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Abstract. Let G be a connected reductive group over an algebraically closed field I of good char-
acteristic, satisfying some mild conditions. In this paper we relate tilting objects in the heart of
Bezrukavnikov’s exotic t-structure on the derived category of equivariant coherent sheaves on the
Springer resolution of G, and Iwahori-constructible [F-parity sheaves on the affine Grassmannian of
the Langlands dual group. As applications we deduce in particular the missing piece for the proof
of the Mirkovi¢—Vilonen conjecture in full generality (i.e. for good characteristic), a modular ver-
sion of an equivalence of categories due to Arkhipov-Bezrukavnikov—Ginzburg, and an extension
of this equivalence.

Keywords. Affine Grassmannian, Springer resolution, exotic t-structure, parity sheaves, Mirkovié¢—
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1. Introduction

1.1. Summary

Let I be an algebraically closed field, and let G be a connected reductive group over
F which is a product of simply connected quasi-simple groups and of general linear
groups. We assume that the characteristic p of I is very good for each quasi-simple
factor of G. Let also G be the complex Langlands dual group. The main result of this pa-
per is an equivalence of categories relating tilting objects in the heart of Bezrukavnikov’s
exotic t-structure on the derived category of G x Gp-equivariant coherent sheaves on
the Springer resolution N of G, and Iwahori-constructible parity sheaves on the affine
Grassmannian Gr of é, with coefficients in IF (in the sense of [JMW1]).
We provide several applications of this result; in particular

(1) a proof that spherical parity sheaves on Gr, with coefficients in a field of good char-
acteristic, are perverse, which provides the last missing step in the proof of the
Mirkovié—Vilonen conjecture [MV] on stalks of standard spherical perverse sheaves
on Gr in the expected generality;
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(2) aconstruction of an equivalence of categories relating D° CohG*Cnm (J\Nf ) to the “mod-
ular mixed derived category” of Iwahori-constructible sheaves on Gr (in the sense
of [AR2]), which is a modular generalization of an equivalence due to Arkhipov—
Bezrukavnikov—Ginzburg [ABG];

(3) an “extension” of (2) to an equivalence relating D Coh6*Gm (g) (where g is the
Grothendieck resolution of G) to the modular mixed derived category of Iwahori-
equivariant sheaves on Gr.

A weaker version of (1) was obtained earlier by Juteau—Mautner—Williamson [JMW2]
using a case-by-case argument. The application to the Mirkovié—Vilonen conjecture is
due to Achar—Rider [ARd1]. In the case p = 0, the equivalence in (2) plays an important
role in the representation theory of Lusztig’s quantum groups at a root of unity [ABG, Be,
BL]. We expect our equivalence to play a comparable role in the modular representation
theory of connected reductive groups.! A similar result has been obtained independently
by Achar—Rider [ARd2], under the assumption that spherical parity sheaves are perverse.
Our methods are different from theirs; see §1.7 below for a detailed comparison.

1.2. Main result

To state our results more precisely, let us choose a Borel subgroup B C G, and a maximal
torus T C B. Let b be the Lie algebra of B. Then the Springer resolution N is defined as

~

N :={(€,gB) € g" x G/B | §5.6 = O}
This variety is endowed with a natural action of G x Gy, defined by

(g,%) - (£, hB) := (x%g - £, ghB),

so that we can consider the derived category DP Coh®*Cm (/\7 ) of G x Gp-equivariant
coherent sheaves on . This category possesses a remarkable t-structure, called the exotic
t-structure, defined by Bezmkavnlkov [Be] in the case p = 0, and studied in our gener-
ality in [MR]. The heart E5*Cm (\/) of this t-structure has a natural structure of a graded
highest weight category, with weights the lattice X = X*(T) of characters of T, and “nor-
malized” standard, resp. costandard, objects denoted A%, resp. VJA\N/' In particular, we will
be interested in the category Tilt(£6*Cm (./T/)) of tilting objects in £6*Cm (./V) (i.e. those
objects which possess both a standard filtration and a costandard filtration). This category
is Krull-Schmidt, and its indecomposable objects are parametrized in a natural way by
X x Z. For 1 € X, we denote by 7 the indecomposable object attached to (1, 0). Then
for any n € Z the object associated with (A, n) is 7*(n), where (n) is the n-th power of
the functor (1) of tensoring with the tautological 1-dimensional Gp-module (see §5.2 for
details). For any 7 in Tilt(ES*Gm(N)), A € X and m € Z, we denote by (T : Aj‘v(m)),
resp. (7 : V/%.(m)), the multiplicity of the standard object Aj\?(m), resp. the costandard

object V/’\v(m), in a standard (resp. costandard) filtration of 7.

1 One year after this paper was written, this expectation was indeed confirmed in the article [AR3]
by P. Achar and the second author.
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Let now G be a complex connected group, with a maximal torus T CG, and assume
that (G T) is Langlands dual to (G, T), in the sense that the root datum of (G T) is dual
to that of (G, T). In particular, we have an identification X = X*(T) Welet B C G
be the Borel subgroup containing T whose roots are the coroots of B (which we will
consider as the negative coroots). Let & := C[[z]] and .# := C((z)). Then the affine
Grassmannian Gr of G is defined as

Gr:= G(H)/G(0),

with its natural ind-variety structure. We denote by I the Iwahori subgroup of G(0)
determined by B, i.e. the inverse image of B under the morphism G(0) — G defined
by the evaluation at z = 0. Then I acts naturally on Gr via left multiplication on e16/4 ),
and the orbits of this action are parametrized in a natural way by X; we denote by Gr; the
orbit associated with A and by i, : Gr, — Gr the inclusion. We let

Parity 0 (Gr,F)

be the category of parity complexes on Gr, with coefficients in I, with respect to the
stratification by /-orbits (in the sense of [[MW1]). This category is defined as an additive
subcategory of the derived category D?i)(Sr, F) of I-constructible F-sheaves on Gr. It

is Krull-Schmidt, and its indecomposable objects are parametrized in a natural way by
X x Z. We denote by &, the indecomposable object attached to (A, 0); then for any n € Z
the object associated with (A, n) is &, [n].

The main result of this paper (whose proof is given in §6.1) is the following.

Theorem 1.1. There exists an equivalence of additive categories
©: Parity j (9r,F) = Tilt(€**Cn (V) (1.1)
which satisfies the following properties:
(1) Go[l]=E(—1)006;
) forallm € Z, » e Xand £ € Parity(i)(Sr, ), we have
(O(E) : Apm)) = dim (H" M4 (Gr ;. 1%, £)),
CIGE v;7<m>) = dimp (H" =45 (Sr 5, i1, 6));

(3) O&) =T forany » € X.

1.3. Outline of the proof

Our strategy of proof of Theorem 1.1 is based on the description of both sides in (1.1)
in terms of an appropriate category of “Soergel bimodules.”> This idea is very classical;
see e.g. [S1, BY, Do] for examples in characteristic zero, and [S3, AR1] for examples in
positive characteristic.

2 Our “Soergel bimodules” are in fact not bimodules over any ring, but rather modules over a
certain algebra built out of two copies of a polynomial algebra. We use this terminology since these
objects play the role which is usually played by actual Soergel bimodules.
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On the “constructible side” (i.e. the left-hand side in (1.1)), this description is obtained
using the total cohomology functor. The arguments in this section follow well-established
techniques; see §1.8 below for a discussion of the only new idea that is needed.

On the “coherent side” (i.e. the right-hand side in (1.1)), we adapt a construction
due to Dodd [Do] in characteristic zero, which uses a “Kostant—Whittaker reduction”
functor. This construction uses modular (and integral) versions of some classical results
of Kostant, which are treated in the companion paper [R3]. Our constructions are slightly
different from Dodd’s, however, in that we do not use a deformation to (asymptotic) D-
modules, but only to coherent sheaves on the Grothendieck resolution

§:={( gB) € g" x G/B | §g.n = O},

where n is the Lie algebra of the unipotent radical of B. (On the constructible side,
this deformation amounts to replacing the category Parity( i)(9r, F) by the category

Parity ; (Gr, ) of I -equivariant F-parity complexes on Gr.)

Our proof of fully-faithfulness of the Kostant—Whittaker reduction functor is also dif-
ferent from the proof in [Do]. One of the crucial ideas in our proof, which we learnt
from papers of Soergel [S1, S3] and which was also used in [AR1], is to determine Hom-
spaces between Soergel bimodules from the analogues for parity complexes. We use this
computation to prove the “coherent side”; see the proof of Theorem 5.14 for more details.

We also use some ideas from categorification, related to the fact that both categories
appearing in (1.1) provide categorifications of the spherical module M, of the affine
Hecke algebra H,s attached to G (in the sense that their split Grothendieck groups are
equipped with natural actions of H¢, and are naturally isomorphic to Mypp). On the
left-hand side this uses the realization of H,¢ in terms of constructible sheaves on the
affine flag variety of G, and on the right-hand side it uses the Kazhdan—Lusztig—Ginzburg
description of Hy¢r in terms of equivariant coherent sheaves on the Steinberg variety of G,
a “categorical” counterpart of which is provided by the “geometric braid group action”
studied in [R1, BR2].

Note that, surprisingly, our proof does not use the geometric Satake equivalence
from [MV].

1.4. Equivalences of triangulated categories

One of our motivations for the study of the equivalence in Theorem 1.1 was the de-
sire to obtain a “modular version” of an equivalence of categories due to Arkhipov—
Bezrukavnikov—Ginzburg [ABG] in the case p = 0. Our version involves the “modular
mixed derived category”
D?}‘)"(Sr, F) := K" Parity ;, (G, F),

introduced and studied (in a more general setting) in [AR2]. In particular, it can be en-
dowed with a “perverse t-structure” and a “Tate twist” autoequivalence (1), and possesses
“standard objects” Ag\“ix (A € X) and “costandard objects” Vinix (A € X) which have the
same properties as ordinary standard and costandard perverse sheaves. For A € X, we
denote by S)‘x“ix the object &, considered as an object of D?};"(Sr, F). Incase F = @g,
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the category Digi)"(gr, IF) is equivalent to the bounded derived category of the category P

of [BGS, §4.4] (see [AR2, Remark 2.2]).

As an immediate application of Theorem 1.1 we obtain the following theorem, whose
proof is given in §6.2, and which provides a “modular analogue” of the equivalence
of [ABG, Theorem 9.4.1].

Theorem 1.2. There exists an equivalence of triangulated categories

P D?}i)x(gr, F) = DP Coh®*Cm (A

which satisfies
Po(l)= ()[1]od, GAMH)= A/};, (VX = v/*v*, P (EMxy = T+
forall » € X.

Remark 1.3. One should think of ® as some kind of “Ringel-Koszul duality,” i.e. a com-
position of a Koszul duality (as in [BGS, Theorem 2.12.6], which sends simple objects to
projective objects) and a Ringel duality (which sends projective objects to tilting objects).
The relevance of such equivalences in Lie-theoretic contexts was pointed out in [BG]; see
also [BY]. The idea that, in a modular context, simple perverse sheaves should be replaced
by parity sheaves in “Koszul-type” statements is implicit in [S3], and was developed more
explicitly in [RSW].

As explained in §1.3, our proof of Theorem 1.1 is based on the consideration of a “defor-
mation” of the picture, replacing Z -constructible sheaves by I -equivariant sheaves, and
equivariant coherent sheaves on A/ by equivariant coherent sheaves on g. Using these
considerations, we define objects A% and V% in DP Coh®*®m (§) which satisfy

Sk OAAY ~ AL sk gAY~ YTA
for all A € X, where i : N d is the inclusion (see §5.3). We also define an additive and
Karoubian subcategory Tilr of DP CohG*Cnm (9), stable under the shift (n) for any n € Z,
and indecomposable objects 77 in Tilt satisfying Li*(7*) = 7% and such that Tilt is

Krull-Schmidt with indecomposable objects 7~')‘(n) for . € X and n € Z (see §6.3). On
the other hand, we consider the equivariant modular mixed derived category

D™ (Sr,F) == K" Parity; (9r. F).

and denote by A‘IS‘K‘, resp. V}“ik", the standard, resp. costandard, object associated with
A € X. For any A € X, the périty complex &, can be naturally “lifted” to the category
Parity ;(Gr, F); we again denote by Einix this object viewed as an object in D‘IPiX(Sr, F).

The following “deformation” of Theorem 1.2 is proved in §6.3. (In case p = 0, a
similar result can be deduced from the main result of [Do], though this equivalence is not
explicitly stated there.)
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Theorem 1.4. There exists an equivalence of triangulated categories
w: DPX(Gr, F) = D® Coh®*Cm (g)
which satisfies
~ Xy ~ A=A ixy ~ g—A iXy ~ F—A
Vo () =(D[IloWw, WATHZAZ, W=V wE™H=T
forall » € X.

In §6.4 we also prove that the equivalences W and & are compatible in the natural way.

1.5. Parity, tilting and the Mirkovi¢—Vilonen conjecture

Our other main motivation for the study of Theorem 1.1 comes from the Mirkovié—
Vilonen conjecture [MV, Conjecture 13.3]. In this subsection, we let G be more generally
any split connected reductive group scheme over an arbitrary commutative ring k. As be-
fore, we fix a (split) maximal torus T and let X denote the weight lattice. We again let G
and T C G denote the unique (up to isomorphism) complex connected reductive group
and ma)V(imal torus with Langlands dual root datum, and consider its affine Grassmannian
Sr:=G(X)/G(O).

The geometric Satake equivalence, proven by Mirkovic—Vilonen [MV] for any k
which is Noetherian and of finite global dimension, is an equivalence of abelian cate-
gories

Sk: Perv(é(ﬁ))(gr, k) — Rep(G),

where Perv(é @) (Gr, k) is the category of G (©0)-constructible k-perverse sheaves on Gr,
and Rep(G) is the category of algebraic G-modules which are of finite type over k. (This
equivalence is compatible with the natural monoidal structures on these categories.)

After a choice of positive roots, the é( 0)-orbits on Gr are parametrized in a natural
way by the set X C X of dominant weights; we denote by SrA the orbit associated with
A e XT, and by i A Qr)‘ < Gr the inclusion. For any A € X, we consider the perverse
sheaf

Tk k) = P (") kg, [dim(Gr™)].

By [MV, Proposition 13.1], this object corresponds, under S, to the Weyl G-module
associated with L. Towards the end of their paper, Mirkovié—Vilonen state the following
conjecture.

Conjecture 1.5 (Mirkovi¢—Vilonen [MV]). The cohomology modules of the stalks of
Ti(A, Z) are free.

‘We understand this conjecture was based on evidence in type A and was part of an attempt
to produce a “modular analogue” of results of Bezrukavnikov and collaborators (in par-
ticular, the equivalence of [ABG, Theorem 9.4.1]), like the one we prove as Theorem 1.2.

Using [MV, Proposition 8.1(a)—(b)], one can also state this conjecture equivalently as
the property that, for any field k, the dimensions

dimy (H" (Sr . i Ty(1, k)))
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are independent of k. Note that, by [MV, Lemma 7.1], if k has characteristic zero, we
have Z,(x, k) = ZC(Gr*, k), and the graded dimensions of stalks of these objects can be
computed in terms of affine Kazhdan-Lusztig polynomials [KL] and vanish in either all
odd or all even degrees.

It was realized by Juteau [Ju] that Conjecture 1.5 does not hold as stated, namely
that the cohomology modules of the stalks of Z,(A, Z) can have p-torsion if p is a prime
number which is bad for G.

On the other hand, if Z, (A, Z) does not have p-torsion for any A € X, then it follows
that for any field k of characteristic p, the tilting objects in Perv( & ﬁ))(Sr, k) are parity

complexes, or equivalently all the parity sheaves &, for A € —X* (i.e. the parity sheaves
which are G(&)-constructible) are perverse. (The equivalence between these properties
follows from [JMW?2, Proposition 3.3].)

The statement that the parity sheaves &, for A € —X* with coefficients in a field k
of characteristic p are perverse, was proved using a case-by-case analysis by Juteau—
Mautner—Williamson [JMW2, Theorem 1.8] provided that p is bigger than explicit
bounds. The bounds in [J]MW?2] are a byproduct of the method of proof and are in gen-
eral stronger than the condition that p is good (most notably when G is quasi-simple of
type Cy,, in which case the bound is p > n).

Achar—Rider [ARd1] then proved that if all the parity sheaves &; for A € —X™T with
coefficients in a field k of characteristic p are perverse, then the cohomology modules of
the stalks of the perverse sheaves Zy(A, Z) have no p-torsion.

In §6.5 we give a uniform proof of the following.

Corollary 1.6. If p is good for G, then for any . € =X the parity sheaf £, is perverse.
By the main result of [ARd1], this implies

Theorem 1.7 (Mirkovi¢—Vilonen conjecture). If p is good for G, then the cohomology
modules of the stalks of the perverse sheaves Iy()\, Z) have no p-torsion.

Our proof of Corollary 1.6 is based on the explicit description of the tilting objects 7
for A € X obtained in [MR].

1.6. Other applications

Now, let us come back to our assumptions on G and p from §1.1. In this subsection we
state some other applications of Theorem 1.1. Most of these results are already known
(at least when p = 0), but their proof usually requires the geometric Satake equivalence
of §1.5. We find it useful to explain how these results can be derived directly using our
methods.

We denote by lv)arity(é( ﬁ))(Sr, F) the subcategory of Parity( i)(9r, F) consisting of
objects which are G (&)-constructible, i.e. direct sums of objects &;[i] where A € —XT
and i € Z. We also denote by PParity GO (Gr, IF) the subcategory of Parity &) (Gr,F)
consisting of objects which are perverse sheaves. By Corollary 1.6, this category consists
of objects which are direct sums of parity sheaves &, where A € —X*.



2266 Carl Mautner, Simon Riche

To conform to the notation used most of the time in this context, for A € X1 we set
Er = Ewpr (Where wy is the longest element in the Weyl group W of (G, T)), and (as
in §1.5) Grt = LIMGWA Gr .. We also denote by L the unique T-fixed point in Gr,, and
by 1;: {L;} <> Gr the inclusion.

We denote by Tilt(G) the additive category of tilting G-modules, and by T(A) the
indecomposable tilting G-module with highest weight A (for A € X™T). We also denote
by M(A) and N(}) the standard and costandard G-modules with highest weight A respec-
tively (see [MR, §4.3]). We denote by (T(%) : M(w)) and (T (%) : N(u)) the correspond-
ing multiplicities.

From Theorem 1.1 one can deduce the following result (see §6.6).

Proposition 1.8. There exists an equivalence of additive categories
Sp: PParity ¢ g, (Sr, F) 5 Til(G)
which satisfies Sp(E*) = T(A) for all A € XT. Moreover, for i, i € XT we have

> dim (MG 2 £M) vk = 3 (TG N(=ww)) - MM (v, (1.2)
keZ veX+

where ./\/l% (v) is Lusztig’s g-analogue [L1].

In case p = 0, M(X) and T(X) both coincide with the simple G-module with highest
weight A, so that (T(k) : M(v)) = 8;.». On the other hand, we have £* = IC(Sr*, F).
By [KL], the dimensions of the stalks of this perverse sheaf can be expressed in terms of
Kazhdan-Lusztig polynomials for the affine Weyl group Wy of G. Hence in this case,
(1.2) provides a geometric proof of the relation between affine Kazhdan—Lusztig poly-
nomials and Lusztig’s g-analogue, conjectured in [L1] and proved by different methods
in [Ka].

Once it is known that the parity sheaves £* are perverse, as remarked in [J]MW?2,
Proposition 3.3], it follows that Sp(£*) = T() (where Sy is the geometric Satake equiv-
alence, see §1.5). Hence one can obtain a different construction of an equivalence Sk
by simply restricting Sg. In this setting, a sketch of a different proof of (1.2) is given
in [JMW2, Remark 4.2].

One can also apply our results to describe the (equivariant) cohomology of spherical
parity sheaves and their costalks (see §6.7 for the proof).

Proposition 1.9. (1) Forany ) € X, there exist isomorphisms of graded vector spaces,
resp. of graded H;(pt; F)-modules,

H*(Gr, €M = TG),  HY(Gr €Y =T() @ Hy(pt; ),

where the grading on T (L) is obtained from the Gy -action through the cocharacter
given by the sum of the positive coroots.
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(2) Forany A, u € X, there exist isomorphisms of graded vector spaces, resp. of graded
H;(pt; F)-modules,

He—9mE™ ! g2y = (T @ TW, O (—wo)) ©,
;—dlm(gr’)( &My = (T(A)®F(“O( woM)))

where in both cases T(A) is in degree 0, the global sections are equipped with
the grading induced by the Gp-actions on N and § g, and the H' (pt F)-action on
(T ® I'(g, O3 5(— wou)))C is induced by the natural morphlsm g — Lie(T) =
Spec(H (pt: F)).

The first isomorphism in (1) can be alternatively deduced from the fact that Sr(EM)
= T(A) (see the comments after Proposition 1.8). Then one can deduce the second iso-
morphism using [YZ, Lemma 2.2]. In case p = 0, the isomorphisms in (2) are proved
in [GR, Corollary 2.4.5 and Proposition 8.7.1].3

1.7. Comparison with [ARd2]

As already mentioned, Achar and Rider [ARd2] have obtained a different proof of The-
orem 1.2. Their methods are quite different from ours, and closer to the methods used
in [ABG]. In fact, while for us most of the work is required on the “coherent side,” in
their approach the most difficult constructions appear on the “topological side.” More-
over, the exotic t-structure does not play any role in the construction of their equivalence.*
Another important difference is that their arguments rely on the geometric Satake equiv-
alence, while ours do not.

