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Abstract. We study the behavior of zeros and mass of holomorphic Hecke cusp forms on
SLy(Z)\H at small scales. In particular, we examine the distribution of the zeros within hyper-
bolic balls whose radii shrink sufficiently slowly as k — oco. We show that the zeros equidistribute
within such balls as k — oo as long as the radii shrink at a rate at most a small power of 1/logk.
This relies on a new, effective proof of Rudnick’s theorem on equidistribution of the zeros and on an
effective version of equidistribution of mass for holomorphic forms, which we obtain in this paper.
We also examine the distribution of the zeros near the cusp of SLy(Z)\H. Ghosh and Sarnak
conjectured that almost all the zeros here lie on two vertical geodesics. We show that for almost all
forms a positive proportion of zeros high in the cusp do lie on these geodesics. For all forms, we
assume the Generalized Lindelof Hypothesis and establish a lower bound on the number of zeros
that lie on these geodesics, which is significantly stronger than the previous unconditional results.

Keywords. Zeros of modular forms, mass equidistribution, automorphic forms

1. Introduction

Let f be a modular form of weight k for SL,(Z), where k is an even integer. A classical
result in the theory of modular forms states that the number of properly weighted zeros
of f in SLy(Z)\H equals k/12. Inside the fundamental domain F = {z € H: —1/2 <
Re(z) < 1/2, |z| = 1} the distribution of the zeros of different modular forms of weight
k can vary drastically. For instance, F. K. C. Rankin and H. P. F. Swinnerton-Dyer [20]
have proved that all the zeros of the holomorphic Eisenstein series
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that lie inside F lie on the arc {|z| = 1}. Moreover, the zeros of E;(z) are uniformly dis-
tributed on this arc as k — oo. In contrast, consider powers of the modular discriminant,
that is, A(z)¥/12 with 12 | k. This function is a weight k cusp form and has one distinct
zero at oo with multiplicity k/12.

The weight £k Hecke cusp forms constitute a natural basis for the space of weight k
modular forms and the distribution of their zeros differs from the previous two examples.
Using methods from potential theory, Rudnick [21] showed that the zeros of Hecke cusp
forms equidistribute in the fundamental domain F with respect to hyperbolic measure
in the limit as the weight tends to infinity. Rudnick’s result originally relied on the then
unproven mass equidistribution conjecture for holomorphic Hecke cusp forms of Rudnick
and Sarnak. However, this is now a theorem proved by Holowinsky and Soundararajan
[9] and so Rudnick’s result on the equidistribution of zeros holds unconditionally.

It is natural to study what happens beyond equidistribution, and to investigate the
distribution of zeros and mass of Hecke cusp forms at smaller scales, that is, to examine
the behavior of the zeros and mass within sets whose hyperbolic area tends to zero at a
quantitative rate as the weight k tends to infinity. For the zeros, we consider the following
two different aspects of this problem:

1) The distribution of zeros of Hecke cusp forms within hyperbolic balls B(zg, rx) C F
with ry — O sufficiently slowly as k — oo.
2) The distribution of the zeros of Hecke cusp forms in the domain

Fy={ze F:Im(z) > Y}, Y > klogk.

The second problem also examines the zeros of f at a small scale since the hyperbolic
area of Fy equals 1/Y and tends to zero as the weight tends to infinity. This problem was
originally studied by Ghosh and Sarnak [3] who proved that many of the zeros of f that
lie inside Fy lie on each of the vertical geodesics Re(z) = —1/2 and Re(z) = 0.

Additionally, building on the techniques developed by Holowinsky and Soundararajan
we prove an effective form of mass equidistribution. Our result also applies to the small
scale setting and we show that the L2>-mass of a weight k Hecke cusp equidistributes in-
side a rectangle whose hyperbolic area shrinks sufficiently slowly as k — oo. This com-
plements recent work of Young [27] who studied mass equidistribution of holomorphic
Hecke cusp forms at even smaller scales under the assumption of the Generalized Lin-
delof Hypothesis. Notably, Young’s work also applies to Hecke—Maass forms, whereas
the analog of our result for Hecke—Maass forms is open.

1.1. Zeros of Hecke cusp forms in shrinking hyperbolic balls and effective mass
equidistribution

Two immediate difficulties appear when attempting to understand the distribution of zeros
of Hecke cusp forms in shrinking hyperbolic balls: First of all, it is not clear if it is
possible to adapt Rudnick’s argument since it relies on a compactness argument, which is
not effective and does not apply to the small scale setting. Secondly, the current results on
mass equidistribution of holomorphic Hecke cusp forms do not give an effective rate of
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convergence. We remedy the first difficulty by finding a new proof of Rudnick’s theorem,
which is effective. We address the second difficulty by revisiting the work of Holowinsky
and Soundararajan and extracting a rate of convergence from their result. This leads to
the following theorem.

Theorem 1.1. Let fi be a sequence of Hecke cusp forms of weight k. Also, let B(zo, 1) C
{z € F : Im(z) < B} be the hyperbolic ball centered at zy and of radius r, with B > 0
fixed and r > (logk)~%0/2*¢ ywhere 8y = 1(31/2 — 44/15) = 0.002016.... Then as

k — oo, we have
#lor € B(zo, 1) & filoy) =0} 3// dx dy
#or € F: fi(oy) =0} ) By V2

Conditionally, under the Lindel6f Hypothesis we are able to show that the zeros of Hecke
cusp forms equidistribute within much smaller balls.

+ Op(r(logk)20/2te),

Theorem 1.2. Assume the Generalized Lindeldf Hypothesis. Let fi be a sequence of
Hecke cusp forms of weight k. Also, let B(zo,r) C {z € F : Im(z) < B} be the hy-
perbolic ball centered at zo and of radius r, with B > 0 fixed and r > k=8¢ Then as
k — 00, we have

#os € B(zo.r) & filoy) =0} _ 3 // dxdy Op(rk-115+¢).
#Hor € F: filor) =0} 7 J By ¥

We expect the zeros of Hecke cusp forms to equidistribute nearly all the way down to
the Planck scale. That is, the zeros of these forms should equidistribute with respect to
hyperbolic measure within hyperbolic balls with area as small as k~'*¢. Our method
for proving small scale equidistribution of zeros of Hecke cusp forms uses small scale
mass equidistribution (however, what we actually require is much weaker, see the dis-
cussion below) and even under the Generalized Lindelof Hypothesis proving small scale
mass equidistribution all the way down to the Planck scale remains open. Assuming small
scale mass equidistribution holds all the way down to nearly the Planck scale, our argu-
ments would give small scale equidistribution of zeros within balls with area as small as
k~1/2*2_ Misha Sodin has informed us of recent unpublished work of his and Borichev
which should allow one to obtain equidistribution of zeros at the Planck scale, given the
equidistribution of mass at the Planck scale.

While mass equidistribution of holomorphic Hecke cusp forms establishes that the
mass of y¥| f(z)|? equidistributes as the weight k of f grows, our proof of Theorem 2.1
shows that the equidistribution of the zeros follows from the much weaker condition: For
any fixed & > 0 and for any fixed domain R, we have

dxdy _
f/ YIf@P == >er e
R y

(for our asymptotic notation conventions, see Subection 1.3). We have not been able to
make use of this weaker condition, but remain hopeful that it will be useful in later works
(see Theorem 2.1 for precise results).

To understand the mass of f in shrinking sets we obtain the following effective ver-
sion of mass equidistribution for holomorphic Hecke cusp forms.
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Theorem 1.3 (Effective mass equidistribution). Let f be a Hecke cusp form of weight k.
Let ¢ be a smooth function, supported in the fundamental domain F, with

a b

Vi qu(z) Lap M, 2 =x 41y, (1.1)

sup
zeF

foralla,b > 1 and some M > 1. Then

‘ f / FI P B8 - / / P ‘<<g M>(ogh)™  (1.2)
F y F y

for all ¢ > 0 fixed and with ny = 31/2 — 4+/15 = 0.008066. . ..

Our arguments also provide a bound on the discrepancy between the measure
oI f (Z)Izd);# and the hyperbolic measure on SL,(Z)\H: for any weight k Hecke cusp

form f, we get

dxdy 3 dxdy o
sup W e 1 ‘<< (log k)~"h
RcFIJJIR y TJIJR Y

for some 7 > 0, where the supremum is taken over all rectangles R lying inside the
fundamental domain with sides parallel to the coordinate axes. We leave this deduction to
an interested reader.

