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Abstract. We analyze domino tilings of the two-periodic Aztec diamond by means of matrix val-
ued orthogonal polynomials that we obtain from a reformulation of the Aztec diamond as a non-
intersecting path model with periodic transition matrices. In a more general framework we express
the correlation kernel for the underlying determinantal point process as a double contour integral
that contains the reproducing kernel of matrix valued orthogonal polynomials. We use the Riemann—
Hilbert problem to simplify this formula for the case of the two-periodic Aztec diamond.

In the large size limit we recover the three phases of the model known as solid, liquid and gas.
We describe the fine asymptotics for the gas phase and at the cusp points of the liquid-gas boundary,
thereby complementing and extending results of Chhita and Johansson.

Keywords. Aztec diamond, random tilings, matrix valued orthogonal polynomials, Riemann—
Hilbert problems

1. Introduction

We study domino tilings of the Aztec diamond with a two-periodic weighting. This model
falls into a class of models for which existing techniques for studying fine asymptotics
are not adequate and only recently first important progress has been made [9, 20]. We
introduce a new approach based on matrix valued orthogonal polynomials that allows us
to compute the determinantal correlations at finite size and their asymptotics as the size of
the diamond gets large in a rather orderly way. We strongly believe that this approach will
also prove to be a good starting point for other tiling models with a periodic weighting.
Random tilings of planar domains have been studied intensively in the past decade.
Such models exhibit a rich structure including a limit shape and fluctuations that are ex-
pected to fall in various important universality classes (see [8, 22, 23, 44, 46, 47, 48,
49] for general references on the topic and [18, 59, 60] for recent contributions). When
the correlation structure is determinantal, there is hope to understand the fine asymptotic
structure by studying the asymptotic behavior of the correlation kernel. An important
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source of examples of such models is the Schur process [57]. For these models the cor-
relation kernel can be explicitly computed in terms of a double integral representation,
opening up to the possibility of performing an asymptotic analysis by means of classical
steepest decent (or stationary phase) techniques.

Of course, the Schur process is rather special and many models of interest fall outside
this class. In particular this is true for random tilings or dimer models with doubly pe-
riodic weightings. Yet, these models have exciting new features and have therefore been
discussed in the physics and mathematics literature [9, 20, 21, 30, 49, 56]. An impor-
tant feature is the appearance of a so-called gas phase. For instance, in the two-periodic
weighting for domino tiling of the Aztec diamond, the diamond can be partitioned into
three regions: the solid, liquid and gas region [57] (as we will see in Figure 6 below).
The gas region has not been observed in models that are in the Schur class. The 2-point
correlations (for an associated particle process) in the gas region behave differently when
compared to the liquid regions. Indeed, the correlation kernel decays exponentially with
the distance d between the points, compared to ~ 1/d in the liquid region. At the liquid-
solid boundary one expects the Airy process to appear, but the situation at the gas-liquid
boundary is far more complicated [9, 20].

To the best of our knowledge, the two-periodic Aztec diamond is the only model with
periodic weightings for which rigorous results on fine asymptotics exist [9, 20]. Inspired
by a formula for the Kasteleyn matrix found by Chhita and Young [21], Chhita and Jo-
hansson [20] found a way to compute the asymptotic behavior of the Kasteleyn matrix
as the size of the Aztec diamond goes to infinity. We will follow a different approach to
studying such models with periodic weightings.

As we will recall in Section 3, the Aztec diamond can be described by non-intersecting
paths (we refer to [46] and the references therein for more background on the rela-
tion between dimers, tilings, non-intersecting paths and all that). For a general class of
discrete non-intersecting paths with p-periodic transition matrices (which includes p-
periodic weightings for domino tilings of the Aztec diamond and p-periodic weightings
for lozenge tilings of the hexagon), we show in Section 4 how the correlation kernel can
be written as a double integral formula involving matrix valued polynomials that satisfy
a non-hermitian orthogonality.

We believe that this general setup has a high potential for a rigorous asymptotic analy-
sis. The key fact is that these matrix valued orthogonal polynomials can be characterized
in terms of the solution of a 2p x 2p matrix valued Riemann—Hilbert problem. With
the highly developed Riemann—Hilbert toolkit at hand, we may thus hope to compute the
asymptotic behavior of the polynomials, and more importantly the correlation kernel. The
formalism will be worked out in Section 4. It provides a new perspective even on the clas-
sical examples of uniform domino tilings of the Aztec diamond and lozenge tilings of a
hexagon.

The main focus of the paper is to show how the Riemann—Hilbert approach can be
exploited for an asymptotic analysis of the two-periodic Aztec diamond. Remarkably,
in this case the result of the Riemann—Hilbert analysis is a surprisingly simple double
integral formula for the correlation kernel. It is not an asymptotic result, but an exact
formula valid for fixed finite N. This representation also appears to be more elementary
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than the one given by Chhita and Johansson [20]. The Riemann-Hilbert analysis is given
in Section 5. We analyze the double integral formula for the kernel asymptotically using
classical steepest descent techniques in Section 6.

The model of the two-periodic Aztec diamond is explained and the main results are
summarized in the next section.

2. Statement of results

In this section we introduce the two-periodic Aztec diamond and state our main results.

2.1. Definition of the model

The Aztec diamond is a region on the square lattice with a sawtooth boundary that can be
covered by 2 x 1 and 1 x 2 rectangles, called dominos. The squares have a black/white
checkerboard coloring, and a possible tiling of the Aztec diamond of size 4 is shown in
Figure 1. There are four types of dominos, namely North, West, East, and South, that are
also shown in the figure. The Aztec diamond model was first introduced in [35].

In the two-periodic Aztec diamond we assign a weight to each domino in a tiling,
depending on its shape (horizontal or vertical) and its location in the Aztec diamond. We
assume the Aztec diamond is of even size.

To describe the two-periodic weighting we introduce a coordinate system where (0, 0)
is at the center of the Aztec diamond. The center of a horizontal domino has coordinates
(x,y 4+ 1/2) with x, y € Z. We then say that the horizontal domino is in column x. The
center of a vertical domino has coordinates (x 4+ 1/2, y) with x, y € Z, and we say that
the vertical domino is in row y. The row and column numbers run from —N +1to N — 1,
where 2N is the size of the Aztec diamond.

We fix two positive numbers a and b and define the weights as follows.

. -
B . North
- . -
P — -
. - - .
-
- - . -
—— West East
. - -
. . -
. South

Fig. 1. Possible tiling of a 4 x 4 Aztec diamond with four kinds of dominos.
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Definition 2.1. The weight of a domino D in a tiling 7 of the Aztec diamond is

if D is a horizontal domino in an even column,

if D is a horizontal domino in an odd column,
w(D) = 2.1

if D is a vertical domino in an even row,

QI T Q

if D is a vertical domino in an odd row.

The weight of the tiling T is
w(T) =[] wd, 2.2)
DeT
and the probability for 7 is
P(T) =w(T)/Zn, (2.3)

where Zy = ) 7 w(T") (sum over all possible tilings 7" of an Aztec diamond of size
2N) is the partition function.

In the example from Figure 1 the weights are shown in Figure 2. The weight of the tiling
is w(T) = a'%10.

The model is homogeneous in the sense that the probabilities (2.3) do not change if
we multiply a and b by a common factor. We may and do assume ab = 1. In what follows
it will be more convenient to work with

o =a?, B = b? 2.4

instead of a and b. We have a8 = 1, and without loss of generality we assume « > 1. If
o = B = 1 then the model reduces to the uniform weighting on domino tilings, and so
the true interest is in the case o > 1, and this is what we assume from now on.

a

Fig. 2. Two-periodic weights of dominos in a tiling of the Aztec diamond. The vertical dominos
in an even row and the horizontal dominos in an odd column have weight a. Other dominos have
weight b.
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2.2. Particle system and determinantal point process

By putting a particle in the black square of the West and South dominos, we obtain a
random particle system. In our running example the particle systems is shown in Figure 3.

Fig. 3. Particles in a domino tiling.

We rotate the picture clockwise through 45 degrees and we change the coordinate
system so that black squares are identified with the product set

By =1{0,...,2N} x {0,...,2N — 1}. 2.5)

Any possible tiling of the Aztec diamond gives rise to a subset X = X' (7") of By con-
taining the squares that are occupied by a particle.

We use (m,n) € By to denote an element By and we will refer to m as the level
in By. Any X that comes from a tiling will have 2N —m particles at level m for eachm =
0,1,...,2N. Therefore the cardinality is |X| = N(2N + 1). There are also interlacing
conditions that are satisfied when comparing the particles at level m with those at level
m+ 1.

