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Abstract. We prove a sharp bound on the fifth moment of modular L-functions of fixed small
weight and large prime level.
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1. Introduction

Let g be a prime and « € {4, 6, 8, 10, 14}. Let H, (g) be the set of weight x Hecke eigen-
forms on I'g(q). For any f € H,(q) (note that any such f is automatically a newform),
let A ¢ (n) denote its n™ Hecke eigenvalue. Our main result is the following theorem:

Theorem 1.1. We have

Z L(1/2, f)5 < qH'g""8 as q — oo among primes. (1.1
feH(q)

Here 0 is the best-known progress towards the Ramanujan—Petersson conjecture.

The currently best-known value 6 = 7/64 is given by the work of Kim and Sar-
nak [KimO03]. The central value L(1/2, f) is nonnegative by [Koh85, Corollary 2] and
[Wal81], so upon dropping all but one term, we deduce:

Corollary 1.2. For any ¢ > 0, we have
L(1/2, f) <, g 19/5+¢, (1.2)

Previously, Duke, Friendlander, and Iwaniec [DFI94] bounded the amplified fourth mo-
ment in this family, and Kowalski, Michel, and VanderKam [KMV00] asymptotically
evaluated a mollified fourth moment. Recently, Balkanova and Frolenkov [BF17] im-
proved the error term in these fourth moment problems, and thereby deduced the so-far
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best-known subconvexity result of L(1/2, f) <« q%. Corollary 1.2 improves this
further. Our method of proof takes a different course from these works, and we never
solve a shifted convolution problem.

This paper has some common features with the study of the cubic moment by Conrey
and Iwaniec [CIOO0]. Their work also bounds a moment that is 1 larger than what one
may consider the “barrier” to subconvexity. That is, for the family of L-functions they
consider, an upper bound on the second moment that is Lindelof-on-average leads back
precisely to the convexity bound on an individual L-value. Similarly, the fourth moment is
the “barrier” in the family of Theorem 1.1. In a sense, going one full moment beyond the
barrier is a way of amplifying with the L-function itself. As far as the authors are aware,
prior to Theorem 1.1, the only known instances of a sharp upper bound on a moment that
is 1 larger than the barrier moment are the cubic moment and its generalizations [CI00],
[IviO1], [Pet15], [Youl7], [PY19].

In Section 2, we give a simplified sketch of the argument. The main overall difficulty
in the problem is that we require a significant amount of cancellation in multivariable
sums with divisor functions and Kloosterman sums. The main thrust of the argument is to
apply summation formulas that shorten the lengths of summation, eventually obtaining a
sum of Kloosterman sums. To this, we apply the Bruggeman—Kuznetsov formula, which
leads to a fourth moment of Hecke-Maass L-functions twisted by A;(g), with an addi-
tional average over the level. This is another incarnation of a Kuznetsov/Motohashi-type
formula where a moment problem in one family of L-functions is related to another mo-
ment in a “dual” family (see [MV 10, Section 1.1.3]). Along the way, we encounter many
“fake” main terms, which turn out to be surprisingly difficult to estimate. A straightfor-
ward bound on these would only lead to O(g>/**¢) in Theorem 1.1, which would be
trivial. We expect that all the “fake” main terms calculated in this paper should essen-
tially cancel, but doing so is a daunting prospect. Instead, we show that with an appropri-
ate choice of weight functions in the approximate functional equations, all the fake main
terms are bounded consistently with Theorem 1.1. The amplified/mollified fourth moment
(cf. [DFI94], [KMVO00]) also required a difficult analysis of the main terms, which arose
from solving the shifted convolution problem. Therefore, it is not clear how to compare
the main term calculations here with [DFI94], [KMVO00]. The article [BHMO07, Section
1.2] has a more thorough discussion of the main term analysis with the shifted convolution
approach.

One of the practical difficulties in applying the Bruggeman—Kuznetsov formula in
applications is that one needs to recognize the particular shape of sums of Kloosterman
sums one encounters (with coprimality and congruence conditions, etc.) as one associated
to a group I', pair of cusps a, b, and nebentypus x. To this end, in [KY19] we have
identified all the Kloosterman sums belonging to the congruence subgroup I'g(N) and
at general Atkin—Lehner cusps (i.e., those cusps equivalent to co under an Atkin—Lehner
involution) with general Dirichlet characters. It turns out that there is a “correct” choice of
scaling matrix to use when computing the Fourier coefficients and Kloosterman sums, a
choice that ensures the multiplicativity of Fourier coefficients at the Atkin—Lehner cusps.
In Section 3, we record the special cases of these Kloosterman sums that are required in
this work.
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Another practical difficulty is estimating oscillatory integral transforms with weight
functions depending on multiple variables, with numerous parameters. It is desirable to
perform stationary phase analysis on a single variable at a time, yet still keep track of the
behavior of the remaining variables in a succinct way. We have codified some properties of
a family of weight functions that allows us to do this efficiently. The key stationary phase
result, which is a modest generalization of work in [BKY13], is stated as Lemma 4.3
below, with a proof appearing in [KPY19].

In the spectral analysis of a sum of Kloosterman sums, it is necessary to treat the
Maass forms, holomorphic forms, and continuous spectrum. In our situation, the Maass
forms and holomorphic forms are rather similar, and lead to a twisted fourth moment of
GL, cuspidal L-functions. The continuous spectrum is similar in many respects, but a key
difference is that the “dual” family of L-functions is essentially a sum of a product of eight
Dirichlet L-functions at shifted arguments. One naturally wishes to treat the continuous
spectrum on the same footing as the discrete spectrum, which requires shifting some
contour integrals past the poles of the Dirichlet L-functions (which occur only when the
character is principal). There is potentially a large loss in savings from these poles on
the 1-line compared to the contribution from the 1/2-line. Luckily, it turns out that there
is some extra savings in the residues of the Dirichlet series (essentially, from considering
only the principal characters) that balances against this loss. This savings ultimately arises
from a careful calculation of the Fourier expansion of the Eisenstein series on I'g(N) with
arbitrary N, attached to an arbitrary cusp, expanded around any Atkin—Lehner cusp. This
calculation occurs in [KY19].

An astute reader may note that k = 2 is not covered by Theorem 1.1. In fact, there
is only a single instance where our proof requires that x > 2, namely in the study of
the continuous part of the spectrum at (11.27). Perhaps with further analysis one might
incorporate the weight 2 case, by a more careful analysis of the residues of the Dirichlet
L-functions. The restriction that ¢ is a prime and that k < 14, k¥ # 12, means that the
cusp forms f € H,(I'o(g)) are automatically newforms. It is reasonable to expect that
using a more general Petersson formula for newforms (e.g., see [PY 19]) could relax these
assumptions, but the arithmetical complexity would be increased.

2. High-level sketch

Here we include an outline of the major steps used in the proof, intended for an expert
audience. By approximate functional equations and the Petersson formula, we arrive at

— t(m)z3(n) . 47t /mn
S'—Z Z Z WS(m,n,c)JK1<T), .1

m<Kq pgq3/2 =0 (mod q)

and we wish to show S « ¢?*%. The hardest case to consider is m =< ¢, n =< ¢>/?, and
¢ = J/mn = ¢°*, in which case J,_{(x) &~ 1. In practice, one needs to treat the two
ranges of the Bessel function (i.e., x < 1 and x > 1) differently. In this sketch, we focus
on the transition region of the J-Bessel function where x < 1.
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The Weil bound applied to the Kloosterman sum shows S < ¢ /8¢, far from ¢%+¢

The immediate problem with (2.1) is that Voronoi summation applied to m or n leads
to a dual sum that is longer than before. The conventional wisdom is that this is a bad
move. However, there do not seem to be any other moves available, so it may be necessary
to take a loss in the first step. We may attempt to minimize the loss here by opening
T(m) = Zml my=m L, Supposing my < my by symmetry, and applying Poisson summation
in m, modulo c. This leads to

s~ Yy oy oy 20

A/ MiKn C
my<Lql/? c= O(mso/dq) k<q3/* n=q3/? tkne
c=q

Note that the trivial bound now gives S < ¢, so we lost a factor ¢'/® from going the
“wrong way” in Poisson. However, now we may gain from the structure of the arithmeti-
cal part by applying the well-known reciprocity formula

mi nk _ minc min
e\ =e )\ )
This effectively switches the roles of ¢ and k, at the expense of introducing the potentially
min

oscillatory factor e( o ) into the weight function. However, when all variables are near
their maximial sizes, this factor is not oscillatory, so we shall ignore it in this sketch.

Side remark. If one applies Voronoi to the sum over m (which is more in line with
the previous works on the amplified/mollified fourth moment), then one encounters a
shifted divisor sum of the form ) _,,_,_, 7 (m)73(n). Such sums have been considered by
various authors, with the most advanced results being the recent work of B. Topacogullari
[Topl6].

One way to proceed next would be to convert the additive character into Dirichlet
characters (modulo k), which has a nice benefit of separating the variables, a key step
in [CIOO0]. This would lead to a fifth moment of Dirichlet L-functions twisted by Gauss
sums, with an averaging over the modulus. One may check that Lindelof applied to these
L-functions only gives S <« ¢!/47¢, which in a sense gets back to the convexity bound.

Now it is beneficial to apply Voronoi summation in » modulo k (one may view this as
opening 13(n) = ), \nyns=n 1, and applying Poisson in each ;). This leads to

s~y Y XYY ”(p) S(p,cml,k) 2.2)

my<gq'/? e=0 (msod 9) k<q3/* p<<zf/4
c=q

The trivial bound now is q5/ 8 consistent with saving g 1/8 in each of the n; variables, just
as we lost ¢!/® by Poisson in the initial m variable. One could also apply Poisson in 1
to save another ¢!/, but then the arithmetical sum becomes a hyper-Kloosterman sum,
which increases the difficulty of the problem (N. Pitt has studied this problem [Pit95],
but it seems very hard to obtain enough cancellation using this approach). Here we have a
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Kloosterman sum to which we may apply the Bruggeman—Kuznetsov formula of level m .
Using this, we obtain

vi(p1o)vj(p2p3)
s~ Y Y Yy umonm o gy
m1Lg!/? 1j<Kg® ¢=0(modq) py,p), p3<q'/* p1p2p3
levelm;  cxq®/*

We can essentially write this as

A'.
s~ 3 3 yay? ’(q)L(l/z,u,)4. (2.4)
mi<Lg'/? 1j<q* va
level m,

Here the scaling on the spectral data is that le «1 Vi(D?* < T?mS$. Thus we have con-

verted to a twisted fourth moment of Maass form L-functions, and one can see how q9+£
emerges by bounding [1;(g)| < g’*¢, and using a Lindeldf-on-average bound for the
spectral fourth moment (which in turn is “easy”, following from the spectral large sieve
inequality).

The above discussion implicitly assumed that the p; are nonzero. The zero frequen-
cies (where some or all p; are 0) turn out to be the “fake” main terms alluded to in the
introduction.

To handle these, we compute the weight function explicitly, and evaluate the sums
over k, m1, and ¢ as zeta quotients. We later bound the integral by moving lines of in-
tegration, and apparent poles of the integrand are cancelled by a choice of the weight
function in the approximate functional equation. To elaborate on this point, consider an
overly simplified model with a sum of the form § = }_ ., JLZV(\/L?), where V(x) =

# f(l) Gis)x’s ds, and G(s) is analytic satisfying G(0) = 1, with rapid decay in the
imaginary direction. The trivial bound applied to S gives § = O(g'/*), using V (x) <
(1 + x)719, Alternatively, we have S = 5 Joye/2+ s)qx/2$ ds, which by shift-
ing contours to the line Re(s) = & > 0 gives S = G(1/2)¢"/* + 0(¢®). If G(1/2) =0
(which one is free to assume in the context of the approximate functional equation), then
in fact one has an improved bound of S = O(¢?). This is the principal idea behind the
estimation of the fake main terms. The main difficulty in practice is that one has a much
more complicated sum with multiple variables and weight functions that arise as inte-
gral transforms, and it requires significant work to recognize instances of this basic idea.
One should also observe that the above method of estimating S is highly reliant on the
specific form of the weight function V; if it were multiplied by a compactly supported
bump function (say one part of a dyadic partition of unity), then one could not deduce
S = 0(g®) anymore. Since we shall apply dyadic partitions of unity in the forthcoming
treatment, for the purposes of estimating these fake main terms, it is crucial to re-assemble
the partitions.

The role of the m variable within the proof has some curious features. In the sketch
above up through (2.4), the m; variable was hardly used. Precisely, we never applied a
summation formula nor obtained any cancellation from this variable. Nor did we use any
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reciprocity involving m to lower a modulus. However, nontrivial estimations involving
m1 do appear in other parts of the proof. In the evaluation of one type of fake main
term in Section 13.7, we evaluate the m-sum similarly to the discussion in the previous
paragraph; the lack of pole at s = 1/2 amounts to square-root cancellation in this variable.
The other location is in estimating the continuous spectrum analog of (2.3) which so
far was neglected in this sketch. One may show that the continuous spectrum analog of
(2.4) is O(g?®) using the fact that the number of cusps on I'g(m1) is at most O(m{/zﬁ).
However, on average over m, the number of cusps is O (mf), which leads to a bound that
saves an additional factor ql/ 4 Ina sense, this discussion indicates that the continuous
spectrum is much smaller in measure in the level aspect than the discrete spectrum, on
average over the level.

Another point worthy of mention is that at the very first step of the proof leading to

(2.1), we may in practice apply approximate functional equations without an explicit pres-
ence of the root number. This arises because L(s, f )2 has root number +1, but vanishes
at s = 1/2if L(s, f) has root number —1. Therefore, when we apply an approximate
functional equation of L(1/2, f )3, we may substitute its root number as +1. As a con-
sequence, our method does not readily generalize to bound shifted fifth moments of the
form > /9y (o) ]_[f=1 L(1/2 4+ «;, f). Itis difficult to justify the interest in such a bound
without nonnegativity, of course. Without extensive work, it is difficult to predict how
crucial this root number trick is; there are certainly examples of moment problems where
the presence of the root number is a major obstacle.
Added in the pre-publication: Blomer and Khan [BK19] have derived an exact spectral reciprocity
formula for the twisted fourth moment, systematizing the method of proof in this paper. Summing
over the twist variable may produce an additional L-value, by which one can form the fifth moment
studied in this paper. The formula (2.4) can be seen as an impressionistic representation of their
formula. In addition, by considering an amplified fourth moment in place of the fifth moment, they
arrive at a subconvexity bound that improves on Corollary 1.2 for the present best-allowable value
of 6 = 7/64, though curiously the fifth moment leads to a better result assuming 6 = 0.

3. Kloosterman sums and Bruggeman—Kuznetsov formula

3.1. Cusps, scaling matrices, and Kloosterman sums

We mostly follow the notation of [Iwa02]. Let N be a positive integer and I' = T'o(N).
Letabeacuspand 'y = {y € I : ya = a} be the stabilizer of the cusp a in I". A matrix
oq € SLy(R) satisfying

oqoo=a and oy 'Taoq={£(}"):neZ} (3.1
is called a scaling matrix for the cusp a.

Definition 3.1. Let f be a Maass form for the group I'. The Fourier coefficients of f at
a cusp a, denoted pq s (1), are defined by

[(0a2) =) pay()e(nx)Wo ir; (45 |n]y), 32)
n#0
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where Wy ;;; is the Whittaker function defined by

Wo,ir; (4 y) = 2/y Kiy; 27y).
The Fourier coefficients pq ¢ () depend on the choice of scaling matrix o4, and it may be
more accurate to denote them p,,, £ (7).

Definition 3.2. For a and b cusps for I', we define the Kloosterman sum associated to
a, b with modulus ¢ as

d
Sap(m,n; c) = Z e w) 3.3)
c
y=(%b)ere\oq ' Ton/ T
Definition 3.3. The set of allowed moduli is
Cabz{y>0:(;1)€o;1Fab}. (3.4)

Notice that if y ¢ Cqp the Kloosterman sum of modulus y is an empty sum.

3.2. Atkin—Lehner cusps

Assume that N = rs with (r, s) = 1. We call a cusp of the form a = 1/r (with (r, s) = 1)
an Atkin—Lehner cusp. The Atkin—Lehner cusps are precisely those that are equivalent to
oo under an Atkin-Lehner operator, justifying their name.

A newform is an eigenfunction of all the Hecke operators, as well as all the Atkin—
Lehner operators. It turns out that one may choose a scaling matrix o1/, for the Atkin—
Lehner cusp 1/r to be an Atkin—Lehner operator (see [KY 19, Section 2.2]). Therefore,
for such a choice of scaling matrix, we have

P1(n) =ns(f)pocy (), (3.5

where f is a newform and n;(f) = =1 is the eigenvalue of the Atkin—Lehner opera-
tor W;.

Proposition 3.4. Let N = rs with (r, s) = 1, and choose o1/, as above. Then the set of
allowed moduli for the pair of cusps oo, 1/r is

Coo,ir ={y =c/s >0:c=0(modr), (c,s) =1}, (3.6)
and for such y = c\/s € Cuo,1/r, the Kloosterman sum to modulus y is given by
SOO,l/r(m’n;C\/E) == S(Em,n;c), (37)

where the S on the right denotes an ordinary Kloosterman sum. Consequently,

Y SGmnoOf@= Y. Seipmn;y)f(y/Vs), (3.8)

(c,s)=1 Y€Coo,1/r
¢=0 (modr)

where f is any function such that the sums converge.
For this computation, see [Mot07, Section 14], in particular (14.8). Note that (3.7) differs
from a formula in [Iwa97, p. 58] by an additive character, which is due to a different

choice of the scaling matrix. See also [KY19] for a generalization with different cusps
and characters.



244 Eren Mehmet Kiral, Matthew P. Young

3.3. Bruggeman—Kuznetsov formula

We record the spectral expansion of a sum of Kloosterman sums in a spectral basis of the
space L%(Ty(N)). Let {u 7} be a basis of cusp forms. Assume that ; is an eigenfunction
of the Laplace—Beltrami operator with eigenvalue 1/4 + tjz. Call ¢; the spectral parameter
of u;. Define pq;(n) = Pu; (04, n) as in (3.2); our choice of o4, in practice, will be an
Atkin—Lehner operator.

Likewise, write the Fourier expansion of the Eisenstein series as

Ec(0az, u) = 8acy" + pac(0, u)y' ™ + Z Pac(n, u)e(nx)Wo ,—12(4m|nly). (3.9)
n#0

Consulting [Iwa02, Theorem 3.4], we have

AT ST 0
pactnuy = | Por Tl A0 (3.10)
Sacy + Qacw)y ™" ifn =0,
where
1 né Sca(0,n;9)
Gac(n, u) = > We<—> =y =" @l
(y,8) such that 4 4 4

7€Cea
* % _
p=(} 3)erx\os Toa/ T

and ¢qc(u) = ¢q.(0, u). Note that our ordering of the cusps in the notation pq¢, Pqc iS
reversed from that of [Iwa02], and also that [Iwa02, (3.22)] should have S4.(n, 0; ¢) in
place of S, (0, n; ¢) to be consistent with [Iwa02, (2.23)]. We give an explicit computa-
tion of @q (1, u) with Proposition 12.2 below.

For aesthetic purposes, define as in [Iwa02, (8.5), (8.6)]

o 4minl V2 3 471 |n| 12
Vuj(”)—<m> Paj(n), Vuc(n,u)—(m> ,Ouc(n,(:)iz)

Let g € Hy(N), that is, let g be a holomorphic level N weight £ modular cusp form.
Define the Fourier expansion of g at a cusp a by

o0
8log(2) = ) pag(mn'“"D2e(nz),
n=1

Also define
xtre)\'?

Vag() = (7)) Pag(). (3.13)
similarly to [Iwa02, (9.42)], but note that mE—D/2 was already extracted in the definition
of pag(m).

