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Abstract. We establish new results concerning boundary Harnack inequalities and the Martin
boundary problem, for non-negative solutions to equations of p-Laplace type with variable co-
efficients. The key novelty is that we consider solutions which vanish only on a low-dimensional
set ¥ in R”, unlike the more traditional setting of boundary value problems set in the geomet-
rical situation of a bounded domain in R” having a boundary with (Hausdorff) dimension in the
range [n — 1, n). We establish our quantitative and scale-invariant estimates in the context of low-
dimensional Reifenberg flat sets.

Keywords. Boundary Harnack inequality, p-harmonic function, A-harmonic function, variable co-
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1. Introduction

Let D C R", n > 2, be a bounded domain, i.e., a bounded, open and connected set, and
let K be a compact subset of D. Let Q2 := D \ K, and let p with 1 < p < oo be fixed.
Given D and K, the p-capacity of K relative to D, Capp(K , D) for short, is defined as

Cap, (K, D) = inf{/ IVo|Pdy : ¢ € C(D), ¢ > 1in K} (1.1)
D

If Cap, (K, D) > 0, then the set K is not removable for the p-Laplace equation and given
f e WhP(R")NC(R) there exists a unique p-harmonic function u in € satisfying u = f
on 92 in the weak sense. Furthermore, if all points on 92 are regular in the Dirichlet
problem for the p-Laplace operator, then u € C() and hence u = f continuously
on 9€2. In particular, assuming that Cap,(K, D) > 0, and that all points on 92 are
regular, one can conclude that there exists, given a non-negative function f € C(dD)
which is not identically zero, a unique positive p-harmonic function u in 2 such that
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u= fondDandu = 0on dK. A sufficient condition for w € 92 being regular in this
Dirichlet problem is that R” \ € is p-thick at w in the sense that

/1 [Capp((R" \ Q) N B(w, 1), Bw, 2:))}1/0’—” dt w2
— =00 .
0

Cap,(B(w, 1), B(w, 21)) t

It is well known that if p > n then the p-capacity of a point is positive and for 1 < p <n,
conditions on the set K which imply Cap, (K, D) = 0 can be formulated using Hausdorff
measure and Hausdorff dimension. In particular, if p = 2, n > 3, and if the Hausdorff
dimension of K is m, then the only cases which are non-trivial occur whenm € (n—2, n].
Hence, if we focus on sets with integer dimension, the only non-trivial low-dimensional
case is m = n — 1. For more general p we see, assuming that the Hausdorff dimension
of K is m, that given K the set-up is interesting whenever p > n — m. In particular, all
low-dimensional cases are interesting as long as we consider p large enough. Phrased in
another way, while the Laplace operator cannot be used as a vehicle for the extension of a
function from a set of dimension n —2 or lower to neighborhoods of the set, the p-Laplace
operator, for p sufficiently large, can always achieve such an extension. The conclusion
is that the p-Laplacian, and p-harmonic functions, can be studied in many interesting
geometrical situations beyond the traditional set-up of a bounded domain in R” having an
(n — 1)-dimensional boundary.

The purpose of this paper is to pursue the line of thought outlined above in one di-
rection by establishing certain refined boundary Harnack estimates for non-negative so-
lutions to operators of p-Laplace type, assuming that the set K is well approximated by
m-dimensional hyperplanes in the Hausdorff sense. To further put our work in perspec-
tive we recall that in [LN1]-[LN3] (see also [LN4]), a number of results concerning the
boundary behavior of positive p-harmonic functions, 1 < p < 00, in a bounded Lipschitz
domain 2 C R” were proved. In particular, the boundary Harnack inequality and Holder
continuity for ratios of positive p-harmonic functions, 1 < p < oo, vanishing on a por-
tion of 0€2 were established. Furthermore, the p-Martin boundary problem at w € 92
was resolved under the assumption that € is either convex, C!-regular or a Lipschitz do-
main with small constant. Also, in [LN5] these questions were resolved for p-harmonic
functions vanishing on a portion of certain Reifenberg flat and Ahlfors regular NTA-
domains. The results and techniques developed in [LN1]-[LNS5] concerning p-harmonic
functions have also been used and further developed in [LN6], [LN7], in the context of
free boundary regularity in general two-phase free boundary problems for the p-Laplace
operator, and in [LN8] in the context of regularity and free boundary regularity, below
the continuous threshold, for the p-Laplace equation in Reifenberg flat and Ahlfors regu-
lar NTA-domains. In addition, in [LLuN] boundary Harnack inequalities and the Martin
boundary problem were studied for more general operators of p-Laplace type with vari-
able coefficients in Reifenberg flat domains. Further generalizations and applications can
also be found in [ALuN1], [ALuN2], [AN].

All papers mentioned above are set in the traditional geometrical situation of a
bounded domain in R” having a boundary with dimension in the range [n — 1, n). In this
paper we begin the development of the corresponding results in the rich low-dimensional
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geometrical setting outlined above. This paper can be seen as a novel generalization of
[LLuNT] to the setting of non-negative solutions, to equations of p-Laplace type, vanish-
ing on low-dimensional Reifenberg flat sets in R”. To our knowledge this paper is the first
serious attack on problems of this type.

1.1. A-harmonic functions

Points in Euclidean n-space R” will be denoted by y = (y1, ..., y») or (¥, y,) where
Y =01,..., Yu_1) € R”~1; S* will denote the unit sphere in R¥. We let E, 9E, diam E
be the closure, boundary and diameter of the set E C R", and we define d(y, E) to equal
the distance from y € R” to E. Further, (-, -) denotes the standard inner product on R"
and we let |y| = (y, y)!/? be the Euclidean norm of y; B(y,r) = {z e R" : |z — y| < r}
for y € R", r > 0; and dy denotes Lebesgue n-measure on R”. Let

h(E, F) = max(sup{d(y, E) : y € F},sup{d(y, F) : y € E})

be the Hausdorff distance between the sets E, F C R". If O ¢ R” is open and 1 <
q < 0o, then we denote by Wha(0) the space of equivalence classes of functions f with
distributional gradient V f = (fy,,..., fy,), both of which are gth power integrable
on O. Let || fll1,g = IIfllg + IV flllq be the norm in wh4(0) where || - ll; denotes
the usual Lebesgue norm in O. Next let C3°(O) be the set of infinitely differentiable
functions with compact support in O and let W(; "“1(0) be the closure of C°(0) in the
norm of W14(0). By V- we denote the divergence operator.

Definition 1.1. Let p, 8, € (1,00)and y € (0,1). Let A = (A1,..., A,y : R" x R”
— R”", assume that A = A(y, n) is continuous in R” x (R” \ {0}) and that A(y, n), for
fixed y € R", is continuously differentiable in ng, for every k € {1, ..., n}, whenever
n € R\ {0}. We say that the function A belongs to the class M), («, B, y) if the following
conditions are satisfied whenever y, x, £ € R" and n € R" \ {0}:

2\ 1/2
() o« nP?EP < Z O iy, sty and Z iy m) / <alp|” 2,

(i) A, ) — A, m| < Blx — " nP7!,
i) Ay, m) = " Ay, n/InD.
For short, we write M, () for the class M, («, 0, y).

Definition 1.2. Let p € (1,00) and let A € M, («, B, y) for some (a, B8, y). Given a
bounded domain G we say that u is A-harmonic in G provided u € W7 (G) and

/(A(y, Vu(y)), Vo(y))dy =0 (1.3)

whenever 6 € Wé P(G). We say thatu € WLP(G) is an A-subsolution [A-supersolution)
in G if (1.3) holds with = replaced by < [>] whenever 0 < W(;’p(G), 6 > 0. If
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A(y,n) = |n|1’_2(n1, ...,Mn), and u is a function satisfying (1.3), then u is said to
be p-harmonic in G. As a short notation for (1.3) we write V - A(y, Vu) = 0in G.
Finally, an A-subharmonic function [ A-superharmonic function] is a function which is
upper [lower] semicontinuous and which satisfies the standard comparison principle with
respect to A-harmonic functions.

Remark 1.3. Let G C R” be an open set, suppose that p > 1 is given and let A €
M, (a, B, y) for some (a, B, y). Let F' : R" — RR" be the composition of a translation,
a rotation and a dilation z — rz, r € (0, 1]. Suppose that u is A-harmonic in G and
define ii(z) = u(F(z)) whenever F(z) € G. Then i is A-harmonic in F~!(G) and
Ae M, (a, B, y). For a proof, see [LLuN, Lemma 2.15].

1.2. Geometry: low-dimensional Reifenberg flat sets

Definition 1.4. Let n, m be integers such that 1 < m < n — 1. Given w € R” we let
Ay, (w) denote the set of all m-dimensional hyperplanes which pass through w.

Definition 1.5. Let n, m be integers such that 1 <m <n — 1. Let ¥ C R” be a closed
set and let ro, § > 0 be given. We say that X is (m, rg, §)-Reifenberg flat (in R") if there
exists, whenever w € X and 0 < r < rg, a hyperplane A = A, (w,r) € Ay (w) such
that

h(ZNB(w,r), AN B(w,r)) < dr.

Definition 1.6. Let X be (m, rg, §)-Reifenberg flat (in R") for some rg, § > 0 and sup-
pose w € ¥ and 0 < r < rg. We say that ¥ N B(w, r) is m-Reifenberg flat with vanishing
constant if, for each € > 0, there exists ¥ = 7(€) > 0 with the following property. If
x € ENB(w,r)and 0 < p < 7, then there exists a hyperplane A" = A), (x, p) € Ay (x)
such that

h(Z N B, p), A N B(x, p)) <ep.

Remark 1.7. For our purposes the (m, rp, §)-Reifenberg flat sets form a rich class of sets.
However, the literature devoted to this type of sets seems very limited. We are only aware
of one paper [PTT] where analytic questions are considered in the same framework as
ours. In particular, in [PTT] the authors are concerned with the quantity

B t
_ B 0
u(B(w, r))
where w € X,r > 0,¢ € (0, 1], and u is a measure supported on X. The authors prove

results concerning the relation between the regularity and flatness of £ and the asymptotic
behavior of R, (w, r) as r — 0.

R:(w,r)

Remark 1.8. In [LLuN] all theorems were established for A-harmonic functions and in
the context of (n — 1, ry, §)-Reifenberg flat domains in R”. Consequently, in the present
paper we will only consider the case when X is (m, rg, §)-Reifenberg flat (in R") for some
mwithl <m <n—2.
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1.3. Main results

We here state the main results established in the paper; in light of Remark 1.8 we consider
A-harmonic functions, A € M (e, B, y), and we assume that X is (m, rq, §)-Reifenberg
flat for some m with 1 < m < n — 2. It turns out that for m = 1 we are able to establish
a complete analog of the results in [LLuN], while for 2 < m < n — 2 we have to impose
additional assumptions on A. We first prove the following two theorems.

Theorem 1.9. Let m = 1, n > 3, and let p > n — 1 be given. Let ¥ be a closed
(1, ro, 8)-Reifenberg flat set in R" for some ro,6 > 0. Let A € My(a, B, y) for some
(o, B,y). Let w € X and 0 < r < rg. Assume that u, v are positive A-harmonic func-
tions in B(w, 4r) \ Y., continuous on B(w, 4r) and withu = 0 = v on ¥ N B(w, 4r).
Then there exist § = §(p,n,m,a, B,y) > 0, ¢ = c(p,n,m,a,B,y) > land 6 =
o(p,n,m,a, B,y) > 0suchthatif 0 <§ < 8, then

o
< [y1 — y2l
- r

Theorem 1.10. Let n, m be integers such that2 < m < n —2andlet p > n —m
be given. Let ¥ be a closed (m, rg, §)-Reifenberg flat set in R" for some ro, 8 > 0. Let
A € My(a, B,y) for some (a, B, y), and assume in addition that A satisfies one of the
following conditions:

u(y1) log X ()
v(y1) v(y2)

log

whenever y1, y2» € B(w, r/c) \ X.

(a) There exists 0 < A < 00 such that ’(y n) — dA’ (y r))‘ < Alp =o'l In|P—3

whenever y e R, 1 <i,j <nandn,n € R"\ {0} wzth 2|77| <7l <2n|.

(b) A(y.n) = k(y. mUCY)n, )P~ C(y)n for all y € R" and n € R" \ {0}, where
C(y) is a linear transformation of R" and k (y, -) is homogeneous of degree 0 in n
whenever y € R".

Let w € X,0 < r < rg and let u, v be as in Theorem 1.9 (relative to X). Then the
conclusion of Theorem 1.9 holds with the only difference that in the case of (a), the
constants may also depend on A.

Let n, m be integers such that | <m <n —2andlet p > n — m. Let X be a closed
(m, ro, 8)-Reifenberg flat set in R” for some rg,§ > 0. Let A € My(a, B, y) for some
(o, B,y). Letw € X, r and u, v be as in Theorem 1.9 (relative to ). Then (see Lemma
3.7 below) there exist positive Borel measures v and v on R”, with support contained in
¥ N B(w, 4r), such that

/(A(y,Vu) Vo)d /¢>d,u, /A(y, Vv), Vo) d /d)dv (1.5

forall¢p € C3°(B(w, 4r)). We deduce the following corollaries to Theorems 1.9 and 1.10.
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Corollary 1.11. Let n, m, p, X, ro, A be as above. Let w € X, r and u,v be as in
Theorem 1.9 or 1.10 (relative to X). Let  and v be measures associated to u, v in the
sense of (1.5). Let o be as in the conclusion of Theorems 1.9 and 1.10. Then du = kdv
for some k € LI(Z N B(w, 2r), dv), and there exists ¢ > 1, depending at most on p, n,
m, o, B, ¥, A, such that

llog k(y1) —logk(y2)| < c(ly1 — y21/r)° (1.6)
whenever y1, y2 € £ N B(w, r/c).

Corollary 1.12. Let n, m, p, X, ro, A, w, u, u be as in Corollary 1.11, and suppose in
addition that ¥ N B(w, 4r) is m-Reifenberg flat with vanishing constant. Then

wBG. ) _

rl_r)r(l) DB uniformly forx € ¥ N B(w,r)andt € [1/2,1].

We note that in the language of [PTT], a measure u is said to be asymptotically optimally
doubling on ¥ N B(w, r) if the conclusion of Corollary 1.12 holds.

Finally, we prove a theorem which implies that the Martin boundary of B(w, 4r) \ £
agrees with the topological boundary of this set when ¥ N B(w, 4r) is (m, rg, 8)-Reifen-
berg flat.

Theorem 1.13. Let n, m be integers such that 1 < m < n —2andlet p > n—m
be given. Let ¥ C R" be a closed set and assume that ¥ N B(w, 4r) is (m, ro, 8)-
Reifenberg flat. Let A € Mp(a, B, y) for some (a, B,y), and assume in addition that
either (a) or (b) of Theorem 1.10 holds in the case 2 < m < n — 2. Then there exists
8* =8*(p,m,n,a, B,y), or8* =8*(p,m,n,a, B,y, A), such that the following is true
whenever 0 < § < 8%, w € T and 0 < r < rg. Suppose that i, 0 are positive A-
harmonic functions in B(w, 4r) \ Z, continuous on B(w, 4r) \ {w} and withtt =0 =0
on d3(B(w,4r)\ )\ {w}. If 0 < § < &*, then ii(y) = to(y) forall y € B(w,4r)\ X
and for some constant t.

Remark 1.14. We emphasize that Theorems 1.9-1.13 are completely new and there is
currently essentially no competing literature. Theorems 1.9, 1.10, 1.13 are proved in
[LLuN] in the setting of (n — 1, ro, §)-Reifenberg flat domains in R”, assuming only
that A € My («a, B, y) for some (o, B, y).

Remark 1.15. Theorem 1.10 applies in the case A(y, n) = |n|?~2(n1, ..., nn), i.e., in
the case of the p-Laplace operator. In particular, using [LN5], or [LLuN], and Theorems
1.9-1.13, we can show that the conclusions of Theorems 1.9—1.13 hold in the context of
p-harmonic functions whenever | <m <n —1landn —m < p < oo.

Remark 1.16. Condition (a) in Theorem 1.10 is an additional regularity condition on
A = A(y, n) in the n-variables. Condition (b) in Theorem 1.10 is a structural restriction
on A. In particular, if

V- A(y, Vu) = V - ((A()Vu - Vi)P>"1 A(y) Vu)
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and A € My(a, B, y), then (b) holds. The class M, (c, 8, y) is invariant with respect to
translations, rotations and dilations z — rz, r € (0, 1], as discussed in Remark 1.3. The
same applies to the classes of A’s defined by conditions (a) and (b) in Theorem 1.10.

Remark 1.17. As discussed below, inthe case 2 < m <n —2, p > n —m, and in
the proof of Theorem 1.10, the additional assumption on A beyond A € My («, B, y)—
condition (a) or (b) in Theorem 1.10—is only used in one crucial estimate. Indeed, con-
sider the geometrical baseline configuration for our results

2 = {y = (y/v y//) : y/ = (ylv "'vym)1 y// = (ym-&-l’ "'vyl’l) :O}s (17)

and let C,(0) = {y = (), y") : IY'l, /| <r}forr > 0.Let A € M,(), i.e., A has
constant coefficients, and assume that u is a positive A-harmonic function in C4(0) \ X,
continuous on C4(0), with u = 0 on X N C4(0). Assume that u(0, y”) = 1 for some
|y”| = 1. We then need to prove that there exists ¢ > 1, depending only on the data, such
that

Y <u(y,y")  whenevery € C1(0)\ =, (1.8)

and where & = (p — n 4+ m)/(p — 1). In particular, the function |y”|¢ gives a lower
bound of the growth away from the low-dimensional set ¥ in analogy with the linear
growth established in the case m = n — 1 in the corresponding baseline configuration (see
[LLuN, Lemma 2.8]). The estimate in (1.8) is the only place where we have been unable
to push our arguments through in the same generality as in [LLuN], and it is in the proof
of (1.8) that (a) and (b) of Theorem 1.10 are used.

1.4. Outline of proofs and organization of the paper

As mentioned in Remark 1.14, Theorems 1.9, 1.10, and 1.13 are proved in [LLulN] in
the more traditional setting of (n — 1, rg, §)-Reifenberg flat domains € in R”. In the
introduction in [LLuN] some effort is made to explain the key steps in the proof, stated as
Steps A-D. The proofs of our main results, in particular Theorems 1.9 and 1.10, proceed,
structurally, also along the lines of these steps but details are considerably more involved
and often require some ingenuity.

