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Abstract. We carry out the construction of some ill-posed multiplicative stochastic heat equations
on unbounded domains. The two main equations our result covers are the parabolic Anderson model
on R3, and the KPZ equation on R via the Cole—Hopf transform. To perform these constructions,
we adapt the theory of regularity structures to the setting of weighted Besov spaces. One particular
feature of our construction is that it allows one to start both equations from a Dirac mass at the initial
time.
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1. Introduction

In the present paper, we consider the following stochastic partial differential equation:
u=~Au+u-§  u©, ) =uo(), (E)

where u is a function of # > 0, x € R?, and & is an irregular noise process. While large
parts of our analysis are dimension-independent, a natural subcriticality condition restricts
the dimensions in which we can consider the most interesting case of delta-correlated
noise. We will henceforth be mainly concerned with two instances of this equation: d = 3
and £ is a white noise in space only, we refer to this case as (PAM); d = 1l and § is a
space-time white noise, we call this case (SHE).
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When £ is a white noise in space, without dependence on time, this equation is indeed
called the parabolic Anderson model (PAM). In dimension d > 2, the equation is ill-posed,
due to the very singular product u - £. Indeed, u is expected to be (2 + «)-Holder where the
regularity of the noise « is strictly lower than —d /2, so that the sum of the regularities of
u and & is strictly negative, and therefore the product u - & does not fall within the scope of
classical integration theories [BCD11, You36]. To make sense of this product, one actually
needs to perform some renormalisation which boils down to, roughly speaking, subtracting
some infinite linear term from the equation.

When the space variable is restricted to a torus of dimension 2, the solution of a
generalised version of (PAM) has been constructed independently by Gubinelli, Imkeller
and Perkowski [GIP15] using paracontrolled distributions, and by Hairer [Hail4b] via
the theory of regularity structures. The construction on a torus of dimension 3 follows
immediately from recent results of Hairer and Pardoux [HP15]. The construction of (PAM)
on the full space R? has been obtained recently [HL15] using a simple change of unknown
that spares one from requiring elaborate renormalisation theories. This is not possible
anymore in dimension 3: in the present paper, we adapt the theory of regularity structures
to perform the construction of (PAM) on the full space R3.

When £ is a space-time white noise, we refer to (E) as the multiplicative stochastic heat
equation (SHE). Already in dimension d = 1, the product u - £ is ill-defined. However, in
dimension 1, the Itd integral allows one to make sense of this equation: it requires the noise
to be a martingale in time and the solution u to be adapted to the filtration of the noise. This
construction breaks down for space-time regularisations of the white noise so that it does
not imply convergence of space-time mollified versions of the original equation. When the
space variable is restricted to a torus of dimension 1, this equation has been constructed
by Hairer and Pardoux [HP15] in the framework of regularity structures: they define the
solution map on a space of noises that contains a large class of space-time mollifications
of the white noise. In the present paper, we lift the restriction of the torus and perform the
construction on the whole line R.

This equation is intimately related to the KPZ equation [KPZ86]. Indeed, formally,
the Cole—Hopf transform sends the ill-posed KPZ equation to (SHE); Bertini and Gi-
acomin [BG97] exploited this fact to prove the convergence of the fluctuations of the
weakly asymmetric simple exclusion process to the KPZ equation on R. A more direct
interpretation of the KPZ equation itself has recently been obtained by Hairer [Hail3]
when the space variable is restricted to a torus of dimension 1.

In addition to the ill-defined product u - £ that needs to be renormalised for both (PAM)
and (SHE), there are two major issues that we address in this work: first, we construct
these SPDEs on an unbounded underlying space instead of a torus; second, we consider a
Dirac mass as the initial condition.

Let us first comment on the specific difficulty arising from the unboundedness of the
underlying space, when constructing the solutions to these SPDEs. Since the white noise
is not uniformly Holder on an unbounded space, one cannot expect to obtain solutions
that are uniformly bounded over the underlying space and one needs to weight the Holder
spaces of functions/distributions at infinity. This is a classical problem when dealing with
stochastic PDEs in unbounded domains—see for example [Iwa87, AR91], as well as
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the recent work [MW 17] which is somewhat closer in spirit to the equations considered
here. A priori, these weights cause some trouble in obtaining a fixed point for the map
ur> Pxu-&)+ P *ug, where P is the heat kernel. Indeed, since the weight needed for
the product u - § is a priori larger than the weight of u itself, the map would take values in
a space bigger than the one u lives in and the fixed point argument would not apply.

There is a way of circumventing this problem by considering a time-increasing weight
and by using averaging in time of the weight due to time convolution with the heat kernel.
More precisely, the white noise can be weighted by a polynomial weight p, (x) = (14|x])¢
with a as small as desired, so that if we weight the solution by e;(x) = ¢’ (+1xD) | then
fé P;_y % (£ - uy) ds can be weighted by fot pa(x)es(x) ds, which is smaller than e, (x). We
refer to [HL15] for a construction of (PAM) on R2 using this idea, and to [HPP13] where
this trick already appeared. The main difficulty is therefore to incorporate the trick outlined
above into the theory of regularity structures, and this will require to have accurate control
on the weights arising along the construction. In particular, a major issue comes from the
fact that e; (x) /e (y) is not bounded from above and below, uniformly over all (z, x), (s, ¥)
lying at distance, say, 1 from each other.

Let us point out that the important feature of the exponential weight is not the growth at
infinity in x, but the exponential growth in ¢. In particular, the trick presented above works
the same with e;4¢(x), where £ € R is arbitrary. Consequently, if the initial condition has
bounded support, then one can choose £ arbitrarily small so that the weight of the solution
at any time ¢t < —¢ decays exponentially fast in x.

At this point, let us mention that our method to construct solutions of SPDEs on the
whole space would still apply to equations of the form

8tu = AM+F(M)+G(M)$, M(O’ ) ZMO(')’

where F, G are smooth functions whose growth at infinity is at most linear, and such that
G(0) = 0, and u( decays exponentially fast at infinity. Let us give a brief explanation.
Under these hypotheses, if we weigh the solution at time ¢ > 0 by e;¢(x) for some
£ < 0, then the weight of F'(u) at time ¢ is of order e;1¢(x), and the weight of G (u)§ is
of order e;4¢(x)p, (x). Notice that if G(0) # O then the latter is not true anymore when
t + ¢ < 0. Due to the non-linearities, the fixed point map is only locally Lipschitz with a
proportionality constant which is quadratic in the solution. At the level of the weights, this
is not a problem as long as they are uniformly bounded over all x: this is the case for all
t < —£, and thus we can obtain a local solution.

On the other hand, this approach does not yield a solution theory for the KPZ equation
(without Cole—Hopf transform) on the whole line: the non-linearity is then quadratic in
the (derivative of) the solution so that its weight would be the square of the weight for the
solution, and the trick presented above would not work anymore.

Regarding the initial condition, let us point out that the Picard iterations associated
to (E) involve products of the form (P ug)-£. By the classical integration theories [BCD11,
You36], this product makes sense as soon as the regularity of P x ug is strictly larger
than —o, where « is the regularity of the noise. P * uq is smooth away from ¢ = 0, but its
space-time regularity near ¢ = 0 coincides with the space regularity of ug. Since the time
regularity counts twice in the parabolic scaling, it is possible to make sense of (P * ug) - &
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as long as ug has a regularity better than —2 — «, using integrable weights around time O.
The Holder regularity of the Dirac mass being equal to —d, this would prevent us from
choosing ug = ¢ for both (PAM) and (SHE).

One way of circumventing this problem is to exploit the fact that on the other hand
the Dirac distribution is “almost” an L' function. In particular, it belongs to the Besov
spaces B‘fm as soon as B < —d + d/p. Since the classical integration theories allow

one to multiply C* by B ,’/,3,00 as soon as « + B > 0, the threshold on the regularity of the
initial condition would not be modified upon this change of distribution spaces. Choosing
p small enough, one would then be able to take a Dirac mass as the initial condition. Let
us emphasise that we do not choose an L”-type space for the white noise but still consider
the Holder space C*: otherwise, the integrability of the solution would be deteriorated
upon multiplication by the noise.

We now present the main steps of the construction of the solution to (E).

First, we define a regularity structure, which is an abstract framework that allows
one to associate to a function/distribution some generalised Taylor expansion around
any space/time point. The building blocks of this regularity structure are, on the one
hand, polynomials in the space/time indeterminates, and on the other hand, some abstract
symbols &, Z(E), ..., associated with the noise. Then, one needs to reformulate the
solution map that corresponds to (E) into the abstract framework of the regularity structure.
Namely, one has to provide abstract formulations of multiplication by the noise & and
convolution with the heat kernel P.

Second, we build a so-called model which associates to the abstract symbols some
analytical values. Actually, we start with a mollified version of the noise &, = p &, where
pe(t,x) =€ 2 p(te™?, xe~ 1) is a smooth, compactly supported function which is such
that p(7, x) = p(t, —x), and we build a model (I1€, F€) which, in particular, associates to
the symbol E the smooth function &.. One important feature is that the abstract solution
given by the solution map, with this particular model, coincides (upon an operation called
reconstruction) with the classical solution of the well-posed SPDE

Oie = Aue + ue - &, ue(0, ) =up(-). (Ee)

Third, we renormalise the model (1€, F€) by modifying the values associated to
some symbols: namely, those that stand for ill-defined products. Roughly speaking, the
modification of these values consists in subtracting some divergent constant C.. The effect
of this renormalisation procedure is actually very clear at the level of the SPDE, since the
abstract solution then corresponds to

dlie = Adle + iie - (e — Co),  11e(0,-) = ug(-). (Ee)

The final step consists in proving that the sequence of renormalised models converges
as € |, 01in a sense that will be made clear later on. The continuity of the solution map then
ensures that the sequence of abstract solutions converges, and furthermore the limit is the
fixed point of an abstract fixed point equation. This yields the convergence of the sequence
of renormalised solutions . to a limit u.

Let us now outline some major modifications that we bring to the original theory of
regularity structures [Hail4b]. First, since we want to start (E) from a Dirac mass, we need
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to choose an appropriate space of distributions. As explained earlier in the introduction,
we are led to using (some analog in the context of regularity structures of) the Bf,oo spaces.
Therefore, we present a new version of the reconstruction operator in this setting (see
Definition 2.5 and Theorem 2.10 for precise formulations). Second, our spaces of modelled
distributions are weighted at infinity; therefore, the reconstruction theorem and the abstract
convolution with the heat kernel need to be modified (we refer to Theorems 3.10 and 4.3).
One major difficulty we run into is that one would like to consider the same kind of weights
as in [HPP13, HL15], which are of the type w(t, x) = exp(t(1 + |x|)). Unfortunately,
such weights do not satisfy the very desirable property ¢ < |w(z)/w(z")| < C for some
constants ¢, C > 0, uniformly over space-time points z, z’ with |z — z’| < 1, although they
do have this property for pairs of points that are only separated in space. As a consequence,
we need extremely fine control on the behaviour of our objects as a function of time (see for
example the bound (2.10) and the illustration of Figure 2). Note that in the case of (PAM),
where the noise varies only in space, we could have defined our regularity structure on
space only and viewed the solution as a function of time with values in a space of modelled
distributions, thus substantially shortening some of the arguments. We chose not to do
that, and instead we present results that work indifferently for (PAM) and (SHE). This
is possible since the algebraic and scaling properties of these two equations coincide. In
particular, the regularity structure can be built in the same way for both. On the other hand,
the analytic values associated to the elements in the regularity structure, i.e. the model, are
specific: in particular, the renormalisation constants are specific to (PAM) and (SHE).
The main result of the present work is as follows.

Theorem 1.1. We consider either (PAM) where d = 3, or (SHE) where d = 1. Let
ug € CZ,’OP(Rd) withn > —1/2, p € [1, 00) and wo(x) = e*YT*D for some £ € R. There
exists a divergent sequence of constants C, such that, on any interval of time (0, T], the
sequence of solutions i, of (Ee) converges uniformly on compact sets of (0, 00) x R? ro a
limit u, in probability.

Furthermore, the limit depends continuously on the initial condition uy and, provided
that C¢ is suitably chosen, it is independent of the choice of mollifier p. In the case of
(SHE), the limit can be chosen to coincide with the classical solution to the multiplicative
stochastic heat equation [Wal86, DPZ92].

Remark 1.2. In the framework of the regularity structure, we will define a lifted version
of (PAM) or (SHE). This lifted version will admit a unique fixed point (see Theorem 5.2).
The fixed point does not live in a space of usual distributions, but in a space of so-called
modelled distributions. However, the reconstruction operator defined in Theorem 3.10
associates continuously (in the respective topologies) a genuine distribution to such an
object.

Remark 1.3. We refer to Definition 3.8 for the precise space of distributions in which the
convergence holds. Moreover, the space CZ;OP (R9) is defined in Subsection 4.3. We point
out however that for p sufficiently close to 1 and 1 negative one has §p € C,Z’Op .

Remark 1.4. A result of Mueller [Mue91] ensures that the classical (Itd) solution of
(SHE) is strictly positive at any time ¢t > 0 as soon as it starts from an initial condition
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which is non-negative and non-zero. In the same way as in [HP15, Corollary 6.5], this
classical solution can be shown to coincide with our limit u# so that, by setting & = log u,
we recover the Cole—Hopf solution to the KPZ equation formally given by

dh = 0%h + (9.h)> +&.

il

In particular, if we start # from Jg, the solution 4 is referred to as the “infinite wedge’
solution to the KPZ equation [ACQ11]. In this case, our convergence result is new also in
the case of solutions on the circle rather than the whole real line. Let us point out again
however that our approach does not provide a direct solution theory to the KPZ equation
on the line, as explained earlier in the introduction.

Remark 1.5. The exponent —1/2 obtained in this result is sharp. Indeed, since the equa-
tion is linear in the initial condition, it is sufficient to be able to take uop = §,, which is
allowed in our setting. If we denote the corresponding solution (or solution kernel) by
K;(x, y), general solutions are given by u(¢, x) = f K;(x, y)ug(y) dy. Furthermore, in
the case of (PAM), it is straightforward to see by an approximation argument that K; is
symmetric in both of its arguments. (In the case of (SHE) it is only symmetric in law.)
At this stage we then note that in both cases we expect K, to inherit the regularity of
the linearised problem, namely to be of Holder regularity C* for @ < 1/2 in both of its
arguments, but no better. (In the case of (SHE) this is of course a well-known fact.) Such
functions cannot be tested against a generic distribution in C"! if n < —1/2.

