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Abstract. This is the first of a series of papers, where we introduce a new class of estimates for
the Ricci flow, and use them both to characterize solutions of the Ricci flow and to provide a notion
of weak solutions to the Ricci flow in the nonsmooth setting. In this first paper, we prove various
new estimates for the Ricci flow, and show that they in fact characterize solutions of the Ricci
flow. Namely, given a family (M, g;);<; of Riemannian manifolds, we consider the path space PM
of its space-time M = M x I. Our first characterization says that (M, g;);cj evolves by Ricci
flow if and only if an infinite-dimensional gradient estimate holds for all functions on PM. We
prove additional characterizations in terms of the cl/ 2—regularity of martingales on path space,
as well as characterizations in terms of log-Sobolev and spectral gap inequalities for a family of
Ornstein—Uhlenbeck type operators. Our estimates are infinite-dimensional generalizations of much
more elementary estimates for the linear heat equation on (M, g;);< s, which themselves generalize
the Bakry—Emery—Ledoux estimates for spaces with lower Ricci curvature bounds. Thanks to our
characterizations we can define a notion of weak solutions for the Ricci flow. We will develop the
structure theory of these weak solutions in subsequent papers.
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1. Introduction

1.1. Background and overview

The Ricci flow, introduced by Richard Hamilton [Ham82], evolves Riemannian manifolds
in time and is given by the equation

38 = —2Ricg, . (1.1)

As with all geometric equations, the key to the analysis of (1.1) is to prove estimates that
are strong enough to capture the analytic and geometric behavior. Many of the known es-
timates for the Ricci flow are similar in nature to—but often have been harder to develop
than—the corresponding estimates for other geometric equations. Since the geometry it-
self is evolving, even the most basic geometric quantities, like the heat kernel, can behave
quite badly. Furthermore, many techniques from geometric analysis that rely on the pres-
ence of an ambient space (or a fixed underlying manifold) are not available for the Ricci
flow. In particular, it has been a longstanding open problem to find a notion of weak
solutions for the Ricci flow.

The goal of this paper, the first in a series, is to introduce a new class of estimates for
the Ricci flow. Our new estimates not only give new information about solutions of the
Ricci flow, but are designed to be sufficiently powerful to give analytic criteria for deter-
mining when a family of Riemannian manifolds solves the Ricci flow. That is, we will
see that if a family (M, g;);c; of Riemannian manifolds satisfies the analytic estimates
of this paper, then in fact this family solves (1.1). Such analytic criteria can be used to
define weak solutions and have become of increasing importance in other areas of Ricci
curvature (see for instance [LV09, Stu06, AGS14, Nab13]), but have not been available
up to now for the Ricci flow itself.

We start with the comparatively simple task of characterizing supersolutions of the
Ricci flow, i.e. families (M, g;);<s such that 9,g; > —2Ric,, (see Section 1.2 and Sec-
tion 2). As summarized in Theorem 1.5, supersolutions can be characterized in terms of
various estimates for the linear heat equation on (M, g;);cs. These estimates generalize
the Bakry—Emery—Ledoux estimates for manifolds with lower Ricci curvature bounds
[BE85, BLO06] (see also McCann—Topping [MT10]). In particular, one can characterize
supersolutions in terms of a log-Sobolev inequality, and a Poincaré inequality. The log-
Sobolev inequality is not the one discovered by Perelman [Per02], but the more recent
one from Hein—Naber [HN14].

To characterize solutions of the Ricci flow, and not just supersolutions, we prove
infinite-dimensional generalizations of the above estimates. Motivated by work in
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stochastic analysis [Mal84, Dri92, Fan94, AE9S, Hsu97] and prior work of the second
author [Nab13], our approach to finding such infinite-dimensional generalizations is to
do analysis on path space. More precisely, it turns out that the right path space to con-
sider is the space PM of continuous curves in the space-time M = M x I, which are
allowed to move arbitrarily along the manifold M but are required to move backwards
along the 7 factor with unit speed. To be able to do analysis on PM we have to set up
quite a bit of machinery from stochastic analysis, notably the notions of Wiener mea-
sure, stochastic parallel transport, parallel gradient and Malliavin gradient, adapted to
our space-time setting. We describe this briefly in Section 1.3.1 and give a comprehen-
sive treatment in Section 3. For example, the construction of parallel transport is quite
subtle, since almost no curve of Brownian motion is C!. Nevertheless, using ideas from
Eells—Elworthy—Malliavin [Elw82, Mal97], we can make sense of parallel transport on
space-time for almost every curve of Brownian motion (see Section 3.2).

Having set the stage, let us now discuss our infinite-dimensional estimates. Our first
characterization in Section 1.3.2 directly relates solutions of the Ricci flow to gradient
estimates on path space. Specifically, we will see that a family (M, g;);e; evolves by
Ricci flow if and only if a certain gradient inequality (R2) holds for all functions on PM.
We will see how this directly generalizes the gradient estimate (S2) proved in Theorem
1.5 for supersolutions. Our second characterization in Section 1.3.3 is in terms of the time
regularity of martingales on path space. Specifically, we will see that martingales F* on
path space satisfy a precise C!/2-Holder estimate (R3) if and only if the family (M, g;)se;
evolves by Ricci flow. Our third characterization in Section 1.3.4 is in terms of an infinite-
dimensional log-Sobolev inequality (R4), and our final characterization in Section 1.3.5 is
in terms of the corresponding spectral gap (RS). Our characterizations of solutions of the
Ricci flow can be thought of as infinite-dimensional generalizations of the estimates for
supersolutions. Namely, if we evaluate our infinite-dimensional estimates for the simplest
possible test functions, i.e. functions on path space that only depend on the value of the
curve at a single time, then we actually recover the finite-dimensional estimates from
Theorem 1.5. Of course, there are many more sophisticated test functions that we can
plug in our estimates, and this is one of the reasons why our estimates are actually strong
enough to characterize solutions, and not just supersolutions. Our characterizations of
solutions of the Ricci flow constitute the main results of this article and are summarized
in Theorem 1.22.

Let us also emphasize that Theorem 1.22 truly relies on ideas from stochastic anal-
ysis, i.e. doing analysis on path space PM, as it seems that analysis on (M, g;);c; can
only be used to characterize supersolutions but not solutions. In fact, some indications
that stochastic analysis might be useful in the study of Ricci flow have already appeared
previously in the literature: Arnoundon—Coulibaly—Thalmaier [ACTOS8] proved the ex-
istence of Brownian motion in a time dependent setting (see also [Coull]), and used
this to prove a Bismut type formula for the Ricci flow. Kuwada—Philipowski [KP11b,
KP11a] studied the relationship between time dependent Brownian motion and Perel-
man’s £-geodesics and obtained a nice nonexplosion result (see also [Chel5]), and Guo—
Philipowski—Thalmaier [GPT15] found some applications of stochastic analysis to an-
cient solutions. With our new estimates, there are many more directions to explore.
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In future papers of this series we will use our estimates to investigate singularities
in the Ricci flow. In most situations, the Ricci flow develops singularities in finite time.
Typically, the curvature blows up in certain regions but remains bounded on the remaining
parts of the manifold [Ham95]. One would then like to understand these singularities and
find ways to continue the flow beyond the first singular time.

The formation of singularities is of course an ubiquitous phenomenon in the study of
nonlinear PDEs. For other geometric evolution equations there are good notions of weak
solutions that allow one to continue the flow through any singularity, e.g. Brakke and
level set solutions for the mean curvature flow [Bra78, ES91, CGG91], and Chen—Struwe
[CS89] solutions for the harmonic map heat flow. For the Ricci flow, however, it is only
known in a few special—albeit very important—cases how to continue the flow through
singularities. Most notably, Perelman’s Ricci flow with surgery [Per02, PerO3] provides
a highly successful way to deal with the formation of singularities in dimension three.
Surgery has also been implemented in the case of four-manifolds with positive isotropic
curvature [Ham97, CZ06]. Recently, Kleiner-Lott [KL.17] proved the beautiful result that
as the surgery parameters degenerate it is possible to pass to certain limits, called singular
Ricci flows. Also, there has been a lot of progress in the Kdhler case—see e.g. Song—
Tian [ST09] and Eyssidieux—Guedj—Zeriahi [EGZ14]. In most other cases, however, it is
a widely open problem how to deal with the formation of singularities.

In the second paper of this series we will use the estimates of this first paper to give
a notion of the Ricci flow for a family of metric-measure spaces. Using analytic charac-
terizations to define weak solutions is a well developed tool in the context of lower Ricci
curvature [LV09, Stu06, AGS14], and more recently in the context of bounded Ricci cur-
vature [Nab13]. Similarly, making use of the characterizations of Theorem 1.22 we will
define a notion of weak solutions for the Ricci flow and develop their theory. We will
discuss this in subsequent papers, but let us briefly describe the idea. We consider metric-
measure spaces M equipped with a time function and a linear heat flow. We call M a weak
solution of the Ricci flow if the gradient estimate (R2) holds on PM. We then establish
various geometric and analytic estimates for these weak solutions. One of our applica-
tions concerns a question of Perelman about limits of Ricci flows with surgery [Per02].
Namely, the metric completion of the space-time of Kleiner-Lott [KL.17], which they ob-
tained as a limit of Ricci flows with surgery where the neck radius is sent to zero, is a
weak solution in our sense.

1.2. Characterizations of supersolutions of the Ricci flow

As a motivation for our approach to characterize solutions of the Ricci flow, let us first
characterize supersolutions, i.e. smooth families of Riemannian manifolds such that

3:81 > —2Ricg, . (1.2)

To fix notation, let (M, g;);c; be a smooth family of Riemannian manifolds, where
I = [0, T1]. To avoid technicalities, we assume throughout the paper that all manifolds
are complete and

sup ([Rm| + [9,g/| + [V9;8:]) < o0. (1.3)
Mx1
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However, all our estimates are independent of the implicit constant in (1.3). We consider
the heat equation (9; — A,z )w = 0 on our evolving manifolds (M, g;);e;. For every
s, T € I with s < T, and every smooth function # with compact support, we write Psru
for the solution at time T with initial condition « at time s. In other words,

(PsTu)(x) = /Mu(y) H(x,T|y,s)dvolg(y), (1.4)

where H(x,T |y, s) is the heat kernel with pole at (y, s). We write dv 1)(y,s) =
H(x, T |y, s)dvolg (y). It is often useful to think of dv(, 1) as the adjoint heat kernel
measure based at (x, T).

The following theorem summarizes our characterizations of supersolutions of the
Ricci flow.

Theorem 1.5 (Characterizations of supersolutions of the Ricci flow). For every smooth
family (M, g1)ie1 of Riemannian manifolds (complete, satisfying (1.3)), the following
conditions are equivalent:

(S1) The family (M, g:):e1 is a supersolution of the Ricci flow,
3;gt > _2Rngt .