Sections 2 and 3 are motivated by the fact that many of the basic estimates used in
[LLuN] have to be derived in the low-dimensional case. For example, if § is small enough,
then a §-Reifenberg flat domain 2 in R” is an NTA-domain in the sense of [JK]. In partic-
ular, from the outer corkscrew condition it then immediately follows that R" \5 satisfies a
uniform capacity density condition at every point w € 9€2, from which one can conclude
that the continuous Dirchlet problem for A-harmonic functions is uniquely solvable and
weak solutions with continuous boundary data are Holder continuous up to the boundary.
In our case, we first have to find a substitute for this argument, due to the lack of comple-
ment, and in Lemma 2.9 we prove that, for n, m, p, ¥ as in Theorem 1.9 or Theorem 1.10,
there exists § = S(p, n,m) such that if 0 < § < 3, then ¥ N B(w, 4r) is uniformly p-
thick with constant n = n(p, n, m) > 0 (see Definition 2.8) whenever w € X. Using this
result we can then establish (see Lemmas 3.2 and 3.3) Holder continuity for A-harmonic
functions up to X.
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In Section 4 we consider solutions to elliptic PDEs whose degeneracy is given in terms
of an A-weight A (see (4.1)). In case A = (|Vu| + |Vv|)”_2, where u, v are A-harmonic
and A € M,(a, B, y), in Lemma 4.7 we prove the existence of § = S(p, n,m,a, B,y)
> 0and ¢ = c(n,m) > 1 suchthatif 0 < § < § and 7 = r/c, then T N B(w, 47) is uni-
formly (2, A)-thick (see Definition 4.3) for some constant n = n(p,n, m, o, B, y) > 0.
Using results in [FJK1] we can then guarantee Holder continuity of solutions to these
degenerate elliptic PDEs up to 3. We also prove (Lemma 4.10) that if n, m, p, u, v, &
are as in Theorem 1.9 or 1.10, and (a|Vu| + b|Vv|)f”_2 is an Ap-weight with A>-constant
independent of a, b € [0, 00), then the conclusion of Theorem 1.9 or 1.10 is valid. In Sub-
section 4.2 we also list several other assumptions and prove that they imply the conclusios
of Theorems 1.9 and 1.10 when X is an m-dimensional hyperplane.

In Section 5 we prove, for A € Mp(«) and A with Aj =Apyj, 1 < j<n-—m,
and p > n — m, the existence and uniqueness of a ‘fundamental solution’, say u, to
V - A(Vii) = 0 with pole at 0 in R"~™_ It turns out that

i(z) = zI5a(z/1z]), z e R"™\{0}), |Vil(z) ~i(z)/lzl ~1zIF7", (1.9

where § = (p —n +m)/(p — 1) and & means the ratio of the two quantities is bounded
above and below by constants depending only on the data, i.e., the structure constants in
Definition 1.1 and n, m, p. Let u(y) = u(w(y)) when y € R", where 7 (y) denotes the
projection of y onto R"~™. Then i is an A-harmonic function on R" = R” x R"™™,
vanishing on R™ x {0} € R™ x R"™". In our arguments, u plays the same role as the
function y, does in [LLuN].

In Section 6 we prove Theorems 1.9 and 1.10 in the special case when A € M, () and
¥ is as stated in (1.7) in Remark 1.17. Indeed, let u, v be positive A-harmonic functions
in B(0,4) \ X, continuous on B(0, 4) and withu = 0 = v on X N B(0, 4). Assume that
u(0, y") ~ v(0, y”) ~ 1 for some |y”| = 1. The crucial estimate is to prove there exists
¢ > 1 (depending only on the data) such that

< u(y)/v(y) <c whenevery e C1(0)\ X, (1.10)

where the sets C.(0) were introduced in Remark 1.17. To prove (1.10) in the case m = 1
we use an argument from [BL]. In fact (see Remark 6.3 below), this argument is also
applicable in the case of the p-Laplace operator in the full range 1 < m < n — 2, but
the proof in this case relies heavily on the p-Laplacian being invariant under rotations.
For general A € Mp(«), in the case 2 < m < n — 2, we first note, in view of (1.9),
that to prove (1.10) it suffices to establish it with v = u, and in particular to establish the
existence of ¢ > 1, depending only on the data, such that

Y <uy,y") <ely’|®  whenever (v, y") € C1(0) \ . (1.11)

To get the upper estimate in (1.11) we consider the function u” which is defined to
be A-harmonic in B(0, 8) \ (X N B(0, 4)) with continuous boundary values u’ = 1 on
9B(0,8) and u’ = 0 on X N B(0, 4). Then, using Harnack’s inequality, we have u < cu’,
and we prove (see (6.9)) that u’ satisfies the fundamental inequality

_p u'(y) , u'(y)
c —d(y, > < |Vu (y)| < Cd(y, i

(1.12)
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whenever y € C1(0) \ X, where ¢ > 1 depends only on the data. Using (1.12) and (1.9)
we then conclude from our work in Section 4 that (1.10) holds with u = u’ and v = i,
which implies the upper bound in (1.11).

To get the lower bound in (1.11), for a general A as in Definition 1.1, turns out to be
a more difficult problem and, as discussed in Remark 1.17, for 2 < m < n — 2 this is the
only place in the proof of Theorem 1.10 where we require (a) and (b) of Theorem 1.10.
Our proof of the lower estimate in (1.11) is based on the construction of appropriate
A-subsolutions (barriers). The constructions are rather subtle and make essential use of
(1.9), and the u introduced above. In particular, in the cases (a) and (b) of Theorem 1.10,
both the constructions rely on the function

FO=FOLY) =0 =1yPE 1) =1 =y — 1. (1.13)

Note that f has a product structure, which facilitates computations.

In Section 7 we prove Theorems 1.9 and 1.10 in general, as well as Corollaries 1.11
and 1.12. Theorems 1.9 and 1.10, for A € My(e, B, ) and X as in (1.7), follow from
the corresponding results established in Section 6 in the baseline configuration and by
a technique which can loosely be described as ‘freezing the coefficients’. Indeed, given
our results from Section 6, as well as our preliminary work in Sections 2-5, at this stage
we can invoke the A-harmonic machine developed in [LLuN] (with modifications). In
particular, exploiting the validity of Theorems 1.9 and 1.10 when X is as in (1.7), we can
prove, for u, v, ¥, m, n, p, 8,8 as in Theorems 1.9 and 1.10, that (1.12) holds with u’
replaced by u, v in B(w, r/c) \ X, with ¢ > 1 depending only on the data, provided
§ > 0 is small enough. We then use this result to prove that (|Vu| + [Vu)P~2 is an
Aj-weight with Aj-constant bounded independently of u, v. In view of this fact we can
once again invoke boundary Harnack and Holder continuity results from [FIK2] to deduce
Theorems 1.9 and 1.10 based on our work in Section 4. Finally, in Section 7 we easily
obtain Corollaries 1.11 and 1.12 as consequences of Theorems 1.9 and 1.10. In the proof
of Corollary 1.12 we also use a compactness and blow-up type argument for A-harmonic
functions.

In Section 8 we prove Theorem 1.13. To do this we first prove it in the baseline case
when ¥ = R” U {0}. Once this is done, we can use Theorems 1.9, 1.10, and Theorem
1.13 in the baseline case, to argue as earlier in order to eventually obtain Theorem 1.13.

2. Geometry of (m, ry, §)-Reifenberg flat sets in R”

In this section we develop a number of results concerning the geometry of (m, rg, §)-
Reifenberg flat sets in R”. In particular, we assume 1 < m < n — 2 and we let ¥ C R"
be a closed set which is (m, rg, §)-Reifenberg flat for some rg, 8 > 0. Given w € R"
and A,,(w) we can always introduce coordinates y = (y,y”), y' € R™, y”" € R*™™,
such that

Ap(w)={y= o +w, y” +w)eR" x R"™™ y’/ =0},
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where w = (w’, w”). Using this coordinate system and r > 0, we let
apn(w,r) = (ay(w,r),ay(w,r))
be any point satisfying a)y (w, r) = w’ and |ay (w, r) — w"| =r.
Lemma 2.1. Let 1 <m < n—2 and suppose = C R”" is a closed set which is (m, rg, 8)-
Reifenberg flat for some ro, 8 > 0. Then there exist 69 = So(n,m) > 0 and M =

M (n,m) > 2 such that the following is true whenever 0 < § < §g. Given w € X and
0 < r < ro, there is a point a,(w) € R" \ ¥ such that

d(a,(w), X) > MYy, MYy < la,(w) —w| <r.

Proof. Consider w € ¥ and 0 < r < rp. Then using Definition 1.5 we see that there
exists A = A, (w, r) € A, (w) such that

h(ZNB(w,r), AN B(w,r)) < dr.

For n € (1/4,1) fixed we now let, using coordinates with respect to A = A,,(w, r) as
introduced above,
ar(w) = ap(w, nr). (2.1

It then immediately follows that there exist §o = §p(n, m) > 0 and M = M (n, m) such
that the conclusion of the lemma holds whenever 0 < § < &p. O

Lemma 2.2. Assume | <m <n — 2 and let ¥ be a closed (m, ry, 8)-Reifenberg flat set
in R" for some ro, 8 > 0. Then there exists o = do(n, m) > 0 such that the following is
true whenever 0 < § < 69 and 0 < r < ro/2. There exists c = c(n, m) > 1 such that

@) h(Am(w,r)ﬂB(w, 1), Ay (w, r/2) N B(w, 1)) < cé,

(ii) h(Am(ﬁ), r)N B(w, 1), Ay (w, r) N B(w, 1)) < cé, 2
whenever w, W, W € X andr/2 < | — w| < 2r.
Proof. Let w € X. Then using Definition 1.5 we see that

69 h(EﬂB(w,r),Am(w,r)ﬂB(w,r)) <ér,

(i) h(Z N B(w,r/2), Ay (w,r/2) N B(w, r/2)) <ér/2.
Hence, using (2.3) we find that

h(Am(w, r) N Bw, r/2), Ap(w, r/2) O B(w, r/2)) < 26r. 2.4)

2.3)

(2.2)(1) now follows from (2.4) by scaling and elementary geometry. To prove (2.2)(ii)
we first note, using the definitions and the assumption r/2 < |[w — W| < 2r, w,w € X,

that
i h(E N B(zi), 4r), Ay (W, 4r) N B(w, 4r)) < 44r,

o . ~ . 2.5)
@1") h(E N B(w,r), Ay, (w, r) N B(w, r))§ or.
Since B(w, r) C B(w, 4r), we conclude from (2.5) that
h(Am(zI), 4ryn B(w, r), Ay (w, r) N B(w, r)) < 56r. (2.6)

(2.2)(ii) follows from this observation, (2.2)(i), and scaling. ]
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Definition 2.3. Let ¥ C R” be a closed set. Given M > 2, we say that a ball B(y, r),
y € R", r > 0, is an M-non-tangential ball (in R" and with respect to X) if

M~ 'y <d(B(y,r), %) < Mr.

Furthermore, given y,y’ € R" \ ¥ we say that a sequence of M-non-tangential balls
(in R" and with respect to %), B(y1,71),..., B(yp,rp), is an M-Harnack chain of
length p (in R and with respect to X), joining y to ¥, if y € B(y1,r1), y' € B(yp,7p),
and B(y;, 7)) N B(Yit1,rit1) # WO fori e {1,..., p—1}.

Lemma 2.4. Assume 1 <m <n — 2 and let ¥ be a closed (m, rq, §)-Reifenberg flat set
in R" for some ro, 8 > 0. Then there exist 59 = So(n,m) > Qand M = M(n,m) > 2
such that the following is true. Assume 0 < § < &9, w € X, and 0 < r < Fo, where
Fo = ro/M. Consider y € B(w,r) \ X, let € = d(y, X), and let y € X be such that
€ = d(y,9). Then y, ac(y), and axe(y) can all be joined by M-Harnack chains (in R"
and with respect to X.) which are contained in B(y, Me€) \ ¥ and have length depending
only on n, m.

Proof. This can be proved by using Lemma 2.2 and elementary observations. O

Lemma 2.5. Assume 1 <m <n — 2 and let ¥ be a closed (m, rq, §)-Reifenberg flat set
in R" for some ro, 8 > 0. Then there exist 59 = So(n,m) > Qand M = M(n,m) > 2
such that the following is true. Assume 0 < § < 8o, w € 2,0 < r < ry, and 7o = ro/M.
Consider y,y' € B(w,r) \ X such that d(y,X) > €, d(y', ) > ¢, and d(y, y') < Ce,
for some € > 0and C > 1. Then there exists an M-Harnack chain (in R" and with respect
to T), joining y and y', which is contained in B(w, Mr) \ T and has length depending
onlyon C, M, i.e., only on C, n, m.

Proof. This can be proved by proceeding along the lines of the proof in [KT] of the

corresponding statements in the more traditional setting of Reifenberg flat domains in R”.
O

Remark 2.6. Let 1 < m < n—2 be given. Throughout the paper we will always assume,
given an (m, rg, §)-Reifenberg flat set ¥ C R”, that 0 < § < 8¢ with 8o = 8p(n, m) > 0,
so that Lemmas 2.1, 2.4, and 2.5 are all valid. We will sometimes refer to M, rp as pa-
rameters defining (i) non-tangential approach regions to X as well as (ii) the connectivity
of R" \ X.

2.1. An estimate of p-capacity

Definition 2.7. Let O C R" be open and let K be a compact subset of O. Given p > 1,
we let

Cap, (K, 0) = inf{/ IVo|P dy: ¢ € C(0), ¢ > 1in K}.
o0

Cap, (K, O) is referred to as the p-capacity of K relative to O. The p-capacity of an
arbitrary set E C O is defined by

Cap,(E, 0) = inf sup Cap, (K, 0). 2.7
EcGCO,Gopen KCG, K compact
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Definition 2.8. Let ¥ C R” be aclosed setand let w € X and r > 0. Let p > 0 be given
and assume that there exists a constant n > 0 such that

Cap,(Z N B(W, 7), B(W, 2F))
>
Cap,(B(b. 7). B(b.27)

whenever w € ¥ N B(w, 4r) and 0 < 7 < r. We then say that ¥ N B(w, 4r) is uniformly
p-thick with constant 7.

Lemma 2.9. Assume 1 <m < n—2andlet ¥ be a closed (m, ro, §)-Reifenberg flat set in
R” for some ro, 8 > 0. Let p > n—m be given. Then there exists § = 3(1), n, m) such that
if0<é < S, then £ N B(w, 4r) is uniformly p-thick for some constant n = n(p, n, m)
whenever w € X and 0 <r < ro/4.

Proof. Letw € ¥NB(w,4r)and0 <7 < r, letd = S(p, n, m) be a degree of freedom to
be chosen and consider 0 < § < §. As uniform p-thickness is invariant under translation
and dilation, we may assume that w = 0 and 7 = 1. We may also assume that p is fixed
andn —m < p < n —m/2, as Lemma 2.9 for other values of p follows from this case
and inclusion relations for Riesz capacities (see [AH, Theorem 5.51]).

To start the argument we note that there exists a hyperplane A = A,, (0, 1) such that

h(Z N B,1), AN BO,1) <8 <$. (2.8)

In the following argument we let N := S””/(IOIOA), where A > 1 is a large but fixed
degree of freedom, depending on m, and to be chosen. Using (2.8) we find, for A large
enough, that B(0, 1/8) contains at least N > N disjoint balls of radius 3, {B(yi, 3)}IN=1,
with y; € £ N B(0, 1). Let 'y denote a subcollection of these balls consisting of exactly
N balls. In particular, I'y = {B(z;, 3)}?/:1 for some {zy,...,zn} C {y1,..., y5} Givena
ball B(z;, 3) in I'; we can now repeat this construction with B(0, 1), B(0, 1/8), replaced
by B(z;, 3), B(z;, S /8). Doing this for every ball in I'; gives a new collection, denoted Iz,
of N2 balls of radius §2. Inductively we can in this way construct {I';};°, where I'; is a
collection of N’ disjoint balls of radius 8! such that each ball in I'j41 is contained in a
ball in I';. Furthermore, for $ small enough, the closure of any ball in I'; is contained in
B(0, 1/4).
Next let
E ={yeR':d(y,%) <§1NBO,1),

let [y be a large but fixed integer, and let v;, denote the n-dimensional Lebesgue measure
restricted to the balls in I';,. Then

viy (Ely N B(O, 1)) = N§"0y (n), 2.9)

where y (n) is the volume of the unit ball in R". Let vy, = vy, /vy, (Ej, N B(0, 1)) and let

P (B, (B(y, D)\ PV a1
WK]%(Y)=/O <°t—_y,, — YER (2.10)



Quasi-linear PDEs and low-dimensional sets 1701

denote the Wolff potential associated to 1;,. We intend to prove, for some small fixed
5 = S(p, n,m) > 0, that

W, “(y) <c whenevery e R", @2.11)

where ¢ = c(p,n, m), 1 < c < oo. Using (2.11), the dual formulation of capacity proved
in [AH, Theorem 2.2.7], as well as [AH, Theorem 4.5.4], we conclude that

Cap,,(Ej, N B(0, 1), B(0,2)) > &'

for yet another ¢ = ¢(p, n, m) > 1. In particular, letting /) — oo we deduce that
Cap,(Z N B(0, 1), B(0,2)) > ¢7'/2.

Furthermore, since Cap[,(B(O, 1), B(0,2)) ~ 1, we see that Lemma 2.9, forn —m <

p < n —m/2, follows immediately once (2.11) is proved.
To start the proof of (2.11) we first note that

/00 by (B(y, 1)) ‘/(1’—1>£+/1 5, (BG, )\ /Dt
1 mn-r t o tn=r P

31, ~ —
(P BO\
0 tn—p t

L)+ L(y) + (). (2.12)

Using 1;,(R") = 1 and integrating we obtain /{(y) < ¢,sincen —m < p <n —m/2.
Next, consider [ < [y and 5! <t < 51_1, and note that, for y € R", if v, (B(y, 1)) # 0,
then B(y, t) intersects at most c¢(n) balls in I';_1. Moreover, each of these balls has vy,
measure at most N l°_l+2(§”10y(n). Hence, using (2.9), we see that

(loloA)l—Z

B (B(y, 1) < ()N~ = c(m)d™ "2 (10'°4)' 2 < " @13

Vi

Wl,,,(y)

IA

whenever 8 <t < 5! -1 provided § is small enough. Furthermore, given ¢ € (0, 1) it
follows from (2.13) that there exist § = §(n, m, €) and ¢ = c(n, m, €) > 1 such that

1y (B($,1)) < ct™  whenever 80 <t < 1. (2.14)

Lete =(1+m—p)/m)/2 € (0, 1) and fix § = S(p, n,m) > 0 to be the largest number
such that the above inequalities hold. Then using (2.14) we see that

1
L(y) 5/ t“”””f"”“’f“? < c(p,n,m).

Finally, using the trivial estimate vy, (B(y, t)) < y (n)t" whenever 0 < ¢t < 310, we get
8o

~ dt
I(y) < c(N0§™oy (n))t/1=r) / ﬂ’/“’*”T <c(p,n,m)
0

whenever n — m < p < n — m/2. Putting together the estimates for 11 (y), [2(y), I3(y)
we obtain (2.11) in the case n —m < p < n — m/2. From our earlier remarks we now
conclude Lemma 2.9. O



1702 John L. Lewis, Kaj Nystrom

3. A-harmonic functions

In this section we first prove some fundamental estimates for non-negative A-harmonic
functions. Throughout the section we assume, unless otherwise stated, that

i p>n—-ml<m<n-2,
(i) ¥ C R*isaclosed (m, ro, §)-Reifenberg flat set, 3.1
(iii) A€ Mpy(a, B,y) or A € My(a) for some (o, B, ).

