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Abstract. We prove that near-critical percolation and dynamical percolation on the triangular lat-
tice n'T have a scaling limit as the mesh 7 tends to 0, in the “quad-crossing” space .77 of percolation
configurations introduced by Schramm and Smirnov. The proof essentially proceeds by “perturb-
ing” the scaling limit of the critical model, using the pivotal measures studied in our earlier paper.
Markovianity and conformal covariance of these new limiting objects are also established.
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1. Introduction

1.1. Motivation

Percolation is a central model of statistical physics, exceptionally simple and rich at the
same time. Indeed, edge-percolation on the graph Z¢ is simply defined as follows: each
edge e in B¢ (the set of edges e = (x, y) such that || x — y||» = 1) is kept with probability
p € [0, 1] and is removed with probability 1 — p independently of the other edges. This
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way, one obtains a random configuration w, ~ P, in {0, 1}Ed. It is well-known (see for
example [Gri99]) that for each dimension d > 2, there is a phase transition at some
critical point 0 < p.(Z?) < 1. One of the main focuses of percolation theory is on
the typical behavior of percolation at and near its phase transition. This problem is still
far from being understood; for example, it is a long-standing conjecture that the phase
transition for percolation is continuous in Z3.

When the percolation model is planar, a lot more is known on the phase transition.
A celebrated theorem by Kesten [Ke80] is that for edge-percolation on Z2, we have
pe(Z*) = 1/2. Furthermore, the corresponding phase transition is continuous (to be more
precise, it falls into the class of second-order phase transitions): the density function

072(p) := P[0 is connected to infinity]

is continuous on [0, 1].

When one deals with a statistical physics model which undergoes such a continuous
phase transition, it is natural to understand the nature of its phase transition by studying
the behavior of the system near its critical point, at p = p.+ Ap. In the case of percolation
on ZZ, it is proved in [KZ87] that there exists an € > 0 such that, as p — p, (Z2) =1/2,

022(p) = (p = P)' " 1psp,. (1.1)

In order to study such systems near their critical point, it is very useful to introduce the
concept of correlation length L(p) for p =~ p.. Roughly speaking, p — L(p) is defined
in such a way that, for p # p., the system “looks critical” on scales smaller than L(p),
while the non-critical behavior becomes “striking” above L(p). See for example [We(9,
NO08a, Ke87] for a precise definition and discussion of L (p) in the case of percolation (see
also Subsection 10.2 in this paper). Kesten [Ke87] proved that the correlation length L(p)
in planar percolation is given in terms of the probability of the alternating 4-arm event at
the critical point:

L(p) = inf{R > 1: R*a4(R) > ;} (1.2)
|p — pel

where a4(R) = a4 p, (R) stands for the probability of the alternating 4-arm event up to
radius R at the critical point of the planar percolation model considered (see for example
[We09, GS12]). In particular, the scale whose aim is to separate critical from non-critical
effects at p & p, can be computed just by studying the critical geometry of the system
(here, the quantity a4(R)). A detailed study of the near-critical system below its correla-
tion length was given in [BCKSO1]. Furthermore, Kesten’s notion of correlation length
enabled him to prove in [Ke87] that, as p > p. tends to p,,

0(p) < P[0 is connected to d B(0, L(p))]
= P, [01is connected to d B(0, L(p))] =: a1 (L(p)). (1.3)

In particular, the density 6(p) of the infinite cluster near its critical point can be evaluated
just using quantities which describe the critical system: o1 (R) and o4 (R).
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Such critical quantities are not yet fully understood on Z? at p.(Z*) = 1/2 (this is
why the behavior for 852 (p) given in (1.1) remains imprecise), but there is one planar
percolation model for which such quantities can be precisely estimated: site percolation
on the triangular grid T, for which also p.(T) = 1/2 (see [We09] for self-contained
lecture notes on critical site percolation on T). Indeed, a celebrated theorem by Smirnov
[SmO1] states that if one considers critical site percolation on n'T, the triangular grid with
small mesh n > 0, and lets n — 0, then the limiting probabilities of crossing events
are conformally invariant. This conformal invariance enables one to rely on the so-called
Stochastic Loewner Evolution (SLE) processes introduced by the third author [Sch00],
which can then be used to obtain the following estimates:

(i) a1(R) = R™>/*+o() obtained in [LSW02],
(ii) a4(R) = R™/4+() obtained in [SWOI],
(iii) L(p) = |57V obrained in [SWOI],
(iv) Or(p) = (p — pc)*/36+oM1,_, obtained in [SWOL],

where the o(1) are understood as R — oo and p — p,, respectively. It is straightfor-
ward to check that items (iii) and (iv) follow from (i), (ii) together with equations (1.2)
and (1.3).

Items (iii) and (iv) are exactly the type of estimates which describe the so-called near-
critical behavior of a statistical physics model. To give another well-known example in
this vein: for the Ising model on the lattice 72, it is known since Onsager [On44] that
0(B) := Pg[ao = +] < (B — Bc)'/81p-p., which is a direct analog of (iv) if one
interprets 6(8) in terms of its associated FK percolation (¢ = 2). Also the correlation
length B8 — L(B) defined in the spirit of Kesten’s paper [Ke87] is known to be of order
1/1B — Bc| [DGP14].

The question we wish to address in this paper is: how does the system look below
its correlation length L(p)? More precisely, let us redefine L(p) to be exactly the above
quantity inf{R > 1 : R?a4(R) > 1/|p — p¢|}; of course, the exact choice of the constant
factor in 1/|p — pc| is arbitrary here. Then, for each p # p., one may consider the
percolation configuration @, in the domain [—L(p), L(p)]? and rescale it to fit in the
compact window [—1, 1] (one thus obtains a percolation configuration on the lattice
L(p)~'T with parameter p # p.). A natural task is to prove that as p # p. tends
to p., one obtains a non-trivial scaling limit: the near-critical scaling limit. Prior to this
paper, subsequential scaling limits were known to exist. Hence, the status for near-critical
percolation was the same as for critical percolation on Z?, where subsequential scaling
limits (in the space 7 to be defined in Section 2) are also known to exist. The existence
of such subsequential scaling limits is basically a consequence of the RSW theorem.
Obtaining a (unique) scaling limit is in general a much harder task (for example, proved
by [Sm01, CNO6] for critical percolation on T), and this is one of the main contributions
of this paper: we prove the existence of the scaling limit (again in .7#°) for near-critical site
percolation on the triangular grid T below its correlation length. We will state a proper
result later; in particular, Corollary 1.7 says that one obtains two different scaling limits
in the above setting as p — p.: ol and w_, depending on whether p > p. or not.
One might think at this point that these near-critical scaling limits should be identical
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to the critical scaling limit w, since the correlation length L(p) was defined in such a
way that the system “looks” critical below L(p). But, as is shown in [NW09], although
any subsequential scaling limit of near-critical percolation indeed “resembles” wo, (the
interfaces have the same Hausdorff dimension 7/4 for example), it is nevertheless singular
with respect to we (see also Subsection 13.2).

Now, in order to describe our results in more detail, we introduce near-critical perco-
lation in a slightly different manner, via the so-called monotone couplings.

1.2. Near-critical coupling

It is a classical fact that one can couple site-percolation configurations {wp}pef0,1] on T
in such a way that for any p; < p», one has w,, < w), with the obvious partial order
on {0, 1}T. One way to achieve such a coupling is to sample independently on each site
x € T a uniform random variable u, ~ U([0, 1]), and then define w,(x) := 1,, <p.

Remark 1.1. Note that defined this way, the process [0, 1] > p — w), is a.s. a cadlag
path in {0, 1}T endowed with the product topology. This remark already hints why we
will later consider the Skorokhod space on the Schramm—Smirnov space 7.

One would like to rescale this monotone coupling on a grid nT with small mesh > 0 in
order to obtain an interesting limiting coupling. If one just rescales space without rescal-
ing the parameter p around pe, it is easy to see that the monotone coupling {nwp}pefo,1]
on nT converges as a coupling to a trivial limit except for the slice corresponding to
p = pc where one obtains the Schramm—Smirnov scaling limit of critical percolation
(see Section 2). Thus, one should look for a monotone coupling {(,():;c()\.)})LER, where
a)gc()») = nw, with p = p. + Ar(n), and where the zooming factor (1) goes to zero
with the mesh. On the other hand, if it tends to zero too quickly, it is easy to check that
{w{,‘c(k)} » will also converge to a trivial coupling where all the slices are identical to the
A = O slice, i.e., the Schramm-Smirnov limit ws,. From the work of Kesten [Ke87] (see
also [NW09] and [GPS13]), it is natural to fix once and for all the zooming factor to be

r(n) = n*al(n, D7, (1.4)

where aZ (r, R) stands for the probability of the alternating 4-arm event for critical perco-
lation on 1T from radius r to R. See also [GPS13] where the same notation is used. One
disadvantage of the present definition of wp©(2) is that R 3 A > wp©(2) is a time-
inhomogeneous Markov process. To overcome this, we slightly change the definition
of a),’;c(k) as follows:

Definition 1.2. In the rest of this paper, the near-critical coupling (a)gc(k)) rer Will de-
note the following process:

(i) Sample a){]‘c(k = 0) according to P, the law of critical percolation on nT. We
will sometimes represent this as a black-and-white coloring of the faces of the dual
hexagonal lattice.

(i) As A increases, closed sites (white hexagons) switch to open (black) at exponential
rate r(n).
(iii)) As A decreases, black hexagons switch to white at rate r ().
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Then, for any A € R, the near-critical percolation w,’;c(k) corresponds exactly to a perco-
lation configuration on nT with parameter

1= (1= poe™ W if ) >0,
P= pee i if 2 <0,

thus making the link with our initial definition of a){;c(k).

Let us note that the symmetry in (ii) and (iii) between increasing and decreasing A
values is natural and leads to a time-homogeneous Markov process only because we have
pe = 1/2 now. For general p., the correct definition would have different rates in (ii)
and (iii), with a ratio of p./(1 — p¢).

In this setting of monotone couplings, our goal in this paper is to prove the convergence
of the monotone family {wgc(k)} reR as 7 — 0 to a limiting coupling {wfS(A)}yer- See
Theorems 1.4 and 1.5 for precise statements. In some sense, this limiting object captures
the birth of the infinite cluster seen from the scaling limit. (Indeed, as we shall see in
Theorem 10.7, as soon as A > 0, there is a.s. an infinite cluster in w35().)

1.3. Rescaled dynamical percolation

In [HPS97], the authors introduced a natural reversible dynamics on percolation config-
urations called dynamical percolation. This dynamics is very simple: each site (or bond
in the case of bond-percolation) is updated independently of the other sites at rate one,
according to the Bernoulli law pd; + (1 — p)do. The law P, on {0, 13T is invariant under
the dynamics. Several intriguing properties like existence of exceptional times at p = p,
where infinite clusters suddenly arise have been proved lately [SS10, GPS10, HPS15]. It
is a natural desire to define a similar dynamics for the Schramm—Smirnov scaling limit
of critical percolation weo ~ Poo, i.€., @ process t > weqo () wWhich would preserve the
measure Py, of Section 2. Defining such a process is a much more difficult task, and a
natural approach is to build this process as the scaling limit of dynamical percolation on
nT properly rescaled (in space as well as in time). By using similar arguments to those
for near-critical percolation (see the detailed discussion in [GPS13]), the right way of
rescaling dynamical percolation is as follows:

Definition 1.3. In the rest of this paper, for each n > 0, the rescaled dynamical percola-
tion t — wy(t) will correspond to the following process:

(i) Sample the initial configuration w,(t = 0) according to P,, the law of critical site
percolation on nT.

(i) As time ¢ increases, each hexagon is updated independently of the other sites at ex-
ponential rate (1) (defined in (1.4)). When an exponential clock rings, the state of
the corresponding hexagon becomes either white with probability 1/2 or black with
probability 1/2. (Hence the measure P, is invariant.)

Note the similarity between the processes A +— a),';c(k) and ¢t > w, (). In particular, the
second main goal of this paper is to prove that the rescaled dynamical percolation process
t +— w,(t), seen as a cadlag process in the Schramm-Smirnov space Z, has a scaling
limit as n — O (Theorem 1.8). This answers [Sch07, Question 5.3].
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1.4. Links to the existing literature

In this subsection, we wish to list a few related works in the literature.

As mentioned earlier, the near-critical coupling w,';c(k) has been studied in [NWO09].
The authors do not prove a scaling limit result for wgc(k) as n — 0, but they show that
any subsequential scaling limits (with A # 0 fixed) for the interfaces y, (1) of near-
critical percolation a),’;c(k) are singular with respect to the SLE¢ measure. This result
was very inspiring to us at the early stage of this work since it revealed that if a near-
critical scaling limit w5 (A) existed, then it would lead to a very different (and thus
very interesting) object compared to the Schramm—Smirnov scaling limit of critical
percolation wy, ~ P, (Which is defined in Section 2).

In [CENO6], the authors suggested a conceptual framework to construct a candidate for
the scaling limit of a)gc(k) (their rescaling procedure is slightly different from our Def-
inition 1.2 as it does not take into account possible logarithmic corrections in quantities
like aZ (n, 1)). In this work, we thus answer the two main problems raised by [CFNO06].
First, we prove that their framework indeed leads to an object w5 (A), and second, we
prove that this object is indeed the scaling limit of @) () as n — 0.

In the announcement [MS10], the authors discuss what should be the scaling limit of in-
terfaces of near-critical models. They identify a family of processes called the massive
SLEs which are the candidates for such near-critical scaling limits. However, they have
concrete candidates only for the special cases x = 2, 3,4, 16/3, 8, where the models
are related to harmonic functions directly or through fermionic observables. For the
case of percolation, we make a conjecture for massive SLEgs in Subsection 13.3. Let
us note here that massive SLEs are expected to be absolutely continuous with respect
to their standard version for k < 4, and singular for « > 4.

In [CGN16], a similar kind of near-critical scaling limit is considered: the Ising model
on the rescaled lattice nZ? at the critical inverse temperature . and with exterior mag-
netic field h,) = hn'/8 with h > 0 fixed. As  — 0, it is proved using the limit of
the magnetic field obtained in [CGN15] (which also relies on [CHI12]) that this near-
critical Ising model has a scaling limit. Obtaining the limit in that case is in some sense
easier than here, since in compact domains, the near-critical scaling limit of the Ising
model with vanishing magnetic field happens to be absolutely continuous with respect
to the critical scaling limit (as opposed to what happens with near-critical percolation—
see Subsection 13.2). In particular, in order to obtain the existence of the near-critical
scaling limit, it is enough to identify its Radon—Nikodym derivative with respect to the
critical measure.

It is well-known that there is a phase transition at p = 1/n for the Erdés—Rényi random
graphs G(n, p). Similarly to the above case of planar percolation, it is a natural prob-
lem to study the geometry of these random graphs near the transition p. = 1/n. It turns
out that the meaningful rescaling in this case is as follows: one considers near-critical
random graphs with intensity p = 1/n 4 A/n*/3, » € R. With notation similar to ours,
if R,(A) = (C,l ), C,%()L), ...) denotes the sequence of clusters at p = 1/n + 1/n*/3
(ordered in decreasing order of size, say), then it is proved in [ABG12] that asn — oo,
the renormalized sequence n~ /3R, (1) converges in law to a limiting object Ruo (1)
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for a certain topology on sequences of compact spaces which relies on the Gromov—
Hausdorff distance. This near-critical coupling {R(1)},er has then been used in
[ABGM13] in order to obtain a scaling limit as n — oo (in the Gromov—Hausdorff
sense) of the minimal spanning tree on the complete graph with n vertices. Our present
paper is basically the Euclidean analog (d = 2) of the mean-field case [ABGI12],
and the near-critical coupling {w{S(A)}rer We build is used in the companion paper
[GPS18] to obtain the scaling limit of the Minimal Spanning Tree in the plane (see the
report [GPS10b] as well as [CFNO6] where such a construction from the continuum
was already discussed). An important difference is that in the mean-field case one is in-
terested in the intrinsic metric properties (and hence works with the Gromov—Hausdorff
distance between metric spaces), while in the Euclidean case one is first of all interested
in how the graph is embedded in the plane.

e In [DC13], the author relies on our main result in his proof that the Wulff crystal for
supercritical percolation on the triangular lattice converges to a ball as p > p, tends to
pe(T) =1/2.

e In [Kil5] and [BKN15], our results from the present paper and from [GPS13] are used
to study Aldous’ frozen percolation for site percolation on the triangular lattice, where
clusters are grown dynamically and get frozen when they reach large diameter or large
volume, respectively.

1.5. Main statements

The first result we wish to state is that if A € R is fixed, then the near-critical percolation
wy(A) has a scaling limit as 7 — 0. In order to state a proper theorem, one has to specify
what the setup and the topology are. As is discussed at the beginning of Section 2, there
are several very different ways to represent or “encode” what a percolation configuration
is (see also the very good discussion on this in [SS11]). In this paper, we shall follow
the approach by the third author and Smirnov, which is explained in detail in Section 2.
In this approach, each percolation configuration w, € {0, 1}"T corresponds to a point in
the Schramm-Smirnov topological space (77, T') which has the advantage to be compact
(see Theorem 2.4) and Polish. From [SS11] and [CNO06], it follows that w, ~ P, (critical
percolation on nT) has a scaling limit in (J¢, 7): i.e., it converges in law as n — O under
the topology 7 to a “continuum” percolation ws, ~ Poo, Where P, is a Borel probability
measure on (7, T). See Subsection 2.4. We may now state our first main result.

Theorem 1.4. Fix A € R. Then as n — 0, the near-critical percolation wgc()\) converges
in law (in the topological space (€, T)) to a limiting random percolation configuration,
which we will denote by wlS(L) € .

As pointed out earlier, the process R 3 A - w;©(}) is a cadlag process in (2, T). One
may thus wonder if it converges as n — 0 to a limiting random cadlag path. There is a
well-known and very convenient functional setup for cadlag paths with values in a Polish
metric spaces (X, d): the Skorokhod space introduced in Proposition 4.1. Fortunately,
we know from Theorem 2.4 that the Schramm—Smirnov space (¢, T) is metrizable. In
particular, one can introduce a Skorokhod space of cadlag paths with values in (S, d )
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where d ;» is some fixed distance compatible with the topology 7. This Skorokhod space
is defined in Lemma 4.3 and is denoted by (Sk, dsk). We have the following theorem:

Theorem 1.5. As n — 0, the cadlag process ) +— a){"c(k) converges in law under the
topology of dsy to a limiting random cadlag process A — w{S(X).

Remark 1.6. Due to the topology given by dsy, it is not a priori obvious that the slice
wlS () obtained from Theorem 1.5 is the same object as the scaling limit wJS(A) obtained
in Theorem 1.4. Nonetheless, it is proved in Theorem 9.5 that these two objects indeed
coincide.

From the above theorem, it is easy to extract the following corollary which answers our
initial motivation by describing how percolation looks below its correlation length (see
Subsection 10.2 for the proof):

Corollary 1.7. For any p # pc, let

1
L(p) = inf{R >1: R2a4(R) > —}
lp — Pl
Recall that for any p € [0, 1], w), stands for percolation on T with intensity p. Then as
p — pc > 0 tends to zero, L(p)_la)p converges in law in (€, d ) to w3 (A = 2), while
as p — pc < 0 tends to 0, L(p)_la)p converges in law in (J€, d ) to w35 (A = —2).

We defined another cadlag process of interest in Definition 1.3: the rescaled dynamical
percolation process ¢ > wy(t). This process also lives in the Skorokhod space Sk and we
have the following scaling limit result:

Theorem 1.8. As n — O, rescaled dyamical percolation converges in law (in (Sk, dsy))
to a limiting stochastic process in 7 denoted by t > wxo(t).

By construction, t > w;(¢) and A — a);]‘c()») are Markov processes in .7#. There is no
reason arising from the general theory that the Markov property survives at the scaling
limit. Our strategy of proof for Theorems 1.5 and 1.8 (see below) in fact enables us to
prove the following result (see Section 11).

Theorem 1.9.

e The process t — weoo(t) is a Markov process which is reversible with respect to the
measure Pwo, the scaling limit of critical percolation.

o The process A — w5 (1) is a time-homogeneous (but non-reversible) Markov process
in (JC,dup).

Remark 1.10. Thus we obtain a natural diffusion on the Schramm-Smirnov space J7.
Interestingly, it can be seen that this diffusion is non-Feller (see Remark 11.9).

As we shall see in Section 10, the processes A > wiS(A) and f — wo(f) are conformally
covariant under the action of conformal maps (see Theorem 10.3 for a precise statement).
Roughly speaking, if @xo(f) = ¢ - weo(t) is the conformal mapping of a continuum
dynamical percolation from a domain D to a domain D, then the process t > o (t)
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evolves very quickly (in a precise quantitative manner) in regions of D’ where |¢'| is
large, and very slowly in regions of D’ where |¢’| is small. This type of invariance was
conjectured in [Sch07]; it was even termed a “relativistic” invariance due to the space-time
dependency. When the conformal map is a scaling C > z +— « - z € C, the conformal
covariance reads as follows (see Corollary 10.5):

Theorem 1.11. For any scaling parameter o > 0 and any w € F€, denote by « - w the
image by z +— oz of the configuration w. With these notations, we have the following
identities in law:

M) (h @ 0m0W) L (A > 0@ 340)).
2 (t=0 o wx) @ (t > woola™/*1)).

Note that this theorem is very interesting from a renormalization group perspective. (For
background, see the monographs [Ca96, Zi13], as well as the recent [Wel5] which sheds
new light on this topic). Indeed, the mapping F : € — J¢ which associates to a
configuration @ € ¢ the “renormalized” configuration % -w € J is a very natural
renormalization transformation on 7. It is easy to check that the law P, is a fixed point
for this transformation. The above theorem shows that the one-dimensional line given by
{P)..c0}rer, Where Py o denotes the law of w(S (1), provides an unstable variety for the
transformation w € 2 +— % ‘w e .

Finally, in Sections 10, 12 and 13, we establish some interesting properties of the
scaling limits of near-critical and dynamical processes as well as some related models
like gradient percolation. Here is a concise list summarizing these results.

1. In Theorem 10.7, we show that if A > 0, then w3S(A) a.s. has an infinite cluster and
for each A > 0, one can define a natural notion of correlation length L()\), which is
shown to satisfy L(A) = A3,

2. In Section 12, we prove that the dynamics ¢ > w0 (%) is noise sensitive and that
there a.s. exist exceptional times with an infinite cluster. This extends the results from
[GPS10] to the scaling limit of dynamical percolation. We point out that this property
is the only link with [GPS10] throughout the whole paper. (In other words, all the
sections besides Section 12 are completely independent of [GPS10].)

3. In Subsection 13.1, we prove that the model of gradient percolation considered in
[NO8b] has a scaling limit, denoted by wS;.

4. In Subsection 13.2, we prove that if A # 0, then wlS(X) ~ P, o is singular with
respect to wy, ~ P, confirming in a weaker sense the main singularity result from
[NWO09].

1.6. Strategy of proof

Let us end this introduction by explaining what will be our strategy to build the processes
A @lS(A) and > woo(f) and to show that they are the scaling limits of their discrete
n-analogs. We will focus on the near-critical case, the dynamical case being handled
similarly. Also, before giving a rather detailed strategy, let us start with a very rough one:
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in order to build a random cadlag process A — wJS(A), our strategy will be to start with
the critical slice, i.e., the Schramm—Smirnov limit ws, = wee(A = 0) ~ P, and then as
A will increase, we will randomly add in an appropriate manner some “infinitesimal” mass
t0 weo(0). In the other direction, as A will decrease below 0, we will randomly remove
some “infinitesimal” mass from w,(0). Before passing to the limit, when one still has
discrete configurations w;, on a lattice nT, this procedure of adding or removing mass
is straightforward and is given by the Poisson point process induced by Definition 1.2.
At the scaling limit, there are no sites or hexagons any more, hence one has to find a
proper way to perturb the slice wo(0). Even though there are no black or white hexagons
anymore, there are some specific points in w,(0) that should play a significant role and
are measurable with respect to wso: namely, the set of all pivotal points of w~,. We shall
denote this set by P = 75(woo), which could indeed be proved to be measurable with
respect to W, using the methods of [GPS13, Section 2], but we will not actually need this.
The “infinitesimal” mass we will add to the configuration s, (0) will be a certain random
subset of P. Roughly speaking, one would like to define a mass measure ji on P and the
infinitesimal mass should be given by a Poisson point process PPP on (x, ) € CxR with
intensity measure djt x di. We would then build our limiting process A > wlS(1) by
“updating” the initial slice wx,(0) according to the changes induced by the point process
PPP. So far, the strategy we just outlined corresponds more or less to the conceptual
framework from [CFNO6].

