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Abstract. The aim of this article is to develop an explicit procedure that enables one to reconstruct
any c! path (at natural parametrization) from its signature. We also explicitly quantify the distance
between the reconstructed path and the original path in terms of the number of terms in the signa-
ture that are used for the construction and the modulus of continuity of the derivative of the path.
A key ingredient in the construction is the use of a procedure of symmetrization that separates the
behaviour of the path at small and large scales.
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1. Introduction

1.1. The signature of a path

Given an integer d > 1, a d-dimensional path y is a continuous function mapping a closed
interval [0, T'] into R?. Throughout the article, we equip R with the £' norm. The length
of y under this norm is then

Iyl == sup > vy — Yy |-
P

where the supremum is taken over all partitions of the interval [0, T'], and |x| := Zflzl [xi |
forx = (x1,...,xq) € RY. We say y is a path of finite length if ||y | < oo.

Given two paths « : [0, ST — R4 and B:10,T] —» R4, their concatenation a Bis
a new path defined on the interval [0, S + T] by

TR LG u € 10, 5], (1.1)
Blu—S) +a(S) — BO), uelS,S+TI.
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If y has finite length, then its derivative y exists for almost every ¢t € [0, T]. We can
re-parametrize y in the fixed time interval [0, 1] in such a way that

d
EDMIAENS

i=1

where y!’s are the components of y, and L is the length of y under £' norm. We call such
a parametrization the natural parametrization of y .

Remark 1.1. The notion of natural parametrization used here is slightly different from
the standard one in the literature, as we parametrize y in the unit interval rather than
[0, L]. As a consequence, the constant speed is L instead of 1. The reason of using this
parametrization is that later on we will compare paths with different lengths, so it will be
convenient for us to parametrize all of them in the same interval.

If y has finite length, then one can define a sequence of iterated integrals of it, called the
signature of y. We first introduce the notion of words before giving a precise definition
of signature.

Let {ey, ..., es} denote the standard basis of RY. For every integer n > 0, a word
of length n is an ordered sequence of n letters from the set {eq, ..., eq} (with repetition
allowed), and we use |w| to denote the length of w. For two words wi = ¢;, ...¢;, and
wy = ¢j, ...ej,, their concatenation wi * wy is a word of length n + m given by

w1 * W2 = € S8, ...

Jm*

We also use ¢ to denote the empty word, which is the unique word of length 0. The
signature of a finite length path can now be defined as follows.

Definition 1.2. Let y : [0, T] — R? be a path of finite length. For every integer n and
every word w = ¢;, ...e;, , define

Cy(w) = / dy,!---dy,,
O<uy<--<up<T

where y' is the component of y in the direction e;. The signature of y is the formal power

series
o0

X()=)_ Y Cyww,

n=0 |w|=n

where we have set C,, (¥) = 1.

The signature of y is a definite integral over a fixed time interval where y is defined.
Re-parametrizing y does not change its signature. One reason to look at the signatures
is that they contain important information about the paths. For example, the first level
coefficients {C, (w) : |[w| = 1} reproduce the increment of the path, and the second level
collection {C), (w) : |w| = 2} represents the area enclosed by the projections of the path
on the ¢;-e; planes.
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The study of the signature dates back to K. T. Chen in the 1950’s. In a series of papers
([Che54], [Che57], [Che58]), he showed that the map ¥y +— X (y) is a homomorphism
from the monoid of paths with concatenation to the tensor algebra over R, and proved
that two piecewise regular paths without backtracks have the same signatures if and only
if they differ by a re-parametrization and translation. This uniqueness result, modulo tree-
like equivalence, was extended to all finite length paths (in [HL10]) and finally to all ge-
ometric rough paths1 (in [BGLY16]). However, all the proofs there are non-constructive,
and a natural question that arises after these works is how one can reconstruct a path from
its signature. In this article, we consider the inversion problem when y is C! at natural
parametrization, which automatically implies that y has finite length and does not have
any backtracks in its trajectory.

Remark 1.3. In the case d = 1, all back-forth movements of the path are cancelled out
and only the total increment counts. The signature X takes the form exp(ae;), where
a = yr — ¥, and the reduced path with signature X is simply the straight line going from
0 to a. The inversion problem is then interesting only when d > 2, where evolutions of
the path are in general non-commutative.

The key to the reconstruction problem in d > 2 is then to recover these non-commutative
evolutions of the path in their correct orders based on the signature. To appreciate the
difficulty of the problem, we note from Definition 1.2 that each term C, (w) represents
some global effect of the path y, and a priori there is no obvious way of recovering local
information on the path from these global representations.

A naive approach to the reconstruction problem can be to try to reproduce the path
from the interpretation of each term in the signature, as the explanation of the meanings of
{Cy (w) : Jw| < 2} above. However, these intuitive interpretations break down when |w|
gets large, and it is essentially impossible to proceed this way to recover much finer infor-
mation on the path beyond the increment and area. Thus, certain operations on signatures
that can reveal local information on the path will be necessary for the reconstruction.

There have been recent attempts at the reconstruction. In establishing the uniqueness
of signature for Brownian motion sample paths, Le Jan and Qian [LJQ13] constructed
polygonal approximations to the Brownian paths by using the information in their signa-
tures only. This approximation scheme has been further extended to diffusions [GQ16]
and a large class of Gaussian processes [BG15]. These works all used a fixed approxi-
mation scheme that relies on the law of the underlying random paths which gives certain
almost sure non-degeneracy property of the sample paths. However, this non-degeneracy
property is not available for all deterministic rough paths, so one would not expect any
fixed approximation scheme to work in the deterministic setting without further assump-
tions on the paths. This obstacle was overcome by Geng [Gen17], who allowed flexibility
in the scheme used depending on the signature of the path under consideration, and gave
a construction of any deterministic geometric rough path from its signature.

However, all the approximation schemes used in those works are indirect—they re-
quire a sophisticated transform of the signature via smooth one-forms which involves

I See [BGLY16] or [Lyo98] for the definition of the signature of a rough path.
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various limiting processes. In addition, even for approximation at any fixed scale and in
the setting of smooth paths, these constructions require the use of the whole signature
sequence rather than any truncation of it. Thus, it is hard to turn them into an effective
algorithm.

In the recent article [LX17], by using a construction from hyperbolic geometry, the
authors gave an explicit inversion scheme together with stability properties for piecewise
linear paths. But this scheme makes an essential use of the piecewise linearity of the path,
and it is not clear how it can be extended to more general situations.

1.2. Main result and strategy

The main goal of this article is to develop an explicit and implementable procedure that
enables one to reconstruct any C! path (at natural parametrization) from its signature,
together with detailed stability estimates of the procedure.

As mentioned in the previous subsection (Remark 1.3), the key to establish an effec-
tive reconstruction algorithm is to recover the non-commutative evolution of the path in
its correct order. For example, the following three paths in R? have the same increments.
Their signatures agree on level |w| = 1, but start to differ when |w| > 2:

L]
Let x and y denote the standard basis of R?; then the signatures of the above three paths
are the formal series e*e”, e”e* and e* T, respectively.

As one can see, the order of the evolution of the paths is captured in the signatures
through the ordered letters that form the words w (see Definition 1.2 above). Our main
result is that, by symmetrizing the signatures at high level (Jw| large), we can average
out the non-commutativities of the path at small scales but still preserve the order of its
evolution at larger scales. Thus, for any given k, we produce from the truncated signature
a piecewise linear path that approximates the original path at scale 1/k, and the error of

the approximation can be explicitly quantified in terms of the modulus of continuity of
the derivative of the path. The main theorem could be loosely stated as follows.

o ———>e

> L]

Theorem 1.4. Let y be a C' path in R? at natural parametrization, and assume we know
its signature X = {C,(w) : |w| > O}. For large enough k (depending on the dimension
and the path, to be quantified explicitly below), by using the terms in the truncated sig-
nature up to level |w| = 2dk>logk + k, we construct a piecewise linear path 7 with k
linear pieces such that when both y and y are at natural parametrization with respect
10 L' norm, for every t € [0, 1] where ; is defined we have

i — 7] < Cmg, (1.2)

where C > 0 depends on the path y only, and n — 0 as k — oo with rate depending on
the modulus of continuity of y.
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Remark 1.5. A precise statement of this main result, including the value of the con-
stant C, can be found in Theorem 4.17 for d = 2 and in Theorem 5.1 for higher dimen-
sions. The definition of 7y is in (1.4) for d = 2 and in (5.2) for general d. As for the decay
of nk, if y € C1* for some « € (0, 1], then n = O(k’“z/z) (see (1.4) and Remark 4.1
for more details about the rate). But we expect that both this error bound and the level of
truncation |w| ~ k3 log k in the signature can be improved.

