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Abstract. Let H be a connected reductive group defined over a non-archimedean local field F
of characteristic p > 0. Using Poincaré series, we globalize supercuspidal representations of HF
in such a way that we have control over ramification at all other places, and such that the notion
of distinction with respect to a unipotent subgroup (indeed more general subgroups) is preserved.
In combination with the work of Vincent Lafforgue on the global Langlands correspondence, we
present some applications, such as the stability of Langlands–Shahidi γ -factors and the local Lang-
lands correspondence for classical groups.
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1. Statement of results

In this paper, we present a useful globalization result for supercuspidal representations
over a non-archimedean local field of characteristic p > 0.

Theorem 1.1. Suppose we are given the following data:

• k = Fq(Y ) is the global function field of an absolutely irreducible smooth projective
curve Y over a finite field Fq , with associated ring of adeles A;
• S0 is a nonempty finite set of places of k;
• H is a smooth connected reductive group over k with Z the identity component of its

center;
• N ⊂ H is a ( possibly trivial) smooth connected k-split unipotent subgroup over k;
• χ =

∏
v χv : N(A)→ C× is a ( possibly trivial) unitary character trivial on N(k);

• ω =
∏
v ωv is a character of Z(k)\Z(A);

• for each v0 ∈ S0, πv0 is a supercuspidal representation of H(kv0) which is
(Z(kv0), ωv0)- and (N(kv0), χv0)-distinguished, i.e.

HomZ(kv0 )·N(kv0 )
(πv0 , ωv0 ⊗ χv0) 6= 0.
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Then there exists a cuspidal representation 5 of H(A) satisfying:

(i) for all v0 ∈ S0, 5v0
∼= πv0 ;

(ii) for all v /∈ S0,5v is a constituent of a principal series representation induced from a
minimal parabolic subgroup of Hv and whose restriction to the derived group H der

v

has depth 0;
(iii) 5 has central character ω and nonzero automorphic (N, χ)-period.

We make a few remarks:

– If N is trivial, then the local condition and global conclusion about (N, χ) are vacuous
and thus (N, χ) can be suppressed.

– If H is quasi-split over k, N is a maximal unipotent subgroup of H and χ is a generic
character, then (iii) says that 5 is globally χ -generic. Moreover, (ii) implies that for
v /∈ S0, 5v is induced from the Borel subgroup.

– One has to be careful in working with unipotent subgroups over nonperfect fields,
even if one is working with smooth connected groups, as these may not be k-split
(i.e. successive extensions of the additive group Ga). For these subtleties, the reader
can consult [O, Chap. 5] or [CGP, Appendix B]. In this paper, we shall only consider
smooth connected k-split unipotent groups and these are isomorphic to affine spaces as
algebraic varieties. We shall abbreviate the terminology by simply referring to these as
unipotent groups without further comment.

We should mention that the cuspidal representation in Theorem 1.1 is constructed by
means of Poincaré series. Such globalization results were first proved by Henniart [H]
and extended by Vignéras [V] (over arbitrary global fields) and Shahidi [Sh2] (over num-
ber fields). The recent paper of Moy–Muić [MM] further refines this series of results over
number fields, allowing one to globalize nonsupercuspidal representations (under certain
hypotheses). There is also an analogous globalization result due to S. W. Shin [Shin] over
totally real fields, proved using the Arthur trace formula. However, in all these versions,
one loses control of the local component of the cuspidal representation at one place of k,
typically an archimedean place. Our theorem, on the other hand, gives rather good con-
trol at all places. The proof of our theorem is inspired by [HL3, Theorem 3.3], which is
a special case of Theorem 1.1 in the context of GLn. The slight improvement over the
treatment in [HL3, Theorem 3.3] is that we make no use of the fact/hypothesis that super-
cuspidal representations can be constructed by compact induction. For the case of generic
representations of quasi-split reductive groups mentioned in the remark above, a proof
can also be found in [L2, §4.1].

The following corollary of Theorem 1.1 is useful in practice.

Corollary 1.2. Let F be a local field of characteristic p > 0 and let HF be a connected
reductive group over F with ZF the identity component of its center and NF the unipo-
tent radical of a parabolic F -subgroup PF = MF · NF (so NF is possibly trivial here).
Assume that χF is a unitary character of NF which lies in an open MF -orbit. Suppose
that π1, . . . , πa is a collection of supercuspidal representations of HF which have the
same central character under ZF and which are (NF , χF )-distinguished (and hence dis-
tinguished with respect to any character in the same MF -orbit as χF ). Then there exist



Globalization over function fields 2815

• a global function field k, with a finite set {v1, . . . , va} of places and isomorphisms
kvi
∼= F ;

• a connected reductive k-group H with isomorphisms Hvi ∼= HF , containing a
parabolic k-subgroup P = M ·N such that Pvi ∼= PF ;
• a unitary character χ of N(A) trivial on N(k) such that χvi and χF lie in the same
MF -orbit for each i;
• a cuspidal automorphic representation 5 of H(A) which is globally (N, χ)-distin-

guished, with 5vi ∼= πi for i = 1, . . . , a, and with 5v contained in a principal series
representation induced from a minimal parabolic subgroup for all other v, such that
5v is of depth 0 when restricted to H der

v .

The main point of the corollary is that only local data is given, and so one needs to global-
ize several objects (such as the field, the various groups and the various characters) before
one is in a position to apply Theorem 1.1. Moreover, if we setWF = HomF (NF ,Ga) and
fix a nontrivial characterψF of F , then composition withψF identifies the F -vector space
WF with the set of unitary characters of NF . Thus χF is an element of WF and we are
requiring in the corollary that its MF -orbit is Zariski open in WF .

Using the globalization of supercuspidal representations as given by Theorem 1.1 and
Corollary 1.2, the second author has completed the Langlands–Shahidi theory in posi-
tive characteristic [L1, L2], following Shahidi’s work [Sh2] in characteristic zero. In par-
ticular, one has a characterization of the Langlands–Shahidi gamma factors for generic
representations of quasi-split groups over function fields by the usual properties: multi-
plicativity, compatibility with class field theory in the case of tori and global functional
equations. Special cases of this characterization over function fields were shown in [HL1,
HL2, HL3, GL]. We refer the reader to [L2] for the general results.

When one combines Theorem 1.1 with the Langlands–Shahidi theory and the recent
work [La] of V. Lafforgue on the global Langlands correspondence over function fields,
one can obtain further applications. Let us highlight some of these here:

• In Theorem 5.1, we show the stability of general Langlands–Shahidi gamma factors in
positive characteristic.
• In Theorem 6.1, we express the Plancherel measure (associated with parabolic induc-

tion) in terms of Galois-theoretic gamma factors.
• Building upon these results, and appealing to the work of V. Lafforgue, L. Lafforgue,

Deligne and others, we can attach local L-parameters to supercuspidal representations
of quasi-split classical groups under a working hypothesis (see §7.5 and Theorem 7.5).
• Our results on Plancherel measure (together with a result of Silberger) also allow us

to verify the basic assumption (BA) in the work of Mœglin–Tadić [MT] on the clas-
sification of discrete series representations of quasi-split classical groups in terms of
supercuspidal ones. As a consequence, we can extend the local Langlands correspon-
dence for supercuspidal representations obtained above to all discrete series represen-
tations, and then to all irreducible smooth representations by Langlands classification
(see Theorem 7.13).

We will discuss these various applications in §5, §6 and §7. In §8, we discuss another
approach to extending the local Langlands correspondence of classical groups from su-
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percuspidal representations to discrete series representations, using a (conjectural) simple
form of the Arthur–Selberg trace formula. The main point is to globalize a discrete series
representation (in the style of our main theorem), but the Poincaré series argument does
not apply, which necessitates the use of the trace formula. We hope that this application
will provide some impetus for the systematic development of the local theory of invariant
harmonic analysis and the global theory of the trace formula in positive characteristic.

The applications above are all obtained via a global-to-local argument, using a glob-
alization result of the type in the theorem. As we mentioned above, in such globaliza-
tion, one often loses control at some place of k. In characteristic 0, one sacrifices the
archimedean places, and so one needs to have already established the desired theorem
at archimedean places by purely local means. The local proof of the archimedean theo-
rem could be highly nontrivial but is thankfully more attainable than the nonarchimedean
one. In the context of the Langlands–Shahidi theory in characteristic 0, this archimedean
input was provided by Shahidi [Sh1]. The main stumbling block preventing the develop-
ment of the Langlands–Shahidi theory in positive characteristic was the constraint that
one cannot sacrifice any local place, since the desired result is not known at any place.
Hence, it would appear that this situation is one of the few instances where having some
archimedean places is a blessing instead of a curse, which is quite contrary to the gen-
eral principle that function fields are easier to handle than number fields because of a
rich underlying geometry. Another such instance is the state of the Arthur–Selberg trace
formula. With Theorem 1.1, however, we remove the previous constraint and there is no
longer a need to sacrifice any place over a function field. So the globalization of supercus-
pidal representations over function fields turns out to be easier to handle than for number
fields.

Finally, we show a variant of Theorem 1.1, which is a refinement in positive character-
istic of a theorem of D. Prasad and R. Schulze-Pillot [PSP, Theorem 4.1] on globalizing
supercuspidal representations that are distinguished with respect to a given closed alge-
braic subgroup (which is not necessarily unipotent):

Theorem 1.3. Suppose we are given the following data:

• k = Fq(Y ) is the global function field of an absolutely irreducible smooth projective
curve Y over a finite field Fq , with associated ring of adeles A;
• S0 is a nonempty finite set of places of k;
• H is a connected reductive group over k, with Z the identity component of its center;
• R ⊂ H is a closed algebraic k-subgroup containing Z and such that R/Z has no

nontrivial k-rational characters;
• χ =

∏
v χv : R(A)→ C× is a ( possibly trivial) unitary character trivial on R(k);

• for each v0 ∈ S0, πv0 is a supercuspidal representation of H(kv0) which is
(R(kv0), χv0)-distinguished, i.e. HomR(kv0 )

(πv0 , χv0) 6= 0.

We make the following two technical assumptions:

(a) there is a semisimple algebraic representation ι : H → GL(V ) defined over k such
that R is the stabilizer of a vector x0 ∈ V (k) and Lie(R) is the infinitesimal stabilizer
of x0;
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(b) for all places v /∈ S0, there exists an Iwahori subgroup I der
v of H der(kv) with pro-p

radical J der
v such that χv is trivial on R(kv) ∩ J der

v .

Then there exists a cuspidal representation 5 of H(A) satisfying:

(i) for all v0 ∈ S0, 5v0
∼= πv0 ;

(ii) for all v /∈ S0, 5v belongs to a principal series representation induced from a mini-
mal parabolic subgroup and has depth 0 when restricted to H der

v ;
(iii) 5 has nonzero automorphic (R, χ)-period.

We make a couple of remarks about the technical conditions (a) and (b). By a well-known
theorem of Chevalley [B, Theorem 5.1 and §5.5], given any closed algebraic subgroup R
of H as in Theorem 1.3, there is an algebraic representation ι : H → GL(V ) such
that R is the stabilizer of a vector x0 ∈ V (k) and Lie(R) is the infinitesimal stabilizer
of x0 (here we are using the hypothesis that R/Z has no nontrivial rational charac-
ters). As R. Beuzart-Plessis explained to us, this implies that R\H is quasi-affine and
hence Z(A)R(k)\R(A) is a closed subset of Z(A)H(k)\H(A). Since cusp forms on
H(k)\H(A) are compactly supported modulo Z(A), the automorphic (R, χ)-period is
absolutely convergent and it makes sense to consider it. However, in the above, there is
no guarantee that ι is a semisimple representation, and this semisimplicity is of course an
issue in characteristic p > 0. For our proof of Theorem 1.3, we need ι to be semisimple
and this explains the technical condition (a). For (b), note that it is satisfied automatically
for almost all places v, and is satisfied for all v /∈ S0 if χ is the trivial character.

2. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. We first assume that H is semisimple.
Even though a uniform argument can be given, we shall first deal with the case when
H is split, as it is notationally cleaner and conceptually simpler. Throughout, let CN =∏
v CN,v ⊂ N(A) be a compact subgroup which projects surjectively onto N(k)\N(A).

Note that CN exists because N(k)\N(A) is compact and the totally disconnected group
N(A) contains arbitrarily large open compact subgroups.

2.1. Split semisimple case

With H a split semisimple group, choose an inclusion

ι : H → SLn ⊂ GLn

over k, which allows us to identify H as a closed subgroup of GLn. Then we have the
pullback of the n2 coordinate functions xij on H . Without loss of generality, we may
assume that the intersection of H with the upper (respectively lower) triangular Borel
subgroup of GLn is a Borel subgroup B = T · U (respectively B = T · U ) of H , and
that N ⊂ U . Indeed, since N is unipotent, we may choose a Borel subgroup B = T · U
of H such that N ⊂ U . Then ι(B) ⊂ SLn is a connected solvable subgroup and one
may conjugate the pair ι(T ) and ι(B) to lie inside the diagonal torus and the standard
Borel subgroup of upper triangular matrices in SLn respectively, from which it follows
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that ι(U) is conjugated into the subgroup of lower triangular unipotent matrices. As an
affine space, we may write U = N ×N ′ with N and N ′ affine subspaces.

Let OS0 denote the ring of S0-integers (i.e. the subring of elements of k which have
no poles outside S0). Then the “natural” OS0 integral structure on GLn induces one on H
andN . Now let S be a finite set of places of k disjoint from S0 such that for all v /∈ S∪S0,

• the groups H , B, T and U are smooth over Ov and H(Ov) = H(kv) ∩ GLn(Ov) is a
hyperspecial maximal compact subgroup;
• the intersections of H(kv) with the upper triangular and lower triangular Iwahori sub-

groups of GLn(kv) give Iwahori subgroups of H(kv); we denote these by I+v and I−v
respectively;
• the decomposition U = N ×N ′ is defined over Ov , with N and N ′ smooth over Ov;
• CN,v = N(Ov) and χv is trivial when restricted to N(Ov).

