J. Eur. Math. Soc. 20, 797-864 © European Mathematical Society 2018
DOI 10.4171/JEMS/777

Scott Armstrong - Pierre Cardaliaguet J E MS

Stochastic homogenization of quasilinear
Hamilton—Jacobi equations and geometric motions

Received April 27, 2015

Abstract. We study random homogenization of second-order, degenerate and quasilinear
Hamilton—Jacobi equations which are positively homogeneous in the gradient. Included are the
equations of forced mean curvature motion and others describing geometric motions of level sets as
well as a large class of viscous, nonconvex Hamilton—Jacobi equations. The main results include the
first proof of qualitative stochastic homogenization for such equations. We also present quantitative
error estimates which give an algebraic rate of homogenization.
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1. Introduction

1.1. Motivation and informal summary of results

In this paper, we study time-dependent, quasilinear, viscous Hamilton—Jacobi equations
taking the form

&
du’ — str(A< bu” f) %ﬁ) + H(Duf, f) =0 inRYx(0,00). (1.1
|Dut| e €

We briefly summarize the main assumptions, which are given precisely in Section 1.2. The
diffusion matrix A (e, x) is assumed to be nonnegative definite for each (e, x) € d By x R4,
in particular, the diffusive term may vanish or be the Laplacian. The Hamiltonian H (€, x)
is assumed to be positively homogeneous of order p € [1, oo) in &, but is not necessarily
convex in £. Both A(e, -) and H (€, -) are assumed to be stationary random fields sampled
by a probability measure P which satisfies a finite range of dependence.

The interest is in describing the behavior of solutions of (1.1) for 0 < ¢ <« 1. The main
result is a characterization of the limit of u®(x, ), subject to suitable initial conditions,
as ¢ — 0. We show that u® converges locally uniformly, with P-probability one, to the
solution u of a deterministic equation of the form

du+ HMDu) =0 inR? x (0, 00), (1.2)
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with an effective Hamiltonian H : RY — R which has sublevel sets that are star-shaped
with respect to the origin. This is the first stochastic homogenization result for a viscous
equation with a Hamiltonian which may be nonconvex in Du?, or for a diffusion matrix
which may have dependence on Du?.

A particular case of (1.1) satisfying our assumptions is the equation of forced mean
curvature motion

Du® ® Du®

ot —etr( (1= 282" \p2ue ) 4o E)iDuf =0 inR? x (0, 00). (1.3)
| Dut|? &

where the forcing field a is positive, Lipschitz, bounded and satisfies

inf (a(x)? = (d — D|Da(x)|) >0 P-as. (1.4)

xeRd
The level sets of solutions of (1.3) follow a generalized evolution with normal velocity

ek + a(x/¢g), where k represents the mean curvature of the surface. In this context, the
limiting homogenized equation takes the form

_{ Du
ou+a D

| Du|

>|Du| =0, (1.5)

where @ : dB; — R is a positive function which describes the velocity of level sets of
u and thus the effective velocity of the original flow. The homogenization of (1.3) in the
random setting has been an open problem for some time; its importance was highlighted
in the recent review article [10, p. 773]. The condition (1.4) was introduced in [26] in the
context of periodic homogenization of (1.3) and its role is to ensure the Lipschitz regular-
ity of solutions (roughly speaking, it is the condition under which the Bernstein method
for estimating || Du®|| . is applicable). It was recently shown in [12] to be necessary for
homogenization to hold, in general, even in that much simpler context: in other words,
without Lipschitz regularity, homogenization may fail.

Another special case of (1.1) includes the general class of viscous Hamilton—Jacobi
equations of the form

dut —eAu® + H(Du®,x/e) =0 inRY x (0, 00), (1.6)
where H satisfies, for some p > 1 and 0 < ¢y < C,
H(te,x)=t"H(e,x) and co < H(e,x)<Cy, Vi>0,ecdB;, xR’

Our results therefore give the first large class of nonconvex Hamilton—Jacobi equations
for which homogenization holds for d > 1. Even for (1.6) with the second-order term
removed, the conclusions are new: to our knowledge, the only previous results, even for
first-order nonconvex equations, are found in the recent papers [6, 7]. The latter articles
demonstrated homogenization in one space dimension and treated special cases in higher
dimensions for Hamiltonians of the form H (p, x) = H(p) + W (x), an entirely different
structure from the one here.

Every proof of qualitative homogenization for a Hamilton—Jacobi equation in the ran-
dom setting has been based in some way on an application of the subadditive ergodic
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theorem. This requires the identification of a subadditive quantity whose limiting behav-
ior controls that of the solutions to the equation. Such subadditive structures have only
been found, with the exception of the results in [6, 7], in the case of convex or quasi-
convex Hamiltonians and equations with linear diffusion terms. For this reason, a general
qualitative theory of stochastic homogenization for equations with nonconvex Hamilto-
nians or quasilinear viscous terms has proved elusive. Indeed, even identifying a single
example for which it can be proven that homogenization holds for a viscous equation with
nonconvex or quasilinear structure has remained open until now.

In this paper, we propose a new strategy for obtaining qualitative homogenization re-
sults, based on the simple idea that the lack of a subadditive structure can be overcome
by a quantitative approach. Rather than using soft arguments based on ergodic theorems,
we assume a much stronger mixing assumption for the coefficients (a finite range of
dependence condition) and attempt to prove more: homogenization with an explicit er-
ror estimate. The quantitative theory of stochastic homogenization for Hamilton—Jacobi
equations originated in [2] for first-order equations and in [1] for semilinear viscous equa-
tions. The strategy here is to build on the techniques introduced in [2, 1] to handle more
general equations. While the arguments in those papers seem to still rely on subadditivity,
we demonstrate here that the ideas in fact do not require it.

Very recently (and several months after this paper was written), Ziliotto [35] pro-
duced an example of a first-order, coercive (and nonconvex) Hamilton—Jacobi equation
with stationary-ergodic coefficients for which homogenization fails. Thus, in addition to
negatively resolving the question of whether a general homogenization result holds for
nonconvex Hamilton—Jacobi equations, Ziliotto demonstrated the impossibility of obtain-
ing homogenization results by soft or qualitative arguments. This provides further moti-
vation for developing quantitative approaches to this and similar problems.

The assumption of finite range dependence is well-motivated physically and is anal-
ogous to the standard i.i.d. assumption in discrete probability models. It is not an as-
sumption made for simplicity: we do not know how to relax it even to allow very quick
decaying correlations of the coefficients. However, by stability arguments, we can ob-
tain homogenization results for coefficient fields which are uniform limits of finite-range
fields. This covers many typical examples, including for instance coefficient fields built
by convolutions of smooth (but not compactly supported) functions against Poisson point
clouds.

On a technical level, as we will see in Section 3, the finite range assumption gives
us almost sure bounds on the increments of a certain martingale, so that the fluctua-
tions of this martingale can be strongly controlled by Azuma’s inequality. An assumption
which allows for long-range correlations would not have this property. On a more philo-
sophical level, our strategy is quantitative and therefore requires a quantitative ergodic
assumption—but it turns out that the finite range of dependence condition happens to be
the only assumption under which it is known how to prove quantitative results. Indeed, it
is completely open to obtain quantitative results for the homogenization of even first-order
Hamilton—Jacobi equations under any assumption that allows for long-range correlations.
Even obtaining a convergence rate for the shape theorem in first-passage percolation is
well-known to be open when the edges do not satisfy a finite range of dependence!
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In the case of the forced mean curvature equation (1.3) with periodic coefficients, a
lot of attention has been given to the existence of plane-like solutions, which began with
the work of [11]. In our setting, these are solutions, for a given i > 0, of the stationary
problem

—tr(A(Du, x)Dzu) + H(Du,x) = in RY

whose graphs stay within a bounded distance from an affine function. Plane-like solutions
are intimately connected to homogenization; it is not hard to see that their existence for
every given slope implies homogenization for general initial data (at least in the context in
which one has Lipschitz solutions for sufficiently smooth initial data, which is ensured by
our hypotheses). In the random setting, we do not expect that plane-like solutions exist,
in general. Indeed, their existence would imply a rate of homogenization of O(¢) for
affine initial data, while in dimension d = 2 we expect a convergence rate of 0(82/ 3 ), in
line with the conjectured bound for first-passage percolation (a discrete version of a first-
order Hamilton—Jacobi equation) and other growing surface models expected to possess
a scaling limit related to the KPZ equation.

Our strategy for homogenization is nevertheless based on the construction of a weaker
variant of a plane-like solution in half-spaces. We consider the problem posed in the half-
space H = {x - e > 0}, for a given parameter > 0 and unit vector e:

—tr(A(DmM,x)DzmM) + H(Dmy,x)=p inH],
my, =0 on M} .

We call this the planar metric problem, as the value of m,(x) can be thought of as a
“distance” from the point x to the plane 97 . Rather than prove that m,, stays a bounded
distance from an affine function, it turns out to be sufficient for homogenization to show
roughly that, for some exponent o > 0 and a deterministic constant 71z, (e), we have

1
sup  —|my(x) —my(e)(x-e)] = 0@F™*) asr — oo with high probability.
xeBNHT

In other words, we may soften the requirement that m, be a bounded distance from a
plane by allowing the permitted distance to depend on the distance from the boundary
plane 97 and by only checking points in a bounded set. The heart of the paper is the
proof of this estimate, which is stated precisely in Proposition 2.2 and proved in Sec-
tions 3 and 4. The argument is naturally split into two steps: first we show by a concentra-
tion argument, exploiting the finite range dependence of the coefficients, that the random
fluctuations of m (x) are at most of order O((x - ¢)1/2). Then we argue that the means
E[m,(x)], which by stationarity can be written as a deterministic function of the form
f(x - e), must therefore be close to a plane, that is, f is close to a linear function. For
the last step we think of the distance to the boundary plane as “time” and consider the
“semigroup” generated by the “flow” and use a maximum principle argument. The fact
that 9" is unbounded and the fluctuation estimate is not uniform raises another diffi-
culty which is overcome by a new “approximate finite speed of propagation” property
presented in Section 4.1.
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1.2. Precise assumptions and statement of homogenization

We begin with the structural conditions on the coefficients in (1.1) before giving the prob-
abilistic formulation of the problem. Throughout that paper, we fix an exponent p > 1,
a dimension d € N,, a positive integer n € N,, constants 0 < ¢9p < Cp < oo and a
modulus p € C([1, 00)) satisfying

Rli_)moo,o(R) = 00.
We also fix parameters 6, k > 0. It is convenient to set
data := (d, p, n, co, Co, p, 0, k).
‘We consider diffusion matrices A : 9 B] X RY — R4*4 which take the form
A=1oo”, whereo € C1(3B) x RY; RPN (1.7)
is a matrix-valued function (with o7 denoting its transpose) which satisfies
lo (e, x)| + |Dyo (e, x)| + |Dzo (e, x)| < Co  in 3By x RY. (1.8)

For notational purposes, it is convenient to extend o (-, x) (and A(:, x)) to R4 \ {0} by
defining o (€, x) := o(£/|£], x), which makes them 0-homogeneous functions of their
first argument. The Hamiltonian

H e C'(R? x RY) (1.9)

is assumed to satisfy, for every t > Qand &, x € Rd,
H(t§,x) =1"H(,x) and col§|” < H(E, x) < Col§]” (1.10)
IDLH(E, x)| + €] |IDg H(E, x)| < Col€]”  in (R \ {0}) x R (1.11)

The main structure condition on the coefficients is what we call the Lions—Souganidis (LS)
coercivity condition, since it was introduced (albeit in a slightly different form) in [26]:
we suppose that, with the modulus p fixed as above,

inf{Co m(£,x) 1 &, x €RY, €] > R} = p(R), (1.12)

where the quantity C,, 7, which measures the coercivity of the equation, is defined by

Con(€,x) = inf (001 =20)H(n, 0% = (1 +K)* o (n. )| Dxor (0, 1) &
neBy (§)

=001 + )0 (n, ) PI8](1Dx H (1. 0| + K| D H (1, ) ).

At first glance, (1.12) appears to be quite a technical assumption. Let us mention that
it is redundant in the first-order case (A = 0) or when the Hamiltonian grows faster
than linearly (p > 1). The full condition is necessary to allow for p = 1 in the viscous
setting, which includes the forced mean curvature model. We show below in Section 1.3
that (1.12) is satisfied by each of our motivating examples. It is a generalization of the
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condition (1.4) for the forced mean curvature equation, which, as mentioned above, has
been shown to be necessary for homogenization, even in the periodic case [12]. The main
role of (1.12) is to ensure that Lipschitz estimates hold for solutions of the equations we
consider (this is proved in the Appendix). The reason it is so technical is because it is
the condition needed to ensure that Bernstein’s method for obtaining gradient bounds is
applicable.

We work with the probability space €2, defined to be the set of all such coefficient
fields:

Q :={(o, H) : 0 and H satisty (1.7)—(1.12)}.

We endow 2 with a family {F(U)} of o-algebras, indexed by the family of Borel sub-
sets U of R?, and defined by

F(U) := the o-algebra generated by the family of maps Q@ — R?*" x R,
(o, H) — (o(e, x), H(E, x)), wheree € 0B;, £ e R7andx e U.  (1.13)

The largest of these we denote by F := F (R%). The interpretation of F(U) is that it is
the o-algebra containing “all of the information which can be obtained by observing the
coefficients restricted to U.”

Throughout the paper, we consider a fixed probability measure P on (€2, F) which
satisfies the following two conditions:

(P1) P is stationary: for every y € R?, we have
P=PoT,,
where Ty : Q — Q acts on €2 by translation in y, i.e.,
Ty(o, H) == ((e,2) = o(e,z+y), (5,2) = H(E, 2+ ).

(P2) P has a unit range of dependence: for all Borel subsets U,V C RY such that
dist(U, V) > 1,
F(U) and F (V) are P-independent.

Throughout the paper, all differential inequalities are to be understood in the viscosity
sense. Since the quasilinear diffusions we consider have singularities at & = 0, and for
the readers’ convenience, we recall the appropriate definitions in Section 1.5 below.

The main result of the paper is Theorem 2.1, stated at the beginning of Section 2.
Here we present a consequence of it which is simpler, more qualitative and thus easier
to read. It asserts that the initial value problem for (1.1) homogenizes almost surely at an
algebraic rate, at least for Lipschitz continuous solutions (the Lipschitz assumption can
be removed—see Remark 2.6 below).

Theorem 1.1. Let P be a probability measure on (2, F) which sansﬁes (P1) and (P2).

Then there exists a universal exponent o > 0 and a function H € C " (RY) satisfying,

for every & € R4,

loc

col§|P < H(§) < Col&IP
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such that, for every T > 1 and u, u® € WH*[R? x [0, T)) satisfying

dut — etr(A(Du®, x/e)D*uf) + H(Du®, x/e) =0 inR? x (0, T,
du—+ H(Du) =0 inR% x (0, T],
u{;‘("o) Zu(‘v 0) on Rd,

we have

]P’[sup lim sup sup e Ul (x,t) —u(x,t)| = 0] =1.
R>1 e—0 (x,0)eBrx[0,T]

The proof of Theorem 1.1 is given at the end of Section 2.

As we will see from the argument, the exponent « in Theorem 1.1 can be taken to
be any positive number smaller than 1/90. Needless to say, this is not optimal, and we
made no attempt to optimize our proof to obtain the best exponent. It is less obvious that
the limiting Holder exponent of 2/7 for the regularity of H can be improved, at least in
the general quasilinear setting (it is easy to show that H is Lipschitz in the semilinear

case). Note that in the statement of the theorem we used the notation Cloo’f “(RY) =
0.¥ md
m0<y</3 Cloc (R )

1.3. Examples

In this subsection, we check that the motivating examples (1.3) and (1.6) satisfy the (LS)
condition (1.12).

Example 1 (Superlinear case). The assumption (1.12) is redundant in the case p > 1,
that is, we may remove the (LS) condition in the case of a superlinear Hamiltonian. There-
fore our results apply to a large family of quasilinear, viscous and, in general, nonconvex
Hamilton—Jacobi equations.

To check this, it is enough to show that if Cs g (€, x) < K for some K > 1, then
|&] < R for a sufficiently large real number Ry . The condition Cy (£, x) < K implies
that there exists n € B, (§) such that

K >0 —20)ctn*? —6(1 +)|o*Co(l + InI?)£|
— (14 )0 | DyaPE]* — 0k (1 + K)o *Co(1 + [nIP~hH&],

where o and D, o are evaluated at (1, x). If we choose 8 = 1/4, k = 1/2, then, in view
of the fact that |§ — n| < « < 1, the above inequality implies

K = C7'cle[P = Cco = Cllol|7 o gay Co(1 + E17F1)
= Cllo 0 ) |1 D30 1 o 2ty |§ 1P = Cllo 117 ey Co(1 + €17,

where C depends only on p. Since p > 1, this yields |§| < Rk, as desired.
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Example 2 (Forced mean curvature motion). Consider the case

o6 x) = 0(€) = ﬁ(ld e %) and  H(E,x) = a()é],
where a is a random field satisfying ¢y < a(x) < Cy. Then
§ §
A = L T =], — = 2
(§) = 30(8)a(§) d IE|®|§|

and so equation (1.1) is the forced mean curvature equation (1.3).
We claim that, as pointed out in [26], the (LS) condition (1.12) is satisfied provided
that

inf (a(x)* — (d — 1)|Dya(x)|) > 0. (1.14)

xeRd

To check this, we suppose Cy. i (€, x) < K. Then there exists n € B, (£) such that
K > 601 —-20)a)*n* =01 +1)*(d — )| Dya)| In| €] — 0k (1 +1)*(d — 1)*col].
Using |n — &| <k <1, we get

(1+x)?

J— 2 [—
K >6(01 29)<a(x) [ — 20

d— 1)|Dxa<x>|>|5|2 — CI&|.

In view of assumption (1.14), we may choose «, § and 8 so small that

1 2
g2 4t

T (d—1)|Dya] >8>0 inR%.

This implies that |£| < Rk for some Rx > 0 depending only on (K, d, «, 8, 0).

