hy, (X, A) = Hy (X', A) & Hy, (Z, A) — Hy, (Z', A).

Proof. Let Sch/F be the category of separated schemes of finite type over F. For § €
Sch/F we denote by Z;(S) the h-sheaf of abelian groups associated with the presheaf
defined by U +— Z[Morp(U, S)].

For any finite field extension I’ /F, the base changes of X, Z, Z’, X’ to F’ form an
abstract blow-up square in a natural way. By the same argument as in the proof of [Ge2,
Prop. 3.2] (for the eh-topology) or [SV2, Lem. 12.1] (for the cdh-topology), we have an
exact sequence of i-sheaves on Sch/F,

0 — Zn(Zp) = Zn(Zy) ® Zn(Xp) — Zn(Xy) — 0. 5)

If A is torsion, then etale and #-cohomology with values in A agree by [SV1, Thm. 10.2].
Applying the functor R Homy, (—, A) and passing to the limit over all F'/F, we obtain the
exact triangle

RT(Xer, A) = RT(X.,, A) ® RT(Zet, A) — RT(Z.,, A) »> RT (Xer, A)[1]1  (6)

et? et’
and the long exact sequence
— HL(X,A) > H\(X',A)® H\(Z, A) - HI(Z',A) > HT\(X, A) > . (]

If  is finite, we have the gfh-version of the exact sequence (5) and obtain (6) and (7) for
arbitrary A, since etale and gfh-cohomology with values in any abelian group agree by
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[SV1, Thm. 10.7]. Applying RT'; to (6) and taking cohomology, we obtain the long exact
sequence

Hiy(X, A) - Hy(X', A) @ Hiy(Z, A) — Hy(Z', A) > HiF' (X, A) > . (8)
By [GS, Prop. 5.1], (7) induces an exact sequence
0— HY(X,A) - HY(X', A) ® HX(Z, A) — HXN(Z', A)
S HNX. A) > HI(X, A ®H(Z. A — H(Z, A, )

Comparing (9) with the sequences (7) and (8), we obtain the statement of the proposition
by a diagram chase. O

2.2. The enlarged fundamental group

We recall the definition of the enlarged fundamental group of [SGA3, X, §6]: Let X be
a connected, locally noetherian scheme. For a group G (considered as a constant group
scheme over X), a G-forsor P over X is a nonempty etale X-scheme P (i.e.,w : P - X
is unramified, flat and locally of finite type) with a G-action P xx G — P such that
PxxG— P xx P, (x,g) — (x,xg),is an isomorphism. By [Mi, Prop. 2.7] (see also
Ex. 2.6 there), for any etale sheaf F' on X we have a Hochschild—Serre spectral sequence

EY = H'(G, HY(P,n*F)) = H ™ (X, F).

For a geometric point £ of X, one defines I1!(X, £, G) to be the set of isomorphism
classes of G-torsors over X pointed over &. The trivial G-torsor gives a distinguished
element in IT1! (X, &, G). For a G-torsor P on X and a group homomorphism f : G — H,
consider

fu(P) = (P x H)/G,

where G acts by (¢, h) - g = (g, f(g_l)h). Then f,(P) is an H-torsor over X and we
obtain a functor
G (X, & G)

from groups to pointed sets. By [SGA3, X, §6], this functor is pro-represented by the
enlarged fundamental pro-group I1; (X, &), i.e.,

(X, &, G) = Hompro-grps (11 (X, £), G).

Explicitly, there is a pro-system of groups I11(X, &) = (G;)ie; with [ filtering, and a
Gi-torsor P; corresponding to the projection map I1i(X, &) — G; for all i such that
for any transition map o;; : G; — G; in the system we have P; = (a;;)«(F;), and for
any morphism IT; (X, §) — H represented by f : G; — H in the filtered colimit, the
corresponding H-torsor is fi(P;).

Next we define the enlarged tame fundamental group by extending the notion of
curve-tameness from [KeSc] to the enlarged context. A G-torsor P over a regular con-
nected curve C over a field k is called tame if the projection P — C extends to an at most
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tamely ramified covering of the regular compactification C’ of C. If X is any scheme,

separated and of finite type over k, and P is a G-torsor on X, then we call P tame if its

pull-back to the normalization of any curve on X is a tame torsor. If G = A is abelian,

then an A-torsor is tame if and only if its associated class in Helt(X , A) lies in Ht1 (X, A).
The functor

G "X, £,G)

sending G to the set of isomorphism classes of pointed tame G-torsors on X is pro-
represented by the enlarged tame fundamental group I'It1 (X, &), aquotient of TT{ (X, &) in
the category of pro-groups.

The abelianizations [T2°(X) and I}**(X) of T (X, &) and I} (X, £) represent the re-
strictions of the respective functors to the category of abelian groups and are independent
of the chosen base point &.

Lemma 2.2. For any abelian group A we have
Hompro-grps (M§°(X), A) = Ho (X, A),

and similarly for the tame version.

Proof. Write H‘I’b(X ) = (A;) and P; for the A;-torsor corresponding to the projection
1'["11b (X) — A;. We obtain a filtered direct system of Hochschild—Serre spectral sequences

H'(Aj, HY(Pi, A)) — HP (X, A)
inducing a system of short exact sequences
0— H'(Ai, A) > Hy(X, A) — HO(Ai, Hy(P;, A)).