Note that the above conditions can be achieved when S is large enough. For the first
condition, see [T, §3.9]. For the second condition, suppose that v is a place with associated
residue field κv such that the first condition holds. Then one has a commutative diagram
induced by the projection map Ov → κv:

B(Ov) −−−−→ H(Ov) −−−−→ GLn(Ov)y y y
B(κv) −−−−→ H(κv) −−−−→ GLn(κv)

where B(κv) is a Borel subgroup of H(κv) and is the intersection of H(κv) with the stan-
dard (upper triangular) Borel subgroup in GLn(κv). Now recall from [T, §3.7] that the
preimage in GLn(Ov) of the standard Borel subgroup of GLn(κv) is the standard Iwa-
hori subgroup of GLn(kv) and the preimage in H(Ov) of B(κv) is an Iwahori subgroup
of H(kv). It follows from this that the second condition holds.

Now fix an open compact subset CS0 of H(kS0) =
∏
v∈S0

H(kv) and some nonempty
finite set of places S1 ∪ S2 of k disjoint from S ∪ S0. We are going to define an open
compact subset C =

∏
v Cv as follows:

• we take ∏
v∈S0

Cv = CS0;

• for v ∈ S, let Cv be an Iwahori subgroup Iv of H(kv) such that the character χv
restricted to N(kv) ∩ Iv is trivial;
• for v ∈ S1, let Cv be the pro-p radical J+v of I+v ;
• for v ∈ S2, let Cv be the Iwahori subgroup I−v ;
• for all other places v, let Cv = Kv = H(Ov).

Note that for the second condition above, the desired Iwahori subgroup always exists.
Indeed, suppose one starts with any Iwahori subgroup I ′v stabilizing a chamber in the
apartment associated to T in the Bruhat–Tits building of H . For t ∈ T (kv), the compact
open subgroup tI ′vt

−1
∩ N(kv) can be made arbitrarily small by taking t sufficiently
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deep into the positive Weyl chamber, i.e. by ensuring that |α(t)|v is sufficiently small for
all positive roots of H with respect to (T , B). Since χv is smooth, it will be trivial on
tI ′vt
−1
∩N(kv) when the latter is sufficiently small, and one can take Iv = tI ′vt

−1.
The following is a key lemma:

Lemma 2.1. If S1 and S2 are sufficiently large, then

H(k) ∩ C · CN ⊂ N(k),

with the intersection occurring in H(A). Indeed, one may take S1 and S2 to be singleton
sets, each containing a place whose residue field is sufficiently large.

Proof. We regard γ ∈ H(k) as an element in GLn(k), so that γ is determined by its
coordinates xij (γ ) ∈ k. Consider γ ∈ H(k) ∩ C · CN . Away from the set T = S ∪ S0 ∪

S1 ∪ S2 of places,
CT · CTN =

∏
v /∈T

Kv,

and so xij (γ ) ∈ Ov for v /∈ T . Hence xij (γ ) has no poles at the closed points of Y
outside T . We now consider the places in T :

• At places v ∈ S0 ∪ S, xij (γ ) has bounded orders of poles (determined by the compact
sets Cv · CN,v). More precisely, there exists a positive integer M (depending only on
CNv , χv and Cv for v ∈ S ∪ S0) such that for all i, j , the order of poles of xij (γ ) is at
most M at all v ∈ S0 ∪ S.
• At places v1 ∈ S1, the condition γ ∈ Cv1 · CN,v1 implies that xij (γ ) vanishes at v1 for

all i > j , and xii(γ )− 1 vanishes at v1 for all i.
• At places v2 ∈ S2, the condition γ ∈ Cv2 · CN,v2 implies at least that xij (γ ) has no

poles at v2.

Since a principal divisor on Y has degree 0 (i.e. by the product formula), it is clear that if
S1 is sufficiently large, then xij (γ ) = 0 for all i > j and xii(γ ) = 1 for all i. In particular,
any γ ∈ H(k) ∩ C · CN is strictly upper triangular and hence lies in U(k). In fact, one
could take S1 to contain only one place v1 whose residue field (and hence the Galois orbit
of points on Y (Fq) associated to v1) is sufficiently large. This is possible since Y (Fq) is
infinite whereas Y (Fqn) is finite for each n.

Now we claim that if S2 is sufficiently large, then γ ∈ Cv2 · CN,v2 implies γ ∈ N(k).
Indeed, one may change coordinates on U so that with respect to the new coordinates yij
(i < j ), the subspace N is defined by the vanishing of a subset 6 of the yij ’s. For v ∈ S2,
U = N ×N ′ is defined over Ov . For γ ∈ U(k)∩Cv2 ·CN,v2 , one sees that yij (γ ) ∈ Ov2

for all i < j , and yij (γ ) vanishes at v2 for (i, j) ∈ 6. Hence if S2 is sufficiently large,
then yij (γ ) = 0 for all (i, j) ∈ 6, and we conclude that γ ∈ N(k). As above, one could
also have taken S2 to consist of a single place v2 whose residue field is sufficiently large.

ut

We shall now define a test function f = fS1,S2 =
∏
v fv ∈ C

∞
c (H(A)) as follows: For

v0 ∈ S0, take
fv0(h) = 〈w

∨
v0
, h · wv0〉
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to be the (compactly supported) matrix coefficient of πv0 formed using nonzero vectors
wv0 ∈ πv0 and w∨v0

∈ π∨v0
such that∫
N(kv0 )

χ(u)−1
· 〈w∨v0

, u · wv0〉 du 6= 0.

This is always possible since πv0 is supercuspidal and (N(kv0), χv0)-distinguished.
More precisely, let ` ∈ HomN(kv0 )

(πv0 , χv0) be a nonzero element. For any nonzero
vectorw1∈πv0 , one has πv0(C

∞
c (H(kv0))) ·w1=πv0 and so there exists ϕ∈C∞c (H(kv0))

such that `(πv0(ϕ) · w1) 6= 0. On the other hand, the map φ 7→ πv0(φ) is an H(kv0) ×

H(kv0)-equivariant projection

C∞c (H(kv0))→ End∞(πv0) = πv0 ⊗ π
∨
v0

onto the maximal πv0⊗π
∨
v0

-isotypic quotient of C∞c (H(kv0)). Since πv0 is supercuspidal,
this quotient in fact occurs as a submodule and

C∞c (H(kv0))
∼= (πv0 ⊗ π

∨
v0
)⊕ C′

where C′ does not contain πv0⊗π
∨
v0

as a subquotient. Moreover, the submodule πv0⊗π
∨
v0

is realized by the formation of matrix coefficients of π∨v0
. Hence, since πv0(ϕ) 6= 0, we

may assume that
ϕ(h) = 〈w, h · w∨〉

is a matrix coefficient of π∨v0
. Then

0 6= `(πv0(ϕ) · w1) =

∫
H(kv0 )

ϕ(h) · `(h · w1) dh

=

∫
N(kv0 )\H(kv0 )

`(h · w1) ·

(∫
N(kv0 )

χ(u) · ϕ(uh) du

)
dh.

Thus, for some h, the inner integral is nonzero, as desired.
Now let CS0 be the support of fS0 =

∏
v∈S0

fv0 and define C =
∏
v Cv as above. For

v /∈ S0, let fv be the characteristic function of Cv . Then C =
∏
v Cv is the support of f .

Now we consider the Poincaré series associated to f :

P(f )(h) =
∑

γ∈H(k)

f (γ h),

so that P(f ) ∈ C∞(H(k)\H(A)). The fact that πv0 is supercuspidal implies that P(f ) is
a cuspidal function (i.e. all its constant terms vanish). Since P(f ) is smooth, it follows by
[BJ, Prop. 5.9] that P(f ) is a cusp form and hence has compact support on H(k)\H(A)
by [BJ, Prop. 5.2]. In particular, P(f ) ∈ L2(H(k)\H(A)).

To prove Theorem 1.1, we need to show that P(f ) is globally (N, χ)-distinguished.
We have

WN,χ (P (f )) =

∫
N(k)\N(A)

χ(u)−1
·P(f )(u) du =

∫
N(k)\N(A)

χ(u)−1
·

∑
γ∈H(k)

f (γ u) du.

It suffices to sum over those γ ∈ H(k) such that

γ ∈ H(k) ∩ C · CN .
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Hence, when S1 and S2 are sufficiently large, Lemma 2.1 implies that

H(k) ∩ C · CN ⊂ N(k).

Thus,

WN,χ (P (f ))(1) =
∫
N(k)\N(A)

χ(u)−1
·

∑
γ∈N(k)

f (γ u) du =

∫
N(A)

χ(u)−1
· f (u) du

=

∏
v

Wv(fv)

where
Wv(fv) =

∫
N(kv)

χv(u)
−1
· fv(u) du.

Moreover, it follows by construction that for all v,

Wv(fv) 6= 0,

and for almost all v, one has Wv(fv) = 1. Thus, we have shown that WN,χ (P (f )) 6= 0,
so that P(f ) is globally (N, χ)-distinguished. The spectral decomposition of P(f ) in
L2(H(k)\H(A)) then gives a cuspidal representation5 such that5v0

∼= πv0 for v0 ∈ S0,
and for all v /∈ S0, 5v has nonzero fixed vectors under a pro-p Sylow subgroup of an
Iwahori subgroup of H(kv). It follows from results of Morris [Mo] and Moy–Prasad
[MP, Prop. 6.7 and Theorem 6.11] that for all v /∈ S0, 5v is a constituent of a depth zero
principal series representation induced from a Borel subgroup. This proves the theorem
in the split semisimple case.

2.2. General semisimple case

We may now consider the case when H is a general semisimple group over k. Let T be a
maximal k-torus of H containing a maximal k-split torus. Let E/k be the splitting field
of T , so that HE = H ×k E is split over E. It is important to note that E is a separable
extension of k, since all tori over k are split over a separable closure of k. Choose an
embedding

HE ↪→ GLn(E) over E

as in the split case; it induces a k-embedding

ι : H ↪→ ResE/k HE ↪→ ResE/k GLn.

In particular, the intersection of HE with the upper triangular Borel subgroup of GLn(E)
is a Borel subgroup TE · UE of HE , and NE = N ×k E ⊂ UE . As in the split case, we
may write UE = NE ×N ′E as the product of two affine subspaces. Moreover, the OE,S0 -
integral structure of GLn(E) induces one on HE and an OS0 -integral structure on H . For
any γ ∈ H(k), we may regard γ as a matrix (xij (γ )) with xij (γ ) ∈ E.

Now let S be a finite set of places of k such that for all v /∈ S ∪ S0,

• the groups H ↪→ ResE/k HE ↪→ ResE/k GLn(E) are smooth reductive groups over
Ov , so that their groups of Ov-points are hyperspecial maximal compact subgroups;
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• N ↪→ ResE/k NE ↪→ ResE/k UE are closed immersions of smooth unipotent group
schemes over Ov;
• the intersections of H(Ev) with the upper triangular and lower triangular Iwahori sub-

groups of GLn(Ev) are Iwahori subgroups of H(Ev) (where Ev = E ⊗k kv); for each
w lying over v, we denote the Iwahori subgroups ofH(Ew) by I+w and I−w respectively;
• CN,v = N(Ov) and χv is trivial when restricted to N(Ov).

The existence of such a finite set S follows from the same argument as in the split
semisimple case considered above. Now fix nonempty finite sets of places S1 and S2
of k disjoint from S ∪ S0 such that E splits completely at any v ∈ S1 ∪ S2. We fix a test
function f =

⊗
v fv ∈ C

∞
c (H(A)) as follows:

• For places v ∈ S0 ∪ S, we let fv be as in the split case.
• For places v ∈ S1, suppose that the places of E over v are wi , i = 1, . . . , d . Then one

has natural isomorphisms

E ⊗k kv ∼=
∏
i

Ewi
∼= kv × · · · × kv (d times)

inducing an isomorphism

Hv ×kv Ev
∼=

∏
i

HE,wi
∼= Hv × · · · ×Hv.

The natural embedding

ρ : Hv ↪→ Hv ×kv Ev
∼=

∏
i

HE,wi

is diagonal, in the sense that the projection onto any factor of the product
∏
i HE,wi

is an isomorphism over kv . Moreover, by our choice of S, the preimage under ρ of∏
i H(Owi ) in H(kv) is the hyperspecial maximal compact subgroup H(Ov). In par-

ticular,
H(kv) ∩ ρ

−1
(
I+w1
×

∏
i>1

H(Owi )
)

is an Iwahori subgroup I+v of H(kv). We then take fv to be the characteristic function
of the pro-p radical J+v of I+v .
• For places v ∈ S2, the analogous discussion as for S1 defines an Iwahori subgroup I−v

of H(kv), and we let fv be the characteristic function of I−v .
• For all other places v, let fv be the characteristic function of Kv = H(Ov).

Let Cf =
∏
v Cf,v be the support of f . Then we claim that Lemma 2.1 continues to hold,

i.e.
H(k) ∩ Cf · CN ⊂ N(k).

To see this, note that:

• At places w of E lying above places of k outside S ∪ S0 ∪ S1 ∪ S2, xij (γ ) ∈ Ow.
• At each place w of E lying above S ∪ S0, the maximal order of poles of xij (γ ) (for

all i, j ) is at most some integer M .
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• At places w of E lying over S1 ∪ S2, xij (γ ) lies in Ow. Moreover, for each v1 ∈ S1,
there is at least one place w1 lying over v1 such that xij (γ ) vanishes at w1 for all i > j

and xii(γ ) − 1 vanishes at w1 for all i. Together with the above, we see that if S1 is
sufficiently large, then xij (γ ) = 0 for all i > j and xii = 1 for all i.
• We have thus shown that

H(k) ∩ Cf · CN ⊂ UE(E) ⊂ H(E).

To show the desired statement, it remains to show that

H(k) ∩ Cf · CN ⊂ N(E).

This follows by the same argument as in the split case (if S2 is sufficiently large).

With the key lemma in hand, we may now form the Poincaré series P(f ) and show the
nonvanishing of WN,χ (P (f )) by the same argument as in the split case. Hence Theorem
1.1 is proved when H is semisimple.

