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Abstract. The motivating question of this paper is roughly the following: given a flat group
scheme G over Zp, p prime, with semisimple generic fiber Gq,: how far are open subgroups
of G(Zp) from subgroups of the form X (Z,)K,(p"), where X is a subgroup scheme of G and
K, (p") is the principal congruence subgroup Ker(G(Zp) — G(Z/p"Z))? More precisely, we
will show that for G, simply connected there exist constants J > 1 and & > 0, depending only
on G, such that any open subgroup of G(Zp) of level p" admits an open subgroup of index < J
which is contained in X (Zp)Kp(p [en1y) for some proper, connected algebraic subgroup X of G
defined over Q. Moreover, if G is defined over Z, then ¢ and J can be taken independently of p.

We also give a correspondence between natural classes of Zp-Lie subalgebras of gz and of
closed subgroups of G(Zp) that can be regarded as a variant over Zp of Nori’s results on the
structure of finite subgroups of GL(Ny, ) for large p [Nor87].

As an application we give a bound for the volume of the intersection of a conjugacy class in the
group G(Z) = I1 » G(Zp), for G defined over Z, with an arbitrary open subgroup. In a companion

paper, we apply this result to the limit multiplicity problem for arbitrary congruence subgroups of
the arithmetic lattice G(Z).
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1. Introduction

In this paper we study closed subgroups of the profinite groups G(Z,), where G is a
semisimple algebraic group defined over Q with a fixed Z-model, and p is a prime. The
first main topic, which is treated in §§2 and 3, is the comparison between arbitrary open
subgroups H of G(Z,) and special open subgroups of the form (X (Q,)NG(Z,))K, (p"),
where X is a proper, connected algebraic subgroup of G defined over Q,,, and K, (p") =
Ker(G(Z,) — G(Z/p"7Z)) is the principal congruence subgroup of G(Z,) of level p".
These special open subgroups are ubiquitous in the literature, especially in the case where
X is a parabolic subgroup of G.

To motivate our theorem, recall that commensurability classes of closed subgroups
of G(Zy) are in one-to-one correspondence with Q,,-Lie subalgebras of gg, = Lieg, G
(cf. [DST99, Theorem 9.14]), and that by Chevalley’s theorem [Bor91, Corollary 7.9] any
proper, Q,-Lie subalgebra of gg, is contained in the Lie algebra of a proper, connected
algebraic subgroup X of G defined over Q,. These statements do not say anything non-
trivial about open subgroups. Recall that the level of an open subgroup H of G(Z,) is
defined as min{/ = p" > 1 : K, (/) C H}. Our first main result (Theorem 3.1) says that if
G is simply connected then there exist constants J > 1 and ¢ > 0, depending only on G,
such that any open subgroup of G(Z,) of level p" admits an open subgroup of index < J
which is contained in (X (Q,) N G(Z,)K,(p [en1y for some proper, connected algebraic
subgroup X of G defined over Q,,.

Simple considerations show that it is not possible to take ¢ = 1 here, and that in fact
necessarily ¢ < 1/2 for every G (cf. Remark 2.3 and Lemma 2.20). The question of the
optimal value of ¢ for a given G (or of the optimal asymptotic value as n — 00) remains
unresolved except in the case of G = SL(2) (cf. Lemma 2.21).

We also have a variant of Theorem 3.1 (Theorem 2.2) for subgroups of the pro-p
groups K, (p), where p’ = p if p is odd and p’ = 4 if p = 2. Here G need not be
simply connected, and we do not need to pass to a finite index subgroup. In fact, we
first prove Theorem 2.2 in §2 and then modify our arguments to deal with arbitrary open
subgroups in §3. Our proofs are based on the general correspondence between (a large
class of) subgroups of K,(p’) and Z,-Lie subalgebras of p’ gz,- This correspondence
reduces Theorem 2.2 to a Zp-Lie algebra analog (Theorem 2.12). The latter is deduced
from a general lifting result of M. Greenberg [Gre74], which in the case at hand allows
one (under natural conditions) to lift Lie subalgebras modulo p" to Lie subalgebras in
characteristic zero. To infer Theorem 3.1 from Theorem 2.2 we use in addition the results
of Nori [Nor87] on the structure of finite subgroups of G(I,,) for large p.

The discussion above spurs the next result (§4) which is a natural correspondence
(valid for all p large enough with respect to G) between the set of Z,-Lie subalgebras
of gz, that are generated by residually nilpotent elements and the set of closed subgroups
of G(Z,) that are generated by residually unipotent elements. Note that the analogous
correspondence over IF,, is a consequence of Nori’s results, which not surprisingly play
an important role in the proof of the Z-analog. In addition, our theorem generalizes (and
relies on) the previously known correspondence between closed pro-p subgroups and Lie
subalgebras consisting of residually nilpotent elements, which is given by the application
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of the logarithm and exponential maps [I1a95, Klo05, GSKO09]. Apart from these results,
our proof of the correspondence uses Steinberg’s algebraicity theorem [Ste68, Theorem
13.3] and Jantzen’s semisimplicity theorem [Jan97] for characteristic p representations
of the groups X (IF,), where X is semisimple and simply connected over F,, as well as
the Curtis—Steinberg—Tits presentations of these groups [Ste62, Cur65, Ste81, Tit81]. Ina
somewhat different direction, results on closed subgroups of G(Z,) connected to Nori’s
theorems have been obtained by Larsen [Lar10].

As an application of the approximation theorems, we give in §5 a bound for the vol-
ume of the intersection of a conjugacy class in the profinite group G(Z) = ]_[p G(Zp)
with an arbitrary open subgroup. (The results of §4 are not logically necessary for either
Theorem 3.1 or this application.) The main technical result is Theorem 5.3 and the bound
in question is given in Corollary 5.8 (which is stated for a slightly more general class of
groups G). In Corollary 5.9, we give a variant of this result which deals with arithmetic
lattices in semisimple Lie groups. We note that essentially the same result has been ob-
tained independently in [AB™ 17, §5] by a different method. A rough form of the resulting
bound can be stated as follows. For an arbitrary group I', a finite index subgroup A, and
an element y € I set

ca(y) =18 eT/A : 87 ys e A},

which is also the number of fixed points of y in the permutation representation of I on
the finite set I'/A. Let G be semisimple and simply connected and assume that the group
H(R) is compact for no Q-simple factor H of G. Let K = G(Z) C G(Agy) and let
I' = G(Z) = G(Q) N K, which is an arithmetic lattice in the connected semisimple Lie
group G (R). For any open subgroup K C Klet A = G(Q) N K be the associated finite
index subgroup of I". By definition, these subgroups are the congruence subgroups of I.
Then there exists a constant ¢ > 0, depending only on I', such that for all congruence
subgroups A of I' and all y € T that are not contained in any proper normal subgroup
of G (which we may assume to be defined over Q) we have

ca(y)
[T : A]

Lr,y [T A%

Moreover, we can also control the dependence of the implied constant on y very explic-
itly. In the companion paper [FL15] we use this result to extend the (partly conditional)
results of [FLM15] about limit multiplicities for subgroups of the lattice I" from the case
of principal congruence subgroups to arbitrary congruence subgroups.

The appendix contains some elementary bounds on the number of solutions of poly-
nomial congruences that are needed in §5. These results are probably well known but we
were unable to retrieve them in the literature in a form convenient for us.

It would be of interest to study the case of groups defined over function fields over
finite fields and over the corresponding local fields (cf. [LS94, BS97, ANS03]). We do
not say anything about this here.
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2. The pro-p approximation theorem

2.1. The general setup

Throughout §§2—4 (except for §2.4, where we consider a more general situation)
let G = Gg be a connected semisimple algebraic group defined over Q, together
with a fixed embedding pg : G — GL(Np) defined over Q. (Actually, only the
image of po inside GL(Np) is relevant for our purposes.) The choice of pp en-
dows G with the structure of a flat group scheme over Z, which we denote by Gz.
Concretely, it is given as Spec Z[GL(No)]/(I N Z[GL(Ny)]), where R[GL(Np)] =
Rly, xij,i,j=1,..., No]/(1 — ydetx) for any ring R, and [ is the ideal of Q[GL(No)]
defining the image of pg. If R is a ring which is flat over Z, i.e., the total quotient ring
Q(R) is a Q-algebra, then G(R) = {g € G(Q(R)) : po(g) € GL(Ny, R)}. For any
commutative ring R let Gg = Gz x Spec R be the base extension to R of the group
scheme Gyz. If R is a field of characteristic zero, then G is a connected semisimple
group over R. For almost all primes p, the group scheme Gz, is smooth over Z;, and G,
is a connected semisimple group defined over IF, [Tit79, §3.8.1, §3.9.1].

Note that we can always choose pg such that G is smooth over Z, and therefore smooth
over Z, for all p. (Indeed, by [Tit79, §3.4.1], for each p there exists a smooth group
scheme over Zj, with generic fiber Gg,, and we can glue these as in [Gro96] to obtain
a smooth Z-model for G.) However, only under strong restrictions on G it is possible to
have G smooth over Z and G ) connected semisimple for all p [Gro96].

For each prime p we set

K, = G(Zp) = {g € G(Qp) : po(g) € GL(No, Zp)},

a compact open subgroup of G(Q,). The principal congruence subgroups of K,, are de-
fined by

K, (p") :=Ker(G(Zp) - G(Z/p"ZL)) = {g € K : po(g) =1 (mod p*)}, n=1.

They are clearly pro-p normal subgroups of K, and form a neighborhood base of the
identity element. For n = 0 we set K, (1) := K,,.

Definition 2.1. Let H be an open subgroup of K,,. The level of H is
min{g = p" : K,(q) C H}.

The main result of this section is the following theorem on open subgroups of the pro-p
groups K, (p’) where p’ = p if pis odd and p’ = 4 if p = 2. As usual, we denote by
Lx] (resp., [x]) the largest integer < x (resp., the smallest integer > x).

Theorem 2.2. There exists a constant ¢ > 0, depending only on G and pg, such that
for any prime p and any open subgroup H C K,(p’) of level p" there exists a proper,
connected algebraic subgroup X of G defined over Q,, such that

H C (X(@Q,) NK,(p))K,(p').
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Alternatively, we can reformulate the theorem as a statement on the projective system
consisting of the finite groups G(Z/p"Z) and the canonical reduction homomorphisms
Tnm - GZ/p"ZL) — G(Z/p™Z), n > m. Note that K, = l(iLnG(Z/p”Z). We write
T o, for the reduction homomorphism K, — G(Z/p"Z). A subgroup H of G(Z/p"7Z)
is called essential if it is not the pullback via m, ,—1 of a subgroup of G(Z/ p7), ie.
if H does not contain the kernel of 7n.n—1. Then an equivalent form of Theorem 2.2 is

Theorem 2.2'. There exists a constant ¢ > 0, depending only on G and po, such that
for any prime p, any integer n > 1 and any essential subgroup H of Toon (Kp(p')) C
G(Z/ p"Z) there exists a proper, connected algebraic subgroup X of G defined over Q,
such that TTn,[en] (H) C oo, [en] (X(Qp) N Kp(p/))-

Note here that if Gz, is smooth (which is the case for almost all p) then the p-group
Too,n (Kp ( p')) coincides with the kernel of the homomorphism Tne, GZ/p"7) —
G(Z/p'Z) where €, = 1 if p is odd and €; = 2.

Remark 2.3. In the statement of Theorem 2.2 there is no harm in assuming that n > ng
for some fixed positive integer ny depending only on G. In fact, for any integer n > 1
let v(n) be the largest integer v such that for any p and any open subgroup H C K, (p")
of level p" there exists a proper, connected algebraic subgroup X of G defined over Q,
such that H C (X(Q,) NK,(p")K,(p"). Then the content of Theorem 2.2 is that e :=
liminf,, o v(n)/n > 0. It is natural to ask what more can be said about ¢¢. It is easy
to see that eg < 1/2 for any G (see Lemma 2.20 below). Thus, the introduction of the
factor K, ( pleny instead of K, (p") is essential for Theorem 2.2 to hold. For G = SL(2)
we have e = 1/2 (see Lemma 2.21 below). With our current knowledge we cannot rule
out the possibility that g = 1/2 for all G. However, our method of proof falls short of
even proving that ¢ is bounded away from 0 independently of G.

Theorem 2.2 will be proved in §2.3.

2.2. Uniform pro-p groups

A key ingredient in the proof of Theorem 2.2 is a linearization argument. In order to
carry it out, we need to recall some further structural properties of the congruence sub-
groups K, (p"). We first recall some standard terminology and basic results from [DST99]
which have their root in the fundamental work of Lazard [Laz65].

For any group H and any integer n we write H = {x" : x € H} and denote by H"
the group generated by H . We will use the standard notation [x, y] = xyx~'y~! for
the commutator. Also, for any subgroups Hy, H> of H we write [ H1, H>] for the subgroup
generated by the commutators [h1, h2], by € Hy, hy € H;.

In the following, all pro-p groups that we consider will be implicitly assumed to be
topologically finitely generated.

Definition 2.4. Let L be a pro-p group.

(1) L is called powerful it [L, L] C L”'.

(2) L is called uniformly powerful (or simply uniform) if it is powerful and torsion-free
(cf. [DS199, Theorem 4.5]).
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(3) The rank of L is the smallest integer n such that every closed (or alternatively by
[DS'99, Proposition 3.11], every open) subgroup of L can be topologically generated
by n elements. '

(4) A subgroup S of L is called isolated if the only elements x € L with x? € S are the
elements of S.

Similarly, a free Z,-Lie algebra M of finite rank is called powerful if [M, M] C p’M and
a subalgebra S of M is called isolated if x € M and px € S implies x € S.

The prime examples of uniform pro-p groups [DST99, Theorem 5.2] are the groups
I'(No, p") = {g € GL(No, Zp) : g = 1 (mod p")},  n > €p.

We list the following properties of powerful and uniform pro-p groups. (The unreferenced
parts are clear.)

Lemma 2.5. (1) ([DST99, Theorem 3.6 and Proposition 1.16]) If L is a powerful pro-
p group then LP" = LP'} i > 0. These groups form a neighborhood base of the
identity.

(2) ([DS*99, Theorem 3.8]) The rank of a uniform pro-p group L is the minimum num-
ber of generators of L, which is also the dimension of the IF,-vector space L/LP.

(3) Let L be a free Zy-module of finite rank. Then the map U — U N L defines a
bijection between the set of vector subspaces of the Q,-vector space L ® Q) and
the set of isolated Z,-submodules of L. Moreover, if L is a Zp-Lie algebra then this
map induces a bijection between the Q,-Lie subalgebras of L ® Q) and the isolated
closed Lie subalgebras of L.

(4) Anisolated subgroup of a uniform group is uniform. Similarly, an isolated subalgebra
of a powerful Lie algebra is powerful.

(5) The only isolated open subgroup of a pro-p group L is the group L itself.

(6) ([DS199, Theorem 3.10]) For any positive integer d there exists a non-negative
integer N = N(d) (in fact, we may take N(d) = d([log, d] + €, — 1)) such that
any open subgroup H of a uniform pro-p group L of rank d contains a uniform
cha;’lacteristic open subgroup V of index < pN@ (which implies in particular that
HP CV).

For any commutative ring R let gl(Np, R) be the Lie algebra of Ny x Ny matrices over R
with the usual Lie bracket. Let g be the Lie algebra of G over Q, regarded as a subalgebra
of gl(Ng, Q), and let g7 = g N gl(No, Z) be its Z-form, which is a free Z-module of rank
d =dimG. Let gr = gz ® R for any ring R.

Let exp and log be the power series expx = ZZ‘;O x"/n! and logx =
— Y2 (1 — x)"/n, whenever convergent.

If F is a field of characteristic zero and £ € gl(Ng, F'), then for any regular func-
tion f on GL(Np) over F' we can form the formal power series f(exp(&)) € F[[t]]. The
following lemma is probably well known. For convenience we provide a proof.

! We say that L is of infinite rank if no such integer exists. In this paper, we will only work with
pro-p groups of finite rank.
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Lemma 2.6. Let X be an algebraic subgroup of GL(Ny) defined over a field F of char-
acteristic zero and Ir(X) the ideal of all regular functions on GL(Ny) over F vanish-
ing on X. Let £ € gl(No, F). Then & € Lier X if and only if the formal power series
f(exp(t&€)) € F[[t]] vanishes for all f € Ir(X).

In particular, if F = Q, and & € gl(No, Qp) is such that the power series exp(t§)
converges for all t € Zp, then § € Lieg, X is equivalent to exp§ € X (Q)).

Proof. Using the notation of [Bor91, §3.7], we have the differentiation formula

d
778(€xp(t8)) = (g &) (exp(t£))

for any regular function g on GL(Np) over F. To see this, write g(x - y) = Y, u; (x)v; (y)
with regular functions #; and v; as in loc. cit., which gives the relation g(exp((¢] + #2)£))
= Zi u; (exp(t1€))v; (exp(12€)) in F[[t1, t2]]. Taking the derivative with respect to t»
at 1 = 0 yields 4 g(exp(t€)limy = Y ui(exp(t1&)(Ev) = (g * £)(exp(11€)) (by
formula (2) in loc. cit.), as claimed.

It follows that the coefficient of ' in the power series of f(exp(t£)) is ll, fi(1) where
fo= fand f; = fi—1 x&,i > 0. By [Bor91, Proposition 3.8(ii)], for f € Ir(X) and
& € Lier X the functions f; vanish on X for all i, whence the ‘only if” part of the lemma.
For the ‘if’ part, note that the vanishing of f(exp(z£)) for all f € Ir(X) implies the
vanishing of the linear terms of these series, i.e., of £f = (f * £)(1), for all such f. By
[Bor91, Proposition 3.8(i)], this gives & € Lier X.

The last assertion follows since a convergent power series on Z,, which vanishes on
the rational integers is identically zero. O

If Aand Baresetsand f : A — B and g : B — A are functions, we write
f
A= B
g

to mean that f and g are mutually inverse bijections, i.e., go f =14 and fo g = 15.
The following proposition summarizes the correspondence between subgroups of
I'(No, p’) and Lie subalgebras of p’gl(No, Zp). It is discussed in [DST99].

Proposition 2.7. (1) ([DS™99, Proposition 6.22 and Corollary 6.25]) The power series
exp and log converge on the Z,-Lie algebra p'gl(No, Zp) and the uniform group
' (N, p’) respectively and define mutually inverse bijections
exp
P'olNo, Zp) =T (No, p').
(2) The maps exp and log induce mutually inverse bijections
exp
p'gU(No. Zp)/ p" gU(No, Zp) \r—g‘ [(No, p)/T(No, p"),  n = €.

(3) ([DS*99, Corollary 7.14 and Theorem 9.10]) Applying the maps exp and log to sub-
sets gives rise to bijections

{powerful closed Lie subalgebras of p’gl(Ny, Zp)}

exp
1\=‘ {uniform closed subgroups of T'(Ny, p))}.
og
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(4) ([DS™99, Theorem 4.17 and scholium to Theorem 9.10]) Under these bijections the
rank of a uniform subgroup H of T'(No, p’) is dimg, log H ® Q), and

{isolated closed Lie subalgebras of p'gl(No, Zp)}

exp
1\=‘ {isolated closed subgroups of T (N, .
og

(5) For any algebraic subgroup X of GL(Ny) defined over Q, we have
exp(Lieg, X N p"gl(No, Zp)) = X(Qp) NT'(No, p"), 1= ¢p.
In particular, for all n > €, we have exp(p"gz,) = Ky (p") and K, (p") is a uniform
group.

Remark 2.8. In §3 we will consider the exponential and logarithm maps on larger do-
mains, provided that p is sufficiently large with respect to Ny.

Proof of Proposition 2.7. To prove (2), we need to show that

exp(p'x + p"y) = exp(p'x) (mod p"gl(No, Zp))

for any x,y € gl(No, Zp) and n > €,. Expanding the power series as an infinite linear
combination of products of x and y (which in general do not commute), it is enough to
show that

—vpk) + €,k —i)+ni >n

for any 0 < i < k. Equivalently,

vpk) <n(i — 1) + €,k — i),
which holds since v, (k!) < (k= D)/(p—D=0G—-1D/(p—D + *k—i)/(p—1) and
1/(p — 1) < n, €,. Similarly, the weaker inequality

—vp(k) +€pk —i)+ni >n

shows that

log((1 + p'x)(1 + p"y)) = log(1 + p'x) (mod p"gl(No, Z,))

for any x, y € gl(No,Zp) and n > €,. Hence (2) follows. (Alternatively, this part also

follows from [DS'99, Theorem 5.2 and Corollary 7.14] together with the first part of
[DS*99, Corollary 4.15].)

Given (1), part (5) follows from Lemma 2.6 applied to the elements of p"gl(No, Zj).