Remark 1.6. In the case of (PAM), denote by K; the integral operator on L%(R3) with
kernel (x, y) — K;(x, y). Then K; is in general an unbounded selfadjoint operator (with a
domain depending on the realisation of the underlying noise!). Furthermore, K; is positive
definite since its kernel is obtained as a pointwise limit of positive kernels. Finally, for
any fixed # > 0, K; does not admit any ¢ € L? with K,¢ = 0. Indeed, since the operators
K, satisfy K;K; = K;4, one would have K;/,¢ = O for every n > 0, which would
contradict the fact that K;¢ converges to ¢ weakly as + — 0. As a consequence, we can
define an operator L = (1/t)log K; by functional calculus. This operator is naturally
interpreted as a suitably renormalised version of the random Schrodinger operator

Le=—-A+§
on R3. See [AC15] for more details on a similar construction in dimension 2 (and bounded

domain).

(1,1) (1,2)

In both cases, the renormalisation constant Cc = ¢ +c¢ *~ + c¢ "~ is given by
Q:/G@ﬁ%ma
3
Ao / G(21)G ()G (@) (21 + 22002+ 23) [ | dai, (L)
i=1

3
() / G(21)G(22)(G (230027 (23) — ce0(z9))pi* (1 + 22+ 23) [ | dai-

i=1
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In the case of (PAM), G is a compactly supported function that coincides with the Green’s
function of the 3-dimensional Laplacian in a neighbourhood of the origin, and the inte-
gration variables lie in the underlying space R and do not depend on time. In the case
of (SHE), G is taken to be the heat kernel in dimension 1, and the integration variables
z = (1, x) take values in R2. (With the usual convention that the heat kernel takes the
value 0 for negative times.) In both cases, cc = ce~! with a proportionality constant ¢
that depends on p and on the equation under consideration. The other two constants

behave differently depending on the equation: for (PAM), cgl’ D= —% loge + O(1) and

621,2) = (O(1), while for (SHE) both cél’l) and cél’z) have finite limits as € — 0 as shown
in [HP15].

Let us point out that we do not provide the details on the convergence of the models.
Instead, we refer the reader to [HP15] where the convergence of the mollified model
associated with (SHE) on the one-dimensional torus has been proven. Since the models
are “local” objects, the renormalisation is not affected upon passing to the whole line.
Regarding (PAM), the algebraic and scaling properties of the equation coincide with those
of (SHE) so that the proof works verbatim: only the actual values of the renormalisation
constants differ.

The remainder of the article is structured as follows. We start by giving a short
introduction to the theory of regularity structures, as used in our particular example,
in Section 2.1. The reader unfamiliar with the theory may find [Hail4b] or the shorter
introductions [Hail5, Hail4a] useful. In all existing works, the spaces of “modelled
distributions” on which the theory is built are based on the standard Holder spaces. In
Section 2.2, we introduce new spaces of modelled distributions that are instead based on
a class of inhomogeneous Besov spaces and we prove the reconstruction theorem in this
context. In Section 3, we then leverage the local results of Section 2.2 to build suitable
weighted spaces. Section 4 contains a Schauder estimate for these spaces, which is the
main ingredient for building local solutions to the limiting problem. Finally, we combine
all of these ingredients in Section 5, where we give the proof of Theorem 1.1.

1.1. Notation

From now on, we work in R?*! where d is the dimension of space and 1 the dimension

of time. We choose the parabolic scaling s = (2, 1, ..., 1), where so = 2 stands for the
time scalingands; = 1,i =1, ..., d, for the scaling of each direction of space. We let
|s| = Z?:() 5;. We denote by ||z||s = max(/|z], [x1], ..., |xg4]) the s-scaled supremum

norm of a vector z = (7, x) € R4t We will also use the notation |k| = Z?:o sik; for any
k e N+l To keep notation clear, we restrict the letters s, ¢ to denoting elements in R, x, y
to denoting elements in Rd, while the letters k, m, £ will stand for elements of N or N9+,
Moreover, in some cases we will use z to denote an element in RI+1,

For any smooth function f : R¥*! — R and any k € N%*! we let DX f be the
function obtained from f by differentiating ko times in direction ¢ and k; times in each
direction x;, i € {1, ..., d}. For any r > 0, we let C" be the space of functions f on RA+!
such that DX f is continuous for all k& € N?*! such that |k| < r. We denote by B’ the
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subset of C" whose elements are supported in the unit parabolic ball and have their C"-norm
smaller than 1. For all n € C", all (¢, x) € R4t and all A > 0, we set

s—1 y1—xj Yd — Xd
A2 T A

(s, y) = Fﬁn( ) V(s y) € R4HL

This rescaling preserves the L!-norm.

Finally, for all z € R4*! and all A > 0, we let B(z, 1) C R?*! be the ball of radius A
centred at z; here we implicitly work with the s-scaled supremum norm || - ||s. For x € R,
we use the same notation B(x, A) to denote the ball in RY of radius A and centre x.

2. Regularity structures and Besov-type spaces

In the first subsection, we recall the basic definitions of regularity structures and models—
this material is essentially taken from [Hail4b]. In the second subsection, we adapt the
definition of the spaces of modelled distributions from [Hail4b] to the setting of Besov
spaces. Then, we prove the corresponding reconstruction theorem. In the third subsection,
we introduce the weighted spaces of modelled distributions by adding weights around
t = 0 and x = oo in the spaces previously introduced.

2.1. Regularity structures and models

A regularity structure consists of two objects. First, a graded vector space T = ceA T;
where A, called the set of homogeneities, is a subset of R which is locally finite and
bounded from below. Second, a group G of continuous linear transformations of 7~ whose
elements I € G fulfil the following condition:

F't—teT.pg, VreTg VBeA,

where we write 7 as a shorthand for P c<p T;. A simple example of regularity structure
is given by the polynomials in d + 1 indeterminates Xy, ..., X,. For every ¢ € N, let
T be the set of all formal polynomials in X;,i = 0, ..., d with s-scaled degree equal
to ¢. Let us recall that the s-scaled degree of X* = H?:o X f", for any given k € Nt1 s
equal to |k| = >_ s;k;. The set of homogeneities in this example is A = N, while a natural
structure group is the group of translations on R4+,

In the case of our original class of equations (E), the regularity structure, together with
a set of canonical basis vectors for 7, can be constructed as follows. We seto = —3/2 —«
for a given « > 0 and we let T, be a one-dimensional real vector space with basis vector E.
Then we define two collections I/ and F of formal expressions by setting 1, X* € U/ for
all k € N?*+! and by imposing that they are the smallest sets satisfying the following two
rules:

teld & 1tEeF, teF = I(r)el.

(The product (E, t) > t E is taken to be commutative so we will also write Et instead.)
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Writing (U) for the free real vector space generated by a set U, we then set 7 () = (U),
T(F) = (F)and T = (U U F). Moreover, we write 7 C T (U) for the set of all
polynomials in the X;,i =0, ...,d.

The homogeneity |t| of an element T € U/ UF is computed by setting |E| = «, |1| = 0,
|Xi| = 1 and by imposing the following rules:

lrz] = Izl +17l, 12Dl =I7|+2.

The corresponding sets of homogeneities are denoted A(U), A(F) and A = AU)UA(F).
This also yields a natural decomposition of 7 by 7, = ({t : |t| = «}). It was shown in
[Hail4b, Sec. 8] that there is a natural group G acting on 7 in a way that is compatible with
the definition of an “admissible model” (see Definition 2.2 below). The precise definition
of G does not matter for the purpose of the present article, so we refer the interested reader
to [Hail4b, Sec. 8.1] and [HP15, Sec. 3.2].

u AU) F A(F)

1 0 g —3/2—«
Z(8) 12—k EI(E) —1-2
I(EZ(E)) 1—2 EZ(EZ(E)) —1/2 -3k
X; 1 EX; —1/2—«
T(EZ(EZ(E))) 3/2-3k EIL(EL(EL(E)) -4k
Z(EX;) 32—« EBI(EX;) —2k

Fig. 1. The canonical basis vectors for the regularity structure for (E) with y € (3/2,2 — 4«).
Notice that here i ranges in {1, ..., d}, while X has homogeneity 2 and therefore does not appear.

The regularity structure 7 (/) is the abstract framework to which the solution u of (E)
will be lifted. 7 (F), which is simply obtained by multiplying all the elements in 7 (/)
by &, will therefore allow us to lift u - £. It turns out that it will suffice to restrict 7 ({f) to
those homogeneities lower than a certain threshold y > 0, to be fixed later on. Similarly,
we will restrict 7 (F) to those homogeneities lower than y +a > 0. We will write 7_,, ()
and T~ 4 (F) to denote these two subspaces; eventually we will omit these subscripts
since the restriction will be clear from the context. Finally, we let Q; : 7 — 7, denote
the canonical projection on 7; and we denote by |a|; the norm of Q;a.

Let us consider the heat kernel in dimension d:

1

- xPEn d
(4nt)d/ze , xeRY t>0.

P(t,x) =
We will need the following decomposition of P into a series of smooth functions, which
was already used in [Hail4b, Lemma 5.5]. Actually, there is a slight difference here since

we consider the s-scaled supremum norm in R?*! instead of the s-scaled Euclidean norm,
but this makes no difference.
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Lemma 2.1. Fixr > 0. There exist a collection of smooth functions P_, P,, n > 0, on
Ry x RY such that:

(1) for every z € RTIN\{0), P(2) = 2,0 Pa(2) + P—(2),
(2) the function Py is supported in the unit ball, and for every n > 0, we have

P(t,x) = 2" Py(2%1,2"x), teR,, x e RY,
(3) for everyn > 0, we have [, P, (2)z5dz = 0 for all k € Nt such that |k| < r.
As a consequence, for every k € Nd‘H, there exists C > 0 such that
|D¥ P, (2)| < C2M@HRD, 2.1
uniformly over alln > 0 and all 7 € R+,

We will use the notation P =), _ P,.

From now on, we deal with 7, for a given y that will be fixed later on. To simplify
notation, we will omit the subscript y. We now associate to our regularity structure (7, G)
some analytical features. To that end, recalling the definition of the sets of test functions 5"
in Section 1.1, we introduce a set M of admissible models.

Definition 2.2. An admissible model is a pair (I1, I') that satisfies the following assump-
tions:

(1) The map IT: z +— II, goes from R4+ into the space L(T,D’ (Rd+l)) of linear
transformations from 7 into distributions on space-time, D/(Rd“), such that

I,7)(n*
(ITI||, :== sup sup sup sup M <1, 2.2)

neBrie01lcedrer,  ITIAS 7

locally uniformly over z € R4+ for some fixed r > |e|. We then define || I1|| g as the
supremum of || IT]|, over all z € B, where B is a given subset of R+,
(2) Themap I': (z,7') > T, goes from R4H! x R¥+1 into G. It is such that

T, 7]
IT) o= sup sup — =22 <, 2.3)
B<treTy ITlllz — 2|5

locally uniformly over z, ' € R4*! such that |z — 2/ls < 1. We let [T =
sup, .cp T, forany B C RA+1
(3) Forevery z, 7/ € R+,

n,Ir, , =TI,. 2.4
(4) Forevery k € N9+1 we have the identities
(M X)) = (' =2, 2.5)

I \k
(I0)(E) = (L7, Po@ =) = 3 @—2"

o (M7, DA Py = ).
lk|<|Z7| '
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Remark 2.3. It is not clear a priori that the last point in this definition makes sense, since
P, is not a smooth test function. One should interpret expressions of the type (u, P4) for
a distribution u as a shorthand for ), _(u, P,) (and similarly for expressions involving

D¥ P.). The bound (2.2) then guarantees that these sums converge absolutely.

The mere existence of non-trivial admissible models is not obvious. However, it turns out
that every smooth function & can be lifted in a canonical way to an admissible model
(IM©, 1) by setting

MOB)() = &), MPtD)()=ME))MEDE), Vi, €T,

and then imposing (2.5). Observe that all the products appearing in this definition are
well-defined since &, is a function. It was shown in [Hail4b, Proposition 8.27] that this is
indeed an admissible model and we will henceforth refer to it as the “canonical model”
associated to &.

Notation 2.4. From now on, instead of writing ['¢,x), ), we will simply write '} .
Similarly, we will write I'; ¢ instead of I'¢; x),s.x)-

2.2. The reconstruction theorem in a Besov-type space

In order to build solutions to our SPDEs, we need to introduce appropriate spaces of
distributions. For the moment, we consider unweighted spaces for the sake of clarity, but
we will consider weighted versions later on. We refer the reader to Section 1.1 for the
notation.

Definition 2.5. Let « < 0 and p € [1, oo]. We let £*? be the space of distributions f
on R4*! such that

sup (1)
nGB"(RdH) A

< 00.
LP (R4 dx)

| flle,p :== sup sup
re(0,1] teR

When p = oo, we implicitly consider the supremum norm instead of the L°°-norm. In
that case, £%°° actually coincides with the Holder space C*(R?*!): this can be deduced
from the forthcoming wavelet characterisation of Proposition 2.6 which coincides with the
wavelet characterisation of C* (R4 t!) stated, for instance, in [Mey92, Section 6.10]. In the
case p < 00, our space £ does not coincide with the usual Besov space B} , for our
special treatment of the time variable: again, this can be seen by comparing the wavelet
characterisations of these two spaces.