With the notation as above, define for nonzero m and n,

K= Y Sa(m,n;y)¢k), (3.14)

Veca, b
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where ¢ is smooth and compactly supported on (0, co0). We then quote the literature for
a spectral formula for this sum. Many authors state the Bruggeman—Kuznetsov formula
with a weight function of the form y ! F (47 /mn/y) in place of ¢ (y), which amounts

to the substitution F(¢) = (4w /mn/t)¢ (4w /mn/t).

Theorem 3.5 ([Iwa02, Chapter 9]). Let K be as in (3.14). Assuming ¢ is smooth with
compact support on (0, 00), we have

K=Kqg+ K:+ K.
Here K, = 0 if mn < 0, and otherwise

D i D e m)veg(n). (3.15)

>0, even geHy(N)

The discrete spectrum contribution is

Ka = ¢xrtj)vp;(m)va;(n), (3.16)
1j

where the summation is over the spectral parameters t; of a chosen orthonormal basis
{uj}; of cusp forms. The continuous spectrum contribution is

Ke = Z % /_Z b+ () vpc(m, 1/2 + it)vac(n, 1/2 + it) dt, (3.17)

where the choice ¢4 versus ¢_ depends on whether mn > 0 or mn < 0.
Here the integral transform for ¢y, is given as

¢h(£>=/0w1e1<x)4”f%¢<4w_> = (Jeo1 % (x - @)@ /mm).  (3.18)
With
B3, (x) = m( Dair (%) — J2ir (%)),
we have
¢>+<r>=/0°° B, 0 T (‘“’fﬁ)i (B, + (x - ¢) (@ fmm).  (3.19)

Similarly, with
2
By;,(x) = — cosh(1) K»i: (x),
T

we have

471@4) <4n¢—>

()= /0 By, (x) = (B, +(x- @) /Imn]).  (3.20)
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Remarks. Here we have implemented some corrections of [Iwa02] noted by Blomer,
Harcos, and Michel [BHMO07]. Moreover, the right hand side slightly differs from the
formulas in [Iwa02] in that the roles of m and n are reversed, consistent with the remark
following Definition 3.2.

It is important to emphasize that the same scaling matrices must occur in both the
definition of the Kloosterman sum and the definition of the Fourier coefficients.

We occasionally use the above integral representations, but predominantly prefer
Mellin-type integrals, and we next state those formulas. The integral transforms ¢y, ¢
and ¢_ are realized as convolutions on the group (R*, de) and therefore their Mellin

transforms can be easily computed. Let g(s) = fooo ¢ (x)x* d;", which on occasion we
alternatively write as M (¢, s).

Proposition 3.6. The integral transforms ¢y, and ¢+ have the alternative formulas

0= 2R 5 e Jmn)™*d 3.21
¢n(6) = 5~ 0 F(Té_x)(p(s—i— Y4 /mn)~* ds, (3.21)
1 ~
dL(t) = — / hi(s, 0)p(s 4+ 1)(4m/mn)~5 ds, (3.22)
2mi 2)
where
Los=1 cos(ms/2)T(s/2 + it)[(s/2 — it), + =+,
h:l:(ss t) = Ji[ s—1 . .
125V eosh(nr)['(s/2 + i) (s/2 — i), +=—.

Proof. By Mellin inversion, we have
1
on(l) = P M Je—1 % (x - @), s)(dr/mn)~* ds. (3.23)
(D

The Mellin transform satisfies the property M(f x g, s) = M(f, s)M(g, s). The Mellin
transform of the J-Bessel function (see [EMOT54, 6.8(1)]) is given as

S dx  27I0(35Y)
/ Lot = =212/ (3.24)
0 X M52 +1)

Also note that )E?b(s) = a(s + 1). Therefore (3.23) can be recast as (3.21), as desired.
For ¢_ we know by [EMOT54, §6.8, (26)] that
* K dx s—2 . .
Koit(x)x* — =2""T'(s/2 +it)['(s/2 —it), (3.25)
0 X

and therefore we obtain the minus case of (3.22).
The plus case follows from using (3.24), the reflection formula for the gamma func-
tion, and the addition formulas for sine. O
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3.4. Spectral large sieve
On I'g(N), we normalize the Petersson inner product by

_ dxd
o= [ oem@yr S (3.26)
Lo (N)\H y

Quoting from [BHMO7], if u; (g, respectively) is an L?-normalized cuspidal Hecke—
Maass (holomorphic, resp.) newform of level N with trivial nebentypus, then

Wooj (DIZ = NTHNA +151))°D and  |vaeg (D> = N~ (Nk)*D. (3.27)

With the normalization (3.12), and assuming a is an Atkin—Lehner cusp, the spectral large
sieve inequalities give

> ( > amva,-(m)\2 < <T2 + %)(MNT)S > laml,

IG1=T m=<M ey
and
. 2 2 M & 2
3 ‘Zamvac(m, 1/2+n)‘ dt < (T2 + = JMNTY 3 lanl, (3.28)
¢ JI=T ‘m<m N m<M
and

>y (Z amuag(m){2 < (T2+%)<MNT)£ > lanl.

k<T geHy(N) m<M m<M

3.5. Newforms and oldforms

Atkin and Lehner showed the orthogonal decomposition

Ss= P P s .

LM=N feH*(M)

where S, (L; f) is the span of the forms fj, with £| L, where

fie(z) = €2 £ (£2). (3.29)

Their proof works with virtually no changes in the case of Maass forms (which have
weight 0, in our context). For the rest of this section, we focus on the Maass case, but
with a general weight « (in order to most easily translate the results to the holomorphic
case).

The formula (3.29) means that (let us agree to drop the subscript oo when working
with the Fourier expansion at co)

e, () = €205 (n/0). (3.30)

Blomer and Miliéevi¢ have shown in [BM15, Section 6] that there exists a basis of
Sc(L; f) of the following type. Let f* denote a newform of level M | N, L?-normalized
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as a level N form, which implies [voo +(1)]? = N=H(N (1 + |£]))°D. Then there exists
an orthonormal basis for S, (L; f) of the form g, = leL co.mf*|e, where c¢,, < N°.
For an Atkin—Lehner cusp a, we have |vq r+(1)] = [veo px(1)], by (3.5) .

We need the following information on the Fourier coefficients of f*|, at Atkin—
Lehner cusps:

Lemma 3.7. Suppose a is an Atkin—Lehner cusp of To(N), and f* is a newform of
level M with LM = N. Then the set of lists of Fourier coefficients {(va f+|,(n))nen : €| L}
is, up to signs, the same as the set {(Voo f+|,(n))neN : €| L}.

See [KY19, Lemma 2.5] for a proof.

It is crucial for our later purposes (specifically, in the proof of Lemma 11.1) to bound
the Hecke eigenvalues of newforms at primes dividing the level. Let f* be a newform
(Maass or holomorphic) of level M, with trivial nebentypus, as above. If p | M, then

Iaps(p)| < p~1/? (3.31)

(see [Li75, Theorem 3(iii)] or [AL70, Theorem 3(iii)]; the proofs carry over to Maass
forms with virtually no changes).

4. Inert functions and oscillatory integrals

4.1. Basic definition

We begin with a class of functions defined by derivative bounds. Let F be any index set
and X : 7 — R be a function of T € F with its value at T denoted by XT.

Definition 4.1. A family {wt}tcF of smooth functions supported on a product of dyadic

intervals in R‘io is called X-inert if for each j = (ji, ..., j4) € Zio we have
C(jt, ..., ja) == sup sup X;“_"'_Jdle'...xé"wr(rjl""’”)(xl,...,xd)| < 0.
TeF (X15eeey xd)eR‘iO (41)

In our desired applications, our family {wrt}rer of inert functions will be indexed by
tuples T of the form T = (M, M3, N1, N2, N3, C, a, .. .), as well as some other param-
eters that arise as dual variables after Poisson summation. Each of these parameters is
polynomially bounded in ¢. Furthermore, the relevant values of X will be at most c(¢)g®
for some constant c(¢).
In addition, the weight functions encountered in this paper will typically be repre-
sented in the form
P(T)e' Xy (xy, ..., xq), 4.2)

where P(T) is some simple function depending on the tuple T only, ¢ (x1, ..., x4) is the
phase, and wr is an inert function. We wish to understand how such a function behaves
under Fourier and Mellin transformations. In Section 4.2, we analyze the Fourier and
Mellin transforms in case ¢ = 0, and in Section 4.3 we discuss the stationary phase
analysis of the Fourier transform in the presence of a phase ¢.
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4.2. Fourier and Mellin transforms

Inert functions behave regularly under the Fourier transform. Suppose that wr(x1, ..., x4)
is X-inert, and let

o
wr(ty, X2, ..., Xq) = f wr(xy, ..., xg)e(—x111) dx)
—00
denote its Fourier transform in the x; variable. Suppose that the support of wr is such
that x; =< X; for each i. Now wr is not compactly supported in 7, so it will not be
inert. However, if we let Wr y, (#1, x2, ... xq) = wy, (t1)Wt (11, X2, . . . Xg) Where {wy, :
Y7 > 0} is a 1-inert family supported on #; < Y (or —#; < Y1) then Xl_1 Wr,y, forms an
X-inert family. Moreover, by repeated integration by parts we have

X\ 4 vix;\
Wry, (t1, X2, ..., xg) < X1 1+ e {1+ — ,

X

so that in practice we may restrict our attention to ¥ << X¢°/X. See [KPY 19] for more
details.

A similar integration by parts argument also treats the Mellin transform, and we record
the result as follows:

Lemma 4.2. Let wr(xy,...,xq) be a family of X-inert functions such that x| is sup-
ported in the dyadic interval [X1,2X1]. Let

~ o ; dx
Wr(s, X2, ..., Xq) = wr(x, X2, ..., Xq)X =
0
Then we have Wt (s, x2,...,X4) = Xi Wr(s, x2, ...x,) where Wr(s, -) is a family of

X-inert functions in all the remaining x;, which is entire in s and has rapid decay for
IIm(s)| > X'*¢.

4.3. Stationary phase
Next we synthesize some results from [BKY13] and [KPY19].

Lemma 4.3. Suppose that w = wr(t, t2, ..., t7) is a family of X-inert functions sup-
portedont < Z, t; < X; fori =2,...,d. Suppose that on the support of wr, ¢ satisfies
ga1taxt-taq Y 1
g g P 1) < o sa 3

i.e., Y~ is 1-inert. Suppose that Y/ X* > q° for some 8 > 0. Let

o
1:/ wr(t, 1o, . .., tg)e! PGt gy

—0o0

(D) If |2t ta,... . ta)| > Y/Z for all t in the support of wr, then I <Ka q~* for
A > 0 arbitrarily large.
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2) Ifﬂa—:2¢(t, t,...,tq) > Y/szor allt, tr, ..., tg in the support of w, and there exists
to € R such that ¢'(t9) = 0 (here, ¢’ denotes the derivative with respect to t, and
note ty is necessarily unique), then

7 .
1= ﬁelW’o’hww’wwr(m, cnt) + 0@ (4.4)

for some X-inert family of functions Wr.

Part (1) above follows from [BKY13, Lemma 8.1]. The one-variable version of (2) above
is contained in [BKY13, Proposition 8.2], which was improved to many variables in
[KPY19].

4.4. A convention

We often renormalize a family of inert functions. For a simple example to illustrate this,
say wr(x) is X-inert, supported on x < N. We can write xV2wr(x) = N~V2Wr(x),
where Wr(x) = (x/N Y~12wr(x). Then Wt forms a new X-inert family with a different
list of constants C'(j). When doing this too many times it becomes difficult to find notation
for all the new functions that arise, so we may on occasion replace Wt by wr, which is
supposed to represent a generic inert function.

Another useful convention is that, when focusing only a particular variable (say n),
we may write wy (n, - ) where the - is a placeholder for the remaining variables. Writing
all the variables is unwieldy, and the notion of inertness keeps track of the important
behavior of the weight function with respect to the remaining variables.

We will also say that a family {wr(x1, ..., x4)} of inert functions such that each
variable x; is supported in [X;, 2X;] is very small to mean a quantity which is of size
04((X1...X4q)~") for every A > 0, and uniformly in the family T € F. More gener-
ally, we will use this terminology “very small” for more general quantities, not just inert
functions. In practice, we will largely ignore very small error terms.

5. Preliminaries

5.1. Petersson trace formula

The PCtCl’SSOI’l fOI'IIlula I'eadS
, 13 ,
R ; (m n C)

Kk—1

D wphp(m)hy(n) = Spem + 2miF
feH(q) ¢=0 (mod q)

(1)

where wy = g~ 1°M are the Petersson weights. Define

M=M@)= ) wrL(1/2 f).
feHc(q)
Our main result, Theorem 1.1, is equivalent to

M <</(,£ q9+8 (51)

forany ¢ > 0.
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5.2. The approximate functional equations

Let « be a positive even integer, g a prime, and f a Hecke cusp form of weight x and

level g. Put
s+ L s+ <t
k) =T 2 )r 2 ).
ro0 = () (<55

Let G; (i = 1,2) be an even entire function decaying rapidly in vertical strips such that
G;(0) = 1. Define

Vilx) =

1 / Gi(uw) y(I/2+u,x) _,

x "“du,
27‘[1 6 u )/(1/2,K)
Go(w) y(1/24u,x)? _

Vax) = 2711/) w y(1/2,6)2

If x > ¢° then by shifting the contour of integration arbitrarily far to the right, we obtain
Vilx) <A (xq)_A. Here and throughout, we view « as fixed, and g as becoming large.
For later use, it will be important to assume G;(1/2) = 0.

Proposition 5.1. With notation as above, we have

>\ Ar(m)To(m) m
L(1/2, /)*>=2 E LR V(—),
(172, f) P — p

where t2(m) is the (two-fold) divisor function, and

[e%e) 1 N
V)= Y Vae’x)/e= %/ﬂ) Vou)gg (1 + 2u)x ™" du,

(e,q)=1
where $4(s) = (1 — q*){(s) is the Riemann zeta function with the q’h Euler factor
missing.

Proof. By the Hecke relation, we have

L(s, ) = Z 3 Ay mima/e) _ Z Z—TZ('";M"’) (5.2)

K
my,my=1e|(my,my) (mlmz) (e,q)= 1 m=1
(e,q)=1

Then from the functional equation L (s, f)zy(s, K)qu =: A(s, f)2 = A(l —s, f)2 we
get the formula, as in [IK04, Theorem 5.3]. O

Proposition 5.2. Let g7 be the sign of the functional equation for L(s, f). Then

L(1/2, 3 (14+¢ef)? o (a) & Ar(na)
(1/2, )" = (1 +&p) ; e Dy

(a,q)=1

T3(}’l Fa f) (53)
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where

ni ny nj3
T (nvFa )= Fa<_’_9 _>7 (54)
o= 2 v

and

Fy(xy, x2,x3) = Vi(axiere2) Vi(axzeie3) Vi(axsezes)

eleey €1€2€3

(e1e2e3,9)=1

3
7Y (A/2 4 ui, )G (u)
- /f/ ,l] @y (2. 0 Ca(L+uy +u2)lq(1 + uy + u3)gy (1 + uz + u3)

MMM = duyduyd
M (5.5)
2ni)3
Remark. One may easily check that
o gJ1tiatis 3
J1,.J2 .03 Lo € A
X X57Xx3 3xlj' 8x£‘28x?{3 Fy(x1, x2, x3) L1, . j3.Ae il:!(axz) (I +ax;)~". (5.6)

In the terminology introduced later in Section 4, the property (5.6) means that F, satisfies
the same derivative bounds as an X -inert function with X < ¢°, in the region x; > ¢~'/2,
for all i. Similar derivative bounds hold for V (x).

Proof of Proposition 5.2. Using the approximate functional equation for each L(1/2, f),
and the Hecke relations, we obtain

(1+¢¢)3 )‘f(%)

8f E e5 niej naeq ns
L(1/2, f) = —I v1< )w( >v1 (—)
612,622 el "l;’“ A/ninans va va Va

(e1e2,9)=1 ez2|(nyna,n3)
. (I+ep)?
é1.er ejey
(e1e2,9)=1

A
x >y 7(ninan3) Vl<n1elf1>V1<nze1f2)vl<n3f1f2>.
fifr=ep Ni,n2,n3 Jninanz Nz Nz ﬂ_
(1, f2)

ny, f2)=1

Using Mobius inversion to detect the coprimality condition with > al(n, fr) (@), re-
ordering the summations, and renaming the summation variables gives the more sym-
metric form

o
wu(a) 1
L(1/2, ) = (1 +¢)°
a; a’/? 61;% ejezes
(a,9)=1 (ereze3,q)=1

N Z Ar(aninans) Vi <an]ele2>vl (anzele3)vl <an3ezeg>.
oo s\ N Vi

This is seen to be equivalent to (5.3). ]
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Now apply Propositions 5.1 and 5.2 to M. There is a significant simplification in Propo-
sition 5.2, whereby we may replace 1+¢y by 2, because if ey = —1, then L(1/2, f)?=0
anyway. Applying the Petersson trace formula then yields

M =D+ 217",

where D is the diagonal term, and

0 ©(m)t3(n, F, S@m, na; c 4
s= 3 Mo sy 2(m)T3(n, Fa, ) S )JH< ”~/m_"“>v<ﬁ)
(a,q)=1 a ¢=0(mod g) n,m cy/mn c q

(5.7)

It is easy to bound the diagonal term.
Lemma 5.3. Forany ¢ > 0 we have D <, ¢°.

This follows easily from the fact that the functions Vi(y) and V,(y) decay rapidly as
y — 00, and using the bound J,_1(x) < x for x > 2.
Proving Theorem 1.1 is reduced to showing S < ¢?*%.

6. First Poisson summation

We continue the analysis of S from (5.7). We open up the divisor functions using
the formulas )", o (m) f(m) = Zml’mz f(mimy), and the definition of t3(n, Fy, /)
(see (5.4)).

6.1. Dyadic partition of unity

Throughout this paper we will apply dyadic decompositions of important variables. Call a
number N dyadic if N = 2¥/2 for some integer k. A dyadic partition of unity is a partition
of unity of the form ) , _, w2 *2x) =1 for x > 0, where w is a fixed smooth function
with support on the dyadic interval [1, 2]. The family oy (x) = w(x/N) forms a 1-inert
family of functions. Applying this to S, we have

S= Z SMy,M,N1, N2, N3, C» 6.1
My,M3,Ny,N2,N3,C dyadic

where the dyadic numbers are restricted to be > 2-1/2 and where
wu(a) 1 S(myma, ninansza, c)
SMy My, N N2, N;.C = Z 3/2 Z -

/
@p=1 U7 c=0(modq) € ninanzmy,my  NMIM2NINN3

c=xC
4 /mimoninynia mm ny np n
XJK]( 1Tl 7ams >V( 1 Z)Fa<_l5_27_3>wT(m17m25n15n25n3’c)'
¢ q NERNING]

(6.2)
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The letter T here and throughout stands for the tuple of dyadic parameters, and we may
use St as shorthand for the left hand side of (6.2). For the main thrust of the argument,
the precise form of wr is not important. However, when calculating certain potential main
terms, we have found it important to re-sum over the partition, in which case one should
remember that wt may be expressed as

( ) mi C
wr(my,my,ny,ny,n3,c) =w| —1,...0l = ).
M C

Let M = M1M3 and N = N1 N, Ns.

Lemma 6.1. Let ¢ > 0. Unless

1/2+¢
M <. q'* and N; < (6.3)
foralli =1, 2,3, we have
Str<ag?
for A > 0 arbitrarily large. Moreover, if C > g°, we have
St <& q°.
We will henceforth assume (6.3) (which implies N < a=3¢3/%*%) and
C <q’. 6.4)

Proof of Lemma 6.1. The bounds (6.3) follow from the rapid decay of the weight func-
tions in the approximate functional equations. The bound for C > ¢> holds using the
Weil bound for Kloosterman sums, and J,_(x) < x. O

By symmetry (Dirichlet’s hyperbola method), we shall assume
My < M. (6.5)

Note M| <« g'/#+¢.

