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Abstract. Precise asymptotics for Christoffel functions are established for power type weights on
unions of Jordan curves and arcs. The asymptotics involve the equilibrium measure of the support
of the measure. The result at the endpoints of arc components is obtained from the corresponding
asymptotics for internal points with respect to a different power weight. On curve components
the asymptotic formula is proved via a sharp form of Hilbert’s lemniscate theorem while taking
polynomial inverse images. The situation is completely different on arc components, where the
local asymptotics is obtained via a discretization of the equilibrium measure with respect to the
zeros of an associated Bessel function. The proofs are potential-theoretical, and fast decreasing
polynomials play an essential role in them.
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1. Introduction

Christoffel functions have been the subject of many papers (see e.g. [12], [13], [18],
and the extended reference lists there). They are intimately connected with orthogonal
polynomials, reproducing kernels, spectral properties of Jacobi matrices, convergence of
orthogonal expansion and even random matrices (see [5], [13] and [18] for their vari-
ous connections and applications). The possible applications are growing, for example
recently a new domain recovery technique has been devised that uses the asymptotic be-
havior of Christoffel functions [6]; and in the last years several important methods for
proving universality in random matrix theory were based on them [2], [8], [9], [10]. The
aim of the present paper is to complete, to a certain extent, the investigations concerning
their asymptotic behavior on Jordan curves and arcs.

Let 1 be a finite Borel measure on the plane such that its support is compact and
consists of infinitely many points. The Christoffel functions associated with p are defined
as

iz = int [ 1PP du, (L.1)

n(z0)=1

where the infimum is taken over all polynomials of degree at most » that take the value 1
at z. If px(z) = px(u, z) denote orthonormal polynomials with respect to u, i.e.

/Pnp_mdl/« = 811,’7[5

then A, can be expressed as

) =) k@)
k=0
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In other words, A~ (u, z) is the diagonal of the reproducing kernel
n —
Kn(z,w) =Y pe(2)pr(w),
k=0

which makes it an essential tool in many problems. It is easy to see that, with this repro-
ducing kernel, the infimum in (1.1) is attained (only) for

K}’l (Zs ZO)

Pne) = K, (20, 20)

(see e.g. [20, Theorem 3.1.3]).

The earliest asymptotics for Christoffel functions for measures on the unit circle or
on [—1, 1] go back to Szeg6 [21, Th. T, p. 461]. He established their behavior outside
the support of the measure, and for some special cases he also found that behavior at
points of (—1, 1). The first result for a Jordan arc (a circular arc) was given in [4]. By
now the asymptotic behavior of Christoffel functions for measures defined on unions of
Jordan curves and arcs I' is well understood: under certain assumptions we have, for
points z € I that are different from the endpoints of the arc components of I',

w(zo)

_— 1.2
wr(zo) (12

nli)rgo nhp (1, z0) =
where w is the density of x with respect to the arc measure sp on I', and wr is the density
of the equilibrium measure (see below) with respect to sr. For the most general results
see [22] and [24].

What is left is to decide the asymptotic behavior at the endpoints of the arc compo-
nents. It turns out that this problem is closely related to the asymptotic behavior away
from the endpoints, but for measures of the form du(x) = |z — z9|*dsr(z), « > —1, and
the aim of this paper is to find these asymptotic behaviors. When w is of the latter form,
we shall show (for the exact formulation see the next section)

1 a+1 a+3
: 14a _ a+1
IR 20 = e F( 2 )F< 2 ) -

when zq is not the endpoint of an arc component of I, while at an endpoint

. Mo+ DHIN'(a+2)
2042
nl1m n AL, 20) = M (T 200242 "

where M (T, zg) is the limit of v/[z — zo| wr(z) as z — 7 along T".

This paper uses some basic notions and results from potential theory. See [1], [3], [16]
or [19] for all the concepts we use and for the basic theory. In particular, vr will denote
the equilibrium measure of the compact set I".

Since the asymptotics reflect the support of the measure, in all such questions a global
condition is needed, stating that the measure is not too small on any part of I (for example,
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if u is zero on any arc of I, then (1.3) does not hold any more). This global condition is
the regularity condition from [19]: we say that p, with support I', belongs to Reg if

( | Pl )””
sup| ———— — 1
Py \MPall2)

as n — oo, where the supremum is taken over all polynomials of degree at most n, and
where || P, ||r denotes the supremum norm on I". The condition says that in the n-th root
sense the L°° (i) and L?(i) norms are almost the same. The assumption i € Reg is very
weak—see [19] for several reformulations as well as conditions on the measure u that
imply € Reg. For example, if I" consists of rectifiable Jordan curves and arcs with arc
measure st, then any measure d u(z) = w(z)dsr(z) with w(z) > 0 sr-almost everywhere
is regular in this sense.

Actually, it is not even needed that the support I" of the measure p be a system of
Jordan curves or arcs: the main theorem below holds for any I" that is a finite union of
continua (connected compact sets). However, it is needed that z¢ lies on a smooth arc J
of the outer boundary of I'; the outer boundary of T" is the boundary of the unbounded
connected component of C \ T'. It is known that the equilibrium measure vr lives on the
outer boundary, and if J is a smooth (say C'-smooth) arc on the outer boundary, then
on J the equilibrium measure is absolutely continuous with respect to the arc measure s
on J: dvr(z) = wr(z)dsy(z). We call this wr the equilibrium density of T'.

The following theorem describes the asymptotics of the Christoffel function at points
that are different from the endpoints of the arc components/parts of I" (see Figure 1 for
illustration).

r

Fig. 1. A typical situation where Theorem 1.1 can be applied.

Theorem 1.1. Let the support I of a measure . € Reg consist of finitely many continua,
and let zq lie on the outer boundary of T'. Assume that the intersection of T" with a
neighborhood of zg is a C 2_smooth arc J which contains zo in its (one-dimensional)
interior. Assume also that in this neighborhood du(z) = w(z)|z — z0|“dsj(z), where w
is a strictly positive continuous function and o« > —1. Then

: (z0) o+ 1 a+3
lim 1", (1, 20) = ———__petip r : 1.4
Jim A (1, 20) (oo (20))° 1 2 > (1.4)

The second main theorem of this work is about the behavior of the Christoffel function at
an endpoint (see Figure 2). If z¢ is an endpoint of a smooth arc J on the outer boundary
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20

Fig. 2. A typical situation where Theorem 1.2 can be applied.

of ', then at zg the equilibrium density has a 1/4/|z — zo| behavior (see the proof of
Theorem 1.2), and we set

M@, z9):= lim /|z— zo|or(2). (1.5)
=20, z€l

Theorem 1.2. Let I" and u be as in Theorem 1.1, but now assume that the intersection
of T with a neighborhood of zq is a C*-smooth Jordan arc J with one endpoint at z.
Then

w(zo)

GM(T. zgypar2 ! @+ DI +2). (1.6)

lim n2*25, (u, z0) =
n—od
These results can be used, in particular, if the measure is supported on a finite union of
intervals on the real line, in which case the quantities wr (x) and M (I, x) have a rather
explicit form. Let ' = Uf"zo[az j»azj+1] with disjoint a3, azj+1]. Then the equilibrium
density of I" is (see e.g. [23, (40), (41)] or [19, Lemma 4.4.1])

12" 1x — 2
wr((x) = ,  x €lInt(I), (L.7)

2ko+1
Hj:oo lx —aj|

where A; are the solutions of the system of equations

az+2 ko 1(t — 1)
/ =0,...,k— 1. (1.8)
a

i /ng
It can be easily shown that these A;’s are uniquely determined and there is one A; on every
contiguous interval (az;41, a2j+2). Now if a is one of the endpoints of the intervals of I,
say a = aj,, then
[T a — 21
M[T,a . 1.9
I a) = \/l_[ T - (1.9)
=1, J#Jo 4j

This whole work is dedicated to proving Theorems 1.1 and 1.2. Actually, the latter will
be a relatively easy consequence of the former, so the main emphasis will be on proving
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Theorem 1.1. The main line of reasoning is the following. We start from some known
facts for simple measures like |x|*dx on the real line, and get some elementary results for
a model case on the unit circle via a transformation. Then we deduce from these simple
cases that Theorem 1.1 is true for lemniscate sets, i.e. level sets of polynomials. This
part will use the polynomial mapping in question to transform the already known result
to the given lemniscate. Then we prove the theorem for finite unions of Jordan curves.
Recall that a Jordan curve is a homeomorphic image of a circle, while a Jordan arc is a
homeomorphic image of a segment. From the point of view of finding the asymptotics of
Christoffel functions there is a big difference between arcs and curves: Jordan curves have
interior and can be exhausted by lemniscates, so the polynomial inverse image method of
[23] is applicable for them, while for Jordan arcs that method cannot be applied. Still, the
pure Jordan curve case is used when we go over to a I' which may have arc components,
namely it is used in the lower estimate. The upper estimate is the most difficult part
of the proof; there Bessel functions enter the picture, and a discretization technique is
developed where the discretization of the equilibrium measure of I' is done using the zeros
of appropriate Bessel functions combined with another discretization based on uniform
distribution. Once the cases of Jordan curves and arcs have been settled, the proof of
Theorem 1.1 will easily follow by approximating a general I' by a family of Jordan curves
and arcs.

2. Tools

In what follows, || - ||x denotes the supremum norm on a set K, and sr the arc measure
on I" (when I consists of smooth Jordan arcs or curves).

We shall rely on some basic notions and facts from logarithmic potential theory. See
the books [1], [3], [16] or [17] for detailed discussion.

We shall often use the trivial fact that if @, v are Borel measures, then © < v im-
plies A, (i, x) < An(v, x) for all x. It is also trivial that A, (u, z) < u(C) (just use the
identically 1 polynomial as a test function in the definition of 1, (i, z)).

Another frequently used fact is the following: if {n;} is a subsequence of the natural
numbers such that ny1/nxy — 1 as k — oo, then for any « > 0,

liminf n* A, (2, x) = liminf n A, (11, X). 2.1
n—oo k—o00

limsup n*A, (i, x) = imsup nf Ay, (i, X). 2.2)
n— 00 k— 00

In fact, since X, (i, x) is a decreasing function of n, for ny < n < ny4; we have

(n/nk+1)’(n2+])\nk+| (e, x) < nK)Ln(/'L» x) < (n/nk)’(nz)"nk (e, x),

and both claims follow because n/ny; and n/nj41 tend to 1 as n (or ng) tends to infinity.

2.1. Fast decreasing polynomials

The following lemmas on the existence of fast decreasing polynomials will be a constant
tool in the proofs.
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Lemma 2.1. Let K be a compact subset of C, Q the unbounded component of C \ K
and let 7o € dK2. Suppose that there is a disk in 2 that contains z( on its boundary. Then,
foreveryy > 1, there are constants c,,, C,, > 0 and for every n € N polynomials S, ;, x
of degree at most n such that Sy 7,k (20) = 1, |Su,z0,x @)| < 1 forall z € K, and

|Sp20,k ()| < Cpe k=2l 7 e k. 2.3)
For details, see [22, Theorem 4.1]. This result will often be used in the following form.

Corollary 2.2. Under the assumptions of Lemma 2.1, for every 0 < t < 1 there exist
constants c;, C, 19 > 0 and for every n € N a polynomial S, ,, k of degree o(n) such
that Sy 7, k(z0) = 1, |Sn,z0,k (@) < 1 forall z € K, and

|Sn,20.k @) < Coe™"™ |z —zo] =7 24)

Proof. Let ¢ > 0 be sufficiently small and select y > 1 sothat1 — e — ty > 0. Lemma
2.1 tells us that there is a polynomial P, with deg(P,) < n'~¢ such that

_ 1—(e+ty) _
|Py(2)| < Cpe= ™ Tz =zl = 07T,

and this proves the claim with S, ;) k = Py. O

There is a version of Lemma 2.1 where the decrease is not exponentially small, but starts
much earlier than in Lemma 2.1.

Lemma 2.3 ([25, Lemma 4]). Let K be as in Lemma 2.1. Then, for every § < 1, there
are constants cg, Cg > 0, and for everyn =1, 2, ... polynomials P, of degree at most n
such that P, (z9) = 1, |Py(2)| < 1 forz € K, and

|Pu(2)] < Cge—cp=al e g (2.5)

It will be convenient to use these results when n > 1 is not necessarily an integer (formally
one has to take the integer part of n, but the estimates will hold with possibly smaller
constants in the exponents).

2.2. Polynomial inequalities

We shall also need some inequalities for polynomials that are used several times in the
rest of the paper.
We start with a Bernstein-type inequality.

