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Abstract. We compare two statements of the refined local Langlands correspondence for con-
nected reductive groups defined over a p-adic field: one involving Kottwitz’s set B(G) of isocrys-
tals with additional structure, and one involving the cohomology set H lu > W,z > G) of
[Kall6b]. We show that if either statement is valid for all connected reductive groups, then so
is the other. We also discuss how the second statement depends on the choice of an element of
Hl(u - W,Z - G).
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1. Introduction

The basic form of the local Langlands conjecture predicts a correspondence between
Langlands parameters ¢ for a given connected reductive group G’ defined over a local
field F and finite sets I, (G") of irreducible admissible representations of the topological
group G'(F). Refinements of this conjecture give a description of the elements of IT,,.
When the group G’ is not quasi-split, these refinements involve the choice of realization
of G’ as an inner form of a quasi-split group G, as well as further objects of Galois-
cohomological nature. More precisely, one fixes a quasi-split group G and an inner twist
¥ : G — G'.Then o — ¢~ lo(y) is a 1-cocycle of the absolute Galois group of F
with values in the adjoint group of G. To state the refined local Langlands conjecture, one
needs to fix a lift of this 1-cocycle to a 1-cocycle of a certain modification of the Galois
group of F with values in G, rather than its adjoint quotient.

One statement of the refined local Langlands conjecture uses Kottwitz’s set B(G) of
isocrystals with G-structure [Kot85], [Kot97], [Kot], and in particular the subset B(G )pas
of basic isocrystals, to provide a lift [xiso] € B(G)pas Of 1//_10 (¥). This statement will be
referred to as LLCjso (Y, Xiso) in this paper (for the purposes of the introduction, we will
be vague about the difference between the 1-cocycle xjs, and its cohomology class [xiso]).
We will denote by LLCjg, the totality of all statements LLCjso (¥, [Xiso]) for all possible
quasi-split groups G, inner twists ¥ : G — G’, and lifts [xis0] € B(G)pas Of w_la(w).

The statement LLCjso (1, Xiso) is formulated in [Kall4, §2.4] for discrete parameters
(see also [Rap95, §5]), and in [KMSW, §1.6.1] for tempered parameters of unitary groups.
A general formulation can be found in [Kall6a, §2.5]. The set B(G) occurs naturally
in the study of Shimura varieties and Rapoport—Zink spaces. A conjecture of Kottwitz
[Rap95, Conjecture 5.1] describes the contribution of cuspidal L-packets to the coho-
mology of Rapoport—Zink spaces in terms of the parameterization given by LLCj,. This
makes LLC;s, well suited for the study of these geometric objects and conversely hints at
the possibility of finding a proof of LLCj, by studying Rapoport—Zink spaces and their
generalizations. A conjectural program for this was recently announced by Fargues [Far],
building on his description of vector bundles on the Fargues—Fontaine curve [FF] and ideas
of Scholze. At the same time, this statement of the local Langlands conjecture has the dis-
advantage of not being available for all connected reductive groups, because the 1-cocycle
l/f’lo(w) may fail to lift to an element of B(G)ypgs. This is not a problem when the center
of G is connected, but it is a significant problem when G is simply connected, for example.
A further disadvantage of LLCj, is that it is unclear how it relates to Arthur’s work on
the stabilization of the trace formula for groups which do not satisfy the Hasse principle.

Another statement of the refined local Langlands conjecture uses the cohomology set
H'(u - W, Z(G) — G) defined in [Kal16b] to provide a lift [xsig] of ¥ ~'o (). This
statement, which we will call LLCi (¥, X:ig) in this paper, is available for all connected
reductive groups (without assumption on the center). There is an explicit connection be-
tween it and the stabilization of the Arthur—Selberg trace formula [Kal]. It has been fur-
thermore shown [Kall6b, §5.6] that when the ground field is R this statement is true and
that the set H'(u — W, Z(G) — G) is in canonical bijection with the set of equivalence
classes of strong real forms of G due to Adams—Barbasch—Vogan [ABV92]. However, it
is not clear how LLC;;, relates to the cohomology of Rapoport—Zink spaces.
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Our main goal in this paper is to compare the statements LLCjs, and LLCje, thereby
building a bridge between the stable Arthur—Selberg trace formula and the cohomology
of Rapoport—Zink spaces, and in particular Fargues’ conjectural program. We expect that
this bridge will be useful in both ways. In one direction, it will facilitate applications
of the trace formula to the study of Shimura varieties and their local analogs. In the
other direction, it will transfer potential results of Fargues’ program to the setting of
the trace formula and also to the setting of arbitrary connected reductive groups without
assumptions on their center.

The comparison of the two statements is based on a comparison of the cohomology
sets B(G)pas and H'u—> W, Z(G) — G). The set B(G) was initially defined as a set of
Frobenius-twisted conjugacy classes in the group G [Kot85] and was later reinterpreted
as the cohomology of a certain Galois gerbe with values in G, initially in the case of tori
in [Kot97, §8], and then later in general in [Kot]. The set H'(u - W, Z(G) - G) was
defined directly using Galois gerbes [Kall6b, §3]. The two Galois gerbes underlying
B(G) and H'(u — W, Z(G) — G) are of quite different nature. The one for B(G) is
bound by a split pro-torus, while the one for H'(ux — W, Z(G) — G) is bound by a
profinite multiplicative group which is far from being split and whose character module
encodes the arithmetic of the ground field F'. For this reason, we did not initially expect
that there can be any reasonable comparison between the two. However, it turns out that
a certain universal property of the profinite multiplicative group that binds the gerbe of
[Kal16b] is responsible for the existence of an essentially unique homomorphism between
the two gerbes. This homomorphism leads in turn to a comparison map B(G)pas —
H'(u — W, Z(G) — G). The comparison map is in general neither injective, nor
surjective. For example we have B(Gp)pas = Z and H'(u — W, Gy, — Gp) = 0,
while for a 1-dimensional anisotropic torus S we have B(S)pss = H 1(1", S) =7Z/27 and
H'(u — W, S — S) = Q/2Z. In general, there is a simple description of the comparison
map B(G)pas — H'(u — W, Z(G) — G) in terms of generalized Tate—Nakayama
duality. This description plays a central role in the comparison between LLCjso and LLC,jg.

We will now describe the structure of this paper. The reader who wishes a more general
introduction to the different statements of the refined local Langlands conjecture and the
problems presented by non-quasi-split groups might find the survey [Kall6a] useful. The
comparison of the cohomology sets B(G)pas and H Yw —> W, Z(G) — G) is done in
Section 3. In Section 4 we briefly recall the statements LLCiso (¥, Xiso) and LLCyig (¥, Xyig)
for a fixed inner twist ¥ : G — G’ of a quasi-split connected reductive group G. They
depend on the choice of lifts [xiso] € B(G)pas and [xrig] € Hl(u — W, Z(G) — G) of
the class of w’la(W). The lift [xjso] Will not always exist, but in Section 4 we assume
that it does. We then give a comparison between LLCiso (¥, Xiso) and LLCiig(V/, Xiig).
The backbone of this comparison is the map B(G)pas — H'@w —> W, Z(G) — G)
studied in Section 3. The comparison is given by an explicit formula and can be cal-
culated explicitly for any given example. A consequence of this comparison is that the
statements LLCiso (¥, Xiso) and LLC,ig (¥, Xi¢) are equivalent.

In particular, once LLCig(¥, xiig) is proved for all ¢ and all [xg], it implies
LLCiso (¥, xiso) for all ¥ and all xiso. This establishes the implication LLCj; = LLCiso.
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We also want to obtain the converse implication, but the fact that ¥ ~!'o () does not
always lift to B(G)pas necessitates further work, which is done in Sections 5 and 6.

In Section 5 we deal with the problem that the comparison of Section 4 was done un-
der the assumption that v~ lo (¥) lifts to B(G)pas. This assumption cannot be removed
and the way we deal with it is necessarily roundabout. Namely, given a connected reduc-
tive group G we introduce a procedure that embeds G into a connected reductive group G,
with connected center and comparable representation theory and endoscopy. The idea for
this procedure is due to Kottwitz and was communicated verbally to the author some
years ago. This procedure, which we call z-embedding, is formalized and generalized in
Subsection 5.1, where we also study its implications to representations, endoscopy, and
inner twistings. In particular, to any inner twist ¢ : G — G’ there is an associated inner
twist ¥, : G, — G, of z-embeddings. The natural map H'u - W,Z(G) - G) —»
H'(u - W,Z(G,) — G.) is bijective. Let [xig] € H'(u — W, Z(G) — G) lift
the class of 1//’%(1//) = w;lo(t/fz). We show that the statements LLCig(V/, X1ig) and
LLCig (2, X1ig) are equivalent.

A consequence of the results of Sections 4 and 5 is the following. Let [xjs0] €
B(G_)pas be a lift of ¥~ lo(y) = 1//2_10(1,01). It exists since Z(G,) is connected. Let
[xig] € H'(u — W, Z(G;) - G;) = H'(u - W, Z(G) — G) be its image under
the comparison map B(G;)pas — H@w - W, Z(G;) — G;). Then the statements
LLCiso (Y7, Xxiso) and LLCig(V, x1ig) are equivalent. In other words, once the statement
LLCiSO(lﬁ, Xiso) 1s proved for every inner twist 1} -G — G'ofa quasi-split connected re-
ductive group G with connected center, and some [xiso] € B((~7)baS lifting w_la(w), then
this implies the validity of the statement LLCyig (¥, x1ig) for every inner twist ¢ : G — G’
of a quasi-split connected reductive group G, without assumptions on the center, and some
[xig] € H'(u — W, Z(G) — G) lifting ¢ o ().

In order to complete the proof of the implication LLCi, = LLC.g, we must
now show that if [xq rig], [x2,1ig] € H'u — W,Z(G) — G) both lift the class of
w’la(W), then the statements LLCig (¥, x1,rig) and LLCyig(¥, x2.1rig) are equivalent.
This is done in Section 6. We give an explicit relationship between LLCig (¥, X1 1ig) and
LLGig (¥, x2,rig). The experience of [KMSW] has shown that such a relationship is of
interest in its own right. For example, it would be useful when one proves LLCig (¥, X1ig)
using the trace formula and the local-global methods of [Kal].

2. Notation

Throughout this paper, F will denote a p-adic field, i.e. a finite extension of the field Q, of
p-adic numbers. We fix an algebraic closure F of F and let I" denote the absolute Galois
group of F /F and W the absolute Weil group. We will write L r for the Langlands group
of F, which we can interpret either as the product Wr x SL(C) or as Wg x SU(R).

Given a group scheme G defined over F we will denote by G x E its base change to
an extension E of F. Given an abelian group G, we will write G[n] for the subgroup of
n-torsion points, and G[tor] for the torsion subgroup of G. Given a topological group G
we will write G for the group of continuous homomorphisms G — C*.
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3. Comparison of the cohomology of two Galois gerbes

The purpose of this section is to construct for any affine algebraic group G a comparison
map B(G)pas — H'(u — W, Z(G) — G), where B(G)pys is the set of isomorphism
classes of basic isocrystals with G-structure [Kot85], and H lu— W,Z(G) - G)isa
variant of the cohomology set introduced in [Kall6b]. We will first review each of these
sets from a point of view that is slightly different than their original definition.

3.1. Review of B(G)

Let G be an affine algebraic group. In [Kot85], Kottwitz studies the set B(G) of Frobe-
nius-twisted conjugacy classes of elements of G(L), where L is the completion of the
maximal unramified extension of F'. This set can also be described as the set of continuous
cohomology classes of Wy with values in G (Z) [Kot97, §1.4], or as the set of continuous
cohomology classes of a certain Galois gerbe with values in G(F) [Kot97, §8], [Kot].

In this subsection we will review the set B(G), as well as a certain subset of it called
B(G)pas- We will give a slightly different construction, again in terms of Galois gerbes,
but closer in spirit to the point of view of [Kall6b].

We begin by recalling the pro-torus D = D defined in [Kot]. Consider the contravari-
ant functor ® from the category of all finite Galois extensions of F contained in F with
morphisms given by F-algebra homomorphisms, to the category of affine group schemes
over F, defined to send every extension E/F to the split one-dimensional torus G, and
every homomorphism E — K to the [K : E]-power map. The pro-torus D is defined
as the limit of ®. We claim that the group H2(I", D(F)) has a distinguished element. To
construct it, we will introduce a variation of the construction of ID that will be useful later
as well. Consider the functor @ between the same categories as @, but now defined by
@' (E/F) = pg:ry and ®(E — K) = OEE g p) — wie.r)- Let u be the limit
of @', If we identify H 2(T, wn(F)) = Z/nZ via local class field theory, then according
to [NSWO08, Corollary 2.7.6], we have

H(T, w(F)) = lim B (T, 1 (F)) = Z.

n

We have the obvious map u — D, and the image of 1 € 7 under this map is the distin-
guished element of H (T, D(F)).
Let
I1-DF) > E->T > 1 (3.1)

be an extension corresponding to the distinguished class. The topological group £ acts
on the discrete group G(F) via the map & — TI' and we consider the cohomology
set HY(E, G(F)). The restriction of an element of this set to ID is a ['-invariant G (F)-
conjugacy class of continuous group homomorphisms D(F) — G(F). The set B(G) is
defined to be the subset of H (&, G(F)) consisting of those classes whose restriction to D
is given by algebraic homomorphisms D — G. The smaller set B(G)pas consists of those
elements of B(G) for which the restriction to D(F) consists of homomorphisms taking
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image in Z(G). Then the G (F)-conjugacy class of these homomorphisms consists of a
single element, and this element is ["-fixed, i.e. it is an element of Homg (D, Z(G)).