Unconditionally we cannot extract from the argument of Holowinsky and Soundarara-
jan a saving exceeding a small power of log k. However, assuming the Generalized Lin-
delof Hypothesis, Watson [25] and Young [27] have established a power saving bound,
which is an important ingredient in the proof of Theorem 1.2. On the unconditional front,
it was proven by Luo and Sarnak [15, 16] that one can obtain comparable results on av-
erage, obtaining a power saving bound for most forms f. Combining this input with our
new proof of Rudnick’s theorem gives the following variant of Theorem 1.1.

Theorem 1.4. Let B > 1. Let Hy be a Hecke basis for the set of weight k cusp forms. Let
8 > 0. Then, for all but at most < k**/2'*% forms f € Hy, for any r > k=% and any
z0 € {z € F :Im(2) < B} we have

Mor € B(zo,7) : filo) =0} _ 3 // dx
#Hor € F: filor) =0} 7 JJBeor)

d

5 Y + 03(;’1{7‘;/2 logk).
y
1.2. Zeros of Hecke cusp forms in shrinking Siegel domains

We also consider the distribution of the zeros of Hecke cusp forms within the set Fy =
{z € F:Im(z) > Y} with Y > ,/klogk. The hyperbolic area of Fy equals 1/Y, and
Ghosh and Sarnak [3] proved for a weight k Hecke cusp form, f, that

k/Y < #{of € Fy} <k/Y. (1.3)
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They also observed that equidistribution should not happen here and conjectured that
almost all the zeros of f; in Fy lie on the vertical geodesics Re(z) = —1/2and Re(z) =0
with one half lying on each line.

In support of their conjecture Ghosh and Sarnak showed that many of the zeros of fi
in Fy lie on segments of the vertical lines Re(z) = 0 and Re(z) = —1/2. They proved
that, for any ¢ > 0,

#{or € Fy : Re(or) = 0or Re(of) = —1/2} >, (k/Y)!/271/40=¢ (1.4)

The term 1/40 in their result was subsequently removed in [17] by the second named
author.
In support of Ghosh and Sarnak’s conjecture, we establish the following result.

Theorem 1.5. Let ¢ > 0 be fixed. There exists a subset Sy C Hy, containing more than
(1 — &)|Hy| elements, such that for every f € Sy we have

#{or € Fy : Re(of) = 0} > c(e) - #oy € Fy}

and
#oy € Fy :Re(oy) = —1/2} = c(e) - #{oy € Fy}

provided that 5(e)k > Y > ./klogk and k — oo. The constants §(¢) and c(g) are
positive and depend only on ¢.

The proof of Theorem 1.5 relies on a very recent result on multiplicative functions by the
second and third authors [18]. For individual forms f we cannot do as well, even on the
assumption of the Lindelof or Riemann Hypothesis. The reason is the following: In order
to produce sign changes of f we look at sign changes of the coefficients A ¢ (n). In order to
obtain a positive proportion of the zeros on the line we need a positive proportion of sign
changes between the coefficients of A (n), in appropriate ranges of n. However, we cannot
have a positive proportion of sign changes if for example, for all primes p < (log k)>~¢,
we have A¢(p) = 0. Unfortunately, even on the Riemann Hypothesis we cannot currently
rule out this scenario.

Nonetheless, on the Lindeldf Hypothesis we can still obtain the following result,
which is significantly stronger than the previous unconditional result.

Theorem 1.6. Let §, & > 0. Assume the Generalized Lindelof Hypothesis. Then
#or € Fr :Re(op) = 0} 5., (k/Y)' ¢ (1.5)

and
#lof € Fy :Re(op) = —1/2} 5, (k/Y)' ¢ (1.6)

provided that \/klogk <Y < k'79.

The paper is organized as follows: In Section 2 we investigate the results related to
equidistribution in shrinking sets. In Section 3 we prove the results on zeros high in the
cusp. Finally, in Section 4 we establish the effective version of mass equidistribution for
holomorphic Hecke cusp forms.
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1.3. Notation

Throughout we use the notation f(x) < g(x) to indicate that f(x) = O(g(x)). If the
implied constants depend on some additional parameter, say A, we write f(x) <4 g(x)
or f(x) = 04(g(x)). Also, if for all x under consideration there exists ¢ > 0 such that
f(x) = cg(x) > 0 we write f(x) > g(x), and if one has both f(x) <« g(x) and
f(x) > g(x) we write f(x) =< g(x).

If there are implied constants in the assumptions of a lemma, proposition or theorem,
then the implied constants in the claim are allowed to depend on those, without mention-
ing. For instance Theorem 1.3 means that for every ¢ there is A(¢e) such that the implied
constant in (1.2) depends only on € and on the implied constants in (1.1) for a, b < A.

2. Zeros of cusp forms in shrinking geodesic balls

In this section we will prove Theorems 1.1, 1.2 and 1.4. Let ¢ be a smooth function that
is compactly supported within . Let D, (z) be the Euclidean disk of radius r centered
at z, and recall that B(z, r) denotes the hyperbolic ball of radius r centered at z. Also, let

A= _y2( %22 + %) denote the hyperbolic Laplacian. Our main result is the following

theorem.

Theorem 2.1. Let B > 1 and let f be a holomorphic Hecke cusp form of weight k > 2,

normalized so that Ind
xay
f/ WIf@P—= =1
F y

Let R C {z € F : Im(z) < B}, let hy > (logk)/k and ¢ be a smooth compactly
supported function in ‘R such that A¢ K h,:A for some A > 0. Suppose that, for every
20 € R, there exists a point 71 = x1 +iy1 € Dy, (20) satisfying

Y F(z) > e ki, .1
Then P ded
xdy )
=== + Op(kh
o= n//fwz) S+ Op(k)
dxdy
+0A,B<khklog<1/hk> [[ 1o =S ) 22)

By the mass equidistribution theorem of Holowinsky and Soundararajan, (2.1) holds
for fixed, but arbitrarily small h;. This reproduces the main result of Rudnick [21].
Additionally, Theorem 1.3 implies that (2.1) holds for A > (log k)~%te with §) =
4—1‘ - (31/2 — 44/15) = 0.002016. ... Assuming the Generalized Lindelof Hypothesis it
follows from an argument of Young [27] that (2.1) holds for iy > k1/A+e 1

‘We will now use Theorem 2.1 to deduce Theorems 1.1, 1.2 and 1.4.

1" In [27, Proposition 5.1] Young establishes the analog of this for Hecke—Maass cusp forms. The
proof for holomorphic case follows in much the same way.
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Proof of Theorems 1.1 and 1.2. Let B(zo,7r) C {z € F : Im(z) < B} with B > 0 fixed.
Also, let ¢ € Cgo(f) with 0 < ¢+ < 1 be such that ¢(z) = 1 for z € B(zp,r)
and z € B(zo,r — M™1), respectively, and ¢+ (z) = O for z ¢ B(zo, 7 + M=) and z ¢
B(zg, ), respectively, where M satisfies Mr > 2, and will be chosen later. Additionally,

we assume that
a+b

. a+b
Ixiayb P+(x +iy)| Lap M

sup ax

x+iyeH

for all non-negative integers a, b. By construction we have
- = // |p+(2) — P— (Z)|

Additionally,

We shall later specify hy which tends to zero with k such that (2.1) holds. Let us take
M = h;]/ 2, and note we may apply Theorem 2.1 to ¢+ and also use (2.4) to get

Z«f»i@f) E

_ k  Areag(B(zp,r)) B dxdy
_E.T(]:)—FOB(]C.//]:W—F(Z) ¢_(2)] 32 )
+ Op(krhy* log(1/ hy)). 2.5)

1/2

<< k Area(B(zo, r + M~ ")\ B(zo,r — M~1))

<L krM™", (2.3)

Arear(B(zo, r + M~ Y\ B(zo,r =M™ ")) < rM. (2.4)

1/2

log(1/ hx))

The first error term above is estimated as O (krh;’”) by (2.3). Also, note that

Y o-(op) <#lof € Bzo, )} < Y _ ¢1(0y).
of or
1/2
Thus, for r > 2h,'~ we have

kK A B(zo,
#loy € Bzo. "} = %ﬁf)”)

To complete the proof we note that by Theorem 1.3 condition (2.1) holds for hy =
(log k)~%+¢ /4. Assuming the Generalized Lindelsf Hypothesis it follows from [27] that
(2.1) holds for hy = k~1/4+¢ /4, o

+ O (krhy)*log(1/ hy)).