O

Remark 2.9. In fact, one can intrinsically endow any uniform pro- p group with the struc-
ture of a Lie algebra over Z, which is free of finite rank as a Z,-module [DS199, §4.5]
and from which we can recover the group structure. We will not recall this construction
here, since for our purposes it is advantageous to use the realization of the Lie algebra
inside a matrix space via pg (cf. [DST99, §7.2]).

We can immediately deduce analogous results for subgroups of K, (p").
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Proposition 2.10. (1) The maps exp and log induce mutually inverse bijections
/ n o0 / n
p'9z,/r" 9z, o Ky (P)/Kp(p"), n=ep.
(2) The application of exp and log to subsets gives rise to bijections

{powerful closed Lie subalgebras of p'gzp}

€X]

P
1‘:\ {uniform closed subgroups of X, (p')}
og

and
{isolated closed Lie subalgebras ofp/gzp}

exp
1\:\ {isolated closed subgroups of K,(p)}.
og

(3) For any algebraic subgroup X of G defined over Q, we have
exp(Lieg, X N p"gz,) = X(Q,) NK,(p"), n>e¢p.

Remark 2.11. In general, a closed subgroup of K, (p’) is not necessarily uniform. Nev-
ertheless, by a result of Tlani [11a95] (combined with [DS*99, Corollary 7.14]) for p >
dim G the application of exp and log to subsets gives rise to bijections
{closed Lie subalgebras of p'gz,} % {closed subgroups of K, (p")}.
(]

If moreover p > No+ 1, then this bijection can be extended to all closed pro- p subgroups
of K, [Klo05, GSKO09]. See §4, where we also give a further generalization that is valid
for all p large enough with respect to G.

Note that Ilani’s theorem implies (together with Proposition 2.7(2)) that for p >
dim G we have [K,(p) : H] > p"~! for all open subgroups H of K, (p) of level p". If
G is simply connected and p is sufficiently large, then by [LS03, Window 9, Lemma 5]

for any proper open subgroup H of K,, the image H of H in GF,) ~K,/K,(p)
is a proper subgroup of G(IF,).  (2.1)

Since G(IF,) is generated by elements of p-power order, we have [G(F),) : H] > p,and
soif H is of level p",n > 1, then [K,, : H] = [G(F)) : I-_I][Kp(p) cHNK,(p)] = p",
which is a well-known result of Lubotzky [Lub95, Lemma 1.6]. By Lemma 2.5(6) and
Proposition 2.10, for every p we have at least [K, : H] > cp”" for all open subgroups H
of K, of level p", where ¢ > 0 depends only on G.

2.3. Proof of Theorem 2.2

The essential step in the proof of Theorem 2.2 is to establish the following Lie algebra
analog. If L, is a free Z,-module of finite rank, we say that an open submodule M C L,
has [evel p" if n is the minimal integer such that p"L, C M.
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Theorem 2.12. Let L be a Lie algebra over Z which is free of finite rank as a Z-module.
Then there exist an integer D > 0 and a constant 0 < & < 1 with the following property.
For any prime p and an open Lie subalgebra M C L, = L ® Z, of level p", where
n > v,(D), there exists a proper, isolated closed subalgebra I of L, such that M C
I+ pleniLy,

Before proving Theorem 2.12 we show how it implies Theorem 2.2.

Proof of Theorem 2.2. As in Remark 2.3, we are free to assume throughout that n > ny,
where ng depends only on G (and will be determined below).

Let H C K, (p’) be an arbitrary subgroup of level p” and V C H a uniform subgroup
as in Lemma 2.5(6). Clearly, V has level at least p”. Since V is uniform, log V is by
Proposition 2.10(2) a Lie subalgebra of p’ 9z, of level at least p" (inside gz,). We now
apply Theorem 2.12 to L = gz and M = logV, and obtain for n > v, (D) a proper,
isolated closed subalgebra I of gz, with

[en]
logV C I+ p'“gz,.
Since V D H{”N}, where N = N(dim G) depends only on G, we get
pNlogH = logH{pN} cl+ pmﬂgzp,
and hence if [en] > N + €, the set log H is contained in
@QpI +p"*" Naz )y p'gz, = p'I + pl =N

where the last equality holds since / is isolated in gz,,. It follows from Proposition 2.10(1)
that

gZp’

H =explog H C exp(p' K, (p'*"1=V). (2.2)

Using the notation of [Bor91, §7.1], let X = A(Q,1) be the smallest algebraic sub-

group of G defined over Q,, such that Lieg, X D Q,/. Note that X is connected and that

its Lie algebra Lieg, X = a(Qp1) is the smallest algebraic subalgebra of g, containing

the proper subalgebra Q1. Since gg, is semisimple,” it follows from [Bor91, Corol-

lary 7.9] that Lieg, X is still a proper subalgebra of gq,, and we may therefore replace /
by Lieg, X N gz,,. Combining Proposition 2.10(3) with (2.2), we obtain

H C (X(@Qp) NK,(p")K,(p1=N).

Since we are free to replace ¢ by a smaller positive constant, the conclusion of Theorem
2.2 follows. O

Remark 2.13. If p > dim G then using Ilani’s theorem (see Remark 2.11) we can avoid
using V in the argument above and keep the same value of ¢ as in Theorem 2.12.

It remains to prove Theorem 2.12. We first need an abstract lifting result for isolated
subalgebras.

2 This is the only place in the proof where we use the semisimplicity of G.
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Lemma 2.14. Let L be a Lie algebra over 7. which is free of rank d as a Z-module. Then
there exist an integer D1 > 0 and a constant 0 < g1 < 1 with the following property. Let
pbeaprimeandr =1, ...,d— 1. Assume that x1, . .., x, are elements of L, = L @ Z,
which are linearly independent modulo p and satisfy

-
[x,-,xj]GZprk+vap, l<ij=r
k=1

with v > v, (D). Then there exist y1, ...,y € L, such that y; = x; (mod plevly and
I =Zpy1 + -+ Zpy, is an isolated closed subalgebra of L, of rank r.

Remark 2.15. An analogous result in the archimedean case was proved in [EMV09]
using the Lojasiewicz inequality.

The proof is an application of the following general lifting theorem of M. Greenberg
[Gre74].

Theorem 2.16 (Greenberg). Let fi, ..., fin be polynomials in N variables over Z. Then

there exist positive integers C and D with the following property. Suppose that x1, ..., XN
€ Zp and v > v, (D) are such that f;i(x1,...,xy) = 0 (mod p") for all i. Then there
exist y1, ..., yn € Zp such that y; = x; (mod pl=vrPV/Cly and fi(y1,...,yn) =0
foralli.

Remark 2.17. If the affine variety over Q defined by fi, ..., f;; is smooth, then the
proof in [Gre74] shows that we can in fact take C = 1 (cf. [Gre66], where the analogous
result over Zj, is credited to Néron). The point of Theorem 2.16 is that it holds without
any restriction on fi, ..., fi.

Proof of Lemma 2.14. By fixing a Z-basis for L, we can identify L with Z?. The space
of k-tuples (x, ..., xx) of vectors in L ® (Q can then be identified with an affine space Xy
of dimension kd. For any subset S C {1, ..., d} of cardinality k let Dg(y1, ..., yx) be
the corresponding k x k-minor of the k x d-matrix formed by the vectors y;, ..., yx € L.

In the statement of the lemma we can clearly fix 1 <r < d.Letk = r+1 and consider
the polynomials f;; s(x1,...,x,) := Ds(x1, ..., %, [x;, x;]) on X, forall 1 <i,j <r
and subsets S C {1, ..., d} of cardinality k. These polynomials have coefficients in Z
and they define a closed subvariety V, of X,.

Whenever x1, ..., x, € L, are linearly independent, and (x1, ..., x,) € V.(Q,), the
associated free Zp-submodule M = Z,x1 @ - - - @ Zpx, of L), (of rank r) is a closed Lie
subalgebra. If furthermore the reductions modulo p of the vectors x, ..., x, are already
linearly independent, then M = Z,x| @ - - - @ Z,x, is an isolated closed Lie subalgebra
of Lp.

Letnow x1, ..., X, € L, be as in the statement of Lemma 2.14. Then f;; s(x1, ..., x;)
= 0 (mod p") for all i, j and S. By Theorem 2.16 applied to the polynomials f;; s, if
v > v, (D) there exists (y1, ..., yr) € V:(Qp) with y; = x; (mod p*), where

_ "v—v,,(D)—‘ - " v —‘
=17 ¢ [Tl cronm |
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In particular, the vectors yi, ..., y, are congruent modulo p to the vectors xi, ..., X,
which implies that they are linearly independent modulo p. Hence I = Z,y1®---®Z,y;,
is an isolated closed Lie subalgebra of L,. We obtain the assertion of the lemma with
e1 = (C +max, v,(D))~. o

Proof of Theorem 2.12. Let M be an open Lie subalgebra of L, of level p". In particular,
M is a Zp,-submodule of finite index. By the elementary divisor theorem, there exist a Z-
basis xp, ..., xq of L, and integers 0 < j < -+ < oy such that (p® x;)1<;<q is a basis
of M. The fact that M is of level p”" means that oy = n.

Fix an arbitrary constant 0 < ¢ < 1/2. Let 0 < r < d — 1 be the maximal index such
that o < cor41, if such an index exists; otherwise set » = 0. Note that

i1 > Coppn > > oy =

Write [x;, x;] = Zk cijkxx with ¢;jx € Zp,. Since M is a Lie subalgebra of L, we
have p®*%c;jx € p*Z,. Fori,j < r and k > r we obtain ¢;jx € p* *~%Z, C
por+172% 7, Here,

g1 — 20, > (1 = 20)ar4 > (1 —20)c " n.

Summing up, we obtain the existence of 0 < r < d — 1 such that [x;, x;] €
Y k1 Zpxi + p’Lfor 1 <i, j <r, where

v=T(1=20)c"""n]. (2.3)

We may apply Lemma 2.14 to the elements x1, ..., x, and obtain an isolated Lie subal-
gebra I = Zpy1 @ --- ® Zpy, of L, with x; = y; (mod p[g'”) whenever v > v, (D).
The last condition is evidently satisfied when n > v,(D), where D = D{ with
e =[(1—2¢)"'c'=4]. Under this condition we get

MCprlGB"'GBprr—l—pa’“LCl—i—p(’s"]L

d—r—1

fore = &1(1 — 2¢)c?™!, since Urq1 > C n > en. ]

We remark that Theorem 2.12 admits a local counterpart:

Theorem 2.18. Let p be a prime number and let L be a Lie algebra over Z, which is free
of finite rank as a Z,-module. Then there exist an integer ng > 0 and a constant0 < ¢ <1
with the following property. For any open Lie subalgebra M C L of level p", where
n > n, there exists a proper, isolated closed subalgebra I of L such that M C [+ pl¢"1L.

The proof is the same except that we use the natural variant of Theorem 2.16 where the
ring Z is replaced by Zj, (this variant is contained in [Gre74], but also already in [Gre66,
Theorem 1]). For our purposes, the additional uniformity in p of ¢ and ng in Theorem
2.12 is important.

Similarly, we have the following analog of Theorem 2.2 for arbitrary uniform pro-p
groups.
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Theorem 2.19. Let L be a uniform pro-p group. Then there exist an integer noy > 0 and
a constant 0 < ¢ < 1 such that for any open subgroup H of L with n = min{m > 0 :

LP" C HY} > ng there exists a proper, isolated closed subgroup I of L with H C IL? e,
Proof. Let H be a subgroup of L, and let n be as above. We use the Lie algebra structure
on L (and in particular the additive structure) defined in [DS™99, §4]. In particular, x™ =
mx forany x € L andm € Z [DST99, Lemma 4.14]. Let V C H be as in Lemma 2.5(6).
Since V is uniform, it is a Lie subalgebra of L of level > p" [DS199, Theorem 9.10]. By
Theorem 2.18, there exists a proper, isolated closed subalgebra I of L such that

Vcl+pEiL.
Since V D H“’N} = pNH,we get
pNH c I+ pleiL,

and hence, if [en] > N,
Hcl+pem=Np,
since [ is isolated in L. For any integer m > 0 the identity map induces a bijection

between the quotient group L/LP" and the quotient L/p™ L with respect to the additive
structure on L [DS199, Corollary 4.15]. We obtain

HciLr™ ™",

from which the theorem follows. (Recall that by [DS'99, Scholium to Theorem 9.10],
I is an isolated subgroup of L.) O

We end up the discussion of Theorem 2.2 with a couple of comments about the func-
tion v(n) and the number £ of Remark 2.3 above.

Lemma 2.20. We have v(n) < [n/2], and hence eg < 1/2.

Proof. Forn > 2¢, — 1 the logarithm map induces an isomorphism
K, (p"""?1) /K, (p") =~ pI"* gz, /p" 9z, ~ 92,/ P H ez,

of abelian groups. (To see this, note that logx = x — 1 — % (mod p™) and therefore
log(xy) = logx + log y (mod p") for x, y € I'(Ny, p""/?1). The bijectivity follows from
Proposition 2.10(1).)

Therefore, the map H +— p~"/2llog H gives rise to a bijection between the
open subgroups of K, (p?hy c K, (p') of level p" and the essential subgroups of
9z, /pl/3 9z, 1.e., those which do not contain pln/2i-1 9z, /pl/3 97,

Assume on the contrary that v = v(n) > [n/2]. Then it follows from this discus-
sion and Proposition 2.10 that every essential subgroup H of 9z,/ pln/2] gz, is contained
in (Lieg, X Ngz,) + p"~1"/*gz,/p"/* gz, for some proper, connected algebraic sub-
group X of G. Equivalently, the projection of H to 9z, / pr=n/21 gz, is contained in
the reduction modulo p”~["/21 of Lieg, X N gz,, which is a proper Lie subalgebra of
9z, / pvn/2l gz,,- Considering the subgroups H obtained as kernels of arbitrary surjec-
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tive group homomorphisms gz, /p'"/*! gz, — Z/p'"/*17Z, one sees that at least for al-
most all p this is impossible.
We conclude that v(n) < [n/2]. ]

In general, the proof of Theorem 2.12 does not give a good value for ¢¢, since we used
Greenberg’s theorem to lift a Lie algebra modulo p" to characteristic zero. We note how-
ever that for L = sl,(Z) and p odd one gets the optimal value (and even for p = 2 we
get an almost optimal result).

Lemma 2.21. Consider the Lie algebra L = sly(Z). Then for p odd, the conclusion
of Theorem 2.12 is true for all n > 0 with ¢ = 1/2, which is optimal. Similarly, the
conclusion of Theorem 2.2 holds for G = SL(2) over Z and all odd primes p with
e=1/2.

For p = 2, the conclusion of Theorem 2.12 holds for all n > 3 with [en] replaced
by [n/2]1 — 1. We have v(n) > [n/2] — 10 for G = SL(2) over Z, and in particular
e =1/23

Proof. Consider an open Lie subalgebra M = p*'Z,x; & p**Z,x» & p"Zpx3 of L,
where x1, x2, x3 form a Z,-basis of L, and 0 < a1 < @z < n. Assume first that p is odd.
Ifoy > n/2weset I = Zpyx1 and obtain M C I+ p* L. Otherwise, the rank two isolated
submodule J = Zp,x| @ Zpx2 of L, maps to a Lie subalgebra of L/p"~*'~%2 L, where
n —ay — az > 0. We claim that we can lift J to a rank two isolated subalgebra I C L,
with J +p"™ %179 L, = I+ p"~*1 7% L, Granted this claim, we get M C I+ p"~*2L,,.
Thus, in both cases we have M C I + p["/ 2L p- The statement for SL(2) follows then
from Remark 2.13.

For p = 2 we modify the argument slightly and distinguish the cases o > n/2 — 1
(which is treated as before) and oy < n/2—1. In the latter case J maps to a Lie subalgebra
of L/2"L withm = n —a; —az > n — 22 > 2, and we claim that there exists
a rank two isolated subalgebra I C L, with J + 2m=21, = | 4+ 2"~2L,. We obtain
M c I +2M/21=1], The statement for SL(2) follows from the proof of Theorem 2.2,
noting that we can take N = N(3) = 9 in Lemma 2.5(6).

It remains to establish our claim on the lifting of subalgebras (for arbitrary p). We may
parametrize rank two isolated submodules J of L, by elements ¢ = (¢} Z,) € sL(Qp)
with min(v, (2¢1), vp(c2), vp(c3)) = 0, considered up to multiplication by scalars in Zlf,
by setting J = J(c¢) = {x € L, : tr(cx) = 0}. It is easy to check that the submodule
J(c) is a Lie subalgebra of L, if and only if 2 tr(c?) = (2¢1)? + 4caez = 0, and that for
m > 1 the module J(c) maps to a Lie subalgebra of L,/p™ L, if and only if 2tr(c?) =
(2¢1)? + 4caez = 0 (mod p™). For p > 2 the quadric defined by this equation is smooth
over Zp, and points modulo p™ lift to Z,-points. For p = 2 it is easy to see that for
m > 3, points modulo 2™ are congruent modulo 2"~ to Z,-points. Therefore, whenever
J (c) maps to a Lie subalgebra modulo p™, there exists a rank two isolated Lie subalgebra
I C L, with J(¢)+p™L, = I+ p™L, for p odd (resp., J(c) +2" 2Ly = [ +2" 2L,
for p = 2). O

3 Using [CP84, Proposition 2.9, Theorem 2.10] instead of Lemma 2.5, one may improve this
bound to v(n) > [(n — 3)/2]. We omit the details.
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As one sees from the proof, it is not difficult to obtain an explicit parametrization of open
Lie subalgebras of sl(Z),) and of open subgroups of the principal congruence subgroups
of SL(2,Z,), at least for odd p. For more details and the explicit computation of the
corresponding counting functions see [11a99, dS00, dST02, KV09].

2.4. A finiteness property for maximal connected algebraic subgroups

For a linear algebraic group G defined over a field F and a field extension E D F, we
denote by MSGRE(G) the set of maximal (proper) connected algebraic subgroups of
G defined over E. Note that in the statement of Theorem 2.2 we can clearly take X to
be in MSGRq, (G). As a supplement to this theorem, we now consider a certain simple
finiteness property of the family MSGRq, (G) of algebraic groups, where p ranges over
all prime numbers. This property is crucial for the application of our results in §5 below.

We first quote a basic finiteness property of affine varieties [Sei74, §65]. Denote by
A’y = Spec R[x1, ..., x,] the n-dimensional affine space over a ring R.

Lemma 2.22 (Seidenberg). Letn and d be positive integers. Then there exists a constant
C = C(n, d) with the following property. Let F be an algebraically closed field and let
V be a closed subvariety of A, whose defining ideal 1(V) is generated in degrees < d.
Then the number of irreducible components of V is at most C and the defining ideal of
any irreducible component is generated in degrees < C. Moreover, whenever I is an
arbitrary ideal of F[X1, ..., X,] generated in degrees < d, the radical ﬁ which is the
defining ideal of the zero set of 1, is generated in degrees < C.

Remark 2.23. Let F be an arbitrary field and V be a closed subvariety of A’} defined

over F with defining ideal I (V) C F[X1,..., X,]. Then the following are equivalent:

e Theideal IF(V) = I(V)N F[Xy,...,X,] C F[Xy, ..., X,]is generated in degrees
<d.

e [(V) is generated in degrees < d.

This is simply because / (V) is generated as an F-vector space by I (V).

Definition 2.24. Let Y = Spec A be an affine scheme over aring R. An admissible family
X is a family of pairs (E, X), where E is a field together with a ring homomorphism
R — E,and X C Yg =Y Xgpec g Spec E is a closed subscheme. We say that X" is (BG)
(boundedly generated) if there exists a finitely generated R-submodule M C A such that
forall (E, X) € X the defining ideal /£ (X) of the subscheme X is generated by elements
of M Qr E.

Remark 2.25. If Y is of finite type over R, then we can reformulate this definition as
follows. Fix a closed embedding of Y into A’ (equivalently, a choice of generators
ai,...,a, of A as an R-algebra). We then have the corresponding closed embeddings
of Y into A’ for any E, and we can define the notion of the degree of a regular function
on Yg. An admissible family X" is (BG) if and only if there exists an integer N such that
for all (E, X) € X the defining ideal /g (X) is generated by regular functions defined
over E of degree at most N. Note that this property is actually independent of the choice
of embedding.
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We will mostly use this definition in the situation where we are given a linear algebraic
group G defined over a field F and a family of algebraic subgroups defined over field
extensions £ D F. We will also consider the case of a flat affine group scheme over Z
and of the fields £ =IF,, asin §2.1.

Lemma 2.26. Let G be an affine group scheme of finite type over a ring R and let X be
an admissible family such that for all (E, X) € X the base extension G g is geometrically
reduced (i.e., a linear algebraic group defined over E) and X is an algebraic subgroup
of Gg defined over E. Fix a closed embedding of G into A’y for some n. Then X is
(BG) if and only if there exist an integer N and for every (E, X) € X an E-rational
representation (p, V) of Gg, where V is an E-vector space, and a line D C V, such
that the matrix coefficients v¥ (p(g)v), v € V, v¥ € VV, have degree < N and X =
{g € GE : p(g)D = D}. Moreover, if this is the case, then we may require in addition
that p is injective, dim V < N and the associated orbit map G — P(V), g — p(g)D, is
separable, i.e., Lieg X = {v € gg : dp(v)D C D} [Bor91, Proposition 6.7].