Example 3 (Anisotropic forced mean curvature motion). Our assumptions allow for the
previous example to be generalized to the anisotropic setting. We may consider the case

£ E N\~ £ £
A, x) = —— Q® — A, -—— Q0 — |, ,X) = —_—,
&0 (1”’ |s|®|§|) @ ”(’" |5|®|s|> HE 0 ‘B<|5| x>$

)

where A takes the form A = %55 T and B is a matrix-valued random field satisfying

coly < BT B < Cyly. Note that in this context o = (I; — é ® 5)8’. Then the following
condition implies that the (LS) condition holds:

inf  [|B(e, x)e| — |o (e, x)[*(Jox (e, )|* + | B(e, x)e|| By (e, x)|)] > O.
(e,x)€d By xR4

We leave the confirmation of this claim to the reader.
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1.4. Brief review of the literature

Periodic and almost periodic homogenization results were proved in [26] for the type of
quasilinear and geometric Hamilton—Jacobi equations considered here. The fundamental
qualitative homogenization results for convex Hamilton—Jacobi equations in the random
setting were first proved in [30, 32] in the first-order case and later in the semilinear,
viscous case in [25, 27]. New proofs and extensions of these results appeared later in [28,
31, 3, 4].

As explained above, for geometric equations, the existence of plane-like solutions in
periodic media was proved in [11]; see also [16] for a BV approach and [33] for a con-
struction of plane-like solutions with periodic exclusions. Our assumption (1.12) implies
that the forcing term does not change sign. This restriction has been lifted, under suitable
restriction, for periodic media: see [13], which contains an explicit computation in the
one-dimensional case; in [20] pulsating waves are constructed under a smallness condi-
tion of the forcing term; forced mean curvature motion for graphs, with sign changing
velocities, is studied in [9] under a rather sharp condition on the forcing term; in that
setting, [14] explains the construction of generalized traveling waves and analyses the
long-time behavior of the motion. When the velocity changes sign, pinning phenomena
may occur: this amounts to finding a stationary, positive supersolution at nonvanishing
applied load [19]. Another very interesting problem is to study the properties of the ho-
mogenized motion (the so-called stable norm, or equivalently, the effective Hamiltonian),
examining for example its regularity: for periodic coefficients, this question is studied
in [15].

1.5. Notation

The symbols C and ¢ denote positive constants which may vary from line to line and,
unless otherwise indicated, depend only on the data and on an upper bound for |p| or w.
For s,t € R, we write s A t := min{s, t} and s VvV ¢ := max{s, r}. We denote the d-
dimensional Euclidean space by R?, N is the set of natural numbers and N* := N\ {0}.
For each x, y € R, |x| denotes the Euclidean length of x and x - y the scalar product.
For r > 0, we set B, (x) := {y € R? : |x — y| < r} and B, := B,(0). If K is a subset
of R?, we denote by K and 9K its closure and its boundary, and let K + B, be the set
of points which are at a distance at most r of K. The Hausdorff distance between two
subsets U, V C R is disty(U,V) =inf{r >0: U CV+rByand V C U + rB;}.
The set of bounded and Lipschitz continuous maps on R? is denoted W' (R%). If E
is a set, then 1 is the indicator function of E. We denote the set of upper and lower
semicontinuous functions on a domain E C RY by USC(E) and LSC(E), respectively.
The space of bounded and uniformly continuous functions is denoted BUC(E).

We usually do not display the dependence of various quantities on the random param-
eter w = (o, H) € 2, unless this is necessary.

Throughout the paper, differential equations and inequalities are to be understood in
the viscosity sense (see [18] for the general background). We next recall the appropriate
notion of viscosity solution for quasilinear equations like (1.1) which may be singular at
E=0.
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Definition. Given U € RY x (0, c0) and a function u € C(U), we say that u is a
subsolution (respectively, supersolution) of the equation

du — tr(A(Du, x)D*u) + H(Du,x) =0 inU
if, for every ¢ € C%(U) and (xo, to) € U such that
(x,t) = u(x,t) —¢(x,t) hasalocal maximum (resp., minimum) at (xo, #p),
we have
31 (x0. t0) — tr* (A(D (xo, 10), X) D> (x0, 10)) + H (Db (x0, f9), x) < 0
(resp.,
3¢ (xo, 10) — tr (A(D (x0, t0), x) D¢ (x0, 1)) + H (D¢ (x0, 10), x) > 0).

Here, for any symmetric matrix X € RI*4 tr*(A(&, x)X) and tr, (A(£, x)X) stand for
the upper and lower semicontinuous envelopes of the map (€, x) — tr(A(&€, x)X), which
agree with tr(A (€, x) X) on the domain of A and are defined at £ = O for any matrix X by

r* (A0, x)X) := limsup tr(A(¢, x)X),
£—0,£#0, x'—>x
tr (A0, x)X) 1= liminf  tr(A(£, x")X).
£—0,&#0,x'—>x
The definitions of solution for other equations encountered in this paper (such as the
metric problem and approximate corrector problem) are completely analogous.

1.6. Outline of the paper

In the next section, we state the main result, reduce it to auxiliary results which are the
focus of the rest of the paper and show that Theorem 1.1 is a corollary of it. Sections 3
and 4 are the heart of the paper: there we give the proof of homogenization for the planar
metric problem. We give an estimate on the stochastic fluctuations in Section 3 and then
Section 4 contains the convergence of the statistical bias. The proof of Theorem 1.1 is
completed in the final two sections, where we provide a deterministic link between the
planar metric problem and the approximate correctors (Section 5) and between the ap-
proximate correctors and the full time-dependent, initial-value problem (Section 6). The
Appendix contains some auxiliary results on well-posedness and global Lipschitz bounds
for the metric, approximate corrector and full time-dependent problems.

2. Overview of the proof of Theorem 1.1

In this section, we state the main result and reduce its proof to four statements which are
the focus of the rest of the paper.
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2.1. Statement of the main result

We begin by stating the main result of the paper. Given L, T > 1 and ¢ > 0, we consider
solutions u, u® € WI’OO(R" x [0, T]) of
dut — etr(A(Du®, x/e)D*u) + H(Du®,x/e) =0 inR? x (0, T1,
du+ H(Du) =0 inR? x (0, T, 2.1)
ué‘(_,o) =M(,O) Oan,
such that u® and u satisfy the following Lipschitz estimate: for every x, y € R? and
t,s €[0,T],
|uf (x, 1) — uf(y, )V |ulx, 1) —u(y, )] < L(lx — y|+ |t — s). (2.2)
(See Remark 2.6 for comments on removing the Lipschitz hypothesis (2.2).)
Theorem 2.1. C(Esider a probability measure P on (2, F) satisfying (P1) and (P2).
Then there exists H : RY — [0, 00), depending only on P, such that:
e Forevery L = 1 and o € (0,2/7), there exists C = C(data, L, o) > 1 such that, for
every&,n € By,
col§|” < H(E) < Colg|? and [H () — H(n)| < C|§ —n|*. (2.3)

e Forevery L, R, T > 1, there exists C(data, L, R, T) > 1 and g(data) < oo such that,
foreveryk € Nand A € (0, 1], we have

P[rhere existe € [27KFD 27Ky and u, u® € WHRR? x [0, T])

satisfying (2.1), (2.2) and sup [uf(x,t) —u(x, )| > A]
(x,1)€BRrx[0,T]

< C2M exp(=2kP018/C).  (2.4)

In this section we give an overview of the proof of Theorem 2.1. Similar to the strategy
in [5, 1], the homogenization of time-dependent problems is reduced to the convergence
of a metric problem. Unlike in the convex case, however, we need to study the planar
metric problem, which roughly measures the distance from a point to a plane (rather than
between points, as in the usual metric problem considered in the convex case [4]).

2.2. Ingredients in the proof of Theorem 2.1

In this subsection, we state the key auxiliary propositions which are used to prove Theo-
rem 2.1. Recall from the introduction that the planar metric problem is

(2.5)

—tr(A(Dm,L,x)Dzm,L) + H(Dmy,x)=p in HT,
my =0 on dH;},

where © > 0 and, for a unit direction e € 0Bj, we define ’Hj and H_ to be the half-
spaces

Hf =(xeR?:x-e>0} and H, :={x eR?:x.e <0} (2.6)
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In the Appendix, we show that this problem is well-posed and there exists a unique Lip-
schitz solution which we denote by m (-, H_ ) (Theorem A.6). The main step in the proof
of Theorem 1.1 is the demonstration that (2.5) homogenizes, that is, for every u > 0 and
e € dBy, there exists a deterministic quantity 712, (e) > 0 such that

my(te, H,)

lim =my(e) P-as. 2.7

11— 00
We actually prove more, namely the quantitative version of (2.7) given in the following
proposition.

Proposition 2.2. Fix L > 1, e € 9B and v € (0, L]. There existm,(e) > 0, C(data, L)
> 1 and g(data) < oo such that, for every x € H} and ) > 0,

L —)?
Plim,(x, H,) —my(e)(x -e)] > A] < Cexp(m). 2.8)

Moreover, the map (i, e) — m(e) is continuous on (0, 00) x 9 Bj.

Proposition 2.2 is a consequence of the results in Sections 3 and 4, and its proof comes
near the end of Section 4.
Using the result of Proposition 2.2, we can identify H.

Definition (The effective Hamiltonian). We define the effective Hamiltonian H : R? — R
by setting H(0) := 0 and, forevery ¢t > O and e € 9By,

H(te) :=inf{u > 0: my(e) > t}.

It is immediate that H : R — R is continuous and coercive, and since my, (e) is increas-
ing in f, its sublevel sets are star-shaped with respect to the origin. We do not expect H
to be positively homogeneous, in general, unless p = 1 or P[A = 0] = 1, due to the
interaction between the diffusion and the Hamiltonian.

The quantitative error estimates for the time-dependent initial-value problem require
an explicit Holder estimate for H, which is proved at the end of Section 5.

Proposition 2.3. For every L > 1 and o € (0,2/7), there exists a constant C =
C(data, L, o) > 1 such that, for every &, n € By,

col€lP < H(E) < ColglP, 2.9)
|H(E) — H(n)| < ClE —n|*. (2.10)

Once we have proved Proposition 2.2, the rest of the proof of Theorem 1.1 is determin-
istic and consists in transferring the limit for the planar metric problem to a limit for
solutions of the time-dependent problem by comparison arguments. This part of the proof
of our main result is a fairly routine, if technical, adaptation of the perturbed test function
method [21]. However, it is more difficult in our setting, due to the presence of the singu-
lar, quasilinear diffusion (as has been noticed previously [12]) and due to the need for a
quantitative statement.
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We state the deterministic comparison results in two parts. First, we give a link be-
tween the planar metric problem and the approximate correctors, which are the solutions
v5(-, &), foreach & € R4 and § > 0, of the problem

80 (x, £) — tr(A(E + DV’ (x, ), x) D*° (x, £)) + H(E + DV (x,£),x) =0 inR%.
It turns out that (2.7) is essentially equivalent to

Slin%) —5v9(0, &) = H(E) P-as. (2.11)

A quantitative version of this fact is summarized in the following proposition, which is
proved in Section 5.

Proposition 2.4. Fix A, § 6_(0, 1, L > 1,e € dByand u € (0, L]. Select t > 0 such
that & = te satisfies w = H(&). Then there exists C(data, L) > 1 such that, for every
s > C/(29),

sup |m,(x, H, —se) — i (e)(s +x-e)| <A/8 = [8v°(0,&) + H(E)| < CAl/5.

XEBAV/Z

It is essentially well-known that, in a fairly general framework, the limit (2.11) implies
that (1.1) homogenizes. The final ingredient for the proof of Theorem 1.1 is a quantitative
version of this statement. It is proved in Section 6.

Proposition 2.5. Fix0 < e <8 <A <land L,R,T € [1, o). Suppose that u®,u €
Wl’oo(Rd x [0, T']) satisfy (2.1) and (2.2). Then

sup  [uf(x,t) —u(x, )] > A (2.12)
(x,t)eBR x[0,T]

implies that, for a constant C = C(data, L, R, T) > 1,

. 5 £\ /10
swp 130, 6) + )| = = — c(8—> . (2.13)
(x.£)€Bcex By A

2.3. Proofs of Theorems 1.1 and 2.1

We next give the proof of Theorem 2.1, subject to the four results stated in the previous
subsection (and some more standard auxiliary estimates proved later).

Proof of Theorem 2.1. We prove only the second statement of the theorem, since the first
is contained in Proposition 2.3. Fix L, R, T > 1. We denote by C and c positive constants
which depend only on (data, L, R, T')) and may vary at each occurrence.

Also fix k € N and 27 < § < A < 1. Below we will select § in terms of k and A.
The goal is to estimate the probability of the event that, for some ¢ € (2~*+1, 2%} and
u,u® € WH(R? x [0, T) satisfying (2.1) and (2.2), we have

sup [uf(x,t) —u(x, )| > A. (2.14)
(x.1)€BR x[0,T]
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According to Proposition 2.5, we see that (2.14) implies
sup (800, &) + HE)| = e, (2.15)

(x.£)€B ok XBL

Ce\ /10
(a) =<k

A= Cc ks, (2.16)
We next apply Proposition 2.4. We deduce that (2.15) implies, for s := C§ 1173,

provided that

which is equivalent to

sup{lm,(y +x,H, +x —se) —my(e)(s +y-e)|:
(1, e,x,y) € (0,CLP] x 3By x Beox X By} > cA’87'. (2.17)

In order to estimate the probability of (2.17), we need to snap to a finite grid so that we can
apply union bounds to Proposition 2.2. This requires some (deterministic) continuity of
my, (e) and my, (x, H,) in all three parameters x, e and u, which is given in Lemmas 4.7
and 4.8. We deduce from these lemmas and (2.17) the existence of a finite set

A C(0,CL?] x 0B; x Beok x Bga,

depending only on (data, k, §, 1), such that A has at most C 2kq (A8)77 elements for an
exponent g = ¢g(data) < oo, and
sup  |mu(y+x,H, +x —se) —mu(e)s+y-e)|=cA8 7 —C.  (2.18)
(,e,x,y)eA
Making g (data) < oo larger if necessary, and applying Proposition 2.2, we deduce that,
for every (i, e, x,y) € A,

Pllm,(y 4+ x, H, +x —se) —mu(e)(s +y-e)| = A’ = C]
_ 110

" _ )\‘18
< Cs1 exp<822‘—8/5) < Cr4571 exP(;T)’

provided that A°8~! > C (so that cA’8 ™! —C > ¢A°8~ ") and s > C/(A8), which in view
of the definition of s is equivalent to A < c¢. Moreover, the first restriction that Wsl>c
can be removed since otherwise the last term on the right side is larger than 1. Therefore,
a union bound gives, up to a redefinition of ¢ (data) < oo,

P[3u®, u € WHO(R? x [0, T) satisfying (2.1), (2.2) and (2.14)]
_ )\'18
< P[(2.18) holds] < €2k (r8) ¢ exp((;T). (2.19)
It remains to specify 8. Making no attempt to be optimal, we take § := 27%/2_ It is clear
that this choice satisfies (2.16) provided that

A > C27k22,
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After another redefinition of ¢ = g(data) < oo, we see that the right side of (2.19) is at
most
C2% exp(—c2¥/318).

This completes the proof of the theorem, since the restriction on A may be removed: if it
is false, the quantity in the previous line is larger than 1. O

We now show that Theorem 1.1 is a consequence of Theorem 2.1.

Proof of Theorem 1.1. Take o < 1/90, set A(k) := 2~ and observe that, for constants
R, T > 1, the estimate (2.4) yields, for every m € N sufficiently large,

P[as € 0,27,  sup e uf(x,1) —ulx, 1) > 1]
(x.1)€BR x[0,T]

o0
S C Z 2kq exp(_zk/s—lgka/c) S Cexp(—2(1/5_18a)m),

k=m

where C depends on data and the Lipschitz constant of «¢ and u on R? x [0, T']. Summing
over m, applying the Borel-Cantelli lemma and then shrinking « slightly yields

P[limsup sup e %Nub(x,t) —u(x,t)| = O] =1.
e—>0  (x,1)€Bgx[0,T]

Taking the intersection of these events for a sequence R = R; — oo then yields the
conclusion of the theorem. O

Remark 2.6. Theorems 1.1 and 2.1 are stated and proved under the condition that both #®
and u are Lipschitz continuous in space and time. For u, this is not controversial, since it
satisfies a first-order equation with a coercive Hamiltonian and will thus be locally Lip-
schitz on R? x (0, T, at least if it is assumed to have at most affine growth initially.
However, u® will not be Lipschitz, in general, unless it is bounded in C LIRdy atr =0
(that initial data belonging to C-!(R¥) suffices for a Lipschitz estimate is explained in
the Appendix). Therefore it may appear that Theorem 1.1 only implies qualitative homog-
enization for initial-value problems with sufficiently regular initial data.

However, this can be overcome easily, using the comparison principle and approxi-
mating any bounded and uniformly continuous initial condition from above and below
by C!! functions. The monotonicity of the solutions as functions of the initial data guar-
antees that we may interchange the two limits (for approximation and homogenization),
yielding a quite general qualitative homogenization result.

This interpolation trick also works at the level of quantitative estimates, provided we
assume Holder continuous initial data, permitting us to deduce error estimates and an
algebraic rate of convergence for more general initial-value problems. In order to check
this, it is necessary to track the dependence on L (the upper bound for parameters such
as u, |&], etc.) of all the constants C in each quantitative estimate of the paper, in order
to ensure that the dependence is polynomial in L (which it is). For readability, we have
chosen not to display such dependence.
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3. The fluctuation estimate

In this section, we prove the following estimate on the fluctuations of the metric problem
to any nonempty compact target set S C R? which satisfies the interior ball condition

s= |J Biw. (3.1)

Bi(x)SS

The metric problem is

J— 2 = i d
{ tr(A(Dm, x)D?m) + H(Dm,x) = inR?\ S, (3.2)

m=0 ondS.

In the Appendix we show that (3.2) is well-posed and give some properties of its solution,
which we denote by m,, (-, S) € WIL’COO (R4 \ S).

The main result of this section is the following estimate for the stochastic fluctuations
of my(x, S) for x € RY \ S.