In order to deal with random distributions, it is more convenient to have a countable
characterisation of the spaces £%7. To that end, we rely on a wavelet analysis that we
briefly summarise below; we refer to the works of Meyer [Mey92] and Daubechies [Dau88]
for more details on wavelet analysis.
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Wavelet analysis. For every r > 0, there is a compactly supported function ¢ € C" (R)
such that:

(1) (@), ¢ (- —k)) = 0 forevery k € Z,

(2) there exist ag, k € Z, with only finitely many non-zero values, and such that ¢ (x) =
Y kez Gk (2x — k) for every x € R,

(3) for every polynomial P of degree at most r and for every x € R,

Z/ Py —k)dyp(x —k) = P(x).
keZ

Given such a function ¢, we define for every (¢, x) € R4+ the recentred and rescaled
function ¢’ as follows:

d
¢ (s, 3) =2"¢p 2% (s — ) [ [ 2" 2" (i — xi)).
i=1

Observe that this rescaling preserves the L>-norm. We let V,, be the subspace of L2(R4+1)
generated by {¢;', : (¢, x) € A,} where

Ap = {2 ko, 27 "k1, ..., 2 "ka) : ki € Z}.
Using (2), we deduce that

O =Sl D = (xR, (2.6)
k

where only finitely many of the a;’s are non-zero, and for every k € Z4+1,
sz(n+1) — (k0272(n+1)’ klzf(ﬂ+1), o kd27<n+1)).

Using (3) above, we deduce that for every n > 0, V,, contains all polynomials of scaled
degree less than or equal to r.

Another important property of wavelets is the existence of a finite set W of compactly
supported functions in C" such that, for every n > 0, the orthogonal complement of V,,
inside V41 is given by the linear span of all the ¥, x € A,, ¥ € W. Necessarily, by (3),
each of the functions ¥ € W annihilates all polynomials of s-scaled degree less than or
equal to r. Finally, for every n > 0,

{7, (t,x) e Ay UY im=>n, ¥ eV, (t,x) € Ap}

forms an orthonormal basis of LZ(R?+1).

This wavelet analysis allows one to identify a countable collection of conditions that
determines the regularity of a distribution. The next proposition is in the flavour of classical
results on the characterisation of Besov spaces in terms of a wavelet analysis; we refer the
reader to [FJ90, Mey92] among other references.
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Proposition 2.6. Leta < 0, p € [1,00] and r > |a|. Let & be a distribution on RI*1,
Set aﬁ’f = (&, Y ) forall (t,x) € Ap,n > 1, ¥ € W as well as ng = (&, ¢ x) for all
(t,x) € Ao. If £ € EXP, then

a’lﬂ/f P\ 1/p
2—na’ r,x
sup sup sup < Z m > < 00,
VeV neNte2=21Z \y: (1 x)e A,

y 2.7
p
sup Z |b2x|p) < 00.

1€Z “x: (x,n)elg

Conversely, to any sequences af”xw and b?, . satisfying the bounds (2.7), one can associate
a distribution £ € E*P by setting

E= 3 3 @yl + > b 2.8)

YeW n>0 (t,x)eA, (t,x)eAo

Remark 2.7. As an immediate consequence of this result, we have a continuous embed-
ding of £%7 into £2~4/P->° for every p € [, 00).

Proof of Proposition 2.6. The case p = oo is covered by [Hail4b, Proposition 3.20].
Let us adapt the proof for the case p € [1, 00). If £ € £%P, then it is immediate to see
that the bounds (2.7) are satisfied, using the simple fact that for any (s, y) lying in the
parabolic hypercube of sidelength 27" centred around (7, x) € A, the function ¥/’ is of
the form nﬁ" y With A = 27", up to a constant multiplicative factor of order 27Is1/2_ This
allows one in particular to turn the L?-norm in space into an £”-norm at the expense of
the corresponding volume factor.

Let us now prove the more difficult converse implication. For A € (0, 1], let ng > 0 be
the largest integer such that 27" > A. We need to show that the series

Yo Y A+ Y Byt

Yev n>0 (s,y)el, (s,)€A0

converges for any test function n € B” and any A € (0, 1], and that the bound of Defi-
nition 2.5 is fulfilled. Once this is established, it is simple to check that (2.8) defines a
distribution & (necessarily in £%7) and that the sequences a:',’;/’
coefficients of & on the wavelet basis.

If n > ng, we use the fact that i kills polynomials of degree r to get the bound

and ng coincide with the

Sug |<w$1y’ U?L,XH < 2—("—”0)(r+|5|/2)+’10|5\/2’
neb’

uniformly over all the parameters. Observe that the left hand side actually vanishes as
soon as ||[(t — s, x — y)|ls = C27"0 for some positive constant C that only depends on the
size of the support of . For a given (r, x) € R?*! there are at most 2270 such s’s
in 27277, and 2¢*="0) such y’s in 27" Z¢. Consequently, using Jensen’s inequality at the
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third line we obtain

(s,y)eA, NEB” A% LP(dx)
< sup %2*("*”0)(r+d)+nlsl/2
T osarg e, M LP(dx)

lt—s|<C27210 | _y|<C27"0

d @y PN e

< —n ; —(n—no)(r+a

~ Sup ( Z 2 2—nlsl/2—na > 2 g
SE2TNL \y: (s.y)€An

uniformly over all # € R and all n > ng. Therefore, since r was chosen sufficiently large
so that r + o > 0, the sum over n > n( converges.
On the other hand, for n < ng, we have the bound

sup (W2 . nf ) S 2712,

nebr
uniformly over all the parameters. Moreover, the left hand side vanishes as soon as
I(t —s,x — y)|ls > C27". Consequently, only a finite number of (s, y) € A, yield a
non-zero contribution, uniformly over all (z, x) € RIH and all n < no. An elementary
computation using Jensen’s inequality gives the bound

ny
lagy (Wi i )|

(s,y)€A, NEB A% LP(dx)
J ag»y'ﬂ N\ 1/p ( )
—n N —(n—np)a
’S sug) ( Z 2 2—nls|/2—na ) 2 ’
SE2THZL Ny: (s,y)€A,

uniformly over all n < ng and all # € R. The sum over all n < ng of the last expression is
therefore uniformly bounded in n¢ and ¢. Finally, the contribution of the ¢ ,’s is treated
similarly to the case n < ny. g

Given a regularity structure (7, G) and a model (I1, I'), we now define a space of modelled
distributions which mimics the space £*7.

Definition 2.8. Let y > 0 and p € [1, 00). The space D?:P consists of those maps
f R — T, such that

|f,y) =Ty [, 0l
£t e | pma +‘/ - A"dy
|| ||LI (R4 dx) yeB(x, 1) AV—¢ LP(RY,dx)
) H |f,) =T, o f =220l
> < 00,
AV ¢ L2 (R, dx)

uniformly over all # € R, all { € A and all A € (0,2]. We denote by | f],,, the
corresponding norm.
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For all B ¢ R4*! of the form [s, ] x B(xp, L), we will use Il f1l B to denote the supremum
of the terms appearing in the D?>P-norm of f, but with the additional constraint that the
time indices are restricted to [s, 7] and the L” (R?)-norms are replaced by the L”-norm on
the ball B(xo, L).

Remark 2.9. Our spaces D7 are the L” counterparts of the space D> = DY from
[Hail4b, Def. 3.1]. Notice also that, just as in the definition of £%7, we treat space and
time translations separately; this will be useful in the weighted setting later on.

The definition of the space D”*? depends implicitly on the underlying model through I'. In

order to compare two elements f € D"” and f € D7+P associated to two models (IT, I')
and (IT, I'), we define || f; fl,,p to be the supremum of

J1£ @) = FE 0l Lo,

N ‘ / |f@,y) = f,y) =T f, )+ T} f1, 0 3= dy
yeB(x,1) Ay =¢ LP(dx)
|ft,x) = ft,x)=TF _fa—2%x)+TF_,f—22 0l
N : :
H Ay=¢ L (dx)

overallt e R,all ¢ € Aandall A € (0,2].

The following result shows that these modelled distributions can actually be recon-
structed into genuine distributions. This is a modification of [Hail4b, Theorem 5.12]. For
any function g : R — R and any xo € R?, we use the notation

1/p
lgll,r = (/ Ig(X)IPdX> .
o1 x€B(xp,1)

Theorem 2.10 (Reconstruction). Let (T, G, A) be a regularity structure. Let y > 0,
pell,0),a:=mnA <0, r > |a| and (I1,T) be a model. There exists a unique
continuous linear map R : DV'P — E%P such that

S A Cr (I, ), (2.9)

sup [(Rf — Ty f (6. x), )|,
nebr on,l

uniformly over all ). € (0, 1], all (¢, xg) € RAHL anl f € DY'P and all admissible models
(IT, T'). Here the proportionality constant can be given by

o—n\ YAU+a)
ct,xo,un,f):ZZA( - ) 1Ty, (L4 ITlgr, OIS ler,,  (210)
7”5

with B, = [t — 2%, t + A% — 272"] x B(xp, 3).

A, t,x0
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422

Fig. 2. Reconstruction theorem. On the left, the original approach, and on the right, the approach
presented in our proof. The shaded region depicts the support of a test function nt}" »» the dashed box

is the domain of the evaluations of the modelled distribution f required to define (R, f, n?j X

If (T1, T) is a second model for T and if R is its associated reconstruction operator,
then

sup [(Rf = Rf = Mo f(6.0) + Ara fe.0, 02017
neBr Lo

SN Crxo (L £, ), (2.11)

uniformly over all . € (0,1], all f € DV'F, all f € D*P, all (t,x0) € R and all
admissible models (I1, '), (I1, I'). Here, the proportionality constant is obtained from
(2.10) by replacing | Mgy, (1 + Ty, Jlfllgy, by

ALt

T gn (1 + TN B) I 5 fllgn
+ (IITT = | gn (1 + [ITl| g») + 1Tl g IT = Tllga ) fllgn  (2.12)

with B" = B} , as defined above.

AL, X
To prove this theorem, we adapt the arguments from [Hail4b, Theorem 3.10]. In particular,
we obtain R f as the limit of a sequence R, f € V,, where V,, is the subspace of L?(R4*1)
defined by our wavelet analysis. Let us comment on the technical bound (2.10). Its purpose
is to provide precise control on the time locations of these values f (s, y) needed to define
(Rf, 77;\! ). In the original proof of the reconstruction theorem [Hail4b, Theorem 3.10],
these points were taken in a domain slightly larger than the support of the test function nﬁ .
In the setting with weights, this would only allow us to weigh (R f, n?" ) by a weight
taken at a time slightly larger than the maximal time of the support of the test function. In
our present approach, the values f (s, y) used for the term coming from (R, f, nf" L) will
always be such that s < t + A> — 272" In the setting with weights, this will allow us to
weigh (R f, 77?’ ) by a weight taken at time ¢ + 12. We refer to Figure 2 for an illustration.

The core of the proof rests on the following result. Recall the wavelet analysis intro-
duced above. Let fu = D, 1)en, A7 +#1 be a sequence of elements in V,, and define
SAY . = (fat1 — fu, 91 ). The following criterion for the convergence of the sequence
fn 1s an adaptation of [Hail4b, Theorem 3.23], which in turn can be viewed as a multidi-
mensional generalisation of Gubinelli’s sewing lemma [Gub04].
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Proposition 2.11. Let o < 0. Assume that there exists a constant || A|| such that

pN\ 1/p
sup sup ( Z 2~nd ) = Al
n=01€2=217Z \x: (t,x)e A,

p\ 1/p

) < IAJl.

sup sup < Z 2
n=01e2-2"Z \x: (t x)e A

Then the sequence f, converges in E%P for every & < a to a limit f € E%P. Moreover,

If = fallap SHAIRT"C™, Puf = fallap S IAIT", (2.14)

n
t,x

2—n\5\/2—na

s (2.13)
X
2—nls|/2—ny

foralla € (o — y, @).

Here, P, denotes the orthogonal projection from L2(R4t1) onto V,,. We also write VnJ‘
for the orthogonal complement of V,, in V,,;. From the wavelet analysis, we know that
this is obtained as the linear span of all the v/, with (#, x) € A, and ¥ € W.

Proof of Proposition 2.11. Let us write f,11 — f, = gu + 6fy, where g, € V,, and
Sfn € VnL. We bound separately the contributions of these two terms. By Proposition 2.6,
the £F-P-norm is equivalent to the supremum over n > 0 of the £fP-norms of the
projections onto VnJ- and onto V. Therefore, the sequence Zﬁllzo 8f, converges in £% as
M — oo to an element in £%? precisely if

lim I8fulla.p =0, sup|[8falla,p < 0. (2.15)
n—o0

n>0

‘We have

@i = Y AT ).
(5,Y)EAn+1
Observe that |(<p§?fyr1, V')l < 1 uniformly over all n > 0, and the inner product vanishes
assoon as || (f — s, x — y)|ls > C27" for some constant C > 0 depending on the sizes of
the supports of ¢ and . Hence, for a given (¢, x), the number of (s, y) € A, with a
non-zero contribution is uniformly bounded in n > 0. Therefore, we have

AL Py
Ihulley < sup (Y 2 > eI
1€27 27 \x: (t,x)€ Ay (5,Y)€An+1
[(t=s,x=y)|ls<C27"

n+1 N\ 1/p
< su 2—l’ld S,y
~ oW ( 2-nlsl/2=np
te2="7 se2 2Dz Nx:(t,x)EN, yi(s,Y)EA 41
|t—s|<C?272n |x—y|<C27"
Antl pN\ 1/p
< sup p—n@—p) ( Z 7—(n+Dd s,y ) 7
~ a2y, 2—nls|/2—na

Yi(s,y)E€An1
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so that (2.15) follows from (2.13). Moreover, this yields the bound

Hi 5,

Let us now prove that the series of the g,’s is also summable in £%7. We have

M M
I3 ] <D sup Iowgullp v IPogallap:

n=m *.p n=m N=0

< A2,
)4

a,

where Qy denotes the projection onto VL, and Py the projection onto Vj. Since g, € V,,,
we have

gn = Z <gn’ (P?,)z)@;l,y = Z 8A:'lyy(p;y'
(s,y)€Mn (s,y)€Mn

Whenever N > n, Q g, vanishes. On the other hand, [(g} ,, ¥/,)| < 2~ =N)Isl/2 ypj-
formly over all N < n, and this inner product actually vanishes as soon as ||( —s, x — y)||s
> C27N. Consequently, using the triangle inequality on the sum over s and Jensen’s in-
equality on the sum over y to pass from the third to the fourth line, we have

”QNgn”a,p
3 > BAT 110l YN\ P\ V7
~ Sup Z 2 Z 2—NIsl/2—Na
1€272NZ \x: (1, x)eA N (s,y)€A,
< sup < Z 2Nd< Z 7~ (n=N)ls| |6A;”y| >p>1/p
1€27NZ \x: (1, x)eA N (s,y)€Ap 2-nlsl/2—Ne

I(t—s,x=y)[s<C27N

2(n—N) d (SA?y AN
< —2(n— —n s
Nze;ipNZ Zz 2 ( Z ‘ Z 2 5—nls|/2—Na )
se2~2ny, x:(t,x)eEAN y:(s,y)EN,
lt—s|<C2272N lx—yl=c2™V
SAT P\ P

< su 2—nd S,y —ny
~ sez—g’Z( . Z 2—n|5|/2—ny s

y:(s,y)EA,

uniformly over all n > N > 0. The calculation for Pyg, is very similar. Consequently,
| Zf,o:m gnlla,p S IIAI27™7 and the asserted convergence is proved. Moreover, the
bounds (2.14) follow immediately by keeping track of constants. 0

We now proceed to the proof of the reconstruction theorem. Even though the general
method of proof is quite similar to that of [Hail4b, Theorem 3.10], a specific work is
needed here in order to get the refined bound (2.9).