For the proof of Theorem 1.4 we recall the work of Luo and Sarnak [15]. Define the
probability measures

dxdy xdy
a ad =y @ ==

3
T
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where the Hecke cusp form f is assumed to be normalized with ¢ (F) = 1. Additionally,
denote by Hy the space of Hecke cusp forms for the full modular group SL>(Z). Then
Luo and Sarnak [15, Corollary 1.2]) showed that

i 2 Sl (S) — (S < kA (2.6)
kfer S

where the supremum is taken over all geodesic balls S C F.

Proof of Theorem 1.4. Forry > k=172 which also tends to zero as k — oo, let
E(r) = (f € Hi : 320 € |z € F: Im(z) < B} Vz € Dy, (z0), YIf () <k2}.

If f € Hi\ &) and z0 € {z € F : Im(z) < B}, then there exists a point z; =
x1 + iy1 € Dy (20) with y{‘If(Z1)|2 > k~2. Let ¢+ be as in the previous proof, that is a

smooth approximation of B(zq, r), with M = hk—1/2 = r1—1/2' We argue as in (2.5) to see

that by Theorem 2.1, (2.3), and (2.4), for f € Hi \ E(r1), whenever r > 2, /r we have

k  Areag(B(zp,r))
¢+(0f) = — - —————=—— + Op(kr/rilog(1/r1)).
; 12 Area(F)

Since ¢_(z) < 1z, (2) < ¢4(2), it follows that

k  Areag(B(zo, 1))

2 Aran(F) + Op(rky/rilog(1/r1))

#or € B(z0, 1)} =
for f € Hi \ E(r1) whenever r > 2,/ry.
We now bound the size of & (r;). By construction, for f € & (r1) there exists 7/ €
{z € F : Im(z) < B} such that k2 < pup(B(z/,r1)) < k=2, Since ry > k=1/2, this
implies, for f € & (r1), that

sup | s (B(z0,71)) — v(B(z0, 11)| >p 1.
z0€F

Using this and (2.6) we see that

o #E(r) < Y sup lis(B(zo, 1)) — v(B(zo, )
fe€i(r) W0EF

<5 Y suplus(S) —v(S)IF <5 K%,
feHk

where the supremum in the second line is over all hyperbolic balls S = B(zp,r) C F.
The claim follows upon taking r| = k% /4. O
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2.1. Proof of Theorem 2.1
Let k be an even integer and let f be a weight k holomorphic Hecke cusp form for SL>(Z),

which is normalized with dxd
xay
ff YIf@PF —= =1
F y

We can assume that k is large enough since otherwise the claim is trivial. Also, let B > 1
and

R={z=x+iy:—-1/2<x<1/2,1/2<y < B}.
Let ¢ be a smooth function that is compactly supported on R NF. Our starting point is the
following formula of Rudnick (see [21, Lemma 2.1]; note that we assume ¢ is supported
in F):

k 3 dxdy 1 k)2 dxdy
Z¢<ef)=—-—f/ ¢ (2) ——/f log(5*"2 £ @)) A (2) N CN))
or 12 nJ/)F 27 JJF

y? y?

To prove Theorem 2.1 we need to bound the second term in the above formula. The
difficulty here comes from estimating the contribution of the integral over the set where
f is exceptionally small.

Let D be the convex hull of supp ¢. Also, let &, nx, ex > 0 be sufficiently small. We
cover D with N disks of radius ¢ centered atay, ..., ay € R, where the disks are chosen
so that N «<p Area(D)/ 8/%. Define

T =T ex; ) =1{z € F:|f @y < e %y,
7; = 7;(81(’ Eks a]; f) = Tﬂ ng(aj)_
AISO, let n] = }’lj(é‘k,aj) = #{Qf : Qf c DSgk(dj)} and set

n/-
SJ:S(”k’sk’“ﬁf):{ZGDak(a/)i [T le—erl< <M) }
) e

0f€Dss; (aj

For w # oy define
R PACY
zeDy(w)| f(w)
We will bound the second term in (2.7) by showing that the size of T is very small. To
accomplish this we bound the area of 7; in terms of the area of S;. The latter can be
estimated using Cartan’s lemma, which we now state.

M, (w) =

Lemma 2.2 ([13, Theorem 9]). Given any number H > 0 and complex numbers
wi, ..., Wy, there is a system of circles in the complex plane, with the sum of the radii
equal to 2H, such that for each point z lying outside these circles,

|z —wi|- |z —wul > (H/e)".
Observe that by Cartan’s lemma,
Area(S;) < 47117,%8,% foreach j =1,..., N; 2.8)

we will use this fact later.
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The next lemma is from Titchmarsh [24] (see Lemma « of Section 3.9, especially
formula (3.9.1)).

Lemma 2.3. Let g(z) be a holomorphic function on D, (w) with g(w) # 0. Then there
is an absolute constant A > 1 such that for z € Dyj4(w),

z—p
- Z log‘—w_p

lo—w|<r/2

8@

< Alog M, (w),
g(w)

‘log

where the summation runs over all zeros p of g.

In the next lemma we give the following simple, but useful bound for M, (w).

Lemma 2.4. Letw = u+iv € R. Suppose that s, > (logk)/k and f(w)v*/? > ek,
Then

My, (w) < ek,
Proof. There is a point Zmax = Xmax + [ Ymax such that
k/2
f@| | fGma)| < v )"/2 Vv f (Zmax)
z€Dg (w) | f(w) Jfw) Ymax vk/2 f (w)

From the main result of Xia [26] we have | yﬁl/di [ (Zmax)| Ke kl/4+e (Xia’s theorem
implies this holds for every z € H). Also, v*/? f(w) > e~k and

k)2 k)2
() () e
Ymax UV — &

Combining these bounds we see that My, (w) < K12tk . g2enck o oSk O

The next lemma allows us to bound the size of the exceptional set T in terms of the size
of the sets S;.

Lemma 2.5. Suppose ¢ > (logk)/(32k) and that for each w € R there exists a point
Wy = Uy + iVx € Dy (w) such that vi|f(w*)|2 > e~ %K Then there is an absolute con-
stant 0 < co < 1/4 such that for §; > (1/co)er we have, whenever ni > exp(—codk/ek),

Ti (ks ek, aj; f) C Sj(k, 8k, aj; f)  foreach j=1,...,N.

Proof. By assumption, for each j =1, ..., N there exists a point z; € D, (a;) such that

[ f(z)| > e_s"k/zy;k/z. If z € 7; then

N k2 k/2
(@) <)’_/> e Okkerk/2 < (y + Zsk) ek tek/2 < =ik+3ek . —dik/4
1 (z)) y y

2.9)
By Lemma 2.3, if w # gy there is a constant A > 1 such that for [z — w| < }‘r,
f(@ w—or
log ‘ + log < Alog M, (w).
‘ Jf(w) Z z—of '

or€D;p(w)
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Using this with w = z; and » = 8¢ along with (2.9) we see that for z € T},

—Alog Mg, (z;) < —8kk/5 + Z log
07€Dae, (2))

M‘ +00).  (210)
Z—0of

We now bound the second term on the right-hand side of (2.10). First note that for
of € Dgg(aj) \ Dag,(zj) and z € Dg, (a;),

1 .
— < M < 100,
100 z—0f
so that
T A D S M'Honj. 2.11)
gfeD45k (zj) L Qf QfEDSSk (aj) T Qf
Also by definition, for z € Dy, (a;) \ Sj,
0
Nkek \ ’
l_[ lz—orl = (7) :
Qf€D8£k(aj)
Hence,
i —of 8
3 tog | L < njtog . (2.12)
z—of Mk

orf EDSsk (aj)
To bound n;, apply Jensen’s formula to get

16¢; dt 16&; dt
njlog2=nj/8 —5/0 #{QfZ|Qf—Zj|§2t}7

Ek t
1 [ f(32eke'? + z)
= — (0] _—_—
27 Jo £ f(z)

Using (2.11)-(2.13) we deduce that for z € D,(a;) \ S;,

Z log

07 €Dz (z))

df < log M3, (z;). (2.13)

4 —oef
Z—0oF

8e\ 1
< <10+log n—i>§10gM328(Zj)- (2.14)

For the sake of contradiction, suppose that 7; is not contained in S;. Then combining
(2.10) and (2.14) shows that

Skk
log M g j - oW
og M3, (z;) > S(A+ %(10+10g(86/77k))) .

