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Abstract. We study the Cauchy problem for first-order quasi-linear systems of partial differential
equations. When the spectrum of the initial principal symbol is not included in the real line, i.e.,
hyperbolicity is violated at initial time, the Cauchy problem is strongly unstable in the sense of
Hadamard. This phenomenon, which extends the linear Lax—Mizohata theorem, was explained by
G. Métivier [Contemp. Math. 368, 2005]. In the present paper, we are interested in the transition
from hyperbolicity to non-hyperbolicity, that is, the limiting case where hyperbolicity holds at ini-
tial time, but is violated at positive times: under that hypothesis, we generalize a recent work by
N. Lerner, Y. Morimoto and C.-J. Xu [Amer. J. Math. 132 (2010)] on complex scalar systems, as
we prove that even a weak defect of hyperbolicity implies a strong Hadamard instability. Our exam-
ples include Burgers systems, Van der Waals gas dynamics, and Klein—-Gordon—Zakharov systems.
Our analysis relies on an approximation result for pseudo-differential flows, proved by B. Texier
[Indiana Univ. Math. J. 65 (2016)].
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1. Introduction

We study well-posedness issues in Sobolev spaces for the Cauchy problem for first-order,
quasi-linear systems of partial differential equations:

du+ Y At x.w)dgu = F(t,x,u), (1.1)
1<j=d

wheret > 0, x € RY, u(t,x) € RY, the maps A; are smooth from R x Rz X RMN to the
space of N x N real matrices and F is smooth from Ry x R? x RY into RV,

We prove a general ill-posedness result in Sobolev spaces for the Cauchy problem
for (1.1), under an assumption of a weak defect of hyperbolicity that describes the tran-
sition from hyperbolicity to ellipticity. This extends recent results of G. Métivier [16]
and N. Lerner, Y. Morimoto and C.-J. Xu [12]. Here “well-posedness” is understood in
the sense of Hadamard [4], meaning existence and regularity of a flow; “hyperbolicity”,
as discussed in Section 1.1, means reality of the spectrum of the principal symbol; and
“ellipticity” corresponds to existence of non-real eigenvalues for the principal symbol.

We begin this introduction with a discussion of hyperbolicity and well-posedness
(Section 1.1), then give three results: Theorem 1.2 describes ill-posedness of elliptic
initial-value problems, while Theorems 1.3 and 1.6 are ill-posedness results for systems
undergoing a transition from hyperbolicity to ellipticity. These results are illustrated in a
series of examples in Section 1.5. Our main assumption (Assumption 2.1) and main result
(Theorem 2.2) are stated in Sections 2.1 and 2.2.

1.1. Hyperbolicity as a necessary condition for well-posedness

Lax—Mizohata theorems, named after Peter Lax and Sigeru Mizohata, state that well-
posed non-characteristic initial-value problems for first-order systems are necessarily hy-
perbolic, meaning that all eigenvalues of the principal symbol are real.

P. Lax’s original result [10] is stated in a C*° framework, for linear equations, i.e. such
that A; (¢, x, u) = A;(t, x). Lax uses a relatively strong definition of well-posedness that
includes continuous dependence not only on the data, but also on the source. This allows
him in particular to consider WKB approximate solutions; the proof in [10] shows that in
the non-hyperbolic case, if the eigenvalues are separated, the C° norms of high-frequency
WKB solutions grow faster than the C¥ norms of the datum and source, for any k. The sep-
aration assumption ensures that the eigenvalues are smooth, implying smoothness for the
coefficients of the WKB cascade of equations. In the same C* framework for linear equa-
tions but without assuming spectral separation, S. Mizohata [18] proved that existence,
uniqueness and continuous dependence on the data cannot hold in the non-hyperbolic
case.

Later S. Wakabayashi [26] and K. Yagdjian [27, 28] extended the analysis to the quasi-
linear case, but it was only in 2005 that a precise description of the lack of regularity of the
flow was given by Métivier: Theorem 3.2 in [16] states that in the case where the A; are
analytic, under the assumption that for some fixed vector u® € R¥ and some frequency
£% € R the principal symbol Zjl: 14 u%& ]Q is not hyperbolic, some analytical data
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uniquely generate analytical solutions, but the corresponding flow for (1.1) is not Holder
continuous from high Sobolev norms to L2, locally around a Cauchy—Kovalevskaya so-
lution issued from the constant datum u°.

Meétivier’s result is a long-time Cauchy—Kovalevskaya result. Without loss of general-
ity, assume indeed that u% = 0. Then Theorem 3.2 in [16] states that data that are small
in high norms may generate solutions that are instantaneously large in low norms. To see
this, assume in (1.1) the hyperbolic ansatz: u(z, x) = ev(t/¢, x/¢), where ¢ > 0. If we

set F' = 0 for simplicity, and T = /¢, y = x /¢, the equation for v is

d
dv+ Y Aj(et, ey, ev)dyv = 0. (1.2)
j=1

If all fluxes A; are analytic in their arguments, the Cauchy—Kovalevskaya theorem en-
sures the existence and uniqueness of a solution v issued from an analytic datum v (0, x),
over an O (1) time interval in the fast variable r. What is more, by regularity of the coef-
ficients of (1.2) with respect to ¢, the solution v stays close, in analytical seminorms, to

the solution w of the constant-coefficient system

d
dew + Y Aj(0)dy,w =0
j=1
over O(1) time intervals. By Assumption on A;(0), the Fourier transform w(t, & 0y of
w in the spectral direction &0 grows like ¢CE" for some C > 0. This implies similar
growth for v(t/e, 50), and in turn growth like e!CE/e for u(t, SO), but only on O(¢)
time intervals, due to the initial rescaling in time. The content of Métivier’s result is
therefore that the solution v to (1.2) exists, and the growth persists, over “long”, O (|log €|)
time intervals, so that the exponential amplification is effective.

In the scalar complex case, the results of N. Lerner, Y. Morimoto and C.-J. Xu [12]
extended the analysis of Métivier to the situation where the symbol is initially hyperbolic,
but hyperbolicity is instantaneously lost, in the sense that a characteristic root is real at
t = 0, but leaves the real line at positive times. The main result of [12] states that such
a weak defect of hyperbolicity implies a strong form of ill-posedness; the analysis is
based on representations of solutions by the method of characteristics, following [15].
This argument does not carry over to systems, even in the case of a diagonal principal
symbol, if the components of the solution are coupled through the lower-order term F (u).

Our goal in this article is to extend the instability results of [12] on complex scalar
equations to the case of quasi-linear first-order systems (1.1). In the process, we recover
a version of the results of [16], with a method of proof that does not rely on analyticity.

1.2. On the local character of our assumptions and results

Our assumptions are local in nature. They bear on the germ, at a given point (fy, xo, §0) €
Ry x R? x R?, representing time, position, and frequency, of the principal symbol eval-
uated at a given reference solution. Under these local assumptions, we prove local insta-
bilities, which extend the aforementioned Lax—Mizohata theorems, and which roughly
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say that there are no local solutions possessing minimal smoothness with initial data tak-
ing values locally in an elliptic region. These local instabilities are independent of the
global properties of the system (1.1). In particular, the system (1.1) may have formal con-
served quantities; see for instance the compressible Euler equations (1.16) introduced in
Section 1.5.

1.3. Transition from hyperbolicity to ellipticity

Our starting point is to assume that there exists a local smooth solution ¢ to (1.1) with a
large Sobolev regularity:
¢ € C*([0, Tol, H' (U)) (1.3)

for some Ty > 0, some open set U C R?, and some Sobolev regularity index s; =
14d/2+s,, where s, > 0 is large enough, depending on the parameters in our problem.
If the matrices A; and the source F depend analytically on (¢, x, u), then we can choose ¢
to be a Cauchy—Kovalevskaya solution. However, we do not use analyticity in the rest of
the paper.

The linearized principal symbol at ¢ is

d

At x. &) =) EAj(t.x, ¢(t. X)), (1.4)

j=1

The upcoming ill-posedness results are based on readily verifiable conditions bearing on
the jet at + = O of the characteristic polynomial P of the principal symbol:

P(t,x,&, 1) :=det(A\Id —A(t, x, §)). (1.5)

Most of these conditions are stable under perturbations of the principal symbol, and all
can be expressed in terms of the fluxes A; and the initial datum ¢ (0). In particular, it is of
key importance that the verification of these conditions does not require any knowledge
of the behavior of the reference solution ¢ at positive times.

Also, it should be mentioned that our hypotheses do not require the computation of
eigenvalues and are expressed explicitly in terms of derivatives of P given by (1.5) at
initial time.

1.3.1. Hadamard instability. If (1.1) does possess a flow, how regular can we reason-
ably expect it to be? A good reference point is the regularity of the flow generated by a
symmetric system. If for all j and all u, the matrices A; () are symmetric, then local-
in-time solutions to the initial-value problem for (1.1) exist and are unique in H® for
s > 144d/2[3,7,9]; moreover, given a ball Bys(0, R) C H?, there is an associated
existence time 7 > 0. The flow is Lipschitz Bys(0, R) N H**' — L>([0, T], H®),
continuous Bys (0, R) — L°°([0, T], H®), but not uniformly continuous Bys (0, R) —

I We use regularity of ¢ in particular in the construction of the local solution operator—see
Appendix D, specifically the proof of Lemma D.2, in which g is the order of a Taylor expansion
involving ¢.
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L*([0, T], H®) in general [7]. Micro-locally symmetrizable systems also enjoy these
properties [17].
Accordingly, ill-posedness will be understood as follows:

Definition 1.1. We will say that the initial-value problem for the system (1.1) is ill-posed
in the vicinity of the reference solution ¢ satisfying (1.3) if for some xo € U, given any
parameters m, «, § > 0, T such that

meR, 12<a<l1, BxydcU, 0<T<Ty, (1.6)

where U and Tj are as in (1.3), there is no neighborhood U/ of ¢ (0) in H™(U) such that,
for all u(0) € U, the system (1.1) has a solution u € L°°([0, T], W' (B(xo, 8))) issued
from u(0) which satisfies

lu(@) — S OllwiooBixy,s))

upel ||M0 - ¢(O)||(;.1m(u)
0<t<T

< . (1.7)

Thus (1.1) is ill-posed near the reference solution ¢ if either data arbitrarily near ¢ (0)
fail to generate trajectories, corresponding to absence of a solution, or if trajectories is-
sued close to ¢ (0) deviate from ¢, corresponding to absence of Holder continuity for the
solution operator. In the latter case, we note that:

o the deviation is relative to the initial closeness, so that ¢ is unstable in the sense of
Hadamard, not in the sense of Lyapunov;

e the deviation is instantaneous: 7 is arbitrarily small, and it is localized: § is arbitrarily
small,

e the initial closeness is measured in a strong H™ norm, where m is arbitrarily large,
while the deviation is measured in a weaker W1 norm, defined as I fllwie =
I fllzee + 11V fllzee.

In our proofs of ill-posedness in the sense of Definition 1.1, we will always assume
existence of a solution issued from a small perturbation of ¢(0), and proceed to dis-
prove (1.7).

Note that the flows of ill-posed problems in the sense of Definition 1.1 exhibit a
lack of Hélder continuity. F. John [6] introduced a notion of “well-behaved” problem,
weaker than well-posedness. In well-behaved problems, Cauchy data generate unique so-
lutions, and, in restriction to balls in the W*-> topology, for some integer M, the flow
is Holder continuous in appropriate norms. The notions introduced in [6] were developed
by H. Bahouri [1], who used sharp Carleman estimates.

The restriction to &« > 1/2 in Definition 1.1 is technical. Precisely, it comes from the
fact that we prove ill-posedness by disproving (1.7), as indicated above. This gives weak
bounds on the solution, which we use to bound the non-linear terms. Consider non-linear
terms in (1.1) which are controlled by £p-homogeneous terms in u, with £g > 2, that is,

2 That is, the only restriction on m is the Sobolev regularity of ¢; we need, in particular, m < s
for (1.7) to make sense.



1308 Nicolas Lerner et al.

such that 9,A; = 02y and 9,F = Ou'~1). These bounds hold if, for instance,
Aj (u)iju = w19, u and F(u) = u', using scalar notation. Then the proof of our
general result (Theorem 2.2) shows ill-posedness with « > 1/£y. (See indeed Lemma
3.16 and its proof, and note the constraint 2K’ > K which appears at the end of the proof
in Section 3.15.)

Finally, we point out that Definition 1.1 describes only the behavior of solutions which
belong to W1, This in particular excludes shocks, which are expected to form in finite
time for systems (1.1), even in the case of smooth data. Shocks with jump across elliptic
zones could exhibit some stability properties.

1.3.2. Initial ellipticity. Our first result states that the ellipticity condition
PO, w) =0, o= (x0,80,%0) €U x R"\{0) x (C\R),  (1.8)
where P is the characteristic polynomial defined in (1.5), implies ill-posedness:

Theorem 1.2. Under the ellipticity condition (1.8), the Cauchy problem for system (1.1)
is ill-posed in the vicinity of the reference solution ¢, in the sense of Definition 1.1.

iR
spA(t,x,6) CC

)

A0

Fig. 1. In Theorem 1.2, corresponding to £ = 0 in Assumption 2.1, the principal symbol at
(0, xp, £&o) has non-real eigenvalues g, 1. These may correspond to coalescing points in the spec-
trum, for (¢, x, &) near (0, xq, &y).

Theorem 1.2 (proved in Section 4) states that hyperbolicity is a necessary condition for
the well-posedness of the initial-value problem (1.1), and partially recovers Métivier’s
result’. An analogue to Theorem 1.2 in the high-frequency regime is given in [14], based
on [24] just like our proof of Theorem 1.2; the main result of [14] precisely describes how
resonances may induce local defects of hyperbolicity in strongly perturbed semilinear
hyperbolic systems, and thus destabilize WKB solutions.

3 Theorem 3.2 in [16] shows not only instability, but also existence and uniqueness, under as-
sumption of analyticity for the fluxes, the source and the initial data.
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1.3.3. Non-semisimple defect of hyperbolicity. We now turn to situations in which the
initial principal symbol is hyperbolic:

PO, x,&,A) =0 implies A€ R, forall (x,&)eU x (R4 \ {O]), (1.9)
and aim to describe situations in which some roots of P are non-real for ¢ > 0. Let
Fi={w=(§&NeUx R \{0}) xR: P,w) =0},

By reality of the coefficients of P, non-real roots occur in conjugate pairs. In particular,
eigenvalues must coalesce at ¢+ = 0 if we are to observe non-real eigenvalues for t > 0.
Let then wg € I be such that

9, P (0, wp) =0, BfP(O, wp) # 0. (1.10)
The eigenvalue Ay of A(0, xg, &o) thus has multiplicity two. Assume in addition that
(afPBIP)(O, wg) > 0. (1.11)

The eigenvalues are continuous,* implying that condition (1.11) is open, meaning that if
it holds at wo, then it holds at any nearby w in I".

Theorem 1.3. Assume that conditions (1.10)—(1.11) hold for some wqy € T, and the other
eigenvalues of A(0, xo, &) are simple. Then the Cauchy problem for system (1.1) is ill-
posed in the vicinity of the reference solution ¢, in the sense of Definition 1.1.

The conditions (1.10)—(1.11) are relevant, and, as far as we know, new, also in the linear
case.

Van der Waals systems and Klein—-Gordon—Zakharov systems illustrate Theorem 1.3
(see Sections 1.5, 7.3 and 7.4).

The proof of Theorem 1.3, given in Section 5, reveals that under (1.10)—(1.11), the
eigenvalues that coalesce at ¢+ = 0 branch from the real axis. The branching time is typi-
cally not identically equal to ¢ = 0 around (xg, &p); for (x, &) close to (xq, &), it is equal
to t.(x,&) > 0, with a smooth transition function ¢,. At (f.(x, §), x, &) the branching
eigenvalues are not time-differentiable, in particular not semisimple. Details are given in
Section 5.1, in the proof of Theorem 1.3. Figure 3 shows the typical shape of the transition
function. The elliptic domain is {# > #,}, and the hyperbolic domain is {¢r < ,}.

1.3.4. Semisimple defect of hyperbolicity. Time-differentiable defects of hyperbolicity
of size two can be simply characterized in terms of P:

Proposition 1.4. Let P(t, x, &, L) be the characteristic polynomial (1.5) of the principal
symbol A(t, x, &) as in (1.4). Assume initial hyperbolicity (1.9). Let w = (x,&,)) € T'. If
0, P00, w) =0 # 8A2P(O, w), then for the branches ) of eigenvalues of A which coalesce
at (0, x, §),

(-, x, &) is differentiable at t = 0} { 9P, w) =0,

1.12
Im A0, x, £) # 0 (82 P(0, ®))? < (8> P32 P)(0, w). (112

4 By continuity of A and Rouché’s theorem (see [8] or [25]).
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iR
spA(t, xg, &) C C
A (2, x0, §0)
£=1/2
AQ R
A—(t, x0, §0)
Fig. 2. In Theorem 1.3, corresponding to £ = 1/2 in Assumption 2.1, a bifurcation occurs at

(0, x0, &o) in the spectrum of the principal symbol. The eigenvalues are not time-differentiable. The
arrows indicate the direction of time.
t

Ix

elliptic

hyperbolic

(x0, §0) (x,8)

Fig. 3. In Theorem 1.3, the transition occurs at t = t,(x, §) > 0, near (xg, &p).

Proof. We assume A € C2. The proof in the general case is postponed to Appendix A.
For ¢ in a neighborhood of 0, we have P(t, x, &, A(t, x, £)) = 0. Differentiating with
respect to ¢, we find

0 P(0, w) + 9,10, x, )9, P(0, w) = 0.
Since 1(0, x, &) is real-valued, by reality of P, the derivatives d; P and 9, P are real. If

we assume Im 9;A(0, x, &) # 0, then 9, P(0, w) = 9, P(0, w) = 0. Differentiating again
with respect to 7, we find

32P(0, ®) +20,1(0, x, )33 P(0, w) + (8,10, x, £))207 P(0, w) = 0. (1.13)
Equation (1.13), a second-order polynomial equation for d;1(0, x, £), has non-real roots
if and only if the second condition on the right-hand side of (1.12) holds. ]

We now examine the situation in which a double and semisimple eigenvalue 1y belongs
to a branch A of double and semisimple eigenvalues at t = 0, which all satisfy condi-
tions (1.12):
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Hypothesis 1.5. For some wg = (xg, £&0, Ag) € I satisfying (1.10) and (1.12), and such
that ¢ is a semisimple eigenvalue of A (0, xo, &), and for all ® = (x, &, A) in a neighbor-
hood of wg in I, we have

9, P(0,w) =0, P(0, w) =0,
and A is a semisimple eigenvalue of A(0, x, &).

Semisimplicity of an eigenvalue means simpleness as a root of the minimal polynomial.

Condition (ZJIZ)LP(a)))2 < (8,2P3)%P)(w) is open; in particular, if it holds at wg € T, it
holds at all nearby w € I'. Thus under Hypothesis 1.5, conditions (1.10) and (1.12) hold
in a neighborhood of wq in T".

Theorem 1.6. Assume that Hypothesis 1.5 holds, and that the other eigenvalues of
A(0, xo0, &0) are simple. Then the Cauchy problem for system (1.1) is ill-posed in the
vicinity of the reference solution ¢, in the sense of Definition 1.1.

iR
spA(t,x,§) cC
Ay(t,x,8)
=1
AQ R
A_(t,x,8)

Fig. 4. In Theorem 1.6, corresponding to £ = 1 in Assumption 2.1, a bifurcation occurs at (0, x, &)
in the spectrum of the principal symbol, for all (x, &) near (xg, &y). The eigenvalues are time-
differentiable. The arrows indicate the direction of time.

