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Abstract. We prove continuity and surjectivity of the trace map onto L (R"), from a space of
functions of locally bounded variation, defined by the Carleson functional. The extension map is
constructed through a stopping time argument. This extends earlier work by Varopoulos in the
BMO case, related to the Corona Theorem. We also prove L, Carleson approximability results for
solutions to elliptic non-smooth divergence form equations, which generalize results in the case
p = oo by Hofmann, Kenig, Mayboroda and Pipher.
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1. Introduction

Estimates of traces u|yp of functions # : D — R in some given domain D, say in the
Euclidean space, are important in analysis, for example in boundary value problems for
partial differential equations. By local parametrization, it often suffices to consider the
case where D is the half-space

RY™ = {(t,x) : 1 > 0, x e R"}

and the traces are defined on the boundary BRH" =R" = {(0,x) : x € R"}. We shall
concentrate on this case here. A first problem is to show boundedness of the trace map

yu(t,x)— gx) = (yu)(x) :=u(, x).

This amounts to identifying norms || - ||p and || - |[p on the function spaces for u# and g
respectively such that an estimate | g|lap < |lu||p holds. A second problem is to deter-

mine whether y, as a map between the corresponding function spaces, is surjective. One
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wants that any g can be extended to some u# in D such that y(u) = g, with estimates

lullp < liglap-
The best known trace result is the Sobolev trace theorem. It states that the trace map

v HY(R]’_JHL) s HS_I/Z(R")

is bounded and surjective when s > 1/2. It is important to note that the Sobolev trace
theorem breaks down in the limit case of regularity s = 1/2, and does not yield a bounded
trace map onto the Lebesgue boundary space L;(R™). One way to solve this problem is

to consider instead the scale of Besov spaces By, ,, where the trace map

‘ s—1
y B;’q(Rf") — B;,,q /p(]R")

is bounded and surjective when s > 1/p. Here also y : BIIL/IP (Rf") — L,(R") is
bounded and surjective whenever 1 < p < oo, whereas the L, Sobolev scale of spaces is
H' =B ,.

Our first main result provides a new bounded and surjective trace map onto L, (R"),
from a space of functions of locally bounded variation in the half-space, with norm

IC(Vi)llL,®m,

using the Carleson functional

1
C = — d ,
wm(x) Zl;r; 0] //é Ll (2, )

for locally finite measures © on Rf”. Here the supremum is over all cubes Q0 C R”
containing x, and Q = (0,£(Q)) x Q denotes the Carleson box above Q, with side
length £(Q). Note that C (Vi) is well defined for any u € BV (le'" ) of locally bounded
variation.

In addition to the quantitative condition involving the norm [|C(Vu)| L, &), we also
need some decay at infinity, which can be assumed in various forms. The weakest condi-
tion suitable for our needs is

1
(lulw, :z—// lu(s, y)|dsdy — 0
O W@ ol wa o5

for all x € R", where we use averages over Whitney regions
W(t, x):={(s,y): cal < s/t <co, |y — x| <cit},

with some fixed parameters cg > 1 and ¢; > 0. The above convergence is in particular
implied by the stronger quantitative bound

Nu € L,(R"),
where

Nu(x) :=esssup |u(t, y)|, x € R",

ly—x|<t
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denotes the non-tangential maximal function. Indeed, it is easy to check that (|u|)w x) <
infyep(x,ery Nu(y) — Oast — oo if Nu € Ly(R"). Thus we have the nested interior
function spaces

V)= [u € BVioc(RY™) : C(Vu) € L,(R™), (ul)w,x —— Oforallx R"} )
V) = {u € BViee®R™) : C(Vu) € Lp,(R"), Nu € Lp(R")} D
VY i={ueC'®RY"): C(Vu) € L,(R"), Nu € L,(RM}.

With the help of these spaces, we formulate our first L, extension result:

Theorem 1.1. Let 1 < p < oo. Consider the normed linear function space VI(,) with norm

IC(V())lp- Then the trace yu of any u € VO, is well defined almost everywhere in the
sense of convergence of Whitney averages

(yu)(x) := lim |W(¢,x)|*‘// u(s,y)dsdy, xeR™
t—0t W(t,x)

The trace map y : Vg — L,(R") is well defined, and there exists c, < oo such that
Iyl @ < cpll VL, @

forallu e VI(,). Moreover, the trace map y is surjective, and given any g € L,(R") there

exists an extension u € VI(,) such that yu = g, with estimates
IC(V)llL,®y =< cpliglle,mm-
In fact, this extension may be chosen so that u € VN with the additional estimate

INullL,®m < cplgle, @,

and the pointwise non-tangential limits lim y)— (0, x),|y—x|<at U(t, ¥) = g(x) exist at
each Lebesgue point of g, for any fixed a < o0.

We remark that the extension operator g +— u is non-linear, even though y itself is of
course linear.

The corresponding trace result in the case p = oo, proved by Varopoulos [16, 17], is
that there is a bounded and surjective trace map

lulrn lBMO®RY) S I1C(VU)ll Lo (®N)s

and a corresponding non-linear bounded extension operator, where BMO(R") stands for
the John—Nirenberg space of functions of bounded mean oscillation. Following Varopou-
los [17], we obtain the extensions in Theorem 1.1 from a result on approximate exten-
sions of Lebesgue functions on R”. This main component of Theorem 1.1, contained in
our Theorem 1.2, generalizes well known techniques in the endpoint case p = oo related
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to the Corona Theorem, first proved by Carleson [3]. Our proof of Theorem 1.2, though,
is more in the spirit of Garnett [9, Ch. VIII, Thm. 6.1].

The statement below refers to dyadic versions of the non-tangential maximal func-
tional, the Carleson functional and the Hardy—Littlewood maximal functional, defined
respectively by

Npf(x):= sup sup [f(r, 9], Wo = (£(Q)/2,£(Q)) x Q,

Q:xeQ¢eD (t,y)eWp

1 —~
Cofw)i= s /élf(t,y)ldtdy, 0= (0, £(0)) x O,

Q:xeQeD

1
Mpg(x) := sup —/Ig(y)ldy,
0:xe0eD 10Ol Jo

where D is a system of dyadic cubes in R".

Theorem 1.2. Fix 1 < p < oo. Consider g € L,(R") and define the dyadic average
extension

u(t, x) ;= ][Qg(y)dy, (t,x) € Wop,

where Wg = (£(Q)/2,£(Q)) x Q denotes the dyadic Whitney region above a dyadic
cube Q C R" of side length £(Q). Then, for any 0 < € < 1, there exists f : R_l:'" - R
which is constant on each dyadic Whitney region, with pointwise estimates

Np(f —u) < eMpg, Cp(Vf) S e 'Mp(Mpg),
and implied norm estimates

INCf =L@y <e€lgle,@).  1CV I,y S e g, @)

Moreover, for any fixed o < 00, the non-tangential limits lim y)_ 0,x), |y—x|<ar f (&, Y)
=: f(0, x) exist almost everywhere, with || f (0, -) — gllz,®") < €llgllL,®n).

That the construction of approximate extensions f as above with control of C(V f) is
indeed non-trivial can be seen as follows. Consider a “lacunary” function, which in a
standard Haar basis would mean something like

u@) = Y (g —xep&), xeR,

0C(0,1), Q=27+

where the sum is over dyadic subintervals of (0, 1) of length at least 2%, and the sum-
mand involves the characteristic functions of the left and right dyadic children of Q. Then
one checks that [lull, < Vk, whereas the dyadic average extension u(z, x) is seen to sat-
isfy

C(Vu)(x) 2k forallx € (0, 1).
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Therefore the dyadic average extension, or the closely related Poisson extension, will
not satisfy the required estimates. Instead, Theorem 1.2 is proved using a stopping time
construction, where we modify the stopping condition used in the endpoint BMO case.

Our second main result is an approximation result analogous to Theorem 1.2, but with
the dyadic martingale u replaced by a solution u to an elliptic divergence form equation
divAVu =0in Rf". This generalizes results in the endpoint case p = oo by Garnett [9]
for the Laplace equation in R , by Dahlberg [5] for the Laplace equation on Lipschitz do-
mains in R”, and by Kenig, Koch, Pipher and Toro [13] and Hofmann, Kenig, Mayboroda
and Pipher [11] for divergence form equations on Lipschitz domains.

