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Abstract. Our goal in this paper is to present a generalization of the spectral zeta regularization for
general Feynman amplitudes on Riemannian manifolds. Our method uses complex powers of ellip-
tic operators but involves several complex parameters in the spirit of analytic renormalization by
Speer, to build mathematical foundations for the renormalization of perturbative interacting quan-
tum field theories. Our main result shows that spectrally regularized Feynman amplitudes admit
analytic continuation as meromorphic germs with linear poles in the sense of the works of Guo—
Paycha and the second author. We also give an explicit determination of the affine hyperplanes
supporting the poles. Our proof relies on suitable resolution of singularities of products of heat
kernels to make them smooth.

As an application of the analytic continuation result, we use a universal projection from mero-
morphic germs with linear poles on holomorphic germs to construct renormalization maps which
subtract singularities of Feynman amplitudes of Euclidean fields. Our renormalization maps are
shown to satisfy consistency conditions previously introduced in the work of Nikolov—Todorov—
Stora in the case of flat space-times.
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1. Introduction

Zeta regularization. Let M be a smooth, compact, connected manifold without boundary
and P be a symmetric, positive, elliptic pseudodifferential operator on M. Later on, we
will specialize to Schrodinger operators of the form P = —A, + V where —A, is a
Laplace operator and V is a smooth nonnegative potential. But the present discussion
applies to any symmetric, positive, elliptic pseudodifferential operator P. Such a P admits
a discrete spectral resolution [36, Lemma 1.6.3 p. 51], which means there is an increasing
sequence of eigenvalues

o(P)={0<i <A <--- <Xy = +00}

and corresponding L?-basis of eigenfunctions (ej)yeqs(p) S0 that Pe) = Ae;,. In his sem-
inal work [72], Seeley constructed the complex powers (P ~*);cc of P as a holomorphic
family of continuous linear operators acting on suitable scales of Sobolev spaces on the
manifold M. In particular for Re(s) > 0, P~* is bounded in L>(M). Now let us consider
the spectral zeta function {p(s) which is defined as the trace TR(P %) coinciding with
the series

tp(s) =TR(P™H = > a7 (1)

reo (P)\{0}

By Weyl’s law on the growth of eigenvalues of P [36, Lemma 1.12.6 p. 113], the operator
P~ is trace class and the series p(s) = D, A~° converges as a holomorphic func-
tion of s on the half-plane Re(s) > dim(M)/deg(P). Then Seeley showed that ¢p(s)
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admits an analytic continuation on the complex plane as a meromorphic function [36,
Thm. 1.12.2 p. 108] with simple poles. In case P is a differential operator, {p(s) is
holomorphic at s = 0. This result shows one of the first instances of the power of zeta
regularization, where we can regularize the divergent series ), ., (p) | and obtain the
value ¢p(0) of the spectral zeta function ¢p at s = 0. More importantly, the residues of
¢p(s) atits poles can be expressed as multiples of integrals over M of local invariants
of the operator P [6, pp. 299-303] and are intimately related to the heat invariants of P
[36, Thm. 1.12.2 p. 108].

From zeta regularization to regularized traces. In the same spirit, zeta regularization
techniques were also used in global analysis to construct regularized traces for certain
algebras of pseudodifferential operators. The above result of Seeley on the analytic con-
tinuation of TR(P ™) has been generalized to canonical traces on pseudodifferential op-
erators by Kontsevich—Vishik [49], whose work was partly clarified by Lesch [53] and
used to study anomalies of regularized zeta determinants. Then general types of tracial
anomalies were discussed in [55, 18, 61], sometimes in relation to quantum field theory,
and finally a general notion of trace for holomorphic families of pseudodifferential oper-
ators appears in the work of Paycha—Scott [62]. An important object underlying all these
constructions is the notion of noncommutative residue for any pseudodifferential operator
A. This residue can be defined by zeta regularization using complex powers of elliptic op-
erators as follows. Choose any symmetric, positive, elliptic differential operator P. Then
the noncommutative residue of A is defined as the residue at s = 0 of the meromorphic
continuation of the trace TR(A P %), and is given by a local formula in terms of the sym-
bol of A. In his seminal works, Wodzicki [78, 79] proved that up to some constant factor,
this residue is the unique trace on the algebra of pseudodifferential operators. It plays a
central role in global analysis and noncommutative geometry. We refer the reader to the
monographs [60, 71] for further details on these topics.

Zeta regularization for partition functions. Already in the simple case of spectral zeta
functions of the Laplace—Beltrami operator, these regularization methods turn out to be
extremely useful to study Euclidean quantum fields on Riemannian manifolds. In the
mathematical physics literature, zeta regularization was first applied to quantum field the-
ory on curved spaces by Hawking [43] to give a definition of the partition function of Eu-
clidean QFT. It can also be used to give a mathematical model of the Casimir effect [31].
For topological quantum field theories, following the seminal work of Ray—Singer [66] on
analytic torsion, it was soon realized by Schwarz [70] that one can define and calculate the
partition function of some abelian BF theories using zeta regularized determinants. For-
mally, for some flat bundle (E, V) over a smooth compact manifold M of dimension d,
his formula for the partition function of the BF theory reads

d
/ eXp<_/ B /\dvA) — Hdet(A(k))(*l)kk/z
(A,B)eQK(M,E)xQ"—*=1(M,E) M k=0

where dV is the twisted differential acting on Q*(M, E) and the right hand side is the
Ray—Singer analytic torsion of the flat bundle (E, V) — M, which is a topological in-
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variant [56, (10) p. 9]. Then Witten generalized the above work of Schwarz by showing
that the perturbative partition function of Chern—Simons theory involves the Ray—Singer
analytic torsion and also the eta invariant of Atiyah—Patodi—Singer. Since the formula
is quite complicated, we refer the reader to [56, (12) p. 9]. But the important point is
that the formula involves zeta regularized determinants. The main idea underlying the
above results is that partition functions are formally expressed as functional integrals on
some space of fields; these partition functions are then identified with regularized deter-
minants of elliptic operators. For instance, in the case of the Dirichlet action functional
S(p) = % fM p(—Ag)p dv(x) where —Ag is the Laplace-Beltrami operator and dv the
Riemannian volume, the partition function Z reads

Z = [dgoexp(—% /M(p(—Ag)fpdv> :det(—Ag)_l/2

where det(—Ag) may be defined as exp(—¢’(0)) where ¢ is the regularized zeta function
of the elliptic operator —A, appearing in the definition of the partition function.

For applications in mathematical physics and in the present work, a particular role will
be played by complex powers of generalized Laplacians (more generally elliptic, positive,
self-adjoint operators of order 2) and their relation to the heat kernel asymptotics. These
methods based on the local asymptotic expansion of the heat kernel are crucial in the
local index theory [14] and are also used in [8, 4] to give a purely spectral definition of
the Einstein—Hilbert action functional following [47, 1, 48].

Another interesting physical property of zeta regularization is its natural covariance,
which is why it was used by Hawking in the first place. Indeed, for any diffeomorphism
® : M — M, the spectrum o (—Ag+,) of —Ag+, on (M, ®*g) coincides with the spec-
trum of —A, on (M, g) and 0 (—Ay) is thus an invariant of the Riemannian structure
(M, g)." Therefore zeta regularization is a coordinate independent regularization scheme
which depends only on the spectral properties of the Laplacian, which in turn is entirely
specified by the Riemannian structure (M, g).

Renormalization in quantum field theory. The present paper is written for analysts and
does not require any background in physics or quantum field theory. We present our re-
sults in a purely mathematical form. However, we felt that for readers with some interest
in QFT, it would be preferable to present some physical motivations, and the uninter-
ested reader can skip the present paragraph. QFT is a general framework aimed at de-
scribing the fundamental forces and particles. In QFT, we are given some graphs called
Feynman graphs which pictorially represent complicated interaction processes between
various particles and we associate to every graph G some number c¢, called the Feynman
amplitude, which is often given by some divergent integral when the graph G contains
loops. The issue is that the above zeta regularization methods can only be used to renor-
malize one-loop graphs as discussed in [17, 1.4 p. 10]. For interacting QFT’s, it is not
enough to regularize only the partition function and one-loop graphs, one must renormal-
ize amplitudes whose corresponding graphs contain an arbitrary number of loops. For

' The space of Riemannian structures is the set of pairs (M, g) quotiented by isometries.
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instance in quantum electrodynamics (QED), which is the QFT describing the interac-
tion of light and matter, the computation of the probability amplitude of some scattering
process for two incoming and two outgoing electrons is represented by the following
Feynman diagram:

where the electrons are denoted by e, positrons by e™ and photons by . The correspond-
ing Feynman amplitude is given by some product of electron propagators, represented by
the straight lines, and photon propagators represented by the wiggly lines. These propa-
gators are distributions on R* x R* valued in 4 x 4 matrices.

For the sake of simplicity, we limit ourselves to scalar theories in the present paper.
In these theories, unlike in gauge theories, there is only one scalar valued propagator
which is denoted by & in what follows. The topology of the Feynman graphs that we
encounter is dictated by the interactions of the theory. For instance in the massless ¢*
theory, the only Feynman graphs that we encounter have vertices of degree 4. Our goal is
to use spectral zeta regularization to renormalize multiple loop amplitudes for Euclidean
QFT on Riemannian manifolds with the aim to relate them to geometric invariants of
Riemannian manifolds, which is the subject of future work of the authors. Our starting
point is the work of Eugene Speer on analytic renormalization in QFT [73, 74, 75] who
found an alternative formulation of the usual BPHZ renormalization algorithm, based
on analytic regularization with several complex parameters. The analytic structure of the
regularized amplitude in these variables encodes a rich algebraic structure so that a renor-
malized amplitude may be defined by the application of a universal projector, independent
of the graph in question, to the regularized amplitude. Indeed, we will show that regular-
ized amplitudes are meromorphic germs with linear poles, and in Subsection 6.3, we
will describe a straightforward way of subtracting the divergent part of the regularized
amplitudes while keeping only the holomorphic part. Then renormalization will be refor-
mulated in Definition 6.10 as the evaluation at some poles of the holomorphic part of the
regularized amplitude. This projection is a useful substitute to the BPHZ algorithm and
the method pioneered by Connes—Kreimer based on Hopf algebras and Birkhoff factor-
izations. In our work, a common point with the BPHZ algorithm and Speer’s work is that
we rely on Hepp sectors and resolution of singularities arguments.

Let us show how the idea of analytic renormalization works in an example on flat
space. On Euclidean space R?, the Green function of the Laplace operator reads & (x, y)
=C Q_1 (x —y) where C is some constant and Q is the quadratic form Q(v) = Z?:l viz.
On configuration space (R*)°, the Feynman rules assign to the graph
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Ty T3

the amplitude
T (x1,x2, X3, X4)

= / &(x1, y)B(x2, y1)B2 (1, y2) B (32, x3)G (2, xa) d*y1 d*ya,
1,y2)€(®%)2

which is given by some formal product of Green functions. To get rid of the infrared
divergence due to the fact that we integrate over infinite volume (R*)Z, one may either
introduce a sharp cut-off by replacing R* by a finite box, or insert some smooth compactly
supported cut-off function g € C° (R4) for each variable (y;);e(1,2) corresponding to the
internal vertices of the Feynman graph, as follows:

T (xy, x2, X3, X4)

= /w LG, y)B(a, DG, ¥2)B (32, X3)B(v2, x4)g (1) g (v2) d*y1 d*ya.
®*)

In fact, it is natural to view the full amplitude &(x1, y;)B(x2, YDG2(y1, ¥2)B(y2, x3)
x &(y2, x4) as a distribution in D’ ((R*)®), so we may think that we insert some smooth
compactly supported cut-off function g(y;)g(y2) on (RH? so that T (x1, x2, X3, X4) 18
well-defined as the push-forward of the product & (x1, y1)®(x2, y )62( V1, ¥2)B(y2, x3)
x &(y2, x4)g(y1)g (y2) d*y1 d*y, along the fibers of the projection (R*)® — (R*)*.

In terms of the quadratic function Q, the above amplitude reads

/( Ye(R4)2 0 e, yDQ (2 yD QT 1L y2) 7 1, y2)
y1.y2)€

x 07 (32, ¥3) 07 (32, x0) g (Y1) g (y2) d*y1 d*y.

Now for each Q™! factor in the amplitude, we shall introduce a complex power s as
follows:

T(s) = / 01 (x1, YD) O (2 Y1) O (41, ) 0 (31, ¥2)
(1,y2)€@®H)2

x Q75 (2, X3) Q0 (2, x4)g (1) g (y2) d*y1 d*ya

where the new amplitude depends on s = (s,...,8¢) € C®. For Re(s;)1<i<6 large
enough, one can easily see that the amplitude defining T is integrable. The main result of
Speer is that T (s) admits an analytic continuation in s € C® as a meromorphic function
with linear poles. Then he shows that T (s) decomposes as the sum of a singular part and
a holomorphic part ats = (1,...,1) € C® and renormalization consists in subtracting
the singular part and evaluating at (1, ..., 1) € C°,
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The main goal of the present paper is to combine the methods from zeta regularization
with multiscale analysis of Feynman amplitudes, to present a generalization of analytic
renormalization to general Riemannian manifolds. Then we will show that the renor-
malization defined satisfies the consistency axioms of Nikolov—Todorov—Stora in [59]
inspired by the seminal works of Epstein—Glaser [30].

2. Main results

In the present section, we introduce the main objects of study and state the main results
of our work. We first define Feynman amplitudes, next we explain how to implement
zeta regularization with several complex parameters; then we state the first main analytic
continuation theorem and finally we give a simplified version of our second main theorem
concerning applications of the analytic continuation result to renormalization in QFT.

2.1. Feynman amplitudes

We work on a compact, connected Riemannian manifold (M, g) without boundary, the
Laplace-Beltrami operator is denoted by A, and C2{,(M) denotes the smooth, nonnega-
tive functions on M. For a potential V € C3{,(M), it is well-known that the Schrodinger
operator P = —A, + V is a second order, symmetric, positive, elliptic differential op-
erator which defines a unique unbounded, self-adjoint operator acting on L*(M) [76,
pp- 34-35]. We now generalize the Feynman rules to this case. That is, to every graph we
associate a formal product of Green kernels of the operator P. Since on a general mani-
fold, there is no Fourier transform, our Feynman rules are just the Riemannian versions
of the Euclidean Feynman rules in position space of [19, Definition 2.1] (see also [24]).

Definition 2.1 (Feynman rules). Let &(x, y) denote the Green kernel of the operator P.
Then for a graph G with the set of vertices V (G) and the set of edges E(G), if for any
edge e € E(G), the vertices incident to e are i (¢) and j(e) and G has no loops, then the
Feynman amplitude associated to G is defined as

tc = H S (Xi(e)» Xj(e)) )
¢cE(G)

as a C™ function on M"(©) \ {all diagonals}.

Remark 2.2. Since the Green kernel & is symmetric in its variables, 7 is well-defined.
The graphs are not allowed to have self-loops since the Green function & is not well-
defined on the diagonal, hence cannot be evaluated at coinciding points. The above Feyn-
man rules correspond to a perturbative Euclidean QFT where the Lagrangian is already
Wick renormalized, which explains why self-loops (also called tadpoles in the physics
literature) are excluded. In the physics literature, the amplitude reads

1

tG=—r B Xi(e), Xi(e))
|Aut(G)| eel;[G) i(e)» Xj(e)
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where the combinatorial factor |Aut(G)| € N counts the number of automorphisms of G.
We drop this combinatorial factor for simplicity since this does not affect our discussion.