The main difficulty with this strategy is that the set P (woo) of pivotal points is a.s. a
dense subset of the plane of Hausdorff dimension 3/4 and the appropriate mass measure
ft on P would be of infinite mass everywhere. This makes the above strategy too degen-
erate to work with. To overcome this, one introduces a small spatial cut-off € > 0 which
will ultimately tend to zero. Instead of considering the set of all pivotal points, the idea is
to focus only on the set of pivotal points which are initially pivotal up to scale €. Let us
denote by P¢ = P€(wxo (A = 0)) this set of e-pivotal points. The purpose of the compan-
ion paper [GPS13] is to introduce a measure 1 = 1€ (woo) on this set of e-pivotal points.
This limit corresponds to the weak limit of renormalized (by r (7)) counting measures
on the set P¢ (wy), and it can be seen as a “local time” measure on the pivotal points of
percolation and is called the pivotal measure (see Subsection 2.6 or [GPS13] for more
detail; in fact, as we shall recall in Subsection 2.6, we will consider for technical reasons
a slightly different set P€, with the corresponding measure 1£€). Once such a spatial cut-
off € is introduced, the idea is to “perturb” weo(2 = 0) using a Poisson point process
PPP = PPP(u¢) with intensity measure du€ x dA (we now switch to the actual mea-
sure ;€ used throughout and which is introduced in Definition 2.14). This will enable us
to define a cut-off trajectory A > wge’ (1). (In fact the construction of this process will
already require a lot of work; see the more detailed outline below). The main problem is
then to show that this procedure in some sense stabilizes as € — 0. This is far from being
obvious since there could exist “cascades” from the microscopic world which would have
macroscopic effects, as is illustrated in Figure 1.1.

Let us now outline our global strategy in more detail and with pointers to the rest of
the text. We will from time to time use notations which will be properly introduced later
in the text.
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Fig. 1.1. Two “cascade” configurations: on the left at A = 0, there is no left-right crossing and both
points x and y have low importance, but at the level Ay > A there is a left-right crossing that we
could not predict if we are not looking at low important points. Similarly, in dynamical percolation
(on the right), with 7] < fp, the low important point y switches first, followed by the important one.
If one does not look at low important points, one would wrongly predict that the left-right crossing
has ceased to exist, although it still exists thanks to y. Note that the second configuration could
occur only for dynamical percolation, which does not have monotonicity in its dynamics.

1. Cut-off processes A +— was'“(A). As discussed above, the first step is to define for

each cut-off parameter € > 0 a random cut-off process A > wgy € (1) out of a sample
of w ~ Poo. To achieve this, we will rely on the pivotal measure u¢ = uc(wxo)
built in the companion paper [GPS13]. Then, we sample a Poisson point process
PPP = PPP(u€) on C x R with intensity measure du® x dA. This Poisson point
process is now a.s. locally finite. Given w,(0) and PPP, we would like to “update”
w0 (0) as A increases (or decreases) according to the information provided by the
Poisson point process PPP. This step, which is straightforward in the discrete setting,
is more delicate at the scaling limit: indeed, due to the definition of the Schramm-—
Smirnov space S¢ (see Section 2), updating a point w, (A = 0) in this space 7 re-
quires in principle following the status of all crossing events Hy for all quads Q (see
Section 2 for these notations). Under the consistency conditions of Lemma 7.4 (which
will indeed be satisfied), it is enough to follow the status of countably many quads
0 € 9On. We are thus left with the following problem: given a fixed quad Q € On
and a level A € R, can one decide from information on ws,(0) and PPP whether the
process one is building should cross or not the quad Q at level A?

2. Networks Ng = Ng(wso, PPP). To answer the above problem, to each level A € R
and each quad Q € Oy, we will define a kind of graph structure (with two types of
edges, primal and dual ones), called a network, whose vertices will be the points in
PPP, = PPP N (C x [0, A]) (we assume here that A > 0; see Definition 6.1). The
purpose of this network is to represent the connectivity properties of the configura-
tion weo(A = 0) within Q \ PPP;. This network Ng 3 = Ng 1 (ws, PPP}) is ob-
tained as a limit of mesoscopic networks defined in Definition 6.8 (see Theorem 6.14).
Once we have at our disposal such a structure N 5 which is furthermore measurable
with respect to (weo, PPP), one can answer the above question and obtain (assuming
that the conditions of Lemma 7.4 hold) a well-defined process A — wis € (A) in the
space S .
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3. Convergence in law of a),’;c’e() towards wis € (-). The convergence in law we wish

to prove is under the topology of the Skorokhod space Sk on the space .7 intro-
duced in Lemma 4.3. To prove this convergence, we couple the pairs (wy, 1€ (wy))
and (w0, U (Wo)) together so that with high probability the Poisson point pro-
cesses PPP, and PPP, are sufficiently “close” so that we get identical networks
for macroscopic quads Q (see Subsection 7.3 for the coupling). To conclude that
dSk(a),r;c’E(‘), wos € (+)) tends to zero under this coupling as n — 0, there is one ad-
ditional technicality: dsy relies on the metric space (¢, d ;) and the distance d y»
compatible with the quad-crossing topology is not explicit. To overcome this, we in-
troduce an explicit uniform structure in Section 3.

. There are no cascades from the microscopic world: wf‘,c(-) R wgc'e(-). This is the
step which proves that scenarios like the ones highlighted in Figure 1.1 are unlikely
to happen. This type of “stability” result is obtained in Section 8. In particular, it is
proved that E[dSk(a);‘]C(-), a),r;‘:’€ ())] goes to zero uniformly as 0 < n < € goes to zero
(see Proposition 8.1).

. Existence of the limiting process & +— w3S(A) and weak convergence of a){"c(~) to
it. Once the above steps are established, this last one is more of a routine work. It is

handled in Section 9.

For the sake of simplicity, we will assume in most of this paper that our percolation
configurations are defined in a bounded smooth simply-connected domain D of the plane
(i.e., we will consider the lattice T N D). Only in Section 9 will we highlight how to
extend our main results to the case of the whole plane, which will consist of a routine
compactification technique.

Finally, to make the reading easier, we include a short list of notations which should

be useful:
Notations

D

nT

H = A
dy

wy € I ~ Py

Woo € H ~ P
wp (1), woo (1)
wp©(A), wgS ()

0

9p

dg

Oy =k

Ho

a?(r, R), aZ(r, R)

r(m)
€

any fixed bounded, smooth domain in C

the triangular grid with mesh n > 0

Schramm—Smirnov space of percolation configurations in D

a distance on .7 compatible with the quad-crossing topology T

a critical configuration on nT

a continuum percolation in the sense of Schramm—-Smirnov
rescaled dynamical percolation on nT and its scaling limit
near-critical percolation on T and its scaling limit

a quad

the space of all quads in D

a distance on Qp

a countable dense subset of Q p
event of crossing the quad Q

probabilities of the 1-arm and 4-arm events for w;, ~ Py

the renormalized rate r(n) := nzaZ(n, 1)71 = n3/4+0(1)
cut-off parameter in space
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€ = uf(wso) pivotal measure on the e-pivotal points constructed in [GPS13]
PPP; = PPPy(u€)  Poisson point process on D x [0, T'] with intensity measure d € x dt
a)f7 (1), w5, (1) cut-off dynamical percolation and its scaling limit
wg “EM), 0 € (V) cut-off near-critical percolation and its scaling limit
P€(wp) €-pivotal points for an eZ? grid in the sense of Definition 2.14
space of cadlag trajectories on .7
dsy Skorokhod distance on Sk

2. Space and topology for percolation configurations

There are several ways to represent a configuration of percolation w,. Historically, the
first topological setup appeared in Aizenman [Ai98] where the author introduced the con-
cept of percolation web. The rough idea there is to think of a percolation configuration as
the set of all its possible open paths and then to rely on a kind of Hausdorff distance on
the space of collections of paths.

Later on, in the setup introduced in [ABNW99, CN06], one considers a percolation
configuration wy as a set of oriented loops (the loops represent interfaces between primal
and dual clusters). The topology used in [CNO6] for the scaling limit of critical percola-
tion w;; on T as the mesh 5 goes to zero is thus based on the way macroscopic loops look
(see [CNO6] for more details). In this work, we will rely on a different representation of
percolation configurations which leads to a different topology of convergence. The setup
we will use was introduced by the third author and Smirnov [SS11]. It is now known as
the quad-crossing topology. We will only recall some of the main aspects of this setup
here, and we refer to [CNO06, SS11, GPS13] for a complete description. (In fact, some of
the explanations below are borrowed from our previous work [GPS13].)

2.1. The space F of percolation configurations

The idea in [SS11] is in some sense to consider a percolation configuration w;, as the set
of all the quads that are crossed (or traversed) by the configuration w,. Let us then start
by defining properly what we mean by a quad.

Definition 2.1. Let D C C be a bounded domain. A quad in the domain D can be
considered as a homeomorphism Q from [0, 1] into D. A crossing of a quad Q is a con-
nected closed subset of [Q] := Q([O0, 1]2) that intersects both 9;Q := Q({0} x [0, 1])
and 930 := Q({1} x [0, 1]) (let us also define 3, Q := Q([0, 1] x {0}) and 940 :=
Q([0, 1] x {1})). The space of all quads in D, denoted by Qp, is equipped with the fol-
lowing metric: dg(Q1, Q2) = infg sup,cy10.172 |Q1(2) — Q2(¢(2))|, where the infimum
is over all homeomorphisms ¢ : [0, 1]2 — [0, 1]2 which preserve the four corners of the
square. Note that we use a slightly different metric here than in [SS11, GPS13], yet the
results from [SS11] still hold.

From the point of view of crossings, there is a natural partial order on Qp: we write
Q1 < Q» if any crossing of Q> contains a crossing of Q1 (see Figure 2.1). Furthermore,
we write Q1 < Q» if there are open neighborhoods A; of Q; (in the uniform metric) such
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(0))

9301
0102 910

o — 3

Fig. 2.1. Two quads, Q| < Q».

9307

that Ny < N, for any N; € N;. A subset S C Qp is called hereditary if whenever Q € S
and Q' € Qp satisfies Q' < Q, we also have Q' € S.

Definition 2.2 (The space 5#°). We define s = J¢p to be the collection of all closed
hereditary subsets of Qp.

Now, notice that any discrete percolation configuration w;, of mesh n > 0 can be viewed
as a point in Z in the following manner. Consider , as a union of the topologically
closed percolation-wise open hexagons in the plane. It thus naturally defines an ele-
ment S(wy) of S#p: the set of all quads for which w, contains a crossing. By a slight
abuse of notation, we will still denote by w,, the point in ¢ corresponding to the config-
uration w;,.

Since configurations w, in the domain D are now identified as points in the space
HC = Fp, it follows that critical percolation induces a probability measure on ),
which will be denoted by P,,.

In order to study the scaling limit of w, ~ P,, we need to define a topology on the
space 7¢” for which the measures P, will converge weakly as n — 0.

2.2. A topology on percolation configurations: the quad-crossing topology T

Hereditary subsets can be thought of as Dedekind cuts in the setting of partially ordered
sets (instead of totally ordered sets, as usual). It can be therefore hoped that by introducing
a natural topology, .7¢p can be made into a compact metric space. Indeed, let us consider
the following subsets of 7. For any quad Q € Op, let

Ho :={wep: Q0 cw} 2.1
and for any open U C Qp, let
Ly i={we #p :0onU = @} 2.2)

It is easy to see that these sets have to be considered closed if we want .77 to be compact.
This motivates the following definition from [SS11].

Definition 2.3 (The quad-crossing topology, [SS11]). We define 7 = 7Tp to be the min-
imal topology on J# that contains every EICQ and [Jf; as open sets.

The following result is proved in [SS11].
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Theorem 2.4 ([SS11, Theorem 3.10]). For any nonempty domain D, the topological
space (Jp, Tp) is compact, Hausdorff, and metrizable. Furthermore, for any dense
Qo C Qp, the events {Hg : Q € Qo} generate the Borel o-field of #p. In particu-
lar, 22 is a Polish space.

This compactness property is very convenient since it implies right-away the existence
of subsequential scaling limits. Similarly the fact that (%7, T is Polish will enable us
to study the weak convergence of measures on (.77, T) in the classical framework of
probability measures on Polish spaces. We will come back to this in Subsection 2.4, but
first we discuss the metrizable aspect of 7.

2.3. On the metrizability of the topological space (€, 7T)

As we discussed above, it is stated in [SS11] that the topological space (72, T') is metriz-
able. It would be convenient for our later purposes to have at our disposal a natural and
explicit metric on 7 which would induce the topology 7. The following one, d ., seems
to be a good candidate since it is “invariant” under translations.

For any w, o' € 7 (= #p), define

dy(w, ) :=infle > 0:V¥Q € w,30" € o withdg(Q, Q') < €
andVQ' € o', 30 € w withdg(Q, Q') < €}.

Thus (7, d ) is clearly a metric space. It is not hard to check that the topology
on . induced by d y is finer than the topology 7, but unfortunately it turns out to be
strictly finer.

After careful investigations, we did not succeed in finding a natural and explicit metric
compatible with the topology 7. (One possible way is to go through Urysohn’s metriza-
tion theorem proof, but that does not lead to a nice and explicit metric.) We will thus rely
in the remainder of this text on some non-explicit metric d .

Definition 2.5. We thus fix once and for all a metric d j» on . which induces the topol-
ogy T on 7. In particular, the space (7, d ») is a compact metric space. It is also a
Polish metric space. Since by compactness, diam(.7°) < co, we will assume without loss
of generality that diamy ,, (J¢) = 1.

Since d ¢ is not explicit, we will need to find some explicit and quantitative criteria which
will tell us whether two configurations w, o’ € S are d y-close or not. This will bring
us to the notion of defining explicit uniform structures on the topological space (¢, T).
This will be the purpose of the next section (Section 3).

But first, let us review some useful results from [SS11] and [GPS13].

2.4. Scaling limit of percolation in the sense of Schramm—Smirnov

The setup we just described allows us to think of w, ~ P, as a random point in the
compact metric space (7, d ). Now, since Borel probability measures on a compact
metric space are always tight, we have subsequential scaling limits of P,, on JZ, as the
mesh 71y tends to 0, denoted by Poo = Pooc ({11}).-
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One of the main results of [SS11] is that any subsequential scaling limit P, is a noise
in the sense of Tsirelson [Tsi04]. But it is not proved in [SS11] that there is a unigue such
subsequential scaling limit. As explained in [GPS13, Section 2.3], the uniqueness follows
from [CNO6]. More precisely, [CNO6] proves the uniqueness of subsequential scaling
limits in a different topological space than (.77, d ;) but it follows from their proof that
w € S is measurable with respect to their notion of scaling limit (where a percolation
configuration, instead of being seen as a collection of quads, is seen as a collection of
nested loops). See [GPS13, Section 2.3] for a more thorough discussion.

Definition 2.6. We will denote by ws, ~ P the scaling limit of discrete mesh percola-
tions w;, ~ P,. (Recall that P,, denotes the law of critical site percolation on nT.)

Of course, as explained carefully in [SS11, GPS13], the choice of the space J# = 7#p
(or any other setup for the scaling limit) already poses restrictions on what events one can
work with. Note, for instance, that A := {3 neighborhood U of the origin 0 € C : all
quads Q C U are crossed} is clearly in the Borel o-field of (%9, Tp), and it is easy to
see that Poo[A] = 0, but if the sequence of n-lattices is such that 0 is always the center of
a hexagonal tile, then P,[A] = 1/2.

With such an example in mind, it is natural to wonder how to effectively measure
crossing events, multi-arm events and so on. Since the crossing event Hy is a Borel set,
it is measurable and P, [Hg] is thus well-defined. Yet, one still has to check that

P,[Hgl = P[Hpl asn— 0,

which will ensure that Poo[Hg] is given by Cardy’s formula. This property was proved in
[SS11]. More precisely they prove the following result.

Theorem 2.7 ([SS11, Corollary 5.2]). For any quad Q € Qp,
P [0Hp] = 0.

In particular,
P,[Hpl = Px[Hgl asn— 0,

by weak convergence of Py, to P.

In the next subsection, we define Borel sets in (7, d ;) which correspond to the so
called mutli-arm events. They were introduced and studied in [GPS13] where an analog
of Theorem 2.7 was proved (see Lemma 2.10 below).

2.5. Measurability of arm events ([GPS13])

Following [GPS13], if A = (914, 92A) is any non-degenerate smooth annulus of the
plane (see [GPS13]), one can define events Ay, ..., Aj which belong to the Borel o-
field of (77, d ) and which are such that for the discrete percolation configurations
wy ~ Py € (J,dyp), 14,(wy;) coincides with the indicator function that w, has j
(alternate) arms in the annulus A.

We recall below the precise definition from [GPS13] in the case where j = 4 (which
is the most relevant case in this paper).
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Definition 2.8 (Definition of a 4-arm event). Let A = (014, d2A) C D be a piecewise
smooth annulus. We define the alternating 4-arm event in A as Ay = A4(A) = ;- .Ai,
where .Ai is the existence of quads Q; C D,i = 1,2, 3, 4, with the following properties
(see Figure 2.2):

(i) Q1 and Q3 (resp. Q> and Q4) are disjoint and are at distance at least § from each
other.

(i) Forall i € {1,...,4}, the paths Q; ({0} x [0, 1]) (resp. Q; ({1} x [0, 1]) lie inside
(resp. outside) a1 A (resp. d2A) and are at distance at least § from the annulus A and
from the other Q;’s.

(iii) The four quads are ordered cyclically around A according to their indices.

(iv) w € Hp, fori € {1, 3}.

(v) w e B, fori € {2,4},

i

%
where if Q is a quad in D (i.e. a homeomorphism from, say, [—1, 112 into D), then Q
denotes the quad rotated by 7 /2, i.e.

(2.3)

Fig. 2.2. Defining the alternating 4-arm event using quads crossed or not crossed.

Remark 2.9. Note that by construction, A4 = A4(A) is a measurable event. In fact, it is
easy to check that it is an open set for the quad-topology 7.

Also, the definitions of general (mono- or polychromatic) k-arm events in A are anal-
ogous: see [GPS13] for more details.

We will need the following lemma from [GPS13], which is the analog of Theorem 2.7:

Lemma 2.10 ([GPS13, Lemma 2.4 and Corollary 2.10]). Let A C D be a piecewise
smooth topological annulus (with finitely many non-smooth boundary points). Then the
1-arm, the alternating 4-arm and any polychromatic 6-arm event in A, denoted by Ay,
Ay and Ag, respectively, are measurable with respect to the scaling limit of critical per-
colation in D, and one has

lim Pﬂ [Al] = Poo [.Al]
n—0
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Moreover, in any coupling of the measures {Py} and Pos on (Hp, Tp) in which w; — o
a.s. as n — 0, we have

Pl{w, e A} A{woe A4} =0 asn— 0. 2.4)

Finally, for any exponent y < 1, there is a constant ¢ = ca,, > 0 such that, for any
8,n >0,
PLAS | Al > 1 — 8. (2.5)

2.6. Pivotal measures on the set of pivotal points ([GPS13])

In what follows, A = (91 A, 9, A) will be a piecewise smooth annulus with inside face de-
noted by A. The purpose of [GPS13] is to study the scaling limit of suitably renormalized
counting measures on the set of A-important points defined as follows:

Definition 2.11. For any n > 0, a point x € nT N A is A-important for the configura-
tion wy, if one can find four alternating arms in @, from x to the exterior boundary 9> A
(see Figure 2.3).

0 A

Fig. 2.3. Left: a point x which is A-important for the annulus A = (94, dA). Right: a point
which is e-important, i.e. in P€.

Definition 2.12 (Pivotal measure ). Let us introduce the following counting measure
on the set of A-important points:
ph =t = Y sl D7

xenTNA
x is A-important

The main theorem in [GPS13] may be stated as follows:

Theorem 2.13 ([GPS13, Theorem 1.1]). For any annulus A as above, there is a mea-
surable map p? from (A, d ) into the space MM of finite Borel measures on A such
that

(d)
(@, 1 (@) = (@o0, 1! (@) asn — 0.

The topology on N is the topology of weak convergence (see the Prokhorov metric dyy
in (7.3)) and the above convergence in law holds in the product topology of d  and dsy.
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For each € > 0, let us consider the grid €Z> N D. Since the domain D is assumed to
be bounded, there are finitely many e-squares in this grid. To each such square Q (if O
intersects d D, we still consider the entire e-square), we associate the square Q of side-
length 3¢ centered around Q and we consider the annulus Ao such that 91Ap = 9Q and

hAg = dQ (see Figure 2.3).

Definition 2.14. For any n > 0, we define P¢ = P(w,) to be the set of points x in
nT N D such that x belongs to an e-square Q in the grid €Z? and x is A g-important for
the configuration w;,,. The points in P¢ are called e-important.

Furthermore, we will denote by u¢ = u®(w,) the pivotal measure on these e-impor-
tant points:

u = p(wy) = Z SXnZaZ(n, H~L.
x€P<(wy)

Theorem 2.13 above clearly implies the following result on the scaling limit of € (wy):
Corollary 2.15. For any € > 0, there is a measurable map . from (F, d ) into the
space of finite Borel measures on D such that
€ (d) €
(@, 1w (@p)) = (@oo, 1 (Wo0))
under the above product topology.

In the proposition below, we list some properties of the pivotal measure ©€ from [GPS13].

Proposition 2.16 ([GPS13, Proposition 4.4]). There is a universal constant C > 0
(which does not depend on € > 0) such that

() for any smooth bounded open set U C D,
E[1 (V)] < Ce > area(U),
(i) for any r-square S, = (x, y) + [0, r1? included in D,
E[1€(S,)2] < Ce /4114 — ce/*area(s,)'V/3.

(In fact, it is not true that this second moment estimate holds for all shapes of open
sets U.)

Remark 2.17. As mentioned in the introduction, it may seem easier or more natural to
consider the set P€ = P¢ (wy) of all points x € nT such that w, satisfies a 4-arm event
in the euclidean ball B(x, €). But the techniques in [GPS13] would not provide a scaling
limit for the corresponding pivotal measures [i€. Yet, it is easy to check that for any € > 0,
one always has

P2 - pe c Pe,

which will be useful later in Section 8.
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3. Notion of uniformity on the space 7

When dealing with cadlag processes on a topological space (X, t), one needs a way to
compare two different cadlag trajectories on X. But in general, just having a topology t©
on X is not enough for such a task. A notion of uniformity is needed, which brings us to
the notion of uniform structure. (Part of this section, in particular item (ii) and its proof
in Proposition 3.9 are borrowed from [GPS13] and are included here for completeness.)

3.1. Uniform structure on a topological space

A uniform structure on a topological space (X, t) is a given family ® of entourages,
which are subsets of X x X. The uniform structure ® needs to satisfy a few proper-
ties (like symmetry, a certain type of associativity and so on) and needs to generate the
topology 7 in a certain sense. See [Tu40] for example for an introduction to uniform
spaces. If 7 is generated by a metric dy, then the canonical uniform structure on the met-
ric space (X, dy) is generated by the entourages of the form U, := {(x,y) € X x X :
dx(x,y) < a},a > 0. Furthermore, the following fact is known (see for example [Tu40]).

Proposition 3.1. If (X, t) is a compact Hausdorff topological space, then there is a
unique uniform structure on (X, v) compatible with the topology t.

We will not rely explicitly on this proposition nor on the exact definition of uniform
structures, but we state these in order to show the intuition underlying the setup to come.

3.2. Two useful coverings of (F,T)

3.2.1. The first covering: with metric balls. For any radius r > 0, one can cover .7 by
{Ba,, (w,1) : w € ). Since (', d y) is compact, there is a finite subcover

i, =B .r)i=1.. N} 3.1)

3.2.2. The second covering: with [y, and B, open sets. In order to introduce an inter-
esting covering of J# consisting of the complements of closed sets (2.1), (2.2), let us first
introduce one particular dense countable family of quads in Q (= Qp).

