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Abstract. We introduce the notion of combinatorial positivity of translation-invariant valuations
on convex polytopes that extends the nonnegativity of Ehrhart #*-vectors. We give a surprisingly
simple characterization of combinatorially positive valuations that implies Stanley’s nonnegativ-
ity and monotonicity of h*-vectors and generalizes work of Beck et al. (2010) from solid-angle
polynomials to all translation-invariant simple valuations. For general polytopes, this yields a new
characterization of the volume as the unique combinatorially positive valuation up to scaling. For
lattice polytopes our results extend work of Betke—Kneser (1985) and give a discrete Hadwiger the-
orem: There is essentially a unique combinatorially-positive basis for the space of lattice-invariant
valuations. As byproducts, we prove a multivariate Ehrhart—-Macdonald reciprocity and we show
universality of weight valuations studied in Beck et al. (2010).

Keywords. Ehrhart polynomials, #*-vectors, combinatorial positivity, translation-invariant valua-
tions, discrete Hadwiger theorem, multivariate reciprocity

1. Introduction

A celebrated result of Ehrhart [15] states that for a convex lattice polytope P = conv(V),

V c 74, the function Ep(n) := |[nP N Z9 agrees with a polynomial—the Ehrhart
polynomial of P. More precisely, there are unique &, h’f ..., h} € Zwithr = dim P
such that :
n—+r n+r— n
Ep(n)=h3< . )+hT< . >+~~+h:‘(r> (1)

for all n € Z>p. In the language of generating functions this states

hg+hiz+---+hiz"
D Ep(m’ =
n>0 (-2
Ehrhart polynomials miraculously occur in many areas such as combinatorics [5, 11, 28],
commutative algebra and algebraic geometry [25], and representation theory [6, 12]. The
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question which polynomials can occur as Ehrhart polynomials is well-studied [2, 9, 18,
31] but wide open. Groundbreaking contributions to that question are two theorems of
Stanley [29, 30]. Define the h*-vector' of P as h*(P) = (hf, hi, ..., h}) where we
set i = 0 fori > dim P. Stanley showed that h*-vectors of lattice polytopes satisfy a
nonnegativity and monotonicity property: If P C Q are lattice polytopes, then

0 < h{(P) <hi(Q)

foralli =0,...,d.

McMullen [22] generalized Ehrhart’s result to translation-invariant valuations. For
now, let A € {Z¢, R?} and P(A) be the collection of polytopes with vertices in A. A map
¢ : P(A) — Ris a translation-invariant valuation if ¢(¥) = 0 and

P(PUQ)+o(PNQO)=09¢(P)+¢9(Q)

whenever P, Q, PUQ, PNQ € P(A),and ¢(t+P) = ¢(P) forall r € A. Valuations are
a cornerstone of modern discrete and convex geometry. The study of valuations invariant
under the action of a group of transformations is an area of active research with beautiful
connections to algebra and combinatorics [20, 23]. For example, for A = 74 the discrete
volume E(P) := | P N Al is clearly a translation-invariant valuation.

McMullen showed that for every r-dimensional polytope P € P(A), there are unique
hy, hY, ..., h¥ such that

—1
op(n) :=<p(nP)=hg(njr>+h‘f(n+: >+~-~+h;"<’:> @)

for all n € Z>o. Hence, every translation-invariant valuation ¢ comes with the notion
of an h*-vector h?(P) := (h¥, h{,...,hY) with hY = 0 fori > dim P. We call a
valuation ¢ combinatorially positive if h;fo(P) > 0 and combinatorially monotone if
h?(P) < h;.p(Q) whenever P C (. The natural question that motivated the research
presented in this paper was

Which valuations are combinatorially positive/monotone?

The Euler characteristic shows that not every translation-invariant valuation is com-
binatorially positive. Beck, Robins, and Sam [4] showed that solid-angle polynomials are
combinatorially positive/monotone, and they gave a sufficient condition for combinatorial
positivity/monotonicity of general weight valuations. Unfortunately, this condition is not
correct; see the discussion after Corollary 3.9. We will revisit the construction of weight
valuations in Section 2 and show that they are universal for A = Z¢. Our main result is
the following simple complete characterization.

Theorem. For a translation-invariant valuation ¢ : P(A) — R, the following are equiv-
alent:

(1) ¢ is combinatorially monotone;
(i1) ¢ is combinatorially positive;

1 Also called the §-vector or Ehrhart h-vector.
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(iii) for every simplex A € P(A),

p(relint A) := Z(—l)dimA*dimFﬁl)(F) >0,
F

where the sum is over all faces F C A.

The combinatorial positivity/monotonicity for the discrete volume (Corollary 3.7) and
solid angles (Corollary 3.9) are simple consequences, and we show that Steiner poly-
nomials are not combinatorially positive (Example 3.10). In Section 5, we investigate
the relation of combinatorial positivity/monotonicity to the more common notion of non-
negativity and monotonicity of a valuation. In particular, we show that combinatorially
positive valuations are necessarily monotone and hence nonnegative. All implications are
strict.

Condition (iii) above is linear in ¢. Hence, the combinatorially positive valuations
constitute a pointed convex cone in the vector space of translation-invariant valuations.
In Section 6, we investigate the nested cones of combinatorially positive, monotone, and
nonnegative valuations. For A = R?, this gives a new characterization of the volume
as the unique, up to scaling, combinatorially positive valuation. For A = Z¢, these
cones are more intricate. By results of Betke and Kneser [8], the vector space of valu-
ations on P(Z?) that are invariant under lattice transformations is of dimension d + 1.
We show that the cone of lattice-invariant valuations that are combinatorially positive is
full-dimensional and simplicial.

Hadwiger’s characterization theorem [17] states that the coefficients of the Steiner
polynomial give a basis for the continuous rigid-motion invariant valuations on convex
bodies that can be characterized in terms of homogeneity, nonnegativity, and monotonic-
ity, respectively. Betke and Kneser [8] proved a discrete analog: a homogeneous basis for
the vector space of lattice-invariant valuations on P(Z?) is given by the coefficients of
the Ehrhart polynomial in the monomial basis. Unfortunately, nonnegativity and mono-
tonicity are genuinely lost. In Section 7 we prove a discrete characterization theorem: Up
to scaling there is a unique combinatorially positive basis for lattice-invariant valuations.
We close with an explicit descriptions of the three cones of combinatorially positive,
monotone, and nonnegative lattice-invariant valuations for d = 2.

While Stanley’s approach made use of the strong ties between Ehrhart polynomi-
als and commutative algebra, our main tool are half-open decompositions introduced
by Koppe and Verdolaage [21]. We give a general introduction to translation-invariant
valuations in Section 2 and we use half-open decompositions to give a simple proof of
McMullen’s result (2) in Section 3. As a byproduct, we recover and extend the famous
Ehrhart—-Macdonald reciprocity to multivariate Ehrhart polynomials in Section 4.

2. Translation-invariant valuations

Let A C R9 be a lattice (i.e. discrete subgroup) or a finite-dimensional vector subspace
over a subfield of R. Following [22], a convex polytope P C R¢ with vertices in A is
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called a A-polytope and we denote all A-polytopes by P(A). Amap ¢ : P(A) — G into
some abelian group G is a valuation if () = 0 and ¢ satisfies the valuation property

p(PLU Py) = o(P1) + ¢(P2) — o(P1 N P)

for all Py, P, € P(A) with Py U P, Py N Py, € P(A). It can be shown that valuations

satisfy the more general inclusion-exclusion property: For any Py, ..., Py € P(A) such

that P =Py U---U P, € P(A)and Py :=(;c; P € P(A) forall I C [k],

p(Py= > (=" ly(py). 3)
D#IC[k]

For A a vector subspace this was first shown by Volland [32]; for the case that A is a
lattice this is due to Betke (unpublished) in the case of real-valued valuations and by
McMullen [24] in general. A valuation ¢: P(A) — G is translation-invariant with re-
spect to A and called a A-valuation if ¢(t + P) = ¢(P) forall P € P(A) andt € A.
We write V(A, G) for the family of A-valuations into G.