Proposition 3.1. Let L > 1 and S € R? be a compact set satisfying (3.1). Then there
exists C(data, L) > 1 such that, for every u € (0, L], x € RY and A > 0,

352
woA
Plim,(x,S) —E[m,(x, 9] > Al <Cexp| -——FF—— ). 3.3

[Imu(x, 8) = Elmy (x, 1| > 2] p( C(l—l—dlst(x,S))) (3.3)
Since the constant C in Proposition 3.1 does not depend on S, we obtain the same result
for the planar metric problem by considering an increasing sequence {S,},>1 of compact
sets whose union is H{, and using the stability of viscosity solutions under local uniform
convergence and the obvious monotonicity of m,, (x, S,) in n.

Corollary 3.2. Let L > 1. Then there exists C(data, L) > 1 such that, for every u €
(0,L], e € 9By, x € H} and A > 0,

342
P, (e, Hy ) — Blmy (x, HO1 > 4] < Cexp(—h). (3.4)

The proof of Proposition 3.1 is based on Azuma’s inequality and is similar to the argu-
ments used by the authors in the viscous convex case [1], which were partially based on
those introduced in the first-order convex case [2, 29] and some previous ideas originating
in first-passage percolation [24, 34].

We continue with some notation and conventions in force throughout the remainder
of this section. We fix L > 1, u € (0, L] and a compact set S < R4 satisfying (3.1).
Unless otherwise stated, we denote by C and ¢ positive constants which may vary at
each occurrence and depend only on (data, L). Some of our estimates below depend on
a lower bound for p, these are typically denoted by C,, or ¢, with the dependence on u
made explicit. The constants £, and L, are as in the statement of Lemma A.7 in the
Appendix, and for some constants C(data, L) > 1 and c(data) > 0, we have

cuw <€, <L, =<C. (3.5)
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For technical reasons, it is convenient to consider solutions of the metric problem for co-
efficients (o, H) belonging to the closure £ of the set £ with respect to the topology of
local uniform convergence. The well-posedness and global Lipschitz estimates for coef-
ficients belonging to Q are established in the Appendix. If it is necessary to display the
dependence of m (-, S) on the coefficients, we write m (-, S, w) forw = (0, H) € Q.

3.1. Localization in sublevel sets

A key step in the proof of Proposition 3.1, following [1], is to show that the solutions
of the planar metric problem depend almost entirely on the coefficients restricted to their
sublevel sets. This paves the way for a martingale argument to estimate the stochastic fluc-
tuations. The result is summarized in Proposition 3.4 below. The main new observation
here is that the proof of [1, Lemma 3.3] does not require convexity of the Hamiltonian,
but a weak form of positive homogeneity. Nevertheless, we give a complete argument
here for the reader’s convenience and because the statement here is slightly different than
the one in [1].

Lemma 3.3. Fix coefficients w1 = (o1, H) € Q and wy = (09, H) € Q. Suppose that
t >1and

(o1, H) = (02, H))  inRY x {x e RU\ S :m,(x, S, w1) < 1}.

Then, for every x € R4 \ S such that m,(x, S, w1) <t,

m/,l,(-x9 Sa (1)]) - mﬂ(-xv S5 CUZ)

4CoL;, 4Ly M
< —_— — t— , S, . 3.6
= eXp( I >eXP( CoL,%( my (x wz))) (3.6)
Proof. For notational simplicity, we denote m; := m,(:, S, w;) for i € {1,2}. The ar-

gument is a comparison between m and w := @(m), where ¢ : Ry — R, is given
by

o(s) =5 + kexp(a(s —t + k)),
and the constants k and « are defined by

k := sup{m(x) —my(x) 1 x € RI\ S, mi(x) =1}, = (CoL;) 'p.

We may assume without loss of generality that k > 0, since otherwise (3.6) is immediate
and there is nothing more to show.

As in [1, proof of Lemma 3.3], we show by a direct computation that w is a super-
solution of the equation with coefficients w;. We perform the computation as if m, were
smooth; however, what follows can be made rigorous in the viscosity sense in the usual
manner, by performing the analogous computation on a smooth test function and using
Proposition A.S.

We compute

Dw(x) = (1 + akexp(a(ma(x) —t + k)))sz(x),
Dzw(x) = (1 + akexp(a(ma(x) —t + k)))Dzmz(x)
+ ok exp(a(ma(x) —t + k))Dmy(x) @ Dmy(x).
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Using the homogeneity of Ay and H; with respect to the gradient variable, the bound
|A1| < Cp and the gradient estimate |Dmy| < L, we find

— tr(A(Dw, x) D*w) + H (Dw, x)
> (1 4 ak)(— tr(A1 (Dmy, x) D*m) + (1 + k)P~ Hi (Dm3, x)) — Coo kL.

As (o1, H1) = (02, Hy) in {m < t}, recalling the definition of & we therefore have, for
every x € {m <t},

— (A (Dw(x), x) D*w(x)) + H (Dw(x), x) > (I + ak)p — Coa’’k L), = pu.
So w satisfies
—tr(A;(Dw, x)Dzw) + H(Dw,x)>pun in{m <t} 3.7
and, by the definition of &,
w>0 onS, w>m; ond{m <t} (3.8)
By the comparison principle (Proposition A.5),
w>my  in{m; <t}. 3.9)
Rewriting this in terms of m, yields

mi(x) < ma(x) +kexp< CO“L

5 (ma(x) —t +k)), x €{my <t}. (3.10)
i

The rest of the argument follows [1, proof of Lemma 3.3] and consists in estimating
the constant k by using Lipschitz estimates. For this we first note that, since k = ¢ —
min{ma(x) : my(x) = t}, there exists xo € R? such that m[(xo) = ¢ and m2(xo) =t — k.
Then the Lipschitz estimate on m in (A.19) implies that dist(xp, S) > L;lt, while the
lower bound on the growth of my in (A.21) yields (I,,/L, )t —2 < ma(xp) =t — k. We
get a first, rough bound on k:

k<t(l—1,/L,)+2. @3.11)

Next we fix h € [0, — k] and note that, by the growth of m, in (A.20), there exists
xp € R? such that mo(xp,) =t — k — h and |x, — xg| < h/l, + 2. By definition of k, the
set {ma(-) <t — k} is contained in {m(-) < t}, so that xj also belongs to {m(-) < t}.
Using (3.10) and (A.19), we find that

u

2
COLM

t— Ly h+2) < mi(x) <ma(xn) + kexp( (ma(xp) — 1+ k))

§t—k—h+kexp<— h) (3.12)

7
2
COLM
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Fix ¢ := exp(—1) and set h := M_I(CoLi). Observe that, in view of (3.11), we have
t —k — h > 0 provided that t > ZCOL?L/(MIN«)' Then (3.12) gives

C()Li
uly, .

CoL? CoL?
L < 1 (_0u+ oLy,

+2L,) <4
T 1l-c¢ w jm M>_

Inserting this into (3.10) yields (3.6) for t > 2C0Li /(ul,). We conclude by noting
that (3.6) always holds for ¢ < ZCoLi/(,ulM). ]

It is convenient to rewrite the statement of Lemma 3.3 in terms of the sublevel sets of
my (-, §). To this end, we set

Col?  CoL? wl3
ay =3a, +2l,, where @, :=—>"— “10g< ”3)
ul,, 1 4CoL3,

Notice that @, = C(ul,)~".

Proposition 3.4. Fix coefficients w; = (o1, Hy) € Q and wy = (02, H) € Q. Suppose
thatt > a,, and

(01, H1) = (02, H)  inRY x {m,(-, S, 1) < 1.
Then
lmy(x, S, w1) —mu(x, S, 0)| <1, xe{m,(, S, w)=t—a,l, (3.13)
and, for any s € [0, —a,],

distH({mu(-, S,w1) < s}, {mu(-, S, w2) < s}) <3. (3.14)

Proof. We use the notation m; := m,(-, S, w;) for i € {1,2} as in the proof of the
previous lemma. By the definition of E;L, we have

4'C0L3 4L I
I, = R expl —2 ) exp( — a. ).
. wly xp( lu ) Xp( COL/ZAaM>

Fix x € R\ S such that m;(x) <t — EL. If my(x) > ma(x), then Lemma 3.3 gives

4CoL3 4L %
mi(x) —ma(x) < ———F CXP(Z—“> eXp<— 5 (1 — mz(X)))
Hip I CoLy,
4CoL} 4L
< ew(—“) eXp(—Lz(t — ml(x)))
uly Iy COLV«

4CoL3 4L
< 0 Eexpl —£ ) exp( — F <lI,.
wly Iy C()LIZL ®
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Let s be the largest real number such that {m,(-) < s} C {m () <t — E;l}. Then there
exists x € R? \ S such that m»(x) = s and m(x) =t — E;l, so that

t—a, =mi(x) <mp(x) +1=s+1.

Therefore {my(-) <t — 5;; — 1} € {m1(-) <t}, and hence

(A1, H) = (A2, o) in{ma() <t —a, —I,}.

Reversing the roles of m| and m» in the above argument, we obtain
. —/
my <my+1, in{my(-)=<t-— ZaM -1}

Arguing as above, one also finds that {m (-) <t —3a,, —21,} C {ma()) <t —2a, —1,},
which shows that

lmy —my| <1, in{mi() <t—3a, —2l,}.

Recalling that a,, = 3a), + 21,,, we get (3.13).
We now prove (3.14). If s < t — a,,, then by (3.13) and (A.20),

{mi() <5} S {ma() <541} S {ma() < s}+ Biyy, S {ma() < s}+ Bs.

Hence {m(-) < s} C {mr(-) <s}+ Eg. Reversing the roles of m and m, completes the
proof of (3.14). O

U

3.2. Construction of the localized approximations m,

Given a compact set U € R such that S C U, we now define localized approximations to
my (-, §), which we denote by mf{(-, S). For this purpose we fix a family {w, = (0,,, H,)}
which is dense in 2 in the topology of local uniform convergence. We define, for every
k,neN,

By,k(wn>={w=(a,H>eQ: sup |(a,H>(s,x>—(an,Hn)(s,xnsl/k],
(£,x)€BrxU

and, foreachx e R? and w € Q,

mg(x, S, w) = inf supm (x, S, w) 1B, (@) (@).
keN ;eN ’

Note that the events By y(w;) are nonincreasing in k, and therefore the infimum in the
definition of mg is also a limit as k — oo. As usual, we suppress the dependence of m,
on w if there is no loss of clarity.

We next verify some basic properties of mff
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Lemma 3.5. For each compact subset U € R? satisfying S € U C RY, and every
x e R4 \ S, the random variable mll{ (x, S) is F(U)-measurable. For every x,y € R4 \S,

mp (x, ) =m0 (y, $)| < Lylx — y|
and
mu(-,8) <mY (. 8) inRI\S.

Finally, for every = (o, H) € Q and x € R?, there exists o' = (¢, H') € Q such that
(0,H)=(0/,H)inR! x U and mY(x, S, w) = m,(x, S, o).
Proof. As the coefficient fields (o, H) € Q2 are locally uniformly continuous, the event
By ik (wy) belongs to F(U). So mg(x, S) is F(U)-measurable for any x. Moreover, the
map x mf{(x, §) is L, -Lipschitz continuous on R4 because so is m w(, 8).

Let us now check that m, < mllf Fix w € Q. As the family {w, = (o, Hy)} is

dense in €2, there exists a subsequence (w, = (0,7, H,)) which converges to w = (o, H)
locally uniformly. So, for any k € N*, there exists n; > k such that w € BU,k(a),,Z). In

particular, for any x € R4,

Supmll(xa Sa wn)]lBUyk(a),,) Z mpt(xa Sa wnl/‘)
neN

Since m (-, S, wn;()keN converges locally uniformly to m, (-, w) by the local uniform
convergence of (w"i) to w, we obtain the desired inequality upon sending k — oo.

We now prove the last statement of the lemma. Fix w = (o, H) € Q and x € R4, For
any k € N, let n; € N be such that w € By x(wy,,) and

supmy (x, S, w")]]'BU,k(a)n) <myu(x, S, wy)+1/k.
neN

By uniform continuity of the elements of €, there exists o' = (¢/,H)) € Q
and a subsequence (wy, )ken Which converges locally uniformly to «’. It follows that
(mu (-, S, ®n,))ken converges locally uniformly to m (-, S, @’), and therefore

m(x, S, w) = klirglomu(x, S, wn) = my(x, S, o).

Using w € By x(wy, ), we deduce that (¢/, H') = (o, H) in RY x U. O

We next show that mf{ is a good approximation of m,, in those sublevel sets of m,, which
are contained in U.

Lemma 3.6. With a, defined as in Proposition 3.4, fixt > a,, and assume that

Then
mu(.8) <mf (. 8) <muC. )+, in{myu(.S) <t—ayl,

and, for any s € [0,1 —a,],

mf (. §) < s} S {mu (-, ) <5} S {mf (-, S) < s} + Bs.
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Proof. Letw € Qand x € {m, (-, S,w) <t —a,}. According to Lemma 3.5 there exists
o = (o', H") € Q such that m{](x, S, w) = m,(x,S, o) and (¢/, H') = (o, H) in
RY x U.

By assumption, we have (¢/, H') = (o, H) in U 2 {m,(-, S,w) < t}, and thus
Proposition 3.4 yields

|m/l.('7 S’ 6()) - mu('v Sa (,()/)| = lpt in {m#('a Sv (,()) <t _E,LL}

Applying this to x, we obtain |m, (x, S, w) — ml({(x, S, )| <1y.
Now fix s < t — a,. We already know from Lemma 3.5 that m,(-, S, w) <
mg(-, S, w), so that

mf (.S, ) < s} S {mu(-. S, 0) <s}.

Conversely, if x € {m,(:, S, w) < s}, then, by (A.20), one can_ﬁnd y € R4 such that
ly —x| < 3and my,(y,S,w) < s —1,. Letw = (¢, H') € Q be associated to y as
in Lemma 3.5: mY(y, S, @) = m,(y, S, ') and (¢/, H') = (0, H) in RY x U. Then,
by Proposition 3.4, m,(y, S, o) < mu(y,S,w)+1, <s.So mg(y, S, w) < s, which
proves the second part of the lemma. O

We next obtain a result like the previous lemma, with the important difference that the
hypothesis requires only that the ¢-sublevel set of mg, rather than the -sublevel set of m,,
is contained in U. We define a new constant

ap :=2(Ly + 1) + a2+ Lyl "),

where @, is defined in Proposition 3.4. Note that, as @, = C(ul,)~!, we have a, =
cu 2.
"

Lemma 3.7. Fixt > a, and assume that
ml (.8 <t}cuU.

Then
mu G, S) <mi(,8) <muC, ) +1, in{my (-8 <t—a,l},

and, for any s € [0,1 —a,],
{mf (. §) < s} S {mu (-, ) <5} S (mf] (-, S) < s} + B.

Proof. Let s be the largest real number such that {m (-, S) < s} C {mg(~, S) < t}. Then,
since
mu(.8) < sy S{ml(.$) <1} CU,

Lemma 3.6 implies that

|my (-, S) — mZ(-, O <ly in{m,(-,S) <s—ay}, (3.15)
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and, for any v € [0, s —a,],
{myl (-, 8) < s} S {myu (-, S) < s} S {m}/ (-, S) < s} + B3.

It remains to show that {m/ (-, §) < ¢ —a,} € {m,(, S) < s}. Observe that, by the
definition of s, there exists x such that m, (x, §) = s and m/’{(x, S) = t. By (A.20), there
exists y € R? such that |x — y| < l;lﬁu + 2 and my,(y, S) = s — a,. Then, by the
Lipschitz estimates,

ls —t] <@y +1s — @y — 1] @+ Imu(y, S) —m (v, )|+ Im[ (. §) —m] (x, S)|

<G+l + L' a, +2).
Let now 7 be the largest real number such that
m (-, 8) <t} S {mpu(-, S) <5 —ay).

Then there exists x” such that mg (") =tandm,(x") =s —a,. So, by (3.15), we have
|t —s +ayl <1,. This gives the result since

ap = @+l + Lo @y +2) + @+ ). u]

We conclude this subsection by slightly modifying the statement of the previous lemma,
putting it in a form better suited for our purposes in the following subsection.

Proposition 3.8. Suppose that S € U C R¢ and t > 1 satisfy
(x eR?: mff(x, S) <t} C Ug,,
where Ry := 5 + l;laﬂ. (Note that Ry = Cu_ll;3.) Then
0<m(.8)—myu(.S) <1, in{ml (- S) <t} (3.16)
and, for any s € [0, t],
mf (. §) < s} S {mu (-, ) <5} S {mf] (. S) < s} + Bs. (3.17)

Proof. In view of Lemma 3.7, one just needs to check that {mﬁ’(-) <t+ay} S U.Here
is the proof: as {mg(-) <t} € U, Lemma 3.7 implies that

{m, <t—a,}C {mg <t—a,}+ Bs.
Thus, from (A.20),

tmi <1} S {my <1} S {my < t—a)+Bp, S imy <t—ay)+Br, CU. 0O

+
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3.3. Construction of the martingale

In this subsection, we perform a construction similar to the one in [1, Section 3.3]. The
eventual goal is to define a filtration {G;};>0 on € so that the martingale E[m, (x, S) | G;]
has bounded increments in ¢, almost surely with respect to IP, permitting the application
of Azuma’s inequality. As in [1], the filtration G, is a “perturbation” of the smallest o-
algebra which makes the ¢-sublevel set of m,, measurable, but nevertheless is sufficiently
localized in its dependence on the coefficients that we may make use of independence.

We begin by introducing a discretization of the set C of compact subsets of R? which
contain S. We endow /C with the Hausdorff metric disty, defined by

disty (K, K') := max{ inf sup |x —y|, inf sup |x — y|}
Y€K yeg yeK' xek
=inf{r >0: K €K'+ B,and K’ € K + B,}.
Since the metric space (/C, distg) is locally compact, there exists a pairwise disjoint par-

tition (I';);en of K into Borel subsets such that diamg (I';) < 1 for each i € N. For each
i € N, we define

K; = U K + B).
Kel;
By definition, K; has the interior ball condition of radius 1 (i.e. satisfies (3.1)) and
Kel;, = KCK, CK+B,.
We define compact sets K; € K] C K" € I?i for each i € N by

K/ :=K;+Bgy, K=K+ B, K; = K! +Bj.
We enlarge I'; by setting
T,:={KeK:KCK; €K+ Bal}.

We define the following subsets of €2, foreach# > 0 andi € N:

F;(t) := the event that {x € R? : m,lf" x,8) <t}e T;.
‘We next show that the events { F; (1) };cn cover 2.