The right map is the zero map in the colimit over all i, because if the A-torsor P arises
fromamap f: A; - A,ie., P = f.(P;), then P trivializes over P;. Finally,

colim H'(A;, A) = colim Hom(A;, A) = Hompro-grps (TT1(X), A). O

From now on let X be a connected scheme, separated and of finite type over the finite
field F. As above, we denote by G the subgroup of Galr consisting of all integral powers
of the Frobenius automorphism.

Definition 2.3. The enlarged Weil-tame fundamental group I'It1 (X, &)w is defined by the
cartesian diagram of pro-groups

(X, §)w — M(X, §)

| |

G — ([
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The abelianization Htl’ab(X yw of TT{ (X, &)w fits into the analogous cartesian diagram

M (X)w —— M (x)

| |

G — T (F)

The profinite completion of I'Itl’ab(X )w is the usual abelian (curve-)tame fundamental

group n;"“b(X) of [KeSc].
Proposition 2.4. For any abelian group A, there is a functorial isomorphism
Hompro-grps (M (X)w, A) = Hyy (X, A)

compatible with the isomorphism of Lemma 2.2, and there is a similar isomorphism for
the tame version.

Proof. Replacing F by its maximal algebraic extension in I'(X, Ox) changes G to a
subgroup of finite index, but does not change the groups on both sides of the statement.
Hence we may assume that X is geometrically connected [DG, 1, §4, 6.7]. Setting X =
X xp F, we have the exact sequence of pro-groups

1 - (X, &) - II1(X,6)w > G — 1.

If we write I11(X, £)w = (G;), then IT; (X, £) = (G;) with G; = ker(G; — G). We
denote by P; the G;-torsor over X associated with the projection map IT; (X, £) — G;.
Consider the functor F — ['(P;, F ) from the category of etale sheaves on X to
Gi-modules. The inclusion A— RT'(P;, A) induces a map R, (A) — RT'G, RT'(P;, A)
in the derived category of abelian groups. Since RI'g;, = RI'gRI';,, we can write this
map in the form
RT'G,(A) — RFGRF(-;I_RI"(I%, A). (10)

Since taking global sections over P; has an exact left adjoint, it sends injectives sheaves
on X to injective ZG;-modules, and we obtain RTz RU'(P;, A) = RI'(X, A). We can
thus write (10) in the form

RTG,(A) — RTGRT (X, A). 11)
Taking cohomology, and passing to the colimit over i, we obtain maps
H" (M (X)w, A) = HE(X, A), n>0.

For n = 1 this is the map of the proposition and we have to show that it is an isomorphism.
For this we rewrite (11) in the form

RTGRT G (A) — RTGRT(X, A) (12)
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and consider the map of the associated spectral sequences, which degenerate to short
exact sequences. In degree 1, we obtain the commutative diagram with exact lines

0 s Ag s HI (I (X)w, A) — HY(I1;(X), A)¢ — 0

| ! |

0 — HO(X, A)g — HL(X,A) — HL(X,A)¢ — 0

Since X is geometrically connected, the left vertical map is an isomorphism. The right
vertical map is an isomorphism by Lemma 2.2. Hence the middle map is an isomorphism.

To show the statement for the tame variant, we note that there is a similar diagram to
the one above for the tame groups. Indeed, a torsor on X is tame if and only if its base
change to X is tame, so we obtain the exact sequence

1 — M(X,&) - (X, 6)w — G — 1.

On the other hand, the bottom sequence of the above diagram induces a similar sequence
for the tame Weil-etale cohomology by definition. This time, the right vertical map is an
isomorphism by the tame version of Lemma 2.2. O

For a finite disjoint union X = [ [ X; of connected schemes we write by abuse of notation

M Xw = [ [0 Xow.

1

Theorem 2.5. For any X, separated and of finite type over a finite field I, l'[tl’ab X)w is
isomorphic to a finitely generated abelian group.
Proof. First assume that X is normal and connected. We claim that the kernel

5 (X)E° = ker(MY*™ (X)w — M (Fw = Z)
is a finite abelian group. If X is smooth, this follows from the main theorem of Schmidt—
SpieB [SS, Sc]. For a general normal X, choose a dense open smooth subscheme U C X.
Then, by [SGAL, V, Prop. 8], I'Itl’ab(U )E%° surjects onto Htl’ab (X)&%°, hence the latter group
is finite.

Now let X be arbitrary. We can assume that X is connected and reduced. Let X' — X
be the normalization. The cokernel I"I*lib(X '/ X) of H‘l‘b X — Hel‘b(X ) represents the
functor H;b(X '/ X) which sends an abelian group A to the set of isomorphism classes
of A-torsors on X which trivialize over X’. We denote the tame version of this group by
Htl‘ab(X’/X) and the cokernel of I'Itl’ab(X’)w — Htl’ab(X)w by C. Consider the diagram

Xy —— X)) —— NPX/X) —— 0

| | |-

ny*x’)y —— I x) —— 0y*X’/X) — 0

I I [

(X )yw — 05 Xw s C s 0
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Since X’ — X is proper, a torsor on X which trivializes over X’ is tame. Hence « is an
isomorphism, and so is 8. By [SGA3, X §6, p. 109], Hzl‘b(X’/X) is a finitely generated
abelian group, hence so is C. We have proved above that the geometric part of Htl’ab(X "Yw

(defined componentwise if X’ is not connected) is finite. This implies that l'[tl’ab(X )w is
constant and finitely generated. O

3. Weil-Suslin homology

Let k be a perfect field and X a scheme, separated and of finite type over k. We recall
that, for a smooth k-scheme 7', the group Cor(7, X) of finite correspondences is the free
abelian group generated by closed integral Z € T x X which are finite and surjective over
a component of T'. The Suslin complex of X is the complex Cq(X) = Cor(A®, X), where
Al = Speck[Tp, ..., T;1/O_T; — 1). Set 3 := Z}ZO(—l)faif € Cor(AI~1, Ai), where
8/ A7l — AP j =0,...,i, are the face maps. Then the differential Cor(A’, X) —
Cor(A/~!, X) is the composition of the correspondences x — x0d. The following lemma
is easy to check from the definitions:

Lemma 3.1. Let f : X — Y be a morphism of schemes.