However, by Lemma 2.4 we have log M35, (z;) < 5¢¢k + O(1), so that a contradiction
is reached when ¢ is sufficiently small and & is sufficiently large. O
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A simple consequence of the previous lemma is a bound on the size of our exceptional
set 7. This is one of the main ingredients in the proof of Theorem 2.1. Applying (2.8),
observe that under the hypotheses of the previous lemma,

N N
Area(T N'D) < Y " Area(Tj) < Y _ Area(S)) < Ndmnie; <z 1j- (2.15)
j=1 j=1

We also require the following crude, yet sufficient bound on the mean square of
log(y*/21.f (2)1).

Lemma 2.6. We have

/ /D (log V¥ (D)2 dx dy <5 K.

Proof. Let ¢ > 0 be a sufficiently small absolute constant. Also, let ¢y be as in
Lemma 2.5. We take ¢ = ¢, §k = (1/cp)e and nx = exp(—codx/€) = 1/e. For each
Jj=1,..., N, (2.8) implies that Area(S;) < (4/e®)me?. Hence, there exists ¢j € De(aj)
such that ¢; ¢ S;. Applying Lemma 2.3 with w = ¢; gives, for |z — ¢j| < 2e,

= Zlog

Qf€D4s(Cj)

f(@

Z— Qf
1 - =J
%17

‘ + O(log Ms: (c;)). (2.16)

Cj
Since ¢j € D¢(aj) \ S;,

[T t—ort= T le—orl=e/edm.

0f€D4e(cj) 0r€Dsc(aj)

Also, Lemma 2.5 implies that ¢; ¢ 7; so that | f(c;)| > e~/ (Im(c;))~*/2. Addi-
tionally, observe that Lemma 2.4 implies that log Mg.(c;) <p k, and we trivially have
n;j < k. Combining these observations in (2.16) gives, for |z — ¢j| < 2e,

loglf@l= Y loglz—of|+ Opk).
0 €Dy (cj)

Since Dg¢(aj) C Dag(cj), this implies that
2
| oeir@aray<a [ (0 woglz- o)) dxay e
e (aj) De(aj) 07 €D (c))

<Lpk Z / (log|z—Qf|)2dxdy—i-k2 <3 k%,
0 y Y I De(aj)

F €D (c;
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where in the second to last step we have used Cauchy—Schwarz and the trivial bound
#or € D4e(cj)} < k. Using this bound we get

dxd
[ [ doxo 2 r@nr S5
D

< kz/ (log )? 2L +Zf/D (log|f(z )I)2

To complete the proof, recall N <« Area(D)/e? <p 1. O
Proof of Theorem 2.1. By (2.7) it suffices to show that

dxd
f /f log (V2| f () A (2) Ts?

= OA,B(

First, notice that for §; > (logk)/k,

dxd
[[ et Pir@nsee 2
F\T

Next, observe that Cauchy—Schwarz gives

dxd dxdy\"?
W log(*/2] () A (e) 2 5(// A ()P x2y> :
T y T y
dxdy\'?
x(/ f(log(y"/ﬂf(z)n)z%) . (219

Recall our assumption (2.1), which states that for every w € R there exists a point w, =
Uy + ivy € Dy, (z0) with v¥| f(w,)| > e *". Hence, the conditions of Lemma 2.5 are
satisfied for e > hg. So (2.15) implies that

I

for nx > exp(—codx/ex), Where cg is a sufficiently small absolute constant. To bound the
second term on the right-hand side of (2.19) we apply Lemma 2.6 to see that it is <p k.
Combining this with the previous estimate gives

dxd
’ / leog(yk/zlf(Z)l)Aqﬁ(Z) ke

Therefore, (2.18) yields

dx
‘ / /f log(Y*21 f(2) ) Ad (2

Taking e = hg, 6 = ((A + 2)/c0) - er log(1/er) and g = exp(—c08k/ek) establishes
(2.17) and completes the proof. O

>+03(k hY).  (2.17)

(2.18)

dxd
‘<< kak/fmmzn &

—2A

Y «p kit

<z kak/ 186 &
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3. Zeros of cusp forms high in the cusp

To detect zeros of f high in the cusp we use the following special case of a result of
Ghosh and Sarnak [3, Theorem 3.1] that shows that for certain values of Im(z) the Hecke
cusp form f(z) is essentially determined by one term in its Fourier expansion. In this
section we normalize f so that the first term in its Fourier expansion equals one.

Lemma 3.1 ([17, Proposition 2.1]). There are positive constants c;, c3 and & such that,
for all integers £ € (ca, c3/k/logk) and f € Hy,

k—1
(/O VR F(xc+iy) = hp(Oet) + OK™),  where  y = S —
T
This essentially tells us that on the vertical geodesic Re(z) = 0 a sign change of A7 (¢)
yields a zero of f. More precisely, to detect a zero on Re(z) = 0 it suffices to find
£1 and £; in (c2, c3+/k/log k) such that
Ar(ly) < k¢ <k €< Ar(€2)
where € > §. A similar analysis holds on the geodesic Re(z) = —1/2, but here one also

needs £ and ¢, to be odd.

3.1. Proof of Theorem 1.5

We detect sign changes for almost all forms using a very recent theorem of the last two
authors [18, Theorem 1 with § = (log y)~1/2007,

Lemma 3.2. Let h : N — [—1, 1] be a multiplicative function. There exists an absolute
constant C > 1 such that, forany2 <y < X,

‘l Z h(n)—% Z h(n)

x<n<x+y X<n<2X

< 2(10g y)—l/200

for almost all X < x < 2X with at most C X (log y)~1/100 exceptions.

To benefit from this, we need to control the number of n for which |[Ar(n)| < n=% and

the number of p for which A¢(p) < 0. For this we quote two lemmas. The first one is an
immediate consequence of [19, Theorem 2].

Lemma 3.3. Let p be a prime. Then

#{f € He: |M <p’ lo
{feHr: 2g(I<p }<<p_5+ gp.
#Hy log k

where the implied constant is absolute and effectively computable.

The second lemma is a large sieve inequality for the Fourier coefficients A ¢(n). The ver-
sion we use is the following special case of a more general theorem [12, Theorem 1] due
to Lau and Wu.
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Lemma 3.4. Letv > 1 be a fixed integer and2 < P < Q < 2P. Then

1 10/11 ov»
Plog P (log P)?’

Y

feHy'P<p=0

Let § > 0 and define the multiplicative function

—dv

(") = {Sgn(kf(p”)) if 37 (p") = p~* and p > 2.

0 otherwise.

We will now show that for most f € Hy averages of g (n) and | gy (n)| over long intervals
do not coincide, which shows the existence of a sign change in such an interval. A key
ingredient in the proof is Hal4sz’s theorem for real valued functions (see for example [4]),
which states that for a multiplicative function 4 such that —1 < h(n) <1,

1 1—h

5 S < xexp(—3 3o ), G.1)

4 P
n<X p<X

where the implicit constant is absolute.

Lemma 3.5. Let ¢ > 0. Then there exists Xo(e) > 0 such that for Xo < X < k we have,
for all but at most ¢ - #Hy, forms f € Hy,

'l - L
5 2 lgmi-%

X<n<2X

Z gr(n)

X<n<2X

> 1,

where the implicit constant depends on ¢ (but not on f).

