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Abstract. We study the Neumann initial-boundary problem for the chemotaxis system

ur =Au—V-wVv), xe€Q,t>0,
0=Av—pu()+w, xe,t>0, (*)
Twr + 0w =u, xe, t>0,

in the unit disk Q2 := B{(0) C RZ, where § > 0 and T > 0 are given parameters and u(t) :=
fQ w(x, t)dx,t > 0.Itis shown that this problem exhibits a novel type of critical mass phenomenon
with regard to the formation of singularities, which drastically differs from the well-known thresh-
old property of the classical Keller—Segel system, as obtained upon formally taking ¢ — 0, in that it
refers to blow-up in infinite time rather than in finite time. Specifically, it is first proved that for any
sufficiently regular nonnegative initial data ug and wg, (x) possesses a unique global classical solu-
tion. In particular, this shows that in sharp contrast to classical Keller—Segel-type systems reflecting
immediate signal secretion by the cells themselves, the indirect mechanism of signal production
in (%) entirely rules out any occurrence of blow-up in finite time. However, within the framework of
radially symmetric solutions it is next proved that

e whenever § > 0 and jQ ug < 8md, the solution remains uniformly bounded, whereas
e for any choice of § > 0 and m > 8m4, one can find initial data such that fQ ug = m and the
corresponding solution satisfies

lu(, Dl — 00 ast — oo.
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1. Introduction

A chemotaxis model with indirect signal production. Chemotaxis, the biased move-
ment of cells along concentration gradients of a chemical signal, is known to play a sig-
nificant role in numerous biological circumstances such as bacterial aggregation, spatial
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pattern formation, embryonic morphogenesis, cell sorting, immune response, wounding
healing, tumor-induced angiogenesis, and also tumor invasion (see [35], [20], [28], [11],
[1]1, [10], [6] and [7], for instance). The renowned Keller—Segel model (cf. (1.4) below),
describing the collective behavior of cells in response to a signal produced by the cells
themselves, has been well-studied with regard to biological implications, but beyond this,
during the last decades quite a thorough comprehension of its mathematical features has
grown in various directions ([35], [13], [2]).

In contrast to this well-understood paradigmatic case, the theoretical understanding
is much less developed in situations when a chemotactic cue is not released by the cells
themselves. Typical examples for such mechanisms include cases when the signal is not
produced at all, such as in oxygenotaxis processes of swimming aerobic bacteria which
preferably move toward higher concentrations of externally provided oxygen as their nu-
trient [36], and also cases in which signal production occurs within more complex pro-
cesses, possibly involving chemical reactions or even cascades thereof, such as e.g. in the
glycolysis reaction ([9], [29]); cf. also [23] and [5] for further extensions of chemotaxis
models involving additional couplings.

It is the purpose of the present work to achieve some insight into possible features
of chemotaxis models accounting for the latter type of more complex signal production
mechanisms. Specifically, we shall be concerned with the prototypical parabolic-elliptic-
ODE system

uy = Au —V - uVv), xeQ,t>0,

0=Av — u(t) +w, xe,t>0,

Twy + 6w =u, xeQ,t>0, (1.1)
g—g=g—g=0, x€o2,t>0,

u(x,0) =ug(x), wx,0) =wox), x e,

in the unit disk © := B; := B1(0) C R?, where § > 0 and v > 0 are fixed parameters
and

u(t) :=][ w(x,t)ydx, t>0. (1.2)
Q

In a concrete biological framework, this model arises as a simplification of the chemotaxis
model recently proposed by Strohm, Tyson and Powell [32] to describe the spread and
aggregative behavior of the Mountain Pine Beetle (MPB) in a forest habitat considered
negligibly thin in its vertical dimension. Their model involves three variables: the density
of flying MPB, denoted by u, the density of nesting MPB, represented by w, and the
concentration v of the beetle pheromone, the latter being secreted only by those MBP
which are nested in trees. Besides random diffusive motion, the flying MPB can partially
orient their movement according to concentration gradients of the MPB pheromone. Once
MPB nest, they do not move any longer, meaning that apart from the increase of w through
transition from the flying to the nested state, the only further quantity relevant to their
evolution remains their death rate 6. For more details on the physical background, we
refer the reader to [32, Section 2].
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From a mathematical point of view, (1.1) can be viewed as a variant of the Keller—
Segel model associated with the system

{MtzAu—V-(qu), XGQ, t>0, (13)

0=Av—+u, xeQ,t>0,

where I := f, u = f, uo, which can formally be obtained from (1.1) upon taking 7 \ 0.
In the case when Q coincides with the entire space R? or R?, the corresponding limit
system of the latter arises in the modeling of self-gravitating particles [4], and furthermore
it was introduced in [16] as a simplification of the well-known classical Keller—Segel
model [17] of chemotaxis, the original version of which being

{ut:Au—V-(uvv), xe,t>0, (1.4)

vy=Av—v+u, xe,t>0.

Here the hypotheses justifying the reduction of (1.4) to (1.3), namely the physically mean-
ingful assumptions that chemicals diffuse much faster than cells, and that the particular
signal substance in question degrades sufficiently slowly, have been used in various re-
lated contexts and are also part of the simplification of the original model in [32] to (1.1)
(cf. also the review paper [14]).

Let us emphasize here the evident difference between (1.1) for T > 0 on the one
hand and the two-component Keller—Segel systems (1.3) and (1.4) on the other: In both
of the latter, the quantity u directly produces the quantity v governing its cross-diffusion,
whereas the corresponding signal production in (1.1) occurs in an indirect process, with
first u producing the third quantity w, and with the latter being exclusively responsible
for the release of v.

Blow-up and critical mass phenomena. It is known that chemotactic cross-diffusion
terms, constituting the apparently most characteristic model ingredient in all systems
(1.1), (1.3) and (1.4), may have a strong destabilizing potential and even enforce the
formation of singularities. Correspondingly, a striking feature of both Keller—Segel sys-
tems (1.3) and (1.4) appears to be the occurrence of some solutions blowing up in finite
time, which is commonly viewed as mathematically expressing numerous processes of
spontaneous cell aggregation which can be observed in experiments (see [13] and also [2]
for a survey). Indeed, in the spatially two-dimensional framework considered here, the
appearance of such explosion phenomena is closely related to the initially present total
mass fQ ug of cells. For instance, it was shown in [16] and [3] that in the spatially radial
setting, the system (1.3) possesses some solutions which blow up in finite time provided
that this mass fQ ug is large enough, whereas solutions remain bounded whenever fQ ug
is small; as a precise value distinguishing the respective mass regimes either allowing for
or suppressing explosions, the critical mass m, = 8w could be identified (cf. [3], [26]
and [30] for (1.3) and closely related variants thereof).

As for the fully parabolic chemotaxis system (1.4), an analogous critical mass phe-
nomenon is known to occur, the respective threshold value again being m, = 87 in the
radially symmetric situation. For corresponding results on boundedness in the subcriti-
cal regime we refer to [25]; some quite particular blow-up solutions with fQ ugp > 8w
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have been detected in [12], whereas recently in [22] it was shown that such a singularity
formation indeed occurs within a considerably large set of supercritical-mass initial data,
which can even be viewed generic in an appropriate sense.

In the nonradial setting, corresponding critical mass phenomena seem to be present,
with a reduced value of m, = 4. For parabolic-elliptic Keller—Segel systems, rigorous
proofs for this can be found in, or easily adapted from [26] and [25]; in the parabolic-
parabolic case, only a respective boundedness result is available in the case fQ uy < 4rw
(see [25]), whereas the occurrence of any nonradial finite-time blow-up solution to (1.4)
appears to be a challenging open problem (cf. [15] for a partial result on unboundedness).

Let us mention that in the spatially one-dimensional versions of both (1.3) and (1.4),
all solutions emanating from conveniently smooth initial data are global in time and re-
main uniformly bounded [27], while in three- or higher-dimensional balls, for arbitrarily
small values of m > 0 one can find smooth initial data fulfilling fQ uy = m, for which
the corresponding solution will blow up in finite time (see [24] for a parabolic-elliptic
and [37] for the fully parabolic case). A critical mass phenomenon thus occurs only in the
two-dimensional situation.

Main results. A novel type of critical mass phenomenon. It is the purpose of the
present paper to rigorously investigate the qualitative features of the system (1.1) with
regard to its original intention to model processes of aggregation. Here our focus will be
on the question of how far the indirect signal production mechanism in (1.1) can enforce
singularity formation in the first solution component . Our main results in this direction
show that actually also (1.1) exhibits a type of critical mass phenomenon, but that the
latter appears to be novel in the context of chemotaxis problems: Surprisingly, unlike the
cases of (1.3) and (1.4), the mass threshold property we shall identify here will refer to
blow-up in infinite time rather than in finite time.