Lemma 2.4 ([22, Corollary 7.4]). Let J be a C? closed Jordan arc and Jy a closed
subarc of J having no common endpoint with J. Then, for every D > 0, there is a
constant Cp > 0 such that

|Py(2)| < Cpnl|Pylly, dist(z, J1) < D/n,
for any polynomials P, of degreen = 1,2, ....

Next, we continue with a Markov-type inequality.
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Lemma 2.5. Let K be a continuum. If Qy, is a polynomial of degree at mostn = 1,2, ...,
then

e
10,k < mnzugnum (2.6)

where cap(K) denotes the logarithmic capacity of K. In particular, if K has diameter 1,
then

10,1l < 2en*[|Qullk .- 2.7

For (2.6) see [15, Theorem 1], and for the last statement note that if K has diameter 1,
then its capacity is at least 1/4 [16, Theorem 5.3.2(a)].
Next, we prove a Remez-type inequality.

Lemma 2.6. Let T be a C' Jordan curve or arc, and assume that for everyn = 1,2, ...,
Jn is a subarc of T, and J} is a subset of J, such that

se(In \ ) = o™ Hsr (),

where sp denotes the arc-length measure on I'. Then, for any sequence {Q,} of polyno-
mials of degree at mostn = 1,2, ..., we have

1Qnlls, = (A +o00NIQnlly:- 2.8)

Proof. tis clear from the C! property that sp(J,) ~ diam(J,,) uniformly in J, (meaning
that the ratio of the two sides lies between two positive constants).

Make a linear transformation z — Cz such that, after this transformation, the arc f,,
that we obtain from J,, has diameter 1. Under this transformation J* goes into a subset J*
of J, for which L _

57, (n \J) = 0(™)s 5 (). 2.9)
and Q, changes into a polynomial O, of degree at most n. (2.8) is clearly equivalent to
its "-version.

Let M = |0y i By Lemma 2.5, the absolute value of Q;l is bounded on J,

by 2en’M, hence if z, w € fn, then

104(2) = Qn(w)| < 2en*Ms; (Zw), (2.10)

where zw is the arc of J, between z and w. By the assumption (2.9) for every z € J,
there is a w € J;7 with

s; @) = o(n?)sj (Jn) = o(n™?)

because sjn(fn) ~ diam(J,) = 1. Choose here z € J, such that |Q,(z)] = M. Since
| 0n(w)] =< |Qull j from (2.10) we get

M = 104()| < 1Qullj; + 0(HM,

and the claim follows. O
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We shall frequently use the following so called Nikolskii-type inequalities for power type
weights. Here, we say that a Jordan arc is C!'*-smooth if it is C'*?-smooth for some
0 > 0.

Lemma 2.7. Let J be a C'F-smooth Jordan arc and let J* C J be a subarc of J which
has no common endpoint with J. Let 7o € J be a fixed point, and for « > —1 define the

measure vy on J by dvy,(u) = |u — zo|“dsj(u). Then there is a constant C depending
only on o, J and J* such that for any polynomials P, of degree at mostn = 1,2, ... we
have
1Pallss < Cn 2| Py g,y if @ =0, (2.11)
1Palls+ < Cn' 2| Pyl 2y, if -1 <a<0. (2.12)

The same is true if dvy(u) = wu)|u — zo|“dsy(u) with some strictly positive and con-
tinuous w.

Proof. In view of [26, Lemmas 3.8 and Corollary 3.9] (and the fact that v, is a doubling
weight in the sense of [26]), uniformly in z € J* we have for large n the relation

AV, 2) ~ Va(h/n(Z)L

where [/, (z) is the arc of J consisting of those points of J that lie at distance < 1/n
from z. Then

vo(li/n(2)) = ¢/n'™ ifa >0,

Vo (l1/n(2)) = ¢/n if—1 <a <0,

with some positive constant ¢ which depends only on «, J and J*. Therefore we have,
forall z € J*,

AnWey2) = c/n' T ifa >0, (2.13)
(v, 2) = c/n if—1 <a <0. (2.14)
For example, (2.13) means that if « > 0 and |P,(z)| = 1 for some z € J*, then
necessarily
n1+a

/|Pn|2dvazl,
c Jy

which is equivalent to saying that for any P, and z € J*,

n]

+a ) )
[ v = 18,08,
c Jy
and this is (2.11). In a similar manner, (2.12) follows from (2.14).
It is clear that this proof does not change if v, is as in the last sentence of the lemma.
O
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Lemma 2.8. If o > —1, then there is a constant Cy such that for any polynomial P, of
degree at most n,

I Palli=1,17 < can“*“*)”( /

1 1/2
| P, (x)|2|x|°‘ dx) with a® = max(1, ). (2.15)

Proof. We follow the preceding proof, but now J = J* = [—1, 1]. Let z0 = 0, A, (z) =
1/n?ifz € [-1,—1+ 1/n*lorz € [1 —1/n% 1], and A,(z) = V1 —22/nif 7 €
[—1+ 1/n%,1 = 1/n2). If now [1/,(2) = [z — An(2), 2 + An(2)] N [—1, 1], then [26,
Lemmas 3.8 and Corollary 3.9] state that for dv, (x) = |x — z0|%dx = |x|*dx on [—1, 1]
we have

In e, 2) ~ v/ (2)).
Then
vo(li/n(2)) = emin(1/n%, 1/n'™) ifa >0,
Ve (l1/n(2)) = ¢/n? if —1 <a<0,
with some positive constant c. Hence,
An(Ves 2) = ¢/n? if—1<a<l,
I, 2) = ¢/n'*ifa > 1,
from which (2.15) follows exactly as before. O

The Nikolskii inequalities can be combined with the following estimate to get an upper
bound for the extremal polynomials that produce 1, (u, 2).

Lemma 2.9. Under the assumptions of Theorem 1.1 we have
A, 20) < Cn~ @D

with some constant C that is independent of n.

Proof. Just use the polynomials P, from Lemma 2.3 with 8 = 1/2 and K = T'. Let
8 > 0be so small that in the §-neighborhood of zg we have d(z) = w(z)|z—z0|*dsr (2)-
Outside this §-neighborhood, |5y, -, r| is smaller than Cg exp(—cg &)%), so

2 2
/ |SnzrPdp < € / e 280D e gy 4 2809 < el

which proves the claim. O

We close this section with the classical Bernstein—Walsh lemma [27, p. 77].

Lemma 2.10. Let K C C be a compact subset of positive logarithmic capacity, let Q
be the unbounded component of C \ K, and gq the Green’s function of this unbounded
component with pole at infinity. Then, for polynomials P, of degree atmostn = 1,2, ...,
and for any z € C,

|Pu(2)| < &"52@ P | k.
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3. The model cases

3.1. Measures on the real line

Our first goal is to establish asymptotics for the Christoffel function at 0 with respect to
the measure diu(x) = [x|*dx, x € [—1, 1]. We do this by transforming some previously
known results.

In what follows, for simpler notation, if du(x) = w(x)dx, then we write A, (w(x), z)
for A, (i, z).

Proposition 3.1. For a > —1 we have

lim n2“+2kn(|x|“|[0 1 0) =T(@+ DI (@ +2). (3.1
n—od ’
Proof. Tt follows from [10, (1.10)] or [9, Theorem 4.1] that
lim 72", (1 - Oy 1) = 2@+ Dl (a + 2), (3.2)
n—oo ’
from which the claim is an immediate consequence if we apply the linear transformation
x— (1 -x)/2. O
Proposition 3.2. For « > —1 we have
- +1 _
Jim T, (1x1| ) ). 0) = L. (33)
where . 3
L 2a+1r<a; >F<°‘42F ) (.4)

Proof. In this proof, whenever we write P,, R, etc. for polynomials, it is understood that
the degree is at most n.
We use the fact that (for continuous f)

1 1
/ FOOIx|" dx = / FOHx* T dx. (3.5)
0 —1

Assume first that Py, is extremal for A2, (|x|* ‘[71 " 0), i.e. P2, (0) = 1 and

1
L | PPl d = han (61|, 1. 0).

Define
Py (x) + Pay(—x)

2
Then R,,(0) = 1, and Ry, is a polynomial in x2, hence Ry, x) = R,’:(xz) with some
polynomial R} for which R*(0) = 1 and deg(R;}) < n. Now we have

Ry (x) =

1 1 1
/1|Rzn(x>|2|x|“dx=/l|R;':<x2>|2|x|“dx=/0 |R: (0P |x| @D/ dx

z )‘"(|x|(a71)/2|[0,1]’ 0).
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By the Cauchy—Schwarz inequality and the symmetry of the measure |x|* dx,

1 1 1
/1 | R (1) |x|% dx < 3 / 1<|Pzn(x)|2 + 2| Poy (X)| | Pan (—=x)| + | P2 (=) )] x|* dx

IA

1 1
Ef | Pan () Pl dx
—1

1/ ¢! 12/ o1 12
+§</ |Pzn(x>|2|x|°‘dx) (/ |Pzn<—x>|2|x|“dx)
—1 —1

1
= [ 1Bw P dx = 2,51, 0).

Combining these two estimates, we obtain
(a—1)/2 o
Jn (1] |[o,1]’0) < 2an (|| |[71,1]’0)'

On the other hand, if now P, is extremal for A, (x|~ /2| 0.1 0), then

1 1
An(|x|<“—”/2}[0”,o)=f |Pn<x>|2|x|<“—”/2dx=/ | P (%) P1x|* dx
’ 0 1

> )‘-2n(|x|a|[_],1]a O)a
therefore we actually have
A (11702 13, 0) = dan (161 13, 0), (3.6)

from which the claim follows via Proposition 3.1 (see also (2.1) and (2.2) with ny = 2k).
Note also that this proves that if P, (x) is the n-th degree extremal polynomial for the
measure |x|(“_1)/ 2}[0 l]dx, then P,(x?) is the 2n-th degree extremal polynomial for the

measure |x|* |[—1 1]d)c. ]

3.2. Measures on the unit circle
Let ut be the measure on the unit circle T defined by dut(e'’) = wr (e’ )dt, where
|62it + 1|0£ |e2it _ 1|

2 5 , te[-mm). 3.7

wr(e') =

We shall prove '
lim n®t A, (ur, €7/%) = 2911, (3.8)

n—oo
where L, is from (3.4), by transforming the measure w into a measure p[—p,1j supported
on [—1, 1] and comparing the Christoffel functions for them. With the transformation
é'' — cost, we have

b/

1
f(cost)wqr(e”)dt=2f FOw—111(x)dx, where w_11j(x) = |x|%
—1

-7

Set dﬂ[—l,l](x) = w[_l,l](x)dx.
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Let P, be the extremal polynomial for A, (p[—1,17, 0) and define

) 1 i(t—m/2)\ bml
S, (e = P,(cosr) <—+ 62 > ent=m/2)

where 1 > 0 is arbitrary. This S, is a polynomial of degree 21+ [nn] with S, (¢/"/?) = 1.
For any fixed0 < § < 1,

/248 ) ) 7/2+6 .
f 1Su(e'D)Pwr(e)dt < / | P (cos 1) Fwr(e™) dt
7/2-38 7/2-8

1
Sf | Py () Pwi—1.1(x) dx = An(pt-1.1,0).  (3.9)
—1

To estimate the integral over [—m, 7 /2 — 8] U [ /2 + §, 7], notice that

Lnn]

1 4 oit=7/2)
e T 2 ogh (3.10)

2

max
tel—m,mw\[m/2—68,m/2435]
for some g < 1. From Lemma 2.8 we obtain
1Palli-1,11 < Cn' 2Py g,y < CHV2,

and so

w/2—8 b4 ) .
(/ +/ )'Sn(e”)lzwﬂr(e”)dt = 0(m'"M2g"y = o(n=* ).

- /248

Therefore, using this S, as a test polynomial for Ageg(s,) (LT, ¢'™/2y we conclude that

Adeg(s,) (W €7/ < (=111, 0) + 071,

and so

limsup (27 + [ ))* Aant i) (e, €772

n—o0
<Tlimsup 2 + [ ] /m** '+ (ui-1,1,0) = @+ ) Lo,
n—o0
where we have used Proposition 3.2 for the measure p[—1,1j.
Since > 0 was arbitrary, we obtain
lim sup n® A, (ur, €7/%) <29t L, (3.11)
n—o0
(see also (2.2)).

Now to prove the matching lower estimate, let So, (¢'") be the extremal polynomial
for Ay, (ur, €7/2). Define

1 + it=7/2)

2|nn] )
) ot lnDi—/2)
2

Pi(e") = S (e”)(
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and P,(cost) = P*(e'’) + P¥(e~'"). Note that P,(cos?) is a polynomial in cos? with
deg(P,) < n+ |nn] and P,(0) = 1. Hence

T

1 1 .
hea(pyy (1117, 0) < / B P w06 dx = 5 / | Pa(cos 1) Pwr (el d.