Remark 1.6. Although many arguments below make an explicit use of the continuity
of y, we expect most of them still hold (with a different proportionality constant) if y is
piecewise continuous, and its discontinuities have jumps less than 7. The only statement
that essentially relies on the continuity of y is the existence of a word w* with certain
non-degeneracy properties (in Theorem 3.4). This word is used in the symmetrization
procedure (see Section 2) mainly for technical convenience—one would not have the
closed form expression (2.4) for symmetrized signatures without the use of the word to
separate blocks in symmetrization. It will be very interesting, and also convenient for
practice, if one could prove the validity and stability of the symmetrization procedure
without using this word to separate blocks. This would give an inversion scheme for
piecewise C! paths and possibly all finite length paths.

On the other hand, however, our procedure does make an essential use of the finite
length nature of y. Any extension of the procedure to rough paths together with detailed
quantitative characterization of its stability would require new ingredients.

We now briefly explain the main steps in the construction of such a piecewise linear path.
Since there is no essential difference between dimension 2 and higher, we will mainly
focus on the 2-dimensional case, and give a description of the procedure in higher dimen-
sions with a brief explanation in Section 5.

Each line segment in a piecewise linear path is determined by its direction (a unit
vector in Rz) and length. Thus, for each integer k and each j = 1, ..., k, our aim is to
find a 2-dimensional unit vector (in £! norm)

0; = (] pj, a; (1 = p))),
where p; € [0, 1] and af, aiy € {£1}, and L € R* such that

sup sup [V — Z9j| < Cn.
I<j<kuel(j—1)/k,j/k]

Thus, if we let ¢ be the path that is the concatenation of the line segments (L /k)0;, this
will automatically imply that y is close to the original path y in Lipschitz norm.

It is clear that the parameter p; € [0, 1] represents the unsigned direction of the j-th
line segment, a;‘ , a}' represent the signs of x and y directions (in R?) in that segment, and

L is an approximation to the £! length of the original path.

In order to get a rough idea how these parameters can be obtained from the signature
of y, we first briefly recall from [LX17] the inversion scheme for integer lattice paths.
This can be decomposed into two steps:
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1. Identify the unique longest square free word”> w such that C (w) # 0. The order of the
letters in w gives the directions (up to sign) of each piece of the lattice path.

2. Move one level up in the signature to recover the sign as well as the length of each
piece.

The reconstruction scheme developed in this article is close in spirit to that for lattice
paths. In what follows, we will recover these parameters in the order of p;, a ] , a] and
then finally L. Among these parameters, the most difficult one to recover is the unsigned
direction p;. Ideally, one would like to implement the strategy for integer lattice paths to
recover these p;’s. However, at first glance, that procedure seems to crucially depend on
the very special structure of the integer lattice, and does not generalize directly to other
situations. In particular, the vanishing/non-vanishing property of coefficients of square
free words does not carry over to more general cases where the path can move along any
direction in the plane. In order to recover the directions that are not necessarily parallel
to the Euclidean axes, we use a symmetrization procedure together with a more robust
notion of non-degeneracy that replaces the strict non-zero criterion in Step 1 above.

Once the directions p; are recovered, one can (similar to the lattice path case) move
one level up in the signature to recover the signs a] and a . Finally, the approximated
length L is obtained by a simple scaling argument.

1.3. Assumptions and notations

We now summarize the assumptions on our path y as well as the notations we will be
using. We will mainly work in dimension d = 2. We equip R? with the £! norm, and let
x and y denotes the standard basis elements of R2.

The notation | - | will have different meanings in various contexts. If « € R, then ||
is the absolute value of a. If @ = (a1, ) € R? is a vector, then |o| = |a1]| + |a2] is its
¢! norm. Finally, if w is a word, then |w| denote the length of w.

Throughout, we fix our path y that is C' under natural parametrization and has
length L. More precisely, the path

y:[0,1] — sz Yu = Xu, Yu),

has continuous derivative y, = (x,, y,) on [0, 1], and satisfies |X,| + |y,| = L for all
€ [0, 1]. We let § denote the modulus of continuity of y, so

8(e) == sup |ys —yil (1.3)
|s—t]<e
For each integer k, we define
§(1/k) 1 ) L
e =2 +—), = 83er) + —. (1.4)
k ( 2 \/E Nk k \/E

2 Awordw = ¢;, ...¢;, is square freeif ij # ijy forall j=1,...,n— 1.
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The definitions (1.4) are for the 2-dimensional case; for general dimension d see (5.2).
For any integer k, let Ax_1 be the standard simplex

Ap_1:={y,...,up—1):0=ug <up <--- <up_1 <ur=1}. (1.5)

In situations where there might be confusion, we use boldface letters to denote vectors
and normal letters for their components; for example we write

u= (M], -~-7uk71)-

On the other hand, we write the path as y = (y', ?) as no confusion can arise in this
case.
Given the path y andu € Ag_1, forevery j = 1,..., k we let

A“ajx = 'x"‘j _xuj—l’ All,jy = yu,- _yLlj_l (16)
denote the increments in the relevant directions in the time interval [u; 1, u;], and
|Au,jy| = Ay, jx| + Ay, yl 1.7

be the magnitude of total increments. Similarly, we denote the increments of the j-th
piece under standard subdivision s = {j/ k};‘=0 by

Ajx = Xj/k = X(j-D/ks  DjY = Yjsk = YGi-1)/ks (1.8)

and let |Ajy| = [Ajx| +|Ajyl.

1.4. Organization of the article

This article is organized as follows. In Section 2, we introduce and set up the symmetriza-
tion procedure on signatures. Section 3 is devoted to the proof of a concentration property
of the symmetrized signatures with explicit quantitative estimates. These estimates will
then be used in Section 4 where we give a detailed description of the reconstruction pro-
cedure of the path from the signatures. Finally, in Section 5, we give an outline of the
reconstruction procedure for paths in higher dimensions.

2. Symmetrization

As mentioned in the introduction, the first step in the reconstruction is to obtain the un-
signed direction p; € [0, 1] of the j-th line segment in our piecewise linear path approxi-
mation, and the key to the accurate recovery of this parameter is the use of symmetrization
procedure together with a robust notion of non-degeneracy. We first give a simple example
to illustrate this.
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Example 2.1. Let X be the signature of some bounded variation path y; = (x;, y;),t €
[0, 1], and we would like to recover from X the increments

Ax :=x1—x9 and Ay :=y; — yo,

where (xg, yo) and (x1, y1) are the beginning and end points of . One could of course get
the exact values of the pair (Ax, Ay) directly from the first level signature X!, but cannot
proceed much further. The symmetrization method given below is more complicated, but
has the advantage that it can be generalized to recover much more information beyond
the increments.

The symmetrization procedure to recover the increments is as follows. For every (pos-
itive) integer n and every £ =0, 1, ..., n, let

S"() = n!ZC(w),

where the sum is taken over all words w with length n that contain ¢ x’s and n — £ y’s.
Hence, 8" (£) has the expression

S"() = (’;) (Ax) Ayt

Note that for each n and £, the left hand side above is the information available to us
(from the signature), and the right hand side is its expression. It is standard that for fixed
large n, the quantity |S" ()| is maximized near the value £* such that
e |Ax|
n—10 Ayl

We can then asymptotically recover the ratio |[Ax| : |Ay| by finding the maximizer £*
of 8" (), and this gives us the unsigned direction of the increment.

To recover the signs of Ax and Ay, one repeats the same trick as in the case of integer
lattice paths: moving one level up and comparing the signs. Finally, the magnitude of the
increment will be obtained via scaling.