Definition 3.2 (A dyadic family of quads). For any k > 1, let (Qﬁ) 1<n<N, be the family
of all polygonal quads in DN27%Z?, i.e. their boundaries d Q% are included in DN27*7?2
and the four marked vertices are vertices of D N 27%7Z2. (For fixed k, there are finitely
many such quads since the domain D is assumed to be bounded.) We will denote by
ok = le) this family of quads. Notice that ok ¢ QFtL,

Clearly, the family Oy := |, OF is dense in the space (Qp, do) of all quads. In par-
ticular, Theorem 2.4 implies that the events {Hp : O € On} generate the Borel o-field
of %D.
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In order to use the open sets of the form [I¢,, where U is an open set of Qp, we will

associate to each Q € Q% (k > 1) the open set Qk = Bag (0, 27k=10y "and with a slight

abuse of notation, we will write Dij for the open set DCQ .
k

Also, to each quad Q € Ok, we will associate the quad Qk € QK10 which among all
quads Q' € QFF10 satisfying Q' > Q is the smallest one. Even though > is not a total
order, it is not hard to check that Qy is uniquely defined. See Figure 3.1 for an illustration.
Note furthermore that dQ(Qk, 0) e [2~k=10 2—k=5] Since, by definition Qk > Q, one
has EICQ - Elch‘ With a slight abuse of notation, we will write EICQ for the open set EICQk.

Qk c Qk+10

aQ

Qe
Fig. 3.1. Definition of Oy > Q.

Definition 3.3 (A family of neighborhoods). For each & > 1 and each w € JZ, let
Ok (w) be the open set

o— C C
Ow) = ( N EIQ> N ( N DQ). 3.2)
QeQk: O¢w QeQF: Qew
Let also Oy(w) be S for any w € 7. Intuitively, one should think of Ok (w) as the set

of percolation configurations which share similar crossing properties with w for all quads
in QF possibly with some small 2 ¥-deformations.

Remark 3.4. Since for any Q € O, ECQ is already an open set, one might wonder why
we have chosen here to relax El?2 to E”Q. This choice will make the statements and proofs

to come more symmetric and easier to handle.

Remark 3.5. Let us point out that O41(w) C Ok(w) for any w € 5 and any k > 0.
This illustrates the fact that the finite coverings Ck := {Or(w) : ® € )} are finer and
finer as k — oo.

This family of open sets is useful thanks to the following property.

Lemma 3.6. The collection {Ox(w) : k > 1,0 € F} of open sets is a (countable)
subbase for the topological space (€, T).

The lemma follows from [SS11, proof of Lemma 3.7] and the fact that the collection
{Qk Q€ of k > 1} of open sets is a countable basis for the topological space (Q, dg).

In some sense, the purpose of the next subsection is to see how these two different
coverings of (7, T) relate to each other.
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3.3. Two uniform structures on (€, T)

The first natural uniform structure on (2, 7)) is of course given by the metric d ;. We
now wish to give an explicit uniform structure on (¢, T) which in the end shall be the
same as the one given by d ;. This uniform structure will be defined using a pseudometric
on € x F.

Definition 3.7 (An explicit uniform structure on (.77, 7)). Let us start by introducing
the following quantity on ¢ x J¢:

Kp(w,o) :=suplk >0: 0 € Or(w) orw € Or(e)}. (3.3)
It is easy to check that (K f)’l defines a pseudometric on 7. For each k > 0, let
Up = {(w, @) € 3 x 3 : Kyp(w, ) > k}.

Even though we will not need this fact, the following proposition holds.

Proposition 3.8. The family {Uy : k > 0} defines a uniform structure on 7€ compatible
with the topology T.

The non-straightforward part in the proof of this proposition would be to show that the
family {Uy} indeed satisfies the transitivity condition needed for uniform structures. This
step will be implicitly proved along the proof of Proposition 3.9.

3.4. How these two different uniform structures relate to each other

The purpose of this subsection is to prove the following result.
Proposition 3.9. One can define two functions
O<r—>tr)eN and N3k tk) >0

with the following properties:

(1) Foranyr > 0 and any w, @' € 2, if K yp(w, @) > €(r) then d yp(w, @) < r. In
other words, if two configurations share the same crossing properties for all quads
in Q) (up to a small perturbation of about 2=*=19), then these two configurations
are necessarily r-close for the d y metric.

(ii) Forany k > 1 and any w, o’ € A, if dy(w, @) < t(k), then o' € Or(w) and
w € Or(w). (Note that this implies K yp(w, ©') > k.) In other words, if w and o'
are sufficiently close (t(k)-close), then (up to a small perturbation of 2~*10) they
share the same crossing properties for all quads in Q.
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Let us point out here that one could prove this proposition by first proving Proposition
3.8, and the existence of these two functions would then follow from Proposition 3.1.
Nevertheless, since it does not make the proof much longer, we will give a self-contained
proof here which thus bypasses the notion of uniform structure as well as its axioms.
Also, as mentioned at the beginning of this section, item (ii) corresponds exactly to the
content of [GPS13, Lemma 2.5] but is included here for completeness.

Proof of Proposition 3.9. Let us start with the proof of (ii). Let us fix some integer k > 0.
Let £’ be a slightly larger integer, say k + 20. Notice that since there are finitely many
quads in O, there are only finitely many possible open sets of the form Oy (w), and the
union of these covers 7. Note also that if @ € 57 then necessarily the open set Oy (w) is
non-empty since it contains w. It follows from these easy observations that to any w € JZ,
one can associate a radius r,, > 0 so that the ball By, (w, 2r,,) is included at least in one
of the open sets Oy (w). Consider now the covering {By ,, (w, r,) : @ € S} from which
one can extract a finite covering

(B, (wi,ri):i=1,..., Ny}

Let us define v(k) := minj<;<n, {ri} and let us check that it has the desired properties.
Let w, o’ be any points in .5 such that d 7 (w, »’) < t(k). By our choice of t(k), one
can find at least one ball By, (w;, r;) in the above covering such that both w and o' lie
in By, (w;, 2r;). In particular, one can find some @ € ¢ such that both w and o' lie
in O (@). Let us now prove that o' € Oy (w); the other condition is proved similarly.
Consider any quad Q € Q. We will distinguish the following cases:
(a) Suppose Q € @ and Q € w. Since ' € Op (@), we have o' € DCQ C D‘Qk
v
(b) Suppose Q € @ and Q ¢ w. We need to show that Qk ¢ «'. For this, note that one
can find a quad R in Qk such that Oy > Ry and Rk/ > Q (in the sense that all the
quads in the open set Ry are larger than Q). If R happened to be in @, then since
w € Op(®), Q would necessarily belong to w. Hence R ¢ @ and thus Ry ¢ o/,
which implies Oy ¢ o'
(c) Suppose Q ¢ @ and Q € w. We need to show that o’ € Bcék. As in case (b), note

that one can find R € Qk/ such that Q > Ry and ﬁk/ C Qk. If R were not in @, then
0 would not be in w either. Hence R € @ and thus o’ € D% C DCQ .
K k

(d) Finally, suppose Q ¢ @ and Q ¢ w. Note that Qx > Q. Since ' € Oy (®), Q is
not in @’ and thus o’ € EICQk, which ends the proof of (ii).

Let us now turn to the proof of (i). Fix r > 0 and let CZ% = U[IV:r] B(w},r/2) be
a finite covering of J# by balls of radii /2. For any point w € 7, we claim that there
exists a large enough integer k,, such that the open set Oy (w) is contained in at least one
of the open balls B (a)f ,7/2),1 <i < N,. This follows from Lemma 3.6.
Let us consider the covering {Ok, +10(w) : w € S} of S, from which one can
extract a finite covering {ijJrlo(a)j) j=1,..., M,}. We define
t(r) ;= max k + 20.

<]<
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Let us check that it has the desired property. Let w, ' be two configurations in .77 such
that K (w, @’) > #(r) and suppose ' € Og()(w). There is at least one j € [1, M,] such
that w € O;110(w)) C Ok (wj). We only need to check that o’ € Oy, (w)) since this
would imply that both w, &’ belong to Oy, (w;), which is itself contained in a d y-ball of
radius r/2.

Let Q be any quad in QX . We distinguish two cases:

1. Suppose O ¢ w;. Since we assume w € ij+1()(a)j), we see that R := ij+10 ¢ .
Now notice that R € QK120 = Q") and that Qk > Rg(,) (this uses the fact that
2-ki—10=5 4 p—t(N=5 - o=k 10) Since ' € Oy (w), we have R,y ¢ o' and thus
Oy, ¢ o

2. Suppose 0 € w;. Slmllarly to the above cases, one can find a quad R € Q) such that
R < Qk +10 and Rg(r) C Qk (this uses the fact that 275 =20 4 2~ —10 _ > —k; =10y

Since w € (’)kj+1o(wj) and R < Qk_,~+10’ necessarily R € w, and since o’ € Oy (w),

we have o’ € IS C DCQ , Which concludes our proof. O
E(r) kj

4. Space and topology for cadlag paths of percolation configurations

As mentioned earlier, in the cases of both dynamical percolation (¢ — wj(#)) and near-
critical percolation (A > a);;c(k)), our processes will be considered as cadlag processes
with values in the metric space 7.

Recall from Theorem 2.4 and Definition 2.5 that (7, d 5 ) is a Polish space. It is a
classical fact that if (X, d) is a Polish space and if Dx = Dx[0, 1] denotes the space
of cadlag functions from [0, 1] to X, then one can define a metric dsi on Dy for which
(Dx, dsy) is a Polish space. This metric is usually known as the Skorokhod metric. Let us
summarize these facts in the following proposition.

Proposition 4.1 (see for example [EK86, Chapter 3.5]). Let (X, d) be a Polish metric
space (i.e. a complete separable metric space). Let Dx = Dx|[0, 1] be the space of cadlag
functions [0, 1] — X. Then Dy is a Polish metric space under the Skorokhod metric dsy
defined as follows: for any cadlag processes x,y : [0, 1] — X, define

dsk(x, y) = inf {IA] v sup dx(x(), yG-@))}.

O<u<l

where the infimum is over the set A of all strictly increasing continuous mappings of
[0, 1] onto itself and where

A(t) — A(s)
t—s

IX]| ;= sup |log “4.1n

O<s<t<l

This discussion motivates the following definition:
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Definition 4.2. For any T > 0, let Sky := D [0, T] be the space of cadlag processes
from [0, T'] to S#, and following Proposition 4.1, let

dsie; @ (1), 50) = inf {121V sup_ dyp(@@), dGw))].
reAT 0<u<T

Here we use the same notations as in Proposition 4.1 (at least their natural extensions to
[0, T']). When the context is clear, we will often omit the subscript 7 in the notation dsy,..

We will also need the following extension to R and R:
Lemma 4.3. Let Sk(—o0,00) (resp. Skjo,o0)) be the space of cadlag processes from R
(resp. [0, 00)) to F. Then
~ 1 ~
5K oy (@), D) = ) sk ) (@, @) 4.2)
k>1
gives us a Polish space (SK(—co,00) dSk(—oo,oo)) (and analogously for Skio,0))-

The proof of this lemma is classical. Note that since .7 is compact, one always has
dsk_r.r(w, @) < diam(H) for any w, @ € 7, T > 0. This way we do not need to rely
on more classical expressions such as ), 27kd /(1 + dy).

5. Poisson point processes on the set of pivotal points

In this section, we will fix a bounded domain D as well as a cut-off scale ¢ > 0. Our aim in
this section is to define a Poisson point process on D with intensity measure d 1€ (x) x dt
and to study some of its properties.

5.1. Definition

Recall from Subsection 2.6 that in [GPS13] we defined, for any fixed € > 0, a measure
u€ = u€(weo) (in the sense that it is measurable with respect to ws ~ Po) such that

(@ 1 @) D (oo 1€ (000) s — 0. .1

Definition 5.1. Let 7, ¢ > 0 be fixed. We will denote by PPP7 = PPP7(u€(ws)) the
Poisson point process

PPPr ={(x;,t,) : 1 <i < N}

in D x [0, T'] with intensity measure d € (x) x 1[o,71dt. Furthermore, we will denote by
St the random set St := {t1, ..., ty} C [0, T] of switching times.
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5.2. Properties of the point process PPPr
We list some useful a.s. properties of PPP7.

Proposition 5.2. Fix T,e€ > 0. Then the cloud PPPr = PPP(u€(weo)) of points a.s.
has the following properties:

(1) PPPr is finite. This justifies the notation PPPr = {(x;,t;) : 1 < i < N}. In
particular the set St = {t1, ..., ty} C [0, T] of switching times is finite.
(ii) The points in PPPt are at positive distance from each other, i.e. inf;+; |x; — x;| > 0.
(iii) Similarly, the switching times in St are at positive distance from each other.
(iv) For any quad Q € O, the set PPPt remains at a positive distance from 9 Q, i.e.

dist(3Q, PPP7) > 0.

Proof. (i) follows directly from Proposition 2.16(i) applied to U = D (we use here our
assumption that D is bounded).

(ii) Notice that for any k € N, if inf;+; [x; — x;| < 27k, this means that one can find
at least one dyadic square of the form [i2 %12, (i + 1)27%*2] x [j27%+2 (j + 1)27k+2)
which contains at least two points of PPP7. Since D is bounded, one can cover D with
0 (1)2% such dyadic squares (where O (1) depends on D). If § = Sy is any dyadic square
of the above form, one has

P[IPPP7 NS| =2 | uf] < T?uf(S)
Integrating with respect to u€ gives
P[IPPP7 N S| > 2] < T?E[u(5)*] (5.2)
= T?E[u ([0, 277213, (5.3)

by translation invariance of the measure € in the plane. Now, from Proposition 2.16(ii),
we have

P[|PPPr N S| > 2] < O(1)T>2~11k/4, (5.4)

By the union bound, we thus obtain
P[,igf, i — 351 < 27] = 0T, (5.5)
7]

where O (1) depends only on the size of D as well as on € > 0. This gives us the following
estimate on the lower tail of the random variable p := inf;; [x; — x;|. There is a constant
¢ =c(D,e, T) > 0 such that

Plp <r] < cr3/4.

(iii) is proved in the same way.

(iv) Since Qy is countable, it is enough to check the property on any fixed quad
Q € Q. For such a Q, there is a constant K = K(U) < oo such that forany 0 < r < 1,
if U, is the r-neighborhood of 9 Q, then |U,| < Kr. Now from Proposition 2.16(i), one
has E[u€(U,)] < CcKr, which readily implies

P[dist(dQ, PPPy) <r]l <1 — e CK'T - C.KrT. O
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6. Networks associated to marked percolation configurations

In this section, we will fix some quad Q € Op. Roughly speaking, our goal in this
section will be to associate to any configuration @ € ¢ and any finite set of points
X = {x1,...,xp} C D acombinatorial object that we will call a network which will be
designed in a such a way that it will represent the connectivity properties of the configu-
rations @ within the domain Q \ {x1, ..., x,}. This network denoted by Ng = Ny (w, X)
will be a certain graph on the set of vertices V = X U {91, 02, 93, d4} with two types of
edges connecting these vertices: primal and dual edges.

Let us start with a formal definition of our combinatorial object (network), which for
the moment will not depend on a configuration w € J7.

6.1. Formal definition of network

Definition 6.1 (Network). Suppose we are given a polygonal quad Q € Oy = 9n(D)
and a finite set of points X = {x1,...,xp} C D. (This subset X will later correspond to
the set of pivotal points in PPP7.) We will assume that the points in X are all at positive
distance from the boundary 9 Q.

A network for the pair (Q, X) will be an undirected graph N = (V, E, E) with vertex
set V.= X U {01, 02, 03, 04} and with two types of edges (the primal edges e € E and the
dual edges ¢ € E) and which satisfies the following constraints:

1. Any edge connected to d1 and/or 93 is a primal edge.
2. Any edge connected to d> and/or 94 is a dual edge.
3. There are no multiple edges.

Here are a few properties of networks that we shall need:

Definition 6.2. We will say that a network N = (V, E, E) is connected if there is a
primal path connecting 9 to 93 or a dual path connecting 9; to 9.

Definition 6.3. We will say that a network N = (V, E, E) is Boolean if for any assign-
ment ¢ : X = {x1,...,xp} — {0, 1} which induces a site-percolation on the graph
(V,E, E ), the following is satisfied: either

(1) there is at least one open primal path from 9; to 93 (i.e. a primal path from 9 to 03
which only uses sites x € X for which ¢ (x) = 1) and there are no closed dual paths
from 9, to 94 (i.e. dual paths from 9, to d4 which only use sites x € X for which
¢(x) =0), or

(ii) there is a closed dual path from 9, to d4 and there are no open primal paths connecting
d1 to d3.

Then one can associate a Boolean function fy : {0, 1}X — {0, 1} to a Boolean network
N as follows: for any ¢ € {0, 1}, let fiy(¢) := 1 if we are in case (i), and 0 otherwise.

Remark 6.4. Note that a Boolean network is necessarily connected.
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6.2. Mesoscopic network

In the previous subsection, we defined a combinatorial structure associated to a finite
cloud of points (these points will later correspond to pivotal switches in PPP 7 (wso)).
When one deals with the continuum limit we, ~ P, it is easier to work with mesoscopic
squares rather than points. This leads to the following definition.

Definition 6.5. Let Q be a fixed quad in Q. For any dyadic » > 0in2~Y, and any family
of disjoint r-squares B = {B7, ..., BI’,} taken from the grid rZ% — (r/4,r/4), a network
for the pair (Q, B) = (Q, By{, ..., Blr,) will be the same combinatorial structure as in
Definition 6.1 with the set of vertices replaced here by B U {91, d2, 93, 04}.

The purpose of the next subsections will be to define a network attached to a cloud of
points with the help of a nested sequence of mesoscopic networks, where the dyadic
squares will shrink towards the cloud of points. This motivates the following definition
(see also Figure 6.1 for an illustration of this procedure).

L]

Fig. 6.1. This figure illustrates how to extract a network (Definition 6.1) from a given configuration
we .

Definition 6.6 (A nested family of dyadic coverings). For any b > 0in 27N, let G}, be
a disjoint covering of R? using b-squares of the form [0, b)? along the lattice bZ>. Now
to any € 2~ and any finite subset X = {x1, ..., Xp} C D, one can uniquely associate

r-squares B;I, e, B;p in the following manner: for all 1 < i < p, there is a unique

square Bx,- € G, which contains x;, and we define B;l, to be the r-square in the grid
rZ?* — (r/4, r/4) centered around the r/2-square éxl.. (This explains the above translation
by (r/4,r/4)). We will denote by B”(X) this family of r-squares. It has the following
two properties:

(i) The points x; are at distance at least r/4 from 8B;l,.
(ii) For any set X, {B"(X)},c,-n forms a nested family of squares in the sense that for
any r; < rpin 27N, and any x € X, we have B}' C BY.

6.3. How to associate a mesoscopic network to a configuration w € 7€

Given a quad Q € Qy and a dyadic positive number r € 27N, the purpose of this
subsection is to associate in a useful manner a mesoscopic network N’Q to a finite set
X C D and a configuration w € 7. In other words, we wish to construct a map N’Q :
(w, X) — NrQ(a), X).
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Let us start with a technical definition which quantifies by how much points in X are
away from each other and from 9 Q.

Definition 6.7. Let Q € QO be a fixed quad and X = {x1, ..., x,} C D a finite subset.
Let r* = r*(X, Q) > 0 be the supremum of all # > 0 such that forany 1 <i < p, x; is
at distance at least 10 - u from the other points x; and from the boundary 0 Q.

In the particular case where the set X is the random set PPP7 = PPP7(u(ws))
defined earlier in Definition 5.1 we will consider, with a slight abuse of notation, the
random variable r* = r*(PPP7, Q).

It follows from Proposition 5.2 that this random variable is positive a.s. (more pre-
cisely, by Proposition 5.2 there is a constant ¢ = cp p.,7 < 00 such that P[r* < r]
< ¢r3/*: this follows from the fact that the contribution #3/4 is much larger than the
boundary contribution of order r).

We are now ready to define what a mesoscopic network is.

Definition 6.8 (Mesoscopic network). Let Q € Oy and let X C D be a finite subset
with 7*(X, Q) > 0. For any r € 27N, the r-mesoscopic network NrQ = NrQ(w, X)
associated to X will be the following network:

e The set of vertices of N’Q will be B"(X) U {01, ..., d4}, where B" (X) is the family of
r-squares defined in Definition 6.6. With a slight abuse of notation, we will denote the
vertices By simply by x;.

o Ifr > r*(PPPz, Q), for convenience we define the edge structure of N’Q to be empty.
Otherwise, if r < r*(PPP7, Q), the edge structure is defined as follows:

o The primal edge e = (x;, x;) will belong to N’Q(a), X) if and only if one can find a
quad R such that:

— 01 R and 93 R remain strictly inside B;I, and B;j respectively,

— R remains strictly away from the squares B;k, k ¢ {i, j}, as well as r-away from the
boundary 0 Q,

- wE E|R.

o The dual edge ¢ = (x;, x;) will belong to N’Q (w, X) if and only if one can find a quad R
satisfying the same conditions as in the above item, except w € BHE,.

e The primal edge e = (9, 93) will belong to N, (w, X) if and oany if one can find a
quad R which is larger than any quad in By, (Q, r), which remains strictly away from
all squares By, and for which w € Bk.

e Idem for the dual edge ¢ = (9, 94).

e The edge e = (91, x;) will belong to N’Q if and only if one can find a quad R for
which 93 R remains inside B;I,, for which d; R remains r-outside of Q, for which R
remains strictly away from the squares B;k, k # i, and r-away from 9;, d3, 94 and for
which @ € Hg. (Analogous conditions should hold for the edges (x;, d2) and their dual
siblings.)

Note that N’Q is defined in such a way that for any combinatorial network N #~ @, the event
{N’Q = N} is an open set of the quad topology 7 (this requires all the above conditions to
be “strict” conditions as opposed to conditions of the type >r-away from the boundary).



The scaling limits of near-critical and dynamical percolation 1225

It is easy to check that the above conditions define a mesoscopic network in the sense of
Definition 6.5.

6.4. Comparison of N’Q(a)oo) and N’Q (wy)
One has the following proposition:

Proposition 6.9. Assume (w;);>0 and wso are coupled together so that w, ~ P, con-
verge pointwise towards weo ~ Poo. For any Q € O and for any subset X C D with
r*(X, Q) > 0, and for all r < r*(X, Q) in 2™N, we have

PNy (@, X) = Ny (@0, X)] = 1 asn — 0. 6.1)

Corollary 6.10. In particular, for almost all wse ~ P, all the networks N’Q(woo, X)

with X C Dand0 < r € 27N < r*(X, Q) are Boolean networks. (Note that this was
not obvious at all to start with, since it is easy to construct points w € ¢ which do not
correspond to planar percolation configurations.)

Proof. This is proved in the same fashion as (2.4) (see [GPS13]), namely one direction
uses the fact that {N’Q = N} is an open set, as mentioned above. The other direction is in
fact easier than (2.4) which is proved in [GPS13] since one does not require the quads
for different edges to be disjoint. Hence it is only a matter of controlling boundary effects
as in [SS11, proof of Corollary 5.2] (stated in Theorem 2.7). ]

6.5. Almost sure stabilization as r — 0 of the r-mesoscopic networks

Let PPP7 = PPP7(u€) C D be sampled according to the intensity measure du€(x) X
ljo,71dt. As we have seen in Section 5, PPPr is almost surely finite and is such that for
all quads Q € O, one has a.s. r* = r*(PPPr, Q) > 0 (see Definition 6.7).

Definition 6.11. For any r € 27, we will denote by N’Q(woo, PPP7) the r-mesoscopic
network associated to PPP7 as defined in Definition 6.8.

We start with the following lemma on the measurability of this network.

Lemma 6.12. The network N’Q(a)oo, PPPt) is measurable with respect to (weo, PPPT).

Proof. First of all, the scale r*(PPPr, Q) is measurable with respect to PPPr as a de-
terministic geometric quantity which depends on the finite cloud PPP7. This implies that
the event {r > r*} C {N’Q = 0} is measurable (where by N’Q = () we mean that the edge
structure of NrQ is empty).

In what follows, r € 2N is fixed. We already dealt with the case {r > r*}. Now,
on the event {r < r*}, notice that since D is bounded, there are finitely many possible
vertex sets B'(X), X C D, since these consist of families of dyadic squares and the
constraints r*(X, Q) > r imply that | X| is bounded. In other words, the map D D X
— B"(X)1+x,0)>r} is piecewise constant and its image is a finite set. Let B” be an
arbitrary such family of r-squares. First, notice that the event {B"(PPPr) = B"} is
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clearly measurable with respect to PPP7. Now, let E be any edge structure on B” U

{01, ..., 0a}. It follows easily from our definition of the edge structure of N’Q that on the
event {B"(PPPr) = B"} N {r < r*}, the event {N’Q = (B", E)} is measurable with
respect to the percolation configuration wx. O

We wish to prove that almost surely the random sequence of networks N’Q(woo, PPP7)
is eventually stationary as r N\ 0.
For this, it will be enough to prove the following lemma.