Proof of Theorem 2.10. Set

M = (diam supp ¢) V max{diamsupp ¥ : ¥ € ¥V} Vv max{|k| : ar # 0}.
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Let us introduce the following notation: for all ¢ € R, we let 1V := t — C272" where
C = 7M? + 1. Recall the notation Xk and t, x introduced above (2.6). For all n > 0, we

define
Y AL
(t,x)EN,

where, for all (¢, x) € R4H!,
A ::/ 2 (M, £, ), @) dy,
yeB(x,27")

with (-, -) denoting the pairing between distributions and test functions. One can write

SA" = ak(/ 2(n+d " / ), g dv
b Z UGB(xn,k,Z’("Jrl)) +1 f( n, k ) (ptn,kvxn,k>

kezd+!1
_ / Z"d(nti”,uf(tin,”)"PZ:,Ixnk)d“)'
ueB(x,271) ’ ’

Observe that any two points v and u appearing in the integral above are at distance at most
(M + 3)2="+D from each other. A simple calculation thus shows that

BAT IS /3( . )2"“’ U2 e im0 ) du, (2.16)
ueB(x,27"

kezd+! {EA
ar#0

where the quantity F {" is given by
FZ—I(I, s, M) = ”H”su|f(5’ I/l) - F?’t.f(tv u)'{

+/ 2 Mlgo] £ (s, v) = T, £ (s, )¢ dv.
veB(u, (M+3)2-0+D)

At this stage, it is simple to check that the conditions of Proposition 2.11 are satisfied, so
that R can be defined as the limit of R,, as n — oo.

Let us now establish (2.9). For every A € (0, 1], we let ng be the smallest integer such
that 270 < A. Then, we define n| as the smallest integer such that

27 > 6M27M, 270 > (TM* + €)27, (2.17)
we write

Rf =i f(t.x) = Ry f = Puy T x f (2, X))
+ Y Rt f = Raf — Pugt = POLic f(1. ), (218)

n=nj

where P, is the orthogonal projection onto V;,. We bound the terms on the right hand side
separately. To that end, we introduce the set

AR = {(s,y) € Ay o |t —s| S A2+ TMP27H |x — y| < A+ 5M27").
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We claim that

| >, =m0 6|

(s, eny™*

SIMgy, (4 ITlg, O flsy, Yo A7 =27CE2  @.19)

Ao t,X At,xy

reA

p
L x0.1

uniformly over all (¢, xg) € RA+L allx € (0,11 and all n > n;. We postpone the proof of
(2.19), and proceed to bounding the terms appearing in (2.18). The first term on the right
hand side of (2.18) yields the following contribution:

(Ruy f = Py T f(E ) mf ) = Y (AR — (T (6, ), @) (@ ).
(s,y)€An
We have |(gof,1y, n?‘, OS2 Is1/2) sl uniformly over all the parameters, and the inner

product vanishes as soon as (s, y) ¢ Ail]x A

Sup [(Ray f = Py T £ 600 |
nEBr on.]

. Therefore, using (2.19) we obtain

< H n 1+ F n n )\,y,
Slgn IRl Ol

as required. We turn to the second term on the right hand side of (2.18). As before, we
write

Ruvif —Ruf =0nf + gn
with §, f € VnJ- and g, € V. We then have

nf — Pugt — Py i f (2, ), 1))
= > > AR (T f ), D W )

(s,y)eAp4+1 (rLu)eA,

Observe that |(g0;t:;_1, Y S Tand (Y, nt )1 S 27 n(r+1s1/2)} = +1sh “yniformly over
all the parameters. For every given (s, y), the first inner product vanishes except for
those finitely many space-time coordinates (r, u) € A, such that [r — s| < 5M2272(++1)
and |u — y| < 3M2~"+D_ Furthermore, the second inner product vanishes whenever

Ir—t] > 22+ M*22" or lu — x| > A + M2~". Therefore,

(80 f = (Pus1 — P s f (2, ), 0 )|
< Z |An+l . (l'Ilxf(t,x),go’f“)|2_”(r+‘5‘/2))»_(r+|5|),

~ s,y s,y
1,x,\
AL

uniformly over all the parameters. Using (2.19), it is then easy to get

SUp |(8nf = (Pagt = P)eo f (6,50 1 )|,

neBr x0,1

—(n+1)\ r+o
ST grrr (14T o \ A,
Sl ”Bﬁ,'xo( + ”BJ,LO)”f”BJLO( . )
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as required. Finally, we treat the contribution of g, = ) \yea, 0AY 95 y:

< H 3 sAn |prlsl/2y—ls

~

sup |(g. 77|

p 4
neBr L L

*o.1 (5,y)€AR: |s—t|<AZ4M2272n xo-1
ly—x|<A+M27"

For all s in the sum above and for all k € Z*! such that a; # 0, sf Ak belongs to
[t — A2 — (SM? + C)2720+D ¢t 4 22 + (5M? — €)272+D], which is a subset of
[t — 222, t + 12 — 27+ D] thanks to (2.17) and the definition of C. By (2.16), a simple
calculation using Jensen’s inequality yields

SIMlge, A f sy

At,x(Q Atxo

sup [ gn,ntx I‘
V]EBr xol

so that the asserted bound follows.
We are now left with the proof of (2.19). We split Ag’,y — (I x f (£, x), (pf:,y) into the
sum of

In(t,x,s,y):/ 2" Mg, (FG5¥, 0) — f(sw,x)),gog’y)du,
ueB(y,27 ")

and
in
Jn(t» X, S, J’) = (Hsi" yri x(f(S¢n7x) - Fjin’tf(tvx))’ (pgﬁy>'

We start with |1, (¢, x, s, y)|, which can be bounded by

> / QA= D T p F (V7 w) = T30 £ sV, ) dut.
ceA ueB(y,27")

For all (s, y) € AZ’X’A, we have |y — x| < A 4+ 5M27" so that using (2.17), we can bound
the integral over all u € B(y, 27") by the same integral over all u € B(x, 2A). This yields

> >

(s.y)eAy™* *0- se2-27
|s—t|<AZHTM?272"

pn(d=¢=Is1/2)

;eA/ueB(x,Zk)

in
X M gun | f (57 0) = T3 L f (5700
Ly
SIMlgy, N lgy, D Ay emnesiel,
teA

as required. Notice that we have used the fact that the sum over s at the second line contains
at most (12")2 elements, and that for all these s, we have sV € [t — 222, 1 4+ A — 272"]
thanks to (2.17) and the definition of C.
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To bound | J,, (¢, x, s, ¥)|, we distinguish two cases. If s¥" > ¢, then it can be bounded
by

S Y Tl I gty gl = ISP LAY, x) = T3, (2, x)] 272

r,BeA
(>p
|f(S\Ln1 X) - Fan f(tvx)|§'
< Z Tl gun 1T by iy ,w—sz .t sy —Bo—n(B+1s|/2)
>p

On the other hand, if sV" < ¢, then we write
Tn(t.x,5,y) = —=(Mgun yTginy 0 (f %) — Fiwnf(sin’ X)), 95 y),
and, for all (s, y) € AL™", we bound |J,(, x, s, y)| by

< Z ”H”yl",y”F”xl"y,zx)‘{_ﬂ|f(t’ x) — Fislnf(swl’ x)|;2—n(/3+|5|/2)

¢,BeA
(=B
|f(t,x) =T |, f(s¥", 0)l;
5 Z ”H”xan ”F”xlﬂy,tx kt),/s_{ )L)/*ﬁzfn(ﬂHsl/Z).
(=B

In both cases, we deduce that

| > sy

(s, p)ehy™*

P
on,l

S Il gy

Ayt X, Aot X Aot X

. . ls|+y—¢ y—n(c—1s1/2)
MClgn, NNy, DoAY :
teA

This ends the proof.

The uniqueness of the reconstruction follows from the same argument as in [Hail4b],
but for completeness, we recall it briefly. Assume that & and &; are two candidates for
R f that both satisfy (2.9). Let ¢ be a compactly supported, smooth function on R?*! and
let n € B" be even and integrating to 1. We set

Yo (s. y) = (05 . W) = f Y (t, X)) (s, y) dt dx.

Then
(61 — &2, ) = [W(I,x)(él — &, n?,x)dl dx.

‘We obtain

[(&1 — &, ¥l S IIIﬂllooSltlp &1 = &2, 17 Mieecan S 1 lleoh?,

so that (&1 — &, ;) goes to 0 as A | 0. Since 1, converges to ¥ in the C* topology, one
has (&1 — &, ) — (51 — &2, ¥). Hence &1 = &; and the uniqueness follows.
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To complete the proof of the theorem, it remains to consider the case of two mod-
els (IT, I') and (IT, I'). The reconstruction theorem applies to both f and f separately,
using the sequences R, f and R, f associated to each of them. Then, we observe that
I8AY  — 8152 .| satisfies the bound (2.16) with F gn (¢, s, u) replaced by

FP(t,s,u) = [Tl £ (s, ) = F(s,u) =T, f(,u) + T, f (0
+/ o 2ol £, 0) = fls,0) = T3 f 500 + 15, f (5,0 dv
B(u,(M+3)2—(+1D)
+ ITT = Mgl f (s, u) = T%, f (2, 0)];
+ f 2"\ I = gl £ (s, v) = T3, (s, )¢ dv.
B(u,(M+3)2-(0+1)
Furthermore, in this context, (2.19) becomes

H Z |A?,y - A_?,y - (Ht,xf(t’ x) — I:It*)‘f(t’ x), (p;l’yH‘

¢, A
(s, y)EA;™

LP
x0.1

< Ktrfxo,)» Z k|5|+y*§27n({7\5\/2), (2.20)
teA

where K [fxo’ , is given by (2.12). The proof of (2.20) follows from the same arguments as
above mutatis mutandis. This being given, the proof of (2.11) follows from exactly the
same arguments as above. O

3. Weighted spaces

We would like to deal with white noise as the elementary input in our regularity structure,
but unfortunately white noise does not live in any of the spaces C* due to the unbounded-
ness of the underlying space. In order to circumvent this problem, we choose to consider
weighted versions of the previously mentioned spaces. We first define the class of functions
that have good enough properties to be used as weights.

Definition 3.1. A function w : RY — R is a weight if there exists C > 0 such that for
all x, y € R with |x — y| < 1,

I _w®
C = w®)
All the weights considered in this article are built from two elementary families:
Pa(x) := (1 + xD%,  ep(x) := tUFID,

with a, £ € R. It is easy to verify that these are indeed weights. We also observe that
the constant C can be taken uniformly over all a and £ in compact subsets of R. Given a
weight w, we let C% (RY*!) be the set of distributions f on R4*! such that

[(fonf )

sup sup sup ————— < 00
2€(0,1] (1,x)eRI+! peBr (RI+1) w(x)A
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Remark 3.2. Our setting may seem surprising since our weights are in space and not in
space-time; the reason for this choice is twofold. First, the solution map for the SPDEs only
needs to be defined on (arbitrary) bounded intervals of time, so that it suffices to characterise
the regularity of the white noise on (0, T'] x RY: therefore, only the unboundedness of the
space variable matters. Second, and this is more serious, we aim at using the exponential
weights e for the solution, and it happens that they are not space-time weights since
¢! (1+1xD /s (1+1¥D jg not uniformly bounded from above and below when (¢, x) and (s, y)
are only constrained to be at distance at most 1 from each other.

We now characterise the regularity of white noise. Let us start with the case of the space-
time white noise, which is the driving noise for (SHE). Let x7 : R — R be a compactly
supported smooth function which is equal to 1 on (—27, 2T'), and let £ be a white noise
on R4 Let p : R¥! — R be a compactly supported, even, smooth function that
integrates to one. We set p (¢, x) = e_|5|p(te_2, xe~ 1), and we define the mollified noise

§e = pe % 6.

Lemma 3.3. Fixa > 0, set wi(x) := (1 4 |x])% x € RY, and let « < —|s|/2. Then, for
any T > 0, & - xr admits a modification that belongs almost surely to Cy, , and there

exists § > 0 such that

Ellée - xr = & - X7 lloywn S €,

uniformly over all € € (0, 1].

Observe that a can be taken as small as desired. In the case of (PAM), the white noise is
only in space and an immediate adaptation of the proof shows that it admits a modification
inCy forany o < —d/2.

