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Entropy and a convergence theorem for
Gauss curvature flow in high dimension
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Abstract. We prove uniform regularity estimates for the normalized Gauss curvature flow in higher
dimensions. The convergence of solutions in C°°-topology to a smooth strictly convex soliton as
t goes to infinity is obtained as a consequence of these estimates together with an earlier result of
Andrews. The estimates are established via the study of an entropy functional for convex bodies.
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1. Introduction

The Gauss curvature flow was introduced by Firey [14] to model the changing shape of
a tumbling stone subjected to collisions from all directions with uniform frequency. Sup-
pose that {M,} ¢ R"*! is a family of smooth compact strictly convex hypersurfaces with
t € [0, T). Denote by X (x, ) and K (x, t) the position vector and the Gauss curvature
of M,. The family {M;} is a solution of the Gauss curvature flow if X (x, 7) satisfies the

equation
0X(x,t)
= —K(x,)v(x, 1), (1.1)

where v(x, f) is the unit exterior normal of the hypersurface M;.

Assuming the existence, uniqueness and regularity of the solution, Firey proved that
if the initial convex surface (My C R?) is symmetric with respect to the origin (abbrevi-
ated as centrally symmetric), then the flow (1.1) contracts the initial surface to a point in
finite time and the evolving surface becomes spherical in shape in the process. The last
statement can be rephrased as saying that the normalized flow (with the enclosed volume
preserved) converges to a round sphere. Firey conjectured that the result holds in gen-
eral. After this initial work, the existence and uniqueness of the Gauss curvature flow in
any R"*! was established by Chou [19]. In the same paper it was also proved that the
Gauss curvature flow contracts the initial convex hypersurface to a point in finite time.
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More than a decade later, in a breakthrough work [5], Andrews proved that the normal-
ized flow in R3 converges to a round sphere, that is, evolving surfaces become spherical
in the process, hence proving the conjecture of Firey. The proof of Andrews [5] relies on
a pinching estimate, whose proof seems to work only in dimension 2. There is an exten-
sive literature devoted to the study of the Gauss curvature flow. Chow [10] established
an important differential Harnack inequality (also known as the LYH type estimate) and
an entropy monotonicity; Hamilton [15] obtained upper bounds of the support function
and the Gauss curvature of the normalized flow; and Daskalopoulos and Hamilton [11]
studied the Gauss curvature flow with flat sides. The interested reader may consult [9, 3,
4, 6, 12] for further references on the flow by Gauss curvature and its powers.

In this paper, we establish uniform regularity of the solution of the normalized Gauss
curvature flow. By Chou’s work, the convex hypersurfaces M; (and the enclosed con-
vex body €2;) shrink to a point along the Gauss curvature flow at a finite time 7. If we
choose this limiting point as the origin and normalize M, so that the enclosed volume (the
Lebesgue measure |€2;]) is the volume of the unit ball, the normalized Gauss flow satisfies
the equation

0X(x,1)
ot
where u(x, t) = (X (x, 1), v(x, t)) is the supporting function.

The following is the main result of this paper.

=(—K(x,t)+ulx,t)v(x,t), (1.2)

Theorem 1.1. Suppose that My is a compact strictly convex hypersurface in Rt such
that the volume of the enclosed convex body is that of the unit ball B1(0) C R**1. Assume
that the origin is the contracting point of the un-normalized flow (1.1). Let {€2;} be the
convex bodies enclosed by {M,}, the solution to the normalized flow (1.2) with the above
normalization. Then there exists a positive constant A > 1 depending only on n and My
such that

Bija(0) C 2 C BA(0), V0=t <o0. (1.3)

Moreover, for any integer k > 1, there is a constant C(n, k, My), depending on n, k and
the initial hypersurface My, such that

[Millcr < C(n, k, Mo). (1.4)

Finally, the flow (1.2) converges in C*°-topology to a smooth strictly convex soliton Mo
satisfying
K(x)=u(lx) withK(x)>1/A. (1.5)

As mentioned before, Hamilton [15] obtained upper bounds of the diameter and the Gauss
curvature for the normalized flow. In view of the Blaschke selection theorem and a gen-
eral C*°-convergence result of Andrews [4] which assumes the regularity of the limiting
soliton, the contribution of this paper consists mainly in uniform C2-estimates for the
normalized Gauss curvature flow. The C>-estimate relies on a C-estimate on the support
function u(x, t) (particularly a uniform lower bound, which is new and essential) and a
uniform lower estimate on the Gauss curvature. To prove that the support function u(x, )
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of a solution to (1.2) is uniformly bounded from below by a positive constant, we need
to study an entropy functional £(€2;) for the enclosed convex body €2;, which is different
from Chow’s [10].

Let 2 be a bounded closed convex body such that 0 € @  R**! and M := 9. For
any zo € €2, one can define the support function with respect to z( as

Uz (X) 1= max (x, z — Zo).
zeQ
Define an entropy functional £ (S2) by

1
E(Q):= sup E(R,z0) with E(2,z9) := —/ logu,,(x)do(x).
zo€Int() Wy Jsn

Here w,, is the area of S", and d6 is the induced surface measure. (Later we shall show
that given a non-degenerate, that is, full-dimensional, convex body, the entropy can in
fact be attained by a positive support function.) It is easy to see that £(£2) is finite. The
quantity £(£2, zo) was introduced by Firey [14] for centrally symmetric convex bodies.
The functional £(£2) was first considered by Andrews [4]. Our contribution here consists
in deriving a lower estimate of the entropy via the Blaschke—Santal6 inequality, which is
a new way of using this functional in deriving the lower estimates of the support function
and the Gauss curvature along the flow.

Since non-negativity is a defining property of the entropy concept in physics [13], the
following result, as well as later monotonicity of £(£2) under the Gauss curvature flow,
partially justifies the use of the terminology.

Proposition 1.1. Let 2 be a bounded convex body in R with V(Q) = V(B(1)) (here
V(R2) denotes the volume of Q). Let z; € 2 be the Santalo point of Q2. Let ug be the
support function with respect to zs. Then

1
logus > 0, (1.6)
Sn

and equality holds if and only if Q is a round ball centered at zg. In particular £(2) > 0,
and the inequality is strict unless 2 is a round ball centered at 7. Moreover, for a general
convex body Q2 without the volume normalization, we have

£Q) > log V(2) — log V(B(l))' (1.7)
n+1

Before the proof, we recall the definition of the Santalé point of Q2. Given 2 and any
zo € Int(R2) define Q Zo’ the polar dual of © with respect to zg, to be the set {y + zo |
max;eq(y, 2 — z0) < 1}. The Santalé point is the unique point z; such that Q* has
the minimum volume among all polar duals with zg € € (in fact it suffices to cons1der
zo € Int(2), the interior of €2). When z; is the Santal6 point we also denote SZ;‘S by QF,
and let 2 be the translation of €2 by —z;.
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Proof of Proposition 1.1. Let Q¥ be the polar dual of Q with respect to zy, the Santal6
point. Its volume can be computed [17] as

v = . 1
Cn 1 ot

Then by Jensen’s inequality ,

V@) >~ ex i/lo L Vo) = viB(1)) ex —n+1/10 "
§ _i’l+1 p (O n g u?+1 - p wp sn g 5

Since V(2) = V(B(1)), together with the Blaschke—Santal6 inequality [18]
V(@QV(Q)) < V(B(1))? (1.8)

we obtain

1 « _ V(B(1))?
/Sn 10gl/t_y) < V(QS) < W

This implies (1.6). The estimate (1.7) follows similarly. If equality holds, Jensen’s in-
equality in the first step of the proof is an equality. Since e* is strictly convex, 1/u”*! and
hence u; must be a constant. The latter constant must be 1 as V(Q¥) = V(B(1)). Hence
2 is a ball centered at z.