(82) For all test functions u, the heat equation on (M, g;):c; satisfies the gradient esti-
mate
|VPsTu|gT =< PST|VM|g.¢-

(83) For all test functions u, the heat equation on (M, g;);c satisfies the estimate

|V Pirul, < Por|Vul} .
(84) For all functions u : M — R with fM u?(y) dvie,1y(y,s) = 1, we have the log-
Sobolev inequality
/ u? (y)logu*(y) dvie.1y (v, s) < 4T —s)/ IVul3 (v) dvie,)(y, 9).
M M

(S85) For all functions u : M — R with fM u(y)dv,m(y, s) = 0, we have the Poincaré
inequality

fM w*(y) dvie, 1) (v, s) < 2(T —5) /M IVuls (v) dvie)(y. 9)-
In essence, this all follows from the Bochner formula for the heat operator [1 = 9, — A,,,
O|Vu|> = 2(Vu, VOu) — 2|V?u|* — (3;¢ + 2 Ric)(grad u, grad u); ' (1.6)

see Section 2 for the (easy) proof of Theorem 1.5. The reader can also view this as a good
toy model for the more sophisticated infinite-dimensional computations on path space
that we carry out in later sections.

' Here, we write gradu for the gradient vector, and Vu for the corresponding 1-form, i.e.
(gradu)' = g"Vju.
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Remark 1.7. Theorem 1.5 can be thought of as parabolic version of the Bakry—Emery
characterization of nonnegative Ricci curvature [BES5, BLO6]. Another interesting char-
acterization of supersolutions of the Ricci flow, in terms of the Wasserstein distance, has
been given by McCann—Topping [MT10].

1.3. Characterizations of solutions of the Ricci flow

In this section we describe our main estimates on path space, and use them to characterize
solutions of the Ricci flow.

1.3.1. Stochastic analysis on evolving manifolds. Our estimates require quite some ma-
chinery from stochastic analysis, notably the notions of Wiener measure, stochastic par-
allel transport, parallel gradient and Malliavin gradient, adapted to our time-dependent
setting. We will now briefly describe these notions, and refer to Section 3 for a more
complete treatment.

Let (M, g;):c1 be a smooth family of Riemannian manifolds, where I = [0, T1]. We
recall that we always assume that our manifolds are complete and that (1.3) is satisfied,
though the second assumption is for convenience. Throughout this work we will think of
the evolving manifolds in terms of the space-time M = M x I. As observed by Hamilton
[Ham93] there is a natural space-time connection defined by

VxY =V§Y, V¥ =8Y + 1dg(Y, ). (1.8)

The point is that this connection is compatible with the metric, i.e. j—t | Y@, =2{(Y, V,Y).

It is useful to consider space-time curves going backwards in time [LY86, Per02].
Namely, for each (x, T) € M, we consider the based path space P )M consisting
of all space-time curves of the form {y; = (x;, T — ©)}:¢[0,7], Where {x;}ce[0,7] 1S @
continuous curve in M with xo = x.

We equip the path space P 7yM with a probability measure I'(y 7), which we call
the Wiener measure of Brownian motion on our evolving family of manifolds, based at
(x, T). The measure I'(, 7) is uniquely characterized by the following property. If ¢, :
Py, 1M — Mk, Yy = (Xoys ..., Xg;), 18 the evaluation map ato = {0 <01 < --- <
or < T}, and if we write s; = T — o;, then

e+ dl . 7y(V15 - oo Vi)
= H(x, T |y1,s1)dvolg, (y1)- - H(Yk-1, k-1 | Y&, s)dvolg, (vi),  (1.9)

where H is the heat kernel of 9, — A, ; see Section 3.2 for the construction of Brownian
motion.

It is often convenient to consider the total path space P M = |, cps P(x,7)M. Note
that we can identify (PrM, T'(x, 1)) with (Px,7)M, I'x,1)), since the measure I'¢x, 1) con-
centrates on curves starting at (x, 7). Sometimes it is also useful to equip the total path
space PrM with the measure I'r = f [',1) dvolg, (x).

The space (Pr M, I'(x, 7)) can be equipped with a notion of stochastic parallel trans-
port, a family of isometries P;(y) : (Ty,M, gr—z) — (IxM, gr). If the curves y
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were Cl, then P, (y) would just be the parallel transport from differential geometry,
with respect to the natural space-time connection defined in (1.8). Of course, almost no
curve of Brownian motion is differentiable at any point. Nevertheless, using deep ideas
of Eells—Elworthy—Malliavin we can still make sense of P;(y) for almost every curve y:
see Section 3.2 for the construction.

The space (PrM, I'(x, 7)) can be equipped with two natural notions of gradient. Sup-
pose first that F : P 1yM — R is a k-point cylinder function (k = 1,2,...), i.e. a
function of the form F = u o e,, where e, : P, 7yM — MF¥ is an evaluation map
and u : M*¥ — R is a smooth function with compact support. If v € (T M, g7),
then for almost every (a.e.) curve y, we can consider the continuous vector field V =
(Ve = PT_1 v}reo,7] along y, where P, = P;(y) denotes stochastic parallel transport as
in the previous paragraph. Note that the directional derivative Dy F (y) is well defined, as
a limit of difference quotients as usual.

The parallel gradient VI F (y) € (T, M, gr) is then defined by the condition that

DyF(y) = (VIF(), v)romer) (1.10)

for all v € (TxM, gr), where V. = {V; = P;lv}fe[o,r] is the parallel vector field
associated to v, as above. More generally, there is a one-parameter family of parallel
gradients Vﬂ (0 < o < T), which captures the part of the gradient coming from the time
interval [0, T']. In particular, VI = V(l)‘.

The Malliavin gradient VI'F is defined along similar lines, but takes values in an
infinite-dimensional Hilbert space. Namely, let H{ be the Hilbert space of H'-curves
{ve)eero,r) in (Tx M, g7) with vog = 0, equipped with the inner product (v, w)gc =
fOT(i)f, We) (1, M.¢1)dT. Then VIUF © P 1yM — H is the unique almost everywhere
defined function such that

Dy F(y) = (VIF(y), v)ac (1.11)

for a.e. curve y and every v € H, where V = {P;lv,},e[o,r].

Having defined them on cylinder functions, we can extend the (o -)parallel gradient
and the Malliavin gradient to closed unbounded operators on L2; see Section 3.6 for
details.

Finally, the Ornstein—Uhlenbeck operator L = V7*V7! is defined by composing
the Malliavin gradient with its adjoint. More generally, there is a family of Ornstein—
Uhlenbeck operators £, , (0 < 71 < 12 < T), which captures the part of the Laplacian
coming from the time interval [t1, 72]. In particular, £ = Lo, 7.

1.3.2. Ricci flow and the gradient estimate. Our first characterization of solutions of the
Ricci flow is in terms of an infinite-dimensional gradient estimate on the associated path
space. Let (M, g;);e; be a smooth family of Riemannian manifolds and let PrM be its
path space, equipped with the Wiener measure and the parallel gradient. If F : PyM — R
is a sufficiently nice function, for instance a cylinder function, one can ask whether one
can control the gradient of f PrM F dT (1) viewed as a function of x € M, in terms of
some natural gradient of F viewed as a function on path space. In fact, the answer to
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this question turns out to be highly relevant, in that it yields our first characterization of
solutions of the Ricci flow. Namely, we prove that (M, g;);cs evolves by Ricci flow if and
only if the gradient estimate

vx/ FdT(.1) 5/ \VIF|dT 1) (R2)
PrM PrM

holds for all functions F € L2(PrM, I'r) (for a.e. (x, T) € M).

Remark 1.12. The infinite-dimensional gradient estimate (R2) can be thought of as
(vast) generalization of the finite-dimensional gradient estimate (S2) for the heat equa-
tion. Namely, let F = uoe, : PrM — M — R be a 1-point cylinder function, and write
s =T — o. By (1.9) the pushforward measure

eg"* dF(x,T) = dV(X’T)(-,S) (1.13)

is given by the heat kernel measure dv(, 1)(y,s) = H(x, T | y, s)dvolg, (y), and thus
/ Fdl' 1) = / ueg s dl 1) = (PsTu)(X). (1.14)
PrM M

Moreover, using (1.10) one sees that |VI F|(y) = [Vulg, (es(y)), which together with
(1.13) implies that

/ |V"F|dr<x,n:/ Vulews dTor) = (Pr|VuD(). (115
PrM M

Thus, in the special case of 1-point cylinder function the estimate (R2) reduces to the
finite-dimensional heat equation estimate

|V Psru| < Psr|Vul. (S2)

Of course, there are many more test functions on path space than just 1-point cylinder
functions. This is one of the reasons why our infinite-dimensional estimate (R2) is strong
enough to characterize solutions of the Ricci flow, while the finite-dimensional heat equa-
tion estimate (S2) just characterizes supersolutions.

1.3.3. Ricci flow and the regularity of martingales. Our second characterization of so-
lutions of the Ricci flow is in terms of the regularity of martingales on its path space.
Let (M, gt);c; be a smooth family of Riemannian manifolds, and let PrM be its path
space. For every function F € LZ(PTM, I'x, 7)), we can consider the induced martin-
gale {F%}zep0,1)

F'(y) =/ MF(Vl[O,r]*V/)dFy,(V/)a (1.16)
Pr_;

where the integral is over all Brownian curves y’ based at y;, and * denotes con-
catenation. The family {F7};¢[o,77 indeed has the martingale property (F*)* = F°
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(t/ = 1) and captures how F depends on the [0, t]-part of the curves (see Sec-
tion 3.3). The guadratic variation [F°®]. of the martingale {F*};¢[0,7] is defined by
[F*]; = lim”{rj}u_)o Do (F™ — FTk—l)z, where the limit is taken in probability, over
all partitions {t;} of [0, ] with mesh going to zero (see Section 3.3). It turns out that so-
Iutions of the Ricci flow can be characterized in terms of certain bounds for d[F*]; /dt.
Namely, we prove that (M, g;);c; evolves by Ricci flow if and only if the estimate

d[F*1. -

dlx 1) <2 IVIF|“dD 1) (R3)
PrM dt PrM

holds for every F € L2(PrM, L, 7)) (forall (x, T) € M).

Remark 1.17. The estimate (R3) is a (vast) generalization of (S3). Namely, let F =
uoeyz : PrM — M — R be a 1-point cylinder function, and write s =T — 0. If ¢ > 0,
then by (1.13) and (1.16) we have

Fi(y) = /Mu(y)dvyg (v, 8) = (Ps,r—ett) (Xe). (1.18)

Applying this twice and using the short time asymptotics of the heat kernel, one can
compute that

/ dlF°].
Prv dr

1 . . g
= lim — <(Ps,T—8”)(Z) - / (Ps,r—eu)(2) dve,1)(2, T — 8)) dvi,ry(2, T —¢)
e=0¢& Jym M

1
dT 7y = lim — (F — (FO)N?dT .1
=0 e=>0¢ Jprov

= 2|V Pyrul?(x).
Thus, in the special case of 1-point cylinder functions, (R3) for 7 = 0 reduces to?

|V Pyrul? < Pyr|Vul?, (S3)

1.3.4. Ricci flow and the log-Sobolev inequality. Our third characterization of solutions
of the Ricci flow is in terms of a log-Sobolev inequality on its path space. Log-Sobolev
inequalities have a long history, going back to Gross [Gro75]. In the context of Ricci flow,
they appear in Perelman’s monotonicity formula [Per02] and also in the inequality (S4)
of Hein—Naber [HN14]. We characterize solutions of the Ricci flow via an infinite-dimen-
sional generalization of the inequality (S4). Namely, we prove that (M, g;);c; evolves by
Ricci flow if and only if the log-Sobolev inequality

/P (P log (P = (P27 log (F)" ) dT e
T

<4 / (F. Lo oF)dTar (R4)
PrM

2 Fort # 0, one gets the estimate P;r |V Pgul? < PsT |Vu|2, which is easily seen to be equiva-
lent to (S3).
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holds for every F' in the domain of the Ornstein-Uhlenbeck operator L, ;, (for all
(x,T) e Mand all 0 < 71 < 10 < T). Here, (F 2)7 denotes the martingale induced
by F2.