- -

(3.12)
First, we claim that for every fixed 0 < § < 1,
|PX(e")> 4+ 0(q"), teln/2—8 m/2+36],
| P, (cos t)|2 = |Pn*(e_”)|2 +0(@"), tel-m/2-86,—m/2+ 3], (3.13)

o(q"), otherwise,
for some ¢ < 1. Indeed,
|Pa(cost)|* = |P(e) + Pr(e ™) < [P ()P +2| P ()] |1 PFe )+ Pfe™ ™).

If we apply Lemma 2.7 to two subarcs (say of length 57 /4) of T that contain the upper,
resp. the lower half of the unit circle, then we obtain

1Pl < 1Sanllr < Cn D285, 112y < CHIED2,
Therefore (use (3.10))
|P*(e")| < Cq"n M H1D2 p e [—m, w]\ [/2 — 8, /2 + 8].

These imply (3.13).
Now we have

T ) /246 —7/248 .
/ | P, (cos )|Pwrp(e™) dt = (/ +/ )IP,,(Cost)|2wT(e”)dt
g

-7 /2—8 —m/2—8

—/2—8 w/2—8 b4 .
+ ( [ ] )|Pn<cos HPwr(e) dr.
- —/2+6 /246

(3.13) tells us that the last three terms are O(g"). For the other two terms we have, again
by (3.13),

/248 . /248 , ,
/ | P (cos 1) Pwr(el) di = / |PH(e) Pwrp(e) di + 0(g")
7/2—8 7/2—8
/246 ) . .
< / 120 (€ Pwp(e) di + 0(g") < han (i, €7/2) + 0(g™),
o

/2—8
and similarly
—n)245 . .
/ | Pa(cos ) 2wy dt < Aan (i, €77%) + O(g").
—/2—8

Combining these estimates with (3.12), we conclude that

Adeg(Py) ([=1.15 0) < A2q (e, €7/%) + O (g™,
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therefore
liminf deg(Py)* ' Adea(py) (W1-1,11, 0)
n—o0oo
< liminf (n + [gn)* ! (A2n (e, €™/%) + 0(g™)
n—oo

1

SarT @ oG, €71,

< liminf (1 + [pn])/n)**!
n—>0oo
From this, in view of Proposition 3.2 and (2.1), it follows that

(14 n)~@D2e L <liminf A, (ur, €™/?),
n—oo

and upon letting n — 0 we obtain
20t L, < liminf A, (ur, €7/?). (3.14)
n— o0
This and (3.11) yield (3.8).
Finally, let _ ‘
dug (e = le' —i|* dt.
Let us write |e! — i|* in the form
e —i]* = w(ewr(e").

Then w is continuous in a neighborhood of ¢/”/2 and it has value 1 at ¢/, Let T > 0 be
arbitrary, and choose 0 < § < 1 in such a way that

<w()<1+t1, telr/2—38 m/2+3].

1+
If we now carry out the preceding arguments with § and with u, replacing ut every-
where, then we find that in (3.11) the limsup is at most (1 + 7)2%*! L, while in (3.14)
the liminf is at least (1 + )~ 124T!L,. Since 7 > 0 is arbitrary, this shows that
lim n®t A, (g, €7/?) =291 L. (3.15)

n—oo

This result will serve as our model case in the proof of Theorem 1.1.

4. Lemniscates

In this section, we prove Theorem 1.1 for lemniscates.

Leto = {z € C: |Tn(z)| = 1} be the level line of a polynomial Ty, and assume that
o has no self-intersections. Let deg(Ty) = N.

The normal derivative of the Green’s function with pole at infinity of the outer domain
to o atapoint z € o is |T1(, (2)|/N [22, (2.2)], and since this normal derivative is 27 -
times the equilibrium density of o ([14, I1.(4.1)] or [17, Theorem IV.2.3 and (1.4.8)]), the
equilibrium density on o has the form

T} (2)]

AN 4.1

ws(2) =
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If z € o, then there are n points z1, ..., 2z, € o with Ty(z) = T, (zx), and for them
[22, (2.12)]
N
f (O reo)iTi@ldss ) = N / F@IT (@) dss ). (42)
o i=1 o

Furthermore, if g : T — C is arbitrary, then [22, (2.14)]

2 .
/ g(TN ()T (2)]dso (2) = N/O gl dr. 4.3)
Let z9 € o0, and define

die (2) = |z — 20|%dso (z), o> —1, (4.4)

where s, denotes the arc-length measure on o. Without loss of generality we may assume
that Ty (zo) = ¢'™/2. Our plan is to compare the Christoffel functions for the measure (i,
with those for the measure u, supported on the unit circle and defined via

dpg (e = |’ — ™2 |%dsy(e'), 4.5)

and for which the asymptotics of the Christoffel functions was calculated in (3.15).
We shall prove that

L
lim na+l)\n(ﬂov 20) = =

n—00 (mwe (20))*F! *+6)

where L, is taken from (3.4).

4.1. The upper estimate

Let n > 0 be an arbitrarily small number, and select a § > 0 such that for every z with
|z — zo] < 8, we have
1
—— Ty (zo)| < Ty (@] < (1 + )Ty (z0)l,
L+n 4.7

1
mITX;(Zo)I lz — 2ol < |Tn(2) = Tn(z0)| < (1 + )|Ty (z0)| |z — zol
(note that Ty, (zo) # O because o has no self-intersections). Let Q, be the extremal
polynomial for A, (i, ¢'7/2) where o 18 from (4.5). Define

Rn(2) = Qn(TN(2))Sn,z0,L(2),

where S, ;.1 is the fast decreasing polynomial given by Corollary 2.2 for the lemniscate
set L enclosed by o (and for any fixed 0 < t < 1 in Corollary 2.2). Note that R, is a
polynomial of degree nN + o(n) with R, (zo) = 1. Since S, ;1 is fast decreasing, we
have

sup SuzL (D] = 0@@"")

zeL\{t: |t—z0|<é}
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for some g < 1 and 79 > 0. The Nikolskii-type inequality of Lemma 2.7, when applied
to two subarcs of T which contain the upper resp. lower part of the unit circle, yields

1Qullr < CrOHED2 10, ) 2, < CnIHD/2,

Therefore,

70/2
sup IR.(2)| = O(¢""").
zeL\{t: |t—z¢p|<3d}

It follows that
nr0/2

IRy (2)11z — 20/ dss (z) = O(gq

lz—z0|=6

). 4.8)

Using (4.7), we have

/ IRy (2)1?1z — 20l* ds (z) < / 104 (Tn (2)) 121z — 201% dso (2)
|z—z0|<é |z—z0|<8

(L + ! 2 -
< Wflzml«i [On (TN ()71 TN (2) — TN (20) || Ty (2)] dso (2)
le|+1  p27 . . ) in/2
< 1+ 7]) / |Qn(e”)|2|e” _ ezn/2|ot dt = (1 + n)\dl-}-lM

Ty o)t Jo

This and (4.8) imply

Ty (zo) |

o] +1 An(as ein/Z) 70/2

n
|T1(/(ei”/2)|“+1 + O(q

)\deg(R,,)(,Uva, z0) < (1+1n) )s

from which

lim sup deg(Rn)a-H Adeg(Ry) (Mo 20)

n—oo

. An(fhers €7/%) o Not |
< limsup (nN+o(n))* ! (1401 2820 "2 — (gl __—____potlp, |
P T/, (zo) |1 T}, (zo)|* ] «

where we have used (3.15). Since n > 0 is arbitrary, from (4.1) (using also (2.2)) we
obtain

+ Notl H Ly
limsupn® ™ A, (Ue,20) < ————2" Ly = ————. 4.9
n%oop nitto |T1(/(ZO)|O[+1 ¢ (7T e (20))*H! )

4.2. The lower estimate

Let P, be the extremal polynomial for A, (s, z0), and let S, ;, 1. be the fast decreasing
polynomial given by Corollary 2.2 for the closed lemniscate domain L enclosed by o
(with some fixed T < 1). As before, from Lemma 2.7 we obtain

[1Pullo = OnUIT1D/2), (4.10)
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Define R, (z) = Py (2)Sp,zy,1(2); it is a polynomial of degree n + o(n) and R, (z9) = 1.
Similarly to the previous section, we have

sup |R.(2) = 0(¢"™") @.11)

zeL\{t: |t—z0| <8}

for some ¢ < 1 and 79 > 0. Since the expression le(\lzl R, (zx), where {z1,...,2n} =
Ty ! (Tn (2)), is symmetric in the variables zj, it is a polynomial in their elementary sym-
metric polynomials. For more details on this idea, see [23]. Therefore, there is a polyno-
mial Q, of degree at most deg(R,)/N = (n + o(n))/N such that

N
0:,(Tn(2)) = Z R, (zx), ze€o.

k=1

We claim that for every z € o,

N
104 (Ty @) < Y [Ru@P + 0(g""). 4.12)
k=1

Indeed, since o has no self-intersection, |zx — z;| cannot be arbitrarily small for distinct k
and /. As a consequence, for every z, at most one z; belongs to the set {z : [z — zo| < J}
if § is sufficiently small, and hence, in the sum

N N
100 (TN @) < DY IRzl [Ra(20)],

k=1 I=1

every term with k # 1 is 0(¢"™") (use (4.10) and (4.11)).
Now let § > 0 be so small that for every z with |z — zg| < & the inequalities in (4.7)
hold. Then (4.2) and (4.12) give (note that T (z) = Ty (zx) for all k)

/ |0 (T @)1 T () 1T (2) — T (20)]* diso (2)

N
= 0@ + [ (IR GOP)ITH @ 1Tv (@) = TGl dse (2
9 k=1

= 0@""") +f

o

N
(3 1RGO PITN ) = T (o)) I T} ()] s (2
k=1

= 0" + N / IRy ()21 T (2) — T (20)%1Thy (2)] dso (2)

70/2
< 0@+ (1 + )T (zo)* TN | P21z — 20" dso

lz—z0|<$

70/2
< 0@@""") + (1 + )T (20) TN A (16, 20)-
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Since O, (Tn(z0)) = 1 + o(1), from (4.3) we get
/ 10 (TN @) TN ()] 1 Tn (2) — T (20)|* dso (2)

27
- N/ 1Qn(e)Ple’ — ™21 dt > (14 0(1) N Adeg(0,) (tar €™/).
0
Hence,

: 10/2
(1 + 0(1)hdeg(,) (tas €7/ < 0(q"") 4+ (1 + T (20) 1“0 (16, 20)-

Using deg(Q,) < (n + o(n))/N, we conclude that
lim inf deg(Qn)* ' Adeg(0,) (a» €73
n—oo
.. (n4om\*H!
< L+ )T o) 1}1H_1>}32f<T> An(o - 20)

1
|41 |T1/\/(Z())|O[+

= (1+n) Ve minfa®*la, (Lo, 20).
Since 1 > 0 is arbitrary, we obtain again, from (3.15) and (4.1),
Ly

i inf %t
o @oyerT = Hminfa™™ Aa (ko 20),

which, along with (4.9), proves (4.6).

5. Smooth Jordan curves

In this section, we verify Theorem 1.1 for a finite union I' of smooth Jordan curves and
for a measure
du(z) = w(z)|z — zo|*dsr (2), (5.1

where st is the arc measure on I'. Recall that a Jordan curve is a homeomorphic image
of a circle, while a Jordan arc is a homeomorphic image of a segment. From the point of
view of our technique there is a big difference between arcs and curves, and in the present
section we shall only work with Jordan curves.

Let I be a finite system of C? Jordan curves exterior to each other and let i be a
measure on I" given in (5.1) with some zo € I', where w is a continuous and strictly
positive function. Our goal is to prove that

lim 0+, 20) = —2 0

n—o0 (ror(z))*tt ™ .2

with L, from (3.4). We shall deduce this from the result for lemniscates proved in the
preceding section.

We will approximate I by lemniscates using the following theorem, which was proven
in [11].
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Proposition 5.1. Let " consist of finitely many Jordan curves exterior to each other, let
P € T, and assume that in a neighborhood of P the curve T is C2-smooth. Then, for
every ¢ > 0, there is a lemniscate 0 = op consisting of Jordan curves such that o
touches I' at P, o contains I in its interior except for the point P, every component of o
contains in its interior precisely one component of T', and

wr(P) < ws(P) +e&. (5.3)

Also, for every ¢ > 0, there exists another lemniscate 0 = op consisting of Jordan curves
such that o touches I at P, o lies strictly inside " except for the point P, o has exactly
one component inside every component of T", and

ws(P) < wr(P) +¢. 64

Of course, the phrase “o lies inside I'”” means that the components of o lie inside (i.e. in
the interior of) the corresponding components of I" (see Figure 3).

or

J——

Fig. 3. The I' and the lemniscate o as in the second half of Proposition 5.1.