Theorem 1.3. Fix 1 < p < oo and coefficients A € Loo(R"; LR'™™)) which are
accretive in the sense that there exists Ao > 0 such that

(A(X)v, v) = Aalv)?

for almost all x € R" and all 0 # v € R, Then for any 0 < € < 1, there exists
ce < 00 such that the following holds. Given any weak solution u : Rf” — R fo the
t-independent real scalar, but possibly non-symmetric, divergence form elliptic equation

div x A(x)V; xu(t, x) =0,

with Nu € L,(R"), there exists a function f in ]R_l:'" of locally bounded variation with
estimates

INCGf = wllL,® < ellNullL,®ny, NCV L@ < cellNullL, .

We shall informally refer to such an f as an approximant of u. Note that the functions
f and u share the same domain of definition, Rr’”, and no extensions are involved here,
in contrast to Theorem 1.2, which established an approximate extension f on Rf" of
an initial function g on R”. While Theorem 1.2 also featured a function u on Rf" ina
seemingly similar role to Theorem 1.3, the actual role of # in Theorem 1.2 was mainly
auxiliary, as an intermediate object in the construction of f, while in Theorem 1.3 we
regard the solution u itself, rather than its boundary limit, as the primary object of interest
that we wish to approximate.
Again, our proof in fact gives the pointwise bounds

Nps(f —u) < eMps(Nu) and Cps(Vf) < ceMps(Nu),

where D° denotes modified dyadic versions of the maximal and Carleson functionals
(see Section 6), from which the asserted norm bounds are immediate by the maximal
inequality. The dependence of ¢, on € given by our proof, is certainly worse than 1/¢. We
also note that when p is large enough, it follows from [11] that the L, Dirichlet problem
is well posed since the L-harmonic measure, for L = —div; y A(x)V; x, is in Axo(dx),
and therefore the norm || Nul|z,®) can be replaced by [|u|r» ||z, ®") in Theorem 1.3 in
this case.
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The previously studied endpoint case p = oo of Theorem 1.3 is a key tool in the study
of boundary value problems for elliptic equations Lu = 0 as above in [13, 11]. The exis-
tence of such an approximant f & u in the Lo, norm is referred to as e-approximability
(of solutions), and it is proved in [13] that it implies the Ay, property of the harmonic
measure. However, the latter is well known by Dahlberg, Jerison and Kenig [6] to im-
ply the comparability of non-tangential maximal functions and square functions of so-
lutions u, which in turn is a key tool in [13, 11] in the construction of approximants
f =~ u. Therefore bounded variation approximability f ~ u, Ay control of harmonic
measure and N & § comparability turn out to be equivalent. The importance of the ap-
proximability property, through this circle of arguments in the p = oo case, motivates
our generalization in Theorem 1.3 to the case p < oco. We show that these three prop-
erties are also equivalent when p = oo in the approximability property is replaced by
n/(n —1) < p < oo. See Section 5 for the detailed statements. In particular, we extend
[13, Thm. 2.3]ton/(n — 1) < p < o0.

The outline of the paper is as follows. In Section 2, we survey the basic estimates
for the functionals defining our spaces. In Section 4 we deduce Theorem 1.1 from Theo-
rem 1.2, and prove the latter using a weighted stopped square function estimate, the proof
of which is in Section 3. Finally in Section 6 we prove Theorem 1.3, using local N ~ §
estimates which we borrow from [11], as a replacement of the stopped square function
estimates which we used in the martingale case of Theorem 1.2.

2. The basic functionals

In this section, we collect well known facts concerning the functionals that we use to
define several norms of functions in the half-space Rf".

First we fix notation. We write the L, (R") norm as || - || ,. Cubes in R" (dyadic or not)
are denoted by Q, R, S, ..., and we assume that they are open. The Carleson box above
acube Q C R" is denoted

0 :=(0,£(Q)) x 0 C R™,

where £(Q) denotes the sidelength of Q. We write ¢ Q to denote the cube with the same
centre as Q but with £(cQ) = cl(Q).
LetD = | iez, Dj denote a system of dyadic cubes in R", with D; being the cubes

of sidelength £(Q) = 27/, such that the dyadic cubes in D form a connected tree under

inclusion. Let Wo = (£(Q)/2,£(Q)) x Q denote dyadic Whitney regions. The corre-

sponding non-dyadic Whitney region around a point (¢, x) € le'” is defined to be
W, x) :={(s,y): cal < s/t <cp, |y —x| <cyt},

where cg, ¢ > 0 are fixed parameters.
The Hardy-Littlewood maximal function of f € LllOC (R™) that we use is

M) = sup][ F O dy,
03xJQ



Bounded variation approximation of martingales and solutions 1825

where the supremum in Mf is over all cubes Q@ C R” containing x. Restricting the
cubes to the dyadic ones in the supremum yields the dyadic Hardy-Littlewood maximal
function Mp f (x). We also require the following truncated (to large cubes) version of the
dyadic Hardy-Littlewood maximal function:

Mpf(Q)= sup ]ilf(y)ldy, QeD. ey

RD>Q, ReD

Definition 2.1. For a locally integrable function f (¢, x) in ]Rf" we define, for x € R",
the non-tangential maximal functional N f , the Carleson functional C f and the area func-
tional Af as

Nf(x) := esssup |f(z, y)l,

ly—x|<at

CF(x) = sup |Q[”! //A \f ()l dt dy,
O3x o

AF(x) == // el drdy.
y—x|<at

Here the supremum in Cf is over all cubes Q C R" containing x. In the definition of N f
and Af, the parameter ¢ > 0 denotes some fixed aperture of the cones. To emphasize the
exact dependence on the aperture, we sometimes write N @ and A@,

For a function f(z, x) in Rf” having constant value fp on each dyadic Whitney
region W, we also define dyadic versions of these functionals by

Npf(x):= sup |fol,

xeQeD
Cpf():= sup Q17" D |fxlIWrl,
xeQeD ReD, RCO
Apf(x) = Y |folt(Q).
xeQeD

The reader is invited to check that these definitions agree with those given in the
Introduction without assuming the constant values over the regions Wo.

We want to point out that, throughout this paper, we are using the measure dtdx
and not the measure ¢~ 'drdx, although the latter is quite common in the literature. Note
that the functionals A and C extend in a natural way to the case when f is a signed
measure on Rf‘” , and in particular to the case of gradients of functions of locally bounded
variation.

We record the following norm equivalences between different choices for the aperture
of the cones.

Proposition 2.2. Fix0 < &, f < 0. Then [N f|, ~ [NP f|, forany 1 < p < o,
and |A@ f, ~ [|AP) f||, forany 1 < p < .
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Proof. The estimates for N f are proved in Fefferman and Stein [8, Lem. 1]. To prove
the estimate for the A-functional, we follow Coifman, Meyer and Stein [4, Prop. 4, case
2 < p < oo] and consider 0 < a < 8 < oo: Dualize against || 2], = 1 to get

nA“%fm,=(/)<[7 If(nyﬂt”chdy)h@)dx
R” |y—x|<pt
=// If(t,y)l(t‘"/ h(x)dx) dt dy
R le—y|<pt
5// If(t,y)l(t‘”/ Mh(x)dx) dtdy
Rf" lx—y|<at

= / A fFOMh(x)dx S IIA £l O
Rn
We also record the following equivalences of norms between the corresponding dyadic
and non-dyadic functionals.
Proposition 2.3. We have
INfllp = IINDfllp, 1=p=o0,

ICflp = ICDfllp. 1<p
IAfllp = IIAD fllp. 1= p <o0,

IA

’

uniformly for all functions f(t,x) in Rf" that are constant on each dyadic Whitney
region.