The probability measure (2.3) on tilings gives rise to a probability measure on sub-
sets X', which turns out to be determinantal. This means that there exists a kernel

Ky :By x By - R (2.6)
with the property that for any subset S C By,
PLS C X] =det[Kn(x, y)]x,yes-

This is a discrete determinantal point process [14].
We found an explicit double contour integral formula for the kernel K. We take
(m,n), (m',n’) € By, and instead of Ky ((m, n), (m’,n’)) we write Ky (m, n; m’,n’).
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We collect Ky (m, n; m’, n’) with some of its neighbors in a 2 x 2 matrix

. / / . / /
KN(m,n;m/,n/):< KN(msnvmsn) KN(m,n+1,m,n) )’ (27)

Kynm,n;m',n”+1) Kym,n+1;m',n +1)
and this matrix appears in our formula (2.8) below.

Theorem 2.2. Assume N is even and (m,n), m’,n') € By are such that m + n and
m’ 4+ n' are even. Then

Ky(m,n;m',n') = — Xm>r.n' f Am—m’(Z)Z(m’—&-n’)/Z—(m—‘,—n)/Zd_Z
2ni i,

Z
’ (2”1 i)? 7§m.. 8 751 AN ) F ) A G)
N/2 N m'+n)))2
where
A= z%1 (ﬂz(zzaj- ) a(gljzl)> : 2.9)
T %[2 i 2V + 01]2)(1 + 89 (é(z(;f)lz) _“(ffféiz) 7 (2.10)

where I denotes the 2 x 2 identity matrix and we use the principal branch of the square
root in (2.10). The notation x in (2.8) denotes the indicator function, Xpmsp = 1 if
m > m’ and X = 0 otherwise.

The contour yy,1 in (2.8) is a simple closed contour going around 0 and 1 in the
positive direction. The contour y is a simple closed contour in the right half-plane that
goes around 1 in the positive direction, and it lies in the interior of yp,1 (see Figure 4).

Fig. 4. Contours y 1 and y; used in the definition of K in (2.8) in Theorem 2.2.

Remark 2.3. The square root factor in (2.10) is defined and analytic for complex z out-
side (—o0, —?] U [—ﬂ2, 0] with the branch that is positive for real z > 0. This is one
sheet of the Riemann surface R associated with the cubic equation

V=z2c+ad)i+ B, @2.11)

which will play an important role in what follows. It is a two-sheeted surface consisting
of two sheets C \ ((—o0, —ocz] U [—,32, 0]) glued together along the two cuts (—oo, —az]



Two-periodic Aztec diamond and MVOP 1081

and [—p2, 0] in the usual crosswise manner. The surface has genus 1 unless @ = 8 = 1
in which case the genus drops to 0.

The matrix valued function F(z) from (2.10) is considered on the first sheet. Its ana-
lytic continuation to the second sheet is given by I, — F(2).

Remark 2.4. The eigenvalues of A(z) (see (2.9)), are equal to %(f) where

p12(2) = (@ + Bz + Vz(z + ) (z + B7) (2.12)

are the eigenvalues of ( ﬂz%?j-l) “(22/;; D ). Thus (2.12) are the two branches of the meromor-

phic function p = (@ + )z + y on the Riemann surface R associated with (2.11), with
o1 on the first sheet and p; on the second sheet.

The eigenvectors can also be considered on the Riemann surface. There is a matrix
E(z) whose columns are the eigenvectors such that

_ 1 01(2) 0 —1
A(Z)—ZTIE(Z)( 0 pz(z)>E (2). (2.13)

See (5.6) below for the precise formula for E(z). It turns out that (see (2.10) for the
definition of F(z))

F(z) = E(z) ((1) 8) E7'(2). 2.14)

Thus F'(z) has eigenvalues 0 and 1, and F'(z) commutes with A(z).
We will also work with

W) = A*@)/z, 2.15)

which in view of (2.13) has eigenvalue decomposition

_ -1 (M) 0
W@ = EAGE @ aw= ("5 0. 2.16)
with )
L1 2(2)

A = —. 2.17
1,2(2) 1) 2.17)

These eigenvalues are the two branches of a meromorphic function A on the Riemann
surface R, with A; defined on the first sheet and A, on the second sheet.

2.3. Matrix valued orthogonal polynomials

The starting point of our approach to Theorem 2.2 is the non-intersecting path refor-
mulation of the Aztec diamond and the Lindstrom—Gessel—Viennot lemma. This will be
developed in Section 3. The novel ingredient in the further analysis is the use of matrix
valued orthogonal polynomials (MVOP).

A matrix valued polynomial of degree k and size d is a function

P(z)=Cotk +C1F 1+ 4

where Co, ..., Cy are matrices of size d x d. Suppose w(z) is a d x d weight matrix on
a set I' in the complex plane.
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Definition 2.5. Suppose Py is a matrix valued polynomial of degree N with an invert-
ible leading coefficient. Then Py is a matrix valued orthogonal polynomial with weight
matrix w on I if

/ Py (Dw(2) Q' (2) dz = 04 (2.18)
r
for all matrix polynomials Q of degree < N — 1, where Q' denotes the matrix transpose.

The integral in (2.18) is to be taken entrywise, and 0; denotes the d x d zero matrix.
We note that the order of the factors in the integrand in (2.18) is important since we are
dealing with matrices.

For us the weight matrix will be #WN (z) on the closed contour y; around 1. Thus
d =2, and WV denotes the Nth power of W, so that the weight matrix is varying with N.
Recall that W is defined in (2.15), and explicitly we have

1 @+ 12> +da’s 20+ B+ 1))

W) = <2ﬂ(a +Bz(z+1)  (z+ D> +4p% (2.19)

(z = 1?
The existing literature on MVOP mostly deals with the case of orthogonality on an inter-
val of the real line, with a positive definite weight matrix w with all existing moments. In
such a case the MVOP exists for every degree n, and they can be normalized in such a
way that

/Pn(z)w(z)P,{(z)dzzld, j=01,...,n—1. (2.20)
r

However, it is interesting to note that MVOP first appeared in connection with predic-
tion theory where the orthogonality is on the unit circle (see [11] for a recent survey).
The interest in MVOP on the real line has been steadily growing since the early 1990s.
The analytic theory of MVOP on the real line is surveyed in [25], with [5] as one of the
pioneering works. MVOP satisfy recurrence relations [34] and special cases satisfy differ-
ential equations [33]. Interesting examples of MVOP come from matrix valued spherical
functions; see [40, 50] as well as many other papers.
We deviate from the usual set-up of MVOP in several ways:

e I is aclosed contour in the complex plane,

e the weight matrix w(z) = % WV (z) is complex valued on I" and varies with N,
e the weight matrix is not symmetric or Hermitian (let alone positive definite), or have

any other property that would imply existence and uniqueness of the MVOP.

Since there is no complex conjugation in (2.18), we are thus dealing with non-Hermitian
matrix valued orthogonality with varying weights on a closed contour in the plane.

As already noted, existence and uniqueness of the MVOP are not guaranteed in this
general setting. However, for the weight % WN we can show that the monic MVOP up
to degrees N all exist and are unique. However, since the weight matrix is not symmetric,
we cannot normalize to obtain orthonormal MVOP as in (2.20). In our case the MVOP of
degrees > N do not exist.

In Section 4 we consider a situation that is more general than the two-periodic Aztec
diamond. It deals with a multi-level particle system that is determinantal, and transitions
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between the levels are periodic. See Assumptions 4.1 and 4.2 for the precise assumptions.
In this general setting we make a connection with matrix valued (bi)orthogonal polyno-
mials and our main result in Section 4 is Theorem 4.7 that expresses the correlation kernel
as a double contour integral containing a reproducing kernel for the matrix polynomials.

In the special situation of the two-periodic Aztec diamond the matrix Ky with the
correlation kernels as in (2.8) is given by

_ Xm>m/ ‘(ﬁ Am—m’(Z)Z(m’—i-n’)/2—(m-+-n)/2 d_Z
2ni Jy, z

1 dz (m'+n')/2

+— = (2.21)
(2mi)? vou 2

dw 2N—m’ m

where Ry (w, z) is the reproducing kernel associated with the matrix polynomials of de-
grees < N — 1. Thatis, Ry (w, z) is a bivariate matrix valued polynomial of degree N — 1
in both w and z such that

L Ry WY@ 0" @) dz = 0'(w)
27i J,
for every matrix valued polynomial Q of degree < N — 1.

The MVOP of degree N is characterized by a Riemann—Hilbert problem, and the
reproducing kernel Ry (w, z) can be expressed in terms of the solution of the Riemann—
Hilbert problem. This is known from work of Delvaux [29] and we recall it in Section
4.6. Then we perform an analysis of the Riemann—Hilbert problem, and quite remarkably
this produces the exact formula (2.8).

2.4. Classification of phases

The explicit formula (2.8) in Theorem 2.2 is suitable for asymptotic analysis as N — oo.
See Figure 5 for a sampling of a large two-periodic Aztec diamond. In this figure three
regions emerge where the tiling has different statistical behavior. We first describe how we
can distinguish these three phases (solid, liquid and gas) in the model. The classification
will depend on the location of saddle points for the double integral in (2.8).