Indeed, by deriving energy-type estimates through rather straightforward testing pro-
cedures we can first show that for all reasonably regular initial data with arbitrary mass
fQ uop, (1.1) is globally classically solvable:

Proposition 1.1. Let§ > 0 and tau > 0, and suppose that ug € C°(Q2) and wo € C1(Q)
are nonnegative. Then there exists a unique triple (u, v, w) of nonnegative functions

u e CYQ x [0, 00) N CH(Q x (0, 00)),
v e C0(Q x [0, 00)),
w e CO’1(§ x [0, 00)),

which solves (1.1) in the classical sense.

We shall next establish that the number
me = 87§

is critical with regard to boundedness of radial solutions. The first part of this characteri-
zation is contained in the following.
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Theorem 1.2. Let §, t > 0, and suppose that ug € C 0(Q) and wo € CL(Q) are radially
symmetric and nonnegative, and m := [, o Uo satisfies

m < 8.

Then the solution of (1.1) is bounded in 2 x (0, 00), that is, there exists a constant C > 0
such that

ux,t) <C, v(x,t)<C and w(x,t)<C forallx € Qandt > 0.

Secondly, the above picture is completed by our final statement: In fact, for any m > 876
we shall derive an essentially explicit condition on the radial initial data uy and wo which
under the assumption |, o 40 = m ensures that in the large time limit, the solution diverges
exponentially in its first component when measured in L°°(2):

Theorem 1.3. Let § > 0 and t > 0. Then for any
m > 8md

there exist R € (0, 1) and o > 0 such that for each n > 0 one can find positive con-
stants I'y(m, n), y (m, n) and 'y, (m, n) with the property that for all radially symmetric
nonnegative functions ug € C°(Q) and wo € C'(Q) satisfying

/ uy=m > 8mé, (1.5)

Q

f ug > Iy(m,n) forallr € (0, R), (1.6)
B,

][ ug <y forallr € (R, 1), (L.7)
Bi\B,

f wo > f wo + Ty(@m,n) forallr € (0, R), (1.8)
B, B

][ wo < ][ wo — N forallr € (R, 1), (1.9)
B\ B, B

the corresponding solution (u, v, w) of (1.1) is unbounded in the sense that
lu(, DllLo) > ce*  forallt >0
with some ¢ = c(m, 0,3, T, |woll1(q)) > 0.

As a particular consequence, this provides some quantitative information on the damping
role of the death rate § in (1.1). For instance, it follows from Theorem 1.2 that for any
given initial data (uq, wo) the associated solution will remain bounded whenever § > 0
is suitably large. On the other hand, if § vanishes then unbounded solutions can be found
for arbitrarily small values of the initial mass fQ uo.

Moreover, the criticality of m. = 8m§, as thus detected to predict the possibility or
impossibility of aggregation phenomena in (1.1) for positive values of T and §, appears to
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be consistent with the above mass threshold properties of (1.3): Indeed, in the limit case
7 = 0, in which in (1.1) clearly any initial condition on w becomes meaningless, we will
have w = (1/8)u. Hence, upon substituting & := (1/8)u we see that we may assume that
8 = 1, and that (1.1) reduces to (1.3), having critical mass m, = 8w = 87 §; the fact that
m. is then related to finite-time blow-up, rather than to inifinite-time aggregation, may be
viewed as a consequence of the lacking relaxation mechanism reflected in the ODE for w
in (1.1) when v > 0. In summary, varying 7 over the interval [0, co) does not change the
value of the critical mass, but it significantly affects its precise role when passing from
positive t to the case T = 0.

Main ideas underlying our approach. Let us briefly outline the methods we pursue in
the derivation of Theorems 1.2 and 1.3. Our approach to both of these will be based on
a transformation reducing (1.1) to an initial-boundary value problem for a scalar degen-
erate parabolic equation. Though well-established in related contexts, this transformation
results in an equation which, unlike the corresponding situation in the standard Keller—
Segel system (1.3) (see [16]), now contains a nonlinear production term that is nonlocal
in time. More precisely, we shall see that the mass distribution function U associated with
a given radial solution u = u(r, t) of (1.1), that is, the function defined by

JVE
UE, ) ::/ ru(r,t)dr, & €]0,1],1t>0,
0

satisfies the single equation

t

U, = 4 Usge +%{/ e M=)/ <U(§, 5) — %g) ds} Us +2(Wo(§) — Ko&) -e /" Up

° (1.10)
for £ € (0,1) and ¢ > 0, where Wy(§) = fo‘/grwo(r) dr, & € [0,1], and Ko :=
Wo(1) (cf. Lemma 4.1). Clearly, u is bounded if and only if the spatial gradient Ug is
bounded. Fortunately, the corresponding parabolic operator allows for a comparison prin-
ciple (Lemma 4.2), and thus enables us to focus our subsequent analysis on the construc-
tion of appropriate super- and subsolutions.

Based on such a comparison argument, under the subcriticality assumption m < 8 é
from Theorem 1.2 we shall first obtain an estimate of the form U(&,t) < C& for all
(&,1) € (0,1) x (0, 00) and some C > 0 (Lemma 5.2). This means that given ¢ > O,
adjusting r9 € (0, 1) suitably we can achieve that the mass which the original solution
accumulates in the ball B, (0) satisfies f By (0) u(x,t)dx < e forallt > 0. In conjunction

with a corresponding e-regularity result (Section 5.3) this will yield the desired bounded-
ness property of such solutions.

In the case m > 8mé$ addressed in Theorem 1.3, we will construct subsolutions ex-
hibiting gradient grow-up at the origin; that is, we shall find a family of suitable subso-
lutions U to (1.10) with the properties U(0, 7) = 0 for all 7 > 0 and U, (0, 1) — oo as
t — 00. Proving Theorem 1.3 then amounts to finding sufficient conditions for u#y and wq
ensuring that U (§,0) > U(&,0) forall § € (0, 1).
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We find it worthwhile to underline here that the structure near the origin of the latter
comparison functions, to be explicitly constructed and analyzed in detail in Section 6,
will be given by
_anE
b +E

with b(t) = bpe ', r > 0, and appropriately chosen a € ([0, 20)), & € (0, 1) and
bgy, o > 0. The idea for this construction originates from standard knowledge on equilibria
for the classical parabolic-elliptic Keller—Segel system obtained from (1.3) in the limit
case = R2. Indeed, choosing a = 4 and b = const in (1.11) one would rediscover a
well-known family of explicit radial steady states for the corrseponding version of (1.3)
(see [19]).

UE.n): §€10,%), 1 =0, (1.11)

2. Local existence

The following basic result on local existence of solutions to (1.1) can be proved by adapt-
ing approaches that are well-established in the context of parabolic-elliptic models for
taxis mechanisms involving both cross-diffusion terms and ODE dynamics (cf. [34], [21],
[18] and [8], for instance). Here we note that our assumption that wg belong to C Q)
enables us to use standard elliptic Schauder theory to gain appropriate knowledge on the
spatial regularity of v. Indeed, expressing w via the formula

1 t
w(x, 1) = wo(x)e 2T + —/ e 3U=ITy(x, 5)ds, xeQ,t>0, 2.1
T Jo

we see that v(-, r) actually solves the Poisson equation with a temporally nonlocal inho-
mogeneity which thanks to the inclusion wyg € C'(Q) will be Hélder continuous in €
provided that u(-, t) is sufficiently regular, where the latter can be guaranteed by standard
arguments involving appropriate smoothing properties of the Neumann heat semigroup
in Q.

Lemma 2.1. Let § > 0, and suppose that ug € C°(Q) and wy € C'(Q) are nonnegative.
Then there exist Tmax € (0, 00] and uniquely determined nonnegative functions

u € COQ x [0, Trnax)) N C3'(Q x (0, Tmax)),
S C2,O(§ X [0, Tmax))»
w e Co’l(§ % [0, Tmax)),

which solve (1.1) classically in Q x (0, Tmax) and
if Tmax < 00, then lu(-, t)||po@) — 00 ast /" Tmax. 2.2)

The following identities describing the evolution of the total masses of the first and third
components in (1.1) can easily be checked.
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Lemma 2.2. Let § > 0. Then the solution (u, v, w) of (1.1) satisfies
/ u(-,t)y =m := / ug forallt € (0, Tmax), 2.3)
Q Q

and for all t € (0, Tnax) we have

t
/w(~,t):e_8’/f/ wo—l—z/ eI/t g
Q Q T Jo

_ {e‘”/f Jowo + 51— e Ty if § >0,

2.4
et [qwo+ 21t if8=0. 24

Proof. Integrating the first equation in (1.1) with respect to x € 2, we see that % fQ u
= 0, which immediately yields (2.3). Using this, we only need to integrate (2.1) in space
to obtain (2.4). m]

Based on (2.4) we can now explicitly rewrite the degradation term g (¢) in the second
equation in (1.1).

Corollary 2.3. Let § > 0. Then the function u defined in (1.2) is given by

1 t
w(t) = —e / wo + = [ eI g5 forallt € (0, Taay), (2.5)
/4 Q T Jo

where m = [q, uo.

3. Global existence

The following basic statement on the time evolution of the functional % Jou? +

ﬁ fQ wP*! will be the starting point for our derivation of bounds for u, and also for w,
in spaces of the form L*°((0, Tnax); L?(2)) with p > 1. Besides Lemma 3.2, it will be
referred to in Lemma 5.4 below.

