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Abstract. Let « be a contact form on a connected closed three-manifold . The systolic ratio of «
is defined as psys(@) = WTmin(a)z, where Tiyin (o) and Vol(r) denote the minimal period of
periodic Reeb orbits and the contact volume. The form « is said to be Zoll if its Reeb flow generates
a free S1-action on =. We prove that the set of Zoll contact forms on X locally maximises the
systolic ratio in the C 3-topology. More precisely, we show that every Zoll form o admits a C 3.

neighbourhood I/ in the space of contact forms such that pgys(ar) < psys () for every o € U, with
equality if and only if « is Zoll.

Keywords. Systolic inequality, diastolic inequality, Zoll contact forms, periodic orbits, generating
functions, global surfaces of section

1. Introduction

Let X be a connected closed manifold of dimension 2n + 1 and let C(X) be the set of
contact forms on it, that is, the elements @ € C(X) are one-forms on ¥ such that the
(2n + 1)-form o A (da)” is nowhere vanishing. This property implies that there exists a
unique vector field Ry on ¥ determined by the relations da(Ry, -) = 0 and @(Ry) = 1.
The vector field Ry, is called the Reeb vector field and the associated flow ® the Reeb
Sflow. Periodic orbits of ®* are fundamental objects in contact and symplectic geometry.
The Weinstein conjecture, which asserts that every contact form on a closed manifold
possesses at least one periodic orbit [Wei79], has played a prominent role in the field.
The conjecture has been established in many particular situations, most notably when X
is three-dimensional [Tau07]. In these cases a more refined question arises: What can be
said about the period of the orbits that one finds? A natural problem is, namely, to give an
explicit upper bound on T, (@), the minimal period of periodic orbits of ®¢, in terms of
some geometric quantity associated with .. Following [APB14], we use here the contact
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volume (other choices are possible and can lead to different results, as in [AFM17])
Vol(a) := / a A (da)* >0, (1.1)
)

and consider the systolic ratio

Tnin (a)n+1

psys : C(E) = (0,00],  psys(a) := Vol(a)

Inside C(X) one can consider the subset C(£) of contact forms defining a given co-
oriented contact structure £ on X. This means that £ is a co-oriented hyperplane field
such that kera = & for all @ € C(§). Following the breakthrough result in dimen-
sion three obtained by Abbondandolo, Bramham, Hryniewicz and Salomdo [ABHS19],
Saglam [Sag18] showed that

sup  psys(a) = +00,
aeC(§)

i.e. the systolic ratio does not admit a global upper bound on C (&), for any contact struc-
ture £ in any dimension.

Such bound might hold, however, if one takes a special subclass of contact forms
in C(&). For instance, a celebrated theorem of Viterbo [Vit00, Theorem 5.1] (see also
[AAMOO8]) asserts that the systolic ratio is bounded from above on the set of contact
forms on $2"*! arising from convex embeddings into R?"*+D_ Another distinguished
subclass is given by the canonical contact forms on the unit tangent bundle of closed
Riemannian or Finsler manifolds. This is the setting where systolic geometry originated
and has been hitherto extensively studied (see [Ber03, Chapter 7.2]).

In a similar vein, for a general ¥, one is led to study the local behaviour of psys around
its critical set. This direction of inquiry was initiated in [APB14] by Alvarez-Paiva and
Balacheff, who showed that Crit pgys is exactly the set of Zoll contact forms.

Definition 1.1. A contact form « on a manifold ¥ is called Zoll of period T (¢) > 0
if the flow ®¢ induces a free R/ T («)Z-action (all orbits are periodic and have prime
period T («)). We write Z(X) for the set of all Zoll contact forms on X.

Once a Zoll form «, is given, it is easy to deform it through a path s — o of Zoll forms
with ag = a,. We can just set oy 1= T;Wa,, where s = W is any isotopy of X and
s = T a path of positive numbers. By a theorem of Weinstein [Wei74], these represent
all possible deformations of «, through Zoll contact forms.

While the local structure of Z(X) is well understood, describing when Z(X) is non-
empty and investigating its global structure are more subtle issues. In this regard, a clas-
sical construction by Boothby and Wang represents a useful tool [BWS58, Theorems 2
and 3]. From Definition 1.1, it follows that if «, is Zoll of period 1, the quotient by the
action of the Reeb flow yields an oriented S'-bundle p : ¥ — M, where M is a closed
manifold of dimension 2n and S' = R /7. The Zoll contact form o, becomes a connection
form for p, while the two-form do, descends to a symplectic form w, on M, representing
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minus the Euler class of p. Conversely, given a symplectic manifold (M, w,) such that the
cohomology class of w, is integral, one can construct an oriented S'-bundle p : & — M
with a connection form o, satisfying do, = p*wy, so that «, is a Zoll form of period 1
on X.

The Boothby—Wang construction tells us exactly which connected three-manifolds
admit a Zoll contact form: they are total spaces of non-trivial oriented S'-bundles over
connected oriented closed surfaces. In this case, an easy topological argument shows that
the diffeomorphism type of the quotient M and the Euler number of p depend only on X
and not on «,. In particular, minus the Euler number equals |H 1““(2; 7)|, the cardinality
of the torsion subgroup of the first integral homology of . Hence, as shown in [APB14,
Proposition 3.3], we have the identity

1

T ATY

The next result classifies Zoll contact forms on ¥ up to diffeomorphisms and up to iso-
topies. When X is SO(3) or §3, the diffeomorphism classification was carried out in
[ABHS17, Theorem B.2] and [ABHS18, Proposition 3.9].

Proposition 1.2. Let X be the total space of a non-trivial orientable S'-bundle over a
connected orientable closed surface.

(1) If a and o' are Zoll contact forms on T, then there is a diffeomorphism ¥ : ¥ — X
and a positive constant T > 0 such that

V*a = Ta.
(2) The space Z(X) has exactly two connected components.

We provide a proof of the proposition together with a detailed description of the connected
components of Z(X) in Section 2.

Actually, the results in [APB14] go beyond the characterisation of Crit Psys and imply
that if s — «; is a smooth deformation of e, € Z(X) with atg = ey, then s > pgys(s)
attains a strict maximum at 0, provided the deformation is not tangent in s = 0 to all or-
ders to Z(X). On the other hand, by Weinstein’s theorem, if the deformation is contained
in Z(X), then pgys(as) = psys(ay) for all s. As communicated to us by the authors, an
implicit goal in [APB14] was to answer the following question on a sharp local upper
bound for psys.

Question 1.3 (Local contact systolic inequality). Let o be a Zoll contact form on a
connected closed manifold ¥ of dimension 2n + 1 and let k > 0 be an integer. Does there
exist a C*-neighbourhood U of ay in the set of contact forms on S such that

Osys (@) < psys(ax), VYo el,
and equality holds if and only if « is a Zoll form?

For Zoll Riemannian metrics on a compact rank one symmetric space, an analogous ques-
tion was formulated in [Bal06, APB14]. This Riemannian question is answered positively
for S with k = 2 in [ABHS17].
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In their seminal paper [ABHS18], Abbondandolo, Bramham, Hryniewicz, and Sa-
lomao give a positive answer to Question 1.3 with £ = 3 when X is the three-sphere (or
more generally, by means of a simple covering argument, when the base M is the two-
sphere). Moreover, they give a negative answer to the question in dimension three if one
replaces the C¥-closeness of contact forms with the Cﬂ)c—closeness of the Reeb flows.

In the present paper, building on their beautiful result, we answer Question 1.3 affir-
matively with & = 3 for every closed three-manifold admitting a Zoll contact form (so,
compared with [ABHS 18], here the base M can be an arbitrary orientable closed surface),
including a statement regarding the diastolic ratio

Tmax(O‘)n+1
Pdia(@) = —————,

Vol(«)
where Tiax (o) is the maximal period of prime periodic orbits of ®“. If « is Zoll, then
Thin(@) = T (a) = Timax () so that psys(ar) = pgia(@). To get a stronger result, for every
free-homotopy class  of loops in ¥, we also define the minimal and maximal period
of prime periodic orbits of ®* in the class h and we denote them by Tiin(e, h) and
Tmax (o, B), respectively. Finally, we write psys(, b) and pgia (@, b) for the corresponding
systolic and diastolic ratios. Clearly, psys() < psys(@, ) < pgialet, h) < pdia(cr).

Theorem 1.4. Let o, be a Zoll contact form on a connected closed three-manifold %,
and let by be the free-homotopy class of the prime periodic orbits of ®**. There exists a
C?-neighbourhood U of das, in the space of exact two-forms on ¥ such that, for every
contact form o on X with da € U, we have

1
Psys (o, B) < |H]mr(—2§Z)| < pdia(a, h)

and equality holds in one (or equivalently both) of these inequalities if and only if o is
Zoll. In particular, Zoll contact forms are strict local maximisers of the systolic ratio in
the C3-topology.

Remark 1.5. This result can be used to prove a systolic inequality for magnetic flows on
closed oriented surfaces, as discussed in [BK19].

Sketch of proof of Theorem 1.4. The strategy of the proof closely follows the one in
[ABHS18]. We divide the proof into two parts, corresponding to Sections 3 and 4, re-
spectively.

In the first part we start by assuming without loss of generality that all prime orbits
of o, have period 1, the form « is C2%-close to ay and de is C2-close to day. Then, we
show that there exists a real number 7" with 1 < T < 2 such that the set Pr(«a, h)
of prime periodic orbits y of ®“ in the class h with period T (y) < T is not empty
(see Proposition 3.4). Moreover, given y € Pr(«, ), we construct a global surface of
section N — X for ®%, which is diffeomorphic to M with an open disc removed and
such that its boundary covers the orbit y |H1t°r (X; Z)| times (see Section 3.3). If X is the
restriction of « to N, then dA is symplectic in the interior N and vanishes of order 1 at



A local contact systolic inequality in dimension three 725

the boundary d N. The first-return time, a priori only defined on N, extends to a function
T : N — (0,00), which is C L_close to the constant 1. The first-return map, a priori
only defined on N , extends to a diffeomorphism ¢ : N — N, which is C L_close to idy.
Moreover, ¢*A — A =do,whereo ;=1 —T(y)isaC 1_small function, called the action
of ¢. The volume of « is related to the Calabi invariant CAL(¢) := % /, n 0 dA of the map
¢ through the formula

Vol(a) = f rdi = f (0 + T(y)) dx = 2CAL(p) + |H (5; 7)| T ().
N N

Furthermore, every fixed point ¢ € N of ¢ yields a periodic orbit ¥, € Pr(a, b) with
period

T(yg) =0(q) +T(y).
In particular, when « is not Zoll, ¢ # idy. The properties of the return time and the return
map are collected in Theorem 3.13. As a consequence, in Corollary 3.14 we argue that
Theorem 1.4 is proven if we take y to have minimal, respectively maximal, period among
orbits in Pr(«, b), and are able to show that

¢ #idy, CAL(p) <0 = 3Jg_ € N NFix(p), o(g-) <0,

. (1.2)
¢ #1dy, CAL(p) = 0 = 3¢+ € N NFix(p), o(g+) > 0.

Indeed, if we take y € Pr (e, h) with minimal period and assume pgys(cr, b) > WIZ'Z)I’
1 £
then CAL(¢) < 0. But if « is not Zoll, the first implication in (1.2) yields y,_ € Pr(e, b)

with T(y,_) < T(y). This contradiction proves pgys(a, b) < for a contact

1
|H[* (Z;2)]
form o which is not Zoll. The inequality for pgi, (2, ) follows analogously.
In the second part of the proof, we establish the implications (1.2). When N is the
two-disc, these implications were already shown to hold in [ABHS18, Corollary 5]. The
key step there is a formula for the Calabi invariant in terms of the generating function of ¢
[ABHS18, Proposition 2.20]. Instead of finding such a formula for general N, we show
the implications (1.2) by constructing a path ¢ +— ¢; of dA-Hamiltonian diffeomorphisms
of N with g9 = idy and ¢; = @, which is generated by a quasi-autonomous Hamiltonian
H : N x [0, 1] — R (see Proposition 4.15). We recall from [BP94] that a function H is
quasi-autonomous if there exist ¢min, gmax € N such that
min H(q, t) = H(gmin,t), maxH(q,t) = H(gmax,?), VYt €][0,1].
qgeN geN
In particular, gmin and gmax are fixed points of ¢ if they lie in N. In order to exhibit such
a path, we construct a Weinstein neighbourhood of the diagonal in (N x N, (—dX) & dA)
(see Proposition 4.1). This yields a generating function G : N — R for ¢. Let [0, €) x S!
C N be a collar neighbourhood of the boundary with radial coordinate R. At this point,
crucially using the fact that d\ vanishes at 9N of order 1 in the radial direction, we can
show (see Proposition 4.10) that the generating function belongs to

G:= {G:N—>R|G:00n8N, G is C2-small on N,
+dG is C'-small on [0, €) x S'}.
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Conversely, every G € G is the generating function of some diffeomorphism ¢g :
N — N which is C!-close to the identity (see Proposition 4.12). Therefore, since the
set G is star-shaped with respect to the zero function, the Hamilton—Jacobi equation (see
(4.32)) tells us that, for every ¢ = ¢g, the Hamiltonian function H : N x [0, 1] — R
associated with the path r — ¢;g, t € [0, 1], is quasi-autonomous. Once the existence
of a quasi-autonomous Hamiltonian is settled, the implications (1.2) follow (see Corol-
lary 4.16), as already observed in [ABHS18, Remark 2.8]. Indeed, we can rewrite the
Calabi invariant of ¢ and the action of g, (and similarly of gmax), provided it lies in N ,
as

1
CAL(p) = / Hdx Adt,  o(gmin) = / H (gmin, t) dt. (1.3)
0

N x[0,1]
This finishes the second part of the proof and the whole sketch.