Remark 1.19. If 11 = 0 and 7o = T the inequality (R4) takes the somewhat simpler
form

/ FZlog F2dT(y.1) < 4/ IV F12dr . 1) (1.20)
PrM PrM

for all F with fPTM F? dT (x, 1y = 1. Specializing further, for a 1-point cylinder function
F =uoe, : PrM —> M — R(s =T —o0),using (1.11) one can see that |V}CF|52H()/) =
(T — 5)|Vulg, (es(y)) (cf. Proposition 3.53). Together with (1.13) this shows that (R4)
then reduces to (S4).

1.3.5. Ricci flow and the spectral gap. Our final characterization of solutions of the Ricci
flow is in terms of the spectral gap of the Ornstein—Uhlenbeck operators on its path space.’
We prove that (M, g;);e7 evolves by Ricci flow if and only if the Ornstein—Uhlenbeck
operators L, 7, (forall (x,T) e Mandall0 < 11 < 1p < T) satisfy the spectral gap
estimate

/ (F" — F)2dTgq) <2 / (F, Loy 0y F)dT 1. (RS)
PrM PrM

Remark 1.21. In the special case of 1-point cylinder functions, the estimate (R5) again
reduces to (S5).
1.3.6. Summary of main results. Our main results are summarized in the following the-

orem.

Theorem 1.22 (Characterizations of solutions of the Ricci flow). For every smooth fam-
ily (M, g:)tc1 of Riemannian manifolds (complete, satisfying (1.3)), the following condi-
tions are equivalent:

(R1) The family (M, g;):c1 evolves by Ricci flow,
B,gt = _ZRngt .
(R2) Forevery F € L2(PrM, I't), we have the gradient estimate

Vi / FdT' 1)
PrM

(R3) Forevery F € LZ(PTM, [(x.1)), the induced martingale { F* }; (0,17 satisfies

d[F*]
/ dTr) < 2/ \VIF12dT .1y
pv At PrM

< / |V”F|dl“(x,f).
PrM

3 1t is of course well known that a log-Sobolev inequality implies a spectral gap. However, the
important point we prove is that the spectral gap is in fact strong enough to characterize solutions
of the Ricci flow.
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(R4) The Ornstein—Uhlenbeck operator L+, -, on the based path space L2(PrM, Cx,1))
satisfies the log-Sobolev inequality

| (Dt (P2 = () hog (P dP iy <4 [ (Fu o F)dTen,

PrM PrM

(RS5) The Ornstein—Uhlenbeck operator L, -, on the based path space LZ(PTM, Cw,1))
satisfies the spectral gap estimate

/ (FTZ - FTI)2 dr(x,T) = 2/ (Fa Lrl,r2F> dr(x,T)~
PrM PrM

Remark 1.23. As explained above, in the special case of 1-point cylinder functions the
estimates (R2)—(R5) reduce to (S2)—(S5), respectively.

Remark 1.24. Further characterizations are possible. In particular, we have an L>-ver-
sion of the gradient estimate, and a pointwise L !-version of the martingale estimate—see
(R2) and (R3’) in Section 4.

Outline. This article is organized as follows. In Section 2, as a warmup for the proof of the
main theorem, we prove Theorem 1.5 characterizing supersolutions of the Ricci flow. In
Section 3, we set up the machinery of stochastic analysis in our setting of evolving man-
ifolds. In Section 4, we prove the main theorem (Theorem 1.22) characterizing solutions
of the Ricci flow.

2. Supersolutions of the Ricci flow

In this short section we prove Theorem 1.5, characterizing supersolutions of the Ricci
flow.

Proof of Theorem 1.5. We will prove the implications (S3)<>(S1)<>(S2) and (S1)=(S4)
=(S5)=(S3).
(S1)<(S3): If g; is a supersolution of the Ricci flow, then the Bochner formula (1.6)
implies
O|V Pgul? < 0. @2.1)
Thus, |VPstu|2 — Ps,|Vu|2 is a subsolution of the heat equation. Since it is zero for t = s,
it stays nonpositive for all # > s, in particular |VPsTu|2 < PST|Vu|2. To prove the
converse implication, assume that (3;g + 2 Ric)(X, X) < 0 for some unit tangent vector
X € T, M at some time s. Choose a test function u with Vu(x) = X and V2u(x) = 0.
Then by (1.6) we have 9;|V Pyu|?> > A|Vu|? at p at t = s; this contradicts (S3).
(S1)<>(S2): If g; is a supersolution of the Ricci flow, then using the Bochner formula
(1.6) and the Cauchy—Schwarz inequality we obtain
212
(lmwpﬁmz + ! M) <0. (2.2)
|V Pgul \ 2 4 |vpstu|2
Thus, |V Ps;u| — Pg:|Vu| is a subsolution of the heat equation. Since it is zero for ¢ = s,
it stays nonpositive for all ¢ > s, in particular |V Ps7u| < Psr|Vu|. The converse impli-
cation follows by considering a test function as above.

UV Pgu| =
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(S1)=(S4): Let w > 0. We start by deriving another estimate for the heat equation.
Using the Bochner formula (1.6) and the Peter—Paul inequality we compute

D(WPS,wF)_DWPs,wP (VIVPyw|?, VPyw) _|VPywl*

-2 <0. (23)

Psrw Psrw (Pstw)2 (Pstw)3 -

|V Py w? [Vw? . . . o
Thus, Pow Py Lo isa subsolution of the heat equation. Since it is zero for r = s,
this implies the estimate

VP, w|? Vwl|?
IV Prwl” < pwl wl . (2.4)
w

Pyw
Now, using the heat kernel homotopy principle [HN14, (3.7)] and (2.4) we compute

T 2
/wlogwdv— (/wdu)log(/wdv) :/ <PrTM>(x)dr
s Py, w

2
S(T—s)/ 'Vu‘j" dv. 2.5)

Substituting w = u? implies the log-Sobolev inequality (S4).
(S4)=(S5): This follows by evaluating (S4) for w? =1+ eu with f udv =0.
(S85)=(S3): By the heat kernel homotopy principle [HN14, (3.7)] we have

2 T
fuzdv— <fudv> =2/ (Po7|V Pgul?)(x) dr. (2.6)

Thus, if (S3) fails at some (x, T'), then (S5) fails for dv(, 7y with |T — s| small enough.
m}

3. Stochastic calculus on evolving manifolds

We will now discuss in more detail the required background from stochastic analy-
sis, adapted to our time-dependent setting. There are numerous excellent references for
stochastic analysis on manifolds, e.g. [EIw82, EmeS9, Hsu02, IW81, Mal97, Str00]. For
readers who wish to focus on one single reference which is particularly close in spirit to
the content of the present section we recommend the book by Hsu [Hsu02].

3.1. Frame bundle on evolving manifolds

To set things up efficiently, we will first explain how to formulate the differential geometry
of evolving manifolds in terms of the frame bundle. For the frame bundle formalism
in the time-independent case, see e.g. Kobayashi-Nomizu [KN96] for the frame bundle
formalism; for the Ricci flow, see Hamilton [Ham93].

Let (M, g¢)te1, I = [0, T1], be a smooth family of Riemannian manifolds, and write
M = M x I.LetY be a time-dependent vector field. For each X € (TyM, g;) we can
compute the covariant spatial derivative VyY = Vf(‘ Y using the Levi-Civita connection
of the metric g;. The covariant time derivative is defined as V;Y = 9,;Y + %8, g, e,
The point is that this gives metric compatibility, namely % | Y|§t =2(Y, V,Y).
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Consider the O,-bundle 7 : 7 — M, where the fibres J, ;) are given by the orthog-
onal maps u : R" — (TyM, g;), and g € O, acts from the right via composition. The
horizontal lift of a curve y; in M is a curve u, in & with wu, = y; such that V;, (u;e) =0
for all e € R". Given a vector « X + B9; € T(x,nM and a frame u € JF(, ), there is a
unique horizontal lift « X* + BD; with . (a«X* 4+ 8D;) = X. Here, X* is just the hori-
zontal lift of X € Ty M with respect to the fixed metric g;, and D; = % ‘0“5’ where uy is
the horizontal lift based at u of the curve s — (x, t +s) with x constant. Most of the time
we only consider curves of the form y; = (x;, T — 7). We denote space-time parallel
transport by Py, , = u,zur_ll : (Txfl M, gr—v) — (TXTZM, 8T—1,), and observe that this
induces parallel translation maps for arbitrary tensor fields. We write D; = —D;.

Given a representation p of O, on some vector space V and an equivariant map
from J to V, we get a section of the associated vector bundle F x , V', and vice versa. For
example, a time-dependent function f corresponds to the invariant function f = fr :
F — R, and a time-dependent vector field ¥ corresponds to a function Y:F - R"via
Y () = u~'Yy,, which is equivariant in the sense that ?(ug) =g ! Y (u). The following
lemma shows how to compute derivatives in terms of the frame bundle.

Lemma 3.1 (First derivatives). )?}‘ = X*f, 5,\]/‘ = D, f, 6}? = X*Y, and ﬁ/ =
D,Y.

Proof. The first two formulas are obvious, since the horizontal lift of a function is con-
stant in fiber direction. To prove the last formula, let u; be a horizontal curve with
muy = yy = (x, t), where x is fixed. Then

v v d —1 —1 d —1 -1
(DtY)uzl = ar ) Y(u) = ar ) Uy You, = Uy ds OPll,tl-l-SY(XJl‘H) = Uy (ViY) e,
1 1
= (Vi¥)u, - (3.2

The third formula follows from a similar computation. In fact, it is a well known formula
from differential geometry with respect to a fixed metric g; (see e.g. [KN96, Chap. III]).
]

Let eq, ..., e, be the standard basis of R". We write H; for the horizontal vector fields
H;(u) = (ue;)*, where * denotes the horizontal lift, as before. The horizontal Laplacian
is defined by Ay = Y1, H?.

Lemma 3.3 (Laplacian). Zj‘ = Ay f and AY = AgY.

Proof. This is a classical fact from differential geometry with respect to a fixed metric g;
(see e.g. [KN96, Chap. III]). O

We also need the notion of the antidevelopment of a horizontal curve (this concept is also
known as Cartan’s rolling without slipping; see e.g. [KN96]), generalized to the time-
dependent setting. The point is that the horizontal vector fields provide a way to identify
curves in R” with horizontal curves in J.
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Definition 3.4 (Antidevelopment). If {u};¢[0,7] is a horizontal curve in J with 7 (u+)
= (x;, T — 1), its antidevelopment {w< };¢[0,7] is the curve in R” that satisfies

du; dw?

dz = D + H;(u;) d‘L’T s wp = 0. (3.5)

3.2. Brownian motion and stochastic parallel transport

The goal of this section is to generalize the Eells—Elworthy—Malliavin construction of
Brownian motion and stochastic parallel translation (see e.g. [Hsu02]), to our setting of
evolving manifolds. We note that a related construction in the time-dependent setting has
been given by Arnaudon—Coulibaly—Thalmaier [ACTO8].

