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Abstract. For each prime p, let I, C Z/pZ denote a collection of residue classes modulo p such
that the cardinalities |/ | are bounded and about 1 on average. We show that for sufficiently large x,
the sifted set {n € Z : n (mod p) ¢ Ip for all p < x} contains gaps of size at least x (log x)‘s where
8 > 0 depends only on the density of primes for which I, # . This improves on the “trivial”
bound of >3 x. As a consequence, for any non-constant polynomial f : Z — Z with positive
leading coefficient, the set {n < X : f(n) composite} contains an interval of consecutive integers
of length > (log X)(loglog X )8 for sufficiently large X, where 6 > 0 depends only on the degree
of f.
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1. Introduction

It is well-known that the sieve of Eratosthenes sometimes removes unusually long strings
of consecutive integers, and this implies that the sequence of primes occasionally has
much longer gaps than the average spacing. It might be expected that similar methods
would show analogous results for other sets undergoing a sieve, such as sets defined by
polynomials. For example, we know that the number of n < x with n?> 4+ 1 prime is
O(x/log x), so an immediate corollary is that there are intervals of length > logx be-
low x where n” + 1 is composite for each n in the interval. Can we do better? A simple av-

eraging argument is not useful, since the O (x/log x) bound for the count is conjecturally
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best possible. In addition, there unfortunately appear to be fundamental obstructions to
adapting the methods used to locate large gaps in the Eratosthenes sieve to this situation.

In this paper we introduce a new method which substantially improves upon the triv-
ial bound for these polynomial sets, and applies to more general sieving situations. We
consider the set of integers remaining after applying a “one-dimensional” sieve, and show
that this sieved set contains some unusually large gaps. To state our theorem precisely we
require the following definition. The symbol p always denotes a prime.

Definition 1 (Sieving system). A sieving system is a collection Z of sets I, C Z/pZ of
residue classes modulo p for each prime p. Moreover, we have the following definitions.

o (Non-degeneracy) We say that the sieving system is non-degenerate if |I,| < p — 1
for all p.
e (B-Boundedness) Given B > 0, we say that the sieving system is B-bounded if

[I,| < B forall primes p. (1.D

e (One-dimensionality) We say that the sieving system is one-dimensional if we have
the weighted Mertens-type product estimate

]‘[(1—@> ~ c (x — 00), (1.2)

p<x D log x

for some constant C; > 0.
e (p-supportedness) Given p > 0, we say that the sieving system system is p-supported
if the density of primes with |,,| > 1 equals p, that is,

I Hp =x:|lp| =1}
1m =
x—00 x/log x

(1.3)

Roughly speaking, a “sieving system” which is non-degenerate, B-bounded, 1-dimen-
sional and p-supported specifies certain residue classes for each prime p, such that there
is roughly one residue class per prime on average, and if we remove all integers in these
residue classes the resulting set is not too erratic.

Given such a sieving system Z, our main object of study is the sifted set

Se = 8:(D) =2\ | 1.

p=x

of integers which are not contained in any of the residue classes specified by the I, for
p =< x.If [I,| = p for some p < x (the degenerate case), then clearly S, is empty.
Otherwise, Sy is a P (x)-periodic set with density o (x), where P (x) and o (x) are defined

as
I
Px):=[]pr. ot := ]‘[(1—@).
pP=x P=x p

1,70

We also note that Sy © Sy if x < y. With this set-up we can now state our main theorem.
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Theorem 1 (Main theorem). Let 7 be a non-degenerate, B-bounded, one-dimensional,
p-supported sieving system with p > 0. Define

L1028
4+8)-10 - } (14)

C(p) := sup{‘S €O @y

The sifted set Sy contains a gap of length at least x(log x)¢ =W where the rate of
decay of the o(1) bound depends on I. Moreover, C(p) > e~ 1=4/7.

Remark 1. We note that since 7 is one-dimensional, we must have
p>1/B.

(So, for example, the positivity of p follows from the property that 7 is B-bounded.) The
value of C in (1.2), which has no importance for our arguments, depends on the behavior
of |1, for small p, and can have great variation.

Condition (1.3) is used primarily to construct large sets of primes with I, # ¢ in very
short intervals—see (2.8) below. It is possible to weaken (1.3) further, e.g. so that (2.8)
holds for most scales H instead of all H, but this would further complicate our argument.
All of the canonical examples satisfy (1.3).

There is a straightforward argument that shows that S, must have gaps of length > x,
for x sufficiently large in terms of Z—see Remark 5 below. Theorem 1 improves over this
bound by a positive power of log x, and it is the fact that we get a non-trivial result in
this level of generality which is the main point of the Theorem. It is likely that with more
effort one could improve the bounds on the constant C(p); our main interest is that this
is an explicit positive constant depending only on p. We now demonstrate applications of
the theorem via several examples.

Example 1 (Gaps between primes). The “Eratosthenes” sieving system is the system
with I, = {0} for all p, and it is non-degenerate, 1-bounded, one-dimensional and 1-
supported. We have

{\/i<p§X:pprime}=S\/§ﬂ(«/§,X]. (1.5)

Since Sy D Sﬁ if x < VX, any large gap in Sy implies a large gap in Sﬁ. Since S, is
P (x)-periodic, if it contains a large gap then it must contain one in the interval [X, 3X]
if P(x) < X. Thus, choosing x & log X maximal such that P(x) < X, we see that
Theorem 1 implies that there is a prime gap in [ X, 3X] of size

> (log X)(loglog X)¢M=°M > (Jog X)(loglog X)'/1?8,

on numerically calculating that C(1) > 1/128 (the limit of our type of method appears
to be an exponent 1/e; see Remark 9 in Section 4). This is stronger than the trivial bound
of (1 4+ o(1)) log X, which is immediate from the Prime Number Theorem, but is worse
than the current best bounds for this problem. Indeed, the problem of finding large gaps
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between consecutive primes has a long history, and it is currently known that gaps of size

loglog X loglogloglog X

> log X (1.6)

logloglog X
exist below X if X is large enough, a recent result of Ford, Green, Konyagin, Maynard,
and Tao [4]. The key interest is that Theorem 1 applies to much more general sieving situ-
ations, to which it appears difficult to adapt the previous techniques, and gives a different
method of proof to these previous results. We will discuss the reasons for this in detail
below.

Example 2 (Gaps between prime values of polynomials). Given a polynomial f :
Z — Z of degree d > 1, consider the system Z with I;, = { for p < d and

1, :={ne€Z/pZ: f(n) =0 (mod p)}

for p > d. The polynomial need not have integer coefficients, e.g. f(n) = (n’ —n+7)/7
satisfies the hypotheses of Theorem 1. By Pdlya’s theorem [10], f is integer valued at
integers if and only if f has the form f(x) = Z?:o aj ()j) with every a; € Z. In particular,
d! f(y) € Z[y] and thus the sieving system is well-defined.

By Lagrange’s theorem, |I,| < d < p forall p > d, and hence the system is non-
degenerate and d-bounded. For irreducible f, the one-dimensionality (1.2) with strong er-
ror term follows quickly from Landau’s Prime Ideal Theorem [9] (see also [3, pp. 35-36]),
while (1.3), the p-supportedness of the system with p > 1/d, follows from the Cheb-

otarev Density Theorem [12] (see also [8]). As a variant of (1.5), we observe that
{neN: f(n) > x, f(n) prime} C Sy

forany x > 1. Now set x := 1 log X. By Theorem 1, the set S, contains a gap of length
> (log X)(loglog X)Cd/d)=o() The period of this set, P(x), is X 1/24o(M) by the Prime
Number Theorem. Thus, this set contains such a long gap inside the interval [X/2, X].
Assuming that f has a positive leading coefficient and that X is large, on the interval
[X/2, X] we have f(n) > x, and so f(n) is composite for every n € [X/2, X]\ Sy. We
thus obtain the following.

Corollary 1. Let f : Z — 7 be a polynomial of degree d > 1 with positive leading term.
Then for sufficiently large X, there is a string of consecutive natural numbers n € [1, X]
of length > (log X)(loglog X)CWd)=o) for which f(n) is composite, where C(1/d) >
e~ 4+ s the constant of Theorem 1.

Note that Corollary 1 includes the trivial “degenerate” cases, when either f is reducible,
or there is some prime p with |1,| = p, since then essentially all values of f are compos-
ite.

When f is irreducible, has degree two or greater, and the sieving system correspond-
ing to f is non-degenerate, it is still an open conjecture (of Bunyakovsky [2]) that there
are infinitely many integers n for which f(n) is prime. Moreover it is believed (see the
conjecture of Bateman and Horn [1]) that the density of these prime values on [X/2, X]
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is <y 1/log X, and so the gaps of Corollary 1 would be unusually large compared to the
average gap of size < log X. We do not address these conjectures at all in this paper. Of
course, in the unlikely event that Bunyakovsky’s conjecture was false and there were only
finitely many prime values of f, Corollary 1 would be much weaker than the truth.