Proof. For proofs for N and C, we refer to [12]. Consider now the area functional A. As
in the proof of Proposition 2.2, the proof is an adaption of [4, Prop. 4, case 2 < p < oo].
Dualize against ||2],, = 1 to get

nwm=4(/ umMNw@ymw
n y—x|<at
=// If(hy)l(t_"/ h(x)dx> dt dy
R lx—y|<at

S D folWoll + My (x)dx ) = | (Apf)(Mhydx S |Apflp,. O
Q R"

QeD

Less obvious is the following important L, equivalence of the A and C functionals.
Proposition 2.4. For 1 < p < 0o, we have
IAfllp S IHCflp.

For 1 < p < 0o, we have
ICflp S HASIp

(for any fixed aperture « in the case p = o0).
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At the endpoint p = oo, the A-functional depends on the choice of aperture, and should
be replaced by the Carleson functional, which is strictly smaller, as seen from the example

f,x)=(@+|xD™".

At the endpoint p = 1, we have ||Cf]|; < oo only if f = 0, so the Carleson functional
should be replaced by the area functional, which in this case simply defines the function
space L (Rf”).

Proposition 2.4 is a reformulation of [4, Thm. 3]. The proof below contains some
novelties in the estimate A < C, by using a duality argument rather than a good lambda
estimate.

Proof of Proposition 2.4. For C < A we have

MAF)(x) = sup][ ( // @yl di dy) dx
O>xJQ [y—x|<at
— sup|Ql”! //(t/ dx)|f(t,y)|dzdy > Cf ().
O>x lx—y|<at, xeQ

For A < C, we argue by duality with a suitable ||a]|,y = 1:

1A, =/]R (// | |f(r,y)|r—"drdy)h<x)dx
n y—x|<at
- // |f<r,y)|(r-" / h(x)dx) dt dy
Ry |x—yl<at
ety = [ ( J/— f(t,y)|dtdy> an,
* Ht,y)>A

where H (¢, y) is defined by the penultimate equality to be the parenthetical quantity
on the line above. If H(¢, y) > A, there is a cube Q such that th(x)dx > cA and
(t,y) € Q By the Whitney covering lemma, there is a collection Q, of such cubes such
that the Q are pairwise disjoint, and the 5Q 0 € Q;, cover all the points (¢, y) with
H(t,y) > \. Thus

/[’»)’)ERE” |f@ yldtdy <

// |f@ p)ldidy < ) |5Q|xiggcf(x)

H(t,y)>) Qe 0eQy
<S> /Cf(x)dxs/ Cf (x) dx.
0eQ; o {Mh>ch\}

Substituting back shows that

1Aflp S / / Cf(x)dxdhr S / Cfx)Mh(x)dx SIICflp- o
0 {Mh>c\} R®
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3. A dyadic weighted stopped square function estimate

In this section we prove an auxiliary weighted norm inequality, which will be used in the
construction of extensions in the subsequent section.

Let w, C D be any collection of dyadic cubes. Given any Q € D, define its stopping
parent Q, to be the minimal Q. € w, such that O, 2 Q. If no such Q exists, we let
Q. := Q. Define the stopped square function

12
S, u(x) := (Z lug —uQ*|21Q(x)> , xeR".

Qcws
Lemma 3.1. The stopped square function S,,, has estimates
(S > 231 S A7 Nullzy@ey. &> 0,
IS, ull L@y S Nl @y,
uniformly for any collection of dyadic cubes wj.
A standard Calder6n—Zygmund decomposition argument yields the weak L; estimate,
given the L, estimate. The L, estimate is in turn proved by using a well known mar-

tingale square functions estimate (see for example Garnett [9, Ch. VIII, Lem. 6.4]). For
completeness, we include the details of the proof.

Proof of Lemma 3.1. (a) For the L, estimate, we write w, = U,fifoo wy, where the

cubes in wy are disjoint and w;—1 = {Qx : O € wy}. We define the martingale {u;}72
where

—00?

foudy, xe€Qeaw,
I/l(.x), X ¢ UQE(Uk Q

up(x) =

This yields

10,13 =33 lug —ug, IR < Z/R juss — el dx
k n

k QEa)k

= Z/ (u,%_H +u,% —2upyrug) dx = Z/ (M%H — u,%)dx < / u*dx,
k Rn k Rll

n

where we have used the fact that [ ugupyi dx = [ ui dx.

(b) Let Qg denote the maximal dyadic cubes contained in {Mpu > A}. Write u =
g+ bk, where |g| < X and supp by C Qi with ka b = 0. The stated estimate follows
from the two estimates

{Sw.g > 2/2}| < A‘2/|Sw*g|2dx < A‘2/|g|2dx <t / lgldx < 27! / lu| dx,

using (a) and ka |u| dx ~ X|Qk|, and

{50, (06) = 22} | £ S 1001 = vt > 2 €271 [ watax,
k k

using supp S, bx C Ok and the weak L; bound of the Hardy—Littlewood maximal func-
tion. O
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The main result of this section is the following weighted estimate for S, , inspired by the
work of Gundy and Wheeden [10, Thm. 2] for the non-stopped square function (i.e., the
case wy = D).

Proposition 3.2. Fix a Muckenhoupt weight w € Aso(dx) and an exponent 1 < p < o0.
Then we have the stopped square function estimate

IS, ullL,®w)y S IMpullL, @ w)-
uniformly for any collection of dyadic cubes w.
Proof. Tt suffices to prove a good lambda inequality
w({Sy,u > 2%, Mpu < yA}) < yow({Sp,u > 1))

for some § > 0. By the Ay, assumption, this will follow from a Lebesgue measure esti-
mate

{Sw,u > 24, Mpu < y2} N QI S vIQ|

for any maximal dyadic cube Q C {S,,u > A}. To this end, assume that x € {S,,u > 2A,
Mpu < yA} N Q. Then

42 < Y ur—urlPlr)+ Y. |ug —ug,[P1r(x)

Rew,, R,CQ Rewy, RCOCR,
+ > lur —ur,P1R(X) < Su, (ulp)(x) +4(yn)* + 4%,
Rews, RO QO

by using Mpu(x) < yX for the second term and the maximality of Q for the last term.
Therefore, assuming y < 1/2, we have S, (ulg)(x) > A, so

{Sw,u > 21, Mpu < yA} N Q C{S,, (ulg) > A}.

From Lemma 3.1, we get the estimate
I{Sw, (ulg) > A}| 5,\—1/ |u|dx.
0

We may assume that {S, u > 2A, Mpu < yA} N Q # @, and in particular fQ lu| dx
< yA|Q|. Put together, this proves that [{S,, u > 2A, Mpu < yA} N Q| S y|0|. m]

4. Construction of extensions
In this section we prove Theorems 1.1 and 1.2, assuming a square function estimate which

we prove in Section 3. We first prove Theorem 1.1, where we use Theorem 1.2 in the
construction of extensions.
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Proof of Theorem 1.1, part I: existence and bound of the trace of u € Vg. We fix x € R”
and consider two Whitney regions W (t1, x) and W (12, x), with #; < f,. We estimate

‘|W(t2,x)|1// u(s,y)dsdy—|W(r1,x)|*1// u(w)dsdy‘
W(t2,x) W(ty,x)

~ '// (u(trs, x + 12y) —u(tls,x—i—tly))dsdy‘
W (1,0)

5]
5// / |Vu(ts, x + ty)| dt ds dy
wa,0) J1

15 cot
= / / / \Vu(s', y) e~ dy' ds' dt
f t/co J1y —x|<cyt

coly
< / / Vu(s', y)I(s) " dy' ds'. @)
f v —x|<cys’

/co /|

Since A(Vu) € L,(R") by Proposition 2.4, we have A(Vu)(x) < oo for almost all
x € R". For such x, it follows from the above estimate that Whitney averages converge
as t — 0. Thus, in this sense we have a well defined trace almost everywhere on R”.

On the other hand, the definition of V) yields [W (12, )| ™" [fyy,, ) u(s. y) ds dy —0
as tp — 00. The estimate

lyully, S NANVW, ~ IC(Vw)llp

follows. Indeed, if the right hand side is finite, then at almost every x € R”", we see
from (2) that the trace yu(x) exists in the sense of convergence of Whitney averages,
since the right hand side in (2) has zero limit as #, — 0. Then letting 1, — oo shows the
pointwise estimate |yu(x)| < |A(Vu)(x)].

