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Abstract. We investigate existence and uniqueness of weak solutions of the Cauchy problem for
the porous medium equation on negatively curved Riemannian manifolds. We show existence of
solutions taking as initial condition a finite Radon measure, not necessarily positive. We then estab-
lish uniqueness in the class of nonnegative solutions, under a quadratic lower bound on the Ricci
curvature. On the other hand, we prove that any weak solution of the porous medium equation nec-
essarily takes on as initial datum a finite Radon measure. In addition, we obtain some results in
potential analysis on manifolds, concerning the validity of a modified version of the mean-value
inequality for superharmonic functions, and properties of potentials of positive Radon measures.
Those results are new and of independent interest, and are crucial for our approach.

Keywords. Porous medium equation, Sobolev inequalities, Green function, potential analysis, su-
perharmonic functions, nonlinear diffusion equations, smoothing effect, asymptotics of solutions

1. Introduction

We are concerned with existence and uniqueness of weak solutions of Cauchy problems
for the porous medium equation on Riemannian manifolds of the following type:

u; =AWm) in M x (0, 00),

u=pu on M x {0}, (.1

where M is an N-dimensional complete, simply connected Riemannian manifold with
nonpositive sectional curvatures (a Cartan—Hadamard manifold), A is the Laplace—Bel-
trami operator on M, m > 1 and p is a finite Radon measure on M. Note that when
dealing with sign-changing solutions, as usual we set u” = |u|" 'u.

In the special case of the Euclidean space, problem (1.1) has been deeply investigated
in [26]. In particular, existence and uniqueness results for nonnegative solutions have been
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established. More recently, similar results have been generalized to the fractional porous

medium equation [32, 16, 15]. Furthermore, problem (1.1) with M = HY,

u = A@™) mHXXULmL (L.2)
u=pu on H" x {0},

where HV denotes the N-dimensional hyperbolic space, has lately been addressed in a
number of papers. In fact, in [31] it has been studied for m > 1 and p a Dirac delta, in
[27,28] form > 1 and u € L®(HY), and in [13] for u € LP?(HY) for any p > po
(for a certain po(m, N)) in a fast diffusion regime, i.e. (N —2)/(N +2) < m < 1.
More precisely, in [31] a thorough analysis of the fundamental solution of the differential
equation in (1.2), that is, the solution of (1.2) with u = §, is performed. That special
solution is then used to study the large-time behaviour of nonnegative solutions to (1.2)
with u € LY(HV).

The aim of our paper is to investigate existence and uniqueness of weak solutions to
problem (1.1) under the hypothesis that the sectional curvatures are nonpositive (this is
enough for existence), and that the Ricci curvature is bounded from below by —C(1 +
dist(x, 0)?) for some positive constant C and a fixed point o € M (this is required for
uniqueness). Under our assumptions M is necessarily nonparabolic (see Section 3), hence
the Green function G (x, y) on M is finite for all x # y.

In particular, we show that for any given finite Radon measure p (not necessarily
positive) there exists a weak solution to problem (1.1) which takes on the initial condition
in a suitable “dual” sense. Note that, in general, such a solution can change sign. On the
other hand, we are able to prove uniqueness under the additional assumption that w, and so
the corresponding solution, is nonnegative. Furthermore, we show that any weak solution
of the differential equation in problem (1.1) (i.e. without a prescribed initial condition)
necessarily takes on, in a suitable weak sense, a finite Radon measure as t — 0t, which
is uniquely determined (the initial trace). Observe that this property also justifies the fact
that we consider a finite Radon measure as initial datum in problem (1.1). Let us stress
that no result in the literature seems to be available as concerns signed measures, for
which we can prove existence and trace results.

Let us mention that in order to prove that the initial condition is taken on in a suitable
weak sense, we exploit some results from potential theory on Riemannian manifolds that
we have established here precisely for this purpose, but which also have an independent
interest. To be specific, we extend to Riemannian manifolds some results for potentials of
nonnegative measures given in the monograph [21], and we obtain a suitable mean-value
inequality for superharmonic (and subharmonic) functions, without assuming any sign
condition and in particular dealing also with positive superharmonic functions. Note that,
in contrast with the classical results in [22], where the standard mean value of nonneg-
ative smooth subharmonic functions is considered, we deal with a modified mean value
which takes into account the Green function of —A on M this allows us to remove the
nonnegativity assumption. This is essential for our purposes; in fact, since we deal with
positive superharmonic functions, the results in [22] cannot be applied in that case. In ad-
dition, we work with lower semicontinuous functions with values in (—oo, co] which are
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superharmonic (or subharmonic with values in [—o0, 00)) in a distributional sense only:
in fact, we shall apply such inequalities to potentials of Radon measures. In establish-
ing such modified mean-value inequalities, we follow the arguments of [2] (see also [8]
and references therein), where similar results are obtained in Euclidean space for general
second-order elliptic operators.

Note that mean-value inequalities involving Green functions, in the context of general
strongly nonparabolic Riemannian manifolds, have been first proved in [25]. However,
such inequalities are established for smooth functions, although they can be shown to
hold for Lipschitz functions (see [25, Remark 2.4]), a class of functions which is not
sufficient for our purposes.

We remark that the above mentioned results in potential analysis will also be crucial
in the proof of uniqueness. In fact, by adapting to the present setting the general “duality
method” (see [26]), we consider the problem satisfied by the difference of the potentials
of any two solutions taking on the same initial measure, and the corresponding dual one.

Let us also mention that, in a different framework, Green functions in connection with
the porous medium equation have recently been used in [5] to obtain certain sharp a priori
estimates.

From a general viewpoint, the fact that we are considering non-positively curved Rie-
mannian manifolds implies substantial differences form the Euclidean case. In fact, in
view of our hypotheses on sectional curvatures, we could have different properties for
the Green function and for the growth of the volume of balls (which can be exponen-
tial in the radius, as in HY, or even faster). Therefore, we need to use more delicate
cut-off arguments which exploit crucial integrability properties of the Green function. In
addition, our assumption concerning the bound from below for the Ricci curvature (see
(H)(ii) below) is essential since it ensures conservation of mass for the aforementioned
dual problem, a key tool in the uniqueness proof. It is not surprising that such a bound on
the Ricci curvature is essential for uniqueness, since it implies stochastic completeness
of M, which is equivalent to uniqueness of bounded solutions in the linear case (i.e. for
the heat equation); see [10].

The potential techniques we exploit allow us to establish an identity which expresses
the Green function in terms of the time integral of the solution of problem (1.1) with
n = 8y, for any x9 € M. The formula holds, indeed, on general Riemannian mani-
folds, without specific assumptions on its curvatures. In particular, it seems to be new,
to our knowledge, even in the Euclidean framework. On the other hand, it extends to the
nonlinear case a well-known formula, which relates the Green function to the heat ker-
nel. This result implies in particular that a manifold is nonparabolic if and only if the
Barenblatt solution is integrable in time. We are not aware of previous results connecting
nonparabolicity of a manifold to properties of nonlinear evolutions of the kind studied
here.

The paper is organized as follows. In Section 2 we state the main results and we give
the precise definition of solution to problem (1.1). In Section 3 we recall some useful
preliminaries in Riemannian geometry and basic facts concerning analysis on manifolds.
Then in Section 4 we obtain some results in potential analysis on manifolds; they are
mostly used in the subsequent sections, but they also have an independent interest. Ex-
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istence of solutions is shown in Section 5, along with the integral identity involving the
Green function. Finally, in Section 6 we prove both uniqueness of solutions and the results
concerning the initial trace.

Remark 1.1. Our results are presented for simplicity in the case of Cartan—-Hadamard
manifolds of dimension N > 3. However, they hold with identical proofs under the fol-
lowing more general assumptions:

e M is nonparabolic, complete and noncompact. Moreover, it supports the Sobolev-type
inequality || |26 < C |V f|2 forsome o > 1,C > Oandall f € C°(M);

e G(x,y) — Oasdist(x, y) = oo, uniformly in x € K, given any compact set K C M,

o there exists 0 € M such that x — dist(x, 0) is C2(M \ B) for some neighbourhood B
of 0 and | A, dist(x, 0)| < cdist(x, o) for a suitable constant ¢ > 0 and dist(x, o) large
(not necessary for existence).

Note that the above properties are fulfilled if M is, for instance, a nonparabolic, complete
and noncompact Riemannian manifold of dimension N > 3 possessing a pole o such that
cut(o) = ¥ (i.e. the cut locus at o is empty) and assumption (H)(ii) below holds, with
nonpositive sectional curvatures outside a compact set.

2. Statements of the main results

We consider Cartan—Hadamard manifolds, i.e. complete, noncompact, simply connected
Riemannian manifolds with nonpositive sectional curvatures. Observe that (see e.g. [10,
12]) on Cartan—-Hadamard manifolds the cut locus of any point o is empty. So, for any
x € M \ {0}, one can define its polar coordinates with pole at 0. Namely, for any point
x € M\ {o} there exists a polar radius p(x) := d(x, 0) and a polar angle § € SN~!
such that the geodesic from o to x starts at o with direction 6 in the tangent space T, M
(and has length p). Since we can identify 7, M with RY, 6 can be regarded as a point of
SN=l.={x eRN : |x| = 1}.
The Riemannian metric in M \ {0} in polar coordinates reads

ds? = dp* + A;j(p, 0)d6'de’,

where (8!, ...,6V~1) are coordinates in SV ! and (A;j) is a positive definite matrix.
Let

A:={f € C®(0,00)NC([0,00) : f/(0)=1, £(0) =0, f > 0in (0, 00)}.

We say that M is a spherically symmetric manifold or a model manifold if the Riemannian
metric is given by
ds® = dp® + ¥ (p)*d6?,

where d6? is the standard metric on S¥~!, and ¥ € A. In this case, we write M = My;
furthermore, we have v/A (p,0) = W(p)N _117(9) (for a suitable function 7).
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Note that for ¥ (r) = r, we have M = RN, while for ¥ (r) = sinhr, M is the
N-dimensional hyperbolic space HV.

For most of our purposes, we shall assume that the following hypothesis is satisfied,
where we denote by Ric, (x) the radial Ricci curvature at x with a given pole 0 € M (see
Section 3 for some more details):

(i) Ricy (x) > —C (1 + dist(x, 0)?) for some C > 0. (H)

{ (i) M is a Cartan—Hadamard manifold of dimension N > 3;

For instance, assumption (H) is satisfied if M = HY, and e. g. on Riemannian models
(see Section 3 below) associated with functions 1 such that " > 0 and ¥ (r) = e” “ for
any r > 0 large enough, for some 0 < o < 2.

Note that by (H) the Green function G(x,y) > 0 on M exists and is finite for all
X # y (see again Section 3), i.e. M is nonparabolic.

Let M™ (M) be the set of positive Radon measures on M, with M;(M ) = {u €
MFT(M) : u(M) < oo}. We shall also denote by M (M) the space of signed finite
measures on M, that is, measures that can be written as differences of two elements of
MEM).

Definition 2.1. Given a measure u € M (M), we say that a function u is a weak solu-
tion to problem (1.1) if

u € L=((0, 00); L' (M)) N L®(M x (1,00)) forall T > 0, 2.1)
V™) € L*((z, 00); L>(M)) forallt > 0, (2.2)
—/ / u(x,t)(pt(x,t)dV(x)dt—i—f / (V™) (x, 1), Vo(x,t))dV(x)dt =0
0 M 0 M
(2.3)

for any ¢ € C2°(M x (0, 00)), and

tlirr(l)/ u(x, e (x) dV(x) =/ d(x)du(x) forany¢ € Cp(M) := C(M)NL®(M).
- M M
(2.4)

In fact we shall prove (see Proposition 5.1 below) that weak solutions in the sense of
Definition 2.1 are continuous curves in L1 (M).