Proof of Lemma 3.3. From Proposition 2.6, it suffices to show that almost surely

(€ - xr, Vi)l I(€ - X1 @r.x)l

00, sup —=—"" < o0.
2 nlsl/2—na (txery W)

sup sup  sup
n=0yeW (1,x)eA, WIT(X)

We only treat the first bound, since the second is similar. For any p > 1, we write

(& - xr ¥l \*P E(€ - xr, 9% \P
E[Sup Sup  sup <Wn(x)2—n5|/2—na> :| ’S Z Z Z (Wn(x)22—5n—2mx)

nz0 yeV (t,x)eA, n>0 yeW (t,x)eA,

where we have used the equivalence of moments of Gaussian random variables. Recall
that the L2-norm of Y/, is 1, the cardinality of the restriction of A, to the unit (s-scaled

parabolic) ball of R*! is of order 2/*, and W is a finite set. Recall also that y7 is
compactly supported. Thus the last term is of order

Z wi (x)—Zp Z 2\5\n(p+l)+2anp.

xeZd n>0



Multiplicative stochastic heat equations 1029

If we take p large enough, the sums over n and x converge. This shows that & - x7 admits
a modification that almost surely belongs to Cy . We turn to [[(§¢ — &) x7 ll¢,wy- The
computation is very similar, the only difference is in the term

E((€ — £xr. ¥y ) = W/ o xT — pe * (U7 X172

When r ¢ (—2T — €, 2T + €), this term vanishes. Otherwise, it can be bounded by a term
of order 1 A (€222") uniformly over all € € (0, 1], alln > 0 and all (¢, x) € R+ We
obtain

’

(& — € xr» ¥ 2p on(lsl+2patislp) (1 A ¢2P227P)
( INEPHS

E
[sup ot oo \wnozhelz=ne )| ™ W ()2

n>0y eV xeA, reZd n>0

so that for « < —|s|/2 and p large enough, the previous calculation yields the bound
Ellée — &l pwn S (elloge|V/ Py v e == Usl/2U+1/P) ypiformly over all € € (0, 1]. O

Given a weight wr on R?, we define weighted versions of the seminorm on the model.
For any subset B C RY*!, we set

(| TT]] 1T,
IMjg :=sup——=, |Illlg:= sup —=,
zeB Wi (x) 2.7/ €B w(x)
lz—2'lls<1

where x is the space component of z in the above expressions. We are now in a position to
introduce the natural model associated to the mollified noise.

Lemma 3.4. Ser wri(x) = (1 + |x|)? for a given a > 0. Then for any set B of the form
[0, T1 x R? the seminorms ||T1€|| g and ||T € || g are almost surely finite.

These bounds are not uniform over € € (0, 1]; this is the reason why a renormalisation at
the level of the model is required.

Proof of Lemma 3.4. Let B = [0, T] x R? for a given T > 0. First, we observe that
the required bound on ng) holds for polynomials, and also for E by Lemma 3.3 since
(£, n,) coincides with (£, - x7, n.) for all test functions n € B"(R¢*!) and all z € B.
Then, the key observation is that all the elements in the regularity structure are built from
polynomials and E by multiplication and/or application of Z. Additionally, for every
lz — Z|lls < 1, the definitions of l'[ge)l't (z) and ng)rf(z/) only involve the values
of Hgé)r(-) and Hgé)f(-) in a neighourhood of z, so that, for bounding these terms, the
definition of a weight allows one to disregard the precise location at which the evaluation is
taken. Since the regularity structure has finitely many elements, a simple recursion shows
that the analytical bound on ng) holds with the weight wr (x)" for some n > 1, instead
of wr(x). Given the expression of wy (x), it suffices to decrease a accordingly in order
to get the required statement. Regarding the analytical bound on Fz(’ez),, the proof follows
from very similar arguments, using the proof of [Hail4b, Proposition 8.27] and the bound
of [Hail4b, Lemma 5.21]. O
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Notation 3.5. From now on, the seminorm on the model will always be taken with the set
B=1[0,T]x Rd, and the maximal 7" will always be clear from the context. Therefore, we
will omit the subscript B on this seminorm for simplicity.

Let us now introduce weighted spaces of modelled distributions. Much as for the model,
we add weights at infinity in the spaces DY-P. Moreover, to allow for an irregular initial
condition, we also weight these spaces near time 0. For every ¢ € A and t € R, we

consider two collections of weights on R, w,(l)(~, ¢) and wt(z)(~, Z). We set

= inf inf w'(x, ), 3.1
w; (x) {lgAiE{f}’z}Wt (x,2) (3.1)

and make the following assumption.

Assumption 3.6 (Weights and reconstruction). All the weights wt(i) (x, ¢) are increasing
functions of time. Furthermore, there exists ¢ > 0 such that, for any time T > 0, there
exists K > 0 such that

@)
K's ap MO g (W-0)
x,yeR?: x—y|<1 Wy (¥, ¢)
win (02w (x, )

< K(t—s)¢/? (W-1)
xeRd Wf(x)

uniformly over all s <t € (—oo, T], alli € {1,2}and all ¢ € A.

From now on, we take L? = L? (Rd, dx) and, by convention, the integration variable is
always x, so that for example || f (x, y)||r» really means || f (-, y)|| L.

Definition 3.7. Let n,y € R and p € [1, 00). We define .@;’g’p as the set of maps
f:0,T] xR — 7_, such that
‘ |]:t(x)|§ < (=002,
wil (e, o) e

_Tt
f i) — T i)l dy| <o,
yeB(x,\)

3.2
w,(z)(x,g))ﬁ’—f Lp (3.2)
X _ 12
le(t,x) L S =270l < (D
Wﬁl)(x, HAr—s LP

uniformly over all A € (0, 2], all7 € (222, T1, and all ¢ € A If f takes values in T (U),
resp. T (F), we say that f belongs to 9%’\';’17(2/{), resp. @;:;’,’p(.}’:). Finally, we let || f|
denote the corresponding norm.

As we did in the previous subsection, we need to be able to compare two modelled
distributions f and f associated to two different models (IT, I') and (I, I'). To that end,
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we define || f; f]| as the supremum of

[f(,x)— f@ )
(=002 5D (1)

LP(dx)
|f(t.y) = f@,y) = T4 ft,x)+ Ty ft, )
@ dy
yeB(x,)) tO=1)/2w 7 (x, £) AV —¢ LP(dx)
+_H|f(t,x)-—.f(a.x)—-th_sz<r—-A2,x>-+»fht_xzf(r—-Az,x)u
1=1/2w D (x £y ar—¢

"

LP(dx)

overall A € (0,2],all t € (ZAZ, Tlandall ¢ € A.
Observe that the space 9%;7/” is actually locally identical to DY°?, so that, for any

test function nﬁ . supported away from the negative times, we can use Theorem 2.10 and
define a local reconstruction operator (R f nﬁ ). The next theorem shows that there is

a canonical distribution R f that coincides with R f everywhere. First, let us define a
weighted version of the space £ 7.

Definition 3.8. Leto < 0, p € [1,00) and T > 0. We let éing’ be the space of distribu-
tions f on (—oo, T') x R¥ such that

()]

sup sup e vEEE——
neBr (Rd‘H) )LOtWH_)LZ (.X)

2€(0,1] te(—o00,T—A2)

0, (3.3)

LP(dx)
where the weights w, were defined in (3.1).
We start with the following extension result.

Proposition 3.9. Leta € (—2,0), p € [1,o0]land T > 0. Let f be a distribution on
the set of all n € C" (R whose support does not intersect the hyperplane {t = 0}.
Assume that f satisfies the bound (3.3) with the second supremum restricted to all t €
(—00, T — A%) \ [<3A2, 3A2]. Then f can be uniquely extended to an element of é”g;

Proof. The proof is divided into three steps. First, we show uniqueness of the extension.
Then, we build the extension but with a non-optimal weight. Finally, we show that the
weight can actually be improved. From now on, we let x : R — R be a compactly
supported, smooth function such that supp x C [5,00) and ), _, x (2%'s) = 1 for all
s € (0, 00). We also let ¥ : R — R be a smooth function such that supp x C [—1, 1] and
Y kez X(x —k) =1forallx € R.

Step 1: Uniqueness. For every ng > 1, we set v, (1) = Znsno (x 22't) + x(=22"1)).
Observe that this function vanishes in [—5 - 2720 5. 2-210]. We claim that for any
fe £’£¥ and ng large enough, we have

(s drx (1= v )| S 2710 0wy (), (3.4)
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uniformly over all ¢ € B (R?*!) and all (r, x) € R*!. Since 2+« > 0, this claim shows
that the knowledge of f away from the hyperplane {# = 0} is sufficient to characterise f.
The uniqueness statement is then immediate.

We now prove the claim. We use the following partition of unity:

d
D Uness@ =1, Yngs (@) =227z — ) [ [XQ@" @ — y)

(5,y)€An i=1

Since 1 — vy, is supported in some centred interval of length of order 2720, we deduce
that there exists C > 0 such that ¢; (1 — v,,) ¥, s,y is identically zero as soon as
ly — x| > C and |s| > C27%"0, uniformly over all ¢ € B', all (r, x) € Rt allng > 0
and (s, y) € Ay,. Then, for any ¢ € B"(R?*!) and any (¢, x) € R?*!, we have

(frdra@=vm)) = D (i brx(l = vg)¥mg.s.y)- (3.5)

(5.)€An,

Recall that |s| = 2 + d. For all z € B(y, 27"), the function 2"0%l¢; (1 — v,)¥ng.s.y

can be written as 773;"0 for some n € B’, up to some factor C, where |C| is uniformly
bounded over all ¢ € B', allng > 0, all (s, y) € Ay, and all z € B(y, 27"°). Using
Jensen’s inequality, we thus get

| b = vV
(s,y)€Ap,

< sup Z 2—n0(2+d+a) |<f, 2n0‘5‘¢t,x(1 - Vng)‘/’ng,s,y”

~ 2—nopa

sez—z"_oz% ¥ (5,5) €A
Is|<C277"0  |y_x|<C

S osup

s€27207 Vi (s,y)€AR
lsl=C272"0 " |y x|<C

/ ooy | 215 (1L = V) Yy 5.0 i
z€B(y,27"0)

2—n0a

(o2 0y |7 \VP
L I — ( / sup |2z L dz)
SR\ (s e, J2eB(.270) nelsr | Wr (X)2710
Isl=€2720 7 M
(fim") |7 \YP
< 2—no(2+a)WT(x) sup </ sup —Si dz) ,
seR 2€B(x,C") yeBr | Wr (x)2770¢
ls|<C272%0

uniformly over all ¢ € B, all ngp > 0 and all (¢,x) € R4+, For all no such that
(C 4+ 1)272% < T, the right hand side is bounded by (3.3), thus concluding the proof of
the claim.

Step 2: Existence. Let us now consider a distribution f as in the statement, and let us
construct its extension.
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We use the following partition of the complement of the hyperplane {t = 0}:

d
Y x@20) + x(=2720)) Y K@ Go—sN[[XQ@" @G-y =1 (36
neL (5,9)€A, i=1
for all z € R4*+! with zy # 0. Then, for all n € Z and all (s, y) € Ay, we set

d

Yns.y(@) = (X (2%"20) + X (=27 20) X 2" (20 — ) [ [ @ @i —yi)).  (3B.7)
i=1

We need to define (f, nf)x) for all those n € B’ and (r,x) € RI*t! such that ¢ €

[—3A2,3A2]. The uniqueness part of the statement shows that f should not have any
contribution on the hyperplane {r = 0}. This suggests setting

(b= D D A0 Ynsy)- (3.8)

27 <) (s,¥)EA,

Notice that we restricted the sum to those n such that 27" < A, since otherwise the product
nﬁx Yn,s,y 1s identically zero. We only need to check that the right hand side makes sense.
First, we notice that for any given n, the sum over s in (3.8) can be restricted to the set
Stt={se2Z:se[t -2 -2t 422427,
B(s,27%") Nsupp(x (2*") + x(=2*")) # 0}.

The cardinality of this set is uniformly bounded in n > 0. Then, for every n > 0 such that
27" < )\, we write

s
sup Z Z (f, nt,an,s,ﬂH 17
UGBV SES,I{}\ ye2_"Zd x0.1
A
Sosup [sup Y / 2SN (ot sy du|
4 lineBr “n ueB(y,27") L?
3ESn ne ye2 Zd Y xq.1

ly—x|<A+C27"

where C > 0 depends on the size of the support of i, and where we have artificially added
the integral over u at the second line. At this point, we use Jensen’s inequality, the bound
(3.3), and the fact that the function nﬁxl//n,s, y can be written C'(Z2m)~ls |¢3’;" for some
¢ € B" and some constant C’, where |C’| is bounded uniformly over all ¢, x, s, y, u, n as
above. This yields the bound

L 1/p
< sup 2—2'%—2( / sup |[(f, ¢3, )P du) ATy, o (x0),
SES,’{)‘ ueB(xo,3) peBr

uniformly over all A € (0, 1], all # < 22, all xo € RY and all n € Z such that 27" < A. To
get the last bound, we have used the fact that for all s € S,’,’)‘, we have s > 3-272" and
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s < f+ 222 Using the assumption & > —2, we deduce that

sup Z (f, ﬁ;\,xl/fn,s,y)‘

2-n <y neB” seShh yeazd

19 S AWy 352(x0),
x0.1

uniformly over all the parameters. Thus, we have extended f to a genuine distribution
over R?*!, with the right regularity index but with a slightly worse weight than desired.

Step 3: Optimal bound. We now show that the weight in the last bound can be replaced by
W, ;2(x0) as required. To that end, we refine the mesh of our partition of unity near the
maximal time of the support of the test function. We fix ¢, x, A and assume that ¢t < 32,
We have

Dox@Mt+27—z0) Y K@z — AR @1 —y)) .. X2 a — ya)) =1
nez (s,y)EA,
3.9

forall z € (—o0,t 4+ A?) x RY. Taking the product of (3.6) and (3.9), we deduce the
existence of a set S,tl’)“ C R and a collection of smooth functions v, sy, compactly

supported in B((s, y), 27"), indexed by (s, y) € S,t,’k x (27"Z4), such that:
e forall z € R*! such that 79 € (—00,0) U (0, t + A2),

YYD Ynay@=1,

271 < sesy* ye2

e the number of elements of S,l,’}‘ is bounded uniformly over all n € Z, and S,t[k C
(—o0, =4 - 27U 4272t + A2 —4.272,

o forall k € N?*t! with |k| < r, we have |Dk1//n,s,y| < 2" yuniformly over all n € Z and
all (s, y) € Sb™* x 2724).