From the above it is easy to see £(R2) > £(£2, zg) > 0. Furthermore £(2) = 0 implies

that €2 is a ball centered at z;. ]

n
V(B(l))exp(—

n

A refined estimate on the monotonicity of entropy along the flow, as well as estimates of
geometric quantities in terms of entropy (as well as the volume of the enclosed body),
play a basic role in the proof of the main theorem. The strategy is the following. We first
bound rough geometric quantities such as the outer and inner radius in terms of entropy,
which in turn can be estimated via refined monotonicity. Then a compactness estimate
and a stability estimate, as well as a refined monotonicity estimate, give the desired lower
bound of the support function. The lower estimate on the support function seems more
subtle and useful than the upper estimate (obtained by Hamilton). By combining the lower
estimate on the support function and Chow’s Harnack estimate, an iteration argument
gives a uniform lower estimate on the Gauss curvature. Once the uniform lower estimate
on the Gauss curvature is established, the full regularity follows from previous work of
[6], [16] on fully nonlinear parabolic equations.

As a by-product of the monotonicity of the entropy functional we deduce that for any
2 with normalized volume, if z is the shrinking limit of the Gauss curvature flow then
fSn logu.., > 0. Hence Firey’s entropy with respect to the shrinking limit is nonnegative
for any convex body. This yields a geometric property of the shrinking limit. The above
mentioned upper bounds of Hamilton on the diameter and the Gauss curvature can also
be derived from the uniform lower bound on u(x, t) proved here.

There remains an interesting question whether or not the sphere is the only compact
soliton with positive Gauss curvature. Here we prove that the unit sphere is stable among
the admissible variations. We also show that for the solitons with the normalized enclosed
volume, there exists a sharp lower estimate on the volume of the dual body, which im-
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plies Firey’s uniqueness among solitons with central symmetry. In the joint paper [7] the
method of this paper is generalized to flows by powers of Gauss curvature.

2. Basic properties of entropy

We start with a geometric interpretation of the entropy functional, which also implies the
non-negativity of the entropy. For any zo € €2, by the definition, the dual body €7 is
defined by the equation

Q;o —zo={w]|(w,z—z0) <1,Vz € Q}.
Writing w in polar coordinates we obtain
Q7 —z0 = {(r, x) | rug,(x) < 1}. 2.1

Here u,,(x) is the support function of €2 with respect to zg. This in particular implies that

. 1/uzq (x) . 1 1
V(Q;) = r'"de dr = do.
0 0 n n + 1 sn M?;—l

If we normalize the volume of 2 to be that of the unit ball, the Blaschke—Santalo
inequality implies that there exists zo € 2 such that |§22‘0| < V(B(1)). If 2 is not affine
equivalent to the unit ball, such zo’s form an open subset. Now observe the following
geometric interpretation of the quantity fS,, loguz,.

Proposition 2.1. Let ng = Q7 — z0. Then

1
/ log tt2, (x) d6 (x) = (/ —/ )—ldw > V(B(1)) — V(QY).
s e, Jag s/ [w"*

Thus fsn log u,, is a weighted (and signed) volume of Q?O A B(1). In particular, for any zg
with |Q;‘0| < |B(1)|, we have fSn loguz,(x) d6(x) > 0. Moreover, if zg € Int(S2) is such
that £(Q) = (1/wy) [q loguz,, then

Y dw=0
—Faduw = V.
Qo |w[*tl
20

Thus zq is the center of mass of Q;‘O with respect to the weighted measure dw /|w|"*!.

Proof. The argument is similar to the above calculation of the dual body volume:

l/uzo(x)l
—// —drdf(x)
n )1 r
1 l/”zo(x) 1
/R S PR S I
uzg =18 S 1uzyv) S uzgn<tycsn J1 |w]"
1
= (/ —/ >—+1 dw.
BONSQY, S0 \B(D) [w|"

/ loguz,(x) d6(x)
Sl‘l
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This proves the first identity. The inequality holds since 1/|w|"*! > 1 on B(1) \ 2 and
1/w["*!' < 1on Q2 \ B(1).
The last claim can be proved by a similar calculation. O

The following lemma asserts that there exists a unique point z, € €2 such that the en-
tropy £(S2) is attained. It will be called the entropy point.

Lemma 2.1. Given a closed convex body <2, there exists a unique z, € 2 such that
EQ) = (1/wn) [g logu,.

Proof. The quantity (1/w;,) fS" log u,, is a function of —zg = (#1, ..., ty41), say

n

1 n+1
Ft)=— /S log<u(x) + Ztix,-> o (x).
i=1

It is easy to see that the convexity of € implies that u,, > 0 for any zg € 2, and F(t)
is a strictly concave function of ¢. Let {p,} be a sequence such that (1/wj,) fSn logup,
/1 E(R2) as n — oo. Without loss of generality we may assume that p, — p. Then
by Fatou’s lemma, noting that logu,(x) < logdiam(2) for any z and logup, (x) —
logup(x), we have

n—oo

1
—/ —logu, < —hmmf/—logupn =—-E(Q).
wWn

On the other hand, by the definition (1/w,) [, logu, < £(2). Hence (1/wy,) [q, logu,
= £(R2). The uniqueness follows from the strict concavity of F(z) (as a function of
t € R"1) and the convexity of €. |

We also denote u,, by u.. The next lemma strengthens the above result by asserting that
in fact z, € Int(2).

Lemma 2.2. If Q is a bounded convex domain with Int(2) # @, then £(2) is attained
by a unique support function u, > 0 such that

/ 40(x) = 0. 2.2)
g “e(x)

Moreover for any other support function u # u., £(2) > (1/wy) fS" logu.

Proof. The main claim here is that u, > 0 everywhere. Assuming this, (2.2) follows
easily by the first variation. Namely, we express any support function as

n+1
u(x) =u.(x) + thxj.

j=1

By the maximum property of u,, the first variation yields

/S" ue(x) do(x) =0.
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Suppose u.(xg) = 0 for some xo € S"”. Then by the convexity of €2 it is easy to see
that z, must be on the boundary of 2. We may assume z, = 0, the origin. Now we claim
that there is a support hyperplane of 2 at the origin with outer normal 7 such that the line
segment

L ={-tn]0 <t <1} isinside €2, for some small 7. 2.3)

We now prove this claim.! First recall that for any p € €, the tangent cone TPC Qis
defined as {£ | (¢, p — z1) > O for any z; with dist(z1, ) = |z1 — p|}. The (outward)
normal cone N, (€2) is then defined as { | (n, &) < Oforall & € TPCQ}. Now it is rather
elementary to see that for any support hyperplane H at p, which can be expressed as
the zero set of f(z) = (n,z — p) with f(z) < Oforall z € @, we have n € NP(Q).
Thus the outer normal of any support hyperplane must lie inside the normal cone. To
prove the claim it suffices to show that —\/,(€2) intersects Int(€2), due to the convexity
of Q. If —N,,(Q) N Int(2) = @, by the separation theorem [18, Theorem 1.3.8] there
exists a hyperplane H through the origin which separates Int(£2) and —N,,(€2). This hy-
perplane must be a support hyperplane. But its outer normal n (with respect to €2) lies
inside NV, (2). Hence —n € —N, (). This is a contradiction since —N/,(2) is on the
other (outward) side of H than 2. The claim (2.3) also follows from [8, Theorem 1.12].