6.2. Poisson summation

Applying Poisson summation in m, modulo ¢, we obtain

u(a) 1 1

St = Z — Z S Z — Z H k)1 (k), (6.6)
(a,q)=1 a/ my,ny,na,n3 vV minnans3 ¢=0 (mod gq) ¢ keZ

where (with shorthand n = nnyns)

kx
H(k) = H(k,mi, na; c) = Z S(mpc,na;c)e(—), 6.7)
C

x (mod ¢)
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and

—kt 4 /mnat dt
Je—1| ————— Jwm, (¢, 9)
C \/;

o0
I(k):](ml,k,nl,nz,n3,a,c):/ e(_
0 C
(6.8)

For the notation wyy, (¢, - ), recall the convention described in Section 4.4. Furthermore
note that the definition of the inert function wt has been altered to include the function V
and F, from the second line of (6.2).

We now apply a dyadic partition of unity to the k-sum, and let w(k/K) be a generic
such piece. To simplify the notation, we simply add K to the long tuple of parameters
already appearing in (6.2); we are already writing T as shorthand for this long tuple, and
we shall continue this practice. Let Ix = Iy, My, Ny, N2, N3,a,C,K) = w(k/K)I. Then for
k>0,1=) g dyadic 1K - By redefining the inert function in (6.8) to incorporate w(k/K),
we may also view Ik as an instance of (6.8).

Remark. We may without loss of generality assume that k > 0. The negative values of k
give rise to terms that are complex conjugates of their positive counterparts. Secondly,
H(0) = 0 unless c|mp, and those terms only contribute O(g~*) since m; < q'/**¢
and q | c.

6.3. The arithmetic function

We now compute the arithmetic sum H (k). Immediately from the definition, we obtain

1 1 miu + k)x + nau nau
EH(k)I— Z* Z e(( ! ) >= Z* smlu—k(modc)e(T)-

u (mod ¢) x (mod ¢) ¢ u (mod ¢)

(6.9)

One would like to simply substitute 1 = —km; (mod c), but this is not possible
because it is not guaranteed that m (or k) is coprime to c. For this reason, we employ a
factorization of ¢ and the Chinese remainder theorem as follows.

Write

c=coca and k = kok, (6.10)

where the factorizations may be written locally, using the notation v, (n) = d for p? | n,
as

co = l_[ pr O ey = l_[ pr©,

Vp (C)>U];(k) lfvp(c)fvp (k)
k=[] »"® k= ] p»%.
vp (k) =vp () 1=y (k)<vp(c)
Alternatively, using the notation n* =[], p we have

(co.ko) =1, calko,  kik{|co, (6.11)
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and these conditions characterize cg, c2, ko, k1. Note that (c2, k1) = 1 automatically from
the other conditions; indeed we also have (c3, cg) = (k1, ko) = 1.

The congruence condition miu = —k (mod ¢) in (6.9) is solvable with (u, ¢) = 1 if
and only if (m1, ¢) = (k, c¢). The conditions (6.10), (6.11) give (k, ¢) = kjc2, and so we
impose the condition k¢ = (m1, cpcz) = (ml, z—‘l’klcg). Thus we define

my = kicom’, (6.12)
where the new variable m is only subject to the restriction
(m,co/ki) =1, ie. (m),co) =1,
where we have used the fact that ¢/ k| has the same prime factors as cy.

Remark. In S, we have g | c. If g | kjcp, this means g | m 1, but we have m| < q1/2+8,
so the condition ¢ | ¢ may be freely replaced with g | cp, and we may assume

(g, k1) =1. (6.13)
Proposition 6.2. Given the notation above,

namﬁ%

1
zH(k, mi,an;c) = e(— )S(na, 0; 62)k13k1|na8(m/1,co):l‘sc,k’ (6.14)

€0

where kg indicates the multiplicative inverse modulo co and where 8. = 1 if (6.10) and
(6.11) hold, and é. y = O otherwise.

Proof. First, we note that mju = —k (mod c) (that is, m’lklczu = —kok; (mod coc))) is
equivalent to m/lu = —ko/c2 (mod co/k1). In other words,
u = —m)ko/ca (mod co/ky). (6.15)

Here k¢/c2 can be taken to be the multiplicative inverse modulo cy, since every prime that
divides cq also divides cg/ k1 (via (6.11))
Now we apply the Chinese remainder theorem to the pair ¢y and c,, which gives

1 * nau(coco + ¢2¢2)
S H & my,an; ¢) = > 5u—m31m/cz<modco/k1>e<c—
0C2
u (mod ¢)
* naucgo * naucy
= > e( o ) > 3us—m’1ko/cz(modco/kne(—c() >

u (mod ¢p) u (mod ¢gp)

The sum modulo ¢; is a Ramanujan sum, and for the sum modulo ¢y we replace u by u,

which gives
naucy
(ko/e2) (modeo/kn)\ ™ )

1 *
EH(k,ml,an;c)=S(na,0;cz) Z (Suzfm/]

u (mod cq)
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The congruence restriction on # modulo ¢y may be expressed as
u = —m|kojca) + v;—o (mod cp) with v (mod k). (6.16)
1

Here v runs over all residue classes modulo k1, because as long as u is coprime to cg/ k;
it is also coprime to cg. Thus

. <na(—m/1 (ko/c2) + vCO/kl)E)

1
—H(k,my,an; c) = S(na, 0;
A (k,my, an; c) (na, 0; ¢2) Z “

v (mod k)

nam’lk_o
= S(na, 0; cp)e| — k18k,|na- o
co

Inserting the conclusion of Proposition 6.2 into (6.6), and imposing (6.13), we get

1
S=Y Y —— Y Y Y W

/
(a,q)=1 mY.ny.nz,n3 mininans (co.m)=1 (ko,co)=1 kilco/k}
o co=0 (mod q) (k1,9)=1
1 ninanzamiko ,
X 3zel— S(ninanza, 0; c2) I (mykyca, koki, ny, na, n3, a, cocz)
c2lko €0CH co

6.17)

plus a small error term.

6.4. Analysis of integral transform

The asymptotic behavior of Ix depends on whether v/aM N /C > g° or not, since this
dictates whether the Bessel function is oscillatory or not.

Lemma 6.3 (Pre-transition). Let Ik (k) be defined via (6.8). If for any ¢ > 0,

VaMN/C <. ¢°, (6.18)
then
MY Ix (k) = (WaMN/CY* ™ Mywr(my, k, n1, na, n3, a, c), (6.19)
where wt(-) is a qgl-inertfunction. Furthermore, I is very small unless
KM>/C < ¢°. (6.20)
Lemma 6.4 (Post-transition). If for any ¢ > 0,
VaMN/C >; q¢°, 6.21)
then
MY I (k) = (aﬁiﬂl\{jl/ze(mclza)wﬂml, k,ni,na,na,a,0)+0((kg)™™),  (6.22)

where wt(-) is a qgl-inertfunction. Furthermore, I is very small unless

K < (aMN)'?/Mj. (6.23)
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Proof of Lemma 6.3. Suppose that (6.18) holds Then the Bessel function is not oscil-
latory, and J_1(x) = x*"'W(x) where xf W(x) < X/ with X « ¢° (note that if

1 € x K ¢°, itis still valid to factor out x* though there is a small loss of efficiency
by doing so). This is the same derivative bound as for an X-inert function, so it may be
absorbed into the inert function wt. Then by the discussion in Sections 4.2 and 4.4, we
have

My Ik (k) = (VaMN /C) ™ Mywr (), (6.24)
and Ig (k) < (kq)~* if K > mqg. Here wr is ¢° -inert. o
Proof of Lemma 6.4. Now suppose that (6.21) holds. Then we use the fact that for x > 1,

—1/2 +i
Jeo1(x) =) x e W (x),
+
where W satisfies the same derivative bounds as a 1-inert function. Thus

12 00 B
‘/EIK(]():ZC—/ wMz(ty)e(%)e(—iz tcmlna>d

— (aMN)/+

where wr(t) is g®-inert (in all previously declared variables), and supported on ¢ < M>.

Since k > 0, if the £ sign is —, then Lemma 4.3(1) shows that the integral is very
small. Therefore, we focus on the case where the sign is +, in which case we obtain an
oscillatory integral with phase

kt 2 /tmina
$() = —— + X C
c c
We have '
/mina Jmina
(1) =——+ s ) =
c e/t 2ct3/
There is a unique point zy where ¢’(¢g) = 0, namely
mina
o = 2

If itis not the case that 79 < M, (with large but absolute implied constants), then we have

|@' ()] > Y& throughout the support of the weight function, and Lemma 4.3(1) again
shows the 1ntegral is small. If 79 =< M>, then the location of fy is compatible with the
support of ¢, and stationary phase (Lemma 4.3(2)) shows that

[ e (5o (3

c'?m, mina mina
= )+ Otkg)™),
(aMN)l/4e( v )wT< 2 >+ ((kg)™™)

where wr on the right hand side is ¢®-inert, and supported on mna/k* < M. O
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7. Reciprocity and other arithmetical manipulations

Next we reorder the summation St in (6.17). We bring the sum over n = ninsn3 to the
inside, and open up the Ramanujan sum S(na, 0; ¢2) = ) d|(na,cy) d0(c2/d). This gives

1 S
Sr= Y. % CSTZdM(Cz/d) > k;/zzﬁ+0(c]_‘4), (7.1)
)

(a.q)=1 2 C dle (k1,q)=1

where

s- » oL
C|
comp=1 0 (ko.co=1
co=0 (mod gk k¥) ~ ko=0(modc2)
nynanzam’ko
Z (_ 0 )
ninon3a=0 (modkp) vitnang

ninyn3a=0 (mod d)

/
Ig (m\kica, koki, ni, n2, n3, a, coca).

We shall not obtain any significant cancellation in the outer summation variables appear-
ing in S (except for a “fake” main term, in Section 13.7) , but substantial cancellation is
required in cg, kg, and the n;.

Note that since d | ¢2, ¢ | ko, k1 | co, and (cg, ko) = 1, we have (d, k1) = 1. Then the
congruences in the sum over n = nnsnj3 are equivalent to an = 0 (mod dk), which in
turn is equivalent to n = 0 (mod §1), where

kid

= kD (7.2)

1

Note that (81, ¢) = 1 and (kg, q) = 1.
Since (co, ko) = 1, we have the reciprocity formula

ko <o 1
S0 (mod1).
co ko coko
Define
nam’,
J(n1,n2,n3, a,my, co, ko, c2, k1) = €<— T 1>1K(m/1k1€2, koky,ny, n2, n3, a, cocz)
coko
=e<—”“f‘>1K(m1,k,n1,nz,n3,a,c), (7.3)
C

where in the second line we have expressed J in terms of the earlier variable names

(6.10), (6.12). This is sometimes convenient for tracking the sizes of certain quantities,

namj _ NaM,

for example, ok = CK
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Our next goal is to apply Poisson summation in the n variables, and to do that we need
some preparatory moves. First, consider a formal sum of the form

> T ma ). (7.4)

n1,m2,m3>1
n1n2n3=0 (modr)

The product n112n3 runs over integers of the form nr with n > 1. Now define

=@m.r), m=njr.

so (n},r/r1) = 1. Then ’7/1 nny = (r/r)n. Continuing this process, define r, =

o

(2, 7/71), M2 = Mara, 80 Mymyn3 = F-n with (), i ;=) = 1. Finally, let r3 = (13, ;7).
oy e
and set n3 = 773r3, whence (773, rlrzrs) 1. Now 771772173 = and the coprimality
conditions mean that (nn;n}, rlrm) =1,s0rrrm=r.
Therefore, translating this discussion into formulas, we find that (7.4) equals

Z Z Z Z](Vlﬂ/l,rzn/z,rgng).

TIRI3=T (n),rar3)=1 (1, r3)=1 1}

Using Mobius inversion, we see that (7.4) equals

DD wen Y e Y J(rieins, raeama, rin3). (7.5)

FIrar3=rey|rors exlrs ny,np,n3>1

Applying this formula to S’, we obtain

YooY D ulenmens’, (7.6)

rirar3=éy eylrary ez|r3

where
erexdamninyn3cy
- » Ly oy i)
d1e1eaninang

Ci
mpn=1 0 ko.co=1 ninpnz=1

co=0 (mod gkik}) ~ Ko=0(modcy)
0=0 (modgkikp) x J(rieiny, raeana, r3n3, a, my, co, ko, c2, ki).

We remark that in doing so we changed variables by
niy > riejny, Ny > rpepny, N3 > r3ns. ()]

With the earlier definition of n as nynans, (7.7) is equivalent to n +— ejex8n.
Next define go = (eje2d1am’, ko), and write

erexdiam)

k() = gok(/) and 52 =
80
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There are some implicit conditions on the variables that we wish to record explicitly. Note
that since (k1, ko) = 1 and d | ¢z | kg, we may write go as

ad ) = a a ko
= s eie m B )
80 6132( d)m] 0 1 Z(a’d) 1 d

and in particular d | go, a property that will be important in Section 11.7. Also note that
since none of the factors of §, is divisible by ¢ (since ¢ is prime, (a,g) = 1, and the
original m and n; variables are < ¢'/>*¢), we have

(2.9) = 1. (7.8)

We may also observe that (go, gk;) = 1 since go|ko, (ko,co) = 1, and ¢g = 0
(mod gk k7). From ky | a8y, we also conclude that

ki | 6. (7.9)
Therefore,
S// — Z SW, (7 10)
golereadiam
£20=0 (mod d)
where

e(%mzznzﬁ)

1
"o § : § : §
ST = co Jo1e1exninans
! (k ,82¢0)= 1 ny,ny,n3>1 )

(co,gom’)=1

co=0(mod gk1k}) k=0 (mod ;-25)

x J(rieina, raeana, r3n3, a, my, co, goky, c2, k1).  (7.11)

8. Triple Poisson

8.1. Poisson summation formula

Our next step is to apply Poisson summation in n1, n2, n3 modulo k() to (7.11), to which
end we state the following general version.

Proposition 8.1. Let J be any smooth and compactly supported function on (0, 00)3, and
suppose (o, k) = 1. Then

ninyn3o 1
> e(k>J(n1,nz,n3)=k3 > Ap1, p2 p3i e K)B(p1, pa, p3i k),

ny,ny,n3=1 P1,p2,p3€L
where
X1X2X30¢ — X1 P — X2 P2 — X33
Apr, pr, prisk) = Yy e( p ) @.1)

X1,Xx2,x3 (mod k)

B(P17P2,P3;k)=/ f / J(t, 0, 3)e QWLE-FE dty dn dt3.
o Jo Jo k k k

An evaluation for A is given in Lemma 8.2 below (see also Lemma 13.2).
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In view of (7.11), we need to evaluate A(p1, p2, p3; 82€0; k6), and analyze

B(p1, p2, p3; k) =/

/ /
. J(rie1t1, raexta, rats, a, my, co, goky, c2, k1)
(RT)-

t t t dty dt dt
e(P11+P22+P33> 1dtydt3

_— 8.2
b Tk T ) Jaennan &P

where rirr3 = 81 (see (7.6)).

8.2. The evaluation of A
Lemma 8.2. Suppose («, k) = 1. Then

_ k
Aprpr prienk) =k Y. fS(ma,%;?),

FI(p2,p3.k)
where S(m, n; c) is the standard Kloosterman sum.

Proof. By first evaluating the sum over x3, we derive

X1p1+x2p2
A(p1, p2, p3sa; k) =k e —)

X1,X2 (mod k) ( k

x1xp0=p3 (mod k)
At this point we decompose the sum by letting (x1, k) = f with f | k. Say x; = fy with
y running over reduced residue classes modulo k/f. Note that necessarily f | (p3, k),
and x, = W”—; (mod k/f). Therefore, we may write x, = W”—f? + v% where v runs
modulo f. Hence, ) '

« (ym\ (OFp2 Pav
A(p1, p2, p3;as k) =k Z Z e IF e\ —— Z e 5 )
f1(p3.k) y (modk/f) v (mod f)

The sum over v detects f | pa, and so the formula follows. o

8.3. Asymptotics of B

Let us begin by unraveling the definition of B. First we recall its definition from (8.2),
(7.3), and (6.8). Let us also pull out a factor N—1/2 coming from (e1e281t11213)~1/2. Recall
that /g (k) has a built-in inert function. One may change this inert function appropriately
to achieve that B takes a simplified form:

N‘/23<p1,pz,p3;k6)=/

e(—ele281t1t2t3am’1
R+)3

I*(my, k, rieit1, raextr, r33a, )
coko

(Pl 1 p22 p3f3

dty dt dts,
ko ko k6>
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where I* has the same properties as I given in Lemmas 6.3 and 6.4 (since only the
definition of the inert function has changed). Note that the support of the inert function is
such that #; < N/, say, where

N Ny N
N =— Nj=—", Nj=-—
erri exr; r3
Define N’ = N{N}Nj. In the analytic aspect, it is usually most convenient to work with
the original variable names (we may perform the substitutions later, after analyzing the
integral transform). Let

h = ejexrirar; = eje3dy,

and note that
N'h =N.

The terms with some p; = 0 will be treated in Section 13, using a more elementary
approach than the method used in the analysis of the nonzero terms with pyp2p3 # 0.
For the nonzero terms, we apply dyadic partitions of unity to each p; variable, for the
positive and negative values separately. For P = (Py, P>, P3), let Bp be the same as B
but multiplied by one function from this partition of unity with |p;| < P;,i = 1, 2, 3; we
also assume that the sign of each p; is fixed by the partition, but suppress the signs in the
notation of Bp. As a convention, we may incorporate the case p; = 0 by setting P; = 0.

Lemma 8.3 (Post-transition). Suppose (6.21) holds. Then

M,*N'2Bp(p1, pa, p3; k) = MaN'wr (), (8.3)

C
(@aMN)'/2
where wr is q®-inert, N' = N{N;Ns, and where Bp(p1, p2, p3) is very small unless

k| (aMN)'/?

0 -
P« V;qa and K = M (8.4)

Proof of Lemma 8.3. The main observation is that the exponential factor appearing in
(6.22) cancels the exponential factor in the definition of J in (7.3). Therefore, B is a
Fourier transform of a ¢°-inert function supported on #; < N/, and hence by the discussion
in Section 4.2, (8.3) follows. O

Lemma 8.4 (Pre-transition, non-oscillatory). Suppose (6.18) holds, and additionally

NaM,
CK

<L q°. (8.5)

Then Bp(p1, p2, p3; k(’)) is very small unless

N]P; . KM,
% L q, =123, and
0

<<€ qsa
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in which case

JaMN\*!
M§/2N1/23p(p1,pz,p3;k6>=( - ) MaN"wr (), (8.6)

where wr is q°-inert.

Proof. In this case, the exponential factor in the definition of Bp is essentially not oscil-
latory, because of the condition (8.5). For this, it is again helpful to remember that

616251t1t2t3am/1 NaM,
coko - CcK

Since (8.5) holds, the exponential factor may be included into the definition of the inert
weight function, which is g®-inert. As in the case of Lemma 8.3, we again obtain the
Fourier transform of a ¢®-inert function, and hence we obtain the claimed estimates. O

‘We record for later use that under the conditions of Lemmas 8.3 and 8.4, we have

PP P3 L, qa£<L)3 = qu—3 L 8.7
N \ k180 N (k1go)?
Lemma 8.5 (Pre-transition, oscillatory). Suppose (6.18) holds, and additionally
Nl o ¢, (8.8)
CK
Then Bp(p1, p2, p3; k(’)) is very small unless each p; > 0 and
NaM, k6 . M B
;X CK—NZ.” i=1,2,3, and <L q°, 8.9)

in which case

3
1/2 - —
My N2 Bo(p1. pa. p3i ki) = 0 (¢~ T +1piD~*)
i=1

k=1 32 12
+< aMN) MZN/( cK ) e<2(p1p2p3ck) )wT(-), (8.10)

C aMiN (amlhk63)1/2
where wr is q°-inert.
For later use, it is convenient to observe the identity
2(p1p2p3ckf/2:= 2(p1p2p3co)'/? 2:2(p1P2p360f/2 @.11)
(amihk)12 "~ kjy(ahm'/go)!/? k)"

The explicit oscillatory rate of Bp seen in (8.10) is exactly that of a Whittaker function
w( 4 v1p1pa pacol lel”/zmc‘)l) This suggests that at this point of the proof the situation is ripe for the

172
k)b,
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application of the Bruggeman—Kuznetsov formula. From this observation we can heuris-
tically infer that the variables pi, p2, p3 and cq are playing similar roles, that sums over
each variable will reconstitute one of the four copies of the L-functions mentioned in
(2.4), and k, is the modulus variable in the geometric side of the Bruggeman—Kuznetsov
formula.