Many well-known valuations can be obtained as integrals over polytopes such as the
d-dimensional volume V(P) = [, p dx. The volume is an example of a homogeneous
valuation, that is, V(nP) = ndV(P) for all » > 0. An important valuation that cannot
be represented as an integral is the Euler characteristic x defined by x (P) = 1 for all
nonempty polytopes P. The volume and the Euler characteristic are A-valuations with
respect to any A. If A is discrete, the discrete volume E(P) := |P N A| is a A-valuation.

We mention two particular techniques to manufacture new valuations from old ones.
If A is a vector space over a subfield of R, then P N Q € P(A) whenever P, Q € P(A),
i.e. P(A) is an intersectional family. For a fixed valuation ¢ and a polytope Q € P(A),
the map

ne —
¢ “(P)=9(PNQO)

is a valuation. Observe that ¢"€ is not translation-invariant unless Q = .
The Minkowski sum of two P, Q € P(A) is the A-polytope

P+Q={p+q:pebP, qe}
For a fixed A-polytope Q and valuation ¢, we define
¢*te(P) = (P + Q)

for P € P(A). That this defines a valuation follows from the fact that

(K1 UK») + K3 = (K1 + K3) U (K2 + K3),

(K1 N K2)+ Kz = (K1 + K3) N (K2 + K3)
for any convex bodies Ky, K2, K3 C R? [27, Section 3.1]. Observe that (p+Q is transla-
tion-invariant whenever ¢ is.

A result that we alluded to in the introduction regards the behavior of A-valuations

with respect to dilations. It was first shown for the discrete volume by Ehrhart [15] and
then for all A-valuations by McMullen [22].
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Theorem 2.1. Let ¢ : P(A) — G be a A-valuation. Then for every r-dimensional
A-polytope P C R? there are unique hg, h(f, ..., hY € G such that

op(n) == @(nP) =hg(”jr)+hf<”+:_ 1) +~--+h<;’<’:).

That is, ¢p(n) agrees with a polynomial for all n > 0. We define the i2*-vector of ¢ and
P as the vector of coefficients h?(P) := (hf, ..., h%) with hY = 0 fori > dim P. We
will give a simple proof of this result in Section 3 whose inner workings we will need for
our main results.

We define the Steiner valuation of a polytope P C R? as

S(P):=VTBi(p)= V(P + By).

Using Theorem 2.1, we obtain the Steiner polynomial

d 4 '
Sp(n):= V(P +Bs) =) (l.)Wdi(P)n’. @)

i=0

The coefficient W; (P), called the i-th quermassintegral, is a homogeneous valuation of
degree d — i [16, Sect. 6.2]. The Steiner valuation is invariant under rigid motions and
so are the quermassintegrals. Hadwiger’s characterization theorem [17] states that for any
real-valued valuation ¢ on convex bodies in RY that is continuous and invariant under
rigid motions, there are unique «, . .., &g € R such that

o =aoWo+ -+ agWa.

Let A be a lattice. A less well-known A-valuation is the solid-angle valuation. The
solid angle of a polytope P at the origin is defined as
V(eBagNP
o(P) = lim BN )
e—0 V(eBy)
where By is the unit ball centered at the origin. It is easy to see that w is a valuation. The
solid-angle valuation of P € P(A) is defined as

A(P) =Y w(-p+P)

peA

By construction, this is a A-valuation and an example of a simple valuation: A(P) = 0
whenever dim P < d.

Beck, Robins, and Sam [4] considered a class of A-valuations that generalize the idea
underlying the solid-angle valuation. Slightly rectifying the definitions in [4], a system of
weights v = (v) is a choice of a valuation v, : P(A) — G for every lattice point p € A
such that

Ny (P) := Z vp(P)

peA
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is defined for all P € P(A). Certainly a sufficient condition for this is that v, has bounded
support, i.e. v,(P) = 0 whenever P N (R - By — p) = { for some R = R(v,) > 0.
We call N, a weight valuation. If we choose v,(P) := ¢(—p + P) for some fixed
valuation ¢, then N, is a A-valuation. This generalizes the solid-angle valuation for
Vp(P) = w(—p + P) as well as the discrete volume for v,(P) = 1 if and only if
p € P. For other valuations it is in general not clear if they can be represented by weight
valuations.

Example 2.2 (Euler characteristic). Let r € RY be an irrational vector. For a nonempty
lattice polytope P € P(Z?) there is always a unique vertex v, € Q such that (¢, x) < (¢, v;)
forall x € Q. Let v, be the function defined by v,(P) = 1if v; = p and zero otherwise.
In particular, v, (%) = 0. It is easy to check that this is a valuation and that N, is the Euler
characteristic.

Before we ponder the general case, let us consider one more example.

Example 2.3 (Volume). We write C; = [0, 119 ¢ R4 for the standard cube and we
define v := V"¢ The induced weights are then

vp(P) = V(PN (p+Ca))

for p € Z4. Since V is a simple valuation, we get
NP =V(UIP N +Ca i pez)) = vip),

The example already hints at the fact that general valuations on rational polytopes can be
expressed as weight valuations. The following result is phrased in terms of the standard
lattice A = Z<, but of course can be adapted to any lattice A.

Proposition 2.4. Let ¢ : P(QY) — G be a valuation on rational polytopes. Then there
is a system of weights v such that ¢|pza) = Ny.

Proof. Let Cq = [0, 119 be the standard cube and define F; := C; N {x; = 0} for
i=1,...,d. Theset Hj := C4 \ (F1 U---U Fy) = (0,119 is the half-open standard
cube. It is clear that {p + Hg},c7a is a partition of R?. Let us define the valuation

oM =3 (=DM,
1<(d]
where Fy := ({F; :i € I} and Fy := C,4. Then
D 9PN (p+ Ha) = w(P Ntp+Hai:pe Zd}) = p(P),
pezd
which proves the claim with v, (P) = ¢(P N (p + Hy)). ]

Note that this result does not require ¢ to be invariant with respect to translations. The
main result of this section is a representation theorem for Z¢-valuations in terms of weight
valuations.



Combinatorial positivity and a discrete Hadwiger theorem 2187

Theorem 2.5. Let ¢ : P(Z%) — G be a 74 -valuation taking values in a divisible abelian
group G. Then ¢ = N, for some system of weights v.

This result is a direct consequence of Proposition 2.4 and the following lemma which is
of interest in its own right.

Lemma 2.6. Let ¢ : P(Z%) — G be a 7Z¢-valuation taking values in a divisible abelian
group. Then there is a valuation ¢ : P(Q?) — G that is invariant under translations
by Z¢, and (P) = @(P) for all lattice polytopes P € P(Z).

Proof. Since G is divisible, we can rewrite Theorem 2.1 as
op(n) = @a(P)n? + -+ o(P)

for all P € P(Z%). The coefficients ¢; (P) are Z?-valuations homogeneous of degree i. It
is sufficient to show that we can extend ¢; to rational polytopes.
For Q € P(Q9), let £ € Z- be such that £Q € P(Z4). We define

$i(Q) =L (£Q).
To see that ¢; is well-defined, observe that £Q € P(Z%) if and only if £ = k€y where

£y is the least common multiple of the denominators of the vertex coordinates of Q, and
k € Z>1. Hence, by homogeneity

¢i(LQ) = kK'¢i(L Q).
It remains to show that ¢; satisfies the valuation property. Let Q, Q’ be rational polytopes
such that Q U Q" € P(Q?). Choose £ > 0 such that £Q, £Q’, £(Q U Q') and £(Q N Q')
are lattice polytopes. Then
€3 (QUQ) =gi(t(QU Q") =¢i(tQ) +¢i(LQ") — i(L(Q N Q")
='¢i(Q) +¢'gi(Q)— g (2N Q).
which finishes the proof. o

Note that Lemma 2.6 not necessarily yields the extension one would expect: The discrete
volume E clearly extends to rational polytopes. However, the following example shows
that this is not the extension furnished by Lemma 2.6.