We note that, while this construction of B(G) and B(G)pys used a specific choice
of the extension £ within the isomorphism class given by the distinguished element of
H*(I',D(F)), the result is in fact independent of this choice up to a unique isomor-
phism. It is clear that if £ is another extension in the same isomorphism class and if
we fix an isomorphism f : & — &, then composing 1-cocycles with f provides a bi-
jection H'(E, G(F)) — H'(£’, G(F)) and this bijection identifies the corresponding
versions of B(G) and B(G)pss. We claim now that this bijection does not depend on
the choice of f. A second such isomorphism has the form f’(e) = f(e) - x(o.), where
x € ZY(I',D(F)) and o, € T is the image of e. For any z € Z'(£, G(F)) we have
z2(f'(e)) = z(f(e) - x(0.)) = z(f(e)) - z(x(0e)). The restriction z|p factors through the
projection D — ®(E/F) = Gy, for a suitable finite extension E£/F. By Hilbert’s The-
orem 90 the composition of x with the projection D — Gy, is a coboundary, and hence
e — z(x(o,)) is itself a coboundary.

Now let G = S be a torus. Then we trivially have B(S) = B(S)pas. The restriction of
an element of B(S) to the pro-torus I is an element of Homg (D, S) = Hom(X*(S), Q)F
= [X+(S) ® Q]". Thus restriction provides a map

B(S) = [X+(S) ® Q" (3.2)

which is sometimes called the Newton map. The kernel of the Newton map is equal to the
image of the inflation H (T, §) — B(S). Furthermore, Kottwitz constructs a functorial
isomorphism

X (S)r — B(S). (3.3)

The composition of this isomorphism with the Newton map is given by
N X Sr = [X*($)@QI",  yr> [E:FI"'Ngsr(y),

where E/F is any finite Galois extension that splits S. Altogether we obtain the commu-
tative diagram with exact rows

0—— HYT, S) B(S) Homp(D, $)F

TNT (3.3)T H (3.4

0 —— X (S)rtor] —— X, (S)r —— [X,(S) ® QI"

where TN is the Tate—Nakayama isomorphism. The isomorphism (3.3) can be phrased
as a duality statement. If S = X, (S) ® C* denotes the complex torus dual to S, then
X*(/ST) = X4 (S)r, and thus (3.3) becomes the duality pairing

S ® B(S) — C*. (3.5)

This duality in turn generalizes to the case where G is a connected reductive group. In
that case, we have the duality

Z(G)' ® B(G)pas — C*. (3.6)
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3.2. Review ole(u - W, Z— G)

We will now give a short review of the cohomology set H'(u — W, Z — G) intro-
duced in [Kall6b] for an affine algebraic group G and a multiplicative finite central
subgroup Z, both defined over F. Consider the functor ®” from the category of finite
Galois extensions of F contained in F to the category of affine group schemes over F
that sends the object E/F to ug;r = Resg;ru[E:F]/11£:F) and the morphism £ — K
to the map ug,r — ug,r that assigns to f € ug,r the function o | .S f(r)m/".
Here pg.F) is the group scheme of roots of unity of order [E : F], which we can think
of as being defined either over F or over E. Moreover, we are using the interpretation
ResE/p,u[E;F](f) = Maps(I'g/F, M[E;p](f)), and we are seeing u[g.F] as embedded
diagonally into Resg,ruiE.F). Let u be the limit of this functor. It is a multiplicative
profinite algebraic group. According to [Kall6b, Theorem 3.1] we have H "r,u) =0
and HX(T', u) = Z. Let

l>u(F) > W->T—>1 3.7)

be an extension corresponding to the element —1 € 7Z = H 2(I', u). As in the pre-
vious subsection we can consider the cohomology set H (W, G(F)) and we define
H'(u — W,Z — G) to be the subset of those cohomology classes whose restriction to
u(F) takes image in Z. Then this restriction is the composition of the natural projection
u(F) — ug,r(F) for some E/F with a group homomorphism ug,p(F) — Z(F). This
composition is automatically an element of Homp (u#, Z). The set H ly—>w,Z-> G)
is independent of the choice of W up to a unique isomorphism due to the vanishing
of H\(T', u).

For the purposes of comparing with B(G)pas We define, for any multiplicative central
subgroup Z C G defined over F (but not necessarily finite),

Hl(u—>W,Z—)G):@Hl(ueW,Z’aG) (3.8)
Z/
where Z’ runs over all finite subgroups of Z defined over F.
Let S = G be a torus and Z C S a finite subgroup. Restricting an element
of H'u — W,Z — S) to the group u provides an element of Hom(u, Z)I =
Hom(X*(Z), Q/Z). There is a functorial isomorphism

Y
ﬁ[tor] > Hu—>Ww,Z-25), (3.9)

where Y = X,(S/Z),Y = X,(S),and IY = (c(y)—y | ye Y, 0o € I'). Taking the limit
over all finite subgroups Z of S we obtain a restriction map H'(u — W,S — S) —
Hom(u, ) = Hom(X*(S), Q/Z) and a functorial isomorphism (¥ ® Q/IY)[tor] —
H'(u — W, S — S). Altogether we obtain a commutative diagram with exact rows

0—— H\(,S) — > H'(u—> W, S —> S) —— Homp(u, S)

TNT (3-9)T (3.10)
0—— %[tor] _ Y;&Y(@[tor] _— @
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Again we can phrase the isomorphism (3.9) as a duality pairing. Indeed, let S — Sbe the

universal cover of S, that is, the projective limit of all tori § " that are finite covers of S.
Let [S]* be the preimage in S of ST, which can also be identified with the projective limit
of [§’ 1T, the latter being the freimage in S of ST. Moreover, let [S]1° be the perjective
li/r\nit of [§1+’°, ancL define [S]F-° analogously. /We have the chain of subgrgyps [S]H° =
[S1° < [S17 < [S]T and the equalities o([S]T) = LiLnno([?]Jr), X*(S) =Y ®Q,

and %[tor] =X *(no([§]+)). The isomorphism (3.9) becomes the duality pairing

7081 @ H'(u — W. S — §) — C*. (.11

This duality pairing again generalizes to the case of a connected reductive group G. Let G
be the complex Langlands dual group of G and let G be the projective limit of all central
isogenies with target G. DeAﬁning Z ((_}):r to be the Breimage oi Z (G)F we again obtain
the tower of subgroups Z(G)t° = Z(G)"° ¢ Z(G)' ¢ Z(G)T. We have the duality
pairing

70(Z(G)") ® H' (4 — W, Z(G) — G) — C*. (3.12)

3.3. A comparison map B(G)pas — H'(u — W, Z(G) — G)

According to [Kall6b, Proposition 3.2] there exists a unique ¢, € Homp (u, 1) with
the property that the image of —1 € Z = H*(T', u) under ¢, is equal to | € Z/nZ =
H2(T, ). For two natural numbers n | m, the composition of ¢, with ()" : iy — pin
is equal to ¢,. Thus we obtain ¢ € Homp (u, i), which sends —1 € Z = H2(,u) to
leZ=H 2(I, w). We compose ¢ with the obvious map u — D and denote the result
again by ¢ € Homp (4, D). We can then realize the extension (3.1) as the push-out of the

extension (3.7) along ¢, i.e.

1 u w r 1
ld) l H (3.13)
1 D & r 1

Composing 1-cocycles with the homomorphism W — £ provides a map
B(G)pas — H'(u — W, Z(G) — G). (3.14)

Note that when G is a torus, this map is a homomorphism of abelian groups and
is moreover functorial. For general G, the map is a map of sets. It does not make
sense to ask for its functoriality, because the assignments G + B(G)pas and G +—
H'(u — W, Z(G) — G) are not functors.

We will now discuss how the map (3.14) translates under the isomorphisms (3.3) and
(3.9), as well as under the dualities (3.6) and (3.12).
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Lemma 3.1. Let E/F be a finite Galois extension and n a divisor of [E : F). Consider
the map
_NE/F ()[E:Fj/n
Resg/F (E:F) M[E:F] M.

This map descends to ug,r and its composition with the natural projection u — ug/r
equals ¢,.

Proof. We have H*(I',Resg/r wip:r)) = H?(Tg,wie:r) = ZJ/IE : F1Z. The
image of —1 € 7 = H*(T,u) in HZ(F,ME/F) is equal to the image of —1 €
ZJIE : F1Z = H*(T, Resg,F ((g:F)) there. The lemma will be proved once we show
that the map in the statement of the lemma maps —1 € Z/[E : F]Z to 1l € Z/nZ =
H2(T, pn).

The composition of the isomorphism HQ(FE, WIE:F]) = HZ(F, Resg/F pg:F)) with
NE/F is equal to the corestriction map. The composition

Z/IE : F1Z = H*(Tg. we:p) — HA(T. we:r) = Z/1E : F1Z,

where we have used the local reciprocity maps for the fields E and F, respectively, is
equal to the identity. This completes the proof. O

Proposition 3.2. Let S be a torus. The composition of (3.14) for G = S with the iso-
morphisms (3.3) and (3.9) is given by

Y YeQ
=~
1Y 1Y

Proof. Let us denote by « the composition we are studying, and by g the displayed map.
Both of these are functorial homomorphisms and our goal is to show that they are equal.
Taking a look at diagrams (3.4) and (3.10) we note that both « and 8 identify the copies of
% [tor] embedded into their source and target: For « this follows from the fact that (3.14)
identifies the copies of H(T", §) in B(S) and H'(u — W, S — S) and both (3.3) and
(3.9) restrict to the classical Tate—-Nakayama isomorphism on %[tor]; for B this follows
from the fact that % [tor] = ker(Ng/F : Y — Y)/1Y. This leads to the diagram

[tor], y+>y—N°(y).

0 X [tor] r S reql
|l )
0 %[tor] Y;LYQ[tor] —_— %%Q

We claim that if y is given by multiplication by —1, followed by the inclusion [Y ®@Q]" —
Y ® Q, followed by the projection ¥ ® Q — Y ® Q/Y, then the diagram commutes with
both « and B. In the case of 8 this is obvious, because the image of 8(y) = y — N°(y)
inY ® Q/Y is equal to —N°(y) and thus coincides with the image of N°(y) under y. In
the case of o we take y € Y and send it via (3.3) to an element b, € B(S). The restriction
of by to D is the element of Hom(D, ST = [¥ ® Q' given by N°(y) according to
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diagram (3.4). The image of this element under y is then —N°®(y) € ¥ ® Q/Y. On
the other hand, let ¢y € H'(u — W,S — S) be the image of by under (3.14). Then
¢ylu = ¢ o by|p. To describe this, we use Lemma 3.1. It tells us that the dual of ¢, is the
map Z/nZ — (Z/|E : F1Z)[I'g/r] thatsends 1 € Z/nZ to —([E : F]/n) ZGGFE/F[G].
If we identify X*(u) = Q[I'] and X*(D) = Q, this means that the dual of ¢ is the
composition

Q- Q- Q/Z— Q/Z[I]

of the negation, the natural projection, and the diagonal embedding. Hence composing
by|p with ¢ is the same as sending N°(y) under

YeQ
Y 9

[Y ® Q" = Hom(X, Q)" — Hom(X, Q/Z[T]) =

the result of which is —N°®(y).

We have thus proved the commutativity of the above diagram for both o and 8. This
proves the lemma for all tori S for which Y/IY[tor] = 0. In particular, the lemma is
proved for induced tori. The general case can be easily reduced to the case of induced
tori using the functoriality of « and 8. Indeed, let S be any torus and let £/ F be a finite
extension splitting S. Then Y is a finitely generated Z[I'g,r]-module and we choose a
free Z[I' g/ r]-module Y with a surjection Y — Y.If S is the torus with X*(S') =Y we
obtain a surjection of tori S — . According to [Kot, Proposition 10.4] the natural map
B(S) — B(S) is surjective. This, together with the equality ag = B3 that we have just
shown, implies o = Bs. O

Let now G be a connected reductive group defined over F. In order to discuss how the
comparison map (3.14) translates under the dualities (3.6) and (3.12) we need a conve-

nient presentation of the cover G. For this, let Z, C Z(G) be the preimage in Z(G) of
(Z(G)/Z(Gger))[n]. Then the Z,, form an exhaustive tower of finite subgroups of Z(G).
Set G, = G/Z,. Then G, = Guq x Z(G,) with Z(G,) = Z(G1)/Z(G1)[n], and
Z(G1) = Z(G)/Z(Gger)- Note that Z(G1), and hence also Z(G,,), is a torus. Dually we
obtain R R R

Gp =Gy xCy
where 6,1 is the torus dual to Z(G,,). Since Z(G) =AG / Gder i/s\ the maximal torus quo-
tient of G, its dual C; is the maximal normal torus in G, i.e. Z(G)°. It will be convenient
to identify a, =C 1. Then the map an — 6,, becomes the m /n-power map on c 1. We
obtain

G =1imG, =Gy x Coo, Coo =1imC,.
Elements of Z (5) can thus be written as tuples (a, (b,),), wherea € Z (@SC) and b, € C 1
with p"/" = b, for n | m. We make explicit the condition of (a, (b,),) to belong to each
of the subgroups Z(G)t° = Z(G)'° c Z(G)T C Z(G)™ as follows. Tobe in Z(G) 1, a
tuple (a, (b,),) must have a I'-fixed image in Z(G). This image is siglply dder - b1, where
ager 1S the image of a in Z(@der). The condition of belonging to Z(G)isa € Z(E;\sc)r
and b, € 6{ The condition of belonging to Z(G)t° =Z(G)Cisa=1andb, € 6{0
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Proposition 3.3. Under the dualities (3.6) and (3.12), the comparison map (3.14) is
translated to the map
70((Z(Gse) x Co) ™) > Z(G)F (3.15)
sending a tuple (a, (by),) witha € Z(G) and by, € 6,, to
der - b1
Ng r(blE:F))
for a sufficiently large finite Galois extension E | F.