2.3. Reductive case

We now deal with the general reductive case. Consider the semisimple group H̄ := H/Z
over k and let

r : H → H̄ = H/Z

be the natural projection map. In the semisimple case, we have constructed an open com-
pact subset of H̄ (A) of the form

C̄ = r(CS0)×
∏
v∈S

Īv ×
∏
v∈S1

J̄+v ×
∏
v∈S2

Ī−v ×
∏

other v

K̄v

where

• CS0 is the support of an appropriate matrix coefficient of the given supercuspidal rep-
resentation πS0 of H(kS0), which is compact modulo Z(kS0);
• S is some finite set of places and Īv is some Iwahori subgroup Īv of H̄ (kv) for v ∈ S;
• S1 is some finite set of places and J̄+v is the pro-p unipotent radical of some Iwahori

subgroup I+v of H̄ (kv) for v ∈ S1;
• S2 is some finite set of places and Ī−v is some Iwahori subgroup of H̄ (kv) for v ∈ S2;
• K̄v is a hyperspecial maximal compact subgroup of H̄ (kv) for all other v’s.

The key property of C̄ is that expressed in Lemma 2.1:

H̄ (k) ∩ C̄ · r(CN ) ⊂ r(N(k)).

In the construction of C̄, we may further assume that S is taken to be so large that, in
addition to the conditions satisfied in the construction for H̄ , the groups H and Z and the
character ω of Z are unramified outside S.

Note that for any Iwahori subgroup Īv of H̄ (kv), there is a unique Iwahori subgroup Iv
of H(kv) such that

r−1(Īv) = Z(kv) · Iv.
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Indeed, the Bruhat–Tits building B(H(kv)) ofH(kv) projects onto the building B(H̄ (kv))
of H̄ (kv); if Īv is associated with a chamber C̄v ⊂ B(H̄ (kv)), then Iv is associated with
the unique chamber Cv ⊂ B(H(kv)) projecting onto C̄v . Likewise, there is a unique hy-
perspecial maximal compact subgroupKv such that r−1(K̄v) = Z(kv)·Kv . The preimage
of C̄ in H(A) is

r−1(C̄) = CS0 ×

∏
v∈S

r−1(Īv)×
∏
v∈S1

r−1(J̄+v )×
∏
v∈S2

r−1(Ī−v )×
∏

other v

r−1(K̄v).

We shall modify the subgroup r−1(Īv) = Z(kv) · Iv at the places v ∈ S slightly. For
v ∈ S, let Jv be the pro-p radical of Iv and consider

J der
v = H

der(kv) ∩ Jv,

which is the pro-p radical of the Iwahori subgroup I der
v = H

der(kv) ∩ Iv of the derived
groupH der(kv). The subgroupZ(kv)·J der

v ofH(kv) is compact moduloZ(kv). Moreover,
observe that

Z(kv) ∩ J
der
v = {1}.

Indeed, Z(kv) ∩ J der
v ⊂ Z(kv) ∩ H

der(kv) is a finite p-group. However, in Z(kv), there
are no nontrivial elements of finite p-power order, because k has characteristic p. Hence

Z(kv) · J
der
v = Z(kv)× J

der
v .

Now we set

C = CS0 ×

∏
v∈S

Z(kv) · J
der
v ×

∏
v∈S1

r−1(J̄+v )×
∏
v∈S2

r−1(Ī−v )×
∏

other v

r−1(K̄v),

and note that C ⊂ r−1(C̄). We may define the following test function f =
∏
v fv:

• For the places v0 ∈ S0, let fv0 be a matrix coefficient of πv0 as in the semisimple case.
• For all other places v, let fv be supported on Cv , equivariant under Z(kv) with respect

to ωv and equal to 1 on the relevant compact subgroups J der
v , J+v , I−v or Kv . This is

possible because, by construction, ωv is trivial on the intersection of Z(kv) with the
relevant compact subgroup. In particular, our discussion above says that at places in S,
there is no compatibility to check; this is the main reason for using J der

v for v ∈ S.

Now f is supported on C and equivariant with respect to ω under Z(A), so that f is left
Z(k)-invariant. Define the Poincaré series

P(f )(h) =
∑

γ∈Z(k)\H(k)

f (γ h).

Then P(f ) is a cuspidal automorphic function on H(k)\H(A) with central character ω
under Z(A), and thus belongs to the space L2

ω(Z(A)H(k)\H(A)) of functions which are
(Z(A), ω)-equivariant and square-integrable on Z(A)H(k)\H(A). Moreover, observe
that the projection r induces an injection

r : Z(k)\(H(k) ∩ C · CN ) ↪→ H̄ (k) ∩ C̄ · r(CN ) ⊂ r(N(k)).
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Hence, we deduce that
H(k) ∩ C · CN ⊂ Z(k) ·N(k).

Then

WN,χ (P (f )) =

∫
N(A)

f (n) · χ(n)−1 dn =
∏
v

Wv(fv) 6= 0

as before. This completes the proof of Theorem 1.1.

3. Proof of Corollary 1.2.

In this section, we give the proof of Corollary 1.2 and will use the notations in the corol-
lary. The corollary requires us to globalize a number of objects and we need to deal with
each in turn before we are in a position to apply Theorem 1.1.

3.1. Globalizing the field

Consider the local field F ∼= Fq((t)). In many applications, it suffices to simply take
k0 = Fq(t) to be the function field of P1 over Fq and a place v0 of k0 such that k0,v0

∼= F .
However, we shall also need the following well-known fact; we briefly explain how it can
be achieved by Krasner’s lemma (see also [H, Lemma 3.6]).

Lemma 3.1. Given a finite Galois extension E/F of local fields, one can find a finite
Galois extension k1/k of global fields with [k1 : k] = [E : F ] and a place v of k such
that kv ∼= F and k1 ⊗k kv ∼= E. In particular, the natural map Gal(E/F) ↪→ Gal(k1/k)

is an isomorphism.

Proof. Suppose that E = F(α) (by separability) and let f (x) ∈ F [x] be the (irreducible)
minimal polynomial of α. Then E is the splitting field of f . Let f0 ∈ k0[x] be v0-adically
sufficiently close to f coefficientwise, so that f0 is also irreducible over F . By Krasner’s
lemma, there is a root α0 of f0 which is close to α such that E = F(α0). Thus, the global
field k0(α0) satisfies

k0(α0)⊗k0 F
∼= k0(α0) · F = E.

However, the extension k0(α0)/k0 may not be Galois.
SinceE/F is Galois,E contains all the roots of f0. Let k1 be the Galois closure (inE)

of k0(α0) over k0. Then for any place v1 of k1 lying over v0, we have

k1,v1 = k1 · F = E,

so that the associated decomposition group at v1 is isomorphic to Gal(E/F). Thus, if we
let k be the fixed field of this decomposition group, we obtain an extension k1/k with v the
unique place of k lying below v1 and inert in k1. Then we have kv ∼= F and k1⊗k kv ∼= E,
so that Gal(E/F) ∼= Gal(k1/k). ut
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3.2. Globalizing the groups

Next we consider the question of globalizing the pair PF ⊂ HF .

Lemma 3.2. Given a parabolic F -subgroup PF ⊂ HF , one can find:

• a global function field k with a place v0 such that kv0
∼= F ;

• a pair P ⊂ H over k such that P is a parabolic k-subgroup of a connected reductive
group H over k with Hv0

∼= HF and Pv0
∼= PF .

Moreover, if Z is the identity component of the center of H , so that Zv0
∼= ZF , then one

can ensure that the k-rank of Z is equal to the F -rank of ZF .

Proof. Assume first that HF is a quasi-split group. Let Hs be the split form of HF which
is a Chevalley group defined over Z. Fix a Borel subgroup Bs ofHs containing a maximal
split torus Ts . Then Hs determines a based root datum

9 = 9(Hs, Ts, Bs) = (X(Ts),1(Ts, Bs), Y (Ts),1(Ts, Bs)
∨)

where X(Ts) and Y (Ts) denote the character and cocharacter groups of Ts respectively,
whereas 1(Ts, Bs) and 1(Ts, Bs)∨ denote the set of simple roots and simple coroots
respectively. The outer automorphism group Out(Hs) of Hs is a constant group scheme
(defined over Z) which is naturally isomorphic to Aut(9).

NowHF corresponds to an element in the Galois cohomology setH 1(F,Out(Hs)). In
fact, ifHs is split by the finite Galois extensionE of F , thenHF determines an element in
H 1(Gal(E/F),Out(Hs)). We pick a 1-cocycle c : Gal(E/F) → Out(Hs) representing
the elementHF ; it is simply a group homomorphism. This induces an action of Gal(E/F)
on the based root datum 9. Much of the structure of HF is controlled by the Galois
module 9. For example, the F -rank of ZF is the dimension of the Gal(E/F)-fixed space
in Y (ZF )⊗Z Q ⊂ Y (TF )⊗Z Q. Moreover, conjugacy classes of parabolic F -subgroups
of HF are in bijection with subsets of Gal(E/F)-orbits on 1(Ts, Bs).

By Lemma 3.1, we can find a finite Galois extension k1 of k and a place v0 of k such
that k1 ⊗k kv0 = k1 ⊗k F ∼= E and Gal(k1/k) is naturally isomorphic to Gal(E/F). By
composition with this isomorphism, c gives rise to a 1-cycle Gal(k1/k)→ Out(Hs). This
in turn gives rise to a quasi-split group H over k, containing a pair T ⊂ B of maximal
torus contained in a Borel k-subgroup, which globalizes HF , TF and BF . Moreover, the
corresponding action of Gal(k1/k) on the based root datum 9 is the same as that of
Gal(E/F) (under the isomorphism of the two Galois groups). Thus, the k-rank of Z is
the same as the F -rank of ZF . Finally, since parabolic subgroups of a quasi-split group
are in bijection with subsets of Galois orbits on the set of simple roots in 9, there is a
parabolic subgroup P ofH whose localization at v0 is PF . This proves the lemma forHF
a quasi-split group.

Now suppose that HF is an inner form of a quasi-split group H ′F , so that HF gives
rise to an Aut(H ′F )-orbit in H 1(F,H ′F,ad), where H ′F,ad is the adjoint group of H ′F . The
quasi-split group H ′F will contain a parabolic subgroup P ′F which is a form of PF . By
what we showed above, we can find a global field k with a place v0 with kv0

∼= F such
that we may globalize the pair P ′F ⊂ H

′

F to P ′ ⊂ H ′ as in the lemma.
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It is known that the natural map

H 1(k,H ′ad)→ H 1(F,H ′F,ad)

is surjective. In characteristic 0, this is a result of Borel–Harder [BH, Theorem 1.7], which
has been extended to positive characteristic by N. Q. Thǎńg and N. D. Tân [TT, Theorem
3.8.1]. This shows that one can globalize HF to a k-group H . However, we need to be
more careful if we want to globalize the parabolic subgroup PF as well.

For this, let Inn(H ′F , P
′

F ) denote the inner automorphism group of the pair P ′F ⊂ H
′

F .
Since parabolic subgroups are self-normalizing, Inn(H ′F , P

′

F ) = P
′

F,ad (the image of P ′F
in H ′F,ad). Over k, one similarly has Inn(H ′, P ′) = P ′ad. Then we need to show that the
map

H 1(k, P ′ad)→ H 1(F, P ′F,ad)

is surjective. But if M ′F,ad is the Levi factor of P ′F,ad, then

H 1(F, P ′F,ad)
∼= H

1(F,M ′F,ad)

and likewise over k. Hence we need to show the surjectivity of

H 1(k,M ′ad)→ H 1(F,M ′F,ad).

Let M ′F,ad,der be the derived group of M ′F,ad, so that M ′F,ad,der is semisimple and
AF := M ′F,ad/M

′

F,ad,der is a split torus. One has the analogous objects over k. Then
the long exact sequence in Galois cohomology gives rise to a commutative diagram

H 1(k,M ′ad,der) −−−−→ H 1(k,M ′ad) −−−−→ H 1(k, A) = 0y y
H 1(F,M ′F,ad,der) −−−−→ H 1(F,M ′F,ad) −−−−→ H 1(F,AF ) = 0

The first vertical arrow is surjective by the result of Thǎńg–Tân [TT, Theorem 3.8.1]
alluded to above. It follows that the second vertical arrow is also surjective, so that
PF ⊂ HF can be globalized to P ⊂ H . Moreover, since inner automorphisms act as
identity on the center of H ′F or H ′, it is clear that the F -rank of ZF is the same as the
k-rank of Z. This proves the lemma. ut

3.3. Globalizing the character χF

By the above lemma, we now have a pair P = M ·N ⊂ H0 over k globalizing PF ⊂ HF
over F , with N the unipotent radical of P . Set W = Hom(N,Ga), which is a vector
group. If we fix a nontrivial characterψ : k\A→ C×, then composition withψ =

∏
v ψv

gives an identification

Wk = Homk(N,Ga) ∼= {unitary characters of N(k)\N(A)}.
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Similarly, composition with ψv0 gives an identification

WF = HomF (NF ,Ga) ∼= {unitary characters of NF }

so that extracting the v0-component of an automorphic unitary character ofN corresponds
to the natural inclusion Wk ⊂ WF . Since the MF -orbit of χF is open (in the Zariski
topology of V and hence in the v0-adic topology of VF ), andWk is dense inWF , theMF -
orbit of χF contains an element of Wk . Thus, there is an automorphic unitary character χ
of N whose local component at v0 is in the same MF -orbit as χF .

3.4. Globalizing central character

Finally, we need to globalize the central character ωF . Recall that we have globalizedHF
to H over k so that the k-rank of the connected center Z of H is the same as the F -rank
of ZF .

Lemma 3.3. There exists an automorphic character ω of Z satisfying:

• ωv0 = ωF ;
• ω is trivial on the compact group∏

v∈T

Z(kv)
1
×

∏
v /∈T∪{v0}

Z(kv)
0,

where T is some nonempty finite set of places of k, Z(kv)0 is the maximal compact sub-
group of Z(kv), and Z(kv)1 is its pro-p radical.