We fix coordinates —1 < & < 1 and —1 < & < 1 and choose m, m’' ~ (1 + & )N
and n,n’ ~ (1 4+ &)N. Then from the formula (2.8), we see that the z-integral of the
double contour integral is dominated as N — oo by the expression

A&N(Z)ZN/Z(Z _ I)NZ*(1+51/2+§2/2)N — WSIN/Z(Z)(Z _ I)NZ*(1+§2)N/2

where W is given by (2.15). In view of the eigenvalue decomposition (2.16) this is

N2 B
E(Z)< 0 gN¢2(z>/2> E@)

with ®;(z) =2log(z — 1) — (1 + &) logz +&1logA;(z), j = 1,2. Hence we are led to
consider
®(z) =2log(z — 1) — (1 + &) logz + & log A(2) (2.22)
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Fig. 5. A sample of a two-periodic Aztec diamond of size 500. We colored the West and South
dominos blue. The East and North dominons are colored yellow. The gas phase is visible in the
middle. This figure is generated by a code that was kindly provided to us by Sunil Chhita.

as a function on the Riemann surface R, depending on parameters & and &;. It is multi-
valued, but its differential

+£&

1 Z ) (2:23)

/
CD/(Z)dZ=< 2 _1+E2 A(Z)>d
Z
is a single-valued meromorphic differential with simple polesatz = 1D,z = 1®, 7 =0
and z = oo; see also Section 6.2. (For j = 1, 2, we use 1¢) to denote the value 1 on
the jth sheet of the Riemann surface.) There are also four zeros, counting multiplicities,
since the genus is 1.

Definition 2.6. The saddle points are the zeros of ®'(z)dz.

The real part R, of the Riemann surface consists of all real tuples (z, y) satisfying the
algebraic equation (2.11) together with the point at infinity. The real part is the union of
two cycles,

R, =CUC,, (2.24)
where C; is the union of the intervals [—a2, — ﬁz] on the two sheets, and C, is the union
of the two intervals [0, oo] on both sheets.

It turns out that there are always at least two distinct saddle points on the cycle C; (see
Proposition 6.4 below). The location of the other two saddle points determines the phase.
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Definition 2.7. Let —1 < &1, & < 1.

(a) If two simple saddles are in Cp, then (&1, &) is in the solid phase, and we write
(61,5) € 6.

(b) If two saddles are outside the real part of the Riemann surface, then (&1, &) is in the
liquid phase, and we write (§1, &) € £.

(c) If all four saddles are simple and belong to Cy, then (&1, &) is in the gas phase, and
we write (§1, &) € &.

Transitions between phases take place when two or more saddle points coalesce.

(d) If there is a double saddle point on Cy, then (&1, &) is on the solid-liquid transition.
(e) If there is a double or triple saddle point on Ci, then (&1, &) is on the liquid-gas
transition.

It is not possible to have a double saddle point outside the real part of the Riemann surface.

The condition for coalescing saddle points leads to an algebraic equation of degree 8
for &1, & and it precisely coincides with the equation listed in [20, appendix] (see also
(6.10) below).

The real section of the degree 8 algebraic equation has two components in case & > 1,
as shown in Figure 6. Both are contained in the square —1 < &j,& < 1. The outer
component is a smooth closed curve that touches the square at the points (£1, 0) and
(0, £1). It is the boundary between the solid and liquid phases.

1 1
0.51 0.51
& [
-0.51 -0.51
-1 - : . -1 . " .
-05 0 05 1 -05 0 05 1
&l &l

Fig. 6. Real section of the degree 8 algebraic curve in the £1-£&; plane for the cases o = 2 (left)
and @ = 3 (right). The outer component is the boundary between the solid and liquid phases and
the inner component is the boundary between the liquid and gas phases.

The inner component is the boundary between the liquid and gas phases. It is a closed

curve with four cusps at (i ) and (O +2=b )

a+ﬁ a+p
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2.5. Gas phase
Our next result gives the limit of Ky in the gas phase. Recall that K is defined by (2.7).

Theorem 2.8. Assume (£1, &) € &. Suppose m, m’, n, n' are integers that vary with N
in such a way that

m={4+&)N+o(N), n=({1+&)N +o(N) (2.25)
as N — oo, while
m —m=Am, n —n=An (2.26)
are fixed. Also assume that m + n and m’ + n' are even. Then for N even,

lim Ky(m,n;m',n') = Kgas(m, n;m’, n') (2.27)
N—o0

with

1 _ dz
Keas(m, n; m', n') = %jﬁ (F(2) — xam<0l) A=A (z)z(AmTam/2 )

where y is a closed contour in C \ ((—oo, —a?] U [—B2, 0]) going around the interval
[—B2, 0] (which we can also view as a closed loop on the first sheet of the Riemann
surface).

The limit (2.28) does not depend on &; or &> as long as these are in the gas region. The ker-
nel Ky still depends on the parameters « and 8 and therefore the two-periodic structure
is still present in this limit.

The proof of Theorem 2.8 is in Section 6.5.

Remark 2.9. In (2.28) we can see the exponential decay of correlations that is charac-
teristic for the gas phase as follows. We combine the factor z(2"/2 with A= (z), since
Z(Am/2 p=Am 7y — W—(Am)/2(7) by (2.15). We find from this and (2.10) and (2.15) that

F()z A2 A=8m(7) = F(a] " (2),

(F(2) — )2 B™PA87 (2) = (F(2) — Iya, ™)
= (F) - 2" @)

since Ay = Afl (see Lemma 5.2(d) below). Thus (2.28) can be written as

—(Am))2 _
i b, F@A (A2 )z (Am/2 da if Am > 0,

Kgas(m, nym', ”/) = (2.29)
% fy(F(Z) _ Iz))»iAm)/z(Z)Z(An)ﬂ dZ_Z if Am < 0.

By analyticity and Cauchy’s theorem, we are free to deform the contour y as long as it
goes around the interval [—ﬂz, 0] and does not intersect (—oo, —a2]. Since B<l<ua
we can deform it to a circle centered at zero of radius < 1 or to a circle of radius > 1.
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If An > 0 we deform to a circle |z] = r < 1 and if An < 0 we deform to a circle
|z| = r > 1. In both cases the factor z(A")/? is exponentially small as |An| — oo.

Since [A;] > 1 on y (as will follow from Lemma 5.2(d,f) below) the factor
Af(Am)/ 2 (z) is also exponentially small as |Am| — oo. It follows that the gas kernel

(2.29) decays exponentially as |[Am| + |An| — oo.

2.6. Cusp points

On the boundary between the gas phase and the liquid phase, the gas kernel (2.28) is
still the dominant contribution. This phenomenon was already observed by Chhita and
Johansson [20] and further investigated by Beffara, Chhita and Johansson [9], who looked
at the diagonal point £ = &> on the boundary and proved that after averaging there is
Airy-like behavior in the first subleading term.

We consider the cusp points, and show explicitly the appearance of Pearcey-like be-
havior in the subleading term of the kernel Ky .

The four cusp points are located at (£, &) = (i%, 0) and (&1, &) = (0, i% in

the phase diagram. We focus on the top cusp point with coordinates (&', ;) = (O, %)
At this cusp point the triple saddle is located at the branch point —c?.

Theorem 2.10. Suppose N, m + n and m’ + n’ are even. Write m = (1 + &)N, n =
(1+&)N,m" =1 +&E)N, n" = (1 +&)N and assume

a—p
a+p’ (2.30)

N34 — ciu, NV —&) — v, & =

N34 = e, NY2E — &) — et
as N — oo, with fixed u, u’, v, v' and with constants

1/4 NG
=

Ja =B’ a+p’

(2.31)

c1 =
Then, in case m is even,

Jim NS )G AR Ky (n, s m', ') — Kgas(m, n ', n'))
—> 00

_ /ad — B ﬂ 1 1 1 e£s4+%vsz+us ds dt 53
o2\ =1 @ri)? Jsues) i et ravitns 1 —s 232
with contours ¥ and —% as shown in Figure 7.
In case m is odd,

Jim NS DG AR Ky (m, 5 m', ') — Kgas(m, n ', n'))
— 00

G < 1o ) 1 / e T3 gy gy
i

T ool/4 -1 —1) Q2ni)? SU—5)-! Re£t4+%v’t2+u’tt—s

(2.33)

where (—%) ™! indicates that the orientation on —X is reversed.

The proof of Theorem 2.10 is in Section 6.6.
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X

Fig. 7. The contours of integration for the Pearcey integrals in (2.32) and (2.33).