Furthermore,Aassuming (3.1) we let § = min{do, 3} where §¢ is as in Lemmas 2.1, 2.4,
and 2.5, and § is as_in Lemma 2.9. Then § = &(p, n, m). In particular, when we assume
(3.1)and 0 < § < 4, then we ensure that

(i) Lemmas 2.1, 2.4, and 2.5 are valid for some M = M(n, m) > 2,

(i) there exists n = n(p, n, m) > 0 such that & N B(w, 4r) is uniformly ~ (3.2)
p-thick with constant  whenever w € ¥ and 0 < r < r¢o/4.

Concerning constants, unless otherwise stated, ¢ will denote a positive constant > 1, not
necessarily the same at each occurrence, depending at most on p, n, m, «, 8, y, A, which
sometimes we refer to as depending on the data. In general, c(ay, .. ., a;,) denotes a pos-
itive constant > 1, which may depend at most on the data and ay, . . ., a,,, not necessarily
the same at each occurrence. If A = B then A/B is bounded from above and below by
constants which, unless otherwise stated, depend at most on the data. Moreover, we let
maxp(;,s) U, Ming(; ) u be the essential supremum and infimum of # on B(z,s) C R”"
whenever u is defined on B(z, s).

3.1. Basic estimates

Lemma 3.1. Given p > 1, assume that A € My(a, B, y) for some (o, B, y). Let u be a
positive A-harmonic function in B(w, 2r). Then

P
() i’p_”/ [Vul? dy < c( max u) ,
B(w,r/2) B(w,r)

(i) max u <c¢ min u.
B(w,r) B(w,r)

Furthermore, there exists 0 = o(p,n, o, B,y) € (0, 1) such thatifx,y € B(w, r), then

(i) fu(x) —u()| < c(|x — y|/r)? max u.
B(w,2r)

Lemma 3.2. Assume (3.1) and 0 < § < 8. Let w € ¥ and consider 0 < r < ry.
Then, given f € WUP(B(w,4r)), there exists a unique A-harmonic function u €
wLP(B(w, 4r) \ X) such thatu — f € W(}’p(B(w,4r) \ X). Furthermore, let u,v €
WIL’Cp (B(w, 4r) \ X) be an A-superharmonic function and an A-subharmonic function
in 2, respectively. If inf{u — v, 0} € Wol’p(B(w, 4r)\X), thenu > v a.e. in B(w, 4r)\ .
Finally, every point W € X N B(w, 4r) is regular for the continuous Dirichlet problem
forV - A(x,Vu) =0.
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Proof. The first part of the lemma is a standard maximum principle, so we only prove
the statement that every point w € ¥ N B(w, 4r) is regular in the continuous Dirichlet
problem for V - A(x, Vu) = 0, and to prove this we use results established in [HKM,
Section 6]. Indeed, given & € £ NB(w, 4r), from (3.1) and the assumption that0 < § < &
we know (see (3.2)) that there exist r; > 0 and n = n(p, n, m) > 0 such that

Cap, (X N B(w, p), B(W, 2p)) -
Cap,(B(w, p), B(W,2p))

whenever 0 < p < ry; /2. In particular,

’

/rfv/?[Cap,,(z N B(W, p), B(i, 2p>)}“<ﬁ—l> dp
0 Cap,(B(, p), B(, 2p)) P

and hence w is regular in the Dirichlet problem for V - A(x, Vu) = 0. O

Lemma 3.3. Assume (3.1), 0 < § < 8, and w € X. Assume also that u is a posi-
tive A-harmonic function in B(w, 4r) \ X, continuous on B(w, 4r) and withu = 0 on
Y N B(w, 4r). Then

p
() Vp*"/ IVulpdy§c<max u) )
B(w,r/2) B(w,r)

Furthermore, there exists 0 = o(p,n,m,a, B,y) € (0, 1) such that if x,y € B(w,r),
then

(i) Ju(x) —u()| < c(lx —y|/r)? max u.
B(w,2r)
Proof. (i) is a standard Caccioppoli inequality, so we only prove (ii). We note that, using
Lemma 3.1, the triangle inequality and elementary arguments, it suffices to prove that
there exist ¢ > 1 and o € (0, 1), depending only on the data, such that

max u < c(p/r)° max u whenever0 < p <r. 3.3)
B(w,p) B(w,r)

To prove (3.3) we again use results established in [HKM, Section 6]. Indeed, using [HKM,

Theorem 6.18] we immediately see that there exists a constant ¢ > 0, depending only on

the data, such that

max u < exp
B(w,p)

max u.

B(w,r)

( /’|:Capp(2 N B(w,t), B(w, 2;))]1/(17—1) dt)
—c
t
P

Cap,(B(w, 1), B(w, 21)) T
Furthermore, using (3.1) and the assumption that 0 < § < 8, we have

7T Cap,(Z N B(w, 1), B(w, 20)) /P~ g4 .
- ary _
exp( C/p [ Cap,, (B(w, 1), B(w, 21)) } t)—eXP( ¢In(r/p)).

Putting these inequalities together we obtain (3.3). O



1704 John L. Lewis, Kaj Nystrom

Lemma 3.4. Assume (3.1) and 0 < 8 < 8. Assume also that u is a positive A-harmonic
Sfunction in B(w, 4r) \ X. There exists c = c(p,n,m) > 1 such thatif ¥ =r/c, wi, wy €
B(w, )\ , min{d(w1, ), d(w2, )} > € and |lw; — wy| < Ce, for some € > 0, then

u(wy) < cu(wy) for some ¢ > 1 depending only on the data and C.
Proof. The lemma is elementary and follows from Lemmas 2.5 and 3.1. O

Lemma 3.5. Assume (3.1) and 0 < § < 8. Assume also that u is a positive A-harmonic
function in B(w, 4r)\ X, continuous on B(w, 4r) and withu = 0 on XN B(w, 4r). There
exists ¢ > 1, depending only on the data, such that if ¥ = r/c, then

max u < cu(ap(w)).

B(w,F)
Proof. A proof for linear elliptic PDEs can be found in [CFMS]. The proof uses only
analogues of Lemmas 3.1, 3.3 and 3.4 for linear PDE:s; in particular, it also applies in our
situation. O

Lemma 3.6. Assume (3.1) and 0 < 8 < 8. Let w € £ and 0 < r < ro, and suppose
that u is a non-negative A-harmonic function in B(w, 4r) \ X, continuous on B(w, 4r),
and u = 0 on = N B(w, 4r). Then u has a representative in WP (B(w, 4r)) with Hélder
continuous partial derivatives in B(w, 4r) \ X. Furthermore, there exists 6 € (0, 1],
depending only on p, n, m, o, B, y, such that if x,y € B(w,7/2) and B(w, 47) C
B(w,4r) \ X, then

() ¢ NVux) = Vu)l < (x — yI/MH® max [Vu| < 7~ (jx — y|/A)° max_ u.
B(w,F) B(W,2F)

Furthermore, if A € Mp(a), then
u(y)/d(y, £) ~ |Vul(y), ye BW,37),

and if A also satisfies condition (a) of Theorem 1.10, then u has continuous second
derivatives in B(W, 37), and there exists ¢ > 1, depending only on the data, such that

n n 1/2
(i) max § iy, | < E(?‘”/ § |ﬁyl.yj|2dy) < i(w)/d(w, £)>.
w = B(.7
L=

W,F) =1
Proof. A proof of (i) can be found in [T1]; (ii) follows from the first display, the added
assumptions, and Schauder type estimates (see [GT]). ]

Lemma 3.7. Assume (3.1)and 0 <8 < 8. Letw € ¥ and 0 < r < ro, and suppose that
u is a non-negative A-harmonic function in B(w, 4r) \ X, continuous on B(w, 4r), and
u = 0on XN B(w, 4r). There exists a unique finite positive Borel measure p on R", with
support in ¥ N B(w, 4r), such that whenever ¢ € C(C)’O(B(w, 4r)),

0 [0 Va0 Yooy =~ [ odu
Moreover, there exists c = c(p,n,m, o, B,y) > 1 such that if ¥ =r/c, then

() ¢ UPTMuw(E N Bw, 7)) < ular(w)P~ < erP (s N B(w, 7/2)).
Proof. See [KZ]. O
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3.2. Technical lemmas
Assumethat ] <m <n —2.For0 e R" x R" ™ and 0 < r1, rp < 00, we let
Crin®) ={y=0" Y)Yl <r. Y| <r}

If r; = rp = r we simply write C,(0). Given w € R” x R"™™ we assume that ¥ =
Ay (w). Let T be the composition of a translation and a rotation which maps 0 € R” to
w and {(y’, ") € R™ x R"™ : y” = 0} to . Making use of T we let

Crin(w) =T(Cry 1, (0),  Cr(w) =T(Cr(0)). (3.4
Furthermore, we let, whenever 0 < r| < 00,
) =T{y ="y 1y <r, ¥y =0). (3.5
Lemma 3.8. Letp > n—mand 1 <m < n—2, and assume that A1, Ay € Mpy(a, B, )
with
A1) = Aa(vml < elnlP™" whenever y € C1(0),

for some 0 < € < 1/2. Let uy be a non-negative A,-harmonic function in C1(0) \ 21(0),
continuous on the closure of C1(0) \ X1(0), and with uy = 0 on £1(0). Furthermore, let
uy be the Ay-harmonic function in C1,2(0) \ X1,2(0) which is continuous on the closure
of C12(0) \ X1,2(0) and which coincides with uy on 9(C1,2(0) \ £1,2(0)). Then given
o € (0, 1/16), there exist c, ¢, 0, and t, all depending only on p,n, «, B8, v, such that

luz(y) —u1(V)| < ce’us(ap(w)) < &’ p~"us(y)  whenever y € Cy74(0)\ C1y4,,(0).

Proof. The statement and its proof are similar to those of [LLuN, Lemma 3.1] but we
include a proof for completeness. To start with, we observe that the existence and unique-
ness of up, as stated in the lemma and given u;, follows from Lemma 3.2. Next we note
thatif y, A e R", & e R" \ {0}, and A € M, (a, B, y), then

Z 1A,
Ay, ) — Ay, 5) =) (4 — s,»)/o Ty, O 1A+ A= 0E)di (3.6)
=1 I

fori € {1, ..., n}. Using (3.6) and Definition 1.1 we see that
THMHIED 2 =12 < (A, M) — Ay, £), A—E) < c(IA+IEDP 2 —E12 (3.7)

In particular, using (3.7) we deduce that if

1 =f |Vuy — Vuy|Pdy,
Ci12(0\Z12(0)

then
1 <cJ,

J = / (A1(y, Vur(y) — A1(y, Vua (y)), Vua (y) — Vu(y)) dy, G:8)
Ci12(0\21/2(0)
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since p > 2. As V- (A1(y, Vu1(y))) = 0= V-(Az2(y, Vuz(y))) whenever y € C1,2(0)\

¥12(0),and as 0 = up —u; € Wol’p(Cl/z(O) \ ¥1,2(0)), we see from the definition of J
in (3.8) that

J = / (A2(y, Vua(y)) — A1y, Vua(y)), Vua(y) — Vui(y))dy.  (3.9)
Ci12(0\Z1/2(0)

Hence, using (3.8), (3.9), the assumption on the difference |A1(y, n) — A2(y, n)| stated
in the lemma and Hélder’s inequality, we can conclude that

1< Cef (|Vur|? + |Vuo|?) dx. (3.10)
Ci12(0\212(0)

Now from the observation above (3.9), (3.7) with & = 0, and Holder’s inequality we see
that

[Vui|Pdy < C/ (A1(y, Vui(y)), Vua(y)) dy

/Cl/z(O)\Zl/z(O) Cr2(0\%1/2(0)

1

=5 |Vu1|pdy+c/ |Vua|? dy.

/;1/2(0)\21/2(0) C12(0\21/2(0)

Thus,

[Vui|?dy < c/ |Vusy|? dy. (3.11)

\/CI/Z(O)\ZI/Z(O) C12(0\2Z1/2(0)

In particular, using (3.11) in (3.10), and Lemmas 3.1, 3.3, 3.5 for u», we obtain
I < ceus(ey/2)P. (3.12)

Next using the Poincdre inequality for functions in C1,2(0) \ X1,2(0)) we deduce from
(3.12) that

|M2—u1|pd)’§C/ [Vup — Vuy|P dy
Cr2(0\%1/2(0)

< ceuy(ey/2)". (3.13)

L]/Z(O)\El/z(o)

In the following we let n = 1/(p + 2) and we introduce the sets
E={y e Ci1j200) : lua(y) —ur(y)| < €"ualen/2)}, F=C1p0)\E. (3.14)

Moreover, for a measurable function f defined on Cj,2(0) we introduce, for y € Cy,2(0),
the Hardy—Littlewood maximal function

M(f)(y) = sup

(r>0:C,(NCCrpONZ1 0 [CrDT e, )

| f(2)|dz. (3.15)
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Let
G ={yeCipp00): M(xr)(y) <€"}, (3.16)

where xr is the indicator function for the set F'. Then using weak (1, 1)-estimates for the
Hardy-Littlewood maximal function, (3.13) and (3.14), we see that

|C12(0)\ G| < ce "|F| < ce e Ple = ce, 3.17)
by our choice of 5. Also, using continuity of u>(y) — u1(y) we find for y € G that
i 1
luz(y) —ur(y)| = lim ——— lu2(z) — u1(z)|dz < ceua(en/2). (3.18)
r—0 |B(y’ r)l B(y,r)

If y € C1/4(0) \ G, then from (3.17) we see that there exists y € G such that |y — J| <
c(n)e"/". Using Lemmas 3.1 and 3.3 we hence get

lu2(y) —ur(M| < [ua(3) —ur (M| + luz2(y) — u2()| + lu1(y) — ur(9)|
< c(€" + €""MYus (e /2). (3.19)

This completes the proof of the first inequality stated in Lemma 3.8. Finally, using the
Harnack inequality we see that there exists 7 > 1, depending only on the data, such that
I/lz(en/Z) < c,o_Tuz(y) whenever y € C1/4(0) \ C1/4’p(0). O

Lemma 3.9. Let O C R" be an open set and suppose that p > 1 and Ay, Ay €
M, (e, B, y). Also, suppose that iiy, il are non-negative functions in O, iy is A1-har-
monic in O, and iy is Ay-harmonic in O. Leta > 1 and y € O, and assume that

I ar(y) . - ui(y)
Z m < |Vur(y)| < am-

Let €' = (ca)1*9)/ \where & is as in Lemma 3.6. If
(1-&L <inr/iy <1 +&L inB(y, 1hd(y,00))

for some L>0, then for c = c(p, n, a, B, y) suitably large,

7 N
LW vy < ca—2_
ca d(y,00) d(y,d0)

Proof. This is [LLuN, Lemma 3.18] O

4. Linear degenerate elliptic equations

Let w € R" and r > 0, and let A be a real valued, non-negative, Lebesgue measurable
function defined almost everywhere on B(w, 2r). Then A is said to belong to the class
Ao (B(w, r)) if there exists a constant I' such that

f—Z"/ A dy / Aldy <T 4.1
B(w,r) B(w,r)

whenever w € B(w,r) and 0 < 7 < r.If A € A>(B(w, r)) then A is referred to as an
Ay(B(w, r))-weight. The smallest I" such that (4.1) holds is the constant of the weight.
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Throughout the section we assume that
i 1<m<n-2,
(ii) X isaclosed (m, ro, §)-Reifenberg flat set in R" for some rg, § > 0, “4.2)
@iii) 0 < § < 8g where Jg is as in Lemmas 2.1, 2.4, and 2.5.
Weletw € ¥ and 0 < r < rp, and we consider the operator
n
L= WX::I Biyl (511;/ (y)aiy]) 4.3)

in B(w, 16r) \ X. We assume that the coefficients a;; are bounded, Lebesgue measurable
functions defined almost everywhere in B(w, 16r) and

cTAWIER = Y aj(n&EE < A)EP (4.4)

i,j=1

for almost every y € B(w, 16r), where A € A>(B(w, 8r)). By definition Lisa degen-
erate elliptic operator (in divergence form) in B(w, 8r) with ellipticity measured by the
function A and c¢. If O C B(w, 8r) \ X is open, then we let WI'Z(O) be the weighted
Sobolev space of equivalence classes of functions v with distributional gradient Vv and
norm

||Uﬂ%,2 = /;) Uz)»dy—}-/o IVu*Ady < co. 4.5)

Let Wé’z(O) be the closure of C;°(0) in the W!2(0) norm. We say that v is a weak
solution to Lv = 0in O if v € W'2(0) and

f > dijvyy dy =0 (4.6)
0 l,]

for all ¢ € C°(0); u € W'2(0) is called a subsolution of L if (4.6) holds with =

replaced by < forall ¢ € Wl’Z(O) such that ¢ > 0; and u is called a supersolution if —u
is a subsolution.
For the proof of the following lemma we refer to [FKS].

Lemmad.l. Let w € ¥ and 0 < r < rg, and let ). be an Ar(B(w, 8r))-weight with
constant I'. Suppose that v is a positive weak solution to Lv = 0 in B(w, 4r) \ X. Then
there exists a constant ¢ = c¢(n, ') > 1 such that if w € R", 7 > 1, and B(w, 2r) C

B(w, 4r) \ X, then
(i fZ/ |W|2xdy5c/ P dy,
B(ﬁ;,f/Z) B(w,7)

(i) max v <c¢ min v.
B(,7) B(,7)

Furthermore, there exists « = a(n, I') € (0, 1) such that if x, y € B(w, F), then

(i) |v(x) —v(y)| < c(lx — y|/A)* max v.
B(w,2r)
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Definition 4.2. Let w € R" and 0 < r < rg, let O C B(w, 8r) be open, let K be a com-
pact subset of O, and assume that A is a real valued, non-negative, Lebesgue measurable
function defined almost everywhere on B(w, 8r). We define

Cap, (K, 0) = inf{/ IVo[>rdy : ¢ € C(0), ¢ > 1in K}.
o0

Then Cap, ; (K, O) is referred to as the (2, A)-capacity of K relative to O. The (2, 1)-
capacity of an arbitrary set E C O is defined by

Cap,; (E, O0) = inf sup Cap, ; (K, O). “@.7
’ EcGcCO, Gopen KCG, K compact ’

Definition 4.3. Let ¥ C R” be a closed set, let w € ¥ and 0 < r < o0, and assume
that A is a real valued, non-negative, Lebesgue measurable function defined almost every-
where on B(w, 8r). Also assume there exists a constant > 0 such that

Capy (% N B, /), B, 27)) _
Cap,, (B(i, 7), BGb, 27))

whenever w € ¥ N B(w, 4r) and 0 < 7 < r. We then say that ¥ N B(w, 4r) is uniformly
(2, A)-thick with constant 7.