‘We may, without loss of generality, assume that n = (0, ..., 0, 1), so the north pole
has the property that the associated line segment L defined in (2.3) lies inside Int(£2).
Hence €2 is contained in the half-space x,,41 < 0 and touches the hyperplane at the origin.
For any x = (x, ..., Xp, Xp+1) € S" with x,41 > 0,let N(x) = (x1, ..., Xpn, —Xn+1)
be its symmetric image with respect to x,41 = 0. By definition, u.(x) = sup,.q(z, x).
Since Q2 is closed, for each x € S” there is z(x) € 2 such that u.(x) = (z(x), x). Hence

e(N(x)) = (z(x), N(x)) = (z(x), x) = ue(x), Vx €§" withx,41 > 0.

Here (z(x), n) < 0is used. Since z, = 0 and u.(n) = 0 and obviously u.(N(n)) > 0, the
above inequality is strict for some x € S” forming a set of positive measure. Consider the
new support function us(x) = u.(x) 4+ sx,+1. As the line segment L defined in (2.3) lies
in the interior of 2, uz(x) > O forall x € §" and 0 < s < 9. On the other hand,

d </ ) / Xn+1 / Xn+1 / Xn+1
— log u = — = + T
ds \ Js» s=0 Jsn ue(x) (np1>0) Ue(X) (ns1 <0} Ue(X)

_/ <xn+1 Xn+1 )
= — > 0,
(a1 >0} \Ue () Ue(N(x))

which contradicts the definition of u,. Therefore, u,.(x) > 0 for all x € S".
The last claim follows from the strict concavity of F(¢) defined in the proof of Lem-
ma 2.1. O

In the rest of this section we derive some geometric estimates in terms of entropy. Let
0+(2) [p—(€2)] be the outer [inner] radius of a convex body 2. By definition, the outer

' We would like thank Gaoyong Zhang to communicating us the proof of claim (2.3).
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radius is the radius of the smallest ball which contains €2, and the inner radius is the
radius of the biggest ball which is enclosed by 2. There is also a width function w(x)
which is defined as u,,(x) + u,,(—x), where u;, is the support function with respect
to zo. It is clear that w(x) is independent of the choice of zg. Let w4 and w_ denote the
maximum and minimum of w(x). The following estimates have been known [2]:

Py < % poz o 2.4)
Below we prove a result relating these geometric quantities to entropy.
Corollary 2.1. For a convex body £2,
max{w, o+ ()} < C,et@, 2.5)
where C,, is a dimensional constant. There is also a lower estimate:
min{p_(Q), w_} > C,V(Q)e "¢, (2.6)

where C,’, is another dimensional constant.

Proof. The upper estimate can be reduced to the corresponding upper estimate of w. in
view of (2.4). Assume that w(xg) = w4. Without loss of generality we may assume that
Uz (X0) = Uzn(—x0), zo = 0. Hence wy =< 2ug(xp). Assume that ug(xg) = (z1, xo) for
z1 € 092. Applying a rotation we may also assume that z; = (0, ..., 0, a), witha = |z1].
Then w4 < 2a. By convexity, the line segment tz; (with 0 < ¢ < 1) lies inside . It
is also clear that the support function for this segment with respect to z1/2 is %I(m , X)|.

Hence it is bounded from above by u, 2(x). Therefore
wy loga — w, log2+/S log |x,4+1|dOB(x) = /S log%|(zl,x)|do9(x)

5/ loguz, 2d0(x) < w,E(R).
Sn

Notice that the integral on the left hand side depends only on #. This gives an upper bound
of a, hence an estimate for w,. A lower bound on p_ can be derived from this and the
observation that €2 can be enclosed in a cylinder with base a ball of radius p4, and of
height 2w_. Hence

nw,—1p - 2w_ > V(Q).

The lower bound of p_ follows from the estimate of p_ in terms of w_. O

3. Gauss curvature flow and entropies

First we recall the relation between the embedding X : M — Rt of M, a closed convex
hypersurface in R"*!, and the related support function u : S" — R of the enclosed convex
body €2 (here we assume that 0 € Q and u(x) = ug(x)):

u(x) = (z, X' (2)))
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where v : M — §S" is the Gauss map. For convenience we also denote X @) by
X (x) (so X(x), for x € S", denotes the embedding reparametrized via the Gauss map).
The following equations are well-known [2]:

X(x) = u(x)-x + Vu, 3.1)
Whi = g ViV + ugr)). (32)

Here W = dv is the Weingarten map, V is the covariant derivative of S” with respect to
the standard induced metric g as the boundary of the unit ball in R"+!. It is clear from
(3.1) that changing the reference point zg in the support function amounts to translating
by —zo the embedding X (x), and (3.2) implies that the Weingarten map W is independent
of the choice of zg. Let K (x) = det(W) be the Gauss curvature.

First we derive the following estimate on Chow’s entropy [10] in terms of the entropy
defined in the last section.

Proposition 3.1. Let Q2 be a convex body with smooth boundary M = 02 and volume
V() = V(B(1)). Let K be the Gauss curvature of M. Then

Ec(Q) = a% /M KlogK do > £(Q) > 0. (3.3)

n

Here do is the induced surface measure on M. Moreover Ec(2) = E(RQ) if and only if
K = u,, and Ec () = 0 if and only if Q@ = B(1), the unit ball. For general <2,

Ec(Q) = E(Q) — log<ﬂ>.

V(B(1))
Proof. First observe that f u K logK do = fSn log K d6. On the other hand, recall
1 1
— —de_—/Xu v,
Wy

Hence the estimate via Jensen’s inequality gives, in the case V(Q) = V(B(1)),

1= i - —de = —/exp(log< )) do > exp(win / log<K>d0)

This implies that
1
logK d6 > — logu dé.
st @n Jsn
Since this estimate holds for support functions with respect to any zg € €2, we have the
claimed estimate. The equality case follows from Proposition 1.1. O

Remark 3.1. The non-negativity of ¢ also follows from the affine isoperimetric in-
equality [18]. An alternative argument below, using x — 1 — logx > 0, proves a similar
result with a weaker estimate

1 DV (Q (e = [ 10s L as
w,,((”“““""’—wn/n(zf) ) > /SnOgK x).

wWn

Hence £c(R2) — £(RQ) > =V (2)/V(B(1)) + 1.
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Corollary 3.2. Let Q2 and M be as in Proposition 3.1. Let oy, (W) = Zi1<_“<ik Aip Ay
be the k-th elementary symmetric function of (strictly speaking, eigenvalues {A;} of) the
Weingarten map. Then

win / @m{(m o > 1, a%n / @K@(W) do=1. (34)
Equality holds in any of these inequalities if and only if Q = B(1).
In terms of the support function, the Gauss curvature flow (1.1) can be expressed as
ou(x,t) _ 1
ot det(@* (Vi Vju + ugrj))

(3.5)

Since the convexity of M; is preserved along the flow (1.1), the equation (3.5) in terms
of the support function u always makes sense. In [19] the existence of (1.1) has been
proved and it was also shown that the flow will contract a convex hypersurface to a lim-
iting point z,. The main concern here is to understand what is the limiting shape of the
evolving hypersurfaces M;. To understand the asymptotic behavior of the flow we also
consider the normalized flow:

ou(x,t) 1

u(x,t) — ——— - ,
ot det(gK(ViViu + ug;))

(3.6)

which preserves the enclosed volume V (€2;), provided that initially V(29) = V(B(1)).
By scaling (multiplying the support function u by a factor e”) and reparametrization (t =
—nl? log(%), with T being the terminating time, which equals n+-1 under the above
normalization, and relabeling t as ¢ afterwards), the support function with respect to
Zoo yields a long time positive solution to (3.6). Hence the study of the limiting shape
is equivalent to finding the asymptotic of (3.6). When 2 is centrally symmetric it was
shown by Firey that the solution of (3.6) converges to a round sphere. In dimensionn = 2,
Andrews [5] proved the same result for any convex surfaces in R3.