2.1. Existence and uniqueness results

Concerning existence of solutions starting from an initial finite (not necessarily positive)
Radon measure, which are allowed to change sign, we prove the next result. The strategy
of the proof is similar to the one of [16, Theorem 3.2], but new ideas are necessary,
since the method of proof of [16, Theorem 3.2] works only in the case of positive Radon
measures.
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Theorem 2.2. Let assumption (H)(i) be satisfied. Let @ € Mp(M). Then there exists a
weak solution u to problem (1.1) which conserves the quantity

w(M) = / u(x,t)dV(x) forallt >0 2.5)
M

and satisfies the smoothing effect

lu@®lloe < Kt~ |ul(M)F  forallt > 0, 2.6)

where K is a positive constant which only depends on m, N, and where

N 2

T m—-1N+2
Note that this result can be extended, apart from the conservation of mass, to the case of
the supercritical fast diffusion case m € ((N — 2)/N, 1) (see Remark 5.3 below).
Concerning uniqueness of nonnegative solutions taking on the same initial positive fi-
nite measure, we show the following result. The ideas of the proof bear some similarities
to the one given in [16, Section 5], being based on the duality method of Pierre [26], but
substantial differences occur, mainly due to the very different properties of the heat semi-
group and the Green function on M, related to our assumptions on sectional curvatures.

Theorem 2.3. Let assumption (H) be satisfied. Let uy and uy be two nonnegative weak
solutions to problem (1.1). Suppose that their initial datum, in the sense of (2.4), is the
same | € M';(M). Then uy = us.

Our final result concerns the existence and uniqueness of an initial trace for solutions to
the differential equation in problem (1.1).

Theorem 2.4. Let assumption (H) be satisfied. Let u be a weak solution of the differen-
tial equation in problem (1.1), in the sense that u satisfies (2.1)—(2.3). Then there exists
w € Mp(M) such that (2.4) is satisfied for any ¢ € C.(M) or for ¢ equal to a constant.

Under the additional assumption that u > 0, the conclusion holds for any ¢ € Cp(M),
for some u € MJ;(M).

Remark 2.5. We point out that our existence and uniqueness results also hold in the
linear case, i.e. for m = 1. To the best of our knowledge no results are available in the
literature if the initial condition is a measure. Note that for the heat equation the explosion
rate — dist(x, 0)? for the Ricci curvature is a sharp condition for uniqueness, as shown
in [20]. For several other sharp results in the linear case see [23, 18, 19, 24]

2.2. Superharmonic functions and modified mean-value properties

In this section we establish a modified version of the mean-value inequality for distribu-
tional superharmonic functions. It should be stressed that these results, of independent
interest, will be essential in the proofs of the potential-theoretic results of Section 4.2,
which are in turn fundamental to the proof of uniqueness for solutions to problem (1.1).
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Unless otherwise stated, we assume here that M is a nonparabolic manifold of dimen-
sion N > 2, with G being the minimal positive Green function of M.

Letu : M — (—o0, 0o] be a lower semicontinuous (l.s.c.) function. For r > 0 we
define

m,[u](x) :=/ u()IVyG(x,y)|dS(y) forallx € M, (2.8)
{yeM: G(x,y)=1/r}

where d S is the (N — 1)-dimensional Hausdorff measure on M. Moreover, for any o > 0,
we set

M, [u](x) = % /0 Cemeul(0)de  forall x € M. 2.9)

Let us recall the well-known smooth coarea formula (see e.g. [6, Exercise I11.12]). Let
¢ : M — R be of class C*°(M) with |V¢| € L®°(M), and let f : M — R be either
nonnegative or in L' (M). Then

/ f|V¢|dV=/d§/ FO) S,
M R {yep—1(&)}

By approximation it is not difficult to show that the formula is also true with the choices

¢(»)=[G(x, )] and f(y) =u()G(x, )™ X{yveM: G(x,y)>r}, for each fixed x € M.
So, one can rewrite (2.9) as

a+1

M [u](x) = oy

/ UG NI 29,6, NP dV()  (2.10)
{yeM:G(x,y)>1/r}

forall x € M.
Definition 2.6. We say that a L.s.c. function u : M — (—o00, 00] is m-continuous if

u(x) = lim m,[u](x) forallx € M.
r—0

Similarly, u is 9-continuous if

ulx) = limoimr[u](x) forall x € M.

We point out that if u is continuous, then it is both m-continuous and 9t-continuous
(see the proof of Lemma 4.1). Moreover, in general, if u# is m-continuous, it is also
IN-continuous.

Definition 2.7. We say that u € LIIOC(M ) is superharmonic (resp. subharmonic) if

/ u(x)A¢p(x)dV(x) < (>)0 forany ¢ € C°(M), ¢ > 0.
M

Moreover, u € LlloC (M) is harmonic if it is both subharmonic and superharmonic.
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Definition 2.8. We say that a L.s.c. function u : M — (—o0, 00] is m-superharmonic if
m,[u](x) <u(x) forallx € M andae.r > 0.
Similarly, u is 9M-superharmonic if
My [u](x) <u(x) forallx e M, r > 0.

Furthermore, we say that u is m-subharmonic if —u is m-superharmonic, while u is
IM-subharmonic if —u is 9-superharmonic.

Finally, we say that u is m-harmonic if it is both m-subharmonic and m-superhar-
monic, while u is 9-harmonic if it is both 9T-subharmonic and 9t-superharmonic.

We have the following result, which will be proved in Section 4.1.

Theorem 2.9. (i) Letu be M-continuous, l.s.c. and superharmonic. Then u is M-super-
harmonic.

(ii) Let u be M-continuous, upper semicontinuous and subharmonic. Then u is N-sub-
harmonic.

Of course, the above theorem implies that if u is continuous and harmonic, then u is
IM-harmonic, in agreement with the results of [25], which are given in principle for more
regular functions.

We stress again that the classical mean-value formula (for the Riemannian measure of
a ball) need not be valid, and that in principle only a mean-value inequality for nonnega-
tive subharmonic functions holds (see [22]).

By minor modifications in the proof of Theorem 2.9, a local version of such results on
general Riemannian manifolds (possibly parabolic) can be obtained, without supposing
that hypothesis (H) holds. In fact, we have the following.

Corollary 2.10. Let 2 C M be an open bounded subset. Let u be M-continuous, l.s.c.
and superharmonic in 2. Then u is M-superharmonic in 2. Similar statements hold for
subharmonic and harmonic functions.

Note that in Corollary 2.10, the function G in (2.8) is meant to be replaced by the Green
function of —A in " with homogeneous Dirichlet boundary conditions at 9$2’, where '
is any open bounded domain with smooth boundary such that Q2 € ’.

We remark that, besides the previous ones, we expect that further results given in [2]
can be extended to Riemannian manifolds. In particular, it should be true that if a function
u is m-continuous, l.s.c. and superharmonic, then it is m-superharmonic. However, we
limit ourselves to proving the results stated above, since they are the only ones we need
in the study of existence and uniqueness for problem (1.1).

2.3. A connection between the Green function and the porous medium equation

In this section we state a nonlinear counterpart of a well-known result that relates the
Green function to the heat kernel. In this case, the role of the heat kernel is taken over by
the fundamental solution By, of problem (1.1) with . = 3y, for each fixed xo € M.



The porous medium equation on Riemannian manifolds 2777

Suppose that hypothesis (H) is satisfied. Then by Theorem 2.2 the function By, is well
defined. If we drop that assumption, the method developed in Section 5.2 to construct By,
does not work. Nevertheless, the function on can always be defined as the monotone
limit of approximate solutions to Dirichlet problems set in Bg x (0, co) (for the details,
see the proof of Theorem 2.11 in Section 5.3). In general, we cannot in principle exclude
that B, = o0.

Theorem 2.11. Let M be a complete noncompact Riemannian manifold of dimension
N = 2. For any xo € M, let By, be the solution of problem (1.1) with (1 = 8y, in the
sense described above. Then

o0
G(xg,y) = / B)'Z)(y, tdt forally e M. 2.11)
0

In particular, the time integral in (2.11) exists and is finite if and only if M is nonparabolic.

As a consequence of Theorem 2.11 and of symmetry of the Green function (see (3.12)
below), we have the identity

00 o
/ B (v, 1) dt =/ By (xo,1)dt forall xo, y € M.
O 0

Remark 2.12. Since sectional curvatures are by assumption nonpositive, Hessian com-
parison (see (3.5) below) shows that B(I)E (p(x), 1), where B(f (Jx|, t) is the Euclidean
Barenblatt solution, is a supersolution of problem (1.1) with & = §p. By the compari-
son principle in bounded domains, it is not difficult to show that, as a consequence, if u is
a solution of (1.1) with u = uo and supp uo compact, then supp u(¢) is also compact for
all + > 0. For the details, we refer to the proof of Proposition 5.1.

Moreover, in view of the construction of By, by the same arguments as above we have
By < B(f in M x (0, co). In particular, supp By is compact.

3. Preliminaries on Riemannian geometry and analysis on manifolds

Let M be a complete noncompact Riemannian manifold. Let A denote the standard
Laplace—Beltrami operator, V the gradient (with respect to the metric of M) and dV
the Riemannian volume element.

In [29] it is shown that —A, defined on CZ°(M), is essentially self-adjoint in L2(M).
In particular, this implies that if f € L*(M) with Af € L>(M), then V f € L%(M), and
there exists a sequence { f;} C C°(M) such that

fi—=>f Vfi—>Vf Afj—> Af inL*M).

In addition, for any f, g € L>(M) with Af, Ag € L>(M) we have

/ ngdV:—/(Vf,Vg)dV:/ gAfdV.
M M M
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It is seen directly that the Laplace—Beltrami operator in polar coordinates has the form

[N A 3.1)
= 5 m ) PR ) .
0p? P 9p S

where m(p, 0) := %(log \/Z), A = det(A;)), Ag, is the Laplace—Beltrami operator on
the submanifold S, := 9dB(o, p) \ cut(o) and B(o, p) denotes the Riemannian ball of
radius p centred at o (B(p) for short). Furthermore, on model manifolds
A= ” + (N 1)W i + IA
9’ voap w2

where Agn-1 is the Laplace-Beltrami operator on SV -1

Let us recall comparison results for sectional and Ricci curvatures, which will be
used in what follows. For any x € M \ {0}, denote by Ric, (x) the Ricci curvature at x in
the direction d/dp. Let w denote any pair of tangent vectors from T, M having the form
(0/9p, X), where X is a unit vector orthogonal to d/dp. Denote by K, (x) the sectional
curvature at the point x € M of the 2-section determined by w. By classical results (see
e.g. [9], [10, Section 15]), if

K, (x) < —% O forallx = (p.0) € M\ {o). (3.2)

(0)

for some function J € A, then

mp.8)> N —DZLY forall p= 0,6 sV,
¥ (p)

Moreover (see e.g. [10, Section 3]),

R ~
V(Bg) > wy fo v (p)Ndp, (3.3)

where wy is the measure of the unit sphere SN ~1.
On the other hand, if
v (p)

Ric,(x) = —(N — 1) 70

forall x = (p,0) € M \ {0},

for some function ¥ € A, then

v'(p)

m(p,0) < (N —1) forallp >0, 0 € sV, 3.4
v(p)

Note that if My is a model manifold, then for any x = (p, 0) € My \ {0} we have

VPl and Rico() = —(N — L2

¥ (p) V(o)

Since in view of hypothesis (H) we have K, (x) < 0, we infer that condition (3.2) is
trivially satisfied with ¥ (p) = p. Therefore,

Ky(x) = —

m(p,0) > M=l orallx = (p,0) € M\ {o}. (3.5)
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Let spec(—A) be the spectrum of —A in L2(M). Note that (see [10, Section 10])
spec(—A) <€ [0, 00).
As a consequence of (H)(i), the Sobolev inequality

Ifll2x, < CsIVfll2 forall fe CF(M) (3.6)

holds for some positive constant Cs > 0, which is equivalent to the Faber—Krahn in-
equality
Q) = Cpr V(@)=Y 3.7

for some positive constant Cr g, for any bounded regular domain 2 C M. Here A1(2)
denotes the first eigenvalue for the operator —A in L?(2) with homogeneous Dirichlet
boundary conditions on d<2. Moreover, for some positive constant Cy one has

V(Br(x)) > CyR"Y foranyx € M,R > 0. (3.8)

Inequalities (3.6) and (3.7) and their connection are classical results, which follow e.g.
from [12, Exercise 14.5, Corollary 14.23, Remark 14.%4] or [17, Lemma 8.1, Theorem
8.3]. Furthermore, (3.8) is due to (H)(i) and (3.3) with ¥/ (p) = p.