Remark 1.6. Relations (1.3) suggest that one could interpret the implications (1.2) as a
local systolic (resp. diastolic) inequality for quasi-autonomous Hamiltonian diffeomor-
phisms. Such an inequality yields an upper (resp. lower) bound on the minimal (resp.
maximal) action of a contractible fixed point in terms of the Calabi invariant. The bound
can be readily proven for closed symplectic manifolds in arbitrary dimension. On the
other hand, Reeb flows and Hamiltonian diffeomorphisms are two special incarnations of
the characteristic foliation of an odd-symplectic form (also known as a Hamiltonian struc-
ture [CMOS5]) on an oriented circle bundle over a closed symplectic manifold. These ob-
servations prompted us to formulate a conjectural systolic inequality for odd-symplectic
forms, which we discuss in [BK20].

2. Classification of Zoll contact forms in dimension three

This section is devoted to establishing Proposition 1.2. For a clear exposition, we divide
the proof into two lemmas. In the first one, we show that all Zoll contact forms on X
are isomorphic. This was proved in [ABHS17, Theorem B.2] when ¥ = SO(3) and in
[ABHS18, Proposition 3.9] when ¥ = s3.

Lemma 2.1. Let X be a connected closed three-manifold. Let a and o’ be two Zoll con-
tact forms on ¥ with unit period. Then there exists a diffeomorphism W : ¥ — X such
that

Ve = a.

Proof. The Reeb flows of « and «’ yield S'-actions on ¥ and let p : ¥ — M and
p’ : & — M’ be the associated oriented S!-bundles. We write ¢ and ¢’ for minus
the real Euler class of p and p’. Let us orient M and M’ through the forms w and o/,
where da = p*w and do’ = p™*w’. By a standard topological argument, the surfaces M
and M’ have the same genus and (e, [M]) = (¢/, [M']). As the Euler number (e, [M]) is
a complete invariant for principal S'-bundles over oriented surfaces, there exists an S'-
equivariant diffeomorphism ¥ : ¥ — X such that p’ o W| = 1| op for some orientation-
preserving diffeomorphism ¢y : M — M’'. As aresult, if oy := W{o/, then there exists a
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one-form 1 on M such that ¢; = « 4 p*n and do; = p*w;, where w; := ¥{w’. We now
construct a diffeomorphism ¥, : ¥ — ¥ with lIJ"‘oq = «a, so that ¥ := W, o W] is the
desired map. Using a stability argument, we seek an isotopy ®, : ¥ — X generated by
a vector field X, such that

Pray = «, (2.1
where o, := o + up*n for all u € [0, 1]. We will then set W, := ®;. We observe that
wy = (1 —u)w—+uw is a path of symplectic forms on M, as V| preserves the orientation.

Differentiating (2.1) with respect to u, we see that (2.1) is satisfied once X, is chosen as
the vector field in ker o, with the property that dp(X,) = X,, where X, is the unique
vector field on M satisfying the relation (5 w, = —7. O

Recall that Z(X) is the space of Zoll contact forms on X. Let & be an isotopy class of co-
oriented contact structures on X, and let Z(&) be the set of all Zoll forms defining some
element in §&. We denote by —& the isotopy class obtained by reversing the co-orientation
of the contact structures in &.

Lemma 2.2. Let ¥ denote the total space of a non-trivial orientable S'-bundle over a
connected closed orientable surface.

(1) If X is either S3 or RP3, then Z(X) has exactly two connected components Z(& )
and Z(&g). Here & is the isotopy class of the standard contact structure and &g the
isotopy class obtained from & i by applying an orientation-reversing diffeomorphism.

(2) If T is neither S3 nor RP3, then Z(X) has exactly two connected components Z (& )
and Z(&_). Here § | and & _ are two distinct isotopy classes with & _ = —& .

Proof. Letus fix a Zoll contact form « on X with unit period and bundle map p : ¥ — M.
We consider any other Zoll form &’ with unit period on ¥ and we distinguish two cases.

Case 1: M = S*. Here X is the lens space L(p, 1) for some p > 1. Lemma 2.1 yields a
diffeomorphism W : ¥ — % with the property o’ = W*a. Suppose that ¥ is either $3 or
RP3 and let Y : & — X be a diffeomorphism of ¥ reversing the orientation. By Cerf’s
Theorem (see [Cer68], and [Bon83 Théoreme 3] or [HR85, Theorem 5.6]), W is 1s0toplc
either to the identity or to Y, thus showing that «’ is homotopic either to « or to T*«
within Z(X).

Suppose now that ¥ is neither S nor RP3. Then, a p-fibre is not homotopic to itself
with reverse orientation. Therefore, « and —« are not homotopic in Z(X). Moreover,
by Lemma 2.1, there exists a diffeomorphism Y_ : ¥ — X such that Y*o = —«. In
particular, Y_ changes the orientation of the fibres and is not isotopic to the identity. By
[Bon83, Théoreme 3] or [HR85, Theorem 5.6] again, the map W is isotopic either to the
identity or to Y_. Hence, o’ is homotopic either to a or to —a within Z(X).

Case 2: M # S*. The long exact sequence of homotopy groups shows that a p-fibre is
not homotopic to itself. Therefore, @ and —« are not homotopic within Z(X). Moreover,
[Wal67, Satz 5.5] implies that there exists a diffeomorphism ¥ : ¥ — X isotopic to the
identity and such that W*o’ is an S'-connection for p or for p with reversed orientation.
The stability argument in the proof of Lemma 2.1 shows that W*«’ is homotopic to «
or —a.
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We finally observe that if  is not S3 or RPP, then & 4 and &_ are not isotopic. To
see this, we use the last statement of [MasO8, Theorem D]. The fact that ¥ # $3, RP3
is equivalent to (e, [M]) > x (M), and implies the hypothesis —b — r < 2g — 2 therein,
where b = (e, [M]),r = 0 and 2g — 2 = — x(M). Therefore, one only needs to check
that the twisting number 7 (£ ) defined in [Mas08, p. 1730] is —1. If we suppose that «
has period 1, then it is an S'-connection for p with do = p*w and there exists a positively
immersed disc D> < M whose lift to the universal cover of M is embedded and such
that | p2 @ = 1. One readily sees that the horizontal lift of the boundary of D? traversed
in the negative direction is a & . -Legendrian curve in ¥, which is isotopic to an oriented
p-fibre and has twisting number —1. O

3. A global surface of section for contact forms near Zoll ones

Let us start by fixing some notation which will be used below. As before, we set
sl = R/Z. Let ¥ be a connected closed three-manifold and let o, be a Zoll contact
form on X with unit period (see Definition 1.1). Let R, denote the Reeb vector field
of . Since oy is Zoll, R, induces a free S'-action on T and yields an oriented S L
bundle p : ¥ — M, where M is the quotient of ¥ by the action and p is the canonical
projection. We write b for the free-homotopy class of the oriented p-fibres. Throughout
this section, we fix auxiliary Riemannian metrics on ¥ and M, in order to compute the
distance between points and between diffeomorphisms, and the norm of sections of vec-
tor bundles over these manifolds. The space M is a connected closed surface having a
symplectic form w, satisfying
day = p*ow,.

We endow M with the orientation induced by w,.

Let gy and i be the standard scalar product and complex structure on R?> = C, re-
spectively. If @ > 0 is an arbitrary positive number, we denote by B (respectively B’)
the closed Euclidean ball in R? of radius a (respectively a/2). We write x = (x1, x7) for
a point in B and let Ay = #(xldm — xodx1) be the standard Liouville form (up to a

constant) on B. We consider the trivial bundle pg : B x S' — B and we write ¢ for the
fibre coordinate. We set

Olgt -— d¢ + p:t)\tstv Rst = 3¢

We now define a finite Darboux covering for M. For this purpose, let Z C X be a finite
set of points. We consider S'-equivariant embeddings

D,:BxS'> %, 9,0,0=z VzeZ.
This means that there are corresponding embeddings
% :B—>M, 0,0 =¢q, Vqep2),

such that
po®; = Opyobst, VzeEZ.
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We write &, := D.(B x §), X = D,(B' x s1y, and M, = 0,(B), Mc; = 04(B).
Finally, we denote by (x., ¢.) € B x S! the coordinates given by D.. By the compactness

of X, we see that if a is small enough, the following three properties can be assumed to
hold:

(DF1) M = U M,
qep(2)
(DF2) 3d, >0, dist(M,. M\ M,) >d.. ¥qep(Z),

(DF3) Dlay =ay, VzelZ.

3.1)

In this section, we define a neighbourhood of dw, in the space of exact two-forms on X
with special properties. The elements of the neighbourhood will be exterior differentials
of contact forms whose Reeb flow has a distinguished set of periodic Reeb orbits, which
can be used to construct a global surface of section for the flow.

3.1. A distinguished class of periodic Reeb orbits

For any contact form « on X, let R, be its Reeb vector field. Let P(«) denote the set of
prime periodic orbits of the Reeb flow ®* of «. For all T € (0, 0o), we also denote by
Pr(«) the subset of P () whose elements have period less than or equal to 7. We write
P(e, h) for the subset of P(«), whose elements are in the class b, that is, they are freely
homotopic to an oriented p-fibre. We abbreviate Pr (¢, §) := P(«, h) N Pr(a).

If y € P(«), we write T (y) for the period of y and define the auxiliary one-periodic
curves

Yeep, V s'— 3, Yeep() ==y T (y)), yu) = & (y(0)).
We define

Thin(e, ) ;== inf  T(y), Thmax(a,b):= sup T(y).
y€P(a,b) yeP(a,b)

We now explore how much information on the Reeb dynamics is already encoded in the
exterior differential of the contact form.

Lemma 3.1. Let a1 and ap be contact forms such that day = day. The forms oy A day
and ay A day induce the same orientation on % and Vol(a1) = Vol(ap). Moreover, there
is a bijection between P(a1) and P(ay) which preserves the oriented support of curves.
The bijection is period-preserving when restricted to P(«1, b) and P(az, h). If oy is Zoll,
then ay is also Zoll, and T (a1) = T (ap).

Proof. Since day = do, we have Ry, = mRa] and ap = o1 + n for some closed
one-form 1. We orient ¥ so that oy A do; is positive and compute

Vol(a2)=/ az/\da2=/ a1 A dog —i—/ nAdazzfalAdal = Vol(«y).
) = ) =
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In particular, the orientations induced by o1 and by «» coincide. Therefore, for all z € X,

1
P 0@ =0 (), 0t 2) :=f0 (1 > @7 (2) %,

sothat 1| — (¢, z) is strictly increasing. Hence, ®%! and ®*2 have the same trajectories,
up to an orientation-preserving reparametrisation, and we have a bijective correspondence
between P(cr1) and P(cp) preserving the oriented support of periodic orbits. Let y; €
P(a1, h) and y» € P(az, h) be corresponding periodic orbits. Since the homology class
of y1 and y» is torsion, the fact that n is closed implies

T(yp) = / yiap = / yiai +/ vin=T() +0.
R/T(m)Z R/T(n)Z R/T ()7

Finally, if oy is Zoll with period T7, then o is also Zoll with period 75 := # (T, z)
(independent of z € X), as 1] — 2 (t1, z) is increasing. Since every prime periodic orbit

of ®“! has torsion homology class, we conclude as above that 75 = T7. O
On the space of one-forms & on X we consider the norm || - || -3 defined by
lalles == lleellc2 + lldallc2.