(@) If X and T are smooth and ¢ € Cor(T, X), then (idr x f)«c = f o c. Here the left
hand side is a push-forward of cycles, and the right hand side is a composition of
correspondences.

(b) If X and Y are smooth and d € Cor(Y, Z), then (f x idz)*d = d o f. Here the
left hand side is a pull-back of cycles, and the right hand side is a composition of
correspondences.

(¢) If f is an automorphism of the smooth scheme X, then f*c = f*_lc for any cycle c.

Let T and X be separated schemes of finite type over k and o € Gal(k/k). Then o acts
on X = X Xy k via its action on k, and on algebraic cycles by pull-back.

Lemma 3.2. The action of o on Cor,;(Y_", X) induced by pull-back of algebraic cycles
sends a correspondence a to the composition oy Lo or, where ox and o are the auto-

morphisms of X and T induced by o. In other words, the following diagram of corre-
spondences commutes:

o*a o (13)

Proof. From Lemma 3.1, we have

ox oo*a = (idr xox)«(oT X ox)*«

= (idr xoy )*(idr xox)*(or x idx)*a = @ 0 o7. O
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Now we assume that k = I is a finite field. Let X be the extension to the algebraic
closure F, and let F' be the Frobenius automorphism of F/F. Let G = Z be the Weil
group of IF, generated by the Frobenius F.

Definition 3.3. Weil-Suslin homology Hl.WS (X, A) with coefficients in the abelian group
A is defined as the homology of the cone of

cHoall c.X) oA,

i.e., the total complex of the double complex

5 XA 5 X ®A — C(X)® A

[ [1-r [1-r

s XA s A s i) A
In degree i, the total complex consists of all elements
(xi, xi—1) € Cor(A", X) ® A @ Cor(A™™', X) ® A
with differential
(x.y) > (xd+y— F'yF, —yd). (14)

The spectral sequence for double complexes gives short exact sequences
0— HP(X,A)g — HY3(X,A) - H® |(X,A)¢ -0 (15)

where the left hand side and right hand side are the coinvariants and invariants with respect
to G, respectively. The map Co(X) — C,(X), sending a generator Z C X x A’ to its
pull-back to the algebraic closure, has image in the kernel of 1 — F*. Therefore, we obtain
natural maps, fori > 0,

H (X, A) — HY (X, A). (16)

Remark 3.4. For a torsion Galp-module M, we have RI"(IF, M) = [M i) M1, where
the last complex is concentrated in (cohomological) degrees zero and one. Hence, if A is
a torsion group, then

HYS (X, A) = H'7/(RT(F, Co(X) ® A)).

Remark 3.5. The definition of Weil-Suslin homology depends on the finite base field F
(via F € Galp). However, if X — T factors through F’/IF, then the Weil-Suslin homol-
ogy of X does not depend on whether we consider X as a scheme over F’ or over F.

Proposition 3.6. An abstract blow-up diagram (4) induces a long exact sequence of
Weil-Suslin homology groups

HYS(Z', A) - H'S(X', A) @ H\YS(Z, A) — H)'S(X, A)
— HYS(Z', A) — HYS(X', A) @ H)'S(Z, A) — Hy'S(X, A) — 0.
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Proof. By definition of Weil-Suslin homology, only the terms C;(?) for i < 2 are in-
volved in the definition of the terms in the sequence, hence a diagram chase shows that it
suffices to show that in the short exact sequence of complexes

0= Co(Z') > Co(X) D Co(Z) = Co(X) > Ko — 0

one has H;(K,) = 0 fori < 2. This was shown in [GS, proof of Prop. 5.2]. O

Since HOS(IF‘, 7Z) = 7Z and HiS(I_F, Z) = 0 for i > 1, we can calculate the Weil-Suslin
homology of the point by using (15) as follows.

Example 3.7.

1

HYS(F, 7) = {

1
HS(C,7Z) = {F*, i
i

Recalling IE_TE = 0 and Pic(C)g = Z, the exact sequence (15) yields the following:
Example 3.8. Let C be a smooth, proper, geometrically connected curve over F. Then

Z, i
Pic(C), i
i
i

’

HYS(C,7) =

0
1
F>, 2,
0, 3

IVl

The following improves [Ge3, Prop. 7.8]:

Proposition 3.9. Let X be a connected, separated scheme of finite type over F. Then the
structure map induces an isomorphism

deg : HYYS(X,Z) = H)S(F,7Z) = Z.

Proof. We have H"S(X,Z) = HJ(X,Z)g, hence deg is surjective, and it remains to
show that its kernel is trivial. Since elements in HOS (X, 7Z) are represented by zero-cycles,
any element of H(}V S(X, Z) comes by push-forward from HaV S(C, Z) for some connected
curve C C X (use, e.g., [Mu, II, §6, Lemma]). We can therefore assume that X = C is a
connected curve.