In the following we show that the entropy £(£2) is intimately related to the normalized

Gauss curvature flow (3.6). First note that the equilibrium for (3.6) satisfies the equation
u(x, 1) - det@* (Vi Viu + ugij)) = 1. (3.7)

Such a solution is also called a shrinking soliton of the Gauss curvature flow.

We now consider the first variation of £(2) under the constraint V (2) = V(B(1)).
For a fixed 2, by Lemma 2.2, there exists a unique z, € Int(2) such that £(Q2) =
(1/wy) fSn log u.(x) d6(x). Moreover u, satisfies

/ Yao)=0, Vi=1,....n+1. (3.8)
st Ue

Let €2, be a family of convex bodies such that ¢ = £2. In terms of support functions, we
have a family of functions v, € C 2(S™) such that

A77 = ((v,])Sij + (v,,)l-j) > 0.
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We assume in addition that v,, satisfies (3.8). Hence £(2;)) = (1/wy) fSn log v, df. Write
vy (x) = u.(x) + p(n, x), where p(0, x) = 0 for all x € S". Below we abbreviate v, by
v, and u, by u. As before, the constraint V (£2,) = V(B(1)) implies

1
— vdet(Ay) = 1. 3.9)
Wy Jsn
Recall that we also have
x]' .
— =0, Vj=1,....,n+1, Vn, (3.10)
s U
1
EQ)) = — logv. (3.11)
Wy Jsn

Proposition 3.2. Ifu, the unique support function which achieves the entropy, is a critical
point of E(R2), viewed as a functional of 2, under the constraint that V (2) = V(B(1)),
it must be a solution to (3.7), that is, a shrinking soliton. Thus a critical point to E(2)
must be a shrinking soliton to the Gauss curvature flow. Moreover, the converse is also
true.

Proof. Differentiate (3.9) and (3.11) in 1 and then set n = 0. By the Lagrangian multiplier
method, for any critical point u there exists a A € R such that (in view of (3.9))
P

/ ' / . p/'xj .
p det(A,) =X —, Vp', with 3 =0,VvVj=1,...,n+1. (3.12)
sn s u n U

Here we have used the fact that %@i % is self-adjoint. Let NV, = span{x;/u |
j=1,...,n+ 1}. Note that

/det(Au)xj:/ (v,¢j) =0.
NG 0

Since both u(det(A,) — */u) and p’/u belong to N;-, and p’/u is arbitrary in A;- and
u > 0, we must have

det(A,) = A/u. (3.13)
As V(2) = V(B(1)), we conclude that A = 1. To check the converse, from (3.9) we
conclude that

/ p' det(A,) =0,
which readily implies that [g, p'/u = 0. O

The next result gives a lower estimate on the volume of 7, the dual of Q with respect to
the origin, when €2 (more precisely u, the support function with respect to the origin) is a
soliton of the Gauss curvature flow.

Proposition 3.3. Assume u is a soliton with associated body Q2 (so u = K). Then:
(i) The origin is the entropy point of 2 and V(2) = V(B(1)).
(ii) The volume of S satisfies
V(p) = V(B(1)). (3.14)

In particular, if the origin is the Santalo point of Q2 then Q2 = B(1).



3746 Pengfei Guan, Lei Ni

Proof. Observe that for any 1 < j < n 4+ 1 we have 0 = fM(v(z), ej)do =
fS" (xj/K)dO(x), which implies that fS" (xj/u)d6(x) = 0. This shows that the origin
is the entropy point. Simi}arly V(Q) = # JyX.v) = ﬁ Jon % = V(B()).

Let X (x) = u(x)x 4+ Vu(x) be the position vector of M;. Observe that for any support
function u of a convex body,

1 u 1 (Xv U) 1 l
— | ————db(x)= — | L do=— —do =1.
wn Jo KX+ wp Sy 1 X wn Jope) €

Here we have used the fact that div(X/|X|**t!) = 0. The claimed lower estimate on the
dual volume follows, as

V(Qg)_1][1>1][ w o1
wn  n+1J o ut T n4+1 Jo KXY n417

The last statement follows, since when the origin is the Santal6 point, V(Q(’g) < V(B(1))
by the Blaschke—Santal6 inequality, hence equality holds in the above estimates. In par-
ticular, it implies that | X| = u and Vu = 0, so u is a constant. O

Remark 3.3. One can also prove the estimate (3.14) using the isoperimetric inequality
For(1/K)d0 > 1.

For the normalized Gauss curvature flow (3.6), Chow [10] proved that £¢(€2;) is non-
increasing in ¢. A refinement of the following theorem (Lemma 4.3) is of fundamental
importance to the C%-estimate. The monotonicity of £(2;) first appeared in [4, Corol-
lary 9].

Theorem 3.4. Along the flow (3.6) the entropy £(2;) is non-increasing. Moreover, for

to
E(Qy) — E(Qy) < / () — Ec(2))dt <0. (3.15)
141

Proof. Assume that £(2;,) = (1/wp) fS" log u,(s,) at some point 7y, where u, (s is the
support function with respect to the unique entropy point z.(fp) € Int($2). Hence for
t < to but very close to g, one still has ) (x, 1) 1= u(x, t) — (exp(t —t9)z.(tp), x) > 0.
If u(x, t) is a solution to (3.6), S0 is u.(;)(x, ). Now we calculate

d ][ Me(t) — K K
= loguew(x, 1) ][ iU R
dt s e n Ue(r) St Ue(r)

_ ]z ( K /_<>> -0
s Me(t) K -

This implies that there exists § > 0 such that for ¢ € (19 — 6, 1),

E(Q) = ]é log ey (x, 1) > ]é log ue(ry) (x, t0) = E(R4),
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which proves the first claim. Making use of the above calculation again we arrive at

) K
E(Qsy) — E(24) 5/ ][ (1 - )d@dr.
fn i Ue(t)

Using 1 —x < —logx and some elementary estimates, we establish (3.15) for #; €
(to — 8, t). The continuity argument can be applied to conclude the same for all #; < 7.
O

The proof above is a modification of that of Firey [14], in which he introduced the entropy
Er(R2) = fS” logu(x,t) for the centrally symmetric case and showed that it is non-
increasing along the flow. Now we have Ec(2;) > £(2;) > EF ().

4. CO-estimates

Let u(x, t) be a long time solution to (3.6). By translation we may assume that zo, = 0.
Combining Corollary 2.1 and Theorem 3.4 we obtain an upper bound of p,, hence an
upper bound of u(x, t), and a lower bound on p_. An upper estimate of u(x, t) was first
proved by Hamilton [15] using a different argument.