There is a constant Cp > 0 depending only on X and the Darboux family such that for
every one-form « on X,

1
oo loler = maxIDluler = Collelea. (3.2)

For every € > 0, we denote the C2 -ball with centre ,, and radius € by

B(e) := {a one-formon X | [la — axll 3 < €}

The next result shows why it is natural to consider the C -norm for our purposes.

Lemma 3.2. There exists a constant Co > 0 such that for all one-forms o’ on T, there is
a one-form a on X with the property that

do =do/, Ve >0, |[de’ —day] 2 <€ = a € B(Coe).

Proof. By standard elliptic arguments (see for instance [NicO7, Chapter 10]), there exists
a constant C(’) > 0 such that for any exact two-form €2 on X, we can find a one-form ng
with

dne=92. el < Gyl

Setting & := a4 + Ndo'—da, and applying the above fact to 14y’ —dq, . We have do = do’
and
lo — aullc2 < Clllde’ — darallez,  lldor — darall 2 = llder’ — devs |l 2.

The statement follows with Cp := Cjj + 1. O

We can now proceed to study the Reeb dynamics for one-forms in the sets B(€).
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Lemma 3.3. There exist €9 > 0 and C1 > 0 with the following properties. Every o €
B(eo) is a contact form, and if 7/ € T,z € Z and T € (0, 00) are such that the integral
curve t — ®¥() lies in T for all t € [0, T], then the curve yy := (xy(t), (1)) =
D 1(®%(2)) satisfies

7 — Rstllc2 < Cille — sl o5 - (3.3)

Thus, if . : [0, T]1 = R with ¢./(0) = 0 is a lift of ¢, — ¢ (0), then
X () —x2(0)] < Crtlla—aulles. ¢z ()—t] < Citlle—asllcs. ¥t €[0.T]. (3.4)
Proof. 1f a is a one-form on X and we set o, := D} a, then the estimate (3.2) yields

e, — arell s < Colle — oyl s - (3.5)

If g > 0 is sufficiently small, then every o € B(¢&p) is a contact form and there exists
A > 0 such that

[Ra, — Rstllc2 < Allaz —astlles, Vo € B(eo). (3.6)

Moreover, using (3.5), we have
[Re, — Rstllc2 = ACo o — atell o5 - (3.7
Therefore, we just need to estimate the left-hand side of (3.3) against || Ry, — Ryl 2. We

know that y,, = Ry, (y,), which yields [y, — Rgllco < [|Ra, — Rstllc2. For the higher
derivatives, we just observe that |||l o is uniformly bounded by 1 + ACp and

d . . . .
E(Vz’ —Ry) =Yy =dy, Ra, -2 =dy, (Re, — Rs) - V2,

2
. 2 . . .
@(Vz’ — Ry = de’ Ro, (V2. v2) +dy, Ra, - V2
. d
=7, (Ro. = R, 72) + dy (Re, = R) - (2 = R

This shows (3.3). Finally, integrating (i)z/ and x, and using (3.3), we obtain (3.4). |

Proposition 3.4. There exist Cy > 0, and for all real numbers T in the interval (1, 2), a
radius €] = €1(T) € (0, €o] such that for all « € B(ey) the following properties are true:

(1) A periodic orbit y of ® belongs to the set Pr(«) if and only if for all z € Z such
that y (0) € X, y is contained in X, and yrep is homotopic to y within X. In this
case, if we set y, := ’Dz_l oy, V; i= @Z_l oy, then

IT(y) =1l < Colle —axlics,  Verep = Vzllcs = Calla — ol 3.

(ii) The set Pr(«, b) is compact, non-empty and coincides with Pr («).
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Proof. We claim that item (i) holds with
.
€] :=ﬁmln{d*,2—T,T—1}, Cy :=10C;.

Moreover, if a periodic curve y is contained in ¥, then we can write y = (xy, ¢) in
the coordinates ©. Moreover, if ¢, : R — R is the unique lift of ¢, — ¢, (0) such that
¢y (0) = 0, then ¢, (T'(y)) = 1 if and only if yep is homotopic to y within X.

Let us now assume that @ € B(e;) and that y € Pr(«). Let us take z € Z such that
y(0) € X.. Since T < 2, inequalities (3.4) and (DF2) imply that y is contained in X..
By (3.3), we see that

¢y =1 —11=¢)| =1 —llyz = Rullc2 > 1 = Crer = 1/2 > 0.
Hence, ay(T(y)) > 0. On the other hand, using (3.4) and the fact that €] < %, we get

b, (T(y)) < T(y)+CiTe; < T +2Cre; <2.

Since ay (T (y)) is an integer, we conclude that ay (T(y) =1.

Conversely, we assume that y = (xy,¢,) C X; and that y;p is homotopic to y
inside ¥, and prove that y € Pr(«). The curve y is prime since ay(T(y)) = 1 has no
non-trivial integer divisor. Substituting = T (y) in the second inequality in (3.4) yields

IT(y) =1 = CiTW)ller — axll s - (3-8)

Using [lo — axll-3 < €1, we solve for T (y) and get T'(y) < (1 — Cie1)~ L. This implies
that T (y) < T since
1—c16151—T_1 o=t 1
2 T T
We suppose that y € Pr(«) and prove the estimates in item (i). The first inequality
comes from (3.8) using T(y) < 2 and C, > 2Cj. For the second inequality, exploiting
(3.4) and (3.8) we have

Verep(s) = ()] < [xy ST )] + [y ST () — 5|
= Cille —axlle3 T(y) + by (ST (1)) —sT()| + T (y) — 1|s
=Cilla —axlle3T(y) + Cilla —axll 3 T(y) + 1T (y) — 1]

< 6C1llr — aell s
The higher derivatives can be bounded through (3.3) and (3.8):

dyz,rep _ d&
ds ds

S ITGGy, ®y)rep — Rstll 2
C

< Tl Giy. by — Drepllc + 1T () — 1]
< T -T2 Giy. dy — Dlice+2C1 lle — a3

< 2’Cille —axlles +2C1lle — el s -
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Let us prove (ii). From [Gin87, Section III] or [APB14, Section 3.2], up to shrinking €1,
for every o € B(e1) there exists a differentiable function S, : ¥ — R such that Crit Sy
is the union of the supports of the orbits y € Pr(«). Therefore, Pr(«) is non-empty as
Crit Sy is non-empty. The set Pr () is also compact by the Arzela—Ascoli theorem, as its
elements have uniformly bounded periods, and X is compact. Finally, by item (i) we have
Pr() = Pr(a b). o

3.2. Bringing the Reeb flow to normal form

In this subsection, we show that if « lies in B(e;) and y € Pr(«, ), we can suppose that
y is a given flow line of R,, up to rescaling « and applying a diffeomorphism of X.

Lemma 3.5. There is a constant Cz > 0 with the following property. For all 79, z1 € %,
there exists an S'-equivariant diffeomorphism W21 - X — X isotopic to the identity
with

Wz (o) =21, Wh o=, (AW llc, 1AL Dl < Ca.

20,21 20,21

Proof. We start with a local construction. Let Ko : B — [0, 1] be a function which is
equal to 1 in a neighbourhood of B’ and whose support is contained in the interior of B.
For every (x', ¢') € B’ x S!,let ¢’ € [0, 1) be a lift of ¢’. We define

Ki:B—>R, Kix) :=¢ +gulx,ix).

We let K,/ : B — R be the function K,/ := KK and d>tX the flow on B x S! generated
by the unique vector field X such that

ast(X) = Ky o pt, txdog = —d(K o pg).

Thus, K,/ o pg is the contact Hamiltonian of dD,X according to [Gei08, Section 2.3]. The
vector field X is compactly supported and an application of Moser’s trick shows that

(@5 *ay =y, VreR. (3.9)

The flow <I>,X lifts the Hamiltonian flow of the function K, with respect to wg on B.
Moreover, since the curve ¢ — (tx', 0) is ag-Legendrian and K/ (tx") = ¢’, we see that

®X(0,0) = (tx', 1)) € B' x S', Vi [0, 1].

Then the map Vg v/ ¢) = @f is a compactly supported diffeomorphism of B x S!
sending (0, 0) to (x’, ¢") and there exists a positive constant C’, independent of (x’, ¢'),
such that

1AW 5 (o g llczs 1d(Wg 0 )l < €. (3.10)

This completes the local construction. For the global argument, we observe that there
exists m € N* independent of zg, z; and a chain of points

Gy cCcx, wueU:={ul|j=0,...,m}, u;:=1/m,
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such that

Vue UN{L}, yu € Z,  zu, Zutu; € E;u-

We construct W, ., as the composition of m maps Vertupy 2 > Zou el \ {1}.

Consider the trivialisation Dy, : B x S — %, and define

Yo L

\I’ Yu

T %, v =D, 0 (¥

-1
: —1 (o) \If
ZusZutuy ZusZutug B;gyu (Zquul) Bv@)_’u] (zu)

The lemma follows from (3.9) and (DF3) together with (3.10) and the classical estimate
on the C%-norm of the differential of a composition of maps. In particular, the constant
C3 that we find depends only on ¥ and the Darboux family. O

Definition 3.6. Let us fix a reference point z, € Z with ¢, := p(z,) and define y, :
S! — % to be the prime periodic orbit of R, passing through z at time 0. We say that a
contact form « is normalised if y, € P(«). For every € € (0, €g], we define the set

B, (€) := {a € B(¢) | « is normalised}.

Definition 3.7. Let c be a positive number and ¥ : ¥ — ¥ a diffeomorphism. For every
contact form « on X, we write o ¢ = %\Il*a, so that Vol(a) = ¢2 Vol(otc,w) and we
have a bijection

P(a) = P(acw), Yew(s) := (Wl oy)(cs), Vs e R,
V= vew, T(yew) = 1T(y).

The next result is analogous to [ABHS 18, Proposition 3.10].

Proposition 3.8. Let T be a number in (1, 2). For every €3 € (0, €g], there is €3 € (0, 9]
(depending on €y and T) with the following properties. For all o € B(e3) and all y €
Pr(a, b), there exists a diffeomorphism W : ¥ — X isotopic to the identity such that

ary),w € Byu(€), yro),w = Vx.

Furthermore, the bijection P(a) — Plar),w) restricts to a bijection Pr(a, ) —
Prary),w, bh).

Proof. Let a be an element of B(e3) for some €3 < €| to be determined later on, and
let y be a periodic orbit in Pr (e, ). Here the constant €; is given by Proposition 3.4.
We apply Lemma 3.5 with z9p = z4 and z; = y(0) and get a diffeomorphism ¥ :=
W,y : X — X and a constant C3 satisfying the properties described therein. We

abbreviate o] := Wia. We get some C’ > 1 depending on C3 such that
lloep — 05*“@3 < C'lla — a*Hcf- (3.1
The periodic curve y; = W ' y belongs to Pr(a1, h) and has period T (y). As

y1(0) = z4, we have y| = p,. If e3 < %el, then oy € B(e;) and Proposition 3.4
implies that y; € X, and

”(Vl)z*,rep - (V*)z*||c3 =< C””Ol - a*”@i, C’ = C2C/' (3.12)
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We write (¥1)z,.rep = (X1, ¢1) in the coordinates given by D, . If €3 is small enough,
from (3.12) we see that ||x1||co < 1/2 and the map ¢ : S — ! is a diffeomorphism of
degree 1. In particular, there exists a unique map A¢; : S' — R which lifts ¢; — idg:.
We define a diffeomorphism W5 . : B x S' — B x S! by

W) . (x,5) = (x + K(|x])x1(s), s + K(|x|)A¢1(s)), Y(x,s) € B x Sl,

where K : [0, 1] — [0, 1] is equal to 1 on [0, 1/2] and equal to O close to 1. By (3.12),
we have
W2z, —idpysilics < CTIIK I csllor — aull o3

which also implies
[dW - lle2 < 1+ C K | o3 &rer (3.13)

Since W, ., is compactly supported in the interior of B x S', we can define ¥, : ¥ — %
asWy =9, oWy, o CDZ’*I inside X and as the identity in X \ X, . We have W2 0y, =
Y1,rep> and thanks to (3.13), we see that |[dW> || -2 is bounded by a constant depending only
on the Darboux family and on C” || K || -3 %61. Therefore, there is also a constant " > 0
depending on the same quantities such that

W3 (1 — )l s < C Ml — ataell s - (3.14)

We define
1 T-1

U:=PY,0W:¥X > 3%, € :=minje, e, — —— ¢,
re 2 {2 ‘c2T+1}

and prove that ar (), v belongs to B, (€}) provided €3 is suitably small. We take