The double integral in (2.32),

1 e%s4+%vsz+us ds dt -
(2mi)? /zu(z) fiR et RVt =5’ 239
is, up to a gaussian, known as the Pearcey kernel. It is one of the canonical kernels in
random matrix theory that arises typically as a scaling limit near a cusp point. It was
first described by Brézin and Hikami [17] in the context of random matrices with an
external source (see also [13]). The Pearcey process was defined in [58, 63]. More recent
contributions are for example [1, 10, 41]. Note that the actual Pearcey kernel includes a
gaussian in addition to the double integral in (2.34). Remarkably, this term is hidden in
the gas kernel and can be retrieved by a steepest descent analysis of that kernel.

Theorem 2.11. Under the same assumptions as in Theorem 2.10 we have

th N1/4(_1)(An—‘Am|)/2a—Aanas(m’n; m/’n/)
— 0

Ja=p (1 1 1 2
=~ - _— e 20-Y) lf v > U/,
_ 21/4 1 —=1) 2z(v ="' (235)
B 0 if v<vor '
ifv=vandu # v,

as N — oc.

It is very curious that the double integral part of the Pearcey kernel appears in the scal-
ing limit at the cusp point, but only in the subleading term. A similar phenomenon was
already observed in [20] on the smooth parts of the liquid-gas boundary. The gas phase is
dominant with subleading Airy behavior. Also here the gaussian part of the Airy kernel
is hidden in the gas kernel [20, §3.2]. With some effort we can also find this from our
approach.

3. Non-intersecting paths

We discuss non-intersecting paths on the Aztec diamond. What follows in this section is
not new, and can be found in several places; see e.g. [43, 44, 45] and the recent works
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[7, 46]. Note, however, that we use a (random) double Aztec diamond to extend the paths
instead of a deterministic extension in [43, 44]. Since the discussion is rather standard,
we allow ourselves to be brief and refer to the arXiv version of the paper for more details.

3.1. Non-intersecting paths

The South, West and East dominos are marked by line segments as shown in Figure 8. The
North dominos have no marking. There are also particles on the West and South dominos,
but these will only play a role later on. We look at the line segment as part of paths that
go from left to right and go either up (in a West domino), down (in an East domino), or
horizontal (in a South domino). Each segment enters a domino in the black square, and
exits it from the white square within the domino.

By including the markings on the tiles we obtain non-intersecting paths, starting at
the lower left side of the Aztec diamond and ending at the lower right side. In the pictures
that follow we forget about the black/white shading of the dominos.

North

< N

West East

—
— s

Fig. 8. Line segments and particles on the dominos, which lead to non-intersecting paths in a
domino tiling of the Aztec diamond.

Each path ends at the same height as where it started. Observe that the lengths of the
paths vary greatly. To obtain a more symmetric picture, which will be useful for what
follows, we attach to the right bottom side of the original Aztec diamond of size 2N
another one of size 2N — 1 as in Figure 9. It is not hard to see [32, Lemma 3.2] that any
domino tiling of the double Aztec diamond splits into a domino tiling of the original Aztec
diamond of size 2N and a domino tiling of the attached Aztec diamond of size 2N — 1.
In other words: there are no dominos that are partly in the original Aztec diamond and
partly in the newly attached Aztec diamond.

We thus cover the second Aztec diamond with dominos, independently from what
we did in the original Aztec diamond. We also put in the markings with line segments.
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Fig. 9. The double Aztec diamond (left) and a tiling of the double Aztec diamond with non-
intersecting paths and particles along the paths (right).

A possible tiling is shown in Figure 9 together with the corresponding non-intersecting
paths.

The double Aztec diamond with partial overlap is considered in [2, 3], where the
phenomenon of a tacnode is studied. For us, the two Aztec diamonds do not overlap and
there is no tacnode phenomenon.

3.2. Modified paths on a graph

We are going to modify the paths in a standard way. First of all, we perform a shear
transform (x, y) — (x 4y, y) so that the paths end at the same height as they started. We
also include some trivial steps so that each possible step up is preceded by a horizontal
step of half a unit. See Figure 10.

N W A L
\

-2 \ 1
0051152253354

Fig. 10. Modified paths on a directed graph. Horizontal and diagonal edges are oriented to the right
and vertical edges are oriented downwards.
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We then put particles on the paths as follows. The particles are on the integer lattice
Z x 7. We take coordinates so that the initial vertices are at (0, j) for j =0,...,2N —1
and the ending vertices are at (2N, j) for j =0, ..., 2N — 1. We then put particles at the
intersection points of the paths and the vertical lines as follows. If the path has no vertical
part, then it has a unique intersection point with the vertical line, and we put a particle
there. If there is a vertical part of the path at that level, then we put the particle at the
highest point (see Figure 10). Now there are 4N + 1 particles on each path.

The new paths have a two-step structure. Starting from an initial position, either we
move horizontally to the right half a unit and stay at the same height, or we go diagonally
up one unit in the vertical direction and horizontally half a unit. We call this a Bernoulli
step. In both cases we end at a particle on the line with horizontal coordinate 1/2. Then
we make a number of vertical down-steps followed by a horizontal step half a unit to the
right. The number of down-steps can be any non-negative integer, including zero. We call
this a geometric step. Then we repeat the pattern. We do a Bernoulli step, a geometric
step, a Bernoulli step, etc. The final step in each path is a geometric step, which should
take us to the same height as where the path started.

Another requirement is that the resulting paths are non-intersecting. Any such path
structure is in one-to-one correspondence with a unique domino tiling of the double Aztec
diamond. The paths lie on an infinite directed graph that is also shown in Figure 10. We
call it the Aztec diamond graph.

3.3. Weights

There is a one-to-one correspondence between tilings of the double Aztec diamond and
non-intersecting paths on the Aztec diamond graph with prescribed initial and ending
positions as described above.

In the two-periodic Aztec diamond we assign a weight (2.2) to a tiling with the cor-
responding probability (2.3). To be able to transfer this to the paths, we recall that in a
Bernoulli step a diagonal up-step corresponds to a West domino, and a horizontal step
corresponds to a South domino. The vertical steps in a geometric step correspond to East
dominos. The horizontal step that closes a geometric step was added artificially and does
not correspond to a domino.

We do not see the North dominos in the paths, and therefore we cannot transfer the
weights on the dominos to weights on path segments directly. It is possible to assign
weights to dominos in which North dominos have weight 1 and which is equivalent to
(2.1) as it leads to the same probabilities (2.3) on tilings. This was also done in [20], but
we present it in a different way here. A simple argument [32, Lemma 3.1] shows that each
column has the same number of North and South dominos, and these dominos all have
the same weight (2.1). We obtain the same weight (2.2) of a tiling if instead of assigning
the same weight a or b to all the horizontal dominos in a column, we assign a? or b* to
the South dominos and weight 1 to the North dominos in that column.

For symmetry reasons we apply the same operation to East and West dominos. Then
instead of (2.1) we assign the following weight to a domino D, where we recall that
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6
B B B B B
5 A A A 8 A
o o o o o
4 o o o o o
B B B
3 B ﬂﬂ s B ﬂﬂ
(67 o o o o
2 o o o o o
B B B B B
| A ] A A A
o o o o (03
0 o o o o o
B B B B B
—1 A A i 8 A
o o o o o
) o o o o o

0 05 1 15 2 25 3 35 4

Fig. 11. Weights on the edges of the Aztec diamond graph corresponding to the weights (3.1) on
dominos. Horizontal edges and diagonal edges from level m € Z to m + 1/2 have weight « in even
numbered rows and weight 8 in odd numbered rows. The vertical edges and horizontal edges from
level m 4+ 1/2 to m + 1 have weight 1 and these weights are not shown in the figure.

o =a?and g = b*:
if D is a South domino in an even column,
if D is a South domino in an odd column,

o
B
w(D) = 3 B if D is a West domino in an even row, 3.1
o if D is a West domino in an odd row,
1

if D is a North or East domino.

Since North dominos have weight 1, we can transfer the weights (3.1) on dominos to
weights on the edges of the Aztec diamond graph. The result is shown in Figure 11. The
weights alternate per row.

3.4. Transition matrices

We use the layered structure of the Aztec diamond graph to introduce transition matrices
between levels. Here a level is just the horizontal coordinate. There are integer levels m
and half-integer levels m + 1/2 with m € Z.

The transition from level m to m 4 1/2 is a Bernoulli step. Because of the weights,
the transition matrix is, for x, y € Z,

o ifxisevenandy € {x,x + 1},
Tnmi12(x,y) =B ifxisoddandy e {x,x + 1}, 3.2)
0 otherwise.



Two-periodic Aztec diamond and MVOP 1093

Then Ty 41,2 is two-periodic, Ty py1/2(X+2, y+2) = Ty mr1/2(x, y) forallx, y € Z.
As a matrix it is a block Laurent matrix (i.e., a block Toeplitz matrix that is infinite in both
directions) with 2 x 2 blocks. The diagonal block is (% %) the block on the first upper

diagonal is (2 8), and all other diagonals are zero. The associated symbol [16] is

Ammt12(2) = <g g) + <2 8) 7= <g‘z Z) 3.3)
with z € C.