Note that in (5.3) the inequality w, (P) < wr(P) is automatic since I' lies inside o.
In a similar way, in (5.4) the inequality wr (P) < w, (P) holds.

Actually, in [11] the conditions (5.3) and (5.4) were formulated in terms of the normal
derivatives of the Green’s function of the outer domains to I" and o, but, in view of the
fact that the latter function is just 2w -times the equilibrium density (see [14, I1.(4.1)] or
[17, Theorem 1V.2.3] and [17, (1.4.8)]), the two formulations are equivalent.

5.1. The lower estimate

Let P, be the extremal polynomial for A, (i, zo), and for some © > 0 let S;, ., k be the
fast decreasing polynomial given by Lemma 2.1 with some y > 1 to be chosen below,
where K is the set enclosed by I'. Let 0 = oy, be a lemniscate inside I" given by the
second part of Proposition 5.1, and suppose that 0 = {z : |Tn(z)| = 1}, where Ty is a
polynomial of degree N and Ty (z¢) = ¢'7/2 Define R, = P, Stn,zo,k - Note that Ry, is a
polynomial of degree at most (1+7)n and R, (z9) = 1. These will be the test polynomials
in estimating the Christoffel function for the measure

dio(2) ==z — 20/%dss (2)

on o, but first we need two nontrivial facts for these polynomials.
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Lemma 5.2. Let 1/2 < B < 1 be fixed. For z € T such that |z — zo| < 2n™P, let
7* € o be the point such that s, ([z0, 2*]) = sr([z0, z]) (actually, there are two such
points; we choose as 7* the one closer to 7). Then the mapping q(z) = z* is one-to-
one, |q(z) — z| < Clz — zol% dsr(z) = dsy(z%), |q'(z0)| = 1, and with the notation
I, :={z" € o : |z* — 20| <n~ P}, we have

/ IRy (z%)[*|z—20|* dso (z%)— IR (2)*1z—20|* dsr (2)| = o(n™ 1T, (5.5)
*ely

z*ely
On the left-hand side z = ¢! (z*), so the integrand is a function of z*.
Proof. First of all we mention that |¢’(z)| = 1, i.e. for every ¢ > 0, if |z — z¢| is small

enough, then

- lg(z) — zol “lie
|z — zol

which is clear since ¢(z) = z + O(|z — z0/?).
We proceed to prove (5.5):

1—c¢

/ |Rn(z*)|2|z—zo|“dsa<z*)—/ Ra()P)z — 20/ dsr(2)
z*ely

z*ely

=

[ (RGO = IRy @P)e = ol dsr 2

5/ 1RGP = 1R (@)l = 20l dsr () = A,
z*el,

Using the Holder and Minkowski inequalities we get

1/2
A< (/ IRy (") — Ru(2) 1z — 20/* dSI‘(Z))
z*el,

1/2 172
. {(/ Rz — zo|°‘dsr(z>> + <f Ra(@)Plz — zo|°‘dsr<z>) }
z*el, *ely

(5.6)

We estimate these integrals term by term.
P, is extremal for A, (u, z0) = O(n~@tD) (see Lemma 2.9), therefore (use also
[Rn(2)| < |Pa(2)])

1/2
(f |Rn(z)|2|z—zo|“dsr(z)) < Cn~@tD/2, (5.7
z*ely

This takes care of the third term in (5.6).
The estimates for the other two terms differ in the cases « > 0 and @ < 0.
Assume first that « > 0. From Lemma 2.7 we get, for any closed subarc J; C J,

IRalls, < Cn@FD2 )Ry 12, < C,

where we have used Lemma 2.9 and |R, (z)| < |P,(z)]. Choose J; so that it contains zg
in its interior. Next, note that if z* € I, then |z* — z| < Cn—2P, so dist(z*,2) < C/n.
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Therefore, an application of Lemma 2.4 yields, for such z,

|Rn(q(2)) — Ry (2)|
lg(z) — z|

< Cnl|Rull

and so
|R.(q(2)) — Ra(2)| < Cnlq(z) —z] < Cn' 2P, (5.8)

Since also so (I,) < Cn—*, we have (recall that z* = ¢(z))

1/2
( / IRy (z%) — Ru(2) %1z — z0” dSr(Z)) < C(n~Pp**p=oP)l/2
z*ely
— Cpl—Gtop/2.

This is the required estimate for the first term in (5.6).
Finally, for the middle term in (5.6), we have

1/2
( / IRy (21?2 — 2ol dSr(Z))
z*ely

1/2
= (/ ) [IRn(z9)* = R (2)|* + |Rn<z)|2||z—zo|°‘dsr<z>)
z¥ely

12
=< </* / “Rn(Z*)|2 _ |Rn(Z)|2“Z _Zola dSF(Z)>

1/2
+<f |Rn(z>|2|z—zo|°‘dsr<z>)
Z*Eln

< A2 4 cp@tD/2,
where A is the left-hand side in (5.6), and where we have also used (5.7).
Combining these we get
A < Cn'=GHOBI2(A1/2 | Cp=@+D/2y < C A2, 1=GH0B/2 | cpl/2=a/2=(5+a)/2
< Cmax{A2p|=GHaB/2 ,1/2-a/2=(+a)B/2y
Therefore A < Cn>~ OB or A < Cn!/27¢/2=G+0B/2 1f B < 1 is sufficiently close

to 1, then both imply A = o(n~@*D).
Now assume that @ < 0. From Lemma 2.7 we get, for any closed subarc J; C J,

IRallsy < IPallsy < Cn' 2 Pall2,) < Cn™2,

and we may assume that here J; contains a neighborhood of zg. Therefore, in this case
(5.8) takes the form
|R(z") = Ru(2)| < Cn! =272,

Since
/ & — 20l dsr(2) < Cn~*F P,
z¥ely
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we obtain
1/2
< / IRy (z%) — Ru(2)[*|z — z0l* dSr(z)) < Cp!79/27 2@ HDA/2
Z*Eln

which is the required estimate for the first term in (5.6). Finally, for the middle term in
(5.6) we get, as before,

1/2
(f |Rn(z*)|2|z—zo|°‘dsr(z)> < A2 4 cp~@tD/Z,
z*ely

As previously, we deduce from these that
A< Cnl—a/2—2ﬂ—(ot+l)ﬁ/2(A1/2 + n—(ot-i-l)/z)’

which implies
A < Cmax{p2 ¢~ 4—@tDf ,1/2—a=2p—(@+Dp/2y

If B is sufficiently close to 1, then this yields again A = o(n~©@*D), as needed. O

In what follows we keep the notation from the preceding proof. In the following lemma
let As(zo) = {z : |z — zo| < &} be the disk about zq of radius &.

Note that up to this point the y > 1 in Lemma 2.1 was arbitrary. Now we specify how
close it should be to 1.

Lemma5.3. If 0 < 8 < lisfixed and y > 1 is chosen so that By < 1, then
IRullk\a, 5, (z0) = 0(n ™). (5.9)

Recall that here K is the set enclosed by I'.

Proof. Let us fix a § > 0 such that I’ N As(zp) lies in the interior of the arc J from
Theorem 1.1. From p € Reg and the trivial estimate || P, [[;2¢,) = O(1) we see that no
matter how small ¢ > 0 is given, for sufficiently large n we have || P,|lr < (1 + ¢)". On
the other hand, in view of Lemma 2.1 we have, for z ¢ As(z0), z € K,

PN 2
1Sen.z0.k (2)] < Cpe™r™m

so certainly
IR, ll\a5 (20) = 0(n '), (5.10)
Consider now K N As(zo). Its boundary consists of the arc I' N As(zp), which is part
of J, and of an arc on the boundary of A;s(zp), where we already know the bound (5.10).
On the other hand, on I N As(z¢) we have, by Lemma 2.7,

|Pu(2)] < Cn D2 Pyl o < CrIHIED/2,

Therefore, by the maximum principle, we obtain the same bound (for large n) on the
whole set K N As(z0). As a consequence, forz € K \ A, -5 5,

IRy (2)| < C}’l(1+|a‘)/26—01/7"("_'8/2))/ — O(H—l—a)

if we choose y > 1 in Lemma 2.1 so that 8y < 1. These prove (5.9). O
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After these preliminaries we return to the proof of Theorem 1.1, more precisely to the
lower estimate of A, (i, zo)-
Let n > 0 be arbitrary, and let n be so large that

1
—w(z0) < w(z) < (1 4+ nNw(zo),

2—201 < 1g@@) —z0l = A +n)z—2z2
T+ l+n| ol <19 —zol = (1 +n)l 0l

for all z* € I,, where I, is the set from Lemma 5.2. Then from Lemma 5.2 we obtain
(recall that z* = ¢(2))

f |Rn(Z*)|2|Z*—ZoladSa(z*)§(1+77)|a|f |R (z) %1z — 20|% dsr (2)
*ely

*ely

< +n)'“‘f IRy (2)11z — z0l* dsr(z) + o(n=@ D)
z¥el,

1 Jee|+1
Pk i / IRy (2)*w(2)|z — z0|* dsr(z) + o(n™@TD)
w(zo) z*el,
1 Ja|+1
< %An (, 20) + o(n=@*D).

On the other hand, if, for some z € o, we have z* ¢ I, then necessarily |z —zo| > n’ﬂ/Z,
so from Lemma 5.3 we obtain

/ |Rn(2)*|2* = 20|” dso (z¥) = o(n ™).
z¥eo\l,
Combining these, we find that

Adeg(Ry) (Mo 20) < / |Ry (z*)? 12" — 20 dso (z7)

Zeo
1 4 pylal+1 B
< LWt z0) + oD,
w(z0)
Since deg(R,) < (1 4 7)n, we conclude from (4.6) (see also (2.1)) that
Lo E a+l
ronzo)e T lzrglolgfdeg(Rn) Adeg(Ry) (Mo s 20)
1 Jee|+1
< liminf (1 + r)“H%n“Hkn(M, 20)-
n— 00 w(zp)
But here 7, n > 0 are arbitrary, so we get
. (z0)
liminfn® ', (i, L .
min n(i, 20) > (7T(Ug(ZO))a+] o

As wy (20) < wr(zo) + ¢ (see (5.4)), for ¢ — 0 we finally arrive at the lower estimate

o w(z0)
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5.2. The upper estimate

Let now o be the lemniscate given by the first part of Proposition 5.1, and let P, be the
polynomial extremal for A, (44, zo). Define, with some t > 0,

R, (2) = PH(Z)STH,Z(),L(Z)v

where S;, ;.1 is the fast decreasing polynomial given by Lemma 2.1 for the lemniscate
set L enclosed by o (with some y > 1). Let n > 0 be arbitrary, 1/2 < 8 < 1 as before,
and suppose that n is so large that

1

—w(z
T+n (zo)

A

w(z) < (1 4+ nw(zo),

1

n+1

IA

lg'(@] = (A +m),

|z —zol < lg(z) —zol <= (1 +n)lz — z0]
1+

for all |z — zo| < n~P. Using Lemma 5.2 (more precisely, its version when o encloses I')
we have (recall again that z* = ¢(2))

/* IRa@Pw@E) =20 dsr (@) < (T mw(o) | [Ra@)Flz = 20l dsr (2)

z*ely

< (1 + nw(zo) / IRy () %1z — 20l% dso (z%) + o(n~@*D)
z*el,

< (14 ) w(zo) / R P12 — 20l* dsy (27) + o(n~ @)
z*ely

<1+ U)‘a|+1w(zO)kn(MU, 20) + O(n_(‘H‘l)).

On the other hand, Lemma 5.3 (but now applied for the system of curves o rather than
for I') implies, as before,

/ IRy (2) %1z — 20| du(z) = o(n~ 1),
F\An—ﬁ/z(ZO)

Therefore,

)IocH—l —(oz+l))

Adeg(Ry) (> 20) < (1 +17 w(z0)An (1o, 20) + 0(n

which, similarly to the lower estimate, upon using (4.6) and letting t, n tend to zero,
implies (see also (2.2))

. w(z0)
limsup n® 1A, (1, z0) < ————————L,.
n—>oop n(l, 20) < (T, (ZO))OH—I a
Here, in view of (5.3), wr(z9) < ws(z0) + €, hence for ¢ — 0 we conclude that
. (z0)
lim sup n® 1, (i, z0) < _ W) .
n—>oop n(l, 20) < (tor (ZO))OH_I o
This and (5.11) prove (5.2). O
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6. Piecewise smooth Jordan curves

The proof in the preceding section can be carried out without any difficulty if I consists
of piecewise C2-smooth Jordan curves, provided that I" is C?-smooth in a neighborhood
of zo. Indeed, in that case we can still talk about wr which is continuous where I" is C2-
smooth [24, Proposition 2.2], and in the above proof the C2-smoothness was used only in
a neighborhood of zg. Therefore, we have

Proposition 6.1. Let I' consist of finitely many disjoint, piecewise C*-smooth Jordan
curves. Let zo € T, and supppose T is C*-smooth in a neighborhood of zo. Then the
measure |u given by (5.1) satisfies (5.2).