Proof. The ‘only if” part (with the additional injectivity and separability conditions and
the boundedness of dim V') follows from [Bor91, proof of Theorem 5.1]. The main point
is the existence of an integer N’ such that for all (E, X) € X there exists a right G-
invariant E-subspace U of the space of regular functions on G g of degree < N’, which
generates the ideal of X. This claim follows from the proof of [Bor91, Proposition 1.9].
The representation p is then given as the direct sum of a suitable exterior power of U and
some injective representation pg. If we obtain the representation pp by the construction
of [Bor91, Proposition 1.10] from the coordinate functions provided by the fixed closed
embedding of G into A’} then the degrees of the matrix coefficients of pg and its dimen-
sion are bounded in terms of G. Therefore the degrees of the matrix coefficients of p and
its dimension are bounded in terms of G and N’.

To see the ‘if” part, note that the defining ideal I (X) of X over E is the radical of
the ideal generated by the matrix coefficients vV (p(g)v), v € D, v¥ € D+, and hence
by Lemma 2.22, I(X) is generated in degrees bounded in terms of G and N only. On
the other hand, 7 (X) is by assumption generated by regular functions defined over E. In
view of Remark 2.23, this shows that /g (X) is generated in degrees bounded in terms
of G and N. O

For the following lemma, recall that the connected component of the identity X° of an
algebraic group X defined over E is again defined over E [Bor91, Proposition 1.2].

Lemma 2.27. Let G and X be as in Lemma 2.26. Suppose that the family X is (BG).
Then the family {(E, X°) : (E, X) € X'} of its identity components is also (BG) and the
sizes of the component groups X/ X°, (E, X) € X, are bounded.

Proof. This follows immediately from Lemma 2.22. O

Lemma 2.28. Let G be an affine group scheme of finite type over a ring R, and &
a collection of perfect fields E together with homomorphisms R — E for which the
schemes G g are geometrically reduced. Then the family of all pairs (E, NG (U)), where
E € £ and U ranges over the subspaces of the E-vector space g = Lieg GRE, is (BG).
The family of all pairs (E, NG (U)®) is also (BG).
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Note here that Ng , (U) is defined over E because E is perfect.

Proof of Lemma 2.28. Letd = dim U and consider the d-th exterior power V; = /\d Ad
of the adjoint representation of G g. Then the group Ng, (U) is the stabilizer of the line
/\d U C Vg ® E (cf. [Bor91, §5.1, Lemma]). The degrees of the matrix coefficients of
the representations V; are clearly bounded in terms of G only. Hence we can use Lemma
2.26. The last assertion follows immediately from Lemma 2.27. O

Corollary 2.29. Let G be a semisimple algebraic group defined over a field F of char-
acteristic zero, and £ a collection of field extensions of F. Then the family

MAXe ={(E,X): E€ &, X €e MSGRE(G)}
is (BG).

By Remark 2.31 below, the analogous statement for G over R = Z (as in §2.1) and the
family {(Fp, X) : X € MSGRyF,(G)} is not true in general.

Proof of Corollary 2.29. Let E € £ and X € MSGRE(G). Consider the normalizer
N = Ng(p) of the Lie algebra ¢ of X. Since we are in characteristic zero, we have
N = Ng(X) D X.If N = G, then X is a normal subgroup of G, which cannot be
maximal, since G is semisimple. Therefore necessarily N° = X. It remains to apply
Lemma 2.28. ]

In fact, in the setting of Corollary 2.29 one can show a stronger finiteness property for
the family M.AX ¢. (This will not be used in what follows.) Let us say that a family X
satisfies (FC) if there exists a finite set S of subgroups of G z such that for any (£, X) € X
the group Xz is G (E)-conjugate to Y for some Y € S. (By Remark 2.23, this clearly
implies that X is (BG).) We claim that the following families satisfy (FC):

e {(E,X): E €&, X contains a maximal torus of G defined over E},
e {(E,X): E €&, X is a semisimple connected subgroup of G defined over E},
e MAX¢.

The first case follows from [Bor91, Corollary 11.3 and Proposition 13.20] (for any
field E). The second case follows from Richardson’s rigidity theorem [Ric67], or alter-
natively from Dynkin’s description of the connected semisimple subgroups over an alge-
braically closed field, which is based on the classification of semisimple groups [Dyn52b,
Dyn52a]. The third case follows from the first two together with the fact (valid for any
field E) that for X € MSGRE(G) there are three possibilities:

e X is not reductive,
e X is the centralizer of a torus defined over E,
e X is semisimple.

(To see this, note that for X reductive but not semisimple, Z(X)° is a non-trivial torus
defined over E [Bor91, Proposition 11.21, Theorem 18.2(ii)], and that X C C5(Z(X)°),
which is defined over E [Bor91, Corollary 9.2] and connected [Bor91, Corollary 11.12].
Therefore X = C(Z(X)°) and we are in the second case.) In the first case X is a maximal
parabolic subgroup of G g defined over E (see [Mor56]; in fact, by [BT71, Corollaire 3.3]
this is true for any perfect field E.)
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Remark 2.30. Corollary 2.29 does not hold in general if G is not semisimple. For ex-
ample, if G a torus of dimension > 2 which is split over E then MSGRE(G) is the set
of all codimension one subtori, and it is easy to see that this set is not (BG).

Remark 2.31. Corollary 2.29 does not hold in positive characteristic. Indeed, even if F
is algebraically closed the set MSGR r(G) may not be (BG) (see [LT04, Lemma 2.4] for
a description of MSGR (G) in this case). On the other hand, if G is a simple algebraic
group over (an algebraically closed field) F then the finiteness of the number of G (F)-
conjugacy classes in MSGREF(G) (or in fact, the finiteness of the number of G(F)-
conjugacy classes of maximal subgroups of G of positive dimension) has been established
in [LS04]. However, even in that case the set of all connected semisimple subgroups is
usually not (BG) (cf. [LT04, esp. Corollary 4.5]).

Remark 2.32. In the situation where F = Q and £ is the family of the p-adic fields
E = Q),, finiteness of Galois cohomology [PR94, Theorem 6.14] implies that each of the
sets MS QRQP (G) consists of finitely many classes under conjugation by G (Q,) (instead

of G(Q))).

3. The approximation theorem for open subgroups of G(Z,)

3.1. Statement of the result

Let G and pg be as in §2.1 above. We will now prove an extension of Theorem 2.2 to
arbitrary open subgroups of K, in the case where G is simply connected.

Theorem 3.1. Suppose that G is simply connected. Then there exist constants J > 1
and ¢ > 0, depending only on G and po, with the property that for every open subgroup
H C K, of level p" there exists a proper, connected algebraic subgroup X C G defined
over Q, such that [H : H N (X(Q,) NK,)K,(pl*"H] < J.

Remark 3.2. (1) Note that Theorem 3.1 implies the existence of an open normal sub-
group H' of H of index < J! which is contained in the group (X (Q,) N K,)K( plenhy,

(2) Tt is clear that just like Theorem 2.2, we can rephrase Theorem 3.1 in terms of
essential subgroups of the finite groups G(Z/p"Z). Note here that when Gz, is smooth
over Zjp (which is the case for almost all p), the reduction maps 7eo,» : K, — G(Z/p"Z)
are surjective for all n.

(3) As will be explained in §3.3 below, the case n = 1 (or n bounded) follows rather
directly from results of Nori on subgroups of G(IF,) [Nor87]. (A variant of these results
has been obtained independently by Gabber [Kat88, Ch. 12].)

3.2. Consequences of Nori’s Theorem

We first prove a corollary of an algebraization theorem of Nori for subgroups of G(F,)
[Nor87]. While this corollary is probably known (cf. [HP95, Proposition 8.1] for a less
explicit result), we include the deduction from Nori’s result (and Jordan’s classical theo-
rem on finite subgroups of GL(N, F) of order prime to the characteristic of F'), since we
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will use the essential part of the argument also in §3.3 below. One may in fact consider
the following as an introduction to the proof of Theorem 3.1. Also, for our application
in §5 below, Proposition 3.3 is in fact sufficient. Note that a more general algebraization
theorem for finite subgroups of GL(N, F), F an arbitrary field, has been obtained by
Larsen—Pink [LP11]. Of course, one can also deduce such theorems (with optimal con-
stants) from the classification of finite simple groups [Col07, Col08]. However, the proofs
of Nori and Larsen—Pink are independent of the classification.

We write n(G) for a constant (which may change from one occurrence to another)
depending only on G and py.

Note first that for p > n(G) the group scheme GZ,, is smooth over Z, and G]Fp is
semisimple and simply connected. In particular, for those p the reduction map K, —
G(F)) is surjective.

Proposition 3.3. Assume that G is simply connected. Then there exists a (BG) family X
such that for any prime p > n(G) and any proper subgroup H of G(IF)) there exists
(Fp, X) € X such that X is a proper, connected algebraic subgroup of Gy, defined
overFpand [H : HN X(Fp)] < n(G).

Remark 3.4. As above, we obtain from Proposition 3.3 the existence of a normal sub-
group H' of H of index < n(G) that is contained in the group X (Fp).

To prove the above proposition, we need to recall the results of Nori and Jordan. We will
use the following variant of Jordan’s theorem to deal with subgroups of order prime to p.

Proposition 3.5. For any integer n there exists a constant J = J(n) with the following
property. Let G be a reductive group defined over a field F with a faithful representation
of degree n. Then for all finite subgroups H of G(F) with char F 1 |H| there exists a
maximal torus T of G defined over F such that [H : HNT(F)] < J.

Proof. Jordan’s theorem implies the existence of an abelian subgroup of H of index at
most J'(n). On the other hand, by [BS53, BM55, SS70] we can embed any supersolvable
subgroup of G(F) into Ng(T)(F) for some maximal torus 7 of G defined over F. It
remains to note that the index [Ng(T) : T] is bounded in terms of the F-rank of G, i.e.,
in terms of n. m]

‘We now state Nori’s main result, which describes (for p > n(G)) the subgroups of G (FF,,)
generated by their elements of order p in terms of certain connected algebraic subgroups
of G defined over [, or equivalently in terms of certain Lie subalgebras of gr, . It is based
on the following construction. Recall the truncated logarithm and exponential functions

p—1 i p—1
1 —
log(”)X=—Z( ey = z,
=1 ! i b
which are defined over any ring in which the primes < p are invertible. Fix n and
let F be a field of characteristic p > n. Denote by gl(n, F)pjp (resp., GL(n, F)unip)

the set of nilpotent (resp., unipotent) elements of gl(n, F) (resp., GL(n, F)). Note that
ol(n, Fnip = {x € gl(n, F) : x? = 0} and GL(n, F)unip = {x € GL(n, F) : x? = 1}
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since p > n. Then
(p)
exp
gl(n, Fnitp \:(\ GL(n, F)unip-
log®

We say that an algebraic subgroup of GL(n) over F is exponentially generated
(exp. gen.) if it is generated by one-dimensional unipotent subgroups of the form ¢ +—
exp(p) (ty), where y € gl(n, F)nip. By [Bor91, Proposition 2.2] such a group is auto-
matically connected. For any subset S C gl(n, F) write Exp S for the group generated
by t +— exp(/’) (ty), y € Snip = S N gl(n, F)yip. We call a Lie subalgebra of gl(n, F)
nilpotently generated (nilp. gen.) if it is generated as a vector space by nilpotent elements.

We now quote the main part of [Nor87, Theorem A].

Theorem 3.6 (Nori). Assume that p > n(G). Then

L—ExpL

{nilp. gen. Lie subalgebras of gr,} {exp. gen. subgroups of G, }.

Lie]Fp XX

Moreover, if X is an exp. gen. subgroup of G over ), then Lier, X is spanned by the
elements log(p) x, where x € X (Fp)unip = X (Fp) N GL(n, Fpp)unip.

Following Nori, for any subgroup H of G(IF,) we define the algebraic subgroup H =
Exp{log®” x : x € Hunip} of GF,. Also, we denote by H T the subgroup of H generated
by Hunip, i.¢., by the p-Sylow subgroups of H. Thus, H™ is a characteristic subgroup
of H of index prime to p. The following result is [Nor87, Theorem B].

Theorem 3.7 (Nori). For p > n(G) and any subgroup H of G(IF,) we have I:I(IE‘,,)+
= H* and Lier, H is spanned by log'? x, x € Hynip.
Proof of Proposition 3.3. We first remark that using Lemma 2.27 we may drop the con-

nectedness statement in the conclusion of the proposition, since we may pass to the family
of identity components. We will take X" to be the family

{(Fp, Ng(I)) : I is a subspace of Lieﬂ:p G with Ng(I) # G}.

By Lemma 2.28, X' is (BG).

Let H be a proper subgroup of G(IF,) and let H be as before. Note that H is a proper
(connected) algebraic subgroup of G]Fp since otherwise we would have H™ = H (IF[,)“‘ =
G(F,)" = G(F,), because Gr, is simply connected. Clearly, H is contained in the group
of Fj,-points of Ng (H), which coincides with Ng(Lie H) by Theorem 3.6. If H is not
normal in G then Ng (Lie H) = Ng(H) € X and we are done. Otherwise, as in the proof
of [Nor87, Theorem C], using the Frattini argument we can write H = H{H™' where
H; is a subgroup of H of order prime to p. (Namely, we choose a p-Sylow subgroup P
of H and take H; to be a complement of P in Ny (P).) By Proposition 3.5, there exist
a subgroup A of H; of bounded index and a maximal torus 7 of G defined over F),
such that A C T'(IF,). Then we take X = Ng(Lie(TI:I)). For p > n(G) the G-invariant
subspaces of gr, are precisely the Lie algebras of the connected normal subgroups of G, .

Therefore, Lie(Tﬁ ) C gF, is not G-invariant, and X € X. O
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3.3. Proof of Theorem 3.1

We now prove Theorem 3.1. We first need to modify our previous intermediate results,
Theorem 2.12 and Lemma 2.14, by incorporating the action of a finite abelian subgroup
of K,, of order prime to p. The following is the analog of Lemma 2.14 in this setting.

Lemma 3.8. Let G be as above and s a positive integer. Then there exist an integer
D1 > 0and a constant 0 < &1 < 1, depending only on G, po, and s, with the following
property. Suppose that we are given xy, ..., x, € gz,, 1 <r <d, ay,...,a; € K, and
v > v, (D) such that

e Xi,..., X, are linearly independent modulo p,

o [xi,xj1€d iy Zpxk+p'oz, 1 <i,j<r,

o Ad(a)xj € Y iy Zpxi +pYoz,, 1 <i<s 1<j<r.

Then there exist y; € x; —i—p(al"]gzp, i=1,...,r,and b; € aij(prs”’]), j=1,...,s,
such that

o [ =Zpyi + -+ Zpyy is an isolated closed subalgebra of gz,, of rank r,
o AdbpI=1,j=1,...,s.

Proof. Modify the proof of Lemma 2.14 by considering instead of X, the affine variety
X, x G*, with the Z-structure induced from the Z-structure of the affine variety G, and its

subvariety V;.; C V, x G* defined by the polynomials f;; s(x1, ..., x,) introduced above
together with the regular functions Dg(x1, ..., x-, Ad(y;)x;),i =1,...,5,j=1,...,r,
of the variables (x1,...,x,) € X, and y1, ..., ys € G. An application of Theorem 2.16
yields the assertion. O

The following is the analog of Theorem 2.12.

Lemma 3.9. Let G be as above and s a positive integer. Then there exist an integer D > 0
and a constant 0 < ¢ < 1 with the following property. For any open Lie subalgebra M C
9z, of level p", where n > v,(D), and elements ay, ..., as € K, with Ad(a;)M = M,
i = 1,...,s, there exist a proper, isolated closed subalgebra 1 of gz, such that M C
I+ prm]gzp, and elements b; € aij(pk”]), j=1,...,s, suchthat Ad(bj)I = I.

Proof. This is proved exactly like Theorem 2.12 except that we use Lemma 3.8 instead
of Lemma 2.14. We only need to check that the extra condition of Lemma 3.8 is satisfied
for the elements x1, ..., x, constructed in the proof above. Write

d
Ad(a;)x; = Zdijkxk: dijk € Zp,
k=1
fori=1,...,sand j =1,...,d. Then p% Ad(a;)x; € M and so d;j; € p*~%Z,. For
l<i<sandl < j <r <k <d wehave

diji € pak—“in C par+1—<¥rzp c p((l—c)awﬂzp C p((l—C)Cd""lrﬂZP - Pva,

where v is as in (2.3). Therefore, Ad(a;)x; € 2221 prk—i—p"gzp, I<i<s,1<j<r,
as required. O
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We also need to know that for p large we can extend the domain of definition of the
exponential and logarithm functions. Let

GL(No, Zp)resunip = {x € GL(Np, Zp) : x”" =1 (mod p) for some n}
= {x € GL(No, Zp) : x”" — 1, n — 00}
be the open set of residually unipotent elements of GL(No, Zp). Thus, for p > Ng we

have
GL(No, Zp)resunip = {x € GL(No, Zp) :xP =1 (mod p)}.

Similarly, let
9l(No, Zp)resnitp = {y € gl(No, Zp) : y" = 0 (mod p) for some n}
= {y € gl(No, Zp) : y" — 0, n — 00}
be the set of residually nilpotent elements of gl(No, Z,), so that for p > Ny we have
gl(No. Zp)resnitp = {y € gl(No, Zp) : y¥ =0 (mod p)}.

Lemma 3.10. The power series exp (resp., log) converges in the domain gl(No, Zp ) resnilp
(resp., GL(No, Zp)resunip) provided that p > No + 1. Assume that p > 2Ny. Then
(1) We have

exp
GI(NO, Zp)resnilp \1=\ GL(Ny, Zp)resunip-
og

(2) The diagrams
X
9l(No, Zp)resnilp LN GL(No, Zp)resunip

| | G.1)

exp®

gl(No, IFp)nilp ——>  GL(Ny, IE‘p)unip

log
GL(No, Zp)resunip —— 8UNo, Zp)resnilp

l l (3.2)

log®
GL(No, Fp)unip ——  gl(No, Fp)nilp

commute, where the vertical arrows denote reduction modulo p.
(3) Foranyn > 1 we get induced maps

exp
9[(N0, Zp)resnilp/png[(NO’ Zp) ?g\ GL(No, Zp)resunip/ ['(No, Pn)~ (3.3)

Proof. We will prove (1) assuming only p > No + 1. Consider expx = Y 1o XK/ k) If
x € gl(No, Zp)resnip then xNo € pgl(No, Z,). It follows that [x*|| < p~k/Nol for all k.
Since vy (k!) < (k —1)/(p — 1) for k > 0, we get

”xk/k||| S p—\_k/NOJ‘H_(k_l)/(P_l)J — 0 as k — 00,
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provided that p — 1 > Ny, which gives the convergence of exp x. Moreover, under the
same restriction on p we have [|xk /k!|| < 1 for all k, which shows that the matrices x; =
x* / k! and their sum exp x have integral entries. Since the elements x*. k > 0, are residu-
ally nilpotent and pairwise commute, we conclude that exp x € GL(No, Zp)resunip- A sim-
ilar reasoning applies to log. That the maps exp : gl(No, Zp)resnilp —> GL(No, Zp)resunip
and log : GL(No, Zp)resunip —> (N0, Zp)resnilp SO obtained are mutually inverse fol-
lows from [Bou98, §11.8.4, Proposition 4] (applied to the algebra of all square matrices of
size No with entries in C;, equipped with the operator norm).*

If moreover p > 2Ny then we have |k/Ng| > 1+ [(k —1)/(p — 1)] for any k > p.
Thus, if p > 2Ny then the diagram (3.1) commutes, and similarly we obtain (3.2).

The existence of the maps in (3.3) is proved like Proposition 2.7(2). We need to show
that

exp(x + p"y) = expx (mod p"gl(No, Zp)) (3.4)

for any x € gl(No, Zp)resnilp» ¥ € 9l(No, Zp) and n > 1. Expanding the power series as
an infinite linear combination of products of x and y (which do not commute in general),
we may first observe that we only need to consider terms of total degree

Ny —(p-D7!

since for all larger k we have || x*/k!||, || (x + p"y)*/k!|| < p~ K/ NoJ+LKk=D/(p=D] < =1
We will show that all summands in the range (3.5) involving y are actually = 0 (mod p").
If y occurs at least twice, then the corresponding summand has norm < p~2*+v &) —
p " p &) < p=n since v, (k!) < k/(p — 1) < n fork asin (3.5) and p > 2Np. It
remains to consider the terms x"yxk’l”'/k! for 0 <i < k—1. We can bound the norm of
this term by p ="~ L/Nol=Lk=1=0)/NoJ+vp (k) For k < p this is clearly < p~™. For k > p
we have

] k—1—1i k—1 k—1 —1
\‘ZJ—}—\‘—lJ—Up(k!)>——2——>p —-3> -1,
No

No No p—17 No
and therefore —n — [i/No] — [(k — 1 —i)/No] + vp(k!) < —n, which establishes the
congruence (3.4). The analogous congruence for log can be proven similarly. O

Using these extensions of log and exp, we have the following consequence.