This completes the first part of the proof of Theorem 1.1. O

Proof of Theorem 1.1, part Il: construction of the extension assuming Theorem 1.2. We
construct the extension u of g € L,(IR") as follows. Define functions g, uy and fi, k =
0,1,2,..., inductively: Let go := g. Given gx € L,(R"), k > 0, we apply Theorem 1.2
to define the dyadic extension uy and its approximation fj, with estimates

IN(fi —w)llp < €llgkllps 1CVfllp < Ce Mgkl
Then let gx41 := gk — frIre. We have

lgk+1llp < INur — fi)llp < €llgkllps

and therefore || gill, < ek||g||1,. Define
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This is an exact extension of g since 0 = limg o Igk+1ll, = llg — Z?:o filrellp-
Moreover,

o o0 o
ICV I <D NCEVfllp =Y CeMigelly < D Ceer gl < ligllp
k=0 k=0 k=0

for some fixed 0 < € < 1, and similarly

o0 o o0
INFllp <Y UNFillp < D (INully + ellgelly) S D Nl < llgllp-
k=0 k=0 k=0

This shows that we have an extension f € VY.
It remains to mollify f to obtain another extension

u(t,x) = //IRH” fis, x +ty)n(s, y)dsdy, (t,x) € R_lﬁ",
+

where n € CgO(W(l, 0)) has ff n = 1. Then it is straightforward to verify that u € VAR
with the stated estimate of

t
Vu(t, x) = //] [8 )}i| Vs, x+ty)n(s,y)dsdy. ]
R++n

For the proof of Theorem 1.2, we require the following lemma for the truncated dyadic
maximal function from (1).

Lemma 4.1. Forany g € LIIOC(R") and Q € D, we have

o _, / dx
Mpg(Q) = Jo Mpg(x)
Proof. Define

Eg:={x e Q: Mpg(x)>2Mpg(Q)} ={x € Q: Mp(glg)(x) > 2Mpg(Q)}.

The weak L estimate for Mp yields

1 1
IE Is—/l ldx < ~|Q|.
o= oMpg(0) /¢ 2

Thus

10| 52IQ\EQIS / dx 54/ dx .
Mpg(Q) Mpg(Q) 0\Eg Mpg(x) o Mpg(x)
The following lemma shows that the horizontal derivatives are essentially controlled by
the vertical ones, reducing the problem to controlling the latter.
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Lemma 4.2. Let u be a function in Rf” which is constant on dyadic Whitney regions,

and let Q € D. Uniformly for such u and Q, we have the estimate

//T|qu|dtdx5//7|3tu|dtdx+|Q|Z|MQ/|,
o o 0

where the last sum is over Q' € D with £(Q") = £(Q) and 3Q' N dQ # .
Note the obvious meaning of || fé The contribution from 9 @ N Rr‘" is to be counted.

Proof. Fix a dyadic cube Q. Consider a contribution to Vyu from the jump across

IWr NoWs C Q, where £(R) = £(S). Go up through ancestors to a common dyadic
ancestor Ry = Sy, and write

R=RyCRIC---CRy=SyD---D85DS8S=S.
If Ry = Sy C O, then
N N
lug —usl IRl S )27 (lug, —ure_, | 1ReD) + Y 27" (lus, — ug_, 1Sk
k=1 k=1

For some fixed subcube Ry C Q, there arises in this way one such term [ug, —ug, || |Rk|
from each subcube R of Ry such that 9R N dR; # @. There are at most C 21=DK guch
subcubes with £(R) = 2 %¢(Ry).

If Ry = Sy ¢ O, then we estimate as above, but stop at |[Rg | = |Sx| = |Q], and we
obtain two extra terms

27K lug, 1101 + 27" % us, |10

Summing up, using > ¢° 2"~ Dk27k = 2 we get

//Tlvxmdtdx5//7|8,u|dtdx+|Q|Z|uQ/|. O
0 0 0

Proof of Theorem 1.2. (1) We first localize the problem to a large top cube Q. Choose

Qo € D large enough that
/ |Mpg|? dx <8,
R™\ Qo

where § > 0 is to be chosen below. Define

gdy, x € Qo,
g2(x) = o,
g(x), x ¢ Qo,
and let g1 := g — g». Let u_and u» be the respective dyadic extensions of g1 and g2, so

that u; is non-zero only on Qy.
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Define the approximation f> of us to be

fo,8dy, (1, x) € Qo,

S22 = {0, (t.) ¢ Do.

Then Np(f2 — u2)(x) = Mpg(x) if x ¢ Qo, and Np(f2 — uz)(x) < info, Mpg if
x € Qop, where Q1 is the sibling of Qg. Thus

IND(f2 —u2)llp < Z/R |Mpg|P dx < (¢/2)"llglly
"\ Qo

provided 28 < (€/2)” [g. |g]” dx. Furthermore [[C(V f2)ll, S1Q0l"?(1Qol™" [, 8 d¥)
< llgllp- Thus we have reduced the problem to approximating u; ~ fj.

(2) It follows from step (1) with g replaced by g; that we may assume that supp g C
Qo € D and | 008 = 0. Denote by u the dyadic average extension of g, and write

ug = JCQ g(y)dy. We construct the approximant f using the following stopping time
argument. Given any cube Q € D, we define the stopping cubes

w(Q) := {maximal R € Dsuchthat R C Q and |[ug —ug| > eMpg(R)}.

We then define generations of stopping cubes under Q¢ inductively as follows:

w0 :={Q0), =00, w= ] @, k=12..,

Qewy
o
Wy 1= U .
k=0
Furthermore, for Q € w, we define the “dyadic sawtooth” region
Q) =0\ |J RcO.
Rew(Q)

We define f to be the locally constant function in Rf" which takes the value u g

on 2(Q) foreach Q € w,,i.c.,
frR:=ug when Wg C Q2(0Q), O € wy,

and f = 0 on Rf" \ @0. From this construction it is clear that f has non-tangential
limits almost everywhere. To verify that |[N(f — u)|l, < €llgllp, we note directly from
the stopping condition that

Np(f —u)(x)= sup |fp—ugl<e sup Mpg(Q)=eMpg(x),
03x, Q€D xeQeD

from which the estimate follows.
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(3) We next establish the main estimate, namely that of C(9; ). We fix Q1 € D with
01 C Qp and estimate

Id
). lmo—ugllQl=Z Y lug—uolPy o
0cw., 0O Q<. 00 b8

N | =

where we write Q. for the stopping parent of Q, that is, the smallest O, € w, such that

QO+ 2 0, and exceptionally (Qo)« := Q.
Define the square function

1/2
Sg(x) == ( > g (g)Q*|21Q(X)) . (8o :=][ g(y)dy.
Qcw,, 0CO) e

Recall that ug = (g) o for Q € w,. Lemma 4.1 gives

Y. lug- M@V&

Qcwy, 0CO, Mpg(Q)
dx dx
N - 2/ 1 —=/ Se(o)>—2t
NQewgchug)Q (®)o. . oW Ql| v

We now use some properties of (dyadic versions of) the Muckenhoupt weight classes
Ap; these are easy variants of well known results for the usual A, classes, found e.g. in
[7, Ch. 7]. Write
(Mpg)™' =1-((Mpg))'™,

for some y € (0,1)andg = 1+ 1/y € (2,00). It follows (cf. [7, Thm. 7.7(1) and
Prop. 7.2(3)]) that (Mpg)” € Ai(dx) and (Mpg)~' € Agy(dx) C Aso(dx), with Ay
constants independent of g.