Lemmad.4. Letw € ¥ and 0 < r < rg, and suppose that A is an Ar(B(w, 8r))-weight.
Furthermore, assume that (4.2) holds and ¥ N B(w, 4r) is uniformly (2, \)-thick for some
constant ) > 0. Then, given f € WY2(B(w, 4r)), there exists a unique weak solution
u € WH2(B(w, 4r)\ ) 10 Lu = 0in B(w, 4r)\ T such thatu— f € Wy >(B(w, 4r)\ ).

Furthermore, letu, v € WIL‘CZ(B (w, 4r)\ ) be an i—supersolution and an L-subsolution

in B(w, 4r) \ X, respectively. If inf{u — v,0} € Wol’z(B(w, 4r) \ X), thenu > v a.e.
in B(w, 4r) \ X. Finally, every point w € X N B(w,4r) is regular for the continuous
Dirichlet problem for Lu = 0.

Proof. The proof is essentially identical to the proof of Lemma 3.2; see also [FIK1]. O

Lemmas 4.5 and 4.6 below are tailored to our situation and based on results in [FKS],
[FJK1] and [FJK2]. We note that these authors assumed that Lis symmetric, i.e., @; j =a i
for 1 < i, j < n, but, as pointed out in [LLuN], this assumption was not needed in the
proof of these lemmas.

Lemma 4.5. Letw € ¥ and 0 < r < rg, and suppose that A is an A>(B(w, 8r))-weight.
Let v be a positive solution to Lv=0in B(w, 2r) \ X, continuous on B(w, 2r) and
withv = 0on X N B(w, 2r). Furthermore, assume that (4.2) holds and ¥ N B(w, 4r) is
uniformly (2, A)-thick for some constant n > 0. Then there exists c = c(n, ', n) > 1 such
that the following holds with ¥ = r/c:

B r2f VolPady < c/ P dy,
B(w,r/2) B(w,r)

(ii))  max v < cv(ap(w)).
B(w,F)
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Moreover, there exists « = a(n, ', n) € (0, 1) such that if x, y € B(w, 1), then
(i) Jv(x) —v()| < c(lx — y[/r)* max wv.
B(w,2F)

Lemmad4.6. Let w € X and 0 < r < ry, and suppose that A is an Ar(B(w, 8r))-
weight. Also let vy, vy be two positive solutions to Lv=0in B(w,2r) \ X, continuous
on B(w,?2r) and with vi = 0 = vy on X N B(w, 2r). Furthermore, assume that (4.2)
holds and ¥ N B(w, 4r) is uniformly (2, ))-thick for some constant n > 0. Then there
existc =c(n,I',n) > 1landa = a(n, ', n) € (0, 1) such that

o
- [y1 — ¥z
- r

4.1. A-harmonic functions: linearization and weighted capacity

vi(y) log v1(y2)
v2(y1) v2(y2)

log

whenever y1, y2 € B(w, r/c) \ X.

Recall that we are assuming (3.1) and 0 < § < § so that also (3.2) holds (see (4.2)).
Assume that i1, 0 are two positive A-harmonic functions in B(w, 4r) \ X, continuous on
B(w, 4r) and satisfying # = 0 = 0 on ¥ N B(w, 4r). We define
e(y) =1u(y) — 0(y) whenevery € B(w, 2r), 4.8)
u(y,t) =ti(y) + (1 —t)v(y) whenever y € B(w,2r)and t € [0, 1]. 4.9)
Clearly, e(y) = u(y, 1) — u(y, 0) and it follows from (3.6) that e is a weak solution to

. "9 ( ad
Le:= 3" (ay )—) —0 inBw, 2\ %, (4.10)
i=1 i v 9y \

where, fory € B(w,2r)\ X and 1 <i,j <n,

1 9A;
aij(y) =/ ajj(y,)dr, a;j(y,7) = —Vu(y, 1)). (4.11)
0 on;

In particular, using the structure assumptions in Definition 1.1, we observe from (4.10)
and (4.11) that e = it — ¥ is a solution to a divergence form PDE with ellipticity constant,
aty € B(w, 2r) \ X, estimated by

min{p — L JEPA(y) < D aij()&& < max{p — L EPAG)  (4.12)
i,j=1

whenever € € R". Here,

1
A(y) =/0 IVu(y, DIP"2de ~ (IVa(y)| + [VE()DP 2 (4.13)

whenever y € B(w, 2r) \ 2. In (4.13), &~ means that the implied constants only depend
on p, n, . We prove the following lemma.
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Lemma 4.7. Assume (3.1) and 0 < § < 8. Also suppose that @i, O are two positive A-
harmonic functions in B(w, 4r) \ X, continuous on B(w, 4r) and satisfying i = 0 = 0
on ¥ N B(w, 4r). Let A= )A\(y) = (\Va)| + |VO))P~2 and suppose that X #0
almost everywhere in B(w, 4r). There exists c = c(n, m) > 1 such that if ¥ = r/c then
Y N B(w, 47) is uniformly (2, ):)-thickfor some constant n = n(p,n,m,a, B,y) > 0.

Proof. In the following we simply choose ¢ = c¢(n,m) > 1 and 7 = r/c such that if
w e XN B(w,47) and 0 < 7 < 7, then a; () and the point realizing supgy 47 # can be
joined by a Harnack chain contained in B(w, r) and of length independent of w, 7. Using
this choice for ¥ we want to prove, for 7 and n as stated, that

Cap, ; (X N B(b, 7), B(b, 27))
Capz’):(B(li), ;)a B(ﬁ)’ 2f))

=1
whenever w € £ N B(w, 47) and 0 < 7 < F. By scaling we can assume that w = 0 and
7 = 1, and hence we want to bound the quotient

Cap, ; (£ N B(O0, 1), B(0,2)
Capz,k(B(Ov 1)7 B(O’ 2))

(4.14)

from below with a positive constant depending at most on p, n, m, «, 8, y. Furthermore,
we can, without loss of generality, assume that

max{ii(a1(0)), v(a1(0))} = it(a(0)).

Let now ¢ € C3°(B(0, 2)), with ¢ > 1 on X N B(0, 1), be an admissible test function in
the definition of Cap, ; (X N B(0, 1), B(0, 2)). Let /i be the measure corresponding to i
as in Lemma 3.7. Then

/(A(y, Vi(y), Vé(y)) dy = — / pdji. (4.15)
In particular,
A(B(0, 1)) S/I(A(y,Vft(y)),VMy))Idy SC/IVQI”_1IV¢Idy, (4.16)
and hence, simply using the Holder inequality, we find that

. 1/2 1/2
(B0, 1)) < C(/ IVoI* () dy) (/ |vVa|? dy) .
B(0,2)

Next, applying Lemma 3.1, the Harnack inequality and Lemma 3.5, we have

1/2
(f mﬂpdy) < di(ar (0)P/2.
B(0,2)
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Furthermore, using Lemma 3.7(ii) and arguing as above we see that i(B(0,1)) ~
fi(a1(0))P~". In particular, using this fact and the above displays we deduce that

ii(ar (0)P 2 < C</ VoA (y) dy)- (4.17)

As ¢ is an arbitrary admissible test function used in the definition of Cap, ; (X N
B(0, 1), B(0, 2)), we conclude that '

i(a1(0))?~2 < ¢ Cap, ; (X N B(0, 1), B(0,2)), (4.18)

and this is a lower bound for Cap, ; (B(0, 1), B(0, 2)).
To establish an upper bound we simply note that

/ |V¢|zi<y)dy=/ VP(Val + [VODP2 dy
B(0,2) B(0,2)

1-2/p 2/p
§c(/ (|V12|+|Vﬁ|)1’dy) (/ |V¢|”dy) . 419
B(0,2) B(0,2)

Choosing ¢ as the p-capacitary function for B(0, 2) \ B(0, 1) we can therefore conclude
that

1-2/p
Capz,i(B(O, 1), B(0,2)) < c(/ (Vi + |Vﬁ|)pdy)
B

0,2)
< e(max{i@ (0)), D@ D)’ = cit@ ). (4.20)

(4.18) and (4.20) now give the bound from below for the quotient in (4.14), and hence the
proof of Lemma 4.7 is complete. O

4.2. A-harmonic functions: estimates based on linearization

In the following we again assume (3.1) and 0 < 8 < 4, so that also (3.2) holds. We also
set

§=1whenm=1, and 6 = A, asin Theorem 1.10, when2 <m <n —2. (4.21)

Let i, v, and A= )A»uv be as in the statement of Lemma 4.7. Then, by Lemma 4.7 , there
exists ¢ = c(n, m) > 1 such that if o9 = r/c, then ¥ N B(w, 40¢) is uniformly (2, i)-
thick for some constant n = n(p, n, m, «, B, ¥) > 0. The analysis in this subsection is
based on the following assumption.

Assumption 1. There exists c; = c¢1(p, n, m,a, B, v, 9:) > 1 such that if o1 = go/c1,
a,b € [0,00), and u, v are as above, then A(y) := A(y,a, b, u,0) = (a|V12(~y)| +
l)lVﬁ(y)l)”_2 is an Az (B(w, 401))-weight with constant I' = I'(p, n, m, «, B, v, 0).
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Lemma 4.8. Assume (3.1), 0 < 8 < &, and Assumption 1. Let ii, , and o1 be as in
Lemma 4.7 with 0 < u. There exists c = c(p,n,m,a, B,y,T) > 1 such that if oo =
o1/c, then

! i(ag,(w)) — v(ag, (w)) - u(y) —o(y) - Cﬁ(agz(w)) — 0(ag, (w))
D(ag, (w)) - iy T U (ag, (w))

whenever y € B(w, 02) \ Z.

Proof. We first prove the left hand inequality. To do so we show the existence of 7', ¢ > 1
such that if oo = 01/¢, and if

e(y) = T(A u(y) — f(y) ) _ 0(y) 422)
u(ap, (w)) — v(ay, (w)) v(ag, (w))
for y € B(w, 01) \ X, then
e(y) >0 whenever y € B(w, 202) \ Z. (4.23)

To do this, we initially allow T, ¢ > 1 in (4.22) to vary, and we fix them near the end of
the argument. Set

o Ti(y) foon To(y) 0(y)
uy) =~ - ;o V() =< - - .
i(ap, (w)) — v(ap, (w)) u(ag, (w)) — v(ap, (w))  v(ay, (w))

Observe from (4.22) that e = u’ — v'. Let L be defined as in (4.10) using u’, v’ instead of
i, 0, and let e, ep be the solutions to Le; = 0,i = 1,2, in B(w, ¢1) \ ¥, with continuous
boundary values

iu(y) — o(y) L))
- ~ , ea()=——
u(ag, (w)) — v(ag, (w)) v(ag, (w))
for y € 3(B(w, 01) \ X). Note that by construction, and by Lemmas 4.7 and 4.4, e, e2

are well defined. Furthermore, using Assumption 1 we see that Lemma 4.6 can be applied
and we get, for some cy > l andry = 01/c+,

er(y) = (4.24)

e, W) _ea®y) _ . ei(ar, (w))

c < < (4.25)
T e, ) T e T elar, ()
whenever y € B(w, 2r4) \ X. We now set
R Le2(ag, (w))
c=cy, @=ry, T=c——"—,
booesn e1(ag,(w))
and we observe from (4.25) that
Tei(y) —ea(y) >0 whenever y € B(w, 202) \ X. (4.26)

Let ¢ = Te; — ep and note from linearity of L that ¢, e both satisfy the same linear
locally uniformly elliptic subelliptic PDE in B(w, o1) \ X, and also they have the same
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continuous boundary values on d(B(w, 01) \ ). Hence, from the maximum principle for
the operator L, it follows that e = ¢ and then, by (4.26), e(y) > 0in B(w, 202) \ Z.
To complete the proof of the left hand inequality in Lemma 4.8 we prove that

T <c(p,n,m,a,B,y,T) =c(p,n,m,a,B,y,0). (4.27)

To do this, let L denote the operator corresponding to & — 0 and defined as in (4.10). Then
from the Harnack inequality in Lemma 4.1(ii) for L, applied to &2 — 0, and the definition
of g2, we deduce the existence of { € dB(w, 01) \ £ with d(¢, £) > r/c and such
that e; > ¢~ on dB(w, 01) N B(¢, d(¢, ¥)/4). Using this we find, essentially just using
Lemma 4.5(iii) and the Harnack inequality in Lemma 4.1 applied to the function ey, that
e1(ag,(w)) > ¢~ 1. Also from Lemma 3.5 and the Harnack inequality applied to d we get
e2(ag,(w)) < ¢ for some ¢ = ¢(p,n,m,a, B, y, ). Thus (4.27) is true and the proof of
the left hand inequality in Lemma 4.8 is complete.

To prove the right hand inequality in Lemma 4.8, one can proceed similarly and in this
case one needs to prove, for ey, e; as above, that ej (a,, (w)) < ¢ and ez(a,, (w)) > c. The
second inequality follows, as above, essentially from Lemma 4.5(iii) and the Harnack in-
equality in Lemma 4.1 applied to e;. The first inequality follows from Lemma 4.5(iii) (ii)
for L, applied to it — 0, and the Harnack inequality. O

Lemma 4.9. Assume (3.1), 0 < § < 8, and Assumption 1. Let u, v, and o1 be as in
Lemma 4.7. There exists c = c(p,n,m,a, B,y,0,') > 1 such that if 0o = 01/c, then

,1ﬁ(ag2(w)) < i(y) < ﬁ(agz(w))
U(ag,(w)) ~ 0(y) T D(ag,(w))

whenever y € B(w, 03) \ X.

Proof. Note that we are not assuming 0 < . The proof is similar to the proof of Lemma
4.8. To prove the left hand inequality, we set

e(y) = Ti) _ _ Q) fory € B(w,01) \ E, (4.28)

~ Gi(ag ) Dlag, (w)

and show that
e(y) >0 whenever y € B(w, 202) \ X, (4.29)
where T, ¢, g2 are as in Lemma 4.9. In this case we let

0(y)

W (y) = Ti(y)
Y B(ag, ()

=_——"— and V(y)=
u(agl (w))

Set e = u’ — v’ and let L be defined as in (4.10) relative to u’, v’. Repeating the argument

in Lemma 4.8 from above (4.24), through the discussion below (4.27), we get the left

hand inequality in Lemma 4.9. To prove the right hand inequality we argue as above with

i, v interchanged. O
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Lemma 4.10. Assume (3.1), 0 < 8 < 8, and Assumption 1. Let ii, O be as in Lemma 4.7
and let oy be as in Le~mma 4.8. Then there exist c = c(p,n,m,a, B,y,0,') > 1 and
o=o(p,n,m,a,B,0,y,T) e (0,1) such that if 03 = 02/c, then

a(yn) o w2 _ c(d(yhyz)
0(y1) 0(y2)

Proof. From Lemma 4.9, we have

log =
r

o
) whenever y1, y» € B(w, 03) \ Z.

iAW) ) ey, ()

= < = <c= whenever y € B(w, 02) \ Z.
V(ag,(w)) ~ 0(y) v(ag, (w))
Using this inequality we see that

u(yr) - Cﬁ(yz)
v(y1) T 0(y2)

whenever yi, y2 € B(w, 02) \ X. (4.30)

Next if w € B(w, 02/8) N X, then we let
M(p)= sup — and m(p) = inf —,
B(,p) V B(w,p) UV

for 0 < p < 02/2. We also let osc(p) := M(p) — m(p) for 0 < p < g2/2. Then, if p
is fixed we can apply Lemma 4.8 with m(p)0 replacing ¢ in B(w, p) \ T to find that if
cx > 1 is large enough and p = p/cy, then

M(p) —m(p) < cx(m(p) —m(p)).

Likewise, applying Lemma 4.8 with M (p)9, & playing the roles of i, 0 respectively we
find after multiplication by /0 in view of (4.30) that

M(p) —m(p) < cx(M(p) — M(p)).
Adding these inequalities we obtain, after some arithmetic,

ce — 1

losc(/o) 4.31)

osc(p) <
%

where c, has the same dependence as c in Lemma 4.10. Iterating (4.31) we conclude that
osc(s) < c(s/t)¢osc(t) whenever 0 < s <t < 02/2, (4.32)

for some ¢ > 0 and ¢ > 1. For slightly more details in the proof of (4.32), see [LLuN,
(6.16)—(6.20)]. Now (4.32), (4.30), the arbitrariness of w € B(w, 02/8) N ¥ and the
interior Holder continuity-Harnack inequalities in Lemma 3.1, applied to i, 0, are easily
seen to imply Lemma 4.10. O

Next we consider the following alternative assumptions to Assumption 1.
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Assumption 1’. Let i, 0 be as in Lemma 4.7. There exists ¢; = ¢1(p,n, m, a, B, v, 6)
> 1 such that if 9 = gg/¢1, then for y € B(w, 401) \ Z,

a1 U(y) . A u(y)
¢ 0.3 <|Vua(y)| < Cld(y, )

for it € {u, v}.

Assumption 1”. Let i, 0 be as in Lemma 4.7. There exists ¢; = ¢1(p, n,m, a, B, y,6)
> 1 such that if 9; = 0¢/¢1, then for y € B(w, 401) \ Z,

o1 i(ag, (w)) - u(y) - Z‘lli(agl(w))

®

U D(ag,(w)) = 0(y) = dlag (w))’
VRN 16 . . u(y)
(i) ¢ ld(y’ 55 = Vo) <4355y

We end the section by proving that Assumption 1’ as well as Assumption 1”7 imply As-
sumption 1 when ¥ is an m-dimensional hyperplane and A € M, (). Thus, in this par-
ticular case Lemma 4.10 is valid under either assumption.

Lemma 4.11. Assume that (3.1) holds, A € My(t), and X is an m-dimensional hyper-
plane. Assume either Assumption 1" or Assumption 1”. Then Assumption 1 holds for some
c1, T, depending only on the data and either ¢1 or ¢1.

Proof. We first prove that Assumption 1’ implies Assumption 1. To do so, let x €
B(w, 01) \ X and consider 0 < p < c;lél where ¢, > 100 will eventually be chosen to
depend only on the data. If p < 3d(x, £)/4, then from Assumption 1’, Lemma 2.4, and
Harnack’s inequality in Lemma 3.1 applied to &, 0, we see that A = (a|Vii| + b|VD|)P 2
satisfies

~ b t(p=2)
/ Mdy =~ (M) p"  whenevera, b € [0,00) and t = £1.
B(x,p) d(x,X)
(4.33)

Ifp>3d(x,X)/4letz € T with|x—z| =d(x, ¥)andset p = cyp.Let Pbean (n—1)-
dimensional hyperplane with z € P and ¥ C P. Let 2 be the component of B(z, p) \ P
containing x and let Q' = B(z, p) \ Q be the other component. Choose y € QN JIB(z, p)
and y' € Q' N 3dB(z, p) with a(y) =~ ii(az(z)) =~ ii(y) whenever it € {i, v}. Also
choose p ~ p with B(y,2p) C Q and B(y’,2p) C €. Existence of y, y', p follows
from elementary geometry and Harnack’s inequality in Lemma 3.1 applied to i, 0. Let
u’, v’ be the A-harmonic functions in B(z, p) \ [P U B(y, ) U B(y’, 6)] with continuous
boundary values u’ = v' = 0 on P U dB(z, p), while u" = ii(a;(z)) and v = 0(a;(2))
on dB(y, p) UdB(Y', p).