Let G(x, y) be the Green function on M. Note that a priori (see [10]) either G (x, y)
=ooforallx,y € Mor G(x,y) < ooforall x # y.

Since M is by assumption a Cartan—Hadamard manifold and hence sectional curva-
tures are nonpositive, standard Hessian comparisons imply that

G(x,y) < Cdist(x, y)>™N  forallx,y e M, (3.9)

for a suitable C > 0 (we refer e.g. to [11, Theorem 4.2] and (3.15) below). In particular,
the Green function G(x, y) is finite for any x # y and vanishes as dist(x, y) — oo.
Furthermore (see [10, Section 4]),

Gx,y)~ Edist(x, y)z_N as dist(x, y) — O (for any fixed y), (3.10)
G(x,y)>0 forallx,y € M, (3.11)
Gx,y)=G(y,x) forallx,y € M. (3.12)

In addition,

for each fixed y € M, x — G(x, y) is of class C*°(M \ {y}), (3.13)
AyG(x,y)=0 foranyx € M\ {y},

and

/MG(x,y)Atb()C)dV(X) =—-¢(» =0 (3.14)

for any ¢ € C°(M) with ¢ > 0. Moreover, by Sard’s theorem, for all x € M and
a.e. (possibly depending on x) a > 0, one has VyG(x, y) # 0 on the level set {y € M :
G (x, y) = a}. In particular such level sets are smooth.
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Let & be the heat kernel on M; we have the identity
0
Gx,y) = / h(x,y,t)dt forallx,ye M (3.15)
0

(see [10]). Moreover, let {T;};>0 denote the heat semigroup on M. The minimal positive
solution of the Cauchy problem for the heat equation

u; = Au in M x (0, c0),

u=uge L' (M), up>0 onM x {0},

can be written as
Tiluol(x) = / hix,y,Huog(y)dV(y) forallx e M,t>0.
M
Note that

IT:oll, < ll¢ll, forallz >0, pel[l,o0], ¢ € LP(M). (3.16)

Furthermore, as a consequence of (3.6), we have

C
IT:¢lloo = —577lI01h forany 1 > 0, ¢ € L' (M), (3.17)

for some C = C(N) > 0 (see e.g. [7, Chapter 4]).

4. Auxiliary results in potential analysis on Riemannian manifolds

This section is devoted to establishing some crucial results for superharmonic functions
and potentials of Radon measures, the latter being closely related to the former. Here, un-
less otherwise stated, M will always be assumed to be a nonparabolic Cartan—-Hadamard
manifold of dimension N > 2.

4.1. Proof of the modified mean-value inequality and properties of superharmonic
functions

In order to show the modified mean-value inequality, we need a preliminary lemma.

Lemma 4.1. For each fixed y € M, the function x — G(x,y) from M to [0, o] is
superharmonic. Moreover, it is both m- and 9R-continuous.

Proof. In view of (3.10) and (3.14), the function x — G(x, y) is superharmonic. Fur-
thermore, an easy application of the divergence theorem yields, for any x € M and a.e.
r>0,

_ / G(x, y)Ad(y) dV(y)
{yeM :G(x,y)>1/r}

1
= —m,[$](x) - =

/ AP (y)dV(y) + lim my[p](x)  (4.1)
" J{yeM:G(x,y)>1/r} p—0



The porous medium equation on Riemannian manifolds 2781

for any ¢ € C*(M). This can be shown exactly as in [2, formula (11.4)], upon noting that
lim,_, o m,[¢](x) exists, as proved in formula (11.2) and just above (11.7) in [2].

Now, we choose ¢ = & with & € CX°(M), £ = 1 in a neighbourhood of x, and
r > 0 so large that supp § C {y € M : G(x,y) > 1/r}. Hence, using (3.14), (4.1), an
integration by parts, and the fact that m,[¢](x) = 0, we obtain

lim IVyG(x, y)|dS(y) = 1. 4.2)
=0 Jyem : G(x,y)=1/p}

From (4.2) it easily follows that any continuous function on M is automatically m- and
so <M-continuous. Therefore, for each y € M, the function x — G (x, y) is m-continuous
atany x € M \ {y}. It remains to show that it is m-continuous also at x = y. This is a
straightforward consequence of the very definition of m, and (4.2):

lim m,[G(-, y)](y) = lim G(y,2)IV:G(y,2)|dS(2)
r—0 =0 J(zeM :G(y,0)=1/r}
1
= lim — V.G (y,2)|dS(z) = 0.

=07 JizeM:G(y,2)=1/r}

Hence the function x — G(x, y) is 91-continuous, too. This completes the proof. O

Proof of Theorem 2.9. We shall prove that for every x € M the function r — 90, [u](x)
is nonincreasing in (0, co). Note that this property combined with the fact that u is
M-continuous easily gives the conclusion.

Now, let ¥ € C®([0, c0)) with ¢ > 0, ¥ constant in [0, €), ¥ = 0 in [R, co) for
some R > ¢ > 0. Fix any x9 € M. Define

1

¢()C) = w<m> forallx e M, “4.3)

with the obvious convention that ¢ (xg) = ¥ (0). In view of (3.13) and (3.9), we have
¢ € C°(M). Since u is superharmonic, Definition 2.7 implies

/’MA¢dV5o. 4.4)
M

A straightforward computation yields

1
G(x0, x)

Ag(x) =

|WG%Jm[u< 1
G (xg, x)* G (x9, x)

>i| forallx e M.
4.5

In view of (3.11), of the explicit form of A¢ (x) given above, and of the discussion after
formula (3.14), we can apply the smooth coarea formula (see again [6, Exercise II1.12]),

)+2G(x0, x)W(
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(4.4) and (4.5) to get

OZ/ ulAepdyv
M

/"O [V G (x0, x)|
0 JixeM:1/G(xg,x)=1) G(xg, x)

{
VA 1 I 1
X |:1/f (—G(xo, x)) + 2G (xg, )Y <—G(xo, x)>:| dt

=/ ﬂ[y/’(z)+ 2V (t)}/ u(x)| VG (x0, x)| dS(x) dt
0 t {(xeM :1/G(xp,x)=t}

o0 o0
= / [ () + 209 (1) m [u] (xo) di = / @Y () mi[ul(xo)dr.  (4.6)
0 0
Given any n € C2°((0, oo)) with n > 0, we can pick
(e.¢]
Y(t) = / ﬂj)ds forall t € [0, 00).
l S
Using such i in (4.3) and (4.6) we obtain
x
/ n' (tym,[ul(xo) dt =0 forall n € C°((0, 00)), n > 0. 4.7)
0
By [3, Lemma 8.2.13], (4.7) implies that the function r — 991, [u](x) is nonincreasing
in (0, 0o). This completes the proof. O
As a consequence of Lemma 4.1 and Theorem 2.9 we obtain the next result.

Corollary 4.2. For eachy € M, the function x — G(x, y) is M-superharmonic.

We have two further lemmas, concerning superharmonic functions, which will be used in
what follows.

Lemma 4.3. Let u be an M-superharmonic function. Then u is N-continuous.

Proof. Let x € M. From Definition 2.8 we immediately deduce that
u(x) > lim sup M, [u](x). 4.8)
r—0

Now, let ¢ > 0 and u(x) < oo (the proof for u(x) = oo is analogous). Since u is L.s.c.
at x, there exists 7, > 0 such that

inf u>u(x)—e. “4.9)
Bz, (x)
Due to (3.9), there exists 7, > 0 such that
{yeM:Gx,y)=1/p} C Br.(x) forallO0 < p <r,. (4.10)

Hence, in view of (4.9) and (4.10), we obtain

o

1 r
M, (1] (x) > [u(x) — ] ratl /O p“/{ ety TEENNASWIdp @11
YEM :G(x,y)=1/p
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forall 0 < r < 7.. Due to (4.2), letting » — 0 in (4.11) yields

limi(l)lfi)ﬁ, [u](x) > u(x) —e. 4.12)

The conclusion follows from (4.8) and (4.12), since ¢ is arbitrary. ]

Lemma 4.4. Let {u,} be a sequence of M-superharmonic functions. Then the function
x = liminf,_  u, (x) is M-superharmonic, provided it is L.s.c.

Proof. Since each u, is 9t-superhamonic, it satisfies

o

+1 (7
o | e f VG IdSG)dp  (@13)
r 0 {yeM :G(x.y)=1/p}

up(x) >

for all x € M. By Fatou’s Lemma applied to the right-hand side of (4.13),

1 r
liminfun(x)zatl f p”/ liminfu, (y)|VyG(x, y)|dS(y) dp.
n—00 re 0 {yeM :G(x,y)=1/p

} n—oo

so liminf,,_,  u, is MM-superharmonic. ]

4.2. Potentials of Radon measures and their properties

We start by recalling the definition of vague convergence for Radon measures.

Definition 4.5. Given a sequence {u,} C M+ (M) and u € M+ (M), we say that u,
converges vaguely to 1, and we write

Un — L asn — 00,
if
/ ¢du, — / ¢du asn — ooforallp € C.(M). (4.14)
M M

The same definition holds for a sequence {u,} C Mp(M) and u € Mp(M). In the
latter case the validity of (4.14) plus the condition sup,, |, |(M) < oo is equivalent to the
validity of (4.14) for all ¢ € Co(M) :={p € C(M) : ¢(x) — 0asd(x,0) — 00} (see
e.g. [1, Definition 1.58]).

A well-known compactness result asserts that if sup,, [, |(M) < oo then there exists
uw € Mg (M) such that (4.14) holds for all ¢ € Co(M) along a subsequence [1, Theo-
rem 1.59].

Furthermore, vague convergence implies a lower semicontinuity property:

Il (M) < liminf |, |(M).
n—o00
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For any i € M™ (M) we define its potential as
G*(x) :=/ G(x,y)du(y) forallx € M.
M

Note that, in general, G* is a function from M to [0, co]. When du(y) = f(y) dV(y) for
some measurable function f > 0, we shall use the simplified notation

Qf(x) = / Gx,y)f(y)dV(y) forallx e M. (4.15)
M

The same definition holds for any u € Mp(M), namely G#* = G*+ — G*~_ In this case
G"(x) only makes sense for almost every x € M; by means of Tonelli’s Theorem and
estimate (3.9), it is straightforward to show that potentials of finite Radon measures are at
least LllOC (M) functions.

The main goal of this section is to prove the next result.
Proposition 4.6. Let {i,} € MY (M) and u € M (M), with i, — w. Suppose that
for each compact subset K C M and for any ¢ > 0 there exists R, > 0 such that

/ f Gx,y)dV(y)du,(x) <e forany R > R, n € N. (4.16)
¢ JK
R
Then
G (x) = lim ioréfg“" (x) foreveryx € M, 4.17)
n—
provided x — liminf G/ (x) is Ls.c.

We point out that Proposition 4.6 will play a key role in the proof of Theorem 2.3. In
particular, the fact that (4.17) holds for every x € M will be fundamental.
The proof of Proposition 4.6 requires some preliminary tools.

Proposition 4.7 (Principle of descent). Let {u,} C MT(M) and 1 € M™(M). Sup-
pose that (i, — . Then

gt (x) < lin_l)gfg“" (x) forallx e M. (4.18)

Proof. Assume first that there exists a compact subset K such that supp u, C K for any
n € Nand supp u C K. For each ¢ > 0 define

Ge(x,y) = forallx,y e M,
e(x,y) ¢8<G(x,y)> orallx,y
where
/e, r<e,
¢:(r) '_[l/r, r>e.