We now apply Proposition 3.2, with the collection of cubes @, = {Q € w4 :
Q C 01}, the function

2o (50— fo zax. xeon
"o, x ¢ 01,

the weight w := (Mpg)~!, and p = 2. This gives
/ |S@*§|2dw5/ |Mpg|2dw=/ |Mog|2dw5/ \Mpsl duw.
R R~ 01 0
Thus
/ |Sg<x)|2dw5/ |S¢a*g(x)|2dw+/ |Mpgl|* dw
01 01 01
s/}R |S@*g(x)|2dw+/g |Mpg|2dw5/g IMpgl*dw < |01inf Mp(Mpg),
" 1 1 1

and so
IC@ Ny S e NIMpMpllp S € ligllp.
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(4) To complete the proof, we use Lemma 4.2 and obtain the Carleson estimate

ICV Ol = NCONp +ICVNIp SNC@ Ny + IIMDEll, S lgllp- O

5. Application to harmonic measure

Before proving Theorem 1.3, we discuss in this section an important application, to the
solvability of the Dirichlet boundary value problem, of such L, approximability for so-
lutions to an elliptic equation. As noted in the introduction, in the endpoint case p = oo,
there is a well known equivalence between

(1) comparability of non-tangential maximal functions and square functions for solu-
tions,

(2) approximability of solutions by functions of bounded variation, and

(3) A control of harmonic measure,

for a given real elliptic divergence form equation. It is important to note that this equiva-
lence holds for all equations with real and possibly non-symmetric coefficients, including
those which depend on the transversal direction . There are known examples by Caf-
farelli, Fabes and Kenig [2] of symmetric coefficients for which harmonic measure is
not Ao, and therefore the approximability and comparability properties may fail as well
for z-dependent coefficients.

In this section, the goal is to demonstrate that in the above equivalences, we may
replace (2) by the following local version of the conclusion in Theorem 1.3.

(2p) For each 0 < € < 1, there exists ¢, < oo such that for every weak solution

IR1+" — Rtodiv, x At, x)V, xu(t, x) = 0 with [Jul|, (BRI < 1, and every

cube O C R”, there exists a function fp in R’ It of locally bounded variation with
estimates

INe(fo — wllz,0) < €IV, 1AV f)llL,0) < celQI'P.

Here Ny and A, denote versions of the non-tangential maximal and area functionals

from Definition 2.1 using cones {(y, ) : |y — x| < at, t < £} truncated at height

t=1£(Q).
Note that we have used the truncated area functional A, in the second estimate in (2p), in
contrast to the Carleson functional C that we used in the global version in Theorem 1.3.
This, however, is inessential by Proposition 2.4, which also easily extends to the truncated
situation by routine modifications. The chosen formulation of property (2p) is motivated
by its application to the harmonic measure below, where the area functional leads to the
most immediate connection.

Assuming A, control of the harmonic measure, comparability of non-tangential max-
imal functions and square functions for solutions follows by [6]. Given such N ~ §
comparability, approximability follows, both in the case p = oo as in [13, 11], and for
1 < p < 00, as shown in Section 6 of this paper. Also the local approximability (2p) fol-
lows from N =~ §, since our estimates are derived from pointwise estimates. In general,
without assuming such comparability, we note the following.
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Proposition 5.1. Consider a possibly t-dependent real equation
div; x A(t, x)V; yu(t, x) = 0.
If the approximability property for solutions in Theorem 1.3 holds and if
n/(n—1) < p < oo,
then the local approximability property (2p) also holds.

Proof. Let u be a solution with properties as in (2p). Given a cube O C R”, write
u = ug + uy, where ug is the solution to the Dirichlet problem with boundary data
nou|rn, where ng = 1 on 50 and supported on 6 Q. From the maximum principle and
[11, Lem. 4.9], we have the estimate

. €«Q) ol Iin
lug(t, x)| < m1n<1, [—l(t,x) — (vaQ)|i| >, (t,x) e R+ ,

for some v > 0, where xp denotes the centre of Q. In particular, we have Nug(x)
min(1, (£(Q)/|x — xo)" ') for x € R", and thus |Nuollz, @ < [QY7 if p
n/(n—1).

Let fo := fo + u1, where fj is the approximant to u( given by the assumed global
approximability, so that fo — u = fo — uo. We will show that this fo qualifies for (2p).
For the first estimate, this is immediate from the assumed properties of the global approx-
imant and the observations just made, namely

S
>

INe(fo — WL, o) < IN(fo — uo)llz, @y < €l Nuollp, @ < €lQIV?.

For the second estimate, we separately consider the two terms fy and u. First,

1Ae(V f)llz, 00 S NC(Y fo)llL,@n S cellNuollL, @y < celQI'/7.

Finally, we turn to u1. Let R C R" be a cube with max(¢(R), dist(R, Q)) < £ := £(Q).
Since u1 is a bounded solution with vanishing boundary values on 5Q O 2R, we may
apply the boundary Caccioppoli estimate (see for example [13, (1.3B)]) to deduce that

1/2 1 1/2 1
][ |Vup| < (][ |w1|2) < —(ﬁ |u1|2> < —,
R R L(R) \J3R £(R)

which shows that

1
Ce(Vun)(x) = sup — /A Vi S 1
rRox IRl JR
e(R)<t
in a neighbourhood of Q. By the L ,-comparability of C,; and A, (a routine modification
of Proposition 2.4), this gives

IAe(Vun) L, S 101V7

and completes the verification of (2p). ]

We now consider the main result in this section, namely that (2p) implies (3).
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Theorem 5.2. Let 1 < p < oo and consider a real equation div; x A(t, x)V; xu(t, x)
= 0. If the local approximability property (2p) holds, then harmonic measure belongs
1o Axo.

Proof. Our proof is an adaption of the proof of [13, Thm. 2.3, the case p = o0], and we

only point out the changes needed for p < oo. Fix a solution u to div; x A(t, x)V; xu(t, x)

= 0 with [lul|, ®Fmy = 1. Following [13], but not their notation, we consider the count-
oo Uy

ing function

K, (x) := max{k : 3 k points z; = (x;, t;) € ['(x) such that
ti <0t and |u(z;) —u(zi—1)| > €o},

where €, 6 € (0, 1) are parameters, and
Frx) :={(,t): |y —x| <aot, t <r}

is a truncated cone based at x. In the proof of [13, Thm. 2.3], the classical e-approx-
imability property is only used through the following consequence established in [13,
Lem. 2.9]:

]é Kygy(x)dx =< c(e, 0).

Thus, it suffices to establish the same conclusion under our approximation property (2p).
We will in fact show that

][Q Keio) () dx < Cleo, ), 3)

from which the earlier estimate follows by Holder’s inequality. To prove (3), we fix a
cube Q, pick an approximant fp given by the hypothesis (2p), and note the estimate

1051 =y € Q: Ne(fg — ) > Cie}l < (1) PINe(fo = W} (o) <1Q1/CT.

Let WW denote a Whitney covering of Qp by cubes R C Q. For x € Q, we note that the
pointwise estimate

lu— fol < Cie

holds in T'¢(g) () \ Ugew CR for some Cy < 00, provided that the o appearing in (2p)
is chosen large enough depending on «g. Let R, be a largest cube R € W such that 52\13
intersects "¢y (x). Then x € CéR  for some Cé > (3, and the pointwise estimate above
holds throughout I'y 0y (x) \ Te¢(c,y k) (X).

Now, let z; = (t,yi) € I'go)(x), withi = 1,...,k, be points as in the defini-
tion of K,(x), and let & be the largest index such that #;, > C2£(Ry). It follows from
interior Holder regularity that a jump estimate |u(w;) — u(w;—1)| > %60 persists for
all w; € B(yj,nt;) x {t;} and a suitably small 5. If C1e < €y/4, it follows that also
| fo(w;) — fo(w;i—1)| = }‘eo for w; € (B(yj, nt;) x {t;}) NI'(x) and i < h. Estimating
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the difference | fo (w;) — fo(w;—1)| by an integral of V f over the connecting line, and
averaging over w; € (B(y;, nt;) x {t;}) NI'y(x) for j =i,i — 1, implies that

IN

leo < / IV folt, )t~ di dy,
F1,—_1(x)\rfl-(x)

and summing over i = 2, ..., h yields

h —1 S Ag(Q)(VfQ)(x).