The assumptions in [ARd2] are also different from ours: in fact they assume that the
field F is such that any spherical parity sheaf with coefficients in F on Gr is perverse.
Hence Corollary 1.6 allows to extend the validity of their results to all good characteristics.

1.8. A key lemma

An important role in our arguments is played by the following easy lemma (see [BY,
Lemma 3.3.3)).

Lemma 1.10. Let k be an integral domain, and let K be its field of fractions. Let A
and B be k-algebras, and let ¢ A — B be an algebra morphism. If the morphism
K®r¢: KQr A — K®yi B is an isomorphism, then the “restriction of scalars” functor

Mod(B) — Mod(A)
is fully faithful on modules which are k-free.

3 The conventions for the choice of positive roots and the normalization of line bundles are dif-
ferent in [GR], which explains the formal difference between the two formulas. A more important
difference is that in [GR] we construct an explicit and canonical isomorphism, while here we only
claim the existence of such an isomorphism.

4 The relation between their equivalence and the exotic t-structure is studied in [ARd2, Section 8],
but only after the equivalence is constructed.
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We learnt from [BY] how useful this observation can be. It also plays an important role
in [AR1]. In practice, this lemma can be used when we are interested in modules over
a k-algebra B which is “complicated” or not well understood, but for which we have a
“simplified model” A which is “isomorphic to B up to torsion”, i.e. such that we have a
k-algebra morphism A — B inducing an isomorphism K ®; A S K@ B.

For instance, on the “constructible side” of our proof of Theorem 1.1, working over [F
directly we would have to consider the equivariant cohomology algebra H;(Sr; F). Using
the results in [YZ] (which rely on the geometric Satake equivalence) one can obtain a
description of this algebra in terms of the distribution algebra of the universal centralizer
associated with G. This algebra is a rather complicated object; in particular it is not finitely
generated over IF. On the other hand, if K is a field of characteristic zero, the algebra
]HI; (Gr; K) has a nice description (in terms similar to the description of the cohomology of

a finite flag variety as a coinvariant algebra) which follows from [BF, Theorem 1].° Hence,
instead of working over [F, our main constructions are done with coefficients in a finite
localization fR of Z. In this case, we do not have a very explicit description of the algebra
H;(Sr; R). But the same construction as the one used by Bezrukavnikov-Finkelberg
in the case of K provides a “simplified model” for this algebra, which is isomorphic to
H;(Sr; R) “up to PR-torsion” (see §3.5). Since the modules over this algebra that we want
to consider are all R-free, using Lemma 1.10 we can replace the “complicated algebra”
H}(Sr; R) by its “simplified model” without loosing any information.

Given this strategy, we also have to work over PR on the “coherent side.” Most of the
complications appearing in this setting are treated in [BR2] and in [R3].

1.9. Contents

In Section 2 we prove some preliminary technical results, and introduce some objects
which will play an important role in the later sections. In Section 3 we describe the left-
hand side in (1.1) in terms of our Soergel bimodules. In Section 4 we define the Kostant—
Whittaker reduction functor, building on the main results of [R3]. In Section 5 we use this
functor to describe the right-hand side in (1.1) in terms of Soergel bimodules. Finally, in
Section 6 we prove the results stated in the introduction.

1.10. Some notation and conventions

All rings in this paper are tacitly assumed to be commutative and unital.

If A is an algebra, we denote by Mod(A) the category of left A-modules. If A is a
Z-graded algebra, we denote by Mod®& (A) the category of Z-graded left A-modules. We
denote by (1) the shift of the grading defined by (M (1)), = M,,_;. If M is a free graded
A-module of finite rank, we denote by grk, (M) € Zlv, v 17 its graded rank, with the
convention that grk 4 (A(n)) = v".

5 This simpler description is related to the preceding one via the fact that, over a field of char-
acteristic zero, the distribution algebra of a smooth group scheme is isomorphic to the enveloping
algebra of its Lie algebra.
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If X is a scheme, we denote by Oy its structure sheaf, and by O(X) the global sections
of Ox. If Y is a scheme and X is a Y-scheme, we denote by Qx/,y, or simply Qy, the
sheaf of relative differentials, and by Q(X/Y), or simply 2 (X), its global sections.

If kisaring and V is a free k-module of finite rank, by abuse we still denote by V the
affine k-scheme Spec(Sx(Homy (V, k))), where S denotes the symmetric algebra.

If R is a finite localization of Z, we define a geometric point of R to be an alge-
braically closed field whose characteristic p > 0 is not invertible in fR. If F is a such
a geometric point, then there exists a unique algebra morphism i — T, so that tensor
products of the form I ®sz (—) make sense.

If X is a Noetherian scheme and A is an affine X -group scheme, we denote by Rep(A)
the category of representations of A which are coherent as Ox-modules. If A is flat
over X, then this category is abelian.

At various points in the paper we consider certain schemes and affine group schemes
that could be defined over various base rings. When it is not clear from context, we will
use a subscript to specify the base ring. For example, we write X7, resp. Xf, to denote
the Z-scheme X, resp. its base change to F. In order to avoid notational clutter, we will
affix a single subscript k to some constructions like fiber products, for example writing
(X xz Y)rand O(X xz Y); rather than Xy x 7z, Yx and O(Xy x z, Yi), or categories of
equivariant coherent sheaves, writing Coh® (X)g instead of Coh% (X%). We will also use
the abbreviation DS (X)x := D Coh®*(Xy).

2. Preliminary results

2.1. Reminder on parity sheaves

Let X be a complex algebraic variety, and

X = |_|XS

ses

be a finite (algebraic) stratification of X into affine spaces. For any s € .#, we denote
by is: Xy < X the embedding. If k is a Noetherian ring of finite global dimension, we
denote by D_by;(X , k) the .-constructible derived category of sheaves of k-modules on X.
Note that any k-local system on any stratum X is constant. If k" is a k-algebra which is
also Noetherian and of finite global dimension, we will denote by

K (=): D% (X, k) — D°(X, k)

the derived functor of extension of scalars.
The following is a slight generalization of [JMW1, Definition 2.4] (where it is as-
sumed that k is a complete local principal ideal domain).

Definition 2.1. An object F in DE,(X, k) is called *-even, resp. !-even, if H"(i}F),
resp. H" (i;]-‘), vanishes if # is odd, and is a local system of projective k-modules if 7 is
even. It is called even if it is both *-even and !-even.
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An object F is called x-odd, resp. !-odd, resp. odd if F[1] is *-even, resp. !-even,
resp. even.

Finally, an object is called a parity complex if it is isomorphic to the direct sum of an
even and an odd object.

We will denote by Parity o~ (X, k) the full subcategory of Dby(X , k) consisting of
parity complexes; it is stable under direct sums and direct summands. It is also clear that
if k' is a k-algebra satisfying the assumptions above, then the functor k'(—) restricts to a
functor from Parity o (X, k) to Parity o (X, k') (which we denote similarly).®

We now assume that a connected complex algebraic group A acts on X, stabilizing
each stratum X. We will assume that '} (pt; k) vanishes if n is odd, and is projective
over k otherwise. One can consider the .-constructible A-equivariant derived category
Dg!y(X, k) in the sense of Bernstein—Lunts. We let For: DZ’y(X, k) — D}’y(X, k) be
the forgetful functor. More generally, if A’ C A is a closed subgroup satisfying the same
assumption as A, we have a forgetful functor For: DZ’ES,(X k) — Db,’y (X, k). We say
that an object F in D'j‘, (X, k) is a parity complex if For(F) is a parity complex in the
sense of Definition 2.1. We denote by Parity 4 o (X, k) the subcategory of DZ’ (X, k)
consisting of parity complexes. For k’ a k-algebra satisfying the assumptions above, we
also have an “extension of scalars” functor k’'(—) in this setting. If .¥ is the stratification
by A-orbits, we will omit it from the notation.

We refer to [JMW1] for the main properties of parity complexes, in the case k is
a complete local principal ideal domain. Here we will only need the properties below,
which follow from [JMW 1, Proposition 2.6]. (Note that the proof in loc. cit. does not use
the running assumptions on the ring of coefficients.)

Lemma 2.2. (1) If F is in Parity4 o (X, k), then H (X, F) is a finitely generated pro-
Jjective module over HS (pt; k). If A’ C A is a closed subgroup as above, then the
natural morphism

HS, (pt; k) Qm, (pt; k) HS (X, F) = H%/ (X, For(F))
is an isomorphism. If k' is a k-algebra as above, then the natural morphism

K @ HY (X, F) - HY (X, k'(F))

is also an isomorphism.

6 This remark uses the property that the functor k’(—) commutes with i ; and i. For i¥, this
follows from [KS, Proposition 2.6.5]. For l; we observe that [KS, Proposition 3.1.11] provides a
morphism of functors k' (=) o i A' — i ; o k'(—). To prove that this morphism is an isomorphism on
D}’y (X, k), it suffices to remark that DB(,(X , k) is generated (as a triangulated category) by objects

of the form (i;)«(Mx,) where ¢t € - and M is a finitely generated flat k-module, and that our
morphism is clearly an isomorphism on such objects.
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(2) If F, G are in Parity, (X, k), then Hom (F,G) is a finitely generated

o (X.,k)
projective HS, (pt; k)-module. If A’ C A is a closed subgroup as above, then the
natural morphzsm

(F.9)

— Hom L0 (For(F), For(G))

HY/ (pt; k) ®Hs, (p; k) Hom?) LX)

is an isomorphism. If k' is a k-algebra as above, then the natural morphism

kK Qi Hom (F,G) — Hom ) k' (F), K (©))

»(X.k)
is also an isomorphism. o

Remark 2.3. In [JMW1], the ring & is assumed to be a principal ideal domain, so every
finitely generated projective k-module is free.

We will also use the following observation.

Lemma 2.4. Assume that k is complete local. If F is an object of Parity 4 o (X, k) which
is indecomposable, then its image For(F) in Parity (X, k) is also indecomposable.

Proof. Under our assumptions on k, Parity, o (X, k) and Parity (X, k) are Krull-
Schmidt categories (see [JMW1, Remark 2.1]). Hence to prove the indecomposability
of For(F) it suffices to prove that End Db, (X0 (For(F)) is a local ring. By Lemma 2.2

Db (X, k)(For(]—') For(F)) is a quotient of Hom DY Xk (F,F). Hence

End Db, (X.k) (For(]—')) is a quotient of EndDb (X, k)(]-'). Since the latter is local, so is

the ring Hom*

the former which finishes the proof. O

Assume now that k is an integral domain. Recall that, in this setting, the rank of a
projective k-module M, denoted rky (M), is the dimension of the Frac(k)-vector space
Frac(k) ®, M. To X one can associate the free Z[v, v~ 1]-module My with basis (e; :
s € /) indexed by ., and to any F in Parity , (X, k) the elements

ch¥ (F) = Z rky (HI~4mXD (x 2 F)) v ey,
se.s

JEZ
chy (F) = Y rky (H/ M) (X i i F)) v ey
se.s
JEZ
We also define a bilinear form (—, —) on My, with values in Z[v, v_l], by setting

<Vnes, Vme[) = anfmasy%

The following result is also an easy application of [JMW 1, Proposition 2.6], whose proof
is left to the reader.
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Lemma 2.5. Assume that k is an integral domain.

(1) If F is in Parity, o (X, k), then its Grothendieck—Verdier dual Dx (F) is also in
Parity 4 o (X, k), and moreover

chly (Dy (F)) = ch% (F).
Q) If F,Garein Parity 4 o (X, k), then

erkezs oy (Homyy, 1 (F, §) = (ch (), chix (G). o

Remark 2.6. We will also use the straightforward generalization of the notions and re-
sults of this subsection to the case of ind-varieties, in the setting of [[MW1, §2.7].

2.2. Equivariant coherent sheaves

Let X be a Noetherian scheme, and let H be an affine group scheme over X. Consider a
separated Noetherian X-scheme Y endowed with an action of H, i.e. we are given a mor-
phisma: H xx Y — Y of X-schemes which satisfies the natural compatibility property
with the group structure on H. Let also p: H xx Y — Y be the projection. Then one can
define the category CohH(Y) of H-equivariant coherent sheaves on Y as the category of
pairs (F, ¢) where F is a coherent sheaf on Y and ¢: p*(F) = a*(F) is an isomor-
phism which satisfies the usual cocyle condition. If H is flat over X, then this category is
abelian.
We define the “universal stabilizer” as the fiber product

S::YXYXXY (H Xx Y) (2])

where the morphism ¥ — Y xx Y is the diagonal embedding (which we will denote
by A), and the morphism H xx ¥ — Y xx Y isa x p. Then S is an affine group scheme
over Y, and the natural morphism S — H xx Y is a closed embedding of Y-group
schemes.

The goal of this subsection is to recall the construction of a faithful functor

Coh™(Y) — Rep(S) (2.2)

whose composition with the forgetful functor Rep(S) — Coh(Y) coincides with the nat-
ural forgetful functor Forl;,I: CohH(Y) — Coh(Y).

We begin with a remark. Let X’ be a Noetherian X-scheme. Then one can consider the
X'-group scheme H' := H x x X', which acts naturallyon Y' := Y xx X' . If f: Y  — Y
is the natural morphism, then we remark that the usual pullback functor f*: Coh(Y) —
Coh(Y’) induces a functor from CohH(Y ) to CohH/(Y "), which we also denote f*. In
particular, using this construction for the morphism ¥ — X, we obtain a functor

pi: Coht(¥) — Conx¥(y xx 1),

where Y X x Y is considered as a Y-scheme through the second projection.
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Using this functor we can define (2.2) as the composition

CohH () 2L CohB*xY (¥ xx ¥) — CohS(Y xx ¥) 25> CohS(Y) = Rep(S),

where the second arrow is the restriction functor, and S acts trivially on Y. (Note that A
is an S-equivariant morphism of Y-schemes.)

More generally, if Z C Y is a (not necessarily H-stable) closed subscheme, one can
consider the restriction Sz := Z xy S, and the composition

Coh™(Y) — Rep(Sy)

of (2.2) with restriction to Z. The composition of this functor with the forgetful functor

F H
Rep(Sz) — Coh(Z) is the composition CohH(y) A Coh(Y) — Coh(Z), where the
second functor is restriction.

2.3. Deformation to the normal cone

Let A be aring, and let I C A be an ideal. We define the associated deformation to the
normal cone’ DNC; (A) as the subalgebra of AR generated by A[R] together with the
elements of the form A~! f for f € I.

Lemma 2.7. Let A’ be a ring, and let A — A’ be a flat ring morphism. Denote by I'
the ideal of A’ generated by the image of I. Then there exists a canonical isomorphism of
k-algebras

A’ ®4 DNC;(A) = DNC (A)).

Proof. The natural morphism
A’ ®4DNC/(A) — A’ @4 (A[hE]) = A'[hE])

is injective. The image of this morphism is clearly DNC/(A”), which provides the desired
isomorphism. O

2.4. Two lemmas on graded modules over polynomial rings

Let k be aring, and let V be a free k-module of finite rank. We denote by A the symmetric
algebra of V over k, which we consider as a Z-graded k-algebra with the generators
V C A in degree 2. We consider the trivial A-module k as a graded module concentrated
in degree 0.

7 Our terminology comes from geometry: if X is the spectrum of A and ¥ C X the closed
subscheme associated with 7, then the spectrum of DNC;(A) is (a slight variant of) the usual
deformation to the normal cone of X along Y considered e.g. in [Fu, Chap. 5].
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Lemma 2.8. (1) Let M be a graded A-module which is bounded below for the internal
grading, and assume that

k ®4 M is graded free over k and Torf‘ (k, M) =0.

Then M is graded free over A.

(2) Let M be an object of the bounded derived category of graded A-modules, and as-
sume that the cohomology modules of M are all bounded below for the internal grad-
ing. Assume that the complex k ®lg M is concentrated in degree 0, and graded free
over k. Then M is concentrated in degree 0, and graded free over A.

Proof. (1) Let M’ be a free graded A-module and let f: M’ — M be a morphism such
that the induced morphism k ® 4 M’ — k ® 4 M is an isomorphism. (Such an M’ exists
by our first assumption.) By the graded Nakayama lemma, f is surjective. Let M” be its
kernel, and consider the exact sequence

Torl (k, M) — k@ M" — k@4 M — k@4 M — 0.

This exact sequence shows, by our second assumption, that k ® 4 M” = 0. By the graded
Nakayama lemma again, we deduce that M"” = 0, which finishes the proof.

(2) An easy argument using the graded Nakayama lemma shows that M is concen-
trated in non-positive degrees. Now, consider the truncation triangle

oM — M — HO (M) s

Applying the functor k ®ﬁ (—) we obtain a distinguished triangle

L L Lo 41
kAT oM > k@AM — kR H' (M) — .

The associated long exact sequence of cohomology implies that Tor{ (k, H(M)) = 0,
hence HY(M) is free by (1). Considering again the long exact sequence we obtain
k ®ﬁ oM = 0, hence T.oM = 0 by the graded Nakayama lemma, which finishes
the proof. O

Now we assume that we are given an open k-subscheme V' C V. Then, for any alge-
braically closed field F and any ring morphism k£ — F, we set

Vi == Spec(F) Xspectky V. Vi := Spec(F) Xspeck) V-

Lemma 2.9. Let M, N be free graded A-modules of finite rank, and let ¢ M — N be
a morphism of graded A-modules. Assume that grk (M) = grk 4, (N), and the morphism

G O(VE) @4 M — OV ®a N

induced by ¢ is injective for any algebraically closed field F and any ring morphism
k — T. Then ¢ is an isomorphism.
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Proof. Let gp: F @ M — F ®; N be the morphism induced by ¢. Then, considering
the commutative diagram

F®kM$>F®kN

]

OVf) @4 M —— O(V}) @4 N

(where the vertical arrows are injective since the morphism Vy; — Vf is an open embed-
ding) we see that ¢F is injective, hence an isomorphism under our assumption on graded
ranks. Now if i € Z, the k-modules M; and N; are free of (the same) finite rank, and the
determinant of the restriction ¢; : M; — N; of ¢ (in any fixed choice of bases) does not
belong to any prime ideal of k. Hence this determinant is invertible, proving that ¢ is an
isomorphism. O

2.5. Affine braid groups and associated Hecke algebras

Let (X, &, )V(, CT)) be a root datum, and let ®* C & be a system of positive roots. We
will assume that X / Z.® has no torsion (or in other words the connected reductive groups
with root datum (X, ®, X, ®) have a simply connected derived subgroup). For « € &, we
denote by oV the corresponding coroot, and by s, the associated reflection.

Let W be the corresponding Weyl group, and Wy := W x X be the associated affine
Weyl group. To avoid confusion, for A € X we denote by ¢, the corresponding element of
Watt. We let Z® C X be the root lattice; then the subgroup W,ﬁf" =W X (Z®) C Wagr
is a Coxeter group with generators given by reflections along walls of the fundamental
dominant alcove. (In other words, we use the same conventions as in [L2, §1.4].) The
simple reflections which belong to W will be called finite; the ones which do not belong
to W will be called affine.

Let us consider the length function £: Wy — Z>q defined as follows: for w € W
and A € X we set

Lwen)= Y e

aedtnw=1(dt)

+ > 1T+, aY)l. (2.3)

aedtnw=1(—o+)

Then the restriction of £ to WZS?" is the length function associated with the Coxeter struc-
ture considered above. We denote by €2 the subgroup of Wy consisting of elements of
length 0; it is a commutative group isomorphic to X/Z® via the composition of natural
maps Q — W x X — X — X/Z®. Moreover, any element of Wy can be written in the
form wv for unique w € Q2 and v € W;%’X. (For all this, see [L2, §1.5].)

We will also consider the braid group Bygr associated with Wy It is defined as
the group generated by elements T,, for w € W, with relations Ty, = T,7Ty for
all v, w € Wy such that £(vw) = £(v) + £(w). There exists a canonical surjection
Basr — Wasr sending Ty, to w. One can define (following Bernstein and Lusztig), for each
A € X, an element 6, € Byg; see e.g. [R1, §1.1] for details. (This element is denoted T,
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in [L2, §2.6].) Then B, admits a second useful presentation (usually called the Bernstein
presentation), with generators {T,, w € W} and {6,, A € X}, and the following relations
(where v, w € W, A, u € X, and « runs over simple roots):

1. L, Ty =Ty ifL(vw) = £(v) + L(w);
2. Q)LGH = 9)»—}-;/.;

3. Ty, 00 = 6, T, if (A, av)=0;

4. 6, = T;,0h—aTs, if(A,aY)=1.

(See [BR1] for a proof of this fact in the case X/Z® is finite; the general case is similar.)
The following lemma is proved in [R2, Lemma 6.1.2].

Lemma 2.10. For any affine simple reflection s, there exist a finite simple reflection t
and an element b € Bysr such that Ty, = b - T; - b1 ]

We define the affine Hecke algebra Hgr as the quotient of the group algebra of B,s over
Z[v,v~!] by the relations
(Ts +v )(T; =v) =0

for all finite simple reflections s. (Note that the same formula for affine simple roots au-
tomatically follows by Lemma 2.10.) We denote by Hy the subalgebra of Hy¢r generated
by Z]v, v~!] and the elements T}, for w € W, and by My the Hyy-module which is free
of rank one over Z[v, v_'], and where T} acts by multiplication by v for each finite simple
reflection s.