The idea is to solve (3.5) in a stochastic setting. This provides a way to identify
Brownian curves {w;}c¢[0,7] in R” with horizontal Brownian curves {u;}¢[o,7] in J.
The virtue of this approach is that it yields both Brownian motion on M, via projecting,
and stochastic parallel transport, via Py, , = u,zu;ll.

Let (M, g¢)te1, I = [0, T1], be a one-parameter family of Riemannian manifolds, and
letw : F — M x I be the time-dependent O, -bundle introduced in the previous section.
We fix a frame u € &, write w(u) = (x, T), and denote the projections to space and time
bym : F — M and m, : F — I, respectively. It will be convenient to work with the
backward time t, defined by r = T — t. As before, we write Dy = —D;.

Motivated by (3.5), we consider the following stochastic differential equation (SDE)
on J:

dU; = Dpdt + H;(Uy) odW., Uy =u. (3.6)

Here, W, is Brownian motion on R”, and o indicates that the equation is in the Stratono-
vich sense. To keep the factor 2 in Hamilton’s Ricci flow, d;g; = —2Ricg,, we use the
convention that d W, does not have the standard normalization from stochastic calculus,
but is scaled by a factor /2, i.e. dWidW{ = 28;;d.

Proposition 3.7 (Existence, uniqueness, and Itd formula). The SDE (3.6) has a unique
solution {U};¢0,7]. The solution satisfies wo(Uy) = T — 1, and does not explode. More-
over, U (w) is continuous in T for almost every Brownian path o € C([0, T], R"), and
for any C?-function f : F — R we have the Ité formula

df (Ur) = H; f(U)dW; + D f (Up)dt + H; H; f (Ur)dr. (3.8)

Proof. We recall that SDEs on manifolds can be reduced to SDEs on Euclidean space
(see e.g. [Hsu02, Sec. 1.2]). Choose an embedding I C R¥ and suitable extensions of all
functions to RV . By the standard theory of SDEs on Euclidean space, there is a unique
solution of the system (@ = 1, ..., N)

dU® = D%t + H(Uy) 0dW., Uy =u. (3.9)

It follows from a Gronwall type argument that the solution actually stays inside F (see
e.g. [Hsu02, Prop. 1.2.8]). This proves existence of a solution of (3.6). It is also easy to
derive a uniqueness result for solutions of (3.6) from the standard uniqueness result for
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SDEs on Euclidean space (see e.g. [Hsu02, Thm. 1.2.9]). In particular, the solution is
independent of the choices of embedding and extensions. Since Brownian motion in R"
is continuous in t for almost every path, the same is true for U;.

To prove (3.8), we first convert (3.9) into a SDE in the It6 sense. Computationally this
is done by dropping the o and adding one-half times the quadratic variation of H (U;)
and W;:

dU¢ = D¢dt + H (U)dW'. + dH{ (Up)dW, Uy = u. (3.10)
Now, using It6 calculus in Euclidean space we compute
dH (Up)dW! = 9y H (Ur)dULdW! = 28, H* (U, )H} (Uy)dr, (3.11)
and
df (Ur) = 8o f (Ur)dUF + 50,0 f (U)dUZdU?
= 8 f (Ur)D7dT + 84 f (Uo) Hf (U)d W,
+ (8af(Ur)abH,'a(Ur)H,'b(Ur) + 3a3bf(Ur)H,~a(Uz)H,-b(Ur))df~ (3.12)
Since the term in brackets is equal to H; H; f (U;), this proves (3.8).
By assumption (1.3) the metrics are equivalent at all times and there exists a distance-

like function, i.e. a smooth function r : M — R such that, after fixing an arbitrary point
oeM,

C'(1+di(x,0) <r(x) <C(l+d;(x,0), |Vr|<C, VVr<C, (3.13)

for some C < oco. Let 7 : ¥ — R be the extension of r that is independent of time and
the fiber coordinates. Applying the 1t6 formula (3.8) to 7, we see that the solution of (3.9)
does not explode, i.e. U; does not escape to spatial infinity. Finally, for f = m; the It
formula (3.8) takes the simple form dm(U;) = —dt. Together with m(Uy) = T, this
implies that mp(U;) =T — 7. O

Using Proposition 3.7 we can now define Brownian motion and stochastic parallel trans-
port on our evolving family of Riemannian manifolds.

Definition 3.14 (Brownian motion). We call 7(U;) = (X;, T — 1) Brownian motion
based at (x, T).

Definition 3.15 (Stochastic parallel transport). The family of isometries P, = UpU ! :
(Tx,M, gr—) — (IxM, gr), depending on t and the Brownian curve, is called stochas-
tic parallel transport.

Brownian motion comes naturally with its path space, diffusion measure, and filtered o -
algebra.

Definition 3.16 (Based path spaces). We let PjR"” be the space of continuous curves
{wr}eero,71 in R" with wy = 0, let P,J be the space of continuous curves {u}-¢[0,7]
in J withug = u and mo(u;) = T — 7, and let P, 7)M be the space of continuous curves
{yr = ¢, T — T)}lreqo,r) in M with yp = (x, T).
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To introduce the diffusion measure, note that Proposition 3.7 defines a map U : PyR" —
P,F, U(w)(t) = Ur(w). We also have a natural map IT : P,F — P, 7yM, induced by
the projection : F — M x I.

Definition 3.17 (Diffusion measures). Let I'g be the Wiener measure on PgR”, let ", =
U.T'op be the probability measure on P,J obtained by pushing forward via U, and let
.1y = (IToU),I"g be the probability measure on P(, 7yM obtained by pushing forward
viallo U.

Finally, recall that the Wiener space PpIR” comes naturally equipped with a filtered fam-
ily of o-algebras £° = X*(PyR"), which is generated by the evaluation maps e, :
PyR" — R", e;, (w) = wy, With 1y < 7.

Definition 3.18 (Filtered o-algebras). We denote by X°(P,J) and X* (P M) (or
simply by X7 if there is no risk of confusion) the pushforward of X7 (PyR") under the
maps U and IT o U, respectively.

3.3. Conditional expectation and martingales

If F: P, — Ris integrable, we write E,[F] = f P T F dT, for its expectation. More
generally, if o € [0, T], we write F° = E,[F | X°] for the conditional expectation
given the o-algebra X7 (see Definition 3.18). We recall that the conditional expecta-
tion F7 is the unique ¥°-measurable function such that [ FdT, = [, FdT, for
all ¥7-measurable sets 2. Similarly, if F is an integrable function on P, )M, we also
write Ex, 7y[Fland F° = E(, 7)[F | £°] for its expectation and conditional expectation,
respectively.

Proposition 3.19 (Conditional expectation). If F' : Py, 7nM — R is integrable and
o € [0, T], then for a.e. Brownian curve {y;}:c(0,1] the conditional expectation F° =
E. 1) F | X%] is given by the formula

Fo(y) = f F(ylioo) * ¥) dTy, (/). (3.20)
Pr_oM

where the integral is over all Brownian curves {y, = (x., T — o — T)}re[0, 7] based at
Yo = (xg, T — o) with respect to the measure T'y,_, and y|[0,5] * y' € Pu,1yM denotes
the concatenation of v |[0.0) and y'.

Proof. Using Proposition 3.7 we see that the martingale problem for (3.6) is well posed.
Thus, by the Stroock—Varadhan principle [SV79, Thm. 10.1.1], we have the strong
Markov property

Eulf Uy ) 1 291 = ELf(UD=u2 (3.21)

for all test functions f : 3 — R and all stopping times o < T, where (u? 0}‘[6[0,712(140)]
denotes the solution of (3.6) with initial condition uq. If we push forward viaw : F — M,
and choose o constant, equation (3.21) implies

Enlf (Xg5:) 1571 = ELF XD, _ e o) (3.22)
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for all test functions f : M — R. Note that (3.22) is exactly (3.20) for the case where
F is the 1-point cylinder function f o u,,..* Now, if F is a k-point cylinder function,
then by conditioning at the first evaluation time we can split up the computation of its
(conditional) expectation to computing an expectation of a 1-point cylinder function and
of a (k — 1)-point cylinder function. Arguing by induction, we infer that (3.20) holds for
all cylinder functions. Since the cylinder functions are dense in the space of all integrable
functions (cf. Definition 3.18), this proves the proposition. O

For any F € L'(PrM, I, 7)), the induced martingale F* = E 1)[F | £7] is defined
by taking the conditional expectation with respect to the o-algebras X7 for every t €
[0, T]. It indeed has the martingale property

EanlFT |E1=F (' =1). (3.23)

The quadratic variation of the martingale F* = {F*};¢0,77 (and more generally of
any stochastic process where the following limit exists) is defined by

F'le= i F% — Fo-1)2, 3.24
[F°], H{le}r”r;o;( ) (3.24)

where the limit is taken in probability, over all partitions {z;} of [0, T] with mesh going to
Zero.

Assume now that F € L2(PrM, I(x,7)). Then the convergence in (3.24) is not just
in probability but also in L'. Moreover, we have the It isometry

E[[F*ly — [F*1,|2"] = E[(F" — F')?| 7). (3.25)

The differential of [F*],; takes the form d[F°®]; = Y;dt for some nonnegative
3. T-adapted stochastic process Y, which we denote by Y; = d[F*];/dt. According to
Fatou’s lemma and (3.25) it can be estimated by

d[F*® 1 1
L <liminf — E[[F®*lr4e — [F*]¢ | zf]zlimigf—E[(F”@ —FH2|T7]  (3.26)
e—>01T &

T e—0t &

for almost every T and almost every .

3.4. Heat equation and Wiener measure

The goal of this section is to explain the relationship between the Wiener measure and the
heat equation on our evolving manifolds. In particular, we will see that the Wiener mea-
sure is indeed characterized by (1.9). We start with the following representation formula
for solutions of the heat equation.

Proposition 3.27 (Representation formula for solutions of the heat equation). If s €
[0, T'], and w is a solution of the heat equation d;w = Ag,w with w|y = f € CZ°(M),
then w(x, T) = Eqx,1)[f (X7—5)].

YIF= f oug is a 1-point cylinder function with ¢’ < o, then (3.20) holds true trivially.