Proof. By Lemma 3.3,

1 lo
oy —«# Y (p‘l‘6 + ]ka) = 05 (#Hy).
feHr P=X p<X plog
IAr(p)l<p~®

Hence there is a positive constant C depending only on § such that for any given ¢ > 0,

(3.2)

M
I)—‘
03|Q

for all but at most (¢/2) - #Hy forms f € Hi. Consequently, it follows by a standard
argument, or, alternatively by [6, Theorem 2], that with at most this many exceptions,

1
£ 2 lermi>act, (3.3)
X<n<2X

where the implicit constant depends on § and ¢ (but not on f).
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On the other hand, we will see that the mean value of g; tends to zero. Notice that
(1? — 2t)/8 < 1j_2,0)(¢) for [t| < 2 and recall that Deligne’s bound gives |Ar(p)| < 2
This gives, forany Q > P > 2,
120 (s (P) _ Ar(p)? =22 (p) 1 Ar(p?) — 2hs(p) + 1

P<p=<0Q p P<p<0Q 8p 8 pito p

where in the last step we have used the Hecke relation A s ( p)E=x 7 ( »%) + 1. Hence,

2y _
3 lz lzl Ap(p7) —2xp(p) + 1
p<X P log X <p<X1/1000 p 8 log X <p<X1/1000 p
Ar(p)<0 Ar(p)<0
1 1 Ar(p?) — 2

log X <p=<X1/1000 p

Lr(p")
p

Let J = [(log X)/10007 and apply Minkowski’s inequality and then Lemma 3.4 to see
Z )\f (p")

thatforv=1,2,and X < k
2> 172
e/~llog X<p<e/logX p

J jv/10 v/10
1 ef”/ log X /
<<#7-l,i/2.§ ( + (log X) )

feH
2\ e log X (1722

- #H, \ 2
log X '

Using Chebyshev’s inequality along with the previous estimate gives

)\. v
M‘Zl}<< 1
p log X

2>]/2§i<2

Jj=1 “eH;

log XSPSXI/IOOO

'l
—#{ f € Hi:
#Hi log X <p<X1/1000
for v = 1, 2. Hence the sum on the right-hand side in (3.4) contributes o(loglog X) for

almost all forms f. So, recalling (3.2) and the definition of g7 (n),

1 1 1 1 1
Z = Z - — Z —z—+0( )loglogX
p=x P p=x P p=X p 8
gr(p)=-1 rr(p)<0 —p’5<kf(p)<0

for all but (¢/2) - #Hy forms f € Hj. By Haldsz’s theorem (3.1), this implies

% Y gr(m) = o(D).

n<X

Hence the lemma follows from (3.3) for all X sufficiently large. O
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Proof of Theorem 1.5. Notice that if gr(n) # 0, then n is odd, [Af(n)| > n~% and
gr(n) = sgn(Ay(n)). Hence by Lemma 3.1, if gr(n) changes sign in the interval Z =
la, b] C (c2, c3y/k/logk) (i.e. there exist n+ € T such that g (n+) = £1) then f(z) has
zeros of, 0 with Re(or) = —1/2, Re(0}) = 0 and Im(oy), Im(e}) € 453, 452 ]

Suppose y = y(4, €) is sufficiently large and X > X (3, ). Applying Lemmas 3.2
and 3.5 it follows that for all but at most ¢ - #Hy forms f € Hy

1 1
=Y lgml—<| Y g
Y x<n=x+y x<n=x+y
1 1 _
== 2 lgml-5| Y gm|+0(ogy) ™) 5. 1
X<n<2X X<n<2X

for all X < x < 2X outside an exceptional set of size at most CX (log y)~!/1%0_ This
implies that for each such form f € Hj there exist X < x; < --- < xy < 2X with
Xjr1—xj>yand N > % . % such that

‘1 > lgei—+| Y gf<n)H>>1

Xj<n<xj+y Xj<n<xj+y

foreach j = 1,..., N. Taking X = k/Y we conclude that each interval [x;, x; + y]
yields a sign change of g (n), and by (1.3) this produces

X k 1
s —=— > —-#oy € Fy})
y Yy vy

zeros of f(z) on each of the geodesics Re(z) = —1/2, 0 for all but at most & - #H;, forms
f € Hg. O

3.2. Proof of Theorem 1.6

Our main proposition for the proof of Theorem 1.6 shows that the Lindelof hypothesis
implies many sign changes of Ay (£).

Proposition 3.6. Assume the Generalized Lindeldf Hypothesis, let e, 1 > 0 and X > k.
Then, for all X < x < 2X with OE,H(X1_€/4) exceptions, the interval [x,x + y(x)]
with y(x) = x/X'7¢ < X? contains integers m+ such that Ar(m-) < —X7° and
Ar(my) > X%

Observe that the first part of Theorem 1.6 (namely the lower bound (1.5)) follows from
Proposition 3.6 with X = k/Y and Lemma 3.1. The second part of Theorem 1.6 (namely
the lower bound (1.6)) follows from a small variant of Proposition 3.6 and Lemma 3.1.
We delay the proof of the variant until the end of the section.

To prove Proposition 3.6 we study the first and second moments of Ay (n) in short
intervals.
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Lemma 3.7. Assume the Generalized Lindeldf Hypothesis. Let €,n > 0, X > k', and
2<L <X.Then
(X 1/2
Y )| < x( 2
x<n<x+x/L

forall X < x <2X with at most X!-e exceptions.

Proof. This follows once we have shown that for any ¢ > 0,

1 2X 2 . X
Y/ Y | e <k (35)
X

x<n<x+x/L

We follow an argument of Selberg [22] on primes in short intervals. Let §; = log(1 +
1/L) =< 1/L. Applying Perron’s formula and shifting contours to Re(s) = 1/2 we see
that for x, x + x/L ¢ Z,
1 1/2+ic0 L) —x%
Z Ap(n) = — L(s, f)w ds
x<n<x+x/L 2mi 1/2—ioc0 S

1 [® .
=x‘/2-—/ L(1/2 +it, f)ws, (1/2 +ir) - &"'1°8% g,
27 J_ oo

where ws, (5) = (€L — 1) /s. This expresses the left-hand side as a Fourier transform.
Thus, making a change of variable and applying Plancherel we see that

1 2X 2 o9 2 dx
_ A~(n)) de/ ‘ Z k-(n)’ -
2 Z f f 2
X X x<n<x+x/L 0 x<n<x+x/L X
e 2dt 1 o0 . ) N
= ‘ > ym| SE= | 1La2+in HPws, (/2 +indr.
T et <p<eTHIL ¢ T 00

Using the bound |ws, (1/2 + it)| <« min(8r, 1/]¢]), we find that the above is

< kg(/l/& 821t|° dt +/ ! dt) < ko817 « K
‘ —1/81 L =178 111278 chok Li=e
This establishes (3.5), and the claim follows. m]

Lemma 3.8. Assume the Generalized Lindelof Hypothesis. Let €,1 > 0, X > k" and
2 <L < X. Then

6 x x\'?
Yo )= L, sym? nT+ 05,,7<X€(Z> )

x<n<x+x/L

forall X < x < 2X with at most X' =€ exceptions.
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Proof. One has

2
SO 00 L, £ @ f) = S8 L, sym? ).
= ns £(2s)

Writing ws, (s) = (e —1) /s and arguing as in the proof of Lemma 3.7, only now noting
the pole at s = 1, we obtain

1 2X L , 2 2

— Z Af(n)z _x Res,_ M dx

X X x<n<x+x/L L C(ZS)

00 ; 2 &
c(1/2 +it) 5 N
—L(1/2, 1/2+it)|~dt ,
< /_oo c(1 g 2ipy Z/2 sy D) s (/2 + 0P8 < 7
and the claim follows. O

Proof of Proposition 3.6. Lete > 0. Also, let L = X!7¢, y = y(x) = x/L and € = &/4.
By Lemma 3.7 we have, for all X < x < 2X with at most X 1-e exceptions,

X\ 1/2
> )»f(l’l)’<<g,r; X€<Z> &« XS, (3.6)

xX<n=x-+y

Similarly, Lemma 3.8 implies that for all X < x < 2X with at most X 1—e exceptions,
2 6 2 0% 5¢/6
> )= L sym® /)T + 0y (X0, (3.7)
X<n=x-+y

Recall that for any v > 0,
L(1, sym® f) >, k™",

and Deligne’s bound gives |Af(n)| < Zdln 1 <, n". Using these two facts in (3.7) im-
plies that for v (e, n) sufficiently small for all X < x < 2X with at most X I-e exceptions,

> )] ey X0,

x<n=<x+y

Applying this along with (3.6) we see that for all X < x < 2X with at most 2X !¢
exceptions,

S lE Y A e, X0

x<n<x+y x<n=x+y
Also, the contribution from the terms with |A¢(n)| < X~° can be bounded trivially:

Do Iyl <2yx Tt <4

xX<n=<x-+y
[Apm)|<X~¢
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Therefore, we conclude that, for almost all X < x < 2X,

‘ SvmlE Y Af(n)’»&nxge/lq

x<n=<x-+y x<n=<x+y
[Af(m)|=X~*¢ [Af(m)|=X~*¢

This implies that for almost all X < x < 2X there exist my € [x,x + y] such that
Ar(m_) < —X"%and Ar(my) > X%, as claimed. O

Proposition 3.9. Assume the Generalized Lindelof Hypothesis. Let e, 1 > 0and X > k.
Then, for almost all X < x < 2X, the interval [x, x + y(x)], where y(x) = x/Xl_S
= X®, contains odd integers m+ such that Af(m_) < —X~% and Ay(m4) > X7°.