We define the “spherical” right Hyg-module

Mph := Myiv @my, Hagt.

We denote by my € Mp, the element 1 ® 1. For A € X, we denote by w, the shortest
representative in W1, C W, and set m; := myg - Ty, . Then the elements my, A € X,
form a Z[v, v_!]-basis of Mpn. We define a bilinear form (—, —) on Mipp, with values in
Z|v, v_l], by setting
(vm;, vij) = vfj*iS)hM.
For any sequence s = (s1,...,s;) of simple reflections and any w € Q we will
consider the element

m(w,s) :=mg- Ty, - (Ty, +v ) - (Ty, +v71) € M.

Remark 2.11. Our element Ty € Hygr corresponds to the element denoted H; in [S2],
while our v corresponds to v~ 1in [S2].

3. Constructible side

3.1. Overview

In this section we describe the category Parity( ;)(Sr, [F) in terms of an appropriate cat-
egory of Soergel bimodules using a “total cohomology” functor. Similar constructions
appear in [S1, S3, AR1] for flag varieties of reductive groups, and in [BY] for flag vari-
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eties of Kac—Moody groups (with coefficients in characteristic zero). The main difference
from these works is that in our case the cohomology algebra is much more complicated.
To overcome this difficulty we work over a certain ring R of integers, which allows us to
replace this cohomology algebra by a “simplified model”—see §1.8 for a discussion of
this idea.

After setting the notation in §3.2, we introduce our “Soergel bimodules” in §§3.3—
3.4. In §3.5 we study the equivariant cohomology of Gr. In §3.6 we explain how the
category Parity 0 (Gr, F) can be recovered from a certain category of (equivariant) “Bott—
Samelson parity sheaves” over R. Then in §3.7 we introduce our “total cohomology func-
tor,” and in §§3.8-3.9 we prove that this functor induces an equivalence between “Bott—
Samelson” parity sheaves and Soergel bimodules. Finally, in §3.10 we derive a formula
for the graded rank of the space of morphisms between certain Soergel bimodules, which
will play an important role in a proof on the “coherent side” (see §5.8).

3.2. Notation

In this section we let é be a connected reductive algebraic group over C, with a chosen
Borel subgroup B cC G and maximal torus T C B. We let X := X*(T) be the lattice of
characters of T, and ® C X be the roots of G. We also fix a finite localization R of Z. In
the whole section we will make the following assumptions:

l. )v(/ Z® has no torsion (or in other words the connected reductive groups which are
Langlands dual to G have a simply connected derived subgroup);

2. all the torsion primes of the “refined root system” @ c X (in the sense of [De, Sec-
tion 5]) are invertible in fR.

In the later sections we will apply our results in the case where Gisa product of simple
groups (of adjoint type) and general linear groups; in this case the first condition is auto-
matic, and the second condition means that the prime numbers which are not very good
for some simple factor of G are invertible in 9.

Let & := C[[z]] and # := C((z)). We consider the affine Grassmannian

Gr:= G(H)/G(O),

with its natural ind-variety structure. We denote by I the Iwahori _subgroup of G(0)
determined by B, i.e. the inverse Jimage of B under the morphism G(0) — G defined
by the evaluation at z = 0. Then I acts naturally on Gr via left multiplication on G(X).
We also let the multiplicative group Gy, act on Gr by loop rotation (i.e. via x - g(z) =
gx™ 17)), so that we obtain an action of the semidirect product I % Gm

The main players of this section are the categories

Parity[vX]Gm(Sr,SR), Parity;(Gr,R) and Parity(i)(Sr,‘ﬁ).

Here we use the notation Parity( Iv)(9r, R) for the category Parity o»(Gr, SR) where . is
the stratification of Gr by orbits of . If F is a field (not necessarily algebraically closed)
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whose characteristic is invertible in R, we can consider the unique algebra morphism
R — T, and the categories

ParityiNGm(Sr,IF), Parity;(Gr, F) and Parity(i)(gr,ﬂ?). 3.1

We let X := X, (YV") be the lattice of cocharacters of T, and ® C X be the coroots
of G (with respect to T). The choice of B determines a system of positive roots: more
precisely we denote by d* c @ the roots which are opposite to the T- -weights in the
Lie algebra of B. We denote by ®* C & the corresponding system of positive coroots.
To these data one can associate the affine Weyl group Wy and its length function £ as
in §2.5.

Recall that the I-orbits on Gr are parametrized in a natural way by Wye/ W = X, and
that each -orbit is stable under the action of I x Gy,. More precisely, any A € X defines
a point z* € T(Jif) C (V?(Jf). We set L; = zké(ﬁ)/é(ﬁ) € Gr and Gr) = I-L,.

Then
5r=1]]9r.
reX

Moreover, the dimension of Gr) is the length of the shortest representative in £, W C Wy,
i.e. £(w_,). Forany w € t, W we also set Gr, := Gr;.

Let IF be as above, and consider the categories in (3.1). By [JMW1] these categories
are all Krull-Schmidt, and their indecomposable objects can be described as follows.
For any A € X there exists a unique indecomposable object &, in Parity; Gm(Sr, F)

which is supported on S_r)\ and whose restriction to Gr is E9m [dim(Gr,)]. Moreover
any indecomposable object in Parity P %Gy (Gr, F) is isomorphic to &, [n] for some unique
A € Xand n € Z. By Lemma 2.4, the images of £, under the appropriate forgetful
functors to Parity Iv(9r, ) and Parity( Iv)(9r, F) remain indecomposable; for simplicity
these images will still be denoted by &, . The same description of indecomposable objects
as above applies in the categories Parity ;(Gr, ) and Parity( i)(9r, F).

The connected components of Gr are parametrized by Q; for ® € € we denote
by Gr () the corresponding component. (In fact, if we identify 2 with X/Z® as in §2.5,
then Gr () is the union of the orbits Gr; where A has image w in X/Z®.)

Below we will also use the affine flag variety

Fl:= G/,

with its natural ind-variety structure, and the natural I-action. The I-orbits on FI are
parametrized in a natural way by Wy, and are stable under the loop rotation action. If
JF1,, is the orbit associated with w € Wy, then we have dim(J1,,) = €(w), and the image
of F1,, under the natural projection ¥/ — Sr is Gr,,. For each simple reflection s, the
orbit Fl; is isomorphic to AL, and its closure Sf_h is isomorphic to IP’(%:.
We define

t::X@Z R, t*:=Hompi(tr, R) =Xz RA.
(In fact, tis the Lie algebra of the split 9i-torus which is Langlands dual to T.) Then there
exists a canonical isomorphism of graded $3-algebras

O =St > HS (pt; R), (3.2)
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where tis in degree 2, and S(t) is the symmetric algebra of t. Using [To, Theorem 1.3(2)],
we deduce, under our assumptions on 9R,® a canonical isomorphism

O /W) > H (pt; R). (3.3)

We will also identify Hém (pt; R) with R[A] (where & is an indeterminate, in degree 2) in
the natural way.

Lemma 3.1. The R-scheme t*/ W is isomorphic to an affine space. Moreover, O(t*) is
free over O(t*/ W).

Proof. The claim§ follow from [De, Théoremes 2(c) & 3] and our assumption on fR, since
o /W) =SzX)" @z R. o

Remark 3.2. The main result of this section will be proved in the I -equivariant setting;
the I Gm-equivariant setting will be used only for technical purposes. However, similar
results hold in the I x Gm-equivariant case. On the “coherent side”, replacing I by %G
amounts to deforming coherent sheaves on g to asymptotic D-modules on %; see [Do]
for details in the characteristic zero case.

3.3. Some algebras

Let A C t*/W x t*/W be the diagonal copy of t*/W, and I}, C O{*/W x t*/W)
the associated ideal (i.e. the ideal generated by elements of the form f ® 1 — 1 ® f for
f € O/ W)). We also denote by I, € OF*/W x t*), resp. Iz C O(F* x t*), the
ideal generated by the image of /; under the ring morphism associated with the quotient
morphism t*/ W x t* — t*/W x t*/ W, resp. t* x t* — t*/W x t*/W.

We will consider the Z-graded algebras’

Cr, := DNCp, (O(*/W x t%)), Ch = DNCp (O(t* x t)),
C:=Cp/h-Cp, C:=Cr/h-Ch.
Here the grading is induced by the grading on O(t*) and R[A] from §3.2. We also set
C}, :=DNC, (O(t"/W x t"/W)).
By Lemmas 2.7 and 3.1, we have canonical isomorphisms

Ch = O(t*/W X t*) ®O(t*/th*/w) C;i’ Eh = O(t* X 1(:*) ®O(t*/th*) Cﬁ. (34)

Lemma 3.3. (1) The two natural ring morphisms O(t*/ W)[h] — C;i are flat.
(2) The natural ring morphisms O(t*/W)[h] — Cj and O(t*)[h] — Cp, are flat.
(3) The two natural ring morphisms O(X*)[h] — Cp, are flat.

8 Recall that the torsion primes of G (in the sense of [To]) are the same as the torsion primes of
the “refined root system” b cX (in the sense of [De]).

9 Here the letter “C” stands for “coinvariants,” since these algebras will play the role played by
the coinvariant algebra in [S1, S3, AR1].
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Proof. First we treat (1). By symmetry, it is enough to prove the claim in the case of the
morphism induced by the first projection t*/W x t*/W — t*/W. By Lemma 3.1, we
can fix an isomorphism of R-schemes t*/ W = Ag, for some n € Z>¢. Then A identifies
with the diagonal copy of Ag, in A%{”. Writing A%{{ as the direct sum of the diagonal and
antidiagonal copies of A}, we obtain ring isomorphisms

C;igm[x]a""xn]®DNCI+(m[y17"'9yn]) gm[xlv"'5xnvzl’"'7Znah]’

where I, C R[y1, ..., ya] is the ideal of the subscheme {0} C A%, and z; := h~ly;.
With these identifications, the morphism under consideration is defined by A& +— A,
X; +> x; + hz;. This morphism is clearly flat.

The second claim in (2) is an immediate consequence of (1) and the first isomor-
phism in (3.4). To prove the first claim we decompose the morphism as the composi-
tion O(t*/W)[h] — C}, — Cp. Now the first morphism is flat by (1), and the second
one is flat by the first isomorphism in (3.4) since the projection t* — t*/W is flat (see
Lemma 3.1). This implies the desired claim.

Finally, in (3) the flatness of the morphism induced by the first projection t* x t* — t*
follows from (2) and the second isomorphism in (3.4). Then the flatness of the other
morphism follows by symmetry. O

Let us denote by _

fi, fa: ON)[h] — Cp,
the morphisms considered in Lemma 3.3(3). These morphisms endow c # with the struc-
ture of a graded O(t*)[h]-bimodule. In fact, this algebra has a natural structure of bial-
gebra in the monoidal category of graded O(t*)[h]-bimodules, constructed as follows.
Consider the 2R[/]-algebra morphism

O(t* x t)[h] = Cr, ®o(t)im Ch (3.5)

sending any x in the first copy of O(t*) to f1(x) ® 1, and any y in the second copy of
O(t") to 1 ® f2(y). One can easily check that the image under this morphism of any
element of the formg® 1 — 1 ® g with g € O(t*/ W) belongs to A - (Ch Qo) [h] Ch) It
follows from Lemma 3.3(3) that c A ®O(t*)[h] c p 1s flat over R[A]; in particular it has no
h-torsion. Hence (3.5) factors in a unique way through a graded 9R[#]-algebra morphism

Cr — Cr®o@w»n Chs

which provides our comultiplication morphism. Using this structure, we find that if M and
N are graded Cp-modules, then the tensor product M ® o ¢+y[s1 N has a natural structure
of graded C r-module.

Similar constructions provide a structure of graded (O(t*/W)[h], O(t*)[A])-bimo-
dule on C, and a graded 9R[7]-algebra morphism

Cr — Cr ®o)n] Ch-

Hence, if M is a graded Cp-module and N is a graded gﬁ—module, then the tensor product
M Q@@ +)[n) N has a natural structure of graded C-module.
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Applying the functor R ®gz[p) (—), we also obtain graded algebra morphisms
E — E ®O(£*) 5, C—->C ®O(t*) E,

and the corresponding structures for tensor products of graded modules.

3.4. “Algebraic” Bott—-Samelson category

The group Wysr acts naturally on t* x A%R via the formulas

U'(f’x):(v'é:ax)» t)»'(gvx):(s—}_x}'vx)

foré e t*, x € A%R, v € W and A € X. For this action, the subspace t* = t* x {0} C
* x Agﬁ is stable, and the action of Wy on this subspace factors through the natural
action of W = W,/X. The Wyg-action on t* x Azln induces an action on the graded
algebra O(t*)[h] = O(* x Aé%)' If w € Wy, we denote by (O(t*)[h])™ the subalgebra
of w-invariants.

We will need the following easy lemma.

Lemma 3.4. For any simple reflection s, the morphism
R ®mn (OA[RD* — O)*

induced by the restriction morphism O(t*)[h] — O{*) is an isomorphism.

Proof. If s is finite, then the claim is obvious. The general case follows by using Lem-
ma 2.10. O

For any w € Wy, we define the graded O (t* x t*)[/i]-module E Z as follows. As a graded
PR-module, we have EZ = O*)[h]. The right copy of O(t*)[h] in O(t* x t*)[h] =
Ot")[h] ®mny O(t*)[R] acts in the natural way, by multiplication. And any f in the left
copy of O(t*)[A] acts by multiplication by w~!- f. Since the induced action of O(t* x t*)
on E Z /h-E 5 factors through an action of O(t* x <gr/W t*), there exists a unique extension
of the action of O(t* x t*)[%] to an action of Cy on Ef) By restriction, one can also
consider E” as a graded C-module.
If 5 is a simple reflection, we also consider the graded O(t* x t*)[h]-module

D} := O(t")[h] @Oy OEHM(—1).

Using the same arguments as above and Lemma 3.4, one can check that the action of
OF* x tY[A] on Df ex~tends in a canonical way to an action of Cp, so that Dsh can be
considered as a graded Cp-module.

Now, using the constructions of §3.3 one can define, for any w € 2 and any sequence
s = (s1, ..., sp) of simple reflections, the graded C-module

. R h h
Dr(w, 5) := E,, ®0t+)n) Dy, ®0tnin) - - ®0t)in D, -
We will also consider the corresponding constructions for C-modules: we set

E,:=E"/h-E" D;:=D!'/n.D",

w w?
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and then
D(w,s) := Dp(w,s)/h- Dp(w, s) = E, @0+ Ds; @0 -+ - @) Ds, -

Note for later use that, by Lemma 3.4, we have a canonical isomorphism
Dy = O(t") @y O(%). (3.6)

With these definitions one can define the category BS*¢ with

e objects: triples (w, s, i) with w € €, s a sequence of simple reflections indexed by
(1,...,n)forsomen € Z,and i € Z;
o morphisms: for w, ' € 2, s and t sequences of simple reflections, and i, j € Z,

HomBSalg((w, N CINN))

_ Homyoasr(c) (D@, ){—i), D@, D)(=j)) ifo=d,
0 ifow# o'

3.5. Equivariant cohomology of Sr

The graded algebras Cp and C defined in §3.3 can be used to describe the algebras
H;N G (Gr; R) and H;(Sr; R) “up to torsion,” as follows. There exists a natural graded

algebra morphism
* (3.2) . . ° .
oWH[rl — Hime(pt’ R) — HixGm(Sr, R).

On the other hand, we have a canonical isomorphism

H} g, (573 ) = Hé(ﬁm«;m((i X Gu)\(G(H) % Gp); R),

so that there also exists a natural graded algebra morphism

o /wiih > H (0t %) > B (97 %)

G(O)XGpy
induced by the multviplication of é(ﬁ) X Gy on (V}(jé/ ) X Gy, on the right. Using the fact
that the projection G (%) x G, — pt factors through G, it is not difficult to check that
the images of / under these two morphisms coincide (see the proof of Lemma 3.6 below
for similar considerations). Hence combining them we obtain an algebra morphism

O/ W x )[h] - H} . (Gr; %), (3.7)

Remark 3.5. Note that we have switched the order of the factors here: the left-hand
factor of t*/ W x t* is related to the multiplication of G(0) on G(¥) on the right, while
the right-hand factor is related to the multiplication of I on G (%) on the left. This choice
of convention complicates some formulas in this section, but it will make the comparison
with the constructions on the “coherent” side easier. Another option would have been to
work with the (less customary) variety §r’ := G(€)\G (%) instead of Gr. Here Gr' is
isomorphic to Gr through G (€)g — g~'G(&), but this isomorphism switches the roles
of left and right multiplications.
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Lemma 3.6. Morphism (3.7) factors in a unique way through a graded R[h]-algebra
morphism

. o .
vr: Cp — Hime(Sr’ R).
Proof. There exist natural converging spectral sequences

Pq 4 . q ptq .
EYY =HY o (069 @ HYGr %) = HIM o (Grib),

Pq _ . q(Cp- ptq .
Ey" = ixGm(pt’ R) @x HY(Gr; R) = HixGm(gr’ R).

In both cases, the spectral sequence degenerates since the left-hand side vanishes unless
p and g are even. This implies in particular that ]HI' 1 (Gr; R) is R[N]-free, proving the

unicity of the factorization. It also follows that the natural morphism

e, 6P O 062 H )06, 53 P = H g G139

G(O)xGm

is an isomorphism. Using this, we see that to prove the existence of the factorization it
suffices to prove that the natural algebra morphism

O /W x t*/W)[h] - H% (Gr; R) (3.8)

G(O) %G,

defined in a way similar to (3.7) factors through Cj..
The latter property can be proved as follows.!” Using the same spectral sequence ar-
gument as above, one can check that H*, (Gr; R) is R[A]-free, and that the natural

G(O)XGny
morphism
R @i B, ) g, (O3 9 — HE, ) (G5 9
is an isomorphism. From these facts we see that it suffices to prove that the morphism
* * .
O /W x /W) — Hc(ﬁ)(gr, R)

defined as for (3.8) (but with the G,-equivariance omitted) factors through O(A).

Now we make the following observation. Let H be a topological group acting on a
topological space X, and let Y := H x X. We endow Y with an action of H x H via
(hy, hy) - (k,x) = (hlkh_l, hj - x). Then there exists a natural morphism

Hy g (pt: R) = Hy, 5 (Y5 R). (3.9)

We claim that (3.9) factors through the morphism HY,;  , (pt; R) — HY, (pt; ) induced
by restriction to the diagonal copy of H. Indeed, one can consider the composition

HS, 5 (Y R) — HY, (Y; R) — HY (X R), (3.10)

where the first morphism is induced by restriction to the diagonal copy, and the second
morphism by restriction to the H-stable subspace X = {1} x X C Y. Since Y iden-
tifies with the induced variety (H x H) xH X (via the morphism [(h1, hy) @ x] +—

10" A similar claim is asserted without details in [BF]. We thank V. Ginzburg for explaining this
proof to one of us.
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(h]hgl, hy - x)), (3.10) is an isomorphism. Since the composition of (3.9) and (3.10)
clearly factors through H3, (pt; 9R), the same holds for (3.9).

We take for H a maximal compact subgroup of G, so that we have isomorphisms

sz;( o) pt; R) = HE; (pt; R) = HY, (pt; R). Similarly, using the Kiinneth formula (which
is applicable here since our cohomology spaces are free over 2R) we obtain isomorphisms

* * ~ TTT® . ~ TIT® .
OW /W x /W) ZHE o (bt R) = Hy, y (pt: ),

and one can identify the morphism O(t*/W x t*/W) — O(A) with the morphism
HY, .  (pt; R) — H, (pt; ) considered above.
If QH denotes the group of polynomial loops from the unit circle to H, then as in [G2,

§1.2] we have a natural homeomorphism QH/H — Gr. Writing QH = H x QH
(where QU H is the space of based loops, i.e. those sending the base point of the circle to
the identity) we obtain isomorphisms

HIY, ) (Grs 90 = H} (QH/H: R) = Hy, 4 (H x QUH; R).

Hence we are in the setting considered above, with X = QOH, and the desired claim
follows from our general observation. O

Using a spectral sequence argument as in the proof of Lemma 3.6, one can check that the
natural morphism

HZ(pt: ) ®]H[;>qu(pt;fR) H}XGm(Sr; R) — H(Gr; R)
is an isomorphism. We denote by
y:C — H;(Sr; R)

the composition of R ®sr|x) yr With this isomorphism. Then y is a graded algebra mor-
phism.

Since Gr is the disjoint union of its connected components Gr(,) (@ € 2) which are
I x Gp-stable, there exist natural isomorphisms of graded algebras

H o (Sr: %) = QHPNG,“@’WER)’ HE(Gr: %) = [ H3(Srw): ).

weR

For any w € €2, we denote by
yfgw): Cp — H;xGm(Sr(w); R), resp. y@:C — H;(Sr(w); R)
the composition of yy, resp. y, with the projection on the factor parametrized by w.

Proposition 3.7. For all w € 2, the morphisms Q Qs y;gw) and Q ®s ¥ are isomor-
phisms.