Remark 2. Let G be the Galois group of f, realized canonically as a subgroup of the
symmetric group S,. By the Chebotarev Density Theorem [12] (see also [8]), we may
take p equal to the proportion of elements of G with at least one fixed point, which lies
in [1/d, 1). We have p = 1/d for many polynomials, e.g. x2 + 1, but p is much larger
generically. It has been known since van der Waerden [13] that a random irreducible
polynomial of degree d will have Galois group &4 with high probability.! In this case
p is the proportion of elements of G, with a fixed point. This is the classical derangement
problem, and we have for such polynomials

o

In particular, pg > 1/2, pg = 5/8 ford > 3 and limyg_,oc p4 = 1 — 1/e. A calculation
reveals that

( 1)k+1

C(1/2) > 1/6001. (1.7)

Since C(p) is increasing with p, we thus have the following corollary.

Corollary 2. Let f : Z — 7Z be a polynomial of degree d > 2 with positive leading term,
irreducible over Q, and with full Galois group S 4. Then for all sufficiently large X, there
is a string of consecutive natural numbers n € [1, X] of length > log X (log log X)'/6001
for which f(n) is composite.

Example 3. A simple example to keep in mind is f(n) = n? + 1. In this case, I, = {1},
I, = ¥ is empty for p = 3 (mod 4), and I, = {tp, —tp} for p = 1 (mod 4), where
tp € Z/pZ is one of the square roots of —1. Here one can use the Prime Number
Theorem in arithmetic progressions rather than the Prime Ideal Theorem to establish
one-dimensionality and the p-supportedness with p = 1/2. For this example (and for
any quadratic polynomial), Theorem 1 implies the existence of consecutive compos-
ite strings of length > (log X)(log log X)€(1/2=0() 5 (log X)(loglog X)!/%%1 (using
(1.7) again). It is certain that further numerical improvements are possible.

Theorem 1 has another application, to a problem on the coprimality of consecutive values
of polynomials.

Corollary 3. Let f : 7Z — 7 be a non-constant polynomial. Then there exists an integer
Gy > 2 such that for any integer k > Gy there are infinitely many integers n > 0 with the
property that none of the numbers f(n + 1), ..., f(n 4+ k) are coprime to all the others.

1 Specifically, fix the degree d and let the coefficients of f be chosen randomly and uniformly
from [N, N] N Z. Then, as N — oo, the probability that f is irreducible and has Galois group
G, tends to 1.
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For linear polynomials the result of the corollary is well-known, and not difficult to prove;
for quadratic and cubic polynomials in Z[x], the result was only proven recently by Sanna
and Szikszai [11]. The remaining cases of polynomials of degree four and higher appear
to be new.

Proof of Corollary 3. Letd = deg f. Thend!f(y) € Z[y]. Let fo(y) € Z[y] be a prim-
itive irreducible factor of d! f(y). If p > d is a prime and p | fo(m) for some integer m,
then p | f(m). So it will suffice to consider the case that f is irreducible and show in this
case that for all large k there are infinitely many n > 0 such that for each i € {1, ..., k}
there is some j € {1, ..., k} with j # i and ged(f(n + i), f(n + j)) divisible by some
prime > d.

Again, we consider the system Z defined by 1, = # for p < d and for p > d we take

I, :={neZ/pZ: f(n) =0 (mod p)}.

By Theorem 1, for all large numbers x the set S, contains a gap of length > k = [2x].
Thus, there are infinitely many »n such that each f(n + 1),..., f(n + k) has a prime
factor p withd < p < x.Foreachi € {1,...,k}, take a prime factor p of f(n + i) with
d < p <x.Since k = [2x], p < x and I, # §, it must be that p divides at least two
terms of the sequence f(n + 1), ..., f(n + k), thus proving the assertion. ]

Remark 3. Our proof of Corollary 3 above requires only a very weak version of The-
orem 1. It is not clear, however, that a trivial argument of the type presented below in
Remark 5 can yield a gap of size at least 2x when the degree of f is large.

Remark 4. The conclusion of Theorem 1 is equivalent to the existence, for any § <
C(p), of some b € Z/ P (x)Z with

(Sx +b) N [1, x(logx)’] = 0,
provided x is sufficiently large in terms of 8. Here Sy + b :={s + b : s € S;}.

Remark 5. The conclusion of Theorem 1 should be compared with the “trivial” bound:
there is a constant ¢’ > 0 such that for each sufficiently large x, there is some integer b
with

(Sy +b)N[1,'x] =0. (1.8)

We now sketch the proof of (1.8). Firstly, we see that we may assume that x is large. Then
by (1.2) it follows that there is some b modulo P(x/2) for which A := (Sy2 + b) N
[1, 8%] satisfies |A| < 41‘;%. On the other hand, by (1.3) for any fixed ¢ > 0 we have

0 X

#{X/2<q§xrllq|zl}z<——e>

(1.9)

2 log x

for large x. Hence, we may perform a “clean-up stage” in which we pair up each element
a € Awith aunique prime ¢ = g, € (x/2, x]for which |I;| > 1. For each such paira, g,
let v, € I, and suppose that b = a — v, (mod g). It follows that (Sx +b) N[1, %] =,
proving (1.8).
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Remark 6. The hypothesis (1.1) is an important assumption in our treatment of certain
error terms; see Lemma 5.1 below. It is possible to relax this hypothesis with more so-
phisticated arguments, and several steps of the argument could be established with slightly
weaker assumptions.

The formula (1.2) say that |I,| has average 1 in a weak sense, and is similar to the
usual condition defining a one-dimensional sieve (see e.g. [5, Sections 5.5, 6.7]). Most of
our arguments have counterparts if the one-dimensional hypothesis (1.2) is replaced by
another dimension, but in those cases the bounds we could obtain were inferior to what
could be obtained by the “trivial” argument; see for instance Remark 7 below.

1.1. Comparisons of methods

Recall from Example 1 that for the Eratosthenes sieving system I, = {0}, previous meth-
ods were able to deduce stronger variants of Theorem 1. We now explain why these
methods appear difficult to adapt to more general sieving systems.

In the Eratosthenes sieving system it is clear that S, avoids the interval [2, x], which
already gives the “trivial” lower bound j(P(x)) > x — 2. All of the improvements to
this bound in previous literature (including those in [4]) rely on a variant of the following
observation: if x > z > 2, then the sifted set

Sex =N\ |J 1. (1.10)

Z<p=x

when restricted to the interval [1, y) with y slightly larger than x, only consists of numbers
of the form a or ap, where p is a prime in (x, y], and a is z-smooth (or z-friable), which
means that no prime factor of a exceeds z. Moreover, z-smooth numbers are much rarer
than one would expect from naive sieving heuristics (if z is suitably small), but numbers
of the form ap must have a less than y/x, which is also a rare factorization (if y is only
slightly larger than x). Thus the number of elements of S, , in [1, y) is unusually small. It
is the fact that we can identify this interval containing unusually few integers after sieving
by the “medium-sized” primes which is the key ingredient allowing one to improve on
the trivial bound.

The most recent works on this problem then try to show as efficiently as possible that
one can choose b (a multiple of ]_[Kpr p) such that (b + So,) N[1, y) = @, and so we
can sieve out these few remaining elements of [1, y). This then implies the existence of
a large gap of size y in S2,. However, if we did not already know that there were few
elements in [1, y), then these methods would not produce a non-trivial bound.

Unfortunately, when considering the more general sieving systems of Definition 1 in
which the cardinalities |/, | are allowed to vanish for many primes p, bounds for smooth
numbers cannot be used to show that S, , contains an interval with unusually few ele-
ments. Without this crucial step the existing methods only yield the trivial lower bound of
> x for the gap size. Moreover, for a general sieving system which is p-supported with
o < 1, we expect that no such reasonably long interval containing so few elements will
exist in S; , meaning that this feature is genuinely unique to the Eratosthenes sieving
system.
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We overcome this obstacle by using a rather different method. Rather than attempting
to do unusually well with the medium-sized primes p < x/(logx)'/?, we instead will
make random choices, and only obtain results comparable to the trivial bound. We obtain
an improvement over the trivial bound by working harder with the larger primes p €
[x/(logx)'/?, x], showing that for each of these larger primes we can actually remove
more elements than one would typically expect by choosing the residue class carefully.
In order to make sure these choices do not interfere with each other too much, we make
the choices randomly in several stages, where the random choice is conditional on the
previous stages.

The basic idea is similar to how recent papers (e.g. [4]) have exploited the large primes
to sieve efficiently. In those papers one needed estimates of tuples of linear forms taking
many prime values frequently; here we just need to show the existence of suitable residue
classes containing unusually many unsieved integers. However, in the new set-up we re-
quire rather stronger quantitative bounds than are available for tuples of prime values—
our method would completely fail to improve over the trivial bound if we were not able
to obtain close-to-optimal quantitative results. This strategy is discussed in more detail in
the next section.