2.2. Multiple spectral zeta regularization

The operator P~* is defined as a spectral function of the operator P in a very simple way
following [36, equation (1.12.13) p. 107]:

Definition 2.3 (Complex powers). For Re(s) > 0, everyu € L%(M) canbe decomposed
in the orthonormal basis (e;,);, of L?(M) given by the eigenfunctions of P. Then

PSu= Z A u, ey )e;
rea (P)\{0}

where the sum on the right hand side converges absolutely in L2(M) since the eigenvalues
A; tend to 400 as i — +00, hence the sequence (A, *); remains bounded.

The Schwartz kernel of P™* is then by definition
S, y)= Y Aeamely) 3)

reo (P)\{0}

where we abusively denote by &*(x, y) an actual distribution &° € D'(M x M) and the
series on the r.h.s. converges in D' (M x M). We will later see that &° is actually a function
on M x M for Re(s) > d/2 where d = dim(M). We shall generalize this regularization
to the case M = RY with flat Euclidean metric g and P = —A, + m?, m € Rxq. Our
definition of &* in the flat case is similar to the compact case since we define &° using
complex powers of the Laplace operator:

Definition 2.4 (Complex powers for flat space). If M = R?, g is a constant quadratic
form and m € R is a mass, then we set

o 1 o ((x=7).6)
) = Gy fR (8" E &, + m2)

dle

(x=y.x—y)g 2
e s,

I
zr(s)/o (rnydi2¢

It is immediate from the above formulas that * is the Schwartz kernel of (—Ag +m?)~
and that when s = 1, we recover the Green function of the operator —A, + m?.

Definition 2.5 (Regularized Feynman rules). Under the above assumptions, we denote
by P~* the complex powers of P and by &*(x,y) € D'(M x M) the corresponding
Schwartz kernel. Then for a graph G with vertex set V(G) and edge set E(G), the regu-
larized Feynman amplitude reads

)= [ i) xjee) )
ecE(G)

which is in C> (MY (G \ {all diagonals}), where s = (s¢)cer(G) € CEO).
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Remark 2.6. We will see later in Lemma 4.1 that &° is actually in CX(M x M) for
Re(s) large enough, hence the above Feynman rules also make sense for graphs G with
self-loops when Re(s) is large enough, which was not true for s = 1 since & would be a
distribution singular on the diagonal.

Let us state our first main theorem:

Theorem 2.7. Let (M, g) be a smooth, compact, connected Riemannian manifold with-
out boundary of dimension d, dv(x) the Riemannian volume and P = —Ag + 'V,
Ve CS%(M) or M = R? with a constant metric gand P = —Ag + m2 m e R>o. Then

for every graph G, on the configuration space (M" ), gv(G)) endowed with the product
metric gy (G) and product volume form dv v ), for any test function ¢ € C® (MY,

CE©) 55— / tG(s)p dvy v 5)
MVG)

can be analytically continued near (s, = 1).cE(G) as a meromorphic germ with possible
linear poles on the hyperplanes of equation ), ; se — |[E(G')] = 0 where G’ is a
subgraph of G such that 2|E(G")| — b1 (G")d < 0, |E(G")| is the number of edges in G’
and b1 (G') the first Betti number of G'.

To recover renormalized Feynman amplitudes, we follow the strategy of [25, 2.2]. We
cannot evaluate fG(s) at (se = 1).cr(G) since it might belong to the polar set of f¢.
The notion of polar set is defined in reference [39]. However, applying the machinery
from [39] allows us to subtract the polar part of tG(s) at (s = 1).ckr(G) While keeping
the holomorphic part. This is based on an extension of the framework of [39] to dis-
tributions valued in meromorphic germs with linear poles, constructed in §6.2. Then to
recover the renormalized Feynman amplitude, it suffices to evaluate the holomorphic part
at (s, = 1).cE(G)- Following Speer [74, Section 3], analytic renormalization will be re-
formulated in Definition 6.10 as the evaluation at some poles of the holomorphic part of
the regularized amplitude. This idea was recently abstracted in the works [20, 40] in a
purely algebraic way where the composition of a projection on the holomorphic part and
the evaluation at (s, = 1).cg(G) is called an evaluator [40, 1.3 p. 6]. The renormaliza-
tion R(¢¢) of some amplitude ¢ is the composition of the operations summarized in the
following diagram:

regularization

t¢c —> tg(s)

projection on holomorphic part

7 (tG(s))

SR ev],y (T (16 (9)) = R(tg).
where S0 = (Se = l)eeE(G)-

In Section 6, we apply the above ideas to the renormalization of quantum field theories
on Riemannian manifolds and show the existence of a collection (R ;1) cn of renormal-
ization maps that roughly assign to each graph G a renormalized amplitude in D’ (M"Y (©))
such that the renormalization maps satisfy the consistency axioms 6.2 which come from
the work of Nikolov—Todorov—Stora [59]. Let us state a simplified version of our second
main Theorem 6.11:
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Theorem 2.8. Let (M, g) be a smooth, compact, connected Riemannian manifold with-
out boundary of dimension d, dv(x) the Riemannian volume and P = —Ag, + 'V,
Ve CH(M) or M = R? with a constant metric g and P = —Ag + m2,m e R>o.
Then for every graph G, on the configuration space M"Y ®) endowed with the product
volume form dvyv):

e there exist distributions 7 (t(s)), (1 — w)(tg(s)) such that for any ¢ € C®(M"),
we have a decomposition

/ t6($)p dvyve =/ (I —=m)tc(s)pdvyve
MV© MV©)

meromorphic germ

+/ w(tG(s))e dvyve
MV©G

where s +— fMV(G) 7w (tG () dvyve) is a holomorphic germ at so = (Se = 1)ecE(G)
c CIEG)I

o Ifp € CX(MV D\ {all diagonals}) then

lim w(tc(s)pdvyve = / tgo dvy v (6)

550 J pyv(G) MV©

which means limg_, s, w(tG(s)) is a distributional extension of tg € coMV©) \
{all diagonals}).

The reader is referred to Theorem 6.11 where we prove many important properties en-
joyed by the renormalized amplitudes lim,_. 5, 7 (#G (s)), the most important being a fac-
torization equation appearing in Definition 6.2 which translates in mathematical terms the
essential property of locality in Euclidean QFT.

Related works. In recent works of Hairer [42] and Pottel [64, 65], the authors give an-
alytic treatments of the BPHZ algorithm. As in the present paper, they also start from
Feynman amplitudes in position space but Hairer works on R¢ with abstract kernels K
with specific singularity along diagonals, whereas we work on Riemannian manifolds but
we limit our discussion to Green kernels of Laplace type operators. He also uses Hepp
sectors to perform some kind of multiscale analysis to analyze the divergences of the
Feynman amplitudes. It would be interesting to compare the renormalization maps de-
fined in the present paper with the valuations in Hairer’s paper [42] and Definition 6.2
with the consistency axioms of [42].

Our treatment of renormalization bears a strong inspiration from the seminal work of
Epstein—Glaser [30] who were among the first to understand the central role of causality
(this is replaced in the current work by locality) in perturbative renormalization. Their
work was generalized by Brunetti—-Fredenhagen [16] to curved space-times while the cru-
cial physical notions of covariance of the renormalization were addressed in the works
of Hollands—Wald [45, 46]. A recent investigation of the Epstein—Glaser renormalization
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using resolution of singularities can be found in the thesis of Berghoff [12, 13] clarifying
some previous attempts [11, 10]. Our results seem to be more general since we work in
the manifold case and we resolve singularities by hand instead of using compactifications
of configuration space of Fulton—-McPherson and de Concini—Procesi.

There is a famous interpretation of BPHZ renormalization in terms of Hopf algebras
pioneered by Connes—Kreimer [21, 22, 23]. This approach using dimensional regulariza-
tion works essentially in momentum space and does not generalize in a straightforward
way to curved spaces. Motivated by problems from number theory, Marcolli—-Ceyhan [19]
managed to reformulate the Hopf-algebraic approach on configuration space.

Other sources of inspiration for us are the recent works [29, 58], where renormal-
ization is discussed from the point of view of distributional extensions in position space
a la Epstein—Glaser, using also several complex parameters to perform some analytic con-
tinuation of the Feynman amplitude. In particular the paper [58] relates Epstein—Glaser
renormalization to the analytic renormalization by Speer.

Renormalization in the Riemannian setting was recently discussed in the book by
Costello [24], but it seems his proof of subtraction of counterterms contains some gaps
that were fixed by Albert who also extended Costello’s work to manifolds with bound-
ary [2, 3].

Perspectives. A natural extension of our results would be to prove an analytic contin-
uation result for Feynman amplitudes coming from Schwartz kernels of holomorphic
families of pseudodifferential operators in the sense of Paycha—Scott [62] generalizing
the Schwartz kernels of complex powers of Laplace operators. For the sake of simplicity,
we limited ourselves to complex powers of Laplace operators because of their explicit
relation to heat kernels and leave to another work the investigation of the more general
case. Another interesting situation is when the manifold M is noncompact with specific
asymptotic structure, as in scattering theory. Probably in this case, we would need to use
resolvents to define complex powers.

It would also be very interesting to test our proof in the Lorentz case with the Feyn-
man propagator instead of the Green function of the Laplacian. Then a natural question
would be: what is the substitute in the Lorentz case for complex powers of Laplace op-
erators? The first author defined complex regularization of Feynman propagators in a
previous work [25] on analytic Lorentzian space-times under some very restrictive as-
sumptions of geodesic convexity. This was based on the Hadamard parametrix for the
Feynman propagator. From our point of view, it would be preferable to define a com-
plex regularization scheme on smooth Lorentzian space-times which are not necessarily
geodesically convex. The scheme should be manifestly covariant since it is spectral regu-
larization on Riemannian manifolds. Probably, this could be based on the recent results of
[9, 33, 34, 32, 26, 27, 77] on the analytic structure of Feynman propagators. It is a rea-
sonable idea to replace the heat kernel asymptotic expansion by the Hadamard parametrix
for the Feynman propagator as in [7].

Another interesting direction is to investigate if it is possible to renormalize the am-
plitudes in Euclidean theory and then perform a geometric Wick rotation as in Gérard—
Wrochna [35] to build renormalized amplitudes of the corresponding Lorentzian QFT.
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3. Preliminaries

The goal of the present section is to introduce the language of meromorphic germs with
linear poles and give the main definitions, since meromorphic germs appear in the for-
mulation of Theorem 2.7. We also introduce their distributional counterpart which we
call meromorphic germs of distributions, which is the fundamental object needed for the
proof of Theorem 2.7. Meromorphic germs of distributions are essentially distributions
depending on some parameter s € C?, p € N, which when paired with some test function
@, give meromorphic germs in s.

3.1. Meromorphic functions with linear poles

In this paper, all meromorphic functions of several variables s = (s1, ..., s,) € C? have
singularities along unions of affine hyperplanes. In fact, we will work with meromorphic
germs with linear poles in the terminology of [39]. We work in the space R”, and with
the standard complex structure on C? = R” @ C. Let (R”)* be the dual space. In what
follows, holomorphic functions on a domain 2 C C? and holomorphic germs at so € C?
are denoted by O(£2) and Oy, (CP) respectively.

Definition 3.1 (Meromorphic germs). Let sy € RP. Then f is a meromorphic germ with
(real) linear poles at sy if there are vectors (L;)1<i<m in (R”)* such that

(ﬁ Li(- = 50)) f € 0y (CP). %
i=1

The set of meromorphic germs with linear poles at so € C? is denoted by M, (C?).

Geometrically such a meromorphic germ f is singular along some arrangement of affine
hyperplanes {s € C? : L;(s — so) = 0}1<;<m, intersecting at the point so.

3.2. Meromorphic germs of distributions

In this paper, we deal with families of distributions #(s) on a smooth second countable
manifold X without boundary, depending meromorphically on the parameter s and whose
poles are linear. We will also call them distributions valued in meromorphic germs with
linear poles and will denote the space of such families by D’(X, M). We devote this
subsection to their proper definition. Our plan is to give the definition gradually, starting
from holomorphic objects. For a smooth manifold X with given smooth density dv, we
will use D’(X) to denote the space of distributions on X, defined in the present paper as
the topological dual of C2°(X) ® dv, which is the space of smooth, compactly supported
densities. But in many situations where the density is explicitly given by a geometric
problem, we may equivalently think of the distributions as the dual of C2°(X).

Holomorphic families of distributions. Before we discuss meromorphic germs of dis-
tributions, let us start smoothly by defining distributions depending holomorphically on
some extra parameter.
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Definition 3.2 (Holomorphic families). Let 2 C C? be a complex domain, and X be
a smooth manifold. A holomorphic family of distributions on X parametrized by 2 is
a family (¢(s))scq of distributions on X such that for every test function ¢ € C2°(X),
s > (t(s), @) is a holomorphic function on 2. The set of such holomorphic families of
distributions will be denoted by D’ (X, O(£2)).

We next introduce a variant of the above definition involving distributions whose distri-
butional order is bounded by some integer m.

Definition 3.3 (Holomorphic families with bounded order). Let m be a nonnegative in-
teger and X a smooth manifold. Then a distribution ¢ is of order bounded above by m on
X if t defines a continuous linear function on C*(X). For a complex domain €2, a holo-
morphic family of distributions (t(s))scq of order bounded above by m on X is a family
(t(s))seq of distributions of order bounded above by m such that for every test function
¢ € CI"(X), s = (t(s), ¢) is a holomorphic function on 2. The set of such families is
denoted by D" (X, O(R)).

Once we have defined holomorphic families of distributions where the complex parameter
lives on some domain €2 containing some element s, it is natural to give a definition
where we want to forget about Q2 and localize around so. We thus work at the level of
holomorphic germs near sg.

Definition 3.4 (Holomorphic germs). A holomorphic germ at a point so € C? of dis-
tributions on X is an equivalence class of holomorphic families of distributions on X
with respect to the natural equivalence relation ((s))seq; ~ (u(s))seq, if there exists
Q3 C Q1 N Qs such that 59 € Q3 and 7(s) = u(s) for all s € 3. The set of such germs
is denoted by D'(X, O, (CP)).

Example 3.5. The family of distributions #(s) : C°(R) 3 ¢ — fR e**p(x) dx defines a
holomorphic germ of distributions at s = 0 with real coefficients.

Meromorphic germs of distributions. Once we have a proper definition for holomorphic
families of distributions, we can give a very natural definition of meromorphic families
of distributions as follows:

Definition 3.6 (Meromorphic family of distributions with linear poles). For a complex
domain Q2 C C?, a meromorphic family of distributions on Q2 is a holomorphic family

((5))seQ\{s: Lj=-=L(s)=0) of distributions, where L1, ..., Ly are linear functions on C?,
such that
t(s) = (Li(s)... Lk(s))flh(s), Vs € Q\{s: L =---= Lg(s) =0}, ®)

where (h(s))seq € D'(X, O(RQ)).