7. Arc components

In this section, we prove Theorem 1.1 when I is a union of C?-smooth Jordan curves
and arcs, and u is the measure (5.1) considered before. To be more specific, our aim is to
verify

Proposition 7.1. Let I consist of finitely many disjoint C*-smooth Jordan curves or arcs
exterior to each other, and let 7o € I'. Assume that in a neighborhood of zp € T the
piece of T lying in that neighborhood is C*-smooth, and zq is not an endpoint of an
arc component of T'. Then the measure (5.1), where w is continuous and positive and
o > —1, satisfies (1.4).

We shall need some facts about Bessel functions, and a discretization of the equilibrium
measure vr that uses the zeros of an appropriate Bessel function.

7.1. Bessel functions and some local asymptotics
We shall need the Bessel function of the first kind of order 8 > O:

O (_1)y1(7/2)2n+B
Jg(2) = Z%

= nF'm+B+1)

as well as the functions [10]

TN IH/D) = s (VO (D)
Jﬁ(u, V) = ,

2(u — v)
N/ 1¢9) " _ Jplu,v)
Jlg(Z)—Z_ﬁ, Jﬂ(u,v)—uﬂ/z—vﬂ/z

The latter are analytic, and we have

& (—1>"<ﬁ/2)2"< B 2n + B )_ J51 (V)
22B+1y 2 nTn+B+D\I'B+1) TQB+1D) 261 TB+1)

n=1

Tj,0) =
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Let dvy(x) be the measure x? dx with support [0, 2], and K,(IO) (x, t) its n-th repro-
ducing kernel. It is known (see [9, (1.2)] or [20, (4.5.8), p. 72]) that

K (2,0 T5(x2,0
% = _}_0(1))#’
k20, 0) 15(0,0)

uniformly for |x| < A with any fixed A. We have already mentioned (see e.g. [20, The-
orem 3.1.3]) that the polynomial K ,(,0) t,0)/K ,(,0) (0, 0) is the extremal polynomial of de-
gree n for A,(vg, 0), so the preceding relation gives an asymptotic formula for this ex-
tremal polynomial on intervals [0, A/ n2]. If now dv;(x) = (2x)f dx but with support
[0, 1], and K,g]) is the associated reproducing kernel, then K,(,I)(t, 0)/K,£1)(0, 0) is the ex-
tremal polynomial of degree n for A, (v, 0), and it is clear that this is just a scaled version
of the extremal polynomial for vy:

K, 0) K\ (2,0)
k0,00 k20,0

Therefore,
2
KGO oy 500
frd 0] .
K" (0,0) J50.0)

Then the same is true for the measure 2~ dv; (x) = x? dx with support [0, 1] (multiply-
ing the measure by a constant does not change the extremal polynomial for the Christoffel
functions). Next, consider the measure dv,(x) = |x|* dx with support [—1, 1]. The ex-
tremal polynomial for A2, (v, 0) is obtained from the extremal polynomial for A, (vy, 0)
with 8 = (a — 1)/2 by the substitution t — > (see Section 3.1, in particular the last
paragraph), i.e.

K20 kM2, 0

k20,00 k0,0

Hence, for even n,

2)
K, (,0)
m =+ o) Tatn2ntr), t| < A/n,
n )
where s
RN G 1) B ()
Ja+1y2(2) = @D/ = et 7.1

“]]2‘01—1)/2(0’ 0) >(ka+1)/2(0)'
Fix a positive number A. According to what we have just seen, for every even n,

A/n A/n K(z)(t,O) 2
[ Fwrpniean < a oy [ (FED Y e
Al 4\ K (0,0)

S (1 + 0(1)))"}’1(])2’ O)’

and so for any (even) n,

A A/n
f Ta+1)2(0)%x]* dx = n®T! f Ta+1)2)? 1% dt < (14+0(1)n* i, (12, 0).
—A —A/n
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Now if we let here n — oo and use the limit (3.3) for the right-hand side, we obtain

A
/‘mﬂmuﬂwwxsu,
—A

where L, is from (3.4). Finally, since here A is arbitrary, we conclude that

o0
/ Tiasny 202 Ix]¥ dx < La. (72)
—00

7.2. The upper estimate in Theorem 1.1 for one arc

The aim of this section is to construct polynomials that satisfy the upper estimate for the
Christoffel functions in Theorem 1.1 (which is the same as in Proposition 7.1) when I
consists of a single C2-smooth arc, and z € I is not an endpoint of that arc. In the next
subsection we shall indicate what to do when I" has other components as well.

Let vr be the equilibrium measure of I', and st the arc measure on I". Since I' is
assumed to be C2-smooth, we have dvr (1) = wr ()dsp(r) with an wr that is continuous
and positive away from the endpoints of I" [24, Proposition 2.2].

We may assume that zp = 0 and the real line is tangent to I" at the origin. By assump-
tion, the measure p we are dealing with, is, in a neighborhood of the origin, of the form
du(z) = w(z)|z|* dsr(z) with some positive and continuous function w(z).

Since T is assumed to be C2-smooth, in a neighborhood of the origin we have the
parametrization y(t) = y1(t) + iy2(t), y1(t) = t, where y» is a twice continuously
differentiable function such that y»(0) = yz’(O) = 0. In particular, as t — 0 we have
Y2 (1) = 0O(12), yz/(t) = O(|t]). We shall also take an orientation of I", and we shall write
z < wifz € I" precedes w € I' in that orientation. We may assume that this orientation
is such that around the origin we have z < w < Nz < Rw.

It is known that when dealing with |z|* weights on the real line, Bessel functions of
the first kind enter the picture [7], [9], [10]. For a given large n we shall construct the
necessary polynomials from two sources: from points on I" that follow the pattern of the
zeros of the Bessel function J(¢ +1y/2, and from points that are obtained from discretizing
the equilibrium measure vr. The first type will be used close to the origin (at distance
< 1/n® with some appropriate t), while the latter type will be on the rest of I". So first
we shall discuss two different divisions of I".

7.2.1. Division based on the zeros of Bessel functions. Let = (a + 1)/2; it is a pos-
itive number because o > —1. It is known that Jg, and hence also Jg from (7.1), has
infinitely many positive zeros which are all simple and tend to infinity; let them be
Jg,1 < jg2 < --- . We have the asymptotic formula [28, 15.53]

jpk =k +B/2—1/Hm +0(1), k— oo. (7.3)
The negative zeros of Jg are — jg x, and we have the product formula [28, 15.41, (3)]

@5 22
#0=rgm (- 5)

2
k=1 JB.k



Christoffel functions with power type weights 775

Therefore,

00 2
Tp(2) = ]‘[(1 - %). (7.4)

k=1 JB.k
Let ap = 0, and for k > O let a; € I" be the unique point on I" such that 0 < ai, and
—  Jpk
vr Qag) = L%, (7.5)
mn
where Oay denotes the arc of I between 0 and ax. For negative k let similarly a; be the
unique number for which a; < 0 and

v (az0) = % (7.6)

The reader should be aware that these a; and the whole division depend on 7, so a more
precise notation would be ay , for ai, but we shall suppress the additional parameter .

This definition makes sense only for finitely many k, say for —ky < k < k1, and in
view of (7.3) we have kg + ki = n + O(1), i.e. there are about n such a; on I'. The arcs
aray+1 are subarcs of I' that follow each other according to <, they satisfy

vr(ax—1ax) = % k>0,
vr(ak—1ax) = —]ﬁ’k+]11; ]ﬂ’k, k<0,

and their union is almost the entire I': there can be two additional arcs around the two
endpoints with equilibrium measure < (jg k, — jg.ko—1)/Tn rESP. < (jg.k) — JB.k1—1)/TTN.

7.2.2. Division based solely on the equilibrium measure. In this subdivision of I' we
follow the procedure in [24, Section 2]. Let bob; C T be the unique arc (at least for
large n it is unique) with 0 € bob1, vr(boby) = 1 /n, and if &y is the center of mass
of vr on boby, then {& = 0. For k > 1 let by € I be the point on I' (if any) with
0 < by and vp(D1b) = (k — 1) /n, and similarly for negative k let by < 0 be the point
on ' with vp (brbg) = |k|/n. This definition makes sense only for finitely many k&, say
for —ly < k < 1. Thus, the arcs bibgy1, —lo < k < I} — 1, continuously fill Ty (in
the orientation of I'g) and they all have equal, 1/n weight with respect to the equilibrium
measure vr. It may happen that, with this selection, around the endpoints of I" there still
remain two “little” arcs, say b_;,b_j,4+1 and by, _1b;, of vr-measure < 1/n. We include
also these two small arcs into our subdivision of I", so in this case we divide I" inton + 1
arcs bybgi1, k= —ly, ..., 11 — 1.
Let & be the center of mass of the equilibrium measure vr on the arc byby1:
1
5 vr (bkbi+1) Joibii rw 7

Since the length of b by is at most C/n (note that wr has a positive lower bound), and
[ is C2-smooth, it follows that & lies close to the arc bibygy1:

dist(€x, bebir1) < C/n’. (7.8)
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For the polynomials

B,x) =[]z -8 (7.9)

k#0
it was proven in [24, Propositions 2.4, 2.5] (see also [24, Section 2.2]) that B, (z)/ B, (0)
are uniformly bounded on I':

|B,(2)/B,(0)] < Cp, zeT. (7.10)

7.2.3. Construction of the polynomials C,. Choose a0 < 7 < 1 close to 1 (we shall see
later how close it has to be), and for an n define N = N,, = [n31-D)]. We set

N,
Co(2) = <1 - i) (1 - i). 7.11)
k:—lA;[,k#o @ |k|1:!vn §k

Note that the precise range of k in the second factoris —lp < k < —N, and N,, < k <
[1 — 1. Since the number of all & is n + 1, this polynomial has degree n, and it takes
the value 1 at the origin. This will be the main factor in the test polynomial that will
give the appropriate upper bound for A, (i, 0); the other factor will be the fast decreasing
polynomial from Corollary 2.2.

We estimate on I' the two factors

Ny
An(2) = 1_[ (1 — az—k) and B, (z) := l_[ (1 — ;_k>

k=—Ny, k#0 |k]> Ny

separately. The estimates will be distinctly different for |z] < n~" and for |z| > n™".

7.2.4. Bounds for A,(z) for |z| < n~". In what follows, we shall use N instead of N,
(= [n*1=D)7). Consider first

N 2
Ak (x) = H(1 _ M)

2
k=1 JB.k

(recall that jg i are the zeros of the Bessel function Jg with 8 = (« + 1)/2). In view of

(7.4) we can write, forreal |x| < n~7,

Tplnmor©) _ 1y (1 _ (nﬂwr(O)xﬂ)'

A;; (x) k>N j/g’k

Taking into account (7.3), we get here
mor((0 -t
n c?r( )x _ O<nn )7
JB.k k

hence the product on the right is

o) o) oofo)) =10
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Thus, our first estimate is
Ar(x) = (A +o(1)Jp(nrwr(0)x), |x| <n"". (7.12)

Next, we go to a z € I with |z| < n™ 7. Let x be the real part of z. Then (recall that T’
is C2-smooth and the real line is tangent to I")

z=x+0(x>) =x+0n").

We shall need that the a;’s with |k| < N are close to jg x/nmwr(0). To prove that,
consider the parametrization y(t) = ¢ + iy2(¢) of I' discussed at the beginning of this
section. Then a; = y (Ray) = Ray + O ((Map)?). By the definition of the points a; we
have, for1 <k < N,

]/3 X o Nay
Bk _ o Oag) = f or (y Oy (1) dr. (7.13)
mn 0

Now since around the origin wr is C'-smooth [24, Proposition 2.2], on the right we have

wr(y (1) = or(0) + O(ly (1)]) = or(0) + O(|t)),

Y Ol = J1+ 70 =1+ 00 =1+ 0@?),

while

hence .