Lemma 3.1. Let § > 0. Then for all p > 1, the solution of (1.1) satisfies

i{l/up_i_L wp+1}+w—;1)/ |Vu1’/2|2+8/w1’+‘
di | p Ja p+1ja P Q Q

p—1
<—— | vPw+ | uw? forallt € (0, Tmax). (3.1)
p Q Q

Proof. We multiply the first equation in (1.1) by u”~! and integrate by parts using the
identity Av = u(¢) — w to find that

1 d A(p—1 -1
Ld u,,+(p_2)/ |vuP/2|2=(p—1)/uP—lvu-w=—p—/uPAv
pdt Jg P Q Q P Ja

p—1

p—1
= ——/ uP (u(t) —w) < / uPw forallt € (0, Tmax), (3.2)
p Q Q
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because () > 0 by Corollary 2.3. On the other hand, multiplying the third equation in
(1.1) by w? and integrating with respect to x € Q2 we see that

T d
p+1dt )

wPH! —}—8/ wp-‘rl - / uw?  forall ¢ € (0, Trnax).
Q Q

Adding this to (3.2) proves (3.1). ]

Further estimating the terms on the right of (3.1) shows that the functional in question
actually satisfies the following autonomous differential inequality.

Lemma 3.2. Let § > 0. Then for any p > 1 there exists C(p) > 0 such that the solution
of (1.1) satisfies

dr | p Ja p+1Jjg
1
5C(p)~{—/uP+L wl’“} forallt € (0, Tmax). (3.3)
Q

P p+1lJg
Proof. Let us first invoke the Gagliardo—Nirenberg inequality to fix ¢; > 0 such that

+1 212(p+D)/p
Awp = ||§0p/ ||L2(P+])/p(§2)

2 2(p+1
< Ve 52 - 107217, ) + ctlle? 2130 ol
1
= c1llVe 272, - 0l 1oy +etllel]) g, (3.4)
for all nonnegative ¢ € W12(Q). We now let & := zw(l’:—_p]z) and use the Young inequality

1
to estimate the two terms on the right of (3.1) according to

—1
p_/ upw—i-/ uw? 528/ u"’*l—l—(sf”—i-e*l/”)/ wPt forallt € (0, Tiax)
P Ja Q Q Q

(3.5
Here since [lul|p1q) = fQ u = m forall t € (0, Tipax) due to Lemma 2.2, by the Holder
inequality and (3.4) we obtain

p
28/ ubtl < 2£c1m/ |Vup/2|2+28clm(/ u)
Q Q Q

Zeclm/ |Vu/’/2|2+2861m.|Q|(p—1)/p/ ul
& Q

_ 4(p;1)/ |Wp/z|z+4(1’;1).|Q|(p—1>/p/ WP
p Q p 2

IA

for all t € (0, Tnax)- Inserting this into (3.5) and recalling (3.1) proves (3.3). m]

We are now in a position to prove our global existence result for (1.1).
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Proof of Proposition 1.1. For any given T € (0, Thax), the ODI (3.3) yields

1
_/MP+L wPtl <ci(p, T) forallr e (0, T)
rJa p+1Jg

with c1(p, T) == (5 fqub + 555 fqwd ™) - €W, where C(p) > 0is as defined by

Lemma 3.2. Since 7 > 0, this immediately yields
/Qu” < pca(p,T) forallt € (0,T) (3.6)
and
/pr“ <c(p, T) forallr e (0,T)

with c2(p, T) = max{p, (p + 1)/t} - c1(p, T). From the latter and standard elliptic
regularity theory we obtain a bound for v in all spaces L>((0, T); W27 (2)) for any
p € (1, 00), whence in particular there exists c3(p, T) > 0 such that

IVu(, Hlle@) < e3(p, T)  forallz € (0, T).

Along with (3.6), this ensures that Lemma 4.1 in [33] becomes applicable so as to assert
via a Moser-type iteration that

lu(, Dllze@) < calp, T) forallr € (0,T)

holds for some c4(p, T) > 0. Finally, Proposition 1.1 is an evident consequence of this
and the extensibility criterion in Lemma 2.1. O

4. Radial solutions. A comparison principle
Throughout the following we shall assume that the initial data u¢ and wg, and hence

clearly also all components of the solution (u#, v, w), are radially symmetric with respect
to the spatial origin, and unless stated otherwise we fix

m::/uo. “.1)
Q

Then without danger of confusion we may and will switch to the usual radial notation and
write u = u(r, t) for r = |x| € [0, 1] whenever this appears convenient.

Lemma 4.1. Suppose that § > 0, and given a radial solution (u, v, w) of (1.1), let

VE
UE,t) = / ru(r,t)ydr, & €]0,1], t > 0. “4.2)
0
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Then
UQ©,1)=0 and U(l,1) = % forallt > 0, 4.3)
Us(¢,t) >0 forall§ € (0,1)andt > 0. 4.4)
Moreover,
PUE,t) =0 forallE € (0,1)andt > 0, 4.5)

where the operator P is defined by setting

~

PUE, 1) := U, — 46T, _2 /te—“’—”/f U, s)— —e)ast. T
T - 0 ’ 27 §
— 2(Wo(§) — Kok) - e /" U (4.6)

for& € (0,1),t>0and U € CL((0, 1) x (0, 00)) N CO((0, 00); W22((0, 1)), with

JVE 1

Wo (&) :=/ rwo(r)dr, & €0,1], and Ko:= Wy(l) :/ rwo(r)dr. (4.7)
0 0

Proof. The boundary properties in (4.3) are immediate from (4.2) and (2.3), whereas the

monotonicity statement in (4.4) is equivalent to the nonnegativity of . Moreover, upon
differentiation in (1.1) we see that for £ € (0, 1) and ¢ > 0,

g 1 1
Ut(sa[):/ r'{_(r”r)r__(ruvr)r}dr
0 r r
= VEu,(VE, 1) — JEu(JE, D, (VE, 1),

where by (4.2) we have
u(VE 1) =2Us(€,1) and u, (&, 1) = 4/E Uss (€, 1).

Since the second equation in (1.1) implies that
r
rv.(r,t) = —/ pw(p,t)dp + ,u(t)r2/2 forallr € (0,1)and ¢ > 0,
0

we thus obtain

U, = 4Usg +2Us W — u(1)éUs  forall £ € (0, 1) and t > 0, (4.8)
with W(&, 1) := fo‘/grw(r, t)dr,& €[0,1],t > 0. Now by (4.7) and (2.1),
W(E, 1) = Wo(&)e /T + %/Ote_‘s(’_s)/TU(é, s)ds forall& € (0,1)and > 0,
whereas

t
u(t) = 21{()8_&/r + ﬂ/ e =9I/ gs  forallr > 0
TT Jo
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according to (2.5) and (4.7). Therefore,
2 t

U W — p(EUE = —{ / eIy E, s)ds} U (€, 1) + 2Wo(&)e T Ue (&, 1)
T LJo

t
—2KoE - e 1T U (8, 1) — {/ edt=9/t Mg ds} Ug (&, 1)
0 T

forall £ € (0, 1) and ¢ > 0, which along with (4.8) proves (4.5). ]

Fortunately, the parabolic operator P introduced above falls into a class of operators al-
lowing for a comparison principle. To see this, for functions A, B and D to be specified
below, let us consider

QU 1) = U, (£.1) — A€, HUss (5, 1)
t ~ ~
- {B(E,I)+/ D(E,t,S)U(E,S)dS} -Us¢, 1), £€0,1),1€@,T), @9
0
for 0 < 7y < T and sufficiently regular U : 0,1) x (0,T) — R. Then assuming,

besides parabolicity, that the memory term has a favorable sign, we can indeed derive the
following comparison principle for spatially nondecreasing functions.