Now we localize the above definition to germs at s € C?:
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Definition 3.7 (Meromorphic germs of distributions). A meromorphic germ of distribu-
tions at so with linear poles is an equivalence class of meromorphic families of distri-
butions on some neighborhood 2 of sy with linear poles under the equivalence relation

1()seany; ~ 1'(S)seqnry, Where ¥; = {s : Li(s) = -+ = Li (s) = 0}, i = 1,2,
with linear functions L;, j =1,....k,i = 1,2, if there exist a complex domain
Q3 C 21 N Q) and linear functions L?, e, LiS such that s € Q3, 5o € Y1 N Yy,
Y3 ={s:Li(s) =--- =L} (s) =0} C Y1, Y3 C Y2, and 1(s)seqy\r; = 1'(s)seqs\vs-

The set of meromorphic germs of distributions with real coefficients will be denoted by
D'(X, M, (CP)).

It is simple to show
Proposition 3.8. The set D' (X, Oy, (CP)) is a vector subspace of D'(X, My, (CP)).

3.3. Power expansions of holomorphic germs

Let us state a convenient proposition about power series expansion of holomorphic fami-
lies of distributions whose proof is given in the appendix.

Proposition 3.9. Let X be a smooth manifold, Q@ C CP and (t(s))seq € D'(X, O(Q))
be a holomorphic family of distributions. Then near every so € 2, t; admits a power

series expansion
(s — 50)”
t(s) = Z Tta
o
where o = (ay,...,a,) € N" and t, is a distribution in D' (X) such that for all test

— o .
functions ¢, Y, (s ;,0) to (@) converges as a power series near sy.

This classical result is just a multivariable version of [37, Theorem 1] which is stated for
general locally convex spaces E; we include a proof in the appendix to make our text
self-contained.

3.4. From Green functions to the heat kernel

The fundamental tool we use to investigate the singularities of Feynman amplitudes is the
heat kernel. In this section, we recall its main properties and explain how one can express
regularized Green functions and Feynman amplitudes in terms of the heat kernel.

3.4.1. Heat kernels. The complex powers of P = —Ag+ V are related to the heat kernel
e~'P in the following way (see also [36, §1.12.14 p. 112]):

Proposition 3.10. Let (M, g) be a smooth compact, connected Riemannian manifold
without boundary and let P = —Ag +V, V € Cg%(M) or M = R? with constant

metric g and P = —Ag + m?, m e Rx>o. Set I1 to be the spectral projector on ker(P),
and s € C withRe(s) > 0. Then

P = L/OO( P e dt )
“Tol ¢ ‘
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is a bounded operator L*(M,C) — L*(M, C) where T is the Euler Gamma function. In
the sense of Schwartz kernels,

(G _ ! OOK I1 tsdt
(x,y)—ﬁfo (Ki(x,y) — T(x, y)) s

where K;(x, y) € C*((0, 00) x M x M) is the heat kernel.
Note that when 0 ¢ o (P) and M is compact or when M = R¢, we can set IT = 0.

Proof. The proposition is clear when M = R?, hence we just discuss the compact case.
As a consequence of the compactness of M and the fact that P is an elliptic, positive, self-
adjoint operator, P has discrete spectrum denoted by o (P), the eigenfunctions (e; )req (P)
of P form an orthonormal basis of LZ(M, C), so forany u € L>(M, C), u = > (u, ex)en.
By definition, P~*u = ), ., (P), 20 A7%(u, ey )e; where the sum converges absolutely
in L?>(M, C). And the spectral projector IT on ker(P) is simply I1(x) = > acolu, en)en.

The heat operator e~'F is a strongly continuous semigroup acting on L?(M, C). For
every u € L2(M, ©),

P —Mu= Y e™uee
rea (P)\0O

where the sum converges in L2(M, C).

Therefore for A > 0, by a change of variable in the I' function A7 =
i Jo et 4L it follows that the identity P~ = 5 [7~(e™" — TDr* 4 holds
true in the operator sense where the integral converges in operator norm. Hence the same

identity should hold true for the corresponding Schwartz kernels. O

3.5. Local asymptotic expansions of heat kernels

We will use the following property of the heat kernel asymptotics [14, Thm. 2.30] (see
also [69, Thm. 7.15]):

Theorem 3.11 (Minakshisundaram—Pleijel). Let (M, g) be a compact Riemannian man-
ifold without boundary, ¢ the injectivity radius of M and P = —Ag +V, V € C3\(M).

Choose some cut-off function ¥ : Ry — [0, 1] such that ¥(s) = 1 ifs < 82/4 and
Y(s) =0ifs > 482/9. Let K;(x,y) € C*®((0,00) x M x M) denote the heat kernel.
Then there exist smooth real valued functions a € C®°(M x M), k = 0,1, ..., with
ao(x,y) = 1, such that for all (n, p) € N2, and all differential operators Q(x, D,) of
degree m, there exists a constant C > 0 such that for all t € (0, 1],

d(t))

Q(x. D )a”<1<,<x )=y a );/zam Wit )

k=0

sup
(x,y)eM?

S Ctn—d/Z—m/Z—p (10)

where d(-, ) : M x M — Rxg is the Riemannian distance function.
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Note that our statement differs from the statement in [69] in that we use a cut-off function
Y since outside some neighborhood of the diagonal A C M x M, K, vanishes to infinite
order in t when r — 0 (see [69, proof of Thm. 7.15 p. 102]). In case M = R? with

constant metric g and P = —Ag + m%, me R>0, we have the well-known exact formula
lx—y|2
1 =z 5\ exp(— ) & (= DFkm?
K(x,y)= —=exp|l ——=—mm" | = d E ,
l‘( )’) (47Tt)d/2 p( At ) (47Tl)d/2 k!

k=0

which already appeared in Definition 2.4.

4. Reduction of regularized Feynman amplitudes

Recall that our aim was to prove analytic continuation of the regularized amplitude

tc = 1_[ &% (Xi(e), Xj(e)
eeE(G)

in D'(MY @ My, (CE©G))) where 59 = (s, = 1)oer(G) and &* is the Schwartz kernel
of the complex power P~*. The main goal of this section is to prove a technical The-
orem 4.10 which allows us to reduce our main Theorem 2.7 to the proof of an analytic
continuation theorem for simpler analytic objects. These are some kind of Feynman am-
plitudes introduced in Definition 4.8 corresponding to labelled Feynman graphs defined
in Definition 4.7 which are graphs whose edges are decorated by some integer. Intu-
itively, the amplitude of the labelled graph is obtained from the regularized amplitude
tc (s) where we replace the heat kernels appearing in the formula for the Green function
6’ = ﬁ fooo t5~1(e™"P — TI)dt by the heat kernel asymptotic expansion. The inte-
gers decorating the edges exactly correspond to the heat coefficients in the heat kernel
asymptotic expansion.

4.1. Holomorphicity of Green function

The next lemma discusses analytical properties of the regularized Green function of the
Schrodinger operator P which is elliptic since its leading part coincides with the Laplace
operator, it is therefore automatically self-adjoint by the symmetry assumption [76, p. 35].

Lemma 4.1. Let (M, g) be a smooth compact, connected Riemannian manifold without
boundary and let P = —Ag +V, V € CZH(M) or M = RY with constant metric g and

P=—-Ag+ m?, m e R>o. Denote by K; the corresponding heat kernel. Then
1. Forallk € N, if Re(s) > d/2 + k, then &° is a C* function on M x M.

2. For all k € N and any compact subset K C M x M \ Diagonal, the kernel &° is
holomorphic in s and valued in Ck(K).
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3. Ifwe write
& (x, y) = BL(x, y) + &L (x, y)

where
1 1
&L (x,y) = @/0 (Ki — ) (x, y)* " d,
s — L OO _ s—1
SL(x,y) = r'G) fl (Ky = ) (x, y)r°~ " dt

then 655 (x, y) is holomorphic in s and valued in C*°(M x M), which is denoted by
BL € C¥(M x M, O(CP)).

The proof of these classical properties, when M is compact, is recalled in the appendix.
For M = R?, they follow from straightforward computations.

4.2. Reduction to local charts and localization near deepest diagonal

The purpose of the next two lemmas is to localize the proof of our main theorem about the
analytic continuation of the distribution ¢¢ (s) to neighborhoods of the deepest diagonals
in MV(©,

Lemma 4.2. Let X be a manifold without boundary, and sy € CP. Then t(s) €
D' (X, My, (CP)) iff for every x € N, there exists a neighborhood Uy of x such that
1)y, € D' (Uy, Myy(CP)),

If X is noncompact, we require that there are linear functions (Li)fle corresponding
to a fixed polar set Y = {s : Li(s) = --- = Li(s) = 0} C CP with sog € Y such that
t(s)|ly, € D'(Ux, My, (CP)) is singular along the polar set Y.

Proof. The direct implication is straightforward. Assume that for every x € X, there
exists a neighborhood U, of x such that 1(s)|y, € D'(Uy, My, (CP)). Then by lo-
cal compactness, there is a locally finite subcover (U;); of N such that t(s)|y, €
D' (U;, My, (CP)). Let (x;); be a partition of unity where each x; is supported in U;.
Then for every test function ¢ € C2°(X), (r(s), ¢) = Y_;{t(s), xi®) is a finite sum of
meromorphic germs with linear poles at so. In the noncompact case, the polar set Y is
fixed. Therefore the sum is a meromorphic germ with linear poles at sg. This is a finite
sum, hence s > (t(s), ¢) is meromorphic with linear poles at sq. m]

The next lemma is inspired by the seminal work of Popineau and Stora [63] and it states
that it is enough to solve our analytic continuation problem for the distributions tg €
D' (MVG)) near the deepest diagonals:

Lemma 4.3 (Popineau—Stora lemma). If for any graph G and any x € M, there is
some neighborhood U, of x such that tGIUy<G> € ’D’(U,Y(G), M, (CP)) where sy =

(Se = Decr(G) then t¢ € D'(MV D, M, (CP)), so = (se = DeekG) for every
graph G.
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Proof. We use induction on the number of vertices of G. For |V (G)| = 2, we have tg =
Hf:l ®% (x, v). For a point (x,y) € M?> = M"Y if x # y, consider neighborhoods
Vy of x in M and Vy of y in M such that Vi N Vy = . Then {Vy X Vy} yyep2 vty Y
{Uy x Uy}xem form an open cover of M 2. it has a locally finite subcover {W;}; with
Wi = Vy, x V), or Uy, x Uy,. Let {x;}; be a partition of unity subordinate to {W;};. Then
tg = Zi tG xi, where each z x; is holomorphic at s if the support of x; does not intersect
the diagonal by Lemma 4.1 or has meromorphic continuation at s by assumption. Now
the claim follows from Lemma 4.2 applied to the manifold X = MV (),

Now |V(G)| = n > 2 and assume the result holds for all graphs whose number of
vertices is strictly less than n. Denote d,, = {x; = --- = x,} C M", the deepest diagonal
in the configuration space M". For (x,...,x,) € M" \ d,,let I = {i : x; = x1} and
I¢°={1,...,n}\ I. Then I # @, I° # (, and for any j € I there are neighborhoods
Uj of x1 and V; of x; such that U; N V; = @. Let V = (e UDM! x [1;¢fe Vj. Then
Y C M"\ d,,and x; # x; for (i, j) € I x I° forall (xy, ..., x,) € V. Then we partition
the set of edges E(G) into three parts: E(G) = E; U Ejc U Ejjc, where Ey (resp. Ejc)
is the set of edges of G whose incident vertices are in I (resp. [€), i.e. every edge e € E;
(resp. e € Ejc) is bounded by vertices in I (resp. /¢). The remaining subset of edges
is denoted by E;jc and is made up of all edges e € E(G) which are neither in E; nor
in Ejc. Thus each edge in Ejjc connects a vertex in / with a vertex of 7¢. So we write
(X1, ..o, X)) = (X4, Xj)iel, jelc € M x M. Similarly the complex variables (s¢)ec £ (G)
attached to the edges of G will be divided into three groups corresponding to E;, Eje
and Ejjc. Then we decompose the amplitude 7 as a product of three factors:

16((Se)ecE(G)s (Xiy Xjier, jere) = t1((Se)eck;s (Xi)ie)tic(((Se)ecE c: (Xj)jerc)

X trre((Se)ecE;es (Xis Xjiel, jele)

where 1 = HeeE, &%, 1jc = l_[eeE,c &%, 177c = l_[eeE”c &,

By the induction assumption, 7; and ;¢ are distributions in D'(M!, My, (CEry),
so1 = (S¢ = 1)eck;, and D/(MIC,MSOIC (CE1)), sore = (s = DecE,c, respectively.
Then by Lemma 7.1, the external product t7((s¢)eek;; (Xi)ien)tre (((Se)eck,c; (x))jere) of
distributions depending on different variables is an elementin D' (M", My, (CE1VE)),
sorre = (Se = Deek uE,c- Now the factor #7;¢ contains only products of propagators
&% (x;, xj) where x; # xj, so in the open subset ¥V C M" we have &% (x;,x;) €
C®°(M x M \ Diagonal, O(C)) in the variables (x;, x;) by Lemma 4.1. Thus on V,
trre € C®(V, O(CEn¢)), which means t7 ¢ is holomorphic in the parameter (Se)ecE e €
CEre. We conclude that near any element of M", there is some open neighborhood
U C M" such that t5 € D'(U, MSO((CE(G>)), 50 = (S¢ = 1)ecE(G). Then by Lemma
42,1 € D'(M", My (CE©D)), 50 = (s = DecE(6)- O

4.3. Reductions to integrals on cubes

In the representation of the Green function as integral of the heat kernel over (0, 0o0), we
would like to get rid of the low energy part which is &% = /; 1°° dt (K, —T*~!, which is
smooth and holomorphic in s so it does not contribute to the singularities of 7. We thus
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reduce the study of #g to the study of some function P which contains only integrals
over cubes which are easier to handle and contain all the singularities of #¢.

Definition 4.4. For a graph G, and E C E(G), the subgraph induced by E is the sub-
graph H of G such that E(H) = E and V(H) = {v € V(G) : v is a vertex incident to
some e € E}.

Proposition 4.5. If for every graph G, the product

1

Ps)= ] ! (Ko, — TN (Xi(e), Xj(e)) 3 dt (a1

F(S) 0 ¢ i(e)> Xj(e))te e
ecE(G) ¢

extends to an element of D'(MV (@), My, (CE@Yy at 5o = (s, = DecE(G), then tg(s)
extends to an element of D' (M"Y (@), M, (CEGY) arsg = (s, = DecE(G)-

Proof. For Re(s,) > d/2, since &°, &%, &L all belong to Co%M x M) by Lemma 4.1,
the following product makes sense:

)= [] @%+e%)

ecE(G)
- [ex+ [Texe > (ITex)(I]e)
ecE(G) ecE(G) E\UE,=E(G) ecE; ecE,

where the sum runs over all partitions E(G) = E| U E; with Eq, Ey # (. Therefore

tg(s) = Pg(s) + l_[ 62) + Z PG (e (s) (1—[ 62)

ecE(G) E\UE,=E(G) ecE,
—_—— ———

where G(E1) is the subgraph of G induced by the subset E;. The terms underbraced
are C* functions depending holomorphically on the parameters s € CE(@ near
(se = DecE(G) since each &% isin C*°(M x M, O(C)). By assumption, for every induced
subgraph G(E1) C G, Pg(k,) extends to D' (MVGED) MSO((CEl)), 50 = (Se = Deck,-
Therefore by Lemma 7.3, each product P (g,)(s)([ [c, ®%) has analytic continuation
in D' (M YD, My, (CHD)), 50 = (se = DecE()- O

Therefore it is sufficient to study the product (11).