Lemma 3.9. Foreveryt > 0,

U Fi(t) = Q.

ieN
Proof. Fix i € N such that {x € RY : my(x,S) <t} € I';. We claim that F;(f) holds.
Our assumption implies that

K!
xeK/:m,' (x,5) <t} CK,.

Thus Proposition 3.8 is applicable and we deduce from (3.17) for s = ¢ and our choice
of i that {my' (-, S) < t} € T. Thatis, F;(¢) holds. 0
We next show that if F; () holds, then the z-sublevel set of m,, is close to K;.
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Lemma 3.10. Suppose thatt > 0 and F;(t) holds. Then

{mu(-,S) <t} S Ki+Bs and K; C{my(-,S) <t}+ Ba, (3.18)
Sup(mis’ (- 8) — mu (-, 8)) < 4Ly, + 1, (3.19)
K;
sup |my, (-, §) —t] < 8L, +2I,. (3.20)
0K;

Proof. If F;(t) holds, then

(my' (S) <1} € K; € {my' (- S) < 1) + B, (321

Note that the first inclusion of (3.21) ensures the applicability of Proposition 3.8. The
inclusions in (3.18) therefore follow from (3.17) and (3.21). The inequality (3.19) is
obtained from (3.16), (3.21) and the Lipschitz estimate. To prove (3.20), note that if

x € 0K;, then by the first inclusion in (3.21), We have m,lf’ (x) > t. By the second
inclusion of (3.21), there ex1sts y € R? such that mu’ (y) <tand |x —y| < 4. Thus, by

the Lipschitz estimate, m u (x) <t +4L,. Combining this with the second conclusion
proves the claim. O

We now form a partition of €2 by defining
Ei(t) = Fi(t), Eit1(t) = Fi@\(Ei@®)U---UE;(t), €N

By Lemma 3.9, {E; (t)}ien is a pairwise disjoint partition of €2.
An important property of E;(¢) is that it is measurable with respect to the restriction
of the coefficient fields to K, which is the assertion of the following lemma.

Lemma 3.11. Forevery0 <s <tandi, j €N,
Fi(s)NFi(t) #0 = K] C K]/»/ and E;(s) € ]—“(KJ’/).
In particular, E;(t) € F(K!).
Proof. According to Lemma 3.10, if F;(s) N Fj(¢) # ¥ for some 0 < s < ¢, then
Ki S {mu(-,S) <s}+ B4 S {mu(-,S) <t}+ B4 C K; + B7.
In particular, F;(s) € F(K ]/ + B7). We also obtain the expression
E)=F®\ |J Fu,
neD(i)

where

D(@):={neN:1<n<i—-1, Ki € K, + By, and K, € K; + B7}.

Notice that n € D(i) implies K/, C Kjf + By = K;’ and thus F,(s) € ]-'(Kjf’). It follows
that E;(s) € .F(KJV), as desired. O
In view of Lemma 3.9, we may define, for r > 0, a random element S; of C by

S; := K; if E;(¢) holds for some i € N.
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Note that S; is an approximation of the set {x € H : m,(x, S) < t}, but with more local
dependence on the coefficient fields, as witnessed by Lemma 3.11.
We now define a filtration {G,};,>0 by Go := {#, @} and, for ¢ > 0,

G; := o-algebra on Q generated by all events of the form E;(s) N F,
where 0 < s <r,i € Nand F € F(K/).

The martingale we are interested in is E[m, (x, S) | G;] for a fixed x € R?. The eventual
goal, achieved in the following subsection, is to show that this martingale has bounded
increments and to deduce from Azuma’s inequality bounds on its fluctuations for ¢ > 1
large.

We conclude this subsection with three lemmas containing some estimates we need.

Lemma 3.12. Foreveryt > Qand x € R4 \ S,

lmy(x,S) — (t +myu(x, S))| < 8L, +2l,.

Proof. By the maximality of m, (-, S;) (the last statement of Theorem A.6), we find that,
for every x € R4 \ S,

my(x,S) — sup my,(y,S) <my(x, S). (3.22)
yeas,

By the maximality of m (-, §), we have, for every x € R4\ S,

mu(x» Si) + if,lf mu(y, S) < mu(xs S).
yeaS;

Lemma 3.10 shows that, for every ¢t > 0,

sup |t —m,(y, S)| < 8L, +2l,.
yeIS;

Combining the above yields the lemma. O
Lemma 3.13. Forevery) <s <tandx € R,

Imy(x, §) — Elm, (x, $) | Gl L{xes,) < 8Ly + 2.
In particular, if t > L, dist(x, S), then

|my (x, §) —E[m,(x,S) |Gl <8L,+2l, as.

Proof. Fixx € RY and 0 < s < t. Define a random variable Z by

K]
Z:= ) om @ ).
ie{jeN:xeK;}
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.. . . K! .
Notice that Z is Gs-measurable by the definition of the filtration, since m,'(x, S) is
.F(Kl.”)-measurable. Since the event that x € S; is the union of E;(s) overi € {j € N :
x € K;}, Lemma 3.10 shows that

K!
1Z —mue, Hlpesgl < Y Impu(x, $) = my (6, ) gys) < 4Ly + 1.
ie{jeN:xeK;}

Since Z and 1 ,cs,) are G;-measurable, we have

Imy (x, §) — Elmy(x, $) |Gl Lixes,)
<1Z —mu(x, S)Lixes,) + [E[Z — my(x, S)Lixes,) | Gl
<20Z —my(x, H)LixesyllLxo@,p) < 2(4L, +1,).
This completes the proof of the first statement.

In order to check that, for ¢t > L, dist(x, S), m, (x) is “almost” G;-measurable, note
that in E; (¢) we have

{myi(-.S) <1) C K.

where, in view of (A.21),

myi (x, §) < L dist(x, ) < 1.
So, in E;(t), x belongs to K; P-a.s., so that x € S(¢) P-a.s. ]

Lemma 3.14. Foreveryt > 0 and x € R?,

Elm, (x, $) 1G] — Z]E[mu(x, K)IlEg | <2Lu(Ro + 15). (3.23)
ieN

Proof. We first argue that, for eachx e R?,i e N, 1 > 0,
Elmy, (x, K)o | Gl = Elmy, (x, KL g ). (3.24)

Since E;(t) € G; by definition, to establish (3.24) it suffices to show that, for every
A € gt7 ~ ~
Elm (x, Ki)Lang; ] = Elmy (x, Ki)IP[A N E;(2)]. (3.25)

‘We obtain (3.25) from the fact that
AeG = ANE;1) e F(K]), (3.26)

which we will check below, from th~e fact that m , (x, K ;) is F (Rd \ K ;i )-measurable, and
from the independence of F(R? \ K;) and F(K/).

We now prove (3.26). We may assume that A = F N E;(s) with j e N, F € ]-"(K]/.’)
and s € (0, ], since such events generate G;. Then AN E;(t) = FN E;(s) N E;(¢). Now,
either E;(s) N E; () = ¥ and there is nothing more to show, or KJ/ C K/, by Lemma 3.11.
In the latter case, F N E;(s) € }"(K]f) C F(K["). By Lemma 3.11 again, E; (1) € F(K/)
and thus F N E;(s) N E; (1) € F(K!), as desired. This completes the proof of (3.26).
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We now derive (3.23) from (3.24) using the Lipschitz estimates:
Elm,(x, $)1G =Y Elm,(x, K) g |G

ieN

<Y Elmpu(x, K)1g ) |G+ Lu(Ro + 15)
ieN

=Y Elmu(x, K)llg + Lu(Ro + 15)
ieN

<Y Elmu(x. K)E o) + 2L, (Ro + 15).
ieN

The reverse inequality is proved in the same way. O

3.4. Proof of the fluctuation estimate

Using the results of the previous subsection, we are now ready to derive Proposition 3.1
from Azuma’s inequality.

Proof of Proposition 3.1. We fix x € R? and consider the G-adapted martingale {X,};>0
defined by
X; = E[my(x, 8)|G] — Elm, (x, $)].

Note that Xy = 0 since Gy = {0, Q}.
The main step is to show, using Lemmas 3.12-3.14, that, for every ¢, s > 0,

X = Xs| < CUMs =t + 1+ 077, (3.27)

where C is bounded for bounded p’s. We may assume that s < . Then the event that
x € S is Gy-measurable, and hence

X, = Elmu(x, 8) |Gl res,) + Elmu(x, $)Lixgs,) |G/ — Elmy (x, S,

Xs =Elmy(x, 8) | Gsllxes,) + Elmy (x, $)Lixgs,y | Gs1 — Elmy(x, S)].
Subtracting these and applying Lemma 3.13, we get

|Xs — Xi| < 44L, + 1) + [EDmy(x, )Tags,) |Gl — Elmy (x, $)Tiegs,y | Gs])-
Applying Lemma 3.12 twice, we obtain
1Xs = X1 < 124L,0 + 1) + |Elmy (v, S)Lpegs,y |Gl — Elmpu (e, S)Ligs,) |G-
Let us now estimate disty (Ss, Sy). We set i, ; := {m, (-, §) < t}. By Lemma 3.10 and
the growth of # = 9, ; in (A.20), we have
disty (Sy. $) = Y _ disty (Ki, K)LE (0 0)
i,jeN

< ) (distrr (Ki, By ) + distyr R, Ry o) + disty Oy s, K))LgynE o)
i,jeN
<1;'ls —t] + 10.
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From the Lipschitz estimates we therefore obtain
lmpu(x, Sg) = mu(x, ) egs,) < Lu(;'|s —t] + 10).

Plugging this inequality into the estimate for |X; — X,| and using the fact that the
event {x & Sy} is Gs-measurable, we obtain

|Xs — X;| < [Elm(x, $)|Gi] — Elmy, (x, S) | Gsl| + Lul,jlls -1+ C.
To complete the proof of (3.27), it remains to show that
|Elmy, (x, S 1G] — BImy (x, S)1Gsl| < Lu(y'ls — 1] +40+4Ro).  (3.28)

For this, we combine Lemma 3.14, the estimate for distg (Ss, S;) established above and
the Lipschitz estimate, to get

[Elm(x, $) 1G] = Elmyu(x, S5) | Gl
<AL, (Ro+15) + Y |Elm,(x, Kj)] = Elmy, (x, K11 £, 00k )
i,jeN
<4L,(Ro+15)+ Ly, Y distu(Ki, K))LE,nE;0)
i,jeN
< 4L, (Ro+15) + Ly, disty (Sy. $;) < 4L, (Ro + 15) + L, (' s — 1] + 10),

as desired. This yields (3.27) because Ry = Cuflllf.

‘We now complete the proof of the proposition. We fix 7 > 1 large and sett = u™~
and N = T /t. Applying Azuma’s inequality shows that for every A > 0,

17—2
L

)»2
Pl X7 — Xo| > A] < 2exp(_a>'

Using Xy = 0 and the choice of N, we find, in view of (3.27), that for every A > 0 and
T>1,

1222
P[|X7| > A] < 2exp<—MC”T )

If we choose T = L, dist(x, S), we have, by Lemma 3.13,
| X7 — (mu(x, S) —E[mu(x, )| <C  as.

Plugging this inequality into the former one, we obtain

Mli)\z
]P’[|mu(x, S) — E[mu(x, S)]| > )\.] < CeXp<_CdT(xS))

This is (3.3). O
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4. Convergence of the mean distance to a plane

In the previous section, we obtained good control of the stochastic fluctuations of the
solutions of the planar metric problem at points far from the boundary plane. To complete
the proof of Proposition 2.2, it remains to study the asymptotic behavior of the quantity
E[m,(x, H, )] as x-e — oo. The precise statement we need is presented in the following
proposition, the proof of which is the focus of this section.

Proposition 4.1. For each L > 1, there exists C(data, L) > 1 and, for each u € (0, L]
and e € 3By, a positive real number m,,(e) such that, for every x € H},

IElm,, (x, H)] — () (x - e)| < Culx - e)/?log!?(1 + x - e),

where C,, = C,u_3/2(1 + |log,u|)_1/2. Moreover, (u,e) — my(e) is continuous
on (0, c0) x 0Bj.

The proof of Proposition 4.1 requires a new localization argument which is a generaliza-
tion of the finite speed of propagation property for first-order Hamilton—Jacobi equations.
This is presented in the next subsection and the proof of Proposition 4.1 is given in Sec-
tion 4.2.

Throughout, we fix L > 1, u € (0, L] and e € d By and set HE = Hf.

4.1. Propagation of influence

An important property of the planar metric problem is an “approximate finite speed of
propagation” property. To be more precise, what we show is that, while the diffusion
term of course creates an infinite speed of propagation, the behavior of the boundary
condition outside of a ball centered at x € H* of radius > (x - €)*/? has essentially
negligible influence on the value of m, (x, H ™). The result is summarized in the following
proposition.

Proposition 4.2. Let m', m? € Wll)’coo (H™) be, respectively, a subsolution and a super-
solution of the equation

—tr(A(Dm, y)D*m) + H(Dm,y) = inH'. 4.1

Suppose also that there exist constants K, R, M > 1 such that, for every i € {1, 2} and
xeHT,

esssup |Dm' (y)| < K, 4.2)
yeH+

0 <m'(x) <M+ Lx|, 4.3)

m' <m?> indHT N Bg. (4.4)

Then there exists C(data, K, L) > 1 such that if s > 1 and R > C,u’s(l + M + s)g/z,
then
m'(se) < m>(se) + 1. 4.5)
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We expect that the exponent 9/2 appearing in the conclusion of Proposition 4.2 is subop-
timal. Indeed, our argument for obtaining it is somewhat crude and, for example, the proof
is easier and we obtain a better estimate in the semilinear case where A(§,x) = A(x).
This is of no consequence for the results in the paper, however, because Corollary 3.2
provides exponential estimates on the fluctuations of m, (x, H ™), which overwhelms any
finite power such as 9/2. Thus the statement above turns out to be more than enough for
what we need.

The proof of Proposition 4.2 is inspired by the proof of the finite speed of propaga-
tion for first-order equations, with the role of time being played by the unit direction e.
Indeed, the argument relies on a comparison between the planar metric problem and a
time-dependent one, which is captured in the following simple lemma.

Lemma 4.3. Suppose K > 1 andm € WIL’COO (H™) is a nonnegative subsolution of (4.1)
satisfying the Lipschitz bound

esssup |[Dm(x)| < K. 4.6)

xeHt

Fix A, v > 0 and define w € Wli)’coo(?-fr x (0, 00)) by
1
w(x, 1) = - log(exp(—Am(x)) + exp(—Avt)).

Then there exists C = C(data) such that if v < yu — CAK?, then w is a subsolution of the
time-dependent equation
dw — tr(A(Dw, x)Dzw) + HDw,x) <u in HT x (0, 00). “.7)

Proof. We give the proof assuming that m is smooth; the general case is obtained by
performing analogous computations on smooth test functions, in the usual way. For con-
venience, denote Z(x, t) := exp(—Am(x)) + exp(—Avt) so that we may write w(x, t) =
—2"1log Z(x, t). Straightforward computations give

0:Z(x,t) = —Avexp(—Aivt),

DZ(x,t) = —lexp(—Am(x))Dm(x), (4.8)

Dzz(x, t) = —A exp(—)»m(x))(Dzm(x) —ADm(x) ® Dm(x)),

and thus
dwx, 1) = —ﬁa,zoc,t) = %
Dw(x,1) = —ﬁoza, 1) = W&nm,
D*w(x, 1) = —ﬁ(DZZ(x, 1) — 7l t)DZ(x, 1) ® DZ(x, z))
_ —eXp;_(jj’z)(x)) <D2m(x) _ Aexp(zhvr) e;‘;i??)”’) Dm(x) ® Dm(x)).
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Assembling these together and using the positive homogeneity and nonnegativity of H,
the 0-homogeneity of A(-, x) and (4.6), we find that

dw(x, 1) — tr(A(Dw, x) D*w(x, 1)) + H(Dw(x, 1), x)
- (exg(—kvt) ) - <exp(—km(x))) <exp(—kvt) > (CADmP)
(x,1) Z(x,t) Z(x,1)
(exp(—)»m(x))
Z(x,1)

<p—(n-— v)(—exgi;k;;t)> + CAL2<—GXP(_MZ)>.

> (— tr(A(Dm, x)Dzm (x)) + H(Dm(x), x))

Therefore we get (4.7) provided we select v < u — C ALZ, as claimed. ]

Proof of Proposition 4.2. The proof is broken into six steps. The main part is a compar-
ison argument that is similar to several others appearing later. It comes in Steps 2—4. We
then derive the conclusion of the proposition from the result of the comparison in the last
two steps. Throughout, C and ¢ denote positive constants depending only on (data, K, L)
and may vary at each occurrence.

Step 1. We set up the comparison argument. We fix parameters A, v, 8, ¢, T > 0 (selected

below), with ¢ < 8173, and define

1
wix, 1) = - log(exp(—im' (x)) + exp(—avt)).
Provided that v < u — CA, Lemma 4.3 asserts that w is a subsolution of
dwi — tr(A(Dwy, y)D*wi) + HDwi,y) =0 inH' x (0,00).  (4.9)

Fix another parameter n > 1 (to be chosen below in Step 2) and select a smooth, nonneg-
ative, nondecreasing and convex function g : R — [0, 0o) satisfying (here we assume &
is sufficiently small)

gt) =et+1/4 fort €[0,00), supg'(t)<e and supg’(t) <e.
teR teR

Define
Yx, 1) = g((1+ [x|HY2 = (T —1)).

We note for later use that, with (-) := (1 + |x|>)1/2 — (T —1),
qy(x, 1) =g'(),
Dy (x, 1) = g'()(1 + |x|?)~1/2x,
DXY(x,) =g+ xH V2 -0+ xH) x@x) + "0+ xH x®x,

and therefore, for every (x, t) € HT x [0, 00),

IDV(x, 1) <& and |D*y(x,1)| < Ce. (4.10)
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We next introduce the auxiliary function W : HT x HT x [0, T] — R defined by

lx — yl*
48

V(x,y,t):= wl(x,t)—nmz(y,t)— —Y(x,t). “4.11)

Observe that W attains its supremum on H+ x HF x [0, T] at some point (xg, Yo, fo) €
HF xHT %[0, T]. Indeed, w1 is bounded on this set, m? is nonnegative and v (x, 1) — 00
as |x| — oo uniformly with respect to ¢ € [0, T']. By the Lipschitz assumption (4.2),

Ixo — yol < (K8)'/3 < €83 (4.12)

The main claim, which is proved in the following three steps, is that, under a suitable
choice of 1, we have

either fo=0 or xoedH" or yoedH . (4.13)

To prove (4.13), assume for contradiction that f5 > 0 and (xo, yo) € HT x H™, which
means that (xq, yo, fp) is an interior local maximum of the function W.