On the other hand, the remaining points z;, withi =h+1, ..., k, all belong to I'y(c, g, ) (X),
sothatk —h < Ky(c,r,)(x), by definition. So altogether we have

k=14+Mh-1D+(k—-h) <14+ C3A00)(Vfo)x)+ K¢cyre) (X)-

Recalling that K¢(p)(x) is the maximal value of such numbers k, and that C é R, > x,we
arrive at

Keg) = 1+ C34u0)(V fo) + sup Loy K ocyrys
Re

where we have also estimated C, < Cé.
To prove (3), we set

D = sup][ Kg(Q)(X)pdx
o JQ
and integrate
Kyo)(x)P < 3”_1(1 + CY Aw)(V fo)? + sup ICéR(x)KZ(CéR)(x)'n)
ReW
=377 (14 L Au (VS0 + Y e Kuesm (")
ReW
to get
7[ Kuo)(0)? dx <3771 (1 + CJcl +1017(C3)"| Qv | D).
0
Choosing C large (and then € small) and taking supremum over Q, we can hide the
second term of the right hand side on the left hand side. (To guarantee the finiteness

of D in the first place, one may initially replace K, (x) by min(K, (x), M) and pass to the
monotone limit M — oo in the end.) This proves (3), which concludes the proof. m]

6. Approximation of solutions to elliptic equations

In this section, we prove Theorem 1.3, but first fix notation. We only consider dyadic
cubes of the Nth generation for some fixed N, and refer to these simply as “dyadic cubes”,
written

D ={0eD:¢(Q) =2 kez)}
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where we write § := 2~ for the change of scale between consecutive generations of
these dyadic cubes. The main advantage of this is to gain convenient control of boundary
effects: For positive integers m, we have the dichotomy that each dyadic subcube Q' C Q
is either a “centred cube”, meaning

Q' c (1-2mé)Q,

or a “boundary cube”, meaning

Q'Cc o\ -2mdQ.

Aslong as 2mé$ < 1, both these consist of a positive fraction of the total volume of Q, but
this could never be achieved with § = 2~! when every dyadic child is a boundary cube.

The D°-dyadic versions of the functionals M, N and C are denoted by Mps, Nps
and Cps. One verifies that the estimates analogous to Proposition 2.3 hold. We also use
the following notation for Q € D?, where the parameter 7 > 0 will be eventually chosen
small relative to the given € appearing in the statement of Theorem 1.3. (The parameter
8 = 2N will also be chosen small, but independent of €.)

-~

0 :=(0,£4(Q)) x Q is the Carleson box, as before.

po = (1 = n)L(Q), cg) is the “corkscrew point” of Q, where ¢ denotes the centre
of Q.

0 = {{(Q)} x nQ is a small hypersurface on the top boundary of Q, around the
centre. R

Wgo =0\ UDé‘aQ/gQ Q' =[8(Q), £(Q)) x Q is a Whitney-type rectangle.

Lo :={(,x):t>8(Q) +dist(x, Q)} is an epigraph domain containing Wo,.

We now outline the proof of Theorem 1.3. We construct the approximant f as follows.
We define a family of “stopping cubes” S in (8), and the corresponding sawtooth regions
Qs(S) == UQ:NS o=s Wo, where 15 Q = § means that S is the smallest stopping cube
such that § O Q; the family & is built in such a way that the value of u(pg) varies
relatively little among all Q with s Q = S. The first approximation to u is then given by
91 =Y ses u(ps) - lag(s)-

However, this approximation fails to be good on the Whitney regions Wg, where the
oscillation of u is relatively large, more precisely, when it happens that

oscu := sup |u(z) —u(w)| > eMps(Nu)(R) := € sup ][ Nu(x)dx. “4)

Wr zZ,weWpg ODRJQ
Note that here the defining condition is simpler than the stopping conditions considered
above, in that it can be directly checked for any cube, without reference to the previously
chosen members of the stopping family. We label by R the family of cubes R in (4), and
introduce the additional correction ¢ := ) g7 (4 — ¢1) - 1w, The final approximation
is then given by f := @1 + ¢2. The verification of Nps(f — u) < eNu will then be
straightforward from the construction of the collections S and R. The pointwise estimate
for the Carleson functional, Cps(V f) <S¢ Mps(Nu), is verified separately for ¢; and
@2 in place of f; these bounds depend in particular on the Carleson property of both S
and R, established in Lemmas 6.4 and 6.5, and the estimates are completed in Lemmas 6.6
and 6.8.
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Lemmas 6.4 and 6.5 ultimately build on two estimates which we borrow from [11]:

/ |u(1ﬁ(x),x)—u(pQ)|2dx§// ~ [Vu(t, x)|*(t — ¢ (x))dtdx, (5)
00 t,x)eQ, 1>y (x)

1
—/ R IVu(t, ))*(t — ¢ (x)dtdx < sup  |u(t, x)|?, (6)
O] Jt.x)€0,t5v(x) (. x)eRL"

1> (x)

for weak solutions u to an elliptic equation Lu = 0 as in T/l\leorem 1.3. Here 6 € (0, 1),
Do is a “corkscrew point” above Q in the Carleson box Q, and ¥ > 0 is a Lipschitz
function. Note that the implicit constants in the two estimates depend on the ellipticity
constants A4 and || Al from Theorem 1.3 and on ||V ||« and dimension, but not other-
wise on A, ¥, u or Q. The first estimate (5) follows from [11, Cor. 1.17] upon replacing u
by u — u(pg) and using interior regularity and Poincaré’s inequality to remove the error
term. The second estimate (6) follows from [11, Cor. 1.10] upon pulling back that result
from the half-space to the epigraph domain # > v (x).

The construction in this section builds on that in the case p = oo from [9, 5, 13,
11], but with non-trivial modifications. The construction (4) of the family R of Whitney
regions with large oscillation of u goes back to [9], as does the stopping construction (8).
The main novelty here is that for L,, p < 0o, we require a variable threshold in these
constructions, expressed in terms of the maximal function of u. This requires a second
parallel stopping construction (7), which has the effect of freezing this threshold. Such
multiple stopping time constructions have appeared earlier in [1, 14, 15].

Finally, to pass from dyadic sawtooths to Lipschitz sawtooths to be able to use the
above estimates (5) and (6), we follow the construction of [11] in Lemma 6.1. We now
turn to the details.

6.1. Construction of stopping cubes

We start with some generalities. Let C(Q’, Q) € {true, false} be some “criterion” that
assigns a truth value to every pair of (dyadic) cubes Q' C Q. We specifically agree
that C(Q, Q) = false for every cube Q. By the “stopping family” with initial collection
T c D? and stopping criterion C we understand the family F = F(Z, C) of dyadic cubes
constructed as follows: We initialize F := Z. Then we add to F all F' € D%\ F such that
(a) C(F', F) is true for some F € F with F’ C F, and
(b) F’is not contained in any F” C F with either F” € F or C(F”, F) true.
We repeat this addition indefinitely. This is seen to yield a well defined family F c D°.
For every Q € D?, let 7 Q denote the minimal F € F such that Q C F, where the
possibility that F = Q is not excluded. The stopping family with initial collection Z and
stopping criterion C has the property that C(Q, F) is false whenever 7 rQ = F; namely,
the latter means by definition that there does not exist any intermediate stopping cube F’
with Q C F’ C F, thus intermediate cubes Q' with Q C Q' C F do not satisfy the
stopping condition C(Q’, F), and in particular, taking Q' = Q, the condition C(Q, F) is
false. For F € F, we denote by chx(F) := {F' € F maximal : F’ C F} the family of
its F-children.
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A stopping criterion C is sparse if

> 101 =10l

0’ C 0 maximal:
C(Q',0Q) is true

for some fixed t < 1. It is straightforward to check that if the initial collection Z is

Carleson, that is,
1

sup — Z |R| < 00,

o<z 101 70x2 0
and if the stopping criterion C is sparse, then the stopping family 7 = F(Z,C) is Car-
leson.

A priori, the stopping collections produced by a dyadic algorithm may not be so well

behaved geometrically. This is to some extent remedied by the following lemma, which
builds on ideas from [11, Sec. 5].

Lemma 6.1. Consider a cube Q and a disjoint collection Q of its dyadic subcubes. We
say that Q' € Q is

e centred (in Q) if Q' C (1 —28)0;

e uncovered (by Q) if (£(Q") — £(Q"))/dist(Q’, Q") < ™! forall Q" € Q.