Lemmad4.2. Lettg > 0 and T > ty, and suppose that A € C°((0, 1) x (to, T)), B €
C°((0, 1) x (to, T)) and D € C°([0, 1] x [0, T x [0, T) satisfy

A>0 in(0,1)x (0, T) and D=>0 in[0,1]x[0,T]x[0,T]. (4.10)
Moreover, assume that U and U are nonnegative functions belonging to
€210, 1] x [0, TH N CH((0, 1) x (10, TH) N CO((to, T): WH((0, D)), (4.11)
which are such that
0<Us(§.0) =M forall§ € (0,1)andt € (10, T) 4.12)
with some M > 0, and such that with Q as defined in (4.9) we have
QU(-,t) < QU(-, 1) a.e in(0,1) forallt € (1o, T). (4.13)

Then if
UE, 1) <UE ) foralle €[0,1]andt € [0, 1] 4.14)

as well as

U,1) <U(,t) forallt €19, T, U(l,t) <U(,t) forallt€lty,T],
(4.15)
we have the global ordering property

UE, 1) <UE 1) forallé €0, 1 andt € [0, T). (4.16)
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Proof. We let ¢ := ||D|1%0(0,1)x(0,T)x(0,T)) and o := 4/c1M with M as in (4.12), and
for arbitrary gp > 0 we let

e(t) i=epe®, >0, 4.17)

and
dé,t)=UE, ) —UE, 1) —e(t) forg e[0,1]andt € [0, T].
Then d is continuous in [0, 1] x [0, T'] with

d(E, 1) < —gpe® <0 forall& [0, 1]and ¢ € [0, 1],
dE, 1) < —gpe® <0 forall& € {0,1}and ¢ € [ty, T],

by (4.14) and (4.15) respectively. Thus,
t,:=sup{t € (0,7T)|d <0in [0, 1] x [0, ]}

is well-defined and satisfies ¢, € (tp, T'], and if we had ¢, < T, then there would exist
&, € (0, 1) such that

d(é., t,) = max d(§,t,) =0, (4.18)
£€(0,1]
whence evidently
di(§,t,) 20 and  de (&, 1) =0, (4.19)

because d € CL((0, 1) x (59, T)) by (4.11). Now by (4.13) we know that there exists a
null set N C (0, 1) such that dg¢ (&, 1,) exists forall § € (0, 1) \ N and

e o
di(§, 1) = A, t)des (6. 1,) + {B(é, ) +/0 d(, t*,S)U(E»S)dS} ~dg (5, 1)

e e
+ Ue (5, 1,) - / DG, 1, 8)d(§,s)ds + U (5, 1.) - / D(&, ty, 5) - e(s)ds — (1))
0 0
forall€ € (0, 1)\ N.  (4.20)

In order to make appropriate use of (4.19) and the maximality property in (4.18), we
observe that (4.18) necessarily implies that there exists (§;)jen C (0, 1) \ N such that
& — &.as j — ooand

deg (&5, 1) <0 forall j € N,

for otherwise we would have ess liminfs_ ¢, dgg (£, £,) > 0, contradicting (4.18). Choos-
ing & = &; in (4.20) and using the fact that (4.19) and (4.10) entail that

limsupd;(§j,t,) >0 and d:(;,t.) - 0 asj— oo,

j—o00
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we deduce on taking j — oo that

[
0 SQ;(E*, ) / D, ty, 5)d(&,, 5)ds
0
1
FU - [ Dts) o) ds € “21)
i 0

Here since d(&,, s) < O for all s € [0, #,) by definition of 7., we have

1
Uieort) [ Dt )d(6urs)ds <0
0

because D > 0 and U > 0 by (4.10) and (4.12). Furthermore, (4.12) and our choice of
c1 ensure that

1y 1y
Uit [ Dt -e)ds = Mer [Tew)ds,
0 0

so that recalling (4.17), from (4.21) we obtain

Mcigg

1
0< Mc / goe®* ds — agge®™ = (e** — 1) — agge™™
0

Since Mcy /oz2 = 1 according to our definition of «, this absurd conclusion shows that
actually t, = T, and hence U < U + gpe®’ throughout [0, 1] x [0, T]. On taking &g \ O
we finally arrive at the desired inequality. O

5. Boundedness for [, uy < 875. Proof of Theorem 1.2

In this section we shall make sure that small-mass solutions remain bounded in the sense
of Theorem 1.2.

5.1. A pointwise upper bound for U

As a preliminary, let us prove the following elementary lemma.

Lemma 5.1. Letm > 0 and ¢ > 0, and suppose that ¢ € W->°((0, 1)) is such that
©0) =0and p(&) <m/Q2m) for all ¢ € (0, 1). Then there exists b € (0, 1) such that

m (b+1+e)

p) < P biE forall& € (0,1). 6.1
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Proof. Since ¢(0) = 0 and ¢ € L*>°(K2), we can find ¢; > 0 such that ¢(£) < ¢1£ for all
& € (0, 1), where we may assume that ¢c; > m/(2m). Therefore, our assumption warrants
that

&) <p¢) = min{clg, %} for all £ € (0, 1). 5.2)
Now writing ¢, () = % . % for & € [0, 1]and b € (0, 1), we see that the quotient

@/ admits a continuous extension Q) to all of [0, 1] such that

2 a+d)
o bhrie & €108,
05(6) = [ "l
[(FSEvS if§ e (&, 11,
m

where & := e € (0, 1) thanks to our choice of ¢j. Since

9 b+t l4+e—¢
2 - 0 forall£ €10, 1],
bbrite  briger O foraleclodl

it follows that as b N\ 0 we have

. GEfE e [0, &],
©ONOoE:=1"
Op(§) \ Q¢ {11? if € € (&, 11.

As Q is continuous in [0, 1], Dini’s theorem asserts that the convergence Q, — Q is
actually uniform in [0, 1]. Since Q(§) < 1/(1+¢) < 1 for all £ € [0, 1], we can
therefore pick some sufficiently small b € (0, 1) such that O, (&) < 1 forall £ € [0, 1],
which in view of (5.2) implies (5.1). m]

By means of a comparison argument, we can now prove that under the assumption fQ ug
< 8md, it is possible to control the mass concentrating in small balls around the origin
uniformly with respect to ¢ € (0, oo) in the following sense.

Lemma 5.2. Let § > 0, and assume that ugy has the property that

m= / uy < 8msd. 5.3)
Q

Then there exists C > 0 such that the function U defined in (4.2) satisfies

UE,t) <C&  forall € (0,1)andt > 0. 5.4

Proof. Since m < 8§, we can find ¢ > 0 such that
8>~ (1+e),
b
and thereupon choose 7y > 0 large satisfying
8 > %(1 t8) +deye 0T, (5.5)

where
c1 = 3 lwoll L= (g)- (5.6)
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With these values of ¢ and 1y fixed, using the fact that for all ¢ € [0, #y] we have U (0, 1) =0
and U(&,t) < U(l,t) = m/Q2nm) for all § € [0, 1] by (4.3) and (4.4), we can apply
Lemma 5.1 to find b € (0, 1) satisfying

m (b+1+e)

UE, 1) < —
SV E D=0 T

for all £ € [0, 1]. (5.7)

This means that if we let

U, 1) = % for& €[0,1]and 7 > 0

with
a= (b+1+e),
27

then U(&, 1) < ﬁ(é, t)forall £ € [0, 1]and ¢ € [0, tp]. Moreover, clearly 0 = U (0, t) <

U@O.1)=0and U(1, 1) = 4 < s . B4 = [(1,1) forall t > 9. Computing

— — ab — ab
Uz=0, U§=m and U§§=—m

we see that with P as defined in (4.6) we have

PUE, 1) = % {% /Ot e 8U=s)/T (i — %;&) ds} ab

for& € (0,1) and t > 19,

b+&3 = b+¢& C(b+£)2
_2(Wo®) — Kog) - et . 2
b +£)2

— abg . 8 2 —dt/Ty | ( a m ) 2( Wo(§) K ) . —St/r}
(b+§)? { b+§& & (e ) & 0) ¢
(5.8)

for all £ € (0,1) and t > fy9. Here we use the definition of a and the nonnegativity of
e9/7 to estimate

%(1_6—51/7),< a m) zg(l_e—&/f).ﬂ.<w_1)

b+& 2m o b+E
— g(l_e—ﬁt/f).ﬂ.u
8 27 b+&
2 1
<z IHE Al € (0. D) and 1 > 1.
§ 27 b+¢

Since by (4.7) and (5.6) we have
Wo(§) < lwollzee) - (VE)2/2=ci1&  forall & € (0, 1),

we moreover see that

117
2( ";E) — KO> ce T < 20177 < 20170/ forall€ € (0,1) and t > fo.
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According to (5.5), the identity (5.8) thus shows that

PU abg . 8 _ % R 1_8 _ —ato/f}
(E’t)z(b+$)2 b+& 5§ 2w b+E& 2eie
— ﬂ . _ = _ —5f0/f}
BCETE 8 718(1 +¢&)—2c1(b+&)e
ﬂ. _m _ 5t0/f}
> EWIE 8 7_[8(1—{-8) 4cre

>0 forallé € (0,1)andt > 19,

where we have used b + & < b_ + 1 < 2, because b < 1. By comparison on the basis of
Lemma 4.2, we conclude that U > U in (0, 1) x (0, 0o), which in particular shows that

mb+1+e¢)

UE. 1) = b

& forallé € (0,1)andt > 0. o

5.2. Boundedness away from the origin

In the case 6 > 0 when the third equation in (1.1) contains an absorption term, radial
solutions can become unbounded in their first component u only near the spatial origin.
This is contained in the following lemma, the outcome of which will be an essential
ingredient to our e-regularity result in Section 5.3, and hence in establishing Theorem 1.2.

Lemma 5.3. Let § > 0. Then for all ro € (0, 1) there exists C(rg) > 0 such that the
solution of (1.1) satisfies

u(x,t) < C(rg) forallx € 2\ By, andt > 0. 5.9

Proof. We evidently only need to consider the case when uy % 0, in which we proceed
in six setps.