Note that G, is continuous and bounded in M x M furthermore, for each ¢ > 0,

Gy(x,y) <G(x,y) forallx,ye M, (4.19)
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and
G:(x,y) > G(x,y) ase —> Oforallx,y e M. (4.20)

Hence, in view of (4.19) and of the fact that i, — w,

[ Ge(x, y)dp(y) = lim / Go(x, ) dpin(y) < liminf f G, ) dun(y) (421)
M n—oo M n—oo M

for all x € M. As a consequence of (4.20), (4.21), and Fatou’s Lemma, we obtain
0"(v) = [ tim Go(x.3) duy) < timinf [ Gutx ) duy)
M e—>0 e=>0 Ju
< liminf/ Gx,y)du,(y) forallx e M.
n— oo M

In order to complete the proof, we have to get rid of the assumption supp u,, C K for
any n € N and supp u C K. To this end, note that since w is locally finite, the function
R +— w(Bg) is locally bounded and nondecreasing, thus its jump set is countable. There-
fore, we can select an increasing sequence {Ry} C (0, co) such that (9 Bx) = 0 where
By := Bpg, . This implies that /Lﬁ ‘= Wn]Br — u|By =: ,uk asn — oo, foreachk ¢ N
(see [1, Proposition 1.62]). So,

" (x) < liminf G* (x) < liminfG* (x) forallx € M.
n—oo n—oo

Hence (4.18) follows by letting k — oo in the above inequality, in view of the monotone
convergence theorem. O

Lemma 4.8. Let p € M+ (M). Then G* : M — [0, oo] is a L.s.c. function.

Proof. Given xo € M, take any sequence {x,} C M with x, — xp. Due to Fatou’s
Lemma, the continuity of y — G(xq, ¥) in M \ {xo} for each xog € M, and (3.10), we get

G (xo) = / lim G(x,, y)du(y) < liminf/ G(xp, y)dpu(y) = liminf G* (x).
M n—oo n—oo M n—o0
This completes the proof. O
Lemma 4.9. Let the assumptions of Proposition 4.6 be satisfied. Then
G*(x) = liminfG**(x)  for V-a.e. x € M. 4.22)
n—oo
Proof. Towards a contradiction, suppose that for the set
E:= {x € M : G*(x) < liminf GHn (x)}
n—oo

we have V(E) > 0. We can therefore select a compact subset K C E with V(K) > 0.
By Fatou’s Lemma and the very definition of E, we have

/ ghdy < / liminf G** dV < lim inff GHn dy. (4.23)
K K K

n—o0 n—o0
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Note that for any v € M™ (M), by Tonelli’s Theorem,
/ g”dv=/ px dv,
K M

Pk (x) 52/ G(x,y)dV(y) forallx € M.
K

where

Since ¢ = GXX, Lemma 4.14 below implies ¢px € C(M) N L°°(M). For any R > 0 let
¢II§ be a continuous function on M with

¢k (x) foranyx € Bg,
P (x) = .
0 foranyxeBR+l,
and
PR <px inM
We have

‘/ ¢1<dﬂ—/ ok duy
M M

5/ <¢K—¢,’§>dun+/ <¢K—¢,’§>du+‘/ ¢,’§dun—f ¢,’§du‘. 4.24)
M M M M

1 163 I3

Thanks to (4.16), I; can be estimated as follows: for any ¢ > 0 there exists R, > 0 such
that forall R > R.,n € N,

0<1 < / bk diin < é. 4.25)
o

Now, for any Ry > Ry > 1let§ € C(M) with

gllslsRZ(x)zé(x): {‘f’[{(x) fOl‘anyxeBRz\BRl,

0 foranyxereHlUBR]_l,

and
£ <¢x inM.

Since u, — wn asn — oo, property (4.16) and Fatou’s Lemma imply

/ dxdu < liminf/ Edp = liminf lim Edu, < limsup/ Pxdu, <e¢
Bg, Ry—o0 Jy R BE

2—>00 N—>00 [ s n—>00 -
provided Ry > R, + 1. This yields

0<h <e forallR> R, + 1. (4.26)
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Moreover, I3 — 0 as n — oo by the very definition of vague convergence. Hence, letting
n — oo in (4.24), choosing R > R, + 1, using (4.25) and (4.26), we deduce

lim sup f oxdu — / S du,| < 2e, 4.27)
n—o00 M M
which contradicts (4.23). Thus, (4.22) follows. m]

Lemma 4.10. Let 1 € M (M). Then G* is IN-superharmonic.

Proof. Letx € M and r > 0. Thanks to Tonelli’s Theorem and Corollary 4.2, we have

g"(x) =f G(x,y)du(y) Z/ MAGC I dp(y)

a+1
= T / / P “mp[G (-, Y)I(x) dp du(y)
a+1
= W/ / p“/ Gy, D)IV:G(x,2)|dS(z)dpd(y)
M JO {zeM : G(x,2)=1/p}
a+1 [
=~ / p"// G(y, 2IV:G(x,2)|dS(z) du(y) dp
r 0 M J{zeM :G(x,2)=1/p)}
G"(2)
—_—
a+1 [
= [ | 6 dne) 9.6 21 ds(@ dp
0 {zeM :G(x,2)=1/p} /M
= M, [G"](x),
and the proof is complete. O

Proof of Proposition 4.6. From Lemmas 4.4 and 4.10, both G* and £ := liminf,,_, ,c G/**
are -superharmonic. Hence, in view of Lemma 4.3 and (4.22), for every x € M,

L) = lim M, [L](x)

= lim = / / LOIVyG(x, y)|dS(y) dE
=0 r YEM : G(x,y)=1/&}

oa+1 / /‘
= lim GHWIVyG(x, )| dS(y)dE
r—0 rotl yEM : G(x,y)=1/¢) ’

= hr%imr[g"](X) = G"*(x);

we point out that here we have used (2.10) in order to circumvent the fact that G* and £
coincide only V-a.e.in M. |

Let us recall the following well-known result, which will be essential in the proof of
Theorem 2.2, in the case of signed measures.
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Lemma 4.11 (Jordan decomposition). Let u € Mg (M). There exists a unique couple
(Mg, o) € ./\/l';(M) X M‘;(M) such that © = py — u— and

WP = gy UN = P (4.28)
for any other couple (up, un) € M;(M) X ./\/lJFr(M) such that
W= WP — LN (4.29)
Moreover, (44, ju—) is the unique minimizer of the functional
(up, un) = up(M) + un (M) forall up, un € ./\/l}t(M) subject to (4.29).

The corresponding minimum is referred to as the total variation of u, and it is denoted by
|| (M), the total mass of the positive finite Radon measure ||| = (4 + (L—.

Proof. This is a classical result in measure theory: see for instance [33, Theorem 10.8].
We point out that the last statement is just a consequence of (4.28). In fact, in view of the
latter, given any decomposition (up, uar) 7 (14, u—) there necessarily exists a Borel
set A C M such that either up(A) > u4+(A) or upr(A) > u—(A). In particular,

(M) = u4(A) + pu (M \ A) + u—(A) + pu—(M \ A)
< pp(A) + up(M\ A) + pun(A) + uny M\ A) = up(M) + un(M). O

Remark 4.12. If du(x) = f(x)dV(x) for some f € LY(M), then du,(x) =
f+(x)dV(x) and du—(x) = f-(x)dV(x).

We now show a standard uniqueness result involving potentials of finite Radon measures.

Lemma 4.13. Let u,v € Mg, and suppose that G*(x) = GV(x) for almost every
x € M. Then u = v. In particular, if u (or v) is positive, then G*(x) = G"(x) for
every x € M.

Proof. Let ¢ € C2°(M). In view of the assumptions, we have

/Q”(X)Af/’)(X)dV(x):/ G' () AP (x) dV(x). (4.30)
M M

By Fubini’s Theorem (recall (3.9)), (4.30) is equivalent to

/ / G x, ) AG() dV(x) dpu(y) = f / G x, ) AG() dV(x) dv(y),
MJIM MJIM
that is,
/ 6 () duly) = / $() dv(y). @31)
M M

From (4.31) the conclusion follows thanks to density of CS°(M) in C.(M). O

The following result, which is crucial for what follows, is concerned with integrability
properties of potentials of functions in LY(M) N L% (M).
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Lemma4.14. Let N > 3 and f € L'(M)N L% (M). Then G/ € C(M)N LP(M) for all
pe(N/(N—=2),00], VG € [L>(M)]V, and

/|ng|2dV:/ FGlav. (4.32)
M M

Proof. We first show that ¢l ec (M). To this end, fix any xo € M, ¢ > 0, and suppose
that x € B.(xp). We have

67 () — 67 (xo)| < /M 1G(x. ¥) — Gxo. M| Lf D) V()
< ||f||oo/ [G(x, y) + Gxo M1AV(Y)
Bs(xo)

+/ IG(x, y) — G(xo, M fWIdV(y).
B (xo)
Due to (3.9), since f € L'(M), by dominated convergence we get

/B( )IG(x,y)—G(xo,y)lIf(y)IdV(y)—>0 asx — x.
£ (xo

On the other hand, since y — G(x, y) is bounded e.g. in L% (B¢ (x0)) uniformly with
respect to x € M (recall again (3.9) and the fact that the Riemannian measure V is locally
Euclidean), and G(x, y) — G(xp,y) as x — xo for every y € M, we see that G(x, y)

converges weakly to G(xg, y) in L% (B¢ (x0)), so that

/ Gx,y)dV(y) — G(xo,y)dV(y) asx — Xxg.
Be (x0) Be (x0)

Hence,
timsup 167 ) = 6/ o)l <20l [ Gl 1)V,
X—>X0 Bs(x()

and the claim follows by letting ¢ — 0, thanks to the local integrability of y = G (xg, y).

In order to prove that Gl e LP(M) forall p € (N/(N — 2), oo, it is convenient to
use the representation formula (3.15) for the Green function. In fact, by means of (3.16),
(3.17) and interpolation, it is straightforward to infer the following estimate:

N(p—1)

IT:fllp =Ct 2 \flli  Vpe(, o00), Vi >0, (4.33)
where C is a positive constant depending only on N, p. By (3.15),

o0 1 00
1G7 1l 5/0 IT: flp dt =f0 IITszI,,dtvL/l IT: fllpdt  Vpell,oo]l. (4.34)

By using (3.16) and f € LY(M) N L®(M), the first integral on the r.h.s. of (4.34) is
finite for every p € [1, oo]. By means of (3.17) we can deduce that the second integral
on the r.h.s. of (4.34) is finite for p = oo; furthermore, thanks to (4.33), that integral is
also finite for all p € (N/(N — 2), 00). We have thus shown that G/ € L? (M) for all
pe€(N/(N —2),o00].
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We are left with the proof of (4.32). We assume, with no loss of generality, that f > 0.

For any R > 0, we denote by QI’; the potential of f in Bpg, that is, the unique H(} (BR)
solution to

—Av = f in Bg,
v=0 on 0Bg.
Clearly,
f2 _ f
IVGRl“dV = fGrdV. (4.35)
Bgr Bgr

Because QIJ; converges monotonically from below to G/ and f € LY(M) N L®(M),
and because from the first part of the proof we know that G/ € LP(M) for all p e
(N/(N — 2), oo], we can pass to the limit in (4.35) as R — oo to get

/ |vgf|2dV§f fGrav
M M
and
VGl = vg/  in[L*mn1V, (4.36)

where Vg,’; is set to be zero in Bj. Exploiting the fact that g;; = 0 on dBr and
—AGT = f in M, we obtain

/ (vGh.vglyav = | fGhav. 4.37)
Bg Bg
Identity (4.32) then follows by letting R — o0 in (4.37), on using (4.36) and the mono-

tone convergence of g}; to G/. The case of signed functions follows by writing f =
f+ — f~, and using the linearity of the potential operator. O

5. Existence of weak solutions: proofs

This section is devoted to the proofs of our main results concerning existence and funda-
mental properties of the weak solutions to (1.1) we construct.

5.1. Consequences of the definition of weak solution

The aim of this subsection is to prove the following result, which establishes some fun-
damental properties enjoyed by weak solutions in the sense of Definition 2.1.

Proposition 5.1. Let assumption (H)(i) be satisfied. Let u be any function satisfying
(2.1)-(2.3). Then

u € C((0, 00); LY (M), (5.1

/ u(x,t1)dV(x) = / u(x,)dVx) forallt, >t >0, 5.2)
M M

(oo < Kt~ |ul? forallt > 0, (5.3)

- L ((0,00); L1 (M)

where K is a positive constant which only depends on m, N, and «, B are as in (2.7).