An analogue to Theorem 1.6 in the high-frequency regime is the result of Y. Lu [13], in
which it is shown how higher-order resonances, not present in the data, may destabilize
precise WKB solutions. Under the assumptions of Theorem 1.6 and assuming analyticity
of the coefficients, B. Morisse [19] proves existence, uniqueness and instability in Gevrey
spaces, further extending G. Métivier’s analysis [16].

Theorem 1.6 is illustrated by the Burgers systems of Sections 1.5 and 7.1.

1.4. Remarks

Taken together, our results assert that, for principal symbols with eigenvalues of multi-
plicity at most two, if one of the following holds:

(a) condition (1.8),

(b) conditions (1.10)—(1.11),

(c) Hypothesis 1.5,

then ill-posedness ensues.
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elliptic

t =0
L
(0, é0) (x,8)

hyperbolic

Fig. 5. In Theorem 1.6, the transition occurs at ¢+ = 0, uniformly near (xq, &p).

We note that condition (1.11) is stable by perturbation, and that conditions (1.10)—
(1.11) are generically necessary and sufficient for occurrence of non-real eigenvalues in
symbols that are initially hyperbolic. Indeed:

e non-real eigenvalues may occur only if the initial principal symbol has double eigen-
values, implying necessity of condition (1.10), and

e as shown by the proof of Theorem 1.3, the opposite sign (BfP 9 P)(0,wp) < Oin
condition (1.11) implies real eigenvalues for small > 0.

Here generically means that the above discussion leaves out the degenerate case
9; P (0, wp) = 0.

We consider the case 9, P(0, wg) = 0 in Theorem 1.6. Note however that there is a
significant gap between (b) and (c), the assumptions of Theorems 1.3 and 1.6. Indeed,
while condition 9; P = 0 in Hypothesis 1.5 lies at the boundary of the case considered
in Theorem 1.3, Hypothesis 1.5 describes a situation which is quite degenerate, since we
ask for the closed conditions 9, P = 0, d; P = 0 (and also for semisimplicity) to hold on
a whole branch of eigenvalues near \g.

Non-semisimple eigenvalues are typically not differentiable at the coalescing point,

the canonical example being
0 1
( Lo 0> (1.14)

with @« = 1. The proof of Theorem 1.3 shows that the principal symbol at (¢, xg, &)
can be reduced to (1.14), with « = 1 and a negative sign, implying non-real and non-
differentiable eigenvalues.

By contrast, semisimple eigenvalues admit one-sided directional derivatives (see for
instance Chapter 2 of T. Kato’s treatise [8], or [22, 25]). In particular, there is some re-
dundancy in our assumptions of semisimplicity and condition (1.12).

We finally observe that our analysis extends somewhat beyond the framework of The-
orems 1.2, 1.3 and 1.6. Consider for instance, in one space dimension, a smooth principal
symbol of the form



The onset of instability in first-order systems 1313

& (th _ t20+ Ba(x) (1)> with eigenvalues A4 = +E(x%t — 12 + Ba(x)V/?,
with a(x) € R, so that the eigenvalues are time-differentiable only at x = 0: conditions
(1.12) hold only at x = 0. Semisimplicity does not hold at (¢, x) = (0, 0). Condition
(1.11) does not hold at (¢, x, ) = (0, 0, 0). However, by the implicit function theorem,
eigenvalues cross at (s(x), x) for a smooth s with s(x) = x2 + 0(x3). By inspection,
condition (1.11) holds at (s(x), x). Since x is arbitrarily small, Theorem 1.3 applies,
yielding instability.

1.5. Examples

Burgers systems. Our first example is the family of Burgers-type systems in one space

dimension )
ui uy —bw)“us ury
0 (u2> + <u2 u ) Ox (uz) = F(u), (1.15)

in which » > 0 and F = (Fy, F») € R? are smooth. When b(u) is not constant, the
instability result for scalar equations in [12] does not directly apply. We show in partic-
ular that if F, is not initially zero, then Theorem 1.6 yields ill-posedness for the Cauchy
problem for (1.15). Under the same condition F>(¢+ = 0) % 0, Theorem 1.6 also applies
to two-dimensional systems

o ( wds,  —b)uz(dy, + dy,)

u= F(u).
13 (3, + 3r,) w10y, ) @)

Details are given in Sections 7.1 and 7.2.

Van der Waals gas dynamics. Our results also apply to the one-dimensional, isentropic
Euler equations in Lagrangian coordinates

(1.16)

oy + oyupy =0,
Oiup + Oy p(ur) =0,

with a Van der Waals equation of state, for which p’(u#1) < 0 for some u; € R. We prove
that if (¢, ¢2)(t, x) is a smooth solution such that, for some xg € R,

() p'(@1(0,x0)) <0 or (i) p'(¢1(0, x0)) = 0, p"($1(0, x0))3x¢2(0, x0) > 0,

then the initial-value problem for (1.16) is ill-posed in any neighborhood of ¢. Con-
dition (i) is an ellipticity assumption (under which Theorem 1.2 applies), and condi-
tion (ii) is an open condition on the boundary of the domain of hyperbolicity (un-
der which Theorem 1.3 applies). System (1.16) has the formal conserved quantity
fR(|v(t,x)|2 + 2P (u(t, x)))dx, where P’ = p. As briefly discussed in Section 1.2,
the instabilities evidenced here are local and neither preclude nor are contradicted by
global stability properties of the system, such as formal conservation laws. This example
is developed in Section 7.3.
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Klein—Gordon—Zakharov systems. Our last class of examples is given by the following
one-dimensional Klein—Gordon system coupled to wave equations with Zakharov-type

non-linearities:
u v a 0 n v
n(0)+a () (6 o) ()=o)
n m a 0 u 0
w(m)+e ()6 0o () =2 (elen)

The linear differential operator in (u, v) in the subsystem in (u, v) is a Klein—-Gordon
operator, with critical frequency scaled to 1. The linear differential operator in (n, m)
in the subsystem in (n, m) is a wave operator, with acoustic velocity c¢. The source in
9, (u? + v?) is similar to the non-linearity in the Zakharov equation [20, 23]. Systems of
the form (1.17) with « = 0 are used to describe laser-matter interactions; in the high-
frequency limit, they can be formally derived from the Maxwell-Euler equations [2]. We
consider the case |c| < 1, corresponding to the physical situation of an acoustic velocity
being smaller than the characteristic Klein—-Gordon frequencies.

It was shown in [2] that for @ = 0 system (1.17) is conjugate via a non-linear change
of variables to a semilinear system, implying in particular well-posedness in H*(R) for
s > 1/2.

Here we show that if @ # 0 and ¢ = (u, v, n, m) is a smooth solution such that

1.17)

u(0,x9) =0, v(0,x9) = —%, acou(0,xg) >0, forsome xg € R,

then Theorem 1.3 applies and the Cauchy problem for (1.17) is ill-posed in the vicinity
of ¢. This situation is analogous to the Turing instability, where O is a stable equilibrium
point for both ordinary differential equations X’ = AX and X’ = BX, but not for X’ =
(A+ B)X.

We come back to this example in detail in Section 7.4.

2. Main assumption and result

Theorems 1.2, 1.3 and 1.6 can all be recast in the same framework, which we now present.

2.1. Bounds for the symbolic flow of the principal symbol

2.1.1. Degeneracy index and associated parameters. Let £ € {0, 1/2, 1}.% Define

1 if ¢ =0, .
1 . 0 if £ € {0, 1},
h=——=12/3 ift=1/2, ¢= .
14¢ ) 1/3 if£=1/2.
1/2 ife =1,

The parameters & and ¢ define our time, space and frequency scales.

5 Theorem 1.2 corresponds to £ = 0, Theorem 1.3 to £ = 1/2, and Theorem 1.6 to £ = 1.
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2.1.2. The time transition function and the elliptic domain. Introduce a time transition

function ¢, such that

e if{=0o0rf=1,thent, =0,

e if £ = 1/2, then ¢, depends smoothly on (x, £) and singularly on ¢, and is slowly
varying in x, in the sense that for some smooth function 6,,

to(e, x, ) =e7"0,(e"7"x, &) with 6, >0, 6,(0,&) =0, V,£6,(0, &) = 0.

2.1
Define then the elliptic domain® by
Di={(r;1,x,8) : u(x,§) T <1 < T(e), |x| <6, |§ — &l <8¢}, 2.2
for some & € R \ {0} and some § > 0, with
T(e)"! = T,loge|, T.>0. (2.3)

2.1.3. The rescaled and advected principal symbol. We consider a reference solution ¢
satisfying (1.3), and the associated principal symbol (1.4). The rescaled and advected
principal symbol is’

Aue, t,x,8) 1= (Q(A — O~ (e"t, x0 + &' xu(e"t, x, £), E.(e"t, x,8)) (2.4

for some xp € Rd, with O < & < 1 as in (2.3), where, in D,

e the symbol u = u(z, x, §) is real and smooth, and Q(¢, x, &) € CN*N is smooth and
pointwise invertible,
o the bicharacteristics (x4, &) solve

* —0 B N
0y (;) = (s]h%lju> (t, x0 + &' "x,. £,), (;) 0, x,&) = <§> . (2.5)

We assume that the symbol A, is block diagonal, and for its blocks A, ; we assume either
the bound

gh-1 |8§.‘8§A*j| < Cyg <00 forsome Cyg > 0, in D, uniformly in ¢, 2.6)
or the block structure
h—1
=1,  _ 0 " Asj1z
g Ay = (81hA*j21 0 > 2.7

with [0297 A, j12] + [8%9] A, j21] < Cap for some Cap > 0, in D, uniformly in &.

If £ =0, then & = 1. As a consequence, in the block diagonalization of A, all blocks
satisfy (2.6), by the assumed smoothness of the components of A,.

If £ = 1/2, we assume that some block of A, satisfies (2.7), and the other blocks
of A, satisfy (2.6).

If £ = 1, we assume that all blocks of A, satisfy (2.6).

6 The elliptic domains corresponding to Theorems 1.3 and 1.6 are pictured in Figures 3 and 5.
7 In the elliptic case, corresponding to Theorem 1.2, wehave £ =0, h =1, 0 =1d, u =0, so
that (x4, &) = (x, £), and then A, is simply A, (e, t, x, &) = A(et, x, §).
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2.1.4. Symbolic flow and growth functions. The symbolic flow § = S(z;1¢, x, &) of A,
is defined as the solution to the family of linear ordinary differential equations

3S+ic" A e, t,x,6)S =0, S(r;1)=1d. 2.8)

In Section 2.1.3, we have assumed that A, is block diagonal. Accordingly, the solution S
to (2.8) is block diagonal, with blocks S(1, S¢2), .. ..

Let y®(x, £) be two continuous functions defined on {|x| < 8, |€ — &| < 8¢} such
that y (0, &) = y (0, &), and

e, (Ti1,x, &) i= exp(yi(x, 6)((t — 1,0, )5 = (7 — 1., g))i“)), 2.9)

where 74 := max(z, 0) and the time transition function ¢, is defined in (2.1). We under-
stand e, + as growth functions,® measuring how fast the solution S to (2.8) is growing, as
seen in Assumption 2.1 below. The associated y * are rates of growth.

2.1.5. Bounds. We postulate bounds for S in the elliptic domain D in terms of the growth
functions e, +:

Assumption 2.1. For some (xg, &) € U x (]Rd\{O}), some £, Q, u, yi, and t, as above,
any T, > 0, for some § > 0, for A, satisfying the structural assumptions of Section 2.1.3,
for some gy > 0 and all 0 < & < g, the solution S to (2.8) satisfies:

e the lower bound, for some smooth family of unit vectors é(x) € CN, for |x| < 8:
e7%e,~(0; T(e), x, £0) < [S(0; T(e), x, £0)é(x)], (2.10)
o the upper bound for the j-th diagonal block Sjy of S, for (t,t,x,§) € D:

. )ey+(‘c; t,x, &) @2.11)

1 ¢
(C/‘C

[Sh(T:t, x, 8)| 5(

In (2.10), the notation @ < b, where a and b are functions of (e, 7, ¢, x, &), is used to
mean existence of a uniform bound

ale,t,t,x,€6) < Cling| bee, 7,1, x,&), (2.12)

where C, C’ > 0 do not depend on (¢, t, ¢, x, §). This means in particular that powers of
|In ¢| play the role of constants in our analysis. They are indeed destined to be absorbed
by arbitrarily small powers of ¢.

In (2.11), we use < for matrices. Here we mean blockwise inequalities “modulo con-
stants”, in the sense of (2.12). That is, in (2.11) we assume that the j-th diagonal block
of S itself has a block structure, with the top left block being bounded entrywise by e, +,
the top right block being bounded entrywise by e’gew, etc.

We further comment on Assumption 2.1 in Section 2.3.

8 In the elliptic case, we have £ = 0, t, = 0, so that the growth functions are simply e, + =
+
eV (-1
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2.2. Hadamard instability

The non-linear information contained in Assumption 2.1 on the symbolic flow of the
principal symbol (1.4) translates into an instability result for the quasi-linear system (1.1):

Theorem 2.2. Under Assumption 2.1, system (1.1) is ill-posed in the vicinity of the ref-
erence solution ¢, in the sense of Definition 1.1.

Theorem 2.2 states that either there exists no solution map, or the solution map fails
to enjoy any Holder-type continuity estimates. The proof of Theorem 2.2 is given in
Section 3. Key ideas in the proof are sketched in Section 2.4.

Theorems 1.2, 1.3 and 1.6 all follow from Theorem 2.2.

2.3. Comments on Assumption 2.1

Our main assumption is flexible enough to cover the three different situations described
in Theorems 1.2, 1.3 and 1.6. Before further commenting on its ingredients in Section
2.3.1 and its verification in Section 2.3.2, we point out two key features:

e Assumption 2.1 is non-linear. It bears on the whole system (1.1), not just the principal
symbol. For instance, instability occurs for the Burgers systems of Section 1.5 under a
condition bearing on the non-linear term F.

e Assumption 2.1 is finite-dimensional, in the sense that it postulates bounds for solu-
tions to ordinary differential equations in a finite-dimensional setting. These are turned
into bounds for solutions to partial differential equations via Theorem D.3. An informal
discussion of the role of Theorem D.3 is given in Section 2.4.

2.3.1. On the ingredients of Assumption 2.1

e Our localization constraints in (x,&) € R?? respect the uncertainty principle. In-
deed, we localize spatially in a box of size ~ &!="*. We localize in frequency in a box
of size ~ &% around &y but then in the proof we use highly oscillating data and an
e’ -semiclassical quantization, so that frequencies £ are localized in a box of size &¢
around &, meaning a frequency localization in a box of size e, If £ = O or £ = 1,
then ¢ = 0. The area of the (x, £)-box is then g2d(1=2h) > | ginceh = 1lorh = 1/2. 1If

¢ =1/2,then h = 2/3 and { = 1/3. The area of the (x, £)-box is g2 —=h+i=m — 1,

e The index ¢ measures the degeneracy of the defect of hyperbolicity. We have £ = 0
in the case of initial ellipticity (Theorem 1.2), £ = 1/2 in the case of a non-semisimple
defect of hyperbolicity (Theorem 1.3) and £ = 1 in the case of a semisimple defect of hy-
perbolicity (Theorem 1.6). The instability is recorded in O (¢|ln g]) 1/A+6) time for O(1/e)
initial frequencies. In particular, the higher the degree of degeneracy, the longer we need
to wait in order to record the instability.

e In the case £ > 0, eigenvalues of the principal symbol are initially real (hyperbolicity).
Instability occurs as (typically) a pair of eigenvalues branch from the real axis at = 0.
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The matrix Q should be understood as a change of basis, which includes a projection
onto the space of bifurcating eigenvalues. The scalar u corresponds to the real part of the
bifurcating eigenvalues. Assumption 2.1 is formulated for the principal symbol evaluated
along the bicharacteristics of 1.

o In the non-semisimple case, the defect of hyperbolicity is typically nof uniformin (x, &).
That is, if eigenvalues branch from the real axis at initial time at the distinguished point
(x0, &0), then the branching will typically occur for later times #,(x, &) > 0 for (x, &)
close to (xp, &o). This is clearly seen in Lemma 5.1, under the assumptions of Theorem
1.3, and pictured in Figure 3.

o The parameter ¥ corresponds to an upper rate of growth. In the elliptic case, y+ is
equal to the largest imaginary part in the initial spectrum, as seen in Section 4. In the
case of a smooth defect of hyperbolicity, yT = 3m 9;1(0, x, &), where A is a bifurcating
eigenvalue, as seen in Section 6.

e In the case £ = 1/2, the block structure (2.7) derives from a reduction of the principal
symbol to normal form; see Sections 5.1 and 5.2 in the proof of Theorem 1.3.

e In the case £ = 1, the block structure (2.6) reveals a cancellation, seen in (6.4) in the
proof of Theorem 1.6.

e The smoothly varying direction ¢ (x) along which the lower bound (2.10) holds is not
necessarily an eigenvector of A,; see the discussion in Section 2.3.3 and Lemma 5.10.

2.3.2. On verification of Assumption 2.1. We give in Theorems 1.2, 1.3 and 1.6 suffi-
cient conditions, expressed in terms of the spectrum of A and the jet of the characteristic
polynomial of A at r = 0, for Assumption 2.1 to hold. These sufficient conditions are
satisfied in particular by Burgers, Van der Waals, and Klein—-Gordon-Zakharov systems
(Section 7). These conditions bear only on the coefficients of the system (the differential
operator and the source) and ¢ (0), the initial datum of the reference solution. In particu-
lar, we may in practice verify these conditions without having any knowledge of ¢ (¢) for
t>0.

2.3.3. On spectral conditions describing the transition from hyperbolicity to ellipticity.
Conditions (1.8), (1.10)—(1.11) and (1.12) are all expressed in terms of the characteristic
polynomial of A. Their generalizations in the form of conditions (2.10) and (2.11) are
expressed in terms of the symbolic flow of A. Our point here is to explain why conditions
bearing on the spectrum of A do not seem to be appropriate. The discussion below also
highlights three difficulties in the analysis of the case £ = 1/2: the lack of smoothness of
the eigenvalues of the principal symbol, the lack of uniformity of the transition time (in
the sense that the function 7, does depend on (x, £)), and the lack of smoothness of the
eigenvectors.

A simple way to express the fact that an eigenvalue A of A branches from the real axis
att =0is

A0, x,&) € R forall (x, &) near (xo, &), with Sm 8,A(0, x0, &) > 0. (2.13)
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But then by reality of the coefficients of A, eigenvalues branch from R in pairs, so that
(0, x9, &) is a branching point in the spectrum, and typically eigenvalues are not dif-
ferentiable at a branching point, so that (2.13) is not general enough. For instance, the
eigenvalues of the principal symbol for the one-dimensional compressible Euler equa-
tions

oru + 0yv =0,

(2.14)
0;v+ 0y p(u) =0,

are
Ax(t, x, 8) = £E(p (u(t, X))/

For a Van der Waals equation of state, for which p’(«) < 0 for some u € R, a transition
from hyperbolicity to ellipticity occurs for data u (0, -) satisfying

p'w(0,x0)) =0,  3(p' (0, x0)i=0 = —p" (0, x0))3,v(0, x0) <0.  (2.15)

The associated eigenvalues are 0(11/ 2), in particular not time-differentiable at = 0, so
that condition (2.13) is not appropriate.
A way around this difficulty is to consider the integral growth condition

t
/ Smar,x, E)dr = (6. O, (0, x0, &) > 0, 2.16)
0

for some ¢ > 0 and some rate function y that is continuous in (¢, x, &) at (0, xo, £&o), and
some local solution A of P = 0. Condition (2.16) may be verified by using the Puiseux
expansions of the eigenvalues at ¢+ = 0, such as in the Van der Waals example (for details
on Puiseux expansions, see for instance [8, Chapter 2], or [25, Proposition 4.2]). There
are, however, at least two serious problems with (2.16).