We remark that linear functions are A-harmonic when A € M), («). Using this remark,
and either [LLuN, Lemma 2.8] or just the barrier argument in that lemma, we deduce,
for c, large enough, that

u'(3)/d (3, P) > c_lﬁ(aﬁ(z))/,é whenever y € B(z,4p) \ P, (4.34)
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where ¢ depends only on p, n, . With ¢, now fixed we use (4.34) and the maximum
principle for A-harmonic functions to find that

a($) = u'(9) = ¢ d(y, P)i(a;(2))/p
> cfzd(y, P)i(a,(2))/p fory € B(z,4p)\ P. (4.35)
Note that (4.34), (4.35) are also valid with i, u’ replaced by v, v’. Let
E=EP)=1{J € B(z,4p) \ P :d(, P) = 3d(3, )}.

Using (4.35), Assumption 1’ and the fact that p > 2, we see that

/rldx <c<aﬁ(ap(z))+bﬁ(ap(z))>2ppn @36
E N P
From basic geometry we can choose (n — 1)-dimensional hyperplanes Pj, ..., Py, where

N = N(n), so that B(z, 4p)\ T C U, E(P;). Using this fact, and B(x, p) C B(z,4p),
we conclude from (4.36) that

~ ~ 2—p
/B( ))fl dy < C/<au(ap(z)) -[I)—bv(ap(z))) o, @37)
x.p

where ¢’ depends only on ¢; and the data. Finally, observe from Lemmas 3.3, 3.5 for i1, 0
and Holder’s inequality that

/ rdy < / rdy < c//<aﬁ(%(1)) + bﬁ(“ﬂ(Z)))p_zpn (4.38)
B(x.p) ~ JB,4p) B o 7

where ¢” has the same dependence as ¢’. Combining (4.37) and (4.38) we find, in view
of (4.33) and the arbitrariness of x, that the conclusion of Lemma 4.11 is true when
Assumption 1’ holds.

To prove the conclusion under Assumption 1”7 we assume, as we may, that

i(ag, (w)) = v(ag, (w)) =1, (4.39)

since otherwise we can multiply i, 0 by appropriate constants to get (4.39) and then
observe that the resulting functions satisfy the same PDE as #, 0. From (4.39) and As-
sumption 1” we see that

i <aW/0() < e in Bw, fp)\ T, (4.40)
where ¢ > 1 depends only on ¢ in Assumption 1”. Hence, if 2c+it = i, then

i <9/2 <l (4.41)

Let now {u(-,7)},0 < 7 < 1, be the sequence of A-harmonic functions in
B(w, 01) \ X with continuous boundary values,

u(y,7) =10(y) + (1 — )it(y) fory e d(B(w,d)\X),0<t<1. (442
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Existence of u(-, ), T € (0, 1), is a consequence of Lemma 3.2. Also using the maximum
principle for A-harmonic functions in Lemma 3.2, Assumption 1”7, (4.41), and (4.42), we
find for some ¢, depending on ¢] and the data, that
y - T ~
&lut, ) < o) Zut.m) <cu(, 1) (4.43)
T — T

on B(w, p1) \ X whenever 0 < 71 < 75 < 1. Let €9 = € where € is as in Lemma 3.9 with
a replaced by ¢;. From (4.43) we get the existence of e(’) with 0 < 66 < €p, with the same
dependence as €, such that if |7o — 71| < e(’), then

ut, Q; <14e/2 inBw, p)\=. (4.44)

1 —e€p/2 <

u(-, 1

Leté& =0 < & < --- < & =1 and consider [0,1] divided into {[&k, &x+11}, 1 < k <

I — 1. We assume that all of these intervals have length €/2, except possibly the interval
containing & = 1 which is of length < €/2.

Using Assumption 17, u(-, &) = it = (2c4)~ !4, and (4.44) we see that Lemma 3.9
can be applied with &1 = u(-, &) and 1 = u(-, &). Doing this we first find, for some
c— > 1 depending only on ¢; and the data, that

140 52) u(y, §2)

- 0% < Vu(y, &)| §c_d(y,2)

(4.45)

whenever y € B(w, 51/200)\ X. Hence Assumption 1’ applies to u(-, &), u(-, &) with 91
replaced by p1/200. Second, from the first part of our proof it follows that Assumption 1
is satisfied for these functions, so we can use Lemma 4.10 to conclude that

u(y1,52)> <u(y2,§2))‘ <|y1 _m)a )

1 ) f , Bw, ’

‘og(u(yl,&) o8 u(y2, &) =¢ F; or y1, y2 € B(w, p/c)
(4.46)

where ¢ depends on p,n,m,«, 5, ¢1. We can now continue by induction, as in [LN2,
proof of (4.24)—(4.28) in Theorem 2] to eventually obtain (see [LN2, Lemma 4.28]) that
(4.45) holds with u(-, &) replaced by u(-, &) = 0 whenever y € B(w, p/¢). Here ¢ de-
pends only on ¢ and the data. Thus i, ¥ satisfy the hypotheses of Assumption 1’, and so
Assumption 1 is also valid. The proof of Lemma 4.11 is now complete. O

5. Existence and uniqueness of fundamental solutions

Let n, m be integers such that 1 < m < n — 2 and let p > n — m be given. In this
section we assume that A € M, () for some a € [1, 00), i.e., we consider operators with
constant coefficients. Furthermore, we consider coordinates y = (y’, y”) € R™ x R*™™,
andlet X = {y = (y/, y”) € R" xR"™™ : y” = 0}. We are here interested in constructing
U = u,_, defined on R” such that u € WIL’CP (R™ \ X), u is continuous on R", u = 0

on X, u > 0onR"\ X, and u is a weak solution to V- A(Vu) = 0in R" \ X. To start
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the construction we let k = n — m and we define A = (A1, ..., Ay) : R¥ — RF by
setting A;(17) = Ap+;(0, ) forn € RFand j € {1,...,k}. Then also A € M, () in the
sense of Definition 1.1, but with R” replaced by R¥. Points in R¥ will be denoted by z =
(z1, - - -» 2k)- We now say that i is a fundamental solution to the equation V - A(Vi) =0
in R¥, with pole at 0 € R, if

(i) i e WhP (RN, i is continuous in R¥, #(0) = 0, 7 > 0 in R \ {0},

5.1
(i) [(A(Vii(z)), VO(2)) dz = —0(0) for all 6 € CZ(RF). e-b

Note that (5.1)(ii) implies that i is a weak solution to V - A(Vﬁ) = 0in R¥ \ {0}. We first
prove the following lemma.

Lemma 5.1. Let k > 2 be an integer and let p > k. Let & = (p — k)/(p — 1). Assume
that A € M, () for some a € [1, 00) with R¥ as the underlying space. Then there exists
a fundamental solution ii to the equation V - A(Vii) = 0 in R, with pole at 0 € R¥, in
the sense of (5.1), and a constant ¢ = c(p, k, «) > 1 such that

(i) cYzlf <ii(z) < clzf,

§ (5.2)
(i) Yzt < |Vi)] < clzlf 7

whenever z € R\ {0}.

Proof. Assume that # is a fundamental solution to the equation V - A(Vi) = 0 in RF,
with pole at 0, i.e., & is an A-harmonic function in R¥ \ {0} satisfying (5.1). Using p > k
and u(0) = 0, we find as in Lemma 3.7 with X replaced by {0} that there exists a unique
finite positive Borel measure ji on R¥, with support at {0}, such that

/(A(Vﬁ(z)), VO(z))dz = —/Gdﬂ (5.3)

forall & € Cg° (R%). In particular, from uniqueness and (5.1)(ii) we see that A(RF) = 1.
Also using Lemma 3.7 we immediately deduce that & satisfies (5.2)(i").

Hence, it suffices to prove the existence of a & satisfying (5.1) and (5.2)(ii’). In the
following all balls B(0, o) are standard Euclidean k-dimensional balls. To start the proof
of the existence of i we let, for € > 0 given and small,

Ay, €) = /k A —0)0.()dr  forall n € R¥, (5.4)
R
where 0 € C3°(B(0, 1)) with [pe 0d¢ = 1 and 6.(¢) = € *0(¢/e) for all ¢ € RE.

Using the definition of the class M), («) and standard properties of approximations to the
identity, we deduce that for some ¢ = c(p, k) > 1,

kL 9A;
M ()™ e+ M) ER < Y S0 Ok,
=1 o (5.5)

9A;
(ii) 'a—’(n,e) <ca(e+ P72, 1<i,j<k,
nj
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for all n, & € RK. Moreover, A(-, €) is, for fixed €, infinitely differentiable. We now let
w(-, €) be the unique solution to V~(A(Vw(z, €),€)) = 0in B(0, 1)\{0} which is continu-
ous on the closure of B(0, 1) and satisfies w(-, €¢) = 1 on dB(0, 1), and w(0, ¢) = 0. Note
that, using [T1], [T2], [Li], we find that w(-, €) is in Cl’&(B(O, 1)\ {0}) for some & > 0
with constants independent of €. Letting € — 0, using the definition of the class M, («),
one can prove that subsequences of {w (-, €)}, {Vw(-, €)} converge pointwise to w, Vw on
B(0, 1) and B(0, 1)\ {0}, respectively, where w is the unique solution to V - (A(Vw)) =0
in B(0, 1) \ {0} which is continuous on the closure of B(0, 1) and satisfies w = 1 on
dB(0, 1) and w(0) = 0. To proceed we let

- | 2[4 A,
Afi(z ) = 3(e + [Vw(z, )P | ——(Vw(z, €), €) + ——(Vw(z, €), €)
an; an;
forz € B(0, 1)\ {0}and 1 <i, j < k. From (5.5)(ii) and Schauder type estimates we see
that w(-, €) is a classical solution to the non-divergence form uniformly elliptic equation

n
L*; — Z A?j(Z»G)Cz,-Zj =0 (56)
ij=1
for z € B(0,1) \ {0}. Note also from (5.5) that the ellipticity constant for (A~;»kj (z,€))

and the L®*°-norm of A;‘j(z, €),1 <i,j <k, in B(0, 1) \ {0}, depend only on p, k, c.
To continue we again note that it follows from the assumption p > k that points are
uniformly p-thick. In particular, using the Harnack inequality and Lemmas 3.3 and 3.5,
we immediately see that

c(1 —w(z,e)) >1 wheneverz € B(0,1/2), 5.7
for some ¢ = c(p, k, @) > 1. We now let
e~ NIz? _ =N
V) =—Ja v (-8)

for z € B(0, 1) \ B(0, 1/2), where N is a non-negative integer. Then  is a subsolution
to L* in B(0,1) \ B(0,1/2) if N = N(p,n,«) is sufficiently large, and ¥ = 1 on
dB(0, 1/2), while ¥ = 0 on d B(0, 1). Hence, using the comparison principle we see that

c(l—w(z €)= ¥ onBO 1))\ B0, 1/2), (5.9
where c is independent of €. Furthermore, it is easily seen that
c¥(z) = 1—1z| on B(0,1)\ B(0,3/4), (5.10)
for some ¢ = ¢(p, k, @). We can therefore conclude that
é(1—w(z ) = 1—|z| on B, 1)\ B(0,3/4), (5.11)

for some ¢ = ¢(p, k, o). Furthermore, letting ¢ — 0 we also have, by the above argument,

¢(1—w(z)>=1—|z| onB(@,1)\ B(@,3/4). (5.12)
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Next, given R > 1 let wg be the unique solution to V - (A(Vg)) = 0in B(0, R) \ {0}
which is continuous on the closure of B(0, R) and satisfies wg = 1 on dB(0, R) and
wg(0) = 0. We observe, using Definition 1.1(iii) for A, and the maximum principle in
Lemma 3.2, that w(z/R) = wg(z) for z € B(0, R). Thus we can apply (5.12) to conclude
that

R —|z|

&1 — wr(2) = on B(0, R) \ B(0, 3R/4). (5.13)

Using (5.13) and the comparison principle we find, for A > 1 given, that

Wr(Az) — WR(2)
A—1
in B(0, R/X) \ {0} for some constant ¢ which can be chosen independent of A whenever
1 < X < 9/8. Next, letting A — 1 in (5.14) we obtain

> ¢ Mr(2), (5.14)

1z|(Vibg(2), z/]z]) = ¢ "r(z) whenever z € B(0, R) \ {0}. (5.15)

Letwg = wg/wg (1,0, ...,0). From Harnack’s inequality and Holder 1 —k/ p continuity
of Sobolev functions in W!? when p > k, as well as the basic estimates of Section 3,
we see that a subsequence of (g) converges uniformly on compact subsets of R¥ to u’
satisfying (5.1)(i) and V - A(Vu') =0 weakly in R \ {0}. Arguing as in (5.3) we now
deduce that 2 = cu’ satisfies (5.1) for some ¢ = c(p, k, @). Also the lower bound in
(5.2)(ii") is a consequence of (5.15). The upper bound follows immediately from (5.2)(i")
and interior regularity (see Lemma 3.6). This completes the proof of Lemma 5.1. O

Lemma 5.2. Let k > 2 be an integer, and let p > k be given. Let § = (p — k)/(p — 1).
Assume that A € M, () for some o € [1, 00) with R* as the underlying space. Then
there exists a unique fundamental solution ii to the equation V - A(Vii) = 0 in R¥, with
pole at 0 € R in the sense of (5.1). Furthermore, there existc = o(p,k,a) € (0, 1)
and € CY(SK) such that u(z) = |z|¥¥ (z/|z|) whenever z € R* \ {0}.

Proof. By Lemma 5.1 we have the existence of a fundamental solution # to the equation
V- A(Vii) = 0 in R¥, with pole at 0 € R¥, in the sense of (5.1), satisfying also (5.2). We
want to prove that u is the unique fundamental solution in the sense of (5.1). To do this
let ¥ be another fundamental solution to V - A(V v) =0in R*, with pole at 0 € R*, in the
sense of (5.1). Then, as in the proof of Lemma 5.1 we see that © also satisfies (5.2)(i).
In particular, # ~ ¥ in R¥. From this fact and (5.2)(ii’) for i we observe that i, ¥ satisfy
the hypotheses of Assumption 1”7 in R¥ \ {0}. Using this observation and arguing as in
the proof of Lemma 4.11 we deduce first that ¥ also satisfies (5.2)(ii"), with constants
depending only on the data, and thereupon that A(-, @, b, u, v) = (a|Vi| + bIVIP~2is
an A-weight on R¥ with constants independent of a, b € [0, o). Now arguing as earlier,
we find that Lemma 4.10 holds on R¥\ {0} with &, © replaced by i, . Exponentiating both
sides of the inequality in that lemma we conclude the existence of ¢ = c(p, k,a) > 1
and o = o(p, k, @) € (0, 1) such that

i) i)
v(z") ()

U <

<2 =7|/R)° (5.16)

<c(Z" = 7Z'|/R)° max
3B(O,R) D
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whenever 7/, z” € B(0, R/4)\ {0}. In particular, letting R — oo we see that i = © on R¥,
and this completes the proof of uniqueness.

To prove the structural statement, let iz be as in the statement, and let v(z) = u(tz)
for some ¢ > 0. Then, again using homogeneity in Definition 1.1(iii), we check that
V-A(VD) =0 weakly in R¥ \ {0}, and also we easily deduce, for fixed t € (0, 00), that
t~1i(r7) satisfies both conditions in (5.1). Hence, by uniqueness we have ii(tz) = t5ii(z)
whenever z € R¥ \ {0}, or equivalently

ii(z) = |z|%ii(z/|z])  whenever z € RF\ {0}. (5.17)
The proof of Lemma 5.2 is now complete. O

Lemma 5.3. Let n, m be integers such that 1 <m <n — 2 and let p > n — m be given.
Leté = (p—n+m)/(p— 1). Assume that A € M, () for some a € [1, 00), consider
coordinates y = (y',y") e R" x R" ™ and let ¥ = {y = (y/,y") € R" x R*™™ .
y" = 0}. Then there exists a function it = u,_,,, defined on R", which satisfies

N 1 _ . .
() uce Wlo’cp R*\ %), u is continuous on R",

(i) u=0o0n%,u>00nR"\ X, (5.18)
(i) u is a weak solutiontoV - A(Vu) =0inR" \ %,
and the quantitative estimates
@) 'YF =am <y,

N 3 7 _ B (5.19)
(") Uy < \Va)l < eyl

for some constant ¢ = c(p,n,m,a) > 1, whenever y € R" \ X. Moreover, u(y) =
Y 15w (/1Y) for all y € R" \ X, where 6 = o(p,n,m,a) € (0,1) and ¢ €
Cl,a(Sn—m)'

Proof. To construct u = u,_, we simply let
a(y) =u®y',y"):=u(y") foryeR"\ X,

where # is as in Lemma 5.2. Then obviously u satisfies (5.18) and (5.19). Also the last
statement of the lemma follows from Lemma 5.2. ]

6. Proof of Theorems 1.9 and 1.10 in the baseline case

In this section we prove Theorems 1.9 and 1.10 in the special case when X is an m-
dimensional hyperplane passing through 0, and A € M, (@), i.e., we consider only oper-
ators with constant coefficients. We note that if / is a weak solutionto V - A(Vh) = 0
in R" \ ¥, and T is a rotation of R” = R"™ x R"™™ which maps R” x {0} onto %,
then, as follows by straightforward calculation, l~z(x) = h(Tx) is a weak solution to a
PDE, V - A(Vh) = 0, in R" \ R™ x {0}), with A € M (). Thus, we can assume
that ¥ = R™ x {0} since otherwise we can change coordinate systems. As usual we
write y = (y,y”) for y € R" with y/ € R™ and y” € R"™. Furthermore, given
w=(w,w”) eR"and 0 < ry,rp < 00, we let C,, ,,(w) be as defined in (3.4), and if
ry = ry = r, we write C,(w).
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Lemma 6.1. Let n, m be integers such that | < m < n — 2 andlet p > n — m. Let
X =R" x{0}and 0 < r < oo, and assume that A € My (). Let u, v be positive A-
harmonic functions in C4,-(0) \ X, continuous on Cy4,(0), withu = 0 = v on £ N Cq,(0).
If m = 1, then there exists c = c¢(p,n, m, @) > 1 such that

1@ ©) _u() _ @ ©)
v(@ ) = v() ~ @)

If 2 <m < n—2, and if condition () or (b) of Theorem 1.10 holds, then there exists
¢ > 1, depending at most on p,n, m, a, A, such that (6.1) holds.

whenever y € C,(0) \ Z. 6.1

Lemma 6.2. Theorems 1.9 and 1.10 are valid for p,n, m, A, u, v as in Lemma 6.1.