Proof. Ttis sufficient to prove the claim for yé‘”). Then, by construction of this morphism,
it is sufficient to prove that the similar morphism

/ . .
Ch —> Hé(ﬁMGm(Sr(w), 9%)
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becomes an isomorphism after applying Q ®9; (—). However, since Q is flat over R, by
Lemma 2.7 we have a natural isomorphism

Q®n C) = DNC,a(O(th/ W x 5/ W)).

where tTQ) =Q®on t"and 1 i@ is the ideal of the diagonal copy of tj“Q / W. Similarly,
Q®n Hé(ﬁ)xGm(gr(@; R) = Hé(ﬁ)xGm(gr(“’); Q).
Hence our claim follows from [BF, Theorem 1]. m]

Remark 3.8. Unlike for the case of QQ, the morphisms yéw) and @ are not isomor-
phisms. In fact, Cy, is a finitely generated R-algebra, whereas H;N c (97 (w); R) is not

finitely generated in general (see [YZ]).

3.6. “Topological” Bott—Samelson category

Let E be either ‘R or F. Recall the standard convolution product on the category
b
DixGm (&1, E), defined by )
F*G = u(FRG),

where F1 X F1 is the quotient of (Cvx’(z%/ ) X Gp) X J1 by the natural diagonal action of
I X Gy, p: Fl x FI — Fl is defined by u([g : hl]) = ghl, and F @vg is the “twisted
external product” of F and G, i.e. the unique object whose pullback to (G (%) x Gp) x FI
is the external product of the pullback of F with G. A similar construction provides a
bifunctor

(=) *(=): D}

b b
(FLE) x DixGm(gr, E) — DixGm(Sr, E).
We now introduce some “Bott—Samelson objects” in Parity P %Gy (Gr, E), as follows.
Each connected component Gr ) contains a unique 0-dimensional I-orbit; we denote
by SE the constant (skyscraper) sheaf on this orbit (with coefficients [£). On the other

hand, for any simple reflection s, we have the I % Gm-equivariant parity complex & g :=
ETIS[I] on FI. Then, if w € Q and if s = (51, ..., s,) is a sequence of simple reflections,
we can consider the object

. E
Ep(w,s) =&, Ex--*E E* (Sw—l

in D?XGm (Gr, E). The arguments in [JMW1, §4.1] or in [FW, §5.5] show that &g (w, 5)
belongs to the subcategory Parity %Gy (Gr, E). We will denote the images of this object
in Parity i(Sr, E) and in Parity( i)(gr, E) similarly.

We define the category BS'P with
e objects: triples (w, s,i) with w € €, s a sequence of simple reflections indexed by

(1,...,n)forsomen € Z,and i € Z;
o morphisms:

HomBS“’P ((C(), S, l)a ((1)/, L’ .])) = HomParityi(Sr,D‘i) (5% (C(), E)[l]a 59%(0)/, E)[J])
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Proposition 3.9. The category Parity 0 (Gr,F) can be recovered from the category
BS'P, in the sense that it is equivalent to the Karoubian closure of the additive enve-
lope of the category which has the same objects as BS'P, and morphisms from (w, s, i)
to (&', t, j) which are given by the (j — i)-th piece of the graded vector space

F Qs o) (@ Homggor (@, 5, 0), (&, 1, n))).
nez
Proof. Denote (for the duration of this proof) by A the category which has the same
objects as BS'P, and whose morphisms are defined as in the statement of the proposition.
We observe that if IF(—) is the “modular reduction functor” defined as in §2.1, then we
have a canonical isomorphism

F(éx(w,s)) = Er (@, 5)

for any (w, s) as above. (In fact, this follows from the commutation of the functor F(—)
with x-pullback [KS, Proposition 2.6.5] and with !-pushforward [KS, Proposition 2.6.6].)
Using these isomorphisms and Lemma 2.2(2), we see that the assignment (w, s,1)
Er(w, s)[i] defines an equivalence of categories from A to the full subcategory A’ of
Parity( i (Gr, F) whose objects are of the form Er(w, s)[i].

Now we observe that, by the results of [J]MW1], the category Parity( Iv)(Sr, F) is a
Krull-Schmidt, Karoubian, additive category, and that moreover any indecomposable
object in this category is isomorphic to a direct summand of an object of the form
Er(w, s)[i]. It follows that Parity( i)(9r, ) is equivalent to the Karoubian closure of the
additive envelope of A’, which finishes the proof. O

Remark 3.10. More precisely, the results of [[IMWI, §4.1] imply that if A € X and if
w_) = ws]---§ is a reduced expression for w,, then £, can be characterized (up to
isomorphism) as the unique direct summand of &r(w, (s1, ..., s»)) which is not a direct
summand of any object of the form Er(w’, t)[i] where @’ € Q,i € Z, and ¢ is a sequence
of simple reflections of length at most r — 1.

3.7. Equivariant cohomology functors
For any w € €2, we define the functor

HixGm : ParityixGm(Sr, R) — Mod® (Cp)
as the composition

He Gr,—)
Parity ;. (Sr. %) XCm Mod® (H} . (Sr; ) — Mod® (Cp),  (3.11)

where the second functor is the “restriction of scalars” functor associated with the mor-
phism yp. We define a functor

H;: Parityj(Gr, :}) — Mod®(C)

similarly. The goal of this subsection is to prove the following.
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Proposition 3.11. For any w € Q2 and any sequence s = (s1, ..., sy) of simple reflec-
tions, there exists a canonical isomorphism of graded C-modules

Hi(Ex (o, s)) = D(w, 3).

Before proving the proposition, we remark that the same constructions as in §3.5 allow
one to define graded algebra morphisms

Cp — H}x({}m(‘(ﬂ; MR) and C — H;(S-'l; R),

and then functors

H-.

iwc,: Parity; o (F1,9%) — Mod®"(Cp),  H;: Parity(F1, %) — Mod®"(C).

Lemma 3.12. (1) For any w € 2, there exists a canonical isomorphism of graded Cr-
modules
Ry ~ h
HiMGm(aw )= Ew*‘ .

(2) For any simple reflection s, there exists a canonical isomorphism of C n-modules
H g, (Es.%) = DI
Proof. (1) By definition, if w = #, v (with v € W and A € X) we have
Hivg, Go) =H3 o (Gr.80) =H} . (- (G(0) % Gm)/G(O) % Gm: R).
We deduce a canonical isomorphism

. Ry ~ e Y .
Hisen@0) = B 6 x(Goyuem & (C(O) % Gm): R).

Now if v is a lift of v in é, the assignment (a, b) > a - 240 -b~1 induces an isomorphism
(I % Gm) x (G(O) x Gm)/K = 2% - (G(O) x G),

where K = {(a,b) € (I x Gp) x (G(O) x Gp) | b = (z*0)"'a(z*v)}. This group is
isomorphic to (f X Gp) (through a +— (a, (z*0)"'a(z*1))); hence we obtain canonical
isomorphisms

Hivg, (87 = HY, (pt; R) = H 6 (0t %)

The right-hand side is isomorphic to O(t*)[A] (see (3.2)), with the natural action of the
subalgebra O(t*)[h] C Cp. And, via this isomorphism, the subalgebra O(t*/ W)[h] C
Ch, acts via the composition of multiplication and the morphism

O/ WHTh = Ok 2225 o,
Hence we have constructed a canonical isomorphism of O(t*/ W x t*)[h]-modules
i, Go) = EL,.

Since these spaces have no h-torsion, this isomorphism is automatically an isomorphism
of Cp-modules.
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(2) Using Lemma 2.10, one can assume that s is finite, with associated simple root
a" € X and associated simple coroot « € X. By definition we have

Hign Esot) ZHE o (Tl R)(-1).
Since 3"_ls is isomorphic to IP’(IC, it is well known (see e.g. [FW]) that the morphism
H}xGm(fﬁs; R) — H;XGm(pt; R) H}xGm(pt; R)

induced by restriction to the fixed points I / Tands-I / I induces an isomorphism between
H.TxG (Flg; R) and

‘DI .= {(a, b) € O[] ® O[] | a = bmod &}

(Here, the right copy of O(t*)[A] in 55 acts diagonally, while any f in the left copy
of O*)[h] in Cj, acts by multiplication by (f, s(f)).) Now we consider the morphism
D? — ’D? defined by f ®g > (fg,s(f)g). By our assumptions on fR, there exists (i in
X ®z R such that {ji, «) = 1. Then our morphism sends the basis of Dsh as an O(t*)[Al-
module (for the action of the right copy of O(t*)[A] in C},) consisting of 1 ® 1 and &t ® 1
to the basis of ’Dsh consisting of (1, 1) and (&, ft — «"); hence it is an isomorphism.

We have constructed an isomorphism of O(t* x t*)[h]-modules

H]N(Gm(gs,i){) = Dzi

Since both sides have no A-torsion, this isomorphism is automatically an isomorphism of

Cp-modules. ]
Proof of Proposition 3.11. The arguments in [JMW1, §4.1] imply that for any F in
Parity P %Gy (Gr, R) and any sequence t = (11, ..., t,) of simple reflections, the convolu-
tion

Enmr- o x & mx F

belongs to Parity I %Gy (Gr, R). Then the same arguments as in the proof of [BY, Proposi-
tion 3.2.1] (using Lemma 2.2(1) instead of [BY, Corollary B.4.2]) imply that there exists

a canonical isomorphism of graded H;N G (pt; R) OnR(n H’é( )Gy (pt; JR3)-modules

Hig, Enm*- - * & mx F)

= g, Eno)®me o guon - ®ue - puovHig, €)@ guonHig,, (F):

m

= &%

Applying this remark to F yand t = (sp,...,s1), and using Lemma 3.12, we
obtain a canonical isomorphism of O(t*/ W x t*)[A]-modules

Hiwg, En(@, $) = Dp(@, 9).

Since both sides have no A-torsion, this isomorphism is automatically an isomorphism of
Cp-modules. Specializing 7 to 0, we deduce the isomorphism of the proposition. O
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3.8. Equivalence

The proof of the following proposition (which is independent of the rest of the section) is
postponed to §3.9.

Proposition 3.13. For any w, o’ € Q, any sequences s, t of simple reflections, and any
n € 7, the morphism
Hompasity;(5r.9%) (Ent (@, 9), Ex (@, Dn])
— Homntoger g2 (i) (H} (Sr, E (@, 9)), HY(Gr, € (o', DInD))

induced by the functor H;(Sr, —) is an isomorphism.

Now we define a functor
Hgs: BSP — BS%2

as follows. This functor sends an object (w, s, i) of BS'P to the corresponding object
(w, s, i) of BS¥&. Then if (w, s, i) and (', t, j) are objects of BS'P, the morphism
Homggor (@, 5, 1), (@, 1, j)) = Homggus (@, 5, i), (@', 1, /)

is defined as the trivial morphism if @ # @’ (in which case both Hom-spaces are 0), and
as the morphism induced by H; if @ = &', using the canonical isomorphisms

HiEx (o, 9D = D(w, $){=i), HjExr(@', DD = D', 0){~))

deduced from Proposition 3.11.
The main result of this section is the following.

Theorem 3.14. The functor Hgs is an equivalence of categories.

Proof. The functor Hgg clearly induces a bijection on objects. So, what we have to prove
is that if (w, 5, i) and (@', ¢, j) are objects of BS'P, then the corresponding morphism

Homggup (@, s, 1), (@', 1, j)) — Homggue (@, 5, 1), (&', 1, j))

is an isomorphism. This is obvious if @ # '.
Now, assume that @ = @’. Then both parity complexes are supported on Gr ), so that
our morphism is induced by the composition

H.V(Sr(w) =)
Parity ; (57 (), R) ———— Mod® (H$(Sr (u; R)) = Mod*'(C),

where the second arrow is the “restriction of scalars” functor associated with y (). Now
the first functor is fully faithful on objects of the form £x(w, s) by Proposition 3.13,
and the second functor is fully faithful on objects which are 9i-free by Lemma 1.10 and
Proposition 3.7. Since the R-modules H;(Sr(w), En(w, s)) are free by Lemma 2.2(1),
this finishes the proof of the theorem. O
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3.9. Proof of Proposition 3.13

The proof below is a simple variant of the proof of the main result of [G1]. The key
observation is from [ARd1, Theorem 4.1], where it is shown that the arguments from [G1]
involving weights can be replaced in a parity sheaf setting by parity arguments. Another
exposition of Ginzburg’s proof in an equivariant setting appears in [BY, Lemma 3.3.1]
(for coefficients in characteristic zero).

To avoid unnecessary notational complications, in this proof we will say that an object
& in Parity ;(Sr, ) is a Bott-Samelson parity complex if it is isomorphic to Ex (w, $)[i]
for some w € 2, s a sequence of simple reflections, and i € Z.

Let us fix an extension of the partial order on X corresponding to the closure relations
among the orbits Gr) to a total order C such that (X, C) is isomorphic (as an ordered
set) to Zxq with its standard order. Let Gr) denote the union of all Gr,, with u E A,
and icy : Gro) — Gr the closed embedding. Let also A, 1= H;(Srg; R). We define
Sreas ica, and Ay analogously.

We begin with a number of preliminary lemmas.

Lemma 3.15. For any . € X, there exists a canonical exact sequence of Z-graded R-
modules

0— ]H[: i(SrM R) - Ac) — Aa — 0.

Proof. The lemma can be proved by induction, using the fact that the existence of the
exact sequences for smaller A’s implies that A, is concentrated in even degrees, and the
adjunction triangle

. . . . 1]
(601G Rg, ., = Rgpp, = ioais Re,, —

where iy : Gr; < Gr is the inclusion. O

Let again A € X. To simplify notation, we set Z = Gry, X = Grey, U = Gr), and
denote by i : Z — X, resp. j : U — X, the closed, resp. open, embedding. A key
ingredient we will need is the following lemma.

Lemma 3.16. Let £ be a Bott—Samelson parity complex, and let F be either IEAE or

ifz)LE. Then the adjunction triangles induce short exact sequence of Acy-modules

0 — HY(X, jij*F) — HY(X, F) — H}(X, isi*F) — 0, (3.12)
0 — H}(X, iyi'F) — HY(X, F) = HY(X, juj*F) — 0. (3.13)

Proof. For F = ig\g, resp. i!gf,’, F is either x-even or *-odd, resp. either !-even or
!-odd, and (3.12), resp. (3.13), is obtained using the long exact sequence of equivari-

ant cohomology associated with the adjunction triangle jj*F — F — i J*F !>,

resp. ixi' F — F — juj*F u), because by induction the various terms are concen-
trated either all in even degrees, or all in odd degrees.
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Consider now the sequence (3.13) for 7 = i}, £. In this case it is shown in [FW,
Proposition 5.9]!! that the composition of restriction morphisms

HY(Gr, £) — HY(Gry, ;) — H3({Ly), 7€)

is surjective, where (as in §1.6) 1 : {L,} < Gr is the inclusion. Since the second mor-
phism is an isomorphism by [FW, Proposition 2.3], the first one is also surjective. And
since this first morphism factors through the morphism

H(Grea, ig, &) — HY(Gra, i5€)

considered in (3.13), the latter morphism is also surjective, which finishes the proof in
this case.

Finally, let us consider the sequence (3.12) for F = i , £. In this case, the arguments
are similar to the ones used in the preceding case, using the fact that the natural morphism

H$ (L1}, 1;€) — H(Gr, )

is injective. (This fact is shown in the proof of [FW, Proposition 5.9]: in fact this mor-
phism identifies with the morphism considered in [FW, Proposition 5.8(2)].) O

Since U = Gr, is isomorphic to an affine space, the graded H; (pt; S3)-module H: i( U;R)
is free of rank one. Moreover, the natural morphism ,

Hic;lm(grk)(u’ SR) — HZdlm(SrA)(U’ m)

is an isomorphism, and if x; € H? (?m(g”)(U ; 2R) is the inverse image of a generator
c,

of Hg dim(‘gr*)(U; R) = R (as an KR-module), then x; gives a basis of H*® i(U; R) over
c,

]HI; (pt; JR). We still denote by x; the image of this element in A, under the injection of

Lemma 3.15.

Lemma 3.17. Let £ be a Bott—Samelson parity complex, and let F be either ’E)\g or
ilgé’. Then the morphism

HY(X, F) — Hy 24O (¢, )
given by the action of x;. € Ac factors as a composition
HY(X, F) = HYX, juoj*F) — HY 2 (X j*F)y o H2EMO (¢, ),

where the first, resp. third, morphism is the morphism appearing in (3.13), resp. (3.12),
and the second one is an isomorphism.

R ) [FW], this result (as well as the other results used in this proof) is stated for a coefficient
ring that is a complete local principal ideal domain, but the same proof applies verbatim for general
coefficients.
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Proof. The element x; € Ac, acts trivially on H;(X, ixi*F) and H;(X, i*i!]-"). Hence
its action on the module H;(X , J) factors through a morphism H;(X, JxJ*F) —

H;+2 dim(Sr2) (X, j1j*F). To show that the latter morphism is an isomorphism, we observe

that j*F is a direct sum of shifts of constant sheaves R, (since £ is a parity complex),
and that our morphism is the corresponding direct sum of shifts of the isomorphism

HY(U; %) = H3(pt; R) = H 20 %)
determined by our choice of x; € H? (}im(g“)(U ; R). m]
c,

Lemma 3.18. Let &1, & be Bott—-Samelson parity complexes. If ¢: H;(X , izké’]) —
H}(X , i!gé’z) is a morphism of Ac;-modules, then the composition

° . ¢ ° . ° ek
H(X, it &) = HY(X, ig; £2) — HY(X, juj*iz, &) (3.14)

(where the second morphism is the surjection appearing in (3.13)) factors uniquely
through a morphism of Acy-modules

¢ HY(X, juj ity &) — HYX, juj*it; E2).
Moreover, we have ¢’ = 0 iff ¢ factors as a composition
. . . . ¢ e . . .
HY(X, it &) — HU(Z, it &) — HY(Z, i, &) = HY(X, L, &)

where ¢” is a morphism of Ay -modules and the other morphisms are the ones appearing
in (3.12) and (3.13).

Proof. Using Lemma 3.16, we see that the first claim is equivalent to the statement that
the composition

H3 (X, ixi'ify 1) = HY(X, it 1) = HY(X, i, &) — HY(X, juj*ie, &)

vanishes. And in view of Lemma 3.17, to prove this it suffices to show that the composi-
tion

H (X, isi'if, £1) <> HY(X, i €1) 4 HY(X, it &) = HY(X, i, &)

vanishes. This follows from the fact that ¢ commutes with the action of x;, and x; acts
trivially on H;(X, i*i!iagl).

Now we consider the second claim. The “if” direction is easy. Conversely, assume
that ¢’ = 0. Then the composition (3.14) vanishes, hence the image of ¢ is included in
the image of the embedding ]HI;(Z, i’m&) — H;(X, ilgé'z) of Lemma 3.16. On the
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other hand, by Lemma 3.17, this also implies that the composition of ¢ with the action
of x; on H;(X, ilgé'g) vanishes; hence, as ¢ is a morphism of Ac;-modules, ¢ vanishes
on the image of the action of x; on H;(X, iEA&). By Lemma 3.17, we deduce that the
composition

H* (X, jij*it, &) = HYX, 0%, €) 5 HX. ik, &)
vanishes, which, in view of Lemma 3.16, proves the existence of a morphism of
Ag;-modules ¢”: ]H[;(X, x5 &) — H;(X, i*i!EAEZ) as in the lemma. Finally, the fact
that ¢” is a morphism of A;-modules follows from Lemma 3.15. O
Now we are ready to prove Proposition 3.13. We will proceed by induction on A € X,

showing that for any Bott—Samelson parity complexes &1, £, the cohomology functor
induces an isomorphism of graded vector spaces

Hom$, _, (i£,€1, it &) — Homyg, (HY(Srey, it €0, HY(Gros, i, &), (3.15)

If A is minimal, then Gr; is a point and i%, & and i !E)LSQ are also parity complexes.
On the other hand, the cohomology functor induces an equivalence of categories between
Parity ; (Gr;., ) and the full subcategory of the category of finitely generated graded Ac;.-
modules consisting of free modules. Thus (3.15) is indeed an isomorphism in this case.

Now fix A € X, and suppose that (3.15) is an isomorphism for all A’ = 1. We use the
same notation as above for X, Z, U, i and j. Note that Lemma 3.18 is equivalent to the
existence of a natural sequence

Hom, (HY(Z, it €0, HY(Z, ir; )
— Homa, (H(X, if; £1), HY (X, =)
— HomH;(U;m)(H;(U,j*iEkgl),H;(U, j*i!gké’z)) (3.16)
which is exact at the middle term. It is also easy to check (using Lemma 3.16) that the

first morphism is injective.
Consider the adjunction triangle

. . . .okl [1]
iy &2 = i, & = Jujlig; &0 —

and the long exact sequence

- = Homly (i%, €1, it &) — Homy (i, €1 i, £2)
— Hom(, (j*if; &1, j¥it; &) — -+
obtained by appying the functor Homy (i¢; &1, —). Parity considerations and [JMW1,
Corollary 2.8] imply that the connecting morphisms in this long exact sequence are trivial,

so that the maps form short exact sequences in each degree. Then one can consider the
commutative diagram
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H%(Z,—)
Hom?, (i, &1, it &) ————— Homy,, (H3(Z, i, &0, HUZ, i, 6))

H3(X,-)

Exty (if, €1, it &) ————— Homy,, (H;(X, it; &, HA(X, it &)

i |

EXty (4t €1, J*iL;, &) ———> Homgs oy (HYU. j*i,; €0, HYU. j*it,; £))

where the right column is the sequence (3.16), and both columns are exact at the middle
term. By induction, the top horizontal arrow is an isomorphism. The bottom one is an
isomorphism because the cohomology functor induces an equivalence of categories be-
tween Parity ;(Gr;,, R) and the full subcategory of free modules in the category of finitely
generated graded H;(Sr 23 JB)-modules. By the five-lemma, this implies that the middle
horizontal arrow is also an isomorphism, which completes the induction step.