(See Figure 1 below for an illustration of covered and uncovered cubes.) Let
Q* :={Q' € Q: Q' is centred and uncovered).

For some constants t € (0, 1) and C, we then have

Yl =tol+c > 10l

Q/GQ Q//EQ*

Proof. If Q' is not uncovered, then £(Q") — 8! dist(Q’, Q") > £(Q’) for some Q" € Q,
and we say that this Q” covers Q. Then in particular £(Q") < £(Q"), and hence £(Q’) <
82(Q"), but also dist(Q’, Q") < 8£(Q").

Further, if Q' is not uncovered, it is covered by some @ which, if not uncovered,
is covered by some Q», and so on. Since £( Q) increases geometrically and is bounded
by £(Q), the chain must terminate after finitely many steps with some uncovered Q. The
£°°-distance of the furthest point of Q" =: Qg from the centre of Q can be at most

k—1 1 k—1 ) 1
D_ME(0) +disu(Q;, Q)]+ S0(0u) = ) 257701 + SE(Qk)
j=0 j=0
28 1 ¢ - SE
: (m " 5) (0 = 2600,

since § < 1/2, and hence Q' C 5Qy. We have

E 10| = E 0’| + E Q| =:1+1,
0'eQ 0'eQ Q'eQ
Q'c(1-2mé)Q 0'cOo\(1-2mé)Q
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where IT < (1 — (1 — 2m8)™)| Q| by disjointness. On the other hand, every Q' appearing
in I is contained in 5Q” for some uncovered Q” € Q. In particular, 5Q” intersects
Q' c (1 —2md)Q. Thus, the £>°-distance of the furthest point of 5Q” from the centre
of Q is at most

(1 —2m8)£(Q)/2 4+ 50(Q") < (56 + 1/2 — m8)£(Q),
and hence Q” € 5Q0” C (1 —2(m — 5)8)Q. Since all Q' in I are covered by such 50",

we have
I< > 50" <5" Y 10|
Q" uncovered Q"eQ*
Q"c(1-2(m—5)8)Q
provided that we take m > 6, and also 6 < 1/(2m) for term I1. O

Let us now fix as our initial collection Z some increasing chain of cubes Ipn C I1 € - --
that exhaust R”. Clearly this is Carleson.

We define the “principal cubes” P as the stopping family with initial collection Z and
the stopping criterion C(Q’, Q) given by

Mps(Nu)(Q') = Rsugl]iNu(x) dx > A-Mps(Nu)(Q), @)

for some fixed A > 1 to be chosen. To verify that this criterion is sparse, and therefore P
is Carleson, select a disjoint family of subcubes Q' C Q that satisfy (7). Then

> 1o

IA

{Mps(1gNu) > A - Mps(Nu)(Q)}|
- 1 /N Y
< u(x)ydx = —

A-Mps(Nu)(Q) Jo A

by the weak-type (1, 1) estimate for the maximal operator Mps.
The usefulness of the numbers Mps(Nu)(Q) lies in the fact that they control the
values of u in the entire graph-domain I'p.

Lemma 6.2. We have the estimate

sup |u| = Mps (Nu)(Q).

To
Proof. It is enough to observe that I'g C I'1ys(x) == {(t,y) : |y — x| < 8‘1t} for any
x € Q, and therefore

sup lu| < inf sup |u| < inf Nu(x) S][ Nudx < Mps(Nu)(Q)
%) X€O Ty 5(x) xeQ Q

provided that the aperture defining N is at least 5. O

Finally, we define the “stopping cubes” S as the stopping family with initial collection P
and the stopping criterion C(Q’, Q) given by

lu(po) —u(po)l > eMps (Nu)(Q). ®

We observe the following self-improvement of this criterion.
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Lemma 6.3. Under the condition (8), we have

u(z) — u(po)| 2 €Mps(Nu)(Q')  forall z € Q' = {£(Q)} x nQ’

provided that n satisfies n* < €, where a > 0 is the Holder exponent from interior
regularity estimates for u.

Proof. If 7 € a’ the interior regularity of solutions u to div AVu = 0 shows that
lz—=po\Y, 2 . /
u@ —ulpo)l S (— ul? YL <n%inf Nu < eMps(Nu)(Q'),
| Pl 5 (g ) WP, S i s (Nu)(Q
where VT/Q/ is a slight expansion of W . Thus, we have
lu(z) —u(po)l 2 eMDa(Nu)(Q/) forall z € é/. O

The main estimate here is that both the stopping family S, and the collection R of large
oscillation cubes introduced in (4), satisfy the Carleson condition.

Lemma 6.4. For the stopping cubes S, we have the Carleson measure estimate

> ISIS1Qol

SeS, SC Qo

for all dyadic cubes Q.

Lemma 6.5. For the large oscillation cubes R, we have the Carleson measure estimate

> RIS Qo

ReR, RCQq
for all dyadic cubes Q.

Proof of Lemma 6.4. (A) First we make a preliminary simplification of the estimate based
on Lemma 6.1. By considering the maximal S-cubes contained in Q¢, we may assume
without loss of generality that Q¢ € S. We then write

Sooasi= > s+ Y. Y sl

SeS, SC Qo SeS, SC Qo PeP,PC Q9 SeS§
npS=np Qo npS=P
and we claim that it suffices to prove the required bound |Qg| for the first term. Namely,
if this is done, we simply apply this result, with Qg = mp Q¢ = P, to the inner sum in
the second term, which shows that this inner sum is bounded by | P|. Then the Carleson
property of the collection P completes the estimate.

So we concentrate on the first term, and abbreviate wp Q¢ =: P for convenience. We
also drop the summation condition “S € S”, with the implicit understanding that this is
always in force.

With Lemma 6.1 applied to @ = S and Q = chg(S) for each relevant S, by in-
dexing the cubes by their parents we obtain (note that each S, except for the maximal
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ones, is a child of another S, and the sum over the maximal ones is bounded by |Qg|, by

disjointness)
Yoo S0+ Y, Yo
SCQp, mpS=P SCQp, mpS=P S’ echs(S)
<lgol+ Y (asi+c X isT),
SCQp, tpS=P S’echg(S)
where

ch%(S) :={S" € chg(S) : §' centred in S and uncovered by chs(S)}.

The second term can then be absorbed into the left side, since T < 1.

We further observe the following. If S € P for some S’ appearing in the inner sum
on the right, this together with §" € chg(S) and 7pS = P implies that S’ € chp P. But
these cubes are pairwise disjoint. Since S C S C Qo, they are also contained in Qy,
hence their total volume adds up to at most |Qg|, which may be absorbed into the first
term on the right. So altogether we find that

> ISISIQl+ Y, > sl

§SCQp, npS=P SCQq, npS=P §'echg(SH\P

and it remains to bound the last double sum by |Qg|.

(B) We now aim to use the local N < S estimate (5). We first treat one of the inner
sums over S’ € ch’s(8) \ P for a fixed S. The significance of the restriction S’ ¢ P comes
from the fact that we then know that §” was chosen as a stopping cube by the criterion (8).
By Lemma 6.3, this gives

Mps (Nu)(P)?[S'| < Mps(Nu)(S")?|S'] S Mps (Nu)(S)?|S'| < / lu — u(ps)|* dx,
S/

where we allow the dependence on € in the implicit constants.
We then consider the Lipschitz function

Ye) = sup Yo (x),  Ps(x) = max(£(S) — 87" dist(x, §), 0).
$’echg(S)

This is closely related to the notion of coveredness, and illustrated in Figure 1.

|
!
!
!
|
|
|
|
1

1

Fig. 1. A possible configuration of cubes S] € chg(S): S/ and S} are uncovered, but S/ is covered
by Sé. Dashed lines show the Carleson boxes §l’ and the graphs of ¢/, except where overwritten
by the continuous line, which shows the graph of ¥ é
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The function v é has two important features:
o §'NQ1 =0, where 2 == {(1,x) € RI" 1 y§(x) < 1), for every S € chs ().
° w;(x) = £(8') forevery x € S if S’ € chg(S) is uncovered.