Remark 7. Unfortunately our methods only seem to give good results in the one-dimen-
sional case. Consider for instance the set {n € P : n + 2 € P} of (the lower) twin primes.
This corresponds to a two-dimensional system in which 7, = {0 (mod p), 2 (mod p)}
for all primes p. The “trivial” bound coming from these methods would give a bound of
>> log X loglog X for the largest gap between lower twin primes up to X (or between the
largest such twin prime and X), and one could possibly hope to improve this bound by a
small power of loglog X using a variant of the methods in this paper. However, a sieve
upper bound (e.g., [6, Cor. 2.4.1]) combined with the pigeonhole principle already gives
a bound of > log2 X in this case.

1.2. Notation

From now on, we shall fix a non-degenerate, B-bounded, one-dimensional, p-supported
sieving system Z.

Weuse X < Y,Y > X,or X = O(Y) to denote the estimate |X| < CY for some
constant C > 0, and write X < Y for X <« Y « X. Throughout the remainder of
the paper, all implied constants in O(-) and related order estimates may depend on Z, in
particular on the constants B, p, C1. Moreover, implied constants will also be allowed
to depend on quantities 6, M, K, and & which we specify in the next section. We also
assume that the quantity x is sufficiently large in terms of all of these parameters.

The notation X = o(Y) as x — 0o means limy_, o X/Y = 0 (holding other parame-
ters fixed).

If S is a statement, we use 1g to denote its indicator, thus 1¢ = 1 when S is true and
1g¢ = 0 when S is false.

We will rely on probabilistic methods in this paper. Boldface symbols such as n, S,
A, etc. denote random variables (which may be real numbers, random sets, random func-
tions, etc.). Most of these random variables will be discrete (in fact they will only take on
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finitely many values), so that we may ignore any technical issues of measurability; how-
ever it will be convenient to use some continuous random variables in the appendix. We
use P(E) to denote the probability of a random event E, and EX to denote the expectation
of the random (real-valued) variable X.

Unless specified, all sums are over the natural numbers. An exception is made for
sums over the variables p or g (as well as variants such as p1, p», etc.), which will always
denote primes.

2. Outline

In this section we describe the high-level strategy of proof, and perform two initial reduc-
tions on the problem, ultimately leaving one with the task of proving Theorem 2 below.
Recall the definition (1.10) of the sifted set S, , and define related quantities

P(z,x) == l—[ p, o(z,x):= H (1—M>_

zlizlaifc I<p=xX P
>
pl=

Suppose x is large (think of x — 00), and define
y = [x(log )1, .1
yloglogx
= 2.2
© 7 logn)” @2

where § € (0, 1/2) satisfies § < C(p). We recall from (1.4) that this is equivalent to

(4+6)-10%
log(1/(28))
which is a condition that will arise naturally in the proof. Our goal is to show that

(Sx +b) N[1,y] = & for some b and to accomplish this with maximal § such that
(2.3) holds. For a general p, it is easy to see that

< p, 2.3)

Clp)>e 74P (0<p<),

establishing the final claim in Theorem 1. Incidentally, C(p) = %e_(‘”’"(l))/ Pasp— 0T,

In the course of the proof, we will introduce three additional parameters: M is a fixed
number slightly larger than 4, £ is a real number slightly large than 1, and K is a very
large integer; we will eventually take £ — 17 and K — oo. We adopt the convention
that constants implied by O(-) and < bounds may depend on §, M, K, &, in addition to
the parameters defining Z, that is, p, B, C;. Dependence on any other parameter will be
stated explicitly.

We observe that a linear shift of any single set I, (that is, replacing I, by ¢ + I, for
some integer c) does not affect the structure of S,. Thus, the same is true for linear shifts
(depending on p) for any finite set of primes p. In particular, we may shift the sets 7,
so that all non-empty sets I, contain the zero element, without changing the structure
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of Sy. Therefore, we may assume without loss of generality that 0 € I, whenever I, is
non-empty. By the Chinese Remainder Theorem, we may select b by choosing residue
classes for » modulo primes p < x.

2.1. Basic strategy

For x large enough we have
l<z<x/2<x=<y.

We will select the parameter b modulo the primes p < x in three stages:

(1) (Uniform random stage) First, we choose b modulo P(z) uniformly at random:;
equivalently, for each prime p < z with |I,| > 1, we choose b mod p randomly
with uniform probability, independently for each p.

(2) (Greedy stage) Secondly, choose b modulo P(z, x/2) randomly, but dependent on
the choice of » modulo P(z). A bit more precisely, for each prime g € (z, x/2] with
[1;] = 1, we will select b = b,; (mod g) so that {b; + kq : k € Z} N [1, y] knocks
out nearly as many elements of the random set (S; + ») N[1, y] as possible. Note that
we are focusing only on those residues sifted by the element 0 € /,, and ignoring all
other possible elements of /. This simplifies our analysis considerably, but has the
effect of making C(p) decay rapidly as p — 0.

(3) (Clean-up stage) Thirdly, we choose b modulo primes ¢ € (x/2, x] to ensure that
the remaining elements m € (Sy,2 + b) N [1, y] do not lie in (Sy + b) N [1, y] by
matching a unique prime ¢ = g(m) with |I;| > 1 to each element m and setting
b = m (mod q). (Again we use the single element O € /. Such a clean-up stage is
standard in this subject, for instance it was already used in the proof of (1.8).)

We then wish to show that there is a positive probability that the above random sieving
procedure has (S, +b) N[1, y] = @, which then clearly implies that there is a choice of b
such that this is the case, giving Theorem 1. It is the second sieving stage above which is
the key new content of this paper.

Following the argument used to show (1.8), and using (1.9), we can successfully show
that there exists a ’ such that (S +b") N[1, y] = @ after Stage (3) provided that we have
suitably few elements after Stage (2). By (1.9) (a consequence of our hypothesis (1.3)), it
is sufficient to show that there is a b such that

(Sxp2 +6) N1,y < (3 - s) Q2.4)

2 logx’
After Stage (1), from (1.2) we see that the expected size of |(S; + b) N [1, y]| is

~ 0o(2)y < ﬁ ~ 10; —. A random, uniform choice of b modulo primes ¢ € (z, x/2]

would only reduce the residual set by a factor | 1<p<x /2(1 —p|/p) ~ 1 and would lead
to a version of Theorem 1 with a gap of size < x. Instead, we use a greedy algorithm
to select b = by (mod ¢). By (2.1) and (2.2), the set (b, mod ¢) N [1, y] has size about
H = y/q, with (logx)® <« H <« (logx)'/?/loglog x. By considering the initial portion
(Sym +b) (for some fixed M > 1) of the sieving process, one can see (e.g. using the large
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sieve [5, Lemma 7.5 and Cor. 9.9] or Selberg’s sieve [7, Sec. 1.2]) that the intersection
(by mod g) N (Sym + b) N [1, y] must be somewhat smaller, namely of size

H)H < ——
< o(H) log H
by (1.2). We will show that there are choices for the residues b, so that no further size
reduction occurs when one sieves up to z instead of H, namely that

(Sym +b) N (by mod g) N[1, y] = (S; +b) N (by mod g) N[1, y]. 2.5)

Heuristically, each individual choice of b, is expected to obey (2.5) with probability
roughly
U(HM,Z)HU(H),

but with our choice of parameters and (1.2), this quantity is substantially larger than 1/¢,
and so there should be many possibilities for b, for each ¢g. By contrast, for most
choices of b,, the ratio of the left and right sides of (2.5) is about o (H M 7)) =

M
[Tam<pe: L= 11pl/p) ~ IOI%:Z , which is very small.