Step 1. We first claim that there exists ¢; > 0 such that

lo,(r,t)] < ci/r forallr € (0,1)and ¢ > 0. (5.10)

To verify this, we write the second equation in (1.1) in the form
;(rvr)r =ut)—w forre (0,1)andt > 0,
multiply this by r and integrate using v, (0, #) = 0 for all # > 0 to see that
rv.(r,t) = M(t)r2/2 — /Or pw(p,t)dp forallr € (0,1)and? > 0.

Since w > 0 and fol pw(p,t)dp = u(t)/2 for all t > 0 by (1.2), from this we obtain

—u(®)/2 < rv,(r,t) < u(®)rr/2 forallr € (0, 1)and ¢ > 0.
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This implies (5.10) if we choose ¢ := %“M”L“((O,oo)) which is finite according to (2.5).

Step 2. We next assert that for all p € (0, 1) and each rg € (0, 1) we can find ¢ (p, ro) >0
satisfying

1+1
/ / |VuP?|> < ea(p,rg)  forallz > 0. (5.11)
Q\By,
To this end, we fix a radially symmetric { € C C>°(§) suchthat 0 < ¢ <1in2,¢ = 1in

Q\ By, and ¢ = 01in By, and multiply the first equation in (1.1) by ¢?uP~! to see upon
integrating by parts that

/C ul = (1 —p)/g uP=2|vu|? - /;ul’—lw.v;
p dt Q
—(1—p)/; MP_IVM-Vv—i—Z/ cuPVuv-Ve  forallt >0, (5.12)
Q Q

where we note that «, and hence also u”~! and u?~2, is smooth and positive in Qx 0, 00)
thanks to our assumption that uo # 0 and the strong maximum principle. Now by Young’s
inequality, the Holder inequality and (2.3) we have

1— 1
‘—2/ cuP='vu .- ve| < —p/;zuf’—2|Vu|2+—/uP|v;|2
Q 2 Ja I1-pJa
1
<

_ p 1-p
—p/ g2uP2|W|2+m—</ |V§|2/(11’)) forall 1 > 0.
Q 1-p\Ja

By the same token combined with (5.10),

1_
’—(1 —p)/ 2ul~'u V| < —”/ Czup_2|Vu|2+(1—p)/ uP|Vol?
Q 4 Ja Q

1-p I=r
—/ c2uPHVul* + (1 —p)m!’(/ |Vu|2/“—m>
4 Ja Q\Byy 2

;p/fzup72|vu|2+63(p,ro) forallt > 0
Q

IA

with c3(p, ro) := ¢7-(1—p)ymP- (27 fri/z r1=2/0=p) gp)1=P Similarly, we find c4(p, ro)

> 0 satisfying
I=p
'2/ tuPvVuv .- Ve §2m1’</ |Vv|1/1_[’-|V§|1/1_1’)
Q@ Q\Byy/2
<c4(p,rg) forallr >0,

whence (5.12) altogether yields c5(p, r9) > 0 such that
1 d
p dt

1 —
2ul > 7 p_/ 2uP=2|\Vu|* — cs(p,rg) forallz > 0.
Q
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After a time integration and another application of the Holder inequality and (2.3), we
thus obtain

l_p t+1 1
-7 /;*2u1”*2|Vu|2 < —/ c2uP (-t + 1) + cs(p, ro)
4 i Q rJa

mP . gl=p
+c5(p,rg) forallt > 0,

which entails (5.11) in view of the fact that £ = 1in Q \ B,.
Step 3. We now make sure that for all ro € (0, 1) we can find cg(rg) > 0 satisfying

t+1
/ (-, $)llLo(@\B,,) ds < ce(ro)  forallz > 0. (5.13)
t

To this end, fix p € (0, 1). Then again by radial symmetry we may combine the one-
dimensional version of the Gagliardo—Nirenberg inequality with the outcome of Step 2
and (2.3) to fix positive constants c7(rg), cg(ro) and cy(rp) such that

t+1
/2 2(p+1)/p
/t ”up ('» S)||L°°((r0,l)) ds

t+1
2
< ¢7(r0) / {n(u””)r(-, Moty - 1472 O o1
, ,

) 2(p+1)
Tl s)||L2€p((r(<,pl))} ds

t+1
< ¢5(ro) / U@P")r G219y + 1V ds < (o) forallz > 0.
t
Since |Ju?/?(-, s)||i(£?r(ig/1’;) = |lu(, s)||€:§l((r0‘l)), an application of the Holder inequality
yields (5.13).
Step 4. We proceed to show that for any r¢ € (0, 1) there exists c19(rg) > 0 such that
Jw(, t)”LOO(Q\BrO) < cio(rg) forallz > 0. (5.14)

Indeed, given t > 0 we write /; := (t — j — 1, — j) N (0, oo) for nonnegative integers j,
and representing w(-, t) according to w(-, 1) = e~%/Twg + %fé e 3=/t (. 5) ds we
can estimate

_ 1 & Y
lw(, D@z, < e 5’/’|IwollL°c<sz)+—Z/ eI, 5) e @,y d
Tz’

IA

. 1
e ol + - Y e / (-, )l L% (@8, ds
j=0 I

o0
e lwol| L) + c6(ro) Y e T
j=0

IA

Since the rightmost series converges thanks to our assumption 6 > 0, this proves (5.14).
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Step 5. Next, we prove that for each rg € (0, 1) we can fix c¢{1(rg) > O such that

141
/ / IVul> < c11(rg)  forallt > 1. (5.15)
' Q\By,
Since t > 1, Step 3 allows us to pick 79 € (¢ — 1, ¢) such that
llu (s t0)lLoo@\B,,2) = 6(r0/2). (5.16)
Then using ¢ as introduced in Step 2, by a straightforward testing procedure we infer that
1d 2 2 2
—— cu(-,8)+ | ¢lVu(,s)|"=— | uVu-V¢+ | ¢uVu-Vv+ | u“Vu-V¢
2dt Jq Q Q Q Q
1/ ZAL 1/§2A+1/ Vv - V¢
== [ u - = uAv+ - [ u“Vov-
2 Ja 2 Ja 2 Ja
1
< 5/ uz(Ag +¢w+Vv-V¢) foralls € (f9,t + 1).
Q
Thus, by Step 4, Step 1 and (2.3), we can find c12(r9) > O satisfying
1d 2 2 2
55 [ SutCos)+ [ CIVul, s)I" < cra(ro) u
2.dt Jq Q Q\By)2

< ci2(ro) - m - [lu(, s)ll L@\, ) foralls € (fo, 1 + 1),

whence integrating and using (5.16) and Step 3 shows that

1 t+1
—/§u2(~,t+1)+/ /§|Vu|2
2 Jg 0 Q

1 t+1
— | cu®(, 1) + cra(ro) - m - (-, $)ll Lo (@B, ) dS
2 Ja P o/

0

IA

A

T
< EC%(ro/2) + c12(r0) - m - 2¢6(ro/2).
As ty < t, this implies (5.15).

Step 6 (conclusion). Again with ¢ as in Step 2, we let u(r, 1) := ¢ (r)u(r, t) forr € [0, 1]
and ¢ > 0. Then

Uy =1, + f(r,t) forallr € (0,1)and ¢ > 0, (5.17)
with
f@r,t) = %{u, —2%uy — &ptt — Cupvy — w(t)Cu 4+ Cuw  forr € (0,1)and r > 0.
By the outcome of Steps 1, 3, 4 and 5, for some c13(rp) > 0 we have

to+2
[ IOy ds = enatro) orallio = 1 (518)
I

0
Now given ¢t > 2, once more by Step 3 we can fix #p € (t — 1, t) satisfying

%, 1) | Loo((0,1)) < c6(r0/2). (5.19)
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Since #, = 0 on 9(0, 1), the variation-of-constants representation of # in terms of the
one-dimensional Neumann heat semigroup (eTA)tzo on the interval (0, 1) shows that

t
(., 1) = e"TVREC 1) + / TR F (. 5) ds.
fo

Therefore, using standard smoothing estimates ([31]) along with (5.19), the Holder in-
equality and (5.18) we can find cj4 > O such that

t
7, Dl Lo 0,1)) < NUC, 10l o (0,1)) + 614/ & —s)"HfC 2.1y ds
0]

‘ 1/2 t 172
< C6(I’()/2) + C14</ (l — S)l/zdS) : (/ ”f(v S)"iZ((O’l)) dS)
110} Iy

< ¢6(ro/2) + c1a - V)12 - (crz(ro)) V2.

Since u(r, t) = u(r, t) for all r > ry, this establishes (5.9). O

5.3. An e-regularity result. Proof of Theorem 1.2

In deriving Theorem 1.2 from Lemma 5.2, we shall make use of a regularity statement
which says that solutions must already remain bounded if only their mass concentrating
in an arbitrarily small ball centered at the origin is sufficiently small. A first step toward
this is achieved in the following lemma.