The main result of this section is a uniform lower bound of u(x, t). Since we assume
that 7o, the limit point which lies inside all €2, evolving by (3.5), is the origin, we have a
solution u(x, t) to (3.6) with u(x, t) > 0 for all (x, ) € S" x [0, 00). As p_ is bounded
from below, if one is willing to shift the origin, a lower bound of the support function
would follow. The subtle point here is to bound the support function from below without
shifting for all 7.

We start with a similar lower bound for the support function with respect to the Santal6
point, which motivates the C°-estimates. This is based on the following gradient estimate
on the support function u of a convex body:

max |Vu| < max u. .1)
Sn Sll

This gradient estimate can be proved by the following observation. Due to the positivity
of V;Vju + u;;, one can conclude that Vu = 0 at the maximum point of |Vu|? + u?.
Hence maxg: |Vu| < maxg: u. Geometrically this is clear since X = Vu + u x is the
position vector with length square |X|?> = |Vu|?> + u?, which attains its maximum for
some X parallel to x.

Proposition 4.1. [fuy is the support function with respect to the Santalo point of <2, then
s (x) > c(m)V(Qe ", 4.2)
where c(n) > 0 is a dimensional constant.

Proof. By the Blaschke—Santal6 inequality,

1 / Lo V(B(1))2
n +1 sn u?+1 - V(Q) ’

V() =
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Let m = ug(xg) be the minimum value of u; (attain_ed at some xg). By (4.1), maxs» Wu sl
< maxgr us < 2p4. Therefore, in a geodesic ball By, (r) (inside S") with r = m/p, we
have uz(x) < 2m. In turn,

. _
VQ T+l Jy it T m

The result now follows from Corollary 2.1. O

Now we prove the main result of this section, which is based on establishing a similar
result for u,(;) where e(t) is the entropy point of the convex body ;.

Theorem 4.1. Suppose u(x,t) > 0 is the solution of (3.6) with initial data u(x,0) =
up(x) > 0, where uo(x) is the support function of 2o with V(o) = V(B(1)) and
E(Q) < A. Then there are € = €(n, £(R0)) > 0 and Ty = T () such that for t > Ty,

u(x,t)>e, Vt>0 Vx e§S". 4.3)

The proof is built upon several lemmas. For each bounded closed convex body €2, we
denote by e(£2) the unique entropy point of . For each p € €, let u;, be the support
function of 2 with respect to p.

Lemma 4.1. For each Q, there is D > 0 depending only on n and the diameter of Q2
such that for any p € Q,

1 / logu, < £(Q) — Ddist*(p, e()). (4.4)
Wy Jsn

Proof. Since u, is bounded from above by 2p4, 1/u), is bounded from below. As in
Lemma 2.1, consider F (1) = (1/wy) [g logu, = (1/wy) g logue + (x, e — p)) with
t = e — p. A direct calculation shows that

92 F (s i Xj
O F®W _ ).
d1t;01; st (e + (x,1))

By Taylor’s theorem, if we write ¢ = |t|a witha = ﬁ, we have

F(1) < F(0) — C|t|2/ (a, x)*d6 ).
Sn
Here C is a constant only depending on the upper bound of p. Now (4.4) follows from
the fact that the integral on the right hand side is a constant depending only on n. O

Note that by Corollary 2.1, there exists an upper bound of p; depending only on A, the
upper bound of the entropy.

For any A, B > 0, consider the collection of bounded closed convex sets

4 ={Q c R"™ | Qis aclosed convex subset, 0 € Q, V(Q) > B, £(Q) < A}).  (4.5)



Gauss curvature flow 3749

Lemma 4.2. Suppose Q0 € Fg} is a sequence of convex bodies with 0 € Qi for all k.
Suppose limy_, o 2 = Qq. Then

lim £(2) = E(RQ).
k—o00

Moreover, there is §(A, B,n) > 0, depending only on n, A, B, such that the entropy
point eq satisfies
dist(eq, 02) > §(A, B,n), VQe Fé. 4.6)

Proof. By Lemma 2.1, for all 2 € Fg, p+(2) < C(n, A) for some C(n, A) > 0.
Since the volume is bounded from below, we also have, for all Q2 € Fg‘, p—(2) >
c(n, A, B) > 0. By Lemma 2.2, the entropy point egq, is in €2¢. Therefore, eq, € 2
for k large. Again by Lemma 2.2,

1 Q0 . 1 Q. .
E(Qp) = aTn /S" log Uy () = kli)ngo aTn /n log Uiy = kli)ngo E(Q). “.7
Here uzzk is the support function of €23 with respect to p.

On the other hand, since u,?k < 204+(2k) < 2C(n, A) for each p € , log u,g,z" is
bounded from above. As Qi € I'4, by estimate (1.7), we have

Q B
1 Uo() log(V(B(l)))
— 1 ——= ) > E(Q) —log2C(n, A)) > —————== —1og(2C(n, A)).
o /” 0g<2C(n,A) > E(2k) —1og(2C(n, A)) > p— 0g(2C(n, A))
That is,
uSH
/ log( —22 |l < ¢, Vi (4.8)
8\ 20, A)

2
u
Let p = limy_, o, (). Noticing that log(%) < 0, by Fatou’s Lemma we get

MQ() qu
/ log —F ) >1lim sup/ log o) )
n ZC(Vl, A, B) k— 00 n 2C(Vl, A)

E(Rp) = limsup E(L2). 4.9)

k— 00

This yields

Combining (4.7) and (4.9) proves the first claim of the lemma.
For the second part, suppose that (4.6) is not true. Then there is a sequence {2}
(C I'4) such that

dist(eq,, 02%) - 0, k — oo.

By the Blaschke selection theorem [18, Theorem 1.8.6], there exists a subsequence
of {Q} in I'4, still denoted by €, that converges to a convex body €. Let p =
limy_, oo €(£2¢). By the assumption dist(eg, , 3€2;) — 0, we have p € 9€2¢. The support
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function u,, of Q¢ vanishes at p. By the first part of the lemma, £ (20) = limg_, 0 £(£2¢).
Hence Qq € Fg. Again, we argue as before using Fatou’s Lemma:

1 Q 1
E(Qp) = lim () = lim — 1 "<—/1 .
@ = i 2@ = Jim 2 [ oguh, < o [ ey
This contradicts Lemma 2.2. O

Now consider the positive solution to (3.6). We first observe an easy consequence of the
uniqueness.

Proposition 4.2. For any given convex body 2 with normalized volume, there is at most
one positive solution of (3.6) which exists on S" x [0, co) such that u(x, 0) is a support
function of Q.

Proof. Suppose v is another positive solution. Then at ¢t = 0, v(x,0) = u(x,0) —
Z:‘;Lll a;x;. It is easy to check v(x,t) = u(x,t) — e Zf;rll a;x; is a solution of the
normalized Gauss curvature flow, so that v, = —K + v. Since A; = A,, we have
W(A,) = W(Aj;). Therefore, v = v. Hence if a # 0, v cannot be bounded! There-
fore there exists only one positive solution to (3.6) on S" x [0, c0). O

For each €, corresponding to u(x, t), let £(¢) := £(£2;). We know that £(¢) > 0 and £(¢)
is decreasing. Let oo := lim;_, o0 E(2).