Step 2. We apply the comparison machinery for viscosity solutions. Fix another pa-
rameter y > 0 to be selected below. By the parabolic version of the maximum prin-
ciple for semicontinuous functions [18, Theorem 8.3], there exist symmetric matrices
X,Y e R4%4 guch that

(X. & + DY (x0. f0), ¥ (x0. 10)) € P T wi(xo. 10), (Yo~ '80) € T m(y0),

and

1 2
—(— + |M|)12d < (X +DWxo.10) 0 ) <M+yM:,  (414)
y 0 —nY

where &y := 51 |xo — yo|2(x0 — yo) and
1 ( N —N

M=5\-N N

5 ) N = |xo — yol*la + 2(x0 — Y0) ® (x0 — o).

If xo = yo, then we take y := 1. Otherwise, if xg # yo (we will show below that this is
indeed the case), we set y := §|xg — y0|_2. In the latter case, we obtain

C 2 X + D*y(xo,t0) O C o s —la
EIXo—yol Izdf( 0 oy §§|x0—)’0| 1, 1) (4.15)

In particular,
IX|+ Y| < C8 xo — yol* + Ce < CK*Ps713 < 57175,
Step 3. We prove a lower bound for |xo — yol:

lxo — yol = c(ud)/2. (4.16)
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In particular, this implies that we are in the case xo 7# yo. First we note that (4.10)
and (4.15) give a lower bound for Y which, in both cases xop = yo (when we have M = 0)
and xo # yo, can be written as

Y = —Cn '8 xo — yol*la = —C8 ' |xo — yol*Ia
Next we observe that the equation for m? yields
— e (A~ 60, YO)Y) + H (0™ "0, yo) = .

Combining the previous two inequalities and using the positive homogeneity and coer-
civity of H and (4.10) gives

€87 xo — yol* + C87Plxg — yol P = 1.
This yields (4.16).

Step 4. We complete the proof of (4.13) by deriving a contradiction, using the results of
the previous two steps and the equations respectively satisfied by w; and m?. Using the
fact that wq is a subsolution of (4.9) and d;,¢ > 0, we have

—tr* (A% + DY (x0, 10), X0)X) + H (§0 + D (x0, 0), X0)

< 8:Y (x0, o) — tr(A(€0 + DV (x0, 1), X0)X) 4+ H (§0 + D (x0, t0), X0) < p.
By (4.10) and (4.16),

|tr* (A (&0 + DY (x0. 10), x0) X ) — tr(A(&o, x0) X)|
< Cléol ™! 1DV (x0, 10) |X| < C8lxg — yol 2e871/% < Cu™/267/%,

and, by (4.10) and (4.12),

|H (5 + D (x0. t0), x0) — H (0, x0)| < Cl&|”~" DY (y0. t0)| < Ce.
Combining the previous three lines and using | D*v (xo, 19)| < Ce, we get

— tr(A %o, x0)(X + DY (x0, 10))) + H(§0, x0) <+ Cp>267%. (4.17)

Using the equation for m?, the homogeneity of A and H and the fact that n > 1 and
H > 0, we obtain

— tr(A (%o, yo)nY) + H (%o, yo) = nu. (4.18)

The goal is to show that (4.17) and (4.18) are incompatible. Using the matrix inequal-
ity (4.15), we find

tr( Ao, x0) (X + Dy (xo. 10)) — A(&o, yo)nY)
< €57 xo — yollo (n, x0) — o (0, yo)I* < €8 xg — yol* < C8'/3.
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We note that
|H (%, x0) — H (€0, y0)| < Cl&0|”'|xo — yol < C8'/°.
Taking the difference of (4.17) and (4.18) and using the previous two inequalities, we get
(1= D < (w7670 + 577,

If we choose 17 := 1+ Cpu 1 (u=3/2673/0¢ + §1/3), for a sufficiently large constant C, we
obtain the desired contradiction. This completes the proof of (4.13).

Step 5. We deduce that, under certain restrictions on R and §,
wi(x, 1) < nm(x, 1) +1/4  V(x,t) € H x [0, T]. 4.19)
We consider the three alternatives provided by (4.13). In the case 7o = 0, we get

2 2 |xo—yol*
sup (wi—nm?) < max ¥ = wj(xo, 0)—nm=(yo, 0) — ——=———1(x0,0) <0
(x,0)eHTx[0,T] 45
because w1 (-, 0) < 0 by construction and 0 < m2(-, 0) by assumption. Therefore we con-
sider the case where x( or yo belongs to 9H*. We give only the argument for xo € H ™,
the other case being analogous. We divide this case into two subcases: xo € Bp or
xo & Bg.If x9 € B, then the assumption (4.4) yields

Ixo — yol*
5 ¥ (xo, 10)

< m! (xo) — nm*(yo) < m*(x0) — m*(yo) < K|xo — yo| < C8'° < 1/4,

max ¥ = wj (xg, fg) — nmz(yo) -

provided that § is sufficiently small. If, on the contrary, xo € dH™T \ Bg, then
max W < vT — nm*(yo) — ¥ (xo. to) < vI — g(R—T).
If R > T, then, since g(s) = &s + 1/4 fors > 0,
maxWV <vT —e(R—-T).

Therefore, if
R>T+¢e '), (4.20)

then we obtain max W < 1/4. This completes the proof of (4.19).

Step 6. We complete the argument by deriving (4.5). Fix s > 1 and choose A := cu/ Li
and v := u/2. Then

2
wi(x,t) zml(x)— cL exp(—cu(u—t—ml(x)>>.
u 2
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By assumption (4.3), we have ml(se) < M + Ks, and thus we can choose t > Cs +
2~ M so that the last term on the right-hand side is at most 1/4. On the other hand, if
14+s— (T —1t) <0, then, since g < 1/4 on (—o0, 0], we have
nmz(se) + Y(se, t) < nmz(se) + g((l +sH?2 (T - t))
<m?(se) + (n— 1)(M + Ks) + 1/4,

where we have used assumption (4.3) again in the last line. Note that we can choose ¢
such that both conditions t > Cys + Z,u_lM and 1 +s — (T —t) < 0 hold, provided

T>2u"'"M+Cs+ 1. 4.21)
In this case we get, by the choice of 7,
m'(se) <m?(se) + Cu~ (w3267 + 83 (M + Ks) + 3/4.

We conclude by selecting § := 1%/ 7¢%7 and ¢ := cu® (M + Ks)~7/2. Then, if we choose
T:=Cu '(M+s)and R = Cu=>(M + 5)°/2, so that (4.20) and (4.21) hold, we obtain
m'(se) < m?(se) + 1 as claimed. This completes the proof. O

4.2. Convergence of means

The idea of the proof of Proposition 4.1 is to use the fluctuation estimate and the “ap-
proximate” finite speed of propagation to compare m (-, H; ) with m, (-, H; + se) +
El[m,(se, H,)]. If these functions are close, then the map ¢ +— E[m, (te, H, )] is almost
linear.

We begin by extending the fluctuation estimate to large balls, using union bounds. For
t > 0and R > 1, we define

N = sup mu(x, "), Np(t):= inf my(x,Hy).  (4.22)
x€BrNOHT +te) xEBRNOHT +te)

Lemma 4.4. There exists C(data, L) > 1 such that, for every R, t > 1,

E[INF (1) = Elm,(te, HON] + E[INg (1) — E[m, (te, H)]I]
< C(uly)~' %2 10g (1 + Rr).  (4.23)

Proof. We prove the estimate for N;{ (¢), the one for N (¢) being obtained in a similar
way. By the Lipschitz estimate and a union bound,

P[INg (t) — E[m,(te, H)1| = A]
< P[sup{lm,(x +te, H;) — Elm,(te, H,)]| : x € dH, N Br, N cAZ} > /2]

< Y Plimu(x +te Hy) — Elmy(te, H)N = 2/2].
x€dHLNBRNeAZA
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There are C(Rt)4~' 2174 terms in the sum in the previous line. Therefore, by stationarity
and Corollary 3.2,

P{INZ () — Elmy(te, H) = 1] < C(RO'A "4 exp(—cpul; 2 /1).

Integrating this inequality, we get, for every o > 1,
E[|Ng (1) — Elmy(te, HO)]I]

=/ P[INF (t) — E[m,(te, H)1| = ] dx
0

o0
< a(tlog(l + R)'? + C(RH)! / M exp(—cpl 22 /1) .
a(t log(14+R1))1/2

Choosing o = (,uli)’l/ 2 we find, after a change of variable in the integral,

E[INZ (1) — Elm,.(te, H)]1l]
o
< a(tlog(1 + ROV + CRI142 (1, )21 / s'=4 exp(—s?) ds
(log(1+R1))1/2

< (uli)™ 2t log(1 + R1))'2 + €
This yields the lemma. O

Using the previous lemma, the approximate finite speed of propagation and a very simple
comparison argument, we next show that the quantity E[m , (te)] is almost linear in ¢.

Lemma 4.5. There exists C(data, L) > 1 such that, for every s, t > 1,

|E[m, ((t + 5)e, H,)1 — Elmy, (te, H,)] — Elm, (se, H)]|
< Cus +0DY210g" (1 +5+1), (4.24)

where C, = Cu=32(1 + log u))~172.

Proof. We may assume that s < ¢. Let N7 (¢) and N~ (¢) be defined by (4.22), where we
take R := Cu > (1 + Lyt+ )%/, with C the large constant appearing in Proposition 4.2.
We apply Proposition 4.2 to m! (x) := my (x) and m2(x) = my(x, H, +te)+ NT(@)in
the domain H; + ze. To check the hypotheses of the proposition, we note that both m!
and m? are solutions of

—tr(A(x)D*m) + H(Dm,x) = in H + te. (4.25)

By the Lipschitz estimates, we have || Dm!'||qo, | Dm3|loe < L. In particular, 0 <
mi(x) < M + Ly|x — te| for every x € H, +teandi € {1,2}, with M := L,t.
Finally, we observe that m! < m? on (0H, + te) N Bg(te) by the definition of NT(@).
Therefore Proposition 4.2 yields

mu((t +s)e, Hy) <mu((t +s)e, H, +te) + N () + 1.
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Taking expectations and applying Lemma 4.4, we get

Elm, ((t +s)e, H, )]
< Elm,((t +s)e, H, +te)] + Elmy(te, H)1 + C(ul}) 2112 1og' 2(1 + Rt) + 1
= Elmy(se, H,)) + Elmy (te, H;)1 + C(ul3) ™ log" (1 + Re).

Since R < C,ufS(l + t)9/2 and £, > cu, we obtain

Elm,((t +s)e, H, )]
< Elmy(te, H, )] + Elm,(se, H, )] + C(,ulﬁllog /,L|)_1/2t1/2 logl/z(l +1)
< El[m,(te, H; )] + Elm, (se, )]+ Cu = ?|log u| =212 10g 2 (1 + 1).
To obtain the reverse inequality, we take ml(x) =m wx, H, +te)+N"(t) and m2(x) =
my, (x, H, ) and follow a similar reasoning. O

We next use Lemma 4.5 to show that the expectation of the solution of the planar metric
problem is approximately affine far from the boundary plane, thereby obtaining the first
statement of Proposition 4.1.

Lemma 4.6. There exist m, (e) > 0 and C(data, L) > 1 such that, for every t > 1,
1
;E[mﬂ(te, H)] —mu(e)| < Cut™ V2o (1 + 1), (4.26)

where Cy, := Cp /(1 4 [log ul)~'/2.

Proof. As the dependence on p of the various constants C comes from Lemma 4.5,
we omit this dependence throughout the proof. For simplicity, we denote m, (x) =
my, (x, H, ). We break the argument into three steps.

Step I (The application of Lemma 4.5). It is convenient to denote
1 .
G@) = ;]E[mﬂ(te, H,)]
Then Lemma 4.5 gives, forevery 1 <t < s,

1
IG(s) = G®)| = —|Elmy(se)] — E[m, (te)] — (; - 1)E[mu(l€)]

N

A

1
;IE[mu(Se)] —E[my(te)] — E[lm,((s — t)e)]|

+ <1 — é)‘;E[mﬂ(te)] — %E[mﬂ((s —1e)]

—1
< Cs 1 2log 21 +5) + —11G(t) — Gs — ). (4.27)
S

Step 2. We claim there exists C > 1 such that, forevery 1 <t < s,

IG(s) — G(1)| < Ct~?1og"?(1 +1). (4.28)
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The argument is by induction. Clearly the statement holds for a fixed constant C; and
t € (1, 2] by the Lipschitz estimate. Suppose that, for a fixed m € N, the statement holds
whenever ¢ € (1, 2"] and with a constant C = C,,, > 1. Then for every ¢ € (1, 2m+1] and
s € (t,3t/2], we have s — ¢t < 2" and s‘l(s — t)1/2 < 27 V24172 and therefore

—t
STIG(t)—G(s—t)I < Cus ' (s=0)21og 2 (1+(s—1)) < 27V2C,t "% log! > (141).

Combining this with (4.27), we deduce that, for every ¢ € (1, 2+t and s € (¢, 3¢ /21,
IG(s) — G@)| < (C+2712C,) 2 1og"?(1 +1).
To remove the restriction on s, fix r € (1, 2"”‘1] and s € (¢, c0). Denote s := 27k

for k € N. Take n € N to be the unique positive integer such that s, € (3t/4, 3¢/2].
According to (4.27), we get

G(sw) — G(s)] < Z G(s) = Glsi-1)| < iCs;‘/2 log'2(1 + 51)
k=1 k=1
< Ct 2 10g!2(1 4 1).
Since either s, < 2"t and ¢ € [s,, 3sn/2), or else s, € (¢, 3t/2], we have
|G(sn) — G@)| < (C+2712C,)t~ % 1og?(1 +1).
Combining the previous two inequalities yields, for every # € (1,2"+!] and s € (¢, c0),
1G(s) = G| < (C+27"2Cp)i™ 2 log! (1 +1).

Thus we have shown that (4.28) holds for every ¢ € (1, 2m+1] and s € (¢, 00) with a
constant Cp+1 = C + (1 — ¢)Cyy, for some ¢ > 0. It is clear that the sequence (Cy,;)
of constants remains bounded as m — o0. By induction, we therefore obtain (4.28) for
every 1 <t < s and a fixed constant C > 1.

Step 3. It is immediate from Step 2 that the sequence (G (2")),en is Cauchy and there-
fore has a limit, which we denote by 717, (e). Taking s = 2" in (4.28) and sending m — oo
yields, for every ¢ > 1,

1G(1) —u(e)] < Ct™ 2 10g!2(1 4 1).

This completes the proof of (4.26). ]

The previous lemma gives the first statement of Proposition 4.1. To obtain the second
statement, it remains to check that (u, ) — m(e) is continuous, which relies on another
application of Proposition 4.2.
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Lemma 4.7. For any L > 1, there exist C(data, L) > 1 and 0 < c(data, L) < 1 such
that, foreach) < v < u < L andej,e; € 9By,

71, (e1) = i (e2)] < Cut/P~ M = vl + Culer — o] V5(1 + [log Jer — eal])' /2,
where C,, = Cu=31%(1 + |log u|)'/? and
my(e) = my(e) + cv'/P~ (- v).
Finally, for every i > 0,
(/)P < mu(e) < (u/Co)'/P. (4.29)
Proof. We use Proposition 4.2 to approximate H_ by a compact target which is continu-
ous in e. We then use the fact that K +> m (x, K) is Lipschitz in the Hausdorff metric.

We fix e|, e € dB;. Given R > 2, there exists a smooth convex set K%, i e{l,2},
with diameter at most CR and curvature bounded by 1 which is contained in #,, and is

such that Bg N 87—[;_ C KrN 87—[;. Furthermore, we may assume that K IZQ is the image
of K 113 under the rotation that sends e; to e;. Since the diameter of IC"R is at most CR,

disty (K k. K%) < CRley — e (4.30)
Step 1. We show that, forevery 1 < s < (C~'u’R)?® — 1 andi € {1, 2},
Imy(sei, M) — my(sei, Ki)| < 1, 4.31)

where C is the constant in Proposition 4.2. Let m' := my (-, K}é) and m? := my (-, H,)).

2

Since K }} < H,,, we have m= < m!. An application of Proposition 4.2 then gives (4.31).

Step 2. According to (A.19), forany x ¢ Ky U K%,
lmu(x, Kg) —mu(x, K@)l < LyRley — eql.

By the Lipschitz estimate for m (-, K }'3), we obtain, provided that |e; — e] < ¢,

|m, (seq, 7—[;) —my(sey, ’ng)l
< |myu(ser, H,,) —my(ser, Kp)| + Imy(ser, Kp) — my(ser, Kg)|
+ my(ser, Ki) — my(sex, Kp)| + Imy(sea, Kg) — my(ser, Hy,)|
<24+ C(R+5s)|er —ez|.
Dividing by s, taking expectations and using (4.26) yields
M (e1) —myu(ex)| <2571 4+ C(Rs™' 4 D)]e; — ea] + Cps ™2 1og!?(1 + 5),
where C;, = Cu=32(1 + |log wh/2. Taking
R:=Cu7 (A +5"%) and s:= @ ley —ea)™*
we obtain, for every ey, e; € 9By with [e] — e2| < c,

12 3)log e — eal|'/>.