Lemma 4.6. Let G be a graph with E edges and

1 Se—1
PG(S)=< I1 me)) fmm [T Keo = Wiy, xj0) ™" dbe. (12)

ecE(G) ecE(G)

If Re(s,) > d/2 for all e, then the integral defining Pg(s) converges absolutely in
[0, 1]1E(©) uniformly in (x1, ..., X|v)|) € MV,
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Proof. Firstif M = R? or if M is compact and 0 ¢ ker(P) then IT = 0. Otherwise, if 0 €
ker(P), then the Schwartz kernel of IT consists of constant functions (see Appendix 7.3).
Therefore, it is sufficient that Re(s) > 0 for the Riemann integral fol I1(x, y)¢*~'de to be
convergent. Now by Theorem 3.11, there exists a constant Cy > 0 such that for £ € (0, 1]
and all (x, y) € M2,

Ky(x,y) — < Co.

2
——— (@, y)e” Y a(x, e

0<k=<d/2+1

(47 ﬂ)d/

So by the triangular inequality and by positivity of the heat kernel, we have the bound

1 2 _ &y k
0<Kgx,y) < Wlﬂ(d (x,y))e” 4 Z lag (x, y)|£° + Co,
(4 6) 0<k<d/2+1

from which we can bound the integral
1
| keopietiae
0

1
< [ (v @eome 8 e g ae

0<k=<d/2+1

! 1 —d/2— -
5/0 (W Y larle e 4 Gl l|> dt

0<k<d/2+1

2
since we_%f < 1 and the right hand side is absolutely integrable when Re(s) > d/2.

Therefore

/ T ®e = M@y xje) ™" de
[0.1159 cE Gy
1_[ / (Ko, — TD(Xie), Xje)l3e™

ecE(G)

is a product of convergent Riemann integrals, the above integral inversions make sense
by Fubini, which yields the claim of the lemma. O

)= []

eck(G) T (8e)
which is well-defined as soon as Re(s,) > d/2 for all e € E(G) by the above arguments.

Then ¢ )
P (s) = Ige) (s i) Xj©) 14
G(s) EC;(G) G5)( )eeEl;[)\E . (14)
where G (F) is the subgraph induced by the subset of edges E C E(G). By the fact that
fol nes—lde = /s € C®(M x M, ©O{(C)), which is holomorphic near s = 1, the
products of spectral projectors do not contribute to the poles. So we can further reduce
our study to the analytic continuation of I (s).

Now we set

1
f Ke, (xicer, )0 de, (13)
0
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4.4. Distributional order

In this step, we introduce a further reduction by replacing each K in the integral formula
of I (s) by its heat asymptotic expansion and try to control the remainders. We have

1 1
/ Kets~'de
L) Jo
(X\)

P
2 k s—1
F(s)/ <(47Tg)d/2 (;ak(xﬂy)w(d (x, YL )+hp(£,x,y)£ )dg

where h, (¢, x, y) is the remainder in the heat asymptotics which satisfies the estimate
lhpllm < CEP —d/2=m/2 by Theorem 3.11 and  is the cut-off function from Theorem
3.11.

We first introduce some refinement of Feynman graphs to keep track of the informa-
tion on the heat coefficients for every edge. These are basically Feynman graphs whose
edges are decorated by integers which correspond to heat coefficients.

Definition 4.7 (Labelled graph). For a set S, an S-labelled graph is a pair (G, l_é) where
kisamap E(G) — S.If S is N, we call it briefly a labelled graph, and for e € E(G),
we use k. to denote the element l?(e) € N.If § = R. g, then the map E(G) — R.o,
called the length function, is denoted by £ and we call the pair (G, £) a metric graph. If £
is injective, then (G, ¢) is called a strict metric graph.

We next define Feynman amplitudes attached to labelled graphs.

Definition 4.8. For every labelled graph (G, l;), we define the corresponding amplitude
IG’];(S) as follows:

a2

l 74 ke
<(4 ke )) (Fi(e): Xj()) '

—d/2+se—1

déte,
s)

1. (s) =
Gk ‘
ek Gy L6 J0.1E cp i)

which is well-defined and holomorphic in (s.)ecrG) € CF@ on the domain s, >
d/2, e € E(G), by exactly the same proof as in Lemma 4.6.

Proposition 4.9. If for every graph G, there is m € N depending on G such that for all
labels k € NED and all x € M, there is an open neighborhood U, C M of x such
that IGJ;(S) has analytic continuation to an element in D™ (UxV(G), My, (CEW©)y), 50 =
(e = DecE(G), then for all G, tG(s) extends to an element in D/(MV(G), My, ((CE(G))),
50 = (Se = DeeE(G)-

Proof. Letn = |V(G)| and U = U,. By Lemma 4.3 which allows us to localize our
analytic continuation proof near the deepest diagonal of M", we only need to prove that
tG (s) extends as a meromorphic germ of distributions at (s, = 1).c£(G) on U". For a test
function ¢,
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(Ig(s), @) = / ( 1_[ : /1 ngEfI d@e)(pdv(xl)...dv(xn)
n CEE(G) F(Se) 0

d2
L o~

-/, “( n T @
() (se> o (4m)

ESe—ldze>gadv(x1) dv(xp)

2

_/ < Z 1—[(2”: 1 b emar e (@) gk d/2ld£)
= ‘o e
U \ g, UGy eeiy Nemo T (5e) Jo (4m)?/?

<] (W /0 hpﬁif_ld£8)><pdv(X1)-..dv(Xn)

eckEy

VTS)

where the sum runs over partitions £1 U E; = E(G). Therefore we obtain

(IG(S)JP):/ Z Z IG(El),IE(S)
U" E\UE,=E(G) Fefo

X l_[ (F(se)/(; hp(ee,Xi(e),x]'(e))ez'e—ldﬁe>(pdv(xl)...dv(x,,)

ecEy

where the summation is over all k € {0,1,..., p}E(G). By Theorem 3.11, we have
DBy (L, x, )1 < bRl
1D hy(Le, x, y)E og b,| < gL /2mm/ZHsem1te,

for some ¢ > 0. So when p > (d +m)/2— 1, for every e € E3, there is a small neighbor-
hood of s, = 1 such that the integral fol hp (e, Xi(e), Xj (e))Kif_l d{, is absolutely conver-
gent and depends holomorphically on s.. Hence the term underbraced above belongs to
cmwun, OA;O((CEz)), 50 = (Se = 1)ecE,, where G(E») is the graph induced by E;. Now
we conclude the proof by noticing that the product of IG(El Vi (s) e D""™(U", My, (CEY),
50 = (S¢ = 1)¢cE,, and some element in C™ (U", (’)SO(CEZ)), 50 = (Se = DecE,, yields
an element of D" (U", M, (CE1YE2)) 5o = (s, = 1)ecE,UE,, by Lemma 7.3 proved in
the appendix. O
The next theorem is the main result of the present section and summarizes all the reduction
steps performed above:

Theorem 4.10 (Reduction theorem). Assume that for every graph G, there is an inte-

ger m(G) such that for any x € M, there is a chart Uy of M around x such that for
all k, 1 () lup admits an analytic continuation in D" m(G)(U" M, ((CE(G))) s =
(se = DecE(G). Then for a given graph G and m = supg g m(G’), for any p >
(d +m)/2 — 1 we have a decomposition

t6(s) = Y mg()he\cr(s) (16)

G'cG
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where the sum runs over induced subgraphs G’ of G, mg/ (s) = Z,;e{o L pIE@) I 2(s) €
D/’m(MV(G/)’ MSO ((CE(G/))) and hG\G’ (s) e C™ (MV(G\G/)’ Oso ((CE(G)\E(G)/)). In par-
ticular, tG (s) extends to an element in D' (M (@), M, (CED)), 50 = (se = DecE()-

The above theorem allows us to reduce the proof of Theorem 2.7 to the analytic contin-
uation of the simpler objects /; ;(s) if we can control the distributional order of /; ;(s)

independently of the label k € NE©,
Proof of Theorem 4.10. We use the following decomposition formula which summarizes

the above three reduction steps, namely the reduction on cubes, the elimination of the
spectral projector and the extraction of labelled graphs:

tG(s)|ur

1 1
- 2 (X ’G(Eo,i(s))n(mfo hp(ﬁe,x,y)ege‘ldze)

E\UERUESUE4=E(G) ke(0,.. p)E1 — > €€k
I (Xice), Vi(e))
% l—[ i(e)s Vj(e) l—[ QS;“
ecEs Se ecEy

where the sum runs over partitions E1 U E> U E3 U E4 = E(G). Then consider the
supremum m = Supg, - g(c) M(G(E1)) of the distributional orders m(G(E)) for E; C
E(G); m is finite by assumption and bounds the distributional order of all the terms
L6y i) underbraced. Moreover, we saw in the proof of Proposition 4.9 that if we
choose p > (d +m)/2 — 1, then the product

1 ! I1(Xi(e), Vj(e)
| | _ hy(Ly, X, Zsf_ldﬂ | | _-ite)s Jyte) &3
(F(Se)/o plte: 2 )L ) s [T e

eckEy ecEs ¢ ecEy

is in C™ (MY (G(E2UESUEL) Oy, (CE2VEUELYy g = (s, = 1eecE,UE;UE, - Therefore the
whole product 76 (s) is in D' (MY, My (CED)), 5o = (se = 1)ecE(G)- The above
complicated formula can be written very concisely as

i6(s) = Y mg()hg\g/(s)

G'cG

,,,,,

1 Se—1 IT(Xi(e) Xj () Se
and hG\G/ = neEEz(ﬁ fO hp(eﬁ X, Y)Zz‘ dee) He€E3 % H€€E4 6; where
E» U E3 U E4 forms a partition of E(G) \ E(G'). O

5. Desingularization of parameter space

Now that we have reduced the proof of Theorem 2.7 to the proof of Theorem 4.10, we
start by studying in local coordinates the amplitudes 1, ;(s) € D'(M V(G)) corresponding

to the labelled graphs (G, l;).

Fixing charts. Forany x € M, take a coordinate chart U around x such that U = R? and
U C M is compact and d(y1, y2) < ¢/2 for any y1, y2 € U. Since the volume form dv
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on a Riemannian manifold reads |det(g)|dx in a local coordinate chart, we may absorb
the smooth function |det(g)| in the test function ¢ and forget about the determinant of
the metric. We number the vertices of G by {1, ..., n}, and the edges by {1, ..., E}. Let
i(e), j(e) be the vertices of the edge e. Then for a test function ¢ with supp(¢) C U",

1
L e ey ...de
Uai®-9) = Graen U ree) Joe ™ )

</ Hexp( 20 ) Se+ke_d/2_laketp(d2)¢ddx1...ddxn)
e

where ¢ = |det(g)|e. This formula is well-defined when Re(s,) > d/2 for all e €
{1, ..., E} since the integration on [0, 11E is absolutely convergent, the integral on U”"
converges absolutely by compactness of the support of ¢, hence we can integrate by
the Fubini theorem. Furthermore, arguing as in the proof of Proposition 4.9 shows that
(IGJ;(s), @) is holomorphic in s € CE when Re(s,) > dj2.

By our choice of U, d? is smooth on U x U, so it is enough to prove that

1
_— deéy...de
(4m)dE/2 /[0,1]5 ! E

]_[eXp gethemd271 gy @gdix ... dox,
]Rdn =1

extends to a meromorphic germ of distribution at (s, = 1). Note that this argument also
applies to the case where M = R? with constant metric g and P = —A g +m?, m € Rxy.

5.1. Smoothness problems and the need to resolve singularities

Assume we work on flat space R?. Then to study the analytic continuation of I; 5> we
need to study integrals of the form

f dly...delg
[0,11%

E e |2
(f l—[ exp(_W)e?"H&'d/zlakgl//.(dZ)(z) ddX] . ddxn>
Rd” e=1 e

The analytic continuation would come from integration by parts on the cube [0, 1]1£

in the variables (¢1, ..., £g). However, we see immediately that e"x_y|2/ @9 s not a
smooth function of (¢, x, y) € [0, 1] x RY x RY. The problem occurs on the set X =
{£=0,x—y =0} C[O0,]1] x RY x R?. A solution in global analysis is to consider the
following smooth map:

700,11 x R)? 5 (t,x, h) — (t,x,x +/1h) € [0, 1] x (RY)?2
Note that after pull-back by 7, we find that e KYPI@O o (x k) = e~ MP/4 which
is now a smooth function near the preimage 7 HX) = {t =0}in [0, 1] x (R9Z, We
say that we have resolved the singularities of ¢ =¥~ ’/(40_ For a discussion of why one
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needs to use blow-ups to study heat kernels and applications to index theory, the reader

is referred to [54, p. 253]. Similarly, the product of exponentials ]—[le exp(— W)
appearing in Feynman amplitudes is not smooth on the whole domain of integration
(81, ...,lg, X1, ..., xp) € [0, 11 x R and integration by parts cannot be done. It fol-
lows that we must resolve the products [T~ exp(—%) to make them smooth,
which is discussed in §5.4. Such a resolution of singularities was studied by Speer on flat
space building on the work of Hepp. Also, when (M, g) is an analytic Riemannian mani-
fold or when M = R¢ with constant Euclidean metric, one can use Hironaka’s resolution
of singularities as in [5] or Bernstein—Sato polynomials to regularize Feynman ampli-
tudes [25, 44]. However, on a Riemannian manifold (M, g), if for all m € M, there is an

open subset U containing m and a local coordinate system (x1,...,xg) : M D U — R?

such that for every (mp,my) € U2, dmy, my) = \/Z?=1(xi(m1) — x;(m2))? then
(M, g) is flat. Otherwise for generic Riemannian manifolds (M, g), it is not possible
to find good coordinates to make the distance function locally quadratic because of cur-
vature. This makes our resolution of singularities more difficult to handle than the one
appearing in the work of Speer, and the fact that we work in the C°° case and not in the
analytic or algebraic category prevents us from using directly Hironaka’s resolution of
singularities or Bernstein—Sato polynomials. Following the tradition in QFT [41, 68], our
strategy is essentially combinatorial and our blow-ups are encoded by spanning trees of
Feynman graphs whose definition is recalled in the next subsection.

5.2. Spanning trees of metric graphs

Let us first collect some definitions and classical results on graphs which are close to [50,
§2.1]. Recall that for all graphs we consider in the present paper, since we assume the
graph has no self-loop, every edge e is adjacent to two different vertices.

Definition 5.1. Let G be a graph.

e A path from a vertex u to w in G is a sequence (4 = vy, e[, V2, ..., Up, €y, Upt] = W),
where v; € V(G), ¢j € E(G) such that the vertices bounding e; are v; and v;y1; u is
the initial vertex of the path, w is its terminal vertex, and n is its length. A path is simple
if all the edges are distinct. If u = w, it is called a cycle.

e The set of subgraphs is ordered as follows: for two subgraphs G, G2 of G we write
G| C G2 if E(G1) C E(G3y). A forest is a graph without any simple cycle and a tree
is a connected forest.

o A spanning forest T of G is a subgraph of G which is a forest and is maximal for
inclusion among subgraphs which are forests. If T is a tree, it is called a spanning
tree. For any graph G, we will often use the following equivalent characterization of
spanning forests, which is a classical result in graph theory [52, pp. 40-41]: A subgraph
T C G is a spanning forest if and only if 7 is a forest whose complement contains
b1(G) edges:

b1(G) = [E(G)| — |E(T)] a7

where b (G) is the first Betti number of G.
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e For a metric graph (G, £), a metric filtration of G is an increasing family of subgraphs
G1 C --- C Gg where G is induced by the i shortest edges where E = |E(G)| is the
number of edges in G. For a strict metric graph, the metric filtration is unique.

e For every forest T C G and every subgraph G; of G, we define T'|g, as the subgraph
of G; induced by the subset of edges E(T) N E(G;) C E(G;). We will call T'|g, the
trace of T in G;.

e If T is a subgraph of G induced by E(T),and e € E(G) \ E(T), then we define T U e
as the subgraph of G induced by E(T") U e. For every edge e € E(G), the graph G \ e
is the subgraph induced by E(G) \ e.