Before we give the proof, let us note that this map is_well-defined. By assumption,
Ader - b1 € Z(G)/r\, and moreover Ng,/r(bg.F]) € Z(G)T, so the image of this map
does belong to Z (G)'. The term Ng /F(big:F)) is independent of the choice of E/F pro-
vided I'g; acts trivially on Cy. Finally, if (a, (ba),) € Z(G)*°, thena = 1 and b, € C, °.
Therefore N, (big:F)) = b{gi]] = by, so the image of (a, (b,),) is indeed equal to 1.

Proof of Proposition 3.3. Let S C G be an elliptic maximal torus. Then for each b € B(S)
the restriction b|p takes values in Z(G), because D is a split pro-torus. It follows that
(3.14) maps B(S) to the subgroup H'(u — W, Z(G) — S) of H'(u — W, S — S).
We can write this subgroup as the colimit

H'u— W,Z(G) - S) = li_r)nHl(u —>W,Z, = S)
n
where Z, C Z(G) is as above. We can describe the subgroup of Y;L),Q[tor] to which
H'(u — W,Z(G) — S) corresponds under the isomorphism (3.9) as follows. The
quotient S, = S/Z, is an elliptic maximal toms_of G, and equals Syq X Z(Gy). Thus
X (Sp) = Xy (Saq) ® %X*(Z(Gl)) and if we let S = li_n)lSn, then we get

Y = Xi(S) = Xu(820) @ X£(Z(G1)) ®Q C Y ® Q.

Now let y € Y and consider the element y — N°(y) € Y ® Q that is the image of y
under the map of Proposition 3.2. Since S is elliptic, we have N°(y) € [X4(S) ® Q]F =
[X+(Z(G)) ® Q]F. Under the natural pairing between X*(S) and X,(S) the element
N°(y) thus annihilates X*(S,q) ® Q, which implies that its image in X (S.q) ® Q is zero.
It follows that in the decomposition ¥ @ Q = X, (S,4) @ Q ® X (Z(G)) ® Q the element
y — N°(y) € Y ® Q has the coordinates (y, y — N°(y)). The map

Y=Y, ye (3.y—N°()),

dualizes to the map

S x oo 5. (@ (b)) 1> —Jer=O1
Ng r(blE:F))
To complete the proof, we use [Kot85, Proposition 5.3], which says that the image of B(S)
in B(G) equals B(G)yys, together with the fact that the map B(S) — B(G)pys dualizes
under (3.6) to the inclusion Z(f}\)r — :S‘T, while the map H'(u — W,Z(G) — ) —
HY'(u— W, Z(G) — G) dualizes under (3.12) to the inclusion 7¢(Z(G) 1) = 7o ([S1H).
[m}
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4. The relationship between LLC,;; and LLCjs,

Let G be a quasi-split connected reductive group defined over F. Let ¥ : G — G’ be
an inner twist. In this section we are going to compare two different statements of the
refined local Langlands correspondence for G’. One is based on Kottwitz’s cohomology
set B(G) of isocrystals with G-structure and is formulated in [Kal14, §2.4]; we shall refer
to it as LLCjso. The other one is based on the cohomology set H!(u — W, Z(G) — G)
and is formulated in [Kal16b, §5.4]; we will call it LLCjg.

The statement LLCjg, is defined for the given inner twist ¥ if and only if the class in
HYT, Gaq) of the 1-cocycle 1/f_10'(1/f) belongs to the image of the natural map B(G)pas
— HY(T, Gaq). This map is surjective when Z(G) is connected, thanks to [Kot, Propo-
sition 10.4], and in this case LLCj, is always defined. In this section we will not assume
that Z(G) is connected, but instead we will assume that the class of ¥ o () does lift
t0 B(G)pas, so that LLCjy, is defined and we can compare it to LLCyg. In the case when
VLo () does not lift to B(G)pas, only the statement LLC,;g is defined. In the next sec-
tion we will establish results which allow us to compare LLC,;g for the inner twist v to
LLCi, for a different group, for which it is defined.

4.1. Review of LLCyig and LLCjs,

We will give here a brief review of the two formulations in order to establish the necessary
notation. The reader may wish to consult the expository note [Kall6a] as well as [Kall4]
and [Kal16b] for further details. The language we will use here is slightly different than
in these references. This is done in order to emphasize the formal similarity of the two
statements and facilitate their comparison. At the same time, we hope that the slightly
different presentation given here can help to further illuminate the statements.

Let ¢ : Ly — LG be a tempered Langlands parameter. Set S, = Cent(p, G). The
basic form of the local Langlands conjecture asserts the existence of an L-packet I, (G")
of irreducible tempered representations of G’(F). The two statements of the refined lo-
cal Langlands conjecture we will review provide a parameterization of I1,(G’) and a
description of its endoscopic transfer. They both depend on the choice of a Whittaker
datum to for G as well as on the choice of a certain 1-cocycle that lifts the 1-cocycle
v~'o) € Z'(T, Gaa).

We recall that an endoscopic datum for G is a tuple ¢ = (H,H,s,§) consisting
of a quasi-split connected reductive group H, a split extension H of H by Wp such
that the homomorphism Wg - Out(H) that it induces coincides under the canonical
isomorphism Out(H) = Out(H ) with the homomorphlsm I' — Out(H) given by the
rational structure of H, an element s € Z(H )F and an L-embedding & : H — LG that
identifies H with Cent(&(s), G)°

Given a semisimple element s € Sy, the pair (s, ¢) leads to an endoscopic datum e
as follows. Set H = Cent(s, G)° H = H - 9(WFp), and £ = id. The image of ¢ is now
trivially contained in H.

We also recall that a z-pair for ¢ is a tuple 3 = (Hi, §1) consisting of a z-extension
H; of H and an L-embedding & : H — L H, that extends the embedding H — H1 dual
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to the projection H; — H. Note that if we compose ¢ with &, we obtain a tempered
Langlands parameter for H;.

In what follows we will use the normalization of the transfer factor A, described
in [KS, (5.5.2)]. It is a function that takes as arguments an element y; € H;(F) and
an element § € G(F), both strongly regular semisimple. We will also use a theorem of
Steinberg which asserts that for any strongly regular semisimple 8" € G’(F) there exists
8 € G(F) that is stably conjugate to §', by which we mean that the G (F)-conjugacy
classes of § and 1//_1 (8’) coincide. See [PR94, Proposition 6.19], which is to be applied
to Sder = Cent(§, Gder)

The statement of LLCjg, involves the choice of an algebraic 1-cocycle xi5o : € = G
such that the image of xjs, in Zl(l", Gy,q) is equal to the 1-cocycle o — w_la(lp).
While such a 1-cocycle may not exist in general, we are operating in this section under
the assumption that it does. The pair (V, xiso) is then called an extended pure inner %ist.
The duality (3.6) turns the cohomology class [xis] into a character ([xiso], —) of Z (GHT.

Let 8 € G(F) and 8’ € G'(F) be strongly regular semisimple elements and assume
that they are stably conjugate. For any g € G(F) with 8’ = v/(g8g~") the 1-cocycle

E—= G, e g 000 (g),

takes values in S = Cent(§, G). Its class is independent of the choice of g and will be
denoted by inv[xjs0]1(8, 8’) € B(S). Here o, € T is the image of e € £ under the natural
projection & — T'.

We now recall the normalization A’[tv, e, 3, (¥, xis0)] of the Langlands—Shelstad
transfer factor for the group G’ from [Kall4, §2.3]. Let y; € H{(F) and 8’ € G'(F)
be strongly regular related elements. Write y € H (F) for the image of y; and 7 =
Cent(y, H). Choose § € G(F) that is stably conjugate to §’. Then

A'Tro, e, 3, (¥, Xiso)1(1, 8) = Al (11, 8) - (inV[xiso] (8, 87), 5,5). 4.1

Here sy, 5 € ST is the image of s € Z (ﬁ ) under the composition of the natural inclusion
Z (ﬁ ) — SH with a;; }3, where ¢, 5 : SH — S is the unique admissible isomorphism
mapping y to §, and (—, —) is the duality (3.5).

We wiAll now formulate the statement LLCjs, (¥, Xis0). Let Sy HAGSC denote the sub-
group of G consisting of elements fixed by the action of Lp on Gy given by Ad o ¢.
Let S(p be the quotient of S, by the image in G of [S<p N GSC] This is a complex al-
gebraic group. Note that the image of [S, N GSC] in G is equal to [Sy, N Gder] Then
LLCISO(I// Xiso) asserts that there is a bijection between the L- packet IT (G ) and the
set Irr(Sw, [xiso]) of those irreducible algebraic representations of S whose restriction to
Z(G) is ([xis0], —)-isotypic. If for 7 € Hw(G ) we denote by (;r, —) the character of the
corresponding irreducible representation of S(tp, and by ®, the Harish-Chandra character
of the representation , then for any semisimple element s € S, we can form the virtual
character

O o =€(G) D (m,5)Os. (4.2)

7€M, (G)
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Here ¢(G') is the Kottwitz sign [Kot83] of G’. Then LLCjso (v, Xiso) asserts further that
forall f" € C°(G'(F)) the following character identity should hold:

Ot o1 (1) = O 11 (1)- (4.3)

Here we have constructed an endoscopic datum ¢ from s and ¢ and have chosen an arbi-
trary z-pair j for ¢. The function f# € C>°(H;(F)) is chosen to have matching orbital
integrals with f’ with respect to the transfer factor A'[tv, ¢, 3, (¥, Xiso)] as defined in
[KS99, §5.5].

We will now review LLCyj,. It involves the choice of xig € Z! (u— W,Z(G) —> G)
whose image in ZNT, Gua) is equalto o +— I/I_IU(I/I). The existence of this xyig is guar-
anteed by [Kall6b, Corollary 3.8]. The pair (¥, xyig) is called a rigid inner twist. Tl}f du-

ality (3.12) turns the cohomology class of xyig into a character ([x:ig], —) of mo(Z (G)+).

Here we are using the notation G introduced in Subsection 3.3.
Let § € G(F) and &' € G'(F) be strongly regular semisimple and assume that they
are stably conjugate. For any g € G(F) with 8’ = v (g8g~") the 1-cocycle

W — G, w gilxrig(w)o-w(g),

takes values in S = Cent(§, G). Its class is independent of the choice of g and will be
denoted by inv[x;g](8, 8 e Hl(u — W, Z(G) — S). Here 0y, € I is the image of
w € W under the natural projection W — T.

Lete = (H,H,s,&) and 3 = (H1, &) be an endoscopic datum and a z-pair. There
is again a normalization of the transfer factor, but it involves a refinement of e. :l:his
refinement is a tuple ¢ = (H,H, §, £). The only difference is the element § € Z(H)™,
which is a lift of s. Here H is the inverse limit of ﬁ”, where the quotient H, = H/Z, is
formed by using the canonical injection Z(G) — Z(H) to map Z, C Z(G) into Z(H).
The definition of the transfer factor is then given by

A/[ms év 3’ (11/1 xrig)](yla 5/) = A;n(ylv 8) : (inV[xrig](& 8/)7 *S")/,(S)' (44)

To describe §, s, recall the map Z (ﬁ ) — S induced by the admissible isomorphism ¢, 5.
It lifts uniquely to a map Z(H) — S and 5y,s is the image of § under this map. It is paired
with inv[x] (8, e H'(u — W, Z(G) — ) using the duality (3.11).

Let now S(:,r be the preimage of S, in G. Then LLGig (¥, xrig) asserts that there is
a bijection between the L-packet Hw(G/ ) and the set Irr(no(S(j ), [Xrig]) of those irre-
ducible representations of the profinite group rro(S;‘ ) whose restriction to o(Z(G)) is
([xrigl, —)-isotypic. If for = € I1,(G") we denote by (r, —) the character of the corre-

sponding irreducible representation of no(S;f ), then for any semisimple element § € S;r
we can form the virtual character

O () = €(G) Y (M, $)O0x, 4.5)
7welly(G)
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and LLCyig (Y, xyig) asserts further that for all f " € CX(G'(F)) the following character
identity should hold:

O 01 () = O, 1 (- 4.6)

Here we have constructed a refined endoscopic datum ¢ from § and ¢ and have chosen
an arbitrary z-pair 3 for e. The function £ € C°(H;(F)) is chosen to have matching
orbital integrals with f’ with respect to the transfer factor A'[w, ¢, 3, (¥, Xsig)].