Lemma 3.11. Assume that p > 2Ny. Let X C G be an algebraic subgroup defined
over Qp, and h € K, with h? € (X(Qp) N K,(p)K,(p™) for some m > 1. Then
h e (X(Qp) NK)K,(p" ).

Proof. The lemma is trivially true for m = 1, so we can assume that m > 1.
Note that h? € K,(p), so that & € GL(No, Zp)resunip- By Lemma 3.10(1) we can
writte h = expy where y = logh € gl(No, Zp)resnilp- Then py = log(h?) €
log((X (Qy) N K, (p)K,(p™) = p(Lieg, X Ngz,) + p" gz, by Proposition 2.10(1)(3),

4 In fact, loc. cit. also gives the convergence of exp and log on gl(Ng, Zp)resnilp and
GL(Ng, Zp)resunip- respectively.
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and therefore y € (Lieg, X N gz,) + pm_lgzp. Let y € Lieg, X N gz, be such

that y — y' € pm_lgzp. Clearly, y" € gl(No, Zp)resnilp- By Lemma 3.10(4) we have
expy € (expy)HK, (p™1). On the other hand, by Lemma 2.6 we have exp(y’) € X(Qp).
The conclusion follows. m]

In the following, for any closed subgroup H C K, we will denote by H* the open normal
subgroup of H generated by the set Hresunip.

Proof of Theorem 3.1. First note that we may assume without loss of generality that
p > n(G), since otherwise we can apply Theorem 2.2 to H' = H N K,(p’) as long as
J > [K,: K, (p)]. In particular, we may assume that p > max(2Ngy + 1, dim G).

Let H C K, be an arbitrary open subgroup. The quotient H/H™ is finite of order
prime to p. Repeating the argument of the proof of [Nor87, Theorem C] in the setting of
profinite groups, we see that H = HyH™ for a finite subgroup H; of H of order prime
to p. Applying Proposition 3.5 to H yields a maximal torus T' of G defined over Q, such
that [H : AH'] < J where A = T(Qp) N Hy and J is a constant depending only on G.
Clearly, A can be generated by elements ay, ..., as;, where s is bounded in terms of G
only, namely by the Q-rank of G.

Let ¢ be as in Lemma 3.9. We will show below that there exists a proper, connected
algebraic subgroup Y of G defined over Q, such that

HY C (Y(@Qp) NKp)K,(p?) and N (Y)(Q,) Na;K,(p'"/ 1y £ 0,i =1,...,s.
(3.6)

Let us see how to obtain the theorem from this assertion. If Y is normal in G, we
simply take X = YT. Otherwise, let X = Ng(Y)° D Y (which holds since Y is con-
nected), sothat HT C (X(Qp)NKpK, (p€"/21). The index of X in NG (Y) is bounded in
terms of G only by Lemma 2.22. Therefore, choosing b; € Ng(Y)(Q,) Na; K, (plen/2ly,
i =1,...,s, we see that there exists an exponent e, depending only on G, such that
b¢ € X(@Qp) NKp,i = 1,...,s. The projection of AH™T to K, /K, (p'*"/?1) is gener-
ated by the image of H™ and the images of the elements b;. We conclude that the open
subgroup A°H™ of H, which has index at most J' = e*J, is contained in the group
(X (Qp) NKpK,(p720).

It remains to prove (3.6). Assume first that n > 2/e. Consider the open subgroup
H NK,(p) of K,(p), which is normalized by the elements aj, ..., as. Since we assume
that p > dim G, the subset M = log(H N K,(p)) C pgz, is by Remark 2.11 a Lie
subalgebra, which is clearly of level p” in 9z, and stable under Ad(aq), ..., Ad(ay).
(Alternatively, we may use Lemma 2.5(6) and imitate the proof of Theorem 2.2 above,
noting that the uniform subgroup V is characteristic in H NK, (p).) From Lemma 3.9 we
obtain a proper, isolated Lie subalgebra I C gz, such that

M cC (I +p"gz,) N pgz, = pl + p'"gz,.

and elements b; € aiKp(p(”’]), i = 1,...,s, such that Ad(b;)I = I. We infer that
HNK,(p) C (exp pDK,(p'™"1). As in the proof of Theorem 2.2, consider the algebraic
subgroup ¥ = A(Q,1) of G, which is a proper, connected algebraic subgroup of G



Approximation principle 1099

defined over Q,. Clearly, by, ..., by € Ng(Y)(Q,). We can now invoke Lemma 3.11 to
lift the relation H NK,(p) C exp(pK,(p'*"!) C (Y(Qp) NK,(p)K,(p'*"1) to HT
and obtain H+ C Y (@Qp) NKpK, (p'#"1=1y. Thus, (3.6) holds by the assumption on .

Consider now the case where 1 < n < 2/e. Let H be the image of H # K, in
K,/K,(p) = G(F)). Since G is simply connected, H is a proper subgroup of G(Fy)
(for p > n(G)) by (2.1), and Nori’s algebraic envelope ¥ of H is a proper subgroup of
G]Fp (cf. the proof of Proposition 3.3). It follows from Theorems 3.6 and 3.7 that Liep ) Y
is spanned by log” x, x € I-_Iunip, and is a proper Lie subalgebra of gr,. Let M be the
preimage of Lie, Y under 9z, —> 9z,/p9z,, so that M is a proper Z,-Lie subalgebra
of 9z, Since Hresunip i the preimage of I-_Iunip under the reduction map H — H, the
commutativity of (3.2) gives M = 3 ey Zplogh + pgz,,.

Since p > n(G), we can use Lemma 3.9 to obtain the inclusion M C I + pgz, fora
proper, isolated subalgebra I C 97, and elements b; € a;Ky(p),i =1,...,s,such that
Ad(b;)I = I. As above, we can assume that [ = Lier Yn 9z, for a proper, connected
algebraic subgroup Y of G defined over QQ, and retain the property that / is stable under
the operators Ad(b;). Since H™ is generated by elements i with h” € K, (p), and for
such an h we have h? € exp(pM) C exp(pDK,(p?) = (Y (Q,) N K,(p)K,(p?),
we infer from Lemma 3.11 that Ht C (Y (Qp) NK,)K,(p), so that (3.6) holds in this
case as well. (Alternatively, Nori’s proof shows that ¥ extends to a smooth group scheme
over Zp, and in particular lifts to characteristic zero.) O

If we are willing to use Theorem 4.3, the main result of §4, then we may simplify the
proof above (see Remark 4.4 below).

4. Closed subgroups of G(Z;) and closed subalgebras of gz,

4.1. Statement of the correspondence

We continue to use the conventions of §2.1. In this section we will establish (for p large
with respect to G) a correspondence between subgroups of G(Zj) which are residually
exponentially generated and Z-Lie subalgebras of gz, which are residually nilpotently
generated. On the one hand, this bijection extends previously known results on pro-p
subgroups of G(Zp), and on the other hand it is compatible, via reduction modulo p,
with Nori’s correspondence between subgroups of G (IF;,) and subalgebras of g, .

We first recall that Nori’s two theorems (Theorems 3.6 and 3.7) establish for p > n(G)
bijective correspondences between three different collections of objects: subgroups H
of G(F)) that are generated by their elements of order p (i.e., for which HY = H),
nilpotently generated subalgebras of gr,, and exponentially generated algebraic sub-
groups H of Gr,. We will focus on the bijection between the first two collections, which
we can describe as follows: to a subgroup H of G(IF,) we associate L(H), the IF-span of
log(” I-_Iunip (which is a Lie algebra), and to h the subgroup G(h) of G(Fp) generated by
exp?) f_)nilp. Regarding the third collection, to an algebraic group H C GF,, correspond its
Lie algebra Lier, H and the finite group H(F,)™. The opposite bijections were described
in §3 above.
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Next, we recall the following correspondence due to Klopsch [Klo05] (see also
[GSKO09]) generalizing Ilani’s correspondence.

Theorem 4.1 (Lazard—Ilani—Klopsch). Assume that p > max(Ng + 2, dim G). Then
the exponential and logarithm maps (applied to subsets of 97, resnilp and G(Zp)resunip»
respectively) induce mutually inverse bijections between the set of all closed pro-p sub-
groups H C G(Zp) and the set of all closed Lie subalgebras Y C gz, consisting of
residually nilpotent elements.

Remark 4.2. Just as in Ilani’s work, the correspondence in [Klo05] is stated in terms
of the intrinsic Lie algebra structure on a saturable pro-p group in the sense of Lazard.
However, by [Laz65, Proposition 1V.3.2.3] the intrinsic Lie algebra is isomorphic to the
one defined using the logarithm map (cf. [DST99, §7.2]).

Throughout we assume that p > max(Ny + 2, dim G). In fact, we also assume that
p > 2Ny, so that the exponential and logarithm bijections satisfy the properties of
Lemma 3.10.

The basic construction underlying our extension of this theorem to more general sub-
groups of G(Zp) is a generalization of Nori’s correspondence. Let H be a subgroup
of G(Zp). We associate to H the Z,-submodule L(H) C gz, generated by the set
log Hresunip- We will show in Proposition 4.7 below that L(H) is in fact always a Z-Lie
algebra provided that p > dim G + 1. Conversely, to any Lie subalgebra ) C gz, we as-
sociate the closed subgroup G(h) of G(Z) topologically generated by the set exp resnilp-

By Theorem 4.1, for pro-p groups H we have L(H) = log H and for subalgebras b
contained in gz, .resnilp W have G(h) =exph.

We extend Theorem 4.1 to a correspondence between the following classes of sub-
groups and subalgebras. On one side, we consider the set SGug(G(Zp)) of closed sub-
groups H C G(Z,) which are topologically generated by their residually unipotent el-
ements. Clearly, H € SGng(G(Zy)) precisely when H* = H, where H™ is as in §3
above. It is equivalent to demand that H C G(IF}), the reduction modulo p of H, is
generated by its elements of order p.

On the other side, we consider the set S.Amg(gzp) of all closed Lie subalgebras
of gz, which are spanned over Z, by their residually nilpotent elements. Clearly, h €

S Amg(gz,) if and only if the reduction b is a nilpotently generated subalgebra of OF,-

Theorem 4.3. Suppose that p is large with respect to G. Then
L
ngg(G(Zp)) _\E\ SArng(gZp)~

These bijections preserve the level of open subgroups and subalgebras, extend those of
Theorem 4.1, and are compatible with those of Nori under reduction modulo p, that is, if
H € 8Gwe(G(Zp)) and b = L(H) then the image H of H in G(Fp) corresponds under
Nori to the image b of b in OF,, L€, h=L(H).

The theorem will be proved below. Clearly, the special case of subgroups and subalgebras
of level p reduces to Nori’s correspondence.
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Remark 4.4. Using Theorem 4.3 we can streamline the proof of Theorem 3.1. Namely,
to prove (3.6) (with ¢ instead of £/2) we apply Lemma 3.9 to M = L(H™), which is
of level p” in 9z, and stable under Ad(ay), ..., Ad(as;). We obtain a proper, isolated
Lie subalgebra I C gz, such that M C I + pr*‘""]gzp and elements b; € a;K,(p'*"),
i =1,...,s, such that Ad(b;)I = I. We infer that HT C G(I)K,,(p””]). Taking the
algebraic subgroup ¥ = A(Q, 1) of G, which is a proper, connected algebraic subgroup
of G defined over Q,, we see that by, ..., by € Ng(Y)(Qp) and HT C Y(Q,)K, (p'*"]),
as required. We opted to include the original proof of Theorem 3.1 since it is simpler and
more self-contained.

4.2. The Lie algebra associated to a subgroup

We start with some simple considerations (in the spirit of [Nor87, §1]) and establish that
L(H) is indeed a Lie subalgebra of gz, (for p > dim G + 1).

Lemma 4.5. Let V be a finitely generated free Z,-module, U a submodule of V and
s € Ende(V)resni]p. Assume that sU C U. Then s|y € EndZP(U resnilp- In particular,

sV () c pU.

Proof. We know that s” — 0 as n — oo. Clearly, this implies that s" |y = (s|y)" — 0
asn — 00, or s|y € Endz, (U)resnilp- O

Corollary 4.6. Let V be a free Zy-module of rank r < p — 1, U a submodule of V and
s € Endz, (V)resnilp- Then U is s-invariant if and only if it is exp(s)-invariant.

Proof. Suppose that U is s-invariant. Then it follows from Lemma 4.5 that for all n > 1
we have (n!)_l(slu)" € pk" EndZP(U) where k, = |n/tkU] — |(n—1)/(p—1)] = 0.
Since k, — oo asn — oo and U is closed, we conclude that U is invariant under exp s.
The converse is proved in a similar way using log. O

Proposition 4.7. Assume that p > dim G+1 and let H be a subgroup of G(Z,). Then the
Zp-submodule h = L(H) of 9z, generated by the set 10g Hresunip is a Zyp-Lie subalgebra.

For p > n(G), the image of Yy in gr, is the Lie algebra Lier, H of Nori’s algebraic
envelope HC Gr, of the image H of H in G(Fp).

We remark that under our standing assumption p > 2Ny the image of b in g, is always
a Lie algebra (to see this, combine [Nor87, Lemma 1.6] with (3.2)).

Proof of Proposition 4.7. Clearly, b is Ad(h)-invariant for any 2 € H, and in particular
forany 4 € Hiesunip- We have Ad(h) = exp(ad(log h)) for any & € Hregunip. By Corollary
4.6 we conclude that b is ad(log /1)-invariant for any & € Hresunip. The first claim follows.

The second assertion follows from the commutativity of (3.2) and from Theorems 3.6
and 3.7 as in the proof of Theorem 3.1. O

Remark 4.8. At this stage we can already prove that if H is an open subgroup of G(Z,)
of level p”, then h = L(H) has level p" or p"~!. (Eventually we will prove that h has
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level p".) Indeed, log(H N K,(p)) is a Lie subalgebra of 9z, of level p" by Remark
2.11, and h? € H NK,(p) for all h € Hyesunip- Therefore log(H NK,(p)) C h C
p~llog(HN K, (p)), which shows that f) has level p" or p"~1. Moreover, it is also clear
at this point that if H has level p, then h has level p.

The remaining parts of Theorem 4.3 are easily deduced from the following two state-
ments, which will be proved below.

L(H) N pgz, = log(H NK,(p)) forany H € SGng(G(Zp)), (4.1a)
G(h) NK,(p) =exp(h N pGZP) forany b € SArng(gZp)- (4.1b)

Indeed, given H € 8Gs(G(Zy)) leth = L(H) and H' = G(b). Itis clear that H' O H.
By Nori’s theorems, the reductions modulo p of H' and H coincide. Moreover, by (4.1a)
and (4.1b) we have H' N K, (p) = exp(h N pgz,) = H N K,(p). Therefore, H' = H.
The other direction can be shown in a similar way.

The following lemma provides a complement to Theorem 4.1 that will be useful be-
low.

Lemma4.9. Let p > dim G + 1. Let P = expp be a pro-p subgroup of G(Zp) and h €
G (Zp)resunip a residually unipotent element normalizing P. Then we have [logh, p] C p,
hP C G(Zp)resunip and log(Ph) = log(hP) =logh + p.

Similarly, if p is a closed Lie subalgebra of 97, contained in 97, resnilps and a resid-
ually nilpotent element u € 07, resnilp satisfies [u,p] C p, thenu +p C 07, resnilp and
exp(u +p) = exp(u) P = P exp(u), where P = expp.

Proof. Since h normalizes P, the group Q generated by / and P is a pro-p group. There-
fore hP C Q C G(Zp)resunip- Furthermore, hPh~! = P implies that Ad(h)p = p, and
by Corollary 4.6 we obtain [log &, p] C p.

Analogously, if p C 97, resnilp and u € 07, resnilp satisfies [u, p] C p, then the
Lie algebra generated by # and p inside g, clearly consists of nilpotent elements, and
therefore u + p C gz, resnilp-

Let p C 97, resnilp and u € g7, resnilp With [u, p] C p. Denote by ®(x,y) =
Zfloz] @, (x, y) the Hausdorff series [Bou98, §I1.6.4], where ®,, is a homogeneous Lie
polynomial of degree n, and ®;(x, y) = x + y. Since Z,u + p is a Zj-Lie algebra con-
tained in gl(No, Zp)resnilp, the Hausdorff series converges on (Zpu + p)2 and we have
®(x,y) =log(expxexpy) forall x, y € Z,u + p [Bou98, §I1.8.3,11.8.4].

It remains to show that ®(u, p) C u + p and ®(—u,u + p) C p, as these condi-
tions are equivalent to exp(u) P C exp(u + p) and exp(u + p) C exp(u) P, respectively.
(The relation log(Ph) = log(hP) = logh + p will then follow by taking log.) For
this, it suffices to show that &, (u, p), ®,(—u,u + p) C p for all n > 2. By [Klo05,
Lemma 4.2] applied to K = p, H = Zpu + p and j = 1, and taking into account
that p > dim G + 1, the iterated commutator of an element of p and n — 1 elements of
Zpu +p lies in pLl0=D/(=Dly_On the other hand, by a standard estimate for the denom-
inator of ®, [Bou98, §II.8.1, Proposition 1], we know that pl®=D/®P=DI}, (x, y) is a
Zp-linear combination of iterated commutators of degree n in x and y. This implies that
indeed @, (u, p), ®,,(—u, u + p) C p, which finishes the proof. O
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4.3. Application of Nori’s theorem

The proof of (4.1a) crucially uses Nori’s correspondences recalled above. We first sum-
marize some easy complements to Nori’s theorems in the following lemma.

Lemma 4.10. Let H be a subgroup of G(Fp) with Ht = H h = L(H) C gr, the
associated Lie algebra, and H the associated exponentially generated algebraic subgroup
of Gy,. Let P be the maximal normal p-subgroup of H, and P the unipotent radical of

H (which is also the solvable radical of H). Finally, let S*° be the simply connected

covering group of the semisimple group H / P. Then:

(1) The following four conditions are equivalent: H is a p-group; H is a unipotent alge-
braic group; 5 is contained in OF,,nilp; 6 is a nilpotent Lie algebra.

(2) H is a normal subgroup of Ho if and only if Hy is a normal subgroup of Hy if and
only if by is an ideal of Bs.

(3) P corresponds to P and to the nilradical of b (which equals the radical of b as well
as the largest ideal of § contained in gr,, nilp)-

(4) The covering map k : S — H/P induces a surjection S*(F,) — H/P (cf
[Nor87, Remark 3.6]). The adjoint action of H on b induces an action of H/P on
h/p which is compatible under the above map with the adjoint action of S on its Lie
algebra.

(5) A Sylow p-subgroup of H corresponds to a maximal unipotent subgroup of H (i.e.,
to the unipotent radical of a Borel subgroup) and to a maximal nilpotent subalgebra
of b contained in OF,.nilp, OF equivalently, to the nilradical of a maximal solvable

subalgebra of ¥,

Proof. We only need to observe that if b is a nilpotently generated Lie subalgebra of
gl(No, IF) then b is nilpotent if and only if f is solvable if and only if b is contained in
9l(No, Fp)nip. This follows from Engel’s and Lie’s theorems (the latter is valid over the
algebraic closure for p > Np). O

Table 1. Nori’s correspondence

subgroups H of G(Fp) with
Ht =H

p-groups
normal subgroups

maximal normal p-subgroup

a Sylow p-subgroup

exponentially generated alge-
braic subgroups of GF,

unipotent groups

normal subgroups
unipotent (or solvable) radical

a maximal unipotent subgroup

nilpotently generated Lie sub-
algebras of 9F,

Lie subalgebras contained in
9F . nilp

ideals

nilradical (or radical)

the nilradical of a maximal
solvable subalgebra

Let now H € SGng(G(Zp)) and write h = L(H). Let H be the image of H in
G(Fp). Clearly, H acts on ) by Ad. Let P be the largest normal pro-p subgroup of H,
and P the image of P in G(F),). Write S := H/P. Itis clear that P contains H N K, (p).
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Thus, under reduction modulo p we have the isomorphism S ~ H/P. Also, p = log P is
a Lie subalgebra of j by Theorem 4.1, and by Corollary 4.6 in fact an ideal. It remains to
show that h N pgz, C p, since in this case

b N pgz, =pNpgz, =1log(P NK,(p)) =log(H NK,(p)).