Lemma 4.3. Let u(x, t) be the unique positive solution of (3.6). Then

00 2
][ 1ogu(x,t)z&,o+/ ][<‘/5— /i) . Vi>0. (4.10)
sn t n u K

In particular, £(t) > Ep(t) > Eoo.
Proof. For each Ty > fixed, pick T > Tpy. Leta! = (alT, e anT+ 1) be the entropy point
of Q7. Setu? =u—e T Z?:ll al.Txi. It can be checked that
ul = —K +ul. 4.11)
Since both the origin and the entropy point a’ are in Int(Q7),
la’| <2p™(0) < C.

If T is large enough, u” (x,0) > 0 for all x € S*. We also know that u” (x,T) > 0
for all x € S” since the entropy point is an interior point of Q7. If u” (xg, 19) < 0 for
some 0 < fo < T and xo € S”, then (4.11) implies u” (xo, 1) < O for all t > 1o, which
contradicts u” (x, T) > 0. Hence u” (x,1) > Oforall 0 < ¢ < T and x € S". By (4.11),
a similar calculation to that in Theorem 3.4 shows

d 7 _ Ko [ulG.0)?
E(/S" oe (x’t)> - _/n (/uT(x,t) _\/K(x,t)> , VO=r=T. (412




Gauss curvature flow 3751

Hence

1 1 (T K(x,t T(x,)\?
— 1oguT(x,0)—5(T)=—/ / ST LG
wn Jsn wn Ji=o0 Jsr \\ uT (x, 1) K(x,1)

Since Tp < T,
1 1 T K(x,t T(x, 1)\
— [ loguT(x,0)— ET) > — / 0 e D)
wy Jsn Wy Ji=0 Jsn MT(X,I) K(X,t)

Now let T — o0; as uT(x, t) — u(x,t) uniformly for 0 <t < Ty, x € S”, we obtain

1 1 To K(x,1) ux, 1) \?
w_/s logu(x, 0) = foo 2 - z:o/n (\/u<x,r) _\/Ku,r)) - @b

Now (4.10), for ¢ = 0, follows directly from (4.13) since Ty is arbitrary. If in the above
we replace 0 by any t < T', we obtain (4.10). O

Lemma 4.3 has the following immediate consequence.
Corollary 4.2.
lim Ec(2;) = lim £(2;) = €o-
—00 —>00

Proof. Since Ec(2;) > £(24), we have lim;_ o Ec(2;) > Eoo. Assume that the in-
equality is strict. Then there exists § > 0 such that for sufficiently large 7o we have
Ec(2;) — E(;) = b fort > ty. This contradicts (3.15). m]

Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. Since £(£2;) — Eoo, by (4.10),

1
oo < —/ logu(x,t) < E(2).
Wy Jsn

That is,
1
0<&E(R2) — —/ logu(x,t) > 0 ast— oo.
Srl

Wy
As u is the support function of €2; with respect to the origin, by Lemma 4.1, e¢(2;) — 0
as t — 00. The claimed lower estimate now follows from (4.6) in Lemma 4.2. m]

The proof effectively shows that there exists C = C(£2¢, n) such that if e(r) = e(€2;) is
the entropy point of €2;, then

e < C(S(t) -} togucs, t)). “.14)

Finally the following corollary summarizes Corollary 2.1, Theorem 3.4 and Theorem 4.1.

Corollary 4.3. Let u(x,t) be as in Theorem 4.1. Then there exists A = A(Qp,n) > 0
such that
1/A <u(x,t) < A. (4.15)
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5. C’-estimates and convergence

In this section we derive uniform C2-estimates from the C-estimate (4.15). The first is
an upper estimate, which was first proved by Hamilton [15].

Theorem 5.1. Suppose u(x,t) > a > 0is the solution of (3.6) with initial data u(x, 0) =
uog(x), where ug(x) > 0 is the support function of Qo with V(o) = V(B(1)). There
exists a constant C = C(a, n) > 0 such that

K(x,1) <C. (5.1)

In the Appendix we include an alternative proof of this result using the lower estimate
of u(x, t). For the C2-estimate the key is the following lower bound on the Gauss curva-
ture K (x, t).

Theorem 5.2. Suppose u(x,t) > 0 is a positive solution of (3.6), obtained from the un-
normalized flow (3.5), with initial data u(x, 0) = ug(x), where ug(x) > 0 is the support
Sfunction of Qo with V() = V(B(1)). Then there exists a constant €] = €(n, Qp) > 0
such that

K(x,t) > €. 5.2)

Proof. For this estimate, it is more convenient to work with the un-normalized flow (3.5).
Let T be the terminating time (which is ﬁ by our normalization). Then the claimed
estimate is equivalent to

K(x, ) (T — )"/ > ¢, (5.3)

For the proof we recall Theorem 3.7 of [10] under the Gauss map parametrization:
K (x, )"/t < K (x, )/ D (5.4)

forany 0 < r < < T. Since it is sufficient to prove (5.3) for t > T/2, the estimate (5.4)
implies that
K(x,1) <2Vt g (x 1), (5.5)

The two-sided C%-estimate (4.15) implies that the un-normalized support function u (x, )
satisfies

1
~(T - HYFD < yx, 1) < AT — /0D, (5.6)
Let

n+1

<1) h T i ti=T—h; forj=0,1

o=|— s = —=a’, =1 —n; orj=0,1,....
2A2 J 2 J J

Clearly t; — T as j — oo. The estimate (5.6) implies that

1 4 1 1 1
u(x, tj) —u(x,tjz1) > th/(rH_ )~ Ah,-i(i” :

1/(n+1) 1/(n+1)
_ %(g) 4GS VI A(g) Ut/ +1) _ %h;/(n-&-l). (5.7)



Gauss curvature flow 3753

The Gauss curvature flow equation implies that for any ¢’ < T,

T
u(x,t/):/ K(x,t)dt,
t/

which in turn yields

Lj+1
u(x,tj) —u(x, tjr1) = / K(x,t)dt. (5.8)
I
Now we claim that there exists s; € [¢;, #j+1] such that
1
K, s) (T —s)V@th >~ 5.9
(e, $i)(T = sj) Z It DA (5.9)

Indeed, otherwise we would have

1 1 lj+1
/ K(x,t)dt < —/ (T_[)*"/(’H“l)dt
lj 4n+ DA i

1 hj |
— / /D g < _h_/("+ )’
dn+ 1A his1 —4A T
contradicting (5.7) and (5.8).
Now the claimed estimate (5.3) can be derived from (5.9) and (5.5). First we claim
that

sy 1 o n/(n+1)
K(x,t; T —tiy )V > —| = . 5.10
(e, 2j41)( 1) > 4(n+1)A(2> (5.10)

This can be proven via the estimates

K, tj41)(T — tj1)"/ @D K (x, sp)h!/ o+

— 2n/(n+1) j+1
= —— gt/ @D /()
T on/(nt1) K(x, sj)e h;
o\ +Dh
= (E) K (x, sj)(T — Sj)n/(nﬂ)

and (5.9). The claimed estimate (5.3) follows by another iteration of the above argument
applying (5.10) instead. Namely for ¢ € [, #;41], we have

1
K (e, ) (T — 0y > —— K (x, 1)h

_ \n/(n+1)
K(x, ) (T —1) z = /D) j+1

= on/(t1)
o\ /@D
> (5) K (x, t))(T — ;)™ @D,

Hence we conclude that for any ¢ € [#, T,

0l)2n/(n—§—1) 1

/et 5 (&
K(x,)(T —1) 2(2 T DA

The claimed result follows from the above easily. O
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Now the proof of [6, Theorem 10] gives the following estimate. For completeness a proof
is included in the Appendix.