Remark 3.19. It can be easily checked that the proof of Proposition 3.13 applies to any
ring k of coefficients which is Noetherian and of finite global dimension, and also in the
I x Gm-equivariant setting, or for other partial flag varieties of Kac—-Moody groups. If k
is a complete local principal ideal domain, one can also work directly with the categories
Parity i><Gm(9r’ k) and Parity i(Sr, k) instead of restricting to “Bott—Samelson objects.”

3.10. Graded ranks of Hom spaces

We identify the Z[v, v~ !]-module Mg associated with 7 and its stratification by I -orbits
as in §2.1 with Hgr, where e,, corresponds to T, -1 (for w € Wysr). We also identify Mg,
(where Gr is stratified by /-orbits) with Mipn, where e;, corresponds to m_;, (for A € X).

Lemma 3.20. Let E be either F or fRA.

(1) Forany F, G in Parity ;(F1, E), we have
chiy (F % G) = chiy,(G) - chiy;(F) and chiy(F xG) = ch¥(G) - chly,(F)

in Hg.
(2) Forany G in Parity ;(F1, E), we have

chig, (G *87) = mo - chiy (G) and  ch, (G » ) = mo - chiy(G)
in Msph-

Sketch of proof. The case E = R follows from the case E = IF, so we concentrate on the
latter case. Also, in each case, the formula for ch* follows from the formula for ch! and
Lemma 2.5(1), so we only consider the latter case.

(1) First we consider the case G = & for some simple reflection s. We let va be
the minimal standard parahoric subgroup of G(X) associated with s, and define F1° :=
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(V?(Ji/)/va. We let p,: FI — FI° be the projection, and set FI3, := p;(Fl,,) for w € Wig.
Then by base change we have

FxG=F*EF = (ps) (ps)«FI11,

and Ch!f}‘] &) =T + v~!L. The formula in this case can be checked by a direct compu-
tation, using the fact that

H*(FL,, (i00) (ps)aF) = H (Fly, (i3)'F) @ H* (Flys, (21 F)

for w € W, which can be derived from the base change theorem and [JMW 1, Proposi-
tion 2.6]. (Here i7", i7" and i J! are the obvious inclusions.)

The case where G is the skyscraper sheaf &, F at the I -fixed point given by the unique
point in F1,, (for w € Q) is easy.

Using these special cases one deduces that the formula holds when G is of the form
Esjpx-ox &, Eyrlnd (3.17)

where w € Q, n € Z, and s1, ..., s, are simple reflections. Then one can prove the
formula when G is indecomposable by induction on the dimension of its support, using
the fact that any indecomposable parity complex on F/ appears as a direct summand of
an object of the form (3.17) with r the dimension of the support (see [[MW1, §4.1]). The
general case follows.

(2) We have G * sE = p«G, where p: FI — Gr is the natural projection. Then the
lemma can be checked by a direct computation, using the formula

H*(Gr1, (1) p«9) = @ H* (T, (5)'G) forallx € X,
weh W

which can be derived from the base change theorem and [JMW 1, Proposition 2.6]. O

Remark 3.21. Using similar arguments one can show that ché SF*G) = chrér @) -
ch?gl(}") for any G in Parityi(Sr, E), Fin Paritylv(i}”l, E) and ? = ! or *.

Proposition 3.22. For E = R or I, for any sequence s of simple reflections, and for any
w € Q, we have

chy, (Ex(w, 8)) = chf, (Ee(w. 5)) = m(®, 5).
Proof. This follows immediately from Lemma 3.20 and the facts that ch!gl Er) =
ch, (Ep) = (Ty + v~!) and chi (Ewp) = chiy(Enr) = T,-1 (Where &, is de-
fined as in the proof of Lemma 3.20(1)). O
The following consequence of Theorem 3.14 will play a crucial role in Section 5.

Corollary 3.23. For any any w, ' € Q and any sequences s, t of simple reflections, the
graded O (t*)-module

P Homggus (@, 5, 0), (@, 1, n))

nez
is free. Its graded rank is equal to (m(w, s5), m(e’, t)).
Proof. The first assertion follows from Theorem 3.14 and Lemma 2.2(2), and the second
from Lemma 2.5(2) and Proposition 3.22. O
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4. Kostant—-Whittaker reduction

In this section and the next one we work with derived categories of equivariant coherent
sheaves and usual derived functors between them. See [MR, Appendix A] for a brief
reminder of the main definitions and properties of these objects.

4.1. Overview

The goal of this section is to introduce and study the “Kostant—Whittaker reduction” func-
tor for equivariant coherent sheaves on the Grothendieck resolution of G. This construc-
tion is a mild adaptation of a construction in [BF]; it relies in a crucial way on geometric
results proved in [R3]. A related construction also appears in [Do]. This functor is used
in Section 5 to obtain a description of the category Tilt(E6*Cm () in terms of “Soergel
bimodules.”

After introducing our notation and assumptions in §4.2, we recall the definition of the
“geometric braid group action” of [R1, BR2] in §4.3, and the main results of [R3] in §4.4.
In §4.5 we define our functors. Then, after some preparation in §4.7, in §4.8 we prove the
main result of the section, a certain compatibility property between Kostant—Whittaker
reduction and the geometric braid group action.

4.2. Notation

Let Gz be a group scheme over Z which is a product of split simply connected quasi-
simple groups, and general linear groups GL, z. In particular, Gz is a split connected
reductive group over Z. We let By C Gz be a Borel subgroup, Tz C Bz be a (split)
maximal torus, and B% C Gz be the Borel subgroup which is opposite to Bz (with
respect to Tz). We denote by r the rank of Gz.

We let N be the product of all the prime numbers which are not very good for some
quasi-simple factor of Gz, and set R := Z[1/N]. Throughout the section, we use F to
denote an arbitrary geometric point of R, and E to denote either R or FF.

Let Goy, By, Togz, B;{ be the groups obtained from Gz, Bz, Tz, BZ by base change
to R, and let gm, by, tn, b;g be their respective Lie algebras. We also denote by Usyg,
resp. U;;{, the unipotent radical of Bgg, resp. B;;{; by ng, resp. n;, its Lie algebra; by W
the Weyl group of (Gsz, Tgy); and by X := X*(Ts) the weight lattice.

We also set

Gr := Spec(IF) Xspec(or) G,

denote by gr the Lie algebra of Gy, by Br, Tr, B]'FF , Up, U]}' the base change of By,
To, B;, U, U;, and by b, tp, bg , N, anr their respective Lie algebras. Note also that
X = X*(Tp).

If V is an E-module, we set V* := Homg/(V, E). In this section we will consider the
Grothendieck resolution

e = (G x® (g/m)")E = (G/B x g")E.
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The scheme g is a vector bundle over the flag variety Zg := (G/B)g. It is endowed with
an action of Gg x G, g, where G acts naturally, and the action of G, g is induced by
the action on (g/n)j; where x € G,  acts by multiplication by x~2. We will consider the
derived categories of equivariant coherent sheaves DE*®m(§)r and DS (§)r. We denote
by (1) the functor of tensoring with the free rank one tautological Gy, g-module, and by

F(—): D¥Co@on — DECo@)p,  F(—): DC@on — DEC@)r

the “modular reduction functors” induced by the functor F ®é§ (-).

For any A € X we denote by Og. (1) the line bundle on %y, associated naturally
with 2, and by Og; (1) the pullback of Oz, (1) to gE.

We will also consider the morphism

v:gE — tf

which is defined as follows. Consider the restriction morphism (g/n)p — tg. Itis easily
checked that this morphism is Bg-equivariant, where B acts trivially on t;. Therefore,
our morphism defines a morphism (G x®B (g/n)*)g — %, which is our morphism v.
There is also a natural morphism

T 9E = O
induced by the coadjoint action.

By [R3, Lemma 4.2.3] there exists a Gsz-invariant symmetric bilinear form on gg
which is a perfect pairing. We fix such a bilinear form once and for all, and we denote by s
bothwthe induced (G, -equivariant) isomorphism gsz = g*m and the induced isomorphism
gF — Op-

In case E = T, we let gy C gﬂ;e C gr be the open subsets consisting of regu-
lar semisimple elements and regular elements respectively (see [R3, §2.3]), let gE’rs C
g;’reg C gy be their image under s, and let EFF* - EfFeg be the inverse images in gf.
Then there exists a natural action of W on Eﬁfg stabilizing i and commuting with the
Gr x G p-action (see [BR2, §1.9]). Moreover, the restriction vreg: gp= — th is W-
equivariant, where W acts naturally on t};. (Indeed, this property is easily checked for the
restriction of vre, to g™; then the claim follows by a density argument.)

g

4.3. Geometric braid group action

We let X be the lattice of cocharacters of T, and denote by & C X, resp. o 5(
the roots, resp. coroots, of (Gsz, Tsz). We denote by ®1 the positive roots, i.e. the roots
appearing in b;. To these data one can associate the affine Weyl group W,y and the affine
braid group B,y as in §2.5. We also choose p € X such that (o, «¥) = 1 for any simple
coroot V. (If Ggg is semisimple, then p is the halfsum of positive roots.)

Let s be a finite simple reflection, associated with a simple root «. Recall the associ-
ated subscheme Z* C (g X g« 9)E defined in [BR2, §§1.3-1.5]. If E = F, then ZE is the
closure of the graph of the action of s on Egg.) We denote by

']I%, S'ng: DGXG"‘G)E — DGXG“‘@)E
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the Fourier—Mukai transforms with kernels O ZE (—1) and (’)Z£E (=p, p —a){—1) respec-
tively. (Here, O z(—p, p — ) denotes the tensor product of O, with the line bundle on
(§ x §)r which is the pullback of the line bundle O, (—p) Oz, (p — ) on (B x B)x.)
By [BR2, Lemma 1.5.1 & Proposition 1.10.3], these functors are quasi-inverse equiva-
lences of categories. We will use the same symbols to denote the similar autoequivalences
of the category DS (§)i.

By [BR2, Section 1], there exists a right action'? of the group By on the category
DS*Gm(@)g, resp. DG (§)g, where T acts by the functor ']I‘% (for any finite simple reflec-
tion 5), and where 6, acts by tensoring with the line bundle Ogj (1) (for any A € X). (The
same remarks as in [MR, §3.3] on the difference with the conventions of [R1, BR2] apply
here: the (right) action considered in the present paper differs from the (left) action of [R1,
BR2] by the composition with the anti-automorphism of B,y fixing all generators T for s
a simple reflection and 6, for A € X.) For b € By, we denote by

gy : DY Em@r > DECm (@)

the action of b. (This functor is defined only up to isomorphism.) It is easily checked that
we have an isomorphism of functors

Fod' =JF oF “.1)

for any b € By

For s a finite simple reflection, associated with a simple root «, we also set ”g'iE =
GxPs(g/(p S)““);E, where PgE is the minimal standard parabolic subgroup of G, associated
with s, and (].‘JEE)“il is the Lie algebra of the unipotent radical of P;E. There exists a natural
morphism 7 : gg — E]g By [R1, Corollary 5.3.2] there exist natural exact sequences

Oage(2) = OGxg o > Ozzs  Oze(=p, p =) = OGxz s — Oags (42)

in DS*Cm(§ x g, where in each sequence the surjection is induced by restriction of
functions, and where Agg C (g x g) is the diagonal copy. (In fact, in [R1] only the case
E = F is treated, but one can easily check that the same arguments apply for E = fR.)

4.4. Reminder on [R3]: Kostant section and universal centralizer

We denote by ®° C @ the subset of simple roots. As in [R3, §4.3],13 for each « € —&*
we choose an element e, € gz which forms a Z-basis of the o-weight space in gz, and

set
e = Z €a € gNR.

ae—ds

12’ Here by a (left) action of a group on a category we mean a group morphism from the given
group to the group of isomorphism classes of autoequivalences of the category. As usual, a right
action of a group is a left action of the opposite group.

13" Note that, compared to [R3], we have switched the roles of positive and negative roots. Another
difference which appears below is that we work with g* instead of g, using the identification ».
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We will consider the cocharacter )VLO = Zae_®+ aV, and the Gy, ;-actions on gsz
and g3, defined by
Xy =x"2ko(x) -y
for x € Gy sz and y either in ggz or in gg‘%. With these definitions, s is G, s,z-equivariant,
e is fixed by the action, and b and “9% are G, 91-stable.
By [R3, Lemma 4.3.1], the quotient b /e, nm] is free of rank r; therefore one can
choose a Gy, ,m-stable JR-submodule sz C b; such that b; =sm D [e, ”m]‘ We set

Soi= e +9n,  Smi= (S xgr Pave

The G, s-action on 9*9% defined above stabilizes Sz, and contracts it to »(e) as t — o0.
Similarly, the action on ggz; defined by

x-[g: €l =[ho(x)g : x 2]

(forx € Gm,m, g € Gy andé € (g/n)5,) stabilizes §9c{ and is contracting (see [R3, §3.5]
for details). We will denote by S, resp. §F, the scheme obtained from Sg, resp. g% by
base change to F.

The following result is proved in [R3, Propositions 3.5.5 & 4.5.2]. Here we consider
the Gy, g-action on tj; where x acts by multiplication by x72.

Proposition 4.1. The morphism v: gg — t induces a Gy g-equivariant isomorphism
of E-schemes

VS g]E 5 tﬁ‘z.
The following result is proved in [R3, Lemmas 3.5.1 & 4.5.1].

Lemma 4.2. The morphism _
a: G x Sg — gk
induced by the GE action on gg is smooth. When E = T, it factorizes through a surjective

~reg

morphism G X S]F — gp -

We denote by the universal centrallzer associated w1th the action of Gg on oE
(see (2.1)). We will also denote by I the restriction of I% to SE Then by [R3, Corol-

lary 3.5.8 & Proposition 4.5.3], & < is a commutative smooth group scheme over S]E We

denote by ’:i its Lie algebra; it is a locally free sheaf of commutative Oz S -Lie algebras
(see [R3, §2 1]).

Recall that the quotient t;;/W is a smooth scheme, isomorphic to an affine space
(see [De, Théoreme 3 & Corollaire on p. 296]). We will denote by o: tI*E — tjE /W the

quotient morphism; then we denote by ns: gE — i/ W the composition
Sg 25 S e w.

The following result follows from [R3, Theorems 3.5.12 & 4.5.5] and the fact that the
natural morphism Sg — t;/W is an isomorphism (see [R3, Theorems 3.2.2 & 4.3.3],
combined with [R3, Propositions 2.3.2 & 4.2.1]).
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Theorem 4.3. There exists a canonical isomorphism of sheaves of commutative O gE—Lie
algebras

Je= (n8)* Qs /w-

For the remainder of this subsection, let us consider the case E = F. First we recall
that there exists a unique smooth commutative group scheme J¥ over ti; whose pullback

under vyeg is the restriction T of TF to ﬁﬂfg (see [R3, Proposition 3.3.9]). Now by [R3,

reg
Remark 3.5.9], the composition

Coh® (§8)r — Rep(Ts,,) > Rep(I5) — Rep(J¥)

is an equivalence of categories, where the first functor is the functor (2.2) in our particular
situation, the second functor is induced by restriction to S, and the last functor is induced
by the isomorphism of Proposition 4.1.

Similarly, let s be a finite simple reflection, let W, := {1, s} C W, and consider the
reg

natural morphism ELF — t/ Wy. Let also ’gvf C Ef be the inverse image of g;’reg under
the natural morphism gE“ — gy and letilF be the universal stabilizer associated with the
action of Gy on EQF Then the same arguments as in the case of gr (see in particular [R3,
Remark 3.5.7]) show that there exists a unique commutative group scheme JISF on t/ W;

reg TF . ~Foreg,
I_y to gS ’

moreover, as above we have a natural equivalence of categories Coh® @ O = Rep(J ;F).
There exists a canonical Cartesian diagram

whose pullback under the morphism ﬁlf — t5/ Wy is the restriction of

¥

! J

ty —— tp/ W

so that the direct and inverse image functors under the quotient morphism t; — 5./ Wy
induce functors Rep(jF) — Rep(’j?) and Rep(jf) — Rep(jF) respectively. Under the
equivalences considered above, these functors correspond to the direct and inverse image
functors under the restriction of 7 to 'g”fFeg, respectively.

4.5. Definition of the functors

Let us denote by T(t;/ W) the tangent bundle of the smooth E-scheme t;/ W. We con-
sider the Gy g-action on t;/W such that the corresponding grading on O(t; /W) =
O(tI’E)W is obtained by restriction of the grading on O(tj;) where the generators tg C
O(t) are in degree 2, so that the morphism @ of §4.4 is Gy g-equivariant. This ac-
tion induces a Gy, g-equivariant structure on Qf?ﬁ; /w- We consider the G, g-action on
T(t;/ W) such that O(T(t;/ W)) is the symmetric algebra of Qg w(—2) as a graded
algebra. In other words, the G, g-action on T(t[’g /W) is the combination of the action
induced by the action on t;/ W with multiplication by x2 in the fibers of the projection
T/ W) — t/W.
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We will consider the bounded derived categories of (equivariant) coherent sheaves
DCm (¢* e w T/ W) and D" x ¢ w T(E*/W))E. In this context we also have
“modular reduction functors”

F(—): DO (t* x g w T/ W))gx — DOt xp/w T/ W))p,
F(=): D(t* X)W T(t*/W))m — D(t* X/ W T(t*/W))]F.

Now we can explain the construction of the “Kostant—Whittaker reduction” functors

i : DE*En@)g — DO (" x o T/ W))E, (4.3)
©e: DC@)r — D" X w T(E/W))E. (4.4)

First, consider the functor
K : Coh®@)r — Coh(t*)g

defined as the pullback functor associated with the embedding §E <> gE, where we
identify Sg with tf; using the isomorphism vs from Proposition 4.1.

Remark 4.4. Consider the closed subvarlety T]F C g defined in [R3, §3 5], and the anal-
ogously defined closed subscheme Y C @9t Then Ug acts freely on TE, and v induces
an isomorphism of [E-schemes Y /UR = t]’g. (For E = T, this fact follows from [R3,
Proposition 3.2.1, Theorem 3.2.2 & Proposition 3.5.5]; the case E = R is similar.) Using
this isomorphism, we can describe the functor k; more canonically as the composition of

restriction to 'Y'E with the natural equivalences CohU(T)E — Coh(T /Ug) = Coh(t;’é).

Lemma 4.5. The functor k7, is exact.

Proof. Our functor can be written as the composition
Coh®@E > Coh®(G x Sz = Coh(S)z 25 Coh(t*)g,

where a is the morphism considered in Lemma 4.2, and the middle arrow is the obvious
equivalence. Now a is a smooth (in particular, flat) morphism by Lemma 4.2, which
implies exactness. O

Now we can explain the definition of k. This functor will be induced by an exact functor
Coh® (@) — Coh(t* x ¢+ /w T(t*/W))E, which we denote similarly. In fact, starting from
an equivariant coherent sheaf F on EIE’ we can naturally endow its restriction to gE with
an action of the universal centralizer T% S (see §2.2). Differentiating this action we obtain an
action of the Lie algebra CI]E of TE 5- By Theorem 4.3 one can identify CIE with (ns)* Qe LIW
considered as a sheaf of commutatlve Lie algebras on SE. Identifying SE with t; via
vs (see Proposition 4.1), we obtain an action of the commutative Lie algebra Q*Q% /W

on EfE (F), hence also an action of its symmetric algebra p*Sp (foi /w)- This action

tfﬁ/w
defines a coherent sheaf kg (F) on (t* x¢,w T(t*/W))g whose direct image under the
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affine morphism (t* x ¢ w T(t*/W))g — tf; is kK (F). It follows from Lemma 4.5 that
the functor

Kg: Coh®(@r — Coh(t* x¢/w T(t*/ W)k

that we have just defined is exact. Then the functor (4.4) is defined as the induced functor
between bounded derived categories.

We construct kg similarly, simply keeping track of the appropriate G, g-actions.
More precisely, recall the action of Gm, on §E defined in §4.4. One can “extend” this
action to the group scheme Gg X S via

X (g, y) = Guo(®)gho() L x - y)

forx € Gmg, g € Geand y € gE. Then the subgroupi]g is Gy g-stable, and the pro-

jection i% — Sk is Gy g-equivariant. This action induces a G, g-equivariant structure

on the coherent sheaf EEES‘ (on §]E), and it is easily seen that the isomorphism of Theo-
rem 4.3 is Gy g-equivariant, where the action on the right-hand side is induced by the
action on T(t;/ W) considered at the beginning of this subsection (see [R3, proof of

Theorem 3.4.2]). Now if F isin CohG*Gm (9)E, then the restriction of F to §E isaGpE-

equivariant coherent sheaf, and the action of TE is compatible with this structure in the
obvious sense, which allows one to define the exact functor

Kg: Coh®*Cm(@)p — CohCm(t* x /W Tt/ W)k

by the same recipe as for k. Then the functor (4.3) is defined as the induced functor
between bounded derived categories.
The proof of the following lemma is easy, and left to the reader.