Example 2.7. Consider the discrete volume E in dimension d = 1. For lattice polytopes
P C R, the polynomial expansion is given by

Ep(n) = V(P)n + x(P),

where V is the 1-dimensional volume. By Lemma 2.6, there is an extension of E to ratio-
nal segments and we compute

B([0.4]) = 4V (0.3 + xGl0.3) = L+ 1 210071,

Since every abelian group G can be embedded into a divisible group G, Theorem 2.5 can
be extended to abelian groups if we allow the weights to take values in G. However, the
assumption that ¢ is translation-invariant with respect to Z¢ is necessary for our proof.

Question 1. Can Lemma 2.6 be extended to general valuations ¢ : PZ4 — G?
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3. Half-open decompositions and /2*-vectors

For a polytope P € P(A) and a valuation, we defined in the introduction

@(relint P) := Z(—l)dimp_dimep(F), &)
F

where the sum is over all faces F' of P. Using Mobius inversion, this definition is consis-
tent with

@(P) = Z o(relint F). (6)
F

In this section we will extend ¢ to half-open polytopes, which allows us to use half-
open decompositions of polytopes for a proof of Theorem 2.1 that avoids inclusion-
exclusion of any sort.

Let P C R be a full-dimensional polytope with facets F, ..., F,,. A point g € R? is
general with respect to P if g is not contained in any facet-defining hyperplane. The point
q is beneath or beyond the facet F; if ¢ and P are on the same side or, respectively, on
different sides of the facet hyperplane aff(F;). We write I, (P) C [m] for the set indexing
the facets for which ¢ is beyond. Since we assume P to be full-dimensional, we always
have I, (P) # [m]. A half-open polytope is a set of the form

H,P =P\ J{Fi:iel,(P)

We will write P? for a half-open polytope H, P obtained from P with respect to some
general point g.

Our interest in half-open polytopes stems from the following result of Koppe and
Verdoolaege [21] that is already implicit in the works of Stanley and Ehrhart (see [28]).
A dissection of a polytope P is a presentation P = P; U --- U Py, where each P; is a
polytope of dimension dim P and dim(P; N P;) < d forall i # j.

Lemma 3.1 ([21, Thm. 3]). Let P = Py U---U Py be a dissection. If q is a point that is
general with respect to P; foralli =1, ...k, then

H,P=H,P W --WH,P.
For the sake of completeness we include a short proof of this result.

Proof. 'We only need to show that for every p € H, P there is a unique P; with p € Hy P;.
There is a P; such that for every ¢ > 0 sufficiently small, the point p’ := p + e(g — p)
is in the interior and p possibly on the boundary. In particular, the segment [¢, p] meets
P; in the interior of P;, which shows that p € H, P;. If p € P; for some j # i, then there
is a facet-hyperplane H of P; through p that separates P; from p’. This, however, shows
that g and P; are on different sides of H and hence p ¢ H, P;. O

For a valuation ¢ we define

eH P):=p(P)— Y (=DVlp(F)),
P#JC 1, (P)

where we set Fj := (1);c; F;. Lemma 3.1 now implies the following.
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Corollary 3.2. Let P = Py U---U Py be a dissection with Py, ..., P, € P(A). Ifpisa
valuation on ‘P(A), then for a general q € relint P,

e(P) =@MHg P1) + - -+ ¢Hg Pp).

It is well-known (see for example [13]) that every (lattice) polytope P can be dissected
into (lattice) simplices. Thus, Theorem 2.1 follows from Corollary 3.2 and the following
proposition.

Proposition 3.3. Let S° be a full-dimensional, half-open A-simplex and ¢ a A-valuation.
Then the function ¢so(n) = @(nS®) is a polynomial in n of degree at most d.

Proof. Let S be the A-simplex such that §° = H, S for some general g and set [ = 1,(S).
Now, S has vertices vy, ..., vg4] and facets Fi, ..., Fy41 labeled in such a way that
v; &€ F; fori € [d + 1]. An intrinsic description of S® is given by

S® = {Zkivi:ZM =1, >0fori g1, A; >0fori eI}.
1 1

Define 7; = (v;, 1) € R4*! and consider the half-open polyhedral cone

C:={u1vr 4+ 4 Hat1Vd41 : 41, .-, ha+1 =0, u; > Ofori e I}.

For n > 0, the hyperplane H, = {x € R?T! : x;.1 = n} can be naturally identified
with R? such that H, N C = nS®, where 0S® := (J unless I = . Define the (half-open)
parallelepiped

= {101+ + Rat1V44+1 : 0 < pj < 1fori 1,0 < p; <1fori el}.

Then for every p € C there are unique p; € Z>¢ and r € I1 such that p = Zi Hivi +r.
Let us write
Il; .=INH; forO0<i<d. @)

In general, the IT; are not half-open polytopes but partly open: they are A-polytopes with
certain relatively open faces removed. It follows that

nS*=CnH,= |4 oy + 40+ :1<ii < <ig <d+1}.

k,r>0
k—+r=n

This is a partition of n.S° into partly open polytopes. Using the translation-invariance of ¢

yields
n+d n+d-—1 n
pso(n) = ¢(Ilp) + o(I1) +-+ea| ), ®)
d d d
where we have used (6) to compute ¢(I1;). ]

A notion developed in the proof that will be of importance later is the following. For a
(half-open) simplex S, we define the j-th (partly open) hypersimplex I1;(S) through (7).
Proposition 3.3 prompts the definition of an i*-vector for half-open polytopes. The proof
of Proposition 3.3 then yields
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Corollary 3.4. If S° C R? is a half-open A-simplex and ¢ a A-valuation, then
hY(S*) = @(I;(S*)  forall 0 < j <d.
The following is an immediate consequence of Corollary 3.2 and Proposition 3.3.

Corollary 3.5. Let P € P(A) be a polytope and ¢ a A-valuation. Let P = PyU---U Py
be a dissection into A-simplices and q € relint P a point general with respect to P; for
alli =1,...,k Then

B (P) = h? (Hy Py) + -+ h* (Hy Py).

3.1. Combinatorial positivity and monotonicity

We now assume that G is an abelian group together with a partial order < compatible
with the group structure, that is, (G, <) is a poset such that for all a, b, c € G,

a<b =a+c=<xb+c.
A A-valuation ¢ : P(A) — G is called combinatorially positive or h*-nonnegative if
h(P) =0 forall P € P(A)and0 <i <d,
and combinatorially monotone or h*-monotone if
hf(P) =< h;p(Q) forPC QinP(A)and0 <i <d.
Our main theorem from the introduction is a special case of the following.

Theorem 3.6. For a A-valuation ¢ : P(A) — G into a partially ordered abelian
group G, the following are equivalent:

(1) ¢ is combinatorially monotone;
(ii) ¢ is combinatorially positive;
(iii) ¢(relint A) > 0 for every A-simplex A.

Proof. The implication (i)=>(ii) simply follows from the fact that @ is trivially a A-poly-
tope. Hence, h;.p(P) > h;p((fj) = (0 forevery P € P(A) and all ;.