This allows us to write

@D = Y > > 0 @Yy (3.10)

2—n <) SES,’,’)” yez—nzd

for all z € R4*+! with zo # 0. In the sum over y, the number of elements with a non-zero
contribution is of order at most (A2")4. From Step 1, we know that

(b= D > Y (fu V) (3.11)

27 <k se syt ye2

Then, we can apply the calculations made in Step 2, the only difference coming from the
set S,ﬁ’k whose elements are at distance at least 4 - 272" from ¢ + A2. This ensures the
required weight. g
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Theorem 3.10 (Reconstruction with weights). Let (T, G, A) be a regularity structure.
Lety > 0, p € [1,00), @ := min A, r > || and (I1, T') be a model with the weight
wi(x) = (1 + |x)/2, x € RY. In addition to Assumption 3.6 on the weights, we require
thata' = nAa—c > —2andy —c > 0. Then there exists a unique continuous linear map
R : 9&'}’7 — é’xg’Tp such that (R f, n) = 0 whenever 1 is supported in (—o0, 0) x RY,
and

sup [(Rf = Ty fe, 0 nf M|, S O Pw o), (Bu12)

neBr

p
on,l

uniformly over all . € (0, 1], all xg € RY, allt € [3)\2, T — k2], all f € _@Q?’p and all
admissible models (I1, T'). Here C := ||TT||(1 + IO fl. Furthermore,

< CAMCw, o (xo), (3.13)

sup [(Rf, 1)1
nebr

17
on,l

uniformly over all & € (0,11, all xo € R?, allt € (0, T — X*] and all f € 2L'77.

If (T1, T) is a second model for T and if R is the associated reconstruction operator,
then setting

C =TI+ DTS5 FIl+ T = T+ ITID AT+ I IT — A,

we have the bound

sup (RS = Rf = Mo f 02 + Ty 400,
neb’

LI’
x0.1
SOy o (x),  (3.14)

uniformly over all . € (0,1, all xo € R, all t € (3)*, T — %), all f € D77, all
f € .@g?ﬁ and all admissible models (I1, T), (I1, T'). Moreover,

sup [(Rf —Rf, np)l < CAMICw, 0 (x0), (3.15)

nebr

p
xo,l

uniformly over the same parameters.

Notice that in these statements we lose a factor A~¢ compared to what one would have
expected; this is the price we pay for having added weights to our spaces and requiring
uniformity in space. However, we will see that we can choose the constant ¢ as small as
we want.

Proof of Theorem 3.10. We only need to show that there is a unique distribution R f,
on the set of all test functions whose support does not intersect the hyperplane {r = 0},
that fulfills the requirements of the theorem for these test functions. Then Proposition 3.9
yields the desired result.

First, we set (Rf,n) := 0 for every n € B" which is supported in the half-space
{t < 0}.Second, let A € (0,1],x € Reand s e [3A2, T — 22). By a simple localisation
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argument, one can build an element f € DYP that coincides with f in [ — 242, 1 4+ A?] x
B(x, 3) and vanishes outside [f — 312, r +2A2] x B(x, 4). Indeed, it suffices to lift into the
polynomial regularity structure a smooth function equal to 1 on [r — 242, 1 +A%] x B(x, 3),
and vanishing outside [t — 3221 + 2)»2] X B(x,4), and to define f as the product of f
with this smooth function (this may require extending our original regularity structure with
the polynomials, and defining the canonical product between elements in the regularity
structure and polynomials).

Using the reconstruction theorem in D7, we set (R f, nt)"x) = (Rf, n?jx>. We now
show (3.12). Recall the definition of B" = B} . from Theorem 2.10. Notice that

ALt X

WU (1 IO F e S £ Pwin (o) sup sup wi, o, (xo, ),
¢ ie{l,2}

uniformly over all A € (0, 1], all xo € R?, all # € [3A2, T — A?], all £ € 277 and all
n > 0. Using (W-1), we deduce that the right hand side is actually bounded by a term
of order t1=7)/ 2W[ 132(x0)2" uniformly over all the parameters. Therefore, by (2.9), we
deduce that (3.12) holds.

This determines the value of (R f, ¢) for any test function ¢ whose support does not
intersect the hyperplane {r = 0}. Indeed, any such function can be split into a finite sum of
functions of the form nf) L withz > 312, on which R f has already been constructed. It
is then simple to check that R f is a well-defined distribution on the set of test functions
whose support does not intersect {t = 0}. We can apply Proposition 3.9, and the statement
of the theorem follows.

The case of two models is handled similarly, using the bound (2.11) from the recon-
struction theorem in DY, thus concluding the proof. O

4. Convolution with the heat kernel

The goal of this section is to define an operator that plays the role of the convolution with
the heat kernel, but at the level of modelled distributions. This will be carried out separately
for the singular part P, and the smooth part P_ of the heat kernel, as defined in Lemma
2.1. Although such an abstract operator was defined in [Hail4b, Section 5], the fact that
we have incorporated weights in our spaces imposes some additional constraints on this
map. The main difficulty comes from the singular part of the kernel Py, which is handled
in Theorem 4.3. The smooth part is simpler, and is addressed in Proposition 4.5. We end
this section with the treatment of the initial condition.
From now on, we take the following values for the parameters:

o=-3/2—kx, n=-1/2+3k, y=3/2+2«.

They fulfill the requirements that y > —« and n — y > —2. Recall that « is the regularity
of the noise, 1 is the regularity of the initial condition and y is the upper bound of the
homogeneities involved in the regularity structure.



Multiplicative stochastic heat equations 1037

We also consider, for all # € R and all ¢ € A, two collections of weights wgl) -, %)
and Wt(z)(-, Z) on R?. Observe that it is meaningful to write Wfl)(-, 7) to denote ng)(-, Iz
forany r € T.

Assumption 4.1 (Weights and convolution). Let ¢, ¥’ > 0. In addition to Assumption
3.6, we require that:

w(x.7) = W (x, Z(r8)), (W-2)
wn(x)w,(i)(x, TE) < W,(i)(x, Xk) whenever |t| +a < |k| — 2, (W-3)
wn)w (x, 78) < wi” (x, X5, (W-4)

wl,r8) = w(x, 1), (W-5)

forallx e RY, alls <t € (—o0, T, all T € U, all k € N**! such that |k| < y’ and
alli € {1,2}.

Take y' = y +a +2 —c with ¢ € (0, k/2). Here is a possible choice of weights satisfying
Assumption 4.1:
wii(x) = (14 [x B2,
W§l)(x’ ¢) =+ |x|)ﬁ£ ! IFID) G+, 4.1
W§2)()C, é—) =1+ |x|)fj(§+3) et(1+\x|) €£(1+|x|),

where ¢ € A_,/(U) and £ is a constant which will allow us to consider an initial condition
in a weighted space.

Lemma 4.2. Suppose that u € .@V’V/:;’p (U). Then the map f = u - E belongs to the space
LT (),

Proof. By construction, we have I', (T E) = ([, yt)Eforallt € Y andallz, 7' € R4+,
sothat | f(z) — ;7 f(2)|; = lu(z) — Iz yu(z')|—o for all ¢ € A(F). By using (W-5),
it is then immediate to check the statement. O

4.1. Singular part of the heat kernel
Letu € 9 = 9%’@’17(1/{), andset f =u-& € _@}T/tva’ﬁa’p. For any given y’ > 0, we
define an abstract convolution map as follows:

(PY F)(t.x) = T(f (2. x))

Xk
Y Y MO f D, DEPL( ) — )
(e A(F) lkl<&+2)Ay’

Xk
+ X (RS =T f(t,2), DEPL((t, ) = ). (4.2)
lkl<y” ™"

This operator is well-defined as a consequence of the next result, which is the second main
technical step of the present work.
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Theorem 4.3. Take c € (0,«/2) andsety’ =y +2+a—c, ' =n+2+a —c. Assume
that y',n' ¢ N. Letu € 9 = .@%’a’p(b{) and set f = u-E € 9%:/&’”-’_&’1)(]7). Then,

under Assumption 4.1 on the weights, we have 771, fed = 9;;’;7’”) U), and

WP+ fllz < IETNCL+ WIT DNl 2

holds uniformly over all T in compact subset of R, all £ in any compact subset of R, all
u € 2 and all admissible models (I1, T'). In addition,

RP+f =PrxRYf. 4.3)
Moreover, if (I1,T) is another model with the same weight wr and if u belongs to the
corresponding space 9 equipped with the same weights w", w®, then
1P+ £5 Py Fll g g S NTUNA 4 IT DM @l 5
+ (I = L+ IEID + T~ T il
uniformly over all T in a compact subset of Ry, all £ in a compact subset of R, all

I, 10,0, T and all u, i.

Before we proceed to the proof of the theorem, we collect a few technical facts. Let us
denote by B’ the subset of 5” whose elements are supported in the half-space {t < 0}.
Using Theorem 3.10, we immediately get

(Rf, 0} )
sup | ————

< pte=c 4.4)
neB’ Wi (x) ~

Lr

uniformly over all r € (0, T],all A € (0, 1]and all f € @)T/::/a,n+ol,p’ as well as

(Rf =T y2 o f (=22, %), 1}
wy(x)

sup 5 AV+Q*L'I(U*V)/2’ (45)

neB’"

Lr

uniformly over all r € [4A2, T],all A € (0, 1]and all f € .@}T"Jvrva’nﬂ’p . These two bounds
will be applied repeatedly to the function Py((¢, x) — -) € B” as well as its rescalings P,,
n=>0.
Forall z, 7/ € R4t all k € N9+ such that [k| < y/, and all n > 0, we define
K.y’ (z—2)*
pn;ZZ,(.) = DP(z — ) — Z —,DH@P”(Z/ —).
£ k|+1€) <y :

Using the classical Taylor formula, one obtains the following identities:

k, ’
Pl = > =9
=(¢y,0,...,0)
v <|k|4+2Lg<y’42
1
[/
x/ (1—u)'“—l%Dk“Pn((eru(z—s),x)—-)du (4.6)
0 .

and
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ky' _ ¢
Pn;ly,tx(') = Z Oy —x)
£=0.€1,....04)
Y/ <lkl+el<y'+1

1
xf (1—u)“f‘—l'%,'Dk“Pn((r,x+u(y—x>)—-)du, 4.7)
O .

for all (¢, x), (s, y) € R?*T!. In these equations and later on in the proof of the theorem,
we use the notation (y — x)* and (r — 5)* for (z — z/)¢ where z = (0, ), z = (0, x) in
the first case, and z = (¢, 0), z/ = (s, 0) in the second case. Notice that in (4.6) and (4.7),
we do not consider space and time translations simultaneously. For space-time translations,
the situation is slightly more involved due to the scaling s, so we rely on the following
result.

Lemma 4.4 ([Hail4b, Proposition 11.1]). Let 3y’ be the set of indices
{eNT ] >y [ —emuy] < ¥},

where e; is the unit vector of R4t in the directioni € {0, ..., d}, and m(¢') := inf{i :
¢, #0}. Forall z, 7 € R¥" and all k € Nt such that |k| < y', we have

k, ’
Pn'zyz’(') = Z / Dk+€Pn(Z/+h - ')Mk+l(Z —Z/,dh).
= . , Jrd+1
Ck+tedy

Here, u*t(z — 2/, dh) is a signed measure on R4t supported in the set {z € R4t! -
Zi € [0, z; — z}1} and whose total mass is (z — K (k + £)).

For the sake of readibility, we drop the superscript ¥’ in the operator 793;/.

Proof of Theorem 4.3. From now on, the symbol < will be taken uniformly over all £ in a
given compact subset of R and all 7 in a given compact subset of R.. Also, the implicit
constant associated to this symbol always dominates the constant of (W-1) as well as all
the constants associated with Definition 3.1 for the corresponding weights. We provide a
complete proof of the statement concerning a single model. To prove the part with two
different models, the arguments work almost verbatim given the following two identities:

M.Q;a—MN,Qca=M,Q;(a —a)+ (T, — ;) Q;a,
(Hz/QCFZ’,z — HZ/QCFZ’,Z)ZZ = HZ/Q((FZ/’Z — Fz/,z)& + (HZ/ — Hz’)QCFz’,zé-

Letu € Z and set f = u- E. For simplicity, we assume that [|u|| = 1. The proof is divided
into four steps. We will repeatedly use Lemma 2.1 without further mention.
Forall n > 0 and all (¢, x) € (0, T] x RY, we define

/ Xk
Prp@x = 3 Y T MaQefx), DEP(t, ) =)
CeA(F) lkI<(@+2)ny” ™
Xk
+ D RS = T f(t,x), DEP((t,x) = ).
lkl<y” ™
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We will make sense of (4.2) by showing that the series of the coefficients of the monomials

of (P} / f)(t, x) is absolutely convergent. We distinguish three types of terms in the -
norm: the local terms that appear at the first line of (3.2), the terms of translation in space
at the second line, and the terms of translation in time at the third line. We argue differently
for each of them.

First step: Local terms. For all non-integer values ¢ € A, (i), we have

IZf(@, x)l¢
1(Or=010/29 D (1)

|u(t, X)|g—2—a
1
1 (=220 /29w D (¢ 2 — @)

<
LP

S 1’
Lr
where we have used condition (W-2) and the fact that n” — ¢ and ’ + ¢ — ¢ have the same
sign. Therefore, the desired bound follows.

We turn to the integer levels k such that |k| < y’. We distinguish two subcases. First,
ifr <4.272" we write k!Qx (P, f) (¢, x) as

(REDEPu((t.0) =) = D A Qe f (1.0, DRt ) =) 4

{=lk]-2

Using (4.4), we get

< pnlr' =k,
LP

H (Rf, D*Py((t, x) — )
w (x, [k])

uniformly over all the corresponding n and ¢. Since n’ ¢ N, the sum over these n yields a
bound of order ¢ (' —1kDA0)/ 2 as required. We now bound the second term of (4.8). When
¢ = |k| — 2, this term has a zero contribution since P, kills polynomials of degree r. On
the other hand, we use (W-3) to get, for all ¢ < |k| — 2,

H (T Q¢ (¢, x), DX P, ((t, x) — -))

: < n@+e—lkD nta—0)/2
wil (x, [k])

Lr

uniformly over all the corresponding »n and ¢. Summing over all the corresponding n yields
a bound of the required order.