Lemma 5.4. Let § > 0. Then for all p > 1 there exists ¢ = ¢(p) > 0 such that if for
some rg € (0, 1), a radial solution of (1.1) satisfies

/ u(x,t)dx <e forallt >0, (5.20)
By,
then
sup/ u?(x,1)dx < oo. (5.21)
t>0JQ
Proof. Using Young’s inequality, given p > 1 we can find ¢; = ¢1(p) > 0 such that
-1 8
P— Arp 4+ ABP < EB”“ +c1APTY forall A, B > 0. (5.22)
p

Moreover, the Gagliardo—Nirenberg inequality says that with some c; = c2(p) > 0 we
have

2 1 2 2 1
Il gy < c2lV0l72 g 10135, ) + 2lleld g forallg e Wh(Q).
(5.23)
We claim that if (5.20) holds with some rg € (0, 1) and
1
g:=2 (5.24)

cieap?
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then (5.21) must be valid. To see this, we apply Lemma 3.1 and estimate the terms on the
right-hand side of (3.1) by means of (5.22) to obtain

i{l/ﬂ.,_# wl’+1}+4(p—;1)/ |Vup/2|2+5/wp+l
di | p Ja p+1Ja P Q Q

8
< —/ wP+1+c1/ uPtt  (5.25)
2 /g Q

for all t > 0. We now fix ¢ € CgO(Q) suchthat 0 < ¢ < 1in @, ¢ = 1 in B,y ;> and
supp¢ C By, and split

Cl/ s :CI/ 20+ P 1 +C1/(1 (2D pyp (5.26)
Q Q Q

where according to Lemma 5.3 we can find ¢3 = ¢3(p, r9) > 0 such that
c1 /(1 — 2D Py, Pl < cl/ uPtt <3 forallt > 0. (5.27)
Q Q\By 2

The first term on the right of (5.26) can be estimated using (5.23) according to

2(p+1
cl/Qé‘z(pH)/pupJrl = Cl||§”p/2”L(2[<)ﬂ+l))55(Q)

cub P00 creal|cuPIPEEVIP (5.28)

25112
< cie2|[VEuP)7, ) L2/p(2)

ol

Here since V(¢uP/?) = ¢VuP/> + uP/?V¢, again by Lemma 5.3 we have
IV, g <2 / Va4 2 / u?|ve 2
Q Q
< 2/ IVuP/?? 4 ¢4 forallt >0
Q

with some ¢4 = ca(p, ro) > 0, because supp V¢ C 2\ By, /2. Moreover, our hypothesis
(5.20) asserts that

2
||§up/2||L/27p(Q) = /sz/pu S/B u<e foralt >0,
o
whence (5.28) implies that

cl/ {2(p+1)/pup+l < 261628/ IVuP/?|? + cicacae + cicePt! forallt > 0.
Q Q

(5.29)
Since 2cicoe = 2(p — 1)/ p? by (5.24), from (5.25)—(5.29) we thus obtain

i{l/up_FL wl’+1}+w/ |Vup/2|2+§/w1’+]
dt | p Jo p+1J/a p? Q 2 Ja

< c3+cieacae +crcaePtt forallr > 0. (5.30)
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Here we may invoke the Poincaré inequality to find ¢5 = ¢5(p) > O satisfying

p
/goz ch/ |V<p|2+c5</ |g0|2/p> forall p € W2 (Q),
Q Q Q

which according to (2.3) entails that

20p —1 2(p -1 2(p—1
(p _ ) / VuP2? > (p . ) / ul — (p—z)ml’ forallt > 0
p Q csp Q p

with m := [ uo. Therefore, (5.30) shows that y(t) := %fQ uP(-, 1) + pil JqwP L,
t > 0, satisfies

Y (t) +cey(t) <c7 forallt > 0,

where
2(p—1 1)é 2(p—1
Cco = min{ (P ), P+ 1 }, C7 1= C3 + C1CpC4E + C1cz<€p+1 + (p—z)mp.
csp 2t P
An ODE comparison thus yields (5.21). O

By applying the above to suitably large p and using additional regularity arguments, we
can next make sure that the above assumptions already imply boundedness of u# with
respect to the norm in L°°(£2).

Lemma 5.5. Let § > 0. Then there exists ¢ > 0 such that if for some ry € (0, 1) and
some radial solution of (1.1) we have

/ u(x,t)dx <e forallt >0, (5.31)
By,
then
sup flu(-, )|l Le(@) < oo. (5.32)
t>0

Proof. We pick any p > 2 and apply Lemma 5.4 which says that under the assumption
(5.31) we can find ¢; > 0 such that

luC, OllLr@) <c1  forallz > 0.

Therefore, (2.1) shows that

A

_ 1 [T
lw(, 0)llLrg) <e “f/f||wo||m<sz>+;/0 eI, $) Lo (q) ds

IA

‘
c ‘
e wolLr () + ?1/ e=/T g5 forallt > 0.
0

Since § > 0, we know that [j e~/ ds < /5, so that from this we obtain c3 > 0
satisfying
lw(, HllLr@) <c2 forallz > 0.
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From this and standard elliptic regularity theory we obtain a bound for v in
L>((0, 00); W>P()), which by the validity of the embedding W>?(Q) — W1®(Q)
implies that

IVu(-, )llLo() < c3 forallt € (0,T)

with some ¢3 > 0. Combined with (5.21), upon a Moser-type iteration [33, Lemma 4.1]
this yields (5.32). O

Combining Lemma 5.5 with Lemma 5.2 now immediately yields boundedness of solu-
tions in the subcritical mass case.

Proof of Theorem 1.2. We let ¢ > 0 be as provided by Lemma 5.5 and only need to verify
the validity of (5.31) for some ¢ € (0, 1). In order to choose the latter appropriately, we
apply Lemma 5.2 to find ¢; > O such that for arbitrary ry € (0, 1) we have

ro
/ ulx,t)ydx = 271/ ru(r,t)dr = 27rU(r§, t) < clrg forall t > 0.
By, 0

This means that if we now fix ry € (0, 1) in such a way that rg < +/¢/c1, then indeed

/ u(x,t)dx <e forallt > 0.
B

o

Lemma 5.5 thus ensures that (5.32) holds, whereupon recalling (2.1) and applying el-
liptic regularity theory we see that the statement in Theorem 1.2 becomes an evident
consequence. O

6. Unbounded solutions with f q 40 > 8m4. Proof of Theorem 1.3

6.1. A class of comparison functions

We shall next prove that whenever m > 8w §, some solutions at the mass level m asymp-
totically aggregate in the spirit of Theorem 1.3. To this end, we shall consider comparison
functions U : [0, 1] x [0, co) — R of the form

UE. 1) = ba(t(;fe if§ €[0,é]and? >0, o
=T | awbEtatgg .
Gaiey? - if§ €&, 1]ands >0,

where &) € (0, 1) and a and b are suitably chosen positive functions on [0, 00). Let us first
collect some basic properties of such functions, especially with regard to their behavior
under the action of the operator P defined in (4.6).
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Lemma 6.1. Let & € (0, 1), and assume that a, b € CL([0, 00)) are positive. Then the
function U given by (6.1) satisfies

U € C'([0, 1] x [0, 00)) N ([0, 00); W22°((0, 1))) N C°([0, 00); C2,.(10, 11\ {£0})).

Moreover, with P as in (4.6) we have

(b(t) + &)* _dOen+E P 8
a(n)b(t)é PUED = a(t)b(r) b(t) * b()+§
_E/t eé(zx)/r{ als) _ﬁ}ds
T Jo bs)y+& 2m
- 2<W°§(‘§) - K0> e forallg € (0,&) andt >0 (6.2)
and
/ / / / u
G0 T80 e JCWE L POE 08 YOS R
a(t)b(r) a(t) b()  a@®)b(r) b(t) + o
_ z/t e—B(l—s)/t{a(s)b(s)E —i—a(s)ég _ ﬂf}ds
T Jo (b(s) + &0)? 21

—2(Wo(&) — Ko&) - e " forall& € (&, 1) andt >0, (6.3)
where Wy and K are as defined in (4.7).

Proof. The claimed regularity properties can immediately be verified using the explicit
form of U which clearly allows for piecewise differentiation, resulting in

ab for& € (0, &) and ¢ > 0,

(b+§)?
ey foré € (§o, andr >0,
and
2ab
- for& € (0,8p) and ¢ > 0,
Use(6.1) = | O+ 6.5)
0 for€ € (&, 1) and t > 0,
as well as
UiE, 1) = % N (;ﬁ;)z for& € (0,%p) and ¢ > O, 66
DS ) abstabs+d's} L abb's+ab's] :
Gre? 2 wray foré € (o, Dandz > 0.
Moreover, for § < &) we deduce from (6.4)—(6.6) that
' b’ 8ab
PUE =25 25 abé

b+e (b+E?  (b+8)3
2T sa—sye { as m } } b
r{/o ‘ b +e 2n | ) wrer

_ _ —btjry _ab
2(Wp(&) — Kpé) - e } brer
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which is equivalent to (6.2). Likewise, (6.3) easily follows upon the observation that for
& > &y, we have the identity

(b+5)° ., _ sy, = “HEHavs +d'§] abb't +ab'g}
ab =1 =80 ab ab(b + &)
_dE Ve dE Ve S .
b ' ab b+&

To make the above choice as efficient as possible for our purpose, a(¢) will be adjusted in
such a way that at § = 1, the function U attains the same boundary value as U introduced
in (4.2). The corresponding condition U(1,t) = m/(2r) for all t > 0, with m := fQ ug,
thus amounts to requiring that a(¢) is linked to &y and b(¢), and accordingly we shall
concentrate on the case when

m o (b(1) +§)*
2 b(1) + &

For later use we note that if in addition we assume that b is differentiable, so will be a,
with

a(t) := fort > 0. 6.7)

m 2+ E)b+E) ~ b+

a@t) = —
=2 (b+&)?
b? +2bE} — £ + 283
" 5 fo 50.19’ forall > 0. (6.8)
2z (b+&7)?