Lemma 6.13. Let Q be a fixed quad in Q. Fix T,€ > 0. There is a constant A =
A < oo such that for any r > 0 and any r € 2 Nwithr <7,

1/3
PING’ (o, PPPT) # Niy (oo, PPP7), r*(PPPT, Q) > 71 < Agps.  (62)
r

Note that the constant A g only depends on the shape of Q and noton T or €.

Indeed, the lemma implies the following result.

Theorem 6.14. There is a measurable scale rop = ro(ws, PPP7(1u€)) € 27N which
satisfies
0 <rg <r*(we, PPPT) a.s., 63)
N, (oo, PPP7) = N"¢ (oo, PPP7) Vr <rg € 27N '
In particular, the r-mesoscopic network N’Q(woo, PPPy) a.s. has a limit as r — O,
which is measurable with respect to (weo, PPPT) and which we will denote by Ng =
Ng(wso, PPPT).

Let us start by deriving the theorem using Lemma 6.13. This is a straightforward use of
Borel-Cantelli. For any k, k € N, define the event

Af = (N (o, PPPT) # N3 (00, PP, #(PPP7, ) = 27F),

Lemma 6.13 implies that Zkzo P[Ai] < oo for any k € N. Therefore by Borel-Cantelli,
there is a measurable K = K (k, wso, PPP7) < 00 a.s. such that A1;<—1 holds but and
no Aﬁ, k > K, does (we define here Ak_1 to be of full measure). Let kg := inf{lz e N:

2=k < r*(PPP7, Q)}, which is measurable with respect to PPP7 and is < oo a.s. (see
Definition 6.7). With the above notations, the scale

ro = 2—/;0—K(/;0,a)oo,PPPT)

satisfies the desired conditions of Theorem 6.14. O

We now turn to the proof of Lemma 6.13, which will use in a crucial manner the compar-
ison with the discrete setting w, ~ P, established in Proposition 6.9.
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Proof of Lemma 6.13. Fix 7 > 0and r < 7 € 27N, Since the upper bound in (6.2) relies
on arm exponents, it will be convenient if not necessary to rely on the discrete setting. In
order to work with an actual discrete mesh T, we will thus rely on Proposition 6.9.

As in the proof of Lemma 6.12, we use the fact that on the event {r* > r}, there

are finitely many possible vertex sets for Nr/ 2 (woo, PPP7). In other words, the range of

families of r/2-squares obtained as B’/Z(PPPT) with PPP7 such that r*(PPP7, Q) > 1

is a finite set I". We will denote by V = {Br/ 2 B 2} the elements of I". Note that
each V € T needs to satisfy r*(V, Q) > r (with the 0bV10us extension of the quantity r*
defined in Definition 6.7 to a family of r-squares).

As in Proposition 6.9, consider a coupling of (w;);>0 and ws such that w, ~ P, and
wy converges pointwise in (€, d ) towards wso ~ Po. Since PPP7 is a Poisson point
process with intensity measure u€(wqo), we have a.s. PPP7 C P€(wso). In particular if
B"2(PPPr) = V = {B>,..., By} € T andif forall i € [1, Ny], we denote by A

the annulus centered around the r/2-square Bl./ of exterior side-length €, then ws, must
satisfy a 4-arm event in each annulus A . Let us then introduce the following event:

[ Asan,
1<i<Ny

where A4(A{) denotes the 4-arm event in the annulus A§. Then, on the event
{B"/2(PPP7) = V}, we must have wo, € Af .
Lemma 2.10 implies that forany V € I,

Plw, € A}, | B">(PPPr(ws)) = V1 — L. (6.4)
n—

Furthermore using Proposition 6.9 we find that forany V € T,

r/2 r/2

hm PN, (wy, V) = (w0, V)] = hm P[N (wp, V) = ’Q(woo, =1

This asymptotic equality enables us to write

P[N}*(@s0. PPP7) # Njy (oo, PPP7), 7 < 1*]
=) PINY (0. PPP7) # Ny (oo PPP7), B"*(PPP7) = V]

Vel
— Z lim PN (@,. V) # Ny(w,. V). B"2(PPPr) = V]
ver”
- Z lim PIN IND (@, V) # Nig(@y. V), B2 (PPP7) = V., w, € A]
el
< lim PAV € T : NP (@,. V) # Ny (@,. V) and w, € A], (6.5)

n—0

where in the third equality we have used (6.4) and for the last inequality we have used the
fact that all the events {N r/2 (wy, V) # N, 0@y, V), B'2(PPPy) =V, w, € A} where
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V ranges over the set I' are mutually disjoint. Note that in the last probability, one does
not average anymore over (w~,, PPP7).
It remains to bound (6.5). For this, let us analyse the event

r/2

W=W,:={w,e:3Vel:N,

(wn, V) # NrQ(a)n, V) and w, € A} }.

If w, € W, then one can find a set V = {Bf/z,...,B]rV/VZ} € TI' of r/2-dyadic
squares which has the above property. Let us simplify the notation and write instead
V = {B1,..., By}. Let us collect what V and w; need to satisfy. From the definition
of r* (Definition 6.7) and since V € TI', recall that

(6.6)

forany i # j € [1, N1, dist(B;, B;) > 5r* > 57,
for any i € [1, N], dist(B;, 3Q) > 5r* > 5r.

Furthermore since w, € W, and since we have assumed the set V realised that event, we
have

6.7
forany i € [1, N1, w, € A4(AS) C As(A;(r/2,7)), ©7

where A;(r/2, r) is the annulus centered around the r /2-square B; of exterior radius . Let

iN’Q/Z(wn, V) # Npy (@, V),

us analyse what may cause NrQ/z(a)n, V) £ N’Q(w,,, V). For this to happen, at least one

edge (dual or primal) must differ in the edge structure of NrQ/z(a),], V) and N’Q(a),,, V).
These two networks share the same vertex set, namely V U {0y, ..., d4}. Without loss
of generality, assume that there is at least one primal edge which differs (the dual sce-
nario being treated similarly). There are three types of such primal edges: bulk to bulk
(B; to Bj), boundary to bulk (91 or 93 to B;) and boundary to boundary (9; to d3). We
will analyse in detail only the first case: bulk to bulk. The other two cases are analysed
similarly by taking care of boundary issues.

Bulk to bulk case. Assume that a difference occurs on the edge e = (B;, B;) for some
i #j€l[l,N]ie w, € {e = (i,j) € N/} Afe = (i, j) € N'}. We still need to
distinguish two cases.

Suppose e € N" and e ¢ N’/2. From our Definition 6.8 of N”Q(a), V), this im-
plies that one can find a quad R which strictly avoids all B,k ¢ {i, j} (as well as the
r-neighborhood of dQ), and it connects B] to B; . Here B] denotes the r-square which

r/2

surrounds B; = B;’", in particular Bl.r D Bl.r/ 2. Since we are on a discrete mesh, this

is the same as finding an open path which connects B; and Bj’ and avoids all By. Since

e ¢ N’/2(a)n, V) and since it is easier to avoid all By, k ¢ {i, j} (as well as the r/2-
neighborhood of dQ), this implies that the open cluster in w, which connects B] to Bj’

does not connect Bl.r /% to B!/*. Let us call this cluster C i,j- Suppose without loss of gener-

ality that the loss of connection happens near B;. Recall that w,, € A4(A;(r/2, 7)), which
means that there are two disjoint open clusters connecting Bl.r /% to the square Bf of ra-
dius 7 centered around B;. Let us call these clusters_ C1 and C». To be more precise these
two clusters are disjoint only if restricted inside B}, and Cy and C; should denote these
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clusters inside Bif . The three clusters C1, Cz, C; j must be disjoint inside Bif in order that
e ¢ N’/2. This implies that in the present case, w; needs to satisfy a 6-arm event in the
annulus A; (r, 7).

Suppose on the other hand that ¢ € N’/ and e ¢ N”. The situation in this case is quite
different. Indeed, since ¢ € N'/2, one can find an open path which connects Bl.r /2 to B;/ 2
and avoids all B,:/ 2 as well, as the r/2-neighborhood of Q. Let C; ; be the cluster (not
the path) in @, which connects these two squares. Since e ¢ N” and since besides the
restriction coming from 9 Q and the other squares By, k ¢ {i, j}, it is easier to connect Bi’
to B/’ , it means that at least one of the following scenarios must happen: either

1. there is at least one k ¢ {i, j} such that restricted to the r-square B,i, the cluster C; ;
minus the square By is disconnected, or

2. the cluster C; ; restricted to 0" = {x € Q :dist(x, Q) > r} gets disconnected.

Let us analyze the first scenario. Since C; ; minus B; gets disconnected in B,f , there is
at least one dual cluster C connecting By to B,f. Now recall that w, € A4(Ax(r/2,7)).
This means in particular that there are at least two disjoint dual clusters C~’1 and C‘z which
connect B,:/ 2 to B,f . We claim that inside the annulus B,f\B,:/ 2, the dual clusters C , C 1 and
C~‘2 must be disjoint. Indeed, if for example cC=C 1, this would force the cluster C; ; to

pass through B,:/ ? j.e. restricted to B,i , the cluster C; ; minus B,Z/ % would be disconnected

as well, which would prevent the existence of a path within C; ; connecting Bl.r  to B;/ 2

away from B;/ 2 Hence C , C1 and C; are three disjoint dual clusters. In particular in the
present case, wy has to satisfy a 6-arm event in the annulus A (r, 7).

The second scenario is easier to analyze. Let us cover the r-neighborhood of 9 Q
with N, = O(1/r) r-squares Si, ..., Sy,. It is easy to check that there must be at least
one square S such that inside Q, C; ; \ S gets disconnected (proceed for example by
removing squares S; one at a time until C; ; gets disconnected). This can happen only if
there is a 3-arm event for w, in (S; \ S;) N Q (where at this point it should be clear what
the notation S,f stands for).

Let us summarize the bulk to bulk case as follows. If w, € W and falls in this bulk to
bulk situation, then either

(i) one may find a dyadic r-square B/ inside Q such that w, satisfies a 6-arm event in
A;(r, 1), or

(ii) one may find a dyadic r-square along 0 Q for which w, satisfies a boundary 3-arm
event up to distance 7.

The other two cases (boundary to bulk and boundary to boundary) would reach to the
same conclusion. We will see below that the probability of (i) Vv (ii) is small.
Let us then introduce the following event:

G,7 :={we s :Jadyadicr-square B : w € Ag(B" \ B)}
U {w € S : Fadyadic r-square B along Q0 : w € Az (B \ B) N Q)}

. ~bulk boundary
=GP UG
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Using 6.5 as well as the above analysis, we end up with the upper bound

PN} (woo, PPPT) # Ny (oo, PPPT), 7 < 1*]

< lim (Plo, € G4 + Pl € GOy,
n— '

Let us start with the first term:

lim Plo, € GM¥) < 0(r~ ) limsupag (r, ) < Bor 2(r/i) /12, (6.8)
n— n—0
using the 6-arm exponent for the triangular lattice obtained in [SWO1].

The second term may be handled as follows: Without loss of generality we may as-
sume that 7 < 27% where k is such that our Q € Qp is in Q. Following the above
notations, there are O(1/r) r-squares Sy along 9 Q. The squares for which the probabil-
ity of a 3-arm event is the highest are squares near corners of d Q which have an angular
sector inside Q of angle 377 /2. Again using [SWO01], we see that the limsup as n — 0 of
the probability of having a 3-arm event in such a sector from r to 7 is bounded above by
C(r/r)*3. It thus follows that

lim Pl € GPM) < 0N limsupa) " (r, 7,6 = 37/2) < Cor~ L (r/F)*?,
n— ’

n—0
(6.9)
Altogether, we obtain the upper bound
1/3
. o, R r
,}I_IH)P[G)" € GM¥] < Bor2(r/i) ¥/ + Cor~'(r/M)* < Ag FvEs
which ends the proof of Lemma 6.13. O

Conditioning on (ws, PPP7), we are now able to associate to each quad Q € O, in a
measurable manner, a combinatorial structure, the network N o (ws, PPP7), whose aim
is to represent how the points in PPPr are linked together via ws, inside Q. The purpose
of the next section is to use this combinatorial graph in order to define a cadlag process
with values in .77.

7. Construction of a continuum e-cut-off dynamics

Let € > 0 be a fixed cut-off parameter and 7 > 0 be some fixed time range. We wish to
construct a certain cut-off dynamics w$  (t) on .7 which will be shown (in Subsection 7.6)
to be the scaling limit in the Skorokhod space Skr (see Section 4) of the discrete cut-off
dynamics w; (¢). The present section is divided as follows. The first five subsections deal
with dynamical percolation. More precisely in Subsection 7.1 we define the stochastic
cadlag process [0, T] 5 t — S, (¢), and in Subsections 7.2 to 7.6 we prove that a.s. the
process w§, (t) remains in ¢ for all times ¢ € [0, T'] and is the limit in the Skorokhod
space Skr of the cadlag process ¢ > wj (¢). Finally in Subsection 7.7, we extend the
construction to the near-critical case in order to build an e-cutoff near-critical process
[—L,L] 3> x> odd¢(A).



The scaling limits of near-critical and dynamical percolation 1231

7.1. Construction of the processes

If one considers the well-defined dynamics ¢ — @, (¢), the evolution on the time interval
[0, T'] of the state of sites which are initially in P¢(w, (¢t = 0)) is governed by the Poisson
point process PPP7 (1€ (w;)). When such sites are updated, they become open (or remain
open if they were already so) with probability 1/2 and closed with probability 1/2. Let
us then decompose PPP7 as follows:

PPP; = PPP} UPPP,

where PPPJTr [PPP7] is the Poisson cloud of points which turn open [closed]. It is easy
to check that PPP:Tt are two independent copies of a Poisson point process with intensity
measure %d 1 (wy)(x) x 1o, 7dt. This motivates the following definition.

Definition 7.1 (Discrete cut-off dynamics). For any fixed €, T > 0, one defines a cadlag
process 7 = wj (#) by starting at the initial time 7 = 0 with o} (r = 0) = w, ~ P; and
by updating this initial configuration as time ¢ € [0, T'] increases using the above Poisson
point process PPPT(,uZ (wy)) = PPP‘; U PPP7 in the obvious manner.

Back to the continuum case, let us sample ws ~ P as well as two indepen-
dent Poisson point processes PPPJTr and PPP7. both with same intensity measure
%d 1 (woo) (x) x 110, 71dt. To be consistent with the previous sections, we will still write
PPPr = PPPJTr U PPP;. From these two sources of randomness, we wish to build,
similarly to Definition 7.1, a cadlag trajectory [0, T] 5 t > S, (1) € 2.

Since the family of quads Qp defined earlier in 3.2 is dense in Qp, by Theorem 2.4,
it should in principle be sufficient to define the trajectory w$ () through the processes (or
projections) ¢ — 1g 0 (w5, (1)) for all quads Q € Q. In the present subsection, we will
construct such cadlag processes simultaneously for all quads Q € Q. We will denote
these 0-1 valued processes by t = Zg(t) = Zo(t, ws, PPP1) € {0, 1}. (Note that €
is implicit in the latter expression via PPP7 which depends on the regularization €.) The
aim of the next subsection will be to show that these projected processes a.s. uniquely
characterize a well-defined cadlag process ¢t — S, € . In other words, we will show
that a.s. there exists a unique cadlag process t = () € J such that for all Q € Oy
andall t € [0, T],

15Q(wgo(t)) =Zo) €{0,1}.

Definition 7.2. Let T, ¢ > 0 be fixed. For any ¢ € Q N [0, T'], let PPP, be the Poisson
point process PPP, (ws0, 1€ (woo)) defined in Definition 5.1. Note that since ¢ < T,
PPP, can be obtained simply by projecting PPP7 on 15(x) x 1o 41(¢). From Theorem
6.14, for each Q € O, we have at our disposal the network Ng ; = Ng(ws, PPPy).
Let us define the events

Vii={Yg e QN[0,T]and VQ € O : the network Ng , is Boolean}, (7.1
Va = {|Sr| < ook; (7.2)
recall that St denotes the set of switching times defined in Definition 5.1. Since Q and QO

are countable, it follows from Corollary 6.10 that P[V{] = 1. It also follows from Propo-
sition 5.2 that P[V,] = 1. Hence if V := V| N V,, then P[V] = 1. On the event V, we
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denote by fp , the Boolean functions associated to the Boolean networks Ng , (as in
Definition 6.3), and still on the event V, for each Q € Qn and each ¢ € Q N [0, T], we
define

Zo(q) := f0.4(@q)-

where ¢, € {0, 1}PPPq is just the configuration 1ppp+- Note that the possible discontinu-
q

ities of the process QN [0, T] > g — Z(q) are necessarily included in St. Since we are
on the event V. C V5, the latter process is piecewise constant. This enables us to define
the random cadlag process [0, T] 3 t — Zg(¢) € {0, 1} as the unique cadlag extension
of QN[0,T]13q+— Zp(q).

On the negligible event V¢, we arbitrarily define Zg(q) = 0.

In the end, we have thus defined for each quad Q € Qn a piecewise constant process
[0,T] >t Zg(t) € {0, 1}. Furthermore the set of discontinuities of these processes is
always included in St for any Q € Qy (note that this is also the case on V).

Theorem 7.3. One can define a cadlag process oS, : [0, T] > t — S which starts from
Wi, (t = 0) = weo ~ Po and satisfies a.s., for all quads Q € Oy and allt € [0, T],

1E|Q(a)§o(t)) = Zo(t, weo, PPP7).

The set of discontinuities of the process t — wS,(t) € JC is included in the a.s. finite set
St C [0, T). Furthermore, this process is measurable with respect to (wso, PPPT) and
is unique up to indistinguishability among cadlag processes.

The difficulty in proving this theorem is to show that one can simultaneously “extend”
these projected processes into a single trajectory ¢t — wg,(¢) which remains consistent
with the processes Z, and at the same time remains in the space . The proof of the
theorem is postponed to Subsection 7.5. First we introduce an extension tool which will
allow us to prove Theorem 7.3.

7.2. An extension lemma

In order to define a process as in Theorem 7.3, we will need to simultaneously extend the
information provided by the collection of all the processes Zg(-). The following lemma
gives sufficient conditions for the existence of such an extension.

Lemma 7.4. Suppose we are given a map ¢ : Qn — {0, 1} satisfying the following
constraints:

(1) (Monotonicity) If Q, Q' € On, O < Q' and $(Q") = 1, then ¢(Q) = 1 as well.
(ii) (Closedness) For any sequence (Qn)n>0 C On and any quad Q € On with O, < Q

foralln > 0and Q, — Q, iflimsupd(Qy) = 1, then p(Q) = 1.

Then there exists is a unique w = wy € I which extends ¢ in the following sense: for
any Q € On, we have Q € wifand only if p(Q) = 1.
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Proof. Note that the uniqueness of wy follows from Theorem 2.4, however, since the
argument for the uniqueness part is straightforward, let us prove it without relying on
Theorem 2.4: Suppose there exist two different configurations w, @’ € J# compatible
with ¢ in the above sense. This means that one can find at least one quad Q ¢ Qp for
which {w € Bp} A {0 € Hp). Since Qy is dense in Qp, one can find a sequence
(Qn)n>0 in On with @, — Q and Q, < O for all n > 0. Since either w or @’ belongs
to Hp, by assumption (i) we necessarily have ¢ (Q,) = 1 for all n > 0. This implies
that for all n > 0, w and @’ both belong to Ho,- Since w, o' are in 7, they are closed
hereditary subsets, which implies that both @ and &’ satisfy Hy, a contradiction.

We now turn to the existence of such a configuration w = wy. We build w as follows.
For any Q € Op \ 9N, we can find an increasing sequence of quads Q,, € Qn such that
O, < Q and O, — Q. From (i), the sequence ¢ (Q) has a limit/ € {0, 1}. We need to
check that this limit does not depend on the chosen subsequence. This is straightforward:
if (Q),) is another sequence of quads in Qy with Q], < Q and O, — O, then it is easy
to check that for any n > 0, there exist N,,, N,/, > ( so that

/ /
On < QN/:’ Qn < Qan

which implies by assumption (i) that lim ¢ (Q,) = lim¢(Q),) = [. Therefore we are able
to extend in a consistent way the map ¢ : Oy — {0, 1} toamap ¢ : Op — {0, 1}. It
remains to show that the configuration wy defined by

wp =10 € Qp: $(Q) = 1)

is a closed hereditary subset and is thus in J#. The fact that wy is a hereditary subset is
straightforward from our construction and from (i). To see that it is closed, let Qn € 9Qp
converge towards Q € Qp and suppose all Q,, are in w. It is easy to check that one
can define a sequence of quads Q, € Qy such that 0, < Q, as well as Q,, < Q for
alln > 0 and 9, — Q. Since w is hereditary, we see that ¢(Q,) = 1 forall n > 0.
Now, if the limit Q is itself in Qn, assumption (ii) guarantees that Q € w as well, and if
0 € 9Op )\ 9n, then by our extension of ¢ which does not depend on the chosen sequence
of quads, we must have ¢ (Q) = 1 and thus Q € w. m]

At this point, proving Theorem 7.3 essentially boils down to proving that for almost all
(weo, PPPT), the map

Z;:9n— {01}, O Zo(g),

satisfies conditions (i) and (ii) of Lemma 7.4 for all ¢ € Q N [0, T'] (see Proposition
7.8 below). Nevertheless, the proof of Theorem 7.3 will be postponed to Subsection 7.5.
Indeed, even though the monotonicity property (i) seems very intuitive, it appears to be
quite delicate to prove without relying on a coupling with the discrete dynamics (wy,(¢)).
Indeed, one natural approach is to use the fact that there is an open path in Ny , from
010" t0 33Q'. Forall r € 2N gmall enough, one can thus find aset R", ..., R,ﬁ of quads
which realise this open path. One might be tempted to claim that such a set of quads also
realises an open path in N’Q’ 4 for the smaller quad Q, but as is illustrated in Figure 7.1,
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Fig. 7.1. For the monotonicity property, the quad Rg is troublesome.

this is not always the case. This is why we postpone the proof of this proposition to
Subsection 7.5, and in the meantime, we introduce a coupling between the process wg (1)
and what will be the process wS(1).

7.3. A coupling ofa)f7 (t) with (weo, PPPT (€ (weo)))

In this subsection, we wish to couple a); (t) and w$ (¢) so that with high probability, they
will remain close to each other. (There is a slight abuse of notation here since we did not
yet prove Theorem 7.3 and thus did not yet define wS,(¢) properly. This will be handled
in Subsection 7.5.) Recall our main result from [GPS13], i.e. Theorem 2.13 and Corollary
2.15 there. For all fixed € > 0 we have

(@y. 15 @y) D (@00 11 (o))

The measures u€(wy) and 1€ (wso) are a.s. finite measures on the compact set D.ltis
well-known that the topology of weak convergence for measures on D is metrizable, the
Prokhorov metric being one of the possible choices. Recall the Prokhorov metric on the
space M = M(D) of finite measures on D is defined as follows: for any i, v € M(D),
let

_H(A9) < v(A) +e
don(u,v) :=inf{ e > 0:Vclosedset A C D, and . (7.3)
V(A®) < u(A) +e

It is well-known [Pro56] that (M(D), doy) is a complete separable metric space (in
particular, one can apply the Skorokhod representation theorem). Furthermore, w; con-
verges weakly to € (D) if and only if doy (14;, 1) — O.

It thus follows from Theorem 2.13 that one can define a joint coupling of (w;, u€(w;))
and (weo, 1€ (wso)) so that a.s. as n — 0,

dy(wy, ) = 0 and  dop (1€ (wy), 1 (we0)) — 0.

Using this joint coupling, we next couple the Poisson point processes PPP7 (€ (wy))
and PPP7 (1€ (wx)) so that they are asymptotically close (as n — 0). We will need the
following general lemma.



The scaling limits of near-critical and dynamical percolation 1235

Lemma 7.5. Let O be the space of finite measures on [0, 11* (the extension to our do-
main D is straightforward). Let T > 0 be any fixed time. Suppose y,v € 9 are such
that don (i, v) < 8 and ([0, 11%) < M. Then one can couple PPP1 (1) with PPP7(v)
so that with probability at least 1 — 12(T + M)8'/?°, one has

(i) #PPPr(n) = #PPPr(v) =k e N
@Gi) if PPPr(w) = {(x1,t1), ..., Xk, %), 0 < 11 < -+ < tx < T} and PPPr(v) =

{Ot,ur)y oo, Ok, uk), 0 < uy < --- <up < T}, then forall 1 <i < k, one has
t; = u;, and x; and y; are in the same r-square of the grid G, (see Definition 6.6),
where

r=inf{u € 27N ; y > 41/2051/20y, (7.4)

In particular, B> (PPP7 (1)) = B (PPP7(v)).