. Nay

Ik / (@r(0) + O([t])) dt = wr (0)Rax + O((Rax)?),
0

which implies .
’ JB.k
Nap = ————
ak mnor(0)
Therefore, since here jg i < Ck (see (7.3)),

+ O((jpk/m)P). (7.14)

— jﬁ—’k — M, . jﬁ,k _ 2
ak pr— (ax — Nay) + Nay o O((k/n)?). (7.15)
Let
p=(@+9)(1—-1), (7.16)

and suppose that

; 1
x— Bk | forall =N < k < N. (7.17)
nwor(0) nlte

Then in the product

An(@) ﬁ 1 —z/a S sk — sk
A (x) k=N k20 1 —nmor0)x/jp.x k=N k0 JBK nor(0)x
all denominators are > ¢/n”. As for the numerators, we have (recall (7.15) and |ag| >

ck/n)
ljg.k/ax — nwor(0)] = O(k),
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and hence, because of z = x + O(xz),

|zjp.k/ax — nwor (0)x| = O(|zlk +nx*) = O(Nn™" + nn~*")
— 0(n3—4f +n1—2‘[) — 0(”13_4T).

Therefore, for the individual factors in 4, (z)/.A% (z) we have

JB.k — ZjB.k/

: =1+ 0@ "),
Jg.k — nmor0)x

from which we conclude that

An(Z) =1+ O(n3—4rnp))2N — exp(o(n3—4‘rnpN))
A (x)
= exp(0(n® ")) = exp(O (VI =D7T)) = 1 4 o(1)
provided
(154+a)(1 —1) < 1. (7.18)
Let
I, ={z €l :|z] <n 7" and (7.17) is true with x = NRz}. (7.19)

So far we have proved (see (7.12) and the preceding estimates)
An(2) = (1 +0o(1))Jpg(nrwr(0)x), z €[y (7.20)

As T, is a subset of the arc I’ N A,-+(0) of sp-measure at most O(Nn~17?) =
O (n*=37=P)_ its relative measure compared to the sp-measure of I' N A,,—< (0) is at most

0(’12731'7,04"[) — O(nZ—Zr—p) — O(N—z)

because
2-2t—p=—(a+7(1—-1) <—-6(1 —1).

Since A,, has degree 2N, from the Remez-type inequality in Lemma 2.6 we conclude that
sup{[An ()] : 2 € TN A, (0)} < (1 +0(1)) sup{|Au(2)| : z € T'n}.

But Jp(¢) is bounded on the whole real line [28, Section 7.21], therefore by (7.20) there
is a constant C; such that

|A,(2)] <C; forallzeTl,|z] <n ". (7.21)

7.2.5. Bounds for B, (z) for |z| < n~t. Consider now, for z € T, |z| < n™F, the expres-
sion

B = [] 2=

[k|>N Ek
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Recall that the smallest and largest indices here (they are k_;, and k;,) refer to & that
were selected for the two additional intervals around the endpoints of I', hence for them
we have
& —z
&k

The other indices refer to points & which were the centers of mass of the arcs bybyyg
which have vr-measure 1/n. We are going to compare log |z — &| with the average of
log |z — t| over byby4+1 with respect to vr:

10g|z—$k|—n/ 10g|z—t|dvr(t)=—nf log
brby1 brby+

z—1 — 14 Er—t ’

z— & z— &
and for t € bybp41 we have | — t| < C/n. Since |z| is small (at most n~ ) and |&|
is comparatively large (> N/n = n*17977) the second term on the right is small in
absolute value, hence

=1+0(z)=14+0(), k=—lo,1 -1

z—t

dvr(1).

Z— Sk

Here

2
— 1 —1 —1 — 1
log| = :Eﬁlog<1+$k >=m§" +0( S )
z— & 7 — & 7 —& =&
Therefore,
2
—1 —1
n/ log| =L dvr (1) :n/ 0( 5 )dvr(t)
bibinr 12—k bibis1 z—&

(/N (]
_0<(k/n>2>_0<ﬁ>’

/ R e ) = 9t
b 3

b1 LTSk =&

because the integral

f (& — 1) dvr (1)

biby+1

vanishes by the choice of & . Hence, if

Hy = U biby 1,
—lgp<k<—N, N<k<Il|—2

then
log l_[ &k — 2| — n/ log|z —t|dvr(t) = o(1) + O( Z kfz)
|k|>N Hy [k|>N
=o()+ O(N"H =0(1).
If we set here z = 0, we get

log [] |&|—an log |t] dvr (1) = o(1).

lk|>N
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Therefore,
|z

log |5, ()] — f log

H, |

t_| d dvr (1) = o(1). (7.22)

As the whole integral

—1
/ log “= g o)
r |7

is the value of the logarithmic potential of the equilibrium measure vr at two points of I,
and since this logarithmic potential is constant on I" by Frostman’s theorem [16, Theorem
3.3.4], we deduce that this whole integral is 0, and so (7.22) is equivalent to

log | B, (2)] —i—n/ log 2= 1] dvr (1) = o(1). (7.23)

I'\H, 2]

The set I' \ H, consists of the two small additional arcs b_;,b_;y 11, b;,—1b;, and of the
“big” arc b_nybpy+1. The integral, more precisely, n-times the integral, on the left over the
two small arcs is o(1) (recall that |z| is small, while on those arcs |¢| stays away from 0),
and now we estimate the integral over the “big” arc, i.e. we consider

—t mbN+1 —_ t
n/ log = 4ur ) =n/ log LYl iy 1dr. (724)
b_NbN11 |71 Rb_y ly ()]

By the definition of the points by we have by = (1/2 + o(1))/n and

N Nby+1 ,
. =vr(b1bN+1>=/ or(y Oy ()] d1,

A

and the same reasoning as between (7.13) and (7.14) yields

Moy = Y2 o),
nor (0)
Similarly,
_ —N+1/2 5
Nb_ny = —a)r(O) + O((N/n)").

If z = y(¢) = ¢ +iy2(¢), then in the integrand in (7.24) we have
or(y(®) =or©0) + 0(t]). 1yl =14 0@,
log|y ()| = log(|t| + O (%) = log|t| + O(|t]).

and (with y (1) =t + iy (1))
log |y (¢) — y ()] =log /(¢ — 1) + (1(¢) — 12(1))?,

where
12(0) = 12(t) = Y5 — 1) + O((¢ = D) = 01 L —t]) + 0 — )D).
Therefore, since || <n~ " and [ — t| < CN/n, we have

log |y (¢) — y (1) =log|¢ —t| + O(n™>") + O((N/n)%).
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By substituting all these into (7.24) we find that with
My = (=N +1/2)/nwr(0), Mz = (N +1/2)/nwr(0),
the expression in (7.24) is equal to
M,

! wr(0) dt :n/ log £

M,

log Hor©dr + 0((N/n)?)

Ma+O((N/n)?))
g/

t t

M+0((N/n)?)
plus an error term which is at most
nO((N/n)*) +nO(N/n)On~*) +n0((N/n)’)
— O(n()(l—‘r)—l) + O(n?a(l—‘[)—Z‘E) + O(ng(l—T)—Z) — 0(1)

if (7.18) is satisfied.
From what we have done so far, it follows, say for 0 < ¢ = Mz < n~7, that with
M = N/nor(0),

M
log [B,(2)| = o(1) — nwr(O)/M(IOgIE — 1| —log t]) dr.

But
M M M
/ (log|§—t|—log|t|)dt=/ logu_’_gdu:/ O(t/u)du
-M M-t u M-t
= 0(¢%/M) = 0(¢c*n/N),
hence

log |B,(z)| = O(ng%(n/N)) +o(1) = 0n>~2731=9) 1 (1)
=0n ") +0(1) = o(1)

forallz € ', |z] < n™F, provided t satisfies (7.18). Thus, when |z| < n77,
1Bu(2)| =14 o0(1). (7.25)

All the reasonings so far used the assumption (7.18), which can be satisfied by choos-
ing T < 1 sufficiently close to 1.

7.2.6. The square integral of Cy, for |z| < n~". Using (7.20), (7.21) and (7.25) we can
now estimate the square integral of |C,, (z)| against the measure y over the arc 'NA,,— (0).
Indeed, let RI",, be the projection of I';, (see (7.19)) onto the real line. Then RI, is an
interval [—a,,, B,] minus all the intervals

I — gk 1 JB.k 1
= imor0) P nror(0) | al+e )
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Here «;,, B, ~ n~ 7", and the |k| in the latter intervals is at most 2n1=7 (see (7.3)). There-
fore (use also

di(z) = w(2)|z|* dsr(z) = (1 + o(1))w(0)|x|* dx
and |y’ (1) = 14+ o(1) fort = O(n™7)),

/ ICa ()12 dpa(z) = (1 + o(1)) T (nrror (0)x)>w(0)|x|* dx
I'NA,-7 (0) R,

—i—C/ |x|%dx.
Uk Ik

In view of (7.2) the first integral is at most
(I+o0(1)w(0)
(nmor(0)+!

with the L, defined in (3.4). The second integral is at most

20! 7 1 K\ Y
C Z <_> — O(n(lff)(()H“l)*Ot*l*p) — o(nfotfl)

I+p
=1 n n

because of (7.16).
Combining these we can see that

0)L
limsupn®*! / 1Ch (D) |? dpu(z) < WO (7.26)
INA, (0 (m

n—>00 (ror (0)*+1
7.2.7. The estimate of C,(z) for |z] > n~". Nowletz € ', |z| > n~7,say 0 < z. In view
of (7.3) and of the definition of a; and by,

vr@ag) = k/n+ 0™,  vr@b) =k/n+0m™"), k>0.
A similar relation holds for negative k. These imply
ax — by = 0(n™ Y, (7.27)
and so there is an integer Ty (independent of n) such that
br_1y < ar < byyr, fork > Ty,

and similarly
b_k_1y <a_p <b_yy, fork > Ty

Since I is C%-smooth, this implies the existence of ad > 0 and a T (actually, T = Ty + 1
will suffice) such that if |z| < 6 (and if z also satisfies the previous condition that z € T,
0 < z) then

(i) z<ay, T <k <N imply
|z —ar| < |z —&+rl,  lar| > |§k-1l,
(ii) ar <z, T <k < N imply

|z —akx]l < |z —ék—1l, lax|l > |&k—7],
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(iii) ay <z, —N <k < —T imply
|z —akl <l|z—=&-1l, lakl > |&k+r].

For this particular z € I, 0 < z, 8 > |z] > n~ T we shall compare the value |Cy,(z)|
with the value of a modified polynomial |C, (z)|, which we obtain as follows. Remove all
factors |1 — z/ax| from |C, (z)| with |k| < T, and then

(i’) forz < ar, T < k < N replace the factor |1 — z/ax| = |ax — z|/|ax| in |C,(z)| by
|z = Sk+rl/|6k—T11,
(ii’) for ax < z, T < k < N replace the factor |ax — z|/lax| in |Cy(z)| by
|z — &k—11/|6k-T1,
(iii’) for ay < z, —N < k < -—T replace the factor |a;y — z|/|ax| in |C,(z)| by
|z = &k—r|/|Ek+T1]-
Removing a factor |1 — z/ax| from |C, (z)| decreases the absolute value of the polynomial
by at most a factor 1/Cyn with some C, because each ai, k # 0, is > ¢/n in absolute
value. On the other hand, the replacements in (i’)—(iii’) increase the absolute value of the
polynomial at z because of (i)—(iii). Hence,
Ca(2)] < Can*T |G (2)).
But |én (z)| has the form
[T 1z — &l
[T &l
where all |z — &, —lp < k < 1, appear in ]_[* except at most 5T of them (at most 2T
around z, at most 27 around 0O, and at most 7 around ay), and where some |z — &|

may appear twice, but at most 7 of them (all around ay). Therefore, if z also satisfies
|z —&| >n"*forall -y <k <[ — 1, then

I1—1

[Tie-al=( [I Iz-&l)damm @b

k=—lo, k#0

1Ca(2)] =

A similar reasoning gives that in []** all |&,| appear except perhaps 27 of them, and
none of the & is repeated twice, therefore,

I1—1

k3k 1
[1 |§k|2< I1 |§k|)m~

k=—lo, k#0

Hence,
2T 5 nr T le— &l
ICn(2)] < C3n”" |Cu(2)| < Can —_—
k=710, k#o |$k|
But the product on the right is | B, (z)/B,(0)| with B, from (7.9), for which the bound

(7.10) is true. Hence, we conclude that
ICa(2)| < Csn*T (7.28)

under the condition that |z — &| > n~* for all k.
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This reasoning was made for |z| < § and 0 < z. The case |z| < §, z < 0is completely
similar. On the other hand, if z € T, |z| > §, then we use, forall -N <k < N,k #0,

lz—al=lz—&+0n D =lz— &1+ 0n™h)

because all ay, & with |k| < N lie at distance < CN/n = O(n*1=9~1) = o(1) from
the origin. Thus, if we replace every |z — ai| in C,(2), |k| < N, k # 0, by |z — &|, then
the value of the polynomial can decrease by at most a factor (1 + om~Y"=0(1). We
also want to replace each |ai| by |&|:

N T N N
—-T

[Tl = [Tleal ] te-rl=cn "]l

k=1 k=1 k=T+1 k=1

because |ay| > |&x—7| for k > T and |ax| > c¢/n for all k # 0. A similar estimate holds
for negative values, from which we get

Cuto)l = cn?T [T EZ2H < cogn?,

since the last product is just | B, (z)/ B, (0)|, for which we can use (7.10).
Therefore, for |z] > § we can again claim the bound (7.28).
All in all, we have proven (7.28) on I" with the exception of those z € I' for which

there is a & such that |z — &| < n~*. This exceptional set has arc measure at most

Cn-n~* = Cn=3, so an application of Lemma 2.6 shows that the bound

Ca(2)] < Csn*" (7.29)
holds throughout T".