The example above illustrates the case of single-piece approximation to the path (that

is, k = 1). In order to recover finer information about the path (for large k), instead of

symmetrizing the whole signature, we divide high level signatures into k equal blocks, and

symmetrize each block. We first introduce some notations before we set up the procedure.
For any positive integers k and n, we let £} denote the set of multi-indices

k
z:{e:(zl,...,ek):osejgn,Zz,:n}. 2.1
=

For every word w, we let |w|, and |w|, denote the number of letters x and y in w,
respectively. For every w of length k — 1 of the form w = ¢;, ...¢;_, and every multi-
index £ € L}, we let W,?"(w, £) be the set of words

W,g"(w,l) ={w = w; ke k- oxep 2wy |wily =25, |wily =2n—-2¢;}.  (2.2)
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A typical word w’ € W,f”(w, {) where w = ¢;, ...e;, , has the form

Kokokkok @ kkkokk €y ...€) ,kkokkoko € | kkokokk,
—— —— —— ——

wi w2 Wk—1 Wk

Here, each w; is a subword of length 2n with 2¢; letters x and 2n — 2¢; letters y. The two
consecutive subwords (blocks) w; and wj4 are separated by the letter ¢;; from w. For

example, for n = 2 and k = 1, we have £2 {0, 1,2}, so
W@, (0)) = {yyyy}, W/ (@, () = {xxxx},
W@, (1)) = {xxyy, Xyxy, Xyyx, yXxy, yxyx, yyxx}.
Forn = k = 2, the set Wj (x, (1, 0)) is
{XXyyxyyyy, XyXyxyyyy, Xyyxxyyyy, yXxyxyyyy, yXyXxyyyy, yyxXxxyyyy}.

The set W;‘ (x, (1, 2)) is similar except that one replaces the last four y’s by four x’s. With
this definition, we introduce the symmetrized signatures

S'w, 0 = (@m)H* YT Cc@). 2.3)
weW (w,0)

Recalling the definitions of Ag—_i, Ay, jx and Ay; y in (1.5) and (1.6), we have the follow-
ing proposition.

Proposition 2.2. Fix integers k and n. Let w = ¢;, ...e;_, and £ = {€y, ..., L} € L.
Then the quantity S,%" (w, £) defined above has the expression

2 (w, 0) = / yu, ( )(Aum I(Au ) du. (2.4)
Ap-1 j=1 j

Proof. By the definition of W2" (w, £) in (2.2), we have

Z C(w')

w' eW (w,0)

k . .
1 il il X ;
= | | _ . . dy l.-.-dyzn)dy”.-.dyk"
\/l;EAkl j:1<(2éj)'(2n - 2£])' uj,1<v{ vén<uj U{ Uén “ e

.....

where w = (u1, ..., ux—1), up = 0, uy = 1, and for each j, the word w; = e, €
Bl 2n
consists of 2¢; letters x and 2n — 2¢; letters y. Thus, we have

-]
/ . . d'}/;; d)/ 2)1 (Au’jx)zej (Au’jy)ZIllej ,
1

and (2.4) follows immediately. ]
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We will see below that these S,%” (w, £)’s are the only quantities we will use to recover the
unsigned directions of each piece in our piecewise linear approximation. It is the recovery
of the sign of each direction that requires more information on the signature other than
the S,f" ’s. We will introduce those additional quantities only when it becomes necessary.

Remark 2.3. We emphasize that (2.3) is the definition of the symmetrized signature;
this information is available to us from the signature X. On the other hand, (2.4) is an
expression of this quantity, and we will make use of this expression later to prove a priori
bounds of the symmetrized signature.

Remark 2.4. The reason why we insert a letter ¢;; between any two consecutive sym-
metrized blocks is to let S,%" (w, £) have a closed form expression as in (2.4). This is
mainly for technical convenience, and we expect results in the next section still hold true
when the symmetrization is taken without using these e;; to separate blocks. Also, the
symmetrization is taken only over even numbers of x’s and y’s in each block. This is to
avoid cancellations of different signs inside the integration on the right hand side of (2.4).

Before we proceed, we first give a heuristic explanation how the quantities S,f” (w, £)
can help recover the unsigned directions of each segment of the path. For a fixed word
w = e ...ej_,,using Proposition 2.2 and then summing over £ € L} we get

1 k—1 n k
> Siw. 0= / [ 17 [ [(Aujx + 2w i)™ + (Aujx — Aujy)™) du.
Leln Ap—1 =1 =1
k J J (2.5)

If n > k, it is natural to expect that the above integrand has magnitude of order
Cr ]_[;-‘:l |Au,jy|2”, where |Ay, jy| = |Ay,jx| + |Ay,jyl is defined in (1.7). This sug-
gests

k
DS w, o) ~ Ck/ []1Au v du. (2.6)

w: |w|=k—12eL" Akt j=1

By the concentration properties of the integral | Ars ]_[j [ Ay, jy|2" du (which will be
proven and quantified in the next section) as well as the normal approximation to bi-
nomials, it turns out that as long as we sum the S,%”(w, £)’s over a very small range of
£ € L} such that
ﬁj |ij| .
—~——  j=1,...k, 2.7
n—{; [A;y]
the sum will also be “close” to its possible maximum—the right hand side of (2.6). On the
other hand, if any £; is away from the range in (2.7), then the sum of the S,%" (w, £)’s will
be negligible compared to (2.6). Then, similar to Example 2.1, “observing” which range
of ¢; maximizes the sum of the 8,3"(w, £)’s will recover asymptotically the unsigned
directions of each piece. We will precisely formulate and prove this heuristic in the next
sections.
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3. Concentration of symmetrized signatures

The aim of this section is to prove a quantitative statement about the concentration prop-
erty of the integral

k
[]1AujyI" du 3.1)
Ag-1 j=1
when n > k, where |Ay ;y| is the magnitude of the increment of y in [u;_1, u;] as
defined in (1.7). This concentration property roughly states that although the integration
is taken over the whole simplex, when 7 is large, almost all the contribution comes from
a very small subset of Ai_1. In fact, the domain of concentration is around the points
u € Ag_; such that the product [ | j |Ay, jy|is maximized, and these maximizers cannot

be far away from the standard dissection sy = {j/ k}f;}. A quantitative statement will
be given in Proposition 3.3 below. As a consequence, we will obtain in Theorem 3.4
a precise quantitative characterization of the “heuristic” (2.6). Throughout, we assume
y . [0,1] — R2 is at natural parametrization with respect to 2! norm, y el 1 and § is
the modulus of continuity of y.

Lemma 3.1. Let k be an integer such that §(1/k) < L2, where L is the £' length of y.
Then, for every j =1, ..., k, we have

L—458(1/k) L

— <Ay < —,

o S lArl=g

where |Ajy| = |Ajx|+|A;y| is the magnitude of the increment of y in [(j — D)/ k, j/k],
as defined in (1.8).
Proof. The inequality |A;y| < L/k follows immediately from the assumption that y is
at natural parametrization.

For the lower bound, for each j = 1,..., k, welet I; = [(j — 1)/k, j/k]. If both X,
and y, keep their signs unchanged in the interval /;, then we have

/)'c,,du =/ | X, | du, ‘f Yy du =/ |yu|du,
1 1 i 1j

and it follows immediately that |A;y| = L/k. If not, then either x or y is 0 at some
point u in the interval /;. Suppose without loss of generality that y,, = O for some u € I;
then we have

sup |yul = 8(1/k),

MEIj

which in turn gives
|Xul = L —8(1/k) = L/2

for all u € I;. In particular, the continuity of x,, implies that it does not change sign in /;.

Thus, we have
L—6(1/k
/)'cudu =/ il du > 223070 O
I I k

J J

[Ajy] =
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Lemma 3.1 says that at u = s = {j/k}, the product ]_[j |Ajy| is close to its largest
possible value. On the other hand, if any u; is far away from j/k, then [ ] j 1Ay, jy | must
be small. This is the content of the following lemma. ‘

Lemma 3.2. Let k be an integer such that §(1/k) < L/2, andletu = {uy < --- < up—_1}
€ Aj—1. Recall from (1.4) that

_ 8(1/k) 1
Ek—\/z( 7 +ﬁ>

If luj — j/k| > € for some 1 < j <k, then

k
1
[T0awiri/izmD < - 32)
i=1
Proof. Since the left hand side of (3.2) is invariant under rescaling of length, we can
assume without loss of generality that L = 1. Suppose
uj — ]/k =€

for some j and some €. Then u; = j/k + €, and the sums of all increments before and
after time ¢ = u; satisfy

j i k k—

Y lAwivl =S +e D Awivl = — —e (3.3)

. k e k
i=1 i=j+1

Note that here we do not require € to be positive. By the bound (3.3), the best possible

maximum one can hope for [[; |Ay,;¥| is when

1 € 1 €
[Aw,iy| = X +-, Vi<j and |Ayiyl=-—-——, Vizj+1,
J k k—j

k 1 e\ /1 € k=j
||A VI <l-+-— - — .
H “”y"(k+j) (k k—j)

Since §(1/k) < L/2, we can apply Lemma 3.1 to get

(1+ pe) /P (1 — ge)l/a\*
( 1-8(1/k) )

which gives

k
[[aawivi/iAivD < (34)

i=1
where p = k/j and g = k/(k — j). Now, let
f@) =1+ p0)lP A — g0t/
then f is defined on the interval [—1/p, 1/q] = [—j/k, 1 — j/k], and has derivative

f)==(p+ )+ px)~ 11 —gx)~/Px.
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For x € [0, 1/q], f/(x) is negative and satisfies
1f'@l= p+a)d+p/e)Vix = (p+9"Pq"x = x.