6/
80 = ——2—,
(T+1)Cop
and let §; > 0 be such that
W2, —idgysillcs <81 = [[(W2,) s — aslles < do. (3.15)

‘We assume further that

. 81 1 T—-1

€3 < min , — .
C'|Kl|lc3 C2 TH+1

This implies that || W3 ;, —idg, st llc3 < &1 and we compute

1 1
lerr e — el ss‘——l‘ua e + W% = el ca.
) T T e

For the first summand of the right-hand side, we first estimate T(y) ' < %(T + 1) and

then
‘ 1
— —1
T(y)

1
C263||a*||ci‘

”“*”Ci =
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For the second summand, we estimate
V¥ — aulles < W3 (a1 — a3 + W3 — aull o3
< C"or — ol s + Coll(Wo,z,) et — atstll o3
< C'C"e; + Codo,
where we have used (3.2), (3.11), (3.14), and (3.15). Using the definition of §y and putting

the computations together, we find that
+1
2

The quantity on the right is smaller than €}, < € if €3 is small enough. Finally, we
compute

larg),w —axlles < (Callosll o3 + C'C"ye; + %eé

YT (y), ¥ = vlo Yrep = ‘112_1 o “I’l_l O Yrep = “I’z_l O Yl,rep = Vx-
Let us now deal with the second part of the statement. Let ¥ +— 7,y w be the

bijection between P (ar) and P (a7 (y),w) introduced in Definition 3.7. Let us assume that

T(¥) < T. Since €3 < €] we can use Proposition 3.4(i), and from Cre3 < ;—_T_} we see
that

T®) - 1+ Cres -
T(y) = 1—Cres —

Assume, conversely, that T()"/}(},),\y) < T. Since eé < €1, we can use Proposition 3.4(i)
to find that

Try).w) =

2T 2T 4T

2€3) < =T <T
T+1T+1 (T +1)2

O

T@) =TFre)Ty) = 1+ Ce)(1+C

3.3. Preparing the surface of section
As in the previous subsection, let z, be a reference point on ¥ with g, := p(z4) and set
M = M\ {gs}.
Lete € HdzR(M ) be minus the real Euler class of p and
1y = (e, [M]) > 0,
where, as observed in the introduction, (e, [M]) = |H1t°r(2; 7Z)|. We define the annulus
A:=1[0,a) x S'.
‘We consider the inclusion i; : A— A, where A= 0,a) x S ! and the map
A M, ir0) =0, e,

where we identify the domain of 0., with a subset of the complex plane. We glue together
A and M along the maps i; and iy to get a smooth compact surface N with the same
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genus as M and one boundary component denoted by d N. Thus, we have the commutative

diagram
A M
|
A——N

such that M is diffeomorphic to the interior N = N\ 9N and A to a collar neighbourhood
of 9N. On M we have the orientation given by w,, while on A the one given by dr A df.
These two orientations glue together to an orientation of N, since i and i, are orientation-
preserving. Using the usual convention of putting the outward normal first, we see that
the orientation induced on dN is given by —df. As for M and X, we fix on N some
auxiliary Riemannian metric to compute norms of sections, and distances between points
and between diffeomorphisms. In particular, we write the C'-distance on the space of
diffeomorphisms from N to itself as

dister ¢ Diff(N) x Diff(N) — R.

i
—

Consider now the map
SpiA— X, Sa(r,0) =D, (e —150),

and observe that S4 (0, 0) = y,(—tx0) for all @ € S!, so that

d,0)Sa - 09 = —tx Ry (3.16)
The map Sy o iy L. iz(&) — X is a local section of the bundle p with a singularity of
ordeg —ty at gy. Since —ty isvthe Euler number of p, this section extends to a section
on M and yields amap S;; : M — X. By the commutativity of the diagram above, we
getamap S : N — X fitting into the diagram

Moreover, S;‘;Ida* = (p o §y)*ws = wy, and S{day, = rdr A df. In particular, S*de is
a two-form on N which is symplectic on the interior of N and vanishes of order 1 at the
boundary of N. The one-form
A 1= S0y
is a primitive for $*do, such that
hln = (D7 0 S0)"(d + plihs) = (—1z + 3r7)do.
If « is a normalised form, so that R, = R, on p’l (g+), we set
A= S*a,
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and by (3.16), we have
AMlT@oN) = AslTon), dA =0 atdN. (3.17)

Proposition 3.9. For every €4 > 0, there exists €5 € (0, €9] such that if « € By (€5) then
there existamap ¢ : N — N isotopic to the identity and a function b : N — R satisfying
the following properties:

(i) Triviality at the boundary: ¢|ay = idyn, blogy = 0.
(i) C'-smallness: max {disto1 (¢, idy), [16llc1} < €.
(iii) Uniformisation: C*A — Ay = db.

Proof. Let a € B, (es), for some €5 € (0, €g] to be determined. For all u € [0, 1], we
define A, := A, + u(A — A4). On A, we get

A=Ay = c1dr+cpdf, di, =rdradf, di = fdradf, dr, = (r+u(f—r))drado,
for some functions ¢y, ¢z, f : A — R. By (3.17), we have ¢»(0,0) = 0 and f(0,60) = 0.
Define the auxiliary function

-
c3:A—->R, c3(r,0) :=cyr,0)— / dgc1 (', 0)dr'.
0

From the definition of ¢y, ¢2, ¢3 and f, we have the chain of identities
(0rc3)dr AdO = (0,c2 — dgc1)dr AdO =d(X — Ay) =dr —dAr, = (f —r)dr A d6,
which implies
orc3=f—r.

As a result, ¢3(0,0) = 0, 9,¢3(0, 0) = 0 and there exists a function ¢3 : A — R with
¢3 =r¢3, C3lpny = 0, and a function f : A — R with f = r f, defined by

1 1 1
c3(r, 0) = / oyc3(vr,0)dv = / (f(vr,0) —vr)dv, f@,0):= / or f (vr, 6) dv.
0 0 0
In particular, .
dry =r(1+u(f —1)dr Ado (3.18)
and we have the estimate
max{[|&llc2. I f = Lllet} < ILf = rllce. (3.19)
We now look for paths u +— ¢, and u — b, with ¢y = idy and by = 0 such that
iay —dby = Ay

so that, for u = 1, we get a solution to item (iii) in the statement. Let X,, denote the vector
field generating ¢, and seta, := %bu. By differentiating the equation above with respect
to u, we find that such an equation can be solved for ¢, and b, if and only if

(= ) + tx, Ay + A0 (X)) — d(a, 0 g = 0.
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Introducing an auxiliary function 2 : N — R, we see that (X,,, a,) is a solution if and

()Illy if
{LXM u ( *) ) (320)

ay = Ay (Xy) +h) oty

We define
A :=10,a/2) x S!

and choose h := hp - K, where K : N — [0, 1] is a bump function which is equal to 1
on A’ and its support is contained in A, and /14 : A — R is defined by

,
ha(r,0) := / c1(r',0)dr.
0
This function has the crucial property that
r
A—Ay—dh = c1dr+cydf—cidr— (/ dgc1 (v, 0) dr/> d0 =ré3d6  onA/, (3.21)
0

which implies that the first equation in (3.20) admits a smooth solution X,,. Indeed, on
the annulus A’, we divide both sides of the equation by r, and using (3.18), (3.21) we get
Xy=——3 3,
IL+u(f—1

On N \ A', X,, is uniquely determined by the fact that dA, |y\ 4 is symplectic. The vec-
tor X, vanishes at 9N, since ¢3 vanishes there, as observed before. This shows that ¢, is
the identity at the boundary. If we choose €5 small, we see that the C2-norms of ¢}, ¢ and
f —r are small, and consequently, also the C?-norm of /. By (3.19), we conclude that the
Cl-norm of X, is small as well. As a consequence, also dist,1 (¢, idy) is small. There-
fore, by defining ¢ := ¢ and taking s small enough, we get dist-1(¢, idy) < €4. We
can now define a,, through the second equation in (3.20). From the estimates on A, X, {,
and h, we see that if €5 is small then ||a,||c1 < €4, and the same is true for b := by.
Since & and X, vanish at the boundary, we also have a, |35 = 0, and as bg|yny = O, the
function b vanishes at the boundary as well. O

3.4. The open book decomposition and the first return map

Combining the map S with the Reeb flow of «., we get a rational open book for X:
E:NxS'—> 3, (q.9) 0 ¥ (S5@)).

Ifiy : N < N x S!is the canonical embedding iy (x) = (x,0),then S = Eoiy. On
the collar neighbourhood A x § Lof I(N x S l), & has the coordinate expression

Ea:AxS' > BxSY, ((rn0),s)— ™, s —150). (3.22)
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The restricted map 2 : N x st - p~ (M) = £\ p~Y(gy) is a diffeomorphism, and
E*ay iS a contact form on N x S! with Reeb vector field R Gra, = = d;, which smoothly

extends to the whole N x S!. If we write iy, g1 : IN x S! — N x S! for the standard

embedding of the boundary, the map E o iyy, g1 : dN x S — p~!(g.) C X has the
coordinate expression (0, s) — (s — tx0). Therefore we have

d(Eoigyyst) 099 = —tx Ry, d(Eoiyyygt) s = Ry (3.23)
If « is a normalised contact form, we define the pull-back form
B = E*a.
The next result is the analogue of [ABHS18, Proposition 3.6].
Proposition 3.10. If« is a normalised contact form, then:

(i) We have
i;NxSl'B =ds —13dd, dBlyyxs1 =0.

By the latter identity we mean that dB,(§) = 0 for all z € dN x S! and & €
T,(N x Sh).

(ii) The Reeb vector field Rg., of E*a on N x S! smoothly extends to a vector field
Rg on the whole N x Sl so that, at every point in 9(N X Sl), Rg is tangent to
(N x ShH.

(iii) If we denote by ®F the flow of Rg, we have

B(Rg) =1, g, dB=0, (®/)*p=8, VreR
(iv) For every € > 0, there exists €7 € (0, €gl, independent of o, such that

a € Bi(e7) = IR — llc1 < 6.

Proof. By (3.23), the equality «(R,) = 1, and the fact that R, = R, on p~!(g,) since
o is normalised, we get the first equality in item (i). Since 3N x S! has codimension 1
in N x S', to prove the second equality it is enough to show that for all vectors v €
TN x S'), we have (,dB = 0. As v is a linear combination of 9y and 9, this follows
again from (3.23) and the fact that R, annihilates do.

Now we prove (ii). We set o, := D] «, which is a contact form on B x § ! with
corresponding Reeb vector field R,,. Using coordinates (x, ¢) € B x S', we have the
splitting

R, (x,§) = RY (x, ) + R? (x, $)dy.

Since R, is tangent to p’l(q*), we have R;‘* (0, ¢) = 0, and therefore there exists a
matrix-valued function W, such that

R (x,9) =W, (x,9)-x, W ller <R 2
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by Lemma 4.8. We can then write R} in polar coordinates on (B \ {0}) x § Las
R (ré?™i0 ¢y = gst(WZ*(reZ”’p, o) - re?i, ezme)ar
: 2if
+ gst<WZ* (re™i0 ) - re?™? %)ag.
In particular, if we set
R (r,0,¢) = gst(Wz*(re2”i9, ) - re?mi0 e27‘[i9)’
{Ri (r,0,¢) = gst(Wz*(rez’”g, ) - 21 iezm‘e),
then R. o B4 and R o Ej are smooth functions on A x S' C N x §! with
max {|R, o Eallcr. IIRY, o Baller} < (14 1dBallco) I RS, ll 2 (3.24)
Differentiating formula (3.22), we get
dEp -0 =0,, dEBA-09 =09 —tx0p, dE4 -0y = y.
Thus, we conclude that
Rg := (R} 0 En)d + (R? 0 Bp)dp + (txR? 0 Ep + R? 0 Ep)d,
is the desired extension of Rg., in the collar neighbourhood A x § Lof 9N x S'. As

Rg* o B vanishes at r = 0, the extended vector field is tangent to dN x S Uand (ii) is

proven.

By the very definition of the Reeb vector field, (é*a)(Ré*a) = 1 and LRé*ad(é*O{)
= 0. By continuity of the extended vector field Rg, the first two relations in (iii) fol-
low. The third one is a consequence of the first two and Cartan’s formula. Point (iii) is
established.