Proof. The proof is an elaboration of that of [P, Lemma 3]. To construct ω0, consider the
natural map

i :
∏
v∈T

Z(kv)
1
×

∏
v /∈T

Z(kv)
0
→ Z(k)\Z(A).

The kernel Ker(i) is a finite group and we shall show that it is trivial. Choose a splitting
field E of Z and regard

Z(k) ↪→ Z(E) ∼= (E
×)r ,

so that each element z ∈ Z(k) is determined by r coordinates zj ∈ E×. If z ∈ Ker(i),
then z lies in the maximal compact subgroup of Z(kv) for all v and hence lies in (O×E,w)

r

for all places w of E. The coordinates zj of z are thus constant functions on the smooth
projective curve Ỹ with function field E. However, at places w lying over v ∈ T , zj ∈
1+$wOE,w, so that zj takes value 1 at such w. This implies that zj = 1, so that Ker(i)
is trivial, as desired.

Since i is injective and its image is compact and hence a closed subgroup of
Z(k)\Z(A), we can find a character ω′ of Z(k)\Z(A) whose restriction to the image
of i is

ωF |Z(kv0 )
0 ⊗

(
the trivial character of

∏
v∈T

Z(kv)
1
×

∏
v /∈T∪{v0}

Z(kv)
0
)

.
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Let q : Z → Gmm be a surjective morphism of algebraic tori over k whose kernel is
anisotropic over v0 (possible since the split k-rank of Z is the same as its split F -rank).
Then ω′v0

/ωF factors through

Z(kv0)→ (k×v0
)m→ Zm.

Twisting ω′0 by the pullback to Z(A) of a character of the form |−|s1A × · · · × |−|
sm
A , we

find a character ω of Z(k)\Z(A) satisfying ωv0 = ωF , as desired. ut

Remark. (i) It is necessary to know that the split k-rank of the torus Z is the same as
the split F -rank of ZF above. Consider the case when T = U(1) is an anisotropic torus
of dimension 1 over k and suppose that v0 is a place when T splits so that T (kv0)

∼=

k×v0
∼= O×v0

×Z. The irreducible representations of T (kv) are classified by a discrete set of
parameters (giving a character of the compact group O×v ) and a continuous one (giving
the image of 1 ∈ Z). On the other hand, since T (k)\T (A) is compact, its characters are
classified by a discrete set of parameters. There are simply too many degrees of freedom at
the place v0 for every character of T (kv0) to be globalizable to a character of T (k)\T (A).

(ii) In the proof of Lemma 3.3, instead of insisting that ω is trivial on
∏
v∈T Z(kv)

1,
we could have stipulated that ω restricts to any given character of

∏
v∈T Z(kv)

1. For
example, one may require ω to be highly ramified at places in T . Then the proof of
Lemma 3.3 shows that one can globalize ωF to an automorphic character which is highly
ramified at places in T but unramified outside {v0} ∪ T .

3.5. Proof of the corollary

We are now ready to complete the proof of Corollary 1.2. Let k′ be a finite Galois ex-
tension of k which splits completely at v0; suppose that v0 splits into a different places
w1, . . . , wa of k′. We may then base change the data (H,Z,N, χ, ω) to k′. This puts us
in a position to apply Theorem 1.1, and the proof of Corollary 1.2 is complete.

4. Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3. The proof is a nontrivial refinement of
that of [PSP, Theorem 4.1], but instead of appealing to the relative trace formula [PSP,
Theorem 4.5] as a blackbox, we simply use the Poincaré series argument in the proof
of Theorem 1.1. Indeed, the relative trace formula argument is simply a Poincaré series
argument, and our treatment makes the argument in [PSP] somewhat more transparent.

By the technical assumption (a), one can find a semisimple algebraic representation
(over k)

ι : H → GL(V )

such thatR is the stabilizer of a vector x0 ∈ V (k) and Lie(R) is the infinitesimal stabilizer
of x0. Let X ∼= H/R be the H -orbit of x0, so that X is a locally closed subvariety of V
[B, Prop. 6.7 and Theorem 6.8]. Let E be a splitting field of H , so that ι induces

ιE : HE → GL(VE).
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Now we note the following lemma, which is the only place where the semisimplicity of ι
is used.

Lemma 4.1. There is an E-basis of VE consisting of vectors, each of which is fixed by
some maximal unipotent subgroup of HE .

Proof. One easily reduces the proof to the case when VE is irreducible. Let v ∈ VE be a
highest weight vector with respect to a maximal unipotent subgroup UE ⊂ HE . Since the
set {h · v : h ∈ H(E)} is a spanning set of V , a subset of it is a basis, and the vector h · v
is fixed by the maximal unipotent subgroup h · UE · h−1. ut

We fix an E-basis B∗ = {e∗1, . . . , e
∗
n} of V ∗E as in the lemma, and let B = {e1, . . . , en} be

the dual basis for VE . The basis B gives an isomorphism GL(VE) ∼= GLn(E), and defines
an Ow-structure for GL(VE) and HE for each place w of E, as well as an Ov-structure
for H for each place v of k. As in §2.1 (using [T, §3.9]), let S be a finite set of places of
k such that for all v /∈ S ∪ S0,

• x0 ∈ V (Ow) for all w lying over v;
• for each i, there is a maximal unipotent subgroup Uei fixing ei , and smooth over Ow

for all w lying over v;
• the natural map H ↪→ ResE/k HE → GL(VE) is a map of smooth reductive group

schemes over Ov;
• the representation ι induces a rational representation ιv over the residue field κv;
• R is smooth over Ov and R ↪→ H is defined over Ov;
• χv is trivial on R(Ov).

For each e ∈ B, fix a maximal unipotent subgroup Ue of HE fixing e∗. We choose a finite
set Se of places v of k which split completely in E, such that Se is disjoint from S ∪ S0.
We also ensure that the Se’s are pairwise disjoint as e ranges over B. For v ∈ Se, one has
a commutative diagram

H(Ov) −−−−→
∏
w|v HE(Ow) ∼= H(Ov)

ry y
H(κv) −−−−→

∏
w|v HE(κw)

∼= H(κv)
r

where κv and κw denote the residue field at the places v and w respectively. The preimage
ofUe(κw1)×

∏
w 6=w1

H(κw) inH(Ov) is thus the pro-p radical Jv of an Iwahori subgroup
of H(kv).

We will now define a test function f =
∏
v fv ∈ C

∞
c (H(A), χ |Z) as follows:

• For v ∈ S0, let fv be a matrix coefficient of πv such that∫
Z(kv)\R(kv)

χv(r)
−1
· fv(r) dr 6= 0.

• For v ∈ S, we shall make use of the technical assumption (b) in Theorem 1.3 and
choose an Iwahori subgroup I der

v of H der(kv) with pro-p radical J der
v such that χv is

trivial on R(kv)∩ J der
v . Then we let fv be supported on Z(kv) · Jv = Z(kv)× J der

v and
trivial on J der

v .
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• For each e ∈ B and v ∈ Se, let fv be supported on Z(kv) · Jv and equal to 1 on Jv .
• For all other v, let fv be supported on Z(kv) ·H(Ov) and equal to 1 on H(Ov).

Form the Poincaré series

P(f )(h) =
∑

γ∈Z(k)\H(k)

f (γ h).

Computing its (R, χ)-period, one has

WR,χ (P (f )) =

∫
Z(A)R(k)\R(A)

P(f )(r) · χ(r)−1 dr

=

∑
γ∈H(k)/R(k)

∫
Z(A)R(k)\R(A)

∑
δ∈R(k)

f (γ · δ · r) · χ(r)−1 dr

=

∑
γ∈H(k)/R(k)

∫
Z(A)\R(A)

f (γ r) · χ(r)−1 dr.

Set
φf (h) =

∫
Z(A)\R(A)

f (hr) · χ(r)−1 dr,

so that φf is a compactly supported function on H(A)/R(A) = H(A) · x0 ⊂ X(A), and

φf (x0) 6= 0.

Now
WR,χ (P (f )) =

∑
x∈H(k)·x0

φf (x).

In this sum, it suffices to consider x ∈ H(k) · x0 ∩ supp(φf ) ⊂ X(k). We have the key
lemma:

Lemma 4.2. When the Se’s are sufficiently large ( for all e ∈ B),

H(k) · x0 ∩ supp(φf ) = {x0}.

Proof. Suppose that x ∈ V (k) lies in the intersection. To show that x = x0, it suffices to
show that for each e ∈ B,

αe := 〈e
∗, x − x0〉 = 0 ∈ E.

There is an integer M such that for all v ∈ S0 ∪ S, and all w lying over v, the elements
αe have order of poles at most M at each w. On the other hand, for places w lying over
v /∈ S ∪ S0, αe is in Ow and thus has no pole at w. For places v ∈ Se, however, observe
that

x = u · x0 mod $w1 for some u ∈ Ue(κw1).
Hence

αe = 〈e
∗, u · x0 − x0〉 = 〈u

−1
· e∗ − e∗, x0〉 = 0 mod $w1

since u−1
· e∗ = e∗. Thus, for each v ∈ se, αe vanishes at some w lying over v. It is

now clear that if Se is sufficiently large, one must have αe = 0 ∈ E. This proves the
lemma. ut
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By the lemma, we deduce that

WR,χ (P (f )) =
∑

x∈H(k)·x0

φf (x) = φf (x0) 6= 0.

Moreover, P(f ) is fixed (at least) by the pro-p unipotent radical of some Iwahori sub-
group at each v /∈ S0. Thus, in considering the spectral decomposition of P(f ), we obtain
a cuspidal representation 5 which globalizes the given πi’s at S0, is globally (R, χ)-
distinguished, and whose local components 5v at v /∈ S0 belong to principal series rep-
resentations induced from minimal parabolic subgroups and have depth 0 when restricted
to H der

v .
This completes the proof of Theorem 1.3.

5. Stability of LS gamma factors

In this and subsequent sections, we give some applications of the globalization theorem
by combining it with the recent spectacular work of V. Lafforgue [La]. We begin by
summarizing the results of V. Lafforgue that we need.

5.1. Results of V. Lafforgue

For a prime number l 6= p, fix henceforth an isomorphism

ιl : Ql → C
which allows one to compareQl-valued functions withC-valued ones. Given an algebraic
group H over a global function field k, the isomorphism ιl also induces an isomorphism

ιl :
LH(Ql) ∼= LH(C),

Now let 5 be a cuspidal automorphic representation of H(A). By V. Lafforgue [La],
one can associate to 5 a continuous global Galois representation

ρ = ρ5,l : Gal(ksep/k)→ LH(Ql).
We list some of its properties which will be relevant:

(a) For almost all places v of k, the (Frobenius-semisimplification of the) local Galois
representation ρv is unramified and the image of the geometric Frobenius element
Frobv is equal to the Satake parameter of 5v (after composing with ιl).

(b) The embedding Z(H)0 ↪→ H induces a morphism

ρZ :
LH → LH/LH 0

der
∼=
LZ(H)0,

and the central character ω5 of 5 corresponds to the map ρZ ◦ ρ5 under the global
Langlands correspondence for tori (again, after composing with ιl). Indeed, by (a),
the two characters correspond at almost all places, and so correspond by Chebotarev’s
density theorem.

For each place v of k, one obtains a continuous (Frobenius-semisimplified) l-adic local
Galois representation

ρ5,l,v : Gal(ksep
v /kv)→

LH(Ql).
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By a well-known construction due to Grothendieck for GL(n) (see [R]) and [GR, §2.1]
in general, such an l-adic local Galois representation corresponds to a (Frobenius-semi-
simple) representation of the Weil–Deligne group

Wkv × SL2(Ql)→ LH(Ql).

Using the isomorphism ιl , we get a (Frobenius-semisimple) Weil–Deligne representation

ρ5,v : WDkv = Wkv × SL2(C)→ LH(C).

In the rest of this paper, we shall pass between the (Frobenius-semisimplified) l-adic
representation ρ5,l,v and the local L-parameter ρ5,v without further comment. We will
also drop the adjective “Frobenius-semisimple” henceforth, as all our local representa-
tions or parameters will be assumed to be Frobenius-semisimplified. Note that Frobenius-
semisimplification does not change local Artin L-factors or gamma factors.

5.2. Langlands–Shahidi gamma factors

We can now introduce the Langlands–Shahidi (LS) gamma factors. Let F be a local field
of characteristic p > 0, and let PF = HF · NF be a maximal parabolic F -subgroup of a
connected reductive quasi-split groupGF , with Levi factorHF and unipotent radicalNF .
One has a natural inclusion of Langlands L-groups

LHF →
LGF .

Suppose that the adjoint action of LHF on Lie(NF ) decomposes as

Lie(NF ) =
⊕
i

ri

for irreducible representations ri , 1 ≤ i ≤ mr , ordered as in [Sh2] according to nilpo-
tency class. The second author has extended the Langlands–Shahidi theory to the case of
function fields [L1, L2]. In particular, to an irreducible generic representation π of HF ,
one can attach a local gamma factor

γ (π, ri, ψ)

for each ri , where ψ is a nontrivial additive character of F . These LS gamma factors
are C-valued meromorphic functions in π (as we shall explain shortly) and satisfy some
natural properties which characterize them uniquely [L2].

SinceHF is a maximal Levi subgroup ofGF , it follows that the quotientHF /Z(GF )0

of HF by the connected center Z(GF )0 of GF has 1-dimensional split center, so that
HomF (HF /Z(GF )

0,Gm) is a freeZ-module of rank 1. Let δ∈HomF (HF /Z(GF )
0,Gm)

be the generator such that the modulus character det(AdHF |Lie(NF )) is a positive mul-
tiple of δ. For any character χ : F×→ C×, the composite χ ◦ δ is a 1-dimensional char-
acter of HF which is trivial on Z(GF ). In particular, for an irreducible representation π
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of HF , one may consider the twist π ⊗ (χ ◦ δ). We shall denote this twisted representa-
tion simply by π ⊗ χ , so that we have γ (π ⊗ χ, ri, ψ). The character δ corresponds to a
morphism

φδ : C×→ LHF ,

taking values in the center of (LHF )0. For any character χ : F× → C×, one then has an
induced map

WF → F×
χ
−→ C× φδ

−→
LHF ,

which is the L-parameter for the character χ ◦ δ of HF . For simplicity, we shall write χ
for this map as well.