For (ii)=>(iii), let A be a A-simplex of dimension r. Note that the (r—1)-th partly open
hypersimplex I1,_; of A is a translate of relint(—A). Combinatorial positivity implies
that 0 < 7Y | (—A) = (I1,_1(—A)) = p(relint A).

(1i1)=(i): Let P € Q be A-polytopes. If r =dim P =dim Q,let Q =T U---UTy
be a dissection of Q into r-dimensional A-simplices such that P = Ty U T2 U
--- U Ty for some M < N. Such a dissection can be constructed by using, for example,
the Beneath-Beyond algorithm [14, Section 8.4]. For a point g € relint P general with
respect to all 7;, it follows from Corollary 3.5 that

hY(Q) — h?(P) = h! (H,Ty) + - - + hY (Hy Twy).
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Hence, it is sufficient to show

hf(S“) >0
for any half-open A-simplex S°. For 0 < i < dim $°, let I1; = TII;(S®) be the corre-
sponding i-th hypersimplex and let TI; be its closure. Pick a triangulation 7~ of TI; into
A-simplices. Then 7/ = {o € T : relinto C I1;} is a triangulation of the partly open
hypersimplex. From Corollary 3.4 and inclusion-exclusion, we obtain

h{ (8" = ¢(I;) = ) g(relinto) > 0,
oeT’

which completes the proof for the case dim P = dim Q. ‘
Letr := dimQ — dim P > 0. Set P_O := P and P! := conv(P'"! Ug;) fori =
1,...,r — 1, where g; € (Q N A) \ aff(P'~!). This yields a chain of A-polytopes
p=pP’cPlc...cPcQ

with dim P! = dim PI=! + 1 for 1 <i < r. So, it remains to prove that 1 (P) < h?(Q)

when Q is a pyramid with base P and apex a. Let P = P; U --U Py be a dissection of P

into A-simplices. This induces a dissection of Q with pieces Q; = conv(P; Ua). A point

g € relint Q general with respect to all Q; gives half-open simplices Q7 = H, Q; with

half-open facets P? = Q? N P;. For 0 < j < d, itis easy to see that I1;(P?) C IT1;(Q7?)

is a (partly open) face. For fixed j we compute, from a triangulation 7" of I1;(Q?),
hE(QY) — hY(PP) = > fp(relinto) : o € T, relinto ¢ I1;(P?)} = 0,

and hence

HE(Q) = Y (P) = Y (h(Q]) — h{(P) = 0. :

As a direct consequence we recover Stanley’s results regarding the 4*-vector for the dis-
crete volume.

Corollary 3.7. Let A be a lattice. Then the discrete volume E(P) = |P N Z4| is an
h*-nonnegative and h*-monotone valuation.

Proof. By Theorem 3.6, it suffices to prove that E(relint P) > O forall P € P(Z%). From
the definition of E(relint P) it follows that E(relint P) = |Zd Nrelint P| > 0. ]

Another simple application gives the following.

Corollary 3.8. A simple A-valuation ¢ : P(A) — G is combinatorially positive if and
only if (P) = O forall P € P(A).

Proof. For a simple valuation, we observe that

p(relint P) = Z(—l)dimP_dimF<P(F) = @(P).
F

Theorem 3.6 yields the claim. O

Since the solid-angle valuation is simple, this implies the main results of Beck, Robins,
and Sam [4].
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Corollary 3.9. The solid-angle valuation A(P) is h*-nonnegative and h*-monotone.

Beck, Robins, and Sam also give a sufficient condition for the 4*-nonnegativity/-mono-
tonicity of general weight valuations. Theorems 3 and 4 of [4] state that N, is A*-non-
negative and 4*-monotone if and only if v,(P) > O forall P € P(Z% and all p € Z4.
Unfortunately, this condition is not correct, as Example 2.2 shows.

The Steiner valuation § also turns out not to be combinatorially positive/monotone.

Example 3.10. Let P = [0, we;] C R? be a segment of length « > 0 in dimension
d > 1. Then

S(relint P) = V(P + Bg) — V(0 + Bg) — V(ae; + Bg) = aVg—1(Bi—1) — Va(Bg) <0

for « sufficiently small.

4. Reciprocity and a multivariate Ehrhart-Macdonald Theorem

A fascinating result in Ehrhart theory and an important tool in geometric and enumerative
combinatorics is the reciprocity theorem of Ehrhart and Macdonald.

Theorem 4.1. Let P C R? be a lattice polytope and E p (n) its Ehrhart polynomial. Then
(—=D)9mPE(—pn) = E(relint(n P)) = |relint(n P) N Z4|.
McMullen [22] generalized this result to all A-valuations as follows.
Theorem 4.2. Let ¢ : P(A) — G be a A-valuation and P € P(A). Then
(=D Ppp(—n) = p(relint(~n P)).

In this section we succumb to the temptation to give a simple proof of Theorem 4.2 using
the machinery of half-open decompositions developed in Section 3. As a corollary we
obtain McMullen’s multivariate version of Theorem 2.1 for Minkowski sums ¢(n P; +
- - -+n Py) and, from the perspective of weight valuations, we give a multivariate Ehrhart—
Macdonald reciprocity (Theorem 4.8). This section is not necessary for the remainder of
the paper and can, if necessary, be skipped.

We start with a generalization of Lemma 3.1. Let P C R be a full-dimensional
polytope with facets Fi, ..., F,. For a general point ¢ € R, we have defined I;(P) =
{i € [m] : g beyond F;}, which led us to the definition of half-open polytopes. We now
define

HIP:=P\ U{Fi ti ¢ I,(P)) = P\ 9H,P.

In a more general setting the relation between H, P and HY P was studied in [1].

Lemmad4.3. Let P = Py U---U Py be a dissection and q general with respect to all P;.
Then
HIp=HIPWY..-WHIP.
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Proof. For apolytope P C R¥, define the homogenization P = {(x,1):1>0,x €rP}.
This is a polyhedral cone and P can be identified with ,o(P) = {(x 1) e P} Letg = ( )

ThenHYP; = p(H-5 P ). Applying Lemma 3.1 with —¢ to P= P1 u.-.-u Pk then proves
the claim. O

The following reciprocity is a simple extension of Stanley’s result for reciprocal do-
mains [28]. Observe that for g € relint P we get H? P = relint P, and hence the following
theorem subsumes Theorem 4.2.

Theorem 4.4. Let P be a A-polytope and ¢ be a A-valuation. Then
(=14 Py, p(—n) = p(—nH?P).

Proof. Since (qup(n) = goanp(l), we only have to prove that (—1 (qup(—l) =
@(—H? P). Let us first assume that P is a simplex of dimension d. With the notation from
the proof of Proposition 3.3 and (8) we obtain

dim P n—1 n n+d-—1
(=1 quP(—n)=<P(H0)< d >+‘P(H1)<d>+"‘+§0(nd)( ) 9

)&an

d
where IT; = I1;(H, P) and we have used the identity (—l)b(_”b+b) = (“;1). Thus,

(=D Py, p(~1) = g(Ty) = p(~HI P),

since Il is a translate of —H? P. Now, let P be an arbitrary A-polytope, and let P =
T1 U---U Ty be a dissection into A-simplices. Then

(_l)dlm P‘quP(_l) — (_1)dimP ((quTl (_n) + -4+ quTk (_n))
= @(—=HIT)) + - + o(=HT}) = o(—H? P)
by Lemma 4.3. O

Corollary 4.5. Let Ny be a translation-invariant weight valuation and P be a lattice
polytope. Then also P — (—1)%™P N (—relint P) is a weight valuation, and

(=DIMP (N p(=n) = ) vp(relint(—nP)).
peZd
4.1. Multivariate Ehrhart—Macdonald reciprocity

A multivariate version of Theorem 2.1 was given by Bernstein [7] for the discrete volume
and by McMullen [22] for general A-valuations.