7.2.8. Completion of the upper estimate for a single arc. Let
Pu(2) = Cu(2)Sp,0,r (2),

where C,(z) is as in (7.11) and S, 0,r(z) is the fast decreasing polynomial from Corol-
lary 2.2 for K = I' and for the point 0. This P, has degree (1 4+ o(1))n, its value is 1 at
the origin, and |P,(z)| < |Cy,(z)l on T'. On I" N A,,—= (0) we just use | P,(z)| < |Cn(2)I,
while for |z| > n~" we see from (7.29) and (2.4) that

|Py(2)] < 2Cs5n%2T Cre™ = o(n=2"1).

Asa consequence,

limsupn®™" | |P,(2)[*dpu(z) < limsupn®™! / Ca(@)I* dpa(2).
r NA,—: (0)

n—o0 n—0oo

Since the integral on the left is an upper bound for Ageg(p,) (1, 0), from (7.26) (using also
(2.2)) we obtain

) (0) Ly
lim sup n®t 1, (u, 0) < w—.
msup T A1, 0) = gt

This proves one half of Proposition 7.1 for a single arc.

(7.30)
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7.3. The upper estimate for several components

In this section, we sketch what to do with the preceding reasoning when I' may have sev-
eral components which can be C? Jordan curves or arcs. Let [o, ..., 'y, be the different
components of I', and assume that zop = 0 belongs to I'g. Assume that I'g is a Jordan arc;
actually this is the only case we shall use below, i.e. when z( belongs to an arc component
of I, and the other components are Jordan curves. On I'g we introduce the points ay as
before; there is no need for them on the other components of I (they played a role above
only in a small neighborhood of 0).

On the other hand, on the whole I" we introduce the analogues of the points & by
repeating the process in [24, Section 2]. The outline is as follows. Let 8; = vr(I'}),

consider the integers n; = [6;n], and divide each I';, j > 0, into n; arcs [ kj each having
equal weight 6; /n; with respect to vr, i.e. vr (ij) = 0;/nj. On I'g introduce the points
by as before, and the arcs I,? = bkb—k+1 Let 5,3 be the center of mass of the arc ij with
respect to vr, and consider the polynomial

Ry =[] — &) (7.31)

j.k
of degree at most n + O(1). Now the polynomial

B, (2) = Ry(2)/(z — &) (7.32)

will have similar properties to the B, before, namely (7.10) is true (see [24, Section 2], in
particular Propositions 2.4 and 2.5).

The rest of the argument in the preceding subsections does not change: the compo-
nents of I';, > 1, are far from zg = 0, the corresponding estimates in the above proof on
them are the same as the estimate in the preceding subsections for |z| > §.

7.4. The lower estimate in Theorem 1.1 on Jordan arcs

In this section, the assumption is the same as before, namely that I consists of finitely
many C2-smooth Jordan arcs and curves, zo belongs to an arc component of I, and 4 is
given by (5.1). Our aim is to prove the necessary lower bound for A, (i, zp).

In this proof we shall closely follow the proof of [24, Theorem 3.1].

Let 2 be the unbounded component of C \ T, and denote by gq the Green’s function
of © with respect to the pole at infinity (see e.g. [16, Sec. 4.4]).

Assume to the contrary that there are infinitely many » and for each n a polynomial Q,
of degree at most n such that Q,(zo) = 1 and

w(z0) Le

(ror(zo))*t! (7.33)

n”“/linzdu« <(1-9)

with some § > 0, where L, was defined in (3.4). The strategy will be to show that this
implies the following: there exists another system T'* of piecewise C*-smooth Jordan
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curves and an extension of w to I'* such that T' C T'*, in a neighborhood Ag of 7o we
have I' N Ag = I'* N Ag, and for the measure

du*(z) = w(z)lz — z0|” dsr+(2) (7.34)
with support T'*,
.. w(z0) Ly
liminfn't¥5, (u*, z0) < ————2 7.35
imintn A G 20) < PR (7.35)
Since this contradicts Proposition 6.1, (7.33) cannot be true.
Let Ty, ..., I, be the connected components of I', I'y being the one that contains zg.

We shall only consider the case when I'g is a Jordan arc; when I'g is a Jordan curve, the
argument is similar (see [24, Section 3]).

Let ny be the two normals to I'g at zp, and let AL = 9gq(z9)/9nt be the corre-
sponding normal derivatives of the Green’s function of 2 with pole at infinity. Assume,
for example, that Ay > A_. Note that A_ > 0 [24, Section 3].

Let ¢ > 0 be an arbitrarily small number. For each I" j that is a Jordan arc, connect the
two endpoints of I'; by another C 2_smooth Jordan arc F]{ that lies close to I'; so that we
obtain a system I'” of kg + 1 Jordan curves with boundary (Uj rj)u (Uj 1"]/.). Assume
also that I'; is selected so that n is the outer normal to I'’ at zo. This can be done in such

a way that (with Q' being the unbounded component of C \ I'')

0gqr (20) - 1 9ga(zo)

(7.36)
onyg I+¢& ong

(see [24, Section 3)).

Select a small disk Ag about zg for which "N Ay = "N A, and, as in [24, Section 3],
choose a lemniscate 0 = {z : |Ty(z)| = 1} (with some polynomial 7 of degree equal
to some integer N) such that I'’ lies in the interior of o (i.e. in the union of the bounded
components of C \ o) except for the point zg, where o and I'” touch each other, and
(with Q, being the unbounded component of C \ o)

989, (z0) - 1 9ga(z0)
on, l+e ong

(7.37)

For the Green’s function associated with the outer domain 2, of o we have [24, (3.6)]

dga,(z0) _ |Ty(z0)l
omy, N

(7.38)

For a small a let o, be the lemniscate o, := {z : |Tn(2)| = e~%}. According to [24,
Section 3], if A C Ay is a fixed small neighborhood of zg, then for sufficiently small a
this o, contains I'"\ A in its interior, while in A the two curves 'y and o, intersect in two
points U, V (see Figure 4). The points U and V are connected by the arc Wro on I'p and
also by the arc Wgu on o, (there are actually two such arcs on o,; we take the one lying
in A). For each I'; which is a Jordan arc, connect the two endpoints of I'; by a new c?
Jordan arc F;-‘ going inside I'’ so that on FJ’." we have

ga(z) <a’, zeTl} (7.39)
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Vv
20 V*
U*
U,
g
)

Fig. 4

In addition, l"(")‘ can be selected so that in A it intersects o, in two points U*, V*. Then
U*V*s, is a subarc of UV . Let now I'* be the union of I, of the F;"s with j > 0, of

o\ U*V*pg and of U*V*, . Then I'* is the union of ko + 1 piecewise smooth Jordan
curves.
Now let
m=1[(1+¢e)A_n/NA4] (7.40)

and consider the polynomial
Poimn (2) = Qn() TN ()" (7.41)

on I'* with the Q, from (7.33), and let u* be the measure in (7.34) on I'*. For the
polynomials Py, it was shown in [24, (3.18)—(3.20)] that

| Poymy ()] < Cin'2e"@=ma on T*\ [TV, UT* V), (7.42)
| Patimn (D)1= 10 (2)] on UVr,, (7.43)
|Paimn ()] < Cin'Zexp(n(1 + )*aA_/|T} (z0)| —ma) onU*V*,,,  (7.44)

where C| is a fixed constant. Here, by the choice of m in (7.40), and by (7.37) and (7.38),
the last exponent is at most

(1+8)YaA_  (1+¢&)°%aA_ (1+¢&)>aA_
n —_ = —E&tn———.
AN NA, NA,

Fix a so small that a% — aA_/NA; < 0. Then the inequality |Ty(z)| < 1 forz e I'*
and the estimates (7.42)—(7.44) yield

hntmN (" 20) < f | Purmn|? di* < f |0ul*dp+ O™,
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Hence, by (7.33), for infinitely many n,

N a+1 L
(n 4+ mN)* o (1" 20) < (”*’” ) (- 20 o). (7.45)
(Tor(z0)*™
Since [24, (3.22)~(3.23)]
1 [(0dgq 0gq 1
= (282 %82) _ (A, 4 A, 7.46
wr(zo) 2n<3n+ + 8n_> 2n( ++A-) (7.46)
1 dgar 19 1
ore(zo) = - 8@ L BaGo) _ L, (7.47)
2r  ong 27 ong 2
we have
(n—kmN)"‘“(1 5 WG0La
n (mwr(z0))*+!
A7 a+1 L A a+1
§<1+(1+s)7—) (1-19) wizo)La 1( - )
Ay (ror(z0)*t \ Ay + A

< (1 _ é) w(z0) Lg
- 2/ (rwr+(z0))* !
if ¢ is sufficiently small. Therefore, (7.45) implies

o ) w(z0) Ly
a+1 * )"
liminf (n +mN)*™ Apsmn (17, 20) < (1 2) (o (zo) 1’

which is impossible according to Proposition 6.1. This contradiction shows that (7.33) is
impossible, and so

.. w(z0) Lg
liminfni, (u, > 7.48
iminfni, (i, z0) = (ror zo)o ] (7.48)
(7.30) and (7.48) prove Proposition 7.1.
8. Proof of Theorem 1.1
Let I" be as in the theorem, and let I’ = :Ozo I'* be the decomposition of I" into con-

nected components. Let €2 be the unbounded component of C \ I'. We may assume that
zo € [o. By assumption, zg lies on a C2-smooth arc J of 32, and there is an open set O
such that / = T"' N O. Let As(zp) be a small disk about zq that lies in O together with its
closure. Now there are two possibilities for J:

Type I: only one side of J belongs to 2.
Type II: both sides of J belong to 2.

Type I occurs when I'? \ As(z0) is connected, and Type II occurs otherwise.
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Let go(z) be the Green’s function for the domain €2 with pole at infinity, which we as-
sume to be defined to be 0 outside 2. The proof of Theorem 1.1 is based on the following
propositions.

Proposition 8.1. If J is of Type I, then there is a sequence {I'y,} of sets consisting of
disjoint C2-smooth Jordan curves an, k = 0,1,..., ko, such that with some positive
sequence {&,,} tending to 0 we have

(i) z0 € TY and T N As(z0) = T N As(20),
(i) 5-or(zo) < or, (20) < (1 + en)or (20),

(iii) maxyer, ga(z) < &m and maxyer gq,, (2) < em,
(iv) the Hausdorff distance of the outer boundaries of " and Ty, tends to 0 as m — oo.

Property (i) means that in the §-neighborhood of z the sets I';, and I' coincide.

Proposition 8.2. If J is of Type II, then there is a sequence {I'y,} of sets consisting of
I‘?n := J N As(z0) and of disjoint C? Jordan curves an, k=1,....ko+ 2 lying in the
component of T’ 31 such that (i)—(iv) above hold.

Pending the proofs of these propositions we now complete the proof of Theorem 1.1. It
follows from (i) and (iv) that there is a compact set K that contains I" and all I';,, such that
zo lies on the outer boundaries of K, and in a neighborhood of z¢ the outer boundaries
of K and I' are the same. In particular, there is a circle in the unbounded component of
C \ K that contains zq on its boundary, so we can apply Lemma 2.1 to K and z.

Fix an m and consider the set I';, either from Proposition 8.1 if J is of Type I or from
Proposition 8.2 if J is of Type II. We define the measure

tm(2) = w(z)lz — z0l* dsr,, (2),

where w is a continuous and positive extension of the original w (existing on J) from
J N As(zo) to T'y,. It follows from the Erd6s—Turan criterion [19, Theorem 4.1.1] that
Wm 1s in the Reg class.