Proof. Theorems 1.9 and 1.10 in this baseline case follow immediately from Lemmas
6.1,5.3,4.11, and 4.10. O

Below we give the proof of Lemma 6.1 divided into cases. As the PDEs satisfied by u, v
are invariant under dilation and scaling, we may assume that

r=1, u(a0) =1=wv(a(0). (6.2)
Hence, we want to prove that there exists ¢ > 1, depending only on the data, such that
¢ <u(y)/v(y) <c¢ whenevery € C1(0)\ X. (6.3)

In light of Lemma 5.3 it is sufficient to prove (6.3) with v replaced by u = u,,—,,. Equiva-
lently, it suffices to establish the existence of ¢ > 1, depending only on the data, such that

Y <u(y) <c|y’)f  whenever y € C1(0) \ =. (6.4)

6.1. The case m =1

In this case we need not use the explicit structure of v = u. Indeed, to estimate u /v,
suppose u/v > ¢ on dC1(0) for some large { > 0. Let s € (1, 3); from Harnack’s
inequality for A-harmonic functions, for ¢ large enough, we have u /v > ¢ at some point
in Cy(0) with y’ = =+s. This implies there exists a closed interval I C [1,3]U[-3, —1]
of length 1 such that for all ¢ € I there exists y” = y”(¢) with |y”| < 1 and (u/v)(¢, y") >
¢. Indeed, if for some 7/ € (1,2) U (=2, —1) we have (u/v)(z/,z”) < ¢ whenever
|z”| < 2, then we can apply the above analysis to cylinders of radius 2 whose boundary
contains {(Z/, z") : |z”| < 2} in order to conclude the existence of I C [2,3] U [=3, —2].
Otherwise we choose I = [1, 2].

Let u, v be the measures corresponding to u, v as in Lemma 3.7. Note, from Lemma
3.7(ii), and Harnack’s inequality for u, v, that i, v are doubling measures in the sense
that

0(B(y,2s)) < cH(B(y,s)) whenevery = (y',0) with |y'| +4s <4 and 0 € {u, v}.
(6.5)
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Given t € I, choose y”(¢) as above and set p(¢) = |y”(¢)| and T = (¢, 0). Using Lem-
ma 3.7(ii) we deduce, for some ¢ > 1 depending only on p, n, «, that

" —1
e < (u(t,y (t))>” < JUB@ p®) 66)

(e, y"(1)) V(B(t, p(1)))

Using a standard covering lemma we see there exists {#;},0 < t; < 1/2, for which (6.6)
holds with ¢, y”(r), p(1), T replaced by t;, y" (), p(t), tj. Also

1c|JBGj.p) and B(w, pi/5) N B(w, p1/5) = ¥ when k 3 1. 6.7)
j

From (6.5)—(6.7) and Lemma 3.7 it follows, for some ¢ > 1 depending only on the data,
that

1~ u(B0,7/2) = av(|J B, o) = (| B 05/5)
j J
<&¢"TPu(BO,7/2) ~ g0, 6.8)

Thus ¢ cannot be too big (depending on the data). This completes the proof of Lemma 6.1
whenm = 1.

Remark 6.3. We remark that Lemma 6.1 can be proved, using the above argument, also
when u, v are solutions to the p-Laplace equation and 1 < m < n — 2. Indeed, in
this case one can construct p-harmonic ¥, i that are rotationally symmetric in y’, y” and
satisfy u < cu and v < cv. Then, using the two-dimensional character of i, v, one can
essentially repeat the above argument to get the conclusion of Lemma 6.1 for i, v, and so
also for u, v. We emphasize that this argument heavily uses the fact that the p-Laplacian
is invariant under rotations.
For another proof of Lemma 6.1 when u, v are p-harmonic, see [Lu].

6.2. The upper bound in (6.4) for1 <m <n —?2

Forl <m <n-2,and A € My(a), let u’ be the A-harmonic function in B(0, 8) \
(2 N B(0,4)) with continuous boundary values #’ = 1 on dB(0,8) and ¥’ = 0 on
¥ N B(0, 4). We will first prove, for some ¢ = ¢(p, n, m, «), that

oqu u
D gy < &9
[y [y”]

when y € C4(0) \ =. (6.9)

In order to prove (6.9) we observe, from Lemma 3.3 and Harnack’s inequality applied
to 1 —u/, that 1 —u’ > ¢! in B(0, 6). Using this fact, and a barrier argument as in
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(5.7)—(5.12), we obtain
1—u'(y) > E_ld(y, 0B(0,8)) wheny € B(0,8)\ B(0,6). (6.10)

Givenx € TN B(0,4),setuy(y) =u'(x +y)wheny € Q :={z:z+x € B(0, 8)}.
Let ¥ = {z: z4+ % € ¥ N B(0,4)}. Since A-harmonic functions, for A € M, («), are
invariant under translation and dilation, it follows first that . is A-harmonic in Q \ ¥’,
and second that if s > 1, then the function y + u4(sy) is A-harmonic in 2(s) where
Q(s) ={y € Q:sy € Q\X}. Using (6.10) and comparing boundary values we deduce,
for1 < s < 1.01, that
M > ¢ lus(y) wheny e 3Q(s), 6.11)
5 —
where ¢ depends on p, n, m, o. From the maximum principle for A-harmonic functions
we see that (6.11) holds in €2(s). Letting s — 1 and using Lemma 3.6 we find that

(Vi'(y),y —%) > c'u'(y) forye B0,8)\X. (6.12)

From arbitrariness of x € £ N B(0,4), (6.12), and the fact that |y”’| = d(y, ), we
deduce that the left hand inequality in (6.9) is valid. The right hand inequality follows
from Lemma 3.6.

Next, let & be as in Lemma 5.3 and let u = u,,_,, denote the A-harmonic function
in that lemma. Then u’, i satisfy the hypotheses of Assumption 1’ of Section 4. Hence,
using Lemmas 4.10 and 4.11, we have

' <u' /Y < e (6.13)

whenever y € C,:(0) for some ¢, depending only on p, n, m, a. Repeating this argument

with C;(0) replaced by C1(w) where w € ¥ N B(0, 1), and using Harnack’s inequality
again, we see that (6.13) holds for y € C1(0), with c, replaced by a larger constant also
depending only on the data. Moreover, if u is as in (6.3), then u < cu’ in C4(0), so the
right hand inequality in (6.13) holds with u’ replaced by u. In particular, we get the upper
boundin (6.4)for1 <m <n — 2.

6.3. The lower bound in (6.4): A as in (a) of Theorem 1.10

Let2 <m <n-2and A € M, (x), and assume that A satisfies condition (a) of Theorem
1.10. We here prove the lower bound in (6.4), i.e., assuming (6.2) we prove that

Iy <cu onCi(0)\ . (6.14)

This completes the proof of Lemma 6.1 in the case considered. To prove (6.14) we first
observe, by the same argument as in (4.34), (4.35), that

d(y,Z) =|y'| <c¢iu(y) whenye C1(0)\ X, (6.15)
for some ¢; = ¢1(p,n,m,a) > 1. Let u = u,_,, be as in Lemma 5.3, and set
) =0 =Y1)E"Y —1)  fory e C(0). (6.16)

We claim that
f<cu onCi(0)\X (6.17)
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for some ¢, = ¢y(p,n,m,x) > 1. To prove this claim we first observe that f < cu
on 3(C1(0) \ X), as follows from u(a;(0)) = 1 and f(y) = O when |y'| = lory €
¥ N B(0, 1). Hence, using (6.15), the maximum principle and Lemma 3.6, we see that in
order to prove (6.17) it suffices to show, for some ¢3 = ¢3(p, n, m, a, 1), that if

yeCil(M\XZ and f(y)=asly”l, (6.18)

then

VAV () =0, (6.19)
where the latter inequality is taken in the strong or classical sense. In order to prove that
(6.18) implies (6.19) we let ¢3 be a degree of freedom to be fixed and depending only on

p,n,m, o, A.
Let
a a a a
Vi) = (—f, - —f)<y>, V() = ( L. ><y>, (6.20)
i Oym OYm+1 dyn
for y € C1(0) \ . We write V f(y) = (V' f(y), V' f(y)). Note that
"\ 9A;
V-AVAHG) =) g VSO Sy =Ti+ 1+ T, (6.21)
ij=1 2"

where

2 JA;
T := Z a—n_(vf()’))fyiyj"
ij W

dA; 0A; ”
Ty := Z (a—(Vf(y)) — 8—(0, \% f()’)))fyiyj"

mti<i,j<n N O

0A; .
Tyi= 3 SOV fOD fuy (6.22)

m+1<i,j<n ~

where the sum Zi,j is taken over all 7, j for whichi < m or j < m. To estimate T} we
note that if i < m or j < m, then Lemma 5.3 shows that

| fyiy | < cly’F" wheny € C1(0) \ Z. (6.23)
Hence, from (6.23) and Definition 1.1(i) it follows that
1Tyl < ely"F NIV FO)IP2 (6.24)

We next estimate 75 and 73. From the definition of f, Lemma 5.3, and (6.18) we see
that

1=y =ctahy” I F, (6.25)
where ¢ > 1 depends only on p, n, m, «. From (6.25) and Lemma 5.3 we observe that
IVFDI <Y and [V F()| = &/c, (6.26)

where ¢’ has the same dependence as ¢ in (6.25). From (6.26) and condition (a) in Theo-
rem 1.10, with n = (V' f(y), V' f(y)) and ' = (0, V" f(y)), we see that if ¢3 is large
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enough, then

z—;‘ijf(y)) - aa—;flf(o, V' FO)| < AV FOI IV F 1P
S MBIV (6.27)
where again ¢* depends only on p, n, m, a. Note that
Fuiyy = " (L= 1Y Py, ty, + iy, ) (6.28)

whenever y € C1(0) \ ¥ and m 4+ 1 < i, j < n. Using Lemma 3.6, (6.28), and Lemma
5.3 we find that

| fyy | <clyF20 =11 whenyeCi(O)\ Zandm +1<i,j<n. (6.29)
Hence, using (6.27) and (6.29) we see that

IT2] < (/&) — [y DIy |52V F)IP~2. (6.30)

To estimate 73 we first deduce, using (6.28), Lemmas 5.2 and 5.3, as well as (p — 2)-
homogeneity of derivatives of A, that

_ 9A:
T3 = (1 — |y/[})e" Z ——(0, V" f)ityiy,. (6.31)
m+1<i,j<n J
Now, from Definition 1.1(i), Lemma 5.3, (6.26), and the above equality it follows, for
some ¢ = ¢(p, n,m, o, X) > 1, that

T3 > ¢ A=y )IVa) IV fFD)IP2 = 2=y DY 1AV EODIP2 (6.32)

In view of (6.30), (6.32), and (6.25) we see, for ¢3 large enough, depending on
p,n,m, o, A, that

d0A; _ _ _
Y Oy =T+ Tz A= Y PIY RV
m+1<i,j<n J - _ _ _
> &Y 1TV FRIP T (6.33)

Combining (6.24) and (6.33) we conclude that if ¢3 is sufficiently large, depending only
on p,n,m,a, X, then (6.19) holds. As a consequence, (6.17) is valid. (6.17) implies
(6.14).

6.4. The lower bound in (6.4): A as in (b) of Theorem 1.10

Let2 <m <n-2,A € My(a), and assume that A € M, («) satisfies condition (b)
of Theorem 1.10. To complete the proof of Lemma 6.1 in this case we again have to
prove (6.14). Since A now has constant coefficients in the y variable, we write C for
C(y) and « for k(y, -). In the proof we assume, as we may, that C is a symmetric linear
transformation, since otherwise we can replace C by (C + C')/2, where C! denotes the
transpose of C, and note that the weak formulation of solutions is unchanged. Also since
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rotations preserve M, («) and functions homogeneous of degree 0, we may assume that
C has a representation in the standard basis as a diagonal matrix. Finally, observe that
dilations in the coordinate directions change M, («) into M), (&) with @ ~ «, while
remains homogeneous of degree 0. Thus we assume, as we may, that C is the identity
transformation, so that

A =kMnP2n and V- (k(Vv)|Vv|P"2Vv) =0 weakly in C4(0) \ &
(6.34)
Let ii(y"”) = |y”|¢. Since this function is also a solution to the p-Laplace equation in
R*=" \ {0}, we see from (6.34) that
V- (k(V)|Vi|P72Vi) = (Vi (Vi), Vi) | ValP~2  aty” € R™™™\ {0}. (6.35)
Moreover, using the degree zero homogeneity of «, and Euler’s equation, shows that
(Vie(VaR), Vi) |VilP =2 = g|y"|6 72 (Ve ("), y")IValP 2 = 0 aty” e R"™\ {0}.
(6.36)
In particular, # is A-harmonic in R?~" \ {0} and we can conclude, by uniqueness in
Lemma 5.2, that if u,_,, is the fundamental solution on R”~" in Lemma 5.3, relative to
the A in (6.34), then
un—m (") = cly"¥, Y e RV, (6.37)
for some ¢ = c(n, m, p).
We now proceed as in the proof of the lower bound in (6.4) in the case of condition
(a) of Theorem 1.10. Indeed, in this case we let, in view of (6.37), #(y) = |y”|¢ and
we define f as in (6.16) using this u. Again we prove (6.17), for sufficiently large c¢3 =
c3(p, n, m, o), by proving that (6.19) is valid for A as in (6.34). In this case we let, using
(6.28),

n

0A;
V-AVH» =) VO fryy = S+ 824 5. (6.38)
i,j=1 "1

where now
A aA
NEDY a—)/(Vf(y))fy,-”,
i,j J
PPN dA; _
Spi= U=y 3 (Vi (6.39)
m+1<i,j<n =V
72y i aAi = =
Syi= (=P Y S (V)i
m+1<i,j<n =V

where again ZA:L i is taken over all i, j for which i < m or j < m. Arguing as in the
proofs of (6.24) and (6.32), we see that

1S11 < cly”ETV 1P, (6.40)
Sy > A = Y P 1AV )P, (6.41)
aty € C1(0)\ =.
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To estimate S we note, for | < i, j < n, that %%(Vf(y)) = b;j(y) + cij(y), where
aty,
bij =k (VHOIVFIP* (P = D fy, fr; + 8 IV P,
cij = IV FIP ke, (V) fry
In (6.42), §;; denotes the Kronecker delta. We write, at y € C1(0) \ X,

Sp=(—1yPe" Y bijityy + (=YD D cijityy, = S+ Sn.
m+1<i,j<n m+1<i,j<n (6.43)

(6.42)

Since u is also a solution to the p-Laplace equation, it follows that, at y € C1(0) \ X,
Su ==y P IV Y gy, (6.44)
m+1<i,j<n

where V' f was defined in (6.20). Using (6.26) and (6.29) in (6.44) we obtain, for y in
Ci(0)\ Z,

15310 < (c/e3)* (1 = |y PV FIP2y" 52 (6.45)
To estimate Sy we first observe, form + 1 < i, j < n, that
ity, = Eyily'F7? and ity =EE —Dyiyly"FTHHE8; YR (6.46)
We rewrite (6.46) as
ityy, = e 2O (1= 2/8) (1= 1y )Y 2175 f fyy +E8i 112 (6.47)

Putting this expression for iy, y, into S5, and using the definition of ¢;;, we get

S = |VfIP e O =260 =1y YD ke (VO Sy

m+1<i,j<n
n
HIVAP 2 e = 1Y P Y ke (V) fy, (6.48)
i=m+1
whenever y € C1(0) \ X. Now using Definition 1.1(i) it is not difficult to show that

n
k(| + 1Y ey, | < c

i=1
where ¢ depends only on p, n, m, . From this fact, 0-homogeneity of «, and (6.26) we
see that

| Y N fa| = [ DA = ey (6.49)
i=m+1 i=1

Using (6.49) in (6.48) we arrive at
15221 < (¢/e)(1 = [y DIY1E VP2 fory e C1(0) \ = (6.50)

Putting (6.50) and (6.45) into (6.4) we find (6.50) holds with S>> replaced by S>. We
can now complete the proof as in the proof of the lower bound in (6.4) in the case of
condition (a) of Theorem 1.10. We omit further details.
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Remark 6.4. Note that if A, for fixed y, satisfies condition (b) of Theorem 1.10, then
A does not in general give rise to a rotationally symmetric solution in y’, y” even when
C(y) = I = the identity transformation. However, as explored in the proof, the funda-
mental solution in Lemma 5.2 for C(y) = [ is a radial solution having an extension to R"
that is symmetric in y’, y”.

7. Proof of Theorems 1.9, 1.10 and Corollaries 1.11, 1.12

In this section we prove Theorems 1.9 and 1.10 and Corollaries 1.11 and 1.12. As in
Section 4, we will use the convention that

=1 whenm =1, H=x when2 <m <n -2,

where A is the constant appearing in (a) of Theorem 1.10. The proofs of Theorems 1.9
and 1.10 are based on the following two lemmas:

Lemma 7.1. Assume (3.1) and 0 < 8 < 8 so that also (3.2) holds. If 2 < m < n — 2,
assume in addition that either (a) or (b) of Theorem 1.10 holds. Let w € ¥, 0 < r < ry.
Assume that u is a positive A-harmonic function in B(w, 4r)\ X, continuous on B(w, 4r)
and withu = Qon £ N B(w 4r). Then there exist § = 8(p,n m, o, ,3 y,@) ¢ =
ép,n,m,a, B,y,0)and x = A(p,n,m,a, B,y,0) such that if 0 < & <, then
i_ld u(y) < |Vu(y)| <7 u(y)
», %) d(y, %)
Lemma 7.2. Assume (3.1) and 0 < § < § so that also (3.2) holds. If2 <m<n-2,
assume in addition that either (a) or (b) of Theorem 1.10 holds. Let w € X and 0 <
r < min{rg, 1}. Assume that u, v are positive A-harmonic functions in B(w, 4r) \ %,
continuous on B(w, 4r) and withu = 0 = v on ¥ N B(w, 4r). Then there exist §' =
' (p,n,m,a, B,y,0)andc = c(p,n,m,a, B,y,0) > 1 suchthatif 0 < 8 < &8 and ¥ =
r/c, then ):u’v = (|Vu| + |Vv|)"’_2 is an Az (B(w, r))-weight with constant depending
onlyon p,n,m,a, B, y, 6

whenever y € B(w, r/c¢) \ X.

7.1. Non-degeneracy of |Vu|: proof of Lemma 7.1

Given w = (w’, w”) € R" and 0 < ry, rp < o0, recall the notation introduced in (3.4)
and (3.5). Using Lemmas 3.8 and 3.9 we first prove the following lemma in the baseline
case.