Definition 5.2. For any permutation o € Sg of {1, ..., E}, the simplex

A ={loy <+ <L)} (18)
is called a sector of [0, 11E.

Before we proceed, let us remark that for a graph G, an element £ € [0, 11E (@), which
isamap £ : E(G) — [0, 1], naturally defines a metric graph (G, £). To a strict metric
graph G, the metric induces a natural strict ordering of edges by the length which defines
an element ¢ € [0, I]E @ ina unique sector. The next theorem, due to Kruskal, aims to
show how from a strict connected metric graph (G, £), one can produce some algorithm
which extracts a unique spanning tree 7' in G.

Theorem 5.3 (Kruskal). For a connected strict metric graph (G, £), let G| C --- C
G g = G be the unique metric filtration of G. Then there exists a unique spanning tree T

of G such that for alli € {1, ..., E}, its trace T |, is a spanning forest of G;.
Proof. Let £ : E(G) — (0, 00) be the length function. We shall assume that the edges
E(G) are numbered as {e1,...,eg} in such a way that i < j = £(e;) < £(ej). We

construct the tree by the Kruskal algorithm [51] as described in [41, p. 107]. Notice that
the requirement that 7 is a tree implies that 7' together with all traces 7|, contain no
simple cycles. Denote by N; the first Betti number b1 (G;). So T|g, is a forest and its
complement in G; contains at least N; edges of G;. Also notice that for any graph G and
every e € E(G), we have the inequality 0 < b1(G) — b1(G \ e) < 1. This implies that
the sequence Ny, N, ... is increasing.

Now we can construct the desired spanning tree 7': start from G| which has only
one edge {e1}, hence contains no simple cycle, Ny = 0. Let us denote by i; the first

integer such that b1(G;,) = 1, similarly define {i»,...,in,} C {I,..., E} such that
b1(Gy) =2,...,b (G,-NE) = Ng = b1(G) and every i; is the smallest integer such that
bl(Gij) = jforany j = 1,..., Ng. Setip = 1. Then we have an increasing family of

subgraphs G;; C G;, C --- C G,'NE CG. LetG; =G;_1Ue¢; andset T = G\L_Jj.\/:”:1 €ij -
We prove that the subgraph 7' constructed above has the property that its trace T'|g, on
every subgraph G; is a spanning forest in G; by induction for j = 1, ..., E. First, for
J = 1, G contains just one edge, hence T|g, = G is a spanning tree in G. Assume
that T'|g, is a spanning forest in G. Then there are two cases:

Case 1: b1(Gy) =Db1(Gp+1),i.e. Ny = Npy1s0ep1 € T,and T, =Tl YUekt1,
and let us prove that T'|g, U ex41 is a spanning forest in G. First T'|g, U ex+1 contains
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no simple cycle. Indeed, if it contained a simple cycle y, then ex4; would belong to y
and therefore 7|, would be a spanning forest in G, 0 b1(Gr+1) = b1(Gy) + 1
by (17), which contradicts b1 (Gy) = b1(Gk41)- Thus T'|g, U ex41 is a forest. Since T'|g,
is spanning in Gy it follows that T'|g, U ex41 meets all vertices of G4 and is spanning
in Gg41.

Case 2: b1(Gi) + 1 = b1(Gg41) and by definition T'|g,,, = Tlg,. Then T|g, is
obviously a forest in G 1, and its complement in G4 contains b1 (Gy)+1 = b1 (Gi41)
edges by construction, which implies it is spanning by (17).

Now we use induction to prove the uniqueness of T, in fact, we prove T |g, is unique
for any k. The base case is trivial, and in general there are two cases. Either by (Gy) =
b1(Gg+1), and then Tlg,,, = Tlg, U ext1, or b1(Gy) + 1 = b1(Giy1), and then
T|G., = Tlcy so our algorithm produces a unique spanning tree. O

Corollary 5.4. Let (G, £) be a strict metric graph and T be the unique spanning forest
in T from Theorem 5.3. Then for every edge e € E(G) \ E(T), there is a unique simple
cycle y, in T U e such that £(e) > L(e') for any edge ¢’ € v, \ {e}.

Proof. Since T is a spanning tree and e € E(G) \ E(T), there is a unique simple cycle y,
in T Ue. By our construction, if e = €ijs then T|Gi/-—l = T|Gij, and T|Gij—1 Ue;, contains

only one simple cycle y,, so £(e) > £(¢') for any edge ¢’ € y,, ¢’ # e. O

5.3. Approximation of the Riemannian distance in normal coordinates

For a smooth Riemannian manifold (M, g), and any x € M, g(x) is an inner product
in Tx M which induces an isomorphism g(x) : TxM — T}M and thus an inner product
g7 1) on T¥M by g7 (x)(wi, w2) = g(x)(g~" (x)(w1), g (x)(w2)). This defines a
smooth metric g~ on T*M.

For every x € M, we will use normal coordinates (U, ¢, x*) around x, and without
loss of generality U will be assumed to be geodesically convex. The use of normal co-
ordinates will be crucial since it allows us to approximate the squared distance d*(x, y)
by |x — y|? in local coordinates in Lemma 5.6. In some other coordinate chart, this ap-
proximation might not be as good. On (U, ¢, x*), there are two metrics: the Riemannian
metric g and the Euclidean metric A:

d ad
Mo ) = e = O

For this Euclidean metric, we will use |x — y| to denote the induced distance. We recall
that at the origin, we have the identity g,,, (0) = h,, = 8,,,. The following lemma which
dates back to Hadamard can be found in [28, Lemma 8.3 p. 90], [57, (A.3) p. 31], [67,
(38) p. 171]:

Lemma 5.5 (Hadamard). Denote by d : M x M — R the Riemannian distance and
¢ = d>. Then there exists a neighborhood U of the diagonal in M x M such that ¢ €
C®U) and ¢ is symmetric, that is, ¢ (x, y) = ¢ (y, x), ¢ vanishes along the diagonal to
order 2 and ¢ satisfies the Hamilton—Jacobi equation

g (dep(x, ), drp(x,y)) =49 (x, y). 19)



530 Nguyen Viet Dang, Bin Zhang

Next we state an important lemma which gives information on the jets of the function
¢ = d? along the diagonal in M x M.

Lemma 5.6. For xo € M, if (U, ¢) is a normal coordinate system around xo such that
¢ (x0) = 0 and the square of the Riemannian distance ¢ is smooth on U x U, then on
U xU,

P(x, y) = guv () (xH =y = y") (20)

vanishes along the diagonal to order 3.

The proof can be found in Appendix 7.5.

5.4. Resolving singularities using spanning trees

Let (G, £) be a connected strict metric graph with edge set E(G) identified with the set

of integers {1,..., E} suchthat 0 < £; < --- < £ < 1. This means that the metric

graph (G, £) liesin a fixed sector A = {0 < ;) < --- < {p < 1} C [0, 11€; let A denote

its closure {0 < £; < --- < {g < 1}. It is associated with a unique spanning tree 7 by

Theorem 5.3 and the vertices of both graphs G and T are numbered by {1, ..., n}. For

any (i, j) € {1, ..., n}?, we denote by z_]> the unique simple path in 7 from i to j.
(i) % e)

The product [ [, ¢ G) € ate W (d?(x; (e)» Xj(e))), where v is the cut-off function
from Theorem 3.11, is not smooth near the algebraic set X =, (g){€e(Xi(e) = Xj(e) =

0} C R¥" x A. Next we give a recipe to resolve the singularities of such products by some
explicit map w which is defined as follows:

Definition 5.7. In the above notation, define

2 (x, (he)eer(r), ()f—)) H> ((x + Z (1_[ tf>h")j:1’ (H tlg)f:l) @h

=\
eR4 x (RHET) x[0,11E ecli J=¢ kze

eRInx A

where the sum runs over all edges e in the path Tl) The map 7 depends on the spanning
tree T, hence on the strict ordering of E(G) induced by the metric €.

that the map 7 : R¢ x RHED % [0,11F - R¥" x Aisa diffeom_or_phis_m_outside some
subset of measure zero.

Proposition 5.8. The map 7 is a smooth diffeomorphism from R? x R x (0, 1)E
to R x A,

Proof. 1t is one-to-one since we can explicitly invert w as tg = Z}s/ 2, te = (Lot /Ee)l/ 2

for e < E — 1 and the linear map

RY x RY=D 5 (x, (hedecE(T)) H> (xi =x+ Z (H tf>he>'-l

- > =
ecli 1=¢

IGRdn
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is invertible when (¢;); € (0, 1)E. Then the diffeomorphism property follows from an
explicit calculation of the differential of 7 whose determinant does not vanish when
t € (0, DE. u]
Finally, we may state the main theorem of this section:

Theorem 5.9 (Resolution of singularities). Let g be a Riemannian metric on R? and
d:RY xR — Rxo be the Riemannian distance whose injectivity radius is €. Let 7
be the map defined by (21). For any ¥ € CZ°(R) such that ¥ (t) = 1 when t < e2/4
and Y (t) = 0 when t > 4% /9, for every edge e € E(G) with vertices (i(¢), j(e)), the
pull-back

d2 i(e)s Aj(e
T (w(cﬂ (Xi(eys X <e>>>(x+x’“)) (22)

defines a smooth function in R¢ x R4 x [0, 11E.

Proof. For e € E(T), set xj) — Xi(ey = Th.. Recall that &, has in fact d components
(hg‘)ﬁ _;- Then by Lemma 5.6

ﬂ*<d2(xi(e), .Xj(g))> _ Suv (Xi@)he hl ([T 1)? + ROT*Xi(ey, T*xi(e) = ([ise fi)he)
Le (HiZe 1)?
= guv(xi(e))hgh: +re(t, x, h)

where
R xi(e), 7*%ie) + (Tize V1) _ O Tize ) Mhell)
relt, x, ) = (s o Tleew?
=o(([T#)mmer)

i>e

vanishes to order 3 in (4,).c7 and to order 1 in (te)f:1 by Lemma 5.6 and r, is smooth.
Ife ¢ E(T), then

Iz u
- (dz(xi(e), xj(e))> - (guv(Xi(e))(xi(e) — xj(e))(xiv(e) — x]‘.’(e)))

L. Le
N n*<R(Xi(e>, Xj(e)))
Le
where
© I
(B Gri@) (i) — o) Fie) = %)
Le
G0 Creyre €T Tme DI ey €€ TTymp 102
(1_[1'23 ti)z

where €(¢’) = +1 and y, is the unique simple cycle in 7 U e in Corollary 5.4. The
important fact is that for every edge ¢’ in the path y, \ {e}, we have ¢’ < e. It follows that



532 Nguyen Viet Dang, Bin Zhang

T

w w
x <gﬂv(xi<e>)(xi(e) ~ Yo Wit ~ xj”(e))>
Le

=g Y @ ( T u)rs)( X e@( T 4)n).

e'eye\e e'<j<e e'eye\e e'<j<e
which is smooth since the products ([ [;-, 1;)* in the denominator cancel out with the

same powers appearing in the numerator. The same argument applies to the remainder
term ﬂ*(R(xi(e),.xj(e))/‘eE). [m}

5.5. Change of variables

For a test function ¢ supported in R%", since the map 7 is a smooth diffeomorphism from
RY x RIU—1) (0, DE to RY" x A, we can take it as a change of variables for integration:

(Ig7(5). ¢)

1 £ 1 ) f / < da? (xl(e), x](e)))
= deéy...de¢ ex _
(4m)dE2 <el:[1 FGo) ) Jone £ Rén H P 4¢,

et+ke d2 1
X P (@2 (X (o) Xj ()5 Y

- ! & (xice). X))
_<4n>dE/2< F(s»)(,;/ et [ nexp( at, )

etke—d/2—1
X P (@2 (X (o) Xj ()T

ag, (Xi(e)> Xj(e)) @ dixy...d%%,

ag, (Xi(e)s Xj(e)) @ déx; ... d%%,

where o runs over the group Sg of permutations of {1,...,E}. The open
simplices A, do not cover [0,1]%, but the complement of U, As in [0,1]F
has zero Lebesgue measure. Since for Re(s,)E large enough, the integral
2
d 2 —d/2+s.—1 .
fo 1E ]_[eeE(G) (47,)d/2ak v )E dl, is absolutely convergent and depends

e=1

holomorphically on s € CF, we have the equality of integrals

d2
ke—d /2450~
L TT Gmanp @t ar,
0.11% eeE(G)( ) _dz
ke—d /2450~
=2 f [1 “amap@d g,
o &S(E) Y B ecriG) 4T

where both sides depend holomorphically on (s, ), for Re(se)f=1 large enough.
Now we can carry out the change of variables in a fixed sector A = {0 < £; < ---
< £ < 1} (the other terms will be obtained by permutation), which yields an expression
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of the form

E E )
de d2(x; (0, x; B
[11 ( / nexp<_w>wdz(xl_@,xj(e)))@e+ke an

Ae=l te R o] Le ~ ad d

X ag, (Xie), Xje))@d x1...d x,,)
dt &> (i), X))

_QEf e/ < exp( — ke 7ye)s 1//(dz(x Xite)

[0,11£ U (Rd)n !:[1 4¢, i(e)s Xj(e)

wnt(5 T1 a)( T @ 2)( T @?)ats [T dhe.

ecE(G) ¢cE(G) ecE(T) ecE(T)

We can further simplify the product [T,e g () £e (1)~ T, p ) Le(@)¥/? as

[T (IT«) [T (IT+)" = T1 (IT+)""™" T1 (IT#)

ecE(G) i>e ecE(T) i>e ecE(T) i>e etE(T) i>e

2(se+ke)—d 2se—d+2k,

2s0+2ke —d
= 1 (ITx) [T ([T«)
ecE(G) ize e¢E(T) i>e
2sp+2k 2sp_1+2kp_ 25142 - -
=1 P E (tptp )BTRS e )P R e )T e )T
where (i; < --- < i) C {l,..., E} are the numbers decorating the edges in the comple-

ment of E(T) and k = b1(G), hence

E
. . i<e 25i+2ki—db1(G.)
1—[ £, (1)t 2ke 1—[ (1) 2e—d+2ke HteZ* s ! (23)

ecE(T) e¢E(T) o=l

where G, denotes the graph induced by the first e edges {1, ..., e}. This in turns implies
that we obtain the simplified form

E E 2
de, (/ < d°(x;(e)s Xj(e))> 2 Setko—d /2
exp| ——————— v @ (Xie), Xj 0 Dl ¢
Ag Ze (Rd)n !:[1 4£g l(e) j(e) ¢

X dk, (x,-(e), Xj(g))(ﬁ ddxl ce ddxn>

E
dt, ., 25i+2ki)—db1 (G
:f H_Lt6(217e Si+ ) I(G)/ A(te,x,hg)ddx 1_[ ddhe (24)
0.1 . le ®4y" e€E(T)
where
E_x @’ (xl(c)a xj(L)) 2 -
A(t)E |, x, (he)eer ) = 2Fn ]_[exp T4, Y (d” (xi(e), Xj(e))ax, |@ )

The coordinates ((t)E_,, x, (he)eer(r)) on [0, 115 x RY x (RY)ET) will be briefly
denoted by (¢, x, h) for simplicity. We now prove the smoothness in ¢ € [0, 11€ of the
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partial integral f(Rd)n A(t,x, h) dix ]_[ee E(T) ddhe, which is needed to ensure analytic
continuation.