The porous medium equation on Riemannian manifolds 2791

In order to prove Proposition 5.1 we need a preliminary lemma, which relies on results
on the porous medium equation that are by now well known.

Lemma 5.2. Let uw = ug € L' (M) N L®(M). Then there exists a unique weak solution
u to problem (1.1) satisfying (2.1)—(2.2) down to T = 0 and

_/ / u(x,t)q),(x,t)dV(x)dtJr/ /(V(u”’)(x,t),Vgo(x,t))dV(x)dt
0o Jm 0 /M
:/Muo(x)go(x,O)dV(x) (5.4)

for any ¢ € C°(M x [0, 00)). Moreover, u € C([0, 00); LI(M)), and if v is another
weak solution to problem (1.1) with initial datum vy € LY (M) N L (M) then

lu(@) —v®lli < lluo —volli  forallt > 0. (5.5)

Proof. Asug € L! (M) N L*° (M), existence of the so-called energy solutions, that is, so-
lutions for which (2.1)—(2.2) hold down to T = 0 and (5.4) is satisfied, is rather standard
(we refer e.g. to [30, Sections 5, 9] for the Euclidean case). The simplest way to construct
them is e.g. by using approximate problems on balls, establishing suitable a priori esti-
mates and then passing to the limit as the radius of the ball goes to infinity. A sketch of
an analogous procedure is provided at the beginning of the proof of Theorem 2.2 below.
Uniqueness in this class is due to a well-known theorem by Oleinik (see [30, Section 5.3]).
The continuity of u(¢) as a curve in L' (M) is then a consequence of an alternative con-
struction of the solution, which makes use of the Crandall-Liggett Theorem and proceeds
by means of time discretization (see [30, Section 10]). Also the L'-contractivity inequal-
ity (5.5) is a classical fact (see [30, Section 3]).

For similar issues involving existence, uniqueness and equivalence of different con-
cepts of solution (in the framework of the fractional porous medium equation), we also
refer to [15, Appendix A]. O

Proof of Proposition 5.1. Given almost every 7y > 0, namely any Lebesgue point of u(¢)
asacurvein L' (M), let {6’5‘)} (0 < o < tp) be afamily of positive, smooth approximations
of X[#,00) such that supp 92,0 C [to — 0,00) and (Gé‘))’ — &, as ¢ — 0. Let ¢ be any
function in CZ°(M X [ty, 00)); we can assume that ¢ is the restriction to M x [fy, 00) of
some function in C2°(M x (0, 00)). Hence, by plugging in (2.3) the test function

Po(x,1) =02 (Ne(x,1)  V(x,1) € M x (0, 0)
and letting o — 0, we end up with the identity
o o
—/ / u(x,t)<p,(x,t)dV(x)dt+/ / (V™) (x, 1), Vo(x, 1)) dV(x) dt
th JIM fn JM
= [ utr g ave
M

On the other hand, by Definition 2.1 it is apparent that (2.1)—(2.2) hold for t = fy; we
have therefore shown that u ][, o) is a weak solution to (1.1) (with O replaced by fj) in
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the sense of Lemma 5.2, starting from the initial datum p = u(tg) € L'(M) N L®(M).
In particular u € C([ty, 00); L'(M)), whence (5.1) because #o can be arbitrarily small.

To establish (5.2), we use a reasoning similar to the one outlined in Remark 2.12.
Indeed, by the same arguments, we know that the free-mass time-shifted Barenblatt func-
tions

By P (p(x), 1) == (t + DD —k p(x)>(t + P/ (5.6)

for all (x,t) € M x (0,00), VD > 0 are (weak) supersolutions to (1.1) with initial
datum pu = B(;E’D(p(x), 0), where «, B8 are as in (2.7) and k is a positive constant de-
pending only on m, N. Let us first prove (5.2) under the additional assumption that u(#1)
is compactly supported. In this case, we can always choose D in (5.6) so large that
lu(x, )| < B(f’D(p(x),O). Hence, because Bg’D(p(x), t) and —B(f’D(p(x), t) are a

supersolution and a subsolution, respectively, it follows that

By P(p(),t — 1) <ulx,0) < BEP(o(x), 1 — 1) forae. (x,1) € M x (11, 00).
(5.7)

Since B(f D s compactly supported for all times, estimate (5.7) implies that u is also
compactly supported for all times. In particular, (5.2) holds. If u(#{) is not compactly
supported, we can pick a sequence of initial data uj,, € L'(M) N L*®(M), with com-
pact support, such that lim,, o u1 , = u(f1) in L'WMm ). If we denote by u,, the solution
to (1.1) corresponding to i = u1 ,, the above argument shows that (5.2) is satisfied with
u replaced by u,, (t — 1): on the other hand, the L!-contractivity inequality (5.5) ensures
that the solution map is continuous in LY(M), so we can let n — 0o to get (5.2).

Let us finally deal with the smoothing effect (5.3). For initial data u( and correspond-
ing solutions u as in Lemma 5.2, the estimate

u(®)[los < Kt—“||u0||f](M) forallt > 0 (5.8)

is a consequence of the Sobolev inequality (3.6) (see e.g. [4, Theorem 4.1] or [14, Corol-
lary 5.6]). Hence, by applying (5.8) to u][;,,00) We obtain

lu®lloo < Kt} 4y < KO0 s ey TOTaILE > 113

since #; > 0 is arbitrary, the conclusion follows. O

5.2. Proof of the existence result

Let us outline the main ideas behind the proof of Theorem 2.2. Suppose first that w is a
compactly supported measure. Take . € L'(M) N L% (M) such that

/ ¢M8dV—>f ¢du ase — Oforany ¢ € Cp(M), 5.9
M M
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and
/|ug|dV—>|,u|(M) ase — 0; (5.10)
M

to this end it suffices, for instance, to mollify the image of x on R" and then go back
to M through one of the regular bijections between M and R" . For any fixed ¢ > 0 and
R > 0, consider then the following homogeneous Dirichlet problem:

u; = A™) in Bg x (0, 00),
u=20 on dBgr x (0, 00), (5.11)
u=pelp, onBgx{0},

for which one can provide the same definition of weak solution as in Lemma 5.2 upon
replacing M with Bg and requiring in addition that u™ € H(} (BRr). Existence, uniqueness
and good properties of the weak (energy) solution to (5.11), which will be denoted by
ug R, can be shown by well-established methods (see again the proof of Lemma 5.2).
Classical compactness arguments ensure that {u, g} converges (up to subsequences), as
R — o0, to a function u, satisfying (2.1)—(2.3). A further passage to the limit as ¢ — 0
yields a function u which still satisfies (2.1)—(2.3). The hardest point is to prove that u
also fulfils (2.4), that is, its initial trace is precisely w. To this end we have to adapt to our
framework some potential techniques first introduced by M. Pierre [26] and then recently
developed in [32, 16] in the nonlocal Euclidean context. Finally, we handle general finite
measures (not necessarily compactly supported) by an additional approximation.

Proof of Theorem 2.2. By standard arguments one can infer that the weak (energy solu-
tion) u, g to (5.11) satisfies the nonexpansivity of the L' norms

e RO 1 gy < Iitell i,y forall s >0, (5.12)
the L'-L> smoothing effect
e, ROz < Kt lpellf, , ,  forallt >0, (5.13)

and the energy estimates

t
/ 2 / IV @) e, )2 dV(x) dit + / lue, g (x, )" T AV (x)
1 JBR Br

— 1
< K" et (514
” 2 ~ 146
— m
/ f |z, ): (6, D2 AVC0 dr < C 7™ e |10 (5.15)
t; JBgr
for all f, > 1 > 0, where z; g := ug"RH)/ Zand Cisa positive constant that depends on

N, m, t1, tp but is independent of ¢, R. In the Euclidean context estimates (5.12), (5.14),
(5.15) are by now classical: see again [30], in particular Section 5 there. The fact that here
Bp, is a ball on a Riemannian manifold is inessential. The smoothing effect (5.13) is again
a direct consequence of the Sobolev inequality (3.6).
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Let G, g be the potential of u, g, that is,

Ger(x,1) :=/ Gpr(x, Y)ug r(y,t)dV(y) forallx e M,t >0,
M

where Gp is the Green function of the Dirichlet Laplacian in Bg. We claim that G g
solves

(gé‘,R)[ = _MZ%R in BR X (0’ OO),

in the sense that
/ Ge.r(x, 1) (x) dV(x) — / Ge.r (s 1) () dV(x)
Bgr Bpr

n
= —/ / up p(x, ) (x)dV(x)dr  (5.16)
t Bg ’
forall #, > t; > 0 and any ¢ € CZ°(BR). Indeed, by standard elliptic regularity,

G (x) = /B Gr(x. () dV(y) € CF(BR). 5.17)
R

Hence, we are allowed to pick the test function ¢(x, 1) = g}’; (x) [o9é1 (1) — 9222 ()] in the
weak formulation of (5.11), with 92)‘ defined as in the proof of Proposition 5.1. By using
the fact that (—A)gz = ¢ in Bpg, integrating by parts and letting 0 — 0, we get

/ e (6, )L () dV(x) — / e (6, 1)G2 () AV ()
Br Bgr
1
= —/2/ MZR(x,t)d)(x)dV(x)dt, (5.18)
1 Br

which is (5.16) up to an application of Fubini’s Theorem on the left-hand side. By letting
t;1 — 01in (5.18), we obtain

fB e R (X, 1)G2 (6) dV(x) — /B G2 (x) e (x) dV(x)

[5)
=—/ / W g, DG () dV () dr.  (5.19)
0 Bpg

We now let R — oo. Thanks to (5.12)—(5.15), routine compactness and lower-semi-
continuity arguments ensure that {u. g}, set to be zero outside Bg, converges almost
everywhere (up to subsequences) to some function u, which satisfies (2.1)—(2.3) (with u
replaced by u.) and the analogues of (5.12)—(5.15):

e (@)1 < llpeelln forall r > 0, (5.20)
e (0)lloo < Kt~ [luell{  foralls > 0, (5:21)
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15}
[ wanpavedr s [ emrt ave
hoIM M 1+Bm
< K" P (5.0)

1% ~ "
/ / (ze)s (x, P dV(x) di < C 17" | |1} P, (5.23)
11 M

u§m+l)/2

forall t, > t; > 0, where z, := . Moreover, since

Jim Ghx)=G%(x) VxeM, G®ecCoM), IG5 <g¥

(consequences of definition (4.15) plus (3.9), (3.10), (3.13)), by exploiting estimates
(5.12)—(5.13) we can pass to the limit in (5.19) to get

14
/ e (x, )G9 () dV(x) — / G (x) e (x) dV(x) = — / ’ / W (x, D (x) dV(x) dt.
M M 0 M
As a final step, we let ¢ — 0. In view of (5.20)—(5.23) and (5.9)—(5.10), proceeding as

above we deduce that {u.} converges almost everywhere (up to subsequences) to some
function u which satisfies (2.1)-(2.3),

lu@I < |lul(M) forallz > 0, (5.24)
lu@®)lloo < Kt ¥ pn(M)?  forallt > 0 (5.25)

and
15
f u(x, )G? (x) dV(x) — f G*(x)du(x) = — f 2 / u™ (x, 1) (x) dV(x) dt,
M M 0 M
that is,
/ G(x, ) (x) dV(x) — / GH(x)p (x) dV(x)
M M

t
= —/2/ u(x, NP (x)dV(x)dt  (5.26)
0 M

up to an application of Fubini’s Theorem, where we denote by G(¢) the potential of u(z).
In particular, by combining (5.24)—(5.25) and (5.26) we deduce the estimate