Lemma 7.3. Assume p >n—mand1 <m <n — 2. Assume that A € My(a, B, y) for
some (a, B, y). If 2 < m < n — 2, assume in addition that either (a) or (b) of Theorem
1.10 holds. Let ¥ = R™ x {0} and suppose that u is a positive A-harmonic function in
C1(0) \ X, continuous on the closure of C1(0) \ X, and u = 0 on X. Then there exist
c=2ép,n,m,a, B, y.0)and » = x(p,n,m,a,p, y,@) such that

-1 u(y) u(y)

i0.3) = < |Vu(y)| < m whenever y € Cy,:(0) \ X.
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Proof. Let A = A(y,n) € Mp(a, B, y) be as in the statement. Set A2(y, n) = A(y, n)
and A;(n) = A(0,n). Clearly, A1, Ay € Mp(a, B, y). We first note that Lemma 7.3
holds for the operator A;. Indeed, assume that u is a positive Aj-harmonic function in
C1(0) \ Z, continuous on the closure of C1(0) \ £, and u = 0 on Z. Let i1;(y', y") =
w(y', ¥") = uy_m(y', y”) be as in Lemma 5.3. Then it is A;-harmonic in C1(0) \ ¥ and
i1 = 0on X. Let iip = u. Then, by Lemma 6.2 applied to the pair i1, u>,

‘1 <ft1(y1)) <ft1(y2))
og| = — log| =
2(y1) u2(y2)

whenever yi, y2 € C1/16(0) \ Z. Exponentiation yields the equivalent inequality

=clyr = »l° (1.1)

u(y)  ui(y)
ur(yr)  i2(y2)

. i1(y2)
= da(y2)

[yt = »217 (7.2)

whenever yi, y» € Ci/16(0) \ X, for some ¢’ depending at most on p, n, m, «, 6. Let
O = C1/16(0) \ X and note that if y, € C1,32(0) \ X then (see Lemma 5.3)

L a1(») ; _ u1(y2)
7 302.90) < |V (»)| < a—d(yz’ 30) (7.3)

for some @ = a(p,n, m, a). Let r be defined through the relation ¢'r® = %é where € is
as in Lemma 3.9. Using (7.2) we then see that

R _5/2){“(”) - lzl()’I) < +g/2)€1()&)
uz(y2) — uza(y1) uz(y2)

(7.4)

whenever y; € B(y;, r). From (7.3), (7.4), and Lemma 3.9 we conclude that Lemma 7.3
holds for the operator Aj.

We now establish Lemma 7.3 for A, using comparison principles. We let o € (0, 1/16)
and ¢ € (0, 1/8) be degrees of freedom to be chosen below. Let i1 be the Aj-harmonic
function in Cg/2(0) \ ¥ which is continuous on the closure of Cgz,2(0) \ X and which
satisfies 11 = u on 9(Cp/2(0) \ X). Then, using Lemma 7.3 for Ay, we see that there
exist A = A (p,n,m, a, §) and & = & (p,n,m,a, ) > 1 such that

-1 i (y) . a1 (y)
U005 <|IVii(y)l < Md(y’ )

whenever y € Cg/¢,(0) \ Z. (7.5)
Moreover, using Definition 1.1(iii) we have
|A2(y,m) — A1y, | < €[nl’™>  whenever y € C;(0), € =263”.  (7.6)

Let éi; = u. Using Lemma 3.8 we see that there exist ¢, 6, 7, each depending only on
p.n,m,a, B, 0, such that

liia(y) — @1 ()| < ’e®0 "iin(y)  whenever y € Cg/4(0) \ Cg/4.05(0).  (7.7)
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Let € be as in the statement of Lemma 3.9 relative to A and set ¢ = 1/(32¢1). Fix o sub-
/1.0 —T

jectto c’e? 0" =¢'(2867)% 0" =min(é/2, 1078}, In particular, g = o(p, n, m, a, B8, 6).
Then from (7.7) we see that

l1—€< If2§y; <14¢€ whenevery e Cz/4(0)\ Cg/4,05(0). (7.8)
uily
Using (7.5), (7.8), and Lemma 3.9 we therefore conclude that
o ia(y) . i2(y)
S s S IVinO)] <l (7.9)
(v, Z1(0)) d(y, £1(0))

whenever y € C@/@l O\ C/;/gl,ggé(O), for some Ay = A2 (p,n,m, a, B, y, é). Moreover,
ity € Cg/¢,,205(0), then we can also prove that (7.9) is valid at y by essentially repeating
the previous argument and by making use of the invariance of the class M (e, B, 6),
as well as of conditions (a) and (b) in Theorem 1.10, with respect to translations and
dilations. O

Proof of Lemma 7.1. Let A = A(y,n) € M,(a, B, y) be as in the statement. Let w € X
and 0 < r < rp, and suppose that u is a positive A-harmonic function in B(w, 4r) \ X,
continuous on B(w,4r), and u = 0 on X N B(w, 4r). We use Lemmas 7.3 and 3.8.
Let ¢; = ¢ be as in Lemma 7.3 and choose ¢’ > 100c; so that if y € B(w,r/c’) \ Z,
s =4c1d(y, %), and z € X with |y — z| = d(9, ), then
max u < cu(y) (7.10)
B(z,4s)
for some ¢ = c(p,n, m,a, B, y). Using Definition 1.5 with w, r replaced by z, 4s, we
see that there exists an m-dimensional hyperplane A = A,,(z, 4s), z € A, such that

h(S N B(z,4s), A N B(z, 4s)) < 45s. (7.11)

For the moment we allow § in the statement of the lemma to vary but shall later fix
it as a number satisfying several conditions. First, since the class M, (e, B, y), as well
as conditions (a) and (b) in Theorem 1.10, are invariant under rotations, we may again
assume that z = 0 and A = {(y/, y”) € R™ x R"™™ : y” = 0}. Thus if s’ is largest such
that C4y(0) C B(0, 4s) then

h(Z N Cuyr(0), A N Cyy (0)) < 4c'Ss (7.12)
for some harmless constant ¢’. Next, we let v be a non-negative A-harmonic function

in C4y(0) with continuous boundary values on 9(Cys(0) \ A) defined as follows. We
construct v such that v = 0 on Cyy(0) N A,

u(y) fory € dCsy(0) \ C4y 30065 (0),

v(y) =
0 for v € 0Csy 0n aC4s’,2OC’65 0),

and
v=<u ondCy(0)N(0C4s 3055(0) \ 0Cay 20c5(0)).



Quasi-linear PDEs and low-dimensional sets 1733

Then, by construction, using Lemma 3.3, we see that
u <v+c8%u(y) ond(Cay(0)\ Cay 20055(0)), (7.13)

and hence the same holds, again by the maximum principle for A-harmonic functions, in
Cay(0) \ Cay' 2055 (0). Similarly,

v<u+csu(@) onCay(0)\ Csy 20055 (0). (7.14)

In particular, using the Harnack inequality we conclude that

% <({1- 08")71 whenever y € B(9,d(y, £)/4). (7.15)
vy
Furthermore, using Lemma 7.3 and the construction, we have
v(P)
dy, %)

(1+4c8%)7 ' <

~_p v . N
At < |V <X
iG.5) = IVv(y)| <

(7.16)

for some A = )Au(p, n,m,a, B,y, 5). In particular, from (7.15), (7.16), we see, if 0 <
§ < & and if we fix § = S(p, n,m,a, B, y) to be small enough, that the hypotheses of
Lemma 3.9 are satisfied with O = B(y,d(y, £)/4) and a = 1. Now, using Lemma 3.9
we conclude that

u(y)
4G, %)

3 — ”(5’) A kY
Al < VU@ =4
L d(3. %)
for some )_»1 = )_»1(p, n,m,a,B,y, 5). As y € B(w,r/c’) \ X is arbitrary, the proof of
Lemma 7.1 is complete. o

7.2. (|Vu| + |Vv|)P~2 is an Ay-weight: proof of Lemma 7.2

Our proof of Lemma 7.2 is based on the following lemma.

Lemma 7.4. Assume (3.1) and 0 < 8 < 8 so that also (3.2) holds. If 2 < m < n — 2,
assume in addition that either (a) or (b) of Theorem 1.10 holds. Let w € ¥ and 0 <
r < ro. Assume that u is a positive A-harmonic function in B(w, 4r) \ X, continuous
on B(w,4r), and u = 0 on ¥ N B(w, 4r). Then there exist, for €* > 0 given, § =
g(p, n,m,ao, B, y, 6,¢e*) € (0,8) and ¢ = c(p,n,m,a, B,vy, 6, €*) > 1 such that

() ey
r T uar(w)) T O\r

whenever 0 < 8 <8 and0 < F < r/4, where & = (p —n+m)/(p — 1).

Proof. In the more traditional setting of Reifenberg flat domains in R" a version of
Lemma 7.4 is proved in [LLuN, Lemma 4.8]. The proof is based on some rather straight-
forward, but still delicate, comparisons of non-negative solutions. Let A = A(y,n) €
My (a, B, y) be as in the statement. Set A>(y, n) = A(y, n) and A1(n) = A(w, n). Then



1734 John L. Lewis, Kaj Nystrom

Ay, Ay € Mpy(a, B,y). Let u be an Az-harmonic function as in the statement. Observe,
using Definition 1.5, that it suffices to prove the lemma for § = 8. Moreover, we can
assume that r = 4, w = 0 and u(a;(0)) = 1. In the following we let 5 < $ and o be
small constants to be chosen below. In particular, 5, o will be fixed to depend only on
p.,n,m,a, B,y, 6. For o fixed we can again also assume that

h(Z N B(0, 40), A N B(0, 40)) < 40,

where A = {(y/,y") € R™ x R"™™ : y” = 0}. In particular, we see that it suffices to
prove that

c1HEHED) < 4(a;(0)) < 1) whenever 0 < 7 < o. (7.17)

To begin, we introduce an auxiliary function u™. We let u™ be Ap-harmonic in C,(0) \ A
with continuous boundary values on 9(C,(0) \ A), defined as follows. We let ut =0on
Co(0) N A,

u(y) if y € 3(Co(0)) \ 9(C, 165, (0)),

0 if y € 9(Co(0)) N I(C, g5,(0)).

Furthermore, on B(CQ )N (C 1650 On\ 8(C 850 (0))) we define u so that u™ < u.
Now, arguing as in the proof of (7 13) and (7.14), we see that

ut(y) =

u < ut +c8%ulaga(0)), ut <u4c8ulays(0)) on Ch(0)\ Couso®,  (1.18)
for some 0 = o (p,n,m,a, B, y) € (0, 1). Using Definition 1.5(iii) we next note that
|A2(y, ) — A1(y. )| < €lnlP~"  whenever y € Co(0), € =2B0”.  (7.19)

To proceed, we let ™ be the Aj-harmonic function in Co/2(0) \ A which is continuous
on the closure of Cy/2(0) \ A and coincides with uTond (Co/2(0)\ A). Finally, we define
vH(y) :=|y"|¢ forall y € R".

To prove the right hand inequality in (7.17), we first see, using (7.19) and Lemma 3.8,
that

ut () = (1 =27t (y)  fory € ComO)\ Cppyazg©®,  (7:20)

for some constants ¢, 6, t, depending only on p, n, m, o, B, v. Then, by Lemmas 6.2 and
5.3 (see (6.4)), there exists a constant ¢ = ¢(p, n, m, «, 8) > 1 such that

+(y)

ut(y) < (1 =257t (y) < (1 —e”57) 7 it (ag/a(0)) (7.21)

whenever y € C,/:(0) \ C
inequality we see that

0/.450 (0). In particular, using (7.18), (7.21) and the Harnack

+(y)

u(y) < c(1 — €8 tat (ay/5(0) —== + 8% u(ap/s(0)) (7.22)
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whenever y € Cy/:(0) \ C (0). We now let § be defined through the relation

0/¢.450
8¢ = max{5¢, 59}. (7.23)
Note that § > §; moreover, applying (7.22) for y = ag; o (0) we see, as long as
ag5,(0) € Coe(0) \ Cp iz 45, (0), (7.24)
that
u(ags, (0) < c(1 = &5) ™ it (ag/3(0))(85)° + 87 u(ag/3(0))
< (c(1 — €771 (88)% + ¢ )ulap5(0)), (7.25)

where we have also used L"ﬁ(ag /8(0)) ~ u(ay/8(0)). In particular, simply using the Har-
nack inequality once more, and the normalization u (a1 (0)) = 1, we see that

u(az, (0) < (1 —ée577) 7" (88)% + cb°. (7.26)

Next, let § < 1 /(16¢) and let o be defined through the relation
1/2 =877 = &@2Bo")? 5. (7.27)
Then o = o(p,n,m,a, B, v, é, 5) =o(p,n,m,a, B, vy, 5, 5) and
u(as, (0)) < é5°. (7.28)

‘We now proceed by induction and we suppose that we have shown, forsome k € {1, 2, ...},
that

u(ag, (0)) < (&8)* (7.29)

for some ¢ depending at most on p,n, m, a, 8, y, 6. Then, again using Definition 1.5 we
see there exists A’ € A,,(0) such that

h(E N B(0,48%0), A" N B(0, 455 0)) < 458%0.

We can now repeat the above argument with A replaced by A’ and 4 replaced by 45% and
with cylinders of size defined by %o instead of o. As a result,

@z, (0)) < é8°u(ag, (0) < (€8, (7.30)

by the induction hypothesis. In particular, by induction, (7.29) is true for all positive
integers k. Next we fix § through the relation

5t — ¢, (7.31)

where ¢ is the constant in (7.30). Then 8, as well as p, depend only on p, n, m, o By, ]
and €*. Moreover, given 0 < 7 < g, let k be the smallest integer such that §ko < 7.
Then, simply using the Harnack inequality, (7.29), and our choice of § in (7.31) we see
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that u(a;(0)) < 1€ for some ¢ = c(p,n,m,a, B, vy, 6, €*), and hence the proof of
the right hand inequality in (7.17) is complete.

To prove the left hand inequality we argue in a similar manner. Indeed, in this case we
first see that

u(y) = ut(y) — c8%u(aga(0)) = (146777 it (y) — c87u(aga(0)) (7.32)

fory € Co(0)\ C 0,850 (0), and then, again as a consequence Lemmas 6.2 and 5.3 (see
(6.4)), and familiar arguments, we deduce that

w(agys,(0)) = é7'5¢ (7.33)

for some ¢ depending only on p, n, m, «, 8, v, 6. The left hand inequality in (7.17) then
follows as above by induction. We omit further details. O

Proof of Lemma 7.2. Assume (3.1) and 0 < § < § so that also (3.2) holds. Let w € ¥ and
0 < r < min{rg, 1}. Assume that u, v are positive A-harmonic functions in B(w, 4r) \ X,
continuous on B(w, 4r), and u = 0 = v on ¥ N B(w, 4r). We want to prove that there
exist 8 > 0 and ¢ > 1 depending only on the data (i.e., p,n, m,a, 8, y, 5) such that if
0 <8 <dand? = r/c, then ):M,U(y) = (IVu()| + [Vo(»))P~2 is an A»(B(w, 7))-
weight with constant depending only on the data. We first see, using Lemma 7.1, that
there exist , ¢and A, depending on the data, such thatif 0 < § < H , then

A Ay < Auy < Aky, whenevery € B(w,r/é)\ Z, (7.34)

where

p—2
u(y) v(y) ) . (7:35)

Mup @) = <d(y, 5 " d0. %)

We now simply let 7 = r/(100¢%) and we consider w € B(w, 7) and 7 < 7. We want to
prove

r(w,7) = f*Z"/

D dy f ol dy < ¢, (1.36)
B(w,r) B(W,F)

where ¢* depends only on the data. To do this we first note from Harnack’s inequality
that if d(w, X) > 2r, then I'(w, ) < ¢, and hence we can assume that d(w, X) < 2r. In

the latter case we let W € X be such that | — w| = d(w, X). Now, from the definition
of A, v, Lemmas 3.1-3.5, and Holder’s inequality, it follows that

/ Aupdy < cAFVTEP, (7.37)
B(w,7)

where A = u(a;(0))?~2 + v(a; (1))P 2. Next, we let

n=min{l, (n —m + (1 = &)(p —2))/(E(p — 2))}/20.
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Then, using Lemma 7.4 we see, for § small enough, that
cii(y) = ii(ap(D))(d(y, £)/H)FMH i e {u, v}, (7.38)
whenever y € B(w, 507) \ X. Using (7.38) and (7.34), we deduce that

/ Al dy < C;sa+n>(p—2>g—1/ d(y, )1=E+D0=2 4y (7 39)
B(W,F) B(W,507)
In particular, from (7.36) and (7.37), we see that
(W, 7) < c;*2n;'1+2*17;§(1+ﬂ)(1)*2)/ d(y, E)U*E(“ﬂ)))(ﬁfz) dy. (7.40)
B(W,507)

To complete the estimate in (7.40) we define

I(z,s) = / d(y, £)1=60+m)(p=2) 4,
B(z,s)

forz € ¥ N B(w,r/100) and 0 < s < r/100. Let
Er=B(z,s)N{y:d(y,dQ) < 8*s} fork=1,2,...,

and recall that 1 <m < n — 2 and ¥ is a closed (m, rg, §)-Reifenberg flat set in R" for
some rp, § > 0. We prove that

f dy < ckgn—mikgn (7.41)
Ey

fork = 1,2, .... Indeed, since X is (m, ro, §)-Reifenberg flat, £ can be covered by at
most ¢/§™ balls of radius 1008s and with centers in ¥ N B(z, s), and hence (7.41) follows
readily for k = 1. One can then repeat this argument in each of the balls to find that (7.41)
holds for E>. Arguing by induction, we get (7.41) for all positive integers k. Using (7.41)
and writing I (z, s) as asum over Ex \ Exy1,k=1,2,..., we get

o0
1(z,5) < es"HA—E04M(=2) Z(Cﬁ_a(nfm)ksn)(Sks)(lff(]Jrn))(P*Z)
k=1
< g tU=EA+m)(p=2) (7.42)

where ¢ = ¢(p, n, m), provided § is small enough by the choice of 5. Using this estimate
with s = 7, we can continue our calculation in (7.40) and conclude that

C(w,7) < cF 2 2= p pE () (p=2) pn+(1=6(1+1) (p—2) <ec. (7.43)

The proof of Lemma 7.2 is now complete. O

7.3. The final proof of Theorems 1.9 and 1.10

Assuming (3.1) and 0 < 8 < §, and using Lemma 7.2, we see that Theorems 1.9 and 1.10
follow immediately from Lemma 4.10.
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7.4. Proof of Corollary 1.11

Letu,v,n,m, p, ¥, w, rg, A, o be as in Theorem 1.9 or 1.10, and let u, v be the corre-
sponding measures as in (1.5). If z € B(w, 2r) \ X, then from these theorems, with w
replaced by z, we see that

(7.44)

r

ux) u@)| _ ulx) (Ix - yl)"

— c

vix) vy [T v)

whenever x, y € B(z,r/c) \ . From (7.44) we deduce that

0< £o) = lim " exists,
y=z v(y)

and (7.44) holds with u(y)/v(y) replaced by f(z). Hence there exists ¢’, depending only
on the data, such thatif 0 < s < r/cand x € B(z,s) \ X, then

ux)(1 —=c'(s/r°%) < f@Qux) <ux)A+(s/r)?). (7.45)

Set

_ f (@)
A+ d(s/r)0)’
Given Y € C(‘)’O(B(z, s)) and small positive numbers 601, 6>, we set ¢ =max{h —0, 0}92@0.
Arguing as in (3.8) we see that

T1 ﬁ:‘[lv, h:u—ﬁ>0 inB(z,s)\E.