Theorem 4.6 ([22, Theorem 6]). Let P1, ..., Pr € P(A) andlet ¢ : P(A) — G be a
A-valuation. Then the function

op,..p(n1, .. ng) =@ PL+ -+ ng Pr)

agrees with a polynomial of total degree at most dim Py +- - -+ P forallny, ..., n; > 0.
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Proof. For k = 1, this is just Theorem 2.1. For k > 1, consider for fixed Py the

A-valuation % By induction, ¢p,  p_,(Pi;ni,...,nk—1) := o7 Py + - +
ng—1Px_1) is a polynomial in ny, ..., nx_1. In particular, the map
P op, P (P =0p,.. P (Psnt,...,nk—1) € Glny, ..., ng—1]

is a A-valuation. Hence, again by Theorem 2.1,

(opy,..p_)p () =M1 Py + - +np 1 Peoy +ni Pe) € Glny, ..., ng—1]1[ng]

is a multivariate polynomial. The total degree of ¢p,, . p,(n1,...,ni) is equal to the
degree of pp, . p(n,n,...,n) =en(P +---+ Py)) in n, which, by Theorem 2.1, is
<dim(P; + -+ + P). m]

Specializing Theorem 4.6 to the discrete volume, we find that, for any lattice polytopes
Pi,...., P CRY,

Ep,, .. (11, ... ng) = [(m1 Py + -+ ng P) N 29

agrees with a polynomial for all ny, ..., ny > 0. Using Ehrhart-Macdonald reciprocity
(Theorem 4.1), we can interpret (—1)"Ep,, . p,(=n1,...,—ng) forny,...,ngy > 0 as
the number of lattice points in the relative interior of P = nj Py + --- 4 n; Py where
r = dim P. This raises the natural question if there is a combinatorial interpretation for
the evaluation

Ep,, . p(=n1,....,=np 041, ..., 0) (10)

forny,...,nr > 0and 1 <! < k. The following example shows that there cannot be a
straightforward generalization of Theorem 4.1.

Example 4.7. Let P = [0, 11 and 0 =1(0,0), (1, 1)]. Then
Epon,m) =+ l)2 + 2nm + m.

Therefore

Epo(—n,m) <0 forO <n <K m,

Ep,o(—n,m) >0 for0 < m < n.
However, from the perspective of weight valuations, we can give an interpretation of (10)
in terms of the topology of certain polyhedral complexes. We first note that for (10),
,,,,, p(=n1, s —np s, .. n) =Ep o(—=1,1) = Ef2(=1)

where P :=n Py +---+mnPrand Q = njy1 P41 + - - - + ng Pr. Hence, it is sufficient
to find an interpretation for Ep o (—1, 1) for general lattice polytopes P, Q.
For two polytopes P, Q C RY, the Q-complement is the polyhedral complex

Co(P):={F C Pface: FNQ =0}.

Recall that the reduced Euler characteristic of a polyhedral complex K is defined as
F(K) = Y {(=D4mF . F e K}. Here is our generalization of Ehrhart-Macdonald
reciprocity to Minkowski sums of lattice polytopes.



Combinatorial positivity and a discrete Hadwiger theorem 2195

Theorem 4.8. Let P, O C R? be nonempty lattice polytopes. Then P +> X (Co(P))
defines a valuation on P(Z%) and
Epo(=1.1)=— > R(Co(P + p)).
pezd
Proof. Consider ¢ := x"(~2) and define a system of weights v by vy (P):=¢(—p + P).
We have v,(P) = lif and only if (—p + P) N (—Q) # P ifandonlyif p € P + Q.
Hence,
ETC(P)= )" v,(P) = Ny(P).
pezd

By Corollary 4.5, we obtain
Ep(=1) = ) (=)D (—(p + relint P))

peZd
= Z Z{(—l)dimF . F C Pface, (F+p)NQ #0)
peZd
=— Y %(Co(P+p)
pezd

where the last equation follows from the fact that the complex of faces of P has reduced
Euler characteristic zero. O

For Q = {0}, we recover Ehrhart—-Macdonald reciprocity: For p € 74, set
Cp:=Co(—p+P)={F C Pface: p ¢ F}.

For p € relint P, C, is a sphere of dimension dim P — 1. For p ¢ P and p € 9P, the
complex C), is a ball and so x (C,) = 0. Hence, Theorem 4.8 yields

Ep(=1) = Z (—=4mP = (—1)4mPE(relint P).
peZ4nrelint P

One could hope that the Q-complements are combinatorially well-behaved (e.g.
shellable, Cohen—Macaulay, Gorenstein, etc.), but it turns out that Q-complements are
universal.

Proposition 4.9. Let C be a simplicial complex. Then there are lattice polytopes P and Q
such that

C=Co(P).
Proof. Let C be a simplicial complex on the vertex set [m]. Let P = conv(ey, ..., e;) be
a lattice (m — 1)-simplex in R™. For I C [m] let
e m iel i

be the barycenter of the face F; := conv(e;: i € I) € P.Let Q = conv(w;: I ¢ C).
Then Ff N Q = ¥ if and only if I ¢ C. Hence, Co(P) is a geometric realization of C.
Observing that m!Q < m!P are lattice polytopes finishes the proof. O
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In particular, the weights appearing in Theorem 4.8 can be arbitrary. This, however, does
not exclude the possibility that there are combinatorial interpretations of Ep ¢ (m, n) for
certain regimes R C Z2, and it would certainly be interesting to find such interpretations.

5. Weak h*-nonnegativity, monotonicity, and nonnegativity

The Euler characteristic is a simple example of A-valuation that is not combinatorially
positive. Indeed, for an r-polytope P # () we have

e (P) = (—l)f(j).

In this section we consider a weaker notion than ~2*-nonnegativity that clarifies the relation
of combinatorial positivity/monotonicity to the usual nonnegativity and monotonicity of
valuations. A A-valuation ¢ € V(A, G) is weakly combinatorially monotone or weakly
h*-monotone if ¢({0}) > 0 and

h{(P) < h{(Q)

for all A-polytopes P C Q such that dim P = dim Q. Clearly, every combinatorially
monotone valuation is also weakly combinatorially monotone. Moreover, the Euler char-
acteristic is weakly #*-monotone, which also shows that weakly #*-monotone does not
imply A*-monotone. The main result of this section exactly characterizes the weakly
h*-monotone valuations.

Theorem 5.1. For a A-valuation ¢ : P(A) — G into a partially ordered abelian
group G, the following are equivalent:

(1) ¢ is weakly h*-monotone;
(i) ¢(relint A) + @(relint F) > 0 for every A-simplex A and every facet F of A;
(1) @(S®) = O for every half-open A-simplex S°.

Proof. (1)=(ii): Let A = conv(vg, ..., v;) be a A-simplex of dimension r. We can
assume that vg = 0. If »r = 0, then ¢(relint A) > 0 by definition. For r > 0, the
truncated pyramid 7 = 2A \ A is contained in 2A and is of dimension r. Since ¢ is
weakly ~*-monotone, we obtain

0 < h?(=2A) — h?(=T) = p(relint(2A)) — p(relint T) = @(relint A) + ¢(relint F),

where F denotes the facet opposite to vy = 0.