4.2. Comparison

We will now show that LLCjs (¥, Xis0) and LLCyig (¥, Xyig) are equivalent, provided xyig
is the image of x;5, under the comparison map (3.14). As in the previous subsection, we
fix a Whittaker datum ro for G andlet¢ : Ly — LG be a tempered Langlands parameter.
Recall from Subsection 3.3 that G = 650 X 600. We can thus write elements of S;r cG
as pairs (a, (b,),) witha € GSC and b, € 6n Taking our cue from Proposition 3.3 we
introduce the homomorphism

Ader + b1
St S, (a, (by) > —. 4.7
¢ v " Ng/r(bE:FY)

Here again aqer € Gder is the image of a, E/F is a suitably large finite Galois extension
and the expression Ng,r (bg.Fy) is independent of the choice of E/F. The fact that this
map is a group homomorphism is clear since the elements b,, are central. Furthermore,
we have S+ ° = Cent(p, G)° =[S, N Gese]° x CL:°. Thus for (a, (by)y) € S+ ° we have
Nie:F1(b[g:F1) = b1 and the image of (a, (b)) in S, is 51mplya €[Sy DGSC]o showing
that (4.7) induces a group homomorphism no(S(j‘ ) —> S(p.

Let xi5o : £ — G be a 1-cocycle whose image in ZN T, Gaa) equals 1//_10(1/f) Let
Xiig : W — G be the composmon of xjso with the homomorphism W — & of diagram
(3.13). Thus the class [x;ig] € H'u — W,Z(G) - G) of Xrig is the image of the
class [xiso] € B(G)pas of Xiso ugder (3.14). We denote by ([xisol, —) and {[xiig], —) the

characters of Z (@)F and 7o(Z(G)H) given by the dualities (3.6) and (3.12).
Lemma 4.1. Pull-back along (4.7) induces a bijection
Irr (S}, [Xiso]) = Trr(wo(S;)), [xrig ). (4.8)

Proof. For the proof we need to study the kernel and image of (4.7). By definition of S,
the map (a, (b, ),,) > dager - b1 is a surjection onto Sy, and we see that S, is equal to the
product of Z (G)F w1th the image of (4.7). This implies that composing an irreducible
representation of S‘p with (4.7) leads to an irreducible representatlon of no(S +). More-
over, according to Proposition 3.3, if we start with an element of Irr(S(p, [Xiso]), the result
will be an element of Irr(no(S+) [xrig]).

We have thus shown that composition with (4.7) induces a map Irr(S(;,, [xiso]) —
Irr(no(S;‘ ), [xrig]). We will now argue that this map is bijective. Injectivity follows im-
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mediately from the fact that Z (E}\)F and the image of (4.7) generate S, ; , as one sees for
example by examining the characters of the irreducible representations.

For surjectivity, we study the kernel of (4.7). If (a, (bn),) € S(j belongs to that ker-
nel, then age:b1 NiE. (b E: F])’1 lifts to an element e € [S, N GSC]°. We have already
noted that [S, N @sc]° C S(j °, s0 we may replace a by ae~! without changing the class
of (a, (b,),) modulo S;‘"’, thereby achieving agerb1 = Nig.F1(bIE:F]) € Z(G)F. Thus
(a, (by)y) is an element of Z (E)Jr and moreover belongs to the kernel of (3.15). We con-

clude that under the natural map mo(Z GHhH — JTO(S(:,r ) the kernel of (3.15) surjects
onto the kernel of (4.7). Since ([xig], —) is the pull-back of ([xijs0], —) under (3.15), any
pE Irr(no(S;' ), [x1ig]) is trivial on the kernel of (4.7) and thus descends to a representa-

tion of the image of this map. We extend this representation to SE, by letting it be given by

([xiso], —) on the image of Z (6)F in SFP. The result is an element of Irr(S, g , [xiso]) whose
pull-back to 710(5(;r ) equals p. This completes the proof of surjectivity. O

We will now compare the character identities (4.3) and (4.6). Let Syg € S;L and let
Siso € Sy be the image of s under (4.7). By construction of the bijection (4.8) we
have

Siso o jl'ig
O] = O] (4.9)

so the right-hand sides of (4.3) and (4.6) agree. To compare the left-hand sides, we let
¢rig = (H, H, Siig, &) be the refined endoscopic datum corresponding to §ye and ¢. The
endoscopic datum corresponding to sjs, and ¢ is then ejs, = (H, H, Siso, £). That is, the
terms H, H, and £ are common to both ¢, and ejso. The reason for this is that if we write
Srig = (a, (bn)yn), the image of §y, in S, under the natural projection S(j — S, is equal to
ager - b1 and differs from s;5, only by the element Ng,r(big.F)) € Z (G)F. In particular,
we may fix a z-pair 3 = (Hj, &) that serves both ¢, and ¢jso.

We claim that for any strongly regular semisimple elements y; € H (F) and §’ € G'(F)
we have

A/[m» éI‘iga 37 (wv xrig)]()’lv 8/) = A/[ms eiSO9 31 (ws xiSO)](yla 8/)

For this, fix § € G(F) and g € G(F) such that & = (gdg~!). Setting as before
S = Cent(8, G) we have inv[xg](4, §Ye H'(u — W, Z(G) — S) represented by the
1-cocycle w +— g_lxrig(w)ow (g) as well as inv[xiso](8, 8") € B(S) represented by the
1-cocycle e — g’]xiso(e)ae (g). Since x;s, is the composition of x;i; with the homomor-
phism W — & of diagram (3.13), the same is true for the 1-cocycles representing the two
invariants. In other words, inv[xjso](8, 8’) is the image of inv[xig](8, 8") under the map
(3.14) for the torus S. Proposition 3.3 applied to the torus S then implies that

(inv[xiso] (8, 5/)a Siso) = <inV[xrig](5v 8/)7 jrig)a

and this proves the claim about the equality of transfer factors. This in turn implies that
the function £ occurring on the left-hand side of (4.3) is the same as the function f#
occurring on the left-hand side of (4.6). Thus the two left-hand sides are equal. This shows
that the equations (4.3) and (4.6) are equivalent.
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5. Reducing LLC;;, to the case of groups with connected center

In the last section we showed that when G is a connected reductive group defined and
quasi-split over F, and ¢ : G — G’ is an inner twist whose corresponding class in
HY (T, Gaq) lifts to an element [xjso] € B(G)pas, then LLCis0 (¥, xis0) 1s equivalent to
LLCrig (¥, Xxrig), Where xyig is the image of xiso under the comparison map (3.14). When
G does not have connected center, then the class of i may fail to lift to B(G)p,s (for
example, this is always the case when G is simply connected). In that case we do not
have a statement for LLCjg,. There is however a statement for LLC,;g, since the class of
¥ always lifts to H!'(u — W, Z(G) — G).

In this section we will construct for any connected reductive group G an embedding
G — G, into a connected reductive group G, that has connected center and compa-
rable endoscopy. We will also construct an inner twist ¥, : G, — G, corresponding
to ¥. We will then show that LLCig(V, X1ig) is equivalent to LLCig(v;, X1ig) for any
Xig € Z'(u — W,Z(G) — G) lifting ¥ ~'o (). Combining this with the result of
the previous section, and using the fact that now there does exist [xiso] € B(G;)pas lift-
ing the class of ¥, we find that LLCyig(V, Xiig) is equivalent to LLCiso (7, Xiso) pro-
vided that the images of [xg] € H'(u > W, Z(G) — G) and [xjs] € B(G;)pgs in
H'(u - W, Z(G.) — G,) coincide. In other words, once the validity of LLCj, is es-
tablished for all extended pure inner twists of connected reductive groups with connected
center, it implies the validity of LLCiig (Y, X1ig) for all inner twists ¥ : G — G’ of con-
nected reductive groups, without assumptions on the center, and some suitable x;g lifting
v ~lo (). The final step would then be to establish the validity of LLCrig (¥, xrig) for
all xjg lifting ¥~ Lo (), not just those corresponding to elements [xiso] € B(G)pas. This
will be addressed in the next section.

5.1. z-embeddings

We will introduce here the notion of a z-embedding and collect some of its properties.
A z-embedding is a procedure which embeds a given connected reductive group G over
a p-adic field F into a connected reductive group G, with comparable endoscopy and
connected center. The idea of the construction of G, is due to Kottwitz, who commu-
nicated it verbally to the author some years ago. It forms the core of Proposition 5.2. It
turns out, however, that the procedure of taking a z-embedding is not directly compatible
with passage to endoscopic groups, and moreover it is not transitive. Luckily, a somewhat
weaker notion, that of a pseudo-z-embedding, does have the necessary flexibility. For this
reason we work in this subsection with the weaker notion, which turns out to suffice for
our applications. The main properties of pseudo-z-embeddings are the fact that their rep-
resentation theory and endoscopy is related to that of the original group in a very close
and straightforward way, and that they are in some sense stable under taking endoscopic
groups and also under iteration.

We alert the reader that the requirement that a (pseudo-)z-embedding have the same
endoscopy as the original group makes it a much more delicate object than an arbitrary
group with connected center into which the original group embeds. For example, the



78 Tasho Kaletha

embedding of SL, into GL,, is not a z-embedding. Furthermore, a z-embedding is not
simply the dual notion to a z-extension, as it has to satisfy a more stringent cohomological
requirement. Finally, we want to point out that a z-embedding is usually a ramified group,
even if the original group is unramified. This additional ramification is benign, as it only
affects the center, but it is nonetheless present. This makes the application of this notion
to a global setting problematic. Thankfully, our needs here are purely local.

5.1.1. Definition and construction. Let G be a connected reductive group defined over F.

Definition S5.1. A pseudo-z-embedding of G is an embedding G — G, of G into a
connected reductive group G, defined over F, subject to the following conditions:

1. G;/G is atorus;
2. HY(F,G./G) = 1;
3. the natural map H'(F, Z(G)) — H'(F, Z(G,)) is bijective.

If moreover Z(G;) is connected and G/ G is an induced torus, we will call this a z-em-
bedding.

Proposition 5.2. Let Z be a diagonalizable group defined over F. There exists an em-
bedding Z — T of Z into a torus T defined over F with the property that T/Z is an
induced torus and H' (T, Z) — H'(', T) is a bijection.

Proof. Let Z — Ty be an embedding of Z into an arbitrary F-torus Ty and let Cy be
the cokernel of that embedding. Let K1/ F be the splitting extension of Ty, and let K /K
be an extension which we will specify in a moment. Set C = Resg,;r(Cop x K). Since
Co x K is split, C is induced. Let T be the fiber product of Ty and C over Cg. This is a
diagonalizable group and a quick look at its character module reveals that it is in fact a
torus. We obtain the diagram

1 VA T C 1
| | e
1 VA To Co 1

where Nk, is the norm map. Since C is induced, H L(F, C) vanishes and hence the
natural map H'(F, Z) — H'(F, T) is surjective (for any choice of K). We claim that
we can choose K in such a way that this map is also injective. This is equivalent to
demanding that the map

C(F) 255 co(F) — HY(F. 2)

be trivial. We split this map as follows:

Nk/k, Nk, /F 1
C(F) =Co(K) —— Co(K1) —— Co(F) - H (F, Z).
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Fix an isomorphism [Gn, g, 1" — Cp x Ki. Then we have

Nk/k| Nk, /F 1
Co(K) —— Co(K1) — Co(F) —— H' (F, Z)

T [Nk/k, 1" T

[K X ]rl [K ]n
If iy denotes the inclusion of the k-th coordinate, then the map
X”‘ 5K - HY(F, 2)

is continuous and its target is finite, so its kernel is a norm subgroup of K ;*. The intersec-
tion of these norm subgroups for 1 < k < n is again a norm subgroup, and we choose K
to be the corresponding abelian extension of K. We have thus shown the existence of an
extension K /K for which the canonical map H 1 (F,Z) - H 1 (F, T) is bijective, and
this completes the proof of the proposition. O

Corollary 5.3. Any connected reductive F-group G has a z-embedding. Moreover, there
is a natural choice for it.

Proof. Apply Proposition 5.2 to the diagonalizable group Z(G) to obtain an embedding
Z(G) — T.Form the push-out

Z(G) —— G

| |

T —— G

The maps T — G, and G — G, are injective, because Z(G) — G and Z(G) — T are.
Moreover, the injection T — G, identifies 7 with Z(G;), and

coker(G — G;) =coker(Z(G) - T) =

We come now to the naturality assertion. In the proof of Proposition 5.2 we made two
choices—that of the torus Ty and of the field extension K. In fact, there is always a natural
choice for K once Ty has been fixed: Let ® be the preimage in Co(K) of the kernel of
Co(F) — H(F, Z). For any two extensions K, K’ of K| we have im(Ngng//k,) =
im(Ng/k,) - im(Ngr/k,). Thus the set of extensions K /K for which im(Ng/g,) C ©
has a smallest element, namely their intersection.

There is also a natural choice for Ty, namely the minimal Levi subgroup of the quasi-
split inner form of G. O



80 Tasho Kaletha

5.1.2. Basic properties. Let1 - G — G, — C — 1 be a pseudo-z-embedding.

Fact5.4. If G, — Gy is a pseudo-z-embedding, then so is G — Gy.