The first is that in (2.16), it is assumed that the loss of hyperbolicity occurs at t = 0
over a whole neighborhood of (xg, &), which is typically not the case. Consider in this
connection the preparation condition (2.15) for the datum. From the second condition
in (2.15), we find by application of the implicit function theorem that in the vicinity of
(0, xo) the set {p’(u) = 0} is the graph of a smooth map x +> f.(x). The transition
curve x > t.(x), defined locally in a neighborhood of xg, parameterizes the loss of
hyperbolicity: for ¢ < #.(x) we have p’(u) > 0, which implies Im A+ = 0, while for
t > tu(x) we have p’(u) < 0, which implies Im A+ # 0. On the curve t = 1, (x), we
have p’(u) = 0, which implies that the eigenvalues coalesce: A_ = A. This means in
particular that for (x, &) close to, and different from, (xo, &) we should not expect the loss
of hyperbolicity to be instantaneous as in (2.16), but rather to happen at time #,(x, &), and
condition (2.16) should be replaced by

t
/ Sma(t, x,&)dt = y(t, x, &)t — t.(x, N, y(0,x0,&) >0, (2.17)
t*(x,é)

for some smooth time transition function ¢, > 0 with #,(xo, &) = 0.
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The second problem with (2.16), still present in (2.17), is that while failure of time-
differentability of the eigenvalues is accounted for in (2.16), the associated lack of regu-
larity of eigenvectors is not. For instance, in the Van der Waals system (2.14), the eigen-
vectors of the principal symbol are e+ := (1, =(p’ (1)) 172y In particular, under condition
(2.15), the eigenvectors e are not time-differentiable at + = 0. It is then unclear how to
convert conditions (2.16) and (2.17) into growth estimates for corresponding system of
partial differential equations. Indeed, for instance in the simpler case of ordinary differ-
ential equations, spectral estimates such as (2.16) or (2.17) are typically converted into
growth estimates for solutions via projections onto spectral subspaces, an operation that
requires smooth projections.

We conclude this discussion by sketching a way around the lack of regularity of eigen-
vectors. Going back to the Van der Waals example, consider the ordinary differential
equations
0 1

p'w 0

parameterized by (x, £). Under condition (2.15), we have

315+i$< >S=0, S(r; ) =1d,

P, x)) = —a(x)t + 0(t%)

for (¢, x) close to (0, xg). Restricting for simplicity to the case p’(u(¢, x)) = —t, we find
that the entries (y, z) of a column of S satisfy the system of ordinary differential equations

y +ikz=0, ' —itky=0,
implying that y satisfies the Airy equation
Y =18y,

for which sharp lower and upper bounds are known.

This motivates consideration, in Section 2.1, of the symbolic flow associated with the
principal symbol A. An important issue is then the conversion of growth conditions for the
symbolic flow into estimates for solutions to the system of partial differential equations.
This is achieved via Theorem D.3.

2.4. On the proof of Theorem 2.2

We give here an informal account of key points in the proof of Theorem 2.2. The proof
is in three parts: (1) preparation steps which transform the equation into the prepared
equation (3.36)—(3.37), (2) the use of a Duhamel representation formula, (3) lower and
upper bounds.

(1) We introduce a spatial scale # and write perturbation equations about the reference so-
lution ¢. We then block diagonalize the principal symbol (this is Q from Assumption 2.1),
localize in space around the distinguished point xg, factor out the real part of the branch-
ing eigenvalues (this is © from Assumption 2.1) and change to a reference frame defined
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by the bicharacteristics of . Finally, we operate a stiff localization in the elliptic domain
D given by Assumption 2.1, and rescale time. The key point in these preparation steps is
to carefully account for the linear errors in the principal symbol, which take the form of
commutators. The resulting principal symbol is a perturbation of the symbol A, (¢, ¢, x, )
defined in Assumption 2.1.

(2) Assumption 2.1 provides bounds for the flow of A,. As pointed out in Section 2.3,
these bounds bear on solutions to ordinary differential equations in finite dimensions, in
particular they are, at least theoretically, easier to verify than bounds bearing on spectra of
differential operators. We use Theorem D.3, taken from [24] and proved in Appendix D,
to convert these bounds into estimates for a solution to (1.1).

Consider a pseudo-differential Cauchy problem’

du +op,(Au =g, u0)=upelL? (2.18)

where A is a symbol of order zero. Above, op,(A) denotes the &"-semiclassical quanti-
zation of the symbol A, as defined in (3.1). Associated with the above Cauchy problem
in infinite dimensions, consider the Cauchy problem in finite dimensions

S+AS =0, S(r;7)=1d.

Theorem D.3 asserts that if S(t; ¢) and its (x, §)-derivatives grow in time like exp(y¢ 1+,
with rate y > 0 and degeneracy index ¢ > 0, then op, (S) furnishes a good approximation
to a solution operator for 3, + op,(A), in O(|lng[)!/1+9 time. That is, the solution of
(2.18) is given by

t
u(t) > op,(S(0; 1)ug +/ op, (S(z;1))g(r)dr. (2.19)
0

(3) The preparation steps (see (1) above) reduce our problem to a system of the
form (2.18). Via representation (2.19), upper and lower bounds for a solution u to (2.18)
are easily derived from the bounds of Assumption 2.1, and from the postulated bound for
the source g. In our proof, the source g includes in particular non-linear errors. Since we
have no way of bounding solutions to (1.1) near ¢ (the impossibility of controlling the
growth of solutions with respect to the initial data being precisely what we endeavor to
prove), we assume a priori bounds for the solution. The compared growth of op, (S)u and
the Duhamel term from (2.19) eventually provide a contradiction. Note that the a priori
bound (see (3.9) in Section 3.5) is particularly weak, since we allow for arbitrarily large
losses of derivatives.

We finally note that Garding’s inequality (see for instance [11, Theorem 1.1.26]) as-
serts that non-negativity of the symbol A implies semipositivity of the operator op,(A).
This is the classical tool for converting bounds for symbols into estimates for the associ-
ated equations. It is shown in [24] how estimates derived from Garding’s inequality fail
to be sharp in the non-self-adjoint case, as opposed to bounds based on Theorem D.3.

9 Notation and results pertaining to pseudo-differential calculus are recalled in Appendix B.
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3. Proof of Theorem 2.2

As discussed in Section 2.4, the proof decomposes into three parts:

(1) Preparation steps which transform the original equation (1.1) into the prepared equa-
tion (3.36)—(3.37). This step covers Sections 3.1 to 3.10.

(2) The use of a Duhamel representation formula in which the solution to the prepared
equation is expressed as the sum of the “free” solution (defined as the action of an
approximate solution operator on the datum) and a remainder (Sections 3.11 and
3.12).

(3) Lower bounds for the free solution and upper bounds for the remainder conclude the
proof (Sections 3.13 to 3.15).

3.1. Initial perturbation

The goal is to prove ill-posedness, in the sense of Definition 1.1. Parameters m, «, 8, T
are given, as in (1.6), and we endeavor to disprove (1.7). Define

1
£ >0,

go(e. x) = Ne(0p, (24 (0) (@ 5/ 08)(x)), & >0, h= +¢ =

where (xq, &o) is the distinguished point in the cotangent space given in Assumption 2.1,
and

h

e op,(-) denotes a pseudo-differential operator in &"-semiclassical quantization:

op, (a)v := 2n) ™4 /d e Ea(r, x, e"E)0(€) dE; (3.1
R

e 0.(0)=0(0,xy+ gl=hy, &), with Q as in Assumption 2.1;

e the vector ¢ is as in Assumption 2.1;

e the spatial cut-oft 6 € C2° (Rd) has support included in B(0, §), and is such that 6 = 1
in B(0, 1/2).

Consider the following family of data, indexed by ¢ > 0:

1t (0, x) = $(0. x) + sKgoo(xgl__),fO) (3.2)

where ¢ (0, x) is the datum for the background solution ¢ as in (1.3), and K will be chosen
large enough so that 1 (0) is a small perturbation of ¢ (0) in H™ norm.

Theorem 2.2 is a consequence of the following result for the family of initial-value
problems (1.1)—(3.2), indexed by &:

Theorem 3.1. Given the parameters defined in (1.6), given a local solution ¢ of (1.1)
satisfying (1.3) with sy large enough, under Assumption 2.1, if K is large enough then
either
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o forany T and 5 with0 < T < Ty and B(xg, §) C U there is no gy > 0 such that for all
0 < ¢ < &g, the initial-value problem for (1.1) with initial datum (3.2) has a solution
in L°°([0, T], WL (B(xo, 8)), or

e for some T and § withO < T < Ty, B(xg,8) C U, some ey > 0, all 0 < & < &,
the initial-value problem for (1.1) with initial datum (3.2) has a solution u® in
L®([0, T], W2 (B(xg, 8)), and the solution satisfies

| () — @ (@) ly1.00 1—h
sup W (B(xo.e!8) _

O<e<eg ”Ms (0) - ¢(O)”O]f]m(U)
OgtfshT(s)

(3.3)

where T (¢) is defined in (2.3), so that in particular shT(s) — Oase — 0.

Lemma 3.2. Theorem 3.1 implies Theorem 2.2.

Proof. We have
X — X0 o l'()C7x )S /8 ~ X — X0
(p0< gl=h >_§Ree e\ )

where ¢ := op,(Q(0, -, & + -))(#¢ ), hence

X — X0
P\ i

Let K > m — (1 — h)d/2. Then

< 8—m+(l—h)d/2.
H™(U)

(1 0
110, ) — ¢ (0, )| pmpy S eK7mHA=Md/2 225 0,

Thus given a neighborhood U of ¢(0) in H™(U), if ¢ is small enough then u®(0) lies
inl.

If for some & small enough, the initial-value problem (1.1), (3.2) does not have a
solution, then this means ill-posedness in the sense of Definition 1.1. If there is a solution
for any small ¢, then (3.3) disproves (1.7), since the sequence T (¢) converges to 0, and
again this means ill-posedness in the sense of Definition 1.1. O

3.2. The posited solution and its avatars

We assume that for some 0 < T < Tp, some § > 0 with B(xg, §) C U, some gy > 0,
and all 0 < ¢ < g, the Cauchy problem for (1.1) with initial datum (3.2) has a unique
solution

ut € L0, T], W (B(xo, 8))).

Our goal is then to prove (3.3). For future reference, we list here the successive avatars of
the solution that we will use in this proof:

u | perturbation = u® — @), xo + Sl_hx) (3.6)
u” | spatial localization and projection | u” := op, (Qs)(01r) (3.14)
u, | convection U, := M*0; HHu® (3.27)

v | stiff truncation and rescaling in time | v := (op,( ) (€t (3.32)
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3.3. Amplitude of the perturbation, limiting observation time and observation radius

The parameter K measures the size of the initial perturbation (3.2). We choose K to be
large enough:

Qa — DK > 2am + (1 —a)(1 — h)d, (3.4)

where m measures the loss of Sobolev regularity and « the loss of Holder continuity of
the flow (as seen in the target estimate (3.3)), and h = 1/(1 + £).

The parameter 7, defined in (2.3), measures the final observation time in the rescaled
time frame. In the original time frame, the final observation time is (¢7|In eV I+D We
choose T, to be large enough:

y (0,807 > K, (3.5

depending on K and the lower rate of growth ¥y~ introduced in (2.9).

The parameter § measures the radius of the observation ball B(0, §) where the analysis
takes place. (The radius is ¢! =8 in the original spatial frame, and just 8 in the rescaled
spatial frame associated with #; see Section 3.2 above and (3.6).) If Theorem 3.1 holds for
a given value of 4, then it holds for any smaller radius. In particular, we may assume that
the given value of § is so small that the bounds of Assumption 2.1 hold on |x| 4 |§ — &p|
< 4. In the final steps of our analysis (Sections 3.14 and 3.15), we will further choose §
to be small enough, depending on the growth functions y* introduced in Assumption 2.1
and T, (see condition (3.64) and the proof of Corollary 3.21).

3.4. The perturbation equations

Our analysis is local in 7, x, &, with 0 <t < &"T(¢), |x — xo| < &'~"8 and |€ — &)| < 8,
where T (¢) is defined in (2.3), and T, and § are defined in Section 3.3.
The perturbation variable # is defined in a rescaled spatial frame by

(e, t,x) =W —¢)t,xo+¢e""x)  withh = 1/(1+ 0). (3.6)
The equation for # is
it + e A, xo+ &' x, "9 + B(e,t, x)i = F, (3.7)
where A is the 1-homogeneous principal symbol (1.4) and B is of order zero:

Be.t,x)i:= Y (3,A;j(t, x0 + &' 7"x, ¢e) 1)y, 0 — D F (1. x0 + &' "x, o)

J
with ¢, := ¢ (¢, xo + £ 7"x). In (3.7), the source F contains non-linear terms:

d
F=Goe,t,x, i) (it, i) + Y Guj(e, 1, x, ) - (i, Oy 1), (3.8)
j=1
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where (1, v) = Gole, t, x,u) - (u,v) and (u, v) — Gyj(e, t, x,u) - (u, v) are bilinear,
defined as

1 d
Gole, 1, x, i) := —/ (1— r)(z 02 A ($e + Ti)d;be — O2F (e + nz)) d,
A :

j=1
1
Gijle t,x, ) := —/ 0, Aj (¢ +Tu)dr.
0

Above we have omitted the arguments (¢, xo + &' ~"x) of 8,’; Aj and 92F. In this proof,
a perturbative analysis around ¢ at (xg, &), we will treat F as a small source, and B as
a small perturbation of the principal symbol.

3.5. A priori bound

The goal is to prove the instability estimate (3.3). We work by contradiction, as we assume
that there exists C > 0 such that for all 7 € [0, " T ()],

luf(t) — ¢(t)||Wl,OO(B(xO’81*h5)) < Cllu®(0) — ¢ (0%, my)y>

uniformly in (¢, 1), for 0 < t < ¢"T(¢) = (¢T,|Ing])!/0+9. By choice of the initial
datum (3.2), this implies (see the proof of Lemma 3.2)

1 (1) — (D) [l w1oe (Bxg.e1 sy < Ce¥KTmHI=Md/D) 3.9)

with a possibly different constant C > 0, for all r < &"T(¢). By definition of i, this
yields
Nt (@) w100 B0.5)) = Cek' fort < e'T(e), (3.10)
with
K :=a(K—m)—(1—a)(l —h)d/2. (3.11)
By condition (3.4), K’ > K /2.

3.6. Uniform remainders

The linear propagator in (3.7) will undergo many transformations in this proof, through
linear changes of variables corresponding to projections, localizations, conjugations, and
so on. Every change of variable produces error terms. We will henceforth denote by Ry,
for k € Z, any bounded family Ry (¢, ¢) in Sk, in the sense that

sup  [[Rk(g, Dlg,r <00 (3.12)
O<e<egg
0<t<e"T(e)
for r large enough, with || - || - for symbols introduced in (B.2) of Appendix B. For k = 0,
we say that a symbol belongs to Ry if either (3.12) holds with k = 0 or

sup > sup [0¥Ro(e, D)1 (ray < 00, (3.13)
O<e<e) |gj<d+1&€R? '
0<t<e"T(¢)
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By Proposition B.1, the corresponding operators op, (Ry) are bounded H kL2
IRwllz2 S Mwlles lwles = 10+ [e"E) D@ )

uniformly in0 < & <gpand 0 <t < ehT(s). The notation < was introduced in (2.12).

3.7. Spatial localization and projection

The matrix-valued symbol Q(x, &), introduced in Assumption 2.1, is smooth, locally
defined and invertible around (xg, §0). As explained in Appendix C, we may extend Q
smoothly to a globally defined symbol of order zero, which is globally invertible, with
Q! € 59 In the following, we identify Q with its extension and let

u’(t, x) 1= op,(Qe)(0i1), (3.14)

corresponding to a spatial localization followed by a micro-local change of basis. In
(3.14), the function # = 6(x) is the spatial truncation introduced in Section 3.1, and
we set

Q:(t,x,6) i= Q(t,x0 + &' "x, 8). (3.15)

Here op,(-) denotes a pseudo-differential operator in &”-semiclassical quantization, as

in (3.1). Classical results on pseudo-differential calculus are gathered in Appendix B. In
particular, op, (Q,) maps L? to L?, uniformly in €, so that

I’z S 10l 2 S il 20,6 (3.16)

We now deduce from equation (3.7) for # an equation for u”, via the change of un-
known (3.14). Here we note that the leading, first-order term in (3.7) is

At, xo+e'"hx, ") = op,(iAs),  Ac = A(t,xo+ &' x, &)
Thus the equation for u” is

du” + &7 op,(Qe) 0p, (i Ae) (011) + 0p, (Q:) (0 Bit) — op, ((3; Q)) (812

d
= 0D (Qe)(OF) — ) 0p,(Qe)(Aj($e)itdy,6).

Jj=1

At this point the goal is to express the terms in @i above in the form of terms in u”,

modulo small errors—that is, to approximately invert (3.14). This is done as follows.
By composition of pseudo-differential operators with slow x-dependence (Proposi-
tion B.3),

Id = op,(Q; ") op,(Qe) + £ op, (R_1), (3.17)

where R_j is a uniform remainder in the sense of Section 3.6. With (3.17) we may thus
express 61t in terms of u":

01t = op,(Q; )’ + e op,(R_1)(01h). (3.18)
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Using inductively (3.17) and composition of pseudo-differential operators (Proposi-
tion B.2), we obtain
Ou = opg(Ro)ub + &" op,(Ro)(61) (3.19)

for n as large as allowed by the regularity of ¢.
By (3.18), the first-order term in the above equation for u” is

0p,(Qe) 0p, (i A ) (Bit) = 0p,(Qe) op, (i Ae) op, (Q; u”
+ £ 0p, (Q¢) 0p, (i A) op, (R_1)(Fid),

implying, by Proposition B.3,
0P (Q¢) 0p, (i A¢) (B1k) = 0p, (i Qe A Q; )u’ + & 0p, (Ro) (Bid).
Moreover, by (3.19), we may write
£" (0p, (Qe) (0 Bit) — 0p, (3 Q)c) (0ii)) = &" op, (B")u" + &" op, (Ro) (61),
where B” € Ry. From the above, the equation for u® becomes
du’ + e op, (i QeA: Q7 Y’ + op (BMU’ = F, (3.20)
where
d
B” €Ro, F’:=0p,(Q:)(OF) — ) 0p,(Q:)(Aj(e)itdy;0) + &" op, (Ro) (0ib).

j=1
3.21)

3.8. Advected coordinates

Let M be the flow of op, (i) (or rather, as argued at the beginning of Section 3.7, of
op, (fie), where i is a globally defined symbol extending j) in the sense that

M =op,(ins)M, M(zr;7)=1d,

where the symbol u is introduced in Assumption 2.1, and u, is defined from w by rescal-
ing space as in (3.15). Let M* be the associated backward flow, defined by

M =—M"op,(ins), M*(zr;7)=1d

By hyperbolicity (reality and regularity of w, and Proposition B.1), both M and M*
map L?to L2, uniformly in €, ¢, for t < shT(s). Egorov’s lemma (see for instance [11,
Theorem 4.7.8] or [21, Theorem 8.1]) states that

M*M =1d+e¢op,(R_;), MM*=1Id+ cop,(R_1), (3.22)

where we recall that R_; is a generic notation for bounded symbols of order —1 (see
Section 3.6); in other words, the equalities in (3.22) really mean that both M*M — Id and
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M M* — 1d belong to the class of operators of the form € op,(R_1). By Egorov’s lemma,
given a € §™, we also have

M* op,(ag)M = op;(as.) + & 0p,(Ryu—1), (3.23)

where ag, denotes the symbol a, evaluated along the bicharacteristic flow, in the following
sense: for any symbol'? b we denote

bu(t,x,8) == b(t, x.(t, x,§), 61, x, §)), (3.24)

where (x,, &,) is the bicharacteristic flow of u.. What is more, the remainder R,,_ above
has an expansion

0P, (Ryu—1) = 0P (ax1) + - - + £" 0p, (asn) + "+ 0p, (Riy—n—1), (3.25)

for n as large as allowed by the regularity of u,a and ¢, where a,; € ™~ has sup-
port included in the support of a,. Identities (3.23) and (3.25) also hold if M and M*
are interchanged, with backward bicharacteristics replacing forward bicharacteristics. By
(3.22),

M* op,(Rg) = M* op,(Ro)(MM* + ¢ op,(R-1)),
implying, by (3.23),
M* op.(Ro) = op,(Ro.)M* + &(M* op, (R_1) + op, (R_1)M*),
and reasoning inductively we arrive at
M* op,(Rg) = op, Ro)M™ + &" op, (Rop), (3.26)
where n is as large as allowed by the regularity of ¢. The advected variable is defined as
Uy = M*(0; Hu’. (3.27)

Then
ity = M*(3; — op, (ipe))ut’,

and 9,u” is given by equation (3.20) for u”. Using (3.22), we find
M* 0p, (i Qe (A — 1) 0, )’ = 0p, (1 Qe (Ae — 1) 0, 1)
+ & 0p,(Ro)us — eM* 0p,(Q: A Q; ") 0p, (R-Dut’,
with notation (3.24). Thus, by (3.26),

M* op, (i Qs (A — 1te) 07 Y = 0p, ((1 Qe (Ap — 1) Q7 V)t
+ & op, (Ro)u, + &" op, (Ro)u”.