Lemma 5.10. The map t — f(]Rd)n A(t, x, h) d% Mecem d“h, belongs to C* ([0, 11F).
Proof. The smoothness of A is a direct consequence of Theorem 5.9. We start from the
definition of A:

. @ (xi(o). X))
At x, h) = 2Fx ( I1 exp(—wﬂmm@,x,~<e>>)ake)

ecE(T) ate
d2(Xi(e), Xi(e)
xn*( 1_[ exp(—%)lﬁ(dz@i(s)’xj(e)))ake>
e¢E(T) e
<or D(opeor S (TTo))
ec1l Jz¢ ectn ¢

Then we use the key fact that since the open neighborhood (= R?) is chosen small enough
and has compact closure, there exists a fixed constant § > 0 such that for all x, y € R,
we have the following bound on the Riemannian distance:
Slx — yl <d(x, y) =[x — yl+o(lx — y)) <87 |x — yl,
which follows from Lemma 5.6 since d*(x, y) — > gu(x)(x* — y*)(x¥ — yV) vanishes
along the diagonal to order 3, and locally > g, (x)(x* — y*)(x" — y") is bounded by
some multiple of |[x — y| by compactness of the neighborhood. It follows that
2 12 2 )
2 -y _ 2. y) _ 57—y
4¢, - 4L, T 4¢,

which implies that for all edges e € E(T'), we have the bound

2. . 2 12 213 12
T* exp _d (xt(e),xj(e)) < T* exp _8 lx — yl — exp _8 |hel )
44, 44, 4

2 1
This allows us to use the product 7*([T,cz(r) exp(—d(x’ﬁff?;x-’“)))) to control the expo-

nential decay of A:

d2 i(0)s Xi 521’1 2
n*< l—[ exp(— (x,(:; x,(e)))> - l—[ exp(— |4e| )
e

ecE(T) ecE(T)

)

By smoothness of the heat coefficients ay, by compactness of the support of ¢ € C2°(U")
and thus of ¢, and by the definition of &, for every multi-index «, there exists some
constant C, > 0 such that

_ & (i) %) | T
3?”*<</’ l_[ exp(—%) l_[dkelﬁ(dz(xi(e), xj(e))))‘
¢ e=1

e¢E(T)
ot
=Cu(14+ Y Inel)

ecE(T)

where the partial derivatives in ¢ contribute the powers of /.
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Therefore, since A is compactly supported in x, for all (¢, x, 4) we have the bound

82|h,|? ler
|7 Alte. x ho)l < Ca [ ] exp(— R )(1+ > k)

ecE(T) ecE(T)

Then smoothness of ¢ — f(Rd)n A(t,x, h) dx I—[eeE(T) ddhg follows from smoothness
of the integrand which is the function A € C*°([0, 11¥ x (R?4)™), and any derivative A
has fast decrease in & when |h| — oo and compact support in x € R¢. Therefore all
derivatives in 97 A are integrable, uniformly in ¢ e [0, I]E, and the conclusion follows
from classical results on integrals depending smoothly on parameters. O

Lemma 5.11 (Jet lemma). Fix the sector A corresponding to the system of inequalities
0<ty <---<LEg} Let

£ d2 i(e)> Xj(e ~
A, x, (hedeer) = n*(]‘[ (exp(—w)wﬂxm, x,-@))ake)sa).

e=1

Then the k-jet of

Xt = [ AL Goeeayds T] alh.
(Rd)n ecE(T)

depends continuously on the k-jet of (ax,,i =1,..., E, ¢, dz, 2).

Proof. This follows from the formulas defining A and the change of variables = and
repeated application of the chain rule to the 7*(...) term. O

Recall that by Theorem 4.10, the main Theorem 2.7 reduces to an analytic continuation
result for the amplitudes /; ;(s) corresponding to the labelled Feynman graphs (G, /2).
The problem was that the integral formula for /; ;(s) involved some product of heat
kernels which required blow-ups performed in sectors. The following proposition shows
how the integral expression I ; (s) simplifies after blow-up:

Proposition 5.12. Let IGJ;(S) be as in (15), and for any e € {1,...,E} ~ E(G) and
any permutation o € Sg, let G4 (¢ be the subgraph of G induced by the collection of
edges {o(1),...,0(e)} C E(G). Then for every ¢ € C°(U"), there exists a family
Xo € C%([0, 11) indexed by o € Sg such that

/d IG’,;(S)wd"dx
R n

dz <o (2561 F2ko 1) —db1 (G (e
l_[r Z/ ale Z, <e(25())+2ka (1)) —=db1(Go(e)) X () (25)
e=1 (Se) o€eSE 0,118 e=1 le
forRe(se), e € {1, ..., E}, large enough, and both sides are holomorphic in s € CE.

In the next subsection, we proceed to the meromorphic continuation of the r.h.s. of (25) as
a meromorphic function with linear poles in s and we also bound the distributional order
of I; j(s) independently of the label k.
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5.6. Integration by parts, bounding orders and pole decomposition

Now the proof of Theorem 2.7 on the analytic continuation of 7 (s) is reduced to the
meromorphic continuation in s € C¥ of the right hand side of (25). The meromorphic
continuation comes from integration by parts, as shown in the next lemma and its corol-
lary.

Lemma 5.13. Let E be a positive integer. Then for any smooth function ¥ on [0, 1],
L= [ d
[0.1]F

can be analytically extended to a meromorphic germ at (s, = pe)le e ZE; more pre-
cisely, if = {i : p; < 0} then

(TTesi = )15 (26)

iel

extends to a holomorphic germ at (s, = pe). and I, € D" ([0, 11E, My, (CEY), 59 =
(pla DR} pE)! m = Z,e] |pl|'

The proof of this lemma, given in the appendix, follows from integration by parts. One
consequence of this lemma is

Corollary 5.14. Denote by 1y 1)z the indicator function of the unit cube [0, 11¥ c RE.

Let (L1, ..., Lg) be linear functions of s € CE with coefficients L; € REY* 1<i<E,
andlet (ay, ...,ag) € ZE. Set I = {i : a; < 0}. Then
(HL (s))/ hr@ran LE@YaEy ¢ i) dPe
iel 1jE

is a holomorphic germat s =0 € CE, and

1[0 . EtLl(S)-i-al o téE(S)"FaE

extends to an element in D" (RE, My(CE)) where m = Y icr lail and the polar set is
contained in {[ [;c; Li = 0}.

Applying Corollary 5.14 to the r.h.s. of (25) shows

Lemma 5.15. Let S, be the set of all subgraphs H € {Gs1y C --- C Go(g) = G} such
that by(H) > 1. Then

dte 325042k (1) —db1 (G ()
[1( % se-tean)(f ] e Bt -in G,
el e

HeS, ecE(H)

is a holomorphic germ at (s, = 1),.
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Proof. By Corollary 5.14 and a change of variables s, = s, — 1,e € {1, ..., E}, we need
to consider the following set of indices:

I= {e e+2ka(l) - b](Go(e)) < 0} c{l,...,E}.

i<e
It is contained in {e : b1(G4(r)) = 1}, which yields the conclusion. m]

Let us comment on the above bound on the location of the pole. First the bound seems
suboptimal since the set of indices I = {e : e + Zi<e koy — %bl(GU(e)) < 0} C
{1,..., E}isonly asubset of {e : b1(Gs()) = 1} C {1, ..., E}. However, it is important
for us that we can give a bound on the location of the poles which does not depend on the
multi-index  since poles from the original Feynman amplitude 7 (s) do not depend on k.
The formula of Theorem 4.10 expresses ¢ as a sum of /; ; for some k. Hence the poles
of G (s) come from contributions from the poles of Ig i Therefore it is convenient to

have a k- -independent bound for poles of /; ;. Finally, we bound the distributional order
of I; ; and also give a precise location of the affine planes supporting the poles of I; ;:

Proposition 5.16 (Poles of Ik and distributional order). Let G be a graph whose set
of edges is in bijection with {1, ..., E}. Forany e € {1,..., E} =~ E(G) and any per-
mutation o € Sg, let G () be the subgraph of G induced by {o (1), ...,0(e)} C E(G).
To every permutation o € Sg, we associate the filtration {Gs1) C --- C Gg(p) = G},
and consider the set S, of all subgraphs H € {G51) C -+ C Gy = G} such that
bi(H) > 1. For everyl_é e NE@) the distribution IG’,;(S) defined in (15) can be analyti-
cally continued to D™ (U", My, (CEY), 50 = (50 = l)le, where

m = > (dbi(H) = 2|E(H)| +1). 7
HCG,2|E(H)|—dbi (H)—1<0
For every test function @,
1
I :(s)pd™x = =/ (5
/Rdn Gk U;:E HEL Yiepsi— EH)'?

where fy is a holomorphic germ at (s, = 1),.

Remark 5.17. The bound on the distributional order depends only on the topology of the
graph G and the dimension d and not on k € N£. The bound on the distributional order
is not sharp since we should only sum over subgraphs G’ € {G,(1), ..., Go(E)} such that
2|E(G")| — db1(G’) — 1 < 0 then take the supremum over all permutations o.

Proof of Proposition 5.16. We proved in Proposition 5.12 that for every labelled graph
(G, k), and every test function ¢ € C>°(U"), n = |V(G)], there exists a family x, (¢) of
smooth functions on the cube [0, 1]1€ indexed by permutations o € Sg such that

/R g p(s)gd"x = H

dte z,q(zva(,wzk(f(z)) db1(Goe))
Z Xo (£).

(s‘ =N =1
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By applying Lemma 5.15 to

/ dtc ,<e(2sa(i)+2ka(i))—db1(Ga(e))Xa ).
0,11

UESE

we obtain the meromorphic continuation of s +—> fRd" I 7)o d"x with a bound on the
location of poles. To show that /; ;(s) is actually an element of D-"™U", My, (CEY),
so=(s.=1) le, we need to show that

CXU" 3¢+ / IG];(-)god"dx GMSO((CE)
Rdn ’
depends linearly on the m-jet of ¢ for some m. By Corollary 5.14, the integral

E
dt, i <0 (256 (1) F2ko (1)) —db1 (G (o
/ _eteZ,_e(S(>+ @)—dbi( ())Xa(t)
[0,11F ,_] e
depends linearly on the m-jet of x, for
m = > (dbi1(G") —2|E(G))| +1).
G'CG,2|E(G)|—dbi (G')—1<0

Then by Lemma 5.11, the m-jet of x, depends continuously on the m-jet of ¢, which
yields the result. O
Now let us restate our first main theorem and conclude its proof:

Theorem 5.18. Let (M, g) be a smooth, compact, connected Riemannian manifold with-
out boundary of dimension d, dv(x) the Riemannian volume and P = —Ag+V, Ve

Cg%(M), or M = R? with a constant metric gand P = —Ag + 22 e R>o. Then for
every graph G,

)= [] &G %) (28)

ecE(G)

can be analytically continued to an element of D'(M V@), My, (CE©)Y) where sg =
(e = DecE(G), with linear poles supported on the union of affine hyperplanes

U s - 1E@)1 =0}
G' eeG’
where the union runs over subgraphs G' of G such that 2| E(G’)| — b1(G")d < 0.

Proof. From Theorem 4.10, one has a decomposition

6Ol =Y (X 1670) x hoior(®)

G'CG kefo,...,p}F1 T
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where G’ are subgraphs and hg\g/(s) € cm(mMV@, Oy, ((CE(G)\E(G,))), so =
(se = 1)eeE(G)\E(G’) if p>(d+m)/2—1form = ZG’cG,Z\E(G’)\—db] (G/)_1<o(dbl (G)
—2|E(G")| + 1). Therefore, the analytic continuation of ¢ (s) should follow from the an-
alytic continuation of I, ; for all subgraphs G’ of G and the fact that the distributional
order of [ G'i is bounded from above by some integer m(G’) independent of k e NE@),

But Proposmon 5.16 states precisely that the distributional order of [ G'i is bounded from
above by some integer which depends only on the topology of G’. Now following the
notation from Proposition 5.16, for every subgraph G’ C G, we denote by Sg(g) the
permutations of the edges E(G’) = {I,..., E'}. To every 0 € Sg(g) corresponds a
canonical filtration {G;(l) Cc---C G:;(E’)} of G’ and S, denotes the set of all subgraphs
H € {G’ oy €0 C G;(E,)} such that b1 (H) > 1. Finally doing all the bookkeeping,

we find that
1
= )
=3 Y (n zieﬂs,»—m)) ®)

G'CG oeSp g,

where h,(s) € D'(MV(©), O, (CE©)), 50 = (se = DecE(G)- o

6. Renormalization of Feynman amplitudes

In this second part of the paper, we shall apply the analytic continuation results derived
to the renormalization of Feynman amplitudes on Riemannian manifolds.

6.1. Renormalization maps

For a smooth manifold (M, g) and every finite / C N, we denote by M/ the configuration
space of points labelled by I. For J C I with |J| > 2, Dy is the subset {(x;);es : Xj = X
for j,k € J} of M!, called the J-diagonal. Let A; = U]C,’ 171>2 D be the maximal
diagonal.

Definition 6.1 (Labelling vertices). Let I C N be finite. A graph with vertices labelled
by I is a pair (G, t), where G is a graph and ¢ is an injective map from V(G) to I.

For a graph with vertices labelled by 1, (G, t), define
l_[ B (Xi(e)> Xj(e))s

ecE(G)

where (i(e), j(e)) € I? and 1 is a smooth function on M’ \ A;. For a finite subset I of N,
let F(M") be the linear span of ¢ of all (G, t) with ((V(G)) C I as smooth functions
on M\ A;.

For a linear map R : E — D/'(M) where E is a vector space and M is a smooth
manifold, and any open subset U C M, letiy : U — M denote the inclusion map.
Then R|y = i;R : E — D'(U) is the pull-back of R by iy. Following recent work by
Nikolov—Stora—Todorov [59], we can give a definition of renormalization as follows:
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Definition 6.2. A renormalization is a sequence of (not necessarily continuous) linear
maps Ry : F(M Iy — D'(M') indexed by finite subsets / of N, which satisfies the
following system of functional equations

e For/ Cc Jandr e F(M"),
Ry(t) =Ri@). (29)

This is the compatibility condition for the family of linear maps.
e Forallt € F(M')and ¢ € CX(M' \ A)),

(R1(0), ¢) = (t, 9). (30)

This means that R; (¢) is a distributional extension of t € C*®*(M! \ Aj).

e For a graph (G, ) with vertices labelled by / C N, and I C J = «(V(G)), set
I°=J\IL,letE; ={e € E(G):i(e), j(e) €I}, Ejc ={e € E(G) :i(e), j(e) € I},
Ejje = E(G)\ (Ej U Ejc), and denote by G, Gjc, Gyje the corresponding induced
subgraphs of G. For open subsets U, V of M with dist(U, V) > 0, denote by U’ x V/*
the subset {(xj)jes € M7 :x; e U, Vi € I,x; € V,Vi € I°} C M’. Then

Rilyrsyic(tc) = Rylyi(tc,) B Rylyie (GG, e

as distributions in D'(U! x V! C). This means that renormalization must preserve
locality.

e Let ® : M — M be an orientation preserving diffeomorphism and denote by ®; :
M!' — M the induced diffeomorphism on the configuration space M!. Assume
that the renormalization maps depend on the Riemannian metric g and write R[g] =
(Rlglr); to stress this dependence. Then the covariance equation for renormalization
maps reads, for all graphs (G, ) with vertices labelled by 1,

R[®P* gl (PT16) = D7 (RIgli(t6))- (3D
This axiom of functorial nature ensures that the renormalization is covariant.