Similarly, for x € [—1/p, 0], f'(x) is positive and satisfies f/(x) > |x|. Noting that
f(0) =1, we then deduce

f)<1-x%2, xel-1/p.1/q].
Plugging this bound into (3.4) with x = € (noting that € could be negative), we get

1—€2)2 )"

k
EuAu,iw/mm) < <T(1/k)

It is then clear that if 62/2 > 6(1/k) + 1/k, we will necessarily have

k N1
[Tdaawivi/iAivD < (1 — E) <-.
i=1

e

The case of general length L is essentially the same except one replaces §(1/k) by
8(1/k)/L. O

In view of Lemma 3.2, we set
Ex—y:={(ur1,...,up—1) : lu; — j/kl <e, j=1,....,k— 1} (3.5
We can now prove the following concentration property.

Proposition 3.3. For every integer k such that 5(1/k) < L/2 and every integer n, we
have

k k
/ [T1Aw yI"du= (1 =gk [ TT|Awy"du. (3.6
Ap—1NEk—1 j=1 Ag-1 j=1

Proof. Letk > K, and set

. 1 .
Sk_lz{v:(vl,...,vk_l):|vj—]/k| <W, ]:1,...,k—1}.
Then, foranyve &_jand j =1, ..., k, we have
L
1A YT =181 = Tvoy = vigkl + I = vl < o5 (3.7)

Since 6(1/k) < L/2, we have L < 2(L — §(1/k)), so it follows from (3.7) and then

Lemma 3.1 that
L—45(1/k) 1
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Since (1 - ﬁ)k is increasing in k, multiplying over j from 1 to k we get

k k k

2 _
[Tiavviz ST =211y (3.8)
j=I j=I j=I

for all v € &—1. Now, raising both sides of (3.8) to power n and using Lemma 3.2, we
get

k k
[T1awiy" <e 2T ]IAv ", Yue A NE( . ve& .
j=l j=l

Averaging both sides above in their respective domains, and noting -1 C Ag_1, we
deduce that

k k
/ [[1Au vI"du < Cre™? / [T1auwjvI"du, (3.9)
A1NEL_y =1 Ap-1 j=1
where X
C; — |Ak—1 N E;_]
&1l

and | - | denotes the volume of a set. Since |Ax_; N E1371| < |Ak—1]l = 1/((k — 1)!) and
11| = (6k*)~*~D using the bound

k
log(k!) > / logxdx = klogk — (k — 1)
1

and the fact that (1 + ﬁ)k_l < e for all k, we obtain the estimate
Cr < (6ek) 1.

The conclusion of the theorem follows by plugging this estimate into (3.9) and noting that
(k — 1) log(6ek) < 3klogk. O
Proposition 3.3 (and also Theorem 3.4 below) will be useful when n > k log k, in which
case the integral f Ars ]—[j-‘z1 [Au,jy |k is concentrated on the subdomain Ay_1NE;_1. As

a consequence, the sum of the symmetrized signatures S (w, £) cannot be too far away
from its maximal possible value as n — oo. This is the content of the following theorem.

Theorem 3.4. For every k such that 8 2¢€;) < L /6, there exists a word w* of length k — 1
such that for every n, we have

3 3 L
Z |S]g"(w*, 0| > (6_k_<1+6_k>e3klogk—n)Lk—l 1_[ |Au,j)/|2n du, (3.10)

LeLy A1 j=1

where L} is the set of multi-indices as defined in (2.1).
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Proof. For any word w of length k — 1, by (2.4), we have

D IS w, 0] = / HZ( )(A O (A jy) 7 du), (3.11)
Ag- lj= 1

Lel] j=1¢=

where we have interchanged the sum over £ and the product over j since different com-
ponents of £ are summed up independently. The integrand of the right hand side of

(3.11) can be split into two parts: the product of pointwise derivatives ))ul‘j., whose “di-
rection” i; is given by the j-th letter in the word w, and the product of the increments

Zej (222) (Ay, ;)% (Ay, jy)*" =24 . For the latter, since

n
2n , Y
> (2E~> (Au, i) (A ;) > 720 = 7 (B jx + Au i)+ (Aujx = Bu j0)™),
=0 \7

which is bounded from above by [Ay ;¥ |2 and from below by %lAu, iV |2, we have the
bound

1 k k n m . o k
7 DAy =TT (Mj) (A i) (A )2 < [T1AwvI. (3.12)

j=1 j=1¢=0 j=1

Now we look at the first part of the integrand, ]_[ 1 yu Since we hope the whole integral
on the right hand side of (3.11) to be concentrated on the domain A;_1NE,_1, we choose
aword w* = ¢;, ...e;_, such that

¥l = L/3 (3.13)

for all j and all u € Ej_;. This also guarantees that none of the VLZ ’s changes its sign
in this domain. The main purpose of choosing w* in this way is to ensure that the term
]_[j VLZ does not cause any degeneracy or cancellations of the integral in its domain of
concentration Ag_; N Ex_1. The continuity of y ensures that we can always find such a
word as long as §(2¢;) < L/6.

We now decompose the integral on the right hand side of (3.11) into two disjoint
domains: Ay_1NEr_1and Ap_1 N E |- For the first one, since the product ]_[] 1 J),,j' is
bounded away from 0 by (L/3)*~! and does not change its sign in Ex_1, and the rest of
the integrand is always positive as it only contains even powers, we can move the absolute
value into the integral to get

k

fA Hy ]"[Z( )(Aum 29 (Ag,j)*" 2 du

k—1NEx—1 j=1 j=1¢,=0

z—(;) (1 — eHlogh=m) 1‘[|Au,y|2"du (3.14)

k
2 Ak-1 j=1
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where we have used the lower bound in (3.12) to reduce the integrand to
27KT1; 1Au,j¥|*", the bound (3.13) to replace []; |;>,Z.| by (L/3)*~!, and Proposi-
tion 3.3 to enlarge the domain of integration to Ax_j with a compensation of the factor
1 — ¢3klogk=n Note that the exponent here is 3k log k — n instead of 3k log k — n/2 since
the power of |Ay jy|is 2n.

For the integration over the domain Ax_ N E}_, it follows from |y,;j | < L, the upper
bound in (3.12) and Proposition 3.3 that it is bounded by

k
e3klogk—nLk—1 / 1_[ |Au,j)/|2n du. (315)
A1 j=1
Combining (3.14) and (3.15), we obtain (3.10). ]

4. Reconstructing the path

We are now ready to reconstruct the path from its signature. Recall from (1.4) that
me = 8(3ex) + L/Vk.

Our aim is to find parameters p; € [0, 1], af, aiy € {*1} and L € R such that

sup sup |L(afpj,a] (1= pj)) = yul < Cmg 4.1)
I<j<kuel(j—1)/k,j/k] |

for all large enough k, where C is some constant depending on y only. In what follows, we

will recover these parameters in the order of pj, a]).‘, ajy , and finally L. We will also give

in Theorem 4.17 the precise value of the constant C and a quantitative characterization of
how large k has to be.

Remark 4.1. As for the magnitude of g, if y € C* for some « € (0, 1), then
e < M + L Sk—a/{
Lk
and consequently
k= 8Ger) + L/Vk < k2,
The readers might wonder why we add the additional term L/~/k to the definition of 7.
In fact, as long as y is not a straight line, there exists A > 0 such that

8(3ex) > 3rex > 30/ Vk.