Remark 8. A simple way to perform the greedy stage would be to choose the b, inde-
pendently from one another for each ¢, conditional only on the first stage. One would
then expect that we will achieve (2.4) if y = x(loglogx)”~¢ instead of (2.1). This
would give a non-trivial result which is weaker than Theorem 1. Indeed, imagine we
had instead defined z := x/J and y := Lx, where J and L lie in [100, (10gx)1/3].
After Stage (1), we are left with a set R of approximately y/logx = Lx/logx inte-
gers. The goal is to choose b = b, for primes g € (z, x/2] with non-empty I, so that
b mod g knocks out = (y/q)/(log(y/q)) elements of R. For this to be possible, we must
have a(HM, z)H”(H) > 1/q for all H < y/z = JL, but this is true on account of
JL < (log x)*/3. Assuming independence of all these steps (that is, for different g), the
residual set after the greedy sieving has size

<kl ] (1_(y/q)/10g(y/q)>% Lx I <1_ log x >
- x/J<q=<x/2 IR log x x/J<q<x/2 qlog(y/q)

1,#9 1,79

By the Prime Number Theorem and (1.3),

log x X2 dt log JL
_osx =p/ —+0(1)=,010g< g )—I—O(l),
o)t et 4108(y/9) x/s tlog(y/t) log L

1,70

and thus the residual set has size 0(@;%5 lo)gix)' Taking J = (logx)'/3 and L =

(loglog x)P~¢, the residual set has size at most o(x/logx) < (p/2 — 8)@, which gives
(2.4), and so we are done.
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2.2. The greedy stage: further details

To successfully show (2.4) with y as large as x(logx)®, we use a hypergraph covering
lemma of Pippenger—Spencer type introduced in [4]. This allows us to select residues b,
such that the sets

(Sym +b) N (by mod q) N[1, y]

are nearly disjoint.
It is convenient to separately consider the primes g € (z, x/2] in finer-than-dyadic
blocks. Fix a real number £ > 1 (which we will eventually take very close to 1) and let

2
fJiz{He{l,é,sz,...}:—ny<l} 20
X
be the set of relevant scales H; we will consider those primes ¢ in (y/(§H), y/H] sepa-

rately for each H € §), noting that UHeﬁ( , is a subinterval of (z, x/2]. By (2.2)
and (2.1) for H € $ we have

e 1)

1 1/2
2(logx) < H < 08V T 2.7
loglog x
For each i € §), let Qg be the set of primes ¢ € (y/(§H), y/H] with |I;| > 1. From
(1.3), we have

y
~ (1l =1 . 2.8
1Qu| ~ p( /é)Hlogx (2.8)
Let
Q= U On.
He$H
For g € Q, let H, be the unique element of §) such that
y y
——— < g < —. 2.9)
§H, H,
Now fix a real number M satisfying
4485 < M <5. (2.10)

With H fixed, we will examine separately the effect of the sieving by primes in [2, HM]
and by the primes in (H¥, z]. We denote by b a random residue class from Z/ PZ, chosen
with uniform probability, where we adopt the abbreviations

P=P(), o=o0(), S=S;+b,
as well as the projections
P = P(HY), o1 =o(HY), by =b (mod P), S;=Sym+b;, (2.11)
P,=PH 2, ox=0HM 2, by=b(mod P)), S>=Sym_ +by (2.12)

with the convention that by € Z/P1Z and by € Z/P>Z. Thus, by and b, are each uni-
formly distributed, are independent of each other, and likewise S; and S; are independent.
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We also have the obvious relations
P=P P, o=o00, S=SNS,.
For prime g and n € Z, define the random set
AP(J;q,n) ={n+qh:1<h<J}NS; (2.13)

that describes a portion of the progression n (mod ¢) that survives the sieving process up
to HM. Let K > 2 be a fixed integer parameter, which we will eventually take to be very
large. Given S, the probability that AP(K H; g, n) C Sy is about Uz‘AP(KH;q’n)l, and if
this occurs then removing the residue class n mod g will remove an essentially maximal

number of elements. Central to our argument is the weight function

o /AP(KH:g.n)|

1/0) if AP(KH:q,n) CSs,
0

AMH;qg,n) =
(Hiq.m) otherwise.

(2.14)

Informally, A(H; g, n) then isolates those n with the (somewhat unlikely) property that
the portion AP(K H; g, n) of the arithmetic progression n mod ¢ that survives the sieving
process up to H™ in fact also survives the sieving process all the way up to z. The weight
nearly exactly counteracts the probability of this event, so that we anticipate A(H; g, n)
to be about 1 on average over n. In addition, L(H; g, n) is skewed to be large for those n
with AP(K H; g, n) large. We will focus attention on those n satisfying

—Ky <n <y,

for outside this interval, if ¢ € Qg then AP(K H; g, n) does not intersect the interval
[1, y] of primary interest.

Our aim is thus first select a random b € Z/PZ, and show that with high proba-
bility the random sets S| and S, behave as we expect for all scales H € $). This im-
plies that there is a good fixed choice b € Z/PZ where the (now deterministic) function
AM(Hy; g, n) is suitably concentrated on residue classes n mod g which contain many el-
ements in § = S, + b, for all ¢ in a suitable subset Q" € Q. In particular, this means
that if we then select a residue class n; mod ¢ randomly with probability proportional to
A(Hy; q, n), this residue class will typically contain many elements of S, for any ¢ € Q'.

This is now precisely the situation of our hypergraph covering lemma, which we can
then apply essentially as a black box. (The lemma is a minor variation of the one used
in [4] based on the “Rd&dl nibble” or “semi-random” method; the proof is given in the
appendix.) The conclusion from the lemma allows us to deduce that there is a choice of
residue classes n, mod g for ¢ € Q' which cover almost all of S. If we then choose
b mod P(z, x/2) such that b = n, mod ¢ for all ¢ € Q' we then obtain (2.4), and hence
the result.

The paper is organized as follows. Theorem 1 has previously been reduced to that of
establishing (2.4). We will then reduce this task further to that of establishing Theorem 2
(second reduction) in the next section. In turn, Theorem 2 will be reduced to Theorem 3
(third reduction) in the following section. The final section is then dedicated to establish-
ing Theorem 3.
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3. Greedy sieving via hypergraph covering

In this section we use our hypergraph covering lemma (Lemma 3.1 below) to reduce the
proof of Theorem 1 to the claim that there is a good choice of b for the initial sieving,
which is given by Theorem 2 below.

Recall the definition (2.9) of H, and that S is the set S; + b depending on b.

Theorem 2 (Second reduction). Fix M satisfying (2.10), fix § satisfying (2.3), and sup-
pose € > 0 is fixed and sufficiently small. If x is large (with respect to M, ¢) then there
exists an integer b and a set Q' C Q such that

(i) one has
SN[, yll <20y, (3.1

(ii) forall g € Q', one has

1
Z A(Hy: g, n) = (1 + 0<W>>(1{ + 1)y, (3.2)

—Ky<n<y

(iii) for all but at most 81/;% elements n of SN [1,y], one has

1
> A(H;q,n—qh):(C2+0<W>>(K+l)y 3.3)

qeQ h<KH,
for some quantity Cy independent of n with
10% < €, < 100. (3.4)

Theorem 2 is saying that there is a good choice of b € Z/PZ such that we can then
perform the second sieving stage effectively. The conclusions are what we would expect
for “typical” b, so this merely sets the stage for the greedy sieve.

If we remove a residue class n; mod ¢ where n, is chosen randomly proportional
to A(Hy; g, -), then together (3.2) and (3.3) say that the expected number of times n €
S N [1, y] is removed is about C, > 1 (apart from a small exceptional set of n). This
means that if we could realize these random variables so that the behavior was very close
to this expectation, we would sieve in a perfectly uniform manner and would successfully
remove almost all of § N [1, y]. The fact that we can pass from the random variables to
such a uniform sieve is a consequence of the hypergraph covering lemma. It is vital that
C> > 1, and the fact that we will ultimately succeed with C, bounded (rather than of size
log log x) corresponds to us being able to take y as large as x (log x)®.

The fact that we have good error terms in the asymptotics and the slightly stronger
lower bound C> > 10%® is needed for our hypergraph covering lemma, but this is not a
limiting feature of our argument.

Another way to look at Theorem 2 is that equation (3.2) says that A(H,; g, n) is
about 1 on average. However, when 7 is drawn from the smaller set S N [1, y] (which has
density ~ o in [1, y]), the quantity A(H,; g, n — gh) appearing in (3.3) is biased to be a
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bit larger (in our construction, it will eventually behave like 102% on the average over

q € Q),sincen € AP(KH; q,n — hq) is already known to lie in S. It is this bias that
ultimately allows us to gain somewhat over the trivial bound of >> x on the gap size in
Theorem 1.

To reduce Theorem 1 to Theorem 2, we will use the following hypergraph covering
lemma.

Lemma 3.1 (Hypergraph covering lemma). Suppose that 0 < § < 1/2, let y > yo(5)
with yo(8) sufficiently large, and let V be a finite set with |V| < y. Let 1 < s <y, and

suppose that ey, . .., e are random subsets of 'V satisfying the following:
1 1/2
o < S (<i<), (3.5)
loglog y
P(vee) <y /2710 hev 1<i<ys), (3.6)
S
P ee) <y P @ eV, v#EY), (3.7)
i=I
S
Y Poce)—Cal<n (veV) (3.8)
i=1

where Cy and n satisfy
1
nz —————.
(log y)* loglog y

Then there are subsets e; of V, 1 < i <'s, with e; being in the support of e; for every i,
and such that

102 < ¢, < 100, (3.9

< G|V, (3.10)

€j
1

)
v\
i=

where C3 is an absolute constant.

This lemma is proven using almost exactly the same argument used to prove [4, Corol-
lary 4] (after some minor changes of notation); we defer the proof to the appendix.