Lemma 4.6. There exist canonical isomorphisms of functors
Foky Z2kpolF, Foky, Ekpol,

where, in both equations, the functor I on the left-hand side is the modular reduction
Sfunctor on the R-scheme (t* x ¢ /w T(t*/ W), and the functor F on the right-hand side
is the similar functor on gg. O

4.6. Another geometric braid group action

The goal of this subsection is to define a “geometric” (right) action of the group By on
the category D®m (£* x ¢ /w T(t*/W))g. We begin by defining an action of Wg.

First, there exists a natural action of W on the E-scheme (t* x¢,w T(t*/W))E, in-
duced by the action on tf;. For w € W, we denote by

"KE L DO (¢ g w T/ W)E — DO x e pw T(E/W))R

the pullback functor associated with the morphism given by the action of w.
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Then, let A € X. To define the functor associated with f, we will identify
DCm (" x¢yw T(t*/W))g with the derived category of finitely generated graded mod-
ules over the commutative O(ty)-Lie algebra (O(t*) @/ w) 2 (t*/ W))g. We define a
module F’ ){E for this Lie algebra as follows. As an O (tI*E)-module, F iE is free of rank one.
Then to define the action of the commutative Lie algebra (O(t*) ® ¢/ w) L (t*/ W))E it
is enough to define a morphism of O(ty;)-modules

(O ®o (e /w) QE/W)E — O(ty). 4.5

In order to do so, we interpret the left-hand side as the module of sections of the projection

(" xeyw T"W/W)E — g, (4.6)

where T*(tf;/ W) is the cotangent bundle of the smooth E-scheme tf;/ W. The morphism
0: t; — ti;/ W defines a natural morphism

d*o: (" xpyw T/ W)E — T*(t).

Now since ty; is an affine space, the right-hand side is canonically isomorphic to t x tg.
Hence, if o is a section of (4.6), the composition of o with

d*
( xew TS/ W) =5 T 2 x tg — tg D E

defines an element in O(t;). This construction provides the definition of (4.5), hence also

of the module F }{E. Itis clear thatif A, © € X and w € W we have canonical isomorphisms
of (O(t") ®o (¢ w) 2 (t*/W))g-modules

Fy Qo) Fy = Fy, and 'KE(FY) = F,_,. (4.7)

(In the first isomorphism, the left-hand side is endowed with the natural action on the
tensor product).
With this definition at hand, we define the functor

'K DO xepw T/ W)E = DO xeyw T/ W))E

as the functor of tensoring (over O(t};)) with the module F: j\E .
Using (4.7) one can easily check that we have canonical isomorphisms

tasE _1a,E ~ 1q-E taE _1q,E ~ r1a,E tarE _rqrE ~ rq-E
KE o' KE =k KE o 'IE =% K o 'KE =K

ra-E
o
wv? b’ N jcw

1
for all v, w € W and X, u € X. In other words, these functors define a right action of the
group Wasr on the category DCm (t* xgyw T(H*/W))Eg. For w € Wyyr, we denote by ! iK]S‘)
the functor giving the action of w.
Now we “renormalize” this action as follows. For w € W and A € X, we set
K7, ="K (—lw)), Ky =% (h(o)).

w
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Then these functors extend to a right action of B, on DGm (t* xpyw T/ W))E. For
any b € By, we denote by JCE the action of b. Note that if b is the image of » under the
canonical surjection Bysr — Wy, then there exists n(b) € Z such that

Kp = ’K%(n(b)). (4.8)
Note also that if w € 2 then necessarily
n(T,) = 0. (4.9)

(Indeed, if the claim is known for a power of w then it follows for w. Now this claim is
obvious if w = 1, for some A € X such that A(a") = 0 for all @ € ®. Since the quotient
of 2 by the subgroup consisting of such elements is finite, this suffices to imply the claim
forall w € Q2.)

4.7. Kostant—Whittaker reduction of line bundles

The goal of this subsection is to prove the following result (whose proof is quite technical,
even though the statement is very natural).

Proposition 4.7. For any ) € X, there exists an isomorphism
k8(Ogs (1) = F(h(ho)).

We start with two preliminary results. The first lemma is a generalization of a lemma
in [GK].

Lemma 4.8. If g € Gy and § € (g/n)y are such that g - & € Sy, then g € UE - B.

Proof. Our assumption ensures that [g : &§] € g]p. Recall the contracting G, -
actions on Sy and Sy defined in §4.4. We have limy, o x - [g : &] = [1 : x(e)],

hence limy_; o XO(X)gB]F = 1Bp. Since 1Bp belongs to the )V\O-stable open subset
Ua: Br/Br C %y, we deduce that gBp also belongs to UI‘F" Br/Br, which finishes the
proof. O

Lemma 4.9. Let A € X. Let M be an object OfCOth (& x ¢y w T/ W)z which is flat
over R, and whose direct image to t3; is coherent. Assume that for any geometric point F
of ‘R there exists an isomorphism F @ M = Ff in Coh®m (¢* x¢w T/ W))p. Then
there exists an isomorphism M = F. f%.

Proof. In this proof we identify the category Coh®m (t* x g w T(t"/W))o with the cat-
egory of finitely generated graded O(t* x ¢, w T(t*/ W))gz-modules, and similarly for IF.

First we construct an isomorphism of graded (’)(t*m)—modules O(t*m) S M.In fact,
if My denotes the degree O-part of M (a free 3-module of finite rank), our assumption
ensures that dimc (C ®9x Mo) = 1; we deduce that M has rank 1. Choosing any basis for
this module, we obtain a morphism of graded O(t5;)-modules

¢: O(ty) > M.
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Our assumption implies that the induced morphism O(t;) — F ®g3 M is an isomorphism
for all F. Since all graded pieces in O(t5;) and M are free 2R-modules of finite rank, we
deduce that ¢ is an isomorphism.

We claim that ¢ induces an isomorphism of graded O(t* x ¢/ T (£*/ W))gz-modules

F)?% 5 M. In fact, it is enough to prove that for all w € Q(t;‘R/ W) we have w - ¢ (1) =
(dr)(@') - ¢(1), where o' is the image of w in Q(t5;) = tsx ®x O(t;) as in §4.6 (and
we still write dA for the morphism (dA) ® 1: tx ®9x O(t5) — O(t5;)). However, the
embedding

EndModg’(O(t*x‘*/WT(t*/W))C)(F)(F) — EndModg‘(O(tTC))(F)(F)

is an isomorphism, since the right-hand side is reduced to scalars. Hence C ®sx ¢ induces
an isomorphism of O(t* x ¢, w T(t*/W))c-modules F)(f: S c Qo M. We deduce that
the image of w - ¢ (1) — (dA) (@) - ¢ (1) in C @z M is 0; it follows that this element is
zero, which finishes the proof. O

Proof of Proposition 4.7. Using Lemmas 4.6 and 4.9, it is enough to prove the isomor-
phism in the case E = F. For simplicity, in the proof we omit the subscripts “F.”

We denote by g° the inverse image in g of the open subset UYB/B C %; more
concretely we have g = UTB xB (g/n)*. This open subset is stable under the action of
Gm obtained by restricting the action of G x G, along the embedding Gy — G x Gpy
sending x to ()Vuo(x), x). Moreover, by Lemma 4.8, we have S C g°.

First, we claim that there exists a canonical isomorphism of Gp-equivariant line
bundles (in other words a canonical trivialization)

O Mg — Oge(A(ho)). (4.10)

In fact, consider the variety X := G xU (g/n)*. It is endowed with a (free) action of T
defined by 7 - [g : £] = [gt~! : ¢ - &), and § is the quotient of X by this action. It is also
endowed with a natural action of G x Gy, such that the quotient morphism g: X — § is
G x Gp-equivariant. Moreover, it follows from the definition that

O5(1) = (g0x)"

as G x Gy-equivariant line bundles, where on the right-hand side we mean sections on
which T acts by the character —A. Consider now the commutative diagram

T x Ut x (g/n)* ——=UTB xY (g/n)* ——= X

Jo | I

Ut x (g/n)* ———U'B xB (g/n)* ——73

Here ¢° is the projection, the right horizontal arrows are the natural (open) embeddings,
and the left arrows are defined by (¢, u, &) +— [ut=! 7. Eland (u,&) — [u : &] re-
spectively. All the maps in this diagram are G,-equivariant if Gy, acts on X’ and § via the
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morphism G, — G x Gy, considered above, and on T x Ut x (g/n)*, resp. Ut x (g/n)*,
via
X (tu, €)= (A (), Ko (i (), x 2 Re(x) - £),
resp. x - (u, £) = (Ro()uis 1 (x), x 2ho(x) - £).

We deduce an isomorphism of Gp,-equivariant line bundles

~ T,—a
O3 MW 1ut x(g/my* = (@)«Orsut x(g/my*)

Now we have (¢°)+Orxu+x(g/my* = FIT] ®F Ou+x(g/n)+» and the subsheaf where T
acts by —A is (FA) ®F Oy+ x (g/n)+- We deduce (4.10).
Using (4.10) we obtain a canonical isomorphism of Gp,-equivariant O¢-modules

K(O5(1) = Op(A(ho)). 4.11)

To conclude we have to identify the action of Q(t*/ W) on « (Og(1)).

In order to do so we can restrict to the open subset t*™ C t* (the complement of
the coroot hyperplanes). Note that v=!(£*™) = §'. To compute the action we will use
another, more elementary section of the restriction of v to g'. Set

== {1B} x »(t®) C g c G/B x g*,

where t* := g™ N t. Clearly, v restricts to an isomorphism X' =g, Hence, if ST =

e S, , we have canonical identifications S 5o s In fact, since the restriction
of I to g™ is the pullback of the group scheme J on t*, we also obtain a canonical
identification of the corresponding restrictions of I, and then of their Lie algebras:

Lie(T§) — Lie(J®) <~ Lie(I

| J{ i (4.12)

grs ~ 1S »rs

(Here, for A a smooth group scheme over a scheme X, Lie(A) denotes the vector bundle
whose sections are the Lie algebra of A, considered as an O x-module; the superscript “rs”
means restriction to the regular semisimple locus, and It} is the restriction of I to X™.)

With the notation we have just introduced, Theorem 4.3 defines an isomorphism
Lie(ig) =8 xgrs T*(S8™). In fact, since the morphism S S is étale (be-
cause the restriction of ¢: t* — t*/W to t*' is étale [R3, Proof of Lemma 3.5.3]),
this can be rewritten as an isomorphism Lie(fg) =5 o7 (grs). Now we clearly have
Tr}; =Tx X% c G x X%, hence Lie(fg) =t x ©% 5 T*(Z™), where we iden-
tify t with s¢(t)* = g/(n* @ n) in the natural way. We claim that the following diagram
commutes, where the horizontal isomorphisms are induced by the identifications in (4.12)
and the vertical isomorphisms are the ones we have just defined:
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Lie() — > Lie(I%)
z\L iz (4.13)

T*(grS) ~ T*(Z™)
In fact, let y € s (1), and let Z be the point of St corresponding to y = (1B, y) € X'
under the identification in (4.12). Let us also fix g € G such that Z = g - y. Then,

unravelling the various definitions (see in particular [R3, Remark 3.3.4]), we see that the
fiber over z <> y of (4.13) can be described as

~

Og-y ad Gy
I | H
g t
$ = 7 T~ d T T ~a \LZ

ad _q -
#(s) <—g<~—"1[g, gy —[g, Y]+ > g —> x(O)*

Now go.y =1[g. 8- y]+ and gy = lg, y]*, so the commutativity is obvious.

With this comparison at hand, we can now identify the restriction of «(Og(4)) to
5" with Og())|zrs, endowed with the action of J%, identified with t ® Oxrs as above.
But the restriction of Og(A) to {I1B} x (g/n)* is O(g/n)* ®F F, (where F) is the one-
dimensional B-module defined by 1), and we finally deduce that (4.11) defines an iso-
morphism « (Oz(1)) = Fy(L(}o)), as desired. O

4.8. Kostant—Whittaker reduction and geometric actions

The main result of this subsection is the following.

Proposition 4.10. (1) For any b € By, there exists an isomorphism of functors
IK]}jo;qp EK[FOjE.

(2) Let b € Bagt, and let F be an object of DG*Gm (§), such that ks; (F) is concentrated
in degree 0, and R-free. Then ks o Jg“ (F) is concentrated in degree 0 and R-free,
and moreover there exists an isomorphism

K o ky (F) = ks 0 I3 (F)
in DCm(t* x ¢/ w T/ W),

Remark 4.11. Itis probably true that there exists an isomorphism of functors JCZ% oKy =
Ksy 0 JZ‘. The weaker statement in Proposition 4.10(2) will be sufficient for our purposes.

Before proving Proposition 4.10 we need a preliminary lemma. In this lemma we fix a
finite simple reflection s, and consider the morphism ZE,E — g induced by the second
projection.
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Lemma 4.12. (1) The Cartesian square

(S x5 Zo)p — ZE
3 !
Sg ——— Gk

is tor-independent in the sense of [Li, Definition 3.10.2].

(2) The embedding Z° — (§ x §)g identifies (S xg Zs)g with a closed subscheme
of (g X g)]E. Then, identifying gE with t; via the isomorphism of Proposition 4.1,
(5 X§ Zs)E identifies with the graph of the action of s on tf.

Proof. (1) We decompose our Cartesian square into two squares:

(S x5 Z)E —— G x (S x5 Z;)g — ZF

} | }

SE > (G xS ! fiio)

Here the left arrows are induced by the embedding Spec(lE) — Gp given by the identity.
The left square is obviously Cartesian and tor-independent (since G is flat over Spec(E)),
and the right square is Cartesian by Gg-equivariance, and tor-independent since a is flat
(see Lemma 4.2). The claim follows. ~

(2) The first claim is a consequence of the definition of Sg and of the fact that Z]SE is
included in (g X g+ §)r. Now we consider the second claim.

In the case E = F, the claim follows from the definition of ZF if we use the facts
that S is included in Eﬁfg (see [R3, (3.1.1)]), and that the morphism veg is W-equivariant
(see §4.2). ~

Now, let E = . It follows in particular from the first claim that (S xg Zy)s is an
affine scheme. Since Gsz x (§ xXg Zs)o is flat over Z‘?{ (see the proof of (1)), which is
itself flat over fR, and since fR is a direct summand in O(Gsy), the scheme (§ xXg Zs)m 18
also flat over ‘R.

Let us denote by f the morphism (g’ xXg Zs)m —> g’gq induced by the first projection.
We claim that f is an isomorphism. In fact, consider the morphism

5O n) = O x5 Zo)n.

Since f is projective, the right-hand side is finite over O(gm). Moreover, the morphism
F ®oz (f*) is an isomorphism for any geometric point I of R, by the case of fields treated
first. Using [BR2, Lemma 1.4.1] we deduce that f* is an isomorphism, which finishes
the proof of the claim. _ ~

Now, consider the morphism 7, : S;x — Sgz defined as the composition of the inverse
of f with the natural projection (S xg Zs) — Sm.NThe induced morphism S¢ — S¢
coincides with the action of s (via the identification S¢ 5 te). It follows that the mor-
phism 7 itself coincides with the action of s, finishing the proof. O
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Proof of Proposition 4.10. In each case, it is sufficient to prove the claim when b = T
for s a finite simple reflection, or when b = 6, for some A € X.

First, assume that b = 6,. Since kg is compatible with tensoring with a line bundle,
Proposition 4.7 implies that there exists an isomorphism of functors JCEA OKE = KE © Jg,
which proves the claims in (1) and (2) in this case.

Now let b = Ty. In this case JIE = R(pg)« o L(gs)*(—1), where py, g;: Z — OE
are induced by the first and second projections, respectively. Let «; be the composition
of kg with the direct image under the (affine) morphism ¢: (t* x ¢/ w T(t"/W)g — 5.
(In other words, KL/E is the composition of restriction to §]E with the functor (vs)s.)
By Lemma 4.12(1) and the base change theorem (see [Li, Theorem 3.10.3]), we have
K]E o J = R(pp«oL@g)* o K]E< 1), where p;, g, (S xXg Zs)E —> t* are the composi-
tions of vs with the morphisms obtained from py, g, by restriction. Using Lemma4.12(2),
we deduce a canonical isomorphism

kg o 7 = (1) ok (—1), (4.14)

where 7;: t}; — (; is the action of s.

In the case E = F, since the automorphism t: §]F = gF is the restriction of a
Gr x G p-equivariant automorphism of Eﬁfg, isomorphism (4.14) is induced by an iso-
morphism of functors

fKI;S okF = kF o Jﬂ;x,
which finishes the proof of (1). Then the case E = R follows from the case E = C:
indeed, by (4.14) we have an isomorphism

G (KT 0 kr(F)) = ulkear 0 I (F)). (4.15)

Hence if k97 (F) is concentrated in degree 0 and R-free, the same is true for ks o Jm(}" ).

And in this case, since the image of (4.15) under C ®x (=) is O(t* x ¢/ w T(t*/W))C—
linear, we deduce that (4.15) is O(t* x ¢/ T(t*/ W))gz-linear, which finishes the proof
of (2). O

We finish this section with the following variant of Lemma 4.12, to be used later. In this
lemma we consider the morphism (g x5, 9)r — g induced by the second projection.

Lemma 4.13. (1) The Cartesian square

(S x5 @ x5, e — @ x5 DE

; i

Sk © 9E

is tor-independent in the sense of [Li, Definition 3.10.2].

2) If we ~identify Sk with ty, via the isomorphism of Proposition 4.1, the fiber prod-
uct (8§ x3 @ Xy O)E identifies with the closed subscheme of (t* x t*)g given by
(t" x ¢/ w, t)E.
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Proof. The proof of (1) is identical to the proof of Lemma 4.12(1). The case E = FF of (2)
follows from the observation that the intersection of (§ xg, §)F with g° x Fg° is the
union of the diagonal copy of Ef;g and the graph of the action of s. Now, let us consider
the case E = fR.

_ By the same arguments as in the proof of Lemma 4.12(2), the fiber product
(S x5 (@ x3, ﬁ))m is a flat JR-scheme, and a closed subscheme of the affine scheme

(S x S)m,. Consider the algebra
A= OS x5 § x5, D)n-

We claim that A is R-free. Indeed, consider the contracting G, s-action on §m consid-
ered in §4.4. The diagonal action on (S x S)g; stabilizes the subscheme (S x3 €] XFs Dk,
so that A is endowed with a Z-grading. Each graded piece of A is finite over R, and flat,
hence free, which proves our claim.

Now, consider the surjection

O x t — A.

For any x € O(t5;)°, the image of x ® 1 — 1 ® x in A becomes zero in C ®x A, by the
case E = C. Since A is fi-free, this implies that this image is 0, hence that our morphism
factors through a surjection

(O") ®otr)s Ot )); — A.

This surjection is compatible with the Z-gradings, and on both sides the graded pieces
are free of finite rank over R. (In fact, this property has been proved above for A. For the
left-hand side, we have O(t5;) = O(t5;)* © O(t)* - 8, where § € toz is any element such
that (§, ) = 1—see e.g. [EW, Claim 3.9] — which implies our claim.) Hence to conclude
we only have to prove that the induced morphism

F®x (O @0y Ot )n — F@xn A

is an isomorphism for all geometric points F of fR.
Using again the case E = F treated above, we only have to prove that the natural
morphism

F @ (O(t") @y Ot ) — (O @oeys Ot))

is an isomorphism. In turn, this follows easily from the decompositions O(tf;) =
Otg)’ @ O(ty)* - 8 for E = R and F (where § is as above or, when E = F, its im-
age in tp). O

5. Tilting exotic sheaves

In this section we use the same notation as in Section 4.

5.1. Overview

In this section we give a description of the category of tilting objects in EG*Cm (/\N/ ) in
terms of “Soergel bimodules.” This description is based on a “Bott—Samelson type” de-
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scription of these tilting objects, due to Dodd [Do] in the case p = 0 and generalized
to the modular setting in [MR], and on the use of the “Kostant—Whittaker reduction” of
Section 4.

In §5.2 we review the basic definitions and results on Bezrukavnikov’s exotic t-struc-
ture, and in §5.3 we introduce and study some variants of the associated “standard” and
“costandard” objects. In §5.4 we recall the “Bott-Samelson” description of tilting objects
in £6%Cm(N). In §5.5 we compute the graded ranks of Hom-spaces between our “Bott—
Samelson objects.” Finally, in §§5.6-5.8 we obtain the desired description in terms of
Soergel bimodules.

5.2. Reminder on the exotic t-structure

In this section we will consider the Springer resolution
N := (G x® (9/0))s — P x g,

a vector subbundle of the Grothendieck resolution gg studied in Section 4. We denote
by i: ./\7E g or the inclusion. For A € X we denote by O W (A) the restriction of

Ogz (M) to J\/'[E We will consider the derived categories of equivariant coherent sheaves
DGXGm (Mg and DS (V).