To go from level m + 1/2 to level m 4 1, we make a number of vertical down-steps
(possibly zero) and then a horizontal step. All weights are 1 and so the transition matrix
is

1 ify<unx,
T, X,y) = - 34
m+1/2,m+1(X, ¥) {O ify > x. (3.4)
This is a Laurent matrix, but we want to view it as a a block Laurent matrix with 2 x 2
blocks. The diagonal block is ( { (1)) all blocks below the main diagonal are ( { } ) and all

blocks above the main diagonal are zero. The symbol is

10y, - (1 1), _ |1 1
Am+1/z,m+1(z>=(1 1)+ > (1 1)z/=2_1(§ Z) (3.5)

j==c0

with |z] > 1.
Then (the product is matrix multiplication)

T = Tunm+172Tm+1/2,m+1 (3.6)

is the transition matrix from level m to level m + 1, and T is two-periodic. The symbol
for T is easily seen to be the product of (3.3) and (3.5):

1
A©) = Anmit 2@ Amiinin@ = — (et “G7 V) 6

which agrees with (2.9).

More generally, for any integers m < m’ we have a transition matrix "' =" to go
from level m to level m’ with symbol A™ ~"_ In particular T2V is the transition matrix
from level 0 to 2N with symbol A%V,

Now we want to invoke the Lindstrom—Gessel-Viennot lemma [38, 53] (see also [45,
Theorem 3.1] for a proof), which gives an expression for the weighted number of non-
intersecting paths on the graph with prescribed starting and ending positions. For us,
the starting positions are (0, j), j = 0,...,2N — 1, and the ending positions (2N, j),
j =0,...,2N — 1. Since T?N(j, k) is the sum of all weighted paths from (0, j) to
(2N, k), by the Lindstrom—Gessel-Viennot lemma the partition function is a determinant

Zy = det[T?N(j, k)]ff,f;ol. (3.8)
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Because of the layered structure in the graph, we can also look at the positions of
the particles at intermediate levels m. We restrict to integer values m, but we could also
include the half-integer values.

Given an admissible 2N -tuple of non-intersecting paths, we then find a point set con-
figuration (x"‘)zyO r1n2/1v ! Where x5 < x|" < --- < x}j_, are the vertical coordinates of
the particles at level m. The probability measure on admissible tuples of non-intersecting
paths yields a probability measure on particle configurations in {1, ...,2N — 1} x ZV.

Then another application of the Lindstrom—Gessel-Viennot lemma shows that the

joint probability for the particle configuration (x'")zyo rlnylv lis

Prob((x/) M w2 T = — ]_[ det [T (], x"*HIFN 2

w1thxj=x/. =jforj=0,....,2N—-1. (3.9

The point process (3.9) is determinantal. The correlation kernel is given by the Eynard—
Mehta theorem [36] (see also [14, 15]). In the next section we will show how the kernel
can be represented in terms of certain matrix valued orthogonal polynomials. In fact, the
connection with matrix valued polynomials will hold in greater generality.

4. Determinantal point processes and MVOP

4.1. The model

We analyze the following situation. We take an integer p > 1, and we consider transition
matrices T}, : Z*> — R for m € Z that are p-periodic. This means that T}, (x+ p, y+p) =
Tn(x,y) foreverym and x, y € Z.

The model also depends on integers N, L € Nand M € Z. There will be L 4 1 levels
numbered as O, 1, ..., L. At each level m there are pN particles at integer positions
denoted by x5’ < x{' <--- < ng_l. The initial and ending positions (at levels 0 and L)
are deterministic and are given by consecutive integers

x)=j, xf=pM+j, j=0,....pN—1. 4.1)
Our assumption for this section is the following.

Assumption 4.1. (xm)p NO n]1 LO is a multi-level particle system with joint probability

i 1 I
Prob((x/")? o) = 7o detldy @)1

-(H det [T, ()" 3 IR ) - det Bpures GO (42)
m=0

where the transition matrices 7;, are p-periodic for every m. The constant Zy in (4.2) is
a normalizing constant and §; (x) = &;, . is the Kronecker delta.
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The determinantal factors with the delta-functions in (4.2) ensure the boundary condi-
tions (4.1).

Assumption 4.1 is satisfied for the two-periodic Aztec diamond by (3.9), provided we
take p =2, L = 2N, M = 0 and 7,, = T for each integer m, with T given by (3.6),
using (3.2), (3.4). There are three crucial assumptions contained in Assumption 4.1.

e The transition matrices are p-periodic. It means that the 7;, are block Laurent matrices
with p x p blocks.

e The initial and ending positions of the particles are at consecutive integers. This as-
sumption allows us to make a connection with matrix valued polynomials. Note that
we allow for a shift pM in the positions at level L compared to the initial positions.

e The transition matrices are such that (4.2) is a probability. That is, (4.2) is always non-
negative and we can find a normalization constant Zy such that all probabilities (4.2)
addupto 1.

We have made two other assumptions, namely

e the number pN of particles at each level is a multiple of p, and
o the shift pM in the positions of the particles at the final level is also a multiple of p,

but these are less essential. They are made for convenience and ease of notation and could
be relaxed if needed.
For future analysis, we also assume

Assumption 4.2. The symbols for the block Laurent matrices 7;,, m € Z, are analytic in
a common annular domain R; < |z| < R in the complex plane.

For m < m’ we use

Tm,m’ =Ty - Tm+1 co Ty 4.3)

for the transition matrix from level m to level m’. The matrix multiplication is well defined
because of Assumption 4.2. Every T, v is a block Laurent matrix with period p.

The Eynard—Mehta theorem [36] applies to (4.2). We present the Eynard—Mehta the-
orem as stated in [14]. We assume ¢;, ¥; for j = 0,1,..., N — 1 are given functions,
and for functions ¢, : Z — Rand T : Z x Z — R we use

@*T)) =) ¢@Tx.y), (TxP)x) =Y T NYQ),

X€Z VEZ

pry =) @Y.

XEZ

Theorem 4.3 (Eynard—Mehta). A multi-level particle system of the form
1 _
Prob((x/") g g) = 7 detlg; @O,

L—1
(]‘[ det [Ty, (<", x )] 0) det [; DIV (@)
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where ¢;, j for j =0, 1, ..., N—1are arbitrary given functions, is determinantal with
correlation kernel

K(m, x; m/9 y) = _Xm>m’Tm’,m(yv X)
N—-1

+ > (@i * Tom)OIG ™ j (T 1 * Y7 (¥) 4.5)

i,j=0
where the Gram matrix G is defined by

G = (Gi,j);t]];lo, Gij=¢ixTo,L* Y. (4.6)

We apply Theorem 4.3 to (4.2) and we find the following correlation kernel:

Corollary 4.4. The multi-level particle system (4.2) is determinantal with correlation
kernel

K(m, x; m/a Y) = —Xmsm' m’,m(ya X)

pN—1
+ D Tom( OIGNij T L (y, pM + j) 4.7)

i,j=0

with N
G = (Gi,j)sz_o . Gij="Tor(, pM+ j). (4.8)
Proof. This follows from Theorem 4.3 since we have (6; * To,,)(x) = T, (i, x) and
(T % 8pm+j)(y) = T (v, pM + ). o

The Gram matrix G in (4.6) is a finite section of the block Laurent matrix 7o .. It has size
PN x pN and we also view it as a block Toeplitz matrix of size N x N with blocks of size
p x p.lItis part of the conclusion of the Eynard—-Mehta Theorem 4.3 that G is invertible,
and so the invertibility is in particular a consequence of Assumptions 4.1 and 4.2.

4.2. Symbols and matrix biorthogonality

Associated with the block Laurent matrices 7, and T}, ,,v we have the symbols A,, (z) and
Ay (2). According to Assumption 4.2 all symbols are analytic in an annular domain
R < |z] < R2. We have the identity

Ann(@) = An@An1(@) - Apw—_1(2), m<m', (4.9)

for Ry < |z|] < Rj. The series that define the symbol do not commute (in general) and
thus the order of the factors in the product is important.

We let y be a circle of radius R € (R1, R2) with counterclockwise orientation. By
Cauchy’s theorem, we can recover the Laurent matrix entries from the symbols, and we
have

. . 1p—1 1 x—y dz
[Tm,m’(px +1i, py+ J)]i,j:() = 2_ Am,m’(Z)Z —. (4.10)
Tl y Z
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In particular
) a1 1 vey—m 42
[To.L(px + i, pM + py + )1 ;o = o Ao, (2)z PR (4.11)
14

and if we restrict to 0 < x, y < N — 1 then the blocks (4.11) are the p x p blocks in the
Gram matrix G (see (4.8)).