1, (e1) — My (en)] < Cu~316(1 + [log u) /% ler — e
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Step 3. We next check the continuity of  +— m, (e). Fix 0 < v < p < oo. Itis clear that
m, < m, and thus m, < m,. By positive homogeneity of H, (1#/v)m, is a supersolution
of the planar metric problem for p. By comparison, we get m,, < (u/v)m,, and thus
my < (u/v)m,. On the other hand, m, < Cy Tyl/p, Combining these yields

i — ) < CvMPT Y — ).
Step 4. We show that . +— 1, (e) is strictly increasing. For v < u, let w := (1 + &)m,,.
Then, by homogeneity of H,

—tr(A(Dw, x)D*e) + H(Dw, x) = (1 + &)(— tr(A(Dm,, x) D*m,) + H(Dm,, x))
+ 1+ &) ((1+e)P ' — 1)H(Dm,, x)
<(I+eyv+CelL,<pu

provided that ¢ < c(u — v) A 1. We deduce that m,, > m, + (c(u — v) A 1)m,, which
implies that m, (e) > (1 4+ c(u — v) A 1)m,(e), as desired.
Step 5. We conclude by noticing that (4.29) follows from (A.22). ]

The proof of Proposition 4.1 is now complete, as the statement follows immediately from
Lemmas 4.6 and 4.7.

Proof of Proposition 2.2. Fix L > 1, e € 9By and u € (0, L]. An immediate conse-
quence of Corollary 3.2 and Proposition 4.1 is that for every A > 0 satisfying

1/2

A>Cp 1+ x ) 2 (14 |log el +log(l + x - €)) (4.32)
and for every x € 1 we have
Pl (v, Ho) — 1, (€)(x - )] = 4] = Cexp[ —H2 (4.33)
my(x, H, my(e)(x -e)] > A] < Cexp T+xe) .

On the other hand, we have the following deterministic bounds from (A.22) and (4.29):
Imy (e, 1) —my(e)(x - ) < 2(/co) /P (x-e) < Cx - ).
We deduce that if
w<cl4+x-e) Plog3(1+x-e), (4.34)
A>C(+x-)*3(1 +log(l +x-e)'/3, (4.35)

then
my(x, H,) —myu(e)(x-e)| <A P-as.
Notice that (4.35) implies that at least one of (4.34) and (4.32) must hold. We deduce that,
for every u > 0 and every A satisfying (4.35), we have
—c22log? (1 +x - e)
(1+x-e)8>

Pllm,(x, H,) —my(e)(x -e)| > A] < Cexp( ) (4.36)



838 Scott Armstrong, Pierre Cardaliaguet

By adjusting the constant C, we obtain, for every A > 0,
22
]P’[|mu(x,7-le)—mu(e)(x-e)| > )\,] < Cexp(m) (437)

Indeed, the right side of (4.37) is larger than that of (4.36) and also larger than 1 if A does
not satisfy (4.35). We have proved (2.8). The fact that (i, e) — m,,(e) is continuous was
already proved in Lemma 4.7. O

We conclude this section with a crude deterministic estimate concerning the continuity of
my (x, H™ —se) with respect to its parameters p and e, which is obtained from a variation
of the proof of Lemma 4.7 above. This is needed in Section 2 in the proof of the main
result to “snap to a grid” before taking union bounds in the final step of the argument.

Lemma 4.8. There exists C(data, L) > 1 such that, forevery 0 <v < u < L, s > 1,
e1,ey € By and x € (HJ, —se)) N (M, — sea),

lmy (x, H,, —ser) —my(x, H,, —ser)
<24+ C(I —vI"2 x|+ (1 + x| +5)%2|er — e1|'PPT1). (4.38)
Proof. We first argue that
lmy(x, H, —ser) —my(x,H, —se)l
<OV N — vl x|+ 2+ Cu (A + x|+ 9 ez — el (4.39)

The continuity estimate in ;« was essentially already obtained above in Step 3 of the proof
of Lemma 4.7. There we found that m,, < m, < (u/v)m,, and this yields

Imy (x, H,, — ser) —my(x, Hy, — sen)| < Cv™u — vimy(x) < CvM/P= i — | |x].

We turn to the continuity with respect to e. We denote by z the projection of x onto
E)(’;’-[j1 — se1) and let s > O be such that x = z + se;. We also set x» = z + Se». For later
use, we record the following algebraic relations:

H, +z="H, —sel, S=x-e1+s, z=x—(x-e]+95)e.
We split the estimate of |m, (x, H, —se1) —my(x, H, — sez)|into three terms:
lmy(x, H, —ser) —myu(x, H, —se)l
< Umpu (e, M, +2) = my (v, Hoy + |+ my (2, Hey +2) — myu(x, 1,y +2)
+myu(x, H,, +2) —mu(x, H,, —ser)l.

The first term on the right side can be handled as in Step 2 of the proof of Lemma 4.7,
where we have translated the picture by z. For R := Cu™>(1 +5°/2), we have

lmu(x, Hy, +2) —myu(x2, H,, +2)]
= |mu(z +5e1. Hy, +2) — mu(z +5e2. Hyy + )| <24 C(R+5)]er — eal.
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The last two terms are controlled by the Lipschitz estimate:

Imy (xa, Hy, +2) — myu (e, Hy, +2)| < Lylxa — x| < CFley — ea

< C(lx[+s)ler — ez]
and

Im,(x, H,, +2) —mu(x,H,, —sex)| < L,disty(H,, +z,H,, —ser) <Clz-ex+s|
= C(x| + s)le2 — e1l.

Combining the above inequalities, we get
Imu (e, My, — ser) —my(x, My, — sea)| <24 Cu™>(1+ |x| 4 5)°|ez — e
This proves (4.39). To complete the proof of the lemma, we use (A.22), which states that
mu(x, H, —se) < Cul/P(x-e+s) < Cu/P(|x| + ).

We obtain (4.38) by interpolating the previous inequality with (4.39) (i.e., we use the
latter for large p and the former for small ). ]

5. The approximate corrector problem

In this section, we prove Proposition 2.4, which links the planar metric and approximate
corrector problems. It essentially states that the quantity [8v% (0, &) + H (&)] is controlled
by the convergence of the planar metric problem to its limit.

Rather than simply cite comparison results, the quasilinear viscous term and the de-
sire for quantitative results force us to use the full uniqueness machinery for viscosity
solutions of second-order equations [18] “inside” the usual perturbed test function argu-
ment. The technical details unfortunately obscure the relatively simple and straightfor-
ward ideas, and so we recommend to the reader Sections 5 and 6 of [2], where similar
ideas are encountered in a simpler situation.

Proof of Proposition 2.4. Fix £ € R? \ {0}. Denote p := H(£) > 0 and set e := &/|&|
and H* := ”H;t The basic idea of the proof is to show that v’ (-, £) must be close enough
tomy, (-, H™ — se), for s ~ 8~! in a ball of radius ~ 8! centered at the origin, so that
we can infer the limit (2.11) from (2.7).

We assume that for fixed §, A € (0, 1] and s := C’/(A8), with C’ > 1 to be selected
below, we have

sup |my(x,H™ —se) —my(e)(s +x-e)| <A/6. 6.1

X€Bs)

The goal is to prove that
—5v°(0,€) < u+ CA/. (5.2)

(The proof that —8v9(0, Ey>u-C A3 s very similar, and so we omit it.)
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The argument for (5.2) is based on a comparison argument, and so as usual we “double
the variables,” introducing the auxiliary function

- 5 20172 1 4
O(x,y) i=myu(x, ™ —se) = (- y+v°(y,8) — 2 ((1+ [x]) —D—Elx—yl ,
=:¢(x)
where ¢ € (0, 1] is selected below.

Step 1. We show there exists a point (xo, Yo) € By/4 x By4 such that

@ (x0, yo) = sup P(x,y). (5.3)
)C,yEBS/z

We take (xo,y0) € B2 x B2 to be any point at which @ attains its maximum
over B; 2 X B, /2. We claim that xo and yp must lie in By 4 if we make a suitable choice
of C’. Observe that the Lipschitz estimate for m,, (see Theorem A.6) implies that

|xo — yol < Ce'/°. (5.4)
The inequality @ (xg, yo) > (0, 0) gives
A (x0) < Imy(xo, H™ — se) —m (0, H™ — se) — & - xo| + €] [xo — yol + C5~".
Using the previous line, (5.1), (5.4) and taking C’ > C(data, L), we obtain

<=+ = —.

¢ (x0) < ts T T =5

Since ¢ grows linearly, we get [xg| < C/(Ad) and then (5.4) gives |yo| < C/(A5). These

constants C do not depend on the choice of C’, therefore we may further enlarge C’, if
necessary, to obtain |xg| 4+ |yo| < %s. This completes the proof of the claim.

2. C Cce'?
8 <

Step 2. Fix y > 0. According to Step 1 and the maximum principle for semicontinuous
functions [18, Theorem 3.2], there exist symmetric matrices X, Y € Rdxd satisfying

—(1 + |M|)12,1 < (i)( _OY) <M+ ym? (5.5)
14
and
{(x +AD2p(x0). 0 + ADG(x0)) € T (mu (- H™ — s))(x0).
Yon—£) e T W £)(0).

where 1 := ¢~ (xo — y0)?|x0 — yo| and M € R¥*? is defined by

1/ N =N
M:=-|_ . N = |xo — yol* Iy + 2(x0 — y0) ® (x0 — y0)- (5.6)
e N N

We choose y = ¢|xg — yo|_2 so that (5.5) becomes

_C|x0_}’0|2] (X 0\ _Clo—wl’ (1l -l
e “=\o -y e ~la I )
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Using the equations for m,, and v®, we obtain

—tr(A(n + AD¢ (x0), x0) (X + AD*$(x0))) + H(n + D¢ (x0), x0) < 1t (5.7)

and
—tr(A(n, y0)Y) + H(n, yo) = —8v° (3o, £). (5.8)

The rest of the proof is concerned with deriving (5.2) from (5.4), (5.5), (5.7) and (5.8).
Step 3. We next obtain a lower bound for |xg — yo| and |n|:

lxo = yol = cu'/?e!? and || = cu’/?e!2. (5.9)
Using (5.8) and (A.24), we have
e = cH(E) < col§|” < =8v° (3o, ) < — tr(A(n, yo)Y) + H(n. yo) < Co(IM| + |n|?).
As M| < Ce™Vxg — yol? and |n] = e~ |xo — yol*, we get (5.9).

Step 4. We complete the proof of (5.2). Using (5.4) and the matrix inequality (5.6), we
obtain

B (X 0\ (ot x0)\ (o x0)\
tr(A(n, xo) X A(n,yo)Y)—tr<<0 _Y) (U(n’y0)> (0(n,yo)>>

< Ce™ ' Bla(n, x0) — o, yo)|* < Ce™'P|xg — yol* < Ce'/5.
Thus
tr(A(n + AD¢ (x0), x0) X) — tr(A(n, yo)Y)

< |A(m + AD¢(x0), x0) — A, x0)| | X| + tr(A(n, x0) X — A(n, yo)Y)
< In7TAX| + Ce'B < cuuT3e7/0 4 g1/,

Similarly,
|H (1 + 2D (x0), x0) — H(n, yo)| = Clnl” (+ |xo — yo) < COu+6'/3),
Subtracting (5.7) from (5.8) and combining the above inequalities yields
—803 (30, £) < 4+ CApu32e5/6 4 g1/3),

We now select the value of ¢ by optimizing the last expression, which leads to the choice
e := A%/7,=9/7 We obtain

50 (y0, &) <+ Cu=3732/7, (5.10)

We need to obtain the same inequality at the origin instead of yg. Since |xo — yo| <
|xol + |yol| < /2, (5.3) gives ®(xg — yo, 0) < ®(xg, yo). This inequality implies

V2 (30, &) — v°(0, &) < my (xo, H™ —se) —my(xo — yo, H™ —se) — & - yo + Clxo — yol.
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Another application of (5.1) then yields
v (30, &) —v5(0,€) < CA/8 + Ce'3 < Cr/s + Cu™/T327.
Multiplying by 8, using A, § < 1 and combining the result with (5.10) gives
—8v°(0,8) < u+ ™73, (5.11)

This estimate obviously degenerates for small . Therefore, to obtain (5.2), it is necessary
to interpolate the previous inequality with the deterministic bound from (A.24), which is
useful precisely for small p:

—80°(0,§) < Col§” < Cuw <+ Cp.
‘We obtain
—30°(0,8) =+ Cun w27y < u+CalP,
This completes the proof of (5.2). O
Proof of Proposition 2.3. From Propositions 2.2 and 2.4, we deduce that

§v°(0,€) > —H(£)  in probability (with respect to P) as § — 0.

The growth bound (2.9) is therefore immediate from (A.24), while (A.25) and (2.9) imply
that, for all R > O and &, n € Bg,

|H(E) — Hm)| < (LrUEI A InIDT2P71E — n*7) A (CollE] + InD)),
from which (2.10) follows. ]

6. Homogenization of the time-dependent problem

In this section, we prove Proposition 2.5, which roughly asserts that the limit (2.11) for
the approximate correctors controls the homogenization of the full time-dependent initial-
value problem for (1.1). The argument is a quantitative version of the so-called perturbed
test function argument, a technical device introduced in [21]. Like the result in the previ-
ous section, this is a purely deterministic PDE fact derived from a comparison argument
using the “full” uniqueness machinery for second-order equations.

It has been pointed out in [12] that, for the mean curvature equation and other singular
quasilinear equations, the argument from [21] does not apply in a straightforward way and
some regularization of the solutions is needed. We see this in our approach by the fact that,
at the end of the argument, we cannot send the parameters to zero in a sequence to obtain
a qualitative result; rather we have to send several of the parameters to zero at the same
time.

Proof of Proposition 2.5. Fix(0 <& <§ <A < 1. We will argue that

sup  (uf(x, 1) —u(x, 1)) > A (6.1)
(x,1)eBgrx[0,T]

implies

. ) e\ /10
inf (—80P(x.6) — HE) < -2 + c<—) . 62)
(x,§)€BcexBL C SA
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This will prove only half of the proposition, since we must also establish that

: &
(x’t)engx[oyﬂ(u (x, 1) —ulx, 1) < —x
B N o\ /10
= sup (—31)6()6, &) —H(¢)) > E — C(a> . (6.3)
(x,6)€Bc/exBL

However, the argument we give for (6.1)=>(6.2) can be modified in a straightforward way
to yield (6.3). Therefore we omit the proof of (6.3). For the rest of the proof, we assume
that (6.1) holds.

Throughout the argument, C and c¢ denote positive constants which depend
on (data, L, R, T') and may vary at each occurrence. We will prove the result under the
further assumption that . < c¢. We obtain the same result for all A € (0, 1] by adjusting
the constant C in the first term on the right side of (6.2).

Step 1. We begin by doubling the variables to find an initial touching point. This is not
the main comparison argument; the objective here is merely to get an initial direction &
which is then used in the next step to introduce the appropriate approximate corrector.

We fix parameters o € [g, A] and y € (0, A] to be selected below and define a first
auxiliary function ® : R x R? x [0, T] — R by

3 1 2 A
Oy, 1) = ul e 0) —u(y 1) = 5ol =y =y () = =1,

where ¢ : RY — R is given by ¢(x) := (1 + |x|>)!/?2 — 1. In order to check that ®
attains its supremum on R x RY x [0, T'], we notice that, according to (2.2) and the
initial condition in (2.1), for every (x, y, ) € R? x R4 x [0, T,

1
®x,y,0) < Lt 4 Llx = y| = o—|x =y = yp(x)
2 1 2
<Lt+olL”——|x—y|"—vy(x|—1D).
4o
The assumption (6.1) implies the existence of (£, f) € Bg x [0, T] for which
(%, £,1) = 2 —ydp(E) — 34 = 32— yR.
Imposing the restriction that y < %)»R‘l, we get
(R, %,1) > 1
Note that any (x, y, ¢) such that ®(x, y, t) > %)\ must then satisfy
1 2 1 2
gh<Lt+al"+y——|x—y"—ylx|
4a
In particular,

1
y|x|+4—|x—y|2§LT+aL2+l§C(LT+L2). (6.4)
o
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and

A
(2 -
8L L

Imposing the restrictions y < 3—12A and o < %L’zk yields

A

We deduce that the set where @ is at least %)\ is nonempty, bounded and contained in the
time interval [A/(16L), T]. Thus there exists (xo, yo, o) € R? x R? x [»/(16L), T] for
which

@ (x0, o, f0) = sup d(x,y, 1) = O, %, 1) > 1A (6.6)
(x,y,t)eRd xR9 x[0,T]

It is useful to denote
X0 =)0
§p = ———.

o

According to the Lipschitz assumption (2.2) for u(-, f9), we have
léol < L. (6.7)

Step 2. We introduce the approximate corrector, which requires a new auxiliary func-
tion and a tripling of the variables, and find a new touching point. Fixing an additional
parameter 8 € (0, €], to be selected below, we set

1
W(x,y,z,1) = ut(x, 1) —u(y, 1) — ev’(z/e, &) + &0 - (x —2) — e yI?
1

1 A
- @u —z* - 5o (b= xo0l? 4+ 1y — yol) — yp(x) — —1.

2T
Since, by (A.24),

ColLPe

Yix,y,z,t) <P,y 1)+

CoL?
< @(x,y,t)+OTE+CL4/3,83——

and
W (x0, Y0, X0, fo) = P (x0, Yo, o) — v’ (x0/&, &) = P(x0, Yo, 10) = 3,
we obtain the existence of (xg, yg, 28, 1g) € RY x R x RY x [0, T'] such that

W(xg, yg, 2, 18) = sup Y(x,y, z,t) > }1)». (6.8)
(x,y,2,1)€RY xRY x R4 x[0,T]
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If we impose the restrictions CoLPe < 1]—6A8 and CL*/3 ,83 < A, then we obtain in partic-
ular
®(xp, yp. 1) = 5 — CoLPe/s — CLY3p? > Lo

This implies by Step 1 that
CL
tg > — and |xg| < 7(L + 7). (6.9)
In particular, 15 > 0.

We conclude this step with some estimates which are needed later. First we observe
that the Lipschitz estimate for v3(-, &) gives

1
El?@s — 2% (xp — zp) — &0| < C.

Hence
|xg —zgl < CB (6.10)
and in particular, by (6.9),
CL CL
|zl < — (L +T)+CB < —(L+T). (6.11)
14 Y
We next claim that
lxg — xo0l*> + |yg — yol* < Cea/s. (6.12)

To see this, we use the fact that
D (xp, yp, 1g) < P(x0, yo, to) = W(x0, Yo, X0, f0) + £v° (xo/¢, &)
< W(xg, yp. 2. tp) + ev° (xo /e, &0).