By [BR2, Section 1], the geometric braid group actions considered in §4.3 “restrict”
to the categories DG*Gm (J\/ )E and DG(./\/ )E in the following sense. For s a finite simple
reflection, associated with a simple root «, we define Z; E.— Z]E N (./\/E X N]E) and denote
by

S e SSN . DGxGm (./V)]E N DGXGm (-/'\"[)E
the Fourier—Mukai transforms with kernels Oz/lt( 1) and Ozm( p,p — a){—1) re-
spectively. We use the same symbols for the analogous endofunctors of DG(./\/ )E. (Here
Oz/]E( p, p — «) is defined by the same recipe as for OzlE( p, p — a) in §4.3.) Then
’JI“Q and SY are quasi-inverse equivalences of categories, and there exists a right action

of the group Bagr on the categories DG*Cm (Mg and DS (N)g such that Ty acts by ij
for any finite simple reflection s, and 6, acts by tensoring with O e (A) for any A € X.
For b € By, we denote by

gy : DS (Mg = DO Em(Ayg
the action of b. Then there exist isomorphisms of functors
JF oRiy ZRixodF, Li*oJp=JEoli* (5.1

and
Fodi =g5 oF. (5.2)

Recall the elements w; € W, defined in §2.5. We set

~ A ._ qE ~
HT,,,)L( N]E)’ AK/',IE . H(Tw,l)_l((o./\/]E)'
A
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By (5.2), these objects satisfy

IF(V R ]F(A/kv’%) ~ Aj\?,]F' (5.3)

N F’
Remark 5.1. For any w € W we have 3% (O/VJE) = ONE(—K(w)) (see [MR, (3.10)] for
E = F; the case E = R can be deduced by using the arguments in the proof of [BR2,
Proposition 1.4.3], or proved along the same lines.) Therefore, as in [MR], for any w €
Wt, we have

Vire 07,0 (=) + L)), ARy =5 (Og) (=) + £(wy)).

In the case E = F, the objects V)‘~ and A)‘~ were studied in [MR] (see in partic-

ular [MR, Proposition 3.7]). In fact 1f we denote by D=0, resp. DY, the subcategory
of DG*Gm (/\f )F generated under extensions by the objects Aj‘v, (n)[m] with n € Z

and m € Zxq, resp. by the objects NIF< n)[m] with n € Z and m € Z<p, then the

pair (D<0 DZ% constitutes a bounded t-structure on DG*Cm (N )T, called the exotic t-
structure. We denote by eGxGm (N )r the heart of this t-structure.
By [MR, Corollary 3.10], the objects Ak pand Vk - belong to €6xCGm(A)p. Let us

fix an order <’ on X as in [MR, §2.5]. Then by [MR, §3 5] the category &G*Gm (N)]F isa
graded highest weight category with weight poset (X, <’), standard objects { A% P reX}

and costandard objects {Vj‘\/ A € X}. In particular, it makes sense to consider the tilting

objects in £6xGm (N )F, i.e. the objects which admit both a standard filtration (i.e. a fil-
tration with subquotients of the form A/k\/ IF< m) with A € X and m € Z), and a costandard

filtration (i.e. a filtration with subquotients of the form Vj‘\/ (m) with A € Xand m € Z).

The subcategory consisting of such objects will be denoted by Tilt(£G*Cm (N )F)-
If X admits a standard filtration, resp. a costandard filtration, we denote by (X :

A A : A A
A/\/’]F( m)), resp. (X : V ( }), the number of times AN]F<m) resp. V ( ), ap-

pears in a standard, resp. Costandard filtration of X. (This number does not depend on
the filtration.) The general theory of graded highest weight categories implies that for
any . € X there exists a unique (up to isomorphism) indecomposable object T in
Tilt(EG>*Cm(N)g) which satisfies

(T A* @ =1 and (T : A%Fw)) £0=p < A
Moreover, every object in Tilt(E6*Cm (f\7 )r) is a direct sum of objects of the form 77 (m)

for some A € X and m € Z (see e.g. [AR2, Appendix A] for references on this subject).
Recall also from [MR, (2.3)] that

ifA=pandn=m=0,
H . Ak ’ _ 54
OM p6xG, (N)]F( NIF < Jml) = {O otherwise. ©H

Remark 5.2. One can easily check that none of our constructions depends on the choice
of the order <’.



Exotic tilting sheaves and parity sheaves 2313

5.3. More “standard” and “costandard” objects

If H is an affine group scheme over a ring k, we denote by Inv,fI the functor of derived
H-invariants (see [MR, §A.3]).

Lemma 5.3. For any F, G in D*Cm (.f\7)9c{, the complex of R-modules
R HomDGxGm (K/’)m (-Fa g)

is bounded, and has finitely generated cohomology modules.

Proof. By [MR, Proposition A.6], we have a natural isomorphism

Gn Gm,
? o lnvg™™ (R Hom o o) (P 9).

RHomDGxGm(N)m (F,9H = Inv

Since the natural morphism Nm — g (the restriction of the morphism
from §4.2) is projective, by [Ha, Theorem IIL.8.8] R Hom,, Coh( J\me)(]: g) is a
bounded complex of finitely generated O(gg;)-modules, which implies that the complex
Inve, Com. (R Hom DP Coh(Na; )(]'— G)) of R-modules is bounded, and has finitely generated
cohomology modules. Hence the claim follows from the fact that if M is a Ggz-module

which is finitely generated over R, then Invm (M) is a bounded complex of finitely gen-
erated 93-modules (see [J1, Lemma II.B.5 and its proof]). ]

Proposition 5.4. For 1, u € Xandn, m € Z we have

R ifr=pandn=m =0,

B A n _
HomDGXGm(N)m(AN,?J%’ VJ\/ wlmlmD) = 0 otherwise.

Moreover, the natural morphism
F ®% HomD(:xGm (_/\/’)m (AN R’ Vj\l[ ER< >[m]) - HomDGxGm(N)]F (AN F’ j\i’[ F(”)[m])

is an isomorphism.

Proof. By the same arguments as in [MR, proof of Lemma 4.11], there exists a canonical
isomorphism of complexes of F-vector spaces
F ®9% R HomDGxGm(N)m(AN R V;\L/ (n)) — R HomDGxGm(/\[)]F(AN P Vj\l/ IF< ny).

By (5.4), the right-hand side is isomorphic to F if A = p and n = 0, and is 0 otherwise.
Using Lemma 5.3, we deduce the claim. O

Asin [MR, §4.1], for A € X, we set
A ._qE " A ._qE -
VE,IE = I]TM (O3z), AE,JE = J(T 71),1((’)%).
Wi

Then by (4.1) we have
F(Vig) = Vip,  F(Afg) = Aky,
and by (5.1) we have

Li*(VE ) = Li* (A% p) = A% (5.5

N]E’ N, E’
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Recall that for F, G in DG*Cn () the morphism

@ HOIl'lDGxGm('ﬁ)]E (-/—'., g(—l’l)) - HomDG(E)E (‘F’ g)

nez

induced by the forgetful functor is an isomorphism. In particular, this isomorphism en-
dows the right-hand side with a natural Z-grading.

Proposition 5.5. For A, u € X andm € 7Z there exists an isomorphism of graded O(ty)-
modules

O(tg) if A =wpandm =0,

Hom pe z.. (A% &, VE [m]) =
D (gm( g.E BJE[ D {() otherwise.

Moreover, the natural morphisms

A A
E ®O(tfg) Hoch@E(AE’E, VgE[m]) — HomDG(/V)JE(A/V,IE’

"
VI mD)
(induced by Li* via isomorphisms (5.5)) and

F @9t Hompe g),, (A% o1, VE g3 [m]) — Hompe g, (A% g, VE plm])
are isomorphisms.

Proof. Asin [MR, Lemma 4.11], for F, G in DG@)E we have a canonical isomorphism

L
E ®(’)(tfﬁ) R HomDG@E (‘F, Q) =R HomDG(./\Nf)]E(Li*‘F’ Ll*g)
Choosing F = A%‘E and G = Vg‘]E and using (5.5), we deduce an isomorphism

A‘N

L
A 12 ~ - "
E ®(’)(tfﬁ) R HomDG(E)E(AE,E7 VE,E) =R HomDG(N)]E(AN)]E’ VK/,E)

Using Proposition 5.4, we see that the right-hand side is concentrated in degree 0, and
isomorphic either to E (when . = p) or to 0 (when A # w). By Lemma 2.8(2), this
implies the first claim, and the first isomorphism.

The proof of the second isomorphism is similar to the proof of the corresponding
claim in Proposition 5.4. O

5.4. “Coherent” Bott—Samelson objects

As in [MR, §4.2], if s is a finite simple reflection, we denote by

EE‘: DGXGm(g)E — DGXGm(g‘)E
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the Fourier-Mukai transform associated with the kernel Ogxg 5)p{—1) (see §4.3 for
the notation). We also make a similar definition for 5o an affine simple reflection: by
Lemma 2.10 we can choose (once and for all) a finite simple reflection 7 and an element

b € Byt such that Ty, = bT;h~!, and set EE) = Jffl o EF o JF. One can easily check

that for any simple reflection s € W there exists an isomorphism
FoER =EFoF. (5.6)
For s = (s1, ..., sy) a sequence of simple reflections and w € €2, we set
Mg(w, s) := EE, 0---0 EE o j%,(oﬁm)-
By (4.1) and (5.6), these objects satisfy
F(Mn (@, 5)) = Mr(w, 5).

Our interest in the objects Mg (w, s) comes from the following result, which is proved
in [MR, Corollary 4.2].

Proposition 5.6. For any sequence s of simple reflections and w € <2, the object
Li*(Mp(w, 5)) is in E6%Cm (f\?)]y, and is tilting. Moreover, any indecomposable object of
Tilt(EG*Cm (ﬁ)ﬂr) is a direct summand in an object of the form Li* (Mp(w, s)){n) with
(w, 5) as before and n € Z. O

The properties of Hom-spaces between objects of the form Mg (s, w) are summarized in
the following proposition.

Proposition 5.7. For any sequences s and t of simple reflections, for w, ' € , and for
k € Z, we have

Hom p ), (ME(@, $), ME(, DIK]) = 0
and  Hom e i, (Li*(ME(w, 5)), Li* (Mg (@, D)[k]) = 0
unless k = 0. Moreover, the graded O(tf;)-module
HomDG(E)E (M]E(ws E)s M]E(w/v L))
is graded free, and the functor Li* induces an isomorphism
E ®0(;) Hompe g, (ME(, 5), ME(@', 1)
— Hom 6 7)., (Li* (ME(@, 9)), Li*(ME (@, ).
Finally, the functor F(—) induces isomorphisms of graded F-vector spaces
]F ®9‘% HomDG(E)m (Mm(wa i)a MER(CU/’ L)) :) HomDG(a)F (MF(CU, £)7 M]F((l)/, L))
and
F ®x Hom ¢ 57, (LiI* (M (@, 9)), Li* (M (@, 1))
— Hom ¢ 7, (Li*(Mr (@, 9)), Li*(Mr (o, 1)).
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Proof. By [MR, Lemma 4.1], the objects of the form Mg (w, s) belong to the subcategory
of DE*Cm (§)r generated under extensions by the objects Vg gim) forA € Xandm € Z,

and also to the subcategory generated under extensions by the objects A% gim) ford € X
and m € Z. (In [MR] only the case [E = T is considered, but the same Iﬁroof applies for
E = fA; in fact this proof relies on the existence of the exact sequences (4.2).) Then the
claims follow from Propositions 5.4 and 5.5. O

5.5. Graded ranks of Hom-spaces

Recall the Hys-module My of §2.5. If F is an object of &G*Gm (Jiv/' )r which admits a
standard filtration, we define

cha(F) := ) (F: Ako(n)) V" - mj € Mgpn.

reX
nez

Similarly, if G is an object of &G*Gm (/T/ )r which admits a costandard filtration, we define

chy(G) := Y (G : Vip(n) v -m; € Migh.

reX
nez

One can easily check that for F, G tilting objects in £&*Cm N )F we have
grkg (Hom 7, (F. §) = (cha(F), chy (9)). (5.7)
Proposition 5.8. For any sequence s of simple reflections and any o € Q2 we have

cha (Li* M (o, 5)) = chy (Li*Mp (0, 5)) = m(w, 5).

Proof. We only consider the case of cha; the case of chy is similar. For any w € Wy we
set

A%/,F = E(Tw71)—l (Oﬁ]li‘)’ A’;J,]F = j(wal)71 (OE]F)

and my, := mg - T, € Mph. Then AJ“\L/,]F is a standard object in &G*Gm (X/)F, and we

have
ChA(Aju\L/,]F) =m,,.

Indeed, the formula holds by definition if w is minimal in Ww. For a general w € Wy,
write w = uv withu € W and v minimal in Ww. Then T, -1 = T,—1 T, so that

AGe=3a, )1 Of) =3, _H-1a, )1 (OF)
= g(Tv_l)*l o H(Tu_,)fl(OﬁF) = 3(2)_1)—1(0/\7]1?)(5(”))

(see Remark 5.1), and hence

cha(AR ) = vt cha(Af ) = vim, =m,.
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Using this fact and the proof of [MR, Lemma 4.1], one can check that for all w € Wy
and all simple reflections s, the object Li*(EE“(Ag ) belongs to &6xGm () and admits
a standard filtration, and moreover

cha(Li*(E{ (AY ) =my, - (Ty + v~ ') = cha(Li*(A%g)) - (T +v7 ).

Then one deduces that for any object F in the subcategory of DS*Cm(@)r generated
under extensions by the objects A% p(n) (A € X, n € Z), the object Li*(E?(]—")) belongs

to E6*Cm (./\7 )r and admits a standard filtration, and moreover
cha (Li* (8§ (F))) = cha(Li*(F)) - (Ty + v ).
Since, for w € 2, we have
cha(Li* (I, (Og)) = cha(@(y _,1(Of,)) = cha(AR ) =my, =mg - T,,,
the formula follows. o

Proposition 5.9. Ler s, t be sequences of simple reflections, and let w, ' € Q. Then the
graded O(t3;)-module

Hom 6 ), (M (@, 5), M (@, 1))

is graded free, of graded rank (m(w, 5), m(e’, t)).

Proof. The first assertion follows from Proposition 5.7. For the second assertion, we ob-
serve that, by Proposition 5.7 again, the graded rank under consideration is equal to the
graded dimension of the graded F-vector space

Hom 6 7, (Li* (M (@, 9)), Li* (Mo (@, 1))

(where F is any geometric point of PR). Then the assertion follows from (5.7) and Propo-
sition 5.8. O

5.6. “Coherent” Bott—Samelson category

We define a “coherent” category of Bott—Samelson objects BS®°" as follows. The objects
in this category are the triples (w, s, n) as in §3.6. The morphisms are given by

HOmBScoh((a), S, n), (a)/, L, m)) = HOmDGxGm(ﬁ)m (M%(a)v ﬁ)(_n% MD‘%(CU/» L)<_m))

Proposition 5.10. The category Tilt(EGXG(./V )F) can be recovered from the category
BS®P in the sense that it is equivalent to the Karoubian closure of the additive envelope
of the category which has the same objects as BS®", and morphisms from (v, s, n) to
(', t, m) which are given by the (m — n)-th piece of the graded vector space

F 80, (€D Homggen (@, 5.0, @, 1. ).
keZ
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Proof. Consider the category which has the same objects as BS®" and whose morphisms
are defined as in the statement. By Proposition 5.7, this category is equivalent to the full
subcategory A of DS*Cm(A)p whose objects are of the form Li*(Mp(w, 5)). It follows
from Proposition 5.6 that the category Tilt(EG*Cm (A\')p) is equivalent to the Karoubian
closure of the additive envelope of A; the claim follows. O

5.7. Kostant—Whittaker reduction and Bott—Samelson objects

Let us consider the constructions of §§3.3-3.4, with X now defined as X™*(Tgz). Then the
space t* of Section 3 coincides with the space denoted by t3; in the present section, and
we can define the algebra C and the category BS¥¢ of “Bott—Samelson” C-modules with
the present data. We use the same notation as in §3.4 for the modules E,, and D;.

Lemma 5.11. There exists a natural W -equivariant isomorphism of graded algebras

C S O xp w T(E/W)m.

Proof. By definition, the algebra C is generated by O(t5;) and the images of the elements
of the form A~ 1(f ® 1 — 1 ® f) € Cp for f € O(tg)w. On the other hand, the algebra
O(t" x¢/w T(t*/W))g is the symmetric algebra (over O(t3;)) of the module

(O ®pryw 2/ W))sr.

(Note that this module is free of finite rank since t3; / W is an affine space, by Lemma 3.1.)
One can easily check that the assignment

U fe1-1® f)— d(f)

induces a morphism C — O(t* x¢;w T(t*/W))m: of graded O(t3;)-algebras, and that
this morphism is a W-equivariant isomorphism. O

From now on we identify the two algebras in Lemma 5.11 via the isomorphism con-
structed in its proof. Then one can consider the functor ks of §4.5 as a functor taking
values in D® Mod® (C).

Proposition 5.12. For any sequence s of simple reflections, any w € 2, and any n € Z,
there exists an isomorphism

k(M (@, $)(n)) = D(w, 5)(n)  in D° Mod®'(C).
Before proving the proposition we begin with a lemma.

Lemma 5.13. Let s be a finite simple reflection. Let F be an object of DS*®m (§)gx such
that k9z (F) is concentrated in degree 0, and SR-free. Then ksz o E?(}' ) is concentrated
in degree 0 and R-free, and moreover there exists an isomorphism of graded C-modules

kor 0 YV (F) = iker(F) ®0(gs,) Ds-
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Proof. The proof is very similar to the proof of the case b = T of Proposition 4.10(2).
In fact, using the same notation as in that proof, by Lemma 4.13 and the base change
theorem (and using also (3.6)) we have a canonical isomorphism of functors

i © By (=) = k(=) ®0s) (B o Dy) (5.8)

for E = R or F. (Note that Dy is free over O(ty;)—see the proof of Lemma 4.13(2)—so
that the tensor product on the right-hand side makes sense in the derived category.)

When E = T, using the fact that EF = L(%,)* o R(%)« (see [R1, Proposition 5.2.2])
and the remarks at the end of §4.4, one can check that this isomorphism is induced by an
isomorphism of functors

k0 By (-) = kp(—) ®0(ts) (F @ Dy)

(where the tensor product on the right-hand side is defined in a similar way to the case
of R). Then we can come back to the case [E = fR: if k9z (F) is concentrated in degree O
and R-free, (5.8) shows that the same holds for kg; o E?‘(}' ). And the final claim follows
from the case E = C treated above. m]

Proof of Proposition 5.12. We remark that the statement of Lemma 5.13 also holds when
s is an affine simple reflection, by definition of E; in this case and Proposition 4.10(2)
(see also (4.8)). This observation reduces the proof of Proposition 5.12 to the proof that

kr (17 (O5) = Eg
when w € Q. However, by Proposition 4.10 (see also (4.8) and (4.9)) we have
k(07 (Ogy)) = 'K0 (O,

where t3, is identified with the zero section in t* x ¢+ /w T(t*/ W)9z. Now writing w = vz,
(with v € W and A € X) we have

'K (Og) =K 0K (Op) =K O,) =

Similarly E, = E;, and one can check that F;;R and E; are isomorphic under our
identification C = O(t* x ¢ w Tt/ W))gs. O

5.8. Equivalence

Let us fix isomorphisms as in Proposition 5.12, for all s and w. Then the functor ke
induces a functor
Kkgs: BS®M — BSYE,

The main result of this section is the following.

Theorem 5.14. The functor kgs is an equivalence of categories.

Before proving the theorem we first establish a lemma. In this statement, we identify
quasi-coherent sheaves on Sgz with O(Ssz)-modules, and denote by Rep(j?) the abelian

category of representations of the commutative O(g'm)-Lie algebra 323.
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Lemma 5.15. The natural functor
Rep(I%) — Rep(3%)

defined by differentiating the action is fully faithful on representations which are free
over O(Sy).

Proof. The group scheme T? is smooth over gm (see §4.4), hence it is infinitesimally
flat as an O(gm)-group scheme (in the sense of [J1, §1.7.4]) by [SGAG6, Exposé VII,
Proposition 1.10]. This group scheme is also integral, since it is flat over Sgy and its
pullback to Sc N ﬁfﬁ is irreducible. (In fact, it can be deduced from [R3, Lemma 2.3.3]
that the restriction of IC to g¢ identifies with T x gi2.) Using [J1, Lemma L.7.16] we
deduce that if we denote by Dist(i?) the distribution algebra of this group scheme, the
natural functor ~ _
Rep(I¥) — Mod(Dist(I%))

is fully faithful on representations which are projective over O(gg)q).
Now, consider the natural algebra morphism

Up ) (33) — Dist(IZ),
where the left-hand side is the universal enveloping algebra of 5? (see [J1, §1.7.10]). If K
denotes the fraction field of O(Sgz), we claim that this morphism induces an isomorphism
- -~ AR ~ ct (TR
K®O(Sm) UO(Sm)(JS) — K®O(Sm) Dist(Iy). 5.9

Indeed, the left-hand side is isomorphic to Uk (K ®O( &) 5?) and if we set TK =

Spec(K) x S f?, then by [R3, Lemma 2.1.1] and [J1, §1.7.4, (1)] respectively, there
are natural isomorphisms

K ®0&) % = Lie(lx), K B0 Dist(I%) = Dist(Ig),
so that (5.9) gets identified with the natural morphism
Uk (Lie(Ix)) — Dist(Ix).