Thus, L/vk < C8(3¢;), and adding L/+/k does not change the magnitude of n; for
large k. Since we will need a lower bound for 7, in Theorem 4.4 below, this additional
term will save us from introducing the new constant A.
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4.1. The unsigned directions

We start with the recovery of the unsigned directions p;. At this stage, we only use the
quantities S,%"(w, £) which can be obtained from symmetrization of the signature as in
(2.3) and have an expression as in (2.4). Recall from Section 1.3 that

Ajx =Xj/k = X(j=D/ks  DjYy =Yi/k = Yi-/ks Ay =1Ax] + Ayl

Since we expect p; to be close to the increment ofy |[(j—1)/k, j/k]» it is natural to introduce
for each j the unique real number r; € [0, 1] such that

[Ajx|:|Ajyl =rj: (1 —71j).
Also recall from (3.5) the definition of Ej_1, which we will be frequently using through-
out this section. The following two elementary lemmas will be useful.
Lemma 4.2. For every k such that §(3€;) < L/2 and everyu € Ap_1 N Er_1, we have
[Ay, jXx | _
1<j<kl|Au, ;¥
Proof. Fixue Ap_1NEr_1and1 < j <k.Let

Nk
e

rjl < “4.2)

L .
Q= [’T—ek, i+ek} N[0, 11.

Then Q; O ([(j — D/k, j/klU [uj—1,u;]) and |Q;| < 3e. It suffices to prove (4.2) in
the case when |x,| > L/2 for some v € Qj, for otherwise we would have |y,| > L/2 for
some v € Q; and can get (4.2) through

Ay ix Ay i
| u,j |—rj _ | u,])’|_(l_rj).
|Au,jV| ’ |Au,j7/| ’
Since |xy| > L/2 for some v € Q;, and since |Q;| < 3¢, and §(3¢x) < L/2, we have
inf |x;] > 0.
GQj

In particular, x is monotone in Q; and X does not change its sign. If y is also monotone
in Q;, then |Ay,jy| = L(uj —uj—1) and |A;y| = L/k. Thus, there exist v, v € Q; such
that . .

[Au,jx| %] |5

—_— s }"j =

|Au,j¥I L L
and (4.2) follows since |v — V] < |Q;| < 3e. If y is not monotone in Q;, then there
exists s € Q; such that y; = 0, and we have the bound

’

inf %, > L — 8(e).
ter

This implies that
L — 5(3¢g) - [Ay, ;x| <1 L — 5Qer) <,
L |Ay,j7I L
and the bound (4.2) follows immediately. ]

Sl’
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Lemma4.3. Letm > 1. Forevery{ =0, ..., m and p € [0, 1] we have
('Z) pz(l _ p)m—z < me—mxz/z’

where x == 4{/m — p € [-p, 1 — p].
Proof. The conclusion is clearly true if p = 0 or 1. For p € (0, 1), using the estimate

¢ £+1
Elogﬁ—(ﬂ—l):/ logx dx <10g(€!)<f logxdx =W+ 1)log¢ +1) —¢
1 1

as well as those for (m — £)! and m!, we obtain the bound

_(m i p p+x q g—x-m
=)l (%) T

where x =¢/m — p € [—p,qlandg =1 — p. Let

g(x) := (p +x)(log p —log(p + x)) + (¢ — x)(logg — log(g — x)).

It is straightforward to check that

X
"x) =log(1 — ———
&) Og( q(p+x))

satisfies g’(x) < —x for x € [0, ¢] and g'(x) > |x| for x € [—p, 0]. As a consequence,
we have

g(x) < —x*/2, xel-p.ql,

fx) =me™™ < me~m¥’/2, O
We are now ready to prove the following main theorem about the unsigned directions.

Theorem 4.4. For any k > 2 such that ny < L/6, n = 4k logkand j = 1,...,k we
have

>oostwool) /(X X Istw, o)

lwl=k—1€:1¢;/n—rj|>2n/L lwi=k—1LeLy s(12 ¢
< 16k k_4 s (4.3)

where the sum for w is taken over all words with length k — 1, and in the numerator, the
sum for multi-indices £ is taken over all £ € L} such that |€;/n —rj| > 2ny /L.
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Proof. Since both the numerator and denominator on the left hand side of (4.3) scale like
L2Hk=1 e can assume that L = 1. Now fix n and large k whose values will be chosen
later, and also fix 1 < j < k. Since |y| = 1, for any word w of length k — 1 we have

k
|S,3”(w, e)| S €3k10gk_n 1_[ |Au,iV|2n dll
18 /n—ri|>2nk Aj—1j=1
20 2n—2¢; k
2n [Au, x|\ (| Au, Y] J
+/ > <2g.> ( - - [T1Awiv ™ du,
Ap_1NE;_q |(j/n7rj|>2'7k J | u,]V| | u,])/| i=1

4.4)

where we have split the integral into two disjoint domains and applied Proposition 3.3 to
bound the one on A1 N E,i_l. The range of the sum is |[¢; /n — rj| > 2n; since we have
assumed L = 1.

Now we need to bound the integrand for the second term on the right hand side of
4.4).Fixue Ag_1 N Eg_1, and let

|Ay, x|
pP=T
|Au,j)/|
Lemma 4.2 implies that if [¢; /n — rj| > 2ny, then we must have |£;/n — p| > n;. Thus,
using Lemma 4.3, we obtain the pointwise bound
2 2
) < 2ne "k,

2n P2 (1= p)2 < 2nexp( —n
20

Since this bound holds for all u € A1 N Ex_; (recall that p depends on u) and all ¢;
such that |[£;/n — rj| > 2ng, we get

2¢; 2n—2¢;
Ay ix T Ay, 7
21’1) (| u,j |> <| u,]y|> 52}’1267"”1%, Vue Apy N Er .
26] |Au,j7/| |Au,j)’|

E.
L —p
n

1€ /n—rj|>2n; (

Now, plugging the above pointwise bound into (4.4) and summing over all words w with
length k — 1, we obtain an upper bound for the numerator in (4.3):

k
>y IS (w, O < Cos [ []1AuwivI* du, (4.5)

W L€ /n—rj|=2nk/L Ag-1 j=1
where
Cie i= 2871 (H102k=n 4 21 (4.6)
Applying Theorem 3.4, we have a lower bound for the denominator ), > ", |S,%” (w, £)|
in (4.3), which, when combined with (4.5) and (4.6), implies that the left hand side of
(4.3) is bounded by

k=1 (g3klogk—n 2nze—nq,§)

3/6k —(1+ 3/6k)e3klogk—n ’
The theorem then follows by taking n = 4k”log k and noting that n,% > 1/k (recall we
have set L = 1). ]




1674 Terry J. Lyons, Weijun Xu

Remark 4.5. Note that the left hand side of (4.3) is always smaller than 1, so the theorem
is meaningful when the right hand side also falls below 1, which is the case when k > 4
(in fact it is already smaller than 1/8 when k = 4).

The following easy corollary enables one to select the directions p; (up to sign) for our
piecewise linear approximation.

Corollary 4.6 (Choosing directions). Let k > 4 be such that n, < L/6. For each 0 <
J =< k, there exists p; € [0, 1] such that

|S,§"(w,e)|)/< > |$,§"(w,e)|) > % @.7)

[wl=k—1£:1€; /n—p;|<2ni /L lw|=k—1 L}
where in the numerator, the sum over £ in the appropriate subset of L™ is implicit. More-
over, if { p;j };f: | is any set that satisfies (4.7), then we must have
loj —rjl <d4m/L  forall j=1,... k.
Proof. The existence of the set {p;} that satisfies (4.7) follows directly by setting p; = ;

and applying Theorem 4.4. Conversely, if | p; —r;| > 4ni /L for some j, then [£; /n—p;| <

2nk /L implies that
[£j/n —rjl > 2ni /L.

By Theorem 4.4, this set of {p;} must violate (4.7). This completes the proof. m]

Remark 4.7. Note that on the left hand side of (4.7), there is only information that is
available from the signature of y. If we choose {p;} according to (4.7), then Corollary
4.6 guarantees that the unsigned directions we recover from the signature must be close
to the true directions {r;}.