Let s = h/p. Our task is to show that the canonical surjective map 7 : s — 5 = h/p
is an isomorphism. Note first that the adjoint action of H on b preserves p and there-
fore induces an action of H on s. Moreover, for 7 € Hiesunip and p € P we have
Ad(p)(logh) = log php~! =log[p, hlh € log(Ph) = logh + p by Lemma 4.9. There-
fore, P acts trivially on s, and the H-action on s descends to an action of S. Under the
map 7w : § —> 5, this action is compatible with the canonical action of H/P ~ S on
§="0/p.

To study the injectivity of 7, we apply Nori’s correspondence (Theorem 3.7) to the
groups H and P and associate to them their algebraic envelopes H and P inside Gr,. By

Lemma 4.10, the group P is the unipotent radical of H, and the quotient group H/ P is
therefore a semisimple algebraic group defined over IF,,. Let $°¢ be the simply connected
covering group of the group H / P. The quotient S ~ H /P is isomorphic to the quotient
of §%(F)) by a central subgroup K. We can therefore regard s and § as representation
spaces of S (IF,). The action on 5 is given by the adjoint representation of S on its Lie
algebra Lier, S*.

Let N D P be a Sylow pro-p subgroup of H, and n = log N C b the associated Lie
algebra. By Lemma 4.10, the image of n in b is the Lie algebra of a maximal unipotent
subgroup of H. Passing to the quotient by p, we find that the image of n in 5 is the
Lie algebra of a maximal unipotent subgroup of S%¢. Consider the kernel kerm = (p +
p9z,) Nh/p C s of the map m. If an element logn + p, where n € N, lies in kerr,
then logn € p + pgz,, which by Lemma 4.9 implies that log(nm) € pgz,, for a suitable
m € P. Consequently, nm € H NK,(p) C P and therefore n € P. This means that the
restriction of 7 to the subspace n/p C s is injective. Finally, by the very definition of b,
the space n/p spans s under the action of S (IF,).

The assertion (4.1a) immediately follows from the following result on characteristic p
representations of the group S*(IF,,). Note that dims < dim G in the case at hand.

Proposition 4.11. Let S be a simply connected semisimple algebraic group defined
over Fp, 5 = Lieg, S* with the adjoint representation and w : s — 5 a surjection
of Fp-representations of S*(IFy). Assume that p > 2dims and there exists a subspace
n C s such that

o the space s is spanned as a representation of S*(F),) by n,

e the image n = m(n) C s of n under m is the Lie algebra of a maximal unipotent
subgroup of S*¢,

o the induced map 7|, : 0 — nis an isomorphism.

Then m is an isomorphism.
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4.4. Proof of Proposition 4.11

To finish the proof of (4.1a), it remains to prove Proposition 4.11. For this we need to
recall the representation theory of S (IF,,) in characteristic p.

Write $% = []; Requi /F, S;i, where each g; is a power of p and S; is an absolutely
simple, simply connected algebraic group defined over Fy,. Set S = [[; S;, a semisimple,
simply connected group defined over Fp, and let 0 = []; Frobg;, a Steinberg endomor-
phism of S [Ste68]. We then have $°(IF,) = S°. The o-stable Borel subgroups of S
are in one-to-one correspondence with the Borel subgroups of $°¢ defined over IF,,. We
take the o -stable Borel subgroup B of S corresponding to the normalizer of the subspace
. C 5. We also fix a o-stable maximal torus 7 of S contained in 3, and let &/ C BB be the
unipotent radical of 3, a maximal unipotent subgroup of S stable under .

Let @ be the root system of S with respect to 7, @ C ® the system of positive roots
associated to BB, and A the set of simple roots. For any root ¢ € ® we set g(«) = g; if @
belongs to the simple factor S; in the factorization S = []; S; above. By [Ste68, §11.2,
11.6], there exists a permutation p of @, preserving ®* and A, such that o* pa = g(a)a
for all « € ®, where o* denotes the action of o on the weight lattice X = X*(7). Let
X1 C X be the set of dominant weights and let

XF=(reX:0<(a)<g@),aecAcXT.

For each A € X7 let L(A) be the irreducible representation of S of highest weight A
with coefficients in Fp. By Steinberg’s algebraicity theorem [Ste68, Theorem 13.3] the
irreducible representations of S over the field Fp are precisely the restrictions to S of
the S-representations L()) for » € X;F.

For a T-representation V and a character x € X we write V0 for the x-eigenspace
in V, and similarly for 7 -representations and F ,-valued characters of 7°.

Lemma 4.12. For any . € X} we have LOWVY = LY = L)W, and this
space is one-dimensional. Moreover, any non-trivial U° -invariant subspace of L(A) con-
tains LOWY.

Proof. The first equality is contained in [Cur70, Theorem 4.3], and the second equality
is standard (cf. [Bor70, Theorem 5.3]). The second part follows from the first one and
the well-known fact that any representation of a p-group over a field of characteristic p
admits a non-trivial vector fixed under the action [Ser77, §8.3, Proposition 26]. ]

Lemma 4.13. Let V be a representation of S° over Fp withdimV < (p + 1)/2. Then
for every € X with VI = 0 we have VW = v #lTo),

Proof. We need to show that for u, i’ € X with V%, y ) # 0 the identity u|7o =
w'| 7o implies that u = p'.
For this, we first claim that every u € X with V% £ 0 satisfies

-1
e, V)] < % foralla € A.
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Since V — V™ is an exact functor, we may assume without loss of generality that V is
irreducible, say V = L(X). We may also assume that S is simple. Then g(«) = g = p”
for some r > 1 and we may write A = Z;;é piki with0 < (A;, ) < pforalla € A.
By Steinberg’s tensor product theorem [Ste63], the S-representation L(X) is isomorphic
to the tensor product of the representations L(p'A;) fori =0, ...,r — 1, and L(p'};) is
isomorphic to the i-th Frobenius twist of L(A;). Therefore dim L(X) = ]_[lr;(; dim L(A;)
and in particular dim L(%;) < (p+1)/2 forall i. By [Jan97, Lemma 1.2], this implies that
(Ai,aV) < (p—1)/2forall @ € ®. Hence, |{u;, a”)| < (p — 1)/2 for any weight u; of
L(;). Suppose that u € X with L(\)W ~ @L(p'A;)P'#) £ 0. Then u = Y1) p' i
with L(x;)#) # 0 for all i and therefore

r—1
.Y <D Pl a¥)| <
i=0

which establishes the claim.
For each o € @ let d(«) be the number of elements in the p-orbit of «. The kernel of
the restriction map @ +— |7 is then given by

d(a)—1

{,u €X g™ —1] Z (w,o/a) forall a € A].
=0

For all i € X with V(¥ = 0 we have here
d(e)—1 _ d(e)—1 ' _ | d(e)—1 '
| Y wola)| =] Y a@iwpla)| <5 Y a@i@@ -1
Jj=0 j=0 =0
1
= 5@ =1,

Thus if u, 4’ € X are weights of V with u|7+ = u’|7+, then necessarily

d(@)—1 ‘ d(@)—1 ‘
Y (wolaYy= Y (u olaY),
j=0 j=0

which entails that (i, o/a) = (1, /") for all j. Thus, (u, ") = (i, «") for all
a € A, sothat u =’ as required. O
We will now use a rather deep result of Jantzen [Jan97] (which crucially relies on ear-
lier work by Cline—Parshall-Scott—van den Kallen [CP"77]). Namely, every Fp—repre—
sentation of S of dimension less than p — 1 is completely reducible, and consequently
isomorphic to a direct sum of representations L(A) with A € X : (See [McN99] for an ex-
tension of this result. Note that by [AJL83] there exists an Fp-representation of SL(2,FF))
of dimension p — 1 that is not completely reducible.)

Lemma 4.14. Let V be a representation of S° over Fp with dimV < (p+1)/2. Let
U C V be a B? -invariant subspace that spans V as an S -representation.

(1) Let¢ : V— L(A), A € X}, be a non-trivial S° -map. Then GUHMTY =L (0)* 7o),
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(2) The multiplicity of L(X), . € X}, in V is at most dim UXMT  In particular, the
restriction to T° of the highest weight of any irreducible constituent of V appears in
the T? -space U.

Proof. Consider the first assertion. Since ¢ (U) spans L(A) as an S°-space, we have
¢(U) # 0. Combining Lemmas 4.12 and 4.13, and noting that ¢ (U) is U -invariant,
we have ¢ (U)Y° = L(1)® = L()*79), which is a one-dimensional space. Thus,
dUYMT) = L)MT9) Since U is B°-invariant, we also have ¢(U*77)) =
¢ (U)MT) proving (1).

For (2) assume on the contrary that the multiplicity n of L()A) in V is strictly greater
than dim U*/7°), By the semisimplicity of V there exists a surjection ¢ : V — W
= L(M)" of S°-modules. Then ¢(U) spans W as an S%-space, while ¢(U)? is
a proper subspace of the n-dimensional space W™, Now the restriction map from
Homgo (W, L(1X)) to Home(WO‘), L(A)M) is an isomorphism. Therefore there exists
a surjective S®-homomorphism ¢ : W — L(X) with ¥ (¢(U)?®) = 0. But then the
composition ¥ o ¢ : V — L(A) contradicts (1), which finishes the proof. O

For the proof of Proposition 4.11 we have to study the adjoint representation of S° =
§%(Fp) on the Lie algebra Lier, (5°°) ® Fp. It decomposes as the direct sum of the repre-
sentations L(p'&), where & ranges over the highest roots of the irreducible components
of ® and i is such that p’ | ¢ (&).

We will prove a lemma on the 3° -representations L(p’&). For this we first need the
following easy lemma on root systems, a variant of a standard result on sums of roots
[Bou02, §VI.1.6, Proposition 19].

Lemma 4.15. Let ¥ be a root system, W a system of positive roots for ¥, and A the
associated set of simple roots. Let B € WY and write B =Y, o with non-negative
integers ny. Then the coefficient ny, of a simple root « € A is positive if and only if there

exists a sequence B, ..., B € VT of positive roots starting with 81 = a and ending
with By, = B such that Bi 1 — B; € W foralli =1,...,k— 1.
Proof. Clearly, the existence of a sequence By, ..., Bx as above implies that n, > 0. It

remains to show the converse implication. For this we proceed by inductionon 3, 11y,
There has to exist a simple root y € A with (8, V) > 0, which implies that either 8 = y
or B—y € W, Inthe first case, 8 = y = « and there is nothing to prove. If in the second
case we have y = «, then we may simply take k = 2. Otherwise, we may apply the
induction hypothesis to 8 — y and obtain a sequence B, ..., fr_1 € ¥T with B = «,
Bi—1 =B —yand B;11 — Bi € ¥, Setting B = B yields the assertion. O

For any irreducible root system W we denote by Wy the set of all roots which are not
contained in the Z-span of the short simple roots. (By convention, if W is simply laced
then all roots are long, so that U,y = W.) If U+ is a system of positive roots, we write
Wl =W NWT Aroot B =), ng € ¥ is contained in W if and only if ng > 0
for at least one long simple root @ € A N W2, Note that for any non-zero dominant
weight the coefficients with respect to the basis A are all positive, since this holds for
the fundamental weights [Hum78, §II1.13, Exercise 8]. It follows that the highest short

100t &short Of U belongs to Wt
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Lemma 4.16. Assume that p > 2dim S*. Let & be the highest root of an irreducible
component ¥ of @, and p' a divisor of q(&). Then in the S8 -representation L(p'&), the
B -span D of the subspace

> Lp'e" c Lpa)
acANwlong

is the sum of the weight spaces L(p'&@)P'P) for p € vt

Proof. By Frobenius twist, we reduce to the case i = 0. Note that the S-representation
L (@) is nothing else than the adjoint representation of the simple factor of S containing ¢.
For each § € W the corresponding weight space L(@)® = L(@)®17°) (where we use
Lemma 4.13 to identify 7- and 7 -eigenspaces) is one-dimensional.

Since it is stable under the action of 77, the B -span of any sum of weight spaces is
again a sum of weight spaces. Furthermore, it is clear that the weights appearing in D are
roots in W f. It remains to show that each weight space L(@)®), 8 € Wi, is contained
in D.

For this consider the following claim: for any § € W™, the B”-span of L(&)® con-
tains L(&)®" for all B/ € W+ for which B/ — B is a positive root. Granted this claim,
we may argue as follows: By Lemma 4.15, for every B € W[ there exists a sequence
B1,...,Br € T, where 8| = « is a long simple root, By = B and B;.1 — Bi € U for
alli = 1,...,k — 1. By our claim, for any i = 1,...,k — 1, the B?-span of L(&)(ﬁi)
contains L(&)#+V_ This obviously implies the assertion.

It remains to prove the claim above. Foreach § € W letug € L(@)® be anon-trivial
element of the one-dimensional weight space. The action of a root unipotent x,(§) € S
on ug is given by

xy(é)uﬁ =ug+ Cl,,gyéu,gﬂ, + Zci,ﬁyéiuﬂ+iy 4.2)

i>2

with C; g, € F, and C1 g, # O, since p > 3 and therefore p does not divide any
structure constant of a semisimple Lie algebra.

Letnow 8,8 € W withy = 8/ — B € W™ and let d(y) be the cardinality of the
p-orbit of y. It is enough to show that the {/? -span of ug contains an element with non-
vanishing projection to the 8’-weight space, since we can then use the 77 -action to get
the desired inclusion.

Note that by [Ste68, 11.2] the o-action on the root unipotents x4 (&) is given by
0xq(E) = Xpg(c(@)E9@) for a suitable c(a) € F;. For d(y) = 1, application of a
suitable x, (§) € U with & # 0 to ug provides an element in the ¢/?-span of ug with
non-vanishing projection to L(@)®), as asserted. In the general case, we can always find
a product x = []/_; x,, (&) € U with & # 0 and positive roots yi,...,y, € UT
such that y; = y, and > i, viy; = y for integers v; > 0 if and only if v; = 1,
v = --- = v, = 0. By repeated application of (4.2) we find that xug has non-vanishing
projection to L(&)(ﬂ/), which finishes the proof. O

Proof of Proposition 4.11. By tensoring the spaces s, §, n and n with Fp, we may pass
to representations of S and B? over Fp, which for the remainder of this proof we will
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denote by the same letters. (Note that n is B -invariant since n is.) The same applies to
the surjection 7w : § — 5. Obviously, to establish the proposition it is equivalent to show
that 7r is an isomorphism in the new setting.

As noted above, 5 > Liey, (5*°) ® Fp decomposes as the direct sum of the represen-
tations L(p'&), where & ranges over the highest roots of the irreducible components of @
and p' | g(&). The weights of 7° on n ~ n are given by p‘a, where o € &7 and p’
divides g (&), and they all have multiplicity one.

Applying Lemma 4.14 to U = n C V = s, we infer that the possible highest weights
of the irreducible constituents of s are p'a, p' | q(&), and p'&shorts P’ | g (@short), Where
a ranges over the highest roots of the irreducible components of ® and &g OVer the
highest short roots of the components that are not simply laced. Moreover, all irreducible
constituents of s appear with multiplicity one.

It only remains to show that no representation L( pi Oshort) can be a quotient of s.
Denote by [ the (unique) lift of the representation s to a subspace of s. Note that for any
long root B the corresponding weight space s(”'#) is necessarily contained in [ since the
non-zero weights in L(&spor) are the short roots.

Let aghort be the highest short root of a component W of & that is not simply laced. For
any long simple root  of W the weight space n(”'® is contained in [. By Lemma 4.16,
the weight space n(?'%hor) ~ {(P'@non) Jies in the B -span of the spaces n?'®) ~ {(P'®),
a € A N Wone Therefore n(P'®hon) is contained in [. By the first part of Lemma 4.14, it
follows that the representation s/[ does not admit L ( pi&shon) as a quotient.

This shows that s = [, and that 7 is an isomorphism, as asserted. O

4.5. From subalgebras to subgroups

For the proof of the remaining identity (4.1b), we need the following easy consequence
of the standard presentations of the groups S%(IF,), where $*¢ is a simply connected
semisimple group defined over IF),.

Lemma 4.17. Let S°¢ be a simply connected semisimple group defined over Fp,. Let I" =
I (S8°¢) be the group defined by generators y,, u € S (Fp)unip, and relations

e (restricted multiplication) yy,Yu, = Yu,u, for any unipotent subgroup U of % defined
over F, and uy, u; € U(IFP),
o (conjugation) Vulyuz)’u_ll = yuluzuflfOF any ui, uz € S(Fp)unip-

Then the map v, > u, u € S (F,)unip, extends to a group isomorphism s : I' — S*(IF ).

Proof. 1t is clear that y,, — u extends to a group homomorphism s, which is surjective
since S°(IF,) is generated by its unipotent elements. It remains to show that s is injective.
For this, we may use any presentation (X, R) of $°(IF,) with generators X C S*(IF,)unip
and relations R. We only need to verify that the elements y,,, u € X, generate I" and satisfy
the relations R in I, i.e., R is a consequence of the relations above.
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We may assume that $° is simple over IF,,. For $*¢ of IF,-rank one the assertion fol-
lows (at least for p > 7, when the Schur multiplier of §%(IF) is trivial) from [Cur65, The-
orem 1.2]. Alternatively, it follows from [Ste62, Théoreme 3.3] and [Ste81, Theorem 5.1]
without restriction on p. Namely, we consider a maximal unipotent subgroup U C S%¢
and the opposite unipotent subgroup U. By the Bruhat decomposition, every unipotent
element of S°(IF,) is either contained in U (FF,) or of the form uiu foru e U (Fp) and
u € U(F)), and therefore I is generated by the y,,’s foru € U (F,)UU (IF,). Furthermore,
the relations of [Cur65, Theorem 1.2] follow from the conjugation relations in I".

In rank > 1 the assertion follows from the Curtis—Steinberg—Tits presentation [Cur65,
Theorem 1.4] (at least for p > 5, when the Schur multiplier of S*(IF,) is trivial, cf.
also [Ste62, Ste81, Tit81]). Fix a maximal split torus 7 of S° and a Borel subgroup B
containing 7', and let U be the unipotent radical of B, which is a maximal unipotent
subgroup of S°¢. Then every element of U (F,) is a product of root unipotents u with
respect to the roots of 7 on U. The Bruhat decomposition and the above relations imply
that I" is generated by the elements y,,, where u ranges over the elements of the unipotent
root subgroups with respect to 7. Moreover, the Curtis—Steinberg—Tits relations certainly
follow from the relations between the y,,’s. This finishes the proof of the lemma. O

We now show (4.1b). Let h € SAmg(gZp) and let p be the largest ideal of h contained
in Bresnilp- Let H = G(h) and P = expp, and let as usual H and P be the images of
these groups in G(F)). It is clear that P is a normal pro-p subgroup of H. Note that p is
the preimage under reduction modulo p of the largest ideal p of b contained in f_)nilp. In
particular, p O b N pgz, and therefore P D exp(h N pgz,).

It remains to prove that H N K, (p) C P, since in this case

HNK,(p) = P NK,(p) = explog(P NKy(p))) = exp(p N pgz,) = exp(h N pgz,).

Let H D P be the algebraic subgroups of G, associated by Nori’s correspondence
to the nilpotently generated Lie subalgebras h O p of gr,- The corresponding subgroups
of G(IF,) are H and P, respectively. By Lemma 4.10, P is the unipotent radical of H.
Let S5¢ be the simply connected covering group of the semisimple group H / P and let K
be the kernel of the surjective covering map « : S*(IF,) — I:I(Fp)+/ﬁ(19‘p) = H/l;.
Note that « restricts to a bijection between S (I, )ynip and the image of Hypip in H/P.
We may assume that p does not divide the size of the center of S*¢, and in particular the
size of K.

We need to show that the canonical surjective homomorphism r : H/P — H/P
is an isomorphism of groups. Using Lemma 4.17, we will show this by constructing a
surjective homomorphism ¢ : I' = I'(§%¢) — H/P with r o ¢ = k o s. Note that in any
case the kernel of r equals (H N PK,(p))/P, and that it is therefore a p-group.

For any residually nilpotent subalgebra u C § containing p, the group U = expu is
a pro-p subgroup of H containing P and r restricts to an isomorphism r|y/p : U/P —
U/P, where U C H is the image of U in G(IF,). Given any p-group U C H, we can
lift the associated Lie algebra it = L(U) = log” U c h = L(H) to its preimage u
under the reduction map h — b and obtain a pro-p group U C H containing P which
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projects onto U under reduction modulo p and for which r|y p - U/P — U/P is an
isomorphism.

As a consequence, for any unipotent subgroup N of $°¢ defined over F,, we may
consider the preimage U of k(N) in the group H and lift the p-group U (Fp) C Htoa
pro-p subgroup U C H such that » maps U/ P isomorphically onto N (Fp) = U Fp)/ P
C H/P.