Proof of Lemma 8.5. In this case, the phase arising from reciprocity is oscillatory, and is
not cancelled by a corresponding phase from the kernel function /. By (6.19) and (7.3),
we have

MN k—1
M21/2N1/zBP:< a > M,

C
—H 1t h t + 1 +t
X / wr(ty, b, t3, - )e 1hham e LP1 21/72 3P3 dty dt dts.
R3 ck kO
The behavior of this oscillatory integral is derived as an example in [KPY19]. O

8.4. Mellin transform of B

For many of our later purposes, we prefer to work with the Mellin transform of Bp instead
of Bp itself. Of course, Bp depends on a number of variables, and what is meant here is
the Mellin transform in terms of k. Define

~ o0 dx
Bp(s) 1=/ Bp(p1, p2, p3; X)x° P (8.12)
0

which is the Mellin transform of Bp in k. Recalling k = gok1kj,, note that

K
X o= —.
gok1
Let us combine the results from Lemmas 8.3 and 8.4. In these two cases, we have
s
1/2 aMN
M, *N'2Bp(pi. pa. p3; kp) =< ) MyN"wr(), (8.13)
where § = —1 in Lemma 8.3, and § = x —1 in Lemma 8.4. In both cases, p; are supported

on |pi| < P; < (k{/N/)q®, but there are different constraints on the parameters. In any
event, in terms of k, Bp is g°-inert, so we group these two cases together under the
heading of “non-oscillatory”. Lemma 4.2 then leads to the following.

Lemma 8.6 (Non-oscillatory). Suppose the conditions of Lemma 8.3 or Lemma 8.4

hold, and put § = —1 or § = k — 1 in the respective cases. Then
~ aMN\° K\
le/le/zBP(S) = < > MzN/<—> wr(s, - ),
C goki

where wr is q°-inert in all the variables except for s, and entire in terms of s. Moreover,
wr (-, o + it) is very small unless |t| <o q°.
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In the case where Bp is oscillatory, it turns out to be easier to use the Bessel integral
representations (9.8), (9.10) in the Bruggeman—Kuznetsov formula, and so we may avoid
the Mellin transform analysis of Bp. See the introductory paragraphs of Section 10.2 for
more explanation.

9. Application of Bruggeman—Kuznetsov

Write 7p for the terms from S”” with B replaced by Bp (in particular, p;paps # 0).
Therefore,

1
= ) - o
(co,gom’)=1 (k/ 82c0)=1 0
co=0 (mod gk k) =0 (mod - LZ))
x Y A(p1. p2. p3i 82€0: ko) Be(p1. p2. pai kp).
p1.p2.p370

Applying Lemma 8.2, and moving the sum over k, to the inside, we obtain

=Y LY Y ¥

c
(co,g0m)=1 O p1.p2p3#0 fl(p2.p3) (. 8aco)= 1
co=0 (mod gk k7) ko=0 (mod z=2)
kO_O (mod f)

f ( p2ps3 . k(’)) ,

=S| picoda, —5=; =2 | Be(p1, p2. p3; kp)-
2 2

k(; o f

‘We absorb k672 = (gok1)2 /K 2 into the inert function which changes the definition of Bp
(call the new function Bp ), but not any of the analytic properties it satisfies (cf. Section
4.4), giving

2
(SR Vi ) zf >

(co,gom’)=1 €0 p1.p2.p3#0 f1(p2.p3) (k :82¢0)=1
co=0 (mod gk k) =0 (mod 7= fz>)
k=0 (mod f)
k/
0 k)

Let k, = fk, so that the inner sum over k;, becomes

~— P2P3
8(f.60c0)=1 Z S<P16‘052, ?; k6’> Bp «(p1, p2. p3. fkg),
(k// Socp)=1
k(=0 (mod 83)
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where we have defined
c2/(go, c2)

(f. c2/(go. c2))’
Finally, to ease a later summation over cp, we detect the condition (kg ,c0) = 1 with

Mobius inversion, say over the variable §4. Then we reverse the order of summations, and
define

(CAY

co = 84c(, 85 = [83, 84]. 9.2)
We record that the summation conditions in the sum over k; are empty unless
(62,85) =1, 1ie. (82,8304) = 1.
For later use, we also record that
(84, k1) =1, 9.3)

since k1 | 82, and (82, 84) = 1. Using this, and moving the sum over f to the outside, with
the definitions

p2=fr5, 3= fp3

we obtain

To = (gOkl) Z Z M((384) Z ¥ Z % KCp.,

82|(g ) (84,8280m’)=1 4 (f>52{34):l (c’o,fgom’l):l pi p’z,pé;éo
O-Distrue 5,0 =0 (mod gkik})
(9.4)
where
Ke= > S(pidacyds. pyp: k) Bes(pi. f15. fP5: fhy).  (9.5)
(kg,82)=1

k(=0 (mod 85)

Consulting Proposition 3.4, we may now realize the Kloosterman sum in question as
one belonging to the group I' = I'y(6285) with the pair of cusps oo, 1/8s (note that these
are Atkin—Lehner cusps, since (42, 8s) = 1). Hence

Kp= > Seisss(P18ach. phPs: kG52 Bo(pr. f1b. £ £K).
kg v/82€Co0. 1785

According to Theorem 3.5, write Kp = Ky + K. + K, and accordingly write 7p = T4 +
Te + Tp. We furthermore decompose Kp = > . c.c(—1.1) K33, where the meaning
ise€jpi > 1fori = 1,2,3, and likewise decompose lCd, etc To simplify the notation
and reduce the number of cases to investigate, let KT denote the terms with p; > 1 for
all i, and K~ the terms with p; < —1 and p,, p3 > 1. The other sign combinations may
be easily treated by symmetry, since the Kloosterman sum is unchanged when reversing
the signs on two of the p;, and since Lemmas 8.3 and 8.4 are insensitive to the signs of
the p;, while Lemma 8.5 requires all p; > 0, which is covered by K.
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We have

Ki= Y veoj(p18ac)Visss j (PP We(pr. fPh. fP: 1), (9.6)

tj level 8,85

where

Wi(p1. fP5, [Py 1) =
/ hs (s, 1) (@ /acq i1 PhpR) ~* Bea(prs 0. fPhis + 1) ds,
(20+¢)

(recall h+ was defined by (3.6)), and where

~ % d
Bp«(p1, fP5, [Py s+ 1) :=f0 Br .« (p1, Db, £P5: f/v/82)y" ! Ty

Here the “double tilde” notation for B is meant to indicate the Mellin transform of B with
respectto y = k”\/> (where y € Cqp as in (3.14)), because we have already reserved B
for the Mellin transform in the k variable (as in Section 8.4). The relationship between
these two transforms is

Bpu(s+ 1) = (/&2/1) ' Bes(s + D).
Simplifying, we obtain

N

F Joote

Ve
V8acylp1lp2p3

The holomorphic case is similar, but with a different integral kernel than h (s, ¢;).
We may also prefer to use the Bessel integral representation for W, which we do in
case Bp_ . is oscillatory. For instance, we have

oo A7 p184c’ p/ p/
Wi(p1, fP5, fP5; ©) =/ J@1<%
0

Wi(p1, p2, p3; tj) = h:l:(s,tj)< ) Bpo(s+1)ds. (9.7)

Be«(p1, [ph, fP5; fy/V/82) dy.
Changing variables, we obtain

Wi (p1, fP5, 15 0)
_ V& / 0 1<4W F2p1Pspidach
fJo Véry

Note that, in terms of the older variable names, we have

)Bp,*(pl, fps, o5 v dy.  (9.8)

I2p1pypidach _ pipapsco
82 ahm'/go”

9.9)
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Similarly, in the + Maass case, we have

Wi (p1, fP3, fP5: 1))
_ @f“ B+ <4ﬂ\/f2p1p/2p§64c6
f Jo 2it; \/gy

)BP,*(Pl, fpys fP3 ) dy.  (9.10)

10. Asymptotics of W

Here we analyze the various W-functions appearing in the Bruggeman—Kuznetsov for-
mula.

10.1. Non-oscillatory cases

First suppose the conditions of Lemma 8.3 or Lemma 8.4 hold, so that Lemma 8.6 gives
the behavior of B. Continuing from (9.7), we have

Wx(p1, p2, p3; t)
(VaMN/CYM)N'K /8> B t)( V& K
= :l:s7 j
My’ N1/2 f8ok1 Jo+e) "\ gokiv/8ac) I p11papa

N

) wr(s, ) ds.

(10.1)

Here wr is g®-inert in all variables except s. It is entire in s, with rapid decay for
[Im(s)| > ¢°.

As shorthand, let
Y_g()kh/CP1P2P3 _ ( \/EK )—1
S0 K gok1+v/8acyl p1lp2p3

(10.2)

Our goal now is to show

Lemma 10.1 (Non-oscillatory). Suppose the conditions of Lemma 8.3 or Lemma 8.4
hold. If |t;| > (1 +Y)q®, then W (t;j, -) is very small. Similarly, if £ > (14 Y)q°®, then
Wi, -) is very small.

Proof. 1f s = o + it and [t| > (|tj|q)®, then by the rapid decay of wr, we conclude that
this part of the integral is bounded in a satisfactory manner. In the complementary region,
we know from Stirling that

ha(o +it, 1) <o ¢°(q° + 1)

Side remark: The exponential factor implicitly appearing in Stirling’s bound on A+ (s, #;)
is < 1, and one cannot do better in general, because in one of the two cases of & sign,
the exponential factor is exactly 1.
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Now if [t;| > (1 4 Y)q®, we shift the contour far to the left and bound it trivially.
In doing so, one encounters poles at s/2 &+ it; = 0,—1, -2, .... However, these all
have large imaginary part and wr is very small here, so these residues are bounded in a
satisfactory manner. The integral on the new line is very small since [£;|/Y > ¢°.

Next consider Wy, (£). The analysis is similar, except one replaces h (s, t;) by

)
F(—S-Sf-ﬁ-l)

h(s, €) ;=251

Stirling’s formula gives, for o < +/|€ + it|,
|h(o + it, £)] < (max(¢, |¢]))° "

As before, if £ > (1 + Y)q¥®, then we may move the contour far to the left (some large
constant not growing with ¢g). Then W), (£) is small, by the same type of reasoning as in
the Maass case. O

Now we reap the reward of the language of inert functions. Since wr is inert in all vari-
ables, we may apply the Mellin inversion formula together with Lemma 4.2, which gives

VaMN Vo

k—1
Wi (p1, p2, p3it;) = ( ) (MaN)'PK Y—— ha (s, t;)
! Cc hfgoki Joo+e) !

Vo K ' PL\" (P \"(P\"( C \"
X U.)T(S,u,') T - - 7 dllds,
gok1+/84cy| p1lp2p3 |p1l P2 P3 dacyea

(10.3)

plus a small error term, where u = (u1, u3, u3) and is integrated over an arbitrary product
of lines with Re(u;) fixed, for i = 1, 2, 3. Here wrt is very small except if the imaginary
parts of all the variables are < g°.

10.2. Oscillatory case

Now we consider W4 and W), when B is given by Lemma 8.5. The first significant point
is that W_ is small, because this corresponds to the case where p| p2 p3 < 0, which means
pi < 0 for some i, in which case B is small. Indeed, B is small unless p; > 0 for all ,
and so the only relevant functions are W, and Wj,.

Itis inconvenient to use (9.7) in the oscillatory case. The problem is that the oscillatory
nature of B means that we may no longer restrict |Im(s)| to be O(g®), which in turn has
an effect on the behavior of i (s, r) and A (s, £). Namely, it is no longer true that /1 (s, )
and A (s, £) satisfy analogous asymptotic formulas (due to the use of Stirling with ir large
vs. £ large), and so it appears difficult to unify these two cases. In addition, one is forced
to confront some tricky oscillatory integrals. To sidestep these problems entirely, we shall
use the Bessel integral formula for W instead. The oscillatory behavior of B is actually
beneficial and causes W to be essentially inert (in both the Maass and holomorphic cases).



The fifth moment of modular L-functions 271

Let us begin with W},. Using (9.8), (9.9), and (8.11) to match phases, we have

JaMnN\?
Wh(Pl’P27P3§€):( C >\/m<aM1N> \J/‘;Z

plus a small error term, where
o0 4 b) 3
z:/ Jg_l( z plpzm 4c°> ( PrPaps 460) wr(y, )dy.  (104)
0
K
8ok

Here we recall that w has supporton y <
Recall the integral representation

. The fact that the phases match is pleasant.

/2 _ oFilt—D1/2
Jo_1(x) = Zc;g,i/ cos((€ — 1)B)eT 0 gg ¢y =— " (10.5)

+ 0 b4

This gives
/2 o0 1 4+ cosf
7= Z/ co.+ cos((€ — 1)9)/ e(u)ﬂﬂy, )dydo

+ J0 0 y

with
_ 2V pipap3dacy
N

Changing variables y = gollflx now gives x < 1, and the inner integral is a Fourier

transform of an inert function. Hence

z-= o/qZ/ 1.1 cos((E — 1O)T T<

where we have redefined wr (see Section 4.4). Using 84c(, = co = ¢/c2, 82 = ham'| /go,
m' = -, (8.9), and k) = kL we check the size of

klc‘ ’
z80k1 _ v P]PngCklj 8 _ NaM;

K KhaM; ~ CK

80Kt (1 4 o 9)>d9

’

which is >> ¢® because we are operating under the conditions of Lemma 8.5.
Now we observe that the integrand is very small unless

NaM
CK

Hence, the sign must be —, and we must have

CK 1/2
0 £
< <NaM1) a

|1j:cos9| < q°.
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(which is O(g™?%) for some 8§ > 0). This means that by using a Taylor expansion, we
may develop the Wt part into an asymptotic expansion with leading term given by the
substitution 1 — cos § > 62 /2. Therefore,

cos((€ — 1)@(@(%@ T ) do,

where we were able to extend the integral to +o0o since wr is small otherwise, and also
extend to —oo by symmetry (we have also redefined the inert function to absorb con-
stants).

As another shorthand, let

o]

7 = ——
gok1 J_oo

. zgok1 = NaM,

Q K CK

Then Z takes the form

Z K /00 exp(i(£_1)9>u’)\(92)d9+
- - > T
gok1y/Q J-oo Vo

If we let g(0) = wr(0?), then g (0) <ja X/(1 + 6)~4 for arbitrary j, A, where
X « g°®. Therefore, this is another Fourier transform of a function with controlled deriva-
tives, and so by the discussion in Section 4.2, it takes the form

K G (Z -1 >
gkiyQ \ Vo'
plus a very small error term, where G would be g®-inert (in £) if it had dyadic support. It

is g®-inert in all the other variables, however.
Regrouping, we have

wy = (MY H\/ﬂ cx ) k4 (L
h = 2\ aMN Feokih 7\ VO

C

plus a very small error term, where G is very small unless

MiaN\'/?
¢ ‘.
<("r)

Then we may take the Mellin transform in p1, p2, p3, co, which gives

JaMN\<! 2 s
Wh(m,pz,pa;cé);ﬂ):( s ) vM2N<affN> Kﬁﬁh

. P\ /P,\"2/ P\ 3 C us
X/ wT(u,ﬁ,~)<—l) (—2> (—3) ( : ) du  (10.6)
©) Ip1l P2 p3 84¢HC2

plus a small error term, where f ©) is integration over the line Re(u;) = o,i = 1,2, 3, and
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o € R is arbitrary to be chosen later. Now we turn to W_.. Since the details are similar to
the previous case, the exposition is brief. We follow through the steps used for W, where
the alteration in the first step is replacing Jo—1 by B;r (x). In place of (10.5), we have

instead

Joir (x) — J_2ir 2 [

2 (x') 2ir (*) = —/ cos(x coshv)e v dv.
sinh(7rr) i J_ oo b4

We shall use this for real values of . Although this integral does not converge absolutely,

we have
1
‘/ cos(x coshv)e(2> dv‘ < + I , (10.7)
>V T xsinh V

from integration by parts.
Forming the analog of Z from W}, and keeping the same definition of z, we have
(absorbing the absolute constant into the inert function)

© (rv [z z
Z = / e(—) / e(—) cos(Zn—cosh(v))wT(y, -)dydv,
oo T —0 \Y y

using (10.7) to reverse the order of integrations. Next write cosu = %ei” + %e”'”; the
part with ¢ is very small as in the W}, case. From this point on, the analysis is nearly
identical to that of W}, and the conclusion is that W, is very small unless

MiaN\'"? .
7] < q°,

CK

and W, satisfies a formula identical to that in (10.6).

In the exceptional eigenvalue case where ir € R, the final shape of the formula for W
is the same as (10.6), but the above arguments would need modification since e(rv/m)
is no longer bounded. There is a more direct route, however. We have the asymptotic
expansion (see [GROO, (8.451.1)])

S2ir (X) = J2ir (X) Zeiix Z Pi(r,v)

sinh(rrr) - — x!/24v

where P (r, v) is a polynomial in » and v. This is certainly valid for r = O (1) and x > 1
(in the present context, x >> ¢°). With this, it is easy to estimate Z directly, showing that
it is of the form m times a g®-inert function, plus a small error term. Therefore,
applying Mellin inversion in the appropriate variables, we obtain an expression of the
same form as (10.6).
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11. Regrouping after Bruggeman—Kuznetsov

11.1. Non-oscillatory Maass cases

Here we consider the contribution to 74 from the parameters where B is non-oscillatory.
By (9.4), (9.6), and (10.3), we obtain

LD D P D D D

, s ¢
53] g2y (Ba,8280m)=1 4o, 88)=1  (c).fgomp=1 9 £py.p.pi>1
0-2 9.1)1is lrue&w —O(moqulk*)

vaMN V6
Z Voo, ](1715400)‘)1/65 ](1721?3)( aC ) (M3 N)1/2 /
(26+¢)

1y level 8,685

hi(s, 1))

fK s
2 —~
X/ < n 7 /) U)T(S,u,')
(@) \ fgoki+/dacylp1lp5ps
P P\ Ps\"3/ C \™
G G () () o o
|1l Iy fr; 34cye2

plus a very small error term. In the above expression, we could take Re(s) > 26 without
crossing any poles coming from exceptional Laplace eigenvalues (recall (3.6) for the defi-
nition of 1), and o € R is arbitrary to be chosen later. By Lemma 10.1, we may truncate
at [tj] < (1+Y)g® with a small error term. Now we move the sums over py, pé, pg, and
co to the inside, change variables u; — u; — s/2, and bound everything at that point with
absolute values. In this way, we obtain

TE < qsgosz(VaMN) (M, N)‘/“F Z )IEED DD

KC
83 ‘( ) (84, 82g0m )=1 (f,6284)=1 tj level 8,65
802 (9.1) is true |[j|<<(1+y)q

1 5\ ui (P P; C \“
—_— = lwr(s,u—s/2, )| | P/ | — — —
L+ 151 Jo+e) Jo) \ Y f f 8402

x |Zj(w)|duds  (11.2)

plus a very small error term, where

Z;(u) = Z Z Voo, j(P]84CO)V1/85 ](P2P3) (11.3)

%) /u3c/u4
(ch.fsomD=1 p1.ph.ps=1 Pi' Py P e

84¢4=0 (mod gk k})

Our plan is to relate Z;(u) to L-functions, and use a large sieve inequality to bound it on
average over f;.
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11.2. Non-oscillatory holomorphic cases

These cases are nearly identical to those in Section 11.1, but the bounds will turn out
to be even better due to the applicability of Deligne’s bound. The key point is that for
¢ <« (14 Y)g®, we may claim the bound

(s, €)] < 771,

which is entirely analogous to |A(s, t;)| < tj‘.’fl. We omit the details for brevity.