10 Except for A, as seen in the definition of A, in (2.4).
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Moreover, in view of (3.26), the order-zero term B in (3.20) contributes to the equation
for u, the terms

M*(0; 1) op, (B*)u” = op,(By)u, + " op,(Ro)u’, B, € Ry.
The equation in u, thus becomes

dtts + &7 0pe (1 Qe (Ae — 1) Q7 ) ts + 0o (B)uy = Fi, (3.28)
where
B.€Ry, F.:=M*F" +¢"op,(Ro)u’. (3.29)

The symbol (Q:(As — e) Q;l )« equals Q. (Ag — Ue) Q;l evaluated along the bicharac-
teristics of ., as defined in (3.24).

3.9. Frequency, space, and time truncation functions

We introduce frequency cut-offs Xg, X0, X0, spatial cut-offs 08, éo, 6o, and temporal cut-
offs 1//8, Vo, Vo. All are smooth and take values in [0, 1]. Given two cut-offs ¥ and ¥/,

Y1 <Y¥> means (1 — Y)Y =0. (3.30)

Equivalently, 1 < v, when i = 1 on the support of ¥;.

The frequency cut-offs xf)’ , X0, xo are all assumed to be supported in the ball {|£] < §}.
All three are identically 1 on a neighborhood of & = 0. Furthermore, xS < X0 < X0-

The spatial cut-offs 98, b, O are all assumed to be supported in {|x| < §8}. All three
are identically 1 on a neighborhood of x = 0. Moreover, 08 < 6o < 6. We assume in
addition 6y < 6, where 6 is the spatial cut-off of Section 3.7.

The temporal cut-offs wg, 1}0, Yo are non-decreasing, supported in {r > —§}, and
identically 1 in a neighborhood of {t > 0}. In particular, 1/70 = lon {t > —§/3}. We have
wg < Yo < Yo. The truncation ¥ is pictured in Figure 6.

Yo

|
|
|
:
L
-5 -5/3 10

Fig. 6. The truncation function 1}0.

Associated with these cut-offs, define

X1, 6) 1= xo(§ _f°>eo<x)wo(r — 16, . £)), (3.31)
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and define similarly x” and ¥ in terms of Xg’ 98, wg and %o, 6o, Yo respectively. In (3.31),
the transition function ¢, is defined in (2.1), which we reproduce here:

to(e, x, &) =e7"0,(e'7"x, &) with 6, >0, 6,(0,&) =0, Vy:6,(0,&)=0.

Recall that the value of ¢ is fixed in Assumption 2.1, depending on £: £ = 0if £ = 0 or
¢=1,and ¢ =1/3if £ = 1/2.

Lemma 3.3. The support of x is a neighborhood of the elliptic domain D defined in
(2.2), and

o 5 e,

where ¢ is introduced in Section 2.1.1, in particular, ¢ < h. The same holds of course for
the other truncations x” and ¥, which satisfy x° < % < x.

Proof. For (t, x, £) to belong to the support of x, we need to have simultaneously |£ —&p|
< &b, |x] <6, and 1, (e, x, ) — 8 < t. This defines a neighborhood of D (precisely, of the
projection of D onto the (¢, x, §) domain).

We may now assume that ¢, is not identically zero, otherwise x is not stiff. Then (see
Section 2.1.1) £ = 1/2, h = 2/3, { = 1/3. By the Faa di Bruno formula

k
ot — e x. Nt = Y. Cpv @~ [J a6,
1<k<|B| j=1
Bri+--+Bi=p

where C g, are positive constants. We note that 8;‘9* (,x,6) = 0(Y) if |o| = 1 and &
belongs to the support of xo, by assumption on 6,, while 8? 0, = 0(1)if || = 2.

Consider the case of a decomposition of 8 into a sum of B;’s of length one. By the
above formula and the bound on Vg6, the corresponding bound is g IBI=0)

If B is decomposed into By + --- + B with || = 2 and |B;j| = 1 for j > 2,
then k = |B| — 1. The corresponding bound is e ~#+IBI=2(1=0) < ¢=IBI(h=0) 34 s00n as
¢ < h/2, which holds true. It is now easy to verify that the decomposition of |B| into
sums of multi-indices of length one corresponds to the worst possible loss in powers of ¢.

We turn to x-derivatives of ¥y (t —t,). By assumption, 0, is a function of g20-M(x )
and e!="(x, &). Thus x-derivatives bring in either powers of g~ t2(=1) — 1 since
h = 2/3, or powers of ¢ "T1=1+8 = | since ¢ = h/2 = 1/3.

Thus 9% 35 Yot —1,)| < e 1B1=9) if ¢ = 1/2. Considering finally the full truncation
function y, we observe that the term in (o contributes the exact same loss per &-derivative,
and the spatial truncation 6 gives no loss. O

Corollary 3.4. The operator op,(x) maps L2(RY) to L*(RY), uniformly in €, and so do
op, (x”) and op, (%)

Proof. Since y is compactly supported in x, we may use pointwise bounds for 5 x and
the bound (B.5) of Proposition B.1. The result then follows from Lemma 3.3. O
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3.10. Localization in the elliptic zone and rescaling in time

‘We define
v 1= op, (% (1) (ux(e"1)), (3.32)

meaning that we first rescale time in u, and then apply op,(x) evaluated at ¢, where x
is defined just below (3.31). We now derive an equation for v, based on equation (3.28)
for u,.

Consider first the leading, first-order term in (3.28). When evaluated at sht, its symbol
is precisely (for A, see (2.4)) the rescaled and advected symbol for which Assumption
2.1 holds:

((1Qe(Ar — 1) 071, (") = Aule, 1, x, £).
Thus

0p, () (0P, (1 Qe (Ac = 1) Q7)) ) (") = 0p, () 0P, (i A.) (s (e"1).

Similarly, denoting B := B*(sht), where B, is the order-zero correction to the leading
symbol which appears in (3.28),

op, (%) (0p, (Bo)u,) (6" 1) = op, () op, (B) (u.(e"1)).

‘We now introduce a commutator:
0P, (%) 0p (i Ay + £B) (uu(e"1)) = 0p, (i Ax + £ B)v + [ (u, (6" 1)),
where
[ := [0p,(X), 0p, (i Ax + £B)]. (3.33)

By definition of v,

v = op, (3 ) (s ("1)) + " op. (1) ((Bu,) (" 1)).
Together with (3.28), this implies

v+ " op, (i As + eB)v = 0p, (3 ) (ua (")) — "' T (un(e"1)) + &" 0p, (1) F..

We will handle the right-hand side as a remainder. The following lemma shows that we
may introduce a truncation function in the above principal symbol.

Lemma 3.5. For any bounded family P (s, t) € S', for x defined in (3.31) and v defined
in (3.32),

op, (P)v = op, (x P)v + [0p, (P), op, (x)]v + &" (0p, (Ro)u,) (6"1), (3.34)

where Ry is a uniform remainder in the sense of Section 3.6.
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Proof. By definition of ¥ and y, and Proposition B.2, for any n’ € N*,

0P, (%) = 0p, (X X) = 0p, () 0p, (%) + & op, (R (X, %))

and the remainder satisfies
llope (R O, X 21y, S 108 xllo.c@ 13y X llo.cca)-

We use here the norms || - ||, for pseudo-differential symbols of order m, as defined in
(B.2). By Lemma 3.3,

—('+C@d))¢ —Cdy¢.

19¢ xllo.cay S € and 10" X llo.cay < €

Since ¢ < h, we have &""=('+2CW@)N("=8) < ¢n for any n, if n’ is chosen large enough.
Thus
op, (X) = op,(x) op.(x) + &" op.(Ro), (3.35)

where R is bounded for t < T (¢). This implies

0p,(P)v = 0p,(P) op, (X )u(e"t) = op,(P) op, (x)v + &" op, (Ro) (u,(e"1)).

Now
op.(P)op.(x) = op.(x P) + [op.(P), op. ()],

and (3.34) is proved, with a symbol Rop which is a uniform remainder in the sense of
Section 3.6, meaning that we rescale in time the remainder which appears in (3.35). O

Applying Lemma 3.5 to P = i A, + ¢ B, we derive the final form of the equation satisfied
by v:
v+ e"Top,(x(iA, +eB))v =¢"g, (3.36)

where the source term g is defined in terms of the remainder F, from (3.28)—(3.29):

g =¢e (Mo — T (")) + 7" op, (8 %) (a(e"1)) + 0p, (1) (Fu(e"1))
+ &"(op, (Ro)ux) (1), (3.37)

with T defined just like I in (3.33), but with yx in place of %.

The derivation of (3.36)—(3.37) ends the first step of the proof of Theorem 2.2. Our
goal now is to estimate the growth in time of the solution to (3.36) over the interval
[0, T(¢)], where T'(¢) = (T.|Ing|)!/1+9 For this, we will first derive an integral repre-
sentation formula for v.
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3.11. An integral representation formula

At this point we use the theory developed in Appendix D. Theorem D.3 gives an integral
representation formula for the solution v to (3.36) issued from v(0):

t
v = op,(2(0; t)))v(O)JrEh/0 op, (Z(t; 1)) (Id+ ¢ op, (Ro)) (g(7) + & op, (Ro)v(0)) d,
(3.38)

where Ry are uniform remainders, as defined in Section 3.6, and the approximate solution
operator op, (X(s; t)) is defined by

40
Y= Zethq, (3.39)
q=0

where g is large enough.11 In (3.39), the leading term S is defined for0 < 7 <7 < T (¢)
and all (x, £) € R? x R4 by

3So+e" ' x(iA., +eB)t,x,E)S0 =0, So(r;7)=1Id, (3.40)
and the S, for g > 1 are correctors, defined inductively as the solutions of

%S, + " YA A+ eB) (. x. E)Sg + "1 DY (XA +eB)) By, Sy

A (3.41)

Sy(r; 1) =0,

with o7 &, 02 := (—i)"(n!)~! Zla‘ﬂ Bg‘o] 0%07. From (3.40) and (3.41) we deduce the
representation, for g > 1,

t
Sy(t;1) = —£h_1/ So(t'; 1) Z (X (Ac+eB)) (T, x,8)g, Sp (r; T dT'.  (3.42)

q1+92=q
q1 >O

In order to be able to exploit the representation (3.38), we need to check that Assumption
D.1, under which Theorem D.3 holds, is satisfied. This is the object of the forthcoming
section.

3.12. Bound on the solution operator

Recall that S, the symbolic flow of i eh_lA*, is defined in (2.8), and is assumed to satisfy
the bounds of Assumption 2.1. The upper bound (2.11) in Assumption 2.1 is assumed to
hold for S in the domain D defined in (2.2):

D= {(t;t,x,&) 1 t,(x, ) <T <t <Tl(e), |x| <8, £ —&| < 8e°}),

where the transition time ¢, is defined in (2.1) and the final observation time 7 (¢) is
defined in (2.3).

1 Depending on ¢, the final observation time 7, (see (2.3)), and the growth function y—see
Appendix D and in particular the proof of Lemma D.2.
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The goal in this section is to show that the symbolic flow Sy, which is defined as
the solution of (3.40), and the correctors S, defined as the solutions to (3.41), satisfy the
bounds of Assumption D.1. This will allow us to use the representation Theorem D.3,
and will justify representation (3.38). This will also give a bound for the norm of the
approximate solution operator op, (%) defined in (3.39).

We are looking for bounds for the correctors S, and their derivatives. Consider the
representation (3.42). Disregarding (x, £)-derivatives, we see in (3.42) that S, appears as
a time integral of a product So(x (i A + €B))Sy, with g2 < g. We may recursively use
(3.42) at rank g», and by induction S, (7; ) appears as a time integral of the form

(=D / So(t1; 1) (x (i Ax + £B))(11)So(t2; T1) (x (i Ax + €B))(T2) - - -
TS < STyt
< So(th; T—1) (X (AL +€B)) (1) So(t; ) dry ... dT,,  (3.43)

in which there are g occurrences of i A, + ¢B and g + 1 occurrences of Sy. Note again
that in (3.43) we ignore (x, &£)-derivatives. From this, it can be seen that we need to

e derive bounds on Sy and its (x, &)-derivatives; these will be deduced from the bounds
of S postulated in Assumption 2.1;

e derive bounds for products of Sy with x (i A,+¢ B); here the block structure assumption
(2.6)—(2.7) from Assumption 2.1 will come in.

3.12.1. Product bounds for S. In a first step, we prove bounds for products of symbols
involving the symbolic flow S of (2.8) and the rescaled and advected principal symbol A,
of 2.4). Forua, B € N2 and 0 < t < r we denote

Sap(ti 1) 1= e"1S(z: )80 Au(D),
and for (¢;, B;) € N%4 and 0 <t <71 <11 <711 <t we consider the products
Su(t,t1, o Ty ) 1= Say g (T15 D) Say, 8, (25 T1) * - Sy, B (T Ta—1)S(T5 7). (3.44)
Lemma 3.6. Under Assumption 2.1,

1 &%

ISn (T, Tty s £, X, 6)| S (8; 1 )ey+(r;t,x,é)

foralln > 1 and all o;, B;i € N2 all 0 <t<t, <---<t <twith(t;t,x, &) €D,
uniformly in €. By < we mean here entrywise inequalities modulo constants, for each

block of Sy, as described below (2.12).

Proof. If all blocks of A, satisfy (2.6), then { = 0, and the stated bound simply follows
from the multiplicative nature of the growth function, namely the identity

e, +(t1;1)e,+(T; T1) = e,+(7;1). (3.45)
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Suppose then that a block A, satisfies (2.7), and consider the associated component S
of the symbolic flow (2.8). Bound (2.11) from Assumption 2.1 and the cancellation ob-
served in the product

1 ghfl 1 8/171 1 8h71
<81_h 1 ) (81_h 1 ) =2 <Sl_h 1 ) (346)

imply, after omitting the index j,
1 ghfl
1S(1: 105 9 Au () S(r: 1) | S (81_;1 . ) et (z:0). (3.47)
The result follows from (3.45)—(3.47) by a straightforward induction. O

3.12.2. Product bounds for 9% S. Next we show that spatial derivatives of S and products
involving 92§ satisfy the upper bound (2.11) from Assumption 2.1. For «, 8, 8/ € N¢
and 0 < Tt <t we denote

S’a,ﬁ(r; 1) = sh_la)‘;‘S(t; z)afafA*(r),

and for «; eNd,ﬂi eN¥and0<t <71, <711 <T] <tWeset

Su(T Th, oy s 8) 1= Say gy (115 1) Sy, (725 T1) - - S o (T3 Ta—1)32S(T5 T).

Lemma 3.7. Under Assumption 2.1,
~ l 8_4'
107 S|+ IShl < <8§ | )ey+

for each block of the block diagonal matrices S and S,. The precise meaning of < is
described below (2.12).

Above, and often below, the time- and space-frequency arguments are omitted. In particu-
lar, the “interior” temporal arguments of S, namely 7, ..., 71, are omitted. It is implicit
that the t; are constrained only by 7 < 1, < 1,1 <--- < 11 <, and that the «;, ; and
n > 1 are arbitrary.

Proof of Lemma 3.7. We first prove by induction on || that 9% S enjoys the representa-

tion
ws=Y [s. (3.48)

n<|o|

where S, is defined in (3.44). By (3.48), we mean precisely

WS(tin= Y cn/ Sn(T, 71, s T 1) dTy - .. dTs, (3.49)
l<n<|a| TST| = =Ty =I

with the constants C,, independent of (¢, t, x, ). In the following, whenever products,
such as S,,, are integrated in time, the integration variables are the “interior” variables,
as described just above this proof. In order to prove (3.48) for |a| = 1, we apply 9 to
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equation (2.8) for S:
9,098 +ic"1A,0%8 = —ie" (8% A,)S.
This implies the representation

t
aij(r;t)z—ieh*If St 0% A(t)S(z; T dT!, ol =1,

T

which takes the form (3.48). For greater values of |«|, we have similarly

t
s =—igh=t Y /Sajf‘A*a)‘;‘ZS,

ajtar=a VT
i[>0

and the induction step is straightforward. From (3.48) the bound on 97 S follows by the
bound on S, in Lemma 3.6 and the multiplicative nature of e, +. Time integrals only
contribute powers of |In ¢|, which are invisible in < estimates. Finally, from (3.48) we
deduce (using the same notational convention as in (3.48))

S, = > f Su (3.50)
W <loty |+ F o |+n+le
and Lemma 3.6 applies again. O

3.12.3. Bounds for the symbolic flow So. Here we bound Sy, the solution to (3.40). While
S is the flow of ig""1A,, the symbol Sy is the flow of eh’lx(iA* + ¢B), where x is a
stiff truncation and B is a bounded symbol of order zero. We prove here that the upper
bound (2.11) in Assumption 2.1 is stable under the perturbations induced by x and B, in
the sense that Sp and its spatial derivatives satisfy the same upper bound as S.

In a first step, we consider the solution S, to

S, +e"xAS, =0, S, (r;7)=1d. (3.51)

Associated with S, , we define products S, , involving 9¢ S, just like S, was defined as
a product involving 92 S, but with x A, in place of A,; explicitly,

Sy.ap(rit) =" 188, (1: 0820 (x Au(1), & = (@1, 00) € N*, B e N,

andfora; e N4 i eNland0 <t <71, <7101 <71 <1,

Syn(T, T, ..., Tus 1)
= S)(,otl,ﬁl (115 t)Sx,az,ﬁz(TZ; TY) - Sx,otn,ﬂn (Tn; Tnfl)agsx (t; ™).
Corollary 3.8. The solution Sy to (3.51) enjoys the bounds

1 &%

10y Sy (t5 1, x, )| < (54 | )ey+(‘c; t,x,§), (3.52)

- 1 &¢
1Sl < &7V <8¢ | )ey+(r;t,x,s), (3.53)

forany O <t <t < T(¢)andany (x,§&).
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Just like the bounds of Lemma 3.7, the bounds of Lemma 3.8 are understood entrywise,
for each block of the block diagonal matrices S, and S, ,.

While the bound of Assumption 2.1 was stated over D, the bound of Corollary 3.9
holds for any (x,£) and 0 < v <t < T(¢), with T (¢) defined in (2.3). This comes from
the truncation x in (3.51).