Proof. Let r be as defined in (7.4). As in Definition 6.6, divide [0, 1]* into R = r~2
disjoint squares of side-length r and of the form [0, r)2. Call these squares Sp, ..., Sg.
For each square S;, set w; := wu(S;) and v; := v(S;). In each §;, the number of points
which will fall in that square for PPPr () is a Poisson variable with mean T ;. Let
us sample independently for all i € [1, R], X; € N ~ Poisson(T u;). Now, we have
vi < v(SP) < u(S) +28 = w; + 28. We now couple ¥; ~ Poisson(v;) with X;. We
distinguish two cases:

(1) Ifv; < pu;, sample Y; using a binomial random variable Binom(X;, v; /1;).
(i) Otherwise Y; ~ X; 4+ Poisson(Tv; — T ;).

We claim that with probability at least 1 — 2R76 we have ¥; < X; forall 1 <i < R.
Indeed, the probability that ¥; > X; is bounded from above by R x P[Poisson(27§) > 1]
< 2RTS.

We now wish to show that with high probability one has ¥; > X; forall 1 <i < R.
By our coupling, this is already the case for the squares S; with v; > u;. Let us analyse
what happens in situation (i), i.e. when v; < w;. Since v; /u; might be very small, we will
divide this set of squares as follows:

I ={1<i<R:u <r3andv,~ < i},

It :={1<i<R:pu >rPandv; < u;).
Clearly, the squares S; with i € I~ contribute very little, since ) ; ;- u; < rY =
On these squares, we have ¥; < X; by definition of our coupling. But since ) ; ;- X; is
a Poisson variable of parameter bounded by T'r, the probability that ¥; < X; for at least
onei € I~ is bounded from above by P[Poisson(7r) > 1] < Tr. It remains to control
what happens for i € I'". In this case since v; < u; we use item (i) to sample Y;. But by
our assumption, u; — 28 < v; < u;, whichleadsto 1 —28/u; < vi/u; < 1, and since in
this case u; > r3, we have vi/ui > 1 — r17 (recall that § < r20/2 by (7.4)). Now, with
high probability all X; are smaller than M /r3:

E[Xi] 5

P[X; > M/r’] < <Tr,
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which implies P[3i : X; > Mr_3] < T'r.On the event that all X; are smaller than Mr—3,
ifi € I'" since ¥; ~ Binom(X;, v; /u;), we have

M
PlY; < Xi] < —r'7 = Mr',
r
which implies
PEielt: Yy, <X;]<Mr'2
Summarizing the above analysis, with probability at least 1 — 2Tr =28 4+ 2Tr + Mr'?),
one has X; = Y; forall 1 < i < R. Since r20/8 < < r20/2, we thus obtain the
following upper bound on the probability that our event is not satisfied:
2Tr 728 +2Tr + Mr'? < Tr'® +2Tr + Mr"?

<3(T + M)r < 12(T + M)s"/%. O
Hence, one has the following corollary.
Corollary 7.6. Let T,e > 0 be fixed. One can couple (wy, PPPjTE(;f (wy))) and
(oo, PPP:TE(;LG (weo))) so that for each r € 27N e have a.s. as n— 0:

(i) IPPPE(wy)| = |PPP} (woo)| and |PPP; (wy)| = |PPP (wso)l-

(ii) The switching times St(wy) and St(ws) are identical for PPP%(a),,) and
PPPE (woo)-

(iii) B’(PPP:TE(a)n)) = B’(PPP%(a)oo)) (recall Definition 6.6).

This way we obtain a joint coupling of the dynamics (a)f] (t))n>0, as defined in Definition
7.1, with our cadlag processes Z g (t) which are aimed at defining our process wg,(t).

Proof. This follows easily from Lemma 7.5 with 4 = u€(wx) and n = u€(wy,). One just
has to deal with the fact that the first measure y = u€(wqo) in the latter lemma is assumed
to have a total mass bounded by M. By Proposition 2.16(i), one indeed has € (D) <M
with probability going to 1 as M — oo, which is enough for our purpose here. O

7.4. Comparison ofa)f’ (t) with oS, (t)
In this subsection, we wish to prove the following proposition.

Proposition 7.7. Consider the coupling from Corollary 7.6. For any quad Q € ON,

lim P[3r € [0, 7] : {w}(1) € B} A {wSo (1) € B}l =0: (1.5)
77—)

since we have not proved Theorem 7.3 yet, the event {w$ (1) € Ho} should be understood
as{Zo(t) = 1}.

Note that this proposition will be very helpful (in fact stronger than what we need) in
order to show using Definition 4.2 and Proposition 3.9(i) that dsy (a)f, (1), wi (1)) — 0
in probability.
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Proof of Proposition 7.7. Recall from Definition 7.2 that for any Q € Oy, the cadlag
process [0, T] > t — Zp(t) is piecewise constant with the set of discontinuities con-
tained in S = S7(woo). Similarly the cadlag process ¢ — wj (7) is piecewise constant
on [0, T'] with discontinuities in St(w;,). Recall that in the joint coupling obtained in
Corollary 7.6, one has P[St(w;) = St(wso)] — 1 asn — 0.

Using these facts plus the property that St (wo) is a.s finite (Proposition 5.2), it is
straightforward to check that proving (7.5) boils down to proving the following fact: For
any g € QN [0, T] and any Q € O,

lim Pl{0f () € So) A (w5 (9) € Sl =0.

Now fix Q0 € On, g € QN [0, T]and « € (0, 1). We wish to show that

lim SEPP[{wf,(CI) € Bo} A {wg(q) € Boll <.
n—

Let us sample (woo, PPP,) coupled with its discrete analogs. From Theorem 6.14, there
is a measurable scale rp = rg(we, PPPy) € 2N guch that forall r € 27N, r < rg,
one has Ng(wes, PPPy) = NrQ(a)oo, PPP,). Furthermore the random variable r* =

r*(PPPg, Q) is a.s. positive (see Definition 6.7). In particular, one can find r, € 2N
such that
Plro Ar* > ry] > 1 —a/100.

Let A, be this event. On the event Ay, for all r < r, we have
No(ws, PPP,) = N’Q(woo, PPP,), r*(PPP,, Q) > rq.

Now, in our coupling defined in Corollary 7.6, since w,; — ws in 2, from Proposition
6.9 we know that for any r < rq,

PN (0o, X) = Njp(wy, X)] > 1 asn— 0

for any fixed (deterministic) X C D with r*(X, Q) > 0. We also deduce from Corollary
7.6 that for any r € 2N,

P[B"(PPP,(wy)) = B"(PPP,(wx))] = 1 asn — 0.

Since for any fixed r € 27V, there are finitely many possible B” sets, the above two facts
plus the way N, is defined in Definition 6.8 imply that for any r < ry € 2N,

P[NrQ(a),], PPP,(wy)) = Np (@0, PPPy(wx)) | Ag] =1 asn — 0. (7.6)

Let ro < ry be small enough so that there is g > 0 such that the probability that there
is a 2rg-square in G, (recall Definition 6.6) with a 6-arm event for w,, up to radius 7, /10
is bounded above by «/100 for any n < ng (see the proof of Lemma 6.13 where such
estimates were used). Let B, be the event that there are no such 6-arm events. Finally, let
also 1 < ng be so small that for any < 71,

P[NrQo(a),], PPP,(wy)) = No(wso, PPP(0x)) | Ag] = 1 — a/100. .7
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We are now ready to introduce, for any n < 1y, the event
C:=A,NB,N {NrQO(a),,, PPP, (@) = Ng(we, PPPy(000))},

whose probability (from the above estimates) is at least (1 —«/100) (1 —«/100) —r/100—
« /100, which is greater than 1 —«//10. Note that this event depends on the n- configuration
(wy, PPP,(wy)) as well as on (weo, PPP; (0s0)).

Let n < 11 and suppose we are on the event C. We distinguish two cases:

1. First case: w5, (q) € Hg (in other words, Zp(g) = 1). This means that one can find an

open path ey, ..., ¢, from 9; Q to 93 O which only uses vertices in PPP;r (wso). Since
we are on C, we have N (@, PPPy () = N (@00, PPPy(wso)). By Definition 6.8,
this means that one can find quads R, ..., R,CO which realize the open path ey, . . ., ex

and satisfy the conditions of Definition 6.8. In particular, 9; RIO remains rg-away from
01 Q (outside of Q) and so on. Also, w, € Hyn for each 1 < i < k. To see that
wy, € Hp, we proceed exactly as in the proof of Lemma 6.13 by showing that the
converse would lead to 6-arm events that cannot exist under the above event C. We
leave the details to the reader.

2. The second case, i.e. w5, (q) ¢ Hp, is treated in the same manner by relying on a dual
path ¢y, ..., é. Note that here we need the fact that Ng(ws, PPP,) is a.s. Boolean
by Corollary 6.10.

We thus conclude that if n < 71, then
Pl{w](q) € Bo} A {wi,(¢) € Bo}l < «/10,
as desired. O

We will use this proposition later to prove that ds;. (wy, (+), wS.(+)) goes to zero in proba-
bility as n — 0 (see Theorem 7.10). But first we need to justify the existence of a cadlag
trajectory w$ () which extends our projected cadlag processes ¢ — Zg(t). We will now
use Proposition 7.7 to prove Theorem 7.3.

7.5. Proof of Theorem 7.3

As explained at the end of Subsection 7.2, we start by proving

Proposition 7.8. For almost all (wso, PPP7), the following property is satisfied: for all
qg € QNJ0, T), the map

Zy:On— {01}, QO+ Zp(g),

satisfies conditions (1) and (ii) of Lemma 7.4.

Proof. FixT > 0and g € QN[0, T]. We wish to show that the random map Z, : Oy —
{0, 1} a.s. satisfies conditions (i) and (ii) of Lemma 7.4.

Let us start with (i). Since Qp is countable, it is enough to check that (i) is a.s. sat-
isfied for any fixed Q, Q' € Oy with 0 < Q’. Suppose Z,(Q') = 1; we wish to show
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thata.s. Z,(Q) = 1 as well. We will compare with the n-lattice using Proposition 7.7. So
let (wy, PPP7(w),)) be coupled with (ws, PPP7(wx)) as in Corollary 7.6. By Proposi-
tion 7.7,

lim Pl{of () € o) & (Z,(Q) = 111 =0,
lim Pl{e () € Bo} & (Z4(Q) = 1)1 =0,

From the above limiting probability, we can write

P[Z,(Q) = 1,Z4(Q) = 0]
= gi_IE)P[Zq(Q/) =1, w;(q) € By, wy(q) ¢ Bo, Z4(Q) = 0]

< lim Plot(q) € By, ot () ¢ Bol =0,
n—0

since Q < Q’. This ends the proof of (i).

For (ii), since Qy is countable, we may fix one quad Q € Q. We wish to prove that
the probability that there exists a sequence of quads Q, with O, < Q and Q,, — Q such
that Z,(Q,) = 1 for eachn > 1 but Z,(Q) = 0 is zero.

Suppose our fixed quad Q is in Q% (recall Definition 3.2). Similarly to the definition
of Qk in the same Definition 3.2, we define, for each k > kg, the quad Qk to be the largest
of all quads Q’ in Q¥+10 satisfying Q' < Q. Suppose now that a sequence (Q,,) of quads
as above exists. Then for each k > kg, there is N = N; < oo such that Qk <0, <0
for all n > Np. In particular, by (i), one has a.s. Zq(Qk) = 1 since Qx < Q) (for n large
enough) and Z,(Q,) = 1. This implies that there is a negligible event W (P[W] = 0)
such that for any Q € O,

(B(Qu)n € Qu: 0o < 0. 0n = 0. Zy(Q) = 1,2,(Q) =0}
< (N 1Za(@0 =1, 2y (@) =0}) UW.

k>ko
Hence to show that (ii) is a.s. satisfied it is enough to prove the lemma below.

Lemma 7.9. For any Q € Qko ON, there exists a constant C = Cg < 00 such that
for any k > ko, ~
P[Z,(01) =1, Z4(Q) =0] < C27%. (7.8)

Proof. We proceed as in the proof of (i) by using the coupling with (w;,, PPPr(wy)).
Using Proposition 7.7, we have

P(Z,(01) = 1, Z4(Q) = 0]
lim P[Z, (01) = 1. 0(q) € By, . w5(q) ¢ Bo. Z(Q) = 0]
n—0

A

lim Ploj, () € Hg,» @ (@) ¢ Hol

Now, it is a standard fact (see for example [GPS10, Section 7.2] or [GS12, Chapter VI])
that the above probability is given by the existence of a 3-arm event along the 2%~ 10
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neighborhood of 91 Q (some analysis needs to be done near the corners of 9; O, where
only a 2-arm event appears; see again [GS12, Chapter VI] details). Hence uniformly in n
small enough, we obtain an upper bound of the form O (275). O

End of proof of Theorem 7.3. Let A be the event that for each ¢ € Q N [0, T], the
map Z, = Z,(ws, PPP7) defined in Proposition 7.8 satisfies conditions (i) and (ii) of
Lemma 7.4. By Proposition 7.8, we have P[A] = 1. Furthermore, the process ¢ — Z,
is by construction (see Definition 7.2) piecewise constant with the set of discontinuities
contained in the a.s. finite St C [0, T']. Hence, on the event A N {|S7| < oo} and
using Lemma 7.4, we define the cadlag process [0, T'] > ¢t — wS () to be the unique
cadlag process in .72 which is compatible with all the cadlag processes {[0, T] > ¢
Z,(Q)}gegy defined in Definition 7.2. Define the cadlag process ¢ > w§,(f) on A€ to
be the constant process wf, (f) 1= woo(t = 0).

The fact that this process is measurable with respect to (woo, PPPT (1€ (weo)) is due
to the fact that one has built ¢ > wg, (¢) from the networks Ng (w0, PPP,),q € O,
which are themselves limits of the mesoscopic networks N’Q(a)oo, PPP,). Finally, the
latter networks are measurable with respect to (woo, PPP,) in view of Lemma 6.12.

The fact that this process is unique up to indistinguishability is obvious (it is a cadlag
process). O

This ends the proof of Theorem 7.3. We now have for any ¢ > O and any T > 0 a
well-defined random process [0, T] 3 t = @&, (¢).

In the next subsection, we wish to prove that under the above coupling, the trajectories
w;, (1) and wg, (1) are very close to each other with high probability as n — 0.

7.6. The process a);(-) converges in probability towards w$_(-) in the Skorokhod
space Skt

Theorem 7.10. Fix T,e > 0. Under the joint coupling defined in Corollary 7.6, the
cadlag process [0, T] > t = wy (1) converges in probability in the Skorokhod space Skr
(see Definition 4.2) to the cadlag process t — w$ (t) defined in Theorem 7.3.

Proof. We wish to prove that for any r > 0,

Jim Pldsi (@), () > r] = 0.
Recall the definition of dgy from Definition 4.2. By the a.s. property (ii) in Corollary 7.6,
it will be enough to fix A(s) = id(s) = s so that

M) — A(s)

t—s

—=0. (7.9)

[All == sup

0<s<t<l

log

It thus remains to show that for any fixed » > 0, one has

P[3t € [0, T]: dy(wf (1), w5, (1)) > r] —0. (7.10)
n—
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Since the set O is a finite set of quads, we readily deduce from Proposition 7.7 that
for any fixed k > O,

lim P[30 € 31 € [0, T1: {(1) € Bo) A fwi (1) € Bp}] = 0. (7.11)
n—

Recall the notations from Definition 3.2. We claim that the event
C:={3 [0, T]: w5, (1) ¢ (’)k(a);(t)) and a);(t) ¢ Or(ws, (1))}

is contained in the above event {3Q € QX 3r € [0, T] : {w), (1) € Bo} Awg, (1) € ol
Indeed, suppose our joint coupling satisfies C. We just need to focus on the fact that
wS, () ¢ O (a)g (t)) for some ¢t € [0, T']. This means we can find a quad Q € O with
respect to which w$ (¢) and a); (#) behave differently. We thus have two cases:

1. Either this quad Q is such that a);(t) € Hp and ¢, (t) ¢ DCQ (recall the notation
k

after Definition 3.2). In particular, this implies that a.s. w (t) ¢ Hp. We are using
here the fact that our process by its construction in Theorem 7.3 belongs to .77 and is
thus hereditary. In particular the event {wf;(t) € Hp} A {wé, (t) € Hp} holds.

2. Or this quad Q is such that w; 1) e E"Q and 0, (1) € B Or (recall the notation after

Definition 3.2). In particular, since w$ (t) € ¢ and O > 0, we have ws,(t) € Ho,
which implies also here that the event {a)f7 (t) e Ho} A {ws, () € Hp} is realised.

We thus infer from (7.11) that for any fixed k € N,
giE%)P[Eit €0, T]: 0, (1) ¢ (’)k(a);(t)) and a);(t) ¢ Ok(a)go(t))] =0. (7.12)

Using Proposition 3.9 together with (7.12) (with k = €(r)) we conclude that for any fixed
r >0,

lirr})P[EIt € [0, T1: dyp(wy(1), w5, (1)) > r] =0.

n—

This (together with A(s) = id(s) = s) implies as desired that for any » > 0,

lim P[dSk(a);(-), w5 () >r] =0. O
n—0

7.7. The case of the near-critical trajectory A — wag € (A)

The construction of the near-critical trajectory A — g (1) follows the exact same

steps as the construction of ¢ — w,(¢), except that instead of fixing some 7' > 0, we
fix some L > 0 and work on the interval A € [—L, L]. Also, we do not need here any
analog of PPP7 = PPP“TL UPPPZ since in this near-critical case, it is enough to consider
PPP;, = PPP (uf(wso(0))), a Poisson point process on D x [—L, L] with intensity
measure d € x dA.

Theorem 7.10 extends readily to this near-critical setting where [-L, L] > A —
a);]‘c’e(k) converges to A — wgo (1) as n — O (either in law under the topology of Sk,
or in probability for a joint coupling on Sk;, similar to the coupling defined in Corol-
lary 7.6).
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8. Stability property on the discrete level

We wish to prove

Proposition 8.1. Fix T > 0. There is a continuous function ¥ = ¥ : [0, 1] — [0, 1]
with ¥ (0) = 0 such that uniformly in0 < n <€,

Eldsic, (@), ()] < ¥ (e).

To prove this, we will need to introduce some notations as well as some preliminary
lemmas.

First of all, since this entire section is about discrete configurations w, € J¢°, we will
often omit the subscript n and denote the percolation configurations simply by w.

Definition 8.2 (Importance of a point). Given a percolation configuration w = w, € S
and a site z, let Z(z) = Z,(z) denote the maximal radius » such that the 4-arm event
holds from the hexagon of z to distance r away. This is also the maximum r for which
changing the value of w(z) will change the white connectivity in w between two white
points at distance r from z, or will change the black connectivity between two black points
at distance r from z. The quantity Z(z) will also be called the importance of z in w.

Definition 8.3. Fix T > 0. We will denote by X = X, r the random set of sites on T
which are updated along the dynamics [0, T] 5 ¢ — w,(¢). Recall from Definition 1.3
that this random subset of 5T is independent of @ = w,(t = 0) and each site z € nT is
in X independently with probability g7 := 1 — e~ 17 ~ Tnz/a:((n, 1).

Let Q(w, X) denote the set of percolation configurations @’ such that o’ (x) = w(x)
for all x ¢ X. Finally, let A4(z, r, ') denote the 4-arm event in the annulus A(z, r, r').

Lemma 8.4. Fix T > 0. Set r; :== 2'n and N := log,(1/n)]. Let W, (i, j) denote the
event that there is some o' € Q(w, X) satisfying A4(z, ri, rj). Then for every pair of
integers i, j satisfying 0 <i < j < N and every z € R?,

P, (i, j)] < Crau(ri, rj), (8.1)

where C1 = C1(T) is a constant that may depend only on T (note that here P includes
the extra randomness in the choice of the subset X).

Proof. Let D denote the event that o does not satisfy A4(z, riy1,7j—1). Suppose
that W, (i, j) N D holds, and let o' € Q(w, X) satisfy A4(z,ri,rj). Let Yo =
X \ A(z,riy1,rj—1), and let {x1, ..., x;;} be some ordering of X N A(z, rit1,rj-1).
Let Yy = YoU {x1,...,x¢}, k = 1,...,m, and let w; be the configuration that agrees
with o’ on Yy and is equal to w elsewhere. Then wy does not satisfy A4(z, rit1, ri-1),
and therefore does not satisfy A4(z, r;, r;) either. On the other hand, w, = o' satisfies
Ay(z,ri,rj). Let ¢ € {1,...,m} be minimal such that A4(z, 7;, 7;) holds in w,, and
letn € NN [i + 1, j — 2] be chosen so that x, € A(z, 7y, r,41). Then x, is pivotal
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in wy for A4(z, ri, 7;). Since B(xy,ra—1) C A(z, i, rj), this implies that w, satisfies
As(xq, 21, r,_1). Hence, we get the bound

j=2
PIWV.G. ). DI < > > Plxe X Wi(l.n— 1), WiG. .
n=i+1xe€A(z,rp,rny1)
Since W, (i, j) C W (i,n —1)NW,(n+2, j) and since B(x, r,—1) C A(Z, 'n—1, n+2),
independence on disjoint sets gives

Plx e X, W, (1,n — 1), W,(, j)]
<PlxeX W,(1,n—=1), W,(i,n—=1), W, (n+2,j)]
=Plx € XIPW,(1,n — DIPW,(i,n — DIPIW.(n + 2, j)I.

Now set bij :=sup, P[W; (i, j)]. The above gives
i=2 ,
PIV.Gi. ). DI < O(T) > (ra/n)n’af(n. )™'0} 02 1b) .
n=i+1
Since P[W, (i, j)] < P[-D] + P[W,(i, j), D], the above shows that for some absolute
constant Co > 0, we have
, J=2 .
bl /Co < aa(ri,r) + T Y ryaj(n, D700 "0y,
n=i+1
j=l ,
<aa(rirp) + T, DH D 2B ). (8.2)
n=i+1
‘We now claim that (8.1) holds with some fixed constant C; = C;(T) to be determined.
This will be proved by induction on j, and for a fixed j by induction on j — i. For
J —i <5, say, this can be guaranteed by an appropriate choice of Cj. Therefore, assume
that the claim holds for all smaller j and for the same j with all larger i. The inductive
hypothesis can be applied to estimate the right hand side of (8.2), to yield
. il
b] < Coaa(ri, 1)) + TCoCraf(n, ™" Y~ riaa(rt, ra—D)ea(ri, raD)oa(rns2, 15).
n=i+1

By the familiar multiplicative properties of o4, we obtain

Jj—1 2
i I
b! < Crau(ri, r-)(l +7C3 —") (8.3)
, o 1n;.+1 a4 (ry, 1)

for some constant C,. Since O (1)aa(ry, 1) > r,%_é for some constant € > 0 (see for
example [GPS10, Section 2.2]), it is clear that when N — j is larger than some fixed
constant M = M(T) € N, we have

5 -1 2
n
T 2w =

n=i+1
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This shows that (8.3) completes the inductive step if we choose C1 =2Crand N—j > M.
(Note that in the proof of the induction step when N — j > M, we have not relied
on the inductive assumption in which this condition does not hold.) To handle the case
N—j< M,wejustnotethatbij SblN_M_l blN_M_lis
within a constant factor (depending on 7") of our claimed estimate for bl./ , since M depends
onlyon T. O

Set

, and the estimate that we have for

7X(2) == sup  Zy(2).
W' €Q(w,X)

Lemma 8.5. For every site z and every € and r satisfying 2n < € < 2% <r <1,
PIZ¥(2) 2 1, Zu(2) < €] < Or(Delau(n, )aa(r, D™

The proof uses some of the ideas going into the proof of Lemma 8.4 as well as the estimate
provided by that lemma.

Proof. Fix z, € and r as above. Suppose that ZX(z) > rand Z,(z) < €. Let o in
Q(w, X) be such that Z,,(z) > r. Let xy, ..., x,, be the sites in B, (z, €) where o' # o.
(We use some arbitrary but fixed rule to choose ' and the sequence x; among the allow-
able possibilities.) For each j = 0,1, ..., m, let w; denote the configuration that agrees
with @’ on every site different from Xj41, .., Xy, and agrees with w on X1, ..., Xp.
Then w,, = o’ and Z,,(z) < €. Let k be the first j such that Za,j (2) >r.