This allows us to write, using Lemma 6.3 in the first step,

Mps(Nw) (P2 Y IS1S Y /~/|M—M(PS)|2dx

S§'echk (SH\P §'echz(S\P 7S

5/ |u<w;(x>,x)—u(ps>|2dx5// Vul(t = yix)dedx,  (9)
(1-68)S QV/

AN
N

where in the last step we have used the local N < S estimate (5).
(C) We now aim to use the local S < N estimate (6). In order to sum over all rele-
vant S, set

2 . .
Xx) = inf  [6€ + dist(x, Q)].
VR = infI56(Q) + dist(
Then lﬁ% is a Lipschitz function, and
Q2 = (%) : vpy <ty= |J Te> |J wo.
Q:7p Q=P Q:np Q=P

and hence |u| < Mps(Nu)(P) on this set by Lemma 6.2 and the stopping condition (7).
Returning to (9), we observe that

. - .
QNS C8\ U 5= U wecsSnay,
S’echs (S) Q:1s0=S

for all S such that 7pS = P, where the first inclusion shows that these sets are pairwise
disjoint in S. Since both ends of the inclusion involve graph-domains, we also see that
1//§ (x) > w,% (x). This allows us to estimate and sum over S in (9) as follows:

> // A|Vu|2(t—1/f§(x))dtdx§// _|Vulr(r — () drdx
SCQq, 7pS=P ngms QW%QQO

1001 lulfqq ) < 1Qol- Mps (NP, (10)
P

where the penultimate step is by the local S < N estimate (6).
A combination of (9) and (10) shows that the factor Mps (N u)(P)? cancels from both
sides, and we are left with

> 1815 1Qol,

SCQo, wp S=P §'ech’s (H\P

which completes the proof of the lemma. O
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Proof of Lemma 6.5. By arguing as at the beginning of the proof of Lemma 6.4, we find
that it is enough to prove that

> RIS 1Ql,
ReR, RCQp
npR=P

where P := mp Q.
By interior regularity of solutions to u to div AVu = 0, for all z, w € Wg,

lz — w|\* 1 5 172
Iu(z)—u(w)|§< ) ) z(R)<W //VVRWM' dtdx)

1 1/2
< (— //N |Vu|2tdtdx> ,
IR| JJ g

where Wy is a slight expansion of the Whitney rectangle Wg. Hence for R € R, we have

2
Mps (Nu)(R)?|R]| < (oscu> IR| 5//~ \Vu|?t di dx. (11)
Wgr Wr

Let Wi = [6'4(R), k"£(R)) x R* be a slightly bigger expansion and R* its projection
onto R", where 8’ € (0, §). Let

Yh(x) == 8'E(R) +dist(x, R*), T i={(t.x):t> yi(x)}
Then WR C I'y and

1 <t—yh(x) forall (£, x) € Wg. (12)
Let further
T(x) ;= inf £ (x),
Vi@ = inf YR
so that
U woc U Th=1{@t.0):1> v @)= Q.
Q:np Q=P Q:np Q=P
It follows that
Mps(Nu)(P)* > |RI< Y Mps(Nu)(R)*|R|
ReR, RCQq ReR, RCQq
npR=P npR=P
Y //N |Vul®(t — ¢5*)dtdx by (11) and (12)
ReR, RCQq Wr
npR=P

(*)
5// _|VulP(t — ¢ drdx
Qw;’*ﬂQo

< 100l - ||u||§m(gw) by the local S < N bound (6)
P

(k)
< 1Qol - Mps (Nu)(P)?. (13)
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In (x), we have used the bounded overlap of the regions W/R, which is an easy conse-

quence of the geometry of the Whitney regions, and their containment in éo, a slight
expansion of the Carleson box Qg. In the last step (x%), we have used the fact that
'y € T'y(x) :={( y) : |y — x| < yt} forall x € R provided that y is large enough,
and therefore

sup |u| < in}l{“e Nu(x) < Mps(Nu)(R) S Mps(Nu)(P)
F; XE

whenever mp R = P, provided that the aperture defining Nu is large enough.
Observing that Mps (N u)(P)? cancels from both sides of (13), we have established
the required bound. O

6.2. The e-approximating functions
As a first approximation, consider the piecewise constant function
pri=u(ps) onQsS) = [(J Wo.
Q:n1s Q=S
Lemma 6.6. We have the estimate

/ V(15,90 dt dx < Nu dx
Qo

for all dyadic cubes Q.
Proof. Let us abbreviate Sy := w5 Q¢. Then we have

15,01 = Z u(ps)lass) +u(psy)logisyno,:
SeS, SCQop
IV(ig,e0l < Y sl Vigss|l + u(ps)l - V150!
SeS, SC Qo
= Y lu(ps)|- H"[9Qs(S) + lu(ps,)| - H"|Rs(S0) N Qo,  (14)
SeS, SC Qo

where H”" is the n-dimensional Hausdorff measure, or more simply, the n-dimensional
Lebesgue measure on the hyperplanes to which it is restricted.
We can then compute

//|V<1@0<m)|drdx5 3 lups)l - ISI+ lu(psy)l - 1Qol

SeS, SC Qo

< Z inf Nu - |S|+inf Nu-|Qol < [ Nudx,
SeS,ScQOS Qo Qo

where the first estimate is based on simple geometric observations concerning the shape
of the sets Qs (S) and Q2s5(Sp) N Qp, and the last one on the Carleson inequality and the
Carleson property of the collection S for the first term from Lemma 6.4, and a trivial
estimate for the second. O
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Remark 6.7. It is perhaps interesting to remark that, in bounding the gradient as in (14),
we make an apparently crude estimate of the jumps of ¢; in the interior of @0, in that we
dominate a jump |u(ps’) — u(ps)| simply by |u(ps’)| + |u(ps)|. However, a comparison
with the stopping criterion (8) shows that this is not so crude after all: it is easy to check
that lu(ps)| + lu(ps)l S Mps(Nu)(S') for all S' C S, and the very stopping criterion
(8) says that, for consecutive stopping cubes S’ C S, the difference is already essentially
as big as this maximal quantity. This means that if we ignore the dependence on € as we
do, there is no essential loss in making this apparently crude estimate. Note, however, that
we argued somewhat differently in the context of dyadic martingales, where we did trace
a good dependence on €.

The function ¢; provides a good e-approximation of  in all those Wg where

oscu < eMps(Nu)(Q),
Wo

that is, whenever Q ¢ R. Likewise, it is clear that ¢ fails to be a good approximation in
any Wg with R € R. Our final e-approximation will be ¢; + ¢2, where

) w—=9eDlw, =ulw, —ulpzso) if Q €R,
w2lwo 1= 0 else.

It remains to show that ¢, satisfies the needed Carleson measure estimate.

Lemma 6.8. We have the estimate
/ |V(1§0(p2)|dtdx < Nu dx
Qo
for all dyadic cubes Q.
Proof. We have

15,02= Y. (—u(prsr) - L.
ReR, RCQq
V(gew) = Y. [Vu-lwg+ @ —u(prsr)) - Viwgl,
ReR, RC Qo
and hence
/|V(1Q0<p2)|dzdx§ > // |Vuldtdx+ ) infNu-|R|, (15)
ReR, RCQ Wk ReR.Rc0o R

using again
IViwg| = H"[0Wgr, H"(Wg) < IR|.
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By Caccioppoli’s inequality, we can estimate the first term in (15) by

12
// \Vu|dt dx < (// |Vu|2dtdx> [Wg|!/2
Wg Wg
1 1/2
—(//~ |u|2dtdx)
L(R) \ )y

/
|Wg|'/?
1 12
—(//N inf(Nu)zdtdx> |[Wg|!/?
LR)\ v, R

R inf (Nu)|We| = inf (Nu)|R],

A

N

S
which coincides with the second term in (15). So altogether

/|V(1Q0(p2)|dtdx§ > infNu-|RIS [ Nudsx,
ReR,RcQOR Qo

by Carleson’s inequality and the Carleson property of R from Lemma 6.5 in the last step.
O
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