Proof of Corollary 3.8. There are five cases:

elft <t <t —4,then x = 0 on [1, ] (see the definition of x in (3.31)), implying
Sy =1d.

o If T <t, — § <t, then by the properties of the flow and the previous case,
Sy (75 8) = Sy (15 1) Sy (15 1) = Sy (45 1),

and we are reduced tothe case t, <t <t < T(¢).

olft, <t <t <T(e),then x =1on[r;t],and S, = S by uniqueness.

olft, —§ <1 <t <t, comparing equation (2.8) for S with equation (3.51) for S, we
find the representation

t
Sy(Ti1) = S(z;1) — et / S ) (1 = ) (@) AT Sy (z; T') dT,

T

and applying 0¥ to both sides gives
Ay Sy (T3 1)

t
=03%S(t; 1) — ! Z/ 341 8(t; 0922 ((1 — x)(t)AL(T))3%3 Sy (v; T)) dT,
' (3.54)

where the sum is over all o] + a2 +®3 = «. Since we are only interested in upper bounds,
we have omitted multinomial constants Cy;, > 0 in (3.54). We factor out the expected
growth by letting S; = e;l Sy SP = e;i S. Then, by the property (3.45) of the growth
function, 97 S; solves, with the summation sign omitted,

t
Sy (T3 1) = agsb(r;t)—eh”/ 318" (¢'s 322 (1= ) (x) Au(1)) 03 S (z: T') d T
i (3.55)

Now given a matrix M = (! 1112 ), we let

(2, )
Then we have an identity analogous to (3.46):

MMy = M\ M,. (3.56)
In particular, if M; and M, are bounded in ¢, then MM, is bounded in &. Thus from

(3.55)—(3.56) we deduce

t
oy S, (i) = 8yS" — / oS N ((1 = 0@ E" T AEN)) IS, (i T dr'.

T
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The key is now that ¢! 0% ((1—=x)A,) is uniformly bounded in €. Indeed, by Lemma 3.3,
spatial derivatives of the truncation x are uniformly bounded. By the block conditions
(2.6)—(2.7) and the definition of A, just above (3.56), the matrix gh—1 A, is uniformly
bounded in ¢. Further, S bis uniformly bounded, by Lemma 3.7. Thus we obtain the bound

t
19985 (z:1)] sc(1+f |a§z‘3§;(r;r/>|dr’)
T

with o3| < |e|, for some C > 0, implying by Gronwall and a straightforward induction
078, (0] < CeCUT, n—s <t <1<,

which is good enough since t — 7 < §. Going back to S, , we find the bound (3.52).

e The same arguments apply in the remaining case ft, — 8 <17 <t, <t.

At this point, (3.52) is proved and we turn to (3.53). First consider products involving no
spatial derivatives of S,, which we denote S, ,,, for consistency with (3.44). Here we note
that the proof of Lemma 3.6 uses only the upper bound (2.11) for S, via the cancellation
(3.46). We may thus repeat that proof and derive a bound for S, ,. The only difference is
that while A, is uniformly bounded in ¢, the truncation function y is stiff in &, as seen in
(3.31) and the definition of ¢, in (2.1), and reflected in Lemma 3.3. This gives the bound
(3.53) with S, , in place of S, ,.

Finally, spatial derivatives are well behaved, in the sense that they are bounded without
loss in &. Thus from the bound in S, ,, we derive the bound (3.53) exactly as in the proof

of Lemma 3.7, via a representation formula identical to (3.50), with Sx,n and S, , in
place of S,, and S,,. O

Corollary 3.9. The solution Sy to (3.40) enjoys the bound

109 So(: 1, x,6) S e Cepr(Tit,x, &)

forany 0 <t <t <T(¢)andany (x,§&).
Proof. From equations (3.51) for Sx and (3.40) for Sy, we deduce the representation

t
agso(r;z):agsx(r;z)ﬂh/ 9418, ('3 1)0% (x B(t'))0% So(t; T')dt’,  (3.57)

T

with an implicit summation over o] + o + @3 = «, and implicit multinomial constants
Cq; > 0. We factor out the expected growth before applying Gronwall’s lemma, by letting

Sg = e;iSo and S; = e;iSX. From Corollary 3.8, we know that [09S,| < e7¢.
Moreover, from Lemma 3.3 and the fact that B € Ry, the symbol 3% (x B) is uniformly
bounded. Thus from (3.57) we deduce

t
syl S 4 e [ Esimelar, < .
T

We may now conclude the proof by Gronwall’s lemma and a straightforward induction,
since 7 (¢) grows at most logarithmically and 4 — ¢ > 0. O
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3.12.4. Product bounds for So. The next step is to prove product bounds for 95 Sp, as in
Lemma 3.7. For this, for ¢ = (a1, a2) € N2, B e N and 0 < 7 < t we let

So.ap(T: 1) 1= e" 101 Sy (x: 1)8%20L (x Au (1)),

and for o; € N2 Bi € NYand0 <7 < Ty < T—1 < 11 <t we write

So.n (T, T1,y oo Tus 1) 1= 80,0y, 8 (T15 1) 80,02, 8, (T25 T1) -+ + 80,000, 8 (Tns Tn—1) 5 So (T3 Tn).
(3.58)

Corollary 3.10. We have
S0, S e ¢UHADe, . (3.59)
Jorany0 <t <7, <71 <--- <711 <t <T(¢), any (x,§), any a;, Bi and anyn > 1,
with |B] = 3_; |Bil.
Proof. First observe that for n = 1, if we used Corollary 3.9 directly, we would find the
upper bound
"1 Sy () D2 AL(T)IB So(ri T S €' Fey o,

which is not good enough since # — 1 — ¢ < 0if ¢ = 1 — h. Hence the need for more
than the bound on 9¢ Sy from Corollary 3.9.

Second, note that the loss in (3.59) comes from &-derivatives applied to y, exactly as
in the proof of Corollary 3.8.

We are going to use the representations

S0 =08+ Y. /S /SXOm, la| > 0, (3.60)
1<k<m—1

for any m € N, with
Sx L= e @9s, dy (X B))--- (3%, 9%k (% B))3HS, .
SX 0k = kh(8x“1SX GXI(XB)) .. (33"5;( 8?" (XB))angSo.

In (3.60) we use compact notation as in (3.48). In partlcular time arguments are implicit

and form “chains” in the sense that in products (S, 9y XB)(SX » XB) the time argu-
ments of the first term are (7; 71) and those of the second term are (t;; 12). The integrals
in (3.60) are time integrals bearing on the “interior” variables of S,f and Sgk; see the ex-
plicit definition of S in (3.44), and see how the compact notation of (3.48) is expanded
into explicit notation in (3.49).

By Assumption 2.1 and Corollary 3.9,

ISZ 1 +185 04l S eth=0g~le . (3.61)

The representation (3.60) is proved by using (3.57) recursively n — 1 times.
From (3.60), we find So.1 = &1} Sp0:> af(x A,)3% Sy is a sum of nine terms:

o The term &" 137" S, 872 85 (X A+)dy°Sy = Sy 1 is bounded by using Corollary 3.8.
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e For term Il = sh—lsf’kaf? 85 (x A3 S, we use Corollary 3.8 for the rightmost prod-
uct, of the form =19, +! Sy 0> 85 (x A)9y° Sy, and then bound separately the remaining
k products of the form &9y’ S35 (x B). This gives [II] < 8k(h_5)8_5(1+|ﬂ|)ey+, and we
use ¢ < h.

h—1QB
s)(,O,m

as II, since the rightmost product here has the form gh—1 8;: m+ §nde? 85 (xA)S - Here
we use (3.61) with k = m large, the bound |8§28£(XA*)| < ¢~ 1AI¢ and the bound of

Corollary 3.8 for |dy°S,|. There occurs a loss of £¢7¢, but this is compensated by an
appropriate choice of m. Precisely, we find [III| < e™"=¢)=2~Ifl¢e . and then choose
m large enough, depending on A, so thatm(h — ¢) — ¢ > 0.

e Term IIIl = ¢ a2 85 (xA)IPS , cannot be handled by the same argument

e Term IV = &"~137'S, 877 Bf(x A*)Sf!k is symmetric to II. Here we isolate the leftmost
product " 13515, 5297 (x AL S,
elnterm V = ah—lsfj ,{3;’2 85 (x A‘,)S)I(g » We use the cancellation of Corollary 3.8 for the

term in the middle, &"~13;**' S, 932 85 (xA,)dy! Sy . The remaining terms contain k + k'

occurrences of S, and there is a prefactor gh®+k)  Thus we obtain the bound |V <
8(k+k’)(hf§)87((1+|ﬂ|)ey+‘

e The remaining terms all involve at least m factors, hence, by (3.61), have an ¢"—%)
prefactor. We handle these terms just like III above.

From the above, we conclude that
1S0.11 < 8_{(1+|ﬂ|)ey+,

where |8 is the number of &-derivatives in So,l-

The general case n > 2 is handled in exactly the same way. Via representations (3.60),
products involving 9% Sp, as in the statement of the corollary, are expanded into sums of
products involving 8)‘3‘/ Sy, and remainders which involve products with a large number of
&" B terms, and So terms. These remainders are handled as term III above, using & < ¢,
hence ¢~ as small as needed for m large. We are then left with products involving
only x A., x B and spatial derivatives of S, . For these, we use Corollary 3.7 as we did
above in the treatment of terms I and II (using the case n > 2 in Corollary 3.8, while we
used only n = 1 in the above treatment of I and II). O

The final bound in these preparation steps involves products of Sy with y (i A, + €B), as
already met in (3.43). For @ = (a1, a2) € N2 B e N9 and 0 < 7 < 1 we let

S8, p(ri 1) 1= e" 8% Sy (v: 0%20L (x (i As + e B) (D)),
and for o; € N2, Bi € Neand0 <7 < T, < 11 < 171 <t we consider the products

SE (@ Tl T 1) = S5 g (T1 D S0,y (T2 T1) -+ 86, g (Tt Tw—1)3S So(T: T).
(3.62)
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Corollary 3.11. We have
|S€,n| < 8—§(l+\ﬁ\)ey+

forany0 <t <1y <y <o <11 <t < T(e), any (x,§), any o;, Bi, and any
n > 1 with |Bl =3, 1Bil.

Proof. Developing the product, we find that Sg , is a product of terms of the form
So.» of (3.58) and terms of the form 8”3;‘85)(3. By Corollary 3.10, [So,] <
e—¢(U+IB |)ey+, where |B] is the total number of &-derivatives that appear in Sp ,. More-
over, |e” 0y 85 (xB)| < e"71PIE_ The result then follows from ¢ < h. m]

3.12.5. Bounds on the correctors S;. We are now ready to prove bounds on spatial
derivatives of the correctors S, introduced in (3.41):

Corollary 3.12. For0 <t <t < T(¢) and any (x, &),

I3§Sq| S 87§(1+q)ey+ for0 < g < qo.

Proof. For ¢ = 0, Corollary 3.9 gives the desired bound. For ¢ = 1, the corrector S
admits the representation (3.42), so that 97 Sy appears as a sum of terms

t
gh=1 / 1 So(t'; t)agzag(x(iA* +&B))(t)Ha%t* Sy(t; v') dr’,
T

where || = 1 and o1 + oy + a3 = «. Corollary 3.10 applies and gives the desired bound.
Consider now the representation (3.42) for S, with any ¢ > 2. In this representation,
0% S, appears as a sum of terms

t
gh=1 / 3y So(t'; 1329 (x (1 Ax + eB)) (xBTS, (s 7)) dT, (3.63)
T

where |«| + ¢’ = ¢, |«] > 0, and o] + @p + @3 = «. We may recursively use the
representation (3.42) in (3.63), so that 97S, appears as a time integral of terms Sg , asin
(3.62), with exactly g derivatives bearing on the £ variables. The result then follows from
Corollary 3.11. O

3.12.6. Bounds on the approximate solution operator op,(%). We arrive at a bound for
the action of the approximate solution operator op, (%) defined in (3.39):

Corollary 3.13. ForO0 <t <t <T\(e),

+(t1+f o

lope (Z(T: Wl 123y S & ° exp(y ) Wil L2 gay

where y* 1= max|y|<s. |c—g|<s ¥ (X, £).

Proof. Let 0] be a spatial cut-off that is identically 1 on a neighborhood of B(xg, §). Then

llope (X (T Wl 12(B(xy,5)) = 0P (O1Z (T3 1)) Wl 12(Ra)-
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Now by Proposition B.1,

llop, (01 Z(T; D)wllp2ray < Z sup |3y (01 2(z; ¢, -, ENN L ey llwll g2 ey -
la|<d+1E€R?

By Corollary 3.10, forall 0 < g < go and |§ — &y| < 4,

16105 Sy (t: 1, OVl 1y S ¢ sup ey (Tit,x, E).
[x|+1§—&o| <6

The result then follows from ¢ < h and the pointwise bound

e,+(7;1,x,8) < exp(er(tHZ — 1:1“)) for £ > 0. ]
3.12.7. Lower bound for So. We verify that the lower bound (2.10) in Assumption 2.1 is
stable by perturbation:

Lemma 3.14. For § and & small enough, the flow Sy satisfies the lower bound (2.10) from
Assumption 2.1, that is,

£7%e,-(0; T (), x, £0) < 150(0; T (&), x, £0)é(x)|

for |x| < 8 and €(x) as in Assumption 2.1.

Proof. First observe that £, (¢, 0, &) = 0, so that the equations for S and S, coincide over
the time interval [8, T (¢)] at (x, &) = (0, &). A simple perturbation argument, similar to
the arguments developed in detail above, then implies that S, (0; T'(¢), 0, &) satisfies the
lower bound (2.10). Next we use the representation (3.57) from the proof of Corollary
3.9, with @ = 0, which implies

t
1Soe | > [Syé| —Sh/ 1S, (z"s O |B(x)]|So(z: T')| d7’.
0
As argued above, we may use the lower bound (2.10) for S, ; moreover, Corollaries 3.8
and 3.9 provide upper bounds for Sp and S, . These yield the lower bound
150(0; T(e), x, §0)¢ | 2 £ e, (0: T(e), x, &) — 8h756y+(0; T (¢), x, &0).
Now at (t; 1, x,&) = (0; T (¢), x, &), for § and & small enough,

e e, Sexp((vFr o) — miny~(x.60) 7)),

x|
The constant
8o := max y ™ (x, §) — min y~ (x, )
lx|<8 x|<8

is small for small 8, by continuity of y* and the fact that y (0, &) = (0, &). In
particular, we may choose 6 depending on T, defined in (2.3) and satisfying (3.5), so that

h—¢—Td > 0. (3.64)
Thus for |x| < § and ¢ small enough,

1— sh*feﬁe;l (0: T(e), x,6) >1— e > 1/,

and the result follows. O
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3.12.8. Bounds on 9 85 Sy We finally give bounds on (x, &)-derivatives of Sy and of the
correctors ;. This ends the verification of Assumption D.1.

Lemma 3.15. For0 <t <t < T(¢) and any (x, £),

0200 5,1 S e <+, (3.65)

Proof. From the representation

t
o So(rity=—e""1 /So(r/;t)afl(x(iA*—i—sB))(r’)afzSo(t;t’)dr’

Bi+B=p 0
[B11>0

and Corollary 3.11, we find by induction the bound (3.65) for ¢ = 0. Moreover , applying
oY 85 to the equation for S, we find the representation

t
029f's, = —sh_l/ so(a;‘lafl (X (i Aute B))9220L2 S, +020L (X (i Aute B)) g, Sy )),
T

with an implicit summation over 1 + a2 = o, B1 + B2 = B, g1 + g2 = g with
let ], 181, g1 > 0. We use the above representation recursively, and find that 97 35 Sy

is a sum of terms Sg ,»» With a total number of &-derivatives equal to |8| + q. It now suf-
fices to apply Corollary 3.11. O

3.12.9. Conclusion. Before moving on to the third and last part of the proof of Theorem
2.2, we recapitulate our arguments so far.

The bound |9¢ 85 (xAy)| < e71PIE and Lemma 3.15 verify Assumption D.1. Thus at
this point the integral representation (3.38) is justified, via Theorem D.3. We reproduce
here equation (3.38):

t
v = op,(X(0; f)))v(0)+8h/0 op, (Z(7; 1)) (Id + ¢ op, (Ro)) (g(7) + ¢ op, (Ro)v(0)) d.

This ends the second part of the proof. Next we will prove a lower bound for v, in
L?(B(0, 8)) norm. For this, we will bound from above the time-integrated term in (3.38),
and bound from below the “free” solution op, (2(0; ¢))v(0). The bound from above rests
on Corollary 3.13 bounding the action of op, (%), and on a bound for the source g, which
is the object of the forthcoming Section 3.13. The bound from below is a consequence of
Lemma 3.14.

3.13. Bound on the source term

Our goal in this section is to give an upper bound for the source term g from (3.36). The
source g is defined in (3.37), which we reproduce here:

g =& "(Tv —Tu.(e"1) + &7 op, (3 1) (us(e"1)) + 0op, (%) (Fu(e"1))
+ &" (op, (Ro)ux) (e"1).
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We let

80 1= 0p, () (Fx(e"1)) + " (op, (Ro)u,) ("),

gy =& (Do = T(ua(e"1)) + e 7" 0p, (8 1) (1 (1)),
so that g = go + g,. We first consider g.
Lemma 3.16. We have

llope ()80l 2 S N (e D300 50,57 + & N " Dl 250,505

uniformly in t € [0, T (¢)], for n as large as allowed by the regularity of ¢, where the
possibly stiff truncation x° is defined just below (3.31), in particular x° < % with the
notation of (3.30).

Proof. There are three types of terms in go: (a) a commutator coming from the spatial
cut-off 6, (b) non-linear terms, (c) remainders of size O(e"). The term F, is defined in
(3.29) in terms of F” defined in (3.21), which in turn is defined in terms of F defined
in (3.8). We recall their definitions:

d
F = Gole, 1, x, i) - i it) + ) Guje, t,x,40) - (i, i),
j=1

d
F* = 0p(Q:)(0F) — > " op, (Qe)(Aj(¢)1id,0) + £" op, (Ro) (Bid),
j=1

F,=M*F’ +¢&" opg(Ro)ub.

(a) The commutator term is the term in 8xj 6 in F’. This term is rendered small by the

left action of op, (x”). Indeed, commutators that arise from a localization step depend on
derivatives p’, where p is the localization symbol. If we further localize with p” such that
p" is identically 1 on the support of p, then from (1 — p)p” = 0 we deduce p°p’ = 0,
and the associated commutator is arbitrarily small. This is made precise below.

Consider first the term

0P, (X" )M* 0p, (Qe) (A (¢ )iy, 0).

We start by approximately commuting op, ( x?) and M*, by use of (3.23) (with M in place
of M™* and conversely): in view of Lemma 3.3,

op. (x")YM* = M* op, (x,,)) + "¢ op, (Ro), (3.66)

where X(b* denotes evaluation of x” along the backward characteristics of 1. Note that
we here use the definition (3.13) for Ry. In particular, the characteristics depend on time
through &”¢. Expanding X(b*) in powers of &', for t < T(e), we find terms that are all

supported in the support of x”, up to an O(¢") remainder, with n as large as allowed by
the regularity of ¢. In conjunction with Proposition B.2, this implies

M* 0p, (X)) 0P (Qc) = op, (BoRo) + &" op, (Ro).
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where 0 is defined in Section 3.10, in particular (1 — 8)8p = 0. Now

0P, (60R0) (A (¢5)it0y;0) = 0p, (B0x;0R0) (A (¢s)it) + [0p, (BoRo), dx; 01(A; (e i),

and the first term on the right is identically zero, since 69 ; 6 = 0. For the second term, we
use Proposition B.2: up to O ("), the operator involves products of 6y and its derivatives
with derivatives of dy;6. These products are identically zero. Thus

* b . .
1M 0p, (X(,)) 0P (Qe) (Aj (Pe)i) I 2 S €™ ikl 25 (0,5)-

Now Egorov’s lemma (see (3.23)), as used in (3.60), yields an expansion to arbitrary

order, as in (3.25). The supports of the symbols that appear in this expansion share the
b .

property that we used for Xy We obtain

llops (x)M* 0p, (Qe) (Aj (¢e)itde,0) 2 < ™11kl 125 0.6))-
(b) The non-linear terms are local in & and V., so that
0(x)Go(e, t,x, i) - (i, 1) = O(x)Go(e, t, x, 0%0) - (0%, %),

where 6 < 6% (see notation (3.30)), with supp 6% ¢ B(0, ). A similar identity holds
for G . Thus

16Go (i) - (i, )|l 2 < 10GoB%i) - (0%1h, 6%1h) || 12 < C(16%|Lo0) 1078k Loo |6%81 | 1 2.