Recall that the set of characters of F× is the countable disjoint union of 1-
dimensional complex manifolds. As χ varies over the characters of F×, the function
χ 7→ γ (π ⊗ χ, ri, ψ) is meromorphic. To be more precise, if χ = |−|sF for s ∈ C, then
the function

γ (π ⊗ |−|sF , ri, ψ) ∈ C(q
−s
F )

is a rational function in q−sF .

5.3. Stability

We now turn to an important stability property of LS γ -factors. This is an open problem in
characteristic zero, but in [CPSS] important cases are established. The proof here in pos-
itive characteristic extends the cases of symmetric and exterior square γ -factors studied
in [HL1].

Theorem 5.1. Let R = ri for some i (in the notation of §5.2). Let π1 and π2 be irre-
ducible generic representations ofHF with the same central character. For all sufficiently
highly ramified characters χ of F×,

γ (π1 ⊗ χ,R,ψ) = γ (π2 ⊗ χ,R,ψ).

Here, the set of characters χ with a fixed conductor is a complex manifold of dimension 1
under twisting by unramified characters, and the identity in the theorem is interpreted as
an identity of meromorphic functions on this complex manifold.

Proof of Theorem 5.1. We first consider a generic supercuspidal representation π of HF .
Let χ be any character of F×. By Corollary 1.2, we may find a global function field k
(indeed k = Fq(t) will do) with kv0 = F for some place v0 of k and globalize the data
(HF ·NF ⊂ GF , π) to (H ·N ⊂ G,5) whereH ⊂ G are quasi-split and5 is a globally
generic cuspidal representation as in Corollary 1.2.

Without loss of generality, we may assume that the character ψ can be globalized to
a character 9 of k\A. Indeed, if we fix a nontrivial character 9 =

∏
v 9v of k\A, then

the nontrivial characters of k\A are of the form 9a(x) = 9(ax) for a ∈ k×, and the
nontrivial characters of F are of the form 9v0,a(x) = 9v0(ax) for a ∈ F×. This shows
that a dense subset of nontrivial characters of F can be globalized to characters of k\A.
On the other hand, for i = 1 or 2, one has

γ (πi ⊗ χ,R,ψa) = α(a) · γ (πi ⊗ χ,R,ψ)
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for some character α of F× depending only on R, χ and the central character of πi . This
shows that if the identity to be shown in the theorem holds for one nontrivial ψ , then it
holds for all nontrivial ψ .

By V. Lafforgue [La], one has a continuous semisimple l-adic global Galois represen-
tation

ρ = ρ5 : Gal(ksep/k)→ LH(Ql)

associated to 5. Let S be a nonempty finite set of places of k not containing the distin-
guished place v0 such that for all v /∈ S different from v0,

• Hv , 5v and 9v are unramified;
• ρv is unramified and ρv(Frobv) is the Satake parameter of 5v .

For v ∈ S, 5v is nonetheless contained in a principal series representation induced from
a Borel subgroup. We may globalize χ to a Hecke character X which is unramified out-
side S ∪ {v0} and highly ramified for places in S (by part (ii) of the remark following
Lemma 3.3). Then the global functional equation from Langlands–Shahidi theory gives∏

v∈S∪{v0}

γ (s,5v ⊗ Xv, R,9v) =
LS∪{v0}(s,5⊗ Xv, R)

LS∪{v0}(1− s,5⊗ Xv, R∨)
, (5.2)

where for the purpose of this proof, we have written

γ (s,5v ⊗ Xv, R,9v) := γ (5v ⊗ Xv|−|sv, R,9v)

and likewise for the L-functions on the right-hand side.
Now consider the representation

R ◦ (ρ ⊗ X ) : Gal(ksep/k)→ GL(VR),

where we regard X as a 1-dimensional representation of Gal(ksep/k) by global class field
theory. After composing with the isomorphism ι : Ql ∼= C, one may form the global
L-function of Artin type

L(s, R ◦ (ρ ⊗ X )) =
∏
v

L(s, R ◦ (ρv ⊗ Xv))

which converges for Re(s) sufficiently large. By the work of Grothendieck and others,
this L-function is in fact a rational function in q−s (and hence admits meromorphic con-
tinuation to C) and satisfies a functional equation of the form

L(s, R ◦ (ρ ⊗ X )) = ε(s, R ◦ (ρ ⊗ X )) · L(1− s, (R ◦ (ρ ⊗ X ))∨)

for some global epsilon factor ε(s, R ◦ ρ ⊗ X ). It is known by work of Laumon [Lau1,
Theorems 3.1.5.4 and 3.2.1.1] (see also [D2]), that the epsilon factor admits an Euler
product

ε(s, R ◦ (ρ ⊗ X )) =
∏
v

ε(s, R ◦ (ρv ⊗ Xv),9v) (a finite product)
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for any character 9 =
∏
v 9v of k\A. In particular, one may define the local Galois-

theoretic gamma factors

γ (s, R ◦ (ρv ⊗ Xv), ψv) := ε(s, R ◦ (ρv ⊗ Xv, )9v) ·
L(1− s, R∨ ◦ (ρv ⊗ Xv))
L(s, R ◦ (ρv ⊗ Xv))

,

and the global functional equation can be expressed as∏
v∈S∪{v0}

γ (s, R ◦ (ρv ⊗ Xv),9v) =
LS∪{v0}(s, R ◦ (ρv ⊗ X ))

LS∪{v0}(1− s, R∨ ◦ (ρv ⊗ X ))
. (5.3)

Comparing (5.2) and (5.3) and using the compatibility of ρv and 5v outside of S, we
deduce that ∏

v∈S∪{v0}

γ (s,5v ⊗ Xv, R,9v) =
∏

v∈S∪{v0}

γ (s, R ◦ (ρv ⊗ Xv),9v). (5.4)

In particular,

γ (s, π ⊗ χ,R,ψ)

γ (s, R ◦ (ρv0 ⊗ χ), ψ)
=

∏
v∈S

γ (s, R ◦ (ρv ⊗ Xv),9v)
γ (s,5v ⊗ Xv, R,9v)

.

For v ∈ S, the representation 5v is a constituent of a principal series representation
Iv(µv) induced from the Borel subgroup. Hence, by multiplicativity of LS gamma factors
and their compatibility with class field theory in the case of tori [L2], one has

γ (s,5v ⊗ Xv, R,9v) = γ (s, R ◦ (φv ⊗ Xv, )9v)

where φv is the composite
φv : Wk →

LTv →
LHv

with the first map corresponding to the inducing data µv on T (kv). In particular,

γ (s, π ⊗ χ,R,ψ)

γ (s, R ◦ (ρv0 ⊗ χ), ψ)
=

∏
v∈S

γ (s, R ◦ (ρv ⊗ Xv),9v)
γ (s, R ◦ (φv ⊗ Xv),9v)

.

Now we know that
ρZ ◦ ρv = ρZ ◦ φv,

since both these characters correspond to the central character of 5v . Moreover, the map

det ◦ R : LH → Q̄×l ∼= C
×

factors through ρZ . Thus we deduce that

detR ◦ ρv = detR ◦ φv.

Since Xv can be as highly ramified as we wish for v ∈ S, it follows by the stability of
Galois-theoretic gamma factors that for a suitable choice of Xv for all v ∈ S, we have

γ (s, R ◦ (ρv ⊗ Xv),9v)
γ (s, R ◦ (φv ⊗ Xv, )9v)

= 1.
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Hence, we conclude that for every character χ of F×, one has

γ (s, π ⊗ χ,R,ψ) = γ (s, R ◦ (ρv0 ⊗ χ), ψ) (5.5)

for a supercuspidal representation π . The same then holds for general generic π by in-
duction, using the multiplicativity of LS gamma factors. We have thus expressed arbitrary
LS gamma factors in terms of (some) Galois-theoretic ones.

We can now complete the proof of the theorem. Given two irreducible generic rep-
resentations π and π ′ of HF with the same central character, we may apply the above
discussion to each of them in turn. In particular, we have (5.5) for π and π ′, with ρv0 and
ρ′v0

satisfying
detR ◦ ρv0 = detR ◦ ρ′v0

.

Thus if χ is sufficiently highly ramified, then

γ (s, R ◦ (ρv0 ⊗ χ), ψ) = γ (s, R ◦ (ρ
′
v0
⊗ χ), ψ),

and one obtains the desired stability of LS gamma factors. ut

We record here a corollary.

Corollary 5.6. Let 5 =
⊗

v5v be a globally generic cuspidal representation of H(A)
(whereH is a connected reductive group over the global function field k) and let ρ5 be the
l-adic global Galois representation associated to 5 by V. Lafforgue. Let X =

⊗
v Xv be

a Hecke character and 9 =
∏
v 9v a nontrivial character of A/k. Then for all places v

of k,
γ (5v ⊗ Xv|−|sv, R,9v) = γ (R ◦ (ρ5,v ⊗ Xv|−|sv),9v).

Proof. Fix a place v0 of k. As in the proof of Theorem 5.1, one uses the global functional
equations to obtain the identity (5.4), with v0 the place of interest. In the notation of (5.4),
for each v ∈ S, equation (5.5) gives

γ (s,5v,Xv, R,9v) = γ (s, R ◦ (φv ⊗ Xv),9v)

for some φv : WDkv →
LH(C) such that ρZ ◦ φv corresponds to the central character

of 5v (under the local Langlands correspondence for the torus Z). Since ρZ ◦ ρ5,v also
corresponds to the central character of 5v , we deduce that

detR ◦ φv = detR ◦ ρ5,v.

In particular, by multiplying X by a character X ′ which is trivial at the place v0 of interest,
highly ramified at all v ∈ S and unramified outside S∪{v0}, we can appeal to the stability
of Galois-theoretic gamma factors to deduce that

γ (s, R ◦ (φv ⊗ XvX ′v),9v) = γ (s, R ◦ (ρ5,v ⊗ XvX ′v),9v)

for all v ∈ S. Now the desired result follows from (5.4) with X replaced by X · X ′. ut



2838 Wee Teck Gan, Luis Lomelı́

6. Plancherel measures

We continue with the setup of the previous section, but now we assume that π is any irre-
ducible representation of HF , not necessarily generic. In this case, one can consider the
Plancherel measure associated to the induced representation IndGFPF π⊗χ . More precisely,
one has a standard intertwining operator [W, §IV]

M(π ⊗ χ, PF , P̄F , ψ) : IndGFPF π ⊗ χ → IndGF
P̄F
π ⊗ χ

defined by the usual integral when |χ | = |−|sF with Re(s) sufficiently large and admits a
meromorphic continuation to all χ . The composite

M(π ⊗ χ, P̄F , PF , ψ) ◦M(π ⊗ χ, PF , P̄F , ψ) = µ(π ⊗ χ,ψ)
−1

is a scalar-valued meromorphic function (in χ ) known as the Plancherel measure. Indeed,
the function µ(π ⊗ χ |−|sF , ψ) is a rational function of q−sF .

Since the definition of the intertwining operators depends on the choice of Haar mea-
sures on NF and N̄F , µ(s, π ⊗χ) is a priori only well-defined up to scaling by a positive
real number. For a precise normalization, see [GI, Appendix B]. In particular, there is a
unique normalization such that when π is a constituent of a principal series representation
induced from a Borel subgroup, one has

µ(π,ψ) =
∏
i

γ (ri ◦ φπ , ψ) · γ (r
∨

i ◦ φπ , ψ)

with
φπ : WF →

LT → LG,

where the first map is the one attached to the inducing data for π .
Suppose now that π is supercuspidal and suppose we have globalized the data

(F, PF = HF · NF ⊂ GF , π) to (k, P = H · N ⊂ G,5) as in the previous sec-
tion, with H ⊂ G quasi-split and 5 a cuspidal representation such that 5v0 = π and 5v
is a constituent of a principal series representation induced from a Borel subgroup for all
other v. Let ρ be the Galois representation associated to5 by V. Lafforgue [La]. The goal
of this subsection is to show:

Theorem 6.1. With the above notations,

µ(π ⊗ |−|sF , ψ) =
∏
i

γ (ri ◦ (ρv0 ⊗ |−|
s
F ), ψ) · γ (r

∨

i ◦ (ρv0 ⊗ |−|
s
F ), ψ).

Proof. Over the global field k, one has the global analog of the discussion before the
statement of the theorem. When the Haar measures on N(A) and N̄(A) are taken to be
the Tamagawa measures, then one has the global functional equation [MW, Theorem
IV.1.10]

M(5⊗ X , P̄ , P ) ◦M(5⊗ X , P , P̄ ) = 1,

where X is a global Hecke character with Xv0 = 1 and Xv is unramified outside a finite
set S.
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Comparing this with the global functional equation of the Galois-theoretic gamma
factors, one sees that∏

v∈S∪{v0}

µ(5v ⊗ X |−|sv, 9v)

=

∏
v∈S∪{v0}

∏
i

γ (ri ◦ (ρv ⊗ Xv|−|sv),9v) · γ (r∨i ◦ (ρv ⊗ Xv|−|sv),9v). (6.2)

It follows that

µ(π ⊗ |−|sF , ψ)∏
i γ (ri ◦ (ρv0 ⊗ |−|

s
F , ψ) · γ (r

∨

i ◦ (ρv0 ⊗ |−|
s
F ), ψ)

=

∏
v∈S

∏
i

γ (ri ◦ (ρv ⊗ Xv|−|sv),9v) · γ (r∨i ◦ (ρv ⊗ Xv|−|sv),9v)
γ (ri ◦ (φ5v ⊗ Xv|−|sv),9v) · γ (r∨i ◦ (φ5v ⊗ Xv|−|sv),9v)

. (6.3)

Now suppose that Xv is sufficiently highly ramified for v ∈ S and Xv is unramified for all
other v’s. Since det ri ◦ ρv = det ri ◦φ5v and Xv is sufficiently highly ramified for v ∈ S,
we conclude that

µ(π ⊗ |−|sF , ψ) =
∏
i

γ (ri ◦ (ρv0 ⊗ |−|
s
F ), ψ) · γ (r

∨

i ◦ (ρv0 ⊗ |−|
s
F ), ψ). ut

Corollary 6.4. Let π be any irreducible representation of HF (where F is a local field).
Then there is a local Galois representation φ : Gal(F sep/F ) → LHF such that the
(connected) central character ωπ of π corresponds to the character ρZ ◦ φ under the
local Langlands correspondence for tori and

µ(π ⊗ |−|sF , ψ) =
∏
i

γ (ri ◦ (φ ⊗ |−|
s
F ), ψ) · γ (r

∨

i ◦ (φ ⊗ |−|
s
F ), ψ).