We assume that ¢ € B, (e7), for some €7 to be determined independently of « and
we prove (iv) by estimating ||Rg — 9s|l-1 separately on N \ A x St and A x S'. Since
(N \ A) x S! is compact, there exists a constant C’ > 0 depending on ||dé||cz but not
on « such that

&% — &

05*”(;3 = C/”Ol - a*”ci-
Therefore, as in (3.6), [|[Rg — Os||c2 is smaller than €5 on (N \ A) x St if €7 is small
enough. On A x S!, there is some C” > 0 for which we have the inequality
IRs — dsllct < C"max (| R, o Eallcr. IR, o Ealler, IR 0 Ex — i)
< C"(1+|ldEallco) IRz, — Retllc2
< C"(1 + IdBallco)A2Cp llo — el 3,

where we have used (3.24), the equality Ry = 94 and inequality (3.7). This proves that
[Rg — dsllc1 is smaller than € on A x Sl if €7 is small enough. O

We can now show that S is a global surface of section for ®¢ with certain properties.
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Definition 3.11. Let ® be a flow on X without rest points and N; a compact surface.
A map S1 : N1 — X is a global surface of section for ® if the following properties hold:

e The map S| o is an embedding and the map S5, is a finite cover onto its image.

e The surface Sl(lffl) is transverse to the flow ® and S;(dNyp) is the support of a finite
collection of periodic orbits of ®.

e Foreachz € \S1(dNy), therearer < 0 < ¢4 such that &, (z), @, (z) liein S1(Ny).

Before stating the proposition, we introduce the following notation. Let ¢ € dN = S!

and denote by —g € 9N its antipodal point. By

’

/q hee g €N\ (=g}, (3.25)
q

we mean the integral of A, over any path connecting ¢ and ¢’ within N \ {—q}. This
number does not depend on the choice of the path.

Proposition 3.12. Let T be a real number in the interval (1, 2). For all eg > 0, there
exists €9 € (0, €g] with the following properties. If « € By(€9), then S : N — X is a
global surface of section for ®* with the first return time admitting an extension to the
boundary

N>R, (g :=inf{r>0]| (g 0 enNx(0)],
and the first return map admitting an extension to the boundary

P:N—N, (P(g).0):=o) (q.0).

Moreover, the following properties hold:

(i) C'-smallness: ~ max {disto1 (P, idy), It — 1|1} < eg.

P(q)
(i) Normalisation: t(q) =1 —i—/ Ay, Vg €ON.
q

(iii) Exactness: P*) = A +dr.
@iv) Volume: Vol(a) = / T dA.
N
(v) Fixed points: g€ N = [q € Fix(P) <= y,(1) := ®¥(S(¢)) € Pr(a, h)].
(Vi) Period: q € NNFix(P) = T(y,) = t(q).
(vii) Zoll case: If a is Zoll, then P = idy.

Proof. Let € € (0, 1), which we will take small enough depending on €g, and let €7 be
the number associated with €g in Proposition 3.10. If &« € B, (e7), then 1 —€5 < ds(Rp) <
1 + €. This implies at once that § : N — X is a global surface of section. In particular,

if ¢ € N, there exists a smallest positive time t(g) such that CD'f(q)(q, 0) belongs to

N x {0}. We estimate the return time more precisely as (1 + ) L <1(q) < (1 —eg)” L.
In particular, if €¢ is small enough, then

maxt < 7T < 2mint. (3.26)

Shrinking € further if necessary, we also get ||t — 1||~1 < €g from Proposition 3.10(iv).
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We define the return point P(g) by the equation (P(g),0) = CI>f ( q)(q, 0). Again by
Proposition 3.10(iv), we can achieve dist-1 (P, idy) < eg if €6 is small enough, so that
item (i) is established. Let g € N and let us prove the statement in square brackets in
item (v). If ¢ € Fix(P), then y, is prime, since it intersects S(N) only once, and has
period 7(g). By (3.26), we have t(q) < T. Hence, by Proposition 3.4(ii) the curve y,
belongs to Pr(a, h). Suppose conversely that y, has period T(y,) < T.If ¢ # P(q),
then we would get the contradiction

T(yy) = 1t(q) +t(P(g)) >2mint > T.

This establishes items (v) and (vi), at once. Let us assume that « is Zoll. Since y, €
P(a, b),if g € N then the orbit y, belongs to P(«, h) and satisfies

T(yg)) =T() =1<T.

By item (v), we conclude that g € Fix(P). This shows N C Fix(P), and by continuity
Fix(P) = N. Thus, P = idy and item (vii) holds.

Let g € ON and denote by §, : [0, 7(g)] — IN X S! the curve 8,(1) = @f(q,O).
Using coordinates (6, s) on dN X S!, we can write 8y(8) = (04(t), 54(2)), so that 6, :
[0, t(¢)] — ON is a path between 6,(0) = ¢ and 6,(tr(¢)) = P(q), and 5,(0) = O,
sq(t(q)) = 1. We compute

(q) 7(q) ©(q)
t(q):/o dt:/o 5;(1’5NX51;3)=/0 55(ds — 12d)

7(q) 7(q)
= [ (dsq + 9;‘(—t>3d6)) =1 +/ G;kk*
0 0

and the integral of 1, over 6, is equal to [ qP @ Asx, as 0y is short if € is small enough. This
establishes item (ii). Therefore, we can choose €9 := €7 in the statement of the corollary.
We now prove items (iii) and (iv) by considering the map

Q:[0.11xN—Nx5'.  0(.q) =, (v
where iy : N < N x S! is the canonical embedding. Its differential is given by

d1,9)Q = d(1,9)(t7) ® Rp(Q (1, q)) + diN(‘])q)fr(q) -dgin.
Hence, using Proposition 3.10(iii) we compute
0B = ﬂQ(d(tr) ® Rg(Q) + diNth ~diN) =d(@Tt)B(Rp) + (be, oin)*B
= d(17) 4+ 15 (D) B = d(t7) + i}y B = d(tT) + A.

We definei; : N — [0,1] x N by i1(g) = (1, ¢) and observe that Q oi; = iy o P.
Therefore,

P*L=P* 5B = (iyo P)"B=(Qoi))*B =108 =i(d(tr) + 1) = 1dr + A.
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This establishes item (iii). We calculate the volume of ¢« pulling back by E o Q:

d@t) + 1) Adr = / d(tt) Ada

Vol(o) = / BAdB =
NxS! [0,11xN [0,1]xN

=/ d(ttdk):/ ltd)»—/ 0tdAx,
[0,11xN N N

which yields item (iv). ]

3.5. Reduction to a two-dimensional problem

Putting together all the results of this section, we are able to translate the systolic-diastolic
inequality into a statement for maps on N. We recall the set-up. Let o, be a Zoll contact
form on a closed three-manifold ¥ with associated bundlep : ¥ — M.Let S: N — X
be a global surface of section for the Reeb flow ®% of o« € B,(ey) as described at the
beginning of Section 3.3 and in Proposition 3.12. Let 1, = S*«, and recall that ty =
(e, [M]). The next result is the analogue of [ABHS18, Lemma 3.7 & Proposition 3.8]

Theorem 3.13. For any T € (1,2) and €19 > O, there is €11 > 0 such that for all
contact forms o' with ||da’ — doe || 2 < €11, the set Pr (', h) is compact and non-empty.
Moreover for every y € Pr(a’,h), there exist a diffeomorphism ¢ : N — N and a
function o : N — R with the following properties:

@) C'-smallness: d(p,1dn)cr < €10.
v(q)
(i) Normalisation: o(q) = f Ay, VYq € 0N.
q
(iii) Exactness: @* Ay = Ay + do.
(iv) Volume: Vol(a) — 15T (v)? = T(y)? / odhs.
N

(v) Fixed points: There is a map NN Fix(¢) — Pr (@', h), ¢ — vy,
such that T (yy) = T(y)(1 + 0 (q)).

(vi) Zoll case: If o' is Zoll, then ¢ = idy.

Proof. Let Cy be the constant given by Lemma 3.2 and let €17 < CLOEI be some positive
real number, which will be determined in the course of the proof depending on 7" and €.
If o’ is a contact form with ||de’ — da||c2 < €11, then Lemma 3.2 yields a contact form
a € B(Cpery) with de = do’. Since Cpe;; < €1, by Lemma 3.1 we have a period-
preserving bijection Pr (¢, ) — Pr(a, h) and by Proposition 3.4(ii) the set Pr(c, b) is
compact and non-empty.

We fix henceforth an element y € Pr(a’, h). If €2 € (0, €] is an auxiliary number,
we can find a corresponding €3 € (0, €g] according to Proposition 3.8 such thatif €1 < €3
then there exists a diffeomorphism W : ¥ — X such that a7 (,) v € B.(€2) and the map
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Y = V7(y),w of Definition 3.7 restricts to a bijection Pr(«, h) — Pr(ar(y),w, h). Thus,
we get a bijection

Pr(a’, h) = Pr(acw, bh),

TY)=TWT(; . 3.27
Vs y%(y)’qj’ ) 62 (J/T(y),\y) ( )

We now choose an auxiliary €4 > 0 and get a corresponding €5 € (0, €g] from Proposi-
tion 3.9, such that if € < €5 then there exist{ : N — N and b : N — R associated with
ary),w € By(ey) satisfying the properties therein. Finally, let eg > 0 be another auxil-
iary number and consider €9 € (0, €p], the number given by Proposition 3.12, so that, if
€ < ey, the statements therein hold for a7 (y) v, the associated return time 7 : N — R
and return map P : N — N.
Now we set
¢:N— N, <p::§’loPo§, 0: N>R, og:=t0f—bop+b—1.

First of all, we observe that by choosing €g and €4 small enough, we obtain item (i). Then
¢lay = Plyny and o|yn = t|yn — 1, so that item (ii) follows from Proposition 3.12(ii).
As far as item (iii) is concerned, we compute

@A = PA—@*db = * (A +d1) —d(bo@) = Ay +d(b+T0l —bog) = Ay +do.
For item (iv), we recall from Lemma 3.1, Definition 3.7 and Proposition 3.12(iv) that

Vol(e') = Vol(a) = T'(y)? Vol(ar(y).w) = T(y)zf Tda,
N

and we will show that

/rd)»:/ odi, +ty. (3.28)
N N

We can compute the integral of odA, as

/ad)\*=/(zo;)dx*—f(bogp)dA*Jr/ bdk*—/ dh.
N N N N N

We deal with the first summand. The map ¢ preserves the orientation on N, as it is isotopic
to the identity, and satisfies dA, = ¢*(d)). Hence,

/(ro;)dx*zf(rog);*(d,\)zf g*mm:/ Tda.
N N N N

The second and third summands cancel out. Indeed, as ¢ preserves di,, we get

f(bogo)dx*=/<bo¢>¢*<dx*>=/ w*(bdk*)zf bdis.
N N N N

We deal with the last summand. By Stokes’ Theorem, the fact that A,|sy = —¢xdf and
that the induced orientation on d N is given by —d6f, we get

1
/d)»*=[ )\*:—/‘ —ty df =tx.
N IN 0

Plugging the last three identities into the computation above, we arrive at (3.28).
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We move to item (v). We take g € NN Fix(¢) and observe that {(g) € NN Fix(P).
By Proposition 3.12(v), there exists a periodic orbit )/é € Plar(y),w, h) through §(¢(q))
with period 7({(g)) < T. We denote by y, € Pr(c’, b) the orbit assigned to yé by the
bijection given in (3.27), so that T'(y,) = T (y)t(¢(g)). Finally, we observe that

1(0(q@)) =1+0(g) +b(p(q)) —b(qg) =1+0(q) +b(g) —b(g) =1+ 0(q).

The implication in item (vi) follows at once, since &’ is Zoll if and only if ary),w is
Zoll by Lemma 3.1, and moreover P = idy if and only if ¢ = idy. O

Corollary 3.14. Suppose that we can choose €1 in Theorem 3.13 so that, with the cor-
responding €11 > 0, we have the following implications for a pair (¢, o) as above:

¢ #idy, / odiy <0 = 3Jq_ € ]\olﬂFix(go), o(g-) <0,
N (3.29)

¢ #£idy, / odly >0 = dg4 € N N Fix(¢), o(g+) > 0.
N

Then Theorem 1.4 holds taking U := {2 exact two-form on X | |2 — day| 2 < €11}

Proof. Let o’ be a contact form such that do’ € U as defined in the statement. If o’ is
Zoll, the conclusion follows from Proposition 1.2. Thus, we assume that &’ is not Zoll
and we want to prove that pgys(a’, h) < 1/t < pgia(a’, ). We first prove the inequality
for the systolic ratio. Suppose by way of contradiction that pgys(cr’, ) > 1/tx and let
y € Pr(a’, h) be such that

T(y) = Tmin(e', ), (3.30)
where Tpin (o, b) is the minimal period of prime periodic ®* _orbits in the class h. The
orbit y exists by Theorem 3.13. Thus, the assumption pgys(a’, h) > 1/t5 implies

Vol(a') — T (y)* < 0. (3.31)

Theorem 3.13 assigns to y the pair (¢, o) with the properties listed therein. In particular,
by Theorem 3.13(iv) and (3.31) above, we have

/ odi, <O0.
N

As o' is not Zoll, ¢ # idy and we can use the first implication in (3.29) to produce
a point g_ € NN Fix(¢) with 0(q—) < 0. By Theorem 3.13(v), this yields an el-
ement y,_ € Pr(a’, ) with T(y,.) < T(y), which contradicts (3.30). This proves
psys(@’, h) < 1/ts.