If C’ — C is finite and surjective, then H(}VS (C'\Z) — H(}VS (C, Z) is surjective.
Moreover, any element of degree zero in HSV S(C, Z) can be lifted to an element in the
kernel of the multi-degree map

HYS(C',2) — 770,
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‘We can therefore assume that C is a normal, connected curve. Moreover, we can assume
that C has an F-rational point (use Remark 3.5). Let A be the semi-abelian Albanese
variety of C. Then, by [SV1, Thm.3.1] (and [Li] if C is proper), the degree zero part of
HOS(C_‘ , Z) is isomorphic to A(F). The G-coinvariants of this group are both finite and
divisible, hence trivial. ]

Corollary 3.10. The canonical injection
HYS(X,Z)/m — HYS(X,Z/m)
is an isomorphism for any m > 1.

Proof. The cokernel is isomorphic to ker(H(})vs (X,2) 5 H(}VS (X,7Z)) =0. O

4. Duality

We say that resolution of singularities holds for schemes of dimension < d over a perfect
field k if the following two conditions are satisfied.

(1) For any integral separated scheme of finite type X of dimension < d over k there
exists a projective birational morphism ¥ — X with ¥ smooth over k which is an
isomorphism over the regular locus of X.

(2) For any integral smooth scheme X of dimension < d over k and any birational proper
morphism Y — X there exists a tower of morphisms X, - X, —> -+ > Xg =X
such that X, — X,_1 is a blow-up with a smooth center fori = 1, ..., n, and the
composite morphism X,, — X factors through ¥ — X.

In this paper, we do not use the full duality statement below, but only the equality of the
orders of the respective groups.

Theorem 4.1. Let X be separated and of finite type over the finite field F of characteris-
tic p. If m is prime to p, then there is a perfect pairing of finite groups

HYS(X,Z/m) x H\(X, Z./m) — Z/m.

If X is smooth and resolution of singularities for schemes of dimension < dim X + 1
holds over F, then there is a perfect pairing of finite groups for any r > 1,

H" (X, Z/p") x H' (X, Z/p") — Z/p".
Proof. By [Ge3, Thms. 5.4 and 5.5], we have a perfect pairing of finite groups
HSS/(X,Z/m) x HY\(X, Z/m) — Z/m,

where Hl.Clsl is Galois—Suslin homology. By [Ge3, §7.1], we have Hi(isl X,Z/m) =
HiWs (X, Z/m), showing the first statement (note that Hl.WS is denoted by Hl.’” in [Ge3)).
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For the second statement, let X’ be a smooth, proper variety containing X as a dense
open subscheme. Then, by [GS, Prop. 6.2], we have Hl.s X,zZ/p") = HiS(X’, Z/p") for
i =0, 1, and the exact sequence (15) above implies that

HYS(X,Z/p") = HYS (X', Z/ p").

Furthermore, Ht1 X,Z/p") = Helt(X’, Z/p") by [GS, Prop. 2.10]. Hence we may assume
that X = X’ is smooth and proper.
Let ZS, be the complex of etale sheaves on X which associates to U — X the Bloch

complex zo(U, o). Then, for smooth proper X, Hét(X, Z/p") is dual to Ext?{i (Z/p",Z%)
by [Ge4, Thm. 5.1]. Furthermore,

Exty ' (Z/p". Z%) = Bxty }, . (Z/p" Ly /p")  (by [Ge4, Lem.2.4])
= HY (X, Z5 /P
= H'"'(RT(F, RT (Xe, Z%/p")))
= {'"7(RT(F, Z%/p" (X))  (by [Ge4, Thm. 3.1]).

The natural map B B
Co(X)®Z/p" — L5/ p"(X)

induces an isomorphism on H/ for j = —1,0 by [SS, Thm.2.7] (the assumption
dim X < 2 is unnecessary and not used in the proof). Hence for i = 1 we obtain

H°(RT'(F, Z%/p" (X)) = HO(RT(F, Co(X) ® Z/p"))
= H"S(X,Z/p") (by Remark 3.4).

This concludes the proof. o

5. The reciprocity map
For any X and any abelian group A, we construct a functorial pairing
HYS(X, Z) x Hy (X, 4) 15 A, (17
which induces natural maps
Hom(IT;* (X)w, A) = Hy (X, A) - Hom(H"5(X, Z), A)
for any abelian (pro-)group A, hence the Yoneda lemma induces
recy : H\VS(X,Z) — 5™ (X)w. (18)

The pairing (17) should satisfy two conditions. First, the composite of recy with the
natural map HOS (X,7Z) — les(X , Z) should be the map

rx T Hy(X, Z) — Y™ (X)w
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which sends the class [x] of a closed point x € X to its Frobenius automorphism in
5™ (X)w.

Secondly, we want (17) to be compatible with the pairing over IF considered in [GS]:
there we considered (over any algebraically closed field) a natural pairing

HY(X,Z) x H(X, A) — A, 19)

which is defined by pulling back torsors along finite correspondences. For A = Z/m with
(m, char(F)) = 1, the induced homomorphism

Hom(H} (X, Z), Z/m) — HL(X,Z/m)
coincides with the composite of Hom(HIS()_(, 7),Z)m) S HS1 (X,Z/m) with the
Suslin—Voevodsky comparison isomorphism [SV 1, Cor. 7.8]
HYX, Z/m) 25 HL(X, Z/m).

We want to construct the pairing (17) in such a way that the diagram

. . 19
HS(X.Z) x  H(X. 4 —25 4

| T |

HYS(X,7Z) x H'(X.A) — 4

commutes. In [GS, §4] an explicit interpretation of (19) in terms of qfh-sheaves is given.
This motivates the following construction of the pairing (17).