1286 Robert Haslhofer, Aaron Naber

Proof. By Definition 3.14 we have w(X;, T — t) = w(U;), where w denotes the lift of
w to the frame bundle, which is constant in fiber directions. By the Itd formula (Proposi-
tion 3.7) we have

dw(Uy;) = Hyp(Uy) dW! + D.(Uy) dt + Agw(Uy) dr, (3.28)

where Ay = Y!_, H? is the horizontal Laplacian. Since w solves the heat equation,
the sum of the last two terms vanishes (see Lemmas 3.1 and 3.3), and by integration we
obtain

T—s
W(Ur—s) — w(Up) =/ H;w(U;) dW:. (3.29)
0

Note that w(Up) = wu) = wx,T) and w(Ur—s) = wX7—s,s5) = f(X7—5) =
f(mUr—s). Moreover, after taking expectations the term on the right hand side of (3.29)
disappears by the martingale property, i.e. since the integrand is X7-adapted (cf. Defini-
tion 3.18), and since Brownian motion has zero expectation. Thus,

w(x,T) = E,[f(mUr—s)] = E¢ 1) f (X7-5)], (3.30)
as claimed. O

Proposition 3.31 (Characterization of the Wiener measure). If e : Py 7yM — Mk
is the evaluation map at 0 = {0 < o1 < --- < o < T}, given by e;(y) =
(1 Yoys -+ - T1Yey ), and if we write s; = T — o, then

€o,x dF(x,T)(yl, cey YE)
= H(x, T |y1,spdvolg (y1) -+ H(yi—1, k-1 | Yk, s)dvolg, (vi).  (3.32)

Moreover, equation (3.32) uniquely characterizes the Wiener measure on P 7yM.

Proof. By Proposition 3.27 we have the equality

| Ha Tl = [ fmmdrene) 63
M Pie.ryM
for every test function f, say smooth with compact support. Since these functions are
dense in the space of all integrable functions on M, this proves (3.32) for k = 1.

Now, if f : M¥ - Rando = {0 < 0 < --- < o; < T}, then in view of
Proposition 3.19 and what we have just proved, the conditional expectation (e} f)%-1 =
E 1)lel f | X%-1]is given by

(e () = / F @ Yors - T Vopys YO H (1 Yoy Sk—1 | Vi, si)dvolgy (yi)-
M

(3.34)

Now using the formula E( 1yle’ f1 = Eq.1)[Ew, m)lel f | £%-]] and induction, we
obtain (3.32).

Finally, by the density of cylinder functions in the space of measurable functions (cf.

Definition 3.18), equation (3.32) uniquely characterizes the Wiener measure on P, 7y M.

O
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3.5. Feynman—Kac formula

We will now prove a Feynman—Kac type formula for vector valued solutions of the heat
equation with potential

ViY =Ag Y +AY, Y[y=2Z, (3.35)

where A; € End(7T M) is a smooth family of endomorphisms, and Z is say smooth with
compact support.

The idea is to generalize the representation formula for solutions of the heat equa-
tion (Proposition 3.27) in two ways, by: (i) using stochastic parallel translation (Defini-
tion 3.15) to transport everything to 7, M, and (ii) multiplication by an endomorphism
Rr_s = Rr—s(y) : TyM — T, M, which is obtained by solving an ODE along every
Brownian curve y, to capture how the potential A; affects the solution.

Proposition 3.36 (Feynman—Kac formula). Ifs € [0, T], A; € End(TM), and Y is a
vector valued solution of the heat equation with potential, V;Y = AgY + A.Y, with
Yis=Z e CX(TM), then

Y(x,T) = E,1)[R7—s Pr—s Z(XT_$)], (3.37)

where Ry = R (y) : TxM — Ty M is the solution of the ODE [%Rr =R, P;Ar_; P;l
with Ry = id.

Remark 3.38. Similar formulas hold for tensor valued solutions of the heat equation
with potential.

Proof of Proposition 3.36. LetY : F — R", Y (u) = u~' Yy, be the equivariant function
associated to Y. Applying the Itd formula (Proposition 3.7) to each component, we obtain

dY(Uy) = H;Y (U)dW! + DY (Uy)dt + AxY (Uy)dt
= H;Y (U)dW! — Ar_.Y (Uy)dr, (3.39)

where we lifted equation (3.35) to J using Lemmas 3.1 and 3.3. Let R, : R" — R" be
the solution of the ODE %Rr = R;Ar_; with Ry = id. Then

d(R.Y(Uy)) = R H;Y(Uy)dW:. (3.40)

The right hand side disappears after taking expectations, by the martingale property, as in
the proof of Proposition 3.27. Thus,

Y(u) = Eu[Rr— Y7y (Ur—9)]- (3.41)
Finally, we can translate from Y to ¥ by computing

Y(x, T) = u¥ (u) = E,[UoRr—_,Uy 'UUs ! Ur—Yr_(Ur—)]
= Euxn)[Rr—sPr—sZ(Xr_5)]. (3.42)
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Here, we have used R, = UgR. U, !, which can be checked by computing

L (UyR.Uy ") = UpR: Ar—. Uy ' = UpR. Uy ' UpU; ' U Ap— U UL U
= UgR: Uy ' Pt Ar—_ P,

which shows that R; and U()Iér Uy ! solve the same ODE, and thus must be equal. ]

3.6. Farallel gradient and Malliavin gradient

Let F : P, 7yM — R be a cylinder function. If y € P 7yM is a continuous curve and
V is a right continuous vector field along y, then the directional derivative Dy F(y) is
well defined as a limit of difference quotients, namely

F(y") — F(y)

DyF(y) = g%f (3.43)

where y V€ ={(x)"¢, T —7)}.¢[0.7] is the curve in P(, 7yM defined by xV-¢ =exp$ (¢ V).

Definition 3.44 (Parallel gradient). Leto € [0, T]. If F : Py, 7yM — R is a cylinder
function, then its o -parallel gradient is the unique almost everywhere defined function
VJ,‘F : P, 7yM — (T M, g7) such that

Dyo F(y) = (VYF(), v) 1M gr) (3.45)

for almost every Brownian curve y and every v € (T, M, gr), where V7 = {V7 }:¢0,1]
is the vector field along y givenby V7 =0if r € [0, 0) and V7 = P lvifr e[o, T

T

Explicitly, if F = u o es : Px,1yM — M¥ — R, and if we write sj =T — oj, then it is
straightforward to check that

VIF = ( > Py, grady) u) (3.46)

0j=0

where grad/) denotes the gradient with respect to the j-th variable, and Py; is stochastic
parallel transport.

Let JH be the Hilbert space of H!-curves {veleero,y in (Tx M, gr) with vg = O,
equipped with the inner product

T
(v, w)g 2/0 (Vg, We) (T M, gp) dT. (3.47)

Definition 3.48 (Malliavin gradient). If F' : P )M — R is a cylinder function, then
its Malliavin gradient is the unique almost everywhere defined function VZCF : P, 7)M
— X such that

DyF(y) = (VI'F(y), v)5 (3.49)

for every v € JH and almost every Brownian curve y, where V = {Pt_l Uz }re[0,7]-
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Let us now explain the extension to operators on L. This is based on the integration by
parts formula from the appendix (Theorem A.1), which says that the formal adjoint of Dy
is given by

T
D%G = —DyG + %Gf (Lo, — P (Ric+38,8) P ve, dWr). (3.50)
0

We recall the 1t6 isometry

E[(/OT dewf)z} =E|:/0.T X%dz]. (3.51)

By the It6 isometry (3.51) and assumption (1.3) we obtain the estimate

T 2
EW)[UO (Lo, — Pr(Ric—i—%atg)P;lv,,de)) } < Clvl3. (3.52)

Using (3.50), (3.52), and the definition of the formal adjoint, we see that if F, is a se-
quence of cylinder functions with F, — 0 and Dy F, — K in L?(P; M), then
(K, G) = 0 for all cylinder functions G, and thus K = 0. It follows that V7 can be
extended to a closed unbounded operator from L2(P(XYT)J\/[) to L2(P(X,T)M, H), with
the cylinder functions being a dense subset of the domain. Similarly, V(U can be extended
to a closed unbounded operator from L2(P<X,T)JV[) to Lz(P(x,T)M, T, M), again with the
cylinder functions being a dense subset of the domain.

3.7. Ornstein—Uhlenbeck operator

The Ornstein—Uhlenbeck operator L = V7V is an unbounded operator on
L?(PrM, I'(x,7)) defined by composing the Malliavin gradient with its adjoint. More
generally, there is a family of Ornstein—Uhlenbeck operators £, ;, on LZ(PTM, Cu,1))
defined by the formula £y, , = |, Trlz Vﬂ*Vﬁ dt, which captures the part of the Lapla-
cian coming from the time range [, 72]. The next proposition shows in particular that
L=2Lor.

Proposition 3.53. If F : PrM — R is a cylinder function, then for almost every curve
vy € (PrM, I'x, 1)) we have

T
VHFP(y) = / VIFR() de. (3.54)
0

Proof. The cylinder function has the form F = u o e, : PrM — M — R. By the
definition of the Malliavin gradient (Definition 3.48), for almost every y € (PrM, I'x. 1))
we have

(voy. Poy grady]) ueq,y)) = Dy F(y) = (VU F (), )¢

k
=1

J

T
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It follows that

k
LVEFY) =Y jr=ap Py, gradg]_) u(eq, ). (3.56)
j=1

In view of this, writing oy = 0, we compute

T k k 2
2
IV FRetr) = [V PGP dr = Yoy = 0|3 P erad) e )
j=l1 t=j

T
= / IVIFI*(y) dr, (3.57)
0

where we have used the fact that the integrands are piecewise constant. O

4. Proof of the main theorem

In this section, we prove our main theorem (Theorem 1.22) characterizing solutions of
the Ricci flow.

We will prove the implications (R1)=(R2)=(R3")=(R4)=(R5)=(R3)=(R2")
=(R1). Here, (R3’) denotes the (seemingly stronger) statement that for every F in
L2(PrM, I'x,7)) we have the pointwise estimate

d[F°*],
dt

for almost every y € P, 7)M and almost every t € [0, 7], and (R2') denotes the (seem-
ingly weaker) statement that for every F € L?(PrM, I'r), we have the gradient estimate

Vx/ FdT 1)
PrMm

Before delving into the proof, we observe that it suffices to prove the estimates for
cylinder functions, since this implies the general case by approximation. For illustration,
let us spell out the approximation argument for (R2): Let F € L>(PrM, I'r). Let F;
be a sequence of cylinder functions that converges to F in L>(PrM, I'r) and pointwise
almost everywhere. By Fubini’s theorem and the dominated convergence theorem, for a.e.
X € M we obtain lim;_, E(X,T)[sz] = E(X,T)[FZ] < 00. We can assume that for a.e.
x € M the function F is in the domain of the parallel gradient based at (x, T') (since
otherwise the right hand side of (R2) is infinite by convention and the estimate holds
trivially). Thus, lim; o Eqx. 7)[|VI Fj|] = Eq.)[IVIF[] < oo forae. x € M. If we
know that (R3) holds for cylinder functions, then we can infer that

(¥) < V2Ew.nlIVIFI| =71(y) (R3)

2
< / IVIF12dT . 1y. (R2))
PrM

lim sup |V, / FidTr)| < / \VIF|dT 1) .1
j—>00 PrM PrM
for a.e. x € M. Once we know that the local Lipschitz bounds (4.1) hold, passing to a

subsequential limit we can conclude that (R2) holds for F for a.e. x € M.
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4.1. The gradient estimate

The goal of this section is to prove the implication (R1)=>(R2). We start with the follow-
ing theorem for the gradient of the expectation value.

Theorem 4.2 (Gradient formula). If (M, g:):e1 is an evolving family of Riemannian
manifolds and F : PrM — R is a cylinder function, then

T
gradg, Eq.1)[F] = E(x,1) [VIIF +/ %RfVler}, 4.3)
0

iRT —

where R, = R:(y) : TuM — TM is the solution of the ODE -

— R Pr(Ric+13,g) P71 with Ry = id.