This can be expressed equivalently (recall 8 < & < &67!) as
—(Jp — x0f” + Iyp — oI
2
< ev’ (xo/e., §0) — £v° (20/¢, §0) + &0 - (xp — 25) — #w —zpl*
= C(e/s+ B) = Ce/s,

which yields (6.12).

Step 3 (The application of the parabolic version of the maximum principle for semicontin-
uous functions [18, Theorem 8.3]). We obtain, for every n > 0, the existence of d-by-d
symmetric matrices X, Y and Z and b € R such that

1 X 0 0
—<—+|M|)I3d <0 -Y 0 <M +M?, (6.13)
n 0 0 —e'z
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and s
(X, 68 +&,D0) € P7 u’(xp, 1),
A _
(Y, &+&"b— —) e PV ulyp, ip),
2T
—2,—
(Z,—&+&p) € T V(. €0)(zp/e),
where
1 2l; —1; O 1 N 0 =N P 0 O
M:=—\-1; 2I; O +—3 0 0 0 +y10 0 0],
“\o o o F\-No N 0 0 0
N = |xp — 2p°La + 2(xp — 28) ® (xp — 2p), P := D*¢(xp).
and
1 2
§p = F'Xﬁ — 281" (xpg — zp),
1
g = ;(2(16,3 —x0) — (yg — y0)) + v Do (xp),
1
g = &((st —x0) — 2(yg — y0))-
Observe that (recall that § < e, and y < 1)
1 |xpg —zp)? o)
M <C|—+—7F— Pl)<—, 6.14
||_(a+ e L (6.14)
and, according to (6.12),
172 172
/ € 1 &
1§ < C| — +y and [§7=C|—| . (6.15)
od od
Taking n := |M|~! in the matrix inequality, in view of the fact that M > 0, gives
X 0 0
—C|M|I33<|0 =Y 0 <CM. (6.16)

0 0 —¢'z

As tg > 0, the equations satisfied by u*, u and v® yield

—etr(A(§g + &', xp/e)X) + H(Ep + &', xp/e) < —b, (6.17)
_ A

H( + &) > —b+ﬁ, (6.18)
—tr(A(Ep, 2p/6)Z) + H(Ep, z25/€) = —8v° (zp/¢, &). (6.19)

The rest of the proof is devoted to combining the previous five inequalities to obtain
the desired conclusion. Due to the singularity of the diffusion term, it is natural to split
the argument into two cases, depending on the size of |£4|. For this purpose, we fix an
additional parameter s € [¢, 1], to be selected below.
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Step 4. We consider the case |§g| < s. Then (6.16) and the estimate for |M| yield

1 s2/3
|Z]| = Ce|M| < C€<— + —>,
a B

and the left side of (6.19) can then be estimated brutally:

2/3
—508(1/3/8, §0) < —tr(A(€g.z8/8)Z) + H(Eg, zp/8) < CS(; + —) + Cs?
Since s? < s and H > 0, we deduce that
59 (epfer60) < e — =+ 04 ) 4 c (6.20)
_ e, < _— — . .
v iLp/e, 50 Y « B s

Step 5. We consider the case |§g| > s. Then

c 1/2
|Agg + &, xp/e)X — A(§p, xp/e)X| < Cléﬁlfllé’l |X] < ?<<%) + V)|M|-

Using (6.14), we get

&

C 172
elAgg + & xp/e)X — A(p, xp/e)X| < T;((ﬁ) + V)- (6.21)

Multiplying the second inequality of (6.16) by the matrix

op,xp/e)\ [o&p,xp/e)
0 0 ,

o, zp/e)) \o(ép,zp/e)

taking the trace of the resulting expression and using (6.10) yields

—tr(esAp, xg/e) X — A&, 28/6)Z)

< C;';Vlla(éﬁ,w/@ — o (&g, zp/e)* + %
C , Ce B €
5£|Zﬂ_xﬁ| +;§C<;+a). (6.22)

For the H terms, we similarly have

_ B ()"
|H(5p+E . xp/e) — H(Ep. zp/6)| < CUE |+ |xg —zp)) < C<; + (5) +v).
. (6.23)
The Holder continuity of H (see (2.10)) combined with (6.15) gives

. o 1/7
|H (€0 +£") — H(0)| < CKIE"| SCK<%> . (6.24)
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Combining (6.17)—(6.19) and (6.21)—(6.24) yields (recall that 8 < eands < 1)

50 (zp/e. &) < H(E0) — — + CE,
- 2T

e bt () 1)) k(2)
T e o sB\\ad v ad '

Step 6. Combining the results of Steps 4 and 5, we have shown that

where

— A
—8v%(zp /e, &0) < H(%0) — T ce (6.25)

< 52/38+ +,3+8+ £ € 1/2+ LK e\’
= s+—+—+—(|— - .
B e o sBp\\ad v od

Now we need to optimize the parameters in order to minimize the error £’. It may not
be immediately obvious that the parameters can be chosen in such a way as to make &’
small, ensuring even a qualitative proof. It is thus reassuring to notice that if we take § to
be a power of ¢ slightly larger than one, s to be a very small positive power of ¢, and y
to be equal to the other term sharing the parentheses with it, then we can send ¢ — 0 to
getE — 0.

To obtain a quantitative bound, an analysis leads to the following choices of the pa-
rameters (recall that we consider ¢ < § < A to be given):

_ > o 1/3 —12( € A
a.—32L, ,3.—5(5 +s oy s

e \3/10 1/ e \\/2 2
si=|— , Yyi==-|— AN .
od 2\ ad 32 +4R

It is straightforward to check that each of the constraints we have imposed on the pa-
rameters is fulfilled provided that A < c for a sufficiently small positive constant c. We

obtain
1/10
g=c(X) .
SA

Moreover, due to (6.7) and (6.11), the choice of y yields

with

c
lzpl < > = CAl2s12g=12 )l < ce7!,

provided that A < ¢ for sufficiently small c. Thus (6.25) gives

5 . 3 e\ /10
inf _ (=8v°(x,§) — H()) = ——+C(—> ,
()C,%')EEC/SXEL 2T 6}\,

as desired. This completes the proof of (6.2). O
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Appendix. Well-posedness and Lipschitz estimates

The section is devoted to the well-posedness and global Lipschitz regularity of the metric
problem and of the approximate corrector equation.

A.l. The role of the (LS) condition

We start our discussion by explaining the technical role of the (LS) condition (1.12).
Beside (1.12), we suppose that the pair (o, H) is in 2 and thus satisfies the standing
assumptions (1.7)—(1.11). Note that, by C! regularity and the homogeneity assumptions
on o, we have

DA, y)| < Colel™ VE € R\ (0. (A1)

The (LS) condition (1.12) is devised to provide Lipschitz bounds on solutions. Its
usefulness is captured in the following technical lemma.

Lemma A.1. Letk and p be as in the (LS) condition. Fixy > 0, M € R, &, n € R?\ {0},
X,y € RY and symmetic matrices X, Y € RI%4 Assume that

—tr(AG, x)X) + H(E x) =M < —tr(A(n, y)Y) + H(n, y)

X 0 Ig —1y
<0 _Y>S(1+K)V<_Id ]d>-

Assume also that y(x —y) =& and (1 + y)|& — n| < k. Then

. [(2M? 14+ M\'7
&l <p 1<—+8C0|0|2K2>V< ) :
K 40]

and

Proof. We may suppose that [§] > " := (¢, Y(1 + M))V/P, otherwise there is nothing to
show. Let 6 be as in the (LS) condition. According to Lemma A.2 below, there exists a
c! map A — Z, from [0, 1] to the set of d-by-d symmetric matrices such that Zy = X,

Z1 <Y and
d 1 5

o= T o)y Ziv
Define
J) = —t(Ax, x2)Z0) + H(Ex, x2)-
where &, := (1 — A)§ + An and x;, := (1 — A)x + Ay. Then f(0) < M, while

J) =—te(A(m, )Z1) + H(, y) = —tr(A(n, »)Y) + H(n, y) = M.

We deduce the existence of a largest value A € [0, 1] for which f(A) = M. Note that
f'() > 0. As |&.| > 1 (since |&] > 2), this means that

A Z% AeZ
—tr( m)—tr(( £2:) - (n—§))

—t((AxZy) - (v =) + (He - (0 = &) + He - (y —x)) 2 0. (A2)
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where A, H and their derivatives are evaluated at (£, x;). Without loss of generality we
assume that |£[, [n| > 1. Following now the computation from [26, Theorem 1.1], we
obtain

tr((AxZy) - (y = x))
2

Z
< |ox | tr(AZD) 2 |x —y| < 0 tr(“ﬁ) +07 A+ )y lo*lx — v

and, in the same way,

2

tr((AsZy) - (n —§)) < 9tr<AL) + 0711 + 1)y log P 1E — 0l
- (I+x)y

< 9tr<AZ—%) + 6711 + 1)y Colg — nl?
- (1+w)y

because o¢ (&), x) is bounded by Cy since |&;| > 1 thanks to assumption (A.1). Multiply
(A.2) by (1 4+ )y to obtain, since y(x — y) =& and (1 + y)|§ — n| < «,

0(1 —20)tr(AZ}) < (1+ k) (k0| He | + O Hy| 1E] + (1 + ©)]ox &> + Co(l + 1)k?).
Next as f(A) = M, we also have

H—M <t(AZ;) < |o|(tr(AZ2)/2.
By (1.10) and the assumption |£| > I", we have H — M > 0. So

(1+)"H? — k7 'M? < |0 > r(AZ2)
and therefore
0(1 —20)(1+x)"'H?> <01 —20)c "' M?

+ (1 + 1)l (k0 He| + 01 He| 1E] + (1 + )]ox |2 [E]* + Co(1 + 1)x?).
Using the bound 6 < 1, we get
0(1 —20)H? < (1 4+ 1)~ "M? + 4(1 + 1) Colo |*«>

+ (1 + )2 > (k0| He | + 0| Hy| [E] + (1 + ) ]ox]*[£]).
Applying the (LS) condition, we obtain |&| < p~!(2x "' M? + 8Co|o |*k?). o
The following lemma, which was used in the argument above, is borrowed from [8].

Lemma A.2. Lety > 0and X, Y € R¥*? be symmetric matrices satisfying

X 0 I, =1y
(6 )= (4 )

Then there exists a C' map A — Z,, from [0, 1] to the set of d-by-d symmetric matrices
such that, for every A € [0, 1],

d
X=20=% <Y ad —7 = y~1z2.
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Proof. We express the matrix inequality in the following form: for every £, n € R¢,
XE-E—Yn-n<yls—n
Thus, for every n € RY,

sup (X& - & —yl& —n>) < Yn-n.
EcRd

For every A € [0, 1), we have X < yl; < Ay, and thus, for every n € R4,

X —1
sup(XE'E—kylé—n|2)=X<Id——) n-n.

gcRd Ay
¥\~
Zy = X<I — —) .
Ay

Observe that Z, is an increasing family of symmetric matrices bounded above by Y. It
follows that Zy and Z; are well-defined and Zg = X. Moreover,

dz—le XY ~1z2 u]
dx )‘_y d Y RS

Define

A.2. Comparison for the metric problem

We fix a nonempty, closed subset S € R? and consider the metric problem

_ 2 _ : d
[ tr(A(Dm, x)D*m) + H(Dm,x) = inRI\ S, A3)

m=0 ondSs.

We assume that the coefficients (o, H) of the equation belong to the closure Q of Q for
the local uniform convergence (as usual, A = %O’UT). In view of the definition of 2, we

note that o € C%1(3B; x R?) and H € C*1(RY x RY) satisfy
lo (e, x)| + |Dyo(e,x)| + |Dgo(e,x)| < Cy ae.indB; x Rd,
H(tg, x) =t"H(E,x) and col€]” < H(E, x) < Col§l”,
|DH(E, x)| + €| |De H(E, x)| < Col|”  ae.in (RY\ {0}) x RY. (A4)
In order to show the well-posedness of (A.3), we first study the following constrained
problem, for a parameter K > 1:

max{— tr(A(Dm, x)D*m) + H(Dm,x) — ju, |Dm| — K} =0 inR?\ S,

A.5
m=20 ondSs. (A-5)

We begin with a comparison principle for (A.5).
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Proposition A.3. Fix K > 1 and n > 0. Suppose m' € USC (R?\ S) and m* €

LSC (]Rd \ S) are respectively a subsolution and a nonnegative supersolution of (A.5).
Thenm' < m? in R? \ S.

Proof. Throughout the proof, the constants C and ¢ may depend on o, H, i, K and vary
at each occurrence.

For § > 0 small, let ¥ : R — R be a smooth map which is increasing, concave,
bounded above with (0) = 0 and 0 < ¢/ < 1 — 28 and —(CoK?)~'us < ¢” < 0.
We set w(x) = 1//(ml(x)). Let us check that w is a subsolution of (A.5). Using the
homogeneity of H and A with respect to the gradient variable, we have (in the viscosity
sense)

—tr(A(Dw(x), x)D*w(x)) + H(Dw(x), x)
< ¢/ (m' () (= tr(A(Dm' (x), x)D*m" (x)) + H(Dm' (x), x))
— " (m' (x)) tr(A(Dm (x), x) Dm' (x) ® Dm" (x))
< (1 =28) + ¢ (m' (x))Co| Dm' (x) > < (1 = 8).

Moreover |Dw| — (1 — 28)K = (1 — 28)(|[Dm'| — K) < 0. Thus w satisfies
max{— tr(A(Dw, x)D*w) + H(Dm, x) — (1 — S, |Dm|—(1—-28)K} <0. (A.6)

We claim that w < m?. To reach a contradiction, suppose that M := SUpga (w — m?) > 0.
Set

x—y* B
My g = sup (u)(x) —m*(y) — “aa §|y|2 .
x,ye]Rd\S o

The supremum on the right side is evidently attained at some point

(xp, yp) € (RT\ S) x (R9\ ).

By construction, w(x) — m?(y) is bounded above, and thus

1 2 lx — yl*
M, = guno My = sup w(x) —m“(y) —

x,yeRI\S 4o
and
/;iinoﬂb’fﬂz =0. (A7)
Since w is K-Lipschitz continuous (as it is a subsolution of (A.6)), we have
lxg — ypl < (Ka)'? < Ca'l3. (A.8)

If « is sufficiently small, we have xg ¢ 05 and yg ¢ 9S; indeed, if xg € 95, then

g —ypl* B
SR Dyl <0

Mgy p = w(xg) — m*(yp) — y” > <0,
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while if yg € 95, then, by Lipschitz continuity of w,
My p < w(yp) + Klxg — ygl < K*3a'? < M

for a small. Both cases are impossible since My g > M > 0. We deduce that the maxi-
mum point belongs to the interior: (xg, yg) € (RZ\ S) x (R?\ S).

Fix n > 0 to be selected below and apply the maximum principle for semicontinuous
functions [18, Theorem 3.2] to obtain symmetric matrices Xg, Y5 € R4*d guch that

(Xp.£p) € T Tw(xg).,  (Yp.kp—Byp) € T m2(yp).

1 Xg 0 2
e M| Vg < <M M=,
<77+| I) 2d_(0 —(Y,s+/81d)>— +7

where &5 := o |xg — yg|>(xg — yp) and

1 (N =N 5
M:E(—N N), N :=|xg — ypl"la +2(xp — yp) ® (xg — yp)-

We select ny := |[M|~'. As N < Clxg — yﬁ|21d, with this choice we obtain

Xg 0 Iy -1
—C|M|lhg < <C|M . A9
it = (30, L) =omi (7 (A9)

As w is a subsolution to (A.6) and m? is a supersolution to (A.5), we have

max{—tr*(A(&g, xp) Xp) + H(ég, xg) — (1 — &), |€p] — (1 —28)K} < 0,
max{—tr«(A(5g — Byp, yp)Yp) + H(Ep — Byg, yp) — i, 1ég — Bygl — K} > 0.

Note that as [£g] — (1 — 26) K < 0, we cannot have |£g — Byg| > K for B small enough.
Then the above inequalities can be rewritten as

—tr* (A(Eg. x5)Xp) + H(Eg, xp) < (1 — &), (A.10)
—trx (A6 — Byg, yp) (Y — Bla)) + H(Eg — Byg, yg) = . — Cop. (A.11)

We may also take § so small that ( - %8)u < u— CopB.
Next we provide a lower bound on |€g]. By (A.9), we have Yg — Bl; > —Cy 1y, and
thus by (A.11), we obtain

Cy + C(lgsl” + 1Bysl") = u(1 — 39).

By (A.7) we can choose g so small that C|Byg|? < %WS, so that, by the definition of y,
Ca™'PlggP? + Clggl? = u(1 - 39).

This proves that for § small enough,

l&5] = Clal/2, (A.12)
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In particular, assuming again that § is so small that 8|yg| < C ~1o1/2 we can remove the
“x”1in (A.10) and (A.11).
Note that, by (A.8), we have estimates on §g and y:

&gl <K and y < K*Pa”'P3, (A.13)

Our aim now is to compute the difference between (A.10) and (A.11). Since H is
locally Lipschitz continuous, uniformly with respect to x, there is a constant C = Cg
such that

H (&g — Byg, yp) — H(Ep, xp) < C(Blygl + |xp — ygl) < C(Blysl +a'/?).

Using the regularity of A with respect to & in (A.1) and the bound below for &g in (A.12),
we have

tr(A(&p — Byg, yp)(Yg — Bla)) — tr(A(Es, yp)(Yg — BIa))]
< Cleg| ' Blysl 1Yg — Blal < Ca™V?Blyg| 1Y — Blal.

On the other hand, since A = %GO’T with o satisfying (A.4), and using (A.8), (A.9) and
(A.13), we also have

tr(A(Eg, yp)(Yp — Bla)) — tr(A(Eg, xp)Xp) < Cylxg — ypl* < Cal/3.

The difference between (A.10) and (A.11) then yields
—Ca™'2B1ypl 1Y — Blal = C(Blygl + ') < p(1 = 8) — u+ CP.

We now let 8 — 0 (with « remaining fixed); taking into account the fact that 8yg — 0
and the bound on the matrix Yg, we obtain

—Cal'? < —d4u.

Choosing o small then leads to a contradiction.