In particular, we may lift any unipotent element u of S* () to an element f(u) €
H/P with r(f (u)) = «(u), namely to f(u) := (expv) P for some v € Bresnilp such that
exp v maps under reduction modulo p to a representative of x(u) € H/P in H. This
lift does not depend on the choice of v: for any vy, v2 € Bresnilp it follows from Lemma
4.9 that expv; and exp v, map to the same element of H/P if and only if v — vy €
p + b N pgz, = p, which is in turn equivalent to expv; € (exp v2) P. Therefore, we
obtain a well-defined map f : S*(IF,)ynip — H/P withr o f = «| S5 (F ) unip- MOTEOVET,
for any unipotent IF,,-subgroup N C S* the restriction of f to N (Fp) is the inverse of
the group isomorphism r|y,/p : U/P — N (Fp) constructed above, and in particular it is
a group homomorphism.

We now claim that in the setting of Lemma 4.17 the definition ¢ (y,) = f(u),
u € S*(Fp)unip, extends to a group homomorphism ¢ : I' — H/P, i.e., it respects
the relations defining I".

Clearly,

r(@() =r(fw) =«() forallu € S*Fp)unip- (4.3)

For a unipotent subgroup N C §°¢ defined over F, we know that the restriction f|y F,)
is a group homomorphism, which means that ¢ (yy,u,) = fuiuz) = fu1)f(u2) =
¢ (Vu))$ (Vuy) forany u, us € N(Fp).

Let us check the conjugation relations. Suppose that Lie algebra elements v; € Bresnilp
reduce modulo p to log”’ u;, where u; € I-_Iunip, i = 1,2, and that u; maps to k (u;) €
H /P for some u; € S*(F))unip- Then ¢ (y,,,) = f(u;) = (expv;) P. Now Ad(exp vi)vz
€ bresnilp maps under reduction modulo p to Ad(u}) log” (uy) = log® (u’lu’z(u’l)_l),
and u’lu’z(u’l)_l maps to K(uluzul_l) in H/P. Hence,

¢(yu1u2url) = exp(Ad(expvy)vy) P = exp vy exp vz exp(—v1) P
=0 Vu)d Vi) ()~

which finishes the proof of the claim.

It is clear from the definition of H that ¢ is surjective. Moreover, it is clear from (4.3)
that r o ¢ = k o s. Since s is an isomorphism by Lemma 4.17, we conclude that the order
of Kerr divides the order of K. Since Kerr is also a p-group, we conclude that r is an
isomorphism.

This finishes the proof of (4.1b).
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5. Intersections of conjugacy classes and open compact subgroups

5.1. The global bound

As an application of the approximation theorem, we prove in this section an estimate for
the volume of the intersection of a conjugacy class in the group of Z-points of a reductive
group defined over Q with an arbitrary open subgroup. This is a key technical result in
our approach to the limit multiplicity problem for arbitrary congruence subgroups of an
arithmetic group, which is the subject matter of [FL15]. It is convenient to formulate the
result in a slightly more general way, namely in terms of the commutator map. Theorem
5.3 below gives the most general formulation, and Corollary 5.8 the main application.
Corollary 5.9 is a variant of this result in the language of lattices in semisimple Lie groups.
At the end of this section we also prove some auxiliary results that will be applied to the
limit multiplicity problem.

We will temporarily consider more general groups G than before. (However, in Theo-
rem 5.3 and its proof G will be assumed to be semisimple and simply connected.) For the
following definitions let G be a (possibly disconnected) reductive group defined over Q
such that its adjoint group G as well as its derived group G are connected. (The
connectedness of G is not essential, and we assume it only for simplicity.) We fix an
embedding pg : G — GL(Ny). We denote the canonical action of G¥onG by ad and
the adjoint representation of G* on g = Lieg G by Ad. We have the commutator map

[.’ ] . Gad X Gad — Gder’

which is a morphism of algebraic varieties over Q.
For every prime p we set K, = po_l(GL(No, Zp)) as before, and let K = ]_[p K,, an
open compact subgroup of G (Agy). Let

K(N) = {g € K: po(g) = 1 (mod N)} = [[K,(p»™), N =1,
p

be the principal congruence subgroups of K. They are normal open subgroups of K and
form a neighborhood base of the identity element. For an open subgroup K C K (or, more
generally, an open compact subgroup K C G(Agy)) let its level lev(K) = [] »levy (K)
be the smallest integer N for which K(N) C K. We note that a change of the represen-
tation pg changes the level of a given open compact subgroup K only by a factor that is
bounded from above and below.

Sometimes we will need a generalization of this notion. If H C G (Agy) is an arbitrary
closed subgroup, then we let lev(K; H) = ]_[p lev,(K; H) be the smallest integer N for
which K(N) N H C K. In particular, this applies to the group H = G(Ag,) ™, the image
of G*°(Agp) under the natural homomorphism p*¢ : G¢ — G, where G*¢ is the simply
connected covering group of G,

We also fix an embedding p§! : G* — GL(N3?) and let K& = (0~ (GL(N}?, Z,))
C G*Qp) and K* = T, K5 C G*(Asn). Let K¥'(p") C K3 be the princi-
pal congruence subgroups with respect to pgd. We normalize the Haar measures on the
groups Kf,‘,d and on their product K2 to have volume one.
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Definition 5.1. Let K be a compact subgroup of G*(Agy,) with its normalized Haar mea-
sure. For an open subgroup K C G(Agy) define

¢g g(¥) =vol(fk eK: [k, x] € K}, x € G"(An).
For K = K* we simply write ¢ (x) = ¢ k Kad (x). Analogously, we write
¢k, &, () = vol(tk € K, : [k, xpl € Kp)),  xp € GHUQp),

for open subgroups K, C G(Q,) and compact subgroups K,, C Gad(Qp), and set
Dk, (¥p) = B, ks ().

We will estimate the function ¢k (x) (indeed ¢ g (x) for certain subgroups K C Kad)

for x € K and arbitrary open subgroups K C K in terms of the level of K. To state
the dependence of the bound on x in a convenient manner, we introduce the following
notation. Fix a Z-lattice A in g such that A ® Z is K*-stable.

Definition 5.2. For x, € G(Q,) set
kg(xp) = max{n € ZU{oo} : (Ad(x,)—1) Pryp(A®Z,) C p" (A®Z,) for some b # 0},

where h) ranges over the non-trivial semisimple ideals of the Lie algebra g ® Q,, and Pry,
denotes the corresponding projection g ® Q, — h C g ® Q,,.

See Remark 5.23 below for an alternative, somewhat more concrete expression for this
function. Note that )‘1(7; (xp) = 0 for x, € K;d. A change of the lattice A will change
Ag (xp) at most by a constant c,, where ¢, = 0 for almost all p. Similarly, for any
compact set Q C Gad(Aﬁn) there exist constants A, with A, = 0 for almost all p, such
that |Al(,;(y_1xy) - Ag(x)l < A, for all primes p, x € G (Agy) and y € Q.

Theorem 5.3. Let G be semisimple and simply connected. Let K = ]_[p Kp, where for
each p the group Kp is an open subgroup of K;’,d and the indices [Kj;d : Kp] are bounded.

Then there exist constants €, 5 > 0, depending only on G, py, pgd and K, such that forall
open subgroups K of K of level N = lev(K) = ]_[p p"r and all x € K™ we have

br k) < BON.x,8)° with BE(N,x,8) = I1 . (5.1)
PIN, 2§ (x)<énp

Here, the implied constant depends on G, py, p(‘)‘d, K and A.
Remark 5.4. Let
K4 .= {x e KM : Ap(x) < oo forall p and A, (x) = O for almost all p},

reg

which is a dense subset of K. For x € K?gg we obtain from Theorem 5.3 the estimate

Pr k() Lg (H p)\P("))s/(S lev(K)™°.
)4
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By Lemma 5.25 below, x € K';‘gg whenever x is an element of G*(Q) N K that is not

contained in any proper normal subgroup of G (which we may of course assume to be
defined over Q).

Remark 5.5. In fact, the proof of Theorem 5.3 will yield the sharper estimate

o =[] min(t.¢/p) [Tmingt, p" e mem) (52
PIN, 2§ (x)=0 pIN

where & > 0 is the constant provided by the approximation theorem (Theorem 2.2) for G
and pg, and ¢/, C > 0 and c are additional constants depending only on G, po, pgd and K.
ad
reg
dx k(x) <, g, N7¢forany ¢ < 1. Up to the determination of the constant C, the
estimate (5.2) is best possible even for groups of arbitrarily large rank. (It might not be
best possible for particular groups G.) Indeed, if G = SL(n) over Q, Gaii = PGL(n),
K% = PGL(n, Z,) and K, C K, = SL(n, Z,) is the stabilizer of a point & € P"~!(F,)
under the natural action, then

Remark 5.6. For square-free level N and x € K& we obtain from (5.2) the estimate

1 &,

Pk, (xp) = ——— Y (p" — 1)
pr—li

if x, € GL(n, Z)) stabilizes & and the dimensions of the FF,-eigenspaces of the image

Xp of xp in GL(n, F)) are ny, ..., n,. In particular, for n; = n — 1 and n, = 1 we get

¥k, (xp) = 1/p. Note that for A = sl(n, Z), we have A,(x,) = 0if x, is not a scalar

matrix.

Remark 5.7. For an arbitrary N, it is not possible to take ¢ arbitrarily close to 1 in (5.1).
For example, consider for G = SL(2) the congruence subgroups K, = I'o(p") C K, =
SL(2,Zp),n > 1.Letx, = (§5) € SL(2, Zy) and r = A, (xp) = min(v,(d—a), v, (b)).
Then ¢k, (xp) is just the number of fixed points of x, on PY(Z/p"Z) divided by

IPY(Z/p"Z)| = p" (1 + 1/p). Assume that r < n. Write x, = a + p"y with y = (§ j;i)
andb’,d’ € Z,, not both divisible by p. Then bk, (xp) is also the number of eigenvectors
of y in P(Z/p"~"Z) divided by p"~"(1 + 1/ p). After possibly conjugating by an upper
triangular matrix in SL(2, Z,), we may assume that b’ = 1. Then the number of eigenvec-
tors in question is just the number of solutions to the quadratic congruence £ — d’& = 0

(mod p"~"), where v,(d’) = v,(d — a) — r. Direct computation yields

21+ 1/p)y~Tp==wld=a)  y (d —a) < (n+71)/2,

(1 + 1/p)7]p*’—(n*r)/2-|’ Up(d _ Cl) > (f’l + r)/2 (53)

B, (rp) =

This implies that ¢ < 1/2 for G = SL(2).

The following corollary concerning conjugacy classes in G(Z) for an arbitrary reductive
group G has applications to the limit multiplicity problem. Essentially the same result has
been obtained independently in [AB1 17, §5] without using the approximation theorem.
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We note that in the case of G = SL(2) or the group of norm one elements of a quaternion
algebra over Q, and for particular choices of x, very explicit estimates of this type have
already been obtained in [CP84].

Corollary 5.8. Let G be a (possibly disconnected) reductive group defined over Q whose
derived group G and adjoint group G* are connected. Let py : G — GL(Ng) be a
Jaithful Q-rational representation and K = Py ! (GL(No, Z)) C G(Afn). Then there exist
constants &, 8 > 0 such that for all open compact subgroups Ko C G(Agy) we have

vol({k € K : kxk™! € K}) <.k B (1ev(K; G(Agn) "), x,8) "

for all open subgroups K C Kg and all x € G(Agqy). (Here we pull back )\, to G via the
p

projection G — G%.)

The simple proof will be given in §5.4.

For the convenience of the reader, and to facilitate comparison with [AB*17], we also
give a variant of this result concerning lattices in semisimple Lie groups. For an arbitrary
group I', a finite index subgroup A, and an element y € I" set

cay) =18 eT/A: 57 ys e A},

which is also the number of fixed points of y in the permutation representation of I on
the finite set I'/A.

Corollary 5.9. Let G be a semisimple and simply connected group defined over Q such
that the group H (R) is compact for no Q-simple factor H of G, and let K C G (Agqy) be
as above. Let ' = G(Q) N K, which is a lattice in the Lie group G (R). For any open
subgroup K C K let A = G(Q) N K be the associated finite index subgroup of T.
Then there exist constants ¢, § > 0, depending only on G and po, such that for all open
subgroups K and all y € T we have

ca(y)
[T A]

In particular, if y is not contained in any proper normal subgroup of G (Which we may
assume to be defined over Q) then

ca(y) T
S ([ o

< B%ev(K), y,8)"¢.

where C > 0 depends only on G.

Proof. The assumptions on G imply (and in fact are equivalent to) the strong approxi-
mation property of G, i.e., G(Q) is dense in G(Ag,) [PR94, Theorem 7.12]. From this
we get [[' : Al ea(y) = vol({k € K : kyk™' e K}), and we may apply Corollary
5.8 to deduce the first inequality. For the second, we invoke Remark 5.4 to get the esti-
mate << (]_[[7 P NC Jev(K)~¢. However, [I" : A] = [K : K] < vol(K(lev(K))) ™! «
lev(K)4mG and we may therefore replace lev(K) by [I" : A] (at the price of replacing &
by ¢/dim G). O
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The groups A = G(Q) N K C T are called the congruence subgroups of I". Under
the assumptions of the corollary, they are in one-to-one correspondence with the open
subgroups K of K.

5.2. Reduction to two statements on open subgroups of K,

We will now derive Theorem 5.3 (and the refined estimate (5.2)) from the following two
statements concerning open subgroups of K, for arbitrary p. As in the theorem, G will be
assumed to be semisimple and simply connected. (The assumption that G is simply con-
nected is relevant only for Proposition 5.10 below.) The first statement bounds ¢ K, (xp)
for all proper subgroups K, of K, while the second one concerns subgroups of level p"
for large n. The propositions will be proved in §5.3.

Proposition 5.10. For any prime p, any proper subgroup K, of K, and any x, € K;‘,d
1

with Ap(xp) = 0, we have ¢k, (x)) <<p0)p8d p .
Proposition 5.11. There exist constants ¢, ¢’ > 0 and ¢, depending only on G, pg
and p(")‘d, such that for any prime p, any subgroup K, of K, of level p" and any x,, € K;‘,d,
we have $i, (xp) < p HroC)=em,

As in Remark 5.5, the constant € in Proposition 5.11 is the constant provided by Theorem
2.2 applied to G and pyg.

In fact Proposition 5.10 is essentially already known. More precisely, at least in the
case where x), lies in the image of K, in G*(Q),), it is shown in [LS91] that for any G
one can take the implied constant (say C) to be 2 for almost all p.> This estimate is op-
timal for G = SL(2), as one sees from (5.3) forn = 1l and r = v,(d —a) = 0. If one
excludes the case where G has a factor of type A, then one may lower the value of C
further. (By Remark 5.6 above, we need to have C > 1 even if we omit finitely many
possibilities for G.) However, the proof in [LS91] is based on a detailed analysis of a
great number of particular cases, and uses explicit information on the maximal subgroups
of the finite simple groups of Lie type, while our proof, which does not give the optimal
value of C, uses only Nori’s theorem. For more refined recent bounds see [LS99, Bur(O7a,
Bur07b, Bur07c, Bur07d] (concerning classical groups) and [LLS02] (concerning excep-
tional groups), as well as the references cited therein.

We will now show how to deduce Theorem 5.3 from Propositions 5.10 and 5.11.
Arguments of this type can be found already in [CP84] and [LS03, §6.1]. We first state a
simple property of the functions ¢, g which follows by straightforward calculation.

Lemma 5.12. Let L C K be open subgroups of K. Then

— - ad
¢K’f((x) = Z ('bad(kn)*l(L),K(x)’ x € K*,
neL\K: [K,x]NLn#%

where k, € K is an arbitrary element with [ky, x] € L.

5 Lemma 5.13 below shows that the framework of loc. cit. is applicable for almost all p.
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In the following lemma we collect some standard facts on the behavior of the groups G
and G* modulo p for almost all primes p.

Lemma 5.13. Given G, py, G, pgd, for almost all primes p we have:

(1) The group schemes G and G* are smooth over Z,, and thus K, /K, (p) ~ G(F},) and
K;d /sz (p) ~ Gad(IFp). Moreover, the group schemes Gy, and G%‘i are semisimple
algebraic groups over I ,.

(2) The maps ad : G x G — G and [-,-] : G x G — G map K;‘;‘,d x K, and
K;d X K‘;d to K, and moreover descend modulo p to corresponding maps of the
groups of IF,-points.

(3) Leth;, i =1, ..., rp, be the minimal non-zero ideals of g ® Q. Then the Z-lattice
A C gusedto define ), (x) satisfies AQZ, = @;”:1 (A®Z,)NY;. The corresponding
factorizations G = G| x - x Gy, and GY = G?d X+ X Gi‘f into products of Q-
simple algebraic groups extend to factorizations of group schemes that are smooth
over Zy. In particular, we have corresponding factorizations of G and G over F,
(cf. [LSO3, pp. 392-393]).

(4) All proper normal subgroups of the groups G;(Fp), i =1, ...,rp, are central [PR94,
Proposition 7.5], and the center of G(F)) is the set of F,-points of the center of G,
i.e., the kernel of the adjoint representation of G(IFp).

(5) For any m > 1 the m-th iterated Frattini subgroup of K, is equal to K,(p™). In
particular, the Frattini subgroup ®(K,) is K, (p) [LS03, Window 9, Lemma 5 and
Corollary 6].

We also need a standard estimate for the number of FF,-points of a linear algebraic group
[Nor87, Lemma 3.5].

Lemma 5.14. For almost all p, depending on G* and ,ogd, we have
(p—DM™C < |GYF)y)| = (vl K (p) ™! < (p+ DHIME.

For convenience, we also isolate a key technical consequence of Proposition 5.11 as a
separate lemma.

Lemma 5.15. Let ¢ and ¢’ be as in Proposition 5.11. Let Kp C K;d be open subgroups
and B a positive integer with [K;’,d : Kp] < B for all p. There exists a constant c,
depending only on G, po and B, such that for any prime p, for all subgroups K, C K, (p)
of level p" and for all x), € K;d, we have the estimate

(xp) < min(l, p € FrrC)=emy g

Padih) Ky Ky ad(k,)K (p). K, XP)-

Proof. By Lemma 5.13(2)(5), for all but finitely many primes p the operators ad(k)),
ky € K;‘,d, act on K, and each of the groups K, (p™) is a characteristic subgroup of K.
Therefore ad(k,)K,(p™) = K,(p™) as well as lev(ad(k,)K,) = lev(K,) = p" for al-
most all p. Treating the remaining finitely many primes p one at a time, an easy com-
pactness argument shows that lev(ad(k,)K,) > p"~°! for all p, with a constant c|
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depending only on G and pg. Again by compactness, for each single p the values
¢ad(kp) K, (p).K, (xp) forxp, kp € K';‘,d are bounded away from zero. Moreover, by Lemma
5.14, for almost all p we have ¢ad(k,,)Kp(p),f(p (xp) = ‘pr(p),K,, (xp) = vol(K;d(p))
> p~ 2, with a suitable constant ¢, and therefore ¢ad(kp)Kp (».K, (xp) = p~© for all
p with a suitable c3. Since ¢ad(kp)Kp,Kp (xp) < Bad(k,)k, (xp), the lemma follows now
from Proposition 5.11. O
Proof of Theorem 5.3. Let K c K% be as in Theorem 5.3. Let K C K be an arbitrary
open subgroup and write N = lev(K) = ]_[[7 p'r. Set Ny = ]_[[7| n P and consider the

groups K = KK(N;) and L = K NK(N)). Clearly, L is a normal subgroup of K of level
N and _
L\K ~ K(N)\K. 5.4

Note that we can factor L = l_[p\N L, ]_[pJ(N K,, where L, C K, (p) is a pro-p group.
We can now apply Lemma 5.12 to L C K to obtain

¢K,K(x) = Z ¢ad(kn)—1(L),K(x)’ 5.5

neL\K: [K,xINLn#f

By (5.4), we may choose the same representatives n € K and k; € K also for the pair of
groups K(N1) C K. We obtain the corresponding equation

g () = Z¢ad(kn)—](K(N1)),K(x)' (5.6)
n

Consider ¢ad(kn)*1L,I~((x) = Hp\N ¢ad(k,,,p)*1L,,,f<p (xp). Applying Lemma 5.15 yields
Budtiy 11RO = Bugr) 1y k) [ [ min(1, p CHrtImeny
pIN
Inserting this into (5.5) and using (5.6), we get
dx k(@) < dg g () [ [ min(1, pcrrolm=en)y. (5.7)
pPIN

It remains to estimate ¢z z(x). There exists a constant C > 1, depending only on G
and po, such that for all primes p | N with p > C the image of K in the factor group
K, (p)\K,, is a proper subgroup of this group [LS03, p. 116]. Therefore,

K c[[%,
p

where for the primes p | N with p > C the group K p 1s a proper subgroup of K, and
K » = K,, for all other primes p. For a suitable value of C we can therefore apply Propo-
sition 5.10 to estimate

¢rx® < [ min.C/p).