6.2. Subsolution in an annulus

We first analyze in more depth the behavior of U in the outer region where & > &p.
Here it will not be necessary to fix &y, and keeping this freedom will be important for our
procedure in the corresponding inner part where £ < &, in which we shall adjust & in
dependence on m > 87$.

To begin with, let us draw a first conclusion from Lemma 6.1 under the assump-
tion (6.7).
Lemma 6.2. Let § > 0 and m > 0, and suppose that & € (0, 1), b € C([0, 00)) is
positive and nonincreasing with

b(t) <& forallt >0, (6.9)
and a € CL([0, 00)) is given by (6.7). Then the function U defined in (6.1) satisfies

(b(t) + &)*

a(t)b(t) PUGD
b/(t) m ! —8(t—s)/7 =8t/
5(1_5)'{_17(:) _E/o e dS}—Z(Wo(S)—Koé)-e

forallé € (§p, 1) andt > 0, (6.10)
where P is as in (4.6).
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Proof. From (6.8) we compute
‘(1) b?+2bE7 — £} + 287
a()= Sg 50 50.[), forall t > 0.
a(t) (b + &) (b + &0)?
Thus, on the right-hand side of (6.3) we have
P P AL RPLL
B =T T b+ &
v { (b +2b83 — &3 +26)(bE +83) | 2bE + 287 }
b (b +£5) (b + £0)? b+ &
forall £ € (&9, 1) and ¢t > 0,
whereupon a lengthy but straightforward computation yields
b/ 2 1 _
J](S,t)z——-u forall & € (&, 1) and t > 0. (6.11)
b b+é;

Next, in the integrand on the right of (6.3) we again use (6.7) to see that

abé—l—af& m m bé-i—ég

i m w4

b+ &) 2 2 b+ &;
_om &0-8)

= forall & € (&p, 1) andt > O,
3 3 o, D
so that

2 s (a(s)b(s)f‘i‘a(s)ég_ﬂ)
nen == [l (O~ gyt )

0
2
—-Z.a-p. / G
T 0 b(s) + &5

forall £ € (&, 1) and ¢t > 0.

(6.12)
Now in (6.11) we can use the nonnegativity of b to find that
2
1 —
nl—2) f) <1-¢& forall§ e (§,1)and? >0,
b+ &;

whereas in (6.12) we employ (6.9) to estimate

2
S o

1
> — forall& € (§9, 1) and ¢t > 0.
b+g — 2
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Therefore, by the nonpositivity of &' /b we have
b/ m !
D+ 0 = =5 (=8) = (=) [ s
b 2wt 0

forall £ € (§p, 1) and 7 > 0. In view of (6.3), this proves (6.10). m]

Now the right-hand side of (6.10) suggests choosing b in such a way that b’ /b is a negative
constant. In that case, it turns out that the unfavorable contribution of —b’/b in (6.10) can
be controlled for large times by the integral on the right of (6.10), whereas for small ¢
it will be dominated by the expression containing Wy and Ky, provided that wy satisfies
some rather mild condition.

Lemma 6.3. Let § > 0 and m > 0, and suppose that for some &y € (0, 1) and no > 0,
with Wy and K as in (4.7) we have

W, - K
O(f)—éog >no  forall € € (&, 1). (6.13)
Then for all a, > 0 there exists a € (0, a,) such that for any choice of by € (0, 502), with
b(t) :==boe ™ fort >0
and a € CL([0, 00)) as in (6.7), the function U in (6.1) satisfies
PUE, 1) <0 forall§ € (§, 1) andt > 0, (6.14)

the operator P being defined through (4.6).
Proof. We claim that (6.14) holds whenever by € (0, ég) and

(6.15)

m 210
Trred)t  g28it

o <aqyi= min{

Indeed, since (6.13) in particular implies that Wy (&) — Ko& > O for all £ € (&, 1), from
Lemma 6.2 we obtain

(b(1) + &)? - V0 m [T g }
a®)b(t) PUEn=d S).{ b(t) 27”'/0 ¢ ds

t
—(1—¢)- {a — zi 3=/ ds} forall £ € (%, 1) and t > 0.
TT Jo

Here for large ¢ we can estimate

' ' 1
/ e 8=/ gg > / e 3=/ gg > / e Tds =e %" forallt > 2,
0 -1 0
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so that the first restriction implied by (6.15) warrants that

(b(t) + &)>

) A DO e /i
2050 PUE, 1) < (1-§) Lt ¢ }

<0 forallé € (&, 1)andr > 2.
For small values of ¢, however, (6.10) and (6.13) yield

2
(0 + o) SPUE 1) < (1 —&)a —2np(1 — &)e™ /T

a(t)b(t) _o3/e
= =8&a—2no(l —§)e
<0 forallé € (&, 1)andr <2
because of the second limitation on « asserted by (6.15). ]

6.3. Subsolution near the origin

Our argument in the associated inner region will be more subtle, and here we will in
particular rely on the supercriticality assumption m > 8m§. Let us begin by estimating
the first term on the right of (6.2) under the hypothesis (6.7).

Lemma 6.4. Let m > 0, suppose that b € C'([0, 00) is positive and nonincreasing, and
let &y € (0, 1). Then the function a € CL([0, 00)) defined in (6.7) satisfies

dObO+§ _ 1 =)
a(t)b(t) & b

Proof. In (6.8) we can trivially estimate

forall & € (0,&y) andt > 0.

bX(1) + 2b(1)E] — €3 + & = —&5  forallr > 0

to obtain
/ m & :
a(t)f_g'm'b(l‘) forall t > 0.
Therefore
& ’
060 +& _ “wogr PO b+
a(t)b(t) - (b(1)+&0)? b(t)
b(1)+&2
E2(b(1) + &) —b'(t)

- : forall £ € (0, 1) and t > 0,
b))+ &)1 + &) b0) orall§ € (0,1)and ¢ >
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so that since 20FE < 1 for all £ € (0, &) and ¢t > 0, we find that

b()+& —
d (bW +E) _ & Q)
a®b(t) T (b)) +EH (D) + &) bQ)
< Sio . _bb( t()t) forall & € (0, &) and £ > 0,
again because b > 0 and b’ < 0. m}

The technical key toward our proof of infinite-time blow-up in the supercritical case is
contained in the following lemma which says that in the supercritical mass case we can
achieve that U is a subsolution in the inner region for suitably large times upon an appro-
priate choice of the parameters.

Lemma 6.5. Let § > 0 and
m > 814, (6.16)

and suppose that taking Wy and K from (4.7), we have
Wo(&) — K& =0 forall€ € (0, 1). 6.17)

Then there exist &y € (0, 1) and o, > 0 with the property that for all « € (0, o) one can
find by € (0, &3) and tg > 0 such that with

b(t) :==boe ™ fort >0 (6.18)
and a € C'([0, 00)) as given by (6.7), the function U in (6.1) satisfies
PUE,t) <0 forallé € (0,&) andt > 1y, (6.19)

where P is given by (4.6).

Proof. We detail the proof for the case when § is positive, leaving to the reader the minor
modifications necessary for the limit case § = 0. Since m > 87§, we can pick ¢ € (0, 1)
small enough such that

(1—¢&)3m
= ——
(1+¢e)ms
and thereafter fix o, > 0 and &y € (0, 1) small satisfying

> 0, (6.20)

a, < c1/4, (6.21)
§ln ——
@, < —=F, (6.22)
T lné

& < ¢&/2. (6.23)
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Given o € (0, o), we then choose by > 0 suitably small and #y > O sufficiently large
such that

bo < e£3, (6.24)

) (6.25)

and thereupon let b, a and U be defined by (6.18), (6.7) and (6.1). Then by (6.17),
Lemma 6.1 implies that

(b(1) +§)°
W'PQ@J)SJ(EJ)
:M_b_/JrL_E/te8(ts>/r.{ﬂ_ﬁ}ds (6.26)
ab b b+& 1) b(s)+& 2m
for all § € (0, §y) and ¢ > 0. Here by Lemma 6.4, we can estimate
LAty b (U N (LY.
@0 =—0y b= <$o+l> b_<$o+1> *
53-01 forall ¢ > 0. (6.27)
)

Next, to estimate the integral in (6.26) we first note that (6.23) guarantees that
a(t) m m b+& b+é& m &
- — =g —S > — e 1 =5 ]
bty +& 2@ 2nw b+& b+ &y 2w 285
>0 forall& € (0,&)andr > 0,

and that
2 2
m m
§ 0 > & 0

5> —- 5 = forallt > 0
b+& ~ 2r (1+e)f; 200+om

a(t) > — -
27

by (6.24). Therefore,

!
(1) = 8 z/o o—3=9)/7 . {& m }ds

Tbh)+E T b(s)+& 21
8 2—8) [1 g als)
“bn+e © /0 ¢ IOETAN
<8 Uzom / e L g0 68
by +E  (I+eome o b(s) + &

for all & € (0, &) and ¢ > 0. Now whenevert > s >t — ﬁln ﬁ > 0, we have

b(t)
b(s)

1
e—a(t—s) > e—ln = — 1 — e,
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which implies that

b)+§ b0+ A —-e)§
b(s)+& ~  b(s)+¢& -

1—c¢

for all £ > 0 and any such ¢ and s. By means of (6.25), we can hence estimate

! —8(t—s)/T 1 l—¢ ! —8(t—s)/T
e e ds > ———— . e ds
0 b(s) +§& b()+& Ji—lm L
1—¢

_ .2(1 _eﬂ%]"ﬁ)
b))+ E 8
(1—¢)t

2 SO D 3 forall € € (0, &) and ¢ > to,

because (6.22) ensures that

) 1 tlnl
e_a%lnl%s < exp(——ln £ ) =¢.