Fix some site x satisfying r* := |z — x| < €. In order for ZX(z) > r, Z,(z) < €
and x;y = x to hold, the following four events must occur: x € X, ZX(z) > r¥/2,
ZX(x) = r*/2, and W, (2 + [log, r*1, [log, ]) (using the notation of Lemma 8.4). We
have P[x € X] = qr = 0(T)n2a4(n, 1)’1, while the probabilities of the latter three
events are bounded by Lemma 8.4. Combining these bounds, we get

P(Z%(2) > 1,Z(z) < €, xx = x] < Or(Daa(n, )V naa(n, D" o, r)

= Or(Daa(n, r)n*as(r, ™.
Summing this bound over all sites x satisfying |z — x| < € yields the lemma. O

For any quad Q € Q, if r > 0 is smaller than the minimal distance from 9; Q to 930,
we will say that Q is r-almost crossed by w = w, € S if there is an open path in the
r-neighborhood of Q that comes within distance r of each of the two arcs 91 Q and 33 Q.

Proposition 8.6. Let T and X be as above, and fix Q € Q. Let r > 0 be smaller than
the minimal distance between 3; Q and 93 Q, and suppose that0 < n < 25 < € < 2%¢ <
r < 1. Then the probability that there are some o', w" € Q(w, X) such that (a) Q is
crossed by o', (b) Q is not r-almost crossed by ", and (¢) &' (z) = & (z) for every site
z satisfying Z,(z) > €, is at most

Or,0(Mag(e, N ag(r, 7.
Proof. Suppose that there are such @’ and ”. Let Y denote the set of sites whose

hexagons are contained in the r-neighborhood of 9;Q U 93 Q, and let {xq, ..., x;,} de-
note the sites not in ¥ whose hexagons intersect Q. For j = 0,1, ..., m, let w; denote
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the configuration that agrees with @’ on Y U {xj41, ..., x5}, and agrees with o” else-
where. Then Q is crossed by wy (since wg agrees with o’ on all hexagons intersecting Q),
but is not r-almost crossed by w,, (since w,, agrees with »” on all hexagons except those
contained in the r-neighborhood of 91 Q U 93 Q). Let k be the least index j such that there
is no w;j-white path connecting 91 Q and 03 Q within the r-neighborhood of Q. Then wy_;
and wy differ only in the color of xi. Since a flip of x; modifies the connectivity between
01 Q and 93 Q within the r-neighborhood of Q, and since the hexagon of x intersects Q
and is not contained in the r-neighborhood of d; QUd3 Q, it follows that Z,,_, (xx) > r/2.
Consequently, Z¥X (x;) > r/2.If x is any site, then in order to have x = x;, we must have
(1) Z¥(x) > r/2, (ii) Z,(x) < e, (iii) x € X, and (iv) the hexagon of x intersects Q.
There are OQ(n’z) sites satisfying (iv). The event (iii) has probability g7 and is inde-
pendent from the intersection of (i) and (ii), while Lemma 8.5 bounds the probability of
this intersection. The proposition now follows easily by summing the bound we get for
P[x; = x] over all possible x. O

The previous proposition readily implies the following lemma.

Lemma 8.7. Fixk € Nand T > 0 and suppose that 0 < n < 2n < € < 275720 Then
the probability that there are some o', »” € Q(w, X) such that

(a) o' ¢ Or(w") (recall Definition 3.3);
(b) 0" ¢ Or();
(©) @'(z) = &"(2) for every site 7 satisfying Z,,(z) > e,

is at most
Or i (Mag(e, )7

Proof. Suppose o’ ¢ O (w”) (the second condition (b) is treated the same way). We need
to analyse two cases:

1. Either there is some Q € OF such that o’ € Bp and 0" € I O By the definition of

O = By (0, 27k=10) 'this means that Q is not r-almost crossed by o” with, say, r =
27%=20 Then Proposition 8.6 yields a constant Cr, o < 00 such that the probability of
such a scenario is bounded from above by Cr o ayle, DLy (27520 1L,

2. Or there is some Q € OF such that o’ € EICQ and 0" € Ele~ Similarly, this means
now that Qy is not r-almost crossed by o’ with r = 27%=20_ By the symmetry of
Proposition 8.6 in @', ", there is a constant Cr, ¢ such that the probability of this
scenario is bounded from above by C_‘T,Q 2ay(e, 1)y (27520 1)~ 1,

Recall that our domain D is bounded. Hence there are finitely many quads Q € Q. We
thus obtain an upper bound of the form

2 Y [Crg+ Cr.olaa@ . D7 lau(e, 7! = Ors(Daa(e, 7!,
QeQFk

where the factor 2 handles condition (b). m]

We are now able to conclude the proof of Proposition 8.1.
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Proof of Proposition 8.1. Note by our definitions of t — w;(¢) and ¢ > wfl (¢) in Def-
initions 1.3 and 7.1 that for any time ¢t € [0, T], the configurations w,(t) and a)g (1)
belong to the space Q(w;,(t = 0), X) introduced above. Furthermore, recall from the
definition of the measure u€(w;,) and the construction of a)g (¢) that for any ¢ € [0, T,
wy()(2) = a); (¢)(z) for all z in X which are initially in 7€ (wy). By the definition of P,
which relies on an e-annulus structure, it is easy to check that P¢ contains the set of all
points z with Z iy, (t=0) (z) = 3e (see for example Remark 2.17). In particular the above
lemma applied with € = 3¢ implies readily that there is a constant M7 g < oo such that
forany 2n < € < 2—k=20,

P[3r € [0, T]: K yp(wy(1), (1) < k] < Mrxe’as(e, 1)7",

where the quantity K j» was defined in Definition 3.7. Using this bound with k = £(r),
one obtains for any 25 < € < 27820,

P[ sup dy (@, (1), w5 (1)) > r] < Mr.gelas(e, )7 (8.4)
1€[0,T]

By the definition of the Skorokhod distance dsy, in Definition 4.2, one thus has
E[dsi, (0 ("), 0§()] < r + diam() My g€ oa(e, D™ = r + My eye’aa(e, )7
Notice that for any fixed » > 0,

lim sup (r+ MT,g(r)ezom(e, 1)_1) =r.

€>00<2p<e
It is easy to see that this ensures the existence of a continuous function ¢ = 7 : [0, 1] —
[0, 1] with ¥(0) = 0 such that the conclusion of Proposition 8.1 holds. (Note that this
function is not explicit since it depends on how fast r — £(r) diverges.) O

Let us point out that our Lemma 8.4 can be seen as a strengthening of a classical estimate
on the stability of the 4-arm probabilities in the near-critical regime, which goes back to
Kesten’s seminal paper [Ke87] (see also [NO8a, DSV09]). Even though we obtain here a
strengthening of Kesten’s original estimate, our proof is very similar in flavor to the one
in [Ke87], with the important difference that he uses differential inequalities that work
well in the monotone coupling, but would break down for the dynamical version. Fur-
thermore, given the stability of the 4-arm probability, the above proof can be generalized
to alternating j-arm events with j even, and also to the 1-arm event, since the change in
these probabilities is also governed by the pivotal points.

9. Proof of the main theorem

9.1. Bounded domain D and finite time range [0, T]

We are now ready to prove our main theorem under the hypothesis we have used until
now, i.e. D is bounded and one considers dynamical percolation on a finite time range
[0, T]. The extensions to C and R are straightforward and are discussed in the next
subsection.
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Theorem 9.1. The processes defined earlier in Theorem 7.3,

{t > wi(D)}e>0,

converge in probability in (Skr, dsy,) as € — 0 to a continuum dynamical percolation
process [0, T] 2 t > weo(t). (We will see in Proposition 9.7 that ws(t) ~ Pso for each
t > 0.) Furthermore, the process [0, T] > t > wxo(t) is the limit in law (under the
Skorokhod topology on Skr) of the discrete dynamical percolation [0, T] 3 t > w,(t)
asn — 0.

To prove this theorem, we start by constructing the limiting process as an a.s. limit of
cut-off processes ¢ > wgs (¢) along a well-chosen sequence €/ :

Proposition 9.2. For a well-chosen subsequence € — 0, the processes t — wgk(t)
converge a.s. for dsy, to a limiting process t > woo(2).

The proof will rely on a coupling with discrete dynamical percolations, but we wish to
point out that the process we eventually obtain does not depend on the choice of the
coupling, only in principle on the choice of the subsequence {€} .

Proof of Proposition 9.2. Let {er}1>1 be a non-increasing sequence converging to 0, to
be chosen later. For any L| < L», by using Theorem 7.10 (for the coupling defined in
Corollary 7.6 with € = €, < €,) together with Proposition 8.1 applied successively to
€ = €1, and € = ¢, and using the triangle inequality, one obtains

Elds, (o5 (-), wa2 ()] < ¥r(er,) + ¥r(er,).

Fix {er}r>1 so that Y7 (er) < 2L for any 1 < L < N < oo. It follows easily that
{ws5(-)}1>1 is a.s. a Cauchy sequence in Skr for dsy, . In particular, this defines an a.s.
limiting process [0, T] 3 t > weo(?). ]

Proof of Theorem 9.1. To prove that [0, T] > t = wy;(t) converges in law to the above
cadlag process [0, T] 3 t — weo(?), it is enough to show that for any § > 0, one can
couple these two processes so that

E[dsy, (0y(-), 0o (1)] < 4. O.1

This follows easily from the above proof. Indeed, let L be so large that 2=% < §/10. Then
by using the coupling defined in Corollary 7.6 with € = ¢, one has

Eldsy, (wy(-), woo(-))]
< Eldsk, (0y(-), wpt ()] + Eldsk, (" (1), @55 ()] + Eldsk, (055 (), 00 ()]
< yrr(er) + Eldsk, (@) (), o5 ()] + Z Yr(N)

N>L
< 27" + Eldsi, (05 (), 0S5 (D] + 275,
uniformly in 0 < 217 < €. From Theorem 7.10, one can choose n small enough so that
the second term is less than 27, which gives us (9.1).
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The convergence in probability of the processes wS, () to wso(:) is obtained in the
same fashion: for any § > 0, we wish to show that there is some € > 0 small enough such
that for any € < €,

Pldsk, (05, (), @0 (1)) > 8] < 6.
Let € be such that {¥r(e) < §/2 for any ¢ < €. Let L be large enough that
Eldsy, (WL (), wse ()] < 6/2. By using the exact same argument as above (i.e. coupling
with a discrete dynamical configuration), one obtains for any € < €,

El0g, (1), @ ()] < 8,

which implies the desired convergence in probability and thus ends the proof of Theo-
rem 9.1. |

Remark 9.3. The proof above is somewhat classical. It is very similar for example to the
setup of the approximation Theorem 4.28 from Kallenberg’s book [Ka02].

9.2. Main theorem in the near-critical case

Theorem 9.4. For any L > O, the near-critical ensemble [—L,L] > A +— a);;c()»)
converges in law (under the Skorokhod topology on Skp) to a cadlag process ) +
wlS(A) as n — 0. This limiting process is the limit in probability of the cut-off processes
[—L,L]1> A oA ase — 0.

This is proved exactly along the lines of Theorem 9.1. Now note that these results are not
yet satisfactory, because, due to the form of the Skorokhod distance dsy, , if we fix any
Mo € (=L, L), we cannot conclude from Theorem 9.4 that a){;c(ko) converges in law in
(S, d ) to w(S(ho) as n — 0. We thus need the following theorem, which is not an
immediate corollary:

Theorem 9.5. For any fixed . € R, w,';c()») converges in law in (J€, d ) to wis (L),
where the “slice” w{S()) is extracted from the trajectory obtained in Theorem 9.4 (by
taking L sufficiently large, say). Furthermore, as in Theorem 2.7

lim Plwj() € Ho] = PlwlS() € Hol. 9.2)
7]*)

This may be viewed as a near-critical Cardy theorem (except that we only establish the
convergence here, but we do not find an explicit formula). Moreover,

lin})P[a)gc()\) € Aj(r, )] =Pl (M) € Aj(r, R)]. 9.3)
n—

Proof. The reason why such a result does not follow readily from Theorem 9.4 is that
there could be some deterministic value of XA, say Ao € R, such that there is always a
sudden change at that parameter. Of course, such a scenario will not happen, but we do
need to prove such a local continuity property:

Proposition 9.6. For any Ao € R and any o > 0, there is some § = §(Ao, &) > 0 such
that
P[Ix € (ko — 8, 2o + 8) : d(wis (M), @3S (X)) > o] < . 9.4)
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Proof of Proposition 9.6. Assume Ay > 0 and choose L = 2Xy. Since A — w,’;c(k)
converges in law to A = w[5() for the topology given by dsy, , it is easy to see from
the definition of dsy, that it is enough to show that one can find a § = §(Ag, @) > 0
sufficiently small so that as n — 0,

P[Ex € (Ao — 28, Ao +26) : d%)(a):;c(ko), wgc(k)) >a/2] < a/2. 9.5)

We leave it to the reader to recover (9.4) from (9.5) plus the convergence in law of w2°(~)
to wlS ().

Now, in order to prove (9.5), recall the definition of r + €(r) from Proposition 3.9.
In particular, it is stronger but sufficient to show that

P[EA € (Ao — 28, 1o + 26) : a);]'C()L) ¢ Og(a/z)(a)sc(ko))] <o/ 9.6)

In order to prove this, we will use the setup and notations from Section 8. In particular
let X = X, 1 = X;; 23, be the set of points which are updated in the interval [—L, L].
Note that if w{l‘c()\) ¢ Opw/2) (a),’71C (X)) for some A € (A9 — 28, Ao + 29), this means that
one can find a point x € X,, ; whose label is in (L9 — 23, Ag +28) and for which the event
Wi (g, 2~ 8@/2=10y 5 satisfied (formally the notation W, (7, j) used a logarithmic scale
but we freely extend the notation to W, (r;, r;) here). By Lemma 8.4, the probability of
finding at least one such point is dominated by (for 1 sufficiently small)

O(n™?)P[x € X, 1 and its label is in (Ao — 28, Ao + 28)1C1(L)er) (1, 2~ H@/2710)
< 0 )o@ e, D' Cr(L)a] (n, Dag@ /D710 1)1 < € o8,
where Cr o < oo is a constant which depends only on L, «. One can thus find § =

8(Ao, @) > 0 small enough so that (9.6) holds, thus concluding the proof of Proposi-
tion 9.6. O

It remains to justify the limits (9.2) and (9.3) in Theorem 9.5. It is enough for this to
follow the proofs of [SS11, Corollary 5.2] and [GPS13, Lemma 2.10] by relying when
needed on the estimates on near-critical arm events given by Proposition 11.6 below. O

In fact, the proof of Theorem 9.5, once adapted to the dynamical setting, easily implies the
following interesting and non-trivial fact about the scaling limit of dynamical percolation:

Proposition 9.7. Let t — wo(t) be the process constructed in Theorem 9.1. Then for all
t>0,
Woo (1) ~ Pxo.

In particular, the process t — weo(t) preserves the measure Poo. (This will be important
for the simple Markov property in Theorem 11.1.)

9.3. Extension to the full plane and infinite time range

Extending the above Theorem 9.4 to the case of the full plane or to an infinite time range
does not add real additional technicalities. It can be handled using a standard compact-
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ification setup. For example, one way to proceed is to consider the following metric on
plane percolation configurations:

dy (0. o)=Y 27 Nd e (@, ). 9.7
N>1

Recall that we have assumed that for any bounded domain D our distance d y;, satisfies
diamdﬂD (##p) = 1, so the above sum is bounded above by 1.

Under the topology given by the metric d s, it is clear from the above results (Theo-
rem 9.1) that dynamical and near-critical percolations on the full plane each converge to
a limiting process for the Skorokhod topology on (¢, d ).

Before stating an actual theorem, let us also extend the setup to an infinite time range
t € [0,00) or A € R. For this purpose, let us consider as in Lemma 4.3 the following
Skorokhod metric on Sk¢, (—co,00) (te€Sp. SKc,[0,00)) the space of cadlag processes from R
(resp. [0, 00)) to J:

1

dSk(—oo.oo) (w(‘), d)()) = Z 2k

k>1

dSkC,[_k,k](w(')» 5)()) (98)

Theorem 9.1 readily implies the following result (since Sk, (—c0,00) and Sk 0,00) are
Polish spaces as noted in Lemma 4.3).

Theorem 9.8. Lett — wy(t) and A — a):;c()L) be respectively the dynamical and near-
critical percolations (properly renormalized as in Definitions 1.3 and 1.2) on nT N C
= nT. Then, as n — 0, these processes converge in law respectively to the cadlag pro-
cesses t > woo(t) and A — wiS(X) in Sk, [0,00) and SKc,(—oco,00) Under the topologies

given by dSkC,[o,oo) and dSkC(ﬂom).

There is one minor subtlety which needs to be made more precise here: the construction of
the limiting process t > wuo(?) (or A > wlS(1)). Indeed, in order to prove the existence
of this limiting process, one proceeds as in the proof of Theorem 9.1 by approximations
using cut-off processes ¢ > wg(f) except that here the cut-off € will play two different
roles: focusing on e-pivotal points as previously and also focusing on the percolation
configurations only on the domain [—1/e, 1/€]%. (Otherwise, one would have infinitely
many switches on any interval [0, T']). As € — 0, these cut-off processes each converge in
probability to a limiting process as in Theorem 9.1. This is the only additional technicality
needed to prove Theorem 9.8.

10. Conformal covariance property, the infinite cluster and correlation length of
the n.c. model
10.1. Conformal covariance of dynamical and near-critical percolations

Before stating our result, we need to introduce a slight generalization of our dynamical
and near-critical percolation models originally defined in Definitions 1.3 and 1.2:



The scaling limits of near-critical and dynamical percolation 1251

Definition 10.1. Let 2 C C be a domain of the plane and let ¢ : 2 — (0, co0) be any
continuous function.

We will consider the dynamical percolation process ¢ > w(f;(t) which starts at
a)?; (t = 0) ~ Py, and for which sites x € nT are updated independently of each other with
inhomogeneous rate r®(n, x) = ¢>(x)n2/a4(n, 1). (Thus, this dynamical percolation is
mixing faster in areas of €2 where the function ¢ is large.)

Similarly, we will consider the near-critical coupling (w,r;c"”(k)) reR, Where
w,?c’d’(k = 0) ~ P,, and as A increases, white hexagons x € nT switch to black hexagons
at the same rate r¢(n, Xx) = ¢(x)r;2/a4(n, 1). This near-critical percolation a)gc’(p(k)
corresponds exactly to a percolation configuration on T with inhomogeneous parameter
pO) = pe+ 1= e 00 ~ po 4 Ap(0)r ().

Following the exact same proof as in the rest of the paper, one can define cut-off processes
t— a)f,”e (t) by only following the evolution of points in P€ (w, (¢ = 0)). In the same way
as before, it can be shown that these processes converge in law (in (Sk, dsy)) to a process
t— a)gf (1), and it is straightforward to establish the following analog of Theorem 9.1:

Theorem 10.2. Let Q C C be a domain and let ¢ : Q — (0, 00) be any continuous
function. Then the processes

{t > w8l (O)ex0
converge in probability in (Skr, dsy,) as € — 0 to a continuum dynamical percolation
process [0, T] > t — a)go(t). Furthermore, the process [0, T] > t — a)go(t) is the
limit in law (under the Skorokhod topology on Skt) of the discrete dynamical percolation
[0,T]5 1+ o)) asn — 0.

The same theorem holds with near-critical instead of dynamical percolation. We are now
ready to state our main conformal covariance result:

Theorem 10.3. Assume that f : 2 — $ is a conformal map with | f'| being bounded
away from zero and infinity. (For instance, a conformal map between so-called Dini-
smooth domains is always like this [Po75, Theorem 10.2].) If woo(-) (resp. wiS(+)) is a
continuous dynamical percolation (resp. n.c. percolation), then the image of these pro-
cesses by f, i.e., the cadlag processes t > f(wso(t)) (resp. A — f(@0S(X))) have the
same law as the following processes defined on $2:

o > w?o (t) in the dynamical case,
o > wo ’¢(A) in the near-critical case,

where the function ¢ on S is defined by

d(f() =1f @ vzeq.

Remark 10.4. If o € %, the configuration image f(w) € 7% is well-defined. See
[GPS13, end of Subsection 2.3] for a discussion why the measure Py, = P q is confor-
mally invariant.
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Corollary 10.5. e The scaling limits of dynamical and near-critical percolations on n'T
as n — 0 are rotationally invariant.

e They also have a form of scaling invariance which can be stated as follows. For any
scaling parameter o > 0 and any w € F, we will denote by a - w the image by 7 — «z
of the configuration w. With these notations, we have the following identities in law:

O o o) L s 0™ (@ 340), 021 o - woo(0) L (1> woo(@™/41)).
Proof of Theorem 10.3. We start with the following lemma:

Lemma 10.6. Let f : Q — S be a conformal map with | | bounded away from zero
and infinity. Let Sk and Sk be respectively the space of cadlag trajectories in & and I
endowed with the Skorokhod distance defined in Lemma 4.3. Then (with a slight abuse of
notation), the map

f:Sk— Sk, () fl()),

is uniformly continuous.

Proof of Lemma 10.6. Let us prove the lemma for a finite time range Sky for any
T > 0. The extension to the infinite time range is only technical. Let « > 0. Suppose
dsi,; (w(-), @'(-)) < a. One can thus find a reparametrization ¢ : [0, T] — [0, T'] such
that [|¢[| < o« and sup, (g 71 dr(@(1), @' (¢(1))) < a. Now, by assumption, we have two
constants ¢y, ¢2 € (0, 00) such that

c1 <inf|f'(2)] < sup|f'(2)| < ca. (10.1)
2 Q

Using Section 3 together with the above bounds, one can show that f(w(f)) and
f (@' (¢(1))) are also close. Indeed, the map (still with an abuse of notation)

[0 —> Hy, o f(o),

is continuous and thus uniformly continuous, since (.7, d ) is compact. If & — g(«)
denotes its modulus of continuity, we thus have

sup dp(f(@), f(@' (@1)) < g(@).
1€[0,T]
Since [|¢|l <a, we have shown that dsy (w(-), ®'(-)) <« implies dsi, (f (@ (-)), f(@'(-)))
<« + g(a), which ends the proof of the lemma (modulo the easy extension to the infinite
time range Sk(o,«0))- m]

This lemma is useful for the following reason: We know from Theorem 9.1 that o (-)
converges in probability in Sk to w0 (+) as € — 0. By the above lemma, this implies that
S (w5, (+)) converges in probability in Sk to f(wso(-)) ase — 0.
It remains to show (by the uniqueness of the limit in probability) that f(w$,(-)) also
converges in probability to the process a)g’o(-) defined in Theorem 10.3 on the domain €2.
For this, recall that the cut-off dynamics w$ (-) is based on the set P€(wx) of €-
pivotal points defined using the grid €Z?. On £, consider the image of the grid €Z? by the
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conformal map f. Call this grid F,. Let 79; = 73; (0so) denote the set of Fe-important
points for @s = f (wso), a sample of a continuum critical percolation on 2. It follows
from the construction of ¢ (-) that f(wg,(-)) is exactly the cadlag process which starts
at W~ and is updated according to a Poisson point process PPP with intensity measure
Sfe(u€(wxo)) x dt. Using the following two facts, one can conclude that f(w$,(-)) and

a)g;fb(-) have the same limit in probability as € — O (which thus concludes the proof):

1. Theorem 6.1 in [GPS13] shows that the push-forward measure f; (1€ (ws)) satisfies

df (U (weo))

TG @) =1 @I forany pointz € 2

where u€/ = S/ (@so) stands for the measure on the F,-important points of @e.
This item makes the link with the process w"o)o(-) in the statement of the theorem, with

P(f @) = @I
2. From (10.1), one can easily check that

PO (o) C Pf(droc) © P (o).

By going back to the discrete situation and using the stability Section 8, this shows
that the cut-off dynamics f(w$,(-)) defined on the distorted scale Fe and the cut-off
dynamics a)g’oqj which is defined on a proper e-square grid, have the same limit as
€ — 0.

This finishes the proof of Theorem 10.3. O

10.2. Infinite cluster and correlation length

Theorem 10.7. Forany A > 0, there is a.s. an infinite cluster in w3S(A) in the sense that,
foranyr > 0,

lim PLf(2) € A1 (r, 00)] = PloX() e () At R, (102)

R>r

and this probability tends to 1 as r — 00, hence one can find some random r > 0
such that the event on the right hand side occurs. Furthermore, as in the discrete model,
one can define a notion of correlation length for w3S (1), A > 0. In fact, let us give two
different such definitions: for any A > 0, define

L)) = inf{r >0: P[a)gg‘()») € QrAl(Vv R)] > 1/2}7 (103)

Ly(A) := inf{r >0: P[wgg(k) crosses [0, 2r] x [0, r]] > 0.99}.