Theorem 5.3. Suppose u(x,t) > 0 is the solution of (3.6) with initial data u(0, x) =
uo(x), where ug(x) > 0 is the support function of Qo with V(o) = V(B(1)). There
exists a constant C > 0, depending on n, Q2g, such that

trace(V; Vju + us;j) < C. (5.11)

Moreover the symmetric tensor A has the lower estimate

_ 1
ViViu +ugij > Egij. (5.12)

Combining Corollary 2.1, Theorems 3.4, 4.1, 5.1 and 5.3, as well as the gradient estimate
(4.1), we conclude that there exists a positive constant C depending only on the initial
data such that the unique positive solution to (3.6) satisfies

lu( Dlle2sny < C. (5.13)

Since (3.6) is a concave parabolic equation, by Krylov’s theorem [16] and the standard
theory of parabolic equations, estimates (5.13) and (5.12) imply bounds on all (space and
time) derivatives of u (x, t). More precisely, for any k > 3, there exists C; > 0, depending
only on the initial value, such that for r > 1,

luC, Ollcrgny < Ck- (5.14)

Now for any 7" > 0 and any sequence {#;} — 00, consider u;(x,t) := u(x,t —t;). We
have the following result on sequential convergence.

Proposition 5.1. After passing to a subsequence, on S" x [=T,T], {u;} converges in
C®°-topology to a smooth function u., which is a self-similar solution to (3.7).
Proof. By the proof of Theorem 4.1 we have, fort € [T, T],

i 1

lim — loguj(x,1)df(x) = Exc.

Jj—00 Wy Sn

Hence 1o (x, t) satisfies
1
—/ loguco(x, 1) dO(x) = Exo-
Wy Jsn

U 18 also a solution to (3.6) and positive by Theorem 4.1. Hence by the proof of Theorem

3.4 we conclude that
MOO(x’ t) _ K()C, t)

K&, 1)  teo(x, )’

which implies that (1);(x, f) = 0. Hence we get the claimed result. O
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6. Uniform convergence and the stability of the solitons

Combining [4, Theorem 2] with Proposition 5.1 we obtain the following result.

Theorem 6.1. The normalized GCF (3.6) converges in C*°-topology to a smooth soli-
ton uso (Mo) which satisfies K (x) > 0 and the soliton equation

u det(uid +V2u) = 1.

There remains an interesting question whether the round sphere (ball) is the unique com-
pact soliton. For this we consider the following functional for # > 0, with A, being
positive definite:

1 1 2
Ji(u) = ]én logu — T log(]én udet(Au)> + z(jén udet(A,) — l) .

Here fy, = (1/wy) [u. If v = u 4 np is a variation, then

_ [ P _ Jypdetdn (][ _ ) ][
- = fsn ” fSn wdet(A,) +@m+1) o udet(A,) — 1 o pdet(Ay,).

Here we have used the fact that

d
%jl(v)

/ uoy (A)(A,)ij = / po (A)(Aw)ij =n / pdet(A,),

where a,;j_(A) denotes the cofactor of A;; in det(A), which can also be expressed as K wii
with (W') being the Weingarten map. Hence the Euler-Lagrange equation of 71 (1) is

1 det(A,)

0= - A
u fSn u det(Ay)

+ @+ 1)(][ udet(A,) — 1) det(A,). 6.1)
Sﬂ
Multiplying (6.1) by u and integrating on S” we obtain

(udet(A,) — 1) dx = 0.
Sl‘l

This together with (6.1) implies u =1/det(A, ). Hence we have the following proposition.

Proposition 6.1. The critical point of the functional J1(u) over positive smooth func-
tions u with A,, > 0 satisfies the soliton equation u = K.

Similarly we can compute the second variation of the functional J;:

2 oo Si:
=_][p_z_prn(pl]+ptj)+(n+1)<
=0 snu JCS" udet(Ay)

2
+(n+l)2(][ ,odet(Au)> .
Sn

fon p det(A,) )2

d2
a1 Fop 1 det(A,)
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Hence if u = 1, as u is a critical point with f u det(A,) = 1, we deduce that

2

=—][ pz—][ n(Ap+np)+(n+1)<n+2)<][ p)
n=0 n S Sn

2

=]é Wp|2—(n+1>]é p2+(n+1><n+2>(][ p) :

This computation, together with the detailed knowledge of the spectrum of the Laplace
operator of the sphere, proves the following stability result.

d2
le(vn)

Proposition 6.2. The unit sphere/ball, the soliton with u = 1, is stable among the varia-
tions vy = u +np with p L span{l, x1, ..., Xy41}.

A similar consideration was applied by Andrews [6] to construct solitons of the flow with
speed being the power of the Gauss curvature.

7. Appendix

li Here we collect some equations related to (3.5) and its normalization. We denote
glk(Viju + ugkj) by A (or A, to make clear the dependence), and —1/det(A) by W,
viewed as a function of the tensor A. It is known that W is —n-concave [1]:

. 1 W(x)2
Bx x) < "L Y& (7.1
1\
When we discuss a solution to (3.6) we always assume that A > 0. The elliptic oper-
ator £ = (W,);;V;V;, written in terms of a normal coordinate of S", appears in the

linearization of (3.6):

a
——L—-KH-1.
at

If u; and u; are two convex (being the support functions of a convex body) solutions to
(3.6) with u1(x, 0) = u(x, 0), then v = u; — u, satisfies, under the normal coordinates,

1 1
3v = (/ (W (Ay))i ds>?ﬁjv + </ \i‘(AS)(B,‘j)ds)v +v
ot 0 0

with Ay = V;Vju, + ud;j and uy = suy + (1 — s)up. Hence uy(x, t) = us(x,t). The
following evolution equations are also well-known [5, 1].

Proposition 7.1. Under the normalized flow (3.6), the following hold:

)
<5—£>u =+ DV +u—uVH, (7.2)
(% - 1:)\11 =—W’H —nV, (7.3)

(%—ﬁ)P =P —WHP +U,(0, 0). 7.4
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Here H is the mean curvature of My := 92, P = %—\f, the time derivative of the speed,
that is, the acceleration, and Q = A;.

Noticing that —W H = W4 (id), we see that the above two equations can be written as

<% _/;>u = (4 DV 4 u + u¥,(id), (7.5)
(% — c)w = Wy, (id) — nV, (7.6)
(% _c)p = P+, P + $4(0. 0). (1.7)

From these equations it is easy to see that (3.6) preserves the volume of the enclosed body.
Precisely,

20) :=/ qude)(x)=/ (X (5, 1), V() do(y)
N M;
:/ div(X) dpy = (n + DHV(Q).
Q

A direct calculation using (7.2), (7.3) and the divergence structure of the operator £/ W?
yields
(1) = (n+ D) — wp).

Since X(0) — w, = 0, this implies that X (t) = w, for all 7.
The evolution equation for A;; := u;; +ud;;, the inverse of the Weingarten map w1,
in the normal coordinates is useful. The equation was first proved in [6].