Since 6% has support in B(0, 8), we have [|6%]|;> < il L2(B(0.5))> and the same in L>°
norm. By the a priori bound (3.10), we have in particular ||it ||z (p(0,5)) < 1, since K/ > 0.
Thus

16GoG) - G, i)l 2 < Nl 2o 0.5)-

A similar argument for G yields an upper bound that involves |[|i ||y 1.00 (9 5))- We con-
clude that

b * - -2
||0p€()( M Opg(Q‘&‘)(eF)“L2 f, ”u”WLDC(B(O,S))'

(c) The remainders of the form &" op,(Ro)(fu) and &" op, (Ro)u” in g contribute
e"|6ul| ;2 to the estimate for op, ( x”)g, by definition of uniform remainders (Section
3.6), and the bound (3.16) on u”. The same bound holds for the remainder in u,, since
lusll 2 < llu®] 12, by the properties of M*. We use in addition Corollary 3.4 for all these
remainders. O

Corollary 3.17. Forany P € S°, for the source term g defined just above the statement
of Lemma 3.16, we have

lop, (x”) ops (P)goll 2 < e*X 1P llo.ccxrys (3.67)

uniformly int € [0, T(¢)], for some C(K') > 0, where || - ||o. is the norm in SO defined
in (B.2). The constant K' is defined in (3.11) in terms of K, o, m and d.
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Proof. By Lemma 3.16 and Proposition B.1,
llops (P)op, (X822 < I1Pllo.ca (il 72 50,5 + " Niill 2 (30.6):

and with (3.10) we obtain the upper bound (3.67) by taking n = K’. It remains to
handle the commutator [op, ( Xb), op,. (P)]. Here we use Proposition B.2: modulo terms
which are O(g"), the symbol of the commutator is a sum of terms of the form P, :=
ghlel (BgXbE)g‘P — agxbag P). Since x° < x (with the notation introduced in (3.30)), we
have Py = x P,. Thus, by Proposition B.2 again,

0p, (Pa)g = op, (Py) 0op,(%)g + "1V op, (04) g, (3.68)

where the leading terms in Q,, have the same form as P,. For the first term in (3.68) above,
we use Corollary 3.16, as we may since y < x. We also use the fact that |op, (Py) || 2_, 12
is bounded uniformly in ¢, by Lemma 3.3 and the bound (B.5). For the leading terms
in Qy, we use inductively (3.68), and arrive at (3.67). The Taylor expansion in the com-
position of operators needs to be carried out up to order O (K"), hence the dependence on
| P llo,c(x) in the upper bound. O

Lemma 3.18. For any P € S° and for 8y defined just above Lemma 3.16,

llop, (x") 0p (P)gll 2 S 5 " I Pllo,
uniformly in t € [0, T (¢)], for n as large as allowed by the regularity of ¢.

Proof. First consider the case P = Id. Since derivatives of ¥ vanish identically on the
support of wg, by Proposition B.2 we have

llope (x”) 0P (@ )l 2 12 S €™ 197 X llo.ca) 197 8¢ % llo.ca)-

By Lemma 3.3, this implies

llop, (x”) 0P (B X 2, 2 S &™Me~(H2CE@NE

and the above is arbitrarily small if n is large enough, since ¢ < k. The same argument

holds for the other two terms in gy . In the general case of P € § 0, we may reason as in the

proof of Corollary 3.17, that is, by first spelling out the composition op, (") op,(P) up

to a large order, and then using the above. Remainders are small by the condition ¢ < A.
The above argument proves the bound

llop (") 0p (P)gy ll 2 S &" (lua(e" D)l 2 + 10ll2). (3.69)
We finally use (B.4) to control |[v]| ;2 gay, and obtain, via Lemma 3.3,
ol 2y S &7 CDlluale Dl 2 ).

This loss is irrevelant since in (3.69) the integer n can be chosen to be very large. We
conclude the proof by using the bound ||u, || ;2 S [|u® l;2 and (3.16) for ul. O
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3.14. Lower bound for the free part of the solution

First we describe the time transition function and the truncation v for frequencies close
to &o:

Lemma 3.19. For |x| < § and |&] < 857",
0 < tu(e, x, 60 +£"8) < €3,
for some C > 0 independent of §. In particular, for such (x, &),
Yo(—t(e. x, 80+ 6"8)) =1,  Yo(T(e) — tule.x, &0+ €"8)) = 1,
and similarly for yry and wg.
Proof. We may assume £ = 1/2. We have

te(e, x, & +&"&) = e 70, (e " x, o + ")

1
=e7"0,(c""x, &) + / 9:0,(s' "x, &0 + e"18) - £ d,
0
and by the assumption on 6, defined in (2.1), for |x| < § and |§]| < 8¢~ we have
e 7"0,(c' " x, £0)| < CeT"TITMS? = 2,
10:0,(' " x, &0 + e"18)| < C(e' x| + &"(E)) < Cets,

for some C > 0 which does not depend on §. This proves the bound on #,. In particular,
for such (x, &) we have —t, > —6/9 and T (¢) — t, > —34/9, implying the result for ¥,
by definition of ¥ (see for instance Figure 6). ]

Based on the above result for ¢, and 1}0, we identify the leading term in the datum for v
defined in (3.32):

Corollary 3.20. We have
v(0) — K el *50/¢G(x)é(x) |2 < eKH5, (3.70)

where 0y is the spatial cut-off introduced in Section 3.9.

Proof. At this point the reader may find useful to jump back to Section 3.2. Since M |‘;:0
= Id, the datum for v is

0(0) = & op, (7(0)) 0, (0 (0)) (6 9e(0p, (Qc () ~)(e' /" 65)) ).

We may commute op,(Q;) and 6, since this produces an error that is O (X" in L2,
thanks to Proposition B.2. Then in the datum we handle separately the oscillations in
+&g/e" and the oscillations in —&y/e". We obtain

£K 0p, (0:(0)) 0p, (Q:(0) 1) (e 50/ 95 ) = K v b0/" 9z 1 0 (K,
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where O(-) denotes control in L. Thus the oscillation in & /&" contributes to v(0) the
term

X op, (%(0)) (e /<" 928 ) = eK el ¥80/" op (5(0, x, & + ))(0%€)

modulo terms that are O (eK*"). By definition of x in Section 3.9,

%00, x, & + &"&) = %o(e" 4 €)ho () Vo (—tu(e, x, &0 + €"8)).

In the above we may use Lemma 3.19, since 5o(¢" ¢ £) is non-zero only if |£] < 8¢~
Thus

- hey _ h=¢ NG _ 7 h—¢

X0, x,8 +¢€"8) = xo(e" &) (x) = Op(x) +&" > O(&).
We may expand the above up to an arbitrary power of &"~%. The remainder is a stiff
symbol in &, hence we will lose ¢ €@ in evaluating its operator norm (in accordance
with Proposition B.1), but such a loss is irrevelant if the prefactor "¢ is large enough.
Also, the Taylor expansion brings out a large &" prefactor, implying that the L> norm
of the remainder depends on the high Sobolev norm 160 || g1, but 6y € C and ¢ is
assumed to be smooth, hence this derivative loss is irrevelant as well. We thus obtain

lop, (7 (0))(e" 50/ 626 ) — i 0/#" o625 | 2 < .

By choice of 6y, we have 8y < 6. Thus GoH? = 6y, and we have obtained the leading term
K eix60/2" G (x)E (x) as claimed in (3.70).

It remains to prove that the oscillation in —&y/&” has a small contribution to the datum.
The leading term in the datum associated with this oscillation has the form

eKemix 60/ op, (7(~&0 + VPG, 6:=0¢,
where P, € S, uniformly in ¢. The key is then that op, (x (—&o+ ~)Pg)§, which is smooth

and~supported in B(0, §) (because éo is supported in B(0, §)) is pointwise bounded by
||JT'.9||L1(|§|ZC/8h), with ¢ = 2|&| — €£8/2 > 0. This L' norm is arbitrarily small, since

F6 belongs to the Schwartz class. Spatial derivatives are handled in the same way. O
Corollary 3.21. For v defined in (3.32) and for € and § small enough,
llops (x”(T(£))) 0p (S0 (0: T (&))v(O) | 20,5y = €° ¢ exp(y T (),

where y~ :=minj<s ¥~ (x, &o) and Xb is introduced in Section 3.9.

Proof. According to Corollary 3.20, the datum is
(0, x) = eK5(0, x) + 0EKH=5), 50, x) = 50/ Gy (x)E (x).
We have

0P, (So(0: T(£)))5(0) (x) = &5/ $5(0: T(e), x. £0)60 é(x) + " Vo, (3.71)
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with
1
Vo := VD N op, ( / (08¢50) (0 T(e), x, & + () dr)(af: @02)) (x).
la|=1 0

‘We now apply op, (x"(T (¢))) to (3.71). The leading term is
e op, (T (@), %, &0 + )(S0(0; T (@), -, €0)oé).
By definition of x” in Section 3.10,
X (T(e), x. 6 + e"8) = x ("4 6)8 ()Y (T (e) — tule. x, 60 + £"8)).

We use Lemma 3.19, as in the proof of Corollary 3.20:

1
X (T(e), x, 60+ €"€) = x (" $6)6)(x) = 98(x>(1 teht /O B xg (6" T8) osdr).
The leading term now is
Up = &0/  So(0; T(e), x, £0)05 (x)E(x),

since 98 < 6. And since 93 = 1 in a neighborhood of 0, we may use Lemma 3.14, which
states that for ¢ and § small enough and |x| < §,

£7%e,~(0; T(e), x, £0) < |S0(0; T(e), x, £0)e (x)].

Consider the lower growth function e, -, as defined in (2.9), at (x, §) = (x, o). It involves
t. (e, x,&). By Lemma 3.19, 0 < #, (¢, x, &) < C4§. Thus

e fexp(y T(e)' ) < a_{eyf(O; T (e), x, &),

uniformly in |x| < §, with y~ defined in the statement of this corollary. Hence we obtain

a lower bound for the L?(B(0, §)) norm of the leading term of the free solution as desired.
It remains to bound from above the terms we ignored so far. The first involves the

remainder in the datum, which is 0(8K +h=¢ ) in L? norm. By Corollaries 3.4 and 3.13,

the action of op, (So) on this remainder is controlled by £"~¢ K= exp(y * T () +).
The other terms are eX+" op, (x° (T (¢))) Vo and eX+"=¢ Wy, where

1
o h _ ~
Wo = 50/ 90(x) Y op, ( /O 0 xg (¢ r(~>)dr>(af:<so(0; T(e), - £)60€)) (x).
loe|=1
By Corollary 3.4, Lemma 3.15 and Proposition B.1,

XM op, (X (T (@) Voll 2 ray S & FeXFexp(r T T ()' ).

For Wy, we observe that op, (3¢ Xg) is a Fourier multiplier, bounded in L> — L?
norm by the maximum of its symbol, equal to a constant independent of ¢. We may



1350 Nicolas Lerner et al.

then bound 9¢ Sp by using Corollary 3.9. Thus eK+h=8 Wy is controlled in L? just like

X op, (x"(T () Vo.
Summing up, we have obtained a lower bound of the form

X Cexp(y T (1 - " Cexp(rt -y T @)
By definition of 7'(¢) in (2.3),
— _ i (yt_y—
" exp(pt =y T (&) H) =70 7T,
Given T,, since h — ¢ > 0, we may choose § small enough for y ™ — ™ to be so small

that h — ¢ — (p+ — y )T, is strictly positive. The result follows if & is small enough. O

3.15. Endgame

We apply op, (Xb(T(s))) to the left of the representation formula (3.38) for v at t =
T (e), with Xb defined in Section 3.10, and prove that the contribution of the initial datum
dominates the time-integrated Duhamel term. This eventually provides a contradiction to
the assumed a priori bound (3.9), and concludes the proof.

In view of (3.38), we find

IIOPE(Xb(T(S)))v(T(S))IILz(B(o,(;)) > I — (IT + III).
The leading term is
I = op, (x"(T (£))) 0p, (So(0; T (£)))v(0).
This term is bounded from below in L2(B(0, §)) norm by Corollary 3.21:
Il 22506y 2 &% ¢ exp(y " T (@) H).
The error term in the contribution of the datum is
90
=) " op, (x" (T (€))) 0p (5, (0; T(€)))v(0).
g=1

We control II by Corollary 3.4 (action of op, ( Xb) in L?), Lemma 3.15 (bounds for Sy and
their derivatives) and (B.5). This gives

Il 22 30,5 S €5 expr T () H).

The Duhamel term is
T ()
I = ¢" /0 op, (x" (T (£))) op, (Z(t; T(£)))(Id + & op, (Ro)) (g + & op, (Ro)v(0)) dt'.

We bound III by using Corollary 3.17 and Lemma 3.18, in which we choose n = K:

I 2 g 0.5y S &' exp(r T T () T (2K + 4K,
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Above, we have used the bounds of Corollary 3.12 to control the norm || X lo,c(k), which
appears in the upper bound of Corollary 3.17. Since 2K’ > K by (3.4), we have obtained

llope (X)) U(T (Nl 2(30.5y) 2 €X S exp(y T (&) H!) — Xt Cexp(y T (e)).

We can now conclude the proof just as that of Corollary 3.21. Precisely, rewriting the
lower bound as

llope (X)0(T Dl 12805y 2 €55 exp(y T ()T (1 — "= =¥y,

and choosing 8 small enough that & — (y+ — )T, > 0 (recall that p* is the local
maximum of the rate function y from Assumption 2.1 and y~ is the local minimum of
the lower rate function y ~), we find for & small enough the lower bound

llop: (x")v(T )l 2(5(0,8y = Clnel"e* <=1
for some C > 0 independent of ¢, where |In ¢|* is some power of |In g|. By choice of T,

in (3.5), we have K — ¢ — y~ T, < 0if § is small enough. Hence we get a lower bound
which blows up as ¢ — 0, contradicting the a priori bound (3.10).

4. Proof of Theorem 1.2: initial ellipticity

We are going to verify that, under the assumption (1.8) of initial ellipticity, Assumption
2.1 holds with parameters

Then Theorem 1.2 is a consequence of Theorem 2.2.

4.1. Block decomposition

Let Ao, A1, ..., Ap be the spectrum of A at (0, xo, &y). The ellipticity condition (1.8) states
that one of the A; is non-real. By reality of A, complex eigenvalues come in conjugate
pairs. In particular, at least one of the A; has strictly positive imaginary part. We may
assume JIm Ag > 0 and

Sm Ao > max JImA;. “4.1)

1<j<p

Let m be the algebraic multiplicity of Ao in the spectrum, and Eo(z, x, £) the gener-
alized eigenspace associated with the family Ao 1(¢, x,&), ..., Aom(t, x, &) of (possi-
bly non-distinct) eigenvalues of A which coalesce at (0, xg, &) with value Aq, that is,
A0, (0, x0,&0) = Ao. Let E1(z, x, &) be the direct sum of the other generalized eigen-
spaces. Let Qg be the projector onto Eq parallel to E1. The Ao, ; may not be smooth, but
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are continuous (see for instance [25, Proposition 1.1]), and Qo is smooth (see for instance
[8] or [25, Proposition 2.1]), and determines a smooth change of basis Q(¢, x, £) in which
A is block diagonal:

1 _. [(A© 0
QAQ = ( 0 A(l)) . “4.2)

We focus on the block A () associated with the eigenvalues A¢ ;. The symbolic flow ac-
cordingly splits into S(g), S(1), where S(g) solves

3,5(0) + iA(()) (8t, X0 + X, E)S(o) = O, S(O) (‘E; ‘L') =Id.
By (4.1) and a repeat of the arguments below, the component Sy of the symbolic flow is

seen to grow no faster than Sy near (0, &).

4.2. Reduction to upper triangular form at the distinguished point

Let now P be a constant (independent of ¢, x, £) change of basis to upper triangular form
of A(0)(0, xo, &0), and Q,, be the diagonal matrix

Qu =diag(l, ™' u ™2, .

The parameter u will be chosen small enough below. Then
QuP A0, x0,&)P~' Q" = rold + p,

where J is upper triangular, bounded in p, with zeros on the diagonal. By a Taylor ex-
pansion of A)(et, xo + x, &) in (¢, x, &), we observe that

iAo (et xo+x,6) =P 0. (irold+ipd + B(e, t,x,£))PQy,
where the Taylor remainder B has the form
B =¢tBi(e,1,x,8) + (x,§ — &) - Ba(e, 1, x, &)
with By and B; bounded, uniformly in ¢, in the domain
x| <6, 1§ —8&l=<46, =Tinel (4.3)

Let
S‘(t; 1) :=exp(i(t — 1)A)POuS)(T; ). “4.4)

Then S solves
S+ 3GuJ+B8S=0, S(;1)=PQ,. (4.5)
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4.3. Bounds for the symbolic flow
Consider the Hermitian matrix
Ne(ind + B) == 3((inJ + B) + (inJ + B)*).

Its eigenvalues A are semisimple, and vanish at (u, ¢, x, &) = (0,0, 0, &), hence satisfy,
for (¢, x, &) in the domain (4.3), the bound (see for instance [25, Corollary 3.4])

Al < co(u + eTillng| + x| + |&§ — &ol) =: wole, i, 1, x, §)

for some cg > O independentof €, u, t, x, &, for (¢, x, £) in (4.3) and (e, ) small enough.
Thus
—yold < Ne(inJ + B) < pld. 4.6)
Let _
St ==exp(£( — )yole, p, 1, x, £))S.
From (4.5) we deduce, for any fixed vector ¢ € C™,

3 e (852, Szé)om + (Nelipnd + B) £ y0)S+8, S+6) o = 0.

By (4.6), this implies, for & unitary,
|PQuéle” "7 < |8(x;00¢| < [PQyle . @7
Back to Sy via (4.4), we now have
IS0 (T 1,2, ) < [P Qul [(P Q)™ el DM Ao,
We now choose . = |Ing|~! and let

yT = 3m Ao + co(lx| + 1€ — &l).

We have obtained, for ¢ small enough,
ISy (T3 )] < Inglre07"

corresponding to the upper bound (2.11). Finally, since |PQ ¢ | = ci w'=™ for some
¢ >0andé =(0,0,...,0,1) € C", we deduce from (4.7) the lower bound

IS0y (T; 1)e 1 2 e""D7 yT =3mag — co(lx| + 1& — &ol),

corresponding to the lower bound (2.10).

5. Proof of Theorem 1.3: non-semisimple defect of hyperbolicity

It suffices to verify that, under the assumptions of Theorem 1.3, Assumption 2.1 holds
with parameters

£=1/2, h=2/3, ¢=1/3.
Then Theorem 1.3 is a consequence of Theorem 2.2. We may assume initial hyperbolicity
(1.9), since otherwise Theorem 1.2 applies.
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5.1. The branching eigenvalues
Let wg := (x0, Ao, £&0)- By assumption,
PO, wp) =0, 3P0, 00) =0, 8P, w9)#0, 3 P(wp)#O0. (6.1

By the second and fourth conditions in (5.1) and the implicit function theorem, there
exists a smooth function w, with u. (0, x9, &) = Ao such that 3, P = 0 is equivalent to
A = U(t, x, &) for (¢, x, &) close to (0, xq, &).
By the first three conditions in (5.1) and the implicit function theorem, there is a
smooth 7, with 7, (xp, &) = 0 such that P(u,) = 0 is locally equivalent to t = 7. (x, &).
We now use the above implicitly defined functions ., and 7, to describe the spectrum
of A near (¢, x, &, 1) = (0, wo).