Proof. The map H'(F, Z(G)) — H'(F, Z(G,)) is the composition of the bijections
H'(F,Z(G)) — HY(F, Z(G.)) and H'(F, Z(G.)) — H'(F, Z(G,)) and thus itself
bijective. Moreover, the reductive group G,/ G is an extension of the torus G, /G, by the
torus C and hence itself a torus with H'(F, G,/G) = 1. O

Fact 5.5. The map Z(G,)(F) — C(F) is surjective and G;(F) = Z(G;)(F) - G(F).

Proof. The injectivity of HY(F, Z(G)) - H'(F, Z(G;)) implies the first point. For the
second, we note that G, ger C G, and hence we have an exact sequence

1> Z(G) > Z(G,) x G — G, — 1.

The surjectivity of Z(G;)(F) x G(F) — G,(F) is equivalent to the injectivity of
HY(F, Z(G)) — H'\(F, Z(G,)) x H'(F, G), which in turn follows from the injectivity
of H'(F, Z(G)) - H'(F, Z(G.)). o

It follows from this fact that if &, is an irreducible representation of G, (F), then its
restriction 7w to G(F) is still irreducible. Conversely, any irreducible representation 7
of G(F) can be extended to an irreducible representation w, of G,(F)—for this one
needs to choose an extension w, : Z(G;)(F) — C* of the central character w of 7.
Then 7 @w, is a representation of G (F) x Z(G;)(F) which factors through the surjection
G(F) x Z(G;)(F) — G;(F). The set of extensions of 7 to a representation of G,(F) is
a torsor for C(F)P.

Fact5.6. If G — G| and G — G; are pseudo-z-embeddings, then there exists a con-
nected reductive group Gsz with embeddings G\ — G3 and G, — G3 that are both
pseudo-z-embeddings.

Proof. We construct G3 as the push-out of the diagram G| < Z(G) — Z(G»y), i.e.
the quotient of G| x Z(G>) by the subgroup {(z, 7z | z € Z(G)}. The map G| — G3
given by g +— (g, 1) is injective and its cokernel is Z(G2)/Z(G) = G2 /G. Itis a pseudo-
z-embedding, because HY(F,G>/G) = 1 and Z(G2)(F) — [G2/GI(F) is surjective.
The map G, — G3 given by writing an element g € G, as a product g - z» with g € G
and zo € Z(G») and mapping it to (g, z2) € G3 is well-defined and injective, and its
cokernel is G1/G. This map is also a pseudo-z-embedding because H'(F, G1/G) = 1
and Z(G1)(F) — [G1/G](F) is surjective. m]

Fact 5.7. We have mutually inverse bijections

{maximal tori of G} < {maximal tori of G},
T— Z(G)°- T,
(T,NG)° «— T,.

Proof. This follows from G, ger C G. O
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Fact 5.8. Let Z C G be a finite central subgroup. The natural map
H'u—>W,Z—>G)—> H'(u—>W,Z—> G,)

is bijective. If T and T, correspond under the bijection of Fact 5.7, then the natural map
Hu—->W,Z>T)>H'u—>W,Z->T,)

is bijective.

Proof. We will discuss the second map, the argument for the first being the same. From
the long exact sequence for W-cohomology we obtain the exact sequence

T.(F) > C(F) > Hwu—>W,Z—>T)> Hu—>W,Z—->T,)— H(T,C).

The surjectivity of H'u—> W,Z > T) > H'(u - W,Z — T}) follows from the
vanishing of H!(T", C), and its injectivity is a consequence of the surjectivity of T, (F) —
C(F), which follows from the surjectivity of Z(G,;)(F) — C(F) stated in Fact 5.5. O

Fact5.9. Let v : G — G’ be an inner twist and u € ZY(F, Gaq) be the element such
that ¥~ 'o () = Ad(u(0)). Then there exists a connected reductive group G'. and an
inner twist yr; : G, — G, such that wz_la(l/fz) = Ad(u(0)) fitting into the diagram

1 G G. c 1
Pl
1 G G C 1

Proof. We construct G/, as the push-out
2(G) — Z(G)

b

G — G,
Then the map id x ¥ : Z(G;) x G — Z(G;) x G’ descends to a map v, : G, — GQ,
which clearly has the desired property. O
We now consider the dual side. We have the exact sequence

1-C—>G.— G — 1. 5.1

Let WT(G) denote the set of a-conjugacy classes of admissible L-homomorphisms
Lr x SL, — LG. This set contains all Langlands parameters (those homomorphisms
that are trivial on SLy) as well as the set of Arthur parameters (those homomorphisms
whose restriction to Lr prOJects to a relatively bounded subset of G) We will also inter-
pret W (G) as a subset of HY(Lp x SL,, G ) via the projection LG — G

Lemma 5.10. The three maps
H'(Wg,C) - H'(Wp, Z(G,)) — H'(Wr, G,) - ¥F(G,)

are injective.
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Proof. We have
H'(Wp, C) —— H'(Wr, Z(G,))

C(F)P ——— G (F)P

and the first of the three maps is injective because G;(F) — C(F) is surjective. The
second map is injective due to [Kot84, 1.6]. The third map is injective because it can be
seen as the inflation map associated to the quotient map Lr x SL, — Wr. O

Lemma 5.11. The action of H (W, 6) on VY (G,) given by pointwise multiplication
of cocycles is simple.

Proof. Consider the braided crossed module 6SC — 61. According to [Kall5, Proposi-
tion 5.19], there is a canonical isomorphism

HI(WFa 6;\sc g az) g Z(Gz)(F)D~

Composmg the restriction | _map \II+(G ) — HY(Wg, G ;) with the natural map
H (W, z) — H'(Wp, Gy > G ;) we obtain the top left horizontal map in the dia-
gram

UH(G.) — H' (Wr, Gy — G.) —— Z(G)(F)P

o]

H'\(Wp,C) ——— H' (Wp,1 - C) ———— C(F)?

The simplicity of the action of C(F yP on Z (G )(F )P by multlphcatlon of characters
now implies the simplicity of the action of HY (Wp, C) on \IJ+(G ). m]

Lemma 5.12. Let o, € V1 (G,) and let ¢ € W (G) be its image. Then we have the
exact sequence
1—-Cl - S, = S, — L.

Recall that S, = Cent(p, 6) and Sy, = Cent(gp;, 62).

Proof. The exact sequence (5.1) has an action of W, and hence also of Lr. We twist it
by ¢, and obtain the long exact cohomology sequence

1—>C" > 8y — Sy > H'(Lr.O) > H'(Lr., ¢, Go). (52)

Here, H'(LF, ¢, Z) is the continuous cohomology group of G for the action of Wr
glven by ¢;. To prove the lemma, we must show that the map H'(Lp, C) —
H! (LF, ¢z, G 2) 1s injective.

By [Ser97, §5.3, Prop. 35], we have a bijection

H'(LF,¢.,G;) — H'(LF, G,).
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Composing this bijection with the last arrow in the long exact cohomology sequence (5.2),
we obtain a map
H'(Lp,C) = H'(Lr, G2).

This map is in fact the orbit map through ¢, for the action of H! [ (LF, C) on H! (LF., G 2)
by multiplication of 1-cocycles. Since Cis abelian, H'! (L F C) = H'(Wp, C ). More-
over, since e ¢; belongs to the subset ¥ (G,) C HY(Lp,G ), so does also its orbit under
H' (W, c ). According to Lemma 5.11 the orbit map is injective, and the proof is com-
plete. O

Corollary 5.13. The map ‘~Il+(G ) — W (G) is surjective and its fibers are torsors
for the action of H (W, C ) on WT(G,) by multiplication of cocycles. This map also
induces a surjection between the sets of Langlands parameters and between the sets of
Arthur parameters.

Proof. Let ¢ € WH(G) and let ¢y € H! (Wp, G) be its restriction to Wr. We will
argue that there exists a lift ¢o ; € H' (Wp, G z) of ¢o. Moreover, we will show that if
oo(WE) C G is bounded, then ¢q ; can be chosen in such a way that g ,(Wr) C G is
bounded.

From the exact sequence (5.1) of Wr-modules we obtain the following diagram with
exact rows:

H'(Wp,C) —— H'\(Wp, G,) ——— H' (W, G) ——— H*(Wf, C)

| | | |

H'(Wg, C) — H'(Wr, Gye = G;) — H'(Wr, Ge = G) — H*(Wr, C)

It 1mp11es that if go e H' (Wp, GSC - G 2) is an element whose image in the group
H'(WE, Gsc — G) is the same as the image of <po there, then there exists ¢p, €
H'(Wg, G) mapping simultaneously to ¢o and to ¢'. R R

By [Kall5, Proposition 5.19] we have the functorial isomorphism H LWg, Gee— G)
= Hom(Z(G)(F), C*). Note that under this 1som0rphlsm the unltary characters of
Z (G)(F ) correspond to premsely those elements of H'! (Wg, GSC — G) whose image
in HY(Wp, cok(GSC — G)) is bounded. Indeed, this image corresponds by the usual
Langlands duality for tori to a character of Z(G)°(F), and it is bounded if and only if the
character is unitary; but a character of Z(G)(F) is unitary if and only if its restriction to
Z(G)°(F) is unitary. R R

The image of ¢ in H L Wp,Gee — G) thus corresponds to a character xo of
Z(G)(F). Write this character as a product yx, - xs where x, : Z(G)(F) — C* is
unitary and x; : Z(G)(F) — R.o. By Pontryagin theory, x, extends to a unitary
character x, ; : Z(G;)(F) — C*. On the other hand, y kills the maximal compact
subgroup K C Z(G)(F). If K, C Z(G;)(F) is the maximal compact subgroup, then
Z(G)/K C Z(G;)/K; is an inclusion of finite-rank free Z-modules. Since R~ ¢ is injec-
tive, the homomorphism x; extends to a homomorphism y; ; : Z(G,)(F)/K; — R.o.
We set x0.; = Xu.z - Xs.z- If xo is unitary, so that x; = 1, we choose x;, = 1 and
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X0.z 1s unitary. Let ¢’ € H' (Wp, GSC -G 2) correspond to xo,;. Choose ¢p ; to map to
the pair (¢, % "). Thus S 90,z lifts ¢p. Moreover, if ¢g is bounded, then so is its image in
H'(Wg, cok(GSC — G)) and hence the character X0 is unitary. Then xg . is also unitary,
and thus the image of ¢’ in Z'(Wp, cok(GSC — Gz)) is bounded. To show that ¢y ; is
bounded consider the diagonal map

c?z — G x cok(f;\SC — 61).

The composition of ¢y, )2 with this map is bounded, but the kernel of this map is the finite
central subgroup cNnG z.der» and thus g ; is itself bounded.

Our next step is to extend ¢p ; to an admissible 1-cocycle Lr — G that lifts @[z .
We apply Lemma 5.12 to ¢p ; to obtain a surjective homomorphism

Cent(¢o..(Wr), G;) — Cent(go(Wr), G)

of complex algebraic groups with reductive connected components. The restriction of
this map to the neutral connected components remains surjective and its kernel is still
central. Thus this map restricts further to an isogeny on the level of derived subgroups.
The restriction of ¢ to SL, C L is a homomorphism of algebraic groups SL, —
Cent(po(WF), G)g., and lifts uniquely along this isogeny to a homomorphism SL; —
Cent(go ;(WF), 6Z)ger. We thus obtain a lift ¢y ; : Ly — 61 of ol — G. This com-
pletes the proof for the case of Langlands parameters.

To handle general elements of W (G), we repeat this argument again to accom-
modate the second copy ¢ of SL,. That is, we apply Lemma 5.12 to ¢; ; and obtain an
isogeny Cent(<p1 (LF), Gz)der — Cent(p(LF), G)der and obtain a lift of s, : SL, —
Cent(¢(LF), G) der t0 @ homomorphism SLy — Cent(¢1,;(LF), G 2)ger» Which together
with ¢y , provides a lift ¢, € ¥ (G,) of ¢.

We have thus proved that ¥+ (G,) — W1 (G) is surjective and induces a surjection
between the sets of Langlands parameters and between the sets of Arthur parameters. To
show that the group H'(Wp, 6) acts transitively on the fibers of this map, consider the
exact sequence (5.1) with action of Ly x SL, given by the quotient map of this group
to W and the corresponding exact sequence of pointed sets

H'(Lp x SL,, C) — U1(G,) - ¥H(G).

According to [Ser97, §5.7, Prop. 42] the group H'\(L p x SLy, C) acts transitively on the
fibers. But since C is a torus, this group is equal to H' (W, C) Finally, the simplicity of
this action comes from Lemma 5.11. O

5.1.3. Endoscopy. We continue with a pseudo-z-embedding | - G - G; - C — 1,
but assume now that G, and hence also G, is quasi-split. As before, we set Z, C Z(G)
to be the preimage of (Z(G)/Z(Gger))[n] and form G, = G/Z,,, G = hm G, and

G —hmG WealsoformG”_GZ/Zn,G _hmGznandG 1(216
For every n we have the exact sequence

1- G, - G;, - C— 1
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Since the composition Z(G;)(F) — Z(G;,)(F) — C(F) is surjective, so must be the
map Z(G;,)(F) — C(F). Thus the above exact sequence is a pseudo-z-embedding.
Dually we obtain the exact sequence

1—>6—>’G\z,n—>/G\n—>l,
and taking the limit over n we arrive at the exact sequence
1-C— Gz -G — 1.