‘/ G(x, )¢ (x) dV(x) —/ GH )¢ (x) dV(x)
M M

15}
< 1 lloo K™V ] (a) D f =D gr (527
0

By compactness results in measure spaces (recall Definition 4.5), from (5.24) it follows
that every sequence #, — 0 has a subsequence {#,,} such that {u(#,,)} converges vaguely
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to a certain finite Radon measure v. On the other hand, as noted above, G?(x) is a con-
tinuous function that vanishes as dist(x, o) — oo. We can therefore pass to the limit as
to — 01n (5.27) (by using Fubini’s Theorem again): because ¢ is arbitrary, it follows that
GH = GV almost everywhere in M; so, thanks to Lemma 4.13, we have v = p and the
limit measure does not depend on the particular subsequence. We have thus proved that

lim/ u(x,t)qb(x)dV(x):/ ¢(x)du(x) forany ¢ € Co(M). (5.28)
t—=0Jpm M

In particular, given the lower semicontinuity of the total variation with respect to the
vague topology,

(M) < 1igi(1)1f||u(t)||h (5.29)
so that by gathering (5.24) and (5.29) we obtain

Lim fJu(@)ll = |ul(M). (5.30)

We are then left with proving that (5.28) holds for any ¢ € Cp(M). To this end, we
exploit Lemma 4.11. In fact, by (5.24) and [1, Theorem 1.59], every sequence #, — 0 has
a subsequence {#,, } such that {u_(#,,)} and {_(#,,)} converge vaguely to some positive
finite Radon measures pup and s, respectively. Thanks to (5.28) it follows that u© =
up — un - Moreover, by (5.30) and the lower semicontinuity of the total variation with
respect to the vague topology, we have

up(M) + par(M) < iminf [lug (1)1 + Hminf [lu— (1)1l
k—o00 k— 00
< liminf |lu(ty, ) l1 = [1l(M). (5.31)
k— 00

By Lemma 4.11, (5.31) implies up = 4+ and pupr = p—, so that
lim |Juy ()l = e (M), Im flu_(tz) 11 = p—(M). (5.32)
k— 00 k—>00

From (5.32) and [1, Proposition 1.80] we then infer that

lim / ui(x,tnk)qb(x)d]/(x):/ ¢ (x) dpt(x)
k—oo Jym M

for all ¢ € Cp(M). Since the same argument can be performed along any sequence, (2.4)
follows. Note that the conservation of “mass” (2.5) is an immediate consequence of (5.2)
and (2.4) with ¢ = 1.

Finally, in order to handle a general finite Radon measure & (not necessarily com-
pactly supported), it is enough to approximate p by the sequence {i] g, } asn — oo, and
proceed as above. O
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Remark 5.3 (The case (N —2)/N < m < 1). By using the same techniques as in the
proof of Theorem 2.2, we can establish existence of weak solutions to problem (1.1) also
for m below 1, in the supercritical fast-diffusion range (N —2)/N < m < 1. Indeed,
well-posedness of the approximate problems (5.11) still holds, as do the key estimates
(5.12)—(5.15); the assumption m > (N — 2)/N plays a crucial role in the validity of the
smoothing effect (5.13) (see [4, Theorem 4.1]). The only difference is that, since m < 1,
the r.h.s. of (5.26) has to be bounded as follows:

15}
‘/0 /Mum(x,t)aﬁ(X)dV(X)dt < $llocV(supp )"~ || (M) 1.

Actually, the only point that we are not able to recover in Theorem 2.2 is the conservation
of “mass” (2.5). The problem is that, for m < 1, the analogues of the Euclidean Barenblatt
profiles (5.6) we exploit in the proof of Proposition 5.1 are no more compactly supported,
and their decay rate at infinity is too slow compared to the possible volume growth of the
Riemannian manifolds we are interested in. On the other hand, in general mass conserva-
tion fails: for instance, on Riemannian manifolds supporting the Poincaré/gap inequality
I fll2 < VSl forall f € C°(M) (like those whose sectional curvatures are bounded
from above by a negative constant), the LY(M) norm of the solution vanishes in finite
time [4, Theorem 6.1].

5.3. Connection between the Green function and the porous medium equation: proof

Let us consider again the solutions u. g to the approximate problems (5.11). If u €
M}'(M ), such solutions are by construction nonnegative; hence, by the standard com-
parison principle, for all 0 < Ry < R»,

Ug R (X,1) < ugr,(x,t) forae. (x,t) € Bg, x (0, 00). (5.33)

For any fixed R > 0, if we let ¢ — 0 we obtain, by the techniques of the proof of Theorem
2.2, a nonnegative weak solution uy to (5.11) with u, replaced by . By letting ¢ — 0
in (5.33) we also deduce that order is preserved:

up,(x,t) < up,(x,t) forae.(x,t) € Bg, x (0,00),

so {ug} is nondecreasing in R. As a consequence, the pointwise limit # as R — 00 exists
regardless of the validity of hypothesis (H); in such a general framework, this is precisely
what we mean by a “solution” to (1.1) when w is a positive measure.

Proof of Theorem 2.11. Let ug be the solution of problem (5.11) with u, = é,,, where

R is so large that xo € Bg. Let Gg be the potential of ug, and Q}’; the potential of any
¢ € CZ°(Bg) (recall (5.17)). Given any t, > t; > 0, by plugging the test function

ox, 1) = g;’g (x)[@é,‘ (t) — 63 (1)] in the definition of weak solution (9; is as in the proof
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of Proposition 5.1), letting o — 0 and invoking Tonelli’s Theorem, we end up with the
identity

Gr(x,2)p(x)dV(x) — |  Gr(x,1)¢(x)dV(x)

Br Br
15
= —/2/ Wi (x, D) dV(x)di.  (5.34)
1 Bg

From (5.34) we deduce that the map # — Gg(x, t) is nonincreasing (recall that ug is
nonnegative). Hence, Gg(¢) has a pointwise limit as ¢ — oo. The limit is necessarily
zero: this is a straightforward consequence, for instance, of the smoothing estimate (2.6),
which clearly holds for (5.11) as well. Passing to the limit in (5.34) as t, — oo we get

Grx,t))p(x)dV(x) = / / u',?(x, Ho(x)dV(x)dte. (5.35)
Bg 5| Br

Letting t; — 01n (5.35), recalling the initial condition and using again Tonelli’s Theorem
we infer that

/ GR(xo,x)qb(x)dV(x):/ qb(x)/ u’{é(x,t)dth(x). (5.36)
Bg Bg 0

Now we point out that both x +> fooo up(x,t)dt and x > Gp(xg, x) are I-super-
harmonic functions belonging to LY(Bg). Indeed, in view of standard results concern-
ing the porous medium equation on bounded domains (see [30]), it is well known that
lu g (t) |l L (Bg) behaves at most like t~N/[ZANGm=D] a5 ¢+ — 0 and at most like ¢~ /=1
as t — oo. This immediately implies that fooo u'p(t)dt € L' (Bg). Moreover, by classical
results, u(x, t) is continuous in Br X [t1, 00) for all #{ > 0. In particular, by domi-
nated convergence, f[clxz u'g (¢) dt is also continuous for all #; > 0. As a consequence of
the differential equation solved by ug and of the fact that |[ug(?)|| > (pg) vanishes as
t — 00, we deduce that f;:o u'g (t) dt is superharmonic. Hence, thanks to Theorem 2.9,
f:o u'g () dt is 9M-superharmonic; then, in view of Lemma 4.4, so is fooo u'g(t) dt. The
fact that x +— GRg(xp, x) is 9-superharmonic follows from Corollary 4.2; in addition,
it belongs to LY(Bpg) since By is bounded (see e.g. [12]). In view of the above remarks,
(5.36) and Lemma 4.3, we have

o0
GRr(xg, x) =/ up(x,t)dr forallx € Bg. (5.37)
0

The conclusion then follows from (5.37) by monotone convergence and the fact that
Gr 1 G as R — oo everywhere. O

6. Proof of the uniqueness result

We begin this section with a key lemma, which will be useful in what follows and which
is essentially based on the potential-theoretic results given in Sections 2.2 and 4. For our
purposes it is crucial that the limit in (6.3) below is valid for every x, which follows from
Proposition 4.6.
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Lemma 6.1. Let u be a nonnegative weak solution of problem (1.1) with u € MJIE(M).
Then the potential G(t) of u(t) satisfies

G =—u" inM x (0,00), 6.1)

in the sense that

/ Gx. () dV(x) — / Gx, 1) (x) dV(x)
M M

t
= —/2/ u(x,Hp(x)dV(x)dt  (6.2)
131 M

forallty > t1 > 0and for any ¢ € C2°(M). In particular, G(t) admits an absolutely con-
tinuous version on (0, 00) in LP (M) forall p € (N /(N —2), 00), which is nonincreasing
int. Moreover,

lirr(l) G(x,t) =GH(x) forallx € M. (6.3)
t—

Proof. Consider a cut-off function & € C*°([0, 00)) with
1 in[O, 1], .
gl MOy e 0, 0.
0 in[2,00),
Set p(x) :=d(x, 0) forall x € M. For every R > 1, define
ErR(x):=&(p(x)/R) forallx € M.
//|

Let C := max{supyg €71, SUp[, o0) 1”1} In view of (3.1) we have

A&g(x) = %s”(pm) 4 M. 9) s/<p§:)) forallx € M. (6.4)

R R
Clearly
VéEr =0 and A&r =0 inBrU Bj3g; (6.5)
moreover,
|V§R(x)|§C/R fOI’aHXGBzR\BR
since |Vp(x)| = 1. Furthermore, thanks to assumption (H)(ii), it is not difficult to check
that there exists a positive constant C such that (3.4) is fulfilled by a suitable i satisfying

Y(p) = CP” for all p large enough. As a consequence, by exploiting also (3.5), from
(6.4) we infer that

|, (p(x) N =1y (px)_,{ px)
AR ()] < 258 ( - >‘+ p w(p()())g( “ )‘
S%Jrzcé(zv—l)gé Vx € Bog \ Br (6.6)

provided R is large enough, for another positive constant C that depends only on N, C
and C.
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In view of (3.9), (3.10) and (3.13), the potential

G% (x) :=/ G(x,y)p(y)dV(y) forallx e M
M

is a regular function belonging to Co(M). For every R > 1 and ¢ > 0, we are therefore
allowed to pick the test function

o(x,t) = ER(x)g‘P(x)[@Z)‘ ) — Géz(t)] forallx e M, t >0
in (2.3), where Gé,' is as in the proof of Proposition 5.1. By letting 0 — 0 we get
f u(x, D)ER()G? () dV(x) — / u(x, 1ER(NG? (x) dV(x)
M M

t
:/2/ u™(x, )AER GO (x) dV(x) dt;  (6.7)
n M

the r.h.s. of (6.7) reads (we use the fact that —AG? = ¢ in M)

I I
- / 2 / W (x, DER (P () dV(x) di + / 2 / W™ (x, ) AER (DG () dV(x) di
n M n M

I

t
+2/2/ u™(x, 1)(VEr, VG®Y(x)dV(x)dt. (6.8)
11 M

)43

In view of (6.5)—(6.6), we can estimate the last two integrals of (6.8) as follows:

_ 5]
0 = €16% 10 f / W™ (x, ) V() di 69)
t; JByr\BRr

C(ty —11)1/?
| < (tr —11)
R

t 1/2 1/2
x (/ / u?™(x, 1) dV(x) dt) <f IVG? (x)|? dV(x)) . (6.10)
1 BzR\BR BZR\BR

Since u € LP(M x (z,00)) forall T > 0, p € [I, ool, and since VG? e [L>(M)]V
(recall Lemma 4.14), by letting R — oo we deduce that /1 and I, vanish, so that passing
to the limit in (6.7) yields

t
/ u(x, 1)G% (x) dV(x) / u(x, )G (x) dV(x) = — / ’ f W (e, () dV(x) di,
M M n Jm

which is (6.2) up to an application of Tonelli’s Theorem. The absolute continuity of G(#)
as a curve in L”(M) for any p € (N/(N — 2), 00) is then a consequence of (6.2) and
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Lemma 4.14 (we use the fact that u () € LY(M)NL*(M)). Since u > 0, still by (6.2) and
Lemma 4.14 we deduce that for every x € M the function ¢ — G(x, t) is nonincreasing.