We consider the matrix-valued weight
A

WoL(z) = —r Z€V, (4.12)
Z

on the contour y. Clearly Wy 1 also depends on M and N but we do not include this in
the notation. It introduces a bilinear pairing between p x p matrix valued functions,

1
(P, Q) = T% P()Wo.1(2)0' (2) dz (4.13)
JT1 y

where Q' denotes the matrix transpose (no complex conjugation). The integral is taken
entrywise, and so (P, Q) is again a p X p matrix.

A matrix valued function is a polynomial of degree < d if all its entries are polyno-
mials of degree < d.

For invertible matrices P and Q of size pN x pN we define

Po(2) Ip Qo(2) N,
Pi(2) zlp Q1(2) :
. = . ) . =Q : . 4.14)
: : : zl,
Py-1(2) Ny, ON-1(2) I
Then P; and Q; for j = 0,1,..., N — 1 are matrix valued polynomials of degrees

<N-1
Proposition 4.5. Let P and Q be invertible pN x pN matrices, and let P;, Q; be the ma-

trix valued polynomials as in (4.14). Let G be the Gram matrix from (4.8). The following
are equivalent:

(@ G~!'=Q'P.
(b) Foreach j,k=0,1,...,N —1,

1
%75 Py Wo.1(2)0L(2) dz = 841, .15)

where Wo 1 (z) = Ao, (2)/ZMN as in (4.12).
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Proof. Consider

Po(z)
1 P1(2) t t t
eryﬁ T weo@e 0w - 0y, @)dz
Tl y :
Pn_1(2)

Then, by (4.12) and the definition (4.14) of the matrix valued polynomials,

I
N N 1 p | AoL(z) dz
P 1X(Q 1)t = _2711 f : ZM (Ip Z—llp . Z_N+11p) 7
Y
N1y

p

This is a block Toeplitz matrix with p x p blocks. For 0 < x, y < N — 1, the xyth block

1S
1 oy dz
—.f Ao r()z" 7™M =,
2mi y z

which by (4.8) and (4.11) is equal to the xyth block of G. Thus P~'X(Q~") = G,
which means that G™! = QP if and only if X = »N - This proves the proposition, since
X = I,y is equivalent to the biorthogonality (4.15). O

The property (4.15) is a matrix valued biorthogonality between the two sequences
(Pj)]].v= Bl and (Qj)j.vzz)l. The matrix valued biorthogonal polynomials are clearly not

unique but depend on the particular factorization of G~

4.3. Reproducing kernel

Let G~! = Q'P be any factorization of G~ and let P;, Q; be the matrix polynomials as
in (4.14). We consider
N-1
Ry(w,2) =) Q(w)P;(2), (4.16)
j=0

which is a bivariate polynomial of degree < N — 1 in both w and z.

Lemma 4.6.

(a) For every matrix valued polynomial P of degree < N — 1 we have

1
—f P(w)Wo . (w)Ry (w, 2) dw = P(2). 4.17)
2ri J,
(b) For every matrix valued polynomial Q of degree < N — 1 we have
1
i Ry(w, 2)Wo,0(2) Q' (2) dz = Q' (w). (4.18)

14



Two-periodic Aztec diamond and MVOP 1099

(c) Either of the properties (a) and (b) characterizes (4.16) in the sense that if a bivariate
polyngmial Ry (w, z) of degree < N — 1 in both w and 7 satisfies either (a) or (b),
then Ry (w, 7) = Ry (w, z) for every w, z € C.

Proof. Parts (a) and (b) are immediate from the biorthogonality (4.15) and the
fact that any matrix valued polynomials P of degree < N — 1 can be writ-
ten as P(z) = Z,Icvz_ol ArPr(z) = Z,ivz_ol B Qk(z) for suitable constant matrices
Ao, ... ,/.141\7_1, Bo,...,By_1.

Let Ry (w, z) be as in part (c), and suppose that

1 ~
—7€ N(w, 2)Wo,1(2) 0" (2) dz = Q' (w) (4.19)

2mi ¥

for every matrix valued polynomial Q of degree < N — 1. For a fixed w we note that
z +— Ry (w, z) is a matrix valued polynomial of degree < N — 1 and it can be written

as a linear combination of Py, ..., Py_1 with matrix coefficients. The matrix coefficients
depend on w, and we get for some A;(w), j =0,..., N —1,
R N—1
Ry(w.2) =Y Ajw)Pi (). (4.20)
j=0

Then taking (4.19) with Q = Oy, and using the biorthogonality (4.15), we get
N-1
HAOEDY A-(w>if Pj(2)Wo,1(2) 0} () dz = Ay (w)
k = J 2ri y J s k

for every k = 0,..., N — 1. Thus ﬁN(w, z) = Ry(w, z) by (4.20) and (4.16). This
proves part (c) in case the reproducing property of (b) is satisfied. The other case follows
similarly. O

Due to (4.17), (4.18), we call Ry (w, z) the reproducing kernel for the pairing (4.13).

From Lemma 4.6(c) we find in particular that the sum in (4.16) does not depend on
the particular choice of factorization G~! = Q'P. It does depend on G, as can also be
seen from the expression obtained from (4.14) and (4.16),

Ry(w,2) = (w¥"'1, - wI, 1,)G™" . , 4.21)

which clearly only depends on G.

4.4. Main theorem

Now we are ready for the main theorem in this section.
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Theorem 4.7. Assume the transition matrices T,, are p-periodic and that the above As-
sumptions 4.1 and 4.2 are satisfied. Then the multi-level particle system (4.2) is determi-
nantal with correlation kernel K given by

. \P— ’ - dz
(KO, px+ i, py + 1] Ly = ——X;"N." yg At ()25 —
’ Tl y Z

)

1 Y
+ Q2ri)?2 f/ fl A, L (W)Ry (w, Z)AO,m(Z)W dzdw,

x,yeZ 0<m,m <L, (422

where Ry (w, z) is the reproducing kernel (4.16) built out of matrix valued biorthogonal
polynomials associated with the weight Wo 1. (z) = Ao, (z)/zM N on y.

Proof. We know that the particle system is determinantal with kernel given by (4.7).
The first term in (4.7) gives rise to the first term on the right-hand side of (4.22) in
view of (4.10) (note that x and y are interchanged in 7, ,, (v, x) in (4.7)).
Let Ko(m, x; m’, y) be the second term on the right-hand side of (4.7). Instead of
the summation indices i and j in the double sum we use pv + k and pv’ + k' with
0<v,vVV<N-1,0<k,k < p— 1. Then from (4.7),

Ko(m, px + j;m', py +1i)

N—-1 p-1
= > Y Twipy+i.pM + pv' + k)G pvsw pork Tom(pv + &, px + j).
v,v'=0k,k'=0
(4.23)
Using (4.10) we can write this in block form
. . —1 1 M dw _
[Ko(m, px +J:m/,py+l)]{’j=0 = (—f A, (Wyw? MY —) G!
’ 27Tl y w 0<v'<N-—1

1 v—x dz '
Nz=P Aom(@z"" — (4.24)
2ri J, 2 Jo<v<N-1

where the first factor on the right-hand side of (4.24) is a block row vector of length N
with p x p blocks, and the last factor is a similar block column vector. We combine the
integrals to obtain a double integral and then we use (4.21) to find the double integral in
(4.22). This completes the proof. O

4.5. Matrix valued orthogonal polynomials

The goal of this subsection and the next is to express the reproducing kernel (4.16) (or
(4.21)) in terms of matrix valued orthogonal polynomials (MVOP) and use a Christoffel—
Darboux formula for the sum (4.16). Such a formula is known for MVOP in various
forms [4, 6, 25, 39]. We are however in a non-standard situation, with a non-Hermitian
orthogonality, and the MVOP need not exist for every degree. Fortunately, the degree N
MVOP will exist in the present situation, as we will explain in this subsection.
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If we can find a factorization G™! = Q'P leading to matrix valued polynomials (4.14)
with P;(z) = Q;(z) and deg P; = j forevery j =0, 1,..., N — 1, then we would have
a finite sequence of MVOP that are in fact orthonormal:

1
Z_mf Pi()Wo L(2)Pl(z)dz =81y, Jj.k=0,...,N—1, (4.25)
Y
and then
N—1
Ry(w,2) =Y P/(w)P;(2). (4.26)
j=0

From (4.26) it would follow that Ry (z, w) = Rﬁv(w, z) and this is an identity that is not
necessarily satisfied. Thus we cannot expect that the orthonormal MVOP exist. Instead
we focus on monic MVOP.

The orthogonality (4.25) is non-Hermitian orthogonality, and it is not associated with
a positive definite scalar product. Also existence and uniqueness of the monic MVOP
is not guaranteed in general. However, the MVOP of degree N does exist, and this is a
consequence of the fact that G is invertible.