Our proof of Theorem 4.2 is by induction on the order of the cylinder function. The main
ingredients are the Feynman—Kac formula for vector valued solutions of the heat equation
(Proposition 3.36), the formula for the conditional expectation value (Proposition 3.19),
and the following evolution equation for the gradient.

Proposition 4.4 (Evolution of the gradient). If (M, g;):e; is an evolving family of Rie-
mannian manifolds, and u solves the heat equation d,u = Agu, then its gradient,
grad,, u, solves the equation

Vi grad, u = A, grad, u — (Ric +%8fg,)(gradgt u, ), 4.5)
Proof. Using the formula a,(g—l) = —g_l(a,g)g_1
and V;, we compute

and the definitions of gradgt (u)

V; gradgr U= gradgt (0;u) — 0r &: (gradgt u, -)ﬁgt + %Blgt (gradgt u, ~)jgr

= Ag, grad,, u — (Ric+39,g)(grad,, u, )%, (4.6)
where we have used the equation d;u = Agu and commuted the Laplacian and the
gradient. O

Proof of Theorem 4.2. We argue by induction on the order k = |o| of the cylinder func-
tion F = elu.

If k = 1, then by (1.13) the expectation E(, 7)[F]is given by integration with respect
to the heat kernel, namely

En)F]= / u(H(x, T |y, s)dvolg (y) = (Psru)(x), 4.7

M
where s = T — o. On the other hand, by Proposition 4.4 we have the evolution equation
V; grad, Pgu = A, grad, Pyu — (Ric+59;g)(grad,, Pyu), (4.8)

where we view Ric +%8, g: as an endomorphism (using the metric g;). We can thus apply
the Feynman—Kac formula (Proposition 3.36), and obtain

(gradg, Psru)(x) = E(x,1)[Ro Py (grad, u)(Xo)], 4.9)
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where R, = R (y) : TyM — T:M is the solution of the ODE %R, =

—R. P, (RIC +5 Bt g) U with Ry = id. Using the fundamental theorem of calculus and
(3.46), we can rewnte thls as

o2
(grady, Pyru)(x) = E(x,T)|:(id+ /0 4R, dr) P, (grad,, u)(xa}

T
=E(X,T)[V'F+/ 4R, vﬂFdf]. (4.10)
0

Thus, the gradient formula (4.3) holds true for 1-point cylinder functions.
Now, arguing by induction, let F = eu be a k-point cylinder function and let s; =
T — o;. Note that
Ew.nF1=Eqn|ExnlF|Z7]. 4.11)
Using Proposition 3.19 we see that G := E(, 7)[F | £°'] is a 1-point cylinder function
given by G = e, w with

w(y) = Eqap[u(. X _grvees Xby _gDl, (4.12)

where the expectation is over all Brownian curves starting at (y, T — o1). Note that by
(4.11) and the case k = 1 of the gradient formula we have

grady, En)[F] = grady, Eq 1[Gl = Ex.1)[Roy Poy (grady w)(Xo)],  (4.13)

where R; = R (y) : TyM — T.M is the solution of the ODE %R, =
—R. P; (Ric + % 0y g) PT_1 with Ry = id. Using the product rule and induction, we compute

(grady, w)(y) = Eqysplerady) u(v, Xg, g0 X 5]
+ E(y,Sl)I:V/lu(y’ Xl/Tz—Ul Y e Xéfk—ffl)
T—o0
+/O LRV Uy, X}y gy X (,l)dt:| (4.14)

where X’ and V'l denote Brownian motion and the parallel gradient based at (y, T — o7),
and R, = RL(y) : TyM — Ty,M is the solution of the ODE LR/ =

—R.P (R1c+ dg) P/~ with R = id, where P, denotes stochastic parallel transport
based at (y, T — o). Note that

E(y YI)[grad( ) u(y Xaz -0y’ " O'k 01)] + E(y Y])[V Hu(y’ 02 gyt X(/J'k—0'|)]

=~

Z wanl Py, Ul(gradgs (X} _gven X o)1 (415)

Moreover, if y = y|j0,6,] * ¥’ then Pr(¥lj0,0,] * ¥') = Po,(y) o P, —oy (') and thus

PR, , Pl =R;'R; (4.16)

T—01" 0]
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for T > o1, since both sides solve the same ODE with the same initial condition at time o7.
Putting everything together, we conclude that

T
grad,, Eq 1)[F] = E<X,T)[RJIV'F +f LR, Vﬂth}
]

T
=Exn |:V|F +/ %Rr Vler:|, 4.17)
0

where we have also used Proposition 3.19, Py; (¥ (0,011 ¥ V') = Py (¥) © P(;j —o;(¥"), and
(3.46). O

Proof of (R1)=(R2). The gradient formula (Theorem 4.2), together with the above ap-
proximation argument, immediately establishes the implication (R1)=(R2). To see this,
just observe that for families of Riemannian manifolds evolving by Ricci flow the time
integral in (4.3) vanishes, |V, fPTJV[ F drI'y| and IgradgT E(,1)[F]| are the same (just in
different notation), and | E(, 1y [V/ F]| < fPTMW" F|dT 7). o

4.2. Regularity of martingales

The goal of this section is to establish the implication (R2)=>(R3’). For convenience of
the reader, we also prove the (obvious and logically not needed) implication (R3")=(R3).
We start with the following formula for the quadratic variation of a martingale on path
space.

Theorem 4.18 (Quadratic variation formula). If (M, g;)sey is an evolving family of Rie-
mannian manifolds and F : P 1yM — R is a cylinder function, then

d[F*];
dt
for almost every y € P 1\M, where Fy[0.] : Pr—<M — R is defined by Fy10-1(y') =
F(yl0.c1 % v
Proof. Given a cylinder function F = u o ¢; : P yM — M* — R and a number
T € [0, T, let j be the largest integer such that o; < 7. Recall that we use the notation
yr = (x¢, T — 7) for space-time curves. By the formula for the conditional expectation

(Proposition 3.19) and the characterization of the Wiener measure (Proposition 3.31), for
& > 0 small enough, F*™¢ is given by

(y) = 2|VyE(y,T—r)[F)/[O,r]]|2(771Vr) 4.19)

F‘E+€(y)
= / . U Vo - s T1Yojs Vjtls - Vi) dvy, Vi1, Sj41) - AV s Ok k).
Mk—i

: 3 T+e _ % —
‘We can write this as F = ey . we, where we define w, = We Yo 1.on Vo by

J

we(@) = /Mk—' UL Yors - o T Yo Yjkls - o Yk) AV, Tt =) Vj+1, Sj1)
e dvgy sy ks K-
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Now, since the function d[g T]’ is X T-measurable, we can compute

dlF°l; = d[F°*].
I W)=Ex,1) e

where we have also used the martingale property (F*+¢)" = F7 and the definition of the
quadratic variation (see Section 3.3). Using again Propositions 3.19 and 3.31, as well as
some rough short time asymptotics for the heat kernel, we conclude that

1
Zt} = lim —Eqn[(F —(F7))? |57 (@4.20)
E—>

d[F*]; 1 . . 2
W= tim — | (we@ — [ we@dv,G.T—7—¢)) dvy, . T —7—¢)
dt e—>0t € Jy M
= 2|Vwo|* (1 y7). 4.21)
Since wo(y) = E(y,7—)[Fy[0,71], this proves the theorem. ]

Proof of (R2)=(R3'). Let (M, g;):<; be a smooth family of Riemannian manifolds such
that the gradient estimate (R2) holds, and let F : P, 79y)M — R be a cylinder function.
Observe that

IVIFI( 0.0 % ¥') = 194 Fyto.all ): (4.22)

Now, using Theorem 4.18, the gradient estimate (R2), and (4.22), we compute (for a.e. y
fora.e. 1)

aFT, [d[F*],
dt (V)—E(x,T)[ “dr

<V2E@n)[EnlIViF0.01l | £7] = V2 E@n[IVIFI | ST, (423)

zf} =V2E.1)[IVyE(y.7—0)[Fyo.]|(T17:) | 7]

where we have also used Proposition 3.19 in the last step. This proves (R3). O

Proof of (R3)=(R3). Let F € L*(PrM, T(x.1y). Using the assumption (R3'), the
Cauchy—Schwarz inequality, and the definition of the conditional expectation (see Sec-
tion 3.3), we compute

d[F*]
E(x,T)[ :

This proves the martingale estimate (R3). O

] <2Eqn[(Eq,nlIVIFII D] < 2E.n[IVIF?.  4.24)

4.3. Log-Sobolev inequality and spectral gap
In this section, we prove the implications (R3")=(R4)=(R5).

Proof of (R3")=(R4). Let F : PrM — R be a cylinder function, and let {G*};¢[0,7] be
the martingale induced by the function G = F2,i.e. GT = Eq,1) [F?| ©7]. Using the It
formula and the martingale property we compute

1)
Ex.m) [GPlogG™ — G logG™] = Ex.m |:/ d(G" log Gr)il

1

2 1 d[G°],
= E dt |. 4.25
e [/T 267 de F (4.25)

1
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By assumption (R3’), the Cauchy—Schwarz inequality, and the definition of G*, we have
the estimate

d[G*].

< 2Eq.nl2FVIF|| 271 <8GT E(.1)[IVIFI? | 27]. (4.26)

Combining (4.25) and (4.26) we conclude that

™
E()C,T)[GT2 logG™ — G logG™] < 4E 1) |:/ E(X,T)[|VﬂF|2 | Ef]dri|
7

=4Eq,n)(F, Ly 5, F)], (4.27)

where we have used Proposition 3.53 in the last step. This proves the log-Sobolev in-
equality (R4). O

Proof of (R4)=(R5). Applying the log-Sobolev inequality (R4) for F> = 1 + ¢G and
using approximation, we obtain

Eq.n[(G™?)? = (G™)?] < 2E.1)[(G, Lr, 1,G)]. (4.28)

Since E(X,T)[(GTZ)2 —(GM? = Ex1l(G™ - G" )21, this proves the spectral gap. 0O

4.4. Conclusion of the argument

The goal of this final section is to prove the remaining implications (R5)=(R3)=(R2’)
=(R1).

Proof of (R5)=>(R3). Using the formula for the Malliavin gradient (Proposition 3.53) we
can rewrite the spectral gap estimate (R5) in the form

15]
Eq.nl(F? — F)? < 2Eq.1 U |vﬂF|2dr]. (4.29)
7]

Dividing both sides by 7> — 71 and taking the limit 7, — t; we obtain

dlF°*].