In order to establish (6.3), pick a sequence {z,} C (0, oo) such thatf, — Oasn — oo.
From (3.9) and the fact that u € L*((0, o0); L' (M)) we infer that for each compact
subset K C M and for any ¢ > 0 there exists R, > 0 such that

/ / Gx,y)dV(y)u(x,t,)dV(x) <e forall R > R, n eN.
¢ JK
R

Furthermore, by Definition 2.1, {u(#,)} converges vaguely to p. By monotonicity, the
function x — liminf G(x, t,) is l.s.c., hence we can apply Proposition 4.6 to deduce that

G*(x) =liminfG(x,1,) foreveryx € M.
n— o0

This implies (6.3), due to the just mentioned monotonicity property of t — G(x,t). O

6.1. Formal strategy of proof

Our method of proof is modelled after the one given in [26] in the Euclidean context (see
also [16, proof of Theorem 3.4]). We sketch it below.

Let uy, up be two weak solutions of problem (1.1) which take on the same initial
measure [ € M}'(M). Let G1(¢) and G»(z) be the corresponding potentials. Given any
h > 0, define

W(x,t):=Ga(x,t +h) —Gi(x,t) forallx e M, t > 0. (6.11)
In view of Lemma 6.1,
Wi(x,t) =a(x,t) AW(x,tr) inM x (0, 00), (6.12)
where

(6.13)
elsewhere.

u'™ (x,0)—u (x,t+h) .
alx, 1) = {W >0 ifuie, 6) #us(x, 1+ h),
Still Lemma 6.1 yields W(x,0) < 0 in M. The conclusion would follow if we could
show that W < 0in M x (0, 00), since this would imply, by interchanging the roles of u;
and u,, that W = 0, and hence, by letting 7 — 0, that u1 = u3. In order to prove that
W < 0 one considers solutions of the dual problem
=-A in M 0, T],
¢ = —Aag) in M x (0.7] 6.1
o=y on M x {T},
forany ¢ € C°(M) withy > 0and T > 0.
Using the solutions of the dual problem as test functions in the weak formulation of
(6.12) one formally gets

/ Wx, T)y(x)dV(x) =/ W(x,0)e(x,0)dV(x) <0.
M M

The claim follows since ¢ is by construction nonnegative. In fact, the procedure must be
carefully justified by means of suitable approximations of problem (6.14).
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6.2. Existence and basic properties of the approximate solutions @ p,

For every n € N and ¢ > 0 we consider nonnegative solutions ¢, . of the problem

{(gon,g), = —Al(an + &)gnel in M x (0, T,

(6.15)
On,e = W on M x {T}v

where the sequence {a,} is a suitable approximation of the function a defined by (6.13).
The functions ¢, , are constructed by making use of linear semigroup theory; in particu-
lar, we take advantage of the fact that —A is a positive self-adjoint operator generating a
Markov semigroup on L2(M) (see [10]).

The arguments one can exploit in the proof of the forthcoming lemma closely re-
semble those used to establish [16, Lemma 5.3], hence we skip it.

Lemma 6.2. Let {a,} be a sequence of nonnegative functions converging a.e. to the func-
tion a defined in (6.13) such that:

e foranyn e Nandt > 0, x — ay(x, t) is a regular function;

e foranyn € Nand x € M, t — ay,(x,t) is a piecewise constant function, which is
constant on each time interval (T — (k+ V)T /n, T —kT/n], k €{0,...,n — 1};

o {llanllLoo(Mx(z,00)) ) Is uniformly bounded with respect ton € N for any T > 0.

Then, for any ¢ > 0 and any v € CX(M) with v > 0, there exists a nonnega-
tive solution ¢y ¢ to problem (6.15), in the sense that ¢, ¢(t) is a continuous curve in
LP(M) (for all 1 < p < 00) satisfying ¢, «(T) =  and it is absolutely continuous on
(T—(+1)T/n, T —kT/n) foreachk € {0, ...,n — 1}, so that the identity

15}

@n,s(&) - (Pn,s(tl) = _/ Al(a, +¢)(7) §0n,s(f)]d7 (6.16)
n

holds in LP (M) (forall1 < p < o) foranyt;,tp € (T —(k+ )T /n, T — kT /n) and

any k € {0, ..., n — 1}. Moreover,

@ne € L2, T); LP(M))  forall p €1, 00],
l@n,e (Ol < 1Yl forallt €[0,T].

In the proofs of the next lemmas, even if we follow the general strategy used to show
analogous results in [16], there are some additional difficulties to overcome. They are
related to the fact that an analogue of [16, Proposition B.1] is not available in the present
framework, because of a possible different growth of the volume of balls. Thus, more
delicate cut-off arguments are required.

We now prove some crucial identities involving the functions ¢, . and W.

Lemma 6.3. Let W be defined as in (6.11), a as in (6.13), and ay, ¢ne, ¥ as in Lem-
ma 6.2. Then for allt € (0, T),

(6.17)

/W(x,T)w(X)dV(X)—/ Wx, )gne(x, 1) dV(x)
M M

T
= —/ / [an(x,T)+e—alx, D)]JAWX, T)@n e (x, T)dV(x)dr.  (6.18)
t Im
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Proof. Let us set

ty =T —k)/n forallke{0,...,n}.
Thanks to Lemma 6.1, we know that W(¢) is an absolutely continuous curve in L? (M)
for all p € (N/(N — 2), 00), satisfying (6.12). On the other hand, Lemma 6.2 ensures
that ¢, (¢) is a continuous curve in L?(M) for all p € (1, 00) on (0, T'], absolutely
continuous on (#x11, tx) foreach k € {0, ..., n—1} and satisfying the differential equation
in (6.15) on such intervals. Hence, the function

t'—>/ ERW (x, 1)@e.n(x, 1) dV(x),
M

where {£g}gr~0 is a cut-off family as in the proof of Lemma 6.1, is continuous on (0, 7],
absolutely continuous on (#;+1, #x) and satisfies

d
7 / ERW(x, D)pn e (x, 1) dV(x)
tJm

= /M{éR @X)a(x, ) AW (x, 1)@n e (x, 1) —ER()W (x, 1) Al(an +&)@n,e](x, )} dV(x)
(6.19)

on (tx+1, tx). By standard elliptic regularity, W(¢) € Wli’c‘n (M) for all p € (1,00). We
can therefore integrate by parts in the last term on the r.h.s. of (6.19) to get

/MER(X)W(X,I)A[(an+8)<pn,a](x,l)dV(x)
= / ER(X)AW (x, D)lan(x, 1) + €lgn,e(x, 1) dV(x)
M

+/ AER(X)W (x, t)[an(x,t) + €l@n e (x, 1) dV(x)
M

5(n)

+2/ (VER(X), VW (x, 1)) [an(x, 1) + €lpp e (x, 1) dV(x) . (6.20)
M

(1)

By reasoning similarly to the proof of Lemma 6.1 and exploiting Lemma 4.14 with f =
ur(t + h) — uy(t) and (6.5)—(6.6), we obtain

L] < € IW @ lse lan() + lloo f one (5, ) AV (), 621)
Byr\Bpr
Cllan N
)] < Sl + el (;)R””

x ([ |VW(x,t)|2dV(x)+[ gan,g(x,t)de(x)) (6.22)
Byr\BR Byr\BR

Integrating (6.19)—(6.22) between any ] < t, < t* < f, noting that VW €
[L2(M x (ts, )Y and @, € L*>(M x (t4,1*)), and letting R — oo, we end up
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with

/W(x,l*)wn,s(x,t*)dV(X)—/ W(x, t:)@n,e(x, 1) dV(x)
M M

l*
= —f / [an(x, 7))+ —alx, D)]JAWX, T)@p e (x, T)dV(x)dr. (6.23)
e JM

Now (6.18) just follows from (6.23), since the r.h.s. of (6.23) is in L'((z,T)) (e.g.asa
function of t*) for all T € (0, T). O

Lemma 6.4. Let ay, ¢, ¢, ¥ be as in Lemma 6.2. Then
/ On.e(x, )P (x)dV(x) — f Y (x)p(x)dV(x)
M M

T
_ / A¢><x)[ / (an (X, T) + )gme (x, r)dr} V() (6.24)
M t
forallt € (0,T), ¢ € CX°(M). In particular,

/ Onelx,1)dV(x) = / Y(x)dV(x) forallt € (0,T). (6.25)
M M

Proof. The validity of (6.24) just a consequence of (6.16) plus the continuity of ¢, ()
as a curve in LZ(M) (for instance).

In order to establish (6.25), let us plug ¢ = &g in (6.24), with & still defined as in the
proof of Lemma 6.1. Thanks to (6.5) and (6.6), we obtain

V <Pn,a(x,t)ER(X)dV(X)—/ ¥ (x)§r(x) dV(x)
M M

T
< Cllay +8||L°°(M><(t,T))/ / One(x, T)dV(x)dt.  (6.26)
Bor\Bg J1t

Since (6.17) trivially implies ¢, € L'(M x (0, T)), by letting R — 00 in (6.26) we
deduce (6.25). m]
Lemma 6.5. Let a,, ¢n e, ¥ be as in Lemma 6.2. Denote by ®, (t) the potential of
On.e(t), that is,

Dy e (x, 1) = GO ().
Then V&, (1) € [L>(M)]N and

T
VG 12 = IV, (]2 + 2 / / [an(x, ) + £lgn (v, D2 AV dT (627)
t M

forallt € (0, T].

Proof. Since @, ,(t) is the potential of ¢, . (¢), which belongs to LY (M)NL>®(M) (recall
(6.17)), thanks to Lemma 4.14 we have ®, (1) € L?(M) forall p € (N/(N — 2), o0,
V&, (1) € [L>(M)]N and

VP, (1)]12 = /M By o (¥, Dome (6, 1) V(). 6.28)
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Furthermore, one can show that ®,, .(¢) is an absolutely continuous curve in L? (M) for
all p € (N/(N — 2), 00), satisfying the differential equation

(Pne)i(x,t) =lan(x,t) + lgne(x,t) forae. (x,t) e M x (0, T). (6.29)

This can be established exactly as for (6.1). Taking advantage of (6.15), (6.28) and (6.29),
we then deduce that

d
d—nwn,g(r)n% = f [an (x, ) + &lgn e (x, 1) dV(x)
t M

—/ Qe (x, )A[(an + )gnel(x, 1) dV(x) (6.30)
M

for a.e. ¢+ € (0, 7). In view of the integrability properties of &, ., V&, ¢, ¢, and
Al(a, + €)@y.¢], the last term in the r.h.s. of (6.30) can be integrated by parts (through
the same cut-off techniques we used in the proof of Lemma 6.3), which yields

%nvq»,,g(z)n%:zf [an(x, 1) + €lgne(x,)>dV(x) forae.r e (0,T). (6.31)
M

Since the r.h.s. of (6.31) is in L'((z, T)) for each © € (0, T), it turns out that t
||VCDn,5(t)||% is continuous on (0, 7] and absolutely continuous on every (fx+1, fx), and
the conclusion follows by integrating (6.31) over (¢, T'). O

6.3. Taking the limit of ¢, ¢ asn — o0

This section is devoted to showing that, for each fixed ¢ > 0, the sequence {¢; (} con-
verges in a suitable sense to a limit function ¢, as n — 0. Moreover, @, inherits some
fundamental integrability properties from {¢, .}.

Lemma 6.6. Let uy, uy be any two solutions of problem (1.1), taking on the same initial
datum p € M;(M). Let W be defined as in (6.11), a as in (6.13), and ¢, ¢, ¥ as in
Lemma 6.2. Then, up to subsequences, {¢, .} converges weakly in L2(M x (t, T)) (for
eacht € (0,T)), asn — o9, to a suitable nonnegative function ¢.. Moreover,

/ @e(x, )P (x) dV(x) — / Y (x)¢(x) dV(x)
M M
T
= / A¢p(x) |:/ (a(x,t) + &)p:(x, r)dri| dV(x) (6.32)
M t
forae. t € (0,T)andany ¢ € C°(M),

/ @ (x,1)dV(x) = / Y(x)dV(x) foraete(0,T), (6.33)
M M

and

‘/ Wx, T)y(x)dV(x) —f W(x, )ee(x,t)dV(x)
M M

e = lvihlluaC+h) —uiOllLemxe,ry foraet e (0,T). (6.34)
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Proof. From (6.27) we infer that {g, .} converges weakly (up to subsequences) in
L*(M x (t, T)) (for each T € (0, T)) to some .. Moreover, thanks to (6.17), for every
t € (0, T) there exists a subsequence (which a priori depends on ¢) such that

/ Pne(DP(x)dV(x) — / ¢ (x)dvg(x) forany ¢ € Co(M), (6.35)
M M

for some v} € MIJ,C(M). In fact we have dvl = ¢.(t)dV for a.e. t € (0, T). In order to
show that, let r € (0, T') be a Lebesgue point for ¢, (r) as a curve in L' ((z, T); L3(M)).