Lemma 4.8. There is a unique monic matrix valued polynomial Py (z) = zN 1 b+ of
degree N such that

1
— ?{ Py (2)Wo.L ()" dz = 0p, k=0,1,...,N—1. 4.27)
2ri J,

Proof. The conditions (4.27) give us p>N linear equations for the p> N unknown coeffi-
cients of a monic matrix valued polynomial of degree N. The linear system has matrix G,
provided we number the coefficients and the conditions appropriately, and since G is
invertible, the existence and uniqueness of Py follows.

More explicitly, write Py(z) = I,z + Y105 Cjz/ with p x p matrices C; to be
determined. The orthogonality conditions

1 N—l—k ;. _ _ B
— f]g Pn(2)Wo,L(2)z dz=0, k=0,1,...,N—1,
21 y

yield

N—1
1 e dz 1 _.4dz
> Cis f Wor(@)zV = = —— 55 Wo.L(2)2?N F =
2ri J, Z 2ri J, Z

fork=0,1,...,N — 1. Since Wy 1.(z) = A¢..(z)/z"*V, the left-hand side is
N-1

N—1
1 AO)L(Z) j—k dz
2Oz §, o ¢ T G0
j=0 14 =0
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where G| ; denotes the (j, k)th block of the block Toeplitz matrix G (see also (4.11)).
Varying k =0, 1,..., N — 1, we see that

1 dz
(Co - Cn-1)G=—5— f Wor @z (1, 71, - aTNHL) =
2ri J, z
The matrix G is invertible, and thus the matrix coefficients Cy, ..., Cy_; are uniquely
determined, and the monic MVOP of degree N exists uniquely. O

4.6. Riemann—Hilbert problem and Christoffel-Darboux formula

The MVOP of degree N is characterized by a Riemann—Hilbert problem of size 2p x 2p.
The RH problem asks for a 2p x 2p matrix valued function ¥ : C\ y — C2?P*?P
satisfying

e Y is analytic,

W, . . . .
e Y, =Y_ <0 IO’L ) on y with counterclockwise orientation,
P P

2V, 0p )
_N as z — oo.
727V,

o Y(2) = (Ip+ O(Z_l))(
p
In the scalar valued case, i.e. p = 1, the RH problem is due to Fokas, Its, and Kitaev [37].
The matrix valued extension can be found in [19, 29, 39]. It is similar to the RH problem
for multiple orthogonal polynomials [64].
The RH problem has a unique solution, since by Lemma 4.8 the monic MVOP of
degree Py exists and is unique. The solution is
Py (2) % , PN(?Y;),L(S) ds
Y(z) = , zeC\y, (4.28)
On-1(2) 27” f On- 1(?)W0L(?)d

where Q y_1 is a matrix valued polynomial of degree < N — 1 such that

0p, k=0,1,....,N -2,

4.29
—1,, k=N-—-1. *:29)

1
Tf ON_1()Wo L () dz =
Tl y

One can show that Qy_ also uniquely exists, since the conditions (4.29) give a system
of p®N linear equations for the p*>N coefficients of Qy_1, and the matrix of this system
can be identified with G. Since G is invertible, there is a unique solution. If the leading
coefficient of Qx_| would be invertible (which is typically the case, but it is not guaran-
teed in general) then the monic MVOP Py_; of degree N — 1 would exist as well and
On—1 = —H&ll Py 1 for some invertible Hy_1.

In the following result we express the reproducing kernel Ry (w, z) in terms of the
solution of the RH problem. It can be viewed as a Christoffel-Darboux formula and in
this form it is due to Delvaux [29]. It is similar to the Christoffel-Darboux formulas for
multiple orthogonal polynomials [12, 24] which also use the RH problem.
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Proposition 4.9. We have

1
Ry(w, ) = p— 0, 1p) Y '(w)Y(2) (é‘;) . (4.30)

—w

Proof. This is due to Delvaux [29, Proposition 1.10] (see also [39]). O
We insert (4.30) into formula (4.22) and find a convenient formula for the correlation
kernel in terms of the solution of the RH problem. A possible asymptotic analysis of
the kernel would consist of two parts. First we do an analysis of the RH problem that
would give us the asymptotic behavior of the kernel (4.30). Then this is followed by an
asymptotic analysis of the double contour integral in (4.22) by means of classical methods
of steepest descent. We are able to do this for the two-periodic Aztec diamond.

4.7. Two-periodic Aztec diamond

We saw in Section 3 that the two-periodic Aztec diamond gives rise to the multi-level
particle system (3.9). This satisfies Assumption 4.1 if we take p = 2 and L = 2N and
M = 0. The transition matrices are independent of m (see (3.6)) and the matrix symbol
is given by (3.7). The weight matrix is Wy, 1 (z) = A¢.1(2)/zM TN = WV (z) with

A 1 < 2az a(z+1)>2
Cz@—-D2\Bzz+ 1D 2Bz

_ e+ D% +4a%z 2a(@+B)z+1)
T G- DZ\2B@+ B+ 2+ 1) +48%

as in (2.15) and (2.19). Observe that W has no pole at the origin.

Theorem 4.7 applies and it gives the form of the correlation kernel, in 2 x 2 matrix
form, that will be stated in (5.4) below. It is equivalent to the form already announced in
(2.21).

The correlation kernel contains the reproducing kernel Ry (w, z) with respect to the
varying weight W¥, and by Proposition 4.9 the latter kernel is expressed in terms of the
RH problem for the MVOP of degree N. By Lemma 4.8 we conclude that the degree N
monic MVOP with respect to the weight W/ exists. While it does not matter for what
follows, one can show that the MVOP of lower degrees also exist [32, Lemma 4.10].

In the next section we continue with the analysis of the RH problem and we show that
the correlation kernel (2.21) can be rewritten as (2.8).

431

5. Analysis of the RH problem

We consider an Aztec diamond of size 2N with two-periodic weighting.

5.1. Correlation kernel
In the two-periodic Aztec diamond we find the matrix symbol

20z a(z + 1)) of

1
A= (ﬁZ(z+ D 26 =1, 6.1
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and the matrix valued weight is W~ with W given by (4.31). Note that W¥ is a rational
function with a pole at z = 1 only.

The contour y in the RH problem from Section 4.6 goes around O and lies in the
domain |z| > 1. By analyticity, since W only has a pole at z = 1, we are free to deform
the contour to a circle around 1. We use y; to denote the circle of radius » < 1 around 1.
We obtain the following RH problem for ¥ : C \ y; — C***:

e Y is analytic,
e Y has the jump

L wV
Vi) =Y-() @) e, (5.2)
0, I
e Y has asymptotic behavior
_ N0
Y(x) =4+ 0" (ZO 2N ) as z — 0. (5.3)
20D

Because of Theorem 4.7 and (4.30) we find the following correlation kernel for arbi-
trary integer levels m, m’ with0 < m,m’ <2N = Land M = 0:

Ky(m,2x;m’,2y) Ky(m,2x + 1;m’,2y)
Kym,2x;m',2y +1) Kym,2x+1;m’,2y + 1)
= —M?g AT ()T g
2ri [,
1 o _ 5 wY  dzdw
+ AN () (0 IY‘sz()A'"z — .
a2 750‘1 750,1 w) (02 L)Y~ (w)Y(z) 0y ( )wazv 2 —w)
(5.4)

The contour yp 1 in (5.4) is a circle of radius > 1 4 r around the origin, as before. The
radius is large enough for y; to lie inside yp ;.

The analysis of the correlation kernel (5.4) consists of two parts. First we apply a RH
analysis to the RH problem for Y and then we use this for an asymptotic analysis of the
double integral. The RH analysis is remarkably simple. It is not an asymptotic analysis,
since the outcome is an exact new formula for the correlation kernel.

Theorem 5.1. Assume 2y > m’ and N is even. Then the correlation kernel (5.4) is equal
to

Xm>m' '\ _y—x 42
o r2n>m f Am m (Z)Z) X =
Tl 0.1 Z

1 ! _ N2 z=DN w¥ dzdw
+—.2?§ y{ AN (W) F(w) AN () = ( )N —
Q2ri)? Joepy, Jwen wN2 (w—1DN 2% z(z —w)

(5.5)

where F is given by (2.10).
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Passing from the non-intersecting path model back to the domino tilings of the Aztec
diamond, we should make the change of variables m +> m, 2x — m + n, m’ — m’ and
2y +> m’ + n’. Inserting these values in (5.5) we obtain the correlation kernel (2.8) and
so Theorem 2.2 follows immediately from Theorem 5.1.

The rest of Section 5 is devoted to the proof of Theorem 5.1. We follow the general
scheme of the analysis of RH problems, known as the Deift—Zhou steepest descent anal-
ysis [28], which was first applied to orthogonal polynomials in [26, 27]. Extensions to
larger size RH problems are for example in [13, 31]; see also the survey [51] and the
references therein. However, the RH analysis in this section is not an asymptotic analysis,
as it produces the exact formula (5.5).