Lete = (H,H, s, §) be a refined endoscopic datum for G. We are going to construct

a refined endoscopic datum ¢, = (H., §,, H;, ;) for G,. Let §, € G, be any preimage
of §. We form #H; and &; using the following pull-back diagram:

1 c Lg, Lg 1
B
1 c H. H 1

Dually, we construct H, as the push-out

Z(G)—— H

|

Z(Gz) — Hz

Lemma 5.14. The quadruple ¢, is a refined endoscopic datum for G ,. Furthermore, the
natural embedding H — H, is a pseudo-z-embedding with cokernel C.

Proof. Let us consider the second statement first. By construction we have the exact
sequence
1-H—-H,—-C—1.

It provides the exact sequence
1—> Z(H)— Z(H;) > C — 1.

The surjectivity of H!(F, Z(H)) — H'(F, Z(H,)) follows from the vanishing of
H'(F,C), and the injectivity of the same map is equivalent to the surjectivity of
Z(H;)(F) — C(F), which in turns follows from the fact that the composition of this
map with the natural inclusion Z(G;)(F) — Z(H;)(F) is equal to the surjective map
Z(G;)(F) — C(F) of Fact 5.5.

To ease notation we now assume % C “G and H, C G, so that & and &, are the
natural inclusions. Let s, € @ be the image of s,. We will argue thate, = (H,, H., s;, &;)
is an endoscopic datum for G. Let s € G be the image of s.
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1. H is quasi-split: This holds because H is quasi-split and contains H der, since the
quotient H,/H is a torus.

2. [51]; is a dual group for H,: Let T# — T be an admissible isomorphism from
a maximal torus of H to a maximal torus of G. We form the push-outs

Z(G) ——TH Z(G) ——TC
Z(G,) —— TH: Z(G,) — TC:

and obtain an 1som0rphlsm TH: — 79 from a maximal torus in H. to a maximal torus
in G,. Let TG< - G be a maximal torus contammg sz. Its image TG in G contains s.
There exists an admissible isomorphism 76: — TG with the following property: The
induced isomorphism 76 — TG when composed with TH — TG identifies the coroot
system RV (T, H) with the root system R(TG H). But in the diagram

TH: XY TGZ

||

TH —— 76

the left arrow induces a bijection RY(T":, H. 2~ RY(TH, H), while the right arrow
induces a bijection R(TG [GZ]O ) — R(TG G s). This implies that the top horizontal
arrow induces a bijection

RY(T":, H)) — R(T%,[G.13).
This shows that [f}\z]ﬁZ is a dual group of H;.

3. 7. is an extension of W by H.: Since LG, — LG is surjective, so is H, — .
Composing the latter map with H — Wp we obtain a continuous surjective map
H, — Wr. Its kernel is the preimage of H in H,. Call this kernel K for a moment.
Then we have the exact sequence of topological groups and continuous homomorphisms

l>K—>H,—> Wp— 1.

We claim that this is an extension, i.e. the induced map H,/K — Wp is an isomorphism
of topological groups. To prove this, we will use the fact that . is locally compact and
o-compact. Indeed, since H is a split extension of Wy by H and both Wr and H are
locally compact and o-compact, so is 7, and so is the product G, x H, of which #,
is a closed subgroup. It follows that H; is locally compact and o -compact, and the open
mapping theorem implies that the surjection H, — Wy is open. This proves the claim
that the natural continuous bijective homomorphism H,/K — WF is an isomorphism of
topological groups.
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Next, one checks that §; restricts to a continuous bijective homomorphism from K to
the preimage of E(H ) in LG, the latter being precisely [G 15 . Now K, bemg a closed

subgroup of H,, is also locally compact and o -compact, so EZ 1K — [G 15 is an iso-

morphism of topological groups. Having already shown in the previous point that [G\Z]?Z

is a dual group for HZ, we conclude that indeed H, is an extension of W by Hz.

4. The extension 1 — H — H, - Wr — 1is split: We know that the extension
1> H—> H— Wr — 1 is split, so we may choose a sphttmg Wr — H, which
we then compose with £ : H — LG and obtain an element a € ZY(Wp, G) According
to Corollary 5.13, a lifts to an element a, € Z' (W, G ), which we interpret as an L-
homomorphism Wz — LG.. Its image is contained in the image of £,. But &, is an
isomorphism of topological groups onto its image, due to the local compactness and o -
compactness of H_, so in the end we obtain a continuous L-homomorphism Wr — H_,
which is just the splitting we were looking for.

5.5. € Z(H)t: Itis enough to show s, € Z(HZ)F. Consider the exact sequence of
Wr-modules R R R
1-C— Z(H,) > Z(H) — 1.

Then s € Z(H)r maps to an element of H' (W, G) whose image in H'(WE, Z(H )
is trivial. By Lemma 5.10 and the already proved fact that H — H; is a pseudo-z-
embedding, we conclude that the image of s in H! (W, C) is trivial, so s can be lifted
to an element of Z (H )I'. But the set of such lifts is a torsor under C clcz (H )T, hence
s, € Z(H ) as claimed.

6. The L-action of Wr on H\Z obtained from the extension #, is the same as the
L-action coming from the rational structure of H;: We have to show that the image of
o € I' in Out(H;) corresponds via the canonical isomorphism Out(H;) = Out(H;) to the
image of Ad(g,) for some g, € LG, mapping to o. For this it is enough to show that the
action of o on RV (T, H,) is translated via the isomorphism T#: — T = to the action
of an element of w - o, where w belongs to the Weyl group of 7C:. The vertical arrows
in the diagram

TH: —_— TGZ

|

TH —— 716
induce bijections of root and coroot systems and Weyl groups. Since the assertion holds
for the bottom map, it also holds for the top. O

There is an inverse construction as well. Let ¢, = (H;, Mg, $;, &) be arefined endo-
scopic datum for G. Then §&; (H ) contains the central torus C and this gives an injec-
tion C — HZ, which dually provides a surjection H; — C. Let H = ker(H; — C),
H = cok(C — H,), let § be the image of JvZAunderZ(HZ) — Z(H) and & be the com-
position of &, with the canonical projection G, — G. One checks that (H, H, s, §) is a
refined endoscopic datum for G in a way similar to the above argument.
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Fact 5.15. The above constructions provide mutually inverse bijections between the iso-
morphism classes of refined endoscopic data for G and those for G ;.

Proof. The assignment (H,, H,, $;,&;) — (H,H, s, &) is a map between the two sets
of isomorphism classes. We claim that the assignment (H, H, s, §) — (H, H, 57, &) is
also a map. We needed to choose a lift 5; of 5. The set of choices is a torsor under CF
which is a connected s}\lbgroup of Z(HZ)+ (because | = HY(F, C) = no(CF)D). The
image of §, in wo(Z(H,)") is thus uniquely determined by § and the claim is proved.
Checking that the two maps are inverses of each other is straightforward. O

Lemma 5.16. Let (H, s, H, &) and (H;, s;, H, &;) correspond under the mutually in-
verse bijections. Then either both are elliptic or both are not.

Proof. By construction of H, the left square below is cocartesian, and applying the left-
exact functor X*(—)I" we obtain the right square below, which is then cartesian.

Z(G) —— Z(H) X*(Z(H))' —— X*(Z(H)T
Z(G;) — Z(H;) X*(Z(G )T —— X*(Z(G)T

The top map of the right diagram provides an isomorphism
ker(X*(Z(H)' — X*(Z(G)") — ker(X*(Z(H)" — X*(Z(G)").

The lemma now follows from the fact that ellipticity of H, resp. H is equivalent to the
corresponding kernel being finite. O

We continue with ¢, = (H,, H;,$;,&;) and ¢ = (H, H, $, §) corresponding under the
mutually inverse bijections. Let 3, = (H,1,&;,1) be a z-pair for ¢;. Thus H; 1 — H; is
a z-extension, whose kernel we denote by K, and &, 1 : H; — LH, | is an L-embedding
extending the embedding H — HZ 1. From 3, we can construct a z-pair § = (H1 , &1) for
¢ as follows: H; is the fiber product of H, | and H over H;, and §; : H — LH, is the
unique factoring of

H, ﬂ) LHZ’l — LH]

through H, — H.

Lemma 5.17.

1. Hy — H; is a pseudo-z-embedding with cokernel C.

2. Hy — H is a z-extension with kernel K.

3. (Hi, &) is a z-pair for ¢ and the map (H; 1, &;1) — (Hi, Sl)from the set of z-pairs
for ¢, to the set of z-pairs for ¢ has fibers which are torsors for Z' (W, C) acting on
the second component of the z-pairs by pointwise multiplication.
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Proof. By construction we have the diagram

1 1
1 K H, H 1
|
1 K H; H, 1
C C
1 1

We see that H; embeds into H, | with abelian quotient, so the derived group of H; equals
that of H, 1. This shows that H; is a z-extension of H. To prove that Hy — H;jis a
pseudo-z-embedding, we only need to show that H; ;(F) — C(F) is surjective. This
follows from the surjectivity of H; 1(F) — H;(F) (which relies on the fact that K is
induced), and the surjectivity of H,(F) — C(F) (as H — H, is a pseudo-z-embedding).
The final point now follows easily from the fact that the kernels of the maps H, — H
and L H, | — L Hj are both equal to C. O

Recall that we are assuming that G, and hence also G, is quasi-split. The bijection of
Fact 5.7 extends to a bijection between the sets of splittings of G and G, as well as a
bijection between the sets of Whittaker data for G and G,.

Lemma 5.18. Lete¢, = (H;, H;, 5;, &) and ¢ = (H, H, 3, &) be refined endoscopic data
for G, and G, whose equivalence classes correspond via the bijections of Fact 5.15. Let
3: = (H;1,&;1) and 3 = (Hy, &) be z-pairs for ¢, and ¢, corresponding as in Lemma
5.17. Let ¢y : G — G’ and Y, : G; — G, be compatible inner twists, as in Fact 5.9. Let
xe€Zu—> W,Z - G)mapto v 'o() € Z\ (T, Gaq). Let w. and ro be Whittaker
data that correspond to each other. If y1 € H\(F) and §' € G'(F) are strongly G-regular
elements, then

A/[nJZ? éZ’ 32? (I/IZ’ x)]()/h 8/) = A/[m’ é? 37 (1//’ x)]()/l, 8/)

Proof. Choose § € G(F) which is stably conjugate to 8" and let y be the image of y;
in H(F).Let T'=Cent(8', G'), T =Cent(8, G), T =Cent(y;, Hy), TH =Cent(y, H).
Each of the groups G, G’, H, H; has the corresponding pseudo-z-inflation, which we
denote by a subscript z, and each of the tori T, T’, TH TH hag a torus corresponding
under the bijections of Fact 5.7, which we will also denote by a subscript z.

We now recall from (4.4) and [KS, (5.5.2)] that A'[w, ¢, 3, (¥, x)](y1, &) is given by

AT (. DALY, O AL (1, 8 ALy (v, §)(inv[x](8, 8'). 5,.5).
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Note that we are dealing with untwisted endoscopy, and A7*" in [KS] is the same as
the original A;. We will now discuss the individual terms and show that they match the
corresponding terms in A'[to;, ¢;, 37, (¥, x)1(v1, ).

Write v = (Bo, x0), where By C G is a Borel subgroup and o is a generic char-
acter of the F-points of the unipotent radical Uy of By. Extend By to a pinning spl =
(Ty, Bo, {Xq}) of G and choose a character xp : F — C* so that xo corresponds
to spl and xr as in [KS99, §5.3]. Let TOH C H be a minimal Levi subgroup. Then €
is the Langlands normalization of the e-factor €7 (X*(Tp) @ C — X*(TOH) ® C, yp).
Analogously, the e-factor in the definition of A’[tvo,, ¢;, 3,, (¥, x)1(y1,8") is given by
€L (X*(To,)) ®@C— X*(TOHZ) ®C, Y¥F), where Ty, C G, and TOHZ C H, correspond to Ty
and TOH as in Fact 5.7. But then Tp ; is an extension of C by Tp, and TOHZ is an extension
of C by TOH . The two epsilon factors above are thus equal, due to their additivity [Tat79,
(3.4.2)].

For the discussion of the remaining factors, we fix the admissible isomorphism
TH — T that sends y to §. It extends uniquely to an admissible isomorphism 7#: — T,.
We furthermore choose a-data and x -data for 7. Since they depend only on the roots, they
work equally well for 7.

The factor A;(y, §) depends on the admissible isomorphism, the splitting spl and a-
data. Since its construction involves only the preimage of T in Gy, which is the same
as the preimage of 7; in G, o = G, we see that this factor matches the corresponding
factor for G,.

The factors Aj; and Ay are also immediately seen to match their counterparts in G,
because they only depend on the chosen x-data and the root values of 5.