The conditions (3.5)—(3.7) should be thought of as conditions which ensure that the
randoms sets e; typically spread out and cover most vertices in V fairly evenly. The con-
dition (3.9) ensures that typically all vertices are covered slightly more than once in a uni-
form manner. Provided these conditions are fulfilled, the conclusion (3.10) is that there is
a non-zero probability that virtually all vertices are covered, and so there is a determin-
istic realization of the random variables which covers virtually all the vertices. The key
point is that C» can be taken to be bounded, since this means that the covering sets ¢;
are close to disjoint, and this is what allows us to improve the situation of trying to sieve
independently for each g.

Reduction of Theorem I to Theorem 2. We are now in a position to deduce (2.4), and
hence Theorem 1, from Theorem 2. Let b and Q' be the quantities whose existence is
asserted by Theorem 2, and so S = S, + b.
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Property (iii) of Theorem 2 implies that there is a set V. C S N [1, y], containing all

but at most 81‘;’;)( elements of S N [1, y], and such that (3.3) holds for all n € V. For each

g € Q', we choose a random integer n, with probability density function

A(Hy; q,n)
Z—Ky<n’§y )"(qu q, I’l,)
Note that by (3.2) the denominator is non-zero, so this is a well-defined probability dis-

tribution. We will not need to assume any independence hypotheses on the n,. For each
g € Q', we then define the random subset e, of V by the formula

P(n, =n) = (3.11)

e, =VNing+hq:1<h=<KH,}. (3.12)

Our goal is to show that there are choices n, of the random variable n, which occur with
positive probability such that the corresponding sets e, cover most of V. Specifically, we
wish to use Lemma 3.1 to show that

’V\ U eo] = 2. (3.13)
1 8logx
qeQ’

By construction, if (3.13) holds then for each ¢ € Q' there is a number n4 such that
eq C{neV:n=n4 (modgq)}.

Taking b = n, (mod ¢) for all ¢ € Q’, we find that

X X X
(Sez D OISO YN VIV [ e = g+ =
10 8logx 8logx 4logx

as required for (2.4). The fractions 1/8 and 1/4 above are irrelevant to the determination
of the best exponent in Theorem 1, and were chosen for convenience.

Thus it remains to construct e, satisfying (3.13), and this is accomplished by
Lemma 3.1. We wish to apply Lemma 3.1 with s = [Q'|, {e1, ..., e} = {e; : ¢ € Q'},
C; as given by Theorem 2, and

_ p/20
1= Cylogxy
With this choice of parameters we see from (3.1), (1.2), and (2.1) that

p/10 'y

CanlV| <
MVE= Gogx)? Togz

X
~ (p/10) 1 ——-
0g X

Hence, (3.13) follows from (3.10) if x is large enough. Thus, it suffices to verify the
hypotheses (3.5)—(3.9) of the lemma, which we accomplish using the conclusions (3.2)
and (3.3) of Theorem 2.

Note that if g € Q’, then from (3.12) and (2.6) we have

1/2 1/2

y _ (ogx) = _(logy)
4

<H, < ,
legl < Hy < loglogx — loglogy
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which gives (3.5). Similarly, forn € V and g € Q’, from (3.12), (3.11), and (2.14) we
have

1
Pnee)= Y Pmg=n—hg) <~ >  MHgq.n—hg
1<h=KH, Y 1<h=KH,

1

1 —H,
<« —Hyo, ' € —,
y 472 9710

which gives (3.6) for y large enough.
Applying (3.12), (3.11), (3.2), and (3.3) successively yields

MHy;q,v—hq)
2P e =D O By == ) Y i am
qeQ qeQ h<KHj, qeQ' h=KH, n
= C2+ O((logx)~*™%),
and (3.8) follows. We now turn to (3.7). Observe from (3.12) that for distinct v, v’ € V,
one can only have v, v’ € e, if ¢ divides v — v'. Since |[v — v'| <2y and ¢ > z > /2y,

there is at most one g for which this is the case, and (3.7) now follows from (3.6). This
concludes the derivation of (2.4) from Theorem 2. m]

To complete the proof of Theorem 1, we need to prove Theorem 2 and Lemma 3.1.
The proof of Theorem 2 depends on various first and second moment estimations of the
weights, which are given in the next two sections. The proof of Lemma 3.1 will occupy
the Appendix.

4. Concentration of A(H; g, n)

In this section, we deduce Theorem 2 from the following moment calculations.

Theorem 3 (Third reduction). Assume that M > 2. Then
(i) One has

EISNI[1, yll =0y, 4.1

EISN[L, y]* = (1 + 0(;»@)2, (4.2)
logy

(i1) For every H € $ and for j € {0, 1, 2} we have

EY (X atam) = (140 ) )k npiies. @

qeQn —Ky<n=y

(iii) Forevery H € $ and for j € {0, 1, 2} we have
EY (XX adHign—gn)

neSN[1,y] qeQy h<KH )
1 |Qu|KHY’
(o) (2 oy
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We remind the reader that in Theorem 3 the random variables S and A are defined in
terms of the random variable b chosen uniformly in Z/ PZ, not the random variables n,
we encountered in the previous section.

Note that for every n € [1,y] and h < KH we have n — gh € [—Ky, y], so the
quantity in (4.4) is well-defined. As with the previous theorem, the quantity A(H; g, n)
behaves like 1 on the average when #n is drawn from [ Ky, y] N Z, but for n drawn from
S N[1, y] (in particular, n € S,), the quantity A(H; g, n — gqh) is now biased to have an
average value of approximately o, ! because n — gh + gh = n is automatically in Sy;
recall the definition (2.14) of A(H; g, n — gh).

Deduction of Theorem 2 from Theorem 3. We draw b uniformly at random from Z/ PZ. It
will suffice to generate a random set @ such that the random function A defined in (2.14)
satisfies the conclusions of Theorem 2 (with b replaced by b) with positive probability—
in fact, we will show that they hold with probability 1 + o(1).

Assume that M satisfies (2.10). From Theorem 3(i) we have

(0y)*
E|ISN[L, y]| —ay| < 22
logy
Hence by Chebyshev’s inequality, we see that
PASNIL, yll <20y) =1— 0(1/logx), 4.5)

which gives (3.2) in Theorem 2. Let H € $). From Theorem 3(ii) we have (recall that our
implied constants may depend on K)

2 2
y1QHul
EY (X Mgm -k +1y) < 2o 4.6)
q€Qn —Ky<n<y
Now let Q) be the subset of ¢ € Qp with the property that
Y Mg - K+ Dy = i )
—Ky<n<y
It follows from (4.6) and (4.7) that
|QH|
E|Qnu \ QH| < M2 (4.3)
By Markov’s inequality, it follows that with probability 1 — O (H %),
|Qn|
[Qn \ QH| < M 4.9)

By (2.10), we have M > 4 + 3¢ for small enough ¢, that is, the exponent in the denom-
inator in (4.9) is positive. Since )y o H ™ < (y/x)~° < (log x) 7%, with probability
1 — O((log x)~%) the relation (4.9) holds for all H € ) simultaneously. We now set

= au

He$H
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Then, on the probability 1 — o(1) event that (4.9) holds for every H and that (4.5) holds,
items (i) (3.1) and (ii) (3.2) of Theorem 2 follow upon recalling (4.7) and the lower bound
H > (log x)°.

We work on part (iii) of Theorem 2 using Theorem 3(iii) in a similar fashion to previ-

ous arguments. We have
L (1QuKH 20
HM—2 o y

Y Y Y atign—an- |QH|KH

neSN[1,yl'qeQy h<KH

If we let £ denote the set of n € SN [1, y] such that

5 Zk(H;q,n—qh)—'QmKH'z QuikH

qeQpu h<KH 02 oy HM=2)/2=¢
HN=

then
Elfy| < oy/HE.
By Markov’s inequality, we conclude that |Ey| < oy/H®/?> with probability 1 —
O(H~¢/?).
We next estimate the contribution from “bad” primes g € Qg \ Q’H. Forany h < H,
by Cauchy—Schwarz we have

E Y > MHig,n—hg

neSN[1,yl geQu\ QY

<@o\ ' P(E Y [Yaign—np[)"”

qeQn\Qy 1=l
and by the triangle inequality, (4.6) and (4.8),
Y 2
EY [YaHign—hg)
qeQu\Qy n=1
y 2 2
Y |19QH|
<2E ) (‘ZX(H;q,n —hg) — (K +Dy| + (K + 1)2y2) S TEE=T
qeQu\Qy n=l1

Therefore, by (4.8) and summing over h < KH,

EY Y Y g hg < A

nesSn(l,ylqeQu\ Q) h=KH

Let £}, denote the set of n € S N [1, y] such that

> S MHign—hg) = QK H @.11)

1+6)d
q€Qu\Qy h=KH HI¥%0;
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Then
yH8(1+6)

HM7472€

lop) log H
<o HM—4-8-3¢"

E|fy| <

By Markov’s inequality, |},| < oy/H® with probability 1 — O(1/HM~4-3=5¢) By
(2.10) again, if ¢ is small enough then M — 4 — § — 5¢ > ¢. Consider the event that
(4.5) holds, and that for every H, we have (4.9), |€y| < oy/H®/? and |E};| < oy/H'F.
This simultaneous event happens with positive probability on account of } |y o H™7 <K
(log x) %" for any i > 0. As mentioned before, items (i) and (ii) of Theorem 2 hold. Now
let

N=8n[Lyl\ | Enuépy.