Let A be an abelian group and A — I* an injective resolution of the constant sheaf A
in the category of qfh-sheaves. An element of H\}V,t(X , A) is represented by a pair

(@, B) eI'X)®1°%(X) with da =0, [a] € H!(X, A) and d = & — F*a.
An element in H IWS (X, Z) is represented by a pair
(x,y) € Cor(A!, X) ® Cor(A®, X) with xd=F"'yF —y.
Since H} (A, A) =0 = HL(A?, A),wecanfinds € I°(A!) withds = x* F*a € I' (A1)
and 1 € I°(A%) with dr = y*« € I'(A%). Then
(e, ), (@, B)) i= F*t —t = 3"s + y*B (20
lies in
A= H%AY, A) = ker((°(A%) S 1'(A%)).
Indeed, we have
d(F*t —t — 0%s + y*B) = F*y*a — y*a — 0"x*F*a + y*(a — F*a)
— F*y*a — (F*y*F**l —V)(F*a) — y*F*a = 0.
One checks without difficulty that ((x, y), (@, 8)) does not depend on the choices of s
and ¢.
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Lemma 5.1. ((x, y), (o, B)) € A only depends on the class of (x,y) in les(X, 7)) and
on the class of (o, B) in Hvlv’t(X, A).

Proof. Fory € 1°(X), s = x*F*y and t = y*y satisfy the condition and we have
(e, ), dy,y —F'y)) = F't—t =3"s+y"(y — F*y) = F*y"y —y"y — (x8)*F"y
=F*y'y —=y*y —F*y'y +y"F'y =0.

Let (u,v) € C_or(Az, X) @ Cor(A', X). Since Htl(A_2, A)=0= Htl(Al, A), we can
find 0 € I°%(A?) with do = u*F*« and 7 € I°(A') with dt = —v*e. Then s =
%0 + F*t —t —v*B and t = 9% satisfy

ds = wd +v— F YWF)F‘a, dt=(—vd)*a
and
(Wd +v—F YWF, —vd), (o, B)) = F*t —t — 3*s — (v3)*B
=F*0"t — 30"t — 0" + 0" F*t — 1 —v*B) — 3"v*B = 0. |
By Lemma 5.1, we obtain the pairing (17) and the reciprocity map (18).
Lemma 5.2. If f : X — Y is an F-morphism, then the diagram

HYS(X,2)  x  HL (X, A 5 4

L

HYS(v,Z)  x  HL,v.A) - A

t,ab

commutes, hence recy : HlWS (X,Z) — ;7 (X)w is functorial in X.

Proof. Let A — I°® an injective resolution of the constant sheaf A in the category of
gfh-sheaves. Let ¢ € H\}v (Y, A) be represented by

(@, p) e'(¥)@1°(Y) with da =0,[«a] € H!(Y, A) and dB = a« — F*a.
Furthermore, let ¢ € H IW s (X, Z) be represented by
(x,y) e Cor(AI, X)® Cor(AO, X) with xd = F_lyF — .

We have to show that (¢, f*(¢))x = (f«(¢), ¢)y. This follows directly from the construc-
tion: First note that f,(¢) is represented by (f o x, f o y). Choose s € IO(AI) with

ds = (f ox)*F*a e I'(A")
and 1 € I°(A%) with dr = (f o y)*a € I'(AY). Then

(fox,foy),(,B))y=Ft—t—ds+(foy)p
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by definition. Since ds = x* F*(f*(«)) and dt = y*(f*(«)), we obtain

(e, ), ffa, Bx = F't —t = 3"s + y*(f*(B) = F't =t —3"s + (f o »)"B
=((fox, foy), (& By,

showing the assertion. O

Proposition 5.3. The composite of recxy with the natural map Hg X,Z2) —
HIWS(X, 7)) is the map

rx T Hy(X, Z) — Y™ (X)w
which sends the class [x] of a closed point x € X to its Frobenius automorphism in
5™ (X)w.
Proof. By functoriality, it suffices to consider the case X = A%, In this case, we have
natural identifications Z = H$(A% Z) = H'S(A%,Z) (sending | € Z to idyo €
Cor(A%, A%)), and for any abelian group A, we have A = HeO[(AO, A = H\,lv t(AO, A).
With respect to these identifications, the pairing (17) is just multiplication Z x A — A,
(n, a) — na. Furthermore, the isomorphism of Proposition 2.4,

A = Hy (A%, A) 5 Hom(IT1;*°(A%)w, A) = Hom(G, A),

maps a € A to the homomorphism G — A which sends the Frobenius F € G = Z to
a. By using all this, the statement of the proposition follows from the definition of the
reciprocity map. O

6. Comparison of blow-up sequences
If A = Z/m, then Weil-etale and etale cohomology agree, and by Corollary 3.10, the
pairing (17) induces a pairing

HYS(X,Z/m) x H\(X,Z/m) — Z/m, 1)

and hence a map
o HYS (X, Z/m) — HN (X, Z/m)*, (22)
which is the mod m version of recy.
In addition, we consider the pairing
HYS(X,Z/m) x HY(X, Z/m) — Z/m (23)

defined as follows: Choose x € Cor(A°, X) representing a class in H(}VS X,Z/m) =
HOS()_(, Z/m)g,and o € 1°(X) withdo = 0 and @ — F*a = 0. Then set (x, &) = x*a €
HY(A®, Z/m) = Z/m. We obtain a map

% - HYS(X, Z/m) — HY(X, Z/m)*. (24)

The maps ®° and ®' extend in a natural way to nonconnected schemes. They induce
a map from the exact sequence of Proposition 3.6 to the dual of the exact sequence of
Proposition 2.1. The compatibility with the boundary map is given by
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Proposition 6.1. For any abstract blow-up square

the following diagram is commutative:

HYS(X, Z/m) —2— HYS(Z',Z/m)

1 0
q)Xl lq)l/

HY (X, Z/m)* — H(Z'.Z/m)*
Here § is the boundary map of the exact sequence of Proposition 3.6, and 8* is the dual
of the boundary map of the exact sequence of Proposition 2.1.