11.3. Oscillatory Maass cases

As in Section 11.1, we use (9.4) and (9.6), but instead of (10.3) we use (10.6) (which, as
discussed in Section 10.2, holds also for W_. in place of W},). Also recall that only the +
sign enters the picture in the oscillatory case. Thus we obtain

k JaMN\?° s
T < 20 1Cz< aC >(M2N)1/2\/T>2 Z Z Z

KC 0 /
83| (g(;zcz) (84,8280m)=1 (f,8284¢()=1

(9.1) is true
CK \? - P2/ P\ C \™
(o) o (2) (2 () e
t; level 5,05 N V1 (©) S f 4C2
ltj1<Y'q* (11.4)

where

172
v — MyaN / 4.
CK
11.4. Oscillatory holomorphic cases

These are similar to (but easier than) the oscillatory Maass cases, and so we omit them.

11.5. Continuous spectrum

First consider the non-oscillatory cases. Then analogously to (11.1), we have

£+ &oki 1(84) E E : Z
83| (84,8280m)=1 (f:8280)=1 " (c{), fgom})=1 0 £p1.pp.ps=l
(9.1) is true 340620 (mod gk kT)

\/‘lMN)6(1‘,12]\,)1/2\/_g
C h

L'2
(g0-c2)

o
E / Voo,e (P184c(, 1/2 + it)V1s5,c (P P5, 1/2+it)(
o Ji=—00

V6K S
X hai(s, 1) wr(s, w, -)
6] (1+e) \ fgok1+/8acy| p11p5ph

P] ui P2 un P3 usz C uq
X (_> <_/) (—/) (—/) dudsdt. (11.5)
Ip1l Ip; Ir3 acye2
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Now we move the sums to the inside, getting

k JaMN\? s

+
1o <4 e c

/|;|<<(1+Y)qg

83 —2— (84 8280m})=1 (f 8284)=1
(g 9.1) is true

1 - u [ P2 Ps C \“
u—s/2,9 P (=) (=2) (—
1+ Jt] /(a> /(1+a> (s, u s/ N’ : (f) (f) (5462)

><2|Zc,t(u)|duds, (11.6)
C

where
Veo,c(P184cqy, 1/2 +it) V155, (pyp5. 1/2 + ”)
¢ (W) = Z Z luy u3 Jug
(cp-fgom')=1 " p1,p5,ps=>1 pl p2 P3¢
84¢,=0 (mod gk k}) (11.7)

The oscillatory case is similar, leading to

T+« 80k102<\/aMN>K M, N)1/2\/> 3 3 3 /
ltl<¥'q®

KC C
63'(20(2) (84, 5230’" )=1(f. 5254( )=1
©. l)1strue
(CK )2/ _ u1<&>u2(é>u3(c>
aliN /e b b 84¢2

11.6. Claiming bounds on Z;, and estimating T

Z |Zc. ()| dudt.
(11.8)

In Section 12, we will show

Lemma 11.1. The function Z;(u) defined by (11.3) has analytic continuation to Re(u) >
o > 1/2. In this region it satisfies the bound

84.9)1/2
D 1Ziw)]| Lo qa—l/Z%T”SqSPoly(mD, (11.9)
tj level 5,85 (klkf)1/284

7 |1<T

where Poly(|ul) is some fixed polynomial in the absolute values of the coordinates of u.

The key feature is that this bound saves a factor § i/ 2. This saving comes from the fact
that one of the Fourier coefficients in (11.3) houses a 84 in the Fourier coefficient v;. For
newforms, the fact that 84 divides the level gives us the 84_1/ 2 savings, since 85 = [83, 84]
and (3.31) is a bound for such Hecke eigenvalues. This side of the Bruggeman—Kuznetsov
formula is a spectrally complete sum over all Maass forms of level §,85, including old-

forms. The savings from bounding the Fourier coefficients of an oldform is even better, as
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the normalized Fourier coefficients of oldforms decrease proportionally with the increase
in volume of the fundamental domain. We make this oldform-newform interplay precise
in Section 12.1 below with the AB = §,85 consideration.

Now we use Lemma 11.1 to estimate 7?, and eventually S. We do not require the fac-
tor (klkf)_l/ 2 appearing in (11.9), and in order to unify the treatment with the continuous
spectrum, we shall only use a weaker bound with this factor omitted.

First consider the non-oscillatory Maass cases. Inserting the bound from Lemma
11.1 into (11.2) (taking o = 1/2 + ¢) gives

T*E « q5g0k102<\/aMN> M, N)l/zxr Z

KC

33| (84.82g0m’)=1 (f 8284)=1

9.1) is true

P P,P3C)'/? 5
/ / [T (s, u —5/2, - )|( ! ?/23 1/)2 g1 (4 ' 1/2(Y_29+Y)
(20+¢) J (o) f ¢, (k; kT)]/254

x Poly(ju]) duds, (11.10)

(gC)

by considering the two cases ¥ <« 1 and ¥ > 1 separately (recall ¥ was defined in
(10.2)). Summing over &4 (here is where the savings of §,"~ is important, as the d4-sum

is now essentially a harmonic series with a benign extra factor (34, q)l/ 2), f,and 83, and
integrating over s and u, we obtain

kicy (VaMN\° c\'"?
T < ¢ 22 (M N)Wf(Y Yy P PPy (=) g
KC C c2
(11.11)

Let us write Sj[ for the contribution to S from this part. Applying the additional summa-
tions that led from S to 8" (see (7.10), (7.6), (7.1)), we obtain

Si<a'y 3/22 MZde”ZZ ISEDIDIEDY

€y dley ki lrlrzrx 81 e1lrars ea|r3 golejexdiam)

20=0 (mod d)
gok1c2<\/aMN 8 l/zf

KC C ) (M2N)

- C\"? 4
(¥ 29+Y)(P1P2P3)1/2<cz) q"" 2.

Convention. Here and below, we have not written the truncation points for these outer
summation variables. In almost all cases, all that is necessary is to recall that all the
variables may be bounded by some fixed power of ¢g. The only exception is that for some
estimates we need to use m’] <« My /(kyco).
For convenience, we gather some of the previous definitions:
kid erexdram’  ham|

h =ejexrirary, 81 =rirr; = , ) = = ,
(a, kid) 80 80

(11.12)
gok1/CP PP

6o K

N'h=N, m1=k1czm/1, Y =
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With these substitutions, we obtain

1/2
Ve (= 4 Y><P1P2P3>1/2(g) = 2E(y12 1 y?),

and hence

ST <q° Z 3/22 3/deZkl/ZZfl )IEDID VDD

€ dle K rirar3=31 eilrars e2lrs golej eadram|
£0=0 (mod d)
aMN ¢ am)
(ﬁ_c> MR Sy Ly (L)

Now we note that in this non-oscillatory case, we see from (8.7) that

P\ P> P3(gok1)? . K3
826‘2 ¢ Na M] ’
which in particular means that ¥ <, ( Ncaljf,,l )1/2 ¢, which is independent of go, k1, c2,

etc. Now it is evident that the sums over go, e1, €2, r1, 12, r3 contribute at most O (¢¢), and
the fact that d | gg will cancel the other visible factor of d in (11.13). With this observation,
and performing minor simplifications, we have

Sy <q° Z 1/22 1/2ZZk1/ZZ\ﬁ

€y dley Kk ml

(SR o (SN (L),

Trivially summing over m (recall m| <« M1/(kic2)), k1, d, c2, and finally a, we derive

ST <
¢° max M3/z<\/aMN)5M21/2N1/2a1/2q6_1/2<< VK >1_29 + <—' cr >2>
C C J/NaM, J/NaM,

Now we split into the cases of Lemmas 8.3 and 8.4. In the case of Lemma 8.3, we
have § = —1, and

M

1/2
3/2< /aMN>8 M2/ N1/2a1/2q9_1/2 3 M,

1 C C - ql/z—ﬂ'
Meanwhile, using K =< Mz_l\/aMN (see (6.23)), we have

CK _ C
NaMy ™ JaMN
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via (6.21). Therefore, in this case

M
ST < 1—/12q0+£ < ¢ (11.14)
In the case of Lemma 8.4, we have

simplifications, we derive

o> g % and § = k — 1 > 1, so with easy

M>K Miq®
c 47

Since KM,/ C « ¢° in this case, we obtain the same bound as in (11.14).
The non-oscillatory holomorphic cases are nearly identical, so we omit the proofs.
Now consider the oscillatory Maass case, where we treat (11.4). Following the same
steps as in the non-oscillatory cases, we obtain

gok1 (aMN 8 \/> 2 172 qe
T <<_(T) (MyN)'2 = ( MN)(P1P2P3)1/2<E) —.

K 611/2

After some simplifications, we have

Sy <4q° Z 3/22 3/2 Zde”z

S:I: <Le q max

T 2 22 )

Cy dley ki 1 rirar3=3y ei|rar3 e21r3 golejexdam)
20=0 (mod d)
§ 1/2 %
gok1 (v aMN lo0) Vér ([ CK q
il MN'V2H =) Y= (PLPyPy)' P2 (11.15)
K C C h \aM|N ql/

We need to remember the origins of these variables. We have
(NaM1’k§ (NaMl )3 K> h

PPy Py = = .
1103 = 733N CK ) N (gok1)3

(11.16)

Thus the bound becomes

SRTAY DI DI TP NP IS

Cy diey Kk rirar3=3y ei|rar3 e21r3 golejexdyam’
20=0 (mod d)
gok1 (VaMN B(M N)1/2 ) 172 ham NaM; 12 /g3 h 172 q9
K\ C ? C 20 \ CK N (gok3) g%

We see that the sum over gg gives O (d~'¢®), and the h-dependence cancels out entirely,
so that the §;-dependence is also essentially gone. Thus, we obtain

S <4q° 1/22 Z Zz(k K12

(&) ) dlcy ki
(MaN)'V2 (JaMN\? ( Nami \'? ( K3\ /2
x>y - .
KCl/2 c CK N

my
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Now we sum over all the remaining variables, which gives in all

Mg’ (MyN)'/2 (W)“(NaMl)l/2<K3)1/z

q72 KC2 C CK N

S+

Simplifying (in particular, § = k¥ — 1 here), we obtain

Miq? MaN
ST b —
q KLe q 77 2

Since / MaN < Cq? (see (6.18)), we obtain the same bound as in (11.14). The oscil-
latory holomorphic case is similar, but even simpler.

In summary, this shows the desired bound for the Maass forms and holomorphic
forms.

11.7. Claiming bounds on Z ;, and estimating T.

Recall the definition (11.5). Define firt to be the multiplicative function defined on prime
powers by
flrt(p®) = pl/?. (11.17)

Lemma 11.2. The function Z. ;(w) has a decomposition
Ze iy, up, u3, ug) = (29 (w2, u3) + Z (w2, u3))(Z3 (w1, us) + Z5(ui, ug)),

where fori = 1,2, Zl?k (o, B) has analytic continuation to Re(a, B) > o > 1/2, and
Z?(oz, B) is analytic for Re(«, ) > o > 1. For Re(u) > o > 1/2, we have

(54, q) ) 12 firt(8,) firt(83)>/?

q v/ 62685

/ D 1Z w2, u3) Z3 (1, ua)] di e qum(
11T ¢

(11.18)
ForRe(u) > o > 1, we have

(b4,q) 1

g~/ kiky 8285

ForRe(uy,usg) > o > 1 and Re(uy, uz) > o’ > 1/2, we have

eqlte (34, q) ﬂrt(32)\/ﬂ1’[(53).
gvkiki 824/

For Re(up,u3) > o > 1 and Re(uy, ug) > o’ > 1/2, we have

((54, ) ) 12 firt(8) firt(83)
q 8205 '

D 120 (w2, u3) 231, ua)| Kue (q(1 + [£))° (11.19)

[ 31z 28wl dr < g (11.20)
[t|<T ¢

/ D 120wz, u3) Z3 (uy ug) | dt Lue g° T
\

t<T ¢
(11.21)

The implied dependence on u is at most polynomial, as in Lemma 11.1.
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We comment on some important features of the above bounds. In (11.18) and (11.21) we
require a factor 85 172 (or better) to secure convergence of the sum over §4. The overall
power of kj is also important for securing convergence in each case. In terms of the
final power of ¢ that occurs in our bound on S,, the most important feature is the power
of 8. This is because & contains the m' variable which can be as large as q'/#+¢ Note

that although flrt(n) may occasionally be as large as \/1; it is small on average, indeed
Y op<p frt(n) < xlogx.

I_Jsing Lemma 11.2, we bound 7. For the non-oscillatory cases, we return to (11.6).
Technically, we should return to (11.5), decompose 7;jE according to Z.; = (Z;k +
Z?)(Z’zk + Zg) into four pieces, shift contours to the lines allowed by Lemma 11.2, and
only then apply the absolute values. We found it a bit easier to bound Z ? and Zg slightly
to the right of the 1-line instead of bounding the residues of Z; and Z;, but this is more
or less equivalent.

Then (note that the sum over f converges absolutely, and the z-integral is easily esti-
mated, so we may simplify a bit in these aspects)

Ti &« eg0k162<\/m) (M N)I/Z\/> Z Z firt(8,) firt(83)

KC C

le(g ) (84,8280m’)=1
<(84, Q' 1+ & P P3C) 2 fin(83)' 2 (84,9)  PIPaPsC
q1/2 v/ 828485¢) q 6264685¢2+/ k]k]k

1/2
Pi(PyP3)'2C (84.q)  P}*P,PsC'/? (54,q)1/2>
32546’2\/(% q klkik Si/zcé/za S5 6]1/2

Using 85 > +/6384 (recall that §5 = [§3, 84]), the sums over §3 and 84 are easily evaluated,
and lead to a factor of size at most O (¢°); the only slightly tricky case uses instead

1/2 &
frt (83 )1/22(4 9 = flrt(83 )1/22(4’ 3‘]) < firte) BD (1122

V/34ds 5 Vs

It is helpful to observe the following nice simplification. At this point we can see
that the first term within the parentheses which occurred from Z{Z3 will lead to the
same bound we obtained on ’7?, by comparison to (11.11). The only difference is the
benign factor of flrt(cy), which does not make the sum over ¢, appreciably larger, since
Zcz cy ! firt(cp) < gf. Actually, apart from flrt(c,), the bound is better in two ways:

firstly, the factor q9 may be omitted, and secondly, instead of using firt(5;)/ \/5 <1, we
could use that flrt(n) is O (n®) on average, which could lead to a saving of the factor M 11 /2
Instead of carrying through the calculations, we will simply abbreviate this term by ()
in the forthcoming displays.

Next we wish to sum over the outer variables that make S, from 7. To this end, we
need to write the P;, Y, and 8, variables in terms of these outer ones. Let

P*=K/N;, =123, (11.23)
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so that P; < qEPl* ghk] where h1 = ejry, ho = exro, and h3 = r3 (so h = hihyhs). With
this, we obtain

5
(}?1;2 <\/a(1;/IN) (MZN)l/zf

h PYPIPIC hi(hahy)'? PE(PyPH!AC
(gok1)3 qSQCZ\/klkT * (g0k1)? q82c2\/k1kf
hy*hahy (PF)'/2P} PFCY2
(g0k1)2 g1/2¢)/%5, :|

TE < ¢S flrt(8,)

X [(**) +

Recall that
SE<a" ), 3/22 3/22d2k”22 )P DD DD DI
Gy dley ki 1r1r2V3—51 e1lrars e2lr3 golejex8yam
20=0 (mod d)

and that §, = ham’l /g0 and h = e1ex81 = ejear1rars.

Next we analyze the sum over gq in all four terms. For the flrt part, we use flrt(6;) =
firt(e1ex81am’y /go) < firt(ejexdamy) = firt(ham!), and otherwise we see that the over-
all power of gp is negative in all terms, and so the smallest value of gg, namely d, leads
to the dominant part.

Putting this together, and simplifying, we obtain

o 1
s < Z 3/22 3/22‘12" Zﬁ\/ﬂ?l

Cy die ki

Y Y Y (MZN)1/2<\/M>5ﬂrt(ham’l)
¢ ) " Jhant;
P} Py P;C Pr(PyPHV2C (P1*)1/2P;P;c1/2}

+
qd32ekikikt  gkler/dhohskiky  dk)*Jqhics

rirar3=8y eilrary ez|r3

X [(**) +

Our next goal is to estimate the sum over m/. Since m/ is independent of &; (and
hence ey, e3), we may move the sum over m to the inside. We shall use the following
estimate:

> ey,

n<X

which can be proved by elementary methods. Applying this to the sums over m}, we
obtain with easy simplifications
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5 <’ Z 3/22 3/2 Yty oy Z(MzN)1/2<@)

G dlea ki rirar3=>s eilrars ezlr3
ﬂrt(ha)[( 94 P} P;P;C Pr(P;PHVIC +(P1)1/2P;P;cl/2}
X - .
Vha qd32ed3 ks qeakddhohskikE  dk)?/ghie

(11.24)

Using flrt(ha) < /ha, we can easily see that the outer variables sum to give no significant
contribution. Therefore, we have

(M, N)'/? (JaMN)‘S

CK C
x [(+%) + ¢~ Pf Py PFC + g7 PF(Py PY'2C + ¢ 2 (PH) 2 Py PFC2.

St « ¢t max

Substituting for P* and simplifying, we obtain

(MzN)1/2(,/aMz\/)“[(M)JF1(3cjL K2C N K52¢c1/2 }
CK C Ng " gNiWNaN; g 2NN ]
(11.25)

Now we split once more into the two types of non-oscillatory behavior. The post-
transition case from Lemma 8.3 has \/aMN/C > ¢°, which leads to § = —1 and
K = (aMN)'/2/M>. Therefore,

St <« ¢f max

aMN vaMN aMN i|

S <4 max (MzN)‘/z[(**) + i n
Mqu quNl\/m 1/2M3/2N1/2

This simplifies to give

vM M1a2N n Mll/zy/aNzN3 n v M \/aN1i|
v M q q v M \/c; .

Using M| < Ma, My < q'/**¢ and aN; <« q'/**¢, we deduce that ST < ¢°. One may
observe that the part of Sci arising from ZTZ(Z) and Z?Z;‘ contributes at most O (g ~'/4+¢).
With some additional work, one could show the contribution from Z TZ;‘ is also at most
10} (q— 1/4+8).

For the non-oscillatory pre-transition case from Lemma 8.4 with § =k — 1 > 2
(here is the only place where the choice of ¥k = 2 does not work), we have K < ¢*C /M,

and C > ¢®\/aM N, so we obtain

St«yq [ (11.26)

aMN_ JaMN N aMN }
M3Ng  gM,N;\/N2N3 M§/241/2N1/2N2N3 .
(11.27)

Si < q° max (MZN)I/Z[(**) +
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This is precisely the same bound as in (11.26), and so ScjE « ¢°. Actually, we only need
k — 1 > 2 for the term arising from Z?Zg.