The following property follows from the locality condition: for a graph (G, ¢) with ver-
tices labelled by I, if G is the disjoint union of G| and G, ((V(G1)) C I, «((V(G2)) C
b, I} NI = @, then

Rllulz(tG) = Rll (tG1) X Rlz (th)

as distributions in D' (M 1V12).

6.2. Decompositions of meromorphic germs of distributions

Our goal in this subsection is to extend the decomposition of [39] (see also [15, Ap-
pendix]) of the space My, of meromorphic germs with linear poles at so € R? C C? to
their distributional counterpart D'(-, My,) defined in §3.2. This decomposition plays an
essential role in our definition of renormalization maps by projections. Recall we denote
by Oy, the space of holomorphic germs at s¢.
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Let us fix a nondegenerate bilinear form
0(,) : R xRP — R,
which induces a nondegenerate bilinear form
0*(,) : RM)* x R")* = R.

We can now define the concept of polar germ [39, Definition 2.3]. A polar germ at sy is

a meromorphic germ of the form o (sfso)j.LZk (Siso)h(ﬁ(s — 80)), where L, ..., Ly are
linearly independent linear functions in (R?)*, (ny,...,ng) € N];(), L= ...,4):
R? — R" defined by linear functions £1, ..., £,, and & is a holomorphic germ at 0 € C",

such that Q*(L;,¢;) = 0,1 <i <k, 1 < j < n. Let Py, be the linear span of polar
germs at 5o in M,.

Notice that the polar set is defined by real linear functions. By similar proof to [39]
using geometry of cones, we have the following:

Proposition 6.3. There is a decomposition

My = Oy @ Py

Proof. We may assume that so = 0. Our setting is slightly more general than that in [39]
since we are dealing with complex coefficients whereas [39] deals with real coefficients.
However, the proofs can be readily adapted in a straightforward way as we shall indicate
below. Just as in [39, Lemma 2.9 and Thm. 2.10], we have My = Og + Py, where the
proof is the same for all coefficients since it relies on the decomposition of the meromor-
phic germ W as a sum of polar germs and Taylor expansion of the numerator.

1 "k

To prove that the sum is direct, we need to show Oy N Py = {0}, where we use two
properties:

First, a projectively properly positioned family of simplicial real fractions is linearly
independent over C. This is an analog of [39, Proposition 3.5], following from it by taking
real and imaginary parts.

A projectively properly positioned family of polar germs at zero in our sense is non-
holomorphic. As in [39, Thm. 3.6], we can show that if a linear combination of projec-
tively properly positioned family of polar germs is holomorphic then it is zero.

We may conclude as in [39, Thm. 4.15]. Take any decomposition of f € Py N Op as
f =>_ gi where (g;); is a finite set of polar germs. By [39, Lemmas 4.10 and 4.11] there
is a family of supporting cones of the polar germs such that the union of the cones does not
contain any nonzero linear subspace and this family of supporting cones has a properly
positioned subdivision. Then we transform the finite sum of polar germs ) A; into a sum
> h ; of projectively properly positioned polar germs (h j); using the subdivision operator
from [39, p. 18]. Finally, we get Y h ; = f € Op where the r.h.s. is holomorphic, hence
> h ;i = 0 by nonholomorphicity [39, Thm. 3.6]. Finally, this yields Op NPy = {0}. O

Now we extend the concept of polar germs to distributions valued in polar germs.
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Definition 6.4. Let M be a smooth manifold and p € N. A polar germ of dzstrzbutzons
at so € R? C C” is an element of D' (M, M, (CP)) of the form o
(s— 90) Ly* (s—s0)

x h(€(s — sp)), where Ly, ..., L are linearly independent linear functlons in (RP)*,
(ny,...np) € N’;O, L= (y,...,4,) : RP — R”" defined by linear functions ¢y, ..., ¢,
and h € D'(M, Oy(CP)) such that O*(L;, £;)=0,1<i <k, 1< j<n.Wedenote by
D' (M, Py, (CP)) the linear span of polar germs of distributions at so in D'(M, M, (CP)).

1 _ L o5 -
Lemma 6.5. If L'l”(s—so)...LZ"(s—so)h(E(s s0)) and M{”l(s—so)...pr(s—sO)g(E (s — s0))
represent the same nonzero meromorphic germ of distributions, then k = p, and
My, ...,My, Ly, ..., Ly can be rearranged in such a way that L; is a multiple of M;

andn; = m; for1 <i <k.

Proof. Since this meromorphic germ is not zero, we can take a test function ¢ such

that h(£(s — s9)) (@) is not identically zero. Then A (s—so).%.L:k (S_So)h(ﬂ(s —50))(p) and

g('(s — s0))(¢p) represent the same polar germ, and by the same

1
M (s—s0)...Mp" (s—s0)
proof as in [39, Lemma 2.8], we have the conclusion. O

We now prove the promised decomposition theorem for D'(M, My,) which generalizes
the result in [39].

Theorem 6.6. Let M be a smooth manifold and sy € RP C CP. We have the direct sum
decomposition

D'(M, My,(CP)) = D'(M, Oy, (CP)) & D'(M, Py, (C)).

Proof. We can assume that so = 0. For t € D'(M, My(CP)), by definition, there
exist L1, ..., Ly € (RP)* such that Ly...Lit € D'(M, Oy(CP)). By partial frac-
tions decompositions as in the proof of [39, Lemma 2.9(a)], we may assume there is
(n1,...,np) € N¥ such that L' ... L}*t € D'(M, Op(CP)) with Ly, ..., Ly linearly
independent and (11, ..., ng) € N’;O.

Now let us extend L1, ..., Ly to a basis (e1,...,ep) of (RP)* withe; = L;, 1 <
i <k,and Q(e;,ej) =0forl <i <k, k+1 < j < p. Then by Proposition 3.9, we
have the power series expansion

o

Z
zq” ...zZ"t = Z —la,
aeNP o:

where z = )" zjef € (CP)*. So when we apply z}" ... z;*1 to the test function ¢, we ob-
tain z'l" . zzkt(go) = wenr g—a!ta (¢), which is absolutely convergent in a small neigh-
borhood of 0 € C?.

Let S ={d =(d,...,dy) e N? :d #(0,...,0),0 < d; <n;}.Ford € S, let
Id)y={i:di #0} C {1,..., p}, and set

Ny={aeN o =n —d;ifi € I(d), > n;ifi €{l,....k}\ I(d),
ai eNifiefk+1,...,p}}.
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Then Ny N N, = B if d # e € S, and most importantly, we have the partition N? =

UdeS Na.
Now forz; #0,1 <i <k,

Hp) = Z ® ) = > Z ® ),
aeNP ! deS aeNy
where a9 = (n1,...,n,0,...,0). And we have
a o)
Fal 1 N @
Yty = ”Oj!< (@),

aeN, : 21(d) aeNy

d _ di _a—«a . o —S; o
where 27 ;) = [liciw % ’Z[p]\;)(d) = nie{l ,,,,, KNI (d) Ci l_[ie{k+l,...,p} Z; -
Let

od—o

z
Z [pI\I
ha al fa-

aeNy

By Proposition 3.9, for every compact K C U there exists C > 0 and some continuous
seminorm P for the Fréchet topology of C¢ X (U) such that for each ¢ € Cy X)), lta(@)| <

CP((p) for all @ € N”. This implies that for every 0 < R < r and all |z| < R,

¢ ¢
D @] = )
o! o!

1,
aeNP aeNP

\a\

||

R ! R\7?
=) L CP@) = (1 - 7) CP().

aeNP

Therefore, |(]—L€[kl\1(d) ZHha(p)| < QGNP|Za,ta((p)| < (1 — R/r)"PCP(¢p), hence
(l_[ze kI (d) Z )hd eD (M OO((C[))) SO hd S D/(M O()((Cp))

Now by deﬁmtlon, d ——hg is apolar germ of distributions if d # (0, ..., 0), h,....0) €
D' (M, Op(CP)), and '@

t=> —hd € D'(M, Po(CP)) + D'(M, O(CP)) (32)
des Zl(d)

where the singular part is a finite sum of polar germs, as a corollary of the above argument.
So we have D'(M, M, (CP)) = D'(M, Oy, (CP)) + D'(M, Py, (CP)). To show it is a
direct sum, ift € D'(M, Oy, (CP))ND'(M, Py, (CP)), then for any test function ¢, 1 (¢) €
Pso N Oy, s0 t(¢) = 0 by Proposition 6.3, which implies t = 0. O

A consequence of the decomposition theorem is

Proposition 6.7. Let M be a smooth manifold, p € N and sy € RP C CP. There exists a
projection
7y 2 D' (M, M, (CP)) — D'(M, O5(CP))

which sends a distribution valued in meromorphic germs at sg to a distribution valued in
holomorphic germs at sy such that ker(rr,) = D' (M, Py, (CP)).
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Remark 6.8. Note that 77, is uniquely determined by the vector subspace of polar germs,
which are in turn uniquely determined by the choice of the canonical quadratic form
0 : R? x R?” — R that we fixed at the beginning of the present section.

In Appendix 7.2, we show some useful lemmas on the functorial properties of the projec-
tion 7, for p € N. As a consequence of [39], we have a similar projection, still denoted a
bit abusively by 7, at the germ level: 7, : My, — Os,. It follows that the two projectors
are related by the following equation:

Corollary 6.9. Let X be a smooth manifold and so € RP C CP. For all t(s) €
D' (X, My, (CP)) and all p € CX(X),

(mpt () (@) = mp(t(s)(9)).

6.3. A renormalization map by projections

From now on, for any integer p, we fix the canonical quadratic form Q on R?, Q(x) =

,‘pzl |xi 2 and we study germs at so = (1, ..., 1) € R”. We denote by ev|, evaluation
of holomorphic germs at so. The properties of the family of projections (7)) pen allow us
to give a definition of renormalization maps:

Definition 6.10 (Renormalization maps by projections). For I C N, we define the renor-
malization map R; as follows: for a graph (G, ¢) with vertices labelled by 1,

Ri(tc) = evlg (mE©G) (e (5)))
where & is the Schwartz kernel of (—A)™*.

Theorem 6.11 (Renormalization theorem). Let (M, g) be a smooth, compact, connected
Riemannian manifold without boundary of dimension d, dv(x) the Riemannian volume
and P = —Ay +V, V € C3(M) or M = R? with a constant metric g and P =
—Ag + m?, m e Rxo. For every finite I C N and every graph (G, ) with vertices
labelled by I, define Ri(tg) € D'(M") as in Definition 6.10 and extend it by linearity
to the vector space F (M Iy Then the collection (R;) ICN, |I|<occ Of renormalization maps
satisfies the functional equations of Definition 6.2.

Proof. The compatibility condition is encoded in the family of projections. For simplicity
of notation, we drop the index sg from the space of germs so we write M, O instead of
My, Oy, and it will always be understood from the context that we consider holomorphic
and meromorphic germs localized at so = (1, ..., 1) € C? for some p € N. Furthermore,
we also write 7 instead of m|g(G) where it will be understood that for every graph G,
7 (tG(s)) means 7| g(G) (16 (5)).

We now prove that R;(¢g) is a distributional extension of 7. By Lemma 4.1, on
M1\ Ay, for every e € E(G), every Green function &% e C®(M! \ A;, ©O) is in fact
smooth and depends holomorphically on s.. We also have the convergence &* — & in
C°°(M2 \ Az) when s, — 1. Therefore, for any ¢ € C° M’ \ Ay), by Corollary 6.9,
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we have 7 (16 (s)) (@) = w(tc(s)(p)) = tG(s)(p) since tG(s)(p) is holomorphic at s =
(e = Decr(G) € CE@ and
R1(16)(p) = eVl (16 () (9) = eVl5y1G(s)(9) = 16 ().

Now let us prove the locality. For a graph (G, ¢) with vertices labelled by J C N, and
I CJ=uV(G)),setl°=J\I,let E; ={e € E(G) :i(e), j(e) € I}, E;jc = {e €
E(G):i(e), j(e) € I}, Efje = E(G) \ (E7 U Ejc), and denote by (G, Gje, Gyje) the
corresponding induced subgraphs of G. Start from tG(s) = tG,(s/)tG,c (S1e)tG,,c (S11¢)
where s = (Se)ecE(G)s ST = (Se)ecE;s S1c = (Se)ecE;c> S11c = (Se)ecE; - FOr a pair
(U, V) of disjoint open subsets such that dist(U, V) > 0, consider the open subset
{(x))jes € M’ : x; € UVi € I,x; € V,Vi € I°} of the configuration space M.
Then 76, (s11¢) = [Loeg,,c 6% Fite)s Xj()) € CXUT x VI, O(CE1e)). Tt follows by
Lemma 7.3 in the Appendix that

(G (s)) = w(tG,(1)1Gc (51)1G e (S11¢)) = (16, (S1)1G e (S1))IG e (ST1¢)-

Now the distributions 7, (s;) € D'(U!, M(CE1)) and 1g,. (s;c) € D'(VI", M(CE1))
depend on different variables, therefore by Lemma 7.2,

(16, (s1) BiG,(s1¢)) = w(tG,(s1)) B (tG,c (51¢)).
Then as distributions on U x V!¢,

Ry(tG) = Vl(s,=1),ep) (TG, (s1) R(tG e ($1¢)) X 1G e (S11¢))
= V|(s=1)ecr, TG, (51))€V(s,=1)ecp, TG 1 (S1¢))€V|(se=1) e, 1G e (ST1°)
=Rt IR (16, )G, eyt xyic

where G . is smooth on U I'x vI°, which yields the desired equation. O

7. Appendix: technical details
7.1. Proof of Proposition 3.9

Proof. We can assume that z = 0. By definition and the multidimensional Cauchy for-
mula [38, p. 3], for any polydisc Dy X - - - x Dj, around z = 0, any ¢ € CZ°(M) and any A
in the polydisc,

_ 1 1) (p)dzi .. .dz,
@)= (2mi)p /;;D. /aDp (1 —A) .. (zp — Ap)

R D S L
@ri)? Jop,  Joap, 5 alH-..zz”H

2

For any multi-index « and any test function ¢, we define the functional 7, by

() = -2 / f 1@)(p)dz1 ... dzp
T @i Jun, ap, atl ot

Then the series Z‘ |0 %ta (¢) converges absolutely to 7 (s)(¢).
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First note that the functional ¢, is linear; it remains to prove that it is continuous. For
that, it suffices to show that for every compact K C M, the restriction of #, to the Fréchet
space CZ° (M) of test functions supported in K is continuous. For fixed s, #(s) is linear
continuous on C%° (M), so there exists a constant C(s) and a continuous seminorm P of
CZ (M) such that |t(s)(¢)| < C(s)P(p) for all ¢ € CF*(M). Conversely, for fixed ¢,
Dy x ---x Dy 35 = t(s)(¢) is bounded by holomorphicity. By an application of the
uniform boundedness principle since C%° (M) is Fréchet, for every compact K C M there
exists C > 0 and a continuous seminorm P for the Fréchet topology of C°(M) such that

Vo € Cg (M), sup 1(s)(p)| < CP(g).
S€IDXx--xdD)

Assuming that all discs D; have radius r, it immediately follows that #, satisfies a
distributional version of Cauchy’s bound:

o!