(ii))=-(ii): Let S°® be a half-open simplex of dimension r and let f = f(S®) be
the number of facets present in S®. If f = 1 or r = 0, then ¢(S®) = ¢(relint S) +
o(relint F) > 0 by (ii). For f > 1, let F C S° be a half-open facet. Then T = S°\ F isa
half-open simplex with (7)) < f, and by induction on f and r we get

P(8*) = o(T) + ¢(F) = 0.
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(iii))=(@{): Let P € Q be two A-polytopes with r — 1 = dim P = dim Q. As in the
proof of Theorem 3.6, we can choose a dissection Q = 77 U --- U Ty of Q into (r — 1)-
dimensional A-simplices such that P = Ty U Tp42 U --- U Ty for some M < N. For
a point g € relint P general with respect to all 7;, it follows from Corollary 3.5 that

hY(Q) — hf(P) = hf(HyT)) + - + h{ (H, Ty).

It is thus sufficient to show

hY(8*) =0
for any proper half-open A-simplex S°, thatis, S* = H, S for some general g ¢ S. We will
show that the corresponding partly open hypersimplex I1; = IT; (S®) can be dissected into

half-open simplices. By a change of coordinates, we can assume S = {x € V : x > 0},
where V={x e R :x;+---4+x, = 1}, and

§S*={xeS:x;>0forjel)

with I = I,(S) # . We can also assume that the general point g € V satisfies g; > 1
for j & I. The corresponding i-th partly open hypersimplex is

I ={xe€i-V:x;>O0forjelxj<lforj¢gl}=HyII;,

where q' = i -q. Hence, II; is a half-open polytope and after choosing a dissection
I1; = S; U---U S into simplices, we obtain from Lemma 3.1

I1; = Hq/S] u---u Hq/Sl,

and thus
k

o(T;) = Y @(Hy (S1)) = 0. O
I=1
A A-valuation is monotone if ¢(P) < ¢(Q) for all A-polytopes P C Q and nonnegative
if o(P) > O for all P € P(A). Clearly, every monotone valuation is nonnegative but the
converse is in general not true as the following example shows.

Example 5.2. For A = Z2, define the Z2-valuation b(P) := E(P) — Vo(P) — x(P). If
dim P < 1, then b(P) = V{(P). For dim P = 2, 2b(P) = |d P N Z?|. This is clearly a
nonnegative valuation. But the following figure shows that b is not monotone.

We call a A-valuation weakly monotone if ¢({0}) > 0 and ¢(P) =< ¢(Q) for all
A-polytopes P € Q with dim P = dim Q. It turns out that monotonicity and weak
monotonicity are in fact equivalent.
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Proposition 5.3. Let ¢ be a A-valuation. Then ¢ is monotone if and only if ¢ is weakly
monotone.

Proof. For A-polytopes P C Q we construct a chain of A-polytopes
P=PRCPC---CP CQ,

where P;;1 = conv(P; U g;) for some g; € (Q N A) \ aff(P;) forall0 <i <r —1,
and dim P, = dim Q. Hence, it suffices to prove that ¢ (P) < ¢(Q) when Q is a pyramid
over P with apex a = 0. If P = §J, then O = {0} and ¢(Q) > 0 by definition. If
dim P > 0, then the truncated pyramid 7" := 2Q \ (Q \ P) is contained in 20 and is of
equal dimension. Therefore

0=x920) —o(T) =¢(Q) — @(P). o
The next result gives us the relation to monotone valuations.
Proposition 5.4. Let ¢ be a weakly h*-monotone A-valuation. Then ¢ is monotone.

Proof. We have to show that (P) < ¢(Q) for A-polytopes P € Q. By Proposition 5.3
we may assume that dim P = dim Q. Let Q = 77 U --- U Ty be a dissection of Q into
A-simplices such that P = Ty41 U Tpypqo U --- U Ty for some M < N. For a point
q € relint P general with respect to all 7; we obtain

M
9(Q) —p(P) =Y @(H,T;) = 0

i=1
by Theorem 5.1. O

The converse, however, is not true.

Example 5.5. Let R be the lattice triangle with vertices a = (8), b = (é), c = (f)
Consider the valuation EY¢ where Q = [(0,0), (1, 1)]. It is easy to see that E*€ is
monotone. To see that ET is not weakly /*-monotone, we appeal to Theorem 5.1 and

compute, for the facet F = conv(b, ¢),
E*€(relint R) + ETC(relint F) = (—1) + 0 < 0.

We close this section by summarizing the various relationships in the following diagram:

h*-nonnegative monotone
weakly .
¢ " ¢ = nonnegative
« h*-monotone
h*-monotone weakly monotone

6. Cones of combinatorially positive valuations

Let us assume that G 1is a finite-dimensional R-vector space. Then

VA, G) ={p: P(A) - G a A-valuation}
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inherits the structure of a real vector space. Let C C G be a closed and pointed convex
cone. Then we can define a partial order on G by

xXcy & y—xeC.

This partial order is compatible with the group structure on G and C = {x € G : x > 0}.
Throughout this section, G will be partially ordered by some C.

We will write Vcp(A, G) for the collection of combinatorially positive A-valuations
¢ 1 P(A) — G. Observing that condition (iii) in Theorem 3.6 is linear in ¢ shows that
Ver(A, G) has typically a nice structure.

Proposition 6.1. The set Vcp(A, G) is a convex cone.

In the following sections we will study the geometry of this cone for A = R? and
A =74

6.1. RY-valuations

Our main result for A = R gives a precise description of Vep(RY, G).

Theorem 6.2. Let G be a finite-dimensional real vector space partially ordered by a
closed and pointed convex cone C. Then

Ver(RY, G) = C.
The isomorphism takes c to cVy.

If dim G = 1 and hence up to isomorphism G = R with the usual order, we obtain a new
characterization of the volume.

Corollary 6.3. The volume is, up to scaling, the unique real-valued combinatorially pos-
itive R¢-valuation.

As a first step towards the proof of Theorem 6.2, we recall the following result of
McMullen.

Theorem 6.4 ([22, Theorem 8]). Every monotone R?-valuation ¢ : P(R?) — R is
continuous with respect to the Hausdorff metric.

Since every combinatorially positive valuation is monotone (Proposition 5.4), we con-
clude that the cone Vep(R?, G) is indeed a closed convex cone. We recall the following
well-known result (see, for example, Gruber [16, Chapter 16]).

Lemma 6.5. If ¢ : P(R?) — R is a simple, monotone R¢-valuation, then ¢ = AV, for
some A > Q.

Proof of Theorem 6.2. Let ¢ be a combinatorially positive valuation. We will show that
for every linear form £ : G — R that is nonnegative on C, the real-valued R9-valuation
Loy is a nonnegative multiple of the volume. Since C is pointed, this then proves ¢ = cVy
for ¢ = ¢([0, 119) € C.
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Since £ > 0 on C, £ o ¢ is monotone and by Theorem 6.4 continuous in the Hausdorff
metric. In light of Lemma 6.5 it thus suffices to prove that ¢ is simple.

For every polytope P € P[RY) let g(P) = (g0(P), g1(P), ..., ga(P)) € Gt be
such that

. 80(P)+gi(P)t+ -+ ga(P)t?
> emPy" = T .

n>0

We denote the numerator polynomial by gp(¢). Forall 0 < i < d, every g; is a continuous
R4-valuation. If dim P = r, then

r
gp(t) = (1 =" > hf (Pt
i=0
In particular, if dim P = d, then g;(P) = h;p(P) e Cforall0<i <d.
Now let Q be of dimension r < d. Consider the sequence of polytopes Q, =
0+ %[0, 1]d. Then dim Q,, = d for all n > 1 and h;p(Q,,) = gi(Qn) — gi(Q) as
n — oo. Since C is closed, we have g; (Q) € C for all i. On the other hand, (1—1) | gp(t)

and therefore Z?:O gi(Q) = 0. Since C is pointed, we conclude that g; (Q) = 0 for all i
and thus ¢ (Q) = 0. m]

Using similar techniques, we can describe the cone
Vwer®R?, G) == {¢ : P(RY) — G weakly h*-monotone}.