We now treat the case r > 4 - 272" We set t,, = t — 272", and write k!Qy (P, f)(t, x)
as

(Rf — Ty 1 f (ta, x), DX Py (2, %) — 1))
— Y A Qe (f(t, x) = T, f(tn, X)), D Pu((t, x) = )

¢<|k|-2
+ Y (g2 Qe f (ta, x), DEP((1, x) = ). (4.9)

¢>[k|-2

The first and second terms can be treated easily using (4.5) and (W-3) respectively. We
now deal with the third term. Using (W-1), for all ¢ > |k| — 2 we get

H (T, Q¢ f (t, x), DX Py((t, x) — -))

: < (Orta=0)/29=n@+e—lk=0)
wil (x, [k])

LP
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uniformly over all n such that r > 4 - 272" Since ¢ < /2, wehave 2+ ¢ — |k| —c > 0,
so that the sum over these n yields the required bound.

Second step: Translation in space. We now look at (”P_’;/ H,y) — F;’ . (’P_’;/ ), x) with
lx —y| < 1.1f ¢ € A_,» () \ N, then the only contribution comes from 7 and we have

Svenay *UNTF @, y) =T f, 0)e dy
t(n’—y’)/Z)Ly’—Zwt(z) (x,0)

LP
fyeB(x,A) )‘_dlu(t’ y)— F;’xu(l‘, x)|§,a,2 dy
f(”_”)/zk”_ﬁ"‘“wt(z)(x, (—a—2)

’

LP

~

< ‘

where we have used (W-2) and the identity n” —n =y’ — y = 2+ a — ¢ with ¢ > 0. The
required bound follows.

We turn to the integer levels k with |k| < y’. We first treat the case A <t<36.272
By Taylor’s formula, we write k!Qy (P, f) (¢, y) — F’y’x(Pnf)(t, X)) as

(Rf. PEY ) (I, o f(t.x), PRV )

n;ty,tx nty,tx

= Y My Qe (f(t,y) =T f(t,0)), DPu((t,y) = ). (4.10)

¢<|k|-2

Using (4.7), we deduce that for any distribution g, we have

k,y' —n M _ Tl
(g, Py o)1 S sup (g, miy ) Iy — x| 17 Wig=n G2, (4.11)
neB’

uniformly over all y € B(x,A) and all n > 0, for some constant C independent of
everything. Using (4.4), we thus get

uniformly over all A2 <t <36-272" Since n" —y’ < 0, the sum over all these n yields a
bound of order ¢ ~¥)/237'~Ikl 'We turn to the second term of (4.10). Using (W-4) and
(4.11), forall ¢ € A, 4o (F) we get

—d k.y'
/yeB(x,)») A |<Rf’ Pn;ty,tx> | dy
2
wi (x, [k])

< 31kl =G =Ty,

Lr

_ k,y’
reien AN Qe £t x), Py )l dy
2
w (x, [k])

< ATV 1=lkly=n @+ =Ty D) Jnta—5)/2.

Lp

Since 2+¢ < y/, the sum over all 7 such that < 36-272" yields a bound of the right order.
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Regarding the third term of (4.10), notice that it actually vanishes whenever ¢ = |k| — 2
since P, kills polynomials of order r. We use (W-3) to obtain, for every { < |k| — 2,

Syeneeoy ¥ NIy Qe (f (1, y) = Ty f(t, 1)), DX Pa((2, y) = )l dy
wi? (x, 1K)
Syesaay @) =Ty f@,0)|c dy

2
i x. [KD)
< (2 )y Ha=b Q=KD

Lp

=n(@+e—Ik])

< ‘

~

Lp

uniformly over all the corresponding parameters. Summing over the corresponding n, one
gets a bound of the right order.

We now turn to the case A2 < 4.272" < 36.272" < ¢ Recall that 27" + A is the size
of the support of the test functions involved in (4.11). We set 7, =t — 9 - 272", and we
observe that 1, > 3(27" + A)2. Then, we write k!Qx (P, f)(t, y) — F’V’X(Pnf)(t, x)) as

(Rf =Ty f (. x). PET ) = (T (f 0 0) = TF, f 00, )), PED )
— Y My Qe (£t y) = T f(t.2)). D*Pa((t.y) — ). (4.12)

¢<lk|-2

The first two terms can be easily bounded using (4.11), together with (4.5) and (W-4)
respectively. The third term coincides with the third term of (4.10), and the bound follows
from the same arguments.

Inthe case 4 - 272" < A2 <1, wesett, =t — 2~ 2" and write k!Q ((Pu f)(z, y) —
Tl (Puf)(t, x)) as

(Rf — Ty, y f(ta, ¥), DPy((2, y) — )

Y
—<Rf—nzn,xf<tn,x), > %D’f“m(m—»

[k|+1€] <y’

— > My Qe (ft, y) = T7,, [, ), DFPul(t, y) =)

¢<|k|-2
+ > My Qe (ftns ) = T f i, ), D¥Pa((t, ) =)
c>1k|-2
— Y My Qe (f(tx) = TF, fta, X)), DEPL((2, ) = )
C>lk|=2
X (y_x)f k+¢
H(Mx (f@ 0 =TF, fn0), Y =——=D"*Pu,0)—). @13

[k|+1€l<y’
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The bounds for the first two terms follow easily from (4.5). The third term vanishes
when ¢ = |k| — 2 since P, kills polynomials of order r. On the other hand, for all
¢ < |k| — 2 we have

Svesoy Ny Qe (f(t, y) = T7y, ftny ), DXPu((t, y) — D) dy

wi? (x, [kl) Ly
—d Y

< fyeB(x,)\))\ [f(,y) Ft,t,lf(tna Nle dy o=n(@+E—Ik])
~ wt(l)(x, Z) LP

X
< ' 0 = Ury Fn Dle | n@ic—tb) < n-1)/29-nG' Ikl
~Y (1) ~ )

W[ (.X, ;) Lr

where we have used (W-4) at the second line and Jensen’s inequality at the third line.
Summing over all n such that 4 - 272" < A2, one gets a bound of the right order. Regarding
the fourth term of (4.13), forall y +« > 8 > ¢ > |k| — 2 we have

Syeneeay ¥ My Qe Ty Qp(f tny ¥) = Tyx f (1, X)), DXPu((t, y) — D) dy

wi? (x, [k]) Lr
—d i
< ‘ fyGB(x,)») A |f(tn’ y) Fy,x (tnv .X)|/3 dy 2_”(2_‘k‘+ﬂ_c)
w (x, B) L

< 9~ nQ=lkI+p=0) s (1=y)/2) y+a—p

where we have used (W-1). Since c is small, we have 2 4+ 8 — |k| — ¢ > 0, so that the sum
over all the corresponding n yields a bound of order 1Y Kt (1=v)/2 45 desired. The fifth
term of (4.13) is treated similarly, using (W-4). The bound of the sixth term follows easily
from (W-4) as well.

Third step: Translation in time. We need to control (P4 f)(t, x) — I'f (P4 f)(s, x) for
allt > s > Osuch that t — s < 5. We start with the non-integer levels { € A, /(lf), for
which we have

IZ(f (2, %) = TF (s, 0)e
(t — §)'=0/250/=v)/29 D (1)

Lr

_ ut, %) = T s, )l —2-a

(t — 5) =424 /2502w D (x ¢ —2 — ) ll 10
where we have used (W-2) and the identity y’ —y = n' —n = 2 + « — ¢ with ¢ > 0. This
ensures the required bound.

We now turn to the terms at integer levels k with |k| < yp’. Actually we need to
distinguish three subcases. First, we assume thatt —s < s < 36 - 272" and we write
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Qu((Pu /)(t, x) = T ((Pu f)(s, x)) as

(Rf, PEYy — (Tyr f(s.x), PEY )

n;tx,sx n;tx,sx

— Y (M Qe (f(t.x) = T} f(s. 1)), DXPy((2.x) — ). (4.14)

c<lkl-2
By (4.6), we deduce that there exists § > Y’ + ¢ such that for any distribution g we have

k, ’ 2711+ —_— — — —
8. P s S sup I(g. . VI It — 5| @7 IRD/2pmn G0, (4.15)
neb’

uniformly over all s, ¢, n, A as above. This being given, the bounds of the first two terms
of (4.14) follow easily from (4.4) and (W-1). Regarding the third term, we notice that the
values ¢ such that { = |k| — 2 have a zero contribution, since P, kills polynomials of
degree r. On the other hand, for all ¢ < |k| — 2, we use (W-3) to get

H (M x Qe (f (1, %) = TF f(s, %)), DXP((1, %) —-))

Wfl)(x, k1) Lp

< s/ _ )= 0)/2=nH— Ik

The sum over the corresponding n yields a bound of order s"—")/2(¢ — 5)V'=IkD/2 4g
required.

Second, we treat the case t —s < 4-272" < 36.2"2" < 5. Set s, =1t—9- 2-2n
notice that s, > 3(2™" + /7 — 5)%. We write k!Qx (P f)(t, x) — T (Pa f)(s, x)) as

(Rf — Hsn,xf(snv x), P,I,{;t];/‘sx) - (Hs,x (f(sv x) — F;'r,s,,f(snv x))’ Pr];;’t};c/,sx)
— Y (M Qe (f (6, x) = TF f(s, %)), DEPy((t, x) — ). (4.16)

¢<lk|-2

The bound of the first term is a direct consequence of (4.5) and (4.15), while the third term
coincides with the third term of (4.14) and the calculation made above applies. Regarding
the second term, by (W-1) and (4.15), for all ¢ € A(F) we have

H (Mg Qe (f(5,2) = TF g, flsw.x)), Pt )
wi (x, [k])

Lr
< s ) OlK=0) /20 -nQtyta—s)

Since 2 + y + a — 8 < 0, the sum over the corresponding n of the last expression yields a
bound of order s —7)/2(r — 5)(V'—IkD/2 gg required.
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Finally, we consider the case 4 - 27 <p_g <5 Wesets, =s—2" 1, =1—2"2,
and we write k! Qr (Pn f) (2, x) — T} ((Pu f)(s, x)) as

(Rf — gy 1 f (ta, x), DX Py (2, %) — 1))

(=" e
—(Rf =T f 00, Y == DT P50 =)

[k|+[e|<y’

= > (M Qe (f (6. x) =7, fta, X)), D*Py((t. x) = )

¢=lk|-2

+ Y (M Qe (f(tnnx) = TF (£ (s, %)), D*Py((2, x) =)

>k|—-2
m ¥ =9 erep 4.17
My (f (5,0 = s,s,,f<sn,x>),‘k‘+l; e a((5,0) =) (417)
<y

The required bound for the first two terms follows easily from (4.5), while the third term
can be bounded using (W-3). Let us treat the fourth term. For all 8 > ¢ > |k| — 2, using
(W-1) we have

H (M, Qe TF, Qp(f(tnyx) = TF  f(s,2)), DEPy((1, %) — )

wil (x, kD) Ly
< V2 g 9= iny(rta—p)/2g—n@+p—lkl—c)

Since c is small, we have 2 — ¢ + 8 — |k| > 0. Therefore, the sum over all n such that
4.272" <t — s is bounded by a term of order s "~V)/2 (¢t — 5)*'~IkD/2 a5 required. Finally,
the fifth term of (4.17) can be bounded using (W-1).

Fourth step: Equality with the convolution. Let us show that RPy f = Py « R f. By the
uniqueness of the reconstruction theorem (Theorem 3.10), it suffices to show that

((Py % Rf) = Ty o (Py f)(1, %), 0 )|
sup

neBr Wt_;’_)LZ (.x)

<A (48)
Lp

uniformly over all A € (0, 1] and all ¢ € [3A2, T — A2]. Using (2.5) and (4.2), it is
elementary to get

(P % Rf) = Ty o (Py ), X)) = / nh (5.0 Y Ralt.x. s, y) ds dy,

5.y n>0
where
Ro(t.x.5.9) = (Rf = i f (2,00, Pal(s.7) =)
-y Wmf — Ty f (6 x), DU P () = ).

lel<y’
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By the scaling properties of n*, we have

(P * Rf) = Ty o (P4 ), %), 07 )

sup

neBr W2 (X) LP
R,(t,x,s,
52/ R A LAGEITIND] SR IR
=ollJs.yeB.x . W2 () Lr

uniformly over all the parameters. Then, we distinguish three cases. First, if 3% <t <
36 - 272" we write
0,
Rn(tax75,)’)=<7zf Pn;;[x) (Htxf(t -x) nsy[x)

By Lemma 4.4, we deduce that for any distribution g we have

f A2 g, PYT lds dy
(s,y)EB((1,x),))

< sup (g, my 201 Y Al 4.20)

neBb. tedy’

uniformly over all the parameters. Therefore, arguments very similar to those presented
below (4.10) ensure that

R,(t, x,s,
H/ A,z,dl n( )l ds dy
(5,)€B((1,x),1) W52(x)

so that the sum over the corresponding n yields a bound of order AY't0'=v"/2_ Second,
if302 <3.272" < 36.272" < ¢ wesett, = 1 + A2 — (27" 4+ 2))2. Notice that
t, >3Q7"+ 21)2. Then, we write

Ra(t,%,5,9) = (Rf = Ty f s %), PrTy i)
+ (Ht,x(f(ts x) — ttnf(tn’ x)) n, sy tx>

and the arguments below (4.12) can easily be adapted to obtain a bound of order
AVt =¥)/2 a5 above. Finally, when 3 - 272 < 332 < ¢ the desired bound follows
from the arguments presented below (4.13). This completes the proof of the theorem. [J

< Z k|¢|2,n(n/,‘e‘)’
LP gehy

4.2. Smooth part of the heat kernel

We now deal with the smooth part P_ of the heat kernel defined in Lemma 2.1. For any
ue P,weset f =u- 8 and welet P_Rf denote the map

Xk
o= Y S REDP((x) =),

keNd+1 | |k|<y’

which takes values in the polynomial regularity structure. The following result shows
that this is an element of &’. Here we consider the weights defined in (4.1), but the only

. . . 2
important feature of these weights is that they do not grow faster than e*"/7
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Proposition 4.5. Letu € 9 = @}T’:Q(U) and f =u-8. Then P-Rf € 7' = @;:\’:/’p

and
IP-Rfllz < NTNA + NT D Nul 2, (4.21)

uniformly over all T in a compact domain of (0, 0), all £ in a compact domain of R, all
u € 9 and all admissible models (I1, I'). Moreover, if (I1, ") is another admissible model
with the same weight wyi and if u belongs to the corresponding space 9, then