The inequality with the diastolic ratio is analogously established. Suppose for contra-
diction that pgia (', h) < 1/rx. This time we take y € Pr(a’, h) satisfying

T(y)= max (@, h). (3.32)
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If the pair (g, o) is associated with y, the assumption pgia(e’, ) < 1/rx implies

/adk*zo.
N

The second implication in (3.29) and Theorem 3.13.(v) yield an orbit y,, € Pr(e’, h)
with T'(y,, ) > T (y). This contradicts (3.32) and proves pdia(e’, h) > 1/tx. ]

In view of the last result, we only need to prove the implications (3.29) above to establish
Theorem 1.4. This will be done in the next section.

4. Surfaces with a symplectic form vanishing at the boundary

For a > 0, we recall the notation for the annuli A = [0, a) x S, A’ = [0, a/2) x S,
where S! = R/Z. As before, if M is a manifold, we write M for the interior of M.

In this section, N will denote a connected oriented compact surface with one boundary
component. We fix a collar neighbourhood of the boundary i5 : A — N with positively
oriented coordinates (r,0) € A, where r = 0 corresponds to d N. Hence, we have the
identification ' = 9N and the orientation induced by N on 3N is given by the one-
form —d6.

On N, we consider a one-form A such that d is a positive symplectic two-form on N
and

A=A = (—k + 3r?)de,
where, by Stokes’ Theorem, k = f N dx > 0. In particular, dry = rdr A df vanishes of
order 1 at r = 0. The pair (N, A) is an instance of an ideal Liouville domain, a notion due
to Giroux [Gir20].

4.1. A neighbourhood theorem

In this subsection, we will develop a version of the Weinstein neighbourhood theorem for
the diagonal
Ay C (N x N, (—d)) @ dr).

More precisely, we will consider the zero section
ON - (T*Ns d)\can)

in the standard cotangent bundle of N and look for an exact symplectic map W : N' —
T*N from a neighbourhood N of Ay in N x N, so that W o iay =10, , Where

iay :N = N XN, iay(@) =(q.9), ioy:N = TN, io,(q) =(q.0),

are the canonical inclusions of the diagonal and the zero section after the natural identifi-
cations of these sets with N. We start by giving an explicit construction of W on A x A.
Let us endow the product A x A with coordinates (r, 8, R, ®) so that the diagonal is
Ap = {r = R, 6 = ®}. We make the identification T*A = A xR? and let (0,9, pp, P9)
be the corresponding coordinates on T*A. We consider an open neighbourhood Y of A
defined as
Y:={(r0,R.0)ecAxA|l0—0|<1/2}
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and define the auxiliary sets
Y :=YNA xA), 9Y:=YnN(OBA x IA).
We have a well-defined difference function
Y — (-1/2,1/2), (@, 6,R,0)—0—0.

We consider the map Wy : Y — T*A given in coordinates by

p=R,
v=0 4.1
pp=R(O—0O), @D

py = 2(R* — 1),

so that Wy o ia, = i@, The restriction Wy = Waly : Y — WA(§() is a diffeomor-

phism with inverse given by
r=+/p*—2py,

6 =0,
o=0-"L2

0

We also consider the restriction Wy := Wi |y : Y — T*A’. Its image has the following
expression, which will be useful later on:

War(Y) = {(p. 9, ppr p») € TA' | py € (—1p. 30). po € (30> — 5). 107},

4.3)
Finally, let us define the function
Ky:Y—> R, Ku(r,0,R 0):=(k—1R*) 06 -0), (4.4)
and set Ky := Kaly : Y — R. We have Kz |a, = 0and
Wikean = (—As) ® Ap —dKy. 4.5)

Indeed,
Wikcan +2a @ (—2a)
= RO — ©)dR + $(R? = r?)d0 + (—k + $r?)d0 — (—k + L R?)d®
= (0 — ©)d(3R?) + $R*d(® — ©) — kd(6 — ©)
= (0 — ©)d(—k + 3R*) + (—k + FR*)d(6 — ©) = —dK .
Since, for all ¢ € A, (Acan)(g,0) = 0, we also deduce

dig.g)Ka = ((=24) ® A1) (g.q)- (4.6)
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Finally, if iyy : 9Y — Y is the natural inclusion, from (4.5) we conclude that
Gy ((=Aa) ® Ap) = d(Kp o igy). 4.7

Indeed, Wy oiyy)*Acan = O from the explicit formula for Wy given in (4.1) and the fact
that both r and R vanish on 0Y.

We can now state the neighbourhood theorem. The proof will be an adaptation of
[MS98, Theorem 3.33] (with a different sign convention).

Proposition 4.1. There exist an open neighbourhood N' C N x N of the diagonal Ay,
amap W : N — T*N, and a function K : N' — R with the following properties:

(i) The set N contains Y'. If we write T := W(N), then T~ C T*N is an open neigh-
bourhood of O, and the restriction V| N N = Tisa diffeomorphism.
(1) Whean = (—1) @ A — dK.
(iii) Woiay =10y, Wiy = Wa.
(iv) Koipy =0, K|y = Ky
V) If Y :=Y' N (N x dN) and izy : 0Y' — N x N is the inclusion, then

d(K oigy) = ity (—1) @ A).

Proof. Let us denote by (g, p) the points in T*A = A x R?, where ¢ = (p, 9) and
P = (pp, pv). Let ga and gr«a be the standard metrics on A and T*A:

gn =dp? +dv2,  gpea=dp? +do* + dpf, + dpl%.
Then the metric gr+4 is compatible with the canonical symplectic form dAcyy:
g = dAcan(Jr+a - -,
where Jr+4 : T(T*A) — T(T*A) is the standard complex structure given by
Jrepdp = 0p,,  Jr*pdy = 0py,  JT*ADp, = —0p,  JTraldp, = —0p.

If (¢, 0) € Oy, then we have the horizontal and vertical embeddings

dgio, 1 TgA = T(g,0(T*A),  TyA — T 0/(T*A), p p*,
so thatif # : TyA — T, A is the metric duality given by ga, then

p* = Jra - dgio, - PP, Vp e T, A.

We now combine this formula with the fact that, for every (g, p) € T*A, the ray ¢ +—>
(g,tp),t € [0, 1], is a geodesic for gr+4 with initial velocity p*. Thus, if expT*A denotes
the exponential map of gt«4, we arrive at

(q.p) = expiT;‘i( »UTa - dgio, - pH. (4.8)

We consider the pulled-back objects gy, = ngT*A and Jy = WEJT*A. In par-
ticular, Wy is a local isometry between gy and gr+a. Moreover, since W}&(dkcan) =
((—dAp) & dig) by (4.5), we see that the structure Js, is compatible with (—dA) @ da,
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since Jt+p is compatible with dAcan and Ay = igk, that is,
(=dv) @ dM)lg, = gy (g -, -)-
Furthermore, using (4.8), we can compute the pre-image of a point (g, p) € Wy (Y?) as
Wil p) = Wi (expi ) e - dgio, - pP))
= eXP??AA(q) (dioA(q)ng “Jren - dglo, pﬁ)
= expfiA(q) (]§{ ) dioA(q)ngl -dgio, - pj))
— expff'AA Ui - dgia, - D). 4.9)

The space of almost complex structures which are compatible with the symplectic form
((=dA) ®dA) |y is contractible. Therefore, we can find an almost complex structure J

on N x N which is compatible with ((—dA) & dA)|y 5 and such that

Ty = Jslsp- (4.10)
We denote by g the corresponding metric on N x N which satisfies

8l = 8yly- 4.11)

We write gy = izN g for the restricted metric on N. We observe that gy|z, = gal/
and therefore we denote the metric duality given by gy alsoby ff : TN — TN. Let us
consider the set 77 of all the points (g, p) € T*N with the property that the g-geodesic
starting at time O from i (q) with direction J - dgia, - p* is defined up to time 1. We
claim that

71 is a fibrewise star-shaped neighbourhood of O & and it contains Wx (YOZ’ ). 4.12)

The second assertion follows from (4.9)—(4.11). For the first one, we see from the ho-
mogeneity of the geodesic equation that 71 contains Oy, and it is fibre-wise star-shaped

around O . Finally, since 71 \ Wy @o{/ ) is bounded away from 9(T*N), the set 77 is a
neighbourhood of O . We define the map

Y:7i— NxN, 7Y(,p):= expfAN(q)(J-dinN - po).

It satisfies
T'WA(‘E?/) = ng/l’ To iON = iAN- (413)

If ¢ € N, the differential of Y at i, (¢) in the direction u = p* + djip, - v €
Tip, @ T*N, where p € TyN and v € Ty N, is given by

di (@)Y -1 =J -dginy - p* +dgiay - v.
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If we abbreviate Q2 = (—di) @ dA, we claim that (T*Q)iON @ = (dkcan)ioN (¢) Tor all
q € N.Forui,uy € Ti@N(q)T*N, we compute
T*Qu, u2) = QJ - dginy - ph+dginy - v1, J - dginy - ph+dgiay - v2)
= Q(J -dgiay - phrdgiay - v2) — Q(J - dgiay ph, dgiay - v1)
= g(dgiay - P} dgiay - v2) — g(dgiay - 5. dgiay - v1)
= (i%,8) (P}, v2) — (5, ©)(P5. v1)
= gn(p}. v2) — gn(P5. ) = P1(v2) — P2(V1) = dhcan(u1, ), (4.14)

where in the second equality we use the fact that Ay is Lagrangian and J is a symplectic
endomorphism.

We now take the first steps in constructing the function K : N' — R. We abbreviate
A = (Y~ H*((=1) @ A). This is a one-form on 7; C T*N and satisfies

i*bNA =i, (=) @1 = -2 +1=0.
We consider any K| : 7] — N satisfying, for all g € N,

Kio0ipy(g) =0, dioN(t])Kl = AiON @)- (4.15)

For example, we can set

1
Ki(q. p) :=/ Ag.ip(pT) dt.
0
The first property in (4.15) is immediate and it implies that

dip, (@K1 -dgioy - v =0=Aiy () (dgioy - V).

Thus, we just need to check the second property on vertical tangent vectors p* €
T(qﬁo)(T*N):

s—0 S s—>0 S
1

=1im | Agusp (P dt = Aig, ) (P").
s—)O 0

. Ki(q,sp) — Ki(qg,0) . 1 [!
diON(q)Kl - p* = lim = lim — Ag.1sp)(sp™) dt
0

At this point, we turn our attention to N x N. First, we can shrink 77 in such a way
that (4.12) still holds and that Y is a diffeomorphism onto its image Y (77). We define the
open neighbourhood A of Ay by

N =TT)HUY
and the map W, : N' — T*N obtained by gluing:
Wilvey =T Wily = Wa. (4.16)
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Such a map is well defined because of (4.13) and satisfies Wy o ip, = i0,. Let x :
N — [0, 1] be a cut-off function which is equal to 0 in a neighbourhood of Y’ and equal
to 1 on V' \ Y. We set

Ky :N =R, Ky:=yx-(KioW)+1—-yx) - Ka.