He$H
The number of exceptional elements satisfies
U Enven| <« —2.
e (log x) (14+¢)”’
which is smaller than =— 81 - for large x. It remains to verify (3.3) forn € N.Sincen & Ey

and n & &, for every H the inequalities opposite to those in (4.10) and (4.11) hold, and
for each H € £ we have the asymptotic

1 |Qn|KH
> Zx(H;q,n—qh)z<1+0(H(1+8)5)) pma—

qeQ) h=KH
Therefore,
Yo D MHggon—ghy=) Y > MHiq.n—gh
qeQ h=KH, HeS qe Q) h<KH
1
= (1 + 0(—(10gx)(1+8)5>>cz x (K + 1)y
where © OnlH
Cy = Z| Hl .
(K + 1)y fen lop)

This verifies (3.3). From (2.8), we see that C> does not depend on n (C, depends only
on x). Using (1.2) and (2.8),

logz yH

G~ -1 Y
2T K1y 2 Tog(H™) Hlogx

(x = 00).

Recalling the definitions (2.1) of y and (2.2) of z, together with the bounds (2.7) on H,
we thus have as x — o0,

Kp(l=1/9) g~ 1 _ K= /0 5 I

C ~s — .
2T TME + D logH MK+ 1) jlogé

HeH 2(log x)? <&/ <£~1(log x)1/2 /log log x
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Summing on j we conclude that

Kp 1—-1/¢ (1)
Cy ~ log|l — ).
M(K +1) logé& 26

Finally, recalling (2.3), we see that if K is large enough, £ is sufficiently close to 1 and M
sufficiently close to 4 + &, then
Cr = 107,

as required for (3.4). ]

Remark 9. The limit of our methods appears to be an exponent e~!/# — o(1) in The-
orem 1. Such a bound assumes that we may succeed with the previous argument for
any choice of M > 1, any C» > 1 and with z = y/(logx)!*°®" in place of z =
y/(log x)!/2t°(D Then the above calculation reveals that C, > 1 provided p log(1/8) > 1.
Each of these conditions appears to be essential in the succeeding arguments in the next
sections.

It remains to establish Theorem 3. This is the objective of the next section.

5. Computing correlations

In this section, we verify the claims in Theorem 3. We will frequently need to compute
k-point correlations of the form

Py, ...,nr €Sy)

for various integers ny, ..., nx (not necessarily distinct). Heuristically, since S, avoids
I, residue classes modulo p for each p, we expect that the above probability is roughly
cré‘ for typical choices of ny, ..., ni. Unfortunately, there is some fluctuation from this
prediction, most obviously when two or more of the ny, ..., n; are equal, but also if
the reductions n; (mod p),n; (mod p) for some prime p € (H M 7] have the same
difference as two elements of /. Fortunately we can control these fluctuations to be small
on average.

To formalize this statement we need some notation. Let Dy C N denote the collection
of squarefree numbers d, all of whose prime factors lie in (H™, z]. This set includes 1,
but we will frequently remove 1 and work instead with Dy \ {1}. For each d € Dy, let
Iq C Z/dZ denote the collection of residue classes @ mod d such that a mod p € I, for
all p | d. Recall the defnition of the difference set A— B :={a—b:a € A, b € B}. For
any integer m and any parameter A > 0, we define the error function

Aw(d)

—— L (mod dyely—1Iy» 5.1

Ea(m:H) == Y y

deDpy\{1}

where w(d) is the number of prime factors of d. The quantity E 4 (m; H) looks compli-
cated, but in practice it will be quite small on average over m. We also observe that E 4 is
an even function: Eo(—m; H) = Es(m; H).
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Before we start our proof of Theorem 3, we first need two preparatory lemmas. The
following lemmas hold for general H, not necessarily restricted to H € $). Recall that
implied constants in O (-) may depend on B and M.

Lemma 5.1. Let 10 < H < z!/M 1 < ¢ < 10K H, and suppose that i C V are finite
sets of integers with |V| = L. Then

2
PUCS,) = 02'“'<1 + 0(%) + 0(%2 > Eyppv = H))).

v, eV

v#£Y

Remark 10. The numbers in V \ U are “dummy variables”, but it is often convenient to
include them. Typically, ¢/ will be an irregular subset, with unknown size, of a regular
set V, whose size is known. We often have better control of the error averaged over the
larger set.

Proof of Lemma 5.1. For each prime p € (HY, z], let by, p € Z/pZ be the reduction of
b2 modulo p, thus each by ;, is uniformly distributed in Z/pZ and the b, , are indepen-
dentin p. Let N, denote the set of residue classes ¢/ (mod p). By the Chinese Remainder
Theorem, we thus have

PUCS)= [] PWno,+1)=0= [] (1—Phy,eN,—1,))
pe(HM 2] pE(HM 7]

- 11 (1 _ M)
pe(HM. 2] b
Let k = |U|. We may crudely estimate the size of the difference set N, — I, by
klpl = [Ny = Il = kIl = 1ol > Lyt (mod pretp—1,-
u,u' €U, uFtu'

Since |1,| < B and k < 10H, we have k|I,| < 10KBH < p/10 for x large enough in
terms of M. Thus,

(1= et — (3 ML) (MLl (B
p p p — k|| P

where

2B
<A, <14+ — Z Lu—u’ (mod pyet,—1,

u,u' €U uFtu’

< 1_[ exp{2B lu—u @mod pret, 1, }
u,u' €U, uFu' P

< ]I exp{ZBlvv/(mOdp)EI”IP}.
v,v' eV, vEY p
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Here we have enlarged the summation over pairs of numbers from V. We have
(=547 =4 (0G))

HM <p=<z p HM
By the arithmetic mean-geometric mean inequality, we have

1_[ A, < H 1_[ exp{ZBlv_v,(mOdp)el”_Ip}

pe(HM 7] v,v' eV, v#V pe(HM 7] p

2 €2 — e\ Loy mod pyet,—1,
. Z l_[ exp{ZB( 5 ) }

v,v' eV v#EY pe(HM 7] p

2 v v’ (mod p)el,—1
1 4+ 2B¢? L
gz ) Z l_[ <

v’ eV, v#£v pe(HM 7] p

IA

Recalling the definition (5.1) of E4(n; H) we see that

IT 2 2 > A+ Epp—v:H))

<
=5
pe(HM 7] ¢ ¢ v,V eV, v£V
2
=1t 02— Z Eygpe(v—2'; H). O
v,V eV, vEY

To estimate the average contribution of the errors E,g,2(v — v') appearing in the above
lemma, we will use the following estimate.

Lemma 5.2. Suppose that 10 < H < zV/M and that (m,);cr is a sequence of integers
indexed by a finite set T, obeying the bounds

X
> lm=amoda) K —— (5.2)
= o)

for some X, R > 0and alld € Dy \ {1} and a € Z/dZ. Then, for any 0 < A satisfying
AB? < HM and any integer j, one has

A
Z Ealm + ji H) < X7 + R exp(AB?loglog y).
teT

In practice, R will be much smaller than X, and the first term on the right-hand side will
dominate.

Proof. From the Chinese Remainder Theorem and (1.1), we see that for any d € Dy, we

have
\Ial =[] 11,| < B®@.
pld
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In particular, the difference set I; — Iy C Z/dZ obeys the bound
Iy — 1] < B*@.

From (5.1), (5.2) we thus have

Ao(d)
ZEA(mt+j§H)= Z Z #{teT:m~+ j=a (modd)}
teT deDp\{1} acly—Iy
AB?)°@ [ ¥
< > %(—d + R>.
deDp\{1} ¢(d)

From Euler products and Mertens’ theorem (for primes) we have

(ABZ)w(d)
Z R A—— H 1+ AB2/P) < CXp{A32 loglog v}
deDy pe(HM 7]
and

AB%)*@ AB?
) (AB)™7 _ T (1+ < exp{AB%/HM) <1+ 0(A/HM). O
4 dé(d) Z-p

€Dy pe(HM 7]

Finally, we are now in a position to complete the proof of Theorem 3.

Proof of Theorem 3(i). By linearity of expectation, we have

EISN[1, yl| = Z P(n € 8S).