Vo e CROD).  lialp)| < -

CP(p). (33)

This also implies that for all ¢ € C% (M), the power series ), fl—a!ta (¢) converges for
|A| < r,i.e. the convergence radius equals 7. m]

7.2. Products of meromorphic germs of distributions in different variables

In this subsection, we prove some useful lemmas on products of meromorphic germs of
distributions in different variables.

Lemma 7.1. Let (X1, X») be smooth manifolds, 1 € RPt C CP! and u, € RP2 C CP2,
If t1(s1) € D' (X1, My, (CP1)) and t(s2) € D' (X2, M, (CP2)) then the external tensor
product t1(s1) K 12(s2) is a well-defined element in D' (X1 x X2, My, up) (CP1TP2)).

Proof. Denote by dvy, dva, some smooth densities on X, X, respectively. Since ev-
ery compact subset K C X; x X» can be covered by a finite number of products of
compacts of the form K| x K, by Lemma 4.2 it suffices to show that for all com-
pacts K1 C X1, K» C X», the element 7 (s1; x)t(s2; ¥)|k,xk, is a well-defined mero-
morphic family of distributions in D'(K| x K») at (i1, ) € CP! x CP2 with linear
poles. Hence we can assume that we work over some product K; x Ky C X| x X3 of
compact subsets and that we work around (w1, u2) = (0, 0). There exist mononomi-
als P(s1) = Li(s1)...Li(s1) and Q(s2) = Mi(s2) ... M;(s2), where (L)*_,, (Mp)!_,
are linear functions, such that P(s1)t;1(s;) and Q(s2)t2(s2) are holomorphic germs of
distributions at s1 = w1 and s» = o respectively. Therefore by Proposition 3.9,
P(s1)t1(s1) and Q(s2)t2(s2) admit Laurent series expansions P(s1)t1(s1) = Za] s‘f‘lual
and Q(s2)tr(sp) = Zaz sg 2 vy, Where there exist integers (m1, my) corresponding to the
distributional orders of (#1|k,, #2|k,) and positive real numbers ry, o such that for all

(a1, @2) € NP1HP2,

loer ]

it llemy < Crrf™, Nvg, llemay < Cary™. (34)



Renormalization of Feynman amplitudes on manifolds 547

We define the series P(s1)t1(s1) @ Q(s2)12(52) = D 4 0 511857 Uy, ® Vg,; we shall
prove that it converges for |s1|+ |s2| small enough in the sense that for every test function
@(x1, x2) supported in K| x K>, the series

D 5755 ey B vy, (9) = v‘f"sng Ug, (X1) Ve (x2)@ (x1, X2) dvy (x1) dv2(x2)

oy,02 ay,0

converges absolutely. We first prove it for ¢ = ¢ K ¢y € COo (X)) X C (Xz) C
CleKz(Xl x X3). For s € CP, we shall use the notation ||s|| = sup;¢(; ., |s]| and

.....

for o € N7, we set |a| = Z}Uzl a;. Then the series converges thanks to the bound

> siss? / o, (¥1)Vary (X2)@ (X1, X2) d1 (x1) d v (x2)
X1><X2

ap,0)
o
< D lsys

o],02

Jee] Joe]
< > dsler e lem o ls2 1 Cory lgallem (x,)

o],02

< > Cillsilr) ™ Ca(lIsallr) gl emx, xx,)

o],02

/ U, (x1)@1(x1) dvi(x1) ; Vg, (X2) 02 (x2) dv (x2)
2

for any m > sup(m, m>) where the r.h.s. is absolutely convergent for s1, s small enough.
Then we conclude by using the fact that the completed tensor product CIO(OI (X1 )@CIO(‘; (X2)
coincides with CIO(O1 <K, (X1 x X3) where the topology for which we do the completion
does not matter since the C 108 (X;) are Fréchet nuclear spaces. Therefore the algebraic
tensor product C,"f} X)X C,"é (X>7) is dense in Cloéi Ky (X1 x X3) and

> s‘f‘sS‘Z/ Ug, (X1) Ve, (02)@ (X1, X2) dvy (x1) d2(x2)
X] ><X2

oy,0)

< > Cillsilr) I Ca(lIsallr) ™ il emx, xx,)

a1,
forall ¢ € C;?lsz(Xl X X»). O

For every p € C?, 5o e R? C C?,let ), : D'(M, My, (CP)) — D' (M, Oy, (CP)) be the
projection from Proposition 6.7.

Lemma 7.2. Under the assumptions of the previous lemma,

Tpi4py (11 B 12) = 7, (1) R 7, (12). (35)

Proof. We decompose t1 and t; as t1 = mp, (1) + (1 — m1)(f1) and 1 = mp,(82) +
(1 — m)(t2) where (7p, (t1), p,(12)) € D'(X1, Oy, (CPY)) x D'(X2, Oy, (CP2)) and
(1 =) (1), (1 = m2)(12)) € D'(X1, Py, (CP1)) x D' (X2, Py, (CP?)). Then
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t] ‘thz T[pl(tl)gnpz(IZ)
N—————
E’D’(XlXXz,O(Ml,MZ)((ClerpZ))
+ (A —m)) Bma(tr) + () B (1 —m)(82) + (1 — 7)) (1) B (1 — m2)(72)

E,Z)/(X] XXZaP(;Ll.;LZ)(Cp|+p2))

where the last underbraced term is a finite sum of polar germs by (32). It follows that
Tpi+p, (1 R12) = 7p, (1) W77y, (£2) by the uniqueness of the decomposition which follows
from Theorem 6.6. O

By a similar proof, we also have

Lemma 7.3. Let X be a smooth manifold, U C X an open subset and m € N. Let
(p1, p2) € N2 and (1, o) € RPY x RP2 ¢ CP1HP2, Let t(s1) € D""™(U, M, (CP))
and h(s2) € C™U, O, (CP2)). Then the product t(s1)h(s2) is an element of
DU, My, ) (CPITP2)) which satisfies the equation

Tpi4p2 (1 (DA (52)) = 71, (1 (51)) P (52). (36)

Proof. We can work locally since all local results can be glued together by a parti-
tion of unity thanks to Lemma 4.2. For every ¢ € C°(U), we have (t(s1)h(s2), ¢) =
(t(s1), h(sz)gzj), hence the product ¢ (s1)h(s2) is well defined in D" (U) as soon as both
o)

1(s1), h(sy) exist. We now explain the meromorphicity of (s1,s2) — (t(s1)h(s2), @)
at (u1,u2) € CP1tP2. Since t(s) € DU, M, (CP)), there exists u(s) €
D""™(U, O, (CP1)) and linear functions (L1, ..., L) such that (L1(s) ... Li(s))t(s) =
u(s). Therefore the product t(s1)h(s2) also reads mu(sl)h(sz). Then using
power expansions in s; — w1 for u(sq) as in Theorem 3.9 and expanding %(sy) in pow-
ers of so — wy where the coefficients are in C™ (U), we easily show that u(sy)h(s2) €
DU, Oy 1) (CP1HP2)) for (s1,s2) € CP1TP2 close enough to (i1, o) € CP1HP2,
which proves #(s1)h(s2) € D™ (U, My, up) (CP1TP2)).

The equality mp 4p,(th) = hmp, (t) follows immediately from the fact that
7p, (h(s2)) = h(sz) since h is holomorphic and A(s2)(1 — 7, )(2(s1)) is valued in po-
lar germs. O

7.3. Proof of Lemma 4.1

Since our Riemannian manifold (M, g) is connected, ker(P) contains only constant func-
tions. Indeed, Pu = 0 implies that u € C* by elliptic regularity and 0 = (u, —Agu) +
(u, Vu) = (Vu, Vu) = 0 = Vu = 0, thus u is constant on connected components. Let
us determine the spectral projector IT explicitly: it should satisfy, for all u,

[y udx
ol(M)

O=(1,u—1'[(u))=/ (u—l'[(u)):/ udx—TI(u) Vol(M), so Tl(u) =
M M

The Schwartz kernel of the spectral projector IT is therefore the constant function
I(x, y) = Vol(M)~!.
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The first two claims about the Schwartz kernel &° (x, y) follow from [72, Theorem 4
p- 302] in the celebrated work of Seeley, by applying his theorem to A = P — II, which
is a well-defined elliptic pseudodifferential operator of order 2.

For the third claim, we start from the formula &° = [°(e~"" — IT)(x, y)r*~'dt and
our proof follows the proof of [8, Proposition 1] in which we replace the heat semigroup
' s by the semigroup e~'¥ — IT whose Schwartz kernel is K; — IT and is denoted by p;.
Start from p; (x, y) = (8x, (¢~'F —TD)8y) 12y = ((e72F — )8y, (e72F — T)8y) 12 (a1)-
For any integers (k, [, m), |9;" P)fPép, x,y)| = |Pf+’” Pylp, (x, y)| since 9;" (e7'P—11) =
P™(e~'P — TT). Hence,

|0 P{ Py pi (x, y)]
< e — Tl g2y 1 PEY™ (€728 = TD8x | 2ay 1 PLe™ 2P — T8y I 240
Therefore taking the supremum over (x, y) € M x M yields
18" PX P! pell cogrean
< 1™ P — ) 2040y I PE™ (7 2P = I8l 2oy I PLe™ 2 — TDSy Il 12,

where both the norms || P<*" (e=27 — T)dy |12y and | PL(e™2F — T8yl 2y, are

finite since both (e_%P — IT)é, and (e_%P — IT)éy are smooth functions because the

semigroup (e’ — IM);cRr., is smoothing. Furthermore, the term e~ =P
P —(t—&)P

— g2y
has exponential decay as t — 400 since e — IT is a smoothing operator which has
a gap in the spectrum; indeed, by spectral theory e™"Fu = ZAEU(P) e, (u) where
[T, is the spectral projector on the eigenspace of eigenvalue A and the r.h.s. converges
absolutely in all Sobolev spaces H*(M), s > 0, when ¢t > 0. More generally, we obtain
decay estimates of the form

ki pk
10 prllcranan < S 107 PY PR Dyl o,
l1,l<k/2+1

< Crmlle™ " =)l g2y < Cme™ ™M

where A1 > 0 is the smallest nonzero eigenvalue of P which exists since o (P) is a
discrete subset of [0, 0o). It follows that the integral f 100 51 p: dt converges absolutely
for all s € C and is valued in all Banach spaces ck (M x M), k € N, since

o0 o0 o0
’/ 1 ~p, di 5/ RO poll ok g wanydt < Ck/ (Re@=1,==e)r1 gy
1 CK(Mx M) 1 1

The integral || loo t5=! p; dt depends holomorphically on s since

/4 I
N

where the r.h.s. is absolutely convergent and we can conclude by dominated convergence
arguments. O

o
< Ci / RO og (e =41 g (37)
CK(MxM) 1
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7.4. Proof of Lemma 5.13

First notice that when Re(s;) > —1,i = 1, ..., E, the integral is absolutely convergent
and holomorphic in s.
Now if E = 1, then by integration by parts, for Re(s) > —1,

/ Py (t)dr = Z( 1)’ w<'><1>+( D / Py ® @y dr,
[0,1]

Iy — 1()

where /;(s) = (s + 1)...(s + i + 1), and the Lh.s. is a meromorphic function when
Re(s) > —k — 1 with possible poles at s = —1, ..., —k, so it extends to a meromorphic
function on Re(s) > —k — 1.

In general, for Re(s;) > —1,i =1,..., E,and k1, ..., kg € Z~y,

m/;):/ 0y, .. tp) dEt
[0,11F

_ (—1)i 2 (— 1Y
- ,Z ; Z : l,'j(sj) 1_[ ,

. L. —1(s;.
{tseeerdm}CUL o EY J#E s kj; 16sj:)
ij= kj 1
itk kiy
x [T ,( [T o )a, Oyt g ATy dl, (38)
0,11 ;_: . L R /1 J
=0 Jm JFEJs - Jm

the r.h.s. is a meromorphic function when Re(s;) > —k; — 1. So I () extends to a
meromorphic germ at any point in Z~.
Now at a given point (p,), € ZF, 5 lae is holomorphic except at a, = p,, therefore

(I = po) 1)

iel

is a holomorphic germ at (p,).. The distribution order of I;(3) at (p.) can be read off
from (38) easily. ]

7.5. Proof of Lemma 5.6

In the chart (U x U, (x*, y")), let us consider the Taylor expansion of ¢ (x, y), ¢ (x, y) =

ayB .
> k>0 k1 (x, ¥), where @y (x, ¥) = 3 44 1=k );!—g!agafcﬁ(o, 0). Obviously ¢po(x, y)
= 0. By symmetry and ¢ (x, x) = 0, we know that

¢(x, y) =0.

By symmetry and ¢ (x, x) = 0, we know that @2 (x, y) = Y, @, (x* — y*)*. Now since
¢(0, y) = Ily|%, we find that

Py (x, y) = Y _(xH =y (39)
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In fact, let us take x = y in (19),

0 d
81()6)(%—(1()6, x)dx*, %(x, x)dx”) =0,
which means 5 ,
—¢(x,x)dx“ =0, so —¢(x,x) =0.
dxhk oxH
By symmetry,
d¢
—— (x,x)=0. (40)
ayH

Now let us make a change of variables V. x W — U x U given by
(v, h) = (v,v+h);

we can take V, W so small that V x W is a coordinate c~hart around (xq, xg). Let qg(v, h) =
¢ (v, v + h). Take a partial Taylor expansion in & for ¢,

S0, — 30,0+ 20 o oy 4 L 09
o, h) = ¢, 0) + 8hﬂ(v’0)h + 3 Shany

where ¢3 vanishes to order 3 in 4. We know

¢(,0) = ¢(v,v) =0,

(v, O)h"* K’ + &3

by (40), and .

0 ad

—¢(v, 0) = —¢(v, v) = 0.

oht aymr
By the chain rule,

3% 32

0 (v,0) = 0 (v, v).
oh*ohY ayrayY
Equation (19) shows
¢ d

®
R wy _
P (x,y)g (X)axv(x,y) =4¢(x, y).

. 2 . .
Taking MW on both sides and letting x = y = v, we get

2 2 82 82
3y 3y
OxHaxH (v, v)g™ () dxVoxVi . v) + dxHoxV (v, v)g™ () dxVoxH @, v)
82
—4 00 ),
dxH19xM1
that is,
3¢ 3% 3¢
224 —
g (U V8T W et (v, v) = 20 (0, v).
2 2
Notice that 502 (v, v) is invertible since 792 (0,0) = 8, by (39) if U is chosen

small enough. Then we get

9%¢
W(U, v) = 28;w(”)~
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Since ¢ is symmetric, we know

82¢ 82¢
W(w V) = W(U, v) = 28,0 (V).
So
B, h) = guv(V)R*h” + &3,
which concludes the proof. O
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