Proof. This follows from the supercuspidal case (as demonstrated in Theorem 6.1) by
multiplicativity of Plancherel measures (see [GI, Appendix B]). ut

Corollary 6.5. Let π1 and π2 be irreducible representations ofHF with the same central
character. For all sufficiently highly ramified characters χ of F×,

µ(π1 ⊗ χ,ψ) = µ(π2 ⊗ χ,ψ).

Proof. Since we have expressed the Plancherel measures in terms of Galois-theoretic
gamma factors in Corollary 6.4 , the stability under twisting by highly ramified characters
follows by that of the Galois-theoretic ones. ut

Corollary 6.6. Let 5 be any cuspidal automorphic representation of H(A) and let ρ be
the Galois representation associated to 5 by V. Lafforgue. For any v,

µ(5v ⊗ |−|
s
F , 9v) =

∏
i

γ (ri ◦ (ρv ⊗ |−|
s
v),9v) · γ (r

∨

i ◦ (ρv ⊗ |−|
s
v),9v).

Proof. We start with a comment on the difference between this corollary and Theorem
6.1. In Theorem 6.1, we started with a local supercuspidal representation and globalized
it to 5 according to Theorem 1.1, so that we have control at all places outside v0, which
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allows us to deduce the identity in the corollary at v0 (the identity being known at all
other places). What the corollary asserts is that for any cuspidal 5, the same conclusion
continues to hold at all places for 5.

The proof is via the same argument as in the proof of Corollary 5.6. To be more
precise, fix a place v0 of k which is the place of interest. The global functional equation for
intertwining operators gives equation (6.2) in the current context. Now using Corollary
6.4, one obtains the analog of equation (6.3) for some local Galois representation φv
(in place of φ5v in (6.3)). Now one obtains the desired conclusion by appealing to the
stability of Galois-theoretic gamma factors as in the proof of Corollary 5.6 to isolate the
place v0. ut

7. Local Langlands correspondence

In this section, we specialize the discussion of the previous section to the case when HF
is a quasi-split classical group.

7.1. Classical groups

Thus, let E be equal to F or a quadratic field extension, with Aut(E/F) = 〈c〉 and let V
be a finite-dimensional vector space over E equipped with a nondegenerate sesquilinear
form 〈−,−〉. Then HF = Aut(V , 〈−,−〉)0, and the various possibilities are

HF = SO2n+1 or Sp2n or SO2n or Un.

The Langlands dual group of HF is

H∨F = Sp2n(C) or SO2n+1(C) or SO2n(C) or GLn(C).

Following [GGP], an L-parameter φ : WDF → LHF for HF gives rise to an equivalence
class of self-dual or conjugate-self-dual representations

φ : WDE →


Sp2n(C)
SO2n+1(C)
O2n(C)
GLn(C)

of appropriate sign ε = ±1 in each case. Note that if HF = SO2n, we are considering
the L-parameters up to equivalence under conjugacy by O2n(C) and not just by SO2n(C).
To be precise, a representation φ of WDE is conjugate-self-dual if φc ∼= φ∨, and the
L-parameter of HF gives rise to a conjugate-self-dual representation of WDE with

dimension =


2n
2n+ 1
2n
n

and sign = ε(HF ) :=


−1 if HF = SO2n+1,

+1 if HF = Sp2n,

+1 if HF = SO2n,

(−1)n−1 if HF = Un.
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We shall frequently identify an L-parameter φ of HF with its associated conjugate-self-
dual representation ofWDE . Likewise, for a representation τ of GLr(E), we will write τ c

for the associated c-conjugate representation.

7.2. Langlands–Shahidi factors

The groupHF×GLr(E) is the Levi factor of a maximal parabolic subgroup Pr,F of a clas-
sical groupGF of the same type. The generator δ∈HomF ((HF×GLr(E))/Z(GF )0,Gm)

is simply the rational characterNE/F ◦detGLr (E). We have the associated Plancherel mea-
sure µ(σ,ψ) if σ = π ⊗ τ is a representation of HF × GLr(E) and the associated LS
gamma factors γ (σ, ri, ψ) if σ is generic. Furthermore, one can specify each ri in this
case. The dual group of the Levi factor is H∨F × GLr(C) and we have

r1 = std∨
H∨F
⊗ stdGLn(C)

where std stands for the standard representation of the relevant group. It is convenient and
customary to write

γ (s, π × τ, ψ) := γ (π∨ ⊗ τ |det|sE, r1, ψ). (7.1)

The representation r2 is given by

R =


Sym2 if HF = SO2n+1,∧2 if HF = Sp2n or SO2n,

Asai(−1)n if HF = Un.

In fact, this second γ -factor depends only on τ and we write

γ (s, τ, R,ψ) := γ (σ ⊗ |det|s/2E , r2, ψ).

Hence, for i = 1 or 2, we have

γ (is, π ⊗ τ, ri, ψ) = γ (π ⊗ τ |det|sE, ri, ψ).

7.3. The problem

The problem we shall consider in this section is the following. Starting with a super-
cuspidal representation π of HF , we may globalize it to 5 using Corollary 1.2 and
then use V. Lafforgue’s work [La] to obtain a global Galois representation ρ valued in
LHF (Ql) ∼= LHF (C). In particular, one obtains a local L-parameter ρF at the place v0
where kv0 = F . It is a natural question to ask if ρF depends on the choice of the glob-
alization. It would, in general, since a supercuspidal representation can belong to two
different Arthur packets and the resulting global Galois representations will be quite dif-
ferent; for example, one could be pure and the other not. The first goal of this section is
to show that, despite this, one can attach a discrete series L-parameter to a supercuspidal
representation of a classical group using the work of V. Lafforgue and others.
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7.4. Generic case

We first consider the case of generic supercuspidal representations with respect to a fixed
Whittaker datum. In [L1, L2], the second author has shown the Langlands functorial
lifting from classical groups to GLN using the converse theorem of Cogdell–Piatetski-
Shapiro and the Langlands–Shahidi method (following [CK+1, CK+2] in the character-
istic 0 case). As a consequence of this and the local Langlands correspondence for GLN
[LRS], one has a map

{generic supercuspidal representations of HF } → {elliptic L-parameters WF →
LHF }

(7.2)

with the following property: for any irreducible generic representation τ of GLr(E) (for
any r) with associated L-parameter φτ ,

γ (s, π × τ, ψ) = γ (s, φπ ⊗ φτ , ψ),

where we are using the LS gamma factor defined in (7.1) on the LHS. Moreover, one also
knows by [HL1, HL2] that

γ (s, τ, R,ψ) = γ (s, π ⊗ τ, r2, ψ) = γ (s, R ◦ φτ , ψ)

for any generic representation τ of GLr(E).
In the characteristic 0 case, using the theory of local descent of Ginzburg–Rallis–

Soudry, one can show that the map (7.2) is a surjection. The theory of local descent
should continue to work over a local function field F . However, it is presently not written
up in this generality in the literature. While we could have taken the surjectivity of (7.2)
as a working hypothesis, we prefer to use a weaker one to be described below.

7.5. A working hypothesis

Suppose that H ′F is the split SO2n+1 or the quasi-split unramified SO2n. As described
in [S1], one can construct a tamely ramified regular elliptic L-parameter

φ1 : WF → Sp2n(C) or O2n(C)

which is irreducible as a representation of WF . If H ′F = Sp2n so that H ′∨F = SO2n+1(C),
one still has an “almost irreducible” elliptic tamely ramified L-parameter

φ1 : WF → SO2n+1(C)

of the form
φ1 = χ1 + φ

′

1

with χ1 1-dimensional and φ′1 : WF → O2n(C) irreducible. We would like to know that
such a φ1 is in the image of the map (7.2).

In characteristic 0, this was shown by Savin [S1] for the symplectic and orthog-
onal groups by using the DeBacker–Reeder construction of depth 0 supercuspidal
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L-packets [DR]. Unfortunately, both [DR] and [S1] are written in the context of char-
acteristic 0 local fields. However, it seems likely that the parts which are relevant for us
carry over to the characteristic p > 0 setting (at least if p 6= 2). In what follows, we shall
take this as a working hypothesis:

Working Hypothesis I. H ′F is the split SO2n+1 or the quasi-split unramified SO2n. The
tamely ramified parameter φ1 described here lies in the image of (7.2).

Let π1 be the generic supercuspidal representation of H ′F which is mapped to φ1 under
(7.2) in the symplectic and orthogonal cases. In the unitary case, we shall let H ′F = GLn
and φ1 be any irreducible representation ofWF . In particular, we do not need this working
hypothesis for unitary groups.

7.6. Globalization

Now, appealing to Corollary 1.2, given any supercuspidal representation πF of HF , there
exist:

• a function field k with kv0
∼= F at a place v0;

• a quasi-split group Hk over k such that Hk,v0
∼= HF and Hk,v1 is an unramified group

as described in §7.5;
• a cuspidal representation 5 of Hk(A) such that 5v0 = πF , 5v1 = π1 (with π1 defined

in §7.5) and 5v is a constituent of a principal series representation induced from a
Borel subgroup for all other v.

Let
ρ5 : Gal(ksep/k)→ LHk(Ql)

be the semisimple Galois representation associated to 5 by V. Lafforgue. The following
proposition describes some key properties of ρ5.

Proposition 7.3. (i) The local representation ρ5,v1 corresponds to the Weil–Deligne
representation φ1. In particular, the global representation ρ5 is either irreducible
or the sum of a quadratic character and an irreducible self-dual representation.

(ii) The global representation ρ5 is ιl-pure of weight 0 (in the sense of [D1, §1.2.6]).
(iii) The local representation ρ5,v0 corresponds to a discrete series L-parameter forHF .

Proof. (i) It follows from Corollary 6.6 that, with ρ = ρ5,

µ(s, π1 × τ, ψ) = γ (s, ρ
∨
v1
⊗ φτ , ψ) · γ (−s, ρv1 ⊗ φ

∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ).

On the other hand, by Langlands–Shahidi theory [Sh2, L2] and the properties of the map
(7.2), one has

µ(s, π1 × τ, ψ) = γ (s, φ
∨

1 ⊗ φτ , ψ) · γ (−s, φ1 ⊗ φ
∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ).
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Thus,

γ (s, ρ∨v1
⊗ φτ , ψ) · γ (−s, ρv1 ⊗ φ

∨
τ , ψ) = γ (s, φ

∨

1 ⊗ φτ , ψ) · γ (−s, φ1 ⊗ φ
∨
τ , ψ).

In general, such an identity is not sufficient to force ρv1 = φ1. However, in our case,
φ1 is almost an irreducible representation of WF , and this additional property will give
this identity.

More precisely, if φ1 is irreducible as a representation of WF , then for any φτ of di-
mension < dimφ1, the RHS of the above equation has no zeros or poles. On the other
hand, if ρv1 is not an irreducible representation of WF , then the LHS of the above equa-
tion will have a zero for some φτ of dimension < dimφ1. Thus, ρv1 is irreducible as a
representation of WF as well. Then, taking φτ = φ1 in the above equation, we deduce
that the RHS is zero and thus so is the LHS, which implies that ρv1 = φ1.

If φ1 is not irreducible, then φ1 = χ +φ
′

1 with φ′1 irreducible of dimension 2n. In this
case, a similar argument gives ρv1 = φ1; we leave the details to the reader.

(ii) This follows from (i) and [LL, Theorem VII.6] (proving a conjecture of Deligne
[D1, Conjecture 1.2.10]).

(iii) It follows from (ii) and a theorem of Deligne [D1, Theorem 1.8.4] that ρv0 is a
tempered L-parameter. Moreover, by Corollary 6.6,

µ(s, π × τ, ψ) = γ (s, ρ∨v0
⊗ φτ , ψ) · γ (−s, ρv0 ⊗ φ

∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ)

for any φτ . Now if φτ is not conjugate-self-dual, then it follows from [W, Prop. IV.2.2(ii)]
that the LHS is nonzero, and hence so is the RHS. This implies that ρv0 does not contain
any non-conjugate-self-dual summand. Further, it follows from [W, Corollary IV.1.2(ii)]
that the LHS has a zero of order at most 2, which implies that ρv0 is multiplicity-free.
Thus, ρv0 is the multiplicity-free sum of conjugate-self-dual representations of WDF (of
sign ε(HF )), and thus is a discrete series parameter for HF . ut

7.7. Independence

The following proposition shows that the discrete series L-parameter obtained in (iii)
above is independent of the various choices used in its construction.

Proposition 7.4. Suppose that

• k and k′ are global function fields such that kv0
∼= k′

v′0

∼= F ;

• Hk andHk′ are algebraic groups over k and k′ respectively withHk,v0
∼= Hk′,v′0

∼= HF ;
• 5 and 5′ are cuspidal representations such that 5v0

∼= 5′
v′0

∼= πF ;
• the associated Galois representations ρ5,l and ρ5′,l′ are both pure of weight 0 (where
l and l′ are any two prime numbers different from p).

Then the local representations ρ5,v0,l and ρ5′,v′0,l′ are equivalent asL-parameters ofHF .
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Proof. By the previous proposition, ρ5,v0,l and ρ5′,v′0,l′ are both discrete series L-param-
eters of HF . Moreover, by Corollary 6.6, we have

γ (−s, ρ5,v0,l ⊗ φ
∨
τ , ψ) · γ (s, ρ

∨

5,v0,l
⊗ φτ , ψ)

= γ (−s, ρ5′,v′0,l
′ ⊗ φ∨τ , ψ) · γ (s, ρ

∨

5′,v′0,l
′ ⊗ φτ , ψ)

for any irreducible representation φτ of WE . By [GS, Lemma 12.3], this implies that
ρ5,v0,l and ρ5′,v′0,l′ are equivalent as L-parameters of HF . ut

7.8. L-parameters of supercuspidal representations

To summarize, we have shown:

Theorem 7.5. Assume Working Hypothesis I. Let τ be a supercuspidal representation of
GLr(F ) ( for any r) with associated L-parameter φτ .