T 1—8.6lnﬁ

Accordingly, (6.28) and (6.20) yield

D, 1) < {8— (I —¢&)m (1—8)2r}
2D = b(t) +E d+emt 3
___¢a

= TOEY forall & € (0, &) and ¢ > 19,

which since by (6.24) we have
b(t) +& < by + & < e&5 + & < 2& forallé € (0,&) andt > 0
guarantees that

(€ 1) < —2% forall £ € (0, &) and t > 1.
0
In conjunction with (6.27), (6.26) and (6.21), this shows that

2
JE D<= . a—<L <0 forall& € (0,&)and > 1o,
éo 28

and thereby proves (6.19). O

Now for small times, we can also achieve that PU < 0 if we suppose that wy is suffi-
ciently strongly concentrated near the origin.
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Lemma 6.6. Let § > 0 and m > 0, and suppose that o, by > 0, &y € (0, 1),
b(t) =boe™™  fort >0, (6.29)

and a € CH([0, 00)) is as given by (6.7). Then for all to > O there exists I'o(c, bg, &0, to)
> 0 such that whenever Wy and Ky as introduced in (4.7) satisfy

Wo(§)/§ — Ko = To(a, bo, b0, 10)  forall'§ € (0, &), (6.30)
the function U defined in (6.1) has the property that with P as in (4.6) we have
PUE,t) <0 forallé € (0,&) and t € (0, tp). (6.31)
Proof. By (6.2), we have

(b +8)? LA b8 2 o al) m
ae VG =0y b+$_t/0e '{b(s)+s_2n}ds

—2(Wo(£)/€ — Ko) - e /T forall€ € (0,&)andt >0, (6.32)

where Lemma 6.4 ensures that

adb+& b 1 b 1
Y =) == (=41 e 6.33
ab b ‘(aﬁ > by T \e )¢ (033
and where g g
— < —¢%0  forall 0, dr e (0,1 6.34
b+§_b0€ orall & € (0,%) and 1 € (0, 19) (6.34)

according to (6.29). Moreover, due to (6.7) we see that

b+& b
a__m _m bl btbo m e e &) andr >0, (635
b+& 2m 2m b+E& b—i—ég 27

because for any choice of £ < &y wehave b+ &) > b+ £ andalsob + &y > b + ég due
to the fact that &y < 1. Therefore,

2 a(s)

t
=z —Sa—s)/cr ) _4¥) m ds <0 forall 0 dt>0
r/oe {b(s)+§ 271} = erefls € O foyand =0

which combined with (6.32)—(6.35) shows that

abé&
(b+¢)?

for all & € (0, &) and t € (0, ty). Thus, if

PUE. 1) < (§i+1>-a+§e‘”0—z
0

(Wo(%“) B
by

: KO) et (6.36)

— o— l . l . E aty . 8/‘[1‘0
Wo(§)/& — Ko = T'o(a, by, &, to) = 3 P +1)-a+ boe e

for all & € (0, &), then (6.31) results from (6.36). O
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By a careful selection of the parameters in (6.1) we can finally combine Lemmas 6.3,
6.5 and 6.6 to establish our main result on infinite-time blow-up of supercritical-mass
solutions.

Proof of Theorem 1.3. We first take & € (0, 1) and o, > 0O as provided by Lemma 6.5
and let

R =& (6.37)

Again invoking Lemma 6.5, we then find by € (0, &g) and 7o > 0 with the properties
listed there, and then pick o € (0, «,) as given by Lemma 6.3 when applied to ng := /2.
Having thus fixed «, b, & and tp, we finally fix I'g := To(e, b, &o, to) as yielded by
Lemma 6.6, and claim that thereupon the conclusion of Theorem 1.3 holds if we let

m (bo+ &)*

r,(m, = 6.38
O = otbo +£0) (©3%)
(mymy = 20 (6.39)
m,n) = —- , .

Y n 7 byt Eo
Ty (m, 1) := 2T. (6.40)

To verify this, given ug and wy with the assumed properties we let Wy, Ko and U be
defined by (4.7) and (4.2), respectively, and fix U as in (6.1), with b(¢) := bpe™*' and
a € C([0, 00)) given by (6.7). Then (4.7) and (1.9) imply that

1

N
Wo(€) — Ko =/ pwo(p) dp — Kok = {Ko—/
0 JVE

1-¢ 1—¢
={1=§Ky——— woZ(l—é)Ko—T~{][ wo—n}
BI\B\/g B

pwo(p) dp} — Ko§

1
=(1—§)~{K0—§]i wo+n/2} =({1=8§)-n/2 forall§ e (o, 1),
1

because & = R> by (6.37). Therefore,
Wo(§) — Koé
1-§

so that Lemma 6.3 applies to show that according to our choice of « and the fact that
by € (0, £2), taking P as in (4.6) we have

>n/2=no forall& e (&, 1), 6.41)

PUE,t) <0 forall€ € (&, 1) and ¢ > 0. (6.42)

We next combine (4.7) with (1.8) and (6.40) to see that

1 [vE ! 1
Wo(§)/& — Ko = —/ pwo(p) dp —/ pwo(p)dp = —{][ wo —][ wo}
& Jo 0 2B, B

> L. Tym.p) =Ty forall& e (0. &), (6.43)
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again because £ = R? by (6.37). Consequently, Lemma 6.6 asserts that
PUE,t) <0 forall€ € (0,%) and 7 € (0, 1p). (6.44)

Moreover, since (6.41) together with (6.43) clearly implies that Wy (&) — Ko& > 0 for all
& € (0, 1), thanks to our choice of by and #y and the fact that ¢ < «, we may employ
Lemma 6.5 to infer that

PUE,t) <0 forallé € (0,%p) and 1 > 1. (6.45)

Now from the definition of U and Lemma 4.1 it is clear that

UQO,)=U©0,1)=0 and U(l,t)=U(l,t) = zﬁ forallt > 0.  (6.46)
T

In order to show that furthermore
UE,0)<U(E,00 forall€ € (0, 1), (6.47)

we first consider small values of &, for which from (1.6) and (6.37) we gain the inequality

vE £ £
U, 0) =/ puo(p) dp = 5][ w =S Tylm ) forall¢ € 0,&).
0 Bﬁ

On the other hand, (6.1), (6.7) and (6.38) show that

a(@ _a®F _1

UE.0) = bot £ = by = 5Tu(m.m) & forall§ € (0, %),

and hence (6.47) is valid for any such £. For large &, by (6.7) we have

) 2 2
UE.0) = a(0) (b0§2+2§0) _m. boé +€20
(bo +&7) 2 by + &

_ﬂ.{1— b .(1—5)} forall £ € (&, 1)
T 2m bo + &2 0.2

whereas (1.7), (6.39) and again (6.37) yield

! ! mo 1—é
U("390)=/ puo(p)dp—/ puo(p)dp=———-][ uo
0 NG 2r 2 BI\B

>m 1-¢& ( )
=g 2 rUmd
m m bo

:E_E.m.(l—g) forall & € (%, 1).

We conclude that the claimed ordering in (6.47) indeed holds, so that on the basis of
(6.42), (6.44), (6.45) and (6.46) we may invoke the comparison principle in Lemma 4.2
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to infer that U(&,¢) < U(&,t) forall £ € [0, 1] and ¢ > 0. In particular, this entails that
for each fixed r > 0 we must have

veg,ny . UE 1 a(t) at) m (b1 +&)* 1
m ——= > lim lim —

Us(0,1)=1i > = = = .
(O0=10 " 20T TMbre b0 20 bi+gd b0

Since b(t) = bpe™*' < by < 502 for all t > 0, this ensures that

2
1
w0, 1) =200, = ™ S0 o
T 25

e*  forallt > 0,

and hence completes the proof. O
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