PIN:Ap(xp)=0

Combining this with (5.7) immediately yields (5.2).
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It is now a routine matter to derive (5.1) from (5.2). For this assume without loss of
generality that ¢ > O and let 0 < 8 < (¢ + 1)~ !e. Observe first that we can estimate

min(1, C/p) < I1 p'r=c I A
p‘N:Ap(Xp):O p\N:pZCz,A,,(x,,)=O plN:)\p(xp):O

where we set Cp = Hp<cz pl/ 2 Therefore, we obtain

bpg0=C [ p7 [ min, ptethetnmen,
PIN: dp(xp)=0 PIN: Ap(x)<dny

Consider now any prime p | N for which A, (x) < n,.Inthe casen, < § ~!, the inequal-
ity A, (x) < dn, implies that A, (x) = 0 and therefore the first product contains the factor
p~ 12 < p=¥/2 In case n p>90 ~1, the second product contains the factor

ps/(c+kl,(x,,)—sn,,) < pg’((c+l)5—s)np — p—g//np

with ¢’ = ¢’(e — (¢ + 1)8) > 0. This clearly implies (5.1). O

5.3. Proof of the local bounds

We now prove Propositions 5.10 and 5.11. For this we use the general estimates of the
Appendix for the number of solutions of polynomial congruences. The first proposition
is easily deduced from Proposition 3.3.

Proof of Proposition 5.10. We can assume that p is sufficiently large (depending on G).
In particular, we can assume that we are in the situation of Lemma 5.13.

Since under this assumption on p we have ®(K,) = K, (p), the projection H of the
proper subgroup K, of K, to G(F,) is a proper subgroup. Replacing K, by the preimage
of H and taking into account Lemma 5.13(1)(2), we are reduced to proving that

[{k € GM(F,) : [k, X] € H}| _C
|GY(F )| B

(5.8)

for a suitable constant C, where x denotes the image of x;, € K;d in GM(F,).

Recall that by the algebraization result of Proposition 3.3, there exist an integer N,
depending only on G, and a proper, connected algebraic subgroup X of Gp,, defined
over IF, such that [H : H N X (F,)] < N. Moreover, the ideal defining the subvariety X
of G, is generated by regular functions of degree < N (with respect to the affine em-
bedding of G, provided by po). Given this, it follows easily from Lemma 5.12 that it is
enough to establish the estimate (5.8) for the group X (FF),) instead of H.

The condition A, (x,) = 0 implies that the group

C(x) = (IG*(F)), X]) C G(F))

is the full group G(Fp). Indeed, by the identity [yx,z] = (ad(y)[x,z]D[y.z] the
group C(X) is a normal subgroup of G(IF,) for any x. It is also clearly the product of
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its projections C_i (x) to the factors G;(IF,),i = 1, ..., r,. Moreover, by our assumption
on x, the projections of x € Gad(]Fp) to the factors Gf.‘d(IFp) are all non-trivial. There-
fore the normal subgroups C_,- (¥) C G;(F)p) are all non-central. By Lemma 5.13(4) they
therefore have to be the full factor groups G; (IF,), and we conclude that C(x) = G(F)).

Thus [G* (Fp), x] ¢ X(F)). Therefore, in any generating set of the defining ideal
of X, there exists an element f (a regular function on G]F ) such that g = f([-, x])

(a regular function on Gad) does not vanish on Gdd(IF ). Since the degree of f can be
bounded by N, the degree of g is clearly also bounded in terms of G and N. Since

l{k € G*(F)) : [k, ] € X(Fp)}| < |tk € G*(F,) : g(k) = 0}],
and moreover '
G¥ )| = cp™™©

for a suitable constant ¢ > 0 by Lemma 5.14, it remains to invoke Lemma A.1 to establish
(5.8) for X (FF),) and to finish the proof. m]

We now turn to the proof of Proposition 5.11, which is based on the combination of
Theorem 2.2 with Lemma A.2.
We first clarify the group-theoretic meaning of A, (x) following Larsen and Lubotzky.

Definition 5.16. For x, € K& let

Cp(xp) = <[K?;d([7)a xp]) - G(Qp)-

Note that the group C,(x,) is invariant under ad(K?,d( p)). (Therefore by Lemma 5.13 it
is a normal subgroup of K, (p) for almost all p.)

Lemma 5.17. There exists a constant ng, depending only on G, such that for all x, € K;‘,d
with Ap(xp) < 00 we have

Cp(xp) B Kp(p)\p(xp)+n0)‘

Proof. The assertion is essentially proven in [LLO4, pp. 453-454], where the case of Q,-
simple groups G is treated. Since G, can be factored as a product of Q-simple groups,
we can easily reduce to this case. Although it is not explicitly stated there, the proof in
[LLO4] also shows that ng may be chosen independently of p. O

In the proof of Proposition 5.11 it turns out to be convenient to consider a variant of the
principal congruence subgroups which is provided by the following definition.

Definition 5.18. Let p : G — GL(N) be a Q,-rational representation of G with p(K,)
C GL(N, Zp), and assume that no non-zero vector in QIJY is fixed by p(G). For any

primitive v € Z,Z,V (i.e,v ¢ ng/) and any m > 1 set
K,(p,vim)={geK,:3re Z; : p(g)v = Av (mod p™)}.

Clearly, the groups K, (o, v; m) are open subgroups of K,,. We can estimate their levels
as follows.
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Lemma 5.19. There exist constants mo and m1, depending only on G and N, such that
P = lev(K, (p, v; m)) = p" ™Mo (5.9)

for all p as in Definition 5.18, all primitive v € Z;,V and allm > 1. Moreover, for all p out-
side a finite set of primes depending only on G and N, we have lev(K, (p, v; m)) = p™.

Proof. We first observe that there exists e, > 1 such that

p(Kp(p?)) CT(N, p),

where I'(N, p™), m > 1, are the principal congruence subgroups of GL(N, Z,). Indeed,
the reduction modulo p of the representation p induces a homomorphism K, (p) —
GL(N, IFp), whose image is contained in a p-Sylow subgroup of GL(N, IF;,). Recall that

K, (p") = K, (p)?" ") (5.10)

for all n > €,. Hence we can take ¢, = €, + [log, N1 if p is odd, while for p = 2
we consider the reduction modulo 4 and set e = 2 + v, where 2V is the exponent of the
2-Sylow subgroup of the finite group GL(N, Z/4Z).

Using (5.10) again, for any m > €, we have

m—ep

p (K, (p"+er=eryy = p(K,(p)P"" ")y c (N, p)!P" T = T (N, p™).

Consequently, K[,(pm”P_GP) C K, (p, v; m) for all v. This shows that lev(K, (o, v; m))
< p"t™r formy , = ep — €p.

Moreover, p(K,(p®)) is a uniform subgroup of the uniform pro-p group I'(N, p?),
and by Proposition 2.7 we therefore have p (K, (p”)) = exp(L,_.,) for a powerful Lie
subalgebra L, ., C p?gl(N, Zp). We claim that there exists f, > €, with the property:

for all primitive v € Zg there exists [ € L ., with [v ¢ Zpv + prHZI]:/. (5.11)

For assume the contrary. Because the set of primitive elements of Z;,V is compact, there
would then exist a primitive v € Zg with Lpe,v C Zpv, and therefore p(K,(p®?))
would stabilize the line Q,v C Qg . Since K, (p®?) is Zariski dense in G [PR94, Lemma

3.2], this would imply that the representation p stabilizes a line in Q¥, and therefore
contains the trivial representation (since G is semisimple), contrary to our assumption.
This proves the claim.

Assume now thatn > e, and m > €, are such that

K,(p") C Ky(p, v;m).
Since p(Kp(p")) = exp(p" ™7 Ly e,), we can rewrite this relation as
exp(p" "Ly, v C Zpv + meé,V.

Let/ € Ly, be arbitrary and let § = exp(p"~“rl) € I'(N, pr). Since v € Z,v +
me[Iy, we can write & € £'T'(N, p™) for some &' € T'(N, p) with &'v € Z,v.
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Therefore, by Proposition 2.7(2) we have p" =7l = log& € log&’ + p™gl(N, Z,) and
(log&")v € Z,v, which together implies that p"~“rlv € Zyv + meg/, and therefore
lv € Zyv+ p™"ter ZIIY , since v is primitive. On the other hand, by (5.11) there exists
l € Lpe,suchthat/v ¢ Zpv + pr“ZQ’. We infer thatn > m + e, — f,,. We conclude
that lev(K, (o, v; m)) > p™~"0r forall m > €, withmg , = f, —e,.

It remains to see that for almost all p we can choose ¢, = f, = 1. Consider the
set K resunip Of residually unipotent elements of K;,. Note that the proof of [LS03, Win-
dow 9, Lemma 5] shows that for almost all p, the group K, (p) is topologically gen-
erated by the elements u”, u € Kp resunip- Clearly, if u € K resunip then its image
p(u) € GL(N, Zy) is also residually unipotent, and for p > N this implies that in fact
p()? =1 (mod p). Therefore, after excluding a finite set of primes that depends only
on G and N, we have p(K,(p)) C I'(N, p), so that we can take e¢), = 1.

Moreover, for all such p the reduction modulo p of the representation p gives a repre-
sentation p : G(IF,) — GL(N, ;). On the other hand, the representation p decomposes
over @p into irreducibles, which are parametrized by their highest weights. For almost
all p, the root coordinates of these weights are small with respect to p, which implies that
the reduction modulo p of each irreducible constituent of p remains irreducible [Jan87,
Corollary 11.5.6]. By the Brauer—Nesbitt theorem, the semisimplification of the represen-
tation p (considered over Fp) is given by the direct sum of the reductions modulo p of
the irreducible constituents of p. Since by assumption the trivial representation is not a
constituent of p, we conclude that if we exclude a finite set of primes p that depends
only on G and N, then the characteristic p representation p does not contain the trivial
representation.

Therefore, for any 0 # v € ]FII;’ the line F,v C IF[];’ is not stabilized by the operators
m, u € K resunip, and hence by the operators log(P) m, u € K resunip [Nor87,
Lemma 1.4]. By the commutativity of (3.2), we conclude that the line IF,v is not stabilized
by the reduction mod p of the logarithms log p(u), u € K resunip- However, the Lie
algebra L, 1 contains the elements p log p(u), u € K resunip- This means that we may
take f, = 1 above and conclude that lev(K, (o, v; m)) = p™. ]
Next, we reformulate Lemma A.2 in the case at hand. Recall that ,ogd fixes an affine
embedding of the affine variety G, which allows us to speak of the degree of a regular
function on G (and similarly for G).

Corollary 5.20. For any integer d > 0 there exists a constant (d) > 0, depending only
on G™ and pgd, such that for any m,n € 7, and a regular function f on G*, defined
over Qp, of degree < d such that f(K;d(p)) ¢ p"Zp, we have

vol({g € Ki¥(p) : f(g) =0 (mod p")}) K gaa p~ PO HD.

Proof. We take V. = G in Lemma A.2 together with the affine embedding provided
by ,ogd. Let u), be the normalized Haar measure on GY(Q p) such that vol(K?,d) =1, and

fip the measure on Gad((@p) induced by the fixed affine embedding of G (cf. [Ser81,
§3.3], [Oes82, §3]). Since G is a smooth variety over Q,,, for any p we clearly have

- /-
CpitplK,(p) = Mp|K';,d(p) = CpMp|K;d(p)
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. , ~ .
for suitable cp, = Cp > 0. Moreover, for almost all p the measure i p|K;d( p) 1 a con-

—dimG

stant multiple of the measure i, and since it gives K;‘,d (p) total volume p , while

,up(K;d(p)) = |Gad(]F1,,)|’1 for almost all p, we have
dim G

I’LP|K}‘,‘1(P) = |Gad(IFp)|ﬂ“1’|K?ad(P)

for almost all p. By Lemma 5.14, the normalizing factor satisfies

[\~4mG dimG 1\~ dimG
<1+—> S adm S(l——> )
p |G*(Fp)] p

and is therefore bounded in both directions in terms of dim G only. The lemma follows
therefore from Lemma A.2. |

Remark 5.21. Assume that G is split over Q. Then we can realize K';‘,d (p) as an explicit
compact subset of an affine space of dimension dim G, and by Lemma A.9 it is therefore
possible to take any (d) < 1/d in Corollary 5.20. In general, the affine variety G* need
not be rational over Q (or even over Q).

We can now prove a variant of Proposition 5.11 for the groups K, = K, (p, v; m).

Lemma 5.22. There exist constants ¢’ > 0 and ¢’ > 0, depending only on G and N, such
that for any prime p, any Q,-rational representation p : G — GL(N) with p(K,) C
GL(N, Zp) without fixed vectors, any primitive v € ZN. m > 1, and any xp € K;‘,d we
have

vol(fk € K¥(p) : [k, xp] € Kp(p, v; m)}) < p® € Frpln)=m),

Proof. Let (-, -) be the standard bilinear form on Qﬁ,v . Write v = ZIN= 1 vie; and consider
the regular functions

fijv(@) = (p(g, xpDv, vje; —viej), i #j,

on G, It follows directly from Definition 5.18 that for any primitive v € ZII,V ,k € K;d
and m > 1 we have

fijok) € p"Z, Vi # j ifandonlyif [k, x,] € K,(p,v;m),
and therefore (see Definition 5.16)
fiiw K3 (p)) C p"Zp Vi # j ifandonlyif C,(xp) C Kp(p, vim).

Combining Lemma 5.17 with Lemma 5.19, we see that C,(x,) C K, (p, v; m) implies
m < Ap(xp) + no + mo. Therefore, for any v there exist indices i # j with

fij,v (K;d () ¢ p)»p (xp)+no+mo+1 Zp .

Over the algebraic closure of Q, there are only finitely many isomorphism classes
of representations of G of dimension N. Since p is necessarily (Q,-isomorphic to such
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a representation, we can bound the degrees of the functions f;; , in terms of G and N.
Therefore, we can apply Corollary 5.20 to estimate

vol({k € K3 (p) : [k, xp] € Ky (p, v;m)})
< l’l;lgn Vol({k e K;d(p) . ﬁj,v(k) = mep}) <G p—s(m—kp(xp)—no—nlo)’
t7]

for suitable ¢ as required. O
We are now ready to finish the proof of Proposition 5.11 (and therefore of Theorem 5.3).

Proof of Proposition 5.11. Let K, be an open subgroup of K, of level p”. Without loss
of generality we may assume thatn > 2. Let x,, € K';‘)d.

First note that by the continuity of the map [, -], there exist integers [, > 1 with the
property that [K';d( i), K;d] C K, (p®). Moreover, since by Lemma 5.13, for almost
all p the map [-, -] descends to a map Gad(Fp) X Gad(IFp) — G(IF,), we may take [, = 1
for almost all p. We may then write

¢k, (xp) = > _vol({k e K& (p) : [k, £xp6 '] € K, NK,(p))), (5.12)
§

where the summation is over those classes in K;‘,d( plP)\K;‘,d for which there exists a rep-
resentative & with (&, x,] € K. By Lemma 5.14, the total number of summands in (5.12)
is clearly bounded by p¢” for a constant ¢ > 0 depending only on G.

From Theorem 2.2, applied to the group K, N K,(p®) of level p”", we obtain the
existence of a proper, connected algebraic subgroup X of G, defined over Q,,, such that
K, NK,(p) C (X(@Qp) NK,)K,(p'*"1), where ¢ depends only on G. Of course, here
we may assume that X is maximal among proper, connected subgroups defined over Q,,
ie., X € MSGRq,(G) in the notation of §2.4. We can find a Q-rational representation
p : G — GL(N), not containing the trivial representation, such that X is the stabilizer of
aline Qv C Qg . Moreover, by Corollary 2.29 (taken together with Lemma 2.26) we can
bound N here in terms of G only. By conjugating p and adjusting v, we can also assume
that p(K,) C GL(N, Z,) and v € Z) \ pZ)). In this situation we infer from Lemma 5.19
that lev(K, (p, v; m)) < p" M with m; depending only on G and py.

Clearly, we now have X(Q,) NK, C K,(p, v;m) for any m > 1, and in addition
K, (p'*"y C K, (p, v; m) for

m = [en] —mq,

if n > m /e, which we may assume. Therefore,
K, NK,p(p?) C (X(@Qp) NK)K, (p'") C K,y (p, v; m).
We can now apply Lemma 5.22 to the individual summands in (5.12) to obtain
bk (xp) < pc”+£’(c’+kp(xp)—m)
P — :

The proposition follows. O
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5.4. Some supplementary results

We turn to the proof of Corollary 5.8. Until the end of this section we assume that G
and K are as in Corollary 5.8, i.e., G is a (possibly disconnected) reductive group de-
fined over Q whose derived group G%" and adjoint group G* are connected, and K =
Py ! (GL(Ny, Z)) C G(Agp) for a faithful QQ-rational representation pg : G — GL(Np).

Proof of Corollary 5.8. Writing

vol(fk e K : kxk~ ' e K}) < Z vol({k € Ko : kyxy 'k~ € K}),
yeKNKo\K

we may first reduce to the case where Ko = K and x € K.

Let G* be the simply connected covering group of the derived group G%" of G and let
p5¢ 1 G*° — G be the associated canonical homomorphism. Let p%¢ : G¢ — GL(N*¢) be
a faithful Q-rational representation such that (p°)~1(K) c K*¢ = (p%)~!(GL(N*, Z)).

We can assume that there exists ko € K with koxk, lek , for otherwise the bound is
trivial. Then

vol({k € K : kxk™! € K}) = vol({k € K : [k, koxky '] € K}).

To estimate the right-hand side, we can apply Theorem 5.3 to the group G*, the open
subgroup (p**)~1(K) of K* and the image of koxko_1 in G¥(Agy). Here we let K, be
the image of K,, in G*(Q,) and take any representation p3¢ such that K, C K;d for

all p. In the final estimate we may replace the level of (p*©)~!(K) C K*¢ with respect
to p%¢ by lev(K; G(Agn)™), since the quotient of these two quantities is bounded from
above and below in terms of G, pg and pg°. O

We now give an alternative description of the functions A, (x), as well as three lemmas
on their behavior, which are useful in the application to limit multiplicities.

Remark 5.23. We can write G = []/_, G?d with G?d = Resf, /0 g,.ad for finite exten-
sions F1, ..., F, of Q and absolutely simple adjoint F;-groups g;‘d [BT65, §6.21 (ii)]. The
individual factors G?d are then the Q-simple factors of G, The Lie algebra g = Di_, 0
acquires naturally the structure of a module over the semisimple algebra A = [];_, F;.
Let 04 be the ring of integers of A. Furthermore, we can take K2 = I—[U K?)d, where
v ranges over the prime ideals of 04, which implies the factorizations K;d = [T, Kad
for all primes p. Assume finally that A is an 04-lattice in g. For v | p let @, be a prime
element of the local field A, and e, the corresponding ramification index. For n > 0 set
K¥(@]) = {x, € K& : Ad(x,)l = (mod @) A) VI € A}. Then for x, = (x,)y)p € K&
we can compute A,(x,) as the largest integer n > 0 for which there exists a place v
above p with x, € K¥(w*") (and 1, (x,) = 0o if x, = 1 for some v | p).

Definition 5.24. We say that an element y € G(Q) is non-degenerate if the smallest
normal subgroup of G containing ¥ (which is necessarily defined over Q) contains the
derived group G%.

Lemma 5.25. Suppose that y € G(Q) is non-degenerate. Then A,(y) < oo for all p
and Lp(y) = 0 for almost all p (depending on y).



1126 Tobias Finis, Erez Lapid

Proof. 1f X, (y) = oo for some p, then there exists a semisimple ideal 0 # b of g ® Q,
such that Ad(y)|p = 1, i.e., y lies in the kernel of the corresponding projection 7 :
G — H of reductive algebraic groups defined over Q,, given by the action of G on b.
This contradicts the assumption on y .

Consider the description of A, given in Remark 5.23. To have 1,(y) > 0 means
that Ad(y)! = [ (mod w,A) for some place v of A above p. If this is the case for
infinitely many p, then we may conclude that the linear map Ad(y) acts as the identity
on a Q-simple summand g; for some i, which again contradicts the assumption on y. O

Lemma 5.26. Let P be a parabolic subgroup of G defined over Q, U its unipotent radi-
cal, and M a Levi subgroup of P defined over Q. Let i € M(Q) be non-degenerate in G.
Then for every p we have Ap(uu) <, 1 for all u € U(Aqn) N K. Moreover, for almost
all p (depending on ) we have Xp(uu) = 0 for allu € U (Agn) NK

Proof. Assume on the contrary that A, (uu) is unbounded for some p. Since U (Agy) NK
is compact and p~*»(*) is a continuous function, we can then find u € U (Ag,) N K with
Ap(uu) = oo, or Ad(uu)|y = 1 for some semisimple ideal 0 # b of g®Q,,. Consider the
corresponding projection 7 : G — H of reductive algebraic groups defined over Q,. We
have w(uu) = 1, and therefore m () = w(u) = 1, since 7 (w) is semisimple and 7 (u)
unipotent. This means that u is contained in the kernel of 7, a normal subgroup of G not
containing G, which contradicts the assumption on .