Take any ¢ € C2°(M). Since for each t € (0, T') the sequence {|la, + €l|zoc(mx(z.T))} IS
bounded, in view of (6.17) and (6.24) we obtain

t+48 t+6
f f Gne (v, DS () dV(x) dt — / / Gne(x, () dV(x) d
t M t M

t+38 82C
S/ C(T—I)||1/f||1||A¢||oodT=T||¢||1||A¢||oo (6.36)
t

forall 0 < § < T — t, for some positive constant C independent of n, §. By letting
n — oo in (6.36) (up to subsequences) we get

2

8°C
= - WihilAdlle.  (6.37)

1+5
/ / %(x,f)¢(X)dV(x)dT—5/ ¢ (x) dvi(x)
t M M

Upon dividing (6.37) by § and then letting § — 0" we deduce that
| etxnsmave = [ owavieo.
M M

80 @, (1) dV = dv!. Therefore, (6.32) easily follows by passing to the limit in (6.24) as
n — 00, also in view of the convergence properties of {ay,}.

Identity (6.33) and estimate (6.34) can be obtained along the lines of [16, proof of
Lemma 5.7]; we only mention that (6.33) follows by passing to the limit in (6.26), and
(6.34) follows by passing to the limit in (6.18), which is feasible since W(t) € Cp(M)
and, thanks to (6.33), (6.35) also holds for any ¢ € Cp,(M). ]

6.4. Taking the limit of ¢. as ¢ — 0 and proof of Theorem 2.3

In order to prove Theorem 2.3, we need to exploit the properties of the functions ¢,
provided by Lemma 6.6, and then let ¢ — 0.

Proof of Theorem 2.3. Let ®,(t) be the potential of ¢, (¢), that is, ®.(x, ) = Gve® x).
In view of (6.32),

GY (x) — ®e(x, 1)

T
:/ [a(x, )+ elps(x,T)dt >0 forae. (x,t) e M x (0,T). (6.38)
t
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This can be established as we did in the proof of (6.2): it is enough to plug £gG? in
(6.32) and let R — oo, exploiting the fact that G¢ € L>®(M), VG? e [L>(M)]V,
ae€L®M x (t,T)) and ¢, € LYM x (t,T))N L2(M x (t,T)).

So, in particular,

0< P (x,1) <D(x,0) < Q‘/’(x) foraeexeM,0<tij<tp<T. (6.39)

We now let ¢ — 0. In view of (6.39) it follows that {®.} is bounded in L” (M x (0, T))
forany p € (N/(N — 2), oo]. In particular, there exists a sequence {®;,} that converges
weakly in L”(M x (0, T)) to some ® € LP(M x (0,T)). As a consequence, in view
of (6.38) and (6.39), by arguments similar to those used at the beginning of the proof
of Lemma 6.6, we can deduce that {®,, (¢)} converges weakly in L? (M) to ®(¢) for
ae. t € (0, 7). Thanks to the boundedness of {¢, (¢)} in LY(M) (recall (6.33)), for
a.e. t € (0, T) there exists a subsequence {&,, } (a priori depending on ¢) such that

/ Ps,, (x, e (x)dV(x) — / d(x)dv'(x) ask — ooforany ¢ € Co(M), (6.40)

M M

for some V! € M‘;(M). Hence, fora.e. t € (0, T) and any ¢ € C.(M),

f g”[qﬁ(x) dV(x) = lim / ¥z, (x,HG?(x)dV(x) = lim / D, (x, ) (x)dV(x)
M k—oo Jpm k k—o00 J k

= / ®(x, N (x) dV(x). 6.41)
M

From (6.41) and Lemma 4.13, we infer that v’ is independent of the particular subse-
quence, so that (6.40) holds along the whole sequence {g,} and ®(r) is the potential of V’.
Moreover, in view of (6.39) and of the convergence properties of {®,, }, we get

0<®dx, 1) <Px,n) <G¥(x) forae.xeM,0<t;<th <T. (6.42)

We now aim at proving that (6.40) holds for any ¢ € C,(M). To this end, note that
since (6.33) holds and a € L®°(M x (z,T)) for each T € (0, T), we see that, up to
subsequences,

T
/ qb(x){/ [a(x,t)—l—en](psn(x,r)dt}dV(x) —>/ ¢(x)dot’T(x) asn — 00,
M t M

fora.e.t € (0, T) and any ¢ € C.(M), where o7 is a suitable element of MJIE(M). We
can therefore pass to the limit as n — oo in (6.32) (with &€ = ¢g,,) to get

/ () dv! (x) — / VP dV(x) = f Ap()do T (x)  (643)
M M M

forae.t € (0,7) and any ¢ € C>°(M). Now plug ¢ = &g in (6.43), with &g defined as
in the proof of Lemma 6.1. Thanks to (6.5) and (6.6), we obtain

‘/ ER(x)dV’(X)—/ ¥ (x)§r(x) dV(x)
M M

< C/ do"T(x) forae.r e (0,T).
Byp\Br
(6.44)
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T

Since o!+' is a positive finite measure, by letting R — oo in (6.44) we get

/ duf(x)zf W (x)dV(x). (6.45)
M M

From (6.33), (6.40), (6.45) and [1, Proposition 1.80] we then deduce that

/ @, (x, P (x) dV(x) —>/ ¢(x)dv'(x) asn— ooforany ¢ € Cp(M). (6.46)
M M

Asa consequence,

/ Wx, T)y(x)dV(x) = / W(x,t)dv'(x) forae.t e (0,7), 6.47)
M M

by passing to the limit as ¢ = ¢, — 0 in (6.34) (recall that, from Lemma 4.14, W(t) €
Cp(M)).

Since for a.e. 0 < #, < t* < T we have ®(x,t,) < ®(x,t*) forae. x € M (see
(6.42)), it is direct to show that the curve v’ can be extended to every t € (0, T] so that it
still satisfies (6.42), (6.45) and (6.47). Hence, in view of Lemma 6.1 and (6.47),

/ Wx, Ty x)dV(x) < / [Ga(x, h) — Gi(x, tp)]dV' (x) forall0 <t <ty <T.
M M
(6.48)

Thanks to (6.42) and (6.45), it is straightforward to check that there exists vy € MJIE(M )
such that

lim/ d)(x)dv’(x):/ ¢(x)dvy forany ¢ € C.(M)
t—=0Jpm M

and
G (x) = liII(l) O(x,t) := Dp(x) forae.x € M.
t—

Thus, by dominated convergence and Tonelli’s Theorem,
lim/ Gi(x, tp)dv' (x) = lim/ uy(x, 10)®(x, 1) dV(x) = / uy(x, to)Po(x) dV(x)
t—=0Jpm =0 Jpm M

= [ i amw.
M
We can similarly prove that
lim Ga(x, h) dv' (x) =/ Ga(x, h)dvy(x).
t—=0Jpm M

Hence, passing to the limit as t — 0 in (6.48) we infer that

/ W, Ty (x)dV(x) < / [Ga(x, h) — Gi(x, tp)]dvo(x) forall0 <1y < T.
M M

(6.49)
Letting f9p — 0 in (6.49), by monotone convergence and in view of Lemma 6.1 we find

/ W, Ty (x)dV(x) < / [G2(x, h) — G dvo(x) < 0. (6.50)
M M
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Since h >, T > 0and € C°(M) (with ¢ > 0) are arbitrary, (6.50) implies G; > G.
Interchanging the roles of 1 and u;, we also get G; < G, sothat G| = Gy and u; = uy
in view of Lemma 4.13. O

Remark 6.7. As a consequence of the above method of proof, Theorem 2.3 still holds
under the weaker assumption that (2.4) is satisfied for any ¢ € C.(M).

However, in contrast with the existence counterpart, in order to prove Theorem 2.3
we require some additional hypotheses. First of all, we assume (H)(ii): this is essential to
provide a cut-off family & satisfying (6.6), which is the main tool we exploit to justify
all the integration by parts, as well as the conservation of mass (6.45). The positivity of
the initial datum, u € M;F(M ), is crucial for the validity of (6.3) for every x € M and for
the monotonicity of G as a function of #; both properties are deeply exploited in the final
part of the proof of Theorem 2.3.

Finally, in Remark 5.3 we explained how to recover existence in the range (N — 2)/N
< m < 1. As for uniqueness, there are two main issues. A priori nothing guarantees that
u™(t) € L'(M) for positive times: this prevents us from proving that the remainder
integrals /1 and I in the proof of Lemma 6.1 vanish as R — o0. On the other hand,
the function a in (6.13) is no more bounded for positive times, a crucial property that we
exploit throughout the proof of Theorem 2.3.

6.5. Proof of existence and uniqueness of the initial trace

First note that, under the assumptions of Theorem 2.4, the proof of Lemma 6.1 works
without further issues down to the proof of identity (6.2). Moreover, by combining the
latter with the smoothing effect (5.3) and proceeding as in the proof of Theorem 2.2, we
end up with

‘/ Q(x,fz)qﬁ(X)dV(X)—/ G(x, )¢ (x) dV(x)
M M

5]

— 1 -1 —
< llplloe K" el 240 o 11y / D g, (651)

where again G(¢) is the potential of u(¢). Furthermore, given any #, > #; > 0 and any
R > 1, by plugging in (2.3) the test function

9(x, 1) = Er(D)[6) (1) — 62 ()] forallx € M, 1 >0

(95 is defined as in the proof of Proposition 5.1 and &g as in the proof of Lemma 6.1),
integrating by parts, letting o — 0 and using (6.6), we obtain

‘ / u(x, )ER() dV(x) — / u(x, 1)ER () AV (x)
M M

_ L]
= Cf / lu(x, )| dV(x)dt. (6.52)
t1 J Bar\Br
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In addition, (2.1) and the smoothing effect (5.3) ensure that
[ o avio di < L71||u||1+'3"”‘“ =D
o Ju T T—a(m—1)" "Lo(0.00:L (M)2 .
(6.53)

Having established (6.51)—(6.53) for general weak solutions to the differential equation
in (1.1), we are in a position to prove Theorem 2.4.

Proof of Theorem 2.4. In view of (6.51) we infer that the family {G(¢)} is Cauchy in
Llloc(M) as t — 0, hence there exists Gy € LIIOC(M) such that G(r) — Gpast — 0in
LllOC (M). Moreover, the fact that u € L>((0, oo); L' (M)) implies that for every sequence
t, — 0 there exists u € M (M) such that {u(z,)} converges vaguely to u asn — oo, up
to a subsequence (recall Definition 4.5). On the other hand, the convergence of {G(z,)} to
Go in Llloc(M ) implies G* = Gy, so that by Lemma 4.13 the measure u does not depend
on the sequence {t,}, and (2.4) holds for all ¢ € C.(M). In order to prove that (2.4) also
holds for constant functions, we can exploit (6.52): by letting #{ — 0 and using the vague

convergence of {u(#1)} to © we end up with

V u(x,tz)SR(X)dV(x)—/ ErR(x)du(x)
M M

_ [k
= C/ f lu(x, D" dV(x)dt.
0 JByr\Bg

We then let R — oo: thanks to (6.53) we obtain

V u(x,tz)dV(x)—/ dp(x)
M M

which is the conservation of mass, or equivalently the fact that (2.4) holds for ¢ equal
to any constant. If u > 0, the last assertion of the theorem is just a consequence of
[1, Proposition 1.80], since for positive measures vague convergence plus convergence of
measures is equivalent to convergence in the dual space of Cp,(M). O

SO’
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