Theorem 6.6. Let G be a finite-dimensional real vector space partially ordered by a
closed and pointed convex cone C. Then

Ywep(RY, G) = C x C.

The isomorphism takes (c1, c2) to c1x + c2Vy.

Proof. Proposition 5.4 shows that weakly ~#*-monotone implies monotone. It follows that
for c; ;= ({0}) € C,
Vi=¢—cix

is still a weakly A*-monotone R-valuation and, in particular, monotone. Analogous to
the proof of Theorem 6.2, we show that i is simple and conclude that ¢ = ¢,V for
some ¢ € C.

Let P € Q be two polytopes of dimension r < d. Consider the d-polytopes P, :=
P + 110,11 and Q, := O + 1[0, 1]%. Then dim P, = dimQ, = d and P, € Q,
for all n > 1. Following the proof of Theorem 6.2, we infer that gg, () — gp,(¢) has all
coefficients in C and

20, (1) — gp, (1) 2= g0o(1) — gp(1).

However, since dim P = dim Q < d, we have gp(1) — gp(1) = 0. Since C is pointed,
this implies that gp () = go(¢) and ¥ (P) = ¥ (Q).

Let us assume that 0 € P. Then P C nP for all n > 1 and hence v (n P) = c for all
n > 1. In particular ¥ (0P) = ¥ ({0}) = ¢, which implies that ¥ (P) = 0. O
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Corollary 6.7. The Steiner valuation S(P) = Vg(P + By) is not weakly h*-monotone
ford > 1.

Proof. The quermassintegrals are linearly independent R¢-valuations with W being the
volume and W, proportional to the Euler characteristic. Hence the representation (4)
shows that for d > 1, S is not in the cone spanned by x and V. O

It is known (see [16]) that the quermassintegrals are nonnegative and monotone with re-
spect to inclusion. Hence, by Hadwiger’s characterization result, the cone of nonnegative
and the cone of monotone rigid-motion invariant continuous valuations on convex bod-
ies in R coincide and are isomorphic to R‘igl. Meanwhile, the corresponding cones of
rigid-motion invariant (weakly) 7*-monotone valuations are still given by Theorems 6.2
and 6.6.

6.2. Lattice-invariant valuations

Let A be a lattice of rank d that, without loss of generality, we can assume to be 74.
A valuation ¢ : P(Z%) — G is lattice-invariant if o(T (P)) = ¢(P) for all P € P(Z%)
and every affine map 7 with T(Z%) = Z¢. A fundamental result on the structure of
lattice-invariant valuations was obtained by Betke and Kneser [8]. For 0 < i < d, we

define the i-th standard simplex as A; := conv{0, ey, ..., e;}, where {eq, ..., eq} is a
fixed basis for A.
Theorem 6.8 (Betke—Kneser [8]). For every ag,ai,...,aq € G there is a unique

lattice-invariant valuation ¢ : P(Z¢) — G such that
o(A) =a; forall 0 <i <d.

In particular, there are lattice-invariant valuations ¢y, ..., ¢4 : P(Zd ) — Z such that
@j(A;) = §;j and every valuation ¢ : P(Z?) — G admits a unique presentation as

¢ =¢Ao)go+ -+ ¢(Ad)ga. (11
This implies that
Ve, G) = {¢: PZ) — G : ¢ lattice-invariant} = G4T.

We assume that G is a real vector space of finite dimension, partially ordered by a
closed and pointed convex cone C. In this section we study the cone of combinatorially
positive, lattice-invariant valuations,

Vep(Z4, G) := Vep(Z4, G) N V(Z, G).

In contrast to the case of (rigid-motion invariant) R¢-valuations, this is a proper convex
cone.

Proposition 6.9. The cone Vcp(Z2, G) is of full dimension (d + 1) - dim C.
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Proof. For€ =1,...,d + 1, define the valuation E¢(P) := E(£ - P). Then E’ is lattice-
invariant, and
Ef(relint P) = E(relint(¢ - P)) > 0

shows that E¢ is combinatorially positive. Moreover, E', ..., E?*! are linearly indepen-
dent. Indeed, assume that o] E! +- - -+ad+1Ed+1 = (. We have Ef (n[0, 1]‘1) = (Un+ 1)d,
and

ar(n+ D +er@n+ D+ +aa(@d+ D+ 1)? =0

for all n implies r; = O for all i.

Now, let m = dim C and let ¢y, ..., ¢, € C be linearly independent. The lattice-
invariant valuations {c,'EK 1 <i <m,1 <€ <d+ 1} are linearly independent and
combinatorially positive, which proves the claim. O

We will give a detailed description of Vcp(Z¢, G) that complements the Betke—Kneser
theorem.

Theorem 6.10. A lattice-invariant valuation ¢ : P(Z¢) — G is combinatorially positive
if and only if p(relint A;) > O for all standard simplices A;, i =0, ..., d. In particular,

Vep(24, G) = ¢,
The theorem is equivalent to
Vep(Z4,G) = {9 € V(Z?, G) : g(relint A;) = Oforalli =0, ...,d}. 12)

The inclusion ‘C’ follows from Theorem 3.6(iii). To prove the reverse inclusion it is
sufficient to show that every lattice-invariant valuation ¢ is combinatorially positive if
o(relint A;) = Oforalli =0,...,d.Indimensions d < 2, this is true since every lattice
polytope can be triangulated into unimodular simplices. In dimension d = 3, a direct
approach uses the classification of empty lattice simplices due to Reznick [26, Corollary
2.7] and induction on the lattice volume similar to Betke—Kneser [8].

Our proof of Theorem 6.10 pursues a different strategy: Since the right-hand side
of (12) is a polyhedral cone, it is sufficient to verify it is generated by a set of combinato-
rially positive valuations. For the case (G, C) = (R, Rxg), such generators will be given
in the next section.

7. A discrete Hadwiger theorem

Hadwiger’s characterization theorem [17] states that every continuous rigid-motion in-
variant valuation ¢ on convex bodies in R? is uniquely determined by the evaluations
(¢(Si))i=o0,....a Where So, ..., Sq C R4 are arbitrary but fixed convex bodies with dim S,
= r. From this it is easy to deduce that the quermassintegrals W;, i.e. the coefficients of
the Steiner polynomial

d
VUK + By =) (‘f) Wi (K)n',

i=0
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are linearly independent and hence span the space of continuous rigid-motion invariant
valuations. The quermassintegral W; is homogeneous of degree d — i and hence up to
scaling Wy, ..., Wy is the unique homogeneous basis for this space.

The Betke—Kneser result (Theorem 6.8) is a natural discrete counterpart: Every
lattice-invariant valuation ¢ : P(Z%) — G is uniquely determined by its values on
d + 1 lattice simplices of different dimensions. A homogeneous basis for the space of
lattice-invariant valuations is given by the coefficients of the Ehrhart polynomial

Ep(n) = eq(P)n + - + eo(P).

However, there are many desirable properties of quermassintegrals that the valua-
tions e; lack. As they are special mixed volumes, the quermassintegrals are nonnegative
and monotone. These properties distinguish them from all other bases for the space of
rigid-motion invariant valuations: The cones of nonnegative and, equivalently, monotone
rigid-motion invariant valuations are spanned by the quermassintegrals. Unfortunately,
the valuations e; are neither monotone nor nonnegative [3, Chapter 3]. This was Stan-
ley’s original motivation for the A*-monotonicity result [30] given in Corollary 3.7. In
this section we study a basis for V(Z?, Z) that is combinatorially positive and hence by
the results of Section 5 also nonnegative and monotone. This yields a discrete Hadwiger
Theorem.