Proof. We have to show that the diagram

HYS(X,Z/m)  x  H\X.Z/m) —5  z/m

| - |

HYS(Z' Z/m)  x  HQ(Z.Zjm) —s  Z/m

commutes. Leta € HIWS(X, Z/m)and b € Hg(Z’, Z/m). We set
CN(X) = Ci(X) ®Z/m & Ci—1(X) @ Z/m,
i.e., C)V(X) is the complex calculating H”S (X, Z/m). Consider the diagram

(7T4,0%)

00— cViz) T eVxh e cVz) — oV x)

J(a*,l—F*) J(a*,l—F*) l(am—F*)

(i;’fmi) (774, 1%)

0 —— CY(Z) —— (X e CY(Z) —= Y (X).

By Proposition 3.6 and its proof, a € le S(X,7Z/m) can be represented by a cocycle
a € C}Y(X) which can be lifted to C} (X") @ C}¥ (Z). We choose & € C\Y(X") & CV (2)
with (4, i4)(@) = «, hence (w4, i4)(3*,1 — F*)(@) = 0. We conclude that §(a) €
H(}VS (Z', Z/m) is represented by an element y € CgV(Z’) with

(i, =) (y) = (0%, 1 — F*)(@). (25)
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Let I°® be an injective resolution of Z/m in the category of sheaves of Z/m-modules on the
h-site on Sch/T, and let 8 € IO(Z ) with dB = 0 be a representative of b € H W(Z',Z/m).
Consider the diagram

Px) @ 10z) L 0z

I I
(r*,i%)

'x) ——= 1'xHe1'(2) o, 'z

b b

LAY e 1A% 4 1'AY e 1A% = TI'AH @ 1'(A% 4 2(A) @ (A%

l(a*,l—F*) l(a*,l—F*) l(?)*,l—F*) l(a*,l—F*)

PAY — 4 s IAY) ———— /(A0 — 4 2(A)

Since the complex coker(I*(X’) @ I°(Z) — 1°(Z")) is exact (cf. the exact triangle (6) in
the proof of Proposition 2.1), we find 8 € I°(X") @ 1°(Z) with (i"*, —7'*)(8) = B. By
the argument of [MVW, Lem. 12.7], the sequence

0> FX)—> FX)®F(Z)— F(Z)
is exact for every h-sheaf F. Therefore the second line in the diagram is exact and there
is a unique ¢ € I'(X) with (*, i*)(¢) = dp representing §(b) € Htl (X, Z/m). From
&*(dB) = a*(de) it follows that

d(@*(B)) = a*(e) € ker(d*, 1 — F*).

By definition, we have

(a,8b) = — (3%, 1 — F)&*(B) € ker@®(A®) — 1'(A%) = HO(A®, Z/m).

On the other hand, (§a, b) = y*(b) € HeOt(AO, 7/m) is represented by y*g € 1°(A%)
and

VB =y A", =B = GLy), —mL () (B) = (3%, 1 — F*)(@)*(B).

Now we write & = (&1, &) with & € C; (X’ ) ® C1(Z) and & a € Co(X Y Co(2).
Then (8%, 1 — F*)(&) = 219 + as — F~ ' F. Since F*(,B) ﬁ we conclude that

(3%, 1 — F¥)@)*(B) = (8%, 1 — F*)a*(B).

This completes the proof. O
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7. Proof of the main theorem

To prove our main theorem, we first consider finite coefficients.

Proposition 7.1. The map @8( is an isomorphism for any X and m.

Proof. We can assume that X is connected. Then, by Proposition 3.9, the degree map
induces an isomorphism H(}VS(X, 7./ m) = H(}VS (F,Z/m) = Z/m. Furthermore,
HeOt(IE‘, Z]m) = HeOt(X , Z/m). Hence, by functoriality, we can reduce the statement to
the case X = Spec(FF), where it is easy. O

Theorem 7.2. For any separated scheme of finite type over a finite field IF, the map
oy HYS(X,Z/m) — HN (X, Z/m)*

is surjective. It is an isomorphism if m is prime to the characteristic or if resolution of
singularities holds for schemes of dimension < dim X + 1 over F.

Proof. By Propositions 2.1, 3.6 and 6.1, and induction on the dimension, we can assume
that X is normal and connected. Then, by Proposition 5.3 and Chebotarev—Lang density,
the composite

q)l
HS(X,Z)/m — HS(X,Z/m) = H' (X, Z/m)*

is surjective, hence so is d>§(. To get the isomorphism, we note that by Theorem 4.1, the
source and the target of <I>§( have the same order under the given hypothesis. O

Proof of Theorem 1.2. Consider the diagram (for any m)

HYS(X,2) —X— mi™ (X)w

| Iy

(Dl
HYS(X, Z/m) — TV (X)w/m

The composite © ﬁ( o g is surjective by Corollary 3.10 and Theorem 7.2. Hence the co-
kernel of recy is divisible. Since I'Itl’ab (X)w is finitely generated, all divisible elements of
les(X , Z) are in the kernel of recy, and the cokernel of recy is finitely generated and
divisible, hence trivial.