Proof. The proof goes similarly to the proof of Proposition 3.6. Here we have the extra
conditions (n,2) = 1 in the sums. To account for this condition first note that, for
Re(s) > 1, L(s, f) and L(s, sym” f) have Euler product representations given in terms
of a product of local factors at each prime:

L(s. f)=[]LpGs. f) and L(s,sym* f) =[] L(s, sym® ).
P P

The argument goes along the same lines as before, except that in place of L(s, f) and
L(s, sym2 f) one uses

L(s, ) - (LaGs, f)™' and  L(Gs, £) - (LaGs, sym® )7L

The contribution from the local factor at p = 2 is bounded. O

4. Effective mass equidistribution for holomorphic Hecke cusp forms

For two smooth, bounded functions /, g the Petersson inner product is given by

—dxd
<h,g>=// h2)g@) .
F y

Let Fi(z) = y*/? f(z) with f a weight k holomorphic Hecke cusp form, and assume
that Fy is normalized so that || F¢||? := (F, Fx) = 1. In this section we establish mass
equidistribution for holomorphic Hecke cusp forms with an unconditional, effective er-
ror term. Under the assumption of the Generalized Lindelof Hypothesis effective error
terms have been obtained by Watson [25] and Young [27]. For the unconditional result
our arguments essentially follow those of Holowinsky and Soundararajan [8, 23, 9], ex-
cept for one modification which we have borrowed from Iwaniec’s course notes on mass
equidistribution for holomorphic Hecke cusp forms. We have also used some ideas of
Matt Young [27], and the final optimization uses a trick from Iwaniec’s course.

As in Holowinsky’s and Soundararajan’s [9] proof of mass equidistribution, we shall
estimate the inner product (| Fi|?, ¢) of | Fi|*> with a smooth function ¢ in two ways. In
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the first approach, applying Soundararajan’s work [23], we use the spectral decomposi-
tion of ¢. Here a formula of Watson [25] for (| Fx|?, u), where u is a Hecke—Maass cusp
form, plays a crucial role. In the second approach, based on Holowinsky’s paper [8], we
expand ¢ into a linear combination of Poincaré series, and estimate the inner product of
| F¢|? against a Poincaré series. One of the key inputs is a sieve bound for a shifted con-
volution problem. Each approach alone fails if the Fourier coefficients of Fj misbehave
in a certain way, but as noticed in [9], the misbehavior is of different nature, and at least
one of the approaches always works.

4.1. Soundararajan’s approach

The following treatment of the inner product of | Fi|> and a Hecke—-Maass cusp form is
taken from Iwaniec’s notes on mass equidistribution of holomorphic Hecke cusp forms.

Lemma 4.1. Lete > 0. Let uj be an L?-normalized Hecke—Maass cusp form with spec-
tral parameter tj with |tj| < k. Then

IF, )] <e l1'727 (log k) 1—[<1 B n(p))’

p=<k P

where n(p) = )»f(pz) + }1(1 — )\jzc(pz)).
Proof. By Watson’s formula [25],

A/2,uj x fx f)
A(1, sym?uj)A(1, sym? f)2

[{u; Fy, ) <

The ratio of the Gamma factors is < 1/k, and therefore
|L(1/2,u; x sym? f)|'/2 - |L(1/2, uj)|'/?
VEIL(1, sym2 £)| - |L(1, sym?u;)|'/2
For the L-functions depending only on u; we note that the convexity bound gives
[L(1/2,u;)| < t 2+8, while the work of Hoffstein and Lockhart [7] implies that

J
tj_g &L |L(1, sym’u 7)|. Next we note that Lemma 2 of Holowinsky and Soundarara-

jan [9] implies

[(uj Fr, Fr)| <

A 2
IL(1, sym® )| « (loglogk)31_[(1— f“”). 4.1)
p<k p
Therefore,
}/4+s 3 ( 2)
(uj Fe, F)| <e <1oglogk>“—k]"[<1— fp” >|L(1/2,u,-xsym2f>|”2. 4.2)

p=k

It suffices to bound the L-function L(1/2, u; x sym? f). The analytic conductor ¢ of
L(1/2,u;x sym? f) satisfies € =< (k+ |Z; |)4|tj |?. Therefore, by the approximate functional
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equation (see for instance of Harcos [5, Theorem 2.1]), and then by Cauchy—Schwarz,

|Au,(n)xf(n2)|’< ))2
(T2 (%)

where V is a smooth function satisfying |V (x)| <4 min(1, x~4) for any A > 1. To
bound the second term in (4.3) we use general bounds for multiplicative functions to see

242 22
3 MO e og o) I1 <1+—Af(p) 1). 4.4)

n<c/2(log €)& Yz p<Cl/2(log €)¢ p

IL(1/2, uj x sym® )|* < (Z

n>1

m, (n)|2
<Y =

n>1

, 43

Next we use Deligne’s bound |Ar(n)| < d(n), the elementary estimate anx d*(n?) «
X (log X )8, and partial summation to see that, for any A > 1,

)\'f(nZ)Z v n ‘ 1/4
Z N (ﬁ) KLAe W,

n>e1/2(log )&

which is bounded above by the right-hand side of (4.4).
Next observe that for X > 2,

ZM”’(’M :L/ L(1/2+s,u,~®uj)r,(s)xsds (4.5)
271 Jo, {2s+1) ' .

n>1

The convexity bound gives
IL(1/2 +it,u; @ uj)| e 11177751 + 2] 72

By convexity we also have |L(o + it, u; ® u;)| <e |t;|"/>78(1 + [¢])!*¢ uniformly in
o > 1/2. In addition, from the works Hoffstein and Lockhart [7] and Li [14] we have
#;17% < L(1, symzuj) & tj|°. Combining these ingredients shows that (4.5) equals

6

n3/2X1/2L(1 sym? u;) + O (X¥t;|'/27%).

Using this and partial summation we see that the first term on the right-hand side of (4.3)

is < €V4L(1, sym?u;) + €¢|t;|'/>F¢. Applying this bound along with (4.4) in (4.3)
yields

IL(1/2,u; x sym® f)|'/2
Ar 232 1
<, (log(’:)s( 1—[ (1 I r(p?) >>(€1/8|tj|s+€1/16+e|tj|1/8+s).

p=€1/2(log €)* 4p
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Using this in (4.2), doing some minor manipulations in the Euler products, and simplify-
ing error terms we conclude that

n
|(uj Fi, Fi)l <e 1t;]"/27° (log k)® 1‘[(1 - (—p))
p=<k p

as claimed. O

In order to perform a spectral expansion of (| Fx|?, ¢) we also need estimates for (u, ¢)
with u a Maass cusp form, and for (E (-, 1/2 4 it), ¢) with

E(z,s) := Z (Im(yz))®, Re(s) > 1.

yeloo\Il

Note that E(z, s) is defined in Re(s) < 1 by analytic continuation. In order to control
(E(-, 1/2 4+ it, ¢) we require a simple pointwise bound for E(z, 1/2 + it).

Lemmad4.2. Forx,y,t € R,

E(x +iy, 1/24it) < /y(1+ |t]).