Proposition 7.2. In the normal coordinates, for a solution to (3.6) the tensor A;; satisfies

d B . - _
<§ - ﬁ)Aij =—KHA;j +Ajj+(mn—1Kg;j + Va(ViA, V;A). (7.8)

Here W = —K and H is the mean curvature, that is, the sum of the eigenvalues of A"

As before, (7.8) can be written as

d . B = _
<5 — £>Aij = —VWa(id)A;; +Ajj — (n — DWg; + Va(V;A, V;A). (7.9)

Below we derive the corresponding equation for A;; when u is instead a solution of (3.5)
since the corresponding equation readily yields an upper estimate for the Hessian of u,
for the un-normalized solution u. By (3.5) we have %AU = ViV;¥ + Wg;;. Now we
compute
VW = Wy (V;A),
@i?j\ll = ‘ifA(ﬁ,'?jA) + \'I'/A(?iA, v,'A),
61'6]'14](1 = @iﬁj@(@]u + ﬁiﬁjugkl-
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The commutator formulae yield

G99 = 99 ¥ — Ript V.
6[6]'61{6114 = 6,'(6/{616]'14 — Rlpkjﬁpu)
= ViViViViu — RiprjViVpu — Rjpii VpViu — Ripii ViV,
AAAE VAR S-S
Here R; ikl = 0ixdj1 — 8;18jx is the curvature tensor of S". Putting all together we have
ﬁi?jﬁkﬁl” = ﬁkﬁlﬁi?ju — ijliﬁpﬁku — Rl,,kj?ﬁ,,u
— Rjpki VpViu — Ripii Vi V.
Now using (\iJA)kl = K A¥ | where (A7) is the inverse of (A;j), we obtain
61‘61‘\11 = KAkl(ﬁ,-@j@kﬁlu) + KH@-@I-M + \'I.'A(§iA, ﬁjA)
= KAM(ViVi(Aij —ugij)) — 2K HV;V; u + 2K A¥ (Vi Viu) g
+KHV;Viu+Ws(ViA, V;A)
= KAY(ViViAij) — KHViVju ++K A" (VY gij + $a(ViA, V;A)
= KAM (Vi VIA;j) — KHA;j +nKgij + Ya(Vi A, V; A).
Combining the above we arrive at the following parabolic equation for A;;:
0 - _ . - _
EA”- = KAM(ViViAij) — KHA;j + (n — DK gij + WA (Vi A, Vi A). (7.10)

The equation (7.8) follows similarly if u satisfies (3.6) instead. Let B;; = v; ﬁju, the
Hessian of u. Then if u is a solution to (1.1), B satisfies

o Bij = KA (ViViBij) — KHB;j +2nKgij —2uHK gij +Wa(V;A, V;A).  (7.11)

An immediate consequence of the above is an upper bound on B;;. Let

Bg(t) = max max X"Xfﬁi@ju.
xeS" XeT S, |X|=1

If Bs(tp) = max;jo,7) Bs(t), using the concavity of U we see that at an extremal point
(x0, fo) where Bg(tg) is achieved, by the maximum principle,

HBg(ty) <2n —2uH.
Hence, via the Cauchy—Schwarz estimate H > nK I/n,
Bs(to) < 2/K'/".

Using infy, K > infy, K we have the uniform upper bound

(ViViu)(x,t) < -

W‘g’”(x’ 1) + max (V; Vju)(x, 0), (7.12)
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which recovers a key C?-estimate of [19] in the proof of the existence and convergence
to a point for the un-normalized flow.

Making use of the computation above we also have the following evolution equation
for | X|? = |Vul? + u?:

) L .
(5—£)|X|2=2|X|2—Z(WA)ijVinuViju—i—Z(n—l—l)u\IJ~|—2u2(\IJA)(id). (7.13)

2. Here we give an alternative proof of Theorem 5.1. Consider the quantity Q :=
K /Qu — a). The evolution equations (7.2) and (7.3) yield

9 K*H —nK —+ DK +u+ukKH . -
> —L)e= - 2K 20,V 0V, log(2u —
(31‘ )Q 2u—a Qu — a)? +2W;;ViQV) log(Zu —a)
—aK?H +2 DK? — Qu —a)nK — 2uk o
_—a + (n—i—(; )(2u an u 204, 0%; log(2u — a).
u—a

Now apply the maximum principle: if m(t) = max,cs: Q(x, t) is achieved at (x, 7), then
at that point we have
—aK?H +2(n+ DK? — Qu —a)nK —2uk
QQu — a)?
<m@)*(—aH +2(n + 1)).

0=

Noting that K < (H/n)", we then deduce that at (xo, ),

na

which in turn implies that

n

2 D\" 1
m(t) < (M) an+l'

The claimed estimate in Theorem 5.1 follows from the above.

We remark that in [15, Corollary, p. 156], Hamilton obtained the above estimate by
using the sharp differential estimate of Chow (which is also referred to as a differential
Harnack estimate, as well as a Li—Yau—Hamilton type estimate) and the entropy formula
of Chow [10]. Hamilton’s estimate is built upon a lower estimate of u(x,t)/K(x,t).
Our proof of Theorem 5.1 avoids the use of Chow’s entropy formula and his differential
estimate [10], but is based on the C-lower bound. Below we include a slightly stronger
result lower estimate of u(x, t)/K (x, t).

Proposition 7.3. Let u be a solution to the un-normalized flow (3.5) with the reference
point being the limit point whent — T. Then

XD g G (/D) 1)y (7.14)
K(x.1)
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Since T > ¢, the above (7.14) implies u(x, t)/K (x, 1) > (t/T)" V(T — ), a result of
Hamilton [15].

Proof of Proposition 7.3. By the differential estimate of Chow [10, Theorem 3.7], we
deduce that, with respect the parametrization via the Gauss map,

n

(n+ 1)t

v >0
Then a direct calculation shows that y(z) = u/(—W) satisfies the estimate

y(t) < —1+

)
nt D

Noticing that y(t) — 0 as t — T, integrating the above from ¢ to T yields
Hence we have the claimed estimate. O

Note that for the solution u(x, ) to the normalized flow (3.6), the estimate (7.14) implies

u(x, t) > 1 (1 — e~ (n=Diyn/@nt1) (7.15)
K(x,t) " n+1

which together with Corollary 2.1 and Theorem 3.4 gives another proof of Theorem 5.1.

3. Here we include a proof of Theorem 5.3. We denote by o;(A) (or simply o;) the i-th
symmetric function of the symmetric tensor A;; = v ?ju + ud;j. The previous result
implies that o,, > 1/C, where C is the positive constant from Theorem 5.1. We recall
Newton’s inequality (the function log(oy / C,’; ), with ij being the binomial coefficient, is
a concave function of k):

1/(n—1)
Opn—1 . ﬂ o_(n—2)/(n—1) (7.16)
n —\n " ’ '

The concavity of ¥ together with (7.8) implies that

9 O10,_1 nn—1) n4+1|VK]?
— —L)og < — — . 7.17
(Bt )Ul - o? tort on n K (7.17)

Let m(t) := max,esn 01(x, t). Then at (xq, t) where m(t) is achieved we have

010, nn—1) o/
0< -2 4o+ B2 < p@=2/0-DT 4o n(n — D
o n/(n—1)
n n Op
< —Czoln/("_l) + o1 +C].

Here in the second last inequality we applied (7.16) and the upper estimate of K (x, ¢), and
in the last inequality we applied the lower estimate of K (x, ) established in Theorem 5.1.
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The claimed result (5.11) follows from the application of the maximum principle to the
above estimate. The estimate (5.12) follows from Theorem 5.1 and (5.11).
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