Lemma 5.1. In a neighborhood of (0, wg), we have P = 0 if and only if
(A= p(x, £) = —(t — Tu(x, E)e(t, x, &, 1), (5.2)
where (x, &) := u(te(x, &), x, &) and e is smooth and satisfies ¢(0, xo, &y, Ag) > 0.

Proof. Given ¢ close to 0 and (x, &, 1) close to wg, we expand the characteristic polyno-
mial:

P(t,x, &, 1) = P(tu(x, §), x, &, itu(Tu(x, §)), x, §)
+ (=T, E)er(t, x, 6) + (A — u(x, £)%er(r, x, £, 1)
= (t — T(x, &)er(t, x, &) + (O — u(x, §)ex(t, x, £, 1), (5.3)
since P(ty, -, U«(Tx)) = 0, with

1
er(t, x,§) :=/O @ P)((1 = D)Tulx, &) + 71, x, pu(x, §)) d,

1
er(t,x, &, 1) i= / (1 —)@2P)(t, x, &, (1 — D)plx, &) + TA) d.
0

We let e .= elegl. Then e(0, xg, &0, Ao) > 0, as a consequence of the definition of e
and e and condition (1.11). The result follows from (5.3). ]

Equation (5.2) describes a pair of eigenvalues branching at ¢t = t,(x, §) from the real
axis, with imaginary parts growing like (r — 7,)!/2. The time curve t = 7,(x, &) is the
boundary between the hyperbolic region ¢t < t.(x, &§) in which the eigenvalues are real,
and the elliptic region r > t,(x, &) in which the eigenvalues are not real and where we
expect to record an exponential growth for the symbolic flow. In the introduction, Figure 3
pictures the hyperbolic and elliptic zones in the (¢, x, £) domain near (0, xg, &y).

We note that under the assumptions of Theorem 1.3, the above defined time transition
function 7, satisfies

>0, t(x0,60) =0, 7/(x0,%0) >0, (5.4)

where t/(x9, &) is the differential at (xo, &), and 7. (x9, &) the Hessian. Indeed, if the
first condition in (5.4) were violated, then hyperbolicity would not hold at ¢t = 0, contra-
dicting (1.9). Thus 0 is a global mininum for 7,, and (5.4) ensues.
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Remark 5.2. Note that under the assumption afpatp < 0, eigenvalues stay real for
small # > 0, by Lemma 5.1.

5.2. Change of basis
By Lemma 5.1, the eigenvalues A4 (¢, x, £) of A(¢, x, &) — u(x, &) 1d satisfy

)\,:t(t, X, 5)2 = _(t - T*(-xv S))e(l‘, X, gv I‘L(xv g) + )\':l:(tvxv E))v (55)

where e is smooth in all its arguments, and e(0, xo, &9, t(xg, &)) > 0 with 1 (xg, &) = Xo.
From (5.5) and continuity of e, we deduce that A_ and A are purely imaginary, hence
Ay + A_ = 0, since the matrix A — u Id has real coefficients. From (5.5), we also deduce
the bound, for some C > 0, locally around (0, xo, &),

hel < Clt — 1]'/2,
which we may plug back in (5.5) and deduce, by regularity of e,
A = £i(r — ) et x, 6, n(x, NV + 0t — 7). (5.6)
We now reduce A to canonical form:

Lemma 5.3. There exists a smooth change of basis Q such that locally around (0, x¢, &o),

-1 _ A(o) 0
O(t, x, &) (A, x,§) — pu(x,§)1d) (7, x, §) —( 0 A(1)>’

where

A — 0 1
O=\—t —teo+ 0t —7)3? 0)°

and A1y € CN=2XWN=2) s smooth. In the bottom left entry of A (o), the function T, is the
time transition function introduced just above Lemma 5.1, and we denote eo(t, x,&) =
e(t,x, &, u(t,x,&)) withe as in Lemma 5.1.

Proof. We may smoothly block diagonalize A — w, for instance as described in Sec-
tion 4.1. The block associated with Ag is size two, since the multiplicity of A¢ is 2 (see
(1.10)). Thus for some smooth O, Q(A — w0~ ! = (%0 A(()n)’ where By is a 2 x 2

matrix (gi! g12) with smooth entries a;;. The spectrum of By is {A_, A4}, where A4 sat-

isfy (5.6). Since, as noted above, A_ = —\, the trace of By is zero, that is, ayy = —ayg.
Moreover, azjaja # 0 at (0, xo, &). Indeed, if az1a12(0, x9, &) = O, the spectrum
of By would be smooth in time, contradicting (5.2). Without loss of generality, we as-

sume as; (0, xo, £) # 0. Then Qg = (

00BoQ,"' = (°}). The bottom left entry of By is the product A_ of its eigenval-
ues. By (5.6), we find that A_A; = —(t — t,)ep + O(¢t — 7,), and the result holds with

0= (Q()0 Idc?vfz)é' O

0 —ay' . .
X j‘ ) is a smooth change of basis such that
—dy 41l
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5.3. The symbolic flow

Our goal is to prove the bounds of Assumption 2.1 for the solution S to the ordinary
differential equation

St ) +ie PAMNSE ) =0, S(r;7)=1d,
where A, is defined by (2.4), which we recall:
A(®) = (Q(A — 1) Q™) (21, x0 + &' Pxu(e?1, x, 8), £.(e*P1, x, £)).

Recall that & = 2/3 and ¢ = 1/3 here. The change of basis Q is given by Lemma 5.3,
the real part of the branching eigenvalues u is introduced in Lemma 5.1, and (x,, &) is
the bicharacteristic flow, solving (2.5), which we reproduce here:

dxy = =0 pu(t, xo +3%x,, £, 8 =P u(t, xo 4+ 63x,, £). (5.7)

The block decomposition of A given by Lemma 5.3 induces a block decomposition of A,.
We focus on the top left block A,y in A,. As per Lemma 5.3, its bottom left entry
involves the function

T, 1, X, &) 1= Tu(x0 + &' (671, x, 8), £,(e%1, x, 6)). (5.8)
The bicharacteristic flow (5.7) satisfies
x0+ & Px (P, x,8) =x0+ e Px 4+ 0er), &, x, )=+ 0(), (5.9

uniformly in (x, &) with |x| + |§ — &| < §. Here O(¢) refers to a uniform < bound. In
particular for r bounded from above by a power of |In¢|, we have O(er) = O(e). Thus
T.x defined in (5.8) satisfies

T = 0,(Px,6) + 0(e),  0.(x, &) := Tu(x0 + x, £).

By (5.4), we see that 6, as defined above satisfies the conditions of equation (2.1). In
accordance with (2.1), we let t, (e, 1, x, £) := £~ 2/36,(¢'/3x, £). Then

e3P — 1) =3t — 720, Px, £)) + 0?3 = ' Pt — 1) + 0(e¥?),
(5.10)
uniformly in (x, &) with |x| + |E — &| < 6.

Lemma 5.4. The top left block A, of A in the block decomposition of Lemma 5.3
satisfies

~1/3 4 0 g1/3
) “m_(wma—ME+0@m) 0

with fo(e, x, £) := eo(0, xo + £'3x, &), so that fo > 0 for (x, &) near (0, &).
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Proof. The bottom left entry of £~1/3 A, (o) involves the function ey = e(u) evaluated in
the time-rescaled and advected frame. In view of (5.9), by regularity of e and p,

eo(e*1, x0 + €' Pxu (671, x,8), £u(6* 1, x, ) = €0(0, x0 + &' x, &) + 0 (7).

The bottom left entry of £ ~1/3 A,(¢) also involves t — 7, and (¢ —,)*/? in the time-rescaled
and advected frame. In view of (5.10), these functions contribute to e ~1/3 A ()

e VB3Pt — 1) =Pt — 1) + 0P

and e 7133t — 1,,)%/? = 0(£*/?). We may invoke Lemma 5.3 to conclude the proof.
O

By Lemma 5.4, the flow S of ie~!/3A,(g) solves

0 8_1/3

.13
St (—81/3(t—t*)f0 0

)5(0)282/3CS(0), So(t; ) =1d, (5.11)

where C := C(e, 1, x,&) = (99) with |a;;‘a§c| <1for0 <t <T(e)and |x| + | — &
< 4. The coefficient fo = fy(e, x, &) satisfies fo > O for |x| + |& — &y| < 6.

5.4. Reduction to a perturbed Airy equation

Let

- 1/3 1/3
D(x. &) :=( e o) ‘1))

so that D is well-defined and invertible on |x| < §, |§ — &y| < 6, and

Z(t; 1) = DSy (fy P +t0; £y Pr+1,), (5.12)

where fy, t., D, Sy and Z all depend on (x, &). For future use, we note that

11 212 -1 211 —i(efo)Pz12
D(x, D(x, =1. _ , (513
(x.8) <Zzl zzz) (x.5) (l(«‘:“fo) 13201 222 619
. ~1/3

Do) (N 92 pey=( M iefo™"zi2) (54

x.8) <Z21 222 (x.8) —i(efo)*za1 222 ©14)

Lemma 5.5. On |x| <6, |€ — &y| <6, the map Z satisfies the perturbed Airy equation
7'+ ((t) (1)) Z=¢"3Cz, Z(z;1)=D, (5.15)

where € := (DCDN)(fy "1 + 1,) with C as in (5.11).
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Proof. Tt suffices to use (5.13) and observe that, by Lemma 5.4,

+ e, X, E)D(x,é)l = (0 (1)> —¢!BC. o

l.€7]/3

t
fo(x, &)1/ fo(x, §)173

From the above, we will deduce lower and upper bounds for S5y by comparison with the
vector Airy function Z defined as the solution of

D(x, 5)A*(0)< ;

7 + (? é) Z=0, Z(r;7)=1d. (5.16)

5.5. Bounds for the Airy function

We will use (5.15) to show that the symbolic flow grows in time like the Airy function,
for which the following is known (see for instance [5, Chapter 7.6]).

Lemma 5.6 (Airy equation). Let Ai be the inverse Fourier transform of ei&’/ 3 and j =
e?7/3 The functions Ai, Ai(j-) form a basis of solutions of the ordinary differential
equation y" = ty, and they satisfy

1 32
Ai(t) = ——e @14 4 0732y, t — oo,
27
1
Ai(—1) = ﬁt_l/“(sin(%tS/Z +7/4) +007?), - oo,
‘o [ 32 _1/4 -3/2
Ai(j1) = —=e 0PI A L 0T, 1 — oo,
27
1 . .
Ai(—jit) = 7el”/%@/3)”3/2f‘/“(l +0@7%),  t— oo
T

From the above lemma, we deduce uniform bounds for the time derivative Ai’:
I AT (1) 4+ e~ I AT (1) + |AT (=) + |AT (= j1)] < C(1+ 1)1/

for some C > 0 and all # > 0. By Lemma 5.6, the solution to (5.16) is

Z(t;t) =

1 (—in/(jr)Ai(t) + A (DA  —Ai(T)AI({) + Ai(r)Ai(jt))
W () \JAI(JDAI'(t) — jAI'(D)AI'(j1)  Ai(jT)AI'(1) — jAI(DAI'(j1) )’

where W is the Wronskian, satisfying
P ./ . e . 1 .
W(r) := Ai(jr)Ai'(t) — jAI' (jT)Ai(r) = E(_ﬁ—l— i).

The bounds for Ai and Ai’ imply the upper bound, for 0 <t <1,

Z(t; )] < C(L+ |tD*A + 1) eni(z; 1), (5.17)
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‘(1 0)Z(0; 1) ((]))

for some ¢ > 0 independent of 7, ¢, where the growth function ex; is defined by

and the lower bound

= ceai(0; 1) (5.18)

eai(t;n) =exp(2(3? = 1/%), x4 := max(x, 0). (5.19)

We note that ea; is multiplicative:
eai(T: epi(t's 1) = eai(r:t) forallz,t,t. (5.20)

Remark 5.7. If we assumed 3)%P8,P < 0, then we would have to consider the Airy
condition for negative times. Lemma 5.6 would then yield polynomial bounds for the
symbolic flow.

5.6. Bounds for the symbolic flow

Let
O, x, &) = folx, §)' (r — 1., x, §)). (5.21)
Our goal is to verify the bounds of Assumption 2.1 for S(g) in the elliptic domain D
defined in (2.2). We recall the definition of D:
D= {(t;1,x,8) 1 (e, x,6) ST <1 < T(e), |x| <6, & — &l < 8c').

Lemma 5.8. In D,

1 —1/3

ID™'Z(O(1); ©1)D| < (81/3 | >6Ai(®(f); o)),

with ea; defined in (5.19).

Above, < means entrywise inequality “modulo constants”, as defined in (2.12).

Proof. In D we have 0 < O(r) < O() < O(T(¢)). The bound (5.17) states that
|Z(®)| < eai(®). Then (5.14) implies the result. ]

From Lemma 5.8 we now derive bounds for S(g). Given that S(g) is expressed in terms of
Z defined in (5.12) and that Z is a perturbation of Z, we are in a situation very much like
the one of Section 3.12. Accordingly, the proof of the following corollary borrows from
Section 3.12, in particular from the proofs of Corollaries 3.9 and 3.8.

Corollary 5.9. The flow S of ie~"/3 A,), which solves (5.11), satisfies

1 8_1/3
IS<0>IS<81/3 ] >9Ai(®)- (5.22)
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Proof. By Lemma 5.5 and the definition (5.16) of Z,

t
Z(t;t) = Z(z; )D +51/3/ Z(' ) C () Z(z; ) dt.

T

By the definition (5.12) of Z, we have Sy = D~'Z(©). Thus

) 5
Sy (t:1) = D'Z(O(1); O(1) D + &*/3 / D7'Z('; ©(1)C ) Z(O(x); ') dr.
O(1)

Since C is defined in Lemma 5.5 to be (D_ICD)(f0_1/3t + t,), we obtain

So(t: 1) = D7'Z(O(1); ©(1)D

()
+e?? / DT'Z(W; 0)DC(fy Pt + 1Sy @ fy P + 1
O(t)
~1/3

The change of variable 1" = ®(t’) corresponding to 7" = f, /7 (t' + 1,) transforms the
above integral into

t
23117 | DT'2(OT'); ©1)DC () S0 (x; 7)) d.
T

We now factor out the expected growth in view of applying Gronwall’s lemma, as we did
before in the proof of Corollary 3.9: we let

Sy = eai(®) 'Sy and Z’(z11) == eai(®) 7' DTIZ(O(T): ©(1)D.
By the multiplicative property (5.20) of the growth function ey;, we find
t
Sy (TN =20+ fy / 2 DCE)S (T ndr'
T

We now rescale the top right and bottom left entries, as we consider the equation for S EO)’
with notation introduced just above (3.56). In view of (3.56),

t
ST =2t + 81/3f0/ 2@ n0EPC() S (' ndr. (5.23)

T

‘We have 81/3Q(t) = O(t), and ¢ is bounded by some power of |In¢| in D. Lemma 5.8

implies that |Z°| < 1. Hence Gronwall’s lemma implies the bound | QEO)(‘E; t)| < 1, which
corresponds precisely to (5.22). O

Lemma 5.10. For some universal constant cy > 0,

1 050 (?)

> coe” Peni(O).
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Proof. Consider the representation (5.23). We focus on the top right entry. The lower
bound (5.18) for the vector Airy function states that the top right entry of Z is bounded
from below by ea;j. By (5.14), this implies

‘(1 O)D—‘ZD<(1)>

for some cp > 0 independent of t, 7. Borrowing notation from the proof of Corollary 5.9,
this means that the top right entry of Z° is bounded away from zero, uniformly in time.
We know from Corollary 5.9 that |S ?0)' < 1and |Zb| < 1. Thus from (5.23) and (5.24)
we deduce the result, since r < 1in D. O

We observe that, for e defined in (5.19) and ® defined in (5.21),

> coe Vlep; (5.24)

eri(®) =e, with y(x.&):=3fo(x.8)'? =" r.(x+e" x8),

where 7, is given by the implicit function theorem in Section 5.1. Hence Corollary 5.9
and Lemma 5.10 yield the bounds of Assumption 2.1 for S with y* =y~ = y and
with ¢ equal to the constant vector ().

In order to complete the verification of Assumption 2.1, and thus conclude the proof
of Theorem 1.3, it remains to show that the other components of the symbolic flow do
not grow faster than S(). This follows directly from the simplicity hypothesis in The-
orem 1.3. Indeed, by that hypothesis, we may smoothly diagonalize the other compo-
nent A,y of A, near (0, xq, §o) (use for instance [25, Corollary 2.2]). The eigenvalues
of A, () are real near (0, xg, §9). The equation for the symbolic flow of A,y splits into
scalar differential equations, with purely imaginary coefficients. Thus the symbolic flow
of A,(1) is bounded.

6. Proof of Theorem 1.6: smooth defect of hyperbolicity

It suffices to verify that, under the assumptions of Theorem 1.6, Assumption 2.1 holds
with parameters

¢=1, h=1/2, ¢=0, p=NRery, 1 =0,

where A4 are the bifurcating eigenvalues, as given by Proposition 1.4.

6.1. Block decomposition

As in the proof of Theorem 1.2, we may smoothly block diagonalize A by a change of
basis Q(z, x, &), for small # and (x, &) close to (xg, &). Then identity (4.2) holds, and we
focus on the block A g), of size two, such that

sp A (0, x0, &0) = {Xo}, Ao €R,

where (xg, &0, Ao) are the coordinates of wg € I' which appears in Hypothesis 1.5. By
Hypothesis 1.5 and Proposition 1.4, the eigenvalues A+ of Ag) branch from the real axis
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att = 0, for all (x, &) in a neighborhood of (xg, &y). We define u to be the real part of
these eigenvalues. The corresponding equation for the symbolic flow is

3 Sy +e 2 (A) — w) ("t xo+ ' 2x (6P, x, ), Eu(e 71, x, £))Si0) = 0, (6.1)

where (x,, &) are the bicharacteristics of u.

6.2. Time regularity and cancellation

By Proposition 1.4, the eigenvalues A+ are differentiable in time, at t+ = 0 and for all
(x, &) near (xo, &). Indeed, Hypothesis 1.5 implies that conditions (1.12) are satisfied in
a whole neighborhood of (xg, &y). We may thus write

A (et x0 4 &' 7x0, £) — (0, x0 + €%x,, &) = iePthi(e, 1, x, &) + 0(e'?),
(6.2)

uniformly in ¢t = O(|lng|) and (x, &) close to (xg, &), where (x4, &) is evaluated at
(sl/zt, x, &), and where

Ae(e,0,x, ) =0 Im Az (0, x0 4+ £/%x,(0, x, &), £,(0, x, £)) € R. (6.3)

Consider the 2 x 2 matrix A)(0, x, £). It has one semisimple eigenvalue (0, x, &) (the
semisimplicity is part of Hypothesis 1.5). Thus

A0, x,8) =0, x, §)Id.
In particular, by regularity of the entries of A,
e 2 A0 P x0 + €' Pxu, £) = 1A ) (6,0, x,8) + 627 B(e, 1, x,8), (64

where B is uniformly bounded for ¢ close to 0, r = O(|lng|*) and (x, &) close to (xg, &p)-
Thus equation (6.1) takes the form

3 Sy + 1A (e, 0, x,8)S0) = e'/*1>B(e, 1, x, ) S(0). (6.5)

The key cancellation that takes place in (6.4) has transformed the equation for S(p) into an
autonomous equation with a small, linear, time-dependent perturbation. The eigenvalues
of Ay are A+(e, 0, x, &) from (6.2)—(6.3). These eigenvalues are distinct by Proposi-
tion 1.4.