Remark 4.8. The readers might have noticed that the criterion of choosing the p;’s above
involves the knowledge of n. This is of course not a problem if we know the modulus of
continuity of y in advance, as in this case

/L = 8GBe)/L+1/vk

is explicitly known. But even if that information is not available, we can always choose a
sequence o which decreases to 0 slowly enough such that oy > 21 /L, and replace the
range of the sum in the numerator of (4.7) by

:14;/n — pjl < a.
The directions {p;} chosen in this way satisfy
lpj — rjl <ok +2ni/L,

which still goes to 0 as k — oo, but at a slower rate than 7.

4.2. The signs

We now turn to the recovery of the sign of the direction of each piece. For this, we
need to move one level up in the signatures, which requires more information than the
S (w, £)’s.
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We look at the signature at level 2nk + k (in addition to the level 2nk + k — 1 before),
and divide it into k blocks of size 2n except one of them which has size 2n + 1, still with

one letter separating consecutive blocks. More precisely, for any word w = ¢;, ...¢;,_,,
any multi-index £ € CZ, andany 1 <i <k, welet W,f’i N (w, €) denote the set of words

l
W = Wy *kej k- ke ;| * Wk

such that |wj|y = 2n — 2¢; for every 1 < j < k, |wj[y = 2£j for every j # i,
but |w;|, = 2¢; + 1. The set W L (w, £) is different from W, (w £) defined in (2.2)
in that the i-th block has size 2n + 1 instead of 2n, and contams 2¢; + 1 x’s instead
of 2¢;. We define the set Wz’”i’y(w, £) in the same way except that |w;|, = 2¢; and
|lwily =2n — 2¢; + 1.

We then define

St w0 =@+ D@t > cw),

w’eWi’;J(w,l)

St (w0 = @n+DE@mHE > cw.

weW? (w,4)

k,i,y

(4.8)

The aim of introducing these quantities is to recover the sign of x and y directions in the
i-th piece of the path via comparison with S,%" (w, £). Similar to (2.4), we have

klx(w l) /
Ak-1 j=1

§

2n+1 N2+ N2n—20;
(2[1 + 1) (All,l-x) (All,ly)

H(zﬁ)mu,x) 9 (M) dn,  (49)
J#

and

2n +1 . )
Sehy(w. &) = / y( 20 )(Au,im%mu,iy)z”“ 2
Ak-1 j=1 t

11 (2”> (A )2 (Ag i) ? 2 du. (4.10)
J#

Again, we emphasize that (4.8) is the information available from the signature, while (4.9)
and (4.10) are expressions for these quantities.

Unlike in choosing unsigned directions where we sum up the S,g”(w, £)’s over all
words w that have length & — 1 (see Corollary 4.6), in what follows we will use the
quantities (4.8) with only one particular word w*. We choose this word as follows. Let
{p;} be the set of unsigned directions chosen according to Corollary 4.6; then for each
j=1,...,k—1,welet

if p; > 1/2,
eijzix ifpj =1/ @.11)

y ifp; <1/2,
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and we set
w=e...€,_,. 4.12)

The word w* chosen above guarantees that [ | j yLZ is bounded away from O in the region
Ay—1 N Ex_1. This is the content of the following proposition.

Proposition 4.9. Let k be large enough that ny < L/32, and let w* be the word chosen
according to (4.11) and (4.12). Then, forallu € Ex_yandall j =1, ...,k — 1, we have

Y| > L/3

and y,Z does not change its sign in the domain Ej_,.

Proof. Fix k as in the assumptionand 1 < j < k — 1. If p; > 1/2, then e; = X, and
Corollary 4.6 implies
rj > 1/2—4n/L > 3/8.

Thus, there exist v, v € [(j — 1)/k, j/k] such that |%,| > %(I)&vl + |ys]). Using |y5] =
L — |xj|, we see that either |x,| or |x;| is bigger than 3L /8. If u € E_, then both |u — v|
and |u — v| are smaller than 2e¢g, so it follows that (recall n; > §(3¢;))

|Xu;| >3L/8 —nk > 3L/8 — L/32 > L/3.
Similarly, |yy;| > L/3 for allu € E}— if pj < 1/2. In particular, the continuity of the
derivatives ensures these xuj ’s and y,, ; ’s do not change their signs in Ej_j. O

Note that the word w* chosen above has all the properties we have used in Theorem 3.4.
Theorem 3.4 only gives the existence of such a word, but here we choose it explicitly,
making use of the recovery of the unsigned directions. We now determine the signs of the
i-th piece as follows.

Definition 4.10 (Determining the signs). Fix k > 4 such that §(1/k) < L/6, and let
n = 4k> log k. Let w* be the word chosen according to (4.11) and (4.12). We then choose
the signs a, a; € {%1} for the i-th linear piece by setting
Yeern S, 0)
if " >
ZZGLZ Siix (W, &)
: L Yeery S w0
-1 if o " <
Zeeﬁ',; Sk,i,x(w )

)

0;

the choice for aiy is the same except that one replaces S,%’: L(w*, ) by S (w*, ).

kii,y

It appears that the above choices of the signs depend on &, and the choices may be different
if k changes. But it turns out that the choices above remain stable for all sufficiently
large k, and they indeed give the correct signs as long as the directions are not close to
degenerate. The rest of this subsection will be devoted to the verification of this stability.
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Theorem 4.11. Let k > 4 be so large that n;, < L/32, and n = 4k*logk. If r; > 2ni/L,

then
1

>
Yo SO | T eeL

2 1
Z({ Sk,ni,x(w*’ e) < _66kL lf A,-x < 0.

ifA,-x > 0,

Similarly, if ri <1 —2n/L, then
1
Zl S]%n(w*7e) - 6EkL

2 1
2o Siiy WO | “6al if Aiy <0.

All the sums above are taken over £ € /.:Z, and Aijx and A;y are defined in (1.8).

\

if Ajy >0,

Remark 4.12. The above theorem guarantees that as long as the i-th piece of y is not
too horizontal or vertical (which corresponds to the assumptions r; > 2n;/L and r; <
1—2n /L), then the choices in Definition 4.10 do give the correct signs for all sufficiently
large k. The cases r; < 2ni/L and r; > 1 — 25y /L are not covered, but since the i-th
piece would then be almost horizontal or vertical, the choice of the sign would not affect
accuracy.

Proof of Theorem 4.11. We only prove the first case when r; > 2n;/L and Ajx > O;
the other three cases are essentially the same. By the expressions (2.4) and (4.9), we can
write

YOSt o= Nwdu, Y S (w0 = D(u) du.

X
teL] Akt teLy Akt

Here,

=
N = [T [T(Aujx + Au i)™ + (Aujx = A i»)™),
j=1

1j<
[l

o ! (4.13)
L 7.4 iy y
D) = o [T 7 - [T((Aujx + A ) ™0 + (Au i = Aa j3) > H00),
j=1 j=1
where §; ; = 1if j = i and O otherwise. We now need to estimate the ratio of two

integrals, both over A_1. As before, we decompose both integrals into Ay_1 N E}_1 and
Ar—1 N E}_,. We postpone the estimate of the latter to the next lemma, and first consider
the quantity

fAk—lmEk—l N(u)du

. (4.14)
fAk—lﬁEk—l D(u) du
We hope to control this ratio by means of a pointwise bound on
N AuiX + Agiy)? + (Ayix — Ayiy)*
(u) N ( u,iX + u,ly) +( u,iX u,ly) weA NE. (4.15)

D) (Agix + Awi )2+ (Ayix — Agiy)2



1678 Terry J. Lyons, Weijun Xu

For this, we first note that as in Proposition 4.9, the assumption r; > 2 /L implies that
|Xy| > 2ng for some v € [(i — 1)/k,i/k]. Also, since A;x > 0 and 2n; > §(1/k), we
actually have x, > 2n;. If u € E;_1, we will have |u; — v| < 2¢; and hence

Xu; > 20k — 8(2€k) > ni. (4.16)
In particular, this implies Ay ;x is positive and so is A'(u)/D(u) for allu € E;_;. Since
max{|Ay,;x + Au,i¥|, |Auix — Au,i¥l} = [Au,i VI,
we then have the bound
N(u) 1 1
> >
D) = [Agiyl ~ 3&lL

for all u € E;_. Note that the choice of the word w* guarantees both N (u) and D(u)
keep their signs unchanged in the domain Ej_1, so the pointwise bound carries over to
the ratio of the integrals, which gives

fAk—lmEk—l N(w) du - 1
fAk—lﬂEk_| D(u)du ~ 3¢ L’

4.17)

The proof will be complete by combining (4.17) with Lemma 4.13 below. O
We now give a lemma which allows us to replace | Ar_y N(u)du/f Ar D(u) du by the
integrations over Ax_j N Ex_1 asin (4.14).