Since K is a field of characteristic zero, the latter morphism is an isomorphism by [J1,
§1.7.10, (1)], which finishes the proof of our claim.
Now that the claim is established, the lemma follows from Lemma 1.10. O

Proof of Theorem 5.14. By definition, kgg is essentially surjective. Hence what we have
to prove is that for any sequences s, ¢ of simple reflections and any w, @’ € 2, the mor-
phism

Hom 6 )5, (M (@, 5), M(@', 1)) — Homc (D(w, 5), D(@/, 1))

induced by x5z (via the isomorphisms of Proposition 5.12) is an isomorphism. By Corol-
lary 3.23 and Proposition 5.9, both sides are graded free over O(t;), of the same graded
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rank. Hence, by Lemma 2.9, to finish the proof it suffices to show that the image of our
morphism under the functor O(tﬁ}’rs) B0tz (—) is injective for any geometric point ¥
of R. Then, by the definition of ki (see §4.5) and Lemma 5.15, it suffices to prove that
the morphism

O(tﬁj"rs) ®O(t&) HomDG(a)m (Mm(a)v ﬁ)a Mm(a)/i Z))
- O(t]?rs) ®O(t;%) HomRep(f?) (Mm(wa i)‘gf)@{ ’ M%(w/a E)lgfﬂ)

induced by restriction to g’m is injective. And finally, to prove this injectivity it suffices to
show that the natural morphism

O(t5™) ®0 (1) Hompe ), (M (@, 3), Mo (', 1))
—> Homcoh(g]?) (M]F(a), £)|§]§S , M]F(CI)/, L)lg]l]:‘s)
is injective.
Consider the following chain of isomorphisms:
O(t5™) ®0 (1) Hompe ), (M (@, 8), Mor (', 1))
= 0(t5") ®o) (F ®@x Hompe g, (Mar (@, 5), Mx (o, 1))
= O(t5") ®o) (Hompe g, (Mr(@, 5), Mr (', 1))
= Homc .6 gy, (Mp(w, Q'Ef;’ M (@, Z)Ig%s)-

Here the second isomorphism follows from Proposition 5.7, and the others are easy. (Ob-
serve that, on the last line, the objects Mp(w, §)|Ers and My (o', D'E’S are concentrated in
F F

degree 0, i.e. are equivariant coherent sheaves.) Via these identifications, the morphism
under consideration is the morphism

/
HOI’nCOhG]F(EﬁFg) (MF(w, §)|E§, Mrp(w ,£)|§§)
~ ~ / ~
— HomCOh(S,s)]F (M]F(a), §)|8§’ Mrp(w ,L)ls]r;)

induced by restriction to g’ﬁf. Then injectivity follows from the observation that the functor
Coh® (™) — Coh(S™)p is faithful, since it can be written as the composition

Coh®§®)r — Coh®(G x 8™)r = Coh(S™)r

where the first functor is the inverse image under the natural morphism a™: Gg x gﬁf
— gp (which is faithful since a™ is smooth and surjective, by Lemma 4.2), and the
second functor is the natural equivalence. O

6. Proofs of the main results

In this section (except in §6.5) we come back to the assumptions of §1.1: G is a prod-
uct of simply connected quasi-simple groups and general linear groups over FF, and the
characteristic p of F is very good for each quasi-simple factor of G. Such a group can be
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obtained by base change to I from a split connected reductive group scheme Gz over Z,
and we set Goz = Spec(R) X spec(z) Gz, Where #R is the localization of Z at all the prime
numbers which are not very good for a quasi-simple factor of G. These data satisfy the
assumptions of Sections 4-5, and we use the same notation as in those sections. (The
only exception is that we drop the subscripts “IF,” since the geometric point will not vary
anymore.)

We also let G be the complex Langlands dual group. This group and ‘R satisfy the
assumptions of Section 3, and we also use the notation of that section. (Note a slight
conflict of notation: t denotes X ®z R in Section 3, while in the present section it will
denote X ®7 F.) We assume that the roots of B with respect to T are the coroots of B with
respect to T.

6.1. Proof of Theorem 1.1

Combining Theorems 3.14 and 5.14 we obtain an equivalence of categories
BS'P 5 Bgeoh (6.1)

which is the identity morphism on objects. Then using Propositions 3.9 and 5.10 we
deduce the desired equivalence of additive categories

®: Parity j, (Gr, F) = Tile(€S*Cm(N).
By construction, this equivalence satisfies
O(Er(w, ) = Li*Mr(w, 5) (6.2)

for any sequence s of simple reflections and any w € €2, and ® o [1] = (—1) 0 O. It
also satisfies property (3) of Theorem 1.1, by (6.2) and a standard argument based on
induction on £(w,) (see in particular Remark 3.10 and [MR, Remark 4.3]).

Finally, we prove property (2). In fact, this property can be expressed as the following
equalities for any £ in Parity( Iv)(9r, F):

ch, (&) = cha(©(E)),  chy, (£) = chy(O(&)). 6.3)

However, these formulas hold when £ = &f(w, s) by Proposition 3.22, Proposition 5.8,
and (6.2). And one can easily check that if they hold for £ then they hold for £[1]. Using
these observations one can prove, by standard arguments, that the formulas (6.3) hold
when & = &,[i] for some A € X and i € Z, by induction on £(w, ). The general case
follows.

6.2. Proof of Theorem 1.2
We construct the equivalence @ as the composition

DI (Gr. ) 1= K Parity j, (6r. 1) X% K0 TiteCn () 5 p&*En (R,

where the last equivalence is provided by [MR, Proposition 3.11]. Then it follows from
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this construction and the properties of ® proved in Theorem 1.1 that
Po(l)=(1)[1]o P and CD(é'im") =T
It remains to show that

¢(AT‘5)§A}V and d)(VTiX)EV/Av

for any A € X. We prove the first isomorphism; the proof of the second one is similar.

Our proof is similar to the proof of a similar claim in [AR2, Lemma 5.2]. Namely, we
use induction on £(w;). If £(w;) = 0, then A™X = £MX and Aj\Nf 2 7 hence our claim
is clear. For a general A, we consider a non-zero morphism Aj‘v — T* (which is unique
up to an invertible scalar), and the associated triangle

Ajv—wr*—mvﬂ]». (6.4)

Then N belongs to the triangulated subcategory of DG*Cm (/\N/ ) generated by the objects
Aj%/,(m) withm € Z and u € X which satisfies Gr_, C Gr_; and u # A (see The-

orem 1.1(2)—(3)). In particular, by induction we deduce that O I(N) is supported on
Gr_ ~ Gro,.
Again using induction we also observe that

HomD(,.}i)x(gr,F)(qu(Mﬁ), A™X(m)[n]) =0

foralln,m € Z and pu € X such that §r_, C Gr_, and u # A. Hence the triangle
o~ (Ak) — MK — o7 (N) L1}

obtained from (6.4) satisfies the two properties which uniquely characterize the triangle
whose first arrow is the unique (up to scalar) non-zero morphism A™* — £ In par-

ticular, we deduce the wished-for isomorphism ®~! (Aj‘\?) = Arfi)f‘.

Remark 6.1. The equivalence K° Tilt(E6*Cm (A7) 5 DG*Cm (A7) used in the proof of
Theorem 1.2 is the composition

real

KPTil(€G*Cn (A7) e KPE*Cn () 5 pO&xCn (i), 6.5)

where real is the functor constructed in [BBD, Lemme 3.1.11]. O~n the other hand, it
follows from [MR, Corollary 4.16] that the objects in Tilt(6>Cm (N)) are concentrated
in degree 0, so that one can also construct such an equivalence as the composition

KP Tilt(6*Cm (A)) < KP CohG*Cm (A7) 2L pGxCm (AT, (6.6)

where can is the canonical functor. We claim that (6.5) and (6.6) are isomorphic. Indeed,
it is clear that can coincides with the realization functor from [BBD, Lemme 3.3.11]
associated with the tautological t-structure on DG*Gm (). Then the claim follows from
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the observation that if € and %" are the hearts of two bounded t-structures on D®.c7 for
some abelian category <7, then the following diagram commutes up to isomorphism:

Kb(& N€) —— Kb¥

[ Jre

Kby @ pboy

6.3. Proof of Theorem 1.4

Before entering the proof, we need some preliminary results.
First, recall that we use the same notation for the indecomposable objects in
Parity Iv(Sr, IF) and in Parity( i (Gr, F) (see §3.2). We define the additive subcategory Tilt

of DE*Em(g) as the Karoubian closure of the additive envelope of the subcategory gen-
erated by the objects Mp(w, s) for s a sequence of simple reflections and w € 2. Us-
ing (6.1) it is not difficult to construct an equivalence of categories

Parity; (Gr, F) — Tilt 6.7)

sending &x (w, s)[n] to Mp(w, s)(—n).

This equivalence shows that the category TJilt is Krull-Schmidt, and one can transfer
the known classification of indecomposable objects in Parity ;(Gr, F) proved in [JMW1]
to deduce a classification of the indecomposable objects in Tilt. Namely, for any A € X,
if wy, = wsy - - - s, is areduced decomposition, then there exists a unique indecomposable
factor 7 of Mp(w, (s1, ..., s,)) which is not isomorphic to any object of the form
Mp (o', £)(m) where m € Z, ' € , and ¢ is a sequence of simple reflections of length
at most r — 1. This object does not depend on the choice of the reduced decomposition
up to isomorphism. Moreover, any indecomposable object in TJilf is isomorphic to T*(m)
for some A € X and m € Z. Finally, the image of £_, under (6.7) is T*.

The following lemma implies that the objects T* are “deformations” of the tilting
exotic sheaves T*.

Lemma 6.2. For any A € X we have Li*(%)‘) =T

Proof. The result easily follows if we can prove that Li *(%)‘) is indecomposable. How-
ever, since 7 is a direct summand in an object of the form Mp(w, s), it follows from
Proposition 5.7 that the functor Li* induces an isomorphism

F ®0) Endpe ) (T*) = Endpe g, (Li*(T7)).
Then the proof proceeds as for Lemma 2.4. O

Lemma 6.3. The subcategory Tilt generates DS*Cn (§) as a triangulated category.

Proof. Looking at the proof of [MR, Corollary 4.2], one can check that the triangulated
subcategory generated by Tilt coincides with the triangulated subcategory generated by
the objects A%(m) for A € X and m € Z. By [BR2, Lemma 1.11.3(2)], for w € W we
have J7,, (Og) = Og(—£(w)). We deduce (as in Remark 5.1) that

ALZ T (O () + Ewy)).



Exotic tilting sheaves and parity sheaves 2325

Then, using [MR, Lemma 2.3] and [BR2, Lemma 1.11.3], one can check that the tri-
angulated subcategory generated by the objects A%(m) coincides with the triangulated
subcategory generated by the objects Og(A)(m) for A € X and m € Z. Hence the claim
of the lemma is equivalent to the claim that DG*Cm (g) is generated by this collection of
objects, which can be proved by the same arguments as for A" in [A1, Corollary 5.8]. O

Lemma 6.4. There exists an equivalence of triangulated categories
K Tilt = DE*Cn(G)

commuting with (1) and sending T to T* forany ) € X.

Proof. Tt follows from [MR, Corollary 4.16] that the complexes 7 are concentrated in
degree 0. Using Lemmas 6.2 and 2.8(2) (over an affine open covering of 9 we deduce
that the complexes 7 are also concentrated in degree 0. We construct the functor of the
lemma as the composition

K Tilt — K® CthXGm@’) = DGxGm@)‘

It follows from standard arguments, using Proposition 5.7 and Lemma 6.3, that this func-
tor is an equivalence of categories. O

Proof of Theorem 1.4. We define W as the composition
i 6.7
DYN(Gr, F) := K Parity(Gr. F) 5 K°Tily ZMO% pGxGn G,

By construction, this equivalence satisfies W o (1) = (1)[1] o ¥ and W (&€ T)i\") =~ T*.The
isomorphisms involving standard and costandard objects can be proved by using the same
arguments as for their counterparts in Theorem 1.2. O

6.4. Compatibility

In this subsection we prove that the functors & and \I/ as constructed in §§6.2-6.3 are
compatible in the natural way. We denote by For: D;‘“X(Sr, F) — D?}I)X(Sr, IF) the “for-

getful functor” induced by the forgetful functor Parity ;(Sr, F) — Parity 0 (Gr,F).

Proposition 6.5. The following diagram commutes up to isomorphisms of functors:

DX(Gr, F) ———> DS*En (g)

Fori/ \LLi*

DI (Gr, F) —Z—> DE*Cn (A

Proof. 1tis clear from construction that the diagram

6.
Parity ;(Sr, ) ©7) Tilt

Forl/ l/l-i*

Paity,,(Gr, F) — > Tilt(€6*Cn (A1)
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commutes. Hence to conclude we only have to prove that the diagram

KbTilt DS*Gm(g)

K"(Li*)l im

KP Tilt(6*Cm (N)) — =~ DGxCm(g)

commutes, where the horizontal arrows are the functors considered in §6.3 and §6.2
respectively. The latter fact follows from Remark 6.1 and the fact that the objects in
Tilt, considered as equivariant coherent sheaves, are acyclic for the functor i* (see
Lemma 2.8(2)). ]

6.5. Proof of Corollary 1.6

We begin with an easy lemma. Let k be a field, and X = |_|,. & X, be an algebraic variety
endowed with an algebraic stratification, where X is simply connected for any s € ..
We denote by Dy the Grothendieck—Verdier duality functor.

Lemma 6.6. Let F be an object in D};,;(X, k) which satisfies Dx(F) = F and
Hom(F, F[n]) = 0 foranyn € Z_1. Then F is perverse.

Proof. Assume that F is not perverse, and let N = max{n € Z-.o | PH"(F) # 0O}.
Then since Dx(F) = F, N is also the largest integer such that H N (F) # 0, and
we have H~N(F) = Dy (XN (F)). In particular, top(HN (F)) = Dy (soc(H N (F))).
Under our assumptions each simple .’-constructible perverse sheaf on X is stable un-
der Dy, hence there exists an isomorphism top(H" (F)) = soc(# " (F)); in particular
there exists a non-zero morphism ¢: HY(F) — H~N(F). Now consider the follow-
ing morphism (where the first and third morphisms come from the appropriate perverse
truncation triangles):

Y F = HY PN 2 H N (=N > F-2N),

Then PHN (¢¥) # 0, hence v is a non-zero element in Hom(F, F[—2N]), contradicting
our assumption. O

Proof of Corollary 1.6. By standard reductions (see e.g. [[MW2, Lemma 3.6]) one can
assume that G is a product of simply connected quasi-simple groups not of type A and
general linear groups. Then G and F satisfy the assumptions of Theorem 1.1.

By Lemma 6.6, to prove our claim it suffices to prove that for A € —X" and n < —1
we have

HomParity(i)(Sr,]F) (&, En] =0.

However, we have ®(&,) = 7 by Theorem 1.1(3), hence O(E;) = T(—1) ® v
by [MR, Corollary 4.8]. We deduce that

Hompasity ; (571 (€, Exln]) = Hom pexem (7 (T(—2) ® O, T(=2) @ Ofp{—n)).
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By [MR, Proposition A.6] the right-hand side is isomorphic to

HO(IvE o InvEm (T(=1)* ® T(=1) ® RT'(N, O5){—n)))
= HO(InvG(T(-2)* ® T(=) @ IvEn (RT W, O (—n)) ).

Now, using the same arguments as in [BR2, Lemma 1.4.2] one can check that
InvEm (RT (N, O)(=n)) = 0

unless n € 2Z¢. The claim follows. O

6.6. Proof of Proposition 1.8

By [MR, Corollary 4.8], for any A € X we have 7% = T(1) ® Ofy, hence ©(E-;) =
T(1) ® Ofr. Now we observe that, by the same arguments as in the proof of Corollary 1.6
and since Inv®m (RT (N, Ofr)) = F, the functor

Tilt(G) — DS Cn(N): V s V@ O
is fully faithful. Hence ® induces an equivalence
PParity & (57) 5 TillG) (6.8)

sending £* = £, to T(—wph) for all » € X,

Now by [MV, Proposition 2.1] the categories of G (O)-constructible and G (€ )-equiv-
ariant perverse sheaves on Gr are canonically equivalent. Using this property and the an-
tiautomorphism of (v}(Ji/ ) defined by g — g~!, one can construct an autoequivalence of
PParity(é ( W))(Sr) sending £* to £7*0* Composing this equivalence with (6.8) provides
the equivalence Sp.

Formula (1.2) follows from the following chain of equalities for A, u € X

> dim(EFEmED (5 £4)) vk =Y dim(HE S0 (G i Eg))
keZ keZ

= (T A )

keZ

= > (T(=wod) : M(v)) - M ™0H (v ™)
veXt

= > (T : N(—wov)) - M "0 (v2).
veXt

Here the second equality follows from Theorem 1.1(2), the third from the formula for
cha(T(—wor) ® O J\7) provided by [MR, Proposition 4.6], and the last one from the fact
that (T(—woA) : N(v)) = (T(A) : M(—wqv)) (since T(W)* = T(—wol)).



2328 Carl Mautner, Simon Riche

6.7. Proof of Proposition 1.9

Before giving the proof, we state a lemma describing the objects 7 introduced in §6.3
in the case A € X*.

Lemma 6.7. For A € XT, we have T* = T () ® Og in DS*Cn (g).

Proof. Recall that, by [MR, Corollary 4.8], we have TAZTW) QO - Using this fact,
the isomorphisms

Li*(TH =T,  L*NTR)®05)=T0) @0

(see Lemma 6.2), and arguments as in the proof of Proposition 5.5, one can check
that the graded O(t*)-modules Hom p 3 THTLD)® Oz), Hompe ) (T(A) ® O, ™),
End DG (F) (7*) and End D) (T(A) ® Op) are free, and the morphisms

F ®0 ) Hompye ) (T, T() ® O5) — Hom e 7, (T T() @ O ).
F @0+ Hompe ) (T(W) ® O, T*) — Hom e 57, (T ® Ogr, T,
F ®0+) Endpe ) (T) — End e 57, (7).

F ®0(t+) End e ) (T(1) ® O5) — End e (5, (T(1) ® O )

induced by Li* are isomorphisms. Since End DS (T ® Of) = End DS (T*) is
concentrated in non-negative degrees (see the proof of Corollary 1.6), we deduce that the
morphisms

EnchxGm(a) (%A) —> EndDGxGm(ﬁ) (T)L)’
EndDGXGm(E) (T()\) ® Oﬁ) — EndDGxGin(ﬁ) (T()\) ® O_/v)

induced by Li* are isomorphisms.

Choose a pair of inverse isomorphisms f: 7+ = TAMROfandg: TM) ROy =
T*in DG*Cm (./\7 ). Then by the preceding observations there exist morphisms f”: T" >
TM®Ozand g': TW) ® O — T*in DE*Cm(g) such that Li* (f') = £, Li*(g) = g.
And these observations also show that go f = id, resp. fog = id, implies that g’o f' = id,
resp. f/ o g’ =id. O

Proof of Proposition 1.9. First we prove (1). It follows from the construction of our equiv-
alence (6.7) that the following diagram commutes:

6.7
Paritylv(Sr, ) ©D Tilt

~

H% /

Mod®" (O(t"))

(In both downward arrows, we omit the forgetful functor from graded C-modules to
graded O(t*)-modules.) It is clear that x (T(A) ® Op) = T(L) ® O(t*), with the grading
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indicated in the statement of the proposition. On the other hand,
° AN ~ TTTe . A
HZ(Sr, £%) = Hi(pt; F) ®]HI’ &) (PE) HG(@@RS )
A~ TTT® [iage . J —woAy ~ e
= Hi(pt, F) ®H(;((7)(pt;F) HG(ﬁ)(Sr’ & )= H[ (Gr, E_y).

(Here we use the autoequivalence considered in §6.6 and the fact that the two natural
morphisms HG & pt; F) — & ﬁ)(gr ) coincide—see the proof of Lemma 3.6.)

These observations prove the second isomorphism in (1). The first one follows from
Lemma 2.2(1).
Now we prove the first isomorphism in (2). By adjunction, for m € Z we have

m mix mix
HomD("}i)"(Sr,IE‘)(A—M’g < m))

;HOmD?}i)x(gr (Fgr Ndim(Gr_)), (-’ Lemix ).

(Here, as in [AR2], {I} = (—1)[1] is the autoequivalence of the triangulated cate-
gory D?Il‘)x(9r,u, F) = K b Parity( i)(Sr,M, F) induced by the cohomological shift in
Parity(i)(Sr,,L, F).) By [AR2, Remark 2.7], (i_M)!gf_")iLX is the complex whose 0-th term
is the parity complex (i_ M)!é’,x, and whose other terms vanish. We deduce that

HOmD;r}i)X(Sr_M,]F) (E9r7”1 {dlm(gl’fﬂ)}, (i—u) mix {m})
= M) (G (i) ).

Finally, using the same considerations as in §6.6 (or as in the proof of (1)), we deduce a
canonical isomorphism

~ —di n
Hom' i o o (AT, EMX (—m)) 2= H"~ I () €7,
) ’

On the other hand, using the equivalence ® we find that

Hom

le 61111}& (

m ~ ~ 123 Ay
D;T}l)x(gr,]F)( - >) - HomDGXGm(N)(A/\?’ T < m))

Using [MR, (4.10)] and the fact that 7T* = T(A) ® O 7> we deduce that

Hom', o o (AT, £ (—m)) = (T() @ T, O (—wo)n)

(0]

where the subscript “m” denotes the m-th graded part. This finishes the proof.
The proof of the second isomorphism in (2) is similar: we use Lemma 6.7 and replace

DE‘;‘)"(Sr F) by Dm”‘(Sr [F), ordinary cohomology by equivariant cohomology, ® by W,

and N by 3. |
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