6.3. Bounds for the symbolic flow
The solution S to

&S +itAq(,0,x,6)S =0, S(r;7)=1d,
is

S(z: 1) = exp(—iA)(e, 0, x,§)(t* — 9)/2).

The eigenvalues of A(O), being distinct, are smooth in (e, x, £) (see for instance [25,
Corollary 2.2]). In particular,

Aie(e,0,x,6) = 24(0,0, x, &) + O(e) = Im 9, 4+(0, x0, £,(0, x, €))
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locally uniformly in (x, &). Let A be the eigenvalue with positive imaginary part, and
y(x.8) = 32:(0,0,x, &) = 5 Im 3,11 (0, x0, £&(0, x, )).

Then
1S(z; 1, %, )| S exp(y (x, £)(1* — T2)), (6.6)

and since A(o) is smoothly diagonalizable, for some smoothly varying vector €(x, £) we
have

1S(t; 1, x,8)é(x, &)| 2 exp(y (x, £)(1* — ). (6.7)

Perturbation arguments already encountered in Section 3.12 (specifically, in the proof
of Corollary 3.9) show that the bounds (6.6)—(6.7) for S yield similar bounds for the
symbolic flow S(g) solving (6.5). These bounds imply the upper and lower bounds (2.11)
and (2.10) from Assumption 2.1.

For the other components of the flow, we use the simplicity assumption in Theorem
1.6, as we did in the last paragraph of Section 5.6 in the proof of Theorem 1.3.

7. Examples

7.1. One-dimensional Burgers systems

The 2 x 2, one-dimensional Burgers system

_ 2

where F and b are smooth and real-valued, has a complex structure if b is constant. In the
case b = 1, F = (0, 1), a strong instability result for the Cauchy—Kovalevskaya solution
issued from (u(l), 0), where ”(1) is analytic and real-valued, was proved in [12].

We assume b > 0, and the existence of a local smooth solution ¢ = (¢, ¢2). The

principal symbol is

?1 —b(¢)2¢2>
A(t,x, &) = .
08 =5 <¢2 o
Without loss of generality, we let £ = 1. The eigenvalues and eigenvectors are
; 1 +ib(¢)
At = @1 £ib(P), =— .
+ =¢1igb(¢), ex AT 0@D2 < |

The characteristic polynomial is

P = (. — 1)+ b()’93.

Initial ellipticity. If ¢2(0, xo) # 0 for some xo € R, then the principal symbol is elliptic
att = 0, and Theorem 1.2 applies.
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Smooth defect of hyperbolicity. Consider the case ¢,(0, x) = 0. We cannot observe a
defect of hyperbolicity as in Theorem 1.3, since the eigenvalues are smooth in time. Via
Proposition 1.4, we see that Theorem 1.6 holds as soon as

F>(¢(0,x0)) #0 for some xg € R. (7.2)
If b(u) = b(uy), then (7.1) is a system of conservation laws
drur + 0x fi(w) = Fi(u),  dus + 0x fo(u) = Fa(u),
with fluxes

fiw) = b — /0 yo)2dy,  fou) = urua.

If, for instance, F'(u) = (0, u%) and b(uy) =1+ u%, then the system is ill-posed for all
data.

7.2. Two-dimensional Burgers systems

Consider the following family of 2 x 2 systems in R?:

u10x —b(u)*u2 0y, + 0yy)
du + ! 2 Y)u = F(u).
’ (uz(axl + 1) wid, w
We assume b > 0, and the existence of a local smooth solution ¢ = (¢1, ¢2). The

principal symbol is

A < 101 —(& +§2)b(¢)2¢2)
&1+ 8)92 &1 '

The eigenvalues and eigenvectors are

) 1 +ib(¢)
Ax =811 Ti(51 +8E)P2b(@), exr= W ( l 1 ) )

Initial ellipticity. If $»(0, xo) # 0 for some xo € R?, then the principal symbol is initially
elliptic at any (&1, &) € S! such that &1 +& #0.

Smooth defect of hyperbolicity. Consider the case ¢»(0, x) = 0. By Proposition 1.4, the
assumptions of Theorem 1.6 are satisfied under condition (7.2).

7.3. Van der Waals gas dynamics

The compressible Euler equations in one space dimension, in Lagrangian coordinates, are

i1 + 0yupy =0,
iy + 0y p(uy) = 0.
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We assume that the smooth pressure law p satisfies the Van der Waals condition

p'(u1) <0 forsomeu; € R,

and we assume existence of a smooth solution ¢ = (¢1, ¢2). The principal symbol at

E=1is
0 1
A= (p’(qm 0)'

The eigenvalues are Ay = (p'($1))'/2. Iitial ellipticity. If p’(¢1(0, xp)) < O for some
xo € R, then Theorem 1.2 applies.

Non-semisimple defect of hyperbolicity. If p’'(¢1(0, x)) > 0 for all x (initial hyperbol-
icity) and p’(¢1(0, x¢)) = 0 for some xg (coalescence of two eigenvalues), and if

P" (@100, x0)) 3 ¢2(0, x0) > O,
then condition (1.11) holds, and Theorem 1.3 applies.

7.4. Klein—-Gordon—Zakharov systems

Consider the family of systems in one space dimension
u v a 0 n v
(0 v ()6 o) () = ()
n m a 0 u 0
rln) v (1) + (5 0) () =0 (o 2)

indexed by « € R and ¢ € R\ {—1, 1}. We assume existence of a smooth solution
¢ = (u, v, n, m). The principal symbol at £ = 11is

(7.3)

0 1 a 0
1 0O 0 0

A= o 0 0 ¢ 7.4
—2u —2v ¢ 0

The case o = 0. The principal symbol is block diagonal, and there are four distinct
eigenvalues {1, £c}. This implies that (7.3) is strictly hyperbolic, hence locally well-
posed in H® for s > 3/2 (see for instance [17, Theorem 7.3.3]). It was observed in [2]
that for ¢ ¢ {—1, 1} and o = 0, system (7.3) is conjugate to a semilinear system, which
implies a sharper existence result:

Proposition 7.1 ([2, Section 2.2]). Ifc ¢ {—1, 1} and o = O, the system (7.3) is locally
well-posed in H®(R) fors > 1/2.

Proof. The change of variables

@, v) =W +v,u —v),

1 1 1 1
(ﬁ,rh)=<n+m—:ﬁ2—1+C52,n—m— i’ — 52>,
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transforms (7.3) into a system for U := (i, v, 1, m):
01 0 O —v
~ 1 0 0 O ~ i
WALy 0 0 |2V =0+D1 50 i (7:5)
00 ¢c O —2(1 + o) lav

System (7.5), being symmetric hyperbolic and semilinear, is locally well-posed in H* (R)
fors > 1/2. o

The case a # 0. By Proposition 7.1, system (7.3) takes the form of a symmetric perturba-
tion of a well-posed system. The characteristic polynomial of the principal symbol (7.4)
até =1is

P(t,x,)) = (A2 =AW = 1) — a®A% + 2ac(v + ud).

Consider an initial datum for (1(0), v(0), n(0), m(0)) such that, for some xo € R,
w0, x0) =0, (0, x) = —2i, @cdu(0, xg) > 0. (1.6)
o

The first two conditions in (7.6) imply that at wg = (xp, 1, 0),
P (0, wg) = 0, P(0, wg) = 0.
The third condition in (7.6) implies
(8 P32 P)(0, wo) = (2acd;v(0, x0)) (—1—c*—a?) = (2acdeu(0, x0)) (1+c*+a?) > 0,

so that the third condition in (7.6) implies (1.11). Theorem 1.3 thus asserts instability of
the Cauchy problem for (7.3) in the vicinity of any smooth solution ¢ satisfying (7.6) at
t=0.

In particular, for any given g > 0, we can find initial data, depending on ¢, such
that (7.3) with @ = 0 is well-posed, whereas (7.3) with @ = «y is ill-posed. Such initial
data are O (1/ag) in L°(R).

Appendix A. Proof of Proposition 1.4

The principal symbol can be block diagonalized, with a 2 x 2 block Ap with double
real eigenvalue ¢ at (0, x, £), and an (N — 2) x (N — 2) block which does not admit
Ao as an eigenvalue at (0, x, §). Throughout this proof, (x, &) are fixed and omitted in
the arguments. The characteristic polynomial of A factorizes into P = PP, where
P1(0, wp) # 0 and Py, P have real coefficients. We may concentrate on Py:

Po(A) = A2 — Atr Ag + det Ao.
The eigenvalues A1 of Ag at (¢, x, &) are

Ar() = S Ag() £ 1AM, A@) 1= (tr Ag)? — 4det Ay. (A.1)
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By assumption, these eigenvalues coalesce at ¢ = 0, so that A(0) = 0. The goal is then to
prove the equivalence (1.12).

If the left side of (1.12) holds, then A(r) = —at? + O(t%) with « > 0. Thus
0; A(0) = 0; on the other hand,

3 A0) = 2tr Ag(0)d; tr Ag(0) — 43, det Ag(0) = 4rod, tr Ag(0) — 43, det Ag(0)
= —4(9; P)(0).

Moreover, 8,2A(0) < 0; on the other hand,
32A(0) = 2(; tr Ag(0))% 4 2tr Ag(0)d? tr Ag(0) — 492 det Ag(0),
implying, since tr Ag(0) = 2A,

82 A(0) = 2(3, tr Ag(0))% 4 42007 tr Ag(0) — 437 det Ag(0)
= 2(3;9x Po)* — 285 Pod; Po(0),
which gives indeed (BIZ)LP)2 < BIZPBAZP atr =0.
The converse implication is proved in the same way: the right side of (1.12) implies

0;A0) =0, 8t2A(O) < 0, as shown above, and this implies that the eigenvalues in (A.1)
are differentiable and leave the real axis at ¢ = 0.

Appendix B. Symbols and operators

Pseudo-differential operators in ¢”-semiclassical quantization are defined by
op, (a)u = 2m)™¢ / e Sa(x, "e)iE)de, e h>0. (B.1)
R4

Here h = 1/(1+4¢), as in Assumption 2.1, and « is a classical symbol of order m: a € S™,
for some m € R, that is, a smooth map in (x, £), with values in a finite-dimensional space,
such that

lalmr = sup ()P"5%0 ax, £)] < 0o (B.2)
lal,1Bl<r
(x,&)eR¥

A family || - ||¢,s of e-dependent norms is defined by
lulle,s = 1e"E) A @l 2ggy s R, ()= (41D
Introducing dilations (d;) such that (d.u)(x) = ehd/2y (" x), we observe that

Ideullprs = llulles, op,(a) =d; ' op@ds, a(x,&) :=a(e"x,§). (B.3)
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Proposition B.1. Givenm € R and a € S™,

lope(@ull2 < llallm.callulle,~m (B.4)

forallu € H™™, with some C(d) > 0 depending only on d. If m = 0, then
llop, (@ull 2 S Z sup (105 aC, &)l 1wy llull 2. (B.5)
O<la|<d+1E€R?

Proof. By use of dilations (B.3), we observe that op, (a)u = op; ({(§)"a)(D)"dsu. Then
(B.4) with any C(d) > [d/2] + 1 follows for instance from [11, Theorem 1.1.4 and its
proof], and (B.5) is proved in [5, Vol. 3, Theorem 18.8.1]. O

Proposition B.2. Givena; € S, ay € §™2, andn € N,

n

op, (ar) op,(a2) = Y &" op, (a1 1y az) + &" "V op (Ruy1(ar. a2)),
g=0

where
(GROLAP
arfgaz =Y S adia, (B.6)
lal=g )

and Ry4+1(a1,a2) € Ssmitmay—(n+l) satisfies
llops (Ru+1(ar, a2)ull 2 S N9 arllmy,c@ 195 a2llmy, c(a lulle,my+my—n—1.

with C(d) > 0 depending only on d, for allu € H™*m2—n=1,

Proof. Use for instance [11, Theorem 1.1.20, Lemma 4.1.2 and Remark 4.1.4] and (B.3).
O

Specializing to symbols with a slow x-dependence, we obtain:

Proposition B.3. Given a; € S™ and a> € S™, if a> depends on x through ¢'~"x, then

| (op (a1) op, (a2) — Opg(alaz))””g,s S ellatllm.callazllmy.calllle,s+my+my—1-

Appendix C. On extending locally defined symbols

Our assumptions are local in (x, &) around (xg, £&y). Accordingly the symbols Q and u
that appear in Assumption 2.1 are defined (after a change of spatial frame) only locally
around (0, &y). We explain here how to extend the locally defined family of invertible
matrices Q(x, £) into an element of S° with an inverse (in the sense of matrices) which
belongs to S°.

The spectrum of Q(0, &) is a finite subset of C. In particular, we can find @ € R such
that the spectrum is contained in C \ ¢/*R_. By continuity of the spectrum, for all (x, &)
close enough to (0, &), the spectrum of Q(x, &) does not intersect the half-line OR_.
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Let § > 0 be such that this property holds true over Bs = B(0, §) x B(&p, §). We may
then define the logarithm of the matrix e~ Q in Bs by

1
Log(e '*Q) = / (e Q-1 (1 —)Id+re " Q)‘1 dt,
0
and the notation Log is justified by the identity
expLog(e™'“Q) = ¢7'“Q in Bs. (C.1)

Let o (x, &) be a smooth cut-off in Cfo(Rd x R?) such that 0 < o (x, &)<l,o=1ona
neighborhood of (xo, &0), and the support of o is included in Bjs,». Let

R(x,&) = o (x,&) Log(e ™ Q(x,€)) + (1 —o(x,&)Id in Bs.

We may extend smoothly R by setting R = Id on the complement of B in R?¢. Then for
all (x,&) € R?4 | the matrix

O(x,€) = exp R(x, %)
is smooth and invertible. Moreover,
]%rg det QO > 0.
Indeed, the infimum over the closed ball B is positive, by compactness and continu-
ity, and the determinant is constantly ¢" outside Bs. Thus the norms |Q(x, £)| and

|Q(x, )~ are globally bounded over R% Since Q is constant outside a compact set,
this implies Q € S° and Q~! e S°. Finally, by (C.1) and the definition of the cut-off o,

O(x, &) =e Q(x, &) for (x, &) close to (0, &).

Thus ¢’® Q is an appropriate extension of Q.

Appendix D. An integral representation formula

We adapt to the present context an integral representation formula introduced in [24].
Consider the following initial value problem, posed in the time interval [0, T (¢)] with
T(¢) := (Tu|Ine))/1+0 for some T, > 0 and some £ > 0:

du +op,(Au=g, u) =uop, (D.1)

where A = A(e, t) belongs to SO foralle > Oandallt < T(¢). Recall that op, (-) denotes
" -semiclassical quantization of operators, as defined in (B.1). The parameter 4 belongs
to (0, 1]. The datum ug belongs to L2, and the source g is in C°([0, T (¢)], L>(RY)).
Denote by Sy the flow of — A4, defined for0 <t <t < T(¢) by

0:So(t; 1)+ ASo(r; 1) =0, Sp(r;7) =1d.
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For some g € N*, denote by {S;}1<4<, the solution to the triangular system of linear
ordinary differential equations

USq+ASg+ > Aty S; =0, S,(r:1)=0, (D.2)

q1+q92=q
q1>0

with i, introduced in (B.6).
Assumption D.1. The symbol A is compactly supported in x, uniformly in ¢, t, &, and
()P0 0f Ae, 1, x, )| S &P,
10907 Sy (e, T 1, x, )] S e IHAHD exp(yetH1),
forsome 0 <¢ < h, somey > 0,allx,& and allt < T (e).
Denote ¥ := ZOSquo thSq. Then op,(X) is an approximate solution operator for
D.1):

Lemma D.2. Under Assumption D.1, if qo is large enough, depending on ¢, h, y and T,,
then
9 0p, (X) + op, (A) op.(£) = p, (D.3)

where p satisfies, for0 <t <t <T(¢)andallu € Lz(Rd),

lo(T; Dullg2 < ellullz2. (D.4)
Proof. By Proposition B.2,

0p, (A) 0p, (Sg) = 0p, (AS) + > 9" op, (AtgSy) + V" op, (Rye11(A, Sy)),

1=q’'<qo

and summing over 0 < g < go we obtain

Opg(A) op, (%) = Opg(AE) + Z gl@1+a2)h Ops(.A ﬁQI qu) + 8(q0+1)hR,

0=<g2=<q0
1<q1=q0

where

R:= > & op,(Ryyr1(A Sy)).

0=<g=qo
Further, by the definition (D.2) of the correctors,

—8; 0p, () = op,(AZ) + Z g 192l op (At Sg)-
I=q1+92=q0
q1>0

Comparing this with the above, we find that (D.3) holds with

—p = Z glat+a)h op, (A tly, Sg0) + g@othhp (D.5)
qo+1=q1+q2=2q9
1<q1=qo
0=<¢2=q0
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Since A is compactly supported in x, so are the correctors S, for ¢ > 1, and the deriva-
tives of So. Thus under Assumption D.1,

0¥ (A gy Sg)lL1rey S g~ ¢UFNHD) exp(yp 1+,
uniformly in &. Hence, by Proposition B.1,
”Ops (A ﬂql qu) ”LzﬁLz(Rd) 5 875(]+‘11+42) exp(yt]H).

Thus the L? — L? norm of the first term in the right-hand side of (D.5) is controlled by

Z g@1t+g)h o =E(14q1+q2) exp(yt”e) < =90+ D—t—y T,

q0+1=q1+92=2q0
1<q1=q90
0=42=q0

over the interval [0, T (¢)], implying the desired bound as soon as
(h—=0)(qo+1) =1+¢+yTh.
Moreover, by Proposition B.2,
1 1
lloPe (Rgy41 (A, Sl z2 12 S 1087 Allo.cay 1987 Sy llo.ca)»
and by Assumption D.1,

+1 _ +1 B
||8go A”C(d) ,S e (110+]+C(d))§’ ||3)?0 Sq”C(d) S e L(14+g+C(d)) exp(yt”‘).

This gives control of the L> — L? norm of the second term in the right-hand side of
(D.5) by
g(@+Dh Z g = @oHIHCNE=(4q+CUNE oy (y T

0=g=qo
We conclude that (D.4) holds if gg satisfies

(h—=0)(go+ 1D =1+yT+2C3d)¢,
which can be achieved since in Assumption D.1 we postulated ¢ < h. O

Theorem D.3. Under Assumption D.1, the initial value problem (D.1) has a unique so-
lution u € C°([0, T ()], L*(R%)), given by

t
u = opg(X(0; 1))ug +[0 op,(2(t'; ))Ad + eR1 (1)) (g (1)) + e Ra(t)ug) dt’,  (D.6)

where Ry and Ry are bounded: for all v € L?
IR1®vll 2 + IRVl 2 S NVl 2, D.7)

uniformly in € and t € [0, T (¢)].
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Proof. Leth € L*([0, T (¢)], L>(R%)). By Lemma D.2, the map u defined by

t
u == 0p, (E(0; N)uo + / op, (Z(t'; Hh() d1’
0

solves (D.1) if and only if, for all 7,

((Id + po)h) (1) = g — p(0; Huo, (D.8)

where py is the linear integral operator

t

c([0, T(e)], L?) > v > (r > f o(z; t)v(r)dr) e C°([0, T(e)], L?).
0

By (D.4),

sup  [[(pov)(llL2 Se sup o)l 2.
0<t<T(e) 0<r<T(e)

Thus Id + pg is invertible in the Banach algebra of bounded linear operators acting on
CO([0, T ()], L*(R%)). This provides a solution 4 to (D.8), and we obtain the represen-
tation (D.6) with R; := =1 ((Id + pg) ! — Id) and R» = —p(0; -). The bound (D.7) is a
consequence of (D.4). Uniqueness follows from Cauchy—Lipschitz, since A € S°. O
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