Lemma 4.13. Let N (u) and D(u) be as given above. Then

| Jaranee N@dul | [y npe D@ dul
<3,
| fAk—lﬁEk—l N () dul 3 | fAk,mEk,l D(u) dul

Proof. Since the word w* chosen above has all the properties we have used in Theorem
3.4, the first inequality in (4.18) follows as a direct consequence of Proposition 3.3 and
Theorem 3.4. For the second inequality, since it involves one more power of |Ay ;y|, we
first need a modified version of Proposition 3.3.

Let &—_1 be the same set as defined in Proposition 3.3, so we have

1
=. 4.18
<3 (4.18)

k k
[T1awyP <e " [TIAv 1. Yue A NE;_ |, veé&i.
j=1 j=1

On the other hand, as in Lemma 3.1, if §(2/k) < L/2 and v € &—_, we will have

L—8Q2/k) L _ |Ay,;
|Av,i)/| > # > — > M
2k 4k 4k
This then implies
k k
|Auwiv| [ 18wy P < dke™ Ay iy [ 1AV v 1 (4.19)

j=1 j=1
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forallue Ap_1 N E,ﬁ_l and v € &_1. We now arrive at the same situation as in Proposi-
tion 3.3 except that there is one more factor of 4k on the right hand side. Integrating both
sides above in their respective domains and then enlarging & to Ag_1, we get

k k
/ [T1Aw,y P du < 4ke?loekr / [[1Awy P du.  (4.20)
Ap—1NEL_y i Ap-1j=1
e are now ready to prove the second inequality in (4.18). By the expression (4.13), we
W d h di lity in (4.18). By th ion (4.13)
have the pointwise bound
k
D@ < L T 1Awv P9, Yue A,
j=1
so it follows from (4.20) that
k
f D(u) du < 4k LF13kloghk=n [T1Awy "% du. 4.21)
A 1NE;_, Ag-1 j=1

As for the integration of D(u) in Ax—1 N Ex—_1, we first note from (4.16) that Ay ;x is
positive with the lower bound

Nk
Agix > (Ui —ui—1) > Z|Au,i)’|,

and hence

Nk
(Awix + Awi )T 4 (Agix — Agi ) > (Agix)| Ay P > Z|Au,iy|2"“.

Thus, by the choice of w* and Proposition 4.9, we have

k-1
D)| >
D(w| =

k
l_[ | A,y P00, Va e Ay N Ex_1,
kﬁ il
where we have used ny > L/ Jk. Also, since the choice of w* and the positivity of
Ay i x guarantee that D(u) does not change its sign in the domain Ay_j N Ex_1, we can
interchange taking the absolute value and integration to get

Lk—l k
D(u) du| > | Ay, jy 200 du.
AklﬂEkl 6k\/z Ag—1NEk—1 ]1:[1

Applying (4.20), we can enlarge the domain of integration on the right hand side above

to Ay_1 and obtain
-l 3k log k d 2148
D(u) du (1 — 4ke"'08k—my |Au, VI o du.  (4.22)
AklmEkl 6k\/% Ag—1 ]l:[1 *

=
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Combining (4.21) and (4.22), and taking n = 4k* log k, we conclude the proof of the
lemma, as well as of Theorem 4.11. O

So far, we have recovered the unsigned directions {p;} as well the signs af , ajy . This
already gives us a unit-length piecewise linear path '

= %(91 * -k 0p), (4.23)

where 0; = (a;‘pj, ajy(l — pj)) for every j = 1, ..., k. Note that we have an abuse of
notation here as the j-th piece of 6 should really be the path 0;t fort € [(j — 1)/k, j/k]
instead of the direction (1/k)8;. But we choose to stay with (4.23) for notational simplic-
ity. We now end this subsection by showing that the piecewise linear ¢ is close to y when
the latter is normalized to have length 1.

Corollary 4.14. Fix an integer k > 4 such that n < L/32. Foreach j = 1,...,k, let
Pj> aj-‘ and ajy be as in Corollary 4.6 and Definition 4.10. For each j = 1, ...k, let

0; = (afpj,ajy(l - pj)).

Then the signed directions 0; satisfy

Aj Aj 12
0; —( il >‘ <k (4.24)
Ayl 1Ayl L
forevery j =1, ..., k. As a consequence,
Yu 16nk
sup sup 0 — —| < ——
1<j<kuel(j=D/k,j/k] L L

Proof. Since for each j, we have
Vu < Ajx  Ajy )' 4k

sup - — )| < —,

uel(j—1/k.j/kll L [Ajy] 1Ajv] L

it suffices to prove (4.24). If r; € [2nx/L, 1 — 21 /L], then by Definition 4.10 and Theo-

rem4.11, a¥ and a] have the same signs as A jx and A;y, respectively. Thus, by Corollary
. J

4.6, we have

A.,'x

Ay

and the same bound is true for |ajy(1 - pj) — @—’f)m. This proves (4.24) when r; €
J

[2nk/L, 1 —2ng/L].
If r; > 1 — 2ny/L, the bound (4.25) for the x-direction is still true, but the bound for
the y-direction becomes

Ank
e 4.25
1 (4.25)

a; pj =lpj —rjl <

X
J

Ajy ‘ 81k
=U=-p)+UA—-r)<—,

A7 j J I

since Corollary 4.6 forces p; to be bigger than 1 — 65, /L. Combining this bound with

(4.25), we get (4.24) when r; > 1 — 2n/L. The case when r; < 2n;/L follows in the

same way. O

ai(1—pj) —
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4.3. Length

We have now recovered from the signature the piecewise linear path ¢ with unit length,
which is shown in Corollary 4.14 to be close to the “normalized” y. Thus, the only re-
maining quantity to be determined is L, which is expected to approximate the £! length
of y. We can achieve this by a simple scaling argument.

Let ¢ be the unit piecewise linear path as in (4.23). Let m be the smallest integer such
that Cy, (w) # 0 for some |w| = m, where C,, (w) is the coefficient of the word w in the
signature of y. Fix that word w, and set

~ 1/m
L= (%) : (4.26)

Note that it is not obvious from the above expression that Lis always well defined, as the
denominator might just be 0, or C; (w) has a different sign with C,, (w) and m is even.

However, it turns out that for all sufficiently large k, L defined by (4.26) does make sense,
and is in fact close to the true length L. This is the content of the following theorem.

Theorem 4.15. Let k be large enough that

(m — D! .
Nk < 32L—*1|Cy(w)|' (4.27)

Then L introduced in (4.26) is well defined, and satisfies

32L™ny
(m — DICy ()|

Proof. If 0 is at natural parametrization, then

b=, wve (%,%).
If y is also at natural parametrization, then for almost every u = (u1, ..., uy) € Ay,
1 & i .
‘ L_ijI Vuj - ]l:! é‘u‘/

where we have used Corollary 4.14 and the fact that both |y|/L and || are uniformly
bounded by 1. Thus, the difference between the signatures (1/L™)C, () and C, (w) can
be bounded by

IL—L| < (4.28)

- 16mny
- L

)

1 B B 167,
‘L—mc,,(w) — C;(w)‘ < ( (4.29)

m— 1)L
Note that (4.27) and (4.29) together imply C;(w) has the same sign as Cy, (w), and
|Ce(w)| > |C,(w)|/(2L™). In particular, this shows L in (4.26) is well defined and
positive, so we have

L™ — L™ > L"YL-L|. (4.30)
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On the other hand, the lower bound |C; ()| > |Cy, (w)]/(2L™) implies

N C, (@ 16Lm! 32021
|Lm—Lm|:‘ r) yml o T _ T @3
Ce(w) (m = DICo(w)|  (m — DICy (w)]
Combining (4.30) and (4.31), we obtain the conclusion of the theorem. ]

Remark 4.16. Note that both the assumption (4.27) and the bound (4.28) give the correct
scaling in length, since ny scales linearly in L, and |C,, (w)]| scales as L™.