IP-Rf; Pfﬁflll_@/g/ ST+ N IDNes il o 5
+ (ITT =TI+ WITID + I = Tl o, (4.22)
uniformly over all T, € as above, all admissible models (I1, '), (T, D) and allu € 9,
ue9.
Proof. Suppose that

(Rf, D*P_((t,x) — -))

SN+ 0rDlullg,  (4.23)
wy(x)

sup  sup
te(0,T] |k|<y’'+2

Lr

uniformly over all 7', ¢, (I1, I') and u as in the statement. We stress that this implies (4.21).
Indeed, for the local terms of the norm this is immediate. Regarding the space translations,
for every k € N4*1 such that |k| < y’ and all x, y € R¢ we have

U(P-Rf(t.y) =T, [ P-Rf(t, x)) = (RS, Pk i tx>

where P* ,y /¢ 18 the function obtained from (4.7) upon replacing P, by P_. This being
given, a simple application of Jensen’s inequality shows that

yeB(x,)1) Wt(x)

LP gepy
so that the desired bound holds. Concerning the time translation, for every k € N¢*! such
that |k| < ¥y’ andall0 <t — s < s we have

(Rf, DP_((t,x) — -))
Wy (x)

NaSl
b
Lr

Qu(P_Rf(t,x) = T}, P-Rf(s,x)) = (Rf, PX7. ),

where P* tx sx 1s the function obtained from (4.6) upon replacing P, by P_. Much as
above, a s1mple application of Jensen’s inequality shows that

(Rf, D' P_((u, x) =)

It — s|(|l|*\k\)/2,
w(x)

Lr

< sup

~

LP uels,t] Zeay/

‘IRf PR )]

wy(x)

and the desired bound follows.
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We~ now prove (4.23). Let 43 : [-1,1] — R bea srgooth func~tion such that
Yien®(x —i) = 1 for all x € R. Then define ¢(,x) = ¢(1) ]_[flzl ¢ (x;) for every
(t, x) € R 50 that > iz, jezd @((t —i,x — j)) = 1. In particular,

D*P((t,x) =)= Y D'P((t,x) =)t —i,x —j) — ).

i€Z,jeZd

Since P_(t, x) is smooth and equals the heat kernel outside the parabolic unit ball, we
have

ID*P- (1, %) = I (1 — i x = ) = ller S e =D/
uniformly over all 7 € (0, T], all k € N?*! such that |k| < ¥’ + 2 and all (i, j) € Z4*!.

The expression (4.1) of the weights yields w; (x) = e TOU+D_ Using (3.13) and setting
C =TI + TNl 5, we get

k T+1 .
H (RfDEP-(t ) =) 3 Y e il-d/en wi(x — j)
Wi (X) Lr i:_leZd Wl(-x) Lr
<c Z FOLI=iP =) /B < ¢
jezd

uniformly over all r € (0, T'], all T in a compact domain of R and all k € N¢*! such that
|k| < ¥’ 4 2. This ends the proof of (4.21). To obtain (4.22), we proceed similarly. Using
(3.15), the same calculation as above gives

SOITHIC A+ WT WD e all

H (Rf —Rf, D*P_((t,x) —))
w;(x)

Lr
+ (ITT =TT + WIT D + NI IT — T,

uniformly over all £ € (0, T, all T in a compact domain of R, and all k € N¢*! such that
|k| <y’ + 2. This ends the proof. O

4.3. Initial condition

We take (4.1) as our choice of weights. Recall that £ is involved in the weight at time 0.
We define Cy,” (RY) as the space of distributions f on R? such that

1(f, ¢2)
sup ———

sup
peBr (RY) ATwo(x)

r€(0,1]

LP(dx)

When wo(x) = 1, this space coincides with the usual Besov space B;" oo(IR{”Z).
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Given ug € Ciif (RY), we define v = Pu as follows:

Xk
vt x) = Y o7 (o, DFP(t,x — ).

keNdJrl
lkl<y’

This is the lift into the polynomial regularity structure of the smooth map (¢, x) +—
(P(t, ) % up)(x).
Lemma 4.6. Let ug € C&'O” (RY). Then v = Pug belongs to 9.

Proof. The contribution coming from the smooth part of the heat kernel is handled
similarly to the proof of Proposition 4.5, so we do not provide the details. We focus on the
contribution due to the singular part of the heat kernel. By hypothesis, we have

(o, DF Py (2, x — 1))
wo(x)

< zfn(n*\k\),
Lr

uniformly over all t > 0, alln > O and all k € N4+1 guch that |k| < y + 2. Notice that
the definition of the kernels P, ensures that the left hand side actually vanishes whenever
t > 272" Therefore, by summing over n > 0 the latter bound yields

(uo, D* Py (t, x — )

< (O-lkD/2,
wo(x) ~

LP

uniformly over all # > 0. This yields the required bound for the local terms of the norm,
while the bounds on the time and space translation terms follow from the same arguments
as in the proof of Proposition 4.5. g

5. Solution map and renormalisation

We are now in a position to obtain a fixed point for the solution map
Mry: 92— 2, ur> Pr+P)u-8)+v, 5.1

where v is a given element in 2. In practice, we will take v = Pug with ug € c{L*Of’ as in
Lemma 4.6. Recall that the weight wo depends on the parameter £ € R. We start with a
simple lemma.

Lemma 5.1. Letu € @vyv’;’p(l/l). Then Ru is a function and Ru(t, x) = Qou(t, x) with

Ru(t, ) € C\Z’,p (RY). If in addition u only takes values in the strictly positive levels of the
polynomial regularity structure, then u = Q.
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Proof. Observe that uniformly over all A € (0, 1], all 1 € 242, T — A?*] and all xg € R?,
we have

LP
x0.1

H/ A2 u(s, y) — ult, x)lods dy
(s,y)eB((t,x),A)

< sup

/ 2 uls, y) = T gu(s, o dy
se(t=22, 142211/ yeB(x,2)

p
on.l

+

/ kfdfzil";’x(u(s,x) — Ff’,u(t,x))|0ds dy
(s,y)eB((t,x),A)

p
on,l

+

> f 272Dy 1 Qeue(t, X)lo ds dy
(s,y)EB((1,x),2)

>0 Ly 1

XO.
< sup sup Wfizl\z(x,ﬂ)k“,
i=12peA

where ¢ is the smallest non-zero element of A(U). Then, we write

(Qou() — Myu(t, x), n} ) = | Qoluls, y) — u(t, x))n} (s, y)dsdy
S’y

= > I Qeult, x). ) ).

>0

so that, taking the Lf:o -norm, one gets a bound of order %0 times some weight. From the

uniqueness of the reconstruction, we deduce that Ru(-) = Qou(-) on (0, T') x RY. It is
then immediate to check that Ru(z, -) belongs to CQV;P (Rd).

Recall that y € (1, 2). We now assume that u(f, x) = D, cnd+1. k|=1 Qi (u(t, x)) X*.
Lete;,i = 1,...,d, be the unit vector in the space direction i. We start with the following
simple observation. There exists a constant C > 0 such that

d
27> viai| dy = Calal,
/yeB(O,A) ; o

uniformly over all A € (0,1] and all @ € RY. This being given, we take a =
Zf‘i:] (Qq;u(t, x))e; and use the equivalence of norms in R4 to get

d
f 27N Iy = x)i Qeu(t, x)| dy H
y€B(x,1) 1 L?

i= xq.1

f 2 udt, y) = T4 e, x)lody
yeB(x,))

d
Z|Qe,.u(z,x>|H <A
i=1 L

X0,

<!

~

P
xo,l
S AW (o, 0),

uniformly over all A € (0, 1], all # € (22, T — A?] and all xg € R¢. Therefore, the left
hand side vanishes. This concludes the proof. g
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Theorem 5.2. Forany T > 0 and any uq € Cgv’op, the equation u = Mr (1) admits a
unique solution in 9. Furthermore, the map v +— u is Lipschitz continuous, while the map
(v, I, T') & u is locally Lipschitz continuous.

Proof. We first introduce a shift map on the models and the modelled distributions. For all
s > 0, we let TT¥S and T'¥S be defined as follows:

(N80T, 0) 1= (Mo .0 T 9C+5.0)0 THT = Toie.0)246.0)T-

We let @\f’Ty’"’p be the space of modelled distributions associated with the shifted model
(TT¥S, T¥) and the shifted weights w¥* defined by setting

w0, ) = will @ o).

This amounts to shifting the parameter £ by s, in the definition (4.1) of the weights.
Formally, one should also write R¥* and P+ for the convolution and reconstruction
operators associated with the shifted model, but we refrain from doing that for the sake of
readability.

Recall that the spaces 2 and 2’ differ by their parameters 7, y and n’, y’. Since
n —n =1y —y >0, we deduce that there exists p > Osuch that || - [l < T?]|| - ll 9.
Until the end of the proof, we will be working in the spaces 7,7 as well as their shifted
counterparts and we will play with only two parameters, namely T and ¢. Recall that ¢ is
the parameter involved in the weight at time 0. We will use the notation 97, instead of
@&;p for simplicity.

Using Theorem 4.3 and Proposition 4.5, we deduce the existence of C > 0 such that

IMzo@) = Mry@ll s = 1P+ P — ) E)ll jus < CTPllu — il s
T, Tt Tt
as well as

IMzo@llgis = NPy +P)WE) +vll g < CT"IlluIII@fZ vl - (5.2)

uniformly over all s, T in a compact subset of R, all £ in a compact subset of R and
allu,u,v e 9%}. The constant C does however depend on the realisation of the model
through the quantities appearing in Lemma 3.4.

Fix a “target” final time T > 0 and {o € R. Taking 7* small enough, we deduce
that M+, is a contraction on @%i ¢ uniformly over all £ € [£g, £o + T], all s € [0, T]

and allv € QT* .- Fixug € C"fmp and let v = Pug € Dr+ . The map M7+, admits a
unique fixed point u* € Dr+ 4,. If T* > T we are done, otherwise we take s € (0, T*)
and we define €* = £g+ s < Lo+ T, us := Ru(s, ) and v* := Pu;. By Lemmas
5 1 and 4.6, we know that v* € Dy« p=. The map M7+ ,+ admits a unique fixed point

€ D¢} . We then set u(, ) = u*(r,-) when 1 € (0, T*] and u(r, ) = ™t — s, -)
when t € (T*, T* + s]. It follows in the same way as in [Hail4b, Proposition 7.11] that u
is indeed the unique solution to the fixed point problem M7+, (#) = u, and that this
construction can be iterated until one reaches the final time 7. Note that the linearity of
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the problem was exploited in an essential way here, since this is what guarantees that the
time T* of local well-posedness does not depend on the initial condition.

Regarding the joint dependence on the model and the initial condition, we find as
above and thanks to the same results that for all R > 0, there exists 7* > 0 such that

loe: wll pus os < ML =TT 4T = Tl 4 lv: 0l s s

uniformly over all s in a compact subset of R, and over all (I1, I'), (l:[, 1:‘) and v,v €
.9%‘; t such that the norms of all these elements are bounded by R. This yields the local
Lipschitz continuity of the solution map on (0, 7*]. Iterating the argument as above, we
obtain the local Lipschitz continuity over any interval (0, T']. 0

Let v = Pug with ug € Cy;. It is easily seen from Theorems 3.10 and 4.3 that the unique
fixed point of M7, associated with the canonical model (IM©, F©) coincides, upon
reconstruction, with the solution to the well-posed SPDE (E.) presented in the introduction.
However, the sequence of canonical models (H(e), F (e)) does not converge when € — 0,
due to the ill-defined products involving the white noise.

Theorem 5.3. For every € € (0, 1], there exists a renormalised model (fIE, F €) such that:

e the unique fixed point of Mt associated to ( 11¢, ) coincides, upon reconstruction,
with the classical solution of (E¢),

e the sequence (f[‘, F €) converges to an admissible model (ﬁ, F ), that is, there exist
C, § > 0 such that uniformly over € € (0, 1] we have

ITT€ — T + I — TJ) < Cé°.

Proof. This result is due to Hairer and Pardoux [HP15, Theorem 4.5] in the case of (SHE).
The case of (PAM) is treated similarly mutatis mutandis. Let us briefly explain why the
solution to (5.1) yields the classical solution to (Ee) when applied to the renormalised
model (IT¢, 13"6).

We first note that, for any space-time point z, the renormalised model fulfils the
following identities:

[E(E)(2) = &(2), TMSEL(E)(2) = —ce, NSEZ(EZ(E)))(2) = 0,

. b (5:3)
ME(ETEIEIE R =~ MUEIXiE)E@ =0,

where cél) = cél‘l) + cél’z) (see (1.1) for the values of these constants).

Furthermore, iterating (5.1) shows that any solution U to M7 ,(U) = U will neces-
sarily be of the form

U(x) = u(@)(1 +Z(8) + Z(EL(8)) + Z(EL(EL(E)) + Y _ du(x)(X* + Z(x* &)
|k|=1

for some continuous functions u and J;u. Recall that, for fixed € > 0, the {econstruction
operator associated to the renormalised model is given by (RF)(z) = (II$ F(2))(z). It
then follows from (5.3) that

(REU)(2) = u(z)(§e(2) — Co).



Multiplicative stochastic heat equations 1053

Combining this with (4.3) concludes the proof. U
We are now in a position to conclude the proof of the main result of this article.

Proof of Theorem 1.1. The local Lipschitz continuity of the solution map stated in Theorem
5.2 together with the convergence of the renormalised models obtained in the previous
theorem ensure that the sequence of renormalised solutions converges to a limit & € Qg:p ,
for any initial condition ug € ci’v;f’ . By Theorem 2.10, we deduce the convergence of the
reconstructed solution R€ii€ towards R in the space g‘z}c,p .

Finally, a simple computation shows that the Dirac mass at some given point xo belongs
to Ci’v‘op as soon as p < d/(d + n), whatever weight wq one chooses. Since 1 needs to be
greater than —1/2 for our result to hold, one can choose a Dirac mass when p = 1 for
instance. This concludes the proof. d
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