For a positive integer n let P, be the extremal polynomial of degree n for A, (i, zo).
Consider the polynomial Sy,,. /52 7 k (z) from Lemma 2.1 with y = 2 (here ¢; is the
constant from Lemma 2.1), and form the product Q,(z) = P, (2) Sangy fe282,20, K (2)- This

is a polynomial of degree at most n(1 + 4¢,,/c28%) which takes the value 1 at zg. On
I N As(zo) = TN Ags(zg) we have

fr 100 (2)|* dpu(z) S./r |Pa(@)1?di(z) < An(w,z0).  (8.1)

mNA5(20) NAs(z0)

Since the L?(w)-norms of { P, } are bounded, it follows from x € Reg that there is an
n,, such that if n > n,, then
| Pellr < e’

Then, by the Bernstein—Walsh lemma (Lemma 2.10) and by property (iii), for all z € T,
we have
[Py (D] < || P ||Fengsz(z) < o2nEm
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Therefore, (2.3) and I';,, € K imply that for z € '), \ As(z0),

10,(2)| < expney, — [4ney, [c28%]c28?) < e "om
if n is sufficiently large. As a consequence, the integral of O, over I';, \ As(zp) is expo-
nentially small in n, which, combined with (8.1), yields

An(144em fer6?) (Wms 20) = An(pt, 20) + o(n~He)),

Now we multiply both sides by n(1 4 4¢,, /¢28%)' % and let n tend to infinity. Since The-
orem 1.1 has already been proven for I';, and for the measure w,, (see Proposition 7.1),
we conclude (using also (2.1)) that

- 1 w(zo)
1m nf Ot+])\‘ s >
minfn®™ A (s 20) 2 T e (o T e

(with the Ly from (3.4)), and an application of property (ii) yields

. 1 w(zo)
1 2, (. z0) > )
e A (- 20) 2 T ST (1 T e jead?) Grar (o)1 -

If we reverse the roles of I' and I, in this argument, we similarly conclude that

limsup n® A, (i, 20) < (14 &)1 (1 +4em/c282>w(¢)2 o
n—00 (mor(zo0))
Finally, in these last two relations we can let m — oo, and as &, — O, the limit in
Theorem 1.1 follows.
Thus, it remains to prove Propositions 8.1 and 8.2.

8.1. Proof of Proposition 8.1

Both in this proof and in the next one we shall use the fact that if 2; C 5 (say both
with a smooth boundary), and z € Q1, then go, (z) < gq,(2). As a consequence, if z is a
common point on their boundaries, then the normal derivative of g, (the normal pointing
to the interior of €21) is not larger than the same normal derivative of gg, (because both
Green’s functions vanish on the common boundary). Since, modulo a factor of 1/2rx,
the normal derivatives yield the equilibrium densities (see (8.2) and (8.4) below), it also
follows that if I'y C I'p, then on (an arc of) I'y the equilibrium density wr, is at most
as large as wr, (see also [17, Theorem IV.1.6(e)], according to which the equilibrium
measure for I'; is the balayage onto I'| of the equilibrium measure of I';).

Choose, foreachm and 1 < k < kg, C 2_smooth Jordan curves F,’; so that they lie
in © and are at distance < 1/m from I'*. For k = 0 the choice is somewhat different:
let ') be a C? Jordan curve that lies in €, its distance from T'* is smaller than 1/m,
J N As(zg) C F,%, and F?n \ J lies in 2 (see Figure 5). We can select these so that
the outer domains €2, of I',, are increasing with m. From this construction it is clear
that (i) and (iv) are true. Now C \ Q,, (the polynomial convex hull of T';,) is a shrinking
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Fig. 5. The arc J and the selection of I’?,l.
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sequence of compact sets with intersection C \ . Therefore, if cap denotes logarithmic
capacity, then cap(C \ €,,) — cap(C \ Q) [16, Theorem 5.1.3]. Since {gq(z) — g9, (D)}
is a decreasing sequence of positive harmonic functions (more precisely, the subsequence
starting from gq(z) — gg, (2) is harmonic in £2;) for which [16, Theorem 5.2.1]

1
— — — -0
cap(C\ )  cap(C\ Q)
we deduce from Harnack’s theorem [16, Theorem 1.3.9] that go(z) —gg,, (z) — 0 locally
uniformly on compact subsets of €2. This, and the fact that this sequence is defined in

€ N As(zp) and has boundary values identically 0 on 92 N As(zp), then imply (see e.g.
[11, Lemma 7.1]) the following: if n denotes the normal at zg in the direction of €2 then

ga(00) — gq,, (00) = log

0ga,, (z0)  9ga(zo0)
—
an on
But in the Type I situation we have (see [14, I1.(4.1)] combined with [16, Theorem 4.3.14]
or [17, Theorem IV.2.3] and [17, (1.4.8)])

asm — Q.

1 3ga(z0)
21 on

and a similar formula is true for wr,,, hence

wr(20) = ; (8.2)

or,, (z0) = or(zo) asm — oo.

This takes care of (ii).
Finally, we use the following statement from [22, Theorem 7.1]:

Lemma 8.3. Let S be a continuum. Then the Green’s function 8T\ 5(z, 00) is uniformly
1/2-Holder continuous on S, i.e. if zg € 2, then

8g\5(20, 00) < Cdist(zo, $)'/%. (8.3)
Furthermore, here C can be chosen to depend only on the diameter of S.

If we apply this with § = rk k =0, ..., ko, and use gq, (z) < gak (z) for each k

(where, of course, Q’nz is the unbounded component of C \ F,’;), then we can deduce the
first inequality in (iii). In this case (i.e. when J is of Type I), the second inequality in (iii)
is trivial, since, by construction, g,  is identically O on I". O

m
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8.2. Proof of Proposition 8.2

For an m let Jy ,, resp. Jo , be the two open subarcs of J of diameter 1/m that lie outside
As(z0), but which have one endpoint in As(zp) (see Figure 6) (for large m these exist).

Fig. 6. The arcs Jy ,, and J3 ;.

Remove now Jj ,, and J; ,, from I'. Since we are in the Type II situation, after this
removal the unbounded component of the complement of 'O\ (J Lm U Jom)is QUJY U
J2.m,and ro \ (J1,mU J2,m) splits into three connected components, one of them being J N
As(z0); let T01 102 pe the other two. As m — 0o we have cap(@\(QUJl,m Udom) =
cap(@ \ €2), and since now the domains 2 U Ji ,, U Ja ,, are shrinking, we infer from
Harnack’s theorem as before that go(z) — gq,,(z) — 0 locally uniformly on compact
subsets of 2. This implies again that if ny. are the two normals to I at zg (note that now
both point to the interior of €2), then

089U Jy U (20) N 9ga(z0)
on4 on

as m — o0. Since now (see [14, I1.(4.1)] or [17, Theorem IV.2.3] and [17, (1.4.8)])

1 (9dgalzo) 0dga(zo)
wr(Zo)=2—< fa.20) ¢ B2 D ) (84)
b4 ony on_
we conclude again that
0 < or\(J; Uk (20) — ©r(z0) < &m (8.5)

with some ¢, > 0 that tends to 0 as m — oo. By selecting a somewhat larger ¢, we may
also assume

8QUJL wUJom (2) < é&m, 7€ Jl,m ) J2,m (8.6)

(apply Lemma 8.3 to § = I' N As(zo) and use gouy, ,,ul,, (2) < 8T\('NBs(z0)) (2))-

For the continua I'%1, 0.2, I't,..., Tk and for asmall 0 < 6 < 1/m select C2-
smooth Jordan curves 7/0’1, yo,z’ Y1, ..., Vi thatliein QUJy », U J2 , and are at distance
< 6 from the corresponding continuum. Let I';, ¢ be the union of J N A;s(zp) and of these
Jordan curves. Then I', o consists (for small 6) of kg 4 2 Jordan curves and one Jordan
arc (namely J N As(z0)), all of them C2-smooth. According to the proof of Proposition
8.1 we have

wr,, ,(20) = O\, ,U,.) (20)
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as 0 — 0, therefore, for sufficiently small 6, we have (see (8.5))
—&m < @r,,,(z0) — or(zo) < &m-

Thus, if 6 is sufficiently small, we have properties (i), (i) and (iv) in the proposition
for I'y, = I'jy.e. The first inequality in (iii) follows exactly as at the end of the proof of
Proposition 8.1. Finally, the second inequality in (iii) follows from (8.6) because

8mo (2 < QUi Un, (2)

(where €2, ¢ is the unbounded component ofC\ ) and gg,,,(z) = 0if z € I" unless
z€ iU dop.

These show that for sufficiently small & we can select I, in Proposition 8.2 to
be 'y 0. O

9. Proof of Theorem 1.2

Let I" be as in Theorem 1.2, and let " = Ulziozo I+ be its decomposition into connected
components, ['g being the one that contains zg. We may assume that zo = 0. Set

ﬁZ{Z:ZZEF}, ﬁk:{Z:Zzerk}.

Every Iy is the union F+ U f‘* of two disjoint continua, where 1:,: = —f+ Set 't =
Uk I‘i All the FjE are disjoint, except when k = 0: then 0 is a common point of I'E, but
except for that point, 1" and F are again disjoint. In general, we shall use the notation H
for the set of points z such that 7> € H, and if H is a continuum, then we represent H as
the union Ht U H~ of two continua, where H~ = —H ™, and H~ and H are disjoint
except perhaps for the point O if 0 belongs to H.

Now F U FO is connected, and if J is the CZ-smooth arc of T with one endpoint at
z0 = 0, then a direct calculation shows that J is a C2-smooth arc that lies on the outer
boundary of f‘, and J contains 0 in its (one-dimensional) interior. Thus, [ and z0 =0
satisfy the assumptions in Theorem 1.1.

For a measure u defined on I' let i be the measure di(z) = %d,u(zz), i.e. if, say,
E c T*isaBorel setand E2 = {z% : z € E}, then i(E) = 1/(E?), and similarly for
E C I'". So 2 is an even measure, which has the same total mass as u has.

Let vr be the equilibrium measure of I'. We claim that vy = vr. Indeed, for any
zel,

3 5 1
/loglz — 1|dPr (1) =/~ (log|z — t| + log |z + t)dr(r) = 5/ log |22 — 2| dvr (t%)
r+ r

1
= E/log |z2 — u|dvr(u) = const

because the equilibrium potential of vr is constant on I' by Frostman’s theorem [16,
Theorem 3.3.4], and z> € TI'. Since the equilibrium measure V7 is characterized (among
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all probability measures on I') by the fact that its logarithmic potential is constant on the
given set, we conclude that P is indeed the equilibrium measure of I" (here we use the
fact that all the sets we are considering are unions of finitely many continua, hence the
equilibrium potentials for them are continuous everywhere).

Let y(¢) be a parametrization of J* with y(0) = 0. Then y(¢)? is a parametriza-
tion of J, and the two corresponding arc measures are |y’(¢)|dt and |(y(t)2)’ |dt =
2|y ()| ly'(t)|dt, resp. Therefore, since the vx-measure of an arc {y (1) : t; < t < t}
is half the vr-measure of the arc {y (1)2 : 1; <t < 12}, we have

%) 1 5]
/ wr(y )y (0 dt = E/ or(yOH20y O] 1y ()] dt,
151 131

SO
or(y () =or(yO)y @, 1€t

(recall that on both sides, w is the equilibrium density with respect to the corresponding

arc measure). A similar formula holds on J~. But wf-(z) is continuous and positive at 0

[24, Proposition 2.2], so the preceding formula shows that wr(z) behaves around O as

w(0)/+/1zl, and we have (see (1.5) for the definition of M (T, 0))

M (T, 0) =z1ijg)x/mwr(2) = wp(0). O.1)

Now the same argument as in the proof of Proposition 3.2 (see in particular (3.6))
shows that

Since u was assumed to be of the form w(z)|z|*dsy(z) on J, as before we have

15 1 15
f a0 = 5 / Wiy O)ly 2“2y Oy O\ dt,
n 1

and since |y’(¢)|dt is the arc measure on f*, we conclude tflat on JT we have di(z) =
w(z?)|z|>tds 7(2), and the same representation holds on J ™. Therefore, Theorem 1.1

can be applied to the set I', the measure fi and the point zg = 0; the only change is that
now « has to be replaced by 2« + 1 when dealing with . Now from (9.2) we obtain

lim (27)%*"2 00, (f1, 0) = lim (2n)**"2%, (1, 0),
n—oo n—oo

and since, according to Theorem 1.1, the limit on the left is

22a+2r<2a + 2>F<2(x +4) w(0)

2 2 (rop (0))2e+2"
we obtain o)
. 2042 _ w
nl;ng()n An(p,0) = T'(x + I)F(“”)—(mf(())ﬂa”’
which, in view of (9.1), is the same as (1.6) in Theorem 1.2. ]
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