4.4. Summary of the procedure

We now summarize the inversion procedure developed in this section, and give its validity
as well as stability properties. Let k be a fixed large number whose value will be specified
in Theorem 4.17 below, and let n = 4k> log k. Recall the definition of n; from (1.4).
Also recall the definitions of the set £} from (2.1) and the symmetrized signatures S,f”,

Sff’j’x, Sf"J y from (2.3) and (4.8). The inversion procedure includes choosing for each
J =1,..., k areal number p; € [0, 1], aj’.‘, ajy € {—1,1} and L € R* in the following
way.

1. Foreach j =1, ..., k, choose p; € [0, 1] according to Corollary 4.6 such that

1

> stwo)/( X Y istwol) > S 432)

[wl=k—1£:|¢; /n—p;|<2ni /L lwi=k—1¢LeLl}

where in the numerator the sum over £ is restricted to the indicated subset of £j. Any
set {p;} satisfying (4.32) can be used.’
2. Now we choose a word w* = ¢;, ...¢;,_, by setting

x ifp; > 1/2,
é;. =
g y ifp; <1/2,

and determine the signs aj’.‘ by

eery S, 0
i >
Zleﬁz Slg,nj,x(w*’ )
! - Deery S0
—1 if > <
Zeeﬁz S W, &)

)

07

3 Note that this step uses the knowledge of 7 /L, which is not directly available from the signa-
ture. However, we can still circumvent the problem even if we do not know 7 /L, at the cost of a
lower accuracy of the inversion procedure—see Remark 4.8.
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where w* is the word chosen above. The signs a}’ are determined in the same way

(w*, £) by S

except one replaces S iy

k,j.x
piecewise linear path

(w*, €). These two steps already produce a

¢ = %(91 * ook Og) (4.33)

as in (4.23), where 6; = (a;.‘,oj, ajy(l —pj)) foreach j =1,... k.

3. Let m be the smallest integer such that C,, (w) # 0 for some |w| = m, and we deter-
mine the length L by setting

~ 1/m
- (Zgﬁ) , 434)

where 6 is the path chosen in (4.33) above, and C, (w) and C; (w) are the coefficients
of w in the signature of y and 6, respectively.

The above three steps produce a piecewise linear path y of the form
p=L¢= T O ).

Note that given any set p; € [0, 1], the choices for a]’.‘ and ajy are always well defined. For

large enough k, the choices for the parameters {p;} and L are also well defined, and the
path y will turn out to be close to the original path y in Lipschitz norm.

We first quantify how large k needs to be. All the statements before Section 4.3 (re-
covery of length) hold true when 1, < L/32. In order for L to be well defined (Theorem
4.15), one needs 7y to satisfy the condition (4.27). But since

ICy (w)| < L™ /m!

for every m and every |w| = m, the assumption (4.27) implies n; < L/32.
We are now ready to state our main theorem.

Theorem 4.17. Let m be the smallest integer such that C,, (w) # 0 for some word w with
|w| = m, and we fix that word. Let k > 4 be large enough that

(m — D! -
Nk < WW;/(U))L

and let n = 4k* log k. Then the above choices of parameters are well defined. In addition,
when y is at natural parametrization, we have the bound

N 2L
sup sup Iy — LO;| < 16nk<1 T —~>
1<)k uelG-D/k k] ! (m — D!Cy (w)]

where 6; = (a7 pj, a;(l — )
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Proof. By Corollary 4.14, for every j = 1, ..., k we have

sup |)/u — L9j| < 167]k.
uel(j=17/k,j/kl

By the bound on |L — L| from Theorem 4.15, and 16j] =1, we get

- 2Ln‘l
i — L6] < 16nk<1+—~)
Yu ™ & (m — DIC, (i)

forallu e [(j — 1)/k, j/k]andall j =1,... k. O

5. Higher dimensions

We now give a brief explanation of how the symmetrization procedure extends to the re-
covery of C! paths in dimension higher than 2 from their signatures. Let y = (!, ..., y9)
be a d-dimensional C! path at natural parametrization. For large enough integer k and
each 1 < j < k, we need to reconstruct from the signature of y a non-negative vector
pj = (p}, ...,p]‘.i) such that ) ; ,oj’: = 1, the signs a; e{£l}forl <i <d,and L € Rt
that approximates the £! length L of y.

As in the 2-dimensional case, we still symmetrize k blocks of size 2n with one letter
separating consecutive blocks. For any positive integers k and n, we let £} be the set of
multi-component multi-indices

d
- {ez(el,...,ek):ej=(z.‘.,...,z4), Y e =n, Vj:l,...,k}.
i=1

For every word w = ¢;, ...e;,_, and every £ € L], we define
W,?"(w,l) ={w = wy ke ke ke kWi W)l = 2@;, vi, j},
where ey, ..., e, are the standard basis elements of R4, Note that the assumption £ € Lz
together with |w;l,, = 2E;. implies |w;| = 2n for every j. Also, for any integers 1 <
p<kandl <gq <d,welet W,?"p q(w, £) be the set of words
w = wy ke ko ke | kW
such that |w;l,;, = 26;. if j # pori # q,but|wyle, = 25;1, + 1. In other words, the

definition for W,f’”p’q(w, £) is the same as W,?”(w, £) except that |wp|., = ZZ?, + 1, and
as a consequence |w,| = 2n + 1.
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Similar to (2.3) and (4.8), we define the symmetrized signatures Sgn(w,(’,) and

SZn

k,p,q(w’ ‘e) by

S (w, £) = (2m))* cw),
k
weW (w,0)
S w0 =+ D@ Y cw).
w'eWy, (w8

Finally, for every integer k, we define

[d—1Ds(1/k) 1 ) L
= 2 _— — 1, ::8 3 —_}
€k \/_( I + N Nk ( fk)‘f‘ﬁ

5.1)

(5.2)

where L is the ¢! length of y, and § is the modulus of continuity of y. Now, we let k be
a fixed integer whose value will be specified later, and let n = 2dk? log k. Similar to the
2-dimensional case, we have the following inversion algorithm to reconstruct y from its

signature.

1. Foreach 1 < j < k, we choose the unsigned direction

d
pjz(pjl,...,p]‘»i) such that ,o]l-ZO, ij’-:l
i=1

according to the criterion

2 > stw o) /(X X iswol) > 5.

w: [wl=k=1 ¢:sup; €} /n—pf|<3dni/L w: |w|=k—1LeLl}

Any element p; satisfying the above will suffice.
2. We choose the word w* = ¢;, ...e;,_, by setting

e; = e ifp} > pl, Vg #i.

If there are two or more maximizers, then any of them is suitable. We then determine

the signs a;‘. € {1} by

2n *
i Ze‘s;k (w*, 6) >
2o S (w*, )
] SZn * g
-1 if% <0
Dt Sk,j,i(w*’ L)

’

where all the sums are taken over £ € ﬁz.



1686 Terry J. Lyons, Weijun Xu

3. The recovery of length is exactly the same as in the 2-dimensional case. Let
0 = (ajl'ojl’ ""a.ldpjt'i)
be the unit vector (in £! sense) obtained from the previous two steps, and let
1
= =61 % %6).
k
In other words, ¢ is a piecewise linear path whose j-th piece is in the direction ¢; and
has length 1/k. We also let m be the smallest integer such that C,, () # 0 for some

|| = m, and determine L by
Z = (Cy(li))>1/m
Ce(w) '

where w can be any word with length m such that C,, (w) # 0.

Following the arguments for the 2-dimensional case, we can get the following theorem,
which gives the stability of the inversion algorithm for C! paths in RY.

Theorem 5.1. Let m be the smallest integer such that C,(w) # 0 for some W with
|w| = m. Let k > 2d be large enough that

(m — DYCy (w)]

= T6d + L1

and letn = 2dk*log k. Then for every 1 < j < k, the above choices of the parameters p >

{a; },4:1 and L are all well defined, and when y is at natural parametrization, we have

L oLm
sup  sup sup |yl — Lalpl| < 8(d+ 1)(1 + —~>’lk~
I<i<d 1<j<kuel(j—D/k.j/k] 7 (m — DI|Cy ()]

In other words, the reconstructed path

. L
Lt = (0% %60

is ni-close to the original path y in Lipschitz norm.

Remark 5.2. The proportionality constants in Theorem 4.17 for the 2-dimensional case
are better than the ones in Theorem 5.1 by simply setting d = 2. This is because when
d = 2, the assumption |X| + |y| = L implies that in many cases (for example, in
Lemma 4.2), the same optimal estimates hold for both x and y directions, while this
is not true in general when d > 3.
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