We readily see that
Kaoiay =0, Kyly = Kaly. “4.17)

Furthermore, for all g € N s
diy, @ KN = x - W] dip, KD + (1 = x) - diy 9 Ka
=X WiAio, @) + (L= (=2 ® Viy, @
=X (=)D Viy, )+ U= x) - ((=2) & Vi, (@)
= ((=2) & Vi, (9)

where we use K1 oWy oia,(g) = 0= Kz oia, (¢g) in the first equality. while the second
equality follows from (4.6) and (4.15). Since ()‘can)io,v (@ = 0, we deduce

Wihen)iay @) = (=) & Diy @) — dia, @ KN (4.18)
The rest of the proof follows Moser’s argument. We set
Api=tWihean +dKN) + (1 —D((—A) @A), te]0,1].
By (4.5), (4.16), and (4.17), we have
Ar=(=NHdr onY. (4.19)
Moreover, for all g € N by (4.14) and (4.18),
([dADiyy (@ = (=d) @ dV)iy (), (ADiny @) = (1) @ Viy (@) (4.20)

In particular dA; is non-degenerate on A . Therefore, up to shrinking the neighbour-

hood away from Y’, we can assume that dA; is non-degenerate on N Let X, be a time-
dependent vector field and L; a time-dependent function on A defined by
dA; ! ,
LXtdA[ = -, L[ == At/(X[/)Oq)l/dt s
dr 0

where @, is the flow of X;. By (4.19), we see that X; and L, vanish on Y’ and we can
extend them trivially to the whole V. Relations (4.20) imply that X, and L, vanish on A '8
In particular, ®; is the identity map on Ay, and up to shrinking the neighbourhood N
away from Y’, we can suppose that ®, is defined up to time 1. For all ¢ € [0, 1] we have

d * * dAt st
d_[(q)t At —+ st) = q)t LxrdA[ =+ d(At(Xt)) =+ ? + d ? = 0

Together with ®§Ag + dLo = Ao, this implies ®7A; +dL; = Ag. Hence,
CDTWT)"CHH =AM @®A—d(L;+ Ky o Dy),
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and properties (i) and (ii) in the statement follow with
W =W o ®y, K: =L+ Ky o®;.

Properties (iii) and (iv) hold as well, since they are satisfied by W, and K or and we have
shown that ®1|a, = id, ®1]y» = id and Li|ay, = 0, L1|yr = 0. Property (v) follows
from (iv) and (4.7). ]

4.2. Exact diffeomorphisms C'-close to the identity

Let IE denote the set of all exact diffeomorphisms ¢ : N — N, thatis, ¢*A — A is an exact
one-form. From now on we endow E with the uniform C'-topology, whose associated
distance function we denote by dist.i. For € > 0, we consider the open ball around idy
of radius e,

E(e) :={¢ € E | distc1 (¢, idy) < €}.

If p € E, wewrite I'y : N — N x N forits graph I'y(q) = (q, ¢(q)), and we
have 'y, (ON) C N x dN. There is €, > 0 such that all ¢ € E(e,) enjoy the following
properties:

(a) Ty(N) CN.
(b) If riy : T*N — N is the foot-point projection, then the map

Vy:N—> N, vy:=ayoWoly,

is a diffeomorphism. Indeed, v, is Cl-close to idy if the same is true for ¢. Hence-
forth, we write v instead of v, when the map ¢ is clear from the context.
(c) We have the inclusions

ey c A, vIA) C A,
where A” := [0, a/4) x S.
If ¢ € E(e,), then we can write its restriction to A” as
o(r,0) = (Ry(r,0), Oy(r, 0)).
By (4.1), the restriction of v to A” reads
v(r,0) = (Ry(r,0),0), 4.21)

which implies that
vylan = idgn.
Let igy : N — N be the inclusion and observe that I'y, o iy takes values in aY’.
Therefore, taking the pull-back by I'y, o i3y in Proposition 4.1(v), we get
d(K 0Ty oign) =iy ("1 — A).
With this relation we can single out a special primitive of p*A — A called the action of
¢ € E(e,). It is the unique C !_function o : N — R such that

() 9*A —r=do, (i) olsy = K o Tylan. (4.22)
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Remark 4.2. We observe that the normalisation of ¢ at the boundary coincides with
the one considered in (3.25) and Theorem 3.13. Indeed, we have the explicit formulas
A= —kd9 on dN and K(0,6,0, ®) = k(@ — ®) on 3Y’, and for all 6y € sl~=gN,

@ (0o) #(00)
K oT'y(6p) = —k(Oy(6p) — 6p) = —k/ do = / A
6

6o o

We describe the tangent space of E(e,). For this purpose we introduce a space of func-
tions.

Definition 4.3. We write V for the vector space of all smooth functions f : N — R such
that both f and d f vanish at d N. We endow this space with the norm || - ||y defined by

I£llv =1 fllcz + | 2dflallor. VfeV.

Choosing the restriction to a smaller annulus in the second term above yields an equivalent
norm on V. For all § > 0, we denote by V(&) the open ball of radius § in (V, || - ||y).

Let ¢ denote some element in E(e,) with action o . First, we take any differentiable path
t — ¢ with values in E(e,) such that ¢ = ¢g, and write t > o; for the corresponding
path of actions with ¢ = oy. Let X, be the C!-vector field on N uniquely defined by

dg;
=X . 4.23
ar t O Qs ( )
The associated Hamiltonian function is defined by
dUt -1
H :N—>R, H:= ’ry o, — A(Xy). (4.24)

Differentiating ;A = A + do; with respect to ¢, we get
LX; dr = dH[

From this equation and the fact that dA = RdR A d® vanishes at d N, we see that dH,
vanishes at 0 V. Hence, if we write X; = X IR orR + X l® de on the annulus A, we find

Xt =LooH,, X =—%drH,. (4.25)

We also observe that H; = 0 at the boundary d N since ‘% = A(X;) o ¢; there. Indeed,
from (4.22) and Proposition 4.1(v), we compute at d N
dUl
& =dr, K- 08 X) = (1) & NO® X)lr, =A(X) o1,
Therefore, we see that H; belongs to V and || H; ||y is equivalent to || X;|| 1.

Conversely, let H € V and take any path + +— H; with values in V and such
that Hy = H. We claim that there is a unique path ¢ — X; of C'-vector fields with
tx,dA = dH;. The vector fields are well defined away from dN, since dA is symplectic
there. On A, instead, they are well defined because of (4.25). Let t — ¢, be the path of



A local contact systolic inequality in dimension three 755

diffeomorphisms obtained by integrating X; with the condition ¢g = ¢. Differentiating
with respect to ¢, we get

d
a(w;"k) = ¢ (tx,dA + d(M(X,))) = d((H; + A(X1)) o @)

so that all the maps ¢, are exact with some action o;. Relation (4.24) is also satisfied since
H; and % o, - A(X:) have the same differential and both vanish at 9 N. We sum up
the previous discussion in a lemma.

Lemma 4.4. There is an isomorphism between the normed spaces
(TeEE), - ller) = V- llv)
given by the map Xo — Hy, where X and Hy are defined in (4.23) and (4.24). O

4.3. Generating functions

In this subsection, we describe how to build the correspondence between C!-small exact
diffeomorphisms and generating functions in our setting. For a classical treatment, we
refer the reader to [MS98, Chapter 9]. Let ¢ be an exact diffeomorphism in E(e,). There
exists a one-form n : N — T*N such that
Woly,=nov.
Since Acan has the tautological property n*Acan = 1, we have
V0 = 0 Aean = DWW ean = T ((=3) & 1 — dK)

=¢*A—A—d(KoTly) =d(o — K oly). (4.26)
If we denote the generating function of ¢ € E(e,) by
Gy:N—>R, Gyi=(—Koly,ov," 4.27)
we have the equality
Woly, =dGyov. (4.28)

Henceforth, we will simply write G instead of G, when the map ¢ is clear from the
context.

We write the restriction of v=! to A” as vl (p, ) = (ro(p, 9), 9), so that, for
every 6 = ¢, the functions Ry (-, 6) and r,(-, ¥) are inverses of each other. Moreover,
since 7, (0, ) = 0, by Taylor’s theorem with integral remainder, there exists a function
s : A” — R such that

o = o1+ Sp)-
By (4.21), (4.28) and (4.1), we have

9,G(p,9) = p( — Oy (ry(p, 9), ®)),
095G (p. 9) = 3(0° = rg(p, ) = —p*(35,(p. ) + 50 (0, D).
Proposition 4.5. If G : N — R is the generating function of ¢ € E(¢€,), then
N NFix(¢) = N NCritG.

(4.29)

Moreover, if 7 € NN Fix(¢p), then v(z) = z and o (z) = G(2).
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Proof. Letz € N. We suppose first that ¢(z) = z. Then, I'y(z) € Ay, and by Proposi-
tion 4.1(iii), we have W(I'y(z)) = ip, (z), which implies that v(z) = z and d;G = 0.
Moreover, by (4.27) and Proposition 4.1(iv), we have

G =00 @) — KT () =0(2) — K oiay(2) =0 (2).
Conversely, suppose that z is a critical point G. Then, by (4.28),
(2,2) =iay (@) =WAG@) =Ty (@) = (@), o @),
which implies v~!(z) = z, and hence ¢(z) = z. O
Lemma 4.6. The generating function G belongs to V. Moreover,
32,Glany =idgy — Oy 0 ign.
In particular, for every z € dN, we have

9() =7 & 9,,G(2) =0 < o(z) =0.

Proof. The vanishing of G at the boundary follows from (ii) in (4.22). To prove the van-
ishing of the differential of G at the boundary, we just substitute p = 0 in (4.29). More-
over, dividing the first equation in (4.29) by p and letting p — 0 we obtain the formula
for Bwa, which also implies the first equivalence above. The second one follows from
(4.4) and (4.22). O

By the previous lemma we have a map

whose properties we will study. To this end, we need a definition and two lemmas about
functions on A.

Definition fl.7. Fix a positive integer m. Let us denote by I the space of all smooth
functions f : A — R" and by || - || the norm on F defined by

I £lle == 1 flico + lrdfllco,  Vf eF.

Let Fo C I be the subspace of those functions f : A — R™ such that £(0, 8) = 0 for all
6 € S'. In this case, there exists a unique f € F such that

fr0) =rf@r0), V6 €A
Lemma 4.8. The following two statements hold:

(1) The map (Fo, || - llc1) — @ |- llg), f f is an isomorphism of normed spaces.

(ii) Let U be an open subset of R™, and let A : U — R™ be a C?-function with
lAllc2 < oo. If Fy is the set of all functions f € F such that the image off is
a relatively compact subset of U, then the following map is continuous:

Fy, |- Ilp) = @ - p), fr> Ao f.



A local contact systolic inequality in dimension three 757

Proof. By Taylor’s theorem with integral remainder, the function f is defined as
A 1
f(r0)= f o f(ur, 0) du. (4.30)
0

Moreover, differentiating the identity f = r f , we deduce that
df =rdf + fdr. 4.31)

We see from (4.30) that the C°-norm of f is controlled by the C'-norm of f. Conse-
quently, from (4.31), we conclude that the C O_norm of rd f =df — f dr is also controlled
by the C'-norm of f. On the other hand, we deduce from (4.31) that the C°-norm of d f
is controlled by the C°-norm of rd f and f . As f vanishes at r = 0, the C%-norm of f is
controlled as well.

Finally, we consider amap A : U — R™ as in the statement. Let fo € Fy be fixed
and f € Fy such that fo + r(f fo) € Fy for all r € [0, 1]. This happens if f is
CO-close to fo since the images of fo and f are relatively compact in U, by assumption.
Then we can estimate with the help of the mean value theorem:

lAo f— Ao follco < lAllctll f = follco.
|rd(Ao f— Ao fo)] o = ||(rde-df—rde-dfo)—l—(rde-dfo—rdﬁ)A-dfo)HCo
< IdjA-rd(f = fo)llco+[ (@A —=dj A)-rdfof co
< llAll¢tlird(f — fo)llco + 1 Allc2 Il f — Sfollcollrd foll co,
from which the continuity of the map f > Ao f at fo follows. o

Lemma 4.9. Let f : A — R be a function such that, for all 9 € S', we have f(0,9) =0
and do,9) f = 0. Then there exist functions fy, fy : A — R such that

3o f = 0for 3 f =p"fo.

Moreover, there exists a constant C > 0 (independent of f) such that

1)1
Clp

Proof. By Taylor’s theorem with integral remainder, for all (p, ¥) € A, we can write

1
< |fpllcr + 1 follr < CH—d
c! Y

F(0.9) = p2f (0. 9)

for a function f : A — R such that f, := 2f + pd, f, fs := 9y f yield the desired
functions. In order to prove the equivalence of the norms, we observe that %df = fpdp+

pfsd®. Thus, %df is C'-small if and only if f, is C'-small and pfy is C'-small. The
conclusion now follows from Lemma 4.8(i). O



758 Gabriele Benedetti, Jungsoo Kang

Proposition 4.10. The map G : E(e,) — V is continuous from the C'-topology to the
topology induced by || - ||v.