I<n<y

Since the set S is periodic with period P and has density o, the summands here are all
equal to o, and (4.1) follows. Now we consider (4.2). Here we decompose Sas S = S1NS;
using (2.11) and (2.12) with

H = ;(log y)'/™.

By the Prime Number Theorem,
Pr=exp{(1 + o(1)) HM} < y!/4+o), (5.3)
By linearity of expectation,

EISN[L, yl* = Z P(ni,np €8) = Z P(n1,n2 € S1)P(ny,ny € S2).

ny,na<y ny,na=y

Observe that the probability P(n1, n> € Si) depends only on the reductions £ = n;
(mod P), £5 := ny (mod Pp). Also, applying Lemma 5.1 (withUd =V = {n1, na}), we
have

P(n1,ny € $2) = (1 + O(Egp(ny — na; H)))o3.
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Therefore,

1E|sm[1,y]|2=1 ; Pwl,ezes]) 1 Y PrumeSy)
=t1,62= =np,n2=
S nlzzfl(rﬁéd%])

npy=~¢, (mod Py)

2
=2 Y P(€1,€2681)<%1+0(1))

1<l1,6,<P

+0(c} Y PlLLES) Y Esn-—miH).  (54)
1<t,6,<P; 1<nj,ny<y
n1=¢£; (mod P;)
nzéfz (mod Pl)

By the definition (2.11),

Y P, eS)=EISiN([l, Pl = (01 P1)°, (5.5)
1<t1,6,=P

since |S1 N [1, P1]| = o1 P always. Next, fix £1, £» € Z/P)Z. Direct counting shows that
for any n1, natural number d € D+ and residue class @ mod d, we have

y y
#{np <y:ny=4Ly (mod P;), ni —np=a (modd)} K — + 1< +1
Y P $(d)Py

Applying Lemma 5.2 to the inner sum over ny, we deduce that

2
1
Z Egp(n) —np; H) K (l) — + %1 exp(O (loglog y))

P ) HM
I<ni,na<y
nlzll (mod P])
ny={, (mod Py) 2 2

M <<y

<
PZHM " logy

(5.6)

using (5.3). Inserting the bounds (5.5) and (5.6) into (5.4) completes the proof of (4.2).
O

Proof of Theorem 3(ii). Let H € $). The case j = 0 is trivial, so we turn attention to the
j = 1 claim:

1
EY > AHig.n= (1+0<W))(1{+1)y|gf,|, (5.7)
q€Qn —Ky=n<y
The left-hand side expands as

E Z Z 1AP(KH;q,n)CSz
|AP(K H;q,n)| ~
qeQu —Ky<n<y Oy



692 Kevin Ford et al.

Recalling the splitting (2.11) and (2.12), that by and by are independent, and conse-
quently that AP(K H; ¢, n) and S; are independent (since the sets AP(K H; ¢, n) defined
in (2.13) are determined by S;), the above expression equals

P(b; =
Y Y Y e P pARK Hig.n) C S,
0.

geQu —Kysn<y by 9

Fix by and apply Lemma 5.1 withi/ = AP(KH; g,n)andV = {n+qh:1 <h < KH}.
We find that the left side of (5.7) equals

>y (1+0<#>+0<# > Eggepr(qh—ql; H))).

qeQp —Ky=<n<y I<h,h'<KH
h#h'

Clearly it suffices to show that

1QH]|

> Exggep(qh —gh's H) < ]

q€Qu

for any distinct /2, i’ satisfying 1 < h, " < K H. For future reference we will show the
more general estimate

1QH]

i (5.8)

Z EgBKZHZ(qe +k H) <
q€Qn

uniformly for any integer k and 0 < |¢| < K H. Note that E4 (n; H) is increasing in A.

To prove (5.8), fix £, k. If d € Dy \ {1} and a mod d is a residue class, all the prime
divisors of d are larger than HM > K H > |¢|; meanwhile, g is larger than z and is hence
coprime to d. Thus the relation g€ = a (mod d) only holds for ¢ in at most one residue
class modulo d, and hence by the Brun—Titchmarsh inequality we have

y/H

#{g € Qp : gl =a (mod d)} K m

when (say) d < ,/y (recall that H < (log /2 by (2.7)). For d > ,/y, we discard the
requirement that ¢ be prime, and obtain the crude bound

H
#g e Qn:ql =a(modd)} K L+1 < y/
Vo
Thus for all d we have
y VY
# gl = d d - s
{g € Qn : g =a (mod d)} K o@D hn + ’
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and hence by Lemma 5.2,

y H2 ﬁ 2
— 4+ == O(H"logl
Hiogy BV T & XP(OH loglog )

Z ESBKZHZ(QE'FIC; H) <<
q€Qn

< 1Qu|H* ™™ + %yexp(O(Hz loglog y)).

We note that the O-bound in the exponential depends on B and K. The claim (5.8) now

follows from the upper bound in (2.7), namely that H < (log y)!/?(loglog y)~!, together

with the bounds (2.8) on |Q g |. Incidentally, this is the only part of the proof that requires

the full strength of the upper bound in (2.7), but it does however constrain the size of z.
Now we turn to the j = 2 case of Theorem 3(ii), which is

EY (Y MHign) = (1+0<#))(K+1)2y2|9m.
qeQy —Ky<n<y

The left-hand side may be expanded as

LAP(K H;q,n)UAP(K H;q.n2)CS>
]E Z Z |AP(K H;q,n))|+|AP(K H;q,n)| *
qeQu —Ky=ni,ny<y 9y
Apply Lemma 5.1 with
U=AP(KH;q,n)UAP(KH;q,ny),
V={n+qgh:1<h<KH}U{ny+qh:1<H <KH},

so that |V| = £ > KH. Noting that S, is independent of both AP(K H; g, n1) and
AP(K H; q, ny), we may write the previous expression as

1 1
Z Z <1+0<W)+O<m Z (1h;éh’ESBK2H2(qh_C]h/; H)

qeQp —Ky=ni,ny=<y hW<KH
+ 1y, 2, Egpr2g2(ni + gh —ny — gh'; H)))).

Using (5.8), we obtain an acceptable main term and error terms for everything except for
the summands with 7 = h’. For any fixed ny, any d > 1 and ¢ mod d,

#H{—Ky<ny <y:ni—np=a(modd)} K y/d+1,

so by Lemma 5.2, we have

H? 2
Z Egprap2(ny —nos H) K )’ZW + yexp(O(H? loglog y)) < H)A)/I—z"
—Ky=<ni,np<y
again using (2.7). This completes the proof of the j = 2 case, and so we have established
4.3). <
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Proof of Theorem 3(iii). The j = 0 case follows from the j = 1 case of part (i) (that is,
(4.2)), so we turn to the j = 1 case, which is

1
B Y X Y attign—an = (140( 5 ) )iQnik o,
neSN[1,yl1 geQny h<KH
It suffices to show that for each 7 < K H, one has
1
E > Y AH:ig.n—qh) = (1+0<W>)|9H|ow. (5.9)
neSN[1,ylqeQpn
The left-hand side can be expanded as

lAP(K H:q.n—qh

;q,n—qh)CSy

D Z Z |AP(K H;q,n—qh)| *
neSN[l,y1qeQn 92

By (2.11), the constraint n € S N [1, y] implies that n € S; N [1, y]. Conversely, if
n € S NJ[l,y], thenn € AP(H; q,n — gh), and the condition n € S is subsumed
in the condition that AP(K H; g,n — gh) C S;. Thus we may replace the constraint
n € SN[1, y] here with n € S; N [1, y] and rewrite the above expression as

LAP(K H;q,n—gh

;q,n—qh)CSy

E Z Z |AP(K H;q,n—qh)| ~
neSiN[l,ylgeQy 92

Recall that S; is independent of S| and of AP(K H; g, n — gh). Applying Lemma 5.1 as
before, we may write the left side of (5.9) as

1 1
neS1N[1,yl qeQn n'.h"<KH
W #£h"
Trivially we have

Y
E[Si N[L,yll=) PneS) =0y, (5.10)

n=1
and the claim (5.9) now follows from (5.8).
Finally, we establish the j = 2 case of Theorem 3(iii), which expands as

E Y > AH:iqu.n—qh)AH; g0 — g2ho)

hi,ho<KH neSN[1,ylq1,q2€Qn
1 ol
=(1+0(—— ZK2H>—y.
( (HM‘2>)|QH| o2’

With Ay, h, fixed, we can use (2.14) to expand the sum over n, g1, g2 as

5 Z Z LAP(K H:g1,n—q1 1) UAP(K H;q2,n—q2h2)CSs 5.11)
UIAP(KH:CH,"—611’11)\+|AP(KH:qz,n—£I2h2)| ’
neSN[1,y1q1,q2€Qn 92
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Asinthe j = 1 case, we may replace the constraintn € SN[1, y] here withn € S;N[1, y].
Next, we observe that the set