Proof. The Eisenstein series has the Fourier expansion (see [10, (3.29)])

6—s) |, 2/3
TS

E(z,s) =y + 00

Y ripMmemx) Ko 1pQ2rinly),  (4.6)
n#0

where 0(s) = 7w °I'(s)¢(2s) and 7,_1,2(n) = Zab:ln‘(a/b)s_l/z. Using the following
uniform estimates for the K-Bessel function due to Balogh [1] (see Ghosh, Reznikov, and
Sarnak [2, Corollary 3.2]):

Kit(u) << mm((tz _ M2)7]/4€77Tt/2, u*]/zefu’ t*l/}ve*ﬂl/Z) (47)

along with Stirling’s formula and the bound |¢(1 + if)|~! « log(|t| + 1) one gets
E(z,1/24it) < /y(1 + |t]). 4.8)
o

Combining the above pointwise bound and integration by parts we obtain the following
estimate for the inner product of E(z, s) with ¢ (2).

Lemma 4.3. Let ¢ be a smooth compactly supported function with At¢ <, M>¢ for all
£ > 1. Then, forall A > 1,

2A M2A

N —— and |E(,1/2+i1), —
7 @)1 < g and WEC 124 0.9 <a T
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Proof. The hyperbolic Laplacian is symmetric with respect to the Petersson inner prod-
uct, that is, (Ag, h) = (g, Ah). Therefore since u; is an eigenfunction of A with eigen-
value 1/4 + tjz, we get

(/4419 (uj, ¢) = (Auj, ¢) = (uj, A'¢) < (lujl, )M,

Since F has finite hyperbolic area, we can bound the L'-norm of u j by its L2-norm,
which is 1. This gives the first claim. For the second claim we proceed similarly, except
that now in the last step we use (4.8), finding that

/4 +)YEC, 1/24i0), ¢) = (E(, 1/2 +it), Ad)
M2 dxdy
<y ( +|t|)/.;:w [m}

We are now ready to prove the main result of this subsection.

Lemma 4.4. Let ¢ be as in Lemma 4.3 with M < logk.
If f is a Hecke cusp form of weight k then, for any A > 1 and € > 0,

(IFel*, ¢)
— %(1’(?) + 08(M3/2+8(10gk)8<1_[<1 _ ”(P)

rr(p?) +1
) + ]‘[(1 - &»ncpnz)
p<k p p<k p

+ 04((logk)™),

where n(p) = Ay(p?) + 1 (1 — Ar(p?)?).

Proof. Starting with the spectral decomposition we have (see e.g. [11, Theorem 15.5])

3
(B, ¢) = —(1 @) + 3 (I Fil?, )y, 9)

j=1

+ L f (IFx %, EG 12+ i) (EG, 1/2 4 it), ¢) dt. (4.9)
4 R

By the previous lemma,
24 M2A

- [ — d E(,1/2+it), P —
7.8 <a par and HEC /2409 <a 7y

for any fixed A > 0.
Combining [23, Corollary 1] with (4.1) we get

Ar(p?) +1
[Fl ECGL 172+ i0)] <e (1+ |z|>exp(— > %)aogk)s. (4.10)
p<k

(Note that here we have used a slightly stronger form of [23, Corollary 1], which is easily
seen to follow from the proof.) Using the above bounds together with Lemma 4.1 shows
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that the terms with |¢;| > M(logk)® and |t| > M(logk)® in (4.9) contribute, for any
A > 1, an amount at most OS,A((logk)_A). Recalling Weyl’s law, thjIST 1~ T2/12,
established by Selberg, and applying Lemma 4.1 and Bessel’s inequality, we see that the
contribution of the remaining cusp forms is bounded by

> ELaR) (X . 0r)
J

|tj <M (log k)*

1/2

<, M3/2+8(10g k)&‘ l—[ <1 _ n(p)
p<k p

> “lol2. (41D

The remaining Eisenstein series contribution is bounded by

172 1/2
(I Fel?, EC, 1/2+it>>|2dr> (f (E(, 1/2+it>,¢>|2dr>
R

[t|<M(log k)®

rr(p?) + 1
<& M3 (logk)* H<1 - %) el (412)

p=k

by (4.10) and Bessel’s inequality. Using (4.11) and (4.12) in (4.9) gives the claim. ]

4.2. Holowinsky’s approach

The general strategy of Holowinsky’s approach is to expand ¢ into a linear combination
of incomplete Poincaré series,

Pum@) = Y h(myze(mReyz),
Y €L\

with & some smooth function depending on ¢. This reduces the problem to bounding
(IFx|?, Pp.m) with m # 0 and estimating (| Fy|%, Py o).

Lemma 4.5. Let ¢ > 0. Let h be a smooth, positive-valued function such that h'© (y) <«
M for all integers € > 0, and assume M < log k. Suppose in addition that h is supported
in [1/2, 00). Then for 0 < |m| < logk,

(Irr(p)| = 1)?

(|Fe|?, Pom) <o (logk)® H(l L) (4.13)
p<k p

Proof. Using the standard unfolding method, we get

dxdy
2

oo pr1/2
(|Fel*, Pom) = /0 f 1/2|m<z>|2h(y)eomc> (4.14)
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Applying [15, Proposition 2.1], which follows from expanding | F;|?, and keeping track
of the dependencies on m and % one has

(|Fe|, Phm(2)) = 272 > aprp(r + m)h(L>
s (k= DL, sym? f) &0 4x(r +m/2)
(jm| + M)®
+ 08</{1/T>’ (4.15)

where B is a sufficiently large absolute constant. We now use a version of Shiu’s bound
(as in Holowinsky’s work, [8, Theorem 1.2]). This gives

k—1 2rp(p)l =2
[Ar(MAs(r +m)|h<—> < k(logk)® <1 + —) (4.16)
; ! 4 da(r +m/2) [E( p
The claim now follows from (4.1). ]

We now turn our attention to the case m = 0. Note that P, ¢(z) = E(z|h), where

EGlhy= )Y h(myz)

Y €l\I’

is an incomplete Eisenstein series. We will use its Fourier expansion

Ezlh) = ano(y) + Y ane(y)etx).
[£]>1

Before proceeding further we record the following lemma.
Lemma 4.6. Let h be a smooth function with h® (y) «x M* for some M > 1, all
integers k > 0 and all y > 0. Then

3 [ d
ano( = > /0 hw 55+ 00 Y),

while, for £ # 0,

MA
ane(y) Lae ﬁd(|ﬁ|)mm<M’ |gy|A2/35>

forany A > 0 and ¢ > 0, where d(-) denotes the divisor function.

Proof. The Fourier coefficients are obtained from those of E(z, s) (see (4.6)). Writing H
for the Mellin transform of 4 and noting E(z|h) = # f(z) H(—s)E(z, s)ds one has, by
shifting contours, for £ # 0,

L\ AtHE12-0n _
ah,ﬁ()’)—ﬁ(;) /RF(l/2+it)§(1+2it)T”(W)K”(znwy)dt'
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Observe that by repeatedly integrating by parts, H(—s) <4 % for any integer A > 1.
Applying (4.7) we see that for any integer A > 1,

: M4
ano(y) Lae y'?d(e) mm(M, W) 4.17)

Additionally, by shifting contours we get

1 (1 —
IV = i /<2) H(_S)(y o (e<s)S)y H) @

3
= —H(ED+ o(M*/y). (4.18)
which gives the claim since H(—1) = [~ h(v)v~2 dv. u!