Proof. Since we can write dG = Wol', ov— !l we readily see that the map G is continuous
from the C'-topology to the topology induced by the C2-norm. The lemma follows if we
can establish the continuity from the C!-topology to the topology induced by the semi-
norm H %d( Nar| i Mg A” — S is the standard projection, then, by (4.29), this
amounts to showing that the map

-1

@ > g — Oy o,

is continuous from the C'-topology to the C'-topology, and further employing Lem-

ma 4.8(i), that the map

1.2
P> =58, = Sy

is continuous from the C!-topology to the || - ||p-topology. The former map is continuous
since (f1, f2) — f1 o f» is continuous from the product C'-topology to the C'-topology
and

o> 0p @ vl = (ry.Te)

are continuous in the C'-topology. The latter map is continuous since

(a) the map ¢ — sy = l(rw — p) is continuous from the C 1-topology to the || - |-
topology by Lemma 4. 8(1)
(b) the map f > Ao f with A(x) = ——x2 x is continuous from the || - ||p-topology

to the || - ||p-topology by Lemma 4. 8(11)
Putting everything together, we have shown that G is continuous. O

It is well known that the map W translates the standard Hamilton—Jacobi equation for
exact Lagrangian graphs in T*N to the Hamilton—Jacobi equation for C'-small exact
diffeomorphisms. Namely, for every differentiable path t — ¢, C E(e,) with v; := vy,
and generated by some ¢t — H,, the corresponding path t — G; := G(¢;) C V has a
smooth pointwise derivative ¢ % C V which satisfies the Hamilton—Jacobi equation:

dG;
dr

oVy = Ht O . (432)

By continuity it is enough to show (4.32) on the interior N where d is symplectlc
We define the extended Hamiltonian Ht :NxN —> R by Ht (g, Q) = H/(Q). It
generates ¢; := id X ¢; on N x N, which is Hamiltonian with respect to (—dX) @ dA.
By definition, I'y, = ¢; o ia . Thus, if we write y; : 7 — T*N for the Hamiltonian
diffeomorphisms defined on a neighbourhood of Oy C T*N generated by H oW1,
we get dG; o v, = Yy o i@ by (4.28). Hence, G; solves the classical Hamilton—Jacobi
equation with respect to Ht o W~ [Arn89, Section 46D], i.e. dG’ = H, o W~ 1(dG,)
From the definition of Ht and identity (4.28), we obtain (4.32).
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Remark 4.11. If we endow E(e,) with the C?-topology (instead of the coarser C!-
topology), then the map G becomes of class C!, and for all ¢ € E(e,) and H € V =
T,E(e4), we can rephrase the equation in the statement of the proposition as

dyG-H=Ho(pov™h.

Proposition 4.12. There are 3y, €, > 0 and a continuous map £ : V(§,) — E(e,) such
that

(1) G(E(ew)) C V(8);
(ii) the map & is the inverse of G:
GEWG) =G, VG € V(Sy), &EGW) =9, Vg € E(ew).

Proof. Let §, be a positive number. We first show that if G € V(8,), then dG takes values
into 7 = W(N), provided &, is small enough. Since 7 is a neighbourhood of the zero
section away from the boundary of N, we see that dG(N \ A”) is contained in T if §,
is small. On the other hand, since 7 > W(Y’) from Proposition 4.1.(i), we just need to
show that dG(A”) ¢ W(Y') N (T*A"). Recall from (4.3) the description

W) NT*A”
={(0. 9. po. p9) € T*A" | pp € (=3p. 30). po € (30> —a?/4). 3p7]}.
so that the implication
0<p<a/d = L(p*—d*/4) > -3p*
yields the implication
(0,9, pp, pp) € WY)NTA" = py € (30 30°].

By Lemma 4.9, we have the expressions 9,G = pG, and 9yG = ,02G19. Therefore,
in order to have dG(A") C W(Y') N T*A”, we just need ||G,llconry < 1/2 and
IGollcoary < 1/2, which are true if &, is small, thanks to the inequality in Lemma
4.9 and the definition of || - ||v.

Since dG(](’ ) C 7", we can consider the map

fi:N— N, f:=m0W"odGly, (4.33)

where 71 : N x N — N is the projection on the first factor. On the annulus A", we
consider furthermore the map

MHA - A// g A/s /"LA//(IO9 19) = (p\/ 1- 2G19(/0: 19)7 l?)

Thanks to (4.2), & and par glue together to yield a map ug : N — N. We claim that
G — g is continuous from the topology induced by | - || to the C!-topology. We argue
separately for fi|y\a~ and pp~. For the former map, the continuity is clear from the ex-
pression (4.33) and the fact that || G|| -2 < [|G|lv. For the latter map, the continuity is clear
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in the second factor, and we only have to deal with the continuity of G > p+/1 —2Gy.
By Lemma 4.8, this happens if and only if G +— /1 —2Gy is continuous from the
| - [lv-topology to the || - | p-topology. The latter map is the composition of G — Gy with
fr> Ao f,where A: (—1/2,1/2) — (0, o0) is defined by A(x) = /1 — 2x. The map
G +— G, is continuous from the || - [|y-topology to the || - ||gp-topology by Lemma 4.9.
The map f +— A o f is continuous from the | - ||p-topology to the || - ||r-topology by
Lemma 4.8(ii). The claim is established.

Thus, taking &, small enough, we can assume that ug : N — N is so Cl-close to
the identity that is a diffeomorphism and we write vg : N — N for its inverse, which
satisfies

vg(r,0) = (Rg(r,0),0), Y, 0)ecA”,

for some function Rg : A” — [0,a/2). The map G +— vg is continuous in the C'-
topology.

We now construct a diffeomorphism ¢ : N — N.Letm, : N x N — N be the
projection on the second factor and set

¢:N—>N, ¢=moW odGovgly. (4.34)
On the annulus A”, we set
oar i A — A, oui(r,0) = (RG(r, 0),6 — G, (RG (1, 6),6)).

Thanks to (4.2), the maps ¢ and @4~ glue together to yield ¢ : N — N. We claim that
¢ is exact. Indeed, from (4.33) and (4.34), we get W oIy = dG o b. Since v and ¢ are
continuous up to the boundary, we deduce

WoTly; =dGovg. (4.35)
Repeating the computation as in (4.26), it follows that ¢ is exact with action
Opg ' =Govg+ Koly;. (4.36)

Therefore, we have amap £ : V(8,) — E defined by £(G) = ¢g. We claim that this map
is continuous. As before, we argue separately for ¢|y\a~ and @a~. For the former, the
continuity follows since we have control on the C 2_norm of G. For the latter, it follows
from the continuity of G +— Rg from the || - |y-topology to the C'-topology, which we
have already established; the continuity of G + G, from the || - ||y-topology to the cl-
topology, which follows from Lemma 4.9; and the continuity of (fo, f1) — fo o f1 from
the product C'-topology into the C'-topology. The claim is established. In particular, up
to shrinking §,, we can assume that £(V(§,)) C E(e,). On the other hand, the existence
of €, > 0 with the property that G(E(e,+)) C V(§) is a consequence of the continuity
of G.
Next, we verify that G(¢pg) = G. First, recalling that 7y : T*N — N, we see that

Voo 2ty 0o WoTy,) E iy 0 (AG o vg) = (7t 0dG) o vG = v6.

Therefore, comparing (4.36) with (4.27), we get G(pg) = Gy = G.
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Finally, let ¢ € E(e.). We show that ¢ = £(G,). First, we get

—1, (428 1 JRCED) —1, . -1y
Vo Iy = m1oW  odGyly = moF(prova|N_va|N.
By continuity, this implies vy, = vg,,, and we arrive at

(4.28)
= T2

1 . (4.35)
el oW 0dGyovy|y =moW 0dGyovg, |y = n20F¢G¢|]\°,=(pr|A°/.

By continuity again, ¢ = ¢g, = £(G) as required, and the proof is complete. O

4.4. Quasi-autonomous diffeomorphisms

In this subsection, we complete the proof of Theorem 1.4 using arguments inspired by
[ABHS18, Remark 2.8]. We begin with the following well-known lemma whose proof
can be found in [MS98, Lemma 10.27] and [ABHS 18, Propositions 2.6 & 2.7].

Lemma 4.13. Let ¢ € E(e,) be an exact diffeomorphism and let o : N — R denote its
action. Suppose that there exists a differentiable path t +— ¢, in E(e,) with o9 = idy and
@1 = @. Let t — H; € 'V be the Hamiltonian associated with that path. Then

1 1 1
o(q) = fo [H, + 2(X0) (1 (q)) di = /0 (> @ (@) h+ /0 Hy(gi(@)di, Vg e N.

1
/odk:Z/ </ H,dk)dt. O
N 0 N

We recall that, according to [BP94], a Hamiltonian path t — H; € V, parametrised on
some interval I, is called quasi-autonomous if there exist a minimiser gmin € N and a
maximiser gmax € N independent of time, i.e.

Asa consequence,

mAi,n H; = H;(qmin). m/\a}x H; = Hy(qmax), vVt el

A diffeomorphism ¢ € E(e,) is called quasi-autonomous if there exists a differentiable
path t — ¢; € E(e,) parametrised in [0, 1] with @9 = idy, ¢1 = ¢, whose associated
Hamiltonian ¢ — H,; € V is quasi-autonomous.

Lemma 4.14. Let ¢ € E(e,) be quasi-autonomous with associated Hamiltonian t — H;.
The following implications hold:

3t- € (0,11, H_(gmin) <0 = gmin € Fix(¢) N N, 0(gmin) < 0,
Aty €10, 11, Hi, (gmax) <0 == gmax € Fix(9) N N, 0(gmax) < O.

Proof. We only show the first implication. Since H; (qmin) < 0 and H; |sny = 0, we
deduce that gnin € N. Moreover, since gmin minimises H; for all ¢+ € [0, 1], we see
that d, . H; = 0. Since dA is symplectic on N, from tx,dA = dH; we conclude that

dmin
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X¢(gmin) = 0, which implies that ¢;(gmin) = gmin. We estimate the action of g, using
Lemma 4.13 and recalling that, for all ¢ € [0, 1], H;(¢min) < 0, since H; vanishes on the
boundary:

1 1
& (gmin) = /0 LH, + 1(X) 11 (qumin))d? = /0 Hy (qmin) d < 0. !

Proposition 4.15. Every ¢ € E(ex) is quasi-autonomous.

Proof. By Proposition 4.12, the generating function G of ¢ belongs to V(é,). Thus, for
all + € [0, 1], the function G belongs to V(§,), and again by Proposition 4.12, we can
consider the path t > ¢; := £(tG) € E(e,). Let t — H; be the associated Hamiltonian.
By (4.32), we deduce

d
G = a(tG) =H,o(p ovh, Vielo,1], 4.37)
which implies
min H; = minG, max H;, = maxG, Vre[0,1]. (4.38)

Let gmin and gmax be the minimiser and the maximiser of G, respectively. We claim that

G (gmin) = H; (qmin), G(gmax) = Hi(gmax), vVt € [0, 1]. (4.39)

We give only the argument for gmin. If gmin € ON, we have G(gmin) = 0 = H;(gmin),
as G and H; belong to V. If gmin € N , then gmin € Crit G. We deduce that ¢;(gmin) =
gmin = V:(gmin)> as ¢; and v; act as the identity on N N Crit tG) D N N CritG by
Proposition 4.5. The equality G (gmin) = H; (gmin) then follows from (4.37). Now that the
claim is established, (4.38) and (4.39) imply that ¢ — H; is quasi-autonomous. ]

We are now ready to prove the implications (3.29) in Corollary 3.14, which are the last
missing piece to establish the Main Theorem 1.4.

Corollary 4.16. Let ¢ € E(e4x) be an exact diffeomorphism with action o : N — R. If
¢ # idy, the following implications hold:

/ odl <0 = 3Fg_ € Fix(p) N N with o(g-) <0,
N

/ odi >0 = 3Fg4 € Fix(p) N N with o(g+) <O.
N

Proof. The implications follow with g_ = gmin, ¢+ = gmax- We show only the former,
the latter being analogous. Suppose that the integral of o is non-positive. By Proposi-
tion 4.15, ¢ is quasi-autonomous, that is, there exists a quasi-autonomous ¢ +— H; gen-
erating t — ¢; with g9 = idy and ¢; = ¢. By Lemma 4.14, the corollary is established
if we show that there exists 7— € [0, 1] such that H;_(gmin) < 0. Indeed, assume for
contradiction that H;(gmin) > 0 for all ¢ € [0, 1]. This means that H; > 0. Furthermore,
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as ¢ # idy, there exists (s, w) € [0, 1] x N with Hg(w) > 0, which, by Lemma 4.13,

implies
! 1
o= [ (/ H;)dt:—fodk.
o \Un 2 Jn

From this contradiction we deduce the existence of a 7_ as above. O
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