In a different binomial basis Ehrhart’s result (1) states that

—1 -1 —1
Ep(n)=f6“(P)<n0 >+ff‘(P)<n1 )+~~+f;<P>(”d ) (13)

for some fl.*(P) € 7Z. These coefficients take the role of the quermassintegrals for com-
binatorial positivity.

Theorem 7.1. Let ¢ : P(Z%) — R be a lattice-invariant valuation. Then ¢ is combina-
torially positive if and only if

p=aofy +orfi+--+aaf] forsomeay,...,oq>0.
Since (”81), el (”;1) is a basis for univariate polynomials of degree < d, the valuations
fo» -+, f] are a basis for V(Z?,R). The following lemma gives an explicit expression

of ¢ in terms of this basis.
Lemma 7.2. Foralli,j=0,1,...,d,
fj*(relint Ap) = 6ij.
In particular, for every lattice invariant valuation ¢ € V(Z%, G),

@ = p(relint Ag) f§ + @(relint Ay) f; + - - - + @(relint Ag) £

Proof. For the first claim, we simply note that Ejejinc o, (7) = ("?1). For the second claim,
observe that if ¢(relint A;) = ag; foralli =0, ..., d, then (6) together with the fact that
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every r-face of A; is lattice isomorphic to A, yields

i . 1
o(8) =Z(;_+H)ar.

r=0

By Theorem 6.8, there is a unique valuation taking these values on standard simplices,
and (5) finishes the proof. m]

Thus, if ¢ is combinatorially positive, then or; = ¢ (relint A;) > 0, which proves necessity
in Theorem 7.1. For sufficiency, we need to show that f]* is combinatorially positive for
all j, that is, fj* (relint A) > O for all lattice simplices A.

For a lattice polytope P € P(Z%), f*(P) = (f5(P), ..., f7(P)) is called the
f*-vector. The f*-vector was introduced and studied by Breuer [10]. He showed that
fj* (relint P) > 0 and gave an enumerative interpretation for lattice simplices. We deduce
the nonnegativity result from more general considerations. For a translation-invariant val-
uation ¢ : P(A) — G, where A is not restricted to lattices, we define its f*-vector
Fe=(fS..... f) tobe such that for every P € P(A),

d -1
op(n) = Zf,-‘"(P)(" l. )
i=0

for all n > 0. Equivalently,

ey =3 <;><—1>i—k¢<(k +1)P).

k=0
Notice the fi‘p are translation-invariant A-valuations.

Theorem 7.3. Let A C R? be a lattice or a finite-dimensional vector subspace over a
subfield of R, and G a partially ordered abelian group. For a A-valuation ¢ : P(A) - G
the following are equivalent:

(i) ¢ is combinatorially positive;
(i) fi(p is combinatorially positive for alli =0, .. .d.

Proof. For the implication (ii)=>(i) simply observe that
g(relint P) = @retinea (1) = f (relint P) > 0

for all P € P(A). The claim now follows from Theorem 3.6.
For (i)=(ii), we claim that

) a i
f?, (elint(—P)) = ;hf(P)<k>

for any r-dimensional A-polytope P. Assuming that ¢ is h*-nonnegative then shows
combinatorial positivity of fi‘o. To prove the claim, we use Theorem 4.2 together with the
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identity (—1)" (""" %) = (") to get

-1 -1
wrenm_m(rz)=(—1)’¢p(—n)=h§(P><” ) >+hf(P)(’j>+~ - ~+hf<P)<" L r)’

and collecting terms completes the proof. O

To complete the proof of Theorem 7.1, we use Stanley’s nonnegativity of the h*-vector
(Corollary 3.7) together with Theorem 7.3. The same reasoning also yields a proof of
Theorem 6.10.

Proof of Theorem 6.10. The map ¥ : V(Z4, G) — G?*! given by
@ = (p(relint Ay))i=o,....a

is an isomorphism by Lemma 7.2. In particular ¥ takes Vcp(Z9, G) into C?*!. To show
that W is a surjection, we use Theorem 7.3 to infer that forevery a = (ag, ..., aq) € C d+1
the valuation ¢ = ag f; + - - - + aq f] is combinatorially positive with W (¢) = a. O

It turns out that there is also a Hadwiger-type result for weakly #*-monotone valuations.
For this consider the Ehrhart polynomial in the basis

T n T n
Ep(n) = fy (P) 0 +F fo (P) a) (14)
Theorem 7.4. A lattice-invariant valuation ¢ : P(Z?) — R is weakly h*-monotone if
and only if

gp:aof(‘;k+a1ﬁ*+~~+adfﬂ;}k for some ag, ...,ag > 0.

As for the proof of Theorem 7.1, the crucial observation is that ¢ is weakly h*-monotone
if and only if an analogous extension f;p is weakly i#*-monotone for all i. Necessity
follows from the proof of Theorem 5.1 where it is shown that if ¢ is weakly h*-monotone
then /7 (S°) > O for all proper half-open simplices S”.

7.1. Dimensiond =2
In this section we study in detail the cone Vep(Z2, R) in relation to the cones
VM(Z*, R) == {p € V(Z*, R) : p(P) > ¢(Q) for lattice polytopes Q C P},
V.(Z2,R) :={¢ € V(Z*,R) : ¢(P) > 0 for P € P(Z*))}.
The results of Section 5 imply
Ver(Z2, R) € VM(Z2, R) C V. (Z2, R).

We study these cones in the usual monomial basis. From Pick’s theorem [3, Theorem
2.8] the Ehrhart polynomial of a lattice polytope can be expressed as

Ep(n) = Va(P)n®> + b(P)n + x(P),

where b(P) was introduced in Example 5.2. In particular, the coefficients V,, b, x are
lattice-invariant, nonnegative and homogeneous of degrees 2, 1, 0, respectively.
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Proposition 7.5. The cone V. is the simplicial cone generated by Vs, b and .
From Theorem 6.10 we know that Vcp is simplicial and generated by
E=W+b+yx, V2, 3Vo+0b.

Determining the cone of monotone valuations is harder since b, as opposed to V5 and y,
is not monotone (see Example 5.2).

Theorem 7.6. The cone VY is simplicial and generated by

X, b+Vy, V.

Proof. First, since b + Vo = E — x, the given valuations are indeed monotone.

Now, let ¢ = o V>4 B8b+y x be a monotone translation-invariant valuation. Since ¢ is
monotone, we have «, B, y > 0. We can assume that y = 0 as ¢ — ¢(0) is still monotone.
Let O, = [0, n]* be the n-th dilated unit square and set P, = conv(Q, U {(—1, —=D}).
Then

0(Qn) = an® +2Bn,  @(Py) = a@’ +n) + B+ 1).

By monotonicity, we obtain
0<¢(P)—@(Qn) =(—pn+p

for all n > 0, and thus @ > B. The cone generated by the inequalities @ > 0, y > 0 and
a > B is generated by the rays V, Vo + b, and . O

In the space V(Z2,R) = {aV> + Bb+ yx : a, B,y € R}, a cross-section of the cones
with {« + B + y = 1} is given in Figure 1.

b

X

Fig. 1. Cross-section of the nested cones Vcp C Vi C Vg for A = 72

It would be very interesting to see if a Hadwiger-type result can be given for monotone
or nonnegative valuations. In the language of cones, we conjecture the following.
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Conjecture 1. The cones of lattice-invariant valuations ¢ : P(Z%) — R that are mono-
tone or respectively nonnegative are simplicial.

In dimension d = 2, it can also be observed that the cone of lattice-invariant mono-
tone valuations coincides with the cone of weakly A*-monotone valuations. Example 5.5
shows that this is not true without the restriction to lattice-invariant valuations. We do
not believe that these cones coincide in general. However, we currently do not have a
counterexample.
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