Lemma 4.7. Let h be a smooth function with h®© (y) <; M for all integers £ > 0 and
with h(y)/y < 1forall y > 1. Then

3 (® 4 s (p) = 1?
(| Fel?, Pho) = —/ S + 0. (Mzaogk)e 1"[(1 - M))
7 Jo y o<k p

Proof. The proof closely follows the work of Holowinsky [8], whose main analytic tool
is the smoothed incomplete Eisenstein series

E'Glg) = ) g(¥Imy),
Y€l \I’

where g is a fixed smooth function that is compactly supported on the positive reals.
Writing G for the Mellin transform of g and shifting contours we see that

1
(EY QIQEGINF, Fo) = 5— | G(=9)Y'(E(z, )E(lh) Fi, Fy) ds
Tt J(2)
3
= Y;G(—l)(E(ZVl)Fk, Fy)

1
+— G(—=s)Y*(E(z, $)E(z|h) Fy, Fy)ds.
2 (%)

We bound the inner product in the last integral by applying (4.8) to get by unfolding

0o rl/2 ,dxdy
(E(Z,S)E(Zlh)Fk,Fk)=f0 /l/zh(y)E(z,S)IFk(Z)I 32

dxdy
< (DAl

oo prl/2 )
<+ [ [ hosine)
172 J-12
where we have used the bound A(y),/y < 1 that is true by assumption. This gives

3
(EY (zI@)E (z|h) Fr, Fr) = Y;G(—l)(E(ZVl)Fkv Fi) + O(Y). (4.19)
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The Hecke cusp form f has a Fourier expansion

fl2) = Zaf(n)e(nz).

n>1
Since we have normalized with (f, f) = 1, the eigenvalues A ¢ (n) of the Hecke operators

are related to the Fourier coefficients ay(n) by the relation

_ . 27T2(47t)k_1
X k=1)/2 — . V2
Ar(n)n ar(l) =ar(n) with l|as(D)|” = FOLL sym2 f)'

We now use the unfolding method to get

dxdy

(E¥ (z|9)E(z|h) Fi, Fr) .
y

oo pl1/2
f / (YY) E(z|h)| Fy(2)|?
0 J-1,2

_ 27(4m)t!
~ T(k)L(1, sym? f)

Z Z)‘f(n))\f(n + O (nn + Z))(k—l)/z

L n>1

>k “2n@ntoy 4Y
X A v g(XYy)an.e(y)e 7 (4.20)

Using Mellin inversion, Stirling’s formula and an argument of Luo and Sarnak [15] gives

(4m)k—1 a-n2 [ & “2w@nreyy 4Y
L (n(n+0) // (Yy)e @ty 22
0 ey )2

_ ! Y&=1 1o 10) ! 421
_k—1g<4n(n+€/2)><+ (kl_—>)+ 8<k1/2—6(n+z/2+1/2)3/2) S

(see [15, proof of Proposition 2.1] or [8, the argument leading to (20)]).
To bound the terms with £ 7 0 in (4.20) we first use (4.17) and (4.21). Then we apply

a variant of Shiu’s bound as in the proof of the previous lemma. Thus, the terms with
£ # 0 are

. 2
d(jey min(M, e

< Y

)me(n)xf(nw)lg(M)

S WYL sym? f) A A (n + €/2)
Y (log k)¢ 2|A -2 MZ
< _L“/l_(ogz) ]‘[<1+ 1 (P > Zmin<M, W)d(lﬁl)z
(1,sym? f) 7 ¢ p = | |
<. (logk)* M7/4y3/2+e 1—[(1 (P =20 (p) + 2) )
14
p<k

where we have used (4.1).
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It remains to estimate the contribution from the zeroth Fourier coefficient of E(z|h)
in (4.20). Assuming ¥ < logk and using (4.18) and (4.21), we see that the term with
£ = 0 on the right-hand side of (4.20) equals

o
ane d
> Iy Pk /0 Ve (¥ y)ag (e ™ y—i

n>1

(k — l)L(l sym? f)
2

3 M , (Y(—1)
( WG 1)’LO<\/‘>><k—1)L(1 sym2f),;'kf(”)' ( )
(4.23)

To evaluate the last sum we employ Soundararajan’s [23] weak subconvexity estimate.
Let G denote the Mellin transform of g and observe that G(s) <4 (1 + |s|)~4 for any
fixed A in any vertical strip —3 < a < Re(s) < b < 3. Then

Y(k—DY) _ 1 Y(k—1D)L(s.f® f)
;uf(m ( ) e @( = ) f@) O ds.

Shifting contours to Re(s) = 1/2 we collect a pole at s = 1 with residue

Yk—-1) 6 )
_ —ZG(—l)L(l, sym~ f).
4 T

To bound the integral on the line Re(s) = 1/2 we use the estimate

KY2(1 + 2]

. 2
LG1/2-+ it sym P e =g 2o

due to Soundararajan [23, Example (1.1)]). We conclude that

Sy e( YED) S 6D 6 G symey + o =K
72 (log

=1 4mr 4r (logk)1—¢
4.24)
Now use the estimates (4.22)—(4.24) in (4.20); next combine the resulting formula
with (4.19); and finally, use the bound L(1, sym?f) > (logk)~' (which follows from
the work of Hoffstein and Lockhart [7]) to get

(E(z|h) Fy, Fy) = E(E(Zlh), 1)+ 05(M>
7 VY
08((logk)gM7/4Y1/2+£ 1_[(1 _ Wy I 1)2)).
p=<k p
To complete the proof take ¥ = ]_[ (1 + M). O

We are now ready to collect the previous lemma into the main result of this subsection.
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Lemmad4.8. Let 1| < M <logk. Let ¢ be a smooth function compactly supported in the
Sfundamental domain F, and such that

(lab

IR Ma+b
yaxa 8yb¢(Z) <<a,b

sup
zeF

for all non-negative integers a, b. Then
2 3 2 3 (A ()] = 1)?
(1Fkl” ) = — (&, 1) + OE(M (log k)* H(l - —))
T p<k p

Proof. Let ® be the extension of ¢ to H by ', periodicity. Define

1
D, (y) ::/ O(x +iy)e(—mx)dx.
0
Then

¢(x+iy) =Y Po,m(z) where Po,m():= > ®u(myz)e(mReyq).
meZ y€la\l

Now

(Fel% ¢) = D (F*. Poy,m)- (4.25)

meZz

Note that by integration by parts, ®,,(y) <4 (M /|m|)A. Therefore, by unfolding, for
m # 0,

% rl dxd M\
IR Pan) = [ [ 192 e Pet-mn@n(n “5 < (—) |
o Jo y |m|

It follows that in the sum (4.25) we can truncate at |m| > M (log k) at the price of an error
term which is <, 4 (log k). On the remaining terms with m # 0 we apply Lemma 4.5,
while on the term with m = 0 we use Lemma 4.7. Altogether this leads to

3 oo d 1 A -1 2
(IFil?, ¢) = ;/O @003 T3 + O <M2(logk)8 1‘{(1 - M))

p=<k p

_1\2
+ 08<M2(1ogk)5 ]‘[(1 - M))

p=k p

Finally, note that

o0 d dxd
/ cbo<y)—§=/¢<z> xe .
0 y F y
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4.3. Proof of effective mass equidistribution

Proof of Theorem 1.3. Combining Lemmas 4.4 and 4.8 we obtain

3
(IFi, @) = ~(1.¢) + 0c(M*(log h) P(k)). (4.26)
where
1 —1)2 2
Pk) = min(H(l_M)’ H<1_"(P))+l—[<l_kf(p )+1>>.
p=k p p<k )4 p<k P

For a, b, c > 0 we have
min(a, b + ¢) < min(a, b) + min(a, ¢) < a®b' ™% + aPc' 7P,

Therefore it is enough to choose o and 8 so as to minimize separately a®c!~® and bPc!—#
for a, b, ¢ corresponding to the Euler products above. To shorten notation write A =
|A7(p)|. This leads us to looking for an 0 < « < 1 which minimizes

g (e = 0 = (= <1107 -0+ )

We also need to find a0 < 8 < 1 which will minimize

max (—3B( — 1)? — (1 — B)A?).

0<r=2

This is minimized by taking 8 = 2 — +/2 and under this choice the maximum is less
than —1/12. For the first condition, let us first restrict to ¢ > 1/3. We note that we can
then restrict to A < 1, because for A > 1 the max is always bounded by —1/12. In the
range 0 < A < 1, we have }T(AZ — 1)2 < }—1()» — 1)2. Thus it is enough to optimize

_1 12 _(1— 2_1_1n_1y2.1
Orélf;( lap— 12— —a)(R2—1-ta—1) +4)).
For 1/3 < @ < 1 this maximum is equal to
(1 —-a)(13 — 15a)
43 — @)

This is smallest when « = 3 — 8/+/15 and the minimum is then
—k = —=31/2 + 4415 = —0.008066615 . . ..

Thus, the error term in (4.26) is O, (M?*(log k) % *#). O
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