Finally, we consider the oscillatory case (where recall § = x — 1 and only the + sign
enters). For this, we return to (11.8), that is,

T+ < gokica <\/aMN> ot N)1/2‘/> Z Z /
[t|<Y'q

KC C
53] 62 5 (34, 82gom)=1 (f.8284c()=1

(20

CK \? — P2\ P\ C
(aMlN) -/(1+a)|u)T(t’u’.)|‘P1 (7) <7> (5462>

where again we should technically move the contours before applying the absolute values.
Then we obtain

K— 2
Tc+<<q£—g°k‘”<—”“MN> (MN)”“F )DEDD (CK)

KC C aM|N
331

(9.1) is true

Z |Zes(wldud,

(84,8280m')=1

(go (2)
84, q)V/2 Py P, P3C) Y2 firt(83)1/2 4, P, P, P3C
xﬂrt(52)ﬂrt(53)[( 4 16]/)2 Y/z( 1P2P5C) (%) +Y’( 44) 17273
q V/828485¢) q 525455C2Vk1ki‘
PL(P2P)V2C (84,q) |, PP PaPsC'? <a4,q>1/2}
3254C2\/£ q klkT 51/2C5/28285 q1/2

Luckily, we may reuse some of the previous analysis in the non-oscillatory cases. We

wish to sum over all the outer variables. Note that Y’ is independent of them, and we have
L - NaM 1
P < ¢ N, ;

factor N “ ! (Wthh happens to be Y'?). Therefore, the previous method of bounding the
outer Varlables works identically as in this case. This time the term arising from Z7Z3 is
identical to (11.15), save for flrt(c2). We again denote it by («x). Therefore, by altering
(11.25) with the appropriate factors of ¥’ we have

previously we had P; < k{/N/, so the only difference here is the extra

1/2
4 . (M>N)
S <4 e yn
(MaMN)"_l[ Y'K3C YPK2C YOK>3/2Cl/2 }
x [ Y (x%) + + + .
C N gN1/ NaN3 ql/lel/zNzN3

Substituting for ¥’, simplifying, and using K < ¢®C /M5, this becomes

()

Si < q° max (MaN)'/?

(MlaN)3/2 (MiaN)'/? MaN
X | (k) + 172 172 2 212 :
CM qM," "N/ N2N3 g / CM2 N|""N>N3
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Using C > g~ %/MaN and k — 1 > 1, this gives

M, (M>a®?N)Y%2  (MyaN,N3)'/? " N
Sci<<q8m51x[1+—l( 2a”N) +( 1aN>N3) —l—\ﬁ‘/cﬁ],

M q q My g

Again as in the non-oscillatory case, we see that ST <« ¢°.

12. Bounding the Dirichlet series

12.1. Discrete spectrum

In this section we prove Lemma 11.1. Towards this, we develop some properties of an
auxiliary Dirichlet series.

Lemma 12.1. Suppose N = LM, f* is a newform of level M, and d, Q are nonzero
integers. For L | L, let f = f*|¢, write d/€ = di /€1 in lowest terms (so d = (d, £)d],
L =(d,0)y), and let di = dpydy with dpyy | M and (dy, M) = 1. Define the Dirichlet

series
L Vf*u (dmn)
Zd,E,Q(S, u) = E ms—n”’
m,n>1
(n,0)=1

initially for Re(s), Re(u) large. Then Z4 ¢, ¢ has analytic continuation to Re(s), Re(u) >
o > 1/2, wherein it satisfies the bound
—-1/2
|Za.0.0(5. w)| Koz v+ (DI(d. )2y 2df (@N Q)F|IL(f* )L w)l.  (12.1)
For the proof of Lemma 11.1, in a short while we will apply (12.1) twice. Within the
confines of this section, N refers to the level of f*|, and not to a dyadic variable. We will

substitute N = 885, Q = fgom’l. In the two cases this lemma will be used, we have
d =1andalsod = Dé4/(D, 84) where D = gkk7.

Proof of Lemma 12.1. Firstly, from (3.30), we have

Y205 (dmn/€)

Za,0(s,u) = P

m,n>1

n,Q)=1
We have ve«(dmn /) = vp«(dymn/L1) = Ap«(dy)vy+(domn/€1), and so

Z Aps(domn /€y)
— 1/2 f 0 1
Zd,E,Q(S,M) —Z )\-f*(dM)Uf*(l) T
m,n>1
(n,Q)=1

Using (3.31), and complete multiplicativity of Hecke eigenvalues for primes dividing M,
-1/2
we get [Ag«(dy)| <d,, "
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By an exercise in the Hecke relations (somewhat in the spirit of (5.2)), one may derive
the analytic continuation and the bound

Arx(d 12 &
yo @) o, U i oL,
12

mSnt
m,n>1 1
(n,0)=1
where recall that Re(s), Re(w) > o > 1/2. m]

Now we proceed to prove Lemma 11.1. Recall the definition (11.3), which factors as

UOOJ(P184CO) vi/ss,j (P2P3)
Zw=( Y N ElRl( 5 weBn)
() feomp=1 pm=1  P1 % pops=0 P2 P3
84¢(=0 (mod gk1k})

We begin by decomposing into newforms. By the choice of basis from Section 3.5, we
have

/
Voo, f*|, (P184¢y)
IR S S 5 (D SIID DR FsS
It |<T AB=68,85 f* new, level B ¢|A (cp- fegom)=1 p1=l Py €
ltp=|<T  £'|A 84¢4=0 (mod gk k})

X( Z V1/ss, f*|[/(172p3))" (12.3)

uy U3
p2,p3=0 Py P

By Lemmas 3.7 and 12.1 with the choice d = 1, we see that the sum over p;, p3 has
analytic continuation to the desired region, and satisfies

PSSP () L LS B

p2,p3=1 P P3

uniformly in £’ and §s.

The first product in (12.3) is a bit trickier. Recall from (6.13) that (g, k1) = 1 and from
(7.9) that k1 | 62. Let D = qklki‘ and note that the divisibility condition in the sum can
be rewritten as D/ (84, D) | c6. Pulling the factor D/(D, é4) from the c6 term, we apply
(12.1) with d = Dé4/(D, é4). This gives

vy, (p18acy)
W

(ch feomp=1 pi=1 P16
84¢4=0 (mod gk k})

(D, 64))”2 d, 0)'?dy

<<cf‘|vf*<1>|( > LU L )l
B

where d /¢ = dy /¢, is in lowest terms, and then we factor d] = dgdy where dg | B* and
(do, B) = 1.
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Using |v+(1)|* = (AB)~!g° via (3.27), we then have

D,S 1/2 -
Z 1Z;(w] < q€<( D4)> Z Z(d,g)l/del/ng

t; level 8265 AB=8,585 {|A
71T

1 LOf* un) L(f* u)L(F* us) L(f*, ug)
XAB Z | f,ul fauz f7u3 f,l/l4 |

f* new, level B
tpx|<T
A standard argument with the spectral large sieve (e.g., see [Mot97, Theorem 3.4] for the
level 1 case) implies

2ie o D580\ 1 172 ,-1/2 0.
> 1Ziw)| e T Yo =D d 0y Rdg (12.4)
D A
tj level 8235 AB=§,085 ay.\
[tj|<T
here and throughout the implied dependence on u is at most polynomial.

At this point, the proof of Lemma 12.1 has reduced to elementary estimates with
arithmetic functions. The factorization d = (d, £)dpdy depends on £, so it takes some
work to estimate the sum over £. To this end, we also factor d in an alternative way,
independently of ¢, by d = d’ fgh where (d’, AB) = 1, f|A®, (f,B) = 1, g| B®,
(g, A) =1,and h | A% and h | B®. Note that (f, g) = (f, h) = (g, h) = 1. Then writing
the old variables in terms of these, we have

f g)(h £) L ’L
S (e
B do

Inserting this into (12.4), and summing over ¢ | L, we obtain

Y 1zwi< T2+8qsdf9<M>”2 > 1 (f, )20 0 (h, A)
: ‘ AB=6,65

D Vsh

tj level 8,85
[t1<T

Writing d’ f = —2— 84—, we obtain

(D, 54)

(D, s)\'"*? , 1 (f, AY20(n, A)
Z 1Z; ()| Kue T*Tg° (—> 84 Z " 240 -
D AB=6,385 A (gh) /¥

gh>

tj level 8,85
[tj|<T

Now let us pause to gauge our progress towards (11.9). The inner sum over A easily
gives O(q®), and so if we trivially bound this part, and use D = gkk] (also recall
(k1, 84) = 1 from (9.3)), we get the bound

Y 1ZiW)] e g7

Ij

[ 1/2— 6 2
172 4% POk 83T

so we need to save & i/ 2+ (ky ki‘)e , which will come from better estimating the sum over A.
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This inner sum over A, B may be factored into prime powers. For the primes p { k44,
all we use is that the local factor is < 1 (leading to an O(g®) bound from these primes,
by the observation in the previous paragraph). Recall 84 | §295 since 85 = [33, 84] (see
(9.2)),and 84 | d, s0 84 | fgh. For p |84, say p" | 84, pf |l f,and soon for g, h, A, and B,
by an abuse of notation. Now the variables in the exponents are written additively. Since
84| fgh, in additive notation we have f + g+ h > v. Also, A + B > v, since 84 | 6285.

In the case B = 0, we have g = h = 0 and the local factor is

AY1/2-6  v(=1/2-6),

1
— ' p p
pA

1/2-6

which is the local factor of 84_ . In the case A = 0, the local factor is no larger than

the local factor of 84_1/ 2_9, as can be seen easily. Finally, if A, B > 0, then f = g =0,
h > v, and so the local factor equals

Lmin(ph pAYph /20 < v(1/240)

A ’ = :

p

Now suppose that p | k1. Then since k; | §2 and k1 |d (whence ki | fgh), essentially

the same proof used for 84 shows the local factors for primes dividing k; give O(kfl/ ).
In summary, this shows

8\ /2
> 1ZiW] e Tqu((qk k“ﬁ ) (k184)~ 112,
1; level 8,85 gkiky

[T

Using (k1k5)? < k2 < k;/? gives (11.9), as desired.

12.2. Continuous spectrum

In this section we prove Lemma 11.2.

12.2.1. Fourier coefficients of Eisenstein series. Here we quote an explicit evaluation of
the Fourier coefficients of ¢q.(n, u), where a = 1/r is an Atkin—Lehner cusp, and ¢ is
an arbitrary cusp of I'g(~N). The proof appears in [KY19]. Let ¢ = v/f where f|N,
(v, f) = 1, and v runs modulo (f, N/f); by [Iwa97, Proposition 2.6], every cusp ¢ may
be represented in this form. Let

N'=N/f, N'=N/(f N, (12.5)
and write
frz(fvr)9 f:&'=(f9s)’ r=frr/7 S=fSS/.
In addition, write
fr = flfo, where (fo,r)=1and f/|(")>,
and similarly

s = s}so, where (so, f;) =1 and s} | £2°.
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Proposition 12.2. Let notation be as above. Then ¢qc(n, u) = 0 unless
/ s/
n= /r —— Ik
(frar) (Sf7 fS)

for some integer k. In this case, write k = k,ks{, where

ke = (k, (ff 1), ks = (k, (sp, £5))

Then
S0 s0f0)  f. 5 1o 1
¢CLC (n9 M) = 1 u / / 2 Z d ! 5 X
(N Sfrz) (fr,r) (5%, fv) d“f w(%) (p((fk’sfs))
. fyr=1
-
) >y "(’2)( )’2(3; l’(‘f) () G foP0) X (~ks 5] T (T ),
i ’ u,

x (mod B£2) | (1moq U117 XV (12.6)

where x is the principal character modulo fyr'.

For later calculations, it will be useful to notice that the condition (k/k,, (f/, ")/ k) =1
(and similarly in the s-aspect) is automatic from the presence of (x ¥)(£). Moreover, we
have (f/,r") = (fr,r/fr), and similarly (s%, fs) = (fs, s/fs), and so (f), r") (s, f5) =
(f, N/f). Note the condition d | k together with (d, f;r’) = 1 implies d | £.

12.2.2. Proof of Lemma 11.2. By (3.10) and (3.12), we have
27Tu+1/2

u—1/2
7 T (u)(cos(m(u — 1/2)))1/2°

where o (u) =

Vab (1, u) = a(U)dap(n, u)|n|

Note that |« (1/2 + it)| is independent of ¢ € R. Define
Vi/re(mn, 1/2 4 it)

Z,=Zi(a,p) = Z

m,n>1 mdnﬂ
Voo,c(8mn, 1/2 + it)
Zy=Za,p= ) —; :
m,n>1
ém=0 (mod D)
(m,0)=1

where we assume the level is N as in Section 12.2.1. This meaning of N is valid only
within the confines of this subsection, and hence should not be confused with the dyadic
variable N in the rest of the article. For Lemma 11.2, we shall need N = 68285, Q =
fgom’], D= qklkf, 8 = 84, and r = &5, but we do not need to make these specifications
yet. With this notation, we have Z. ; () = Z(u2, u3)Z2(u1, us).

The plan of the proof is to first derive bounds on VA ZT, Zg , Z; individually, and
follow this with estimates for the sums over c.
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Using Proposition 12.2, we have (with u = 1/2 4 it)

/

fl Sy e ! !
Zl = /o ! " u Z Z L st fs
1) (spo £ TSIV G i (L) (8520
. )3 M( V) G0 fow") x (—ks (5 foD) W G (F 7))

x (moa U2, (mod (‘};Sf”) LQu, x*¥2x0)

Y Gy WDONEDL0N) (e

o
. fir=1 i m*nP
(%)

Here () stands for the following conditions: mn = ky kgl and £ = 0 (mod d).

f/
L) Gh ) f)
Write Z| = Z(l) + Z] where Z? corresponds to the part w1th both x and ¥ principal.
By a trivial bound, we have for Re(«), Re(8) > o > 1,

N¢ 1 < (N + |2]))¢
FsN (£ ) (s, £o) 1EAL+2001 77 (£, N/F) fr/sN”

Meanwhile, we have

129 <o (12.7)

/

f! Sy N¢ Z Z 1 1
(fr/, /) (S fY) fr\/SN ky I(f; ,)k |(Sf fy) go((f r)) q)((é}kyva))

« Z/ Z’ |T(7')T(1/f)| Y1,

242
x (mod Y2) (mod (s]/ck,fj)) |L(1+2it, x =¥ x0)]

1Z7] <

where the notation }_" means the principal character is omitted, and with

s
T L) ) [

we let

) (52)S (574, 0; s0.fo)

m ’3 (mn)u—l/Z-
m=n

Y= Y  da'

, fsr')=1 mn=0 (moddV)

Moreover, the analytic continuation of Z T will be inherited from that of Y;.
Similarly to (7.4) and (7.5), one can show the formal identity

Z f(m,n) = Z /L(C)Zf(CAm,CBn). (12.8)

mn=0 (mod D) CAB=D
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Applying this to Y7 with D = dV, we obtain

u—1/2
Y, = yu-1/2 Z o) (dyd /> Z w( O (x¥)(C)C

+
d, fsr')=1 CAB=dV A*BPCP

o Z (x¥)(mn)S(Cdmn, 0; so fo) '

menb (mn)l/qu

m,n

One can readily observe that (d, V) = 1 and (V, so fo) = 1. In the factorization CAB =
dV, one may split each of C, A, B uniquely into its part dividing d and dividing V sepa-
rately, and thereby factor the sum. In this way, we obtain (with Re(u) = 1/2)

£

N
1Y1] < W

)3 n(C)(x¥)(AB) 3 (x¥)(mn)S(C*ABmn, 0; so fo)
AozBﬂcaJrﬁ(AB)uf]/z T manﬁ(mn)l/qu '

(CAB, fyr)=1
Next we open the Ramanujan sum as a divisor sum, which gives

Y1l

&

N
<<W2g

glso fo

Z Z 1w(C)(x¥)(AB) (xy)(mn)
AaBﬁca—HS(AB)u—l/Z manﬁ(mn)l/2—u :

(CAB, fsr')=1 m,n
C2ABmn=0 (mod g)

Now it is not difficult to see the analytic continuation of Y to Re(w, ) > 0 = 1/2 + ¢,
and therein we obtain the bound

(fL 1) Gps FONY (o fo) 1/
fr/ S} ) (krks)l/2
X |L(a — it, x¥)L(a +it, xW)L(B — it, xy)L(B +it, x¥)|.

Y1 <« N8<

‘We recall the well-known bound on the fourth moment of Dirichlet L-functions:

D L it ) Koo (14 [t TENFE (12.9)
x (mod N)

for ¢ > 1/2. Moreover, we have the hybrid version

/ Y Lot it ) Koo (14 T)FENTE, (12.10)
[tI=T y (mod N)

For references, consult [Mon71, Chapter 10] or [Gal70, Theorem 2]; the statements in
these sources do not precisely claim these bounds, but the methods can be easily modified.
In addition, we have

K (1 + 1] N?,
L+ 2i, 0] <D
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for which see [MV07, Theorem 11.4]. Thus applying Holder’s inequality and the bound
(12.9) we obtain

NEAA DT o iy NEA DT

| Z3| Lo pre AN (frs T (12.11)
r
Using (12.10), we alternatively have
qu1+e
/ VAR T (12.12)
[t|<T

Next we study Z», which is more difficult than Z;. Wehavea = oo ~ 1/N,sor = N
and s = 1, and also f, = f,r’ = N’. First we perform a minor simplification by writing
the congruence 6m = 0 (mod D) as m = 0 (mod ﬁ) (so necessarily (Q, %) =1
as otherwise the sum is empty). Then we have

D, 5)\* ,1/2+ it
Zz=<u> Y>, where Y, := Z Voo (@mn /+l),

D menh
m,n>1
(m,Q)=1
and where
8D
a=——=16,D].
(3, D)
Applying Proposition 12.2, we obtain
¥, = Iy o (u) 1 (X (= fow')
T (f / 1 £2 7 7 _—
(fNa N ) (N f )u kN‘(f]/\]’N,) (p((va N )/kN) X (mOd(fI,V,N,)/kN) L(2u, X2X())
1—2u—, 12 x (0S¥, 0; fo) u—1/2
x Z d X(d)ZW(amn) .
(d,N)=1 (*)
Now () stands for the following conditions: amn = (f./f—’%v,)k;ve, amn = 0 (mod d), and
JN>
(m, Q) = 1. From the condition (d, N') = 1, we equivalently obtain £ = 0 (mod d).
Define , ,
P ~ky = — f“ﬁ : (12.13)
and write
a=(a,b)a’ and b= (a,b)d, (12.14)
so that the condition b | amn is equivalent to b’ | mn. Then £ = a’ %, and we have

_ Iy ewa'?
= (fI/V’ N’) (N//f2)u
! / pr—

Y,

X,
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where

X, = Z 427 (d?) Z x(mn/b")S(a’'mn/b', 0; fO)(mn)u—l/Z.

apB
(d,N)=1 mn=0 (mod b’) men
amn=0 (mod d)

Here (b, fod) = 1, since b | (N')*®°. Opening the Ramanujan sum, we have
— 1-2u— g2 X(mn/b/) u—1/2
Xo=) en(fo/e) D d7x@) Y = mm) T
el fo (d,N")=1 mn=0 (mod b’)

amn=0 (mod d)
a’mn=0 (mod e)

Let g = (a, d), so that

Xo= Y g7x@)) enlfole) Y. d'7Fx)

( }Evl/a) | el fo (d,N'a/g)=1
g, =
mn/b’
X Z xmn/b) /)(mn)ufl/z.
menb
mn=0 (mod b")
mn=0 (mod d)

a’mn=0 (mod ¢)

Applying (12.8) to X, with the modulus d, we obtain

Xo= ) "7X@H)Y enlfole) Y, d'7Tx@) )Y w(©)
gla el fo (d,N'a/g)=1 CAB=d
(g,N)=1

Cd b
B A i
Cdmn=0 (mod b’) ( m)*( n)

a’'Cdmn=0 (mod ¢)

Since C |d, (d, N') = 1, and b’ | (N')*, the congruence Cdmn = 0 (mod b’) is equiva-
lent to mn = 0 (mod b’). We can then write

C)X(AB)(AB)'/?~¢
X, = Z g172”7(g2)zeu(fo/e) Z u(C)x (AB)(AB)

a+B Aa BB
gla elfo (CAB,N'a/g)=1 9 A“B
(g.N")=1
/
% X(man/ﬂb ) (mn)u—l/Z.
mn=0(mod ') men

a’'C?ABmn=0 (mod ¢)
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Next we use (12.8) again, this time on the congruence modulo &', which gives

u—1/2

X, = (b4 112 Z g1_2"7(g2)zeu(fo/e) Z p(x) x (x)x

. xat+Byazp
gla el fo xyz=b' Yoz
(g, N)=1

— 1/2—u
§ HOT(AB)(AB) 5 X0 i,

a+B Aa R
(CAB,N'a/g)=1 ¢ A*B a'C2ABxb' mn=0 (mod ¢)