(i) For each prime number l 6= p, there is a map

Ll : {supercuspidal representations of HF } → {elliptic L-parameters WDF → LHF }.

Write φπ = Ll(π) for the corresponding Langlands parameter of a representa-
tion π .

(ii) Suppose π is a supercuspidal generic representation of HF . The map Ll has the
property that

L(s, π × τ) = L(s, φπ ⊗ φτ ) and ε(s, π × τ, ψ) = ε(s, φπ ⊗ φτ , ψ).

(iii) The map Ll has the property that

µ(s, π × τ, ψ) = γ (s, φ∨π ⊗ φτ , ψ) · γ (−s, φπ ⊗ φ
∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ).

(iv) Moreover, Ll is characterized by properties (ii) and (iii) and is independent of l (so
that we simply denote it by L).

It is natural to ask if the map L defined in Theorem 7.5 can be extended to all irreducible
representations of HF . The key step is to extend it to the set of irreducible discrete series
representations. If one can do this, then an application of the Langlands classification
theorem would extend it to all irreducible representations. To do so it is necessary to use
another deep result, namely the classification of discrete series representations of classical
groups in terms of supercuspidal ones due to Mœglin–Tadić [M, MT]. The results of
[M, MT] were obtained under a basic assumption (BA). In the next theorem, we shall
verify the assumption (BA) of [MT].
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7.9. Reducibility of generalized principal series

Using the above results, we can obtain the reducibility points of the generalized principal
series representations of quasi-split classical groups induced from supercuspidal repre-
sentations of maximal parabolic subgroups. More precisely, let P = M · N ⊂ G be a
maximal parabolic subgroup of a classical groupG over F , and suppose that its Levi fac-
torM is isomorphic to GLr(E)×HF . Let τ⊗π be a unitary supercuspidal representation
of M and consider the generalized principal series representation

I(s, τ ⊗ π) = IndGP τ |det|sE ⊗ π

for s ∈ R, with its associated Plancherel measureµ(s, τ⊗π,ψ). We shall make use of the
following well-known properties of the Plancherel measure for supercuspidal inducing
data due to Harish-Chandra and Silberger (see [Si1, p. 296, Remark 2 and Lemma 5.4.2.4]
and [Si2, Lemmas 1.1 and 1.2]; see also [Ca, S2, W]).

Lemma 7.6. (a) If τ∨ � τ c, then I(s, τ ⊗ π) is irreducible for all s ∈ R.
(b) If τ∨ ∼= τ c, then I(0, τ ⊗ π) is reducible if and only if µ(0, τ ⊗ π,ψ) is nonzero, in

which case, I(s, τ ⊗ π) is irreducible for all real numbers s 6= 0 and µ(s, τ ⊗ π,ψ)
is holomorphic at all s ∈ R.

(c) If τ∨ ∼= τ c, but µ(0, τ⊗π,ψ) = 0 so that I(0, τ⊗π) is irreducible, then I(s0, τ⊗π)
is reducible for s0 > 0 if and only if µ(s, τ ⊗ π,ψ) has a pole at s = s0. Moreover,
there is a unique s0 > 0 such that reducibility occurs, and at this point of reducibility,
the pole of µ(s, τ ⊗ π,ψ) is simple. Further, µ(s, τ ⊗ π,ψ) is nonzero for any real
s 6= 0.

In particular, if τ∨ ∼= τ c, there is a unique s0 ≥ 0 such that I(s0, τ ⊗ π) is reducible.

The above properties of the Plancherel measure imply the following proposition:

Proposition 7.7. Let φπ = L(π) be the L-parameter of the supercuspidal representa-
tion π supplied by Theorem 7.5. Then φπ is “sans trou” (without holes) in the sense of
Mœglin [M]. More precisely, for any irreducible representation ρ of WE such that det ρ
is unitary, let

Jordρ(φπ ) = {a ∈ N : ρ ⊗ Sa ⊂ φπ },
where Sa denotes the a-dimensional irreducible representation of SL2(C). Then the set
Jordρ(φπ ) can be nonempty only if ρ is conjugate-self-dual of some sign ε(ρ), in which
case all elements in Jordρ(φπ ) are of the same parity: a ∈ Jordρ(φπ ) is odd if and only if
ε(ρ) = ε(HF ). Then for all ρ such that Jordρ(φπ ) is nonempty and any integer a > 2,

a ∈ Jordρ(φπ ) ⇒ a − 2 ∈ Jordρ(φπ ).

Proof. Suppose that ρ is conjugate-self-dual and Jordρ(φπ ) is nonempty. Let τρ be the
supercuspidal representation of GLr(E) (with r = dim ρ) with L-parameter ρ, and con-
sider the family of induced representations I(s, τρ ⊗ π). Recall that

µ(s, τρ ⊗ π,ψ) = γ (s, ρ ⊗ φ
∨
π , ψ) · γ (−s, ρ

∨
⊗ φπ , ψ)

· γ (2s, R ◦ ρ,ψ) · γ (−2s, R∨ ◦ ρ,ψ).
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The RHS is essentially a ratio of products of local L-functions and epsilon factors, and
the part which could contribute poles or zeros in s ≥ 0 is( ∏

a∈Jordρ (φπ )

L
(
a+1

2 − s, ρ
∨
⊗ ρ

)
L
(
a−1

2 − s, ρ
∨ ⊗ ρ

)) · (L(1− 2s, R∨ ◦ ρ) · L(1+ 2s, R ◦ ρ)
L(2s, R ◦ ρ) · L(−2s, R∨ ◦ ρ)

)
.

From this, we see that the poles and zeros ofµ(s, τρ⊗π,ψ) occur at the following points:

• for ε(ρ) = ε(HF ):

poles at
a + 1

2
with a ∈ Jordρ(φπ ) but a + 2 /∈ Jordρ(φπ ),

zeros at
a − 1

2
with a ∈ Jordρ(φπ ) but a − 2 /∈ Jordρ(φπ );

• for ε(ρ) = −ε(HF ):

poles at
a + 1

2
with a = 0 or a ∈ Jordρ(φπ ), but a + 2 /∈ Jordρ(φπ ),

zeros at 0 and
a − 1

2
with a ∈ Jordρ(φπ ) but a − 2 /∈ Jordρ(φπ ).

Hence, if we set
aρ(π) = max Jordρ(φπ ),

then µ(s, τρ ⊗ π,ψ) has a pole at s = (aρ(π) + 1)/2 ≥ 1, so that s0 = (aρ(π) + 1)/2
must be the unique reducibility point of I(s, τρ ⊗ π) with s ≥ 0. In particular, by Lemma
7.6, we must have µ(0, τρ ⊗ π,ψ) = 0 but µ(s, τρ ⊗ π,ψ) 6= 0 for any s > 0. Hence,
we conclude that in both cases above, for all a > 2,

a ∈ Jordρ(φπ ) ⇒ a − 2 ∈ Jordρ(φπ ). ut

Now we have the following theorem which establishes the basic assumption (BA) of [MT].

Theorem 7.8. Let φπ = L(π) be the L-parameter of π supplied by Theorem 7.5, and
let φτ be the L-parameter of a unitary supercuspidal representation τ of GLr(E). The
representation I(s0, τ ⊗ π) is reducible if and only if τ∨ ∼= τ c and one of the following
holds:

(i) s0 = (aτ (π)+ 1)/2 ≥ 1, with aτ (π) = max Jordφτ (φπ ), if Jordφτ (φπ ) is nonempty;
(ii) s0 = 1/2 if Jordφτ (φπ ) is empty and L(2s, R ◦ φτ ) has a pole at s = 0 (i.e. ε(φτ ) =
−ε(HF ));

(iii) s0 = 0 if Jordφτ (φπ ) is empty and L(2s, R ◦ φτ ) is holomorphic at s = 0 (i.e.
ε(φτ ) = ε(HF )).

Proof. This follows immediately from Lemma 7.6 and the proof of Proposition 7.7. ut

We note that such a theorem was first shown by Shahidi [Sh2] for general quasi-split
groups and generic supercuspidal inducing data, in which case the reducibility points are
at 0, 1/2 or 1.
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7.10. Results of Mœglin–Tadić

Theorem 7.8 renders the results of Mœglin–Tadić [M, MT] unconditional. Thus we can
extend the map L in Theorem 7.5 from supercuspidal representations to discrete series
representations. The extension procedure (due to Mœglin–Tadić) has been explained in
great detail and clarity in [CK+2, §7]. Let us give a brief description here, following
[CK+2, §7] closely.

Mœglin–Tadić showed that any nonsupercuspidal discrete series representation π can
be uniquely expressed as a subquotient of an induced representation of the form

IndHFPF

(⊗
i∈S

δi

)
⊗

(⊗
j∈T

δ′j

)
⊗ π0, (7.9)

where:

• π0 is a supercuspidal representation of a smaller classical group of the same type as
HF .
• For i ∈ S, δi is the generalized Steinberg representation of GLki contained in the

induced representation

τi |−|
−(bi−1)/2

× · · · × τi |−|
(ai−1)/2,

where ai > bi > 0 are integers of the same parity and τi is a supercuspidal representa-
tion which is conjugate-self-dual with sign ε(HF ) · (−1)ai−1.
• For j ∈ T , δ′j is the generalized Steinberg representation of GLk′j contained in the

induced representation

τ ′j |−|
(c′j+1)/2

× · · · × τ ′j |−|
(a′j−1)/2

where τ ′j is a conjugate-self-dual supercuspidal representation and c′j ∈ {1, 2} has the
same parity as a′j with a′j ≥ c

′

j + 2. Moreover, the τ ′j ’s are pairwise distinct and

a′j odd ⇒ L(s, φ∨
τ ′j
⊗ φπ0) has a pole at s = 0,

a′j even ⇒ L(s, r2 ◦ φτ ′j
) has a pole at s = 0.

In particular, if a′j is odd, then φτ ′j is a summand in φπ0 and

φπ0 −

⊕
j∈T : a′j odd

φτ ′j

is an elliptic L-parameter for a smaller classical group of the same type as HF .

Given this, one can define the L-parameter of π by

L(π) =
(⊕
i∈S

φτi ⊗ (Sai ⊕ Sbi )
)
⊕

( ⊕
j∈T : a′j even

φτ ′j
⊗ Sa′j

)
⊕

( ⊕
j∈T : a′j odd

φτ ′j
⊗ Sa′j

)
⊕

(
φπ0 −

⊕
j∈T : a′j odd

φτ ′j

)
. (7.10)
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It was shown in [M] and [MT] that this is a discrete series L-parameter for HF , i.e., it is
multiplicity-free.

To see that the Plancherel measure µ(s, π × τ, ψ) can be expressed in terms of L(π)
as in Theorem 7.5(iii), we note that by the multiplicativity property of Plancherel mea-
sures, µ(s, π × τ, ψ) depends only on the supercuspidal support of π ⊗ τ . Consider the
representation φ of WF associated to the supercuspidal support of the induced represen-
tation (7.9). Setting

ρa =

a−1⊕
i=0

|−|
(a−1)/2−i

to be the L-parameter of the trivial representation of GLa(F ) for simplicity, we see that

φ =
(⊕
i∈S

φτi ⊗ (ρai ⊕ ρbi )
)
⊕

( ⊕
j∈T : a′j even

φτ ′j
⊗ ρa′j

)
⊕

( ⊕
j∈T : a′j odd

φτ ′j
⊗ ρa′j

)
⊕

(
φπ0 −

⊕
j∈T : a′j odd

φτ ′j

)
. (7.11)

By multiplicativity and Theorem 7.5(iii) (for supercuspidal representations),

µ(s, π × τ, ψ) = γ (s, φ∨ ⊗ φτ , ψ) · γ (−s, φ ⊗ φ
∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ). (7.12)

Comparing (7.10) and (7.11), and noting that

γ (s,6 ⊗ Sa, ψ) = γ (s,6 ⊗ ρa, ψ)

for any representation 6 of WDF , we deduce that the RHS of (7.12) is equal to the same
expression with φ replaced by L(π), as desired.

7.11. The LLC

In view of the above discussion and using the Langlands classification theorem, we obtain

Theorem 7.13. Assume Working Hypothesis I (which is not needed whenHF is a unitary
group). There is a map

L : {irreducible smooth representations of HF } → {L-parameters WDF → LHF }

with the following properties:

(i) Write φπ = L(π) for the corresponding Langlands parameter of a representation π .
Then

π is a discrete series representation ⇔ φπ is a discrete series L-parameter,

π is a tempered representation ⇔ φπ is a tempered L-parameter.
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(ii) The map L is compatible with the Langlands classification theorem. More precisely,
suppose π is the unique Langlands quotient of a standard module IndHFPF τ where
PF = MFNF is a parabolic subgroup and τ is an essentially tempered representa-
tion of the Levi factor MF . Then φπ is given by the composite

WDF
φτ
−→

LMF →
LHF

where the first arrow is the L-parameter φτ of τ .
(iii) Suppose π is an irreducible generic representation of HF . Then

L(s, π × τ) = L(s, φπ ⊗ φτ ) and ε(s, π × τ, ψ) = ε(s, φπ ⊗ φτ , ψ)

where τ is any irreducible representation of GLr(F ) (for any r)withL-parameterφτ .
(iv) For any π ,

µ(s, π × τ, ψ) = γ (s, φ∨π ⊗ φτ , ψ) · γ (−s, φπ ⊗ φ
∨
τ , ψ)

· γ (2s, R ◦ φτ , ψ) · γ (−2s, R∨ ◦ φτ , ψ).

Moreover, L is characterized by properties (i)–(iv).