To show the second assertion, we may assume that p is such that we are in the situation
of Lemma 5.13 (applied to G*) and 1 € K,. If A, (uu) > 0 for some u € U(Agy) NK,
then we can apply the previous argument to the reduction modulo p of Ad(uu) € K;‘,d
and conclude that in fact A,(t) > 0. By Lemma 5.25, this is only possible for finitely
many p under our assumption on ji. O

We now consider A, on the unipotent radical U of a parabolic subgroup P of G that is
defined over Q. Recalling the description of Remark 5.23, if u is the Lie algebra of U,
then we can write u = EB?:] u;, where each u; is an Fj-vector space. Moreover, the
spaces u; are non-trivial for alli = 1, ..., r if and only if the smallest normal subgroup
of G containing U is the full derived group G%.

Lemma 5.27. Let P be a parabolic subgroup of G defined over Q and U its unipotent
radical, and assume that the smallest normal subgroup of G containing U is the derived
group G, Let u be the Lie algebra of U and write u = €B_, ui, where v; is a non-
trivial F;-vector space. Let L,, C u be an o s-lattice and set

):p(expx) c=max{k>0:Jv|p:x¢€ wve”kLu ®Zp}, x €Ly 7,

where v ranges over the places of A lying over p, w, is a prime element of the associated
local field A, and e, the corresponding ramification index. Then:

(1) For every prime p the difference |A,(expx) — Xp (exp x)| is bounded on L, ® Z.
(2) For almost all p we have A,(expx) = Xp (expx), x e Ly ® Z.
(3) For a suitable choice of L, we have log(U (Aay) NK) C Ly, ® 7.
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Proof. Assertion (3) is clear, since log(U (Ag,) N K) is a compact subset of u ® Agy,, and
is therefore contained in a set of the form L, ® A

To show (1) and (2), it suffices to consider the QQ-simple factors of G one at a time.
So, we may assume that G is Q-simple and therefore of the form Resr/q G for an
absolutely simple adjoint group G defined over a finite extension F of Q. Consider
the restriction to u of the adjoint representation ad : g — Endfp(g) of F-Lie algebras.
Clearly, ad(L,,) is a finitely generated o p-submodule of Endr(g) and therefore there ex-
ists a positive integer N such that ad(L,)A C N~'A. Let r be a positive integer such
that ad(u)’ =0 forallu e uandi > r.

If now x € XL, ® Z,, for some k > 0, then ad(x)A ® Z, C N~ 'okA ® Z,, and
therefore Ad(expx) = expad(x) satisfies Ad(expx)l —1 € (r)"IN~" w,’fA ® Zjp for all
I € A. We conclude that A, (expx) > ):p(exp x) — vp(r!N"). Using the logarithm map
on ad(u), which is again given by polynomials, we also obtain the opposite inequality
x p(€xpx) > Ap(expx) — v, (M) for a suitable non-zero integer M. Taken together, these
inequalities amount to the first two assertions of the lemma. O

Finally, we show how to bound the unipotent orbital integrals which appear naturally in
the limit multiplicity problem.

Corollary 5.28. There exists a constant ¢ > 0, depending only on G and py, with the
Jollowing property. Let Ko be an open compact subgroup of G (Agy). Let P be a parabolic
subgroup of G defined over Q and U its unipotent radical, and let H C G be the
smallest normal subgroup of G containing U. Then

/ / 1g (k™ uk) dk du <p k, lev(K, H(Ag) ™) ¢
U(Afn) /K

for all open subgroups K C K.
Proof. Estimating the integral on the left-hand side by
[Ko : KN Ko] / 1xrk (k™' uk) dk du,
U(Agin) /K

we may first reduce to the case where K is contained in K.

We may assume that the Haar measure on U (Ag,) is the product of the measures
on U(Q)) that assign the open compact subgroups U(Q,) N K, measure one. Let N =
lev(K, H(Asn) ™) =] » p"r. We apply Corollary 5.8 to the group H to estimate

f 1x (k" 'uk) dk < B(N,u,8) %= H,Bp(p"l’, up,8)~°
K p

for all u € U(Ag,) N K, where

p'r, kH(up) < 8np,
"ou,, 8) = P
Pr(p p:9) 1, otherwise.
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‘We obtain

/ /IK(k’luk)dkdu <<f B(N,u,8) " du
U(Afn) /K U (Agn)NK

Bp(p"?, up, 8)"F duy.

Mo

To estimate the integral over U(Q,) N K,, we write
[ e e B (T4 R CAE)
U(@p)NK,

where
npn) = Vol({up cUWQ,)NK,: k;’(up) > n}), n>0.
Therefore it only remains to estimate (p(n). It follows from Lemma 5.27 that u,(n)

<LG,U,po P~ " This yields a bound for (5.13) of the form Cpp"‘/‘/”l’, where ¢/, C, > 0
and C, = 1 for almost all p, which shows the assertion. O

Appendix. Bounds for the number of solutions of polynomial congruences

In this appendix we give some simple general bounds for the number of solutions of poly-
nomial congruences that are essential for the argument in §5. The emphasis is on general
non-trivial bounds which are uniform in all parameters and are obtained by elementary
methods, and not on the quality of the bounds.

Let V = Spec Bz be an affine scheme that is flat and of finite type over Spec Z. Fix
once and for all generators yi, ..., y. of the affine coordinate ring Bz of V, or equiv-
alently a closed embedding of V into an affine space A" over Z. Henceforth, all im-
plied constants will depend on V and on this embedding. For any commutative ring R
let Bk = Bz ® R be the base change of the ring Bz to R, Vg = Spec Br the base
change of V, and V (R) the set of R-points of V. We assume throughout that the generic
fiber Vg of V is an absolutely irreducible variety, i.e., B@ is an integral domain. Let s be
the dimension of the variety V(.

For any commutative ring R and any integer d > 0 we let Bg <4 be the R-submodule
of Br generated by the monomials of degree < d in the generators yy, ..., y-. We define
the degree deg f of an element f € Bp as the smallest integer d > O such that f € Bg <4.

The main results of this appendix are the following two lemmas. The first lemma
concerns polynomial congruences modulo p.

Lemma A.1. For all primes p and all non-zero f € By, we have
#x € V(Fy) : f(x) =0} K.y, deg f - pim'et,

For the next lemma, which treats congruences modulo p”, note that the given affine em-
bedding V < A’ induces for every p a measure on the smooth part of the p-adic analytic
set V(Qp) C Q; (cf. [Ser81, §3.3], [Oes82, §3]).
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Lemma A.2. Assume that the generic fiber Vo of V is a smooth variety containing the
origin of A". Then for each d > 0 there exists a constant €(d) > 0, depending only on 'V,
such that for any f € B, of degree < d and any m,n € Z with f(V(Zp)) & p"Zp,

Vol({x e V(Zy) N pZ; : f(x) =0 (mod p")}) LV, y.d pe@o=m+l)

Remark A.3. For any Zariski closed subset W C AJ’FP defined by polynomials of de-

gree < n, the cardinality of W(IF,) can be bounded by C(r, n) pdim W (cf [CD192,
Proposition 3.3], which is based on the Lang—Weil estimates). This implies the statement
of Lemma A.1 with deg f replaced by an unspecified function of deg f, which would
be sufficient for our purposes. However, the proof given below is much simpler than the
proof of the Lang—Weil estimates. A proof of the lemma can also be obtained by com-
bining [Oes82, Proposition 1] (applied to & = F))) with basic intersection theory in the
affine space Apr.

Remark A.4. In Lemma A.2, the smoothness of the variety Vg is not essential, but it
simplifies the argument considerably. In the main part of the paper we are interested in
the case of linear algebraic groups, which are smooth varieties.

Remark A.5. For fixed p and f, the Poincaré series associated to the sequence
vy = Vol({x e V(Zp N ler, : f(x) =0 (mod p”)}), n >0,

is given by a rational function [Igu89, Theorem 1]. (In fact, we may allow general vari-
eties Vi, and more general functions f in this statement.) We will not make use of this
fact.

Remark A.6. An estimate of the form <y, p™" for the volume of the subset
W(f.n)={x e V(Z,) :3y e V(Zp) : f(y) =0, y=x (mod p")}

of V(Zp) (and for the volume of its intersection with pZ;) can be obtained from [Oes82,
Théoreéme 1]. For f € Bz, we obviously have the inclusion W(f,n) C {x € V(Z)) :
f(x) =0 (mod p™)}, but in general no equality.

The proofs of Lemmas A.1 and A.2 are based on the Noether normalization lemma (e.g.,
[Nag62, Theorem 14.4]), which gives the existence of algebraically independent elements
X1, ..., Xs € Bz and of a positive integer D such that Bz[1/D] is integral over Az[1/D],
where Az = Z[x1, ..., xs] is the polynomial ring over Z generated by xi, ..., xy in-
side Bz. This means that each generator y;, j = 1, ..., r, satisfies a monic polynomial
equation over Az[1/D]. In fact, one may take x1, ..., x5 to be elements of the Z-module
generated by yi, ..., ¥ inside Bz (cf. [Nag62, §14, Exercise]). Let

E=(x1,...,x5): V = A°

be the associated finite morphism, and for any commutative ring R write £¢ : Vg — A}
for its base change to R. If we are given a field extension K of Q and a smooth point v
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of V(K), then we may arrange that the morphism &k is smooth at v. (To see this, note
that if we write xp, ..., x; as linear combinations of the generators yi, ..., y, with co-
efficients ¢;; € Z, then the conclusion of the normalization lemma holds for all (c;;) in
an open dense subset of the space of all matrices. The smoothness condition also defines
an open dense subset. Since the intersection of both subsets is still open and dense, it
contains a point with coordinates in Z.) In the following we write Ag = Az ® R =
R[x1, ..., x5] C Bg for a commutative ring R.

Denote by Q(R) the quotient field of an integral domain R. Recall a simple fact: if A
is an integrally closed integral domain and L a finite extension of K = $(A), then the
integral closure B of A in L is precisely the set of all elements x € L whose minimal
polynomial over K has coefficients in A. In particular, we then have Ny /g (x) € A and
Np/k(x) € xAlx]forall x € B.

We apply this to the field extension 2 (Bz, p) /(A7 p) for arbitrary p and to the corre-
sponding norm map

N = Nasy,)/9(4z,) : Q(Bz,) = Q(Az,).
We record the following facts.

Lemma A.7. Let ANZP be the integral closure of the polynomial ring Az, inside the
ring Bq,. Then:

(D) N(BQP) C AQP.

(2) QpAz, = By,

(3) N(Az,) C Agz,. i

4) N(f) € fAg, forall f € Az,

(5) deg N(f) < deg f forall f € Bg,.

Proof. (1) follows immediately from the fact that By ", is integral over A@p' Assertions (2)
to (4) are a consequence of the remarks preceding the lemma. For (5), recall that each y;,

J =1, ..., r,satisfies a monic polynomial equation over Az[1/D], of degree n;, say. Let
Zk, k = 1,...,1, be an enumeration of the monomials y‘f‘1 ...y7" where 0 < o; < nj,
i = 1,...,r. Then the z;’s generate the Ag-module Bg, and therefore also the A@p—
module Bg, for any p. Moreover, an arbitrary monomial of degree n in yy, ..., yr can

be expressed as a linear combination of the z;’s with coefficients in Ag of degree < n.
In addition, if f € Bg, is expressed as a linear combination > frzk with fi € AqQ,.
then N(f) is given by a fixed polynomial in the f;’s with coefficients in Ag. This clearly
shows the assertion. 0

We now list several additional properties that hold (after fixing xi, ..., x;) for almost
all p. For all p prime to the positive integer D introduced above we have Azp D Bz,
and the ring BFp is integral over AFp = Fplx1, ..., x;]. In addition, for almost all p the
scheme Vf, is an absolutely irreducible variety over I, and in particular the ring By, is
an integral domain. For all such p we can consider the characteristic p norm map

N = No8s,)/9(a5,) - Q(Br,)" — Q(AF,) ™.
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Lemma A.8. We have for almost all p:

(1) N(Bz,) C Az,.

(2) Az, = Bz,.

3 IY(BIF,,) C AfR,.

4) N(f) € fBg, forall f € By,

(5) The diagram

N=Nay,)/2(az,)

BZ[’ Zl’

J N=Nag,)/a,) l

_—
B]FP A]Fp
commutes, where the vertical lines are the reduction maps modulo p.

Proof. (1), (3) and (4) are an immediate consequence of the remarks preceding Lem-
mas A.7 and A.8. To prove (5), fix a basis by, ..., by of Q(Bgz) over Q(Az) consisting
of elements of By. For any f € By let M(f) be the matrix (with entries in the field
0(Az) = Q(xy, ..., xy5)) representing multiplication by f in the basis by, ..., b;. Then
N(f) =det M(f).Let S be the finite set of all primes p that divide the denominator of an
entry of M(y;) for some j = 1,...,r. Since Bz is generated by the elements y1, ..., y,
as a Z-algebra, it follows that only primes in S appear in the denominator of M (f) for
any f € Bz. For almost all p, the images bi,....byof by, ..., b in B]Fp form a basis of
D(B[gp) over Q(A]Fp), and under the assumption p ¢ S we may reduce M (f) modulo p
and obtain the matrix representing multiplication by f in the basis by, ..., b;. Taking
determinants we obtain (5).

As for (2), it only remains to show that AZF C Bg, for almost all p. Assuming the

contrary, there exists f € Bz, f ¢ pBz,, with plfe AZ,,- By Lemma A.7, we then

have N(p~! f) = p~'N(f) € Az, while on the other hand N (f) = N(f) # 0 by (5),
which is a contradiction. O

We can now prove the first of the two lemmas stated at the beginning.

Proof of Lemma A.1. Our proof is based on the following elementary estimate (see
[Sch76, Ch. IV, Lemma 3A]) for the cardinality of the zero set in IF;, of a non-zero poly-
nomial g € Fp[xy, ..., x5]:

#x e F} : g(x) =0} < (degg)p* . (A1)

In the situation of Lemma A.1 it is clearly enough to prove the assertion for almost
all p (depending on V). We can therefore assume the existence of algebraically inde-
pendent elements xq,...,xs € Bz such that the assertions of Lemma A.8 hold. Let
£ = &r, * VF, —> A‘IYFF be the reduction modulo p of the morphism &. Note that since
the generators y; satisfy some fixed monic equations with coefficients in Az[1/D], the
cardinality of the fibers of £ is bounded by a constant that is independent of p (namely by
the product of the degrees of these equations).
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By Lemma A.8, forany 0 # f € BFp we have g = N(f) € AFp =Fplx1, ..., x5],
g #0,and g € f Br,. Therefore, the zero set of f is contained in the zero set of g o £.In
view of (A.1), this implies that

#lv e V(Fy) : f(v) =0} < #v e V(F,) : gEv)) =0}
< #x e, : g(x) =0} < (degg)p*".

Combining the last assertions of Lemmas A.7 and A.8, we have the degree bound deg g <
deg f and obtain the assertion. O

We now turn to the proof of Lemma A.2. Again, we first consider the case of an affine
space and replace (A.1) by the following estimate.

Lemma A.9. Let f € Zy[X1, ..., Xs] be a polynomial of degree < d and suppose that
f is not congruent to zero modulo p. Then

, -1
vol({x € Zi, : f(x) =0 (mod p")}) < d° (" +s 1 )p"/d (A2)
s —
for any n > 0. In other words, the number of solutions to f(x1,...,xs) = 0in (Z/p"7Z)*

is bounded by d* ("?i;l)p”(s_l/d).

Remark A.10. This result is essentially [Art88, Lemma 7.1]. For convenience we in-
clude a proof. Asymptotic estimates for the left-hand side of (A.2) as n — oo have been
obtained by Igusa [Igu75, Igu77] and Loeser [Loe86]. Here, we are just interested in a
non-trivial bound that depends in a very transparent way on the polynomial f.

Proof of Lemma A.9. We may assume that n > 0. We use induction on s. For s = 1 we
can factorize f over a suitable algebraic extension F' of Q, as

d
fo0) =] Jleix + Bi),
i=1

where max(|e;|, |Bi]) = 1 foralli = 1,...,d and |-| denotes the extension of the stan-
dard absolute value of Q, to F. If x € Z, and | f(x)| < p™" then |ojx + Bi| < p"/
for some i, where necessarily |«;| = 1. Thus

vol({x € Z, : f(x) =0 (mod p™)}) < dp™/,

as claimed.
For the induction step we write f = Z?:o fi(x1, ..., xs—1)x} where at least one of
the polynomials f;, say f;,, is non-zero modulo p. Fix xi, ..., xs_1. Let

j=max{l >0: fi(x1,...,x5—1) =0 (mod pl) for all i}.
Applying the one-variable case to p~/ f(x1, ..., Xs_1, -) We get

vol({xy € Zp 1 f(x1,..., %) =0 (mod p™)}) < min(dp~ "=/ 1).
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Thus, the left-hand side of (A.2) is bounded by

n
> dp™ " vol({x € Zy: fi(xr. ..., x—1) = 0 (mod p/) for all i})
j=0

n
<d pr(”fj)/d Vol({x € Zf;l  fio(xt, ..., xs—1) = 0 (mod pj)}).
=0

It remains to apply the induction hypothesis and the identity 37 _ (j T ;2) =" *1).

s—1

O
Proof of Lemma A.2. Note first that it is enough to establish the following two claims.

(1) For every p and any v € V(Z),) there exists an integer N (p, v) > 0 such that for all
d > 1 we have

vol({u € V(Zy)N(w+pNPVZ1) : f(u) =0 (mod p™)}) Kp.gp p~ P40 =mHD

for any f € Bg, of degree < d and m,n € Z with f(V(Zp)) ¢ p™Zp, where
e(p,d, v) > 0depends on p, d and v.
(2) The assertion of the lemma is true for almost all p (depending only on V).

Namely, granted (2), it remains to consider the assertion of the lemma for finitely
many primes p, which we may treat one at a time. For each such p we invoke (1) and cover
the compact set V (Z,,) N pZj, by finitely many sets of the form V (Z,) N (v 4 pN P71 ).
It is then enough to sum the resulting estimates to obtain the assertion.

It remains to prove the two claims. We start with (1). Let p be arbitrary and ve V (Z),).
As noted above, we can choose x1, . .., x; (depending on p and v) such that the associated
morphism &g, : Vg, — Abp is smooth at v. This implies the existence of an integer
N(p,v) = 0such that §g, induces an injection of V(Zp) N (v + pN(”’”)Z;) into Z‘; that
multiplies volumes by a positive constant C(p, v).

Forany p and f € Bg,, f # 0, set

vp(f) :=max{i € Z: p_if € Azp}.

Clearly, v, (f(x)) = v, (f) for all x € V(Z,). In the situation of the first claim we have
therefore v, (f) < m — 1. We are reduced to proving the estimate

vol({u € V(Zy) N (v + pNPVZI) 1 f(u) =0 (mod p)}) <q p~tP 40" (A3)

forall f € Bg, of degree < d with v,(f) = 0, or equivalently for all f € AZP \ pgzp
withdeg f < d.

Let Afd = AZP N széd, which is a free Z,-module of finite rank. Since N(f) # 0
for all f # 0, and the set Aid \ pﬁfd is compact, we see that

n(p.d) :=max{v,(N(f)) : f € A<g \ pA<g} < 00.

(Here v), is the usual p-valuation on AZ,, )
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It follows from Lemma A.7(4) that the set of all u € V(Z,) for which f(u) € p"Z,
is contained in the set of all u with F(§(u)) € p"Z,, where F = N(f) € Agz,. This
implies that

vol({u € V(Zy) N (v + pNPVZLY 2 f(u) € p"Z,))
<vol({u € V(Zy) N (v + pNPVZY) : F(EW)) € p"Zy})
<C(p.v)"'vol({x € Z}, : F(x) € p"Zp}).

Invoking Lemma A.9 and using v, (F) < n(p, d), we obtain the desired estimate (A.3).
This finishes the proof of (1).

We now consider (2). By a suitable choice of x1, ..., x; we can arrange that the mor-
phism &g : Vg — AfQ is smooth at the origin. For almost all p the map £g, induces a
volume preserving injection of V(Zp) N pZ,, into Z,,. Moreover, by Lemma A.8 for al-

most all p we have Azp = Bz, and furthermore f € AZ,, \pAZP = Bz, \ pBz, implies
that N(f) = N(f) # 0, or v, (N(f)) = 0. This means that n(p, d) = 0 for all d.

For all such p we can replace in the previous argument V(Z,) N (v + pN® ’”)Z;) by
V(Zp) N pZ, and C(p, v) by 1, and since we have n(p, d) = 0, we obtain

vol({u € V(Zp) N pZ}, : f(u) =0 (mod p")}) g p~*@"

for all f € B, of degree < d with v, (f) = 0, which establishes (2) and finishes the
proof. O
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