0< /(A(x, Vu) — A(x, V), V(max{h — 01, 0}2)) ¢ dx. (7.46)

Also from the usual limiting argument we find that ¢ can be used as a test function in
the weak formulation of A-harmonicity for both u, v. Doing this, using (7.46), and letting
first ; — 0, and then 8, — 0, we conclude from (7.46) and (1.5) that

fw v — dp) < / (A(x, Vu) — A(x, V), Vi) dx <0, (7.47)
B(z,s)

where we have also used (p — 1)-homogeneity of A in Definition 1.1(iii) to deduce the
measure corresponding to v. From arbitrariness of i it follows that rlp 1y < [ on

B(z,s) N X. Similarly if o = f(z)/(1 —c/(s/r)?) then u < 121771\) on B(z,s) N X.
From this discussion we see that y, v are mutually absolutely continuous on B(w, 4rg),
and if du = kdv, then

o7 <k@) <7f”" whenZeB(zs)NTandk(z) = f(2)P L. (7.48)
Taking logarithms yields
cHs/r)7 < log(k(2)/k(2)] < c(s/r)° (7.49)

for some ¢ > 1 depending only on the data. From (7.49) and arbitrariness of s, z we
conclude that Corollary 1.11 is valid.
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7.5. Proof of Corollary 1.12

If Corollary 1.12 is false, there existe > Oand t; € [1/2,1],x; € ZNB(w,7),0 <7; <
10~/r, for j = 1,2, ..., such that

- n(B(x;, 4jrj)) m
T | w(B(kxj, 1))

We may assume that#; — ¢ € [1/2, I]and x; — ¥ € ¥ N B(w, r) as j — oo. Let

€ (7.50)

u(x; +rjx)

forx e Qi ={x:x;j+rjx € B(w,2r)\ X}.
u(ar, (%) =i |

uj(x) =
Let Aj(x,n) = A(xj +rjx,n) for x, n € R". Using the (p — 1)-homogeneity of A (see
Definition 1.1), we see that u; is a weak solution to V - A;(x, Vu;) = 0in ;. Note that
A; has the same structure constants as do A in (i) and (iii) of Definition 1.1, while 8 in (ii)
is replaced by Br” . From the vanishing Reifenberg flat assumption in Corollary 1.12 we
see, for a subsequence of (£2;) (also denoted (£2;)) that 9$2; — A as j — oo, where A is
an m-dimensional hyperplane through 0, uniformly in the Hausdorff distance on compact
subsets of R". From Lemmas 3.1, 3.3, and 3.4, as well as Harnack’s inequality, and the
NTA property of 2;, we see, given R > 0, that there exists jo such that whenever j > jo,
then u; is Holder continuous with exponent o, and the Holder norm of #; in B(0, R) is
uniformly bounded. Also given a compact subset K of R" \ A, we find from Lemma 3.6
that Vu; is 6-Holder continuous on K with a uniformly bounded Holder norm for j large
enough. Moreover, by these lemmas, () is bounded in the norm of wLlP(B(0, R)).

Using these facts we deduce from Ascoli’s theorem that subsequences of (u;), (Vu;)
(not relabelled) converge uniformly on compact subsets of R”, R"” \ A to i, Vi. From
weak compactness of WP we may also assume that u; — # weakly in WLP(B(0, R))
for each R > 0. By construction, & is o-Holder continuous in R"” and &2 = 0 on A. It is
also easily seen that # is A-harmonic in R” \ A with A(n) = A(x,n),n € R"\ {0}. To
reach a contradiction we assume, as we may, that A = R x {0}. Indeed, otherwise we
first rotate the coordinate system so that A becomes R™ x {0} and # becomes u’, a weak
solution to V - A’(Vu') = 0. We then apply the following argument to u’'.

Applying Theorem 1.9 or 1.10 with u, v replaced by &, up—y,, with u,,—p, as in Lem-
ma 5.3, and then letting » — ©0, we see that # is a constant multiple of u,,_,,. Using
this and Lemma 5.3 we deduce that the measure, say (i, corresponding to # is a constant
multiple of Lebesgue measure on R™ x {0}. Let ; be the measure corresponding to u;
for j = 1,2, .... Using the above convergence results, we easily deduce that 1; — [
weakly as measures. From weak convergence and the fact that 2 (B(0, s)) is a constant
multiple of s”* when s € (0, 1], we conclude

wi(BO.14))  ABO.0)

im = — = (7.51)
j=oo i (B0, 1)) (B, 1))
Finally, we note from (p — 1)-homogeneity of A that
(B 0’ t: B i Lir;
wiBO) _ wB&G ) gy (1.52)

Wi (BO. D)~ w(BGy.ry)
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Using (7.50)—(7.52) we deduce that

RBOG G | _ o ‘Mj(B(O’ H) o
5ol (BO. 1) Y

We have reached a contradiction. Hence Corollary 1.12 is valid.

€ < lim !
j=oo| w(B(xj,rj)) 7

=0. (7.53)

8. Proof of Theorem 1.13

To begin the proof, we assume that ¥ is (m, ro, 8)-Reifenberg flat with 0 < § < 8,
where § is the constant appearing in Theorem 1.9 or 1.10. We start by making several key
observations.

First, if i, 0, w, r, ¥ are as in the statement of Theorem 1.13, then by Theorem 1.9 or
1.10, and Harnack’s inequality, it follows that

sup ua/v<c inf a/0 ass— 0. 8.1)
dB(w,s)\T 0B(w,s)\Z
In particular, there exists K > 0 such that
K=<u/vt<cK inBw,r)\ZX, (8.2)

where ¢ depends only on the data. Indeed, suppose ii/9 is unbounded in B(w,r) \ X.
Then from the maximum principle for A-harmonic functions we see that

sup ua/v— oo ass— 0.

IB(w, )\
From (8.1) it follows that
sup #a/v<c inf @/0—>o00 ass— 0. (8.3)
AB(w,s)\X 0B(w,s)\X

The maximum principle for A-harmonic functions then implies that o = 0 in B(w, r).
From this contradiction and the same argument as in (8.3) we conclude the validity
of (8.2).

Second, suppose 0 < s K 4r < rp, where 79 = min{rg, 1}, and suppose that « is an
A-harmonic function in B(w, 4r)\ (XU B(w, s)) with # = 0 continuously on £\ B(w, s).
We can apply Lemma 7.1 to conclude that there exist §* € (0, 1) and ¢, A > 1, depending
only on the data, such that if 0 < § < §*and y € (X N B(w, 2r)) \ B(w, 2s), then the
‘fundamental inequality’

D9G| < i)
d(y, X) d(y, %)

holds whenever y € B(y, |y — w|/¢) \ Z. Using this fact we see that if 0 < § < §%,
then there exists 7, depending only on the data, such that if we define a non-tangential

approach region at w by Q(w, ) = {y € B(w, rp) : d(y, £) > 11|y — w|}, then

(8.4)

u satisfies (8.4) for y € B(w, 2r) \ [fZ(w, n) U B(w, 2s)]. (8.5)
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To prove Theorem 1.13 we now use (8.2)—(8.5), and proceed essentially along the
same proof scheme as used in the proofs of Theorems 1.9 and 1.10. In particular, we first
prove that the quantitative estimates underlying the conclusion in Theorem 1.13 are true
in the baseline case when £ = R x {0}. We then use this to complete the proof in the
general case. We will use the following lemma.

Lemma 8.1. Under the structure assumptions of either Theorem 1.9 or Theorem 1.10
suppose 0 < s <r/100, w =0, Z =R" x {0}, and A € Mp(a). Let £1 = X\ B(0, 2s)
and let u be A-harmonic in Q = B(0,4r) \ [X1 U B(0, s)] with continuous boundary
values u = 0 on 3Q \ B(0, s) and u = 1 on 3B(0, s). Then for some X, depending only
on the data, (8.4) is valid with u replaced by u in 2 N [B(0, 2r) \ B(0, 2s)].

Proof. We first argue as in the proof of (5.13). Consider A > 1 given with A — 1 small.
We assert that

w > c 'u(x) wheneverx € Q(A) = {x € Q: Ax € Q}. (8.6)

Indeed, from basic geometry it follows that this holds trivially on 9Q2(A) \ B(0, s) as
u=00n9dR\ B(0,s). Forx € 92(x) N dB(0, s), we use Lemma 3.3 applied to u, and
Harnack’s inequality applied to 1 — u, to conclude that

l—u>c" ondB(0,7s/4). (8.7)

As in (5.8) we set

2
eN\z| _ eN

I/A/(Z) = SAONJI6 _ N (8.8)

for z € B(0,7/4) \ B(0, 1), where N is a non-negative integer. Set ¥/ (x) = I/A/(x/s),
x € B(0,7s/4)\ B(0, s). Using (8.7) and (8.8), and repeating the argument leading up to
(5.13), we see that there exists c; > 1, depending only on the data, such that

cr(1—u(@) = ¥(2) = c;'d(z, 0B(0,5))/s forz € B(0,7s/4)\ BO,s). (8.9)

If x € 9B(0, s) we can use (8.9), with z replaced by Ax, to find that (8.6) is also valid on
dB(0, s). From the maximum principle for A-harmonic functions, we conclude that (8.6)
holds in 2 (A). Letting A — 1 in (8.6) we have

—(x, Vu(x)) > cilu(x) whenever x € B(0, 2r) \ [B(0, 2s) U X]. (8.10)

From (8.10), (8.5) and basic geometry we deduce the validity of Lemma 8.1. ]
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8.1. Proof of Theorem 1.13 in the baseline case when A € Mp(a)

We here prove the following lemma.
Lemma 8.2. Theorem 1.13 is valid when w = 0, ¥ = R"™ x {0}, and A € Mp().

Proof. Let uy, for k = 1,2, ..., be the A-harmonic function u defined in Lemma 8.1
with w = 0 and A € M, (), but with s replaced by sx = 10~%*r. Set ity = ug/ux(a,(0))
fork =1,2,.... From Lemma 8.1 and our work in Sections 3 and 4, we deduce, as in the
proof of Corollary 1.12, that subsequences of (iix), (Viy) converge uniformly on compact
subsets of B(0, 4r) \ {0}, B(0, 4r) \ X, respectively, to i, Viz, where i is an A-harmonic
function in B(0, 4r) \ ¥ with #(a,(0)) = 1. Furthermore, the fundamental inequality
(8.4) holds for # in B(0, 2r) \ 2, and & = 0 continuously on the boundary of B(0, 4r)\ X
except at {0}. Fix0 < s < 107%r and A € M, (a), recall that ¥ = R™ x {0}, and let
v # 0be A-harmonic in D = B(0, 4r)\[Z U B(0, s)]. Assume also that v has continuous
boundary values with v = 0 on 9D \ d B(0, s). We will use the fundamental inequality for
i, and the same argument as in the proof of Lemma 4.11, under Assumption 1”, to first
prove thatif 0 < ¢’s < r/100, Dy = B(0,4r) \ [Z U B(0, ¢’s)], and ¢’ is large enough,
then

(8.4) is valid with u replaced by v, in D1 N B(0, r),
with constants depending only on the data. (8.11)
Using this we will prove that if € (0, r) and
m(t) = ag?of,z) u/v, M(@)= 821(1&)12/17, osc(t) = M(t) —m(t),
and if s is as above, then for some ¢ > 1 and a € (0, 1), depending only on the data,
osc(t) < ¢(s/t)%osc(s) whenevers <t <r. (8.12)

Now the proof of Lemma 8.2 can be completed. Indeed, suppose that v is a positive
A-harmonic function in B(0, 4r) \ X, continuous on B(0,4r) \ {0}, and v = 0 on
9(B(0,4r) \ X) \ {0}. For s > O fixed as above, let v denote the restriction of v to D.
Applying (8.12) and letting s — O in this inequality we find that v is a constant multiple
of u.

To prove (8.11) and (8.12) we assume, as we may by the same argument as in (8.2),
that

2 <wv/i <cy in D)\ B(0,2s) where c; depends only on the data. (8.13)

Also let u(-, t), T € [0, 1], be A-harmonic functions in D, = B(0, 4r) \ [X U B(0, 2s)]
with continuous boundary values,

u(y,t) =to(y)+ (1 —1iu(y) foryeaD;,0<t <1. (8.14)

Existence of u(-, ), 7 € (0, 1), is a consequence of Lemma 3.2. Using the maximum
principle for A-harmonic functions and (8.13) we find, for some ¢ > 1 depending only
on the data, that

u(-, ) —u(, 71)

) < ——————""2 <éu(, ) (8.15)
T —T
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in Dy whenever 0 < 71 < 170 < 1. Copying the argument after (4.43) we deduce, since
i satisfies the fundamental inequality in D, that there exists €/, depending only on the
data, such that if & = ¢, then

_1M(y &) u(y, &2)
) <|Vu(y, &)l < d(y,E)

whenever y € D». (8.16)

Using (8.16), as well as the fundamental inequality for &, and arguing as in the proof of
Lemma 4.11 under Assumption 1’, we find that Assumption 1 in Section 4 holds with
i, 0 replaced by i, u(-, &) in Dy \ B(0, 2s), and with constants depending only on the
data. Next we use this fact and argue as in (4.31), (4.32) to obtain (8.12) with v replaced
by u(-, &) and s by 2s. Continuing by induction, as in the proof of (4.46), we eventually
get (8.11) in D N B(0, r) \ B(0, ¢'s), and then (8.12) with s replaced by 2¢’s, where ¢’
depends only on the data. Since osc(-) is decreasing on (0, r), we also have (8.12). m]

8.2. Final proof of Theorem 1.13

To prove Theorem 1.13 in the general case, assuming that A € M, («, B, y) and that i, D
are functions as in the statement, we note, for some b € (0, 1) and ¢ > 1, depending only
on the data, that

u*(a, (w)) < c(tl/tz)bu*(a,1 (w)) whenever 0 < 1] < tp < 4r, (8.17)

and u* € {i, v}. Also from the Harnack inequality we have, for some bh=>2 depending
only on the data,

u*(ar, (w)) > (tl/tg)lsu*(a[1 (w)) whenever0 <t <t < 4r, (8.18)

and u* € {u, v}. Let s1 < r and let ¢ be a large positive constant such that 0 < ¢s <
st <r.Let Aj(n) = A(w, n),n € R*\ {0}, and let u;, v; be Aj-harmonic functions in
D3 = B(w, ¢s) \ (Z U B(w, s)) having continuous boundary values and ] = i1, v| = 0
on d D3. We first show that if ¢ is large enough, then there exist c¢1, ¢ > 1 such that
u*(y) u*(y)

c1 10, 2:)§| (y)|§C1d(y,E)

for y € B(w, 6¢35) \ [Z U B(w, 2¢25)], (8.19)

and u* € {u1, v1}. To outline the argument we can without loss of generality assume that
w = 0 and
h[B(0, cs) N Z, B(0, ¢s) N(R™ x {0})] < 2¢8s.

For u™* as above, let v* > 0 be the A|-harmonic function in D3 = B(0, ¢s) \[(R™ x {0})U
B(0, s)] with continuous boundary values, v* = 0 on D3 \ dB(0, s), while v* < u* on
dB(0, s), and v* = u™ at points z in this set with d(z, R™ x {0}) > 20c¢§s. Using (8.17)
and Lemma 3.3, we deduce, for ¢ large enough, depending only on the data, that

u* < cl(©)70 4 (@8)7 u*(ag(0) + v*  and  v* < ¢(¢8)u*(as(0)) +u* on Ds.
(8.20)
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Also using (8.18), we see that if ¢; < ¢ is large enough, depending only on the data, then
min{v*(x) : x € fZ(w, n/2) N B(0, 8cas) \ B(0, c25)} > cz_z};u*(as 0)). (8.21)

We can, without loss of generality, also assume that ¢c; > 2¢’, where ¢’ is the constant in
(8.11). Using this assumption we see that the fundamental inequality (8.11) holds for v*
in D3 N [B(0, ¢cs/4) \ B(0, c25)], with ¢s playing the role of 4r. With ¢, now fixed, we
observe from (8.20), (8.21) that the ratio of u™/v* in Qw, 1/2)N[B(0, 8c2s)\ B(0, c25)]
can be made arbitrarily close to 1 by first choosing ¢ large, and then choosing § < §* small
enough depending on ¢. In view of (8.11) for v*, these constants can in fact be chosen
to depend only on the data and in such a way that Lemma 3.9 can be applied to u*, v*.
Hence, applying Lemma 3.9 we can conclude (8.19) for u1, vy in fZ(w, 1) N B(0, 6¢35) \
B(0, 2¢,s). From this conclusion and (8.5) we obtain (8.19).

Armed with (8.19), we can now repeat the argument in Lemma 3.8 with A, A, re-
placed by A, A1, and with cylinders replaced by balls, in order to conclude that

lug(x)—u(x)] < csful(x), X € Q(w, ﬁ/2)ﬂl§(w, 6c25)\[ZUB(w, 2c2s)], (8.22)

for some ¢, 6, depending only on the data. Further, (8.22) also holds for vy, 9. From (8.22)
and Lemma 3.9 we see, for s; small enough, that (8.19) is valid for i, 0 on fZ(w, n) N
[B(w, 5¢2) \ B(w, 3c2)] with ¢ replaced by ¢4 > ¢1, depending only on the data. Using
this fact and once more (8.5) we get the fundamental inequality for i, ¥ on B(w, 5¢25) \
[Z U B(w, 3cys)] provided 51 < r/c* and ¢* is large enough.

From arbitrariness of s we deduce that the fundamental inequality holds for #, 0 in
B(0,r/c) \ ¥ with constants depending only on the data. Theorems 1.9 and 1.10 now
easily imply that if a, b € (0, 00), then (a|Vi| + b|VD|)P~2 is an A,-weight on cubes
C B(0,r/c)\ B(0,s),0 < s < r/c, with constants that can be chosen independent of
a, b. Using this fact, and the same argument as in the proof of (8.12), we see that if

m(t,w) = inf /0, M, w)= sup ua/v, osc(t,w)= M, w)—m(t,w),
JdB(w,t) IB(w,t)

then for some ¢ > 1 and a € (0, 1), depending only on the data, we have
osc(r, w) < é(s/0)%osc(s, w), s<t<r (8.23)
Theorem 1.13 now follows from (8.23) if we let s — 0.
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