Ew)[ ] <2Eq.nlIVIF?], (4.30)

which is exactly the martingale estimate (R3). O
Proof of (R3)=(R2’). The quadratic variation formula (Theorem 4.18) at T = 0 reads

d[F°*];
dt

\VeEGen)[F11> = %Eu,T)[

:|. (4.31)
=0

Together with the martingale estimate (R3) at t = 0 this implies
IVeE,n FII? < EqnlIVIFI?), (4.32)

which is exactly the gradient estimate (R2). O
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Proof of (R2")=(R1). Let (M, g):c; be an evolving family of Riemannian manifolds
satisfying the gradient estimate (R2'). If we plug in a 1-point cylinder function F =
uoey : PrM — M — R, the estimate (R2') reduces to

|V Pyrul|? < Pyr|Vul? (4.33)

(cf. Remark 1.12). Thus, by Theorem 1.5 (only the implication (S3)=-(S1) is needed),
(M, gt)ter is a supersolution of the Ricci flow. To show that (M, g;);c; is also a subsolu-
tion, we will analyze the gradient estimate (R2") for a carefully chosen family of 2-point
cylinder functions. Namely, given a point (x, 7)) € M in space-time (7" > 0) and a unit
tangent vector v € (Ty M, gr), we choose a test function u : M x M — R such that

gradg,lr) u=2v, gradézr) u=—v, Hessg;u=0 at(x,x). (4.34)
We consider the 1-parameter family of test functions

F7(y) = uleo(y), e (¥)), (4.35)

where o € [0, T']. We will now analyze the asymptotics for o — 0. We start with the
rough estimate

Eqn[IVIF7 —v[1= 0(0). (4.36)

Together with the gradient formula (Theorem 4.2) this implies that

lim |grad,, Ee.r)[F°]* =1 = lim Eq.n[|VIF7 . 4.37)
o—0 o—0

To compute the next order term, we first note that the gradient formula (Theorem 4.2)
yields the estimate

grad,, Er.1)[F°1 = Ee.)[VIF]1+ o (Ric +%8tg)(x7T)(v) + o(0). (4.38)

Using this, we compute

3 _o(lgrad,, Ee ) [FO1P — Eqe.[IVI F|?)
= (v. 45 |,—o(erady, Ee,r)[F7] = Eqe) [V FOD)
= (Ric+754g) 1y (0 V). (4.39)

Together with (4.37), since the gradient estimate (R2") holds by assumption, we conclude
that

(Ric+33;8) @ V) <0. (4.40)

Since (x, T') and v are arbitrary, this proves that (M, g;);cs is a subsolution of the Ricci
flow. As we already know that (M, g;);cs is a supersolution of the Ricci flow, this finishes
the proof. O
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Appendix. A variant of Driver’s integration by parts formula

The purpose of this appendix is to prove Theorem A.1 below, a variant of Driver’s integra-
tion by parts formula [Dri92]. We write (F, G) = E(, 1)[FG]. Moreover, if v; € T,M
we use the notation (vy, dW;) = (Uo_lvf),- dwi.

Theorem A.1 (Integration by parts). Let F, G : PrMM — R be cylinder functions, let
{ve)eero,r) € I, and write V = {Pr_lvf}re[oj]. Then

T
DyG =—-DyG + %G/O (££ve = Pr(Ric+50,8) P ' vr, dWe) (A.2)

satisfies (Dy F, G) = (F, Dy, G).

Proof. We adapt the proof from [Hsu02, Sec. 8] to our setting of evolving manifolds.
Since Dy satisfies the product rule, it is enough to show that

T
En[DyFl= SEu 1) [Ff (Lo, — P (Ric+33,8)P; ' ve, dW,)] (A.3)
0

for all cylinder functions F. We prove this by induction on the order k of the cylinder
function F.

k =1: Let F = e}u be a 1-point cylinder function, and let s = T' — . Since w(x, t) :=
Ps;u(x) satisfies the heat equation, its gradient satisfies

Vi grad, w = Ag, grad, w — (Ric+39;¢)(grad,, w, )% (A4)

(cf. the proof of Proposition 4.4). By the Feynman—Kac formula (Proposition 3.36) we
have
gradgT wx,T) = Ex,1)[Rs Ps gradgs u(Xqy)l, (A.5)

where R, = R;(y) : (Ix+M,gr) — (TIxM,gr) solves the ODE C%R, =
R: P (Ric —i—%B,g)T_TPT_l with Ry = id, and where we view (Ric +%8[g)
endomorphism of T M (using the metric g7_1).

By (3.29) we have

7, as an

u(Xy) :w(x,T)+/U vVaw (U - dWy, (A.6)
0

where @ is the invariant lift of w and V7% = (H;®, . .., H,W) is its horizontal gradient.
Let {z7}zeq0,7] € H and let RI be the adjoint of the operator R;. Using the above and
the Itd isometry (3.51), we compute the following expectation value:

o o o
E<x,n[u<xg)/0 <Rizf,dwf>]=E<x,T>U0 va(Ufyde/O <Rizr,dwr>}
o
—2Eur [ /0 (Riz,, Vi (U)) dr}

=2E<X,T)UO (z'T,R,UOVHlI)(UT))gTdT]. (A7)
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Let N; := R, UyVEW(U,) = R, P; gradngr w(X¢, T — 7). Integration by parts gives

o o
E(x,T)|:f (Zes Nr)gr df] = E(x,T)|:<Za»Ncr>gT _/ (Z‘Ede‘E)gT]
0 0
= E(X,T)[<Z(T7N0’>g7']v (A.8)

where in the last step we have used the fact that N; is a martingale (cf. (3.40)). Putting
things together, and taking also into account that

T
(Riz, dWT)} =0,

(A.9)

T
Ex.1) [M(Xa)/ (Riz,, th)i| = Euxn)[uXs)]- Eq 1) [/
o o
we obtain
T
Eq.1) [u(xa) / (Riz, dW»] =2E(.1)[(R} 20, P grad, u(Xs))g ] (A.10)
0

Finally, we let v; = R}z;. Then
Riz; = v; — Pr(Ric+%d,8) P vx, (A.11)
and (A.3) follows.

k—1— k: Let F = ¢} f be a k-point cylinder function and let s; = T — o;. Define a
new function of k — 1 variables by

g()C], cee xk—l) = E(xk_l,sk_|)[f(xl, ) xk—19 X(/Tk—Ok—l)]’ (A12)
where X' is based at xz_1. Let G : Py, 7)M — R be the (k — 1)-point cylinder function
G(y)=g(es V... €q_,7). (A.13)

In the computations below we will frequently use the Markov property (Proposition 3.19).
The first step is to express

k
Ean[DvF1 ="y Eq.1)[{ve;, Poy gradg) f(Xoy, s Xo))er] (A.14)
j=1
in terms of G. To this end, note that for j = 1, ...,k — 2 we simply have

gradg;g(xl,.._,xk_l) = E(xk_],sk_l)[gradg: FOn e et Xy Dl (AL15)

For j = k — 1 using the product rule and the gradient formula (A.5) we have

grad Vg (vr, . xkm1) = Egyyspleradf ) e Xo, o )]

+ E(xk—lssk—l)[RZrk—ak_] P;k_ak_l gradgxk JACIT TR X(/,k_(,k_l)],
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where R, = R.(y) : (Ty_ M,gy_) — (Ty_ M, g ) solves the ODE LR, =
. P (Ric +%8tg)Sk P/~! with R} = id. Taking expectations, we thus obtain

—7° T

E.,1)[Dy F1= E,1)[Dv Gl + Eqe,1)[(Voy.s P grad(y) f(Xoys -, Xo))gr ]
— Eqx, T)[E(Xak,l se-n) Vo
k
Po'k lRék —O)— 1PL;'k —Ok— 1grad( ) f(XUl’ o Xo'k—l’ Uk Of— 1)>gT]]

By the induction hypothesis we have

Ok—1
E(X,T)[DVG]z%E(x,T)[G/O (Ly, — P (Ric+30,8) Py vf,dW,):| (A.16)

Conditioning, using the induction hypothesis for 1-point functions, and unconditioning
again, we compute

E(X,T)[<v0k — Voy_1>» Pdk grad[(g]iz f(XCf] s ey X(Tk)>gr]
= E(X’T)[E(erk_laSk—l)[(P(T_kll(vak — Vop_y )
Pl g Igrad(k) Koo Xog s Xo Mg, 1]

T
= %E(X,T)[F/ (L v, — Pr(Ric+33,8) P, " (vr — vgk_,),dWT>i|. (A.17)
S,

k—1

Finally, using the induction hypothesis for 1-point functions and the ODE for R’ we com-
pute

Ea. ) [Exg s [(Vays
(Po'k - Pffk chlTk—Uk 1Pak —Ok— 1)grad(k) f (XUI’ ] XUk—l’ X:rk—ak,l»gT]]
= Ee.n)[Exy s = RS0 D Pyt vy
P(;'k —0k—1 grad(k) f (XU] L XUk—l ’ X;'k—Gk_])>gsk,1 ]]
Sk
=E(X,T)[F/ (P; (Ric +38,8) Py ' vo, 1,de)} (A.18)
Sk—1

Adding (A.16), (A.17) and (A.18) we conclude that

T
En[DyF] = lE(x,T)[F/ (Lo, — P,(Ric+%atg)P;1vr,dW,)] (A.19)
0
This proves the theorem. O

Acknowledgments. R.H. has been supported by NSF grant DMS-1406394, and A.N. has been sup-
ported by NSF grant DMS-1406259.



1300

Robert Haslhofer, Aaron Naber

References

[AE9S]

[AGS14]

[ACTO8]

[BES5]

[BLO6]
[Bra78]

[CZ06]

[CGGI1]

[CS89]
[Chel5]

[Coull]

[Dri92]

[Elw82]

[Eme89]
[ES91]
[EGZ14]
[Fan94]
[Gro75]

[GPT15]

Aida, S., Elworthy, D.: Differential calculus on path and loop spaces. I. Logarithmic
Sobolev inequalities on path spaces. C. R. Acad. Sci. Paris Sér. I Math. 321, 97-102
(1995) Zbl 0837.60053 MR 1340091

Ambrosio, L., Gigli, N., Savaré, G.: Metric measure spaces with Riemannian Ricci cur-
vature bounded from below. Duke Math. J. 163, 1405-1490 (2014) Zbl 1304.35310
MR 3205729

Arnaudon, M., Coulibaly, K., Thalmaier, A.: Brownian motion with respect to a metric
depending on time: definition, existence and applications to Ricci flow. C. R. Math.
Acad. Sci. Paris 346, 773-778 (2008) Zbl 1144.58019 MR 2427080

Bakry, D., Emery, M.: Diffusions hypercontractives. In: Séminaire de probabilités,
XIX, 1983/84, Lecture Notes in Math. 1123, Springer, Berlin, 177-206 (1985)
Zbl 0561.60080 MR 0889476

Bakry, D., Ledoux, M.: A logarithmic Sobolev form of the Li—Yau parabolic inequality.
Rev. Mat. Iberoamer. 22, 683-702 (2006) Zbl 1116.58024 MR 2294794

Brakke, K.: The Motion of a Surface by its Mean Curvature. Math. Notes 20, Princeton
Univ. Press, Princeton, NJ, 1978. Zbl 0386.53047 MR 0485012

Chen, B.-L., Zhu, X.-P.: Ricci flow with surgery on four-manifolds with positive
isotropic curvature. J. Differential Geom. 74, 177-264 (2006)  Zbl 1103.53036
MR 2258799

Chen, Y. G., Giga, Y., Goto, S.: Uniqueness and existence of viscosity solutions of
generalized mean curvature flow equations. J. Differential Geom. 33, 749-786 (1991)
7Zbl 0696.35087 MR 1100211

Chen, Y. M., Struwe, M.: Existence and partial regularity results for the heat flow for
harmonic maps. Math. Z. 201, 83-103 (1989) Zbl 0652.58024 MR 0990191