The factor Ay, (y1, 8) needs closer attention. We recall briefly its construction, fol-
lowing loosely [KS99, §4.4] but specializing to the non-twisted setting at hand. We
have chosen x-data for T, which we transport via the chosen admissible isomorphism
TH — T to obtain x-data for 7. The surjection 71 — T# induces an L-embedding
LTH _ LTH Tt also induces a bijection on the root systems, so we also obtain x-data
for TH1. These x-data provide, according to the procedure of [LS87, §2.6], admissible
L-embeddings “T — LG and 'TH' — L H|. The admissible isomorphism TH# — T
induces an L-isomorphism T — LTH We obtain the diagram

Tl (5.3)

H( LG 7LT

The dotted arrow is defined to be the unique L-automorphism of LTH: extending the iden-
tity on 71 and making the diagram commutative. The restriction of this L-automorphism
to W is then a Langlands parameter a : Wr — LT and

A y) = (a, y™),

where (-, -) is the Langlands duality pairing. The construction of the term Aj;;;, con-
tributing to A'[vv;, ¢, 3., (¥, x)]1(y1, &) is the same, but involves the analog of diagram
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(5.3) where all objects and arrows have subscript z. This latter diagram surjects onto
(5.3), with the kernel at each node being C.In particular, we see that the composition
of a, : Wr — LTH:1 with the natural projection 27H=1 — LTH js equal to a. The
functoriality of the pairing (-, -) and the fact that y; belongs to the subgroup T (F) of
TH:1(F) now implies that the two versions of Ajyy, agree.

The final term to be compared is (inv[x](8, 8'), $y.s). Here we have inv[x](8, 8 e
H'u — W,Z — T). It is a direct observation that mapping this element into
H'(u — W,Z — T,) gives the same result as mapping § and 8’ into T, (F) and T/(F)
and then computing inv[x](8, §’). At the same time, traci,l\lg thrgugh the definition of §, s

we see that it is the image of 5., 5 under the projection 7; — T. The functoriality of the
duality pairing (—, —) completes the proof. O

5.2. Comparison of LLC:ig(¥r, Xrig) and LLCig (7, Xrig)

We now assume that for all inner twists ¥ : G — G’ of connected reductive quasi-split
groups with connected center, and all X;jg € Z'u - W, Z(G) — G) lifting 1}’ 0(1})
the statement LLCng(I// x) holds. Furthermore, we assume the following natural com-
patibility. If G — G is a pseudo-z-embedding into a group G with connected center
and ¥, : G — G/ is the inner twist compatible with ¥ as in Fact 5.9, then for any
tempered parameter ¢, : Ly — LG, with corresponding ¢ : Ly — G, restriction of
representations provides a bijection I1g, (G’Z) — I (G"), and this bijection is compatible
with the bijection no(S(;) — no(S(;) (see below for an argument why the second map is
bijective). )

Under this assumption, we will show that LLC,;g (¥, x1¢) holds for any connected
reductive quasi-split group G with fixed Whittaker datum to, inner twist ¥ : G — G/,
and x;g € Z'(u — W, Z(G) — G) lifting o (). For this, we choose a pseudo-z-
embedding G — G, such that G, has connected center. This is possible by Corollary 5.3.
Let 1, be the Whittaker datum for G determined by w. Let ¢, : G, — G, be the inner
twist corresponding to ¥ as in Fact 5.9.

Let ¢ : Ly — LG be a tempered Langlands parameter. Choose a tempered Lang-
lands parameter ¢, : Ly — LG, lifting ¢. It exists by Corollary 5.13. Let Iy, (G))
be the corresponding tempered L-packet. All elements of IT,, (G?) have the same cen-
tral character and Fact 5.5 implies that restriction to G’(F) provides an injective map
Iy, (G)) = Miemp(G’). Define I, (G”) to be the image of this map so that we obtain a
bijection

My, (G.) — Myu(G). 54
Applying Lemma 5.12 to each pseudo-z-embedding G, — G, and taking the limit we
obtain the exact sequence

AT + +
1—-C —>S¢Z—>S(p—>1.
Applying the right-exact functor 7y and noting that C" is connected we obtain the iso-

morphism
70(Sg) = mo(S;)). (5.5
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From (5.4) and (5.5) we obtain the bijection
Irr(JTo(S;f), [xrig]) = My (G, (5.6)

A priori the packet I, (G’) and the bijection (5.6) could depend on the choice of the lift ¢,
of ¢, as well as on the choice of the z-embedding G — G .. We claim that this is not the
case. Indeed, any other lift of ¢ is of the form ¢, - ¢, for some ¢. € Z'(Wp, C). Then
7T, > 7, ® Xc is a bijection Iy (G) — Iy, (G), where x. : C(F) — C* is the
character corresponding to ¢.. This bijection is compatible with the identity Sy, = Sy, .¢, -
Since . restricts trivially to G’'(F) we conclude that the packet IT,,(G’) and the bijection
(5.6) are indeed independent of the choice of ¢..

We will now argue that they are also independent of the choice of z-embedding. If
G — G;and G — G, are two z-embeddings, we construct as in Fact 5.6 a common
refinement G,. Then G — G, G; — Gy, and Gy, — G, are pseudo-z-embeddings and
the center of G, is connected. Choose ¢, : Ly — LG, lifting ¢ by Corollary 5.13 and
letg,: Ly — LG, and ¢y :Lp — LGy be the corresponding parameters. We have the
commutative diagrams of bijections

70(S;,) My, (G)
7o(S,),) 70(S5) Ty, (GY) My, (GY)
70(S;) My (G

This together with the natural compatibility of LLC,j; along the pseudo-z-embeddings
G; — Gy and Gy — G, assumed above implies that the set I, (G’) and the bijection
(5.6) provided by G, coincide with those provided by G .

The sets 1, (G”) for various ¢ exhaust IMemp(G’). Indeed, for any 7 € Tiemp(G”)
we can find an extension of its central character to a unitary character x : Z(G,)(F) —
C*. Then m, = m ® x is an extension of 7 to an element 7, € Htemp(G;), which by
LLCyig (¥, Xrig) belongs to some packet Iy (G’). By construction, 7 then belongs to
I1,(G’), where ¢ is the composition of ¢, with the projection LG, — LG. The same
argument also shows that the sets I1,(G’) for various parameters ¢ are disjoint.

We will now argue that the character identity (4.6) holds for the packet I, (G). It will
be more convenient to consider the following formulation:

O 8) = Y AT, &3, (U, i1, ) Ay (1, 8) 20 o (¥D), (57
7
which is equivalent to (4.6), as one sees using the Weyl integration formula. Here
8’ € G'(F) is a strongly regular semisimple element and y; runs over the set of stable
conjugacy classes of strongly regular semisimple elements in H (F).
According to the construction of I, (G), the virtual character ®;vxrig is the restric-

tion to G’'(F) of the virtual character ®fﬂm Yrig of the group G’,(F) for any lift ¢, of ¢.
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In the same way, @élo .1 18 the restriction to H (F) of the virtual character @éﬂo .1 0f
the group H 1(F). Lemma 5.18 implies that the transfer factor A'[rv, ¢, 3, (¥, xﬁg)] re-
mains unchanged if we pass from G’ to G”,. In the proof, we mentioned the much simpler
statement that the factor Ay does not change either. Finally, the set of stable classes in
H; 1(F) of the element y; € H;(F) is the same as the set of stable classes in H;(F). The
identity (5.7) thus follows from the corresponding identity for the parameter ¢, .

6. Changing the rigidifying datum in LLC,;,

In this section we will study the following question: Given a connected reductive group G
defined and quasi-split over F, an inner twist ¢ : G — G’, and two elements X1,rig> X2,rig
e Z'u — W,Z(G) — G) lifting y'o(y) € Z'(I', G,q), what is the relationship
between the statements LLCrig (¥, X1 1rig) and LLCyig (¥, X2,1ig)? The answer will be given
by an explicit relation between the two statements. This relation can be used either to
switch from one normalization to another in applications, or to deduce the validity of one
normalization from the validity of another as a step in the proof of LLC,;g. The latter
situation will occur if one wants to deduce LLC,j; from LLCjy, using the results of the
previous two sections, because not all elements xyjz will come from B(G)pas or B(G;)bas-
This situation would also occur if one wants to deduce LLC,;; using the stabilized trace
formula and the local-global passage established in [Kal].

6.1. Description of H'(W, Z)

In [Kal16b] we studied the cohomology set H 1 (u - W,Z — G), where G is an affine
algebraic group, in particular a torus, and Z is a multiplicative finite central subgroup. In
order to understand how LLCi¢ (¥, x1ig) depends on the choice of x;io, we will also need
to understand the cohomology group H'(u — W, Z — Z), where Z is a multiplicative
finite algebraic group defined over F. This cohomology group is the same as H' (W, Z),
the group of continuous cohomology classes of the topological group W with values in
the finite group Z(F).

Let S be a torus over F, Z C S a finite subgroup, and S = S/Z. We write again
Y = X.(S) and Y = X,(S). The following is part of [Kall6b, diagram (3.6)]:

l— s H' T 2) ™y B> W, Z = Z) 2, Hom(u, Z)"

1 — S H'T, S Bl — W, Z - §) -2 Homu, 2)T

H l 6.1)

H'(,§) —— s H\(I',§) ———— 3 HX(T", 2)

|

1 1
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describing the relationship between H Y(u — W,Z — S) and the usual cohomology
groups H'(T", ) and H'(T", §). We have so far the following diagram that is isomorphic
to diagram (6.1):

1 —— HXI,Y/Y) ? Z YT, YY)
q-! Zz\(r.y) -1 ¥
1 —— H YT, Y) T Z YT, YY)
‘ l 6.2)

H'T,Y)—— H (I, Y) —— H YT, Y/Y)

|

1

Here we are using hats to denote Tate cohomology groups. Since I is not a finite group,
we must explain what we mean by that. We warn the reader that we do not mean the Tate
cohomology groups for profinite groups as defined for example in [NSWO0S, Ch. 1, §9].
Let A be a discrete ['-module that is finitely generated over Z. Then it is inflated from
I'g/F for some finite Galois extension E/F. For any finite Galois extension K /F con-
talnlng E, the identity map C- 1(FE/F, A)=A= C- l(I‘K/F, A) respects the subgroups

!'and B~! and hence produces a map H- l(1"5/1: A — H™ I(FK/F, A). We declare

1(1“ A) to be the colimit of this system. It is easily seen that this colimit stabilizes.
As for degree —2, assume further that A is finite and define H~ (T, A) to be equal to
Hi(T", A). This is the limit of the finite groups H- Z(FK/F, A) = Hi(I'g,Fr, A) with
respect to the coinflation map. It is argued in [Lan83 VI.1] that this limit stabilizes.

The isomorphism H- r,yy — HYI,S) and 1ts analog for S are the
usual Tate—Nakayama isomorphisms. The isomorphism zZ- r, vy/ B~ r,y)y —
Hw > W,Z > S) was constructed in [Kall6b, §4], where also the more ele-
mentary 1somorphlsm Z" r,y /Y) — Hom(u, Z)' is discussed. The isomorphisms

H™2(,Y/Y) - HYT, Z)and H-'(T", YY) — H?(T, Z) are variants of Poitou-Tate
duality and are discussed in [Lan83, VIL.1].

The purpose of this section is to demystify the question mark in diagram (6.2) and the
arrows connecting with it. We claim that

?=C X, ¥/Y)/B>(,¥/Y) =limC*(Tg/r, ¥/ ¥)/B >(Tir, Y/ Y),

where again the limit is taken over all finite Galois extensions K /F through which the
action of I" on Y/ Y factors, and the transition maps are given by coinflation. In diagram
(6.2), the horizontal map going into this term is given by the natural inclusion of zZ2
into C 2, the horizontal map going out of this term is given by the differential, and the
vertical map going out of this term is given by first lifting an element of ? to an element
of C™2(T'g i Y) and then taking the differential. A simple computation shows that all
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these maps respect the relevant transition maps in the direct and inverse systems involved
and that the diagram is commutative. It is also clear that the outer rim of that diagram, i.e.
the sequence

*Z(F Y/Y)

7. ¥ -1/ v
SR TTIi T, Y/Y)— H ', Y/Y) > 1, (6.3)

11— H T, Y/Y) -
is exact. The latter corresponds to the exactness of the part of diagram (6.1) corresponding
to the inf-res sequence [Kall6b, (3.5)] for G = Z.

Recall C— 2(FE/F, Y/Y) Maps(I'g F, Y/Y) and that given such a (— 2) -co-
chain f, its differential is df = Y ,cp, (0~ Lf(o) — f(o)) € C- Tg/r YY)
= Y/Y. Recall further that the coinflation map sends f’ € Maps(T'k/F, Y/Y) to
f € Maps(Tg/p, Y/Y) given by f(o) = Y .., f'(c"). From this formula it is ob-
vious that coinflation is surjective. Moreover, since the first, third, and fourth (co)limits
of the above four-term exact sequence all stabilize, so must also the second term.