AP(KH;qi,n—qih)) UAP(KH; g2, n — q2h?)

contains at most |AP(K H; g1, n—q1h1)|+|AP(K H; g2, n—q2h2)|— 1 distinct elements,
as n is common to both of the sets AP(K H; g1, n —q1h1), AP(KH; g2, n — q2h3). Thus
if we apply Lemma 5.1 (noting that S is independent of S;, AP(K H; g1, n — g1h) and
AP(K H; g2, n — g2h»)) after eliminating the duplicate constraint, we may write (5.11)

as
1 E'(q1) + E'(q2) + E"(q1, q2)
_1 >
oE D) (“FO(HMNL H?
neS1N[1,y1q1,92€Qn
where
E/(q) = Z EgBKZHZ(qh_qh/; H)’
hiW<KH
hth
E"(q1.92) = ), Egpropp(@ih — qihi — qahy + qaho; H).
hy.hy<KH
hy#h'), ha#h),

The average over E’(q1) + E’(q2) is acceptably small by the j = 1 analysis. Thus (using
(5.10)) it suffices to show that
1
> Esprenmr(@ih = qihi — qahy + qho: H) < o 1Q
q1,92€QH

for each h', h), < KH with h| # hyi, h), # hy. But this follows from (5.8) (applied

with ¢ replaced by ¢; and k replaced by —g2h), 4 g2h2, and then summing over ¢>). This
completes the proof of the j = 2 case, and so establishes (4.4). O

We have now verified all the the claims (4.1)—(4.4), and so have completed the proof of
Theorem 3.

Appendix. Proof of the covering lemma

In this appendix we prove Lemma 3.1. Our main tool will be the following general hy-
pergraph covering lemma from [4, Theorem 3]:

Theorem A (Probabilistic covering). There exists an absolute constant C4 > 1 such that
the following holds. Let D,r, A > 1,0 <k < 1/2, and let m > 0 be an integer. Let T > 0

satisfy
10m +2

A
1< ——F— . (A.1)
<C4 exp(AD))

Let Iy, ..., I, be disjoint finite non-empty sets, and let V be a finite set. For each 1 <
J <mandi € I}, let &; be a random subset of V. Assume the following:
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o (Edges not too large) Almost surely forall j =1,...,m andi € I}, we have
#e; <r. (A2)
o (Each sieve step is sparse) Forall j=1,...,m,i € [jandv eV,
T
P(U ce) < W (A3)
e (Very small codegrees) Forevery j =1, ..., m, and distinct vy, vy € V,
Y P ee) <. (A.4)
iEIj
o (Degree bound) If for everyv € V and j = 1,...,m we introduce the normalized
degrees
dy; (v) := Z]P’(v €e) (A.5)
iEIj
and then recursively define the quantities P;(v) for j =0, ..., mand v € V by setting
Po(v) =1, (A.6)
P 1(v) :== P;j(v) exp(—deH(v)/Pj(v)) forj=0,...,m—1 (A.7)

and v € V, then

dp(v) = DPj1(v) (I1=j=m,veV),

Pi(v) >« O<j<m,veV).
Then there are random variables €] for each i € U;"Zl I; with the following properties:

(a) For eachi € U;"zl I;, the support of €, is contained in the support of €; union the
empty set singleton {#}. In other words, almost surely e; is either empty, or is a set that
e; also attains with positive probability.

(b) Forany 0 < J < m and any finite subset e of V with #e < A — 2rJ, one has

J
IP(e cvvJu e;) =1+ 0@ )Pse) where Pi(e):=]]Piw).

j=liel; vee
Proof. See [4, Theorem 3]. ]

To derive Lemma 3.1 from Theorem 5, we repeat the proof of [4, Corollary 4] with a
different choice of parameters. Let the notation and hypotheses be as in Lemma 3.1.
Firstly, we may assume that < 1/1000, for the conclusion is trivial otherwise.
Let 8 = B(5) be a parameter satisfying
1
B> 10% > io—glﬂ. (A8)
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This is possible aslog 8 < B — 1 forall B > 1. Let

log(1
. [ og( /ﬂ’ A9
log B
so that, by (3.9),
limi810g10gy+logloglogy+1’ lfﬂmié. (A.10)
log g n n
By (3.9) and (A.8), C; > ﬁﬁlo_glﬁ and thus we may find disjoint intervals .41, ..., .%, in
[0, 1] with length
1—j 1
1 =08 oy, (A11)
&)
Letf = (t1, ..., ts), where t; is a uniform random real number in [0, 1] for each i, and
such that t, ..., t; are independent. Define the random sets

=L ={1<i<s:t €.

for j =1, ..., m. These sets are clearly disjoint.

We will verify (for a suitable choice of t) the hypotheses of Theorem 5 with the indi-
cated sets /; and random variables e;, and with suitable choices of parameters D, r, A > 1
and 0 < k < 1/2.

Let v € V, 1 < j < m and consider the independent random variables
(va’”(z))lf,-fs, where

P ee) ifie I(t),

XU =
! 0 otherwise.

By (3.8), (A.11), and (A.10), forevery 1 < j <m and v € V we have

Y EX ) = Y P ee)Pi e ;) =17 Y P e e)
i=1 i=1 i=1

= B log p+ O~ log ) = B!~V log  + O (B log ).

In the last equality we have used Cp > 1.
By (3.6), we have |X§U’J)(f)| < y~1/2=1/100 for all i, and hence by Hoeffding’s in-
equality,

s . ) ~1/100
(.j) 3 .j) 3 1 Y
IP’(‘ > l(xi () — EX! (t))( > yl/m) < Zexp{—Z—y_l_l/sos}
o

= 2exp{—2y!/100},
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Here we used the hypothesis s < y. By a union bound, the bound |V| < y and (A.9),
there is a deterministic choice 7 of t (and hence Iy, ..., I,;) such that for every v € V and
every j = 1,...,m, we have

s
W) 7 W) 7 1
’Z(xi” ) — EX" (t))’ < S
i=l1

Note that this is vastly smaller than 8~ =< (log y)~®. We fix this choice 7 (so that the I;
are now deterministic), and we conclude that for y sufficiently large (in terms of §)

s o 1
ZP(veei)=ZX§ (i) = p! flogﬁ+0(/3 ! mlOgﬂ"‘yl/zoo)
1

i€l; i=
=B/ logB+ OB~ log ) (A.12)
uniformly forall j =1,...,m, and all v € V. In particular, all sets /; are non-empty.
Set
T = y—l/IOO (A.13)

and observe from (3.6) and the bound |1;| < s < y that the sparsity condition (A.3) holds.
Also, the small codegree condition (3.7) implies the small codegree condition (A.4).
From (A.5), (A.12) and (A.10), we now have

d, () = (1+ 0B~/ log B

forallv e V,1 < j < m.Let A satisfy 1 +1log 8 < A < B. A routine induction using
(A.6), (A.7) then shows (for y sufficiently large) that

Pi)=(1+00 7"~ (0<j<m. (A.14)

In particular we have
diy(v) =DPji1(v) (1=j=m)

for some absolute constant D, and

Pi(v) >k (0<j<m), where «>p " =>n/B>n.

We now set 12

1

r:&, A:=2rm+1.

loglogy

By (A.10) and (3.5), one has
A< (logy)'?
and so (A.2) holds and also
A 1/2
> exp(—O((log y)'/*(loglog ). (A.15)

Csexp(AD)



Long gaps in sieved sets 699

By (A.9) and (A.8),

Slog 10 1

m % Toz B ﬁ,glf? 1/2—¢;
10" « (1/n)©ef < (logy) ©e# (loglogy) ©e# < (logy)

for some €1 = €1(8§) > 0. Hence by (A.13), we see that

/10" < exp(—K (log y) /21 (A.16)

for some absolute constant K > 0. Combining (A.15) and (A.16), we see that (A.1) is
satisfied if y is large enough. Thus all the hypotheses of Theorem 5 have been verified
for this choice of parameters. Applying Theorem 5 and using (A.14), one thus obtains
random variables e fori € U;"Zl I; whose range is contained in the range of e; together
with @, such that

m
Png | JUel) <p™ <n
j=liel;
forallme V.Forl <i <s,i ¢ U}"zl I;, set €; = {} with probability 1. By linearity of
expectation this gives
N
E[V\[Je

i=1

<L n|V]|.

Hence, for some absolute constant C3 > 0, we have

‘V\Oeg

i=1

< C|V|

with probability > 1/2. Therefore, there is some vector (eq, ..., es) of subsets of V,
where, for every i, e; is in the support of e; or is the empty set, for which (3.10) holds.
Finally, for the i such that ¢; is the empty set, replace e; with an arbitrary element in the
support of e;; clearly (3.10) still holds.
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