These correlation lengths have the following behavior: there exist positive constants
c1, ¢ such that
Li) =A™, L) = ™43, (10.4)
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Proof. Recall from Theorem 9.5 that forany 0 < r < R,

Ploso (M) € Ai(r, R)] = 1irr%)P[a),7()») e Ai(r, R)]. (10.5)
n—

However, we do not know this convergence for the infinite intersection of events in (10.2),
hence we need to work a little bit.

Using the notations of Kesten, on the non-renormalized lattice T, let L.(p) be the
correlation length defined as the smallest scale n > 0 such that the probability under P,
to cross the rectangle [0, 2n] x [0, ] is larger than 1 — €. Kesten’s result [Ke87] implies
that for any €, ¢’ > 0, as p — pe,

Le(p) < Lo(p) < L(p) :=inf{N > 1: N?as(N) > 1/|p — pcl}

(see also the survey [NO8a]). Furthermore, it is well known that for any § > 0, one can
find € > 0 such that P,[w € A (Lc(p), 00)] > 1 —§ forany p > p. (see for example
[BRO6]). From these results, together with the large probability of having an open circuit
in any annulus of large conformal modulus even at criticality, we also deduce that, for any
€,8,a > 0, if we take b > by(e, a, §) large enough, then

P,[w € Ai(aLe(p), bLe(p)) \ Aj(aLe(p), 00)] < 6. (10.6)

One can introduce the same notion of correlation length in the setting of our near-
critical coupling (see Definition 1.2), except the lattice is now renormalized. More pre-
cisely, for any €, n, A, define

Ley() = inf{r > 0 : P[w)°(1) crosses the rectangle [0, 2r] x [0, r]] > 1 —€}.

By our choice of rescaling in Definition 1.2, the above results of Kesten readily translate
as follows: for any €, A > 0,

0 < lim i(r)lfl:e,n(k) < limsup L (1) < oo. (10.7)
n— n—0

Furthermore, for any § > 0, one can also choose € small enough so that for any n € (0, 1],
Plw)(A) € Ai(Ley(2). 00)] > 1 -8,
or by (10.7), for r > 0 large enough,
P[a):;c(X) € Aj(r,00)] > 1 —3. (10.8)

Similarly to (10.6), we also find that for any &, r > 0, if R > Ro(A, r, §) is large enough,
then
P[a):;c(k) e Ai(r, )\ A1(r, 0)] < 8 (10.9)

for all n > 0 small enough.
Now, this finite R approximation (10.9), together with (10.5), implies (10.2). That the
probability tends to 1 follows from (10.8).
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The above arguments clearly show that the correlation lengths L{(A) and L () are
finite and non-zero. The exact formulas for them follow from the scaling covariance result
in Corollary 10.5. Indeed, one needs to scale wiS(A) by a factor A%/3 in order to obtain
the same law as wS(A = 1). O

Proof of Corollary 1.7. The correlation length L(p) that we use here is basically the
inverse of the rate function r(n) defined in (1.4), except that we do not know that r(n)
is monotone, hence the “inverse” is a little loosely defined. Nevertheless, there is a ratio
limit theorem for a4 (n) in [GPS13, Proposition 4.7], saying that, for any ¢ > 0 fixed,

t
im rom _ 34
n—0 r(n)

which immediately implies that

1/L
lim L)) =1 and  Lim O/EP) _
n—0 p=re |p = pel

The configuration wy(A), as n — 0, is just percolation ), at density p — p. ~

1. (10.10)

%Ar(n). Therefore, when we consider percolation w;, on a lattice scaled down by L(p),
that is, when we take n = 1/L(p), then (10.10) says that r(n) ~ |p — p¢| as p = pc,
hence L(p)’la)p is close to w,';c()» = 2) for p — p.+, and close to w,r;c(k = —2) for
P — pc—, as claimed. O

11. Markov property, associated semigroup

11.1. Simple Markov property for t — weo(t)
We wish to prove the following simple Markov property.

Theorem 11.1. The scaling limit of dynamical percolation is a simple Markov process
with values in (€, d y). Furthermore this process is reversible with respect to the mea-
sure Poo. Thus, one obtains a semigroup (P;);>0 on B(JC), the space of bounded Borel
measurable functions on (€, d ).

Proof. Fix 0 < s < t. We wish to prove that
Llwoo (1) | (oo ())o<u<s] = Llwoo(t) | woo(s)].

To prove this identity in law, we will build the limiting process wso(-) in a way which is

well-suited to the above conditioning. Instead of building our process using the critical

“slice” weo(t = 0), we will shift things so that the process is built from the slice woo ()

which by Proposition 9.7 is known to satisfy weo(s) ~ P as well. One proceeds as

follows (the details are omitted):

1. We sample woo(s) ~ Poo.

2. We choose € > 0 very small and consider u¢ = u€(wso(s)), the measure on the
e-pivotal points of ws (s) we have used continuously so far.

3. Knowing €, we sample the Poisson point processes PPP[; ;1 on DX[s, t] and PPPg ]
on D x [0, s] independently of each other and with respective intensity measures
nE(dx)dulyg ; and p€(dx)dulj g
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4. Using these two PPPs, we proceed as in Section 7 to construct a cadlag trajectory
[s,t] > u — oS, (1) and a “caglad” trajectory [0, s]1 3 u > @S, (s — u).

5. From the above construction, note that conditionally on we(s), these two processes
are conditionally independent. (This results from the fact that u¢ is measurable with
respect to weo () ~ Pso.)

6. As in the proof of Theorem 9.1, we obtain a limiting process [0, ] 3> u > @0 (1) as
€ — 0. The convergence is in probability in Sk, as € — 0, and the above conditional
independence property survives as € — 0. In particular,

Llwoo(t) | (oo ())o<uszs] = LIWoo (1) | @oo($)] = L{Woo(t) | @oo(s)].  (11.1)

7. As in Theorem 9.1, the process s (-) is the limiting law as n — 0 of [0, ¢] > u >

. .. . _ d
wy(u). By the uniqueness of the limit one has, as a process in Sk;, @0 () @ Woo ().

In particular, property (11.1) is satisfied for weo(+), which implies the desired simple
Markov property.

In order to obtain a proper Markov process together with its semigroup (P:);>0
on B(5€), one needs to be a bit more careful and define a random cadlag process start-
ing from any possible initial configuration @ € 5. So far, it is implicit in Theorems
7.3, 9.1 and Proposition 9.7 that we have only defined a random cadlag process almost
surely in the initial configuration w~(0) ~ P (for example, it could be that the mea-
sure u¢ = u€(weo) is infinite, which is an event of measure O and is thus included in
the event A€ introduced in the proof of Theorem 7.3). Formally, let B C 7 be the set
of initial configurations w such that almost surely in the additional randomness required
to sample the Poisson point processes PPP (€ (w)), the random trajectory ¢ — wgs (w)
converges to a limiting cadlag process in Sk (where the sequence ¢y, is the one used in the
proof of Theorem 9.1 to construct our limiting process). By the proofs of Theorems 7.3
and 9.1, we have P [B] = 1. As in the proof of Theorem 7.3, if the initial configuration
w is in B¢ C ¢, then we define our random process wo () to be the constant process
equal to w. Since we know from the above argument that starting from wx(t = 0), we
have wx () ~ Pyo, this construction implies that Plweo () € B€] = Poo[B€] = 0, which
is enough for the simple Markov property and the existence of a semigroup. Note that in
order to prove the strong Markov property, one would need to check (in particular) that
the set B is polar for the dynamics 0 < f > wo(?) starting at P,. See Remark 11.9 and
the question below. O

Remark 11.2. Note that this proof uses in an essential manner the invariance of P, P
as well as our way of producing a trajectory ws(-) in a measurable manner with respect
to an initial slice weo ( = 0).

11.2. Simple Markov property for A +— w35 (A)

It is tempting to claim that the simple Markov property is satisfied in the same fashion by
the near-critical process A > (S (1) since so far the dynamical and near-critical regimes
did share the same level of difficulty. This is no longer the case here. The additional
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difficulty in the near-critical case is due to the fact that the law P, is not invariant along
the process A > wiS(A). In particular, the above proof for the simple Markov property
of t — wuo (1) does not work in the near-critical setting. Nevertheless, we can prove that
the simple Markov property holds for wJS(-):

Theorem 11.3. The scaling limit of near-critical percolation A +— w3S(X) is a simple
Markov process with values in (€, d ).

This scaling limit may seem to be an inhomogeneous Markov process in .7Z. It is not (the
asymmetry comes from the non-reversible nature of the near-critical dynamics).

Theorem 11.4. A — wiS(1) is a homogeneous non-reversible Markov process.

Proof. For any fixed —oo < A1 < Ay < 00, we wish to show that
LIwgs(2) | (@55 M)aza 1 = LIwZS (A2) | @5 (A1

The strategy we wish to follow is the same as the one used for dynamical percolation,
i.e. to build the process w{S(-) from the near-critical slice w0 (A1) instead of the criti-
cal one wiS (A = 0). The same approach works but several non-trivial steps need to be
checked/adapted.

1. Now that w$(A1) is well-defined, one can sample such a near-critical slice. We will
denote wS(A) ~ P oo.

2. We need an analog of the measure «¢ which was defined in a measurable manner with
respect to ws ~ Poo except that here w5(A1) follows a different law. This means
that the work done in [GPS13] to build a pivotal measure has to be extended to the
near-critical regime. We will show in Theorem 11.5 that for any A < - -+ < X, this is
the same measurable function (7, d ;) 2 w +— u¢(w) which gives the appropriate
pivotal measures respectively for the measures Py, oo, . . ., Py, oo. In this sense, The-
orem 11.5 implies that A — w(S(A) is indeed a homogeneous non-reversible Markov
process as stated in Theorem 11.4.

3. Once the work from [GPS13] is extended thanks to Theorem 11.5, it remains to check
that all the proofs of the present paper do extend to this regime. The main things to be
checked are the stability Section 8 as well as the arguments from the discrete case used
everywhere in Sections 6 and 7. It is is easy to check that Proposition 11.6 enables us
to extend these sections to the near-critical regime.

4. With these extensions at hand, the proof used for the simple Markov property of the
dynamical percolation ws (-) works in the same manner.

To prove Theorems 11.3 and 11.4 following the same strategy as for dynamical percola-
tion, we are thus left with the following two statements.

Theorem 11.5. For any —0o0 < A1 < --- < A, < 00 and any € > 0, one can define a
measure 1€ which is Borel measurable with respect to w € (€, d ) and such that for
any A € {Ai}1<i<n

(@ (), 1 (@]°00) Y (@), 1 @IS0 asn — 0.
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Proposition 11.6. For any A € R:

(1) As n — O, the separation of arms phenomenon holds for w, (1) up to scales of order
O(1). In particular, for any scale R > 0, there is a constant Cg € (0, 00) such that
forany O < ry < ry <r3 < R and uniformly inn < ry,

Cr Pl (M) € Ay(r1.73)] < Plo)°(L) € As(r1. r)IP[o)°(A) € Ay(ra.r3)]
< CrPloy= (M) € Aa(r1, r3)].

(2) There is an € > 0 (independent of A) such that for any R > O, there is a constant
C = Cp,) < oo such that for any 0 < r < R one has, uniformly inn <,

Plw, () € Ag(r, R)] < C(r/R)**,

and the probability of a 3-arm event for w, () in H between radii r and R is bounded
above by C(r/R)2 uniformly inn <r.

In fact, Theorem 11.5 will partly rely on Proposition 11.6. Hence we start with a sketch
of proof of the latter.

Sketch of proof of Proposition 11.6. (1) follows from the fact that if one fixes a macro-
scopic scale R > 0 as well as a A € R, then the RSW Theorem holds for rectangles of
diameter bounded by R. This can be seen for example by using the results on the cor-
relation length by Kesten (see the discussion in Subsection 10.2). Once we have a RSW
Theorem, separation of arms as well as the quasi-mutliplicativity property can be estab-
lished below the scale R by classical arguments (see for example [We09, NO8a]).

There are two ways to see why (2) holds: either by generalizing Lemma 8.4 to the
case of these arm events, or by using the fact that a RSW Theorem classically implies that
the plane 5-arm exponent and the half-plane 3-arm exponent are equal to 2. The 6-arm
estimate then follows from Reimer’s inequality. O

Sketch of proof of Theorem 11.5. As in [GPS13], we fix an annulus A and we wish to
construct a measure u? = 4 (@3S (1)) which is the limit in law of the counting measures
for w,';c(k) on its A-pivotal points. When A = 0 (i.e. the critical case), this measure was

well-approximated (in the L sense) on the discrete lattice 7T by a deterministic constant
times the number Y of mesoscopic squares of size € which intersect the set of A-pivotal
points. (Note that the parameter € does not play the same role in [GPS13] and in the
present paper.) This deterministic constant was given by

B =B, €) :=Elxo | Ao(2¢, 1],

where we use the same notations as in [GPS13]. The same strategy/proof as in [GPS13]
applies in the present near-critical case except that some work is needed to identify the
deterministic constant 8, = B, (n, €) when L # 0. Two issues in particular need to be
addressed:

1. First of all, in order to obtain the same measurable map w +—> pcA (w), whatever A is,
one needs to show that as € and n/e go to zero, one has

Br(n, €) ~ B, €). (11.2)
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The fact that the proportional factor 8, is asymptotically identical to the critical case
ensures that the measurable map 1+ (-) does not depend on A.

2. One of the main technical problems that arises in [GPS13] comes from the fact that
there is an additional conditioning that one needs to handle and the proportional factor
that is eventually used is the following one (in notations from [GPS10]):

B =B, e :=Elxy | AoQe, 1), Uy = 11.

Lemma 4.7 in [GPS13] shows that 8 = ,3(1 4 o(1)) as € and n/e go to zero. Un-
fortunately, the proof of that lemma does not apply in our case since it relies on a
color-switching argument which only works if A = 0.

From the above construction, Theorem 11.5 is proved exactly as the main theorem in
[GPS13] (with the use, when needed, of the estimates from Proposition 11.6), assuming
that the following lemma holds:

Lemma 11.7. Fix A € R. With the same notations as in [GPS13], let

Pr = Pr(n, €) := Elxo(wp®(1)) | Ao(2e, D],
Br. = Br.(n, €) == Elxo(wp(V) | Ao(2¢, 1), Up = 1].

Then as € and n /e tend to zero, we have B ~ B ~ ,BA;L.

Proof. Assume without loss of generality that A > 0. Let us start with the first equiv-
alence, Bo ~ B,. By using the same technique as in [GPS13], i.e. a coupling argument
based on a near-critical RSW, it is easy to show that as € and /e go to zero,

E[xo(0p° (1)) | Ao(2¢, D] ~ Elxo(w; (W) | Ao(2€, Vé)l.

The reason is that one has many logarithmic scales between radii 2¢ and /€ in order to
couple the two conditional measures. The same argument shows that as €, n/e — 0,

E[xo(w)(1) | Ao(2¢, 1), Up = 1] ~ Elxo(wy“() | Ao(2¢, Ve), Up = 11.  (11.3)

This step is important: it explains why B ~ B, as the A near-critical effect is almost
invisible on the scale Ap(2¢, /€) (as will be shown in Lemma 11.8 below). We will
analyse separately the numerators and denominators
E[xo(w}(M) N Ao(2e, /6)]

Plol<(1) € Ag(2e, Vo)

As is shown in [GPS13, Lemma 4.12], the numerator is well-approximated by
aty(n, /€)
aty(2e, /€)

(see the notations in [GPS13]). The only ingredient to prove this estimate is the fact that
the 3-arm exponent in H is 2 and this is still the case when A # 0 by Proposition 11.6.
We now wish to show the following lemma.

E[xo(0p (1)) | Ao(2¢, Ve)] =

€/ (11.4)
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Lemma 11.8. For any fixed A > 0,

afj(?], Je) ~ aOD(n, Je) ase nje — 0.
Proof of Lemma 11.8. There are two ways to see why this lemma holds:

1. One way is to notice that it follows from the proof of Lemma 8.4. Indeed, the latter
lemma already gives a}é (n, J/€) < OtOD (1, J/€), but it is easy tq check that if one stops
the double induction 0 < i < j at alevel j such that r; = 2/n < ,/n < 1, then as
n < € — 0 one obtains constants in Lemma 8.4 as close to 1 as one wishes.

2. One may also use the differential inequalities from [Ke87] (see also [We09]) and use
the fact that the correlation length at level A > 0 is much larger than /€. O

Now, exactly as in this last lemma, one also has

aty(2e, /€) ~ a (26, V€) ase, n/e — 0.

Thus one obtains the first asymptotic relation 8 ~ B, in Lemma 11.7. For the second,
since we already know from [GPS13, Lemma 4.7] that ,3 ~ B, we only need to check that
,BA;L(n, €) ~ ﬁo(n, €) as €, /e — 0. This is done in the same manner as for 8 ~ B, i.e.,
by first relying on an approximation such as (11.4), and then using the proof of Lemma 8.4
(the additional condition that Uy = 1 is handled while following the proof of Lemma 8.4,
namely if from w,;(0) to w; (1) one passes from Uy = 0 to U; = 1, it also means that a
pivotal point has been used, as in the double induction proof of Lemma 8.4). This finishes
the proof of Lemma 11.7 and Theorem 11.5. O

Remark 11.9. Let us end this section by pointing out that the simple Markov processes
t = weo(t) and A — wx(A) are not Feller processes! Indeed, it is not hard to build
two configurations w ~ Po and o’ € 57 with d (w, ®') < 1 and with pivotal mea-
sures very far apart, which then induces very different dynamics starting from these ini-
tial points. Not being Feller does not exclude the possibility of having the strong Markov
property, but it certainly makes it harder to prove:

Question 11.10. Ist — wso(t) a strong Markov process?

12. Noise sensitivity and exceptional times

We will start by establishing in Subsection 12.1 an analog in our continuous setting of
the noise sensitivity results obtained for dynamical percolation in [GPS10]. We will then
use the noise sensitivity of the process t > wqo(?) in order to obtain the a.s. existence of
exceptional times for which there is an infinite cluster in weo (¢).

12.1. Noise sensitivity for t — woo(t)

Theorem 12.1. For any Q € O, there is a constant C = Cg < oo such that for any
t >0,
Covllg, (@ (0)). 18 (@so(1)] < Cor ™.
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Proof. From [GPS10, (7.6) or (8.7)], one easily obtains

lim sup Cov[1g,, (@, (0)), 15, (@, ()] < t7>/>.

n—0
Now, following the same proof as in Theorem 9.5 and Proposition 9.6, one can show that

Plw, (0), w, (1) € Byl = P00 (0), 00 (t) € Bgl.

Note that the difficulty here, as in Theorem 9.5, is to handle the possibility of a sudden
change before/after ¢, which would be almost invisible under the Skorokhod distance from
Definition 4.2. O

Similarly, one has the following radial decorrelation result:

Theorem 12.2. For any 0 < r < R, let f; r be the indicator function of the event
Ai(r, R) defined in Subsection 2.5. There is a constant C < o0 such that for all 0 < r
< Randforanyt < r=3/4
E[fr. 2 (000 (0) fr. (@00 ()] < Cay (r, t~*3)a (1743, R)?
< Cr/M=38%, (r, R)? (12.1)

This is proved along the same lines as Theorem 12.1, by relying in particular on a two-
scale version of [GPS10, Theorem 7.3].

Remark 12.3. Theorem 12.1 hints that the Markov process ¢ — wo(¢) should be er-
godic. We believe that this is indeed be the case, but in order to prove it, we would need
to control the decorrelation (or noise sensitivity) of events like Hp, N ECQz’ and these are
not monotone, which prevents us from using the results and techniques from [GPS10].

12.2. Exceptional times at the scaling limit

Theorem 12.4. Almost surely, there exist exceptional times t such that there is an infinite
cluster in wso (t). Furthermore, if € C (0, 00) denotes the random set of such exceptional
times, then & is almost surely of Hausdorff dimension 31/36.

Proof. In this proof, we will denote the radial event f,—; g from Theorem 12.2 simply
by fr. Let Xp = fol fr(woo(s)) ds. By definition, we have E[Xg] = a1(1, R) =
R/ Asin [SS11, GPS10], one has
1 1
E[X}] <2 fo ELf k(@ (O) fr(@x()]ds =< zc( /O 5513 ds)oq(l, R)?
< CE[Xg].

By the standard second moment method, liminfgr_,oc P[Xz > 0] > 0. Since the events
{Xg > 0} are decreasing in R, by countable additivity one obtains

P[ﬂ{XR > 0}] > 0. (12.2)
R
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If for each radius R, the random set of times { € [0, 1] : wxo(t) € A;(1, R)} were
a.s. a compact set, the estimate (12.2) would readily imply the existence of exceptional
times. Unfortunately, our process f > wqo(f) is cadlag. One can still argue by using a
similar trick to the case of (discrete) dynamical percolation: Since ¢ — wso(?) is cadlag,
let {tf},-z 1 U {t; }i>1 denote its countable set of discontinuities in [0, 1], where each
discontinuity is marked + if wso(t—) < woo(t+) (i.e. the pivotal point responsible for
the discontinuity turned open) and is marked — otherwise. Let us consider the trajectory
t > (oo (t) which is identical to f > weo(?) outside of [ J#;, and on [ J¢; it is defined
by @0 (1) := lims_,0 weo (# — 8). For this process, one has decreasing compact sets as R
increases and the above proof leads to the existence of exceptional times for t > o (7).
Since by construction ws(t) < @ (t), there still could be exceptional times for wso (+)
but not for weo(+). The purpose of [HPS97, Lemma 3.2] is to overcome this problem in the
classical (discrete) model. It turns out that one can adapt the proof to our present setting
as follows. Divide the plane R2 into disjoint squares Qp m = [n,n+1) x [m, m+1). Let
{t}"’”} C [UJ{#;} be the set of discontinuities which correspond to a pivotal point in Q, .
Since the event of having an infinite cluster in wx(¢) is independent of what happens in
each fixed square O, ,,, by countable additivity of {t;"’"} one concludes that a.s. there are
no times 7" such that & (t;”’") has an infinite cluster. This implies that if > @0 (t)
has exceptional times, then all of these a.s. arise outside of the discontinuity points.
Finally, the fact that £ is a.s. of Hausdorff dimension 31/36 follows in a classical way
from the r~>/3¢ estimate in the correlation bound (12.1), as is explained for example in
[SS10] or in [GPS10]. O

It was pointed out at the end of [HMP12] that although the dimension of the exceptional
times coincides for the discrete and the continuum dynamical percolation processes, the
tail behavior of the time until the first exceptional time seems to be different: it is proved
to be exponentially small for the discrete process, but is conjecturally only subexponential
in the scaling limit.

13. Miscellaneous: gradient percolation, near-critical singularity, Loewner drift

13.1. Gradient percolation

In [NO8b], the author considers the following gradient percolation model: in the domain
[0, 1], consider an inhomogeneous percolation model on (1/7)TN[0, 1]*> with parameter
p() = Im(z2),z € [0, 112. As 1/n — 0, it is straightforward to check that there is
an interface between open and closed hexagons which localizes near the horizontal line
y = p. = 1/2. This interface between the two phases is called the front. Various critical
exponents of this front are studied in [NO8b]; in particular, its typical distance from the
midline was proved to be f(n)/n = n*/7°(W) /n; the exact definition for f(n) should be

f(n)_<1> 13.1
" =r ) (13.1)

It is furthermore conjectured in [NO8b] that the front properly renormalized should have
an interesting scaling limit, which is what we wish to discuss now. More than just the front
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itself, we can also prove the existence of a scaling limit for the entire gradient percolation
configuration (see Theorem 13.2 below). Then the front itself will be a measurable func-
tion of this scaling limit, in the same way as the SLEg trace is measurable with respect to
W € F, as proved in [GPS13, Corollary 2.13].

Before stating a theorem, just as in near-critical percolation, one needs to renormalize
gradient percolation in a suitable manner:

Definition 13.1. For each n > 0, let a);"’,r be the percolation model on nT with inhomoge-
neous parameter p(z) = p. + —1/2 Vv Im (z)r(n) A 1/2. This w%r is exactly a scaled and
centered copy of the above gradient percolation with n = 1/f (n), as follows from (13.1).

Theorem 13.2 (Scaling limit of gradient percolation). There is a random variable
wS, € S = Az, the continuum gradient percolation, such that
d
w%rQ)wgg asn — 0.

Furthermore, this gradient percolation wS, corresponds to the inhomogeneous near-

critical wQS""()\ = 1) with ¢ (2) := Im (z) defined in Definition 10.1.
Proof. The proof is rather straightforward at this stage: it is enough to notice that a)%r is

well-approximated by wgc’d)(k = 1) with ¢(z) = Im(z) and then to rely on the near-
critical version of Theorem 10.2 as well as on an easy generalization of Proposition 9.6

to deal with the convergence of the latter. The details are omitted. O

We end this subsection with the measurability of the front. First of all, from the proof of
Theorem 10.7, we see that a.s. for wg, there is an infinite cluster in the upper half-plane
and a dual infinite cluster in the lower half-plane, which suggests an interface (or front)
Yoo between these two. Indeed, for any O < r < R, consider the subset of the plane

Frr:={zeC: 0 € Ao(z,r, R)}.