Similarly to the Z; case, one can see the meromorphic continuation with a pole only
in case x is principal. In addition, we have the bound (with u = 1/2 + it)

NE , o . o (@, e)\’
[ X2 Lo WIL(O( —it, x)L(ax +it, x)L(B —it, x)L(B +it, )| Ze( , ) .
el fo

Note

Ze<(a;e)> K N°(@', fo)” (1 + fo)' =
elfo

Now write Zy = Zg + Z5 where Zg corresponds to the principal characters, and
similarly write Y, = Y20 + Y. For Re(a, B) > o = 1+ ¢, we have trivially

@, fo) (a, fob)
X N¢ = N¢ ,
2 K b b
recalling (12.14). Thus
y0 < f1/v N¢ Z ky (f;\,,N/)(a, fob)
2 .
Uy N VN7 F2 oy U N Tikn

Here b is a function of ky (cf. (12.13)), and is maximal when ky = (f5, N'), in which
case b = f,. Recalling fo fy, = f, which implies (a, fob) < (a, f), and using (f5, N')
= (f, N/f), in all we obtain
¥0 Né(a, f) 1
L NIOYNT I 2001

Finally,
0 N1+ [t])® (8, D)
———— (4, D], f)——- (12.15)
2 (L NIOFYNT D

Using (12.9) and Holder’s inequality, we have, witho = 1/2 + ¢,

v fo N+ e NN @ 021y
| 2| Lo, B.e (fI,V’ N’ (N//f2)1/2 Z kn b'1/2 ’

kn1(fy-N"
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Note the simplification

fl/v ((f}/\]a N/)>1/2 f()l/z B f1/2 (a’ b)l/z
(fys N kn bz kn

We have (a', fo) = (a, fo) since (b, fo) = 1, and (a, b)!/?/ky < (a, f})!/?. Thus

N1+ |t)lite

V5| Kape NI (a, ).
enee 6. D)\'>Ne(1 + [e)'*e (8D 172
|Z§‘|<<a,,s,g( 5 ) NI ((S,D)’f> : (12.16)
Also, in a similar way to the ZT case,
. (8, D) 172 yel+e sD 12
f|z|sr'22'dt<<“”3’€< D ) (N"f)l/2<(8,D)’f> | (1217

Now we proceed to prove the desired bounds in Lemma 11.2. The cusps may be
parameterized by v/f with f | N and v (mod (f, N/f)) (with v coprime to f). During
the course of the proof, it will be helpful to refer to the following divisor-sum bounds:

d, N/d)? flrt(N d, N/d)*d\/? firt(N)3/2
Z( /d) <<Ner() and Z( /d) <<Ngr()

d|N N \/ﬁ d|N N \/N ’

each of which can be checked prime-by-prime by multiplicativity. If desired, the former
inequality could be bounded by N®flrt(N)2/N. Along the same lines, we note

Z (d, N/d)? Art(N)3/2

(12.18)

, (12.19)
1/2
i d 12N N
as well as
d, N/d)d'/? VAt (N d,N/d flrt(N
Z—( (DA™ eV Z( /D N 000
d|N N \/N d|N N

Combining (12.12) and (12.16), we obtain

6, D\'"*— (L, N/f?( 8D 12
7¥7%d u5N£T2+£<—) ( , ) .
o T e p) 2w e’

We have N = 8,85, D = qk1k}, § = 84|35. With these substitutions, and recalling
(84, k1) = 1, we obtain

12 12
/ S \ziz3ldr <<”qu2+6(<34,@>/ 5 s/ <k1k* 844 f> ”
[t<T <5 172 ' qkik} flons 0205 Y (84, 9)
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By multiplicativity, and using (82, 85) = 1 = (82, q), and kq | 8, the inner sum over f
factors and simplifies as

8285/ f)2 8 172
(f,8285/f) (k1kT 4q ,f)
8285 (84, q)

- (3 T s s )
& 85 (4, 9)° :

glé2 h|8s

f18285

Using (8. k1k{)'7? < VAikT, (245, h)'"? < h'/2, and (12.18), we obtain

4.9)°

84,q) \ '/ firt(8,) flrt(8s)3/2
/ Z|z Z5|di <<1.£N5T2+8((4 q*)) ) AtO)™ ek, (12:21)
|<T gkiki 8265

Recall that §s = [§3, 84], and that 8,4 is square-free. Therefore, [§3, §4] = 83(53‘3—454) where

(83, @s. 54)) = 1. Since fIrt is multiplicative, and trivial on square-free numbers, this im-
plies

firt(85) = firt(83) ﬂrt( ) = frt(3), (12.22)

4
(83, 84)
a simplification we will make repeatedly below. Applying (12.22) to (12.21) gives (11.18).

Combining (12.7) and (12.15) and specializing the variables, we obtain

(847 CI)> Z (fa [64a qklk)lk])
qkiky (fLN/F?N"s12f f
Using (12.5) and summing over u (mod (f, N/f)), we obtain

Yo DeakikiD L gn (. (s ghiki)
(fN/PAN"sV2ff = N £z s12f,

12929 < (g1 + |z|)>8(

Using the coprimality conditions, we have [44, qklk’l"] = klk’l“ [64, g1, which in turn di-
vides klkf[(ss, q]. Now kj is in the s-part of the level (since s = 8, and & | §2), while we
also have (g, §2) = 1 by (7.8) so that [é4, ¢] is coprime to s, and hence to f;. Now we
may see that the sum above factors as

(f [84, gkiki1) (fr, [84, gD (fs, kik?)
b D (3 el )

frlr

Using (f;,[84,q1) < f, and (fs, kik?) < fi/?kikf < /skik} leads immediately to
(11.19).

Finally, we examine the two cross terms. From (12.12) and (12.15), and using simpli-
fications as in the above cases, we have

X (84, 9) I4e (f, 8285/f) .
/|z|<TZ 2 qkiky f%;s S285v/f o
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The inner sum factors as

(g,62/8) (h,85/h )
— (g, k k*)>< h,[8 ,q]))-
(= 2 otk ) (2 S 0

gl hlds
Using (g, klkf) < gkik¥, (h,[84,q]) < h, and (12.20), we have

L, 820 flrt(8s) firt(d
3 (f 25/f>(fyklkﬁ54’q]) <q m rt( 2)m
fiis 8285V f 82

On account of (12.22), (11.20) follows.
Similarly, combining (12.7) and (12.16), we have

s 12
/ S 12025101 < ((64,q))1/2q5T1+€Zf(f,N/f)(klk;"(ajfij),f)
per 512 S\ ghiky fNysf

FIN

Following the discussion of the Z? Zg case (recall » = §5 and s = &), the inner sum over
f factors as

(Z (g,az/g)(klkr,gﬂﬂg”z)(z (h. 85/ W) (2L, )”2)
5" 1o 3sv/h

8182

Using (12.20) and (12.22), we find that this is

<q \/ﬁ V/Ar(8) firt(83)

8285

Hence we obtain (11.21) (in fact, with a slightly better power of flrt(5,)).

13. Zero terms

13.1. Overview

In this section, we analyze the contribution to S from the terms with some p; zero. Recall
the original expression for 8" from (7.11), and Proposition 8.1.
Let us write

S/// _ 27} + S(/)/,/O,O + S/// + SW,
P

where ) "p Tp corresponds to the terms with all p; nonzero, 5(/)/,/0,0 corresponds to the terms
with all three p; zero, S(/)/,/o corresponds to the terms with exactly two p; zero, and finally
S, has the terms with exactly one p; zero. Recall that the sum over P is the sum over
the dyadic partitions of unity. The partition is mainly beneficial for estimating 7p, and we
usually wish to remove the partition as much as possible when estimating the zero terms.
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Applying the additional summations that led from S to 8 (see (7.10), (7.6), (7.1) or
alternatively (13.8) and (13.9) below), we likewise define Sp.0,0, So,0, and Sp. Implicit in
the definition of these quantities is that prior to the definition of S”, we applied a partition

of unity. When it is necessary to emphasize this, we may write S(()TO) o Where T stands

for the tuple (M, M», C, N1, N2, N3, K), and likewise for Sp 9 and Sp. Then ) 1 S((),TO)’O
represents the quantity after reassembling the partition. For simplicity of notation we may
on occasion drop the superscript T.

Our primary goal is to show

Theorem 13.1. With an appropriate choice of G;(s) in the approximate functional equa-
tions, we have
T
Y S0 < at.
T

We will show the same bounds for Sp ¢ and Sp. We make extensive use of the assumption

Gi(1/2) =0. 13.1)
Next we specialize Lemma 8.2 to degenerate p;.

Lemma 13.2. Let (o, k) = 1. If some p; is zero, then A(p1, p2, p3; &; k) does not de-
pend on o. Furthermore,

%A(O, 0,0; o; k) = (Id % @) (k), (13.2)

where x indicates Dirichlet convolution, Id(n) = n, and ¢ is Euler’s totient function.

This is a short calculation, so we omit the proof. If some p; is zero then since A does not
depend on «, by abuse of notation we may drop « from the notation.

13.2. The case with all p; zero

The case with p; = p» = p3 = 0 is surprisingly delicate. It turns out that trivially
bounding these terms leads only to Sp.0.0 < ¢'/4+¢. Therefore, we have to make use of
some further cancellation.

For notational simplicity, let us write A(0, 0, 0; *; kj) = A(k;) and B(0, 0, 0; k) =
B(k(,). We then have

1 1
11/ / /
Stoo= Y o > Ak B(ky). (13.3)
(co,gom7)=1 (kg»82¢0)=1 0
co=0 (mod gkik})  kj=0(modcs/(go.c2))

The function B depends on a choice of a partition of unity in the n1, n,, n3 variables (as
well as ¢, k, m1, my, but here the focus is on the n;). Our next goal is to recombine the
partitions of unity in the dyadic numbers N, N2, N3.
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13.3. Recombining partitions of unity

We write the weight function explicitly. Say

ny np n3
nj n3)a)(N1’N2’N3)

\/_3’75 v ninan3 ’

where w(t1, 12, 13) = w(t)w(f2)w(t3) (recall w gave rise to the dyadic partition of unity),

and
J*(n,-):e<—naml)/ e<_—kt>JK_1<—4n mlnat)wMz(l,-)ﬂ.
0 c NG

ni
J(n1,n2, n3) = Jy(ninanz, a, m', co, gokg, 2, kl)Fa<T,
q

ck c

Here the weight function wyy, is a piece of a dyadic partition of unity in the my, my, c,
and k variables times V (m1m,/q). The function J, has n = nnsn3 appearing as a block.

By (8.2), we have (introducing subscripts on B now to emphasize the choice of the
partition of unity)

N Ji(ere2ditiaty, a, my, co, goky, c2, k1)
BN, Ny N5 (ko) =
®R+)3

Viieie
(t1r161 ey t3}’3) (t161r1 herr) t3}’3) dty dty dtz
X — = || =, | —F/—
Vo' Vg Ve \ M N TN
The ¢, k, m1, m, partitions are implicit in the definition of J,.
Next we sum over all dyadic numbers Ny, N2, N3 > 27 /%, and thereby partially

reconsititute the partition of unity originally applied in Section 6.1. Note that any error
term obtained from the restriction (6.3) is very small. We obtain

(13.4)

1/2

’
BngNz,Ns(kO)
2-1/2<N{,N,, N3 dyadic

_ //f J(tiats, a, my, co, gokg, c2, k1)
(R+)3 316162

t t t dty dt dt
><Fa(—l 2 —3)W<n,tz,t3>l—“ (13.5)

\/67\/_5 \/5 Vi ’

where W (t1, tp, 13) = 2:271/251\/1’1\,2’1\,3 dyadic w(t1 /N1, t2/ N2, t3/N3). Note that the func-
tion 1 — W(t, 1, 13) is 0if ; > 1 for all i. It is a slightly subtle point that it is not true
that W(t1, tr,t3) = 1 forall ; > O.

Our immediate goal is to replace the W function by 1, and estimate the error. The basic
idea is that 1 — W(#y, 12, 13) should save a factor ¢ 1/4 from the fact that at least one of the
1/2+4¢

1/2
t; is < 1, in place of ¢ . Here this numerology comes from flq V2 ar < q1/4, but

01 t~12dt « 1. In light of the claim that the trivial bound on Sp ¢,¢ leads to O(g'/4*9),
one naturally expects that this reasoning should lead to an acceptable final bound. Our
next order of business is to confirm this expectation.
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Lemma 13.3. Let

Ba(k) _f// Jx(titat3, a, m, co, gokg, 2, k1)
At0? = (R+)3 dreren

t t t dty dt dt
(1 = 3) — W, 0, 13) ——=2

Va' Va' Va Vit

Let S be as in (13.3) but with B replaced with Bx. Then

1/2
Sg/ <q e (80, c2) my M
CCQk]ki’< 3/2516182

(13.6)

Proof. Notice that the support of 1 — W (tq, 12, t3) is essentially included in the union
of domains where one of the variables is in [0, 1] and the other two are restricted to
[0, ¢'/%*¢ /a]. The bound on the other two variables comes from the dropoff due to the
function Fa,ﬁ(tl , b, 13).

Using only the trivial bound J,_1(x) < x and |I| = |J,|, we derive from (6.8) (which
we bound trivially) that

[T« (111213, am’, co, okg, 2, k)| < May/myatitat3/C. (13.7)
Therefore, using the above restrictions on the size of the #;, and (5.6), we derive

1/2
e qmy M

/
BA(kO) <Lq (13/2816162(:'

For the arithmetical part, we have

1 T(k )
—Aky) < —=
ko k;,
Hence 12
1 gm," "My t(kg)
S Y
3/2 i
@amn=1 O @ sa=t @ B1e1eC ko
co=0(modgkik{) k=0 (mod =25)
which quickly leads to (13.6). O
Recall that
So0.0 = Z So0.00 So00= Z Z Zﬂ(el)u(ez)s(/)/,o,o» (13.8)
golelezélaml rirar3=48y e1|rar3 ez|r3

20=0 (mod d)

So00= Y ‘;gj’;z 3/22d,u(cz/d)2kl/zz \/%S{). (13.9)
m 1

(a.q)=1 €2 dle
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Let S}, S, and Sa be defined similarly. Using Lemma 13.3 and (go, ¢2) < ¢ then
implies that

1 (mhkic)'? My

1 1 1/2
8A<<qeza:m%:cmzdzkl %:\/,,71 Chik a3

2 dlea ki
Using m| = m’lklcz < qH‘g/Mz and C > ¢, we obtain
SA <<q]+8/C < qé“

Define 3:)/?0’0 to be the same as S , but with W replaced by 1, so that

< /"

/17
50,00 = S0,0,0 T Sa»

and similarly for 32)/‘0’0, etc. To show Theorem 13.1, we therefore need to show
2180.0,0 K¢ q°.

13.4. The function B(k)

From now on, we let E(k(’)) be the function obtained from the right hand side of (13.5)
after replacing W by 1, and summing over the dyadic variables C and K. This has the
shape

E(k/) _/// J*(tlt2t3’asm/]sc()1 g0k63 €2, kl)F < tl t2 t3 ) dtl dt2d[3
° (RH)3 Srerer "\Va' Va' Va) Vans
(13.10)
where we did not give a new name to J after summing over C and K. This is the relevant
function for evaluating So,0,0.

Proposition 13.4. Denote

(1) Qs TWH=IP(s + w + w)(k /2 — w — u)T(k/2 — 5)
B T(k/2 4 )T (/2 +w + u) '

H(s, w, u, k)

(13.11)
Here H is holomorphic in the region

Re(s),Re(w +u) <«/2 and Re(s+w+u) >0,
with polynomial growth in Im(s), Im(w), and Im(u) in vertical strips. With this notation,

By = — / y(1/2+5,K)°G(s)*
O e Jume  y(1/2.0033

o~ (m\7" o~ 1 (amy) 12
X Vw)| — Myo(u, -) S—w—u +wtu—1
(1-2¢) q (—2¢) k creT

dudwds
Q2ni)3

Cq(l + 2S)3q3s/2a73s

X H(s, w, u, k)

where k = gokpk1, my = m'kica, ¢ = coca, and &(u, -) = &w)w(mi/My).
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Proof. Note that in (13.10), the factor #11>¢3 shows up as a block in both J and the de-
nominator. Letting y = t1t2¢3 (viewing #, and 3 as fixed), we have

B(kg)

_/o" J*(y,a,m’l,Co,gok(),Cz,kl)/‘ / (y/(t2t3) th )dﬁdﬁd_y
: Sreres VaVa) e w i

We first claim that

// (y/(l2t3) tz t_z)dﬁ@
Vi Vel oo

B / 7 y(1/2+5,6)°G(s)?
@ @y)y  y(1/2,1)3s3
This is an exercise in Mellin inversion, directly using the definition (5.5). Secondly, we
claim

d
¢, (1+25)° 2—“‘

o0
/ Je(y, a, m}, co, ok, 2, k)y V> dy
0

- —w N 1 s—1/2 dud
:/ V(w)<m> Mo, ) —— (an_:l)+ — H(s, w, u, &) " u;
(1—2¢) q (=2¢) kS—w—u o cstwu (2mi)

(13.12)

Putting these two claims together then completes the proof.
Now we show (13.12). From (7.3) and (6.8), and summing over the C and K parti-
tions, we have

/

/ / _ yant, / /
Ji«(y,a,m, co, goky, c2, k1) = e| — — |1 (m' k12, gokgkt, ya, coc2)
cogok
o0 yam' —gokykt 4t /m'kicayat m'kycat dt
= el — ~ |e Jie—1 Vi wpm,(t, ) —
0 cogoky coc2 coc2 q N

o0 yam —kt 4m/m)yat mit dt
= el ——— el — ) Jeci | ——— |1 oMy (t, ) —,
0 ck c c q Vi

where for simplicity in the final line above we have written the expression in terms of
the earlier variable names, and where wpy, (7, ) = w(t/M2)w(m/M;) (since we have
summed over C and K, as well as the N;). Therefore, (13.12) equals

[ o (L (o

Changing variables by y = z/¢ (after interchanging the order of integration) shows that
(13.12) equals

Rl B —kt 4 t dt d
[ o (2 o
o Jo ckt c c q t \/g
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Rewriting V| and wyy, in terms of their Mellin transforms, we find that (13.12) is

/ Vw )( >_w MG, )T dudw (13.13)
(1=2¢) (—&) (2mi)?’ '
where

1=/OOJ (T maz) /Ooe _maz) (TR pwma dE) A2 gy
o c 0 ckt c t) .z '

We will derive an explicit formula for Z by consulting tables of integrals.

Lemma 13.5. For |Re(s — w — u)| < 1, we have

/ooe<_m1az>e(__kt>ts—w—u ﬂ
0 ckt c t

S—w—u
miaz o as—w—u 47T miaz
z_in(v ! ) TR O (_ M)

k

Here H,fz) (z) = Ju(z) — 1Yy, (2) is the Hankel function of the second kind.

Proof. This follows from [GROO, (3.871.1), (3.871.2)], or formulas (17) and (36) in
[EMOT54, Section 6.5]. O

Even though the original calculation requires |[Re(s — w — u)| < 1 for convergence, note
that the Hankel function H,§2) (x), forany x > 0, is an entire function of v [DLMF, Section
10.2] and hence we may move our lines of integration in s, w and u to any location without
encountering any poles from the Hankel function.

Inserting this evaluation into (13.14), we have

I _ _ine_ni sfgfu /Oo(\/ mlaz>s_w_MH(2) (47[ \Y4 mlaZ)
0

A
k N “ c

X Jie—1

(4”\/mlaz)zl/2—sd_z
c z

The Bessel and Hankel functions have the same argument, which is quite pleasant. By
changing variables, we have

ey A2
I: HA(Z)w M(Z)JK—I(Z)ZI S—w—u .