Cheng, L.-J.: The radial part of Brownian motion with respect to L-distance under Ricci
flow. J. Theoret. Probab. 28, 449-466 (2015) Zbl 1323.60110 MR 3370661
Coulibaly, K.: Brownian motion with respect to time-changing Riemannian metrics, ap-
plications to Ricci flow. Ann. Inst. Henri Poincaré Probab. Statist. 47, 515-538 (2011)
7Zbl 1222.58030 MR 2814421

Driver, B.: A Cameron—Martin type quasi-invariance theorem for Brownian motion on a
compact Riemannian manifold. J. Funct. Anal. 110, 272-376 (1992) Zbl 0765.60064
MR 1194990

Elworthy, K. D.: Stochastic Differential Equations on Manifolds. London Math. Soc.
Lecture Note Ser. 70, Cambridge Univ. Press, Cambridge (1982) Zbl 0514.58001
MR 0675100

Emery, M.: Stochastic Calculus in Manifolds. Universitext, Springer, Berlin (1989)
Zbl 0697.60060 MR 1030543

Evans, L. C., Spruck, J.: Motion of level sets by mean curvature. 1. J. Differential Geom.
33, 635-681 (1991) Zbl 0726.53029 MR 1100206

Eyssidieux, P., Guedj, V., Zeriahi, A.: Weak solutions to degenerate complex Monge—
Ampere flows II. Adv. Math. 293, 37-80 (2016) Zbl 1367.32027 MR 3474319

Fang, S.: Inégalité du type de Poincaré sur I’espace des chemins riemanniens. C. R.
Acad. Sci. Paris Sér. I Math. 318, 257-260 (1994) Zbl 0805.60056 MR 1262907
Gross, L.: Logarithmic Sobolev inequalities. Amer. J. Math. 97, 1061-1083 (1975)
7Zbl 0318.46049 MR 0420249

Guo, H., Philipowski, R., Thalmaier, A.: An entropy formula for the heat equation on
manifolds with time-dependent metric, application to ancient solutions. Potential Anal.
42, 483-497 (2015) Zbl 1309.53051 MR 3306693


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0837.60053&format=complete
http://www.ams.org/mathscinet-getitem?mr=1340091
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1304.35310&format=complete
http://www.ams.org/mathscinet-getitem?mr=3205729
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1144.58019&format=complete
http://www.ams.org/mathscinet-getitem?mr=2427080
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0561.60080&format=complete
http://www.ams.org/mathscinet-getitem?mr=0889476
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1116.58024&format=complete
http://www.ams.org/mathscinet-getitem?mr=2294794
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0386.53047&format=complete
http://www.ams.org/mathscinet-getitem?mr=0485012
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1103.53036&format=complete
http://www.ams.org/mathscinet-getitem?mr=2258799
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0696.35087&format=complete
http://www.ams.org/mathscinet-getitem?mr=1100211
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0652.58024&format=complete
http://www.ams.org/mathscinet-getitem?mr=0990191
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1323.60110&format=complete
http://www.ams.org/mathscinet-getitem?mr=3370661
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1222.58030&format=complete
http://www.ams.org/mathscinet-getitem?mr=2814421
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0765.60064&format=complete
http://www.ams.org/mathscinet-getitem?mr=1194990
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0514.58001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0675100
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0697.60060&format=complete
http://www.ams.org/mathscinet-getitem?mr=1030543
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0726.53029&format=complete
http://www.ams.org/mathscinet-getitem?mr=1100206
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1367.32027&format=complete
http://www.ams.org/mathscinet-getitem?mr=3474319
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0805.60056&format=complete
http://www.ams.org/mathscinet-getitem?mr=1262907
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0318.46049&format=complete
http://www.ams.org/mathscinet-getitem?mr=0420249
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1309.53051&format=complete
http://www.ams.org/mathscinet-getitem?mr=3306693

Characterizations of the Ricci flow 1301

[Ham82]
[Ham93]

[Ham95]

[Ham97]

[HN14]

[Hsu97]
[Hsu02]

[IW81]

[KL17]

[KN96]

[KP11a]
[KP11b]
[LY86]
[LV09]

[Mal84]

[Mal97]
[MT10]
[Nab13]
[Per02]
[Per03]

[STO9]

Hamilton, R.: Three-manifolds with positive Ricci curvature. J. Differential Geom. 17,
255-306 (1982) Zbl 0504.53034 MR 0664497

Hamilton, R.: The Harnack estimate for the Ricci flow. J. Differential Geom. 37, 225—
243 (1993) Zbl 0804.53023 MR 1198607

Hamilton, R.: The formation of singularities in the Ricci flow. In: Surveys in Differential
Geometry, Vol. II (Cambridge, MA, 1993), Int. Press, Cambridge, MA, 7-136 (1995)
7Zbl 0867.53030 MR 1375255

Hamilton, R.: Four-manifolds with positive isotropic curvature. Comm. Anal. Geom. 5,
1-92 (1997) Zbl 0892.53018 MR 1456308

Hein, H.-J., Naber, A.: New logarithmic Sobolev inequalities and an e-regularity theorem
for the Ricci flow. Comm. Pure Appl. Math. 67, 1543-1561 (2014) Zbl 1297.53046
MR 3245102

Hsu, E.: Logarithmic Sobolev inequalities on path spaces over Riemannian manifolds.
Comm. Math. Phys. 189, 9-16 (1997) Zbl 0892.58083 MR 1478528

Hsu, E.: Stochastic Analysis on Manifolds. Grad. Stud. Math. 38, Amer. Math. Soc.,
Providence, RI (2002) Zbl 0994.58019 MR 1882015

Ikeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes.
North-Holland Math. Library 24, North-Holland, Amsterdam, and Kodansha, Tokyo
(1981) Zbl 0684.60040 MR 1011252

Kleiner, B., Lott, J.: Singular Ricci flows I. Acta Math. 219, 65-134 (2017)
7Zbl 06842751 MR 3765659

Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry. Vol. I. Wiley Clas-
sics Library, Wiley, New York (1996) (reprint of the 1963 original) Zbl 0119.37502
MR 0152974

Kuwada, K., Philipowski, R.: Coupling of Brownian motions and Perelman’s
L-functional. J. Funct. Anal. 260, 2742-2766 (2011) Zbl 1219.53067 MR 2772350

Kuwada, K., Philipowski, R.: Non-explosion of diffusion processes on manifolds with
time-dependent metric. Math. Z. 268, 979-991 (2011) Zbl 1226.53039 MR 2818739
Li, P,, Yau, S.-T.: On the parabolic kernel of the Schrodinger operator. Acta Math. 156,
153-201 (1986) Zbl 0611.58045 MR 0834612

Lott, J., Villani, C.: Ricci curvature for metric-measure spaces via optimal transport.
Ann. of Math. (2) 169, 903-991 (2009) Zbl 05578758 MR 2480619

Malliavin, P.: Analyse différentielle sur I’espace de Wiener. In: Proc. International
Congress of Mathematicians, Vol. 2 (Warszawa, 1983), PWN, Warszawa, 1089-1096
(1984) Zbl 0567.60045 MR 0804760

Malliavin, P.: Stochastic Analysis. Grundlehren Math. Wiss. 313, Springer, Berlin (1997)
Zbl 0878.60001 MR 1450093

McCann, R., Topping, P.: Ricci flow, entropy and optimal transportation. Amer. J. Math.
132, 711-730 (2010) Zbl 1203.53065 MR 2666905

Naber, A.: Characterizations of bounded Ricci curvature on smooth and nonsmooth
spaces. arXiv:1306.6512 (2013)

Perelman, G.: The entropy formula for the Ricci flow and its geometric applications.
arXiv:0211159, 39 pp. (2002) Zbl 1130.53001

Perelman, G.: Ricci flow with surgery on three-manifolds. arXiv:0303109, 22 pp. (2003)
7Zbl 1130.53002

Song, J., Tian, G.: The Kihler—Ricci flow through singularities. Invent. Math. 207, 519—
595 (2017) Zbl 06685346 MR 3595934


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0504.53034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0664497
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0804.53023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1198607
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0867.53030&format=complete
http://www.ams.org/mathscinet-getitem?mr=1375255
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0892.53018&format=complete
http://www.ams.org/mathscinet-getitem?mr=1456308
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1297.53046&format=complete
http://www.ams.org/mathscinet-getitem?mr=3245102
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0892.58083&format=complete
http://www.ams.org/mathscinet-getitem?mr=1478528
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0994.58019&format=complete
http://www.ams.org/mathscinet-getitem?mr=1882015
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0684.60040&format=complete
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06842751&format=complete
http://www.ams.org/mathscinet-getitem?mr=3765659
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0119.37502&format=complete
http://www.ams.org/mathscinet-getitem?mr=0152974
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1219.53067&format=complete
http://www.ams.org/mathscinet-getitem?mr=2772350
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1226.53039&format=complete
http://www.ams.org/mathscinet-getitem?mr=2818739
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0611.58045&format=complete
http://www.ams.org/mathscinet-getitem?mr=0834612
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05578758&format=complete
http://www.ams.org/mathscinet-getitem?mr=2480619
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0567.60045&format=complete
http://www.ams.org/mathscinet-getitem?mr=0804760
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0878.60001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1450093
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1203.53065&format=complete
http://www.ams.org/mathscinet-getitem?mr=2666905
http://arxiv.org/abs/1306.6512
http://arxiv.org/abs/
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1130.53001&format=complete
http://arxiv.org/abs/0303109
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1130.53002&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06685346&format=complete
http://www.ams.org/mathscinet-getitem?mr=3595934

1302 Robert Haslhofer, Aaron Naber

[Str00]  Stroock, D. W.: An Introduction to the Analysis of Paths on a Riemannian Manifold.
Math. Surveys Monogr. 74, Amer. Math. Soc., Providence, RI (2000) Zbl 0942.58001
MR 1715265

[SV79]  Stroock, D., Varadhan, R.: Multidimensional Diffusion Processes. Grundlehren Math.
Wiss. 233, Springer, Berlin (1979) Zbl 0426.60069 MR 0532498

[Stu06]  Sturm, K.-T.: On the geometry of metric measure spaces. I & II. Acta Math. 196, 65—
131,133-177 (2006) Zbl 1106.53032 MR 2237207


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0942.58001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1715265
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0426.60069&format=complete
http://www.ams.org/mathscinet-getitem?mr=0532498
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1106.53032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2237207

	1. Introduction
	1.1. Background and overview
	1.2. Characterizations of supersolutions of the Ricci flow
	1.3. Characterizations of solutions of the Ricci flow

	2. Supersolutions of the Ricci flow
	3. Stochastic calculus on evolving manifolds
	3.1. Frame bundle on evolving manifolds
	3.2. Brownian motion and stochastic parallel transport
	3.3. Conditional expectation and martingales
	3.4. Heat equation and Wiener measure
	3.5. Feynman–Kac formula
	3.6. Parallel gradient and Malliavin gradient
	3.7. Ornstein–Uhlenbeck operator

	4. Proof of the main theorem
	4.1. The gradient estimate
	4.2. Regularity of martingales
	4.3. Log-Sobolev inequality and spectral gap
	4.4. Conclusion of the argument

	Appendix. A variant of Driver's integration by parts formula
	References