Thus far we have proved that, for any § > 0 and any smooth map i : R — R which
is increasing, concave, and bounded above with ¥ (0) = 0 and 0 < ¥' < 1 — 28 and
—(CoK?)'us < ¢” < 0, we have ¥ (m') < m?. We can now let § — 0 and ¥ tend to
the identity to obtain the desired inequality m' < m?. O
We next deduce a comparison principle for the metric problem (A.3) from Proposi-
tion A.3.

1,

o (Rd \ S) is a subsolution of (A.3)

ocC

Proposition A.4. Fix u > 0. Suppose thatm' e W,

satisfying
ess suplel(x)| < 0
xeRA\S
and m? is a nonnegative lower semicontinuous supersolution of (A.3). Then m' < m? in

RY\ S.



Homogenization of geometric motions 855

Proof. With K := ess SUPy R\ § |Dm1(x)|, we see that m! is a subsolution of (A.5).

Clearly m? is a nonnegative supersolution of (A.5). Therefore we can apply Proposi-
tion A.3. O

In the proof of Lemma 3.3, we needed the following comparison principle in bounded
domains. The proof is similar to that of Proposition A.4, even without need of penalization
at infinity; for this reason we omit it.

Proposition A.5. Let U be a bounded open subset of RY. Assume that m" is a globally
Lipschitz continuous subsolution and m? is a nonnegative lower semicontinuous superso-
lution of

—te(A(Dm, x)D*m) + H(Dm,x) = inU

such that m' < m? on dU. Then m! < m?inU.

A.3. Well-posedness of the metric problem

We now show that the metric problem has a unique globally Lipschitz solution, and that
the Lipschitz regularity is independent of the set S. As in the previous subsection, we
assume that the coefficients (o, H) of the equation belong to the closure Q of € with
respect to the topology of local uniform convergence.

Theorem A.6. Fix L > 1, u € (0, L] and a nonempty closed subset S C RY sat-
isfying (A.17). Then there exists a unique Lipschitz continuous solution m,(-,S) €

CIOO’C1 (R4 \ S) of the metric problem (A.3). Moreover, there exists a constant C(data, L)
such that, forall x, y € R4\ S,

Imy(x, §) —mu(y, $)| = Clx — yl.

Finally, m, (-, S) is the maximal Lipschitz continuous subsolution of (A.3).

Proof. For K > 2, we consider the problem (A.5). Clearly the zero function is a subso-
lution. As this problem obeys a comparison principle (Proposition A.3), Perron’s method
[18] provides the existence and uniqueness of a solution mX to (A.5), which is identi-
fied as the maximal subsolution of (A.5). It is clear that mX is Lipschitz continuous with
Lipschitz constant K.

Our aim is to show that if K is large enough, then the constraint on the gradient is
never in force and thus m*X is a solution to (A.3). We do so by proving that m*X is actually
Lipschitz continuous with a Lipschitz constant K’ € [1, %K ] to be chosen below.

We note that, by a standard stability argument for equation (A.5), we may assume for
convenience that (o, H) € 2. Otherwise, we approximate (o, H) by coefficients in €2,
we prove the Lipschitz estimates for the approximate equation, obtaining an upper bound
on the Lipschitz constant depending only on (data, L), and then we pass to the limit in
the approximation.

We now replace mX by a bounded function. For § > 0 small, let ¥ : R — R be
a smooth map which is increasing, concave, and bounded above with {(0) = 0 and
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0<vy’ <1—285and —(CoK?)~'us < ¢” < 0. We set w(x) = ¥ (mX). As in the proof
of Proposition A.4, one easily checks that w satisfies the subsolution inequality (A.6).
The main part of the proof consists in checking that for suitable choices of the parameters
we have w(x) < m&(y) + K'|x — y| forx, y e R?\ §.

Towards a contradiction, assume that

M:= sup (wx)—m&Qy)—K'|x—y)>0.
x,yeRI\S

For 8 > 0 small, set

Mg:= sup (w(x)— m&(y) — K'|x — y| - %.3|J’|2)~
x,yeRA\S

The supremum is attained at some (xg, yg) € (R?\ S) x (R \ ). Note that
0 <M < Mg <m®(xg) —mX(yp) — K'lxp — ygl
< (K = K)lxg — ypl < 3Klxp = ypl,
which gives the lower bound
X — gl = 2M/K > 0. (A.14)

In particular, xg # yg. As in the proof of Proposition A.4, keeping the other parameters
fixed, we find that limg_.o Byg = 0.

We first assume that xg ¢ 95 and yg ¢ 9S. Fix n > 0. By the maximum principle for
semicontinuous functions [18, Theorem 3.2], there exist symmetric matrices Xg, Y5 €
R?*4 sych that

(Xp.£p) € T Tw(xg),  (Yp.kp—Byp) € T mX(yp).

1 X/g 0 2
—( =+ M| )b < < M +nM?,
(n | l) = ( 0 —(¥p +ﬁ1d)> - !

where we denote y := K'|xg — yg| ™', &5 := K'(xg — yp)/|xp — yg| and

M::y(N _N>, N::Id—xﬁ_yﬁ@)xﬂ_yﬁ.
-N N lxg —yg — lxp—yp

Note that M2 = 2y2M. Select n := (2y)~ 'k, where « is the parameter in the (LS)
condition (1.12). As N < I;, we obtain

1 Xg 0 I, -1
_CV<1+;)12d§(O _(Yﬁ+ﬂ1d)>§(1+K)y<_Id Id).

Using the equations satisfied by w and mX, we have

max{—tr*(A(&g, xg) Xp) + H(&p, xg) — (1 — &), |§g| — (1 — 8K} <0,
max{— tr.(A(&p — Byg, yp)Yp) + H(Eg — Byp, yp) — I, 1&gl — K} = 0.
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AsO < |&g| = K' < %K and Byg is small, the above inequalities yield, for sufficiently
small 8,

—tr(A(Ep, xp)Xp) + H(Eg, xp) < (1 — S, (A.15)
—tr(A(gg — Byp, yp)(Yp — Bla)) + H(Ep — Byg. yp) = i — CoB. (A.16)

According to (A.14), y < K'K /(2M). For B so small that (1 +y)Blysl <k, Lemma A.1
gives the existence of R(data, L) such that |g| < R. As |§g| = K', we obtain a contra-
diction if K’ > R.

We have proved thatif R < K’ < %K , then the supremum in the definition of Mg, if
positive, can only be achieved by (xg, yg) if xg € dS or yg € 95. If xg € 3S, then

Mp = w(xg) —m* (yp) — K'lxp — ygl — 3Blysl* < 0.
a contradiction. Consider the case yg € 9S. As § satisfies the interior ball condition
of radius 1, there exists e € 9B; such that the unit ball centered at zg := yg — e is
contained in S. Then, for r := cal(L + Co(d — 1)), the map w?(x) == r(lx — zgl — D4
is a supersolution to (A.3), and thus to (A.5). By the comparison principle, w(xg) <
m& (xg) < r(|lxg — zg| — 1)+. We deduce that

0 < Mg = w(xp) —m" (yp) — K'lxp — yg| — 1Blypl?
<r(xp—zpl — Dy — K'lxg — yg| < (r — K")|xp — yg| <0,
provided that we also have K’ > r, which is another contradiction.
In conclusion, we have shown that if C(data, L) := RVvr < K’ < %K , then we have
w(x) = w(mK(x)) < mK(y) + K'|x — y|. As § and y are arbitrary, we can let ¢ tend
to the identity to deduce that mX is Lipschitz with constant K’ < %K . Thus the gradient

constraint is never in force and mX is a Lipschitz continuous solution to (A.3). By the
comparison principle, it is unique and maximal. O

We next summarize several properties of the metric problem associated to a nonempty
closed set S C R satisfying the uniform ball condition

s= |J Biw. (A.17)

Bi(0)CS
As above, we consider coefficients (o, H) belonging to Q.

Lemma A.7. FixL > 1, u € (0, L] and closed subsets S, S’ C R4 satisfying the uniform
ball condition (A.17). Then there exist 0 < I, < L, C(data, L) > 1 and c(data, L) €
(0, 1] satisfying

cu<l,<L,=<C (A.18)

such that:

(i) (Lipschitz estimates) For every x € R\ Sandy e R?\ §',

Imy(x,8) —m,(y, S < L,(Ix — y| + distg (S, S)). (A.19)
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(i) (Estimate on sublevel sets) For every () <s <ft,

distgy (m, (-, S) < s}, {mu (-, S) < 1)) < ll|s — 1 +2. (A.20)
i

(iii) (Growth property) For every x € RY,
[ dist(x, S) — 2 <m,(x,S) < L, dist(x, S). (A.21)

If the target is the half-space, i.e., S = H, for some e € 9By, then, for every
x € Hf,
(1/C)VPx e < myu(x, H,) < (u/co)Px-e. (A22)

Proof. The argument is standard and mostly borrowed from [1, proof of Proposition 2.2].
We only explain the differences.

(i) Theorem A.6 states that m, (-, S) is uniformly Lipschitz continuous. Then one can
show, exactly as for [1, Proposition 2.2(ii)], that

Imy(x, S) —my,(x, )| < L, disty(S, ).

(ii) For the estimate on level sets, we follow again [1, proof of Proposition 2.2]: Set
K :={m,(-,S) <s}andlet§ : R? — R be a standard mollification kernel. For & > 0,
we set £ (y) 1= e 9&(y/¢e) and w, = I, dist(-, K) * & + s — Cl,e. Since dist(-, K) is
Lipschitz continuous, we have [Dw,| < [, |D2ws| <I,/¢&and |w, —dist(-, K)| < Cl,e.
Then, for /,, = ¢ with ¢ > 0 small enough, the function w, is a Lipschitz continuous
subsolution of

—tr(A(Dm, x)D*m) + H(Dm,x) = inRY\ {m, (-, S) < s}
withwg <s <my(-,S) on d{m, (-, S) < s}. By comparison (Proposition A .4),
Lo dist(y, K) +s — 2Cl,e < we(y) <mpu(y, $)  inRY\ {m, (-, ) <.
So, for ¢ small enough,

{mﬂ(" S) = S} - {m[l,('v S) = t} - {m[l.(" S) =< S} + Bllzl(tis)+2-

The last two points are straightforward: for (iii), the first inequality in (A.21) is a
consequence of (ii) for s = 0, while the second one holds by the Lipschitz estimates.
When the target is a plane, the map x — (u/Co)'/Px - e is a subsolution to (2.5) by the
homogeneity of H, while x — (u/ Co)/Px -eisa supersolution: this yields (A.22) by
comparison. O

A.4. The approximate corrector problem

In this subsection, we briefly discuss the approximate corrector problem: for § > 0 and
£ € RY, we consider

800 (-, &) —tr(AE+DV (-, &), x)D*V° (-, £))+H(E+DvP (-, £), x) =0 inRY.  (A.23)
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Here we assume that the coefficients (o, H) belong to €2. We summarize the facts we need
in the following proposition, most of which is essentially known. The well-posedness
of mean curvature type equations has been well-understood since the pioneering papers
[17, 22, 23]. The only additional difficulty here comes from the singularity of the matrix
A(- + &, x), which is at —¢& instead of 0. This can be treated as in the proof of Propo-
sition A.3. The L bound (A.24) on v? is a straightforward consequence of assumption
(1.10). The Lipschitz estimate (in space) under coercivity condition (1.12) for equation
(A.23) has been established in [26], and subsequently discussed in [12]. The proof of
[26] relies on approximation by smooth solutions. The (suitably adapted) proof of Theo-
rem A.6 above provides an alternative argument. Therefore, we only check the regularity
of 8v% with respect to &.

Proposition A.8. For any § > 0 and & € RY, equation (A.23) has a unique solu-
tion V2 (-, &) € WH°(RY) which satisfies

—Col€|P /8 < v*(x, €) < —col&|P/8. (A24)

Moreover, for every R > 1, there exists C(data, R) > 1 such that, for every x,y € R4
and &€, n € Bg \ {0},

C
[V (x, &) — v’ (v, M| < CUEI+ InDIx — y] + S UEIA I~/ 71E — P17 (A25)

Proof. As mentioned before the statement, we only verify the regularity of §v® with
respect to £. Throughout, we denote by C and ¢ constants which depend on (data, R)
and may vary at each occurrence. Given §,7 € Bg \ {0}, we denote for simplicity

v = v‘s(-, &) and vy = v5(-, n). Fix small parameters o, 8 > 0 to be chosen below,
consider
L lx — )’|4 2
Mg:=  sup vi(x) =) +n-(x—y) — 1 — Blx|
(x,y)eRI xR o

and denote by (xg, yg) a maximum point of the problem. We shall send 8 — 0 while
keeping o > 0 fixed. Note that

. 1
lim Mg = sup <v1(X) -+ -y — 4—Ix - y|4> > sup(vy; — v2)
B0 (x,y)eRd xRd o Rd
and

lim sup B|xg 1> =0.
B—0

In view of the Lipschitz estimate on v,, we have
g — ypl < Ca'l3. (A.26)

We set £g 1= o~ |xg — yg|>(xp — yp) and &g := £5/|55] if x5 # yp (€p := O otherwise).
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Fix y > 0 to be selected. By the maximum principle for semicontinuous func-
tions [18, Theorem 3.2], there exist symmetric matrices Xg, Y5 € R4*d guch that

(Xp.Eg—n+2Bxp) € T Tvi1(xp).  (Ypbg—m e T va(yp).

1 X 281, 0
—<—+|M|>12d§< “Oﬂd Y>§M+VM2,
Y Iy

where

1(N -N 2
M:=;(_N N), N = |xg —ypl"la +2(xp — yp) ® (xg — yp)-

We choose y := a|xg — yg| 2 if x5 # yg and y = | otherwise. As N < Clxg — yg|*14,
we obtain

) 2

_ Clag — -

_C|xﬁ vl by < Xg+2Bla 0\ _ Cleg—ysl” (I la . (A27)
o 0 —Yg o —1q Iy

where, in view of (A.26),
Clxg — yg|*/a < Ca™ /3.

Using the equations for v; and v, we have

Svi(xg) —tr* (AEg+& —n+PBxp, xp)Xp) + H(Ep+& —n+Pxp, xp) <0, (A28)
Sva(yp) —trx(A(5p, yp) Yp) + H (8, yp) = 0. (A.29)

Plugging (A.24) into (A.29) we find, since by (A.27) we have |Yg| < Clxg — yg |2 /e, that

2 3
xg — X —
cle =yl co% = —8v° (3p) = colnl”.

o

This provides lower bounds for |xg — yg| and for |£4]:
lxp = ypl = C7Hnl"2al/?and || = CTnPPP e,

From now on we assume that |€ — 5| < (3C)~![n|>?/2«'/? and that B is so small that
Blxyl < (3C)"n3P/?>«'/2. With this lower bound, we can simplify (A.28): using

&g + & —n + Bxgl = BCO) PP 2al/?

we obtain, in view of the regularity of A and (A.27),

|[Ag+& —n+ Bxg, xp)Xg — A&, xp)(Xg + 281,)|
< CoB+ Clnl =3P 2121 —n+ Bxpl IXpl < Clyl =3P 2a™/0(B(1 + |xp]) + 1 — 7).

On the other hand, by the Lipschitz estimates,

Hép, yp) — HEp +& —n+ Bxg, xp) < C(I& —n| + Blxg| + |xg — ygl),
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while, by the structural assumptions on A = %aoT and (A.27),

tr(A(Eg, yp)Yp) — tr(A(Ep, xp)(Xp + 2B10)) < Ca'/.

Computing the difference between (A.28) and (A.29) and collecting the above inequalities
we obtain (neglecting the lower order terms)

8v1(xp) — 8v2(vp) < Clyl P Pa™/0(B(1 + |x]) + |& — ) + Ca'/>.
Therefore
Mg < 8v1(xp) —8va(yp)+n-(xp—yp) < Cln| P Pa /O (B(1+|xp)) +[& —nl)+Ca' .
We now send 8 — 0 to obtain

sup(v) — v2) < Cln| =3P 2a™/8)g — | + Ca'/3.
]Rd

Taking « = |n|~27/7|& — 5|%/7, we obtain

sup(v; — v2) < Cln|~2P/7|g — /7. O
Rd

A.5. The time-dependent initial-value problem

We briefly discuss the well-posedness of the problem

du — tr(A(Du, x)D*u) + H(Du,x) =0 inR? x (0, T, (A30)
u(-,0) = g() on R?, '
and its rescaled version
dut — etr(A(Duf, x/e)D*u®) + H(Du®,x/e) =0 inR? x (0, T1, A3
ut(-,0) = g() onRY, '

Here we fix coefficients (o, H) belonging to 2.

Theorem A.9. For any g € BUC(RY), the initial-value problem (A.30) has a unique
solution u € BUCR? x [0, T1). If, in addition g € CV1(RY), then u € C%'(R?) and
there exists a constant L(data, ||g|lc1.1) such that, for every x,y € R ands,t € [0, T],

lu(x, ) —u(y,s)| < L(x — y[ + | — s]).

We do not give the proof of Theorem A.9 here. Well-posedness and Lipschitz estimates
for (A.30) are proved in [23] and [26], respectively, and can also be obtained by modifying
the arguments given here for the metric problem.
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Similar results for (A.31) can be obtained by applying Theorem A.9 and using the
scaling u®(x, t) = eu(x/e, t/¢). In particular, for a C!-! initial condition, the solution u°
satisfies the same Lipschitz estimate: for every x, y € R and s, t € [0, T],

luf (e, 1) —u(y, )] < L(lx — y| + |t — s]).

For the reader’s convenience, let us briefly recall how Lipschitz bounds are established
in this framework. Because of the C!-! regularity of g, the maps (x, ) — g(x) + Ct
and (x,t) +— g(x) — Ct are respectively super- and subsolutions of (A.30) (where C
depends on data and ||g||-1.1 only). This gives the estimate |u(x, r) — g(x)| < Ct. As
the coefficients of the equation are independent of time, the comparison principle then
implies

sup |u(x,t) —u(x,s)| < sup |u(x,t —s) — gx)| < Clt —s|,
xeRd xeRd

and we have the Lipschitz regularity in time and a bound on |9d;u|. To get the Lipschitz
regularity in space, one now argues as for stationary equations (see, e.g., the proof of
Theorem A.6), using the bound on |9,u| and the (LS) condition (1.12).
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