In other words, F; g is the set of points in C which have a 2-arm (one dual, one pri-
mal) in the Euclidean annulus A(x, r, R). Now, it is not hard to show using the proof of
Theorem 10.7 that the set

Yoo = m F.r

O<r<R<oo
is non-empty, and just as in [GPS13, Corollary 2.13], it is measurable with respect to the
gradient percolation scaling limit. We stress here that this is only the set of points in
the front, without an ordering that would give the front as a curve. See also [GPS13,
Question 2.14].

13.2. Singularity of wso (L) with respect to wso(0)
The main result in [NW09] may be stated as follows:

Theorem 13.3 ([NWO09]). Let A # 0. Consider the interface y;, (1) in the upper half-
plane nT N H for the near-critical configuration a){,‘c(k). Then any subsequential scaling
limit for {y, (M)}, is singular with respect to the SLE¢ measure, the scaling limit of y; (0).
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Note that in this paper we obtain a scaling limit for a){;c(k), and exactly as in [GPS13,
Corollary 2.13], the trace of the interface in the upper half-plane is measurable with re-
spect to this scaling limit. However, we have not proved the measurability of the interface
as a curve (see [GPS13, Question 2.14]), hence the subsequential limits in the above the-
orem are not exactly known yet to be an actual limit. On the other hand, in the spirit of
this theorem, we prove the following singularity result:

Theorem 13.4. Let A # 0. Then the near-critical continuum percolation wfs (L) is sin-
gular with respect 10 W = Wxo(0) ~ Poo.

Remark 13.5. 1. Note that such a result does not imply Theorem 13.3. Indeed, it could
well be that w$(1) and w5(0) are singular but their interfaces look “similar”. In this
sense, the singularity result provided by Theorem 13.3 is much finer than ours.

2. This singularity result has been proved independently and prior to our work by
Simon Aumann [Aul4], but with a seemingly more complicated approach.

Proof of Theorem 13.4. We wish to find a measurable event A such that P[wS(1) € A,
wl$(0) ¢ A] = 1. Let us start with the following lemma:

Lemma 13.6. Fix A > 0. Denote by B,, the crossing event which corresponds to the quad
0. =10, ul?. There is a constant ¢ = ¢;, > 0 such that for any u € (0, 1],

PlwlS(h) € B,] > 1/2 4 cu’/*.
Proof of Lemma 13.6. Using Theorem 9.5, we obtain

PlolS(M) € B,] = lim Plw)°() € B,].
n—0
Now, by the standard monotone coupling, uniformly as u — 0 and n/u — 0,

Plw;“(1) € Bu] — Pl (0) € B,]

> (1-— e_)‘)nzaZ(n, 1)_1 Z %P;Lzo[x is pivotal for Hj ]
xenTNQy,

= (1= e™MHWrtey . D™ Py e (n, u)
> (1 —e M), )™ > —eMu,
where C > 0 is some universal constant. The second inequality is obtained by the clas-

sical separation of arms phenomenon plus RSW (see for example [GS12, Chapter VI]).
The third inequality relies on the multiplicativity property. The last one uses [SWO1]. O

Consider now the square [0, 1]2 and for each n > 1, divide this square into n? squares of
side length 1/n. For each such square Q, by the previous lemma,

P[0S(2) € Bol = Plwl<(A) € Bi/ul = can™/4.
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Let A, be the event that there are at least n?/2 + %c;\ns/ 4 squares in the above 1/n-
grid which are crossed horizontally. Since these events are independent, by a classical
Hoeffding inequality, one can find a constant a; > 0 such that

Pi[A,] > 1 —a; 'exp(—aiv/n),  PolAn] < a; ' exp(—az/n).

Clearly, the event A := |J N>1 ﬂnz ~ An is measurable, and by the Borel-Cantelli lemma
it satisfies P[wS (1) € A, wiS(0) ¢ A] = 1, as desired. O

13.3. A conjecture on the Loewner drift

We present here a conjectural SDE for the driving function of the so-called massive
chordal SLEg: the Loewner chain of the scaling limit of the interface in near-critical
percolation at p = p. + Ar(n) in the upper half-plane, with open hexagons on the left
boundary and closed ones on the right. As mentioned in Subsection 1.4, a general dis-
cussion of massive SLE, ’s, with focus on some special values of « other than 6, can be
found in [MS10].

Since zooming in spatially is equivalent to moving A closer to 0, we expect the driving
function to be of the form

dW, = V6dB, +dA,, (13.2)

where B; is Brownian motion and A; is a monotone drift, increasing for A > 0 and
decreasing for A < 0. In other words, we expect W; to be a submartingale when A > 0.
This property does not seem to be obvious, and will be analyzed in [GP]. We conjecture
the following precise form for the monotone drift A;:

dA; = I Ady Y *dw,| = I Ady ¥ a2, (13.3)

where |dy;| stands for the infinitesimal Euclidean increment length performed by the
curve y;. Prior to proving a scaling limit of massive SLE¢g towards this Loewner chain,
making sense of a Loewner chain with such a degenerate drift already appears like a
challenging mathematical problem. The intuition behind this conjecture will be discussed
in more depth in [GP].

Acknowledgments. We wish to thank Juhan Aru, Vincent Beffara, Itai Benjamini, Nathanael Beres-
tycki, Cédric Bernardin, Federico Camia, Hugo Duminil-Copin, Alan Hammond, Emmanuel Jacob,
Milton Jara, Grégory Miermont, Pierre Nolin, Leonardo Rolla, Charles Newman, Mika¢l de 1a Salle,
Stanislav Smirnov, Jeff Steif, Vincent Tassion and Wendelin Werner for many fruitful discussions
through the long elaboration of this work. We also wish to thank Alan Hammond as well as an
anonymous referee for their very detailed comments.

C. Garban was partially supported by the ANR grants MAC2 10-BLAN-0123 as well as LIOU-
VILLE ANR-15-CE40-0013.

G. Pete was partially supported by the Hungarian National Research, Development and Innova-
tion Office, NKFIH grant K109684, and the MTA Rényi “Lendiilet” Limits of Structures Research
Group.



1266

Christophe Garban et al.

References

[ABG12]

[ABGM13]

[Ai98]

[ABNW99]

[Aul4]
[BKN15]
[BROG]

[BCKSO1]

[CFN06]

[CGNI15]

[CGN16]

[CNO6]
[Ca%96]

[CHI12]

[DSV09]

[DC13]

[DGP14]

[EK86]

Addario-Berry, L., Broutin, N., Goldschmidt, C.: The continuum limit of critical ran-
dom graphs. Probab. Theory Related Fields 152, 367406 (2012) Zbl 1239.05165
MR 2892951

Addario-Berry, L., Broutin, N., Goldschmidt, C., Miermont, G.: The scaling limit
of the minimum spanning tree of the complete graph. Ann. Probab. 45, 3075-3144
(2017) Zbl 06812201 MR 3706739

Aizenman, M.: Scaling limit for the incipient spanning clusters. In: Mathematics
of Multiscale Materials (Minneapolis, MN, 1995-1996), IMA Vol. Math. Appl. 99,
Springer, New York, 1-24 (1998) Zbl 0941.74013 MR 1635999

Aizenman, M., Burchard, A., Newman, C., Wilson, D.: Scaling limits for minimal and
random spanning trees in two dimensions. Random Structures Algorithms 15, 319—
367 (1999) Zbl 0939.60031 MR 1716768

Aumann, S.: Singularity of full scaling limits of planar near-critical percolation.
Stochastic Process. Appl. 124, 3807-3818 (2014) Zbl 1297.60061 MR 3249356

van den Berg, J., Kiss, D., Nolin, P.: Two-dimensional volume-frozen percolation:
deconcentration and prevalence of mesoscopic clusters. arXiv:1512.05335 (2015)

Bollobds, B., Riordan, O.: Sharp thresholds and percolation in the plane. Random
Structures Algorithms 29, 524-548 (2006) Zbl 1106.60079 MR 2268234

Borgs, C., Chayes, J. T., Kesten, H., Spencer, J.: The birth of the infinite clus-
ter: finite-size scaling in percolation. Comm. Math. Phys. 224, 153-204 (2001)
Zbl 1038.82035 MR 1868996

Camia, F., Fontes, L. R., Newman, C. M.: The scaling limit geometry of near-
critical 2D percolation. J. Statist. Phys. 125, 1159-1175 (2006) Zbl 1119.82027
MR 2282484

Camia, F., Garban, C., Newman, C. M.: Planar Ising magnetization field I. Unique-
ness of the critical scaling limit. Ann. Probab. 43, 528-571 (2015) Zbl 1332.82012
MR 3305999

Camia, F., Garban, C., Newman, C. M.:. Planar Ising magnetization field II. Properties
of the critical and near-critical scaling limits. Ann. Inst. H. Poincaré Probab. Statist.
52, 146-161 (2016) Zbl 1338.82009 MR 3449298

Camia, F., Newman, C. M.:. Two-dimensional critical percolation: the full scaling
limit. Comm. Math. Phys. 268, 1-38 (2006) Zbl 1117.60086 MR 2249794

Cardy, J.: Scaling and Renormalization in Statistical Physics. Cambridge Univ. Press
(1996) Zbl 0914.60002 MR 1446000

Chelkak, D., Hongler, C., Izyurov, K.: Conformal invariance of spin correlations in
the planar Ising model. Ann. of Math. 181, 1087-1138 (2015) Zbl 1318.82006
MR 3296821

Damron, M., Sapozhnikov, A., Vagvolgyi, B.: Relations between invasion percola-
tion and critical percolation in two dimensions. Ann. Probab. 37, 2297-2331 (2009)
Zbl 1247.60134 MR 2573559

Duminil-Copin, H.: Limit of the Wulff crystal when approaching criticality for site
percolation on the triangular lattice. Electron. Comm. Probab. 18, no. 93, 9 pp. (2013)
Zbl 1307.82005 MR 3151749

Duminil-Copin, H., Garban, C., Pete, G.: The near-critical planar FK-Ising model.
Comm. Math. Phys. 326, 1-35 (2014) Zbl 1286.82003 MR 3162481

Ethier, S. N., Kurtz, T. G.: Markov Processes. Wiley, New York (1986)
Zbl 0592.60049 MR 0838085


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1239.05165&format=complete
http://www.ams.org/mathscinet-getitem?mr=2892951
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06812201&format=complete
http://www.ams.org/mathscinet-getitem?mr=3706739
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0941.74013&format=complete
http://www.ams.org/mathscinet-getitem?mr=1635999
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0939.60031&format=complete
http://www.ams.org/mathscinet-getitem?mr=1716768
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1297.60061&format=complete
http://www.ams.org/mathscinet-getitem?mr=3249356
http://arxiv.org/abs/1512.05335
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1106.60079&format=complete
http://www.ams.org/mathscinet-getitem?mr=2268234
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1038.82035&format=complete
http://www.ams.org/mathscinet-getitem?mr=1868996
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1119.82027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2282484
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1332.82012&format=complete
http://www.ams.org/mathscinet-getitem?mr=3305999
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1338.82009&format=complete
http://www.ams.org/mathscinet-getitem?mr=3449298
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1117.60086&format=complete
http://www.ams.org/mathscinet-getitem?mr=2249794
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0914.60002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1446000
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1318.82006&format=complete
http://www.ams.org/mathscinet-getitem?mr=3296821
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1247.60134&format=complete
http://www.ams.org/mathscinet-getitem?mr=2573559
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1307.82005&format=complete
http://www.ams.org/mathscinet-getitem?mr=3151749
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1286.82003&format=complete
http://www.ams.org/mathscinet-getitem?mr=3162481
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0592.60049&format=complete
http://www.ams.org/mathscinet-getitem?mr=0838085

The scaling limits of near-critical and dynamical percolation 1267

[GP]
[GPS10]

[GPS10b]

[GPS13]

[GPS18]

[GS12]

[Gri99]
[HPS97]

[HMP12]

[HPS15]

[Ka02]
[Ke80]
[Ke87]

[KZ87]

[Kil5]
[LSW02]

[MS10]

[NO8a]
[NO8b]
[NWO09]

[On44]

Garban, C., Pete, G.: On the Loewner drift of massive SLEg. In preparation

Garban, C., Pete, G., Schramm, O.: The Fourier spectrum of critical percolation. Acta
Math. 205, 19-104 (2010) Zbl 1219.60084 MR 2736153

Garban, C., Pete, G., Schramm, O.: The scaling limit of the minimal spanning tree—
a preliminary report. In: XVIth International Congress on Mathematical Physics,
World Sci., Hackensack, NJ, 475-480 (2010) MR 2730797

Garban, C., Pete, G., Schramm, O.: Pivotal, cluster and interface measures for crit-
ical planar percolation. J. Amer. Math. Soc. 26, 939-1024 (2013) Zbl 1276.60111
MR 3073882

Garban, C., Pete, G., Schramm, O.: The scaling limits of the minimal spanning tree
and invasion percolation in the plane. Ann. Probab., to appear; arXiv:1309.0269

Garban, C., Steif, J. E.. Noise sensitivity and percolation. In: Probability and Statistical
Physics in Two and More Dimensions (Btzios, 2010), Clay Math. Proc. 15, Amer.
Math. Soc., 49-154 (2012)

Grimmett, G.: Percolation. 2nd ed., Grundlehren Math. Wiss. 321, Springer, Berlin
(1999) Zbl 0926.60004 MR 1707339

Higgstrom, O., Peres, Y., Steif, J. E.: Dynamical percolation. Ann. Inst. H. Poincaré
Probab. Statist. 33, 497-528 (1997) Zbl 0894.60098 MR 1465800

Hammond, A., Mossel, E., Pete, G.: Exxit time tails from pairwise decorrelation
in hidden Markov chains, with applications to dynamical percolation. Electron. J.
Probab. 17, art. no. 68, 16 pp. (2010) Zbl 1260.60151 MR 2968675

Hammond, A., Pete, G., Schramm, O.: Local time on the exceptional set of dynamical
percolation, and the Incipient Infinite Cluster. Ann. Probab. 43, 2949-3005 (2015)
Zbl 1341.60128 MR 3433575

Kallenberg, O.: Foundations of Modern Probability. 2nd ed., Springer, New York
(2002) Zbl 0996.60001 MR 1876169

Kesten, H.: The critical probability of bond percolation on the square lattice equals
1/2. Comm. Math. Phys. 74, 41-59 (1980) Zbl 0441.60010 MR 0575895

Kesten, H.: Scaling relations for 2D-percolation. Comm. Math. Phys. 109, 109-156
(1987) Zbl 0616.60099 MR 0879034

Kesten, H., Zhang, Y.: Strict inequalities for some critical exponents in two-
dimensional percolation. J. Statist. Phys. 46, 1031-1055 (1987) Zbl 0683.60081
MR 0893131

Kiss, D.: Frozen percolation in two dimensions. Probab. Theory Related Fields 163,
713-768 (2015) Zbl 1331.60183 MR 3418754

Lawler, G. F., Schramm, O., Werner, W.: One-arm exponent for critical 2D percola-
tion. Electron. J. Probab. 7, no. 2, 13 pp. (2002) Zbl 1015.60091 MR 1887622
Makarov, N., Smirnov, S.: Off-critical lattice models and massive SLEs. In: XVIth
International Congress on Mathematical Physics, World Sci., Hackensack, NJ, 362—
371 (2010) Zbl 1205.82055 MR 2730811

Nolin, P.: Near-critical percolation in two dimensions. Electron. J. Probab. 13, 1562—
1623 (2008) Zbl 1189.60182 MR 2438816

Nolin, P.: Critical exponents of planar gradient percolation. Ann. Probab. 36, 1748—
1776 (2008) Zbl 1187.60086 MR 2440922

Nolin, P., Werner, W.: Asymmetry of near-critical percolation interfaces. J. Amer.
Math. Soc. 22, 797-819 (2009) Zbl 1218.60088 MR 2505301

Onsager, L.: Crystal statistics. I. A two-dimensional model with an order-disorder
transition. Phys. Rev. (2) 65, 117-149 (1944) Zbl 0060.46001 MR 0010315


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1219.60084&format=complete
http://www.ams.org/mathscinet-getitem?mr=2736153
http://www.ams.org/mathscinet-getitem?mr=2730797
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1276.60111&format=complete
http://www.ams.org/mathscinet-getitem?mr=3073882
http://arxiv.org/abs/1309.0269
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0926.60004&format=complete
http://www.ams.org/mathscinet-getitem?mr=1707339
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0894.60098&format=complete
http://www.ams.org/mathscinet-getitem?mr=1465800
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1260.60151&format=complete
http://www.ams.org/mathscinet-getitem?mr=2968675
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1341.60128&format=complete
http://www.ams.org/mathscinet-getitem?mr=3433575
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0996.60001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0441.60010&format=complete
http://www.ams.org/mathscinet-getitem?mr=0575895
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0616.60099&format=complete
http://www.ams.org/mathscinet-getitem?mr=0879034
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0683.60081&format=complete
http://www.ams.org/mathscinet-getitem?mr=0893131
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1331.60183&format=complete
http://www.ams.org/mathscinet-getitem?mr=3418754
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1015.60091&format=complete
http://www.ams.org/mathscinet-getitem?mr=1887622
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1205.82055&format=complete
http://www.ams.org/mathscinet-getitem?mr=2730811
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1189.60182&format=complete
http://www.ams.org/mathscinet-getitem?mr=2438816
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1187.60086&format=complete
http://www.ams.org/mathscinet-getitem?mr=2440922
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1218.60088&format=complete
http://www.ams.org/mathscinet-getitem?mr=2505301
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0060.46001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0010315

1268

Christophe Garban et al.

[Po75]

[Pro56]

[RSO5]
[Sch00]

[Sch07]

[SS11]

[SS10]

[SmO1]

[SWO1]

[Tsi04]

[Tu40]

[We09]

[Wel5]

[Zi13]

Pommerenke, C.: Univalent Functions. Vandenhoeck & Ruprecht, Gottingen (1975)
Zbl 0298.30014 MR 0507768

Prokhorov, Yu. V.: Convergence of random processes and limit theorems in prob-
ability theory. Teor. Veroyatnost. i Primenen. 1, 177-238 (1956) (in Russian)
Zb1 0075.29001 MR 0084896

Rohde, S., Schramm, O.: Basic properties of SLE. Ann. of Math. (2) 161, 883-924
(2005) Zbl 1081.60069 MR 2153402

Schramm, O.: Scaling limits of loop-erased random walks and uniform spanning trees.
Israel J. Math. 118, 221-288 (2000) Zbl 0968.60093 MR 1776084

Schramm, O.: Conformally invariant scaling limits: an overview and a collection of
problems. In: International Congress of Mathematicians (Madrid, 2006), Vol. I, Eur.
Math. Soc., Ziirich, 513-543 (2007) Zbl 1131.60088 MR 2334202

Schramm, O., Smirnov, S.: On the scaling limits of planar percolation (with an
appendix by C. Garban). Ann. Probab. 39, 1768-1814 (2011) Zbl 1231.60116
MR 2884873

Schramm, O., Steif, J. E.: Quantitative noise sensitivity and exceptional times for per-
colation. Ann. of Math. (2) 171, 619-672 (2010) Zbl 1213.60160 MR 2630053
Smirnov, S.: Critical percolation in the plane: conformal invariance, Cardy’s for-
mula, scaling limits. C. R. Acad. Sci. Paris Sér. I Math. 333, 239-244 (2001)
Zbl 0985.60090 MR 1851632

Smirnov, S., Werner, W.: Critical exponents for two-dimensional percolation. Math.
Res. Lett. 8, 729-744 (2001) Zbl 1009.60087 MR 1879816

Tsirelson, B.: Scaling limit, noise, stability. In: Lectures on Probability The-
ory and Statistics, Lecture Notes in Math. 1840, Springer, Berlin, 1-106 (2004)
Zbl 1056.60009 MR 2079671

Tukey, J. W.: Convergence and Uniformity in Topology. Ann. of Math. Stud. 2, Prince-
ton Univ. Press, Princeton, NJ (1940) Zbl 66.0961.01 MR 0002515

Werner, W.: Lectures on two-dimensional critical percolation. In: Statistical Mechan-
ics, IAS/Park City Math. Ser. 16, Amer. Math. Soc., Providence, RI, 297-360 (2009)
Zbl 1180.82003 MR 2523462

Werner, W.: A simple renormalization flow for FK-percolation models. In: Geometry,
Analysis and Probability, in honour of J.-M. Bismut (Orsay, 2013), Progr. Math. 310,
Birkhéuser/Springer, 263-277 (2017) Zbl 1371.82047

Zinn-Justin, J.: Phase Transitions and Renormalization Group. Oxford Univ. Press
(2013) Zbl 1256.82001 MR 3186525


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0298.30014&format=complete
http://www.ams.org/mathscinet-getitem?mr=0507768
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0075.29001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0084896
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1081.60069&format=complete
http://www.ams.org/mathscinet-getitem?mr=2153402
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0968.60093&format=complete
http://www.ams.org/mathscinet-getitem?mr=1776084
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1131.60088&format=complete
http://www.ams.org/mathscinet-getitem?mr=2334202
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1231.60116&format=complete
http://www.ams.org/mathscinet-getitem?mr=2884873
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1213.60160&format=complete
http://www.ams.org/mathscinet-getitem?mr=2630053
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0985.60090&format=complete
http://www.ams.org/mathscinet-getitem?mr=1851632
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1009.60087&format=complete
http://www.ams.org/mathscinet-getitem?mr=1879816
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1056.60009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2079671
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:66.0961.01&format=complete
http://www.ams.org/mathscinet-getitem?mr=0002515
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1180.82003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2523462
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1371.82047&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1256.82001&format=complete
http://www.ams.org/mathscinet-getitem?mr=3186525

	1. Introduction
	1.1. Motivation
	1.2. Near-critical coupling
	1.3. Rescaled dynamical percolation
	1.4. Links to the existing literature
	1.5. Main statements
	1.6. Strategy of proof

	2. Space and topology for percolation configurations
	2.1. The space H of percolation configurations
	2.2. A topology on percolation configurations: the quad-crossing topology T
	2.3. On the metrizability of the topological space (H,T)
	2.4. Scaling limit of percolation in the sense of Schramm–Smirnov
	2.5. Measurability of arm events (GPS2a)
	2.6. Pivotal measures on the set of pivotal points (GPS2a)

	3. Notion of uniformity on the space H
	3.1. Uniform structure on a topological space
	3.2. Two useful coverings of (H,T)
	3.3. Two uniform structures on (H,T)
	3.4. How these two different uniform structures relate to each other

	4. Space and topology for càdlàg paths of percolation configurations
	5. Poisson point processes on the set of pivotal points
	5.1. Definition
	5.2. Properties of the point process PPP_T

	6. Networks associated to marked percolation configurations
	6.1. Formal definition of network
	6.2. Mesoscopic network
	6.3. How to associate a mesoscopic network to a configuration H
	6.4. Comparison of N_Qr(_) and N_Qr(_)
	6.5. Almost sure stabilization as r0 of the r-mesoscopic networks

	7. Construction of a continuum -cut-off dynamics
	7.1. Construction of the processes
	7.2. An extension lemma
	7.3. A coupling of _(t) with (_, PPP_T((_)))
	7.4. Comparison of _(t) with _(t)
	7.5. Proof of Theorem 7.3
	7.6. The process _() converges in probability towards _() in the Skorokhod space Sk_T
	7.7. The case of the near-critical trajectory _nc,()

	8. Stability property on the discrete level
	9. Proof of the main theorem
	9.1. Bounded domain D and finite time range [0,T]
	9.2. Main theorem in the near-critical case
	9.3. Extension to the full plane and infinite time range

	10. Conformal covariance property, the infinite cluster and correlation length of the n.c. model
	10.1. Conformal covariance of dynamical and near-critical percolations
	10.2. Infinite cluster and correlation length

	11. Markov property, associated semigroup
	11.1. Simple Markov property for t_(t)
	11.2. Simple Markov property for _nc()

	12. Noise sensitivity and exceptional times
	12.1. Noise sensitivity for t_(t)
	12.2. Exceptional times at the scaling limit

	13. Miscellaneous: gradient percolation, near-critical singularity, Loewner drift
	13.1. Gradient percolation
	13.2. Singularity of _() with respect to _(0) 
	13.3. A conjecture on the Loewner drift

	References