Next we define an isomorphism

C X, Y/Y)/B XTI, Y/Y) — H' (W, 2). (6.4)

We choose S so that H!(I", §) = 1 and the map H'(I', Z) — H!(T, S) is bijective.
This is possible according to Proposition 5.2. We claim that then the map H' (W, Z) —
H'(u— W, Z— S) is also bijective. Indeed, its surjectivity is immediate from H!(T", S)
= 1. Its kernel is equal to the image of S(F)=S(HY in H (W, Z) under the connecting
homomorphism. This is the same as the inflation of the kernel of H\(T', Z ) — HYT, ),
which is trivial. A similar argument shows that the map C- 2r,Y/Y)/ B~ 2T, YY) —

Z N1, v)/ B~ W, y)is bijective. We now define (6.4) as the composition of the three
bleCthIlS

CXr,Y/Yy) Z7\(T,V)
—

_ H! W,Z— S H'(W, 2). 6.5
B-2(I,Y/Y) B—I(F,Y)_> o= = 8=~ H{ ) ©)

‘We must now argue that this composition is independent of the choice of S and is functo-
rial in Z. For independence of S, let Z — S; and Z — $> be two choices of S. Let S3 be
the push-out of the diagram S; <— Z — S, which we think of as a quotient of S| x S».
Then Z — S3 given by z — (z, 1) = (1, z) is a third embedding with the same proper-
ties. Moreover, we have the embeddings S1 — S3 and S — S3 given by s1 — (51, 1)
and s — (1, sp). The first one leads to the exact sequence

1= 8 — 85— 851,
from which, by taking W-cohomology, we obtain the exact sequence
S3(F) = So(F) > H'u—> W,Z —> S)) > H'u— W,Z — S3) > H'(T, 5»).

Now S3(F) contains S>(F) which surjects onto S»(F), while HY(T', ;) = 1, and we
conclude that H'(u — W, Z — S;) - H'(u — W, Z — $3) is bijective. In the same
way we conclude that H@w—> W,Z > $) > Hu - W,Z > S$3)is bijective.
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This, together with the fact that all maps in (6.5) are functorial in S, proves that S; and S»
lead to the same isomorphism (6.4).

The proof of functoriality of (6.4) in Z is similar. Given Z; — Z», choose embed-
dings Z; — S; and Z, — S, and take S3 to be the push-out of S| <— Z; — S>. Then
we obtain the exact sequence

1—>Zz—>53—>§1><§2—>1.

The map S3(F) — S2(F)x §;1(F) is surjective, because its composition with the obvious
map S1(F) x S2(F) — S3(F) gives the surjective map S; (F) x S2(F) — §1(F) x S(F).
Moreover, H(T", §; x S5) = 1. Thus we may construct the isomorphism (6.4) for Z, by
using (6.5) with the embedding Z, — 3. But we now have the morphism [Z]; — S1] —
[Z, — S3] of embeddings and the functoriality of (6.4) follows from the functoriality of
the three arrows in (6.5).

Although we will not need this, we remark that there is an explicit formula for the
isomorphism (6.4) that does not involve a choice of S. In order to give it, we will use the
notation established in [Kall6b, §4.4—4.6]. In particular we have the exhaustive tower
of finite Galois extensions Ei/F, a cofinal sequence ny € N (which we may spec-
ify to be ny = [Er : F]), a l-cocycle ¢ € Z2(FEk/F, E,j) representing the funda-
mental class, and an ng-th root map I : F* — F . This data leads to explicit el-
ements & € Z2(T, u Ex/F,n;) given by [Kall6b, (4.7)] and thus to explicit extensions
Wi = ug,/Fn R, I'. There are also surjective transition maps Wy1 — Wj and the limit
of this system is W.

In order to give the intrinsic formula of (6.4), we first replace the finite I"'-module
Y /Y, which a priori depends on the choice of S, by the isomorphic module AV =
Hom(X*(Z), Q/Z). Let [A] € 6_2(1", AY). Choose k large enough so that exp(Z) | ng
and let [A¢] € 6_2(FE,{/F, AY) be the image of [X]. Then the map

i) - W — Z(F), xRo > Buz 1.k (X) - (—dlkck U, F D) (o),

is an element of Z'(Wy, Z). In the first factor on the right we are using the isomorphism
[AV]NEk/F — Hom(ug,/F n, Z)T' discussed in [Kall6b, beginning of §4.6] to obtain
®4(5.,1.k- In the second factor on the right Lig, /¢ is the unbalanced cup product of [Kal16b,
§4.3] and we are using the isomorphism AY = Hom(uy, , Z). One can check that the
inflation of the class [Z[Xk]] to an element [zm] e H\(W, 2) is independent of the choice
of k and that [A] > [z(5;] is an explicit realization of (6.4). This formula for 2[5, follows
directly from (6.5) and the corresponding formula for zj ;, from [Kall6b, beginning of
§4.6]. However, we will not need it and shall therefore skip the details.

6.2. From isomorphism to duality

In this section we are going to explicitly describe the Pontryagin dual of the commutative
diagram (6.2).
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Let again S be a torus over F, Z C § a finite subgroup, and S‘Az S/Z.LetY = X, (S)
and Y = X,.(S). We consider the dual tori S= Hom(Y, C*) and § = Hom(Y, C*). They
form the isogeny R

1->Z—>8—>585—1
with Z = Hom(Y /Y, C*) being the Pontryagin dual of Z. We claim that the Pontryagin
dual of diagram (6.2) is

|« H\(T, Z) —— Z\(I, Z) «=*_ &, Z)/B°(T", )

| |

1 +—— HOT, S) +—— mo([S]H) «—— CO(T", Z)/B°(T", Z) (6.6)

| T

-~

HO(T, §) «—— HOT, §) «—— HOT, 7)

Here we have defined H 0(I", —) in the same way as we defined H! (I", —) in the pre-
vious section—as the colimit with respect to the transition maps induced by the identity
CO(FE/F, A = A = CO(FK/F, A) for any tower K /E/F of finite Galois extensions
with A being inflated from I'g/F.

In the middle term of the diagram, [S]T is again the preimage in S of ST We have
written d for the obvious differentials, and § for the connecting homomorphism. We are
forced to place minus signs in order to obtain the correct duality, as we shall now see.

To describe how each term of this diagram is the Pontryagin dual of the corresponding
term in diagram (6.2), we begin with the term involving S and §. We have the natural
pairing ¥ ® S — C*.If we write N for the norm map of the action of I'g/, where E/F
is any finite Galois extension splitting S, then the kernel of N inY is the exact annihilator
of the image of N 1n S, the latter happening to be ST°. At the same time, [ g/FY is the
exact annihilator of ST This explains why the bottom left square in diagram (6.6) is dual
to the bottom left square in diagram (6.2). To describe the terms involving Z we use the
following.

Lemma 6.1. Let A be a finite group and let A and B be finite A-modules in duality. For
any i > 0, cup product induces perfect duality of finite groups

C YA, A @ Cl(A,B) > C (A, Q/7) = Q/Z

under which Z7='(A, Ayt = Bi(A, B) and B==1(A, A)L = ZI(A,B). IfA' — A
is a surjection of finite groups, then

a Uinf(b) = inf(coinf(a) Ub), a e C'~(A’,A),be C'(A, B).

Proof. The perfect duality and the compatibility with inflation and coinflation can be
seen by a direct computation using the formula for the cup product. The statement about
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annil,lilators comes from the formula da U b + (—=1)tla Udb = d(a U b) and the fact
that B~!(A, Q/Z) = 0. O

This lemma shows that each term in diagram (6.6) involving Z is dual to the correspond-
ing term in (6.2). To show commutat1v1ty, we reinterpret the natural pairing ¥ ® S — Cx
as the pairing Cc- l(FE/F, Y)® ol Te/r, S) - C- l(I‘E/F C*) given by the cup prod-
uct, where E/F is any finite Galois extension splitting S. The commutativity of the di-
agram now follows from the formula da U b + (— 1)i*tla Udb = d(a U b) and the fact
that B~ (A, Q/Z) = 0. The occurrence of (—1)*! in this cup product formula is what
forces the appearance of the minus signs in (6.6).

6.3. Switching between normalizations

We will now discuss the effect of changing the rigidifying element x;;z of the rigid in-
ner twist (¥, Xxiig) on the statement LLCyig(V/, Xig). Let ¥ : G — G’ be an inner
twist and X1 rig, X2,rig € Z'wu — W,Z(G) — G) be elements lifting vlow) e
Z\(T, Gaq). Given a tempered Langlands parameter ¢ : L — LG we have the state-
ments LLCyig (Y, x1,1ig) and LLC,ig (¥, X2 1ig), €ach of which leads to one of the two bi-
jections

It (o (S)), [*15ig]) = Tp(G') < Trr(mo(S;)), [x2.rig)).-

We will now describe an explicit bijection
Irr(mo(S;)), [xX1.4ig]) = Trr(mo(S;)), [x2.1ig)), (6.7)

and then argue that this bijection is compatible with the above two bijections in the ob-
vious way.

For this let n be large enough so that x1 sg, X2,rig € Zl(u — W, Z, — G), and their
images in ZY(T, G,,) become cohomologous. Then there exists y € ZY (W, Z,) with
X2rig = Y - X1,rig. We have the exact sequence

1—>Z,—>6n—>6_>1,

where we have defined 21 to be the kernel of the projection 6,1 -~ G , which is at the
same time the Pontryagin dual of Z,. On this sequence we have an action of Lp via
Adog. Since each element of Irr(m)(S+) [xi rig]) kills the kernel of G — Gn, we may re-
place S+ with its image in G,,, which we do without change in notation. We have SJr °
ZO(LF, G,,), which implies that the differential d : CO(LF, Gn) — CY(Lp, G,,) when
restricted to the subgroup S , factors through no(S+) and takes image in Z! (L, Z,l)
The action of LF on 2 by Ado ¢ is 1nﬁated from Wg and is the same as the action
of Wg on Zn commg from the I"- structure on G Moreover, since Z is finite, we have
ZYLp, Z W) = ZV(WE, Zn) = Z (T, Z ). The differential thus leads to a group homo-
morphlsmd JT()(S+) - ziT, Z, ). The element [y] € H\W,Z ») provides a character
on Z!(T, Z, ) as discussed in Subsection 6.2. Via the negative differential —d, we pull
this character to a linear character JTQ(S;,r ) — C*. The bijection (6.7) is given by tensor
product with this linear character.
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Lemma 6.2. Assume the validity of LLC,ig(, x2,1ig). Then the composition of the bi-
Jection Irr(rro(S(j), [x2.5ig]) — T, (G') with the bijection (6.7) is the unique bijection
Irr(no(S+), [x1,rg]) — T (G’) that makes LLCig (Y, X1 1ig) true.

Proof. Consider the left-hand side of (4.6) for the two rigid inner twists (1// X1,rig) and
(¥, x2,1ig). Let us denote the two functions occurring there by f* &1 and fe ¢2 The con-
dition of matching orbital integrals together with Lemma 6.3 below implies f* €2 —
([y], (=d)s) f& el Looking at the right-hand side of (4.6) and its definition (4.5) we con-
clude that LLCig (¥, x1,1ig) is equivalent to the equation

(7,8)207 = (Y], (=d)§) Y (#.§)104,

T, (G') 7€My (G))

where we have inserted the subscripts 1 and 2 to distinguish between the two pairings
coming from the two statements LLCiig (v, x1,1ig) and LLCjg (¥, X2 1ig). The linear in-
dependence of the characters of tempered representations of G'(F) implies (1, $), =
([¥], (=d)s)(m, s)1. Since this is true for all s € no(S;'), we are done. m]

In order to complete the proof of Lemma 6.2 we must state and prove Lemma 6.3,
which tells us how the transfer factor (4.4) changes when we switch from x rig to X2 rig.
For this we take a second look at the complex number ([y], (—d)s). It can be reinter-
preted as follows. Let ¢ = (H, H, s, &) be the refined endoscopic datum associated to
(¢, $), as explained in Subsection 4.1. We map Z, under Z(G) — Z(H) and form
H = H/Z,. If we restrict the dlfferentlal d: CcoT, Z(H)) — (T, Z(H)) to the
subgroup Z(H)+ C CO(F Z(H)) then it kills the connected component Z(H)+ ° =
Z(H)F ° ¢ zo(T, Z(H)) and its image belongs to ZN(T, Z ). We can thus map the
element § € 7o(Z(H )+) of the refined endoscoplc datum ¢ under the negative of this
differential and obtain an element (—d)s € Z!(T, Z »). We can then pair this element
with the class of y in H'(W, Z,) using the duality discussed in Section 6.2 and obtain
the complex number ([y], (—d)s). Of course, this coincides with the previous definition
of ([y], (—d)s), but this interpretation makes the following lemma independent of the
previous discussion.

Lemma 6.3. We have

A/[mv és 37 (1/[7 x2,ng)] = ([y]! (_d)s‘)A/[ms és 55 (I/f’ xl,rig)]-
Proof. Let y; € Hi g.(F) and 8’ € G .(F) be a pair of related elements and fix § €
G (F) stably conjugate to 8. Then according to (4.4) we have
Allv, &, 3, (Y, x25i)](11,8)  (inv[x2,4ig](8, &), $ 5)
A'lw, &3, (¥, X1y, 8)  (inv[x1 1igl (8, '), $,.5)

Both inv[x; 1ig](8, 8") and inv[x1 ig](8, §') are elements of H'u— W, Z, — S), where
S C G is the centralizer of 8. The difference inv[x2 1ig](8, 8") — inv[x1 1ig](8, 8') is equal
to the image of [y] € H!(W, Z,). It follows that the right-hand side above is equal
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to ([y], §,.,s). According to diagram (6.6), we would get the same result if we mapped

Sy.8 € no([§]+) to the group Zl(F, Zl) \/f\ia —d and then paired the result with [y] €
H'(W, Z,). The image of 5,5 in Z!(I, Z,) is the same as the image of § under the
differential —d : 7o(Z(H)1t) — ZN(T, Zl) and we see that the right-hand side is equal
to ([y], (—d)s), as claimed. m]
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