Now assume that resolution of singularities holds for schemes of dimension <
dim X + 1 over F. Then CID}( is an isomorphism for all m. Hence the kernel of recy is
the set div le S(X, Z) of divisible elements. This agrees with the maximal divisible sub-
group by the following lemma. O

Lemma 7.3. Let A be an abelian group. If A/div A is finitely generated, then div A is
divisible.
Proof. Let B = A/div A, choose an integer n such that n B is free, and let C C A be the

inverse image of nB in A. Then div C = div A because nA C C C A. By freeness of n B,
we obtain C = nB @ div A, hence div A = div C = divdiv A. O
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8. The case of proper curves

In this section we illustrate the results of this paper in the case of proper curves. Let C
be a connected, proper curve over F. The morphism Creq — C induces an isomorphism
on Weil-Suslin homology as well as on fundamental groups. We may therefore assume
that C is reduced. We first note that H IW S(C,Z) is a finitely generated abelian group.
This follows by applying Proposition 3.6 to the normalization morphism C — Cand by
using Examples 3.7 and 3.8. Furthermore, resolution of singularities holds for schemes of
dimension < 2 over IF. Hence Theorem 1.2 yields the reciprocity isomorphism

recc : HIWS(C, 7) = l'[?b(C)w.
Since C is proper, we have CHo(C) = HOs (C, Z), hence (16) yields an injection
¢ : CHy(C) — H\5(C, 7).

By [Ge5, Thm. 6.2 and Prop. 6.3], coker(¢) is isomorphic to H (I, Z), where T is the
dual graph associated with the curve C. We obtain an exact diagram

0 —— CHy(C) —2— HYS(C,Z) —— H\(I.Z) — 0

zlrecc ‘ ’

0 —— CHy(C) —5— M¥®(C)w —— H (I, Z) — 0

where, by Proposition 5.3, r¢ is the map which sends the class of a closed point to its
Frobenius automorphism. Denoting by A the profinite completion of an abelian group A,
completion of the bottom line yields the exact sequence

0 — CHo(C) — 7¥(C) — H\(T, Z) — 0, (26)

which is the exact sequence of [KaSa, Prop. 1]. _

Finally, we consider the example of a nodal curve. Let C be a smooth, proper curve
over [F admitting two rational points P, Q, and let C be the curve obtained by identifying
P and Q. We denote the image of P and Q in C by O, i.e., we have an (abstract) blow-up
square

(P,Q} —— C

Il

{0} —— C

Let D be a countable chain of copies C;, i € Z, of C with P; € C; identified with
Qi—1 € Ci_ foralli € Z:

D:
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Translation gives a natural Z-action on D, and C is the quotient D/Z with respect to
this action. In particular, we have a surjection l'[el‘b(C ) = Autc (D) = Z. Inspecting the
combinatorics of D, we see that

ker(M¥(C) — Z) = M(C)/(Frobp — Froby).
HCHCC, we have an exact sequence
0 — T (C)w/(Frobp — Frobg) — M¥®(C)y — Z — 0. (28)

In particular,
M®°(C)w = Z & Z & (finite)

as abelian groups. Applying Proposition 3.6 to the blow-up square (27) and using Ex-
amples 3.7 and 3.8, we obtain the exact sequence

0 — CHo(C)/(IP1— Q1) — HY5(C,Z) — Z — 0. (29)

The reciprocity map recc induces an isomorphism between the exact sequences (29)
and (28). The map on the left hand side is induced by the reciprocity map of the smooth
curve C, which sends [x] € CHy(C) to Frob, € IT¥(C)w = 7*(C)w.

Acknowledgments. Research of T. Geisser was supported by JSPS Grant-in-Aid (B) 23340004.
Research of A. Schmidt was supported by DFG-Forschergruppe FOR 1920.

References

[DG]  Demazure, M., Gabriel, P.: Introduction to Algebraic Geometry and Algebraic Groups.
North-Holland Math. Stud. 39, North-Holland, Amsterdam (1980) Zbl 0431.14015
MR 0563524

[Gel] Geisser, T.: Weil-étale cohomology over finite fields. Math. Ann. 330, 665-692 (2004)
7Zbl 1069.14021 MR 2102307

[Ge2]  Geisser, T.: Arithmetic cohomology over finite fields and special values of ¢-functions.
Duke Math. J. 133, 27-57 (2006) Zbl 1104.14011 MR 2219269

[Ge3]  Geisser, T.: On Suslin’s singular homology and cohomology. Doc. Math. 2010, Extra vol-
ume: Andrei A. Suslin’s sixtieth birthday, 223-249 Zbl 1237.19006 MR 2804255

[Ged] Geisser, T.: Duality via cycle complexes. Ann. of Math. (2) 172, 1095-1126 (2010)
Zbl 1215.19001 MR 2680487

[Ge5]  Geisser, T.: Arithmetic homology and an integral version of Kato’s conjecture. J. Reine
Angew. Math. 644, 1-22 (2010) Zbl 1211.14014 MR 2671773

[GS] Geisser, T., Schmidt, A.: Tame class field theory for singular varieties over algebraically
closed fields. Doc. Math. 21, 91-123 (2016) Zbl 1354.14033 MR 3465109

[KaSa] Kato, K., Saito, S.: Unramified class field theory of arithmetical surfaces. Ann. of Math.
(2) 118, 241-275 (1983) Zbl 0562.14011 MR 0717824