_ie—ni% (aml)s—1/2(47[)s+w+u

QksS—w—u cstwtu—1 / z
(13.15)
The z-integral may be evaluated in closed form.

Lemma 13.6. For Re(£v — 1) < Re(A) < 1, we have

e dx
/ H® (x)J, (x)x* =
0 X

izk—lr(l A)F(V'FLH-)&)F(M v+A)
Al (W2 1) (B2 4 1)

e~ Tyl - (13.16)
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Proof. We may use formulas (33) and (36) of [EMOT54, Section 6.8] (but note (36) is
missing a I'(1 — A) term), and simplifying using gamma function identities. O

Substituting
A=1—s—w—u, v=s—w-—u, (u=k«k-—1I,
we find that the region of convergence corresponds to
Re(s), Re(w +u) <«x/2 and Re(s+w—+u) >0, (13.17)

which are satisfied by the lines of integration given in (13.13). Furthermore,

S w+u

(—i)<e i (amy)’~ 1/2 Qm)stwtu= 1F(S +w +M)F(_ —w-—= M)F(Z - S)

T =
fS—w—u cstwtu—1 F(7+S)F(§+u}+u)

’

giving
His, w, u, k) (amp)’~1/2

1= fs—w—u cstwtu—1 "

(13.18)

An application of Stirling’s approximation shows the growth in Im(s), Im(w) and Im(u)
is bounded by a polynomial. Inserting the formula for Z into (13.13) completes the proof
of Proposition 13.4. O

13.5. Bounding the zero term

Now let us recall that k = gokpki, m; = mikicy and ¢ = coc2. We will substitute

the evaluation of B into 3{)’,/0‘0 which was defined as (13.3) (with the partition of unity
removed). This gives

5 1 1 A(k)) y(1/2+5,6)3G(s)3
0.0.0 = 5 oe Z o kg y(1/2,1)3s3
rerez (co.gom})=1 0 (k’ 52co) 1 (1-¢) ’

co=0 (mod gk k}) =0 (mod

(8o 62))

w
x ¢y (1425)°q™a™ / V<w>( - ) M3 &, -)
(1-2¢) mikica (=2¢)

H(s, w, u, k) (am/lqu)“l/2 dudwds

X . 13.19
(gOk(/)kl )s—w—u (Cocz)s+w+u71 (27.”‘)3 ( )
Next examine the Dirichlet series
3 1 k/’% A(k )
Z(s, w,u) =1+ 2s) Z Py Z W-
(co,gomy)=1 "0 (kgy»82¢0)=1 0
co=0 (mod gk k7) ko=0 (mod =25)
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Using the evaluation A (k) = k| Ak, do(k(/d) (from Lemma 13.2) and Mobius inver-
sion to remove the condition (k),, co) = 1, one may derive

(A+s—w—u)?c(s+w+u)

C;_w_u—’—l(qklkf)x"'w"—“

Z(s,wou) = (g0, 2" """ H As, wo ), (13.20)

where A(s, w, u) is analytic for
Re(s) >0, Re(u+w) <1+Re(s), Re(s+w+u) >0, (13.21)

and bounded by O(g?) in that region. The sum defining Z(s, w, u) converges absolutely
for Re(s + w + u) > 1 and Re(w + u) < Re(s).
Inserting (13.20) into (13.19), we obtain

i y(1/2+5,6)°G(s) ¥/ ~ q v -
80,0,0 = / (S 1 2 3.3 3s V(w) /k MZMC()(M, )
(1-¢) S1e1e2y(1/2,K)°s°> a (1-2¢) mikicy (—2¢)

g“(l—i—s—w—u) ts+w+u)
S gk, ks twtu
AH(s, w, u, k) (am’]klcz)sfl/2 dudwds
(gokyp)s—w—u c§+w+”_l (2mi)?

( O Cz)s—w—ll-l—l

(13.22)

Now move the contour of integration in w to the line Re(w) = 4¢. In doing that note
that we stillhave Re(s +w+u) =1—e+4e—e =142 > landRe(s—w—u+1) =
1—e—4e+2¢+1=2—-3¢ > 1, sowe do not pass over any poles. Now move the line
of integration in s to Re(s) = 3e. By doing so, we pick up the residue from the simple
poleats =1 —w —u.

The remaining integral. The contribution from the final integral to 3{)”0 018

(g0, €2)g°

_—
816162\/am/1k162

for any ¢ > 0. The contribution to 30,0,0 from this part is then calculated (recall that
81 =kid/(a, kid) and 6, = eleQS]am/l/go) to be at most

(80, €2)q*
ZWZ 3/22“’2"1/22 ) ID VDD m

e (13.23)

Cy dley ki r1r2r3 31 el|"2"3€2|hg0\61226]am
(kld a)
<<qZ DI I) ) Dt ZZ— > (@),
) 62 dley K m) 16|Ir2r3€2|r% go\elezt?laM’l

where all the summations may be truncated at some fixed power of g (cf. the convention
in Section 11.6). Summ_ing over everything trivially using (go, c2) < ¢» shows that the
integral contribution to S 0.0 is O (¢%).
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. . . . —/ .
The s = 1 — w — u residue. This residue contributes to S , o the following:

yBR2—w—u,k)3G(1 —w—u)~ 1 w
f 3 3 V) [ —
ey S1ereay(1/2,6)°(1 —w —u) mikicy

= —u 2

~ (2 —2w — 2u) 22w

MEBw, )2 (80, )7
‘/; 2) 2 a3(—w—u) 2 2w— 2u(k k*)

y AH(s, w, u, k) (am’lklcz)l/z_w_“ du c{w .
(goky)1—2w—2u (2mi)?

(13.24)

Now move the line of integration in w to Re(w) = 1 — ¢. This will pass over an apparent
double pole of ¢(2 — 2w — 2u) but the triple zero of G(1 — w — u)3 cancels it. Then by
a trivial bound, the residue is

80q°
< . (13.25)
51e162a1/2cg/zk13/2k’lkm/13/2

The contribution coming from the residue can be bounded by

Z DB ZZWZ DI DD IPT D DI

3 m
2 €2 dey e r1r2r3—51 U eilrars ealrs golelezﬁlam'l

Let us trivially bound gy < ejezd 1am’1. All the remaining sums are easily bounded, so
this part is also O (g?®).
This completes the proof of Theorem 13.1.

13.6. One of the p; is zero

This case is the easiest, since (as it turns out) we may bound everything trivially and
obtain the desired bound Sy < ¢°.

The original sum is symmetric in pi, p» and p3, so it suffices to estimate the terms
with p3 = 0 and p1, p» # O (the expression for A from Lemma 8.2 may not appear
symmetric in the p;, but of course it must be due to the original definition (8.1)). We
apply a dyadic partition of unity to the p; and p; variables. Let Py, P, # 0, set P3 = 0,
let P = (P1, P;, 0) and consider

1
Sp = 2. 0 ) > k/3 —5A(p1, p2,0: k) B(p1, p2, 0).
(Co,gom,l)ZI (k ,62c0)=1 pP1=P
co=0 (mod gk k}) k=0 (mod = fz>) p2<Py

Here

Apr, p2. 0 k) =k D £S(p1, 0s ko/f) < ko (pipa, ko).
Ik
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Note that we only need to consider the non-oscillatory cases for B, where B is given
by (8.13), since in the oscillatory case all the p; must be nonzero or else B is very small.
Then

. 1 1 VaMN\®\/MyN

<% > X (Y)Y
(co,g0m)=1 (kg»82c0)=1 0 p1,p2#0
co=0 (mod gkik}) k=0 (mod

€0

(p1p2, k),

(g0- 02))

where recall § = k — 1 > 1 in the pre-transition non-oscillatory range, and § = —1 in the

k2 K2h
trancit e _ko ¢ ko
post-transition range. Recall P P, < g NN, <4 NN

(JM)‘\/W K(go.c2) 1

C NoN3  gokicz  qkik}

S///

It is then not difficult to see that

)
\/aMN) M>N K \/E

Sp < ¢° max(
a C qN2N3\/;l

In the post-transition case, this bound becomes

< q°.

M|N
Sp <« ¢° max 1
a

A calculation shows the pre-transition non-oscillatory case leads to the same bound.
In all cases, summing over the dyadic tuples of P gives So <, ¢°¢, as desired.

13.7. Two of the p; are zero

We finally consider the case where say p; # 0 and p» = p3 = 0. This case leads to
some new subtleties not present in the case with all p; zero. The first step is to extend the
sum to all p; € Z, and then subtract back the term with p; = 0. We already showed with
Theorem 13.1 that the term with all p; zero is bounded in an acceptable way. After this,
we apply Poisson summation backwards. The net effect is precisely the same as when
only applying Poisson summation in the n, and n3 variables, and setting p» = p3 = 0
(up to the term with all p; zero).

It is perhaps easiest to return to (7.11). Define Q to be the term we get from this, after
Poisson in n; and n3, and substitution of p» = p3 = 0, so that

1 A* (nl,k’)B (n1)

RN o |
(CO’gOm/l):l (k ,62€0)= 1 ny>1

COEO(mOqulkT) =0 (mod

(g() fz) )

where

1 dan1x2x3¢0
vty 2 ()
0

0 x5,x3 (mod k6)
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and

s« i’lelnl rpeaxty 13f3 nieiry hexrz 13r3
B*(n1) =

\/W// ( NN N TNy N3

, , dtr dt3
x Jy(ere281n112t3, a, my, co, goky, 2, k1) .
Vi3
Since some of the details are similar to the case where all p; are zero (and easier), we will
be more brief in such occasions. We may evaluate A* directly from the definition, using
a similar method to the proof of Lemma 8.2, which gives

A*(n1; ko) = Z ¢ (ko/f)8(n1 = 0 (mod ky/ ).

ko i
We have J,(--+) K M21/2, which follows from bounding J,—; (x) < 1, and so
M> N, N3 )1/2

rirriejezezrars

B*(n)) <« (

In turn, this leads to the estimate

«VM2N (go, c2)

Q<eq Srerergkikicy

Then the contribution to S from Q is seen to be O (g~ (MN)/?) = 0(¢'/4+¢).

The next step is to replace the sum of the P,, P3 partitions of unity by 1, as in Section
13.3. Since Q@ <, ¢'/4*¢, the error in doing so is expected to be at most O(g®), as de-
scribed in the paragraph preceding Lemma 13.3. We omit the details, as this case is easier
than the case with all p; zero. Since n1 > 1 automatically, we may easily sum over the N
partition (avoiding the analytic problems near the origin). We also reassemble the C and
K partitions, at no cost. Define O to be the sum obtained after all these partitions are re-
moved, and B*(n}) to be the new function. For simplicity of notation we will not change
the name of the function J,. Then by the change of variables y = ejexd1n1t2t3 (viewing
t3 as fixed), we have

-y
ﬁ(nl)Z/w/m J*(y,a,m/l,Co,goké,cz,kl)F <r161n1 e1riranit r3t3>dtg dy

Siereay/n Va Va ' Va Ve

By an exercise in Mellin inversion, one may show

00 Yy

/ Fu<rlelnl eirnirn. r3t3)dt3

o T Ve Ve
_/ / y(1/2+s1,6)G(s1) y(1/2+5,%)*G(5)?
ooy /2,08 y(1/2,10)%s?

\/c; )S‘ (qelrlnl )S dsy ds

—25—51 1 2 1 2 )
a LI+ 51+ 5)7¢, (1 + s)(emn] 5 i)
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Then using (13.12), we derive

— V(w) y(1/2+s1,)G@s1) [ y(1/2+5,€)>G(s)?
B*(n1) :/ 73
(1=2¢) 81e1ea/n1 J(1) y(1/2, k)s1 ) y(1/2,k)*s

Va

erring

51
) (geiriny)’

g \"HG, w,u, k) (am)* "2 duds dsy dw
X\ JeS—w—u cstw+u—1 (2].”')4

X Myo(u, .)a—ZS—Slgq(l + 51 +s)2§q(1 +Zs)<
)

mi

where recall that k = gok(’)kl, mp = m’lklcz, and ¢ = cocp. Moreover, as in Section 13.5,
we have w(u, -) = @(u)w(m; /M), since we have summed over Ny, N, N3, C, and K.

Applying these changes of variables, and inserting this into the definition of O, we
obtain

_ 1 1 1 k) 1
o- Yoo gy >

(co.gom)=1 (k. 82c0)=1 0 flk; n1=0(modky/f)
0=0(modgk1k}) k=0 (mod —2-)

(80-¢2)
X/ Vw/ y(1/2 + 51, )G (s1) y(1/2+5,€)2G(s)?
(1—2¢) ) vy (1/2, k)s (1—¢) y(1/2, k)%s?
s1
x | My@uya 51, (1 + 51+ 92 (1 + 28)<&> (geiriny)®
(] eiriny

( q >w H(s, w,u, k) (amikic2)™V? dudsds) dw

mikica) (gokok)S ™4 (cocp)stwHu=l  Q2mi)*

With the displayed lines of integration, all the outer sums converge absolutely. Indeed,
we have

1 1 k; 1
Y o Y () T s

(co.gompy=1 €0 (k) 82c0)=1 0 fIK m=0 (modky/f) ™1
co=0 (mod gk k) k=0 (mod ¢1/(go.c2))
1 1 @0)
= {(l—l—S] —S) Z Cs+w+u Z fl+s—w—u Z E2+Sl —w—u "’
(co.gomp=1 0 (fi82¢0)=1 (/3,8200)=612
co=0 (mod gk k) /=0 (mod (gogfzz) )
(f (8’0»C2))

(13.26)
As long as we assume that

Re(l1+si—w—u)>0, Re(l+s—w—-—u)>0, Re(s+w-+u)>0,
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the coprimality conditions are benign. Then the Dirichlet series in (13.26) is of the form

C(s+w+u)
;(I-I-S] _S)WC(I_‘_S_IU_M);(I_FSI —w—u)(

(g0, c2)
o)

1+min(s,s1)—w—u
) s
where A is holomorphic and bounded by ¢*, and min(s, s;) means the variable with the
smaller real part. The factors ¢4 (1 + 51+ s)2§q (1+s) may be absorbed into the definition
of A provided that Re(s), Re(sy) > 0.
Moving the summations to the inside, we derive

— Vw) [ y(1/2+451.)G(s1) y(1/2 4 5,1)%G(5)? .
Q= 55 M@ (u)
(1—2¢) 81€1€2 J(1) vy (1/2, 1)s1 (1—¢) v(1/2,16)%s ©)
A 4s1—5) (s +w+u) V!
T (qklki‘)s+w+“§(1+S_w_u)g(1+sl —w —u)(gery) v
8 (g0, )\ Tmin(ss)—w—u q Y AH (s, w, u, k) (amikic)*~V? duds dsy dw
&) mikica (gokyp)s—w—u cytwtu=t Q2mi)*
(13.27)

For ease of reference, we list all the constraints on the variables (using x > 2):

0 <Re(s +w+u), Re(s)<l,

. (13.28)
Re(w + u) < 1 + min(Re(s), Re(s1)), Re(s),Re(s;) > 0.

Now we move the contours as follows. First, move w from 1 — 2¢ to 4, which does
not involve crossing any poles. Following this, move s; to 5¢, which crosses a pole at
s1 = s only. Next, move s to 6¢, which crosses a pole at s + w + u = 1 only. We will
deal with this pole momentarily.

The pole at s; = s. This contributes to 0

N 3 3
1 /(A)V(w) /(l | y(1/245,k)°G(s) Mga(u)g(s+w+u) q3x/2

S1e1e2 y(1/2,1)3s3 ©) (qkiky)stwtu
(A +s—w—w?((g, )\ " g \”
% a’ ( c ) <m’1k102>
AH(s, w, u, k) (am’lklcz)x_l/2 dudsdw
(gokp)s—ww  gtwhel Qi3

A careful scrutiny of this formula shows that is is essentially identical to (13.22) (we did
not check that the A function is literally equal in the two cases, but this would not be
surprising). Here we need that we can move w to 4¢ and then u to —2¢ without crossing
any poles; this move in w was our first step following (13.22), so this is easily checked.
Therefore, by the work in the case with all p; zero, the contribution to Sp o from this pole
is 0(q%).



The fifth moment of modular L-functions 311

The new contour. On the new line, with all the variables having real parts at multiples
of &, the contribution to Q is

1/2
1 o (g0.c2)

drerer (am/llq)l/2 2

< q°

Recalling that 81 = k1d/(a, k1d), itis not hard to see that inserting this bound into (7.10),
(7.6), (7.1) gives a final contribution to Sp ¢ of size O (¢°).

The pole at s = 1 — u — w. Denote this contribution to Q by ORes. Then

5 _/ V(w) y(1/2+51,6)G(51) y(3/2 —u — w, £)>G(1 —u — w)?
T Jao drerer Jsy v (72,008 y(1/2,02( = u — w)?

une 1 tutw) o o
/(())Mz ou)—— (kk*) Q2 =2w —-2u)t(1+s1 —w—u)

5 (go,Cz) 14+min(l—u—w,sy)—w—u \/(; S1 (qelrl)l_u_w
¢ eiri as1+2(l—u—w)

q YAH(1 —u—w,w,u,/c)(am/lklcz)l/z_u_w dudsl' dw
(goky) ! ~2w=2u Q7i)3

m'kicz

The constraints Re(w + u) < 1 4+ Re(s) and 0 < Re(s) < 1 withs =1 — u — w simply
become 0 < Re(u + w) < 1.

Finally, we move w to 1 — 10g, crossing a pole at w = s; — u only. On the new lines
of integration, the contribution to Qis

. g0k 1 1 1 a'’?q¢

<
Srerex kiky mikiea \Jam' kyc, c2/2\ﬁk* 32

using only the weak bound gg < § 1elezm’1a. It is easy to see that the final contribution to
So,0 from this is O (¢®).

<Lq

The pole at w = 51 — u. This contributes

— 1 ~ y(1/2+51,6)G(s1) y(1/2+1 —51,6)>G(1 — 51)?
= / Vst —u) 3 3
(5¢) y(1/2, k)81 y(1/2,6)=(1 —s1)
_ 14+min(1—s1,s1)—s1 S1
MG LEDEQ — 251) ((80,02)> (ﬁ) (Gerr)!
) (gk1kT) 2

ein
o q AR — 51,81 — u, u, k)
m/lklcz (gokl)l—ZSlaS1+2(l—sl)

X

du ds
Qmi)?’

(am’lklcz)l/%s‘

In terms of ¢, this part is O (g®), but the problem now is that the sum over m’1 will not be
absolutely convergent. The way around this roadblock is to move the contour to a location
where the m’|-sum converges absolutely, and shift the contour back. Having G(1/2) = 0
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once again is crucial. To this end, it is important to sum over the partition of unity in the
M and M> variables.

One may chec_k that H(1 — s1, 51 — u, u, ) is actually independent of u. Therefore,
it is easy to sum Qg over My: It is not hard to show that if D(u) is a Dirichlet series
absolutely convergent on the line Re(u#) = 0, then

1
57 My @)D u) du = D(0).
M> dyadic L Jo)

Now we move the sj-contour to 3/4 (crossing no poles since G(1/2) = 0), and sum

over m/ and My, which gives

ST S G =

/ Vs, _M)V(1/2+31,K)G(Sl)
3/4)

My 316162 y(1/2,1)s1
1
y(3/2 = 51.6)°G(1 = 51)? £(251)2 (2 = 251) ( (g0, cp) | T Tors0
y(1/2,1)%(1 — 51)? qkik} 1)
s 1— s
y Va \" (geir)' ™ (g T AH(L — 51,51, 0, K)(akICZ)l/Z—Sl ﬂ
eiry) a9 t20=0 \ kicp (gokp) =2 2mi
Now we move the s{-contour back to &, which shows that this term is bounded by
q° 1 (go,c2) eir
; (akien) 2.
die1ex kiki  co goki a
Using the crude bounds (g‘;CZ) <1, % < 1, and summing trivially over ki, d, ¢, and

a shows that this part contributes O (¢°) to Sp .
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