7.12. Some questions

Naturally, we are led to ask the following questions:

• Is the map L surjective?
• Are the fibers of L finite?
• If φ is a tempered L-parameter, is there a generic representation in its fiber under L?

This is the tempered L-packet conjecture of Shahidi.
• Is there a refined parametrization of the fibers of L in terms of characters of a certain

component group?

Note that if one has the local descent results in positive characteristic, Working Hypothe-
sis I would not be needed in Theorem 7.13 and the surjectivity of L would also follow.

We remark that in [GV], R. Ganapathy and S. Varma have used the Deligne–Kazhdan
theory of close local fields to deduce the local Langlands correspondence for split classi-
cal groups in characteristic p > 0 from the case of characteristic 0. Their map satisfies
the properties of the above theorem and thus agrees with our map L; moreover, the above
questions all have affirmative answers. We should also mention that in an ongoing work,
A. Genestier and V. Lafforgue are trying to establish the local Langlands correspondence
by a local analog of [La], and in particular to obtain the map L as in the theorem, for a
general reductive group G in characteristic p > 0. Their more geometric methods should
complement and perhaps go further than those of this paper.

8. Application of the trace formula

We continue to assume that HF is a quasi-spit classical group over the local function
field F . In this section, we consider an alternative way of extending the map L of Theo-
rem 7.5 from supercuspidal representations to discrete series representations. Instead of
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appealing to the deep results of Mœglin–Tadić, we shall use a global-to-local argument
similar to the construction of L in the supercuspidal case.

The construction of the map L for supercuspidal representations would also apply
to discrete series representations if one can globalize discrete series representations. The
Poincaré series argument used in our proof of Theorem 1.1 only works for supercuspidal
representations. However, in the characteristic 0 situation, one can use the Arthur–Selberg
trace formula to globalize discrete series representations. Indeed, it suffices to have a weak
version of “limit multiplicity formula”, such as that shown by Clozel [C]. Unfortunately,
in positive characteristic, the local theory of invariant harmonic analysis and the global
theory of the trace formula are not as fully developed as in the characteristic 0 case. There-
fore, we shall make an additional working hypothesis (a simple trace formula) which we
shall describe in a moment.

8.1. Pseudo-coefficients

In order to detect nonsupercuspidal discrete series representations using the trace formula,
we need the notion of pseudo-coefficients. It has been shown by Henniart–Lemaire [HLe]
that any irreducible discrete series representation π of HF has a pseudo-coefficient fπ .
More precisely, fπ ∈ C∞c (HF ) has the property that

Tr σ(fπ ) =

{
1 if σ ∼= π ,
0 for any irreducible tempered representation σ � π .

It follows that such an fπ satisfies the following additional properties:

• the orbital integral of fπ vanishes on all nonelliptic regular semisimple elements;
• fπ (1) is equal to the formal degree of π (with respect to the same Haar measure used

in the definition of π(fπ )) and thus is nonzero;
• for any standard module IP (τ ) = IndHF (F )P (F ) τ with P 6= HF a proper parabolic sub-

group, Tr(IP (τ )(fπ )) = 0.

If π is supercuspidal, one can simply take fπ to be a matrix coefficient of π with
fπ (1) 6= 0. Then such a pseudo-coefficient is a very cuspidal function in the sense of
[Lau2, p. 133, Definition 5.1.4]. More precisely, for any proper parabolic subgroup P =
MN ⊂ HF and a special maximal compact subgroup K in good relative position to P ,

f Pπ (m) := δP (m)
1/2
·

∫
N(F)

∫
K

fπ (k
−1mnk) dk dn = 0

as a function on M(F).
If π is the Steinberg representation, an explicit pseudo-coefficient fEP has been con-

structed in characteristic 0 using the Bruhat–Tits building by Kottwitz [Ko]; he called
them Euler–Poincaré functions. One can consider the same functions in positive char-
acteristic, and this has been done by Laumon [Lau2, Chapter 5] for the group GLn(F ),
who also showed that there exists a very cuspidal Euler–Poincaré function. These Euler–
Poincaré functions fEP have the additional property that their orbital integrals are nonva-
nishing only on elliptic semisimple elements.
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We also note the following lemma:

Lemma 8.1. Let π be a discrete series representation of HF with pseudo-coefficient fπ .
If σ is an irreducible representation of HF such that Tr σ(fπ ) 6= 0, then σ and π have
the same supercuspidal support. In particular, for any irreducible representation τ of
GLn(F ), one has an equality of Plancherel measures

µ(s, π × τ, ψ) = µ(s, σ × τ, ψ).

Proof. If σ � π , then σ is nontempered and can be written as a finite Z-linear combi-
nation of standard modules, all of whose irreducible subquotients have the same super-
cuspidal support. Since the trace of fπ vanishes on any standard module induced from
a proper parabolic subgroup as well as on any tempered representation different from π ,
one of the standard modules which intervene in the above linear combination must be π .
Thus σ has the same supercuspidal support as π . ut

For the Euler–Poincaré functions fEP of Kottwitz, one knows from [Ko] that the only
irreducible unitary representations σ such that Tr σ(fEP) 6= 0 are the Steinberg represen-
tation and the trivial representation.

8.2. Another working hypothesis

Now let k be a global function field and Hk a connected semisimple group over k (for
simplicity). We shall formulate another working hypothesis which is basically a simple
trace formula.

Working Hypothesis II. Let T and T ′ be nonempty finite sets of places of k. Suppose
that f =

∏
v fv ∈ C

∞
c (Hk(A)) is such that for v ∈ T , fv is a matrix coefficient of a

supercuspidal representation πv with fv(1) = 1, and for v ∈ T ′, fv is an Euler–Poincaré
function à la Kottwitz. For such a test function f , consider the kernel function

Kf (x, y) =
∑

γ∈Hk(k)

f (x−1γy)

for the right translation action R(f ) on L2(H(k)\H(A)). Then assuming (as in [Gr])
that the characteristic of k does not divide the order of Z(G), Kf (x, y) is integrable on
the diagonal and (at least when T and T ′ are sufficiently large) one has a spectral and
geometric expansion∑

cuspidal 5

Tr5(f ) =
∫
H(k)\H(A)

Kf (x, x) dx =
∑
{γ }

aγOγ (f )

where the sum over γ runs over conjugacy classes of elliptic semisimple elements in
Hk(k), aγ 6= 0 are some nonzero constants and Oγ (f ) is the orbital integral of f over
the conjugacy class of γ .

In characteristic 0, the hypothesis follows from the work of Arthur. For global function
fields, the hypothesis was established by Laumon forH = GLn [Lau3, Chapters 9 and 10]
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and a variant was used for general H by Gross [Gr, §5]. One certainly hopes that Lau-
mon’s proof would extend to general groups H . This is not the right place to verify this,
but let us make a few comments. The proof of the integrality ofKf (x, x) is given in [Lau3,
Theorem 10.2 and §10.4]; one would imagine that essentially the same proof should work
for general groups H . The fact that only cuspidal representations intervene on the spec-
tral side is because we have used the matrix coefficient of a supercuspidal representation
at places in T . The main difficulty, due to the nonperfectness of k, is the geometric ex-
pansion which is dealt with in [Lau3, §§10.6–10.9]; for example, one would need the
important [Lau3, Theorem 10.7.6]. The details of this geometric expansion need to be
verified for general H .

8.3. Globalization of discrete series

Using the above Working Hypothesis II, we can demonstrate the following result, which
is a weak version of a result of Clozel [C] in characteristic 0 (itself a weak version of the
so-called “limit multiplicity formula”):

Proposition 8.2. Let k be a global function field and Hk a connected semisimple group
over k ( for simplicity). Let S ∪ T be a disjoint union of finite sets of places of k with S
nonempty and T sufficiently large. Suppose we are given discrete series representations
πv of Hk(kv) for each v ∈ S and a supercuspidal representation πv1 of Hk(kv1) for each
v1 ∈ T . Then there exists a cuspidal representation 5 of Hk(A) such that

• for all v1 ∈ T , 5v1
∼= πv1 ;

• for all v ∈ S,
Tr5v(fπv ) 6= 0,

where fπ is a pseudo-coefficient for πv; hence,5v and πv have the same supercuspidal
support.

Observe that for v ∈ S, we do not assert, nor do we know, that 5v ∼= πv . Thus, 5 is not
exactly a globalization of

⊗
v∈S πv . However, Lemma 8.1 implies that 5v and πv have

the same supercuspidal support for v ∈ S, so one might call 5 a “pseudo-globalization”
of
⊗

v∈S πv (obtained as a consequence of using a pseudo-coefficient). Moreover, we do
not care about the local components of 5 outside the set S ∪ T (because we have the
stability of Plancherel measures as in Corollary 6.5).

Proof of Proposition 8.2. To apply the trace formula supplied by Working Hypothesis II,
we first fix a nonempty (sufficiently large) auxiliary set T ′ of places of k disjoint from
S ∪ T and specify a test function f =

∏
v fv ∈ C

∞
c (Hk(A)) as follows:

• for v1 ∈ T , we take fv1 to be a matrix coefficient of πv1 with fv1(1) = 1;
• for v′ ∈ T ′, we take fv′ to be an Euler–Poincaré function;
• for v ∈ S, we take fv to be a pseudo-coefficient fπv for the discrete series representa-

tion πv;
• for some fixed v2 /∈ S ∪T ∪T

′, we take fv2 to be the characteristic function of an open
compact subgroup J ⊂ Hk(kv2);
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• for all other v, we take fv to be the characteristic function of a (hyper)special maximal
compact subgroup.

Now we apply the trace formula in Working Hypothesis II to this test function f . On the
geometric side, the sum of elliptic semisimple orbital integrals∑

{γ }

aγOγ (f )

is a finite sum. Thus, if we shrink the open compact subgroup J ⊂ Hk(kv2) to a suf-
ficiently small neighborhood of 1, we see that the only term which contributes to the
geometric side of the trace formula is the one given by γ = 1. Then the geometric side is
equal to

a1 · f (1) 6= 0.

Thus, invoking the spectral side, we conclude that for this particular f , there exists a
cuspidal representation 5 such that

Tr5(f ) =
∏
v

Tr5v(fv) 6= 0.

By the properties of the local test functions fv , this 5 will satisfy the requirements of the
proposition. ut

We have assumed that Hk is semisimple for simplicity. The case of reductive Hk with
anisotropic center is similarly handled by working with a fixed central character, with
some care needed in globalizing the central character, as discussed in §3; we omit the
details.

8.4. Definition of L

Now we can define the extension of the map L to all discrete series representations. Given
the local field F and a classical group HF over F , choose a global field k such that
kv0
∼= F and a classical group Hk over k such that Hk,v0

∼= HF . We consider a finite
set S ∪ T of places of k with S = {v0} and T sufficiently large. Given a discrete series
representation π of HF , we apply the proposition with

• πv0 = π ;
• for all v1 ∈ T , πv1 = the supercuspidal representation π1 with L-parameter L(π1)

equal to the L-parameter φ1 in Working Hypothesis I.

Then the proposition provides a cuspidal 5 such that

5v1 = π1 for all v1 ∈ T , and Tr5v0(fπ ) 6= 0.

Note that we do not know whether 5v0 is isomorphic to π . However, if we believe in
various standard conjectures in the theory of automorphic forms, we would expect that
5v0 is tempered, and thus isomorphic to π .

We now consider the Galois representation ρ5,l associated to 5 by V. Lafforgue, as
well as the Frobenius-semisimplification of its local component ρ5,v0,l . We have:
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• In view of Lemma 8.1 and the properties of 5, the statement and proof of Proposition
7.3 continue to apply to ρ5,l . The main point is that

µ(s, π × τ, ψ) = µ(s,5v0 × τ, ψ)

= γ (s, ρ5,v0,l × φτ , ψ) · γ (−s, ρ
∨

5,v0,l
× φ∨τ , ψ)

· γ (2s, r2 ◦ φτ , ψ) · γ (−2s, r∨2 ◦ φτ , ψ).

Here the first equality follows from Lemma 8.1, and the second from Corollary 6.6.
Thus, the proof of Proposition 7.3 shows that ρ5,v0,l corresponds to a discrete series
L-parameter of HF .
• Thanks to Lemma 8.1 again, we deduce from the proof of Proposition 7.4 that ρ5,v0,l

is independent of the choice of the prime l or the globalization 5 used (as long as ρ5,l
is pure of weight 0, and 5v0 has the same supercuspidal support as π ).

In view of the above, we may set

L(π) = the Frobenius-semisimplification of ρ5,v0,l

where5 is a cuspidal representation constructed as above. In this way, we have extended
the map L of Theorem 7.5 (except for property (ii)) to all discrete series representations.
Applying the Langlands classification theorem, we then recover Theorem 7.13 (except for
property (iii)), albeit under the additional Working Hypothesis II. We do not get property
(iii) (for generic discrete series representations) this way because in using the trace for-
mula to globalize, we could not ensure that the globalization of a generic representation
is globally generic.

We hope that the application discussed in this section will provide some impetus for a
systematic development of the local theory of invariant harmonic analysis and the global
theory of the Arthur–Selberg trace formula for general reductive groups over function
fields of characteristic p > 0.
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cal groups. Publ. Math. Inst. Hautes Éudes Sci. 99, 163–233 (2004) Zbl 1090.22010
MR 2075885

[CPSS] Cogdell, J., Piatetski-Shapiro, I. I., Shahidi, F.: Stability of γ -factors for quasi-split
groups. J. Inst. Math. Jussieu 7, 27–66 (2008) Zbl 1175.11024 MR 2398146

[CGP] Conrad, B., Gabber, O., Prasad, G.: Pseudo-Reductive Groups. 2nd ed., New Math.
Monogr. 26, Cambridge Univ. Press (2015) Zbl 1314.20037 MR 3362817

[DR] DeBacker, S., Reeder, M.: Depth-zero supercuspidal L-packets and their stability. Ann.
of Math. (2) 169, 795–901 (2009) Zbl 1193.11111 MR 2480618

[D1] Deligne, P.: La conjecture de Weil. II. Publ. Math. Inst. Hautes Éudes Sci. 52, 137–252
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