[KeSa] Kerz, M., Saito, S.: Cohomological Hasse principle and motivic cohomology for

arithmetic schemes. Publ. Math. Inst. Hautes Etudes Sci. 115, 123-183 (2012)
Zbl 1263.14026 MR 2929729


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0431.14015&format=complete
http://www.ams.org/mathscinet-getitem?mr=0563524
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1069.14021&format=complete
http://www.ams.org/mathscinet-getitem?mr=2102307
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1104.14011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2219269
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1237.19006&format=complete
http://www.ams.org/mathscinet-getitem?mr=2804255
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1215.19001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2680487
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1211.14014&format=complete
http://www.ams.org/mathscinet-getitem?mr=2671773
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1354.14033&format=complete
http://www.ams.org/mathscinet-getitem?mr=3465109
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0562.14011&format=complete
http://www.ams.org/mathscinet-getitem?mr=0717824
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1263.14026&format=complete
http://www.ams.org/mathscinet-getitem?mr=2929729

3488

Thomas Geisser, Alexander Schmidt

[KeSc]

(Li]

[MAS]
[MVW]
[Mi]

[Mu]

[Sc]
[SS]

[SGAI]

[SGA3]

[SGAT]

[SV1]

[SV2]

Kerz, M., Schmidt, A.: On different notions of tameness in arithmetic geometry. Math.
Ann. 346, 641-668 (2010) Zbl 1185.14019 MR 2578565

Lichtenbaum, S.: Suslin homology and Deligne 1-motives. In: P. G. Goerss and J. F. Jar-
dine (eds.), Algebraic K-theory and Algebraic Topology (Lake Louise, AB, 1991),
Kluwer, 189-196 (1993) Zbl 0902.14004 MR 1367297

Matsumi, K., Sato, K., Asakura, M.: On the kernel of the reciprocity map of normal sur-
faces over finite fields. K-Theory 18, 203-234 (1999) Zbl 0947.19001 MR 1722795
Mazza, C., Voevodsky, V., Weibel, Ch.: Lectures Notes on Motivic Cohomology. Clay
Monogr. Math. 2, Amer. Math. Soc. (2006) Zbl 1115.14010 MR 2242284

Milne, J. S.: Etale Cohomology. Princeton Math. Ser. 33, Princeton Univ. Press, Princeton,
NJ (1980) Zbl 0433.14012 MR 0559531

Mumford, D.: Abelian Varieties. Corrected reprint of the second (1974) edition, Tata Inst.
Fund. Res. Stud. Math. 5, Hindustan Book Agency, New Delhi (2008) Zbl 1177.14001
MR 2514037

Schmidt, A.: Singular homology of arithmetic schemes. Algebra Number Theory 1, 183—
222 (2007) Zbl 1184.19002 MR 2361940

Schmidt, A., Spiel, M.: Singular homology and class field theory of varieties over finite
fields. J. Reine Angew. Math. 527, 13-36 (2000) Zbl 0961.14013 MR 1794016

Revétements étales et groupe fondamental. Séminaire de Géométrie Algébrique du Bois
Marie 1960-1961 (SGA 1), dirigé par A. Grothendieck. Lecture Notes in Math. 224,
Springer, Berlin (1971) Zbl 0234.14002 MR 2017446

Schémas en groupes. II: Groupes de type multiplicatif, et structure des schémas en groupes
généraux. Séminaire de Géométrie Algébrique du Bois Marie 1962-64 (SGA 3 1I), dirigé
par M. Demazure et A. Grothendieck. Lecture Notes in Math. 152, Springer, Berlin (1970)
7Zbl 0209.24201 MR 0274459

Groupes de monodromie en géométrie algébrique. II. Séminaire de Géométrie Algébrique
du Bois-Marie 1967-1969 (SGA 7 II), dirigé par P. Deligne et N. Katz. Lecture Notes in
Math. 340, Springer, Berlin (1973) Zbl 0258.00005 MR 0354657

Suslin, A. A., Voevodsky, V.: Singular homology of abstract algebraic varieties. Invent.
Math. 123, 61-94 (1996) Zbl 0896.55002 MR 1376246

Suslin, A. A., Voevodsky, V.: Bloch-Kato conjecture and motivic cohomology with fi-
nite coefficients. In: The Arithmetic and Geometry of Algebraic Cycles (Banff, AB,
1998), NATO Sci. Ser. C Math. Phys. Sci. 548, Kluwer, Dordrecht, 117-189 (2000)
Zbl 1005.19001 MR 1744945


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1185.14019&format=complete
http://www.ams.org/mathscinet-getitem?mr=2578565
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0902.14004&format=complete
http://www.ams.org/mathscinet-getitem?mr=1367297
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0947.19001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1722795
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1115.14010&format=complete
http://www.ams.org/mathscinet-getitem?mr=2242284
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0433.14012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0559531
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1177.14001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2514037
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1184.19002&format=complete
http://www.ams.org/mathscinet-getitem?mr=2361940
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0961.14013&format=complete
http://www.ams.org/mathscinet-getitem?mr=1794016
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0234.14002&format=complete
http://www.ams.org/mathscinet-getitem?mr=2017446
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0209.24201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0274459
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0258.00005&format=complete
http://www.ams.org/mathscinet-getitem?mr=0354657
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0896.55002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1376246
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1005.19001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1744945

	1. Introduction
	2. The fundamental group and tame coverings
	3. Weil–Suslin homology
	4. Duality
	5. The reciprocity map
	6. Comparison of blow-up sequences
	7. Proof of the main theorem
	8. The case of proper curves
	References