5.2. Eigenvalues and eigenvectors on the Riemann surface

We use the eigenvalues pj 2 of ( ﬁz%?—lz—l) “(ZZ;Z])) and the eigenvalues A1 » of W as already

introduced in (2.12) and (2.17). The corresponding eigenvectors are in the columns of the

matrix
o az+ 1D az+1)
E@ = (m(z) —20z () — 2az>’ 60

and we have the decompositions (2.13), (2.14) and (2.16).

The eigenvalues and eigenvectors are defined and analytic in the complex plane cut
along the two intervals (—oo, —a&?] and [—ﬂz, 0] where we have A1+ = A+, p1,+ =
P2, 7, and

Ey=E_o; on(—o0, —a’]U[—B2%,0] (5.7)
with o1 = ((1) é)

As already mentioned in Remark 2.3, we use the two-sheeted Riemann surface R
associated with the equation (2.11). The Riemann surface has genus 1, unlessa = 8 =1,
in which case the genus is zero.

We use z for a generic coordinate on R, and if we want to emphasize that z is on the
jth sheet, we write z\/) for j = 1, 2. We write A for the function on R given by

AMz)=xj(z) ifz= 2z is on the jth sheet (5.8)

(see (2.17)), and similarly for p. These are meromorphic on R, namely p = (¢ + 8)z+y

and A = # (see (2.11), (2.12) and (2.17)).
Lemma 5.2. (a) p has a simple zero at 7 = 0, a double zero at z = 1P (the point 7 = 1
on the second sheet), a triple pole at z = 0o, and no other zeros or poles.
(b) A has a double zero at 7 = 19, a double pole at 7 = 1D, and no other zeros or
poles.
(c) The function
p()—20z=PB —a)z+Yy (5.9

has a zero at 7 = 0, and a double zero at 7 = —1(D (if ¢ > B).
(d) A1 (2)A2(2) =1 for every z and L(o0) = 1.
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(e) For real x we have

()| = e =1, x e (=00, —a*TU[-p% 0], (5.10)
AMx) > 1> A(x) >0, x € (0, 00), (5.11)
M) < —1<r@x) <0, xe(—a? —B%. (5.12)

() 2@ > [22(2)] for every z € C\ ((—o0, —a?] U [—f2, 0)).

Proof. Parts (a), (b), and (c) are easy to verify from the definitions. We note that part (d)
comes from the fact that

detW(z) =1 (5.13)

for every z, which follows from (4.31) by a direct calculation, and therefore A1 (z)A2(z) =
det W(z) = 1 for every z. Also from (4.31),

lim W(2) = <2a(al+ 5 ?) = Wa asz— 00 (5.14)

and so for its eigenvalues we have A1 2(z) — 1 as z — oo.

For x € (—o0, —a?]U[—B2, 0] we have A1 1 (x) = A2 =(x) and Ay +(x) = /A2 1 (x)
because of part (d). Then the identity A1 4+ (x)A1,—(x) = A2 +(x)A2, —(x) = 1 follows,
which gives (5.10).

The functions log |A;| and log |1, | are harmonic on C\ ((—o0, —a?U[—B2, 01U{l1)),
they are both zero on (—oo, —az] U [—,32,0], have the value 1 at infinity, while
lim;_1log|A1(z)] = +o0, lim,—1log | 2(z)] = —oo because of part (b). Then by
the minimum principle for harmonic functions, log|A1(z)| > log]|Az(z)| for every
z € C\ ((—oo, —a?] U [—B2,0]). This establishes part (f), and also the inequalities
(5.11) and (5.12) of part (e) since Aj(x) and A>(x) are real and positive for x € (0, co)
and real and negative for x € (—a?, —B2) (see (2.17)). m]

5.3. First transformation Y — X of the RH problem

We use the matrix of eigenvalues (5.6) in the first transformation of the RH problem. We

define
E O
x_y(o E) (5.15)

which satisfies the following RH problem.
e X is analytic on C \ (y; U (—o0, —a?] U [—f2, 0]),

e X has the jumps
L AV
X_ <O2 12> onyy,

Xy = (5.16)

X_ (g; 2?) on (—o00, —a*] U [—42, 0],
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e X has asymptotic behavior

NE(2) 02

X(2) = (14 + O(1/2)) < 0, = NE@)

) as z — 00. (5.17)
This is easy to verify from the RH problem for Y, the definition (5.15), and the properties
(2.16) and (5.7).

Since det Y (z) = 1 and

det E(2) = —2a(z + Dv/z(z + ad)(z + B2), (5.18)
which is easy to check from (5.6), we have by (5.15)
det X = (det £)? = 40°z(z + 1)*(z + «H) (z + BY). (5.19)

5.4. Second transformation X — U

Remarkably, we do not need equilibrium measures or g-functions for the next transfor-
mation.

From Lemma 5.2(b) we know that both z — (z — 1)?A1(z) and z — (z — 1) 2A2(z2)
have a removable singularity at z = 1, and hence they are analytic in C \ ((—oo0, —a?] U
[—ﬁz, 0]) without any zeros. We recall that N is even and we put

U=LX
N/2 N/2 N
diag M, N it 2Dl for|z — 1| > r,
@=DN"@=DN" N2y
X N/2
. A 1 (z— DN
dia z—lNkN/z, 2 , , forlz—1| <r,
g(( )T @= DV N AT | |
(5.20)
where L is the constant matrix
—NJ2
L= <W°° 0,3/2) (5.21)
02 Woo

with W as in (5.14). Then U is defined on C \ (y; U (—o0, —a?] U [— 82, 0]), and from
the definition (5.20) and the RH problem for X we obtain

e U is analytic,

e U has the jumps

-1 0 1 0
0 1 0 (z— D
v- 0 0 (z—1)2N 0 on v
U, = 5.22
+ 0 0 0 1 622
o1 02 _ 2 a2
U_ <02 (71) on (—oo, —a*] U [—B%, 0],
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e U has asymptotic behavior

N/2
U) = L4+ 0(1/2)) (E (Z)‘(\)Z @ £ AOEN/2 (Z)>
— (Is + 0(1/2)) (EO(ZZ) EO(ZZ)) as 7 — 00. (5.23)

To obtain the jump (5.22) on (—oo, —a?] U [—B2, 0] we also have to use the fact that
Al,+ = A2, 7 on these cuts.

The asymptotic condition (5.23) requires some explanation. The first equality in (5.23)
is clear from the definition (5.20) of U for |z — 1| > r, and the asymptotic behavior (5.16)
of X. By (2.16) we have E(z) ATV/2(z) = WHN/2(2) E(z), so that by (4.31), (5.14), and
(5.21) we get

1 (E@AY2@) 0; _ (WVPRE®R 0,
02 E@ANz)) 02 WN2(2)E ()

—asoarmn (f2 g2).

and this leads to the second equality in (5.23).

5.5. Third transformation U +— T

In the third transformation we turn the entries (z — 1)™2 in the jump matrix on y; into an
off-diagonal entry. It corresponds to the opening of lenses in a steepest descent analysis.
We also remove the 24-entry in the jump matrix on yj.

‘We define
U(z) for |z — 1] > r,
0 0 -1 0
T(z) = 0 1 0 —(z =1V (5.24)
U(2) 10—V 0 for|z —1] <r.
0 0 0 1

Straightforward calculations, where we just use (5.24) and the RH problem for U, show
that 7" satisfies

e T:C\ (y1 U(—00, —a?]U[—B2,0]) — CH*is analytic,

e T has the jumps

1 00 0

0 1 00 ony

1’

-=DN 0 1 0

T, = 5.5
* 0 0 0 1 ©:29)

g 0y . 2 _ B2

T_(O2 (71) on (—oo, —a*] U [—B%, 0],
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e T has asymptotic behavior

E() 0

T(z) =4+ 0(1/z)) ( 05 E(z)> as z — o0. (5.26)

5.6. Fourth transformation T +— S

We next remove the jumps on the negative real axis. We use (’g 2) as global parametrix,

since it has the same jump on (—o0, —a?]U[—p2,0] as T has (see (5.25)). We define

-1
S=T (Eoz EOZI) , (5.27)

and then S has no jump on (—oo, —az) U (—;‘32, 0), that is, Sy = S_ on these two
intervals.

Since E is not invertible at z = 0, z = —a?, z = —B2 (see also (5.18)), we could
have introduced singularities at these points. Therefore we look at the combined transfor-
mations ¥ = X +— U — T + S in order to express S directly in terms of Y. For z
outside y; we have, by (5.15), (5.20), (5.24) and (5.27),

_ E7' 0 _ (z—1)~NAN2ZE-] 0,

§=U ( 0> E—1> =LX ( 0> (z— DNAN2ZE-!
_ gy (@D NEAN2E 0,
- 0, (z— DNEANZE-T)-

Since EAE~! = W by (2.16), we simply have (recall N is even)

z— 1)~ Nwh/2 0
S=LY (( )O2 . 1)N2W7N/2 Cla=1]>r (5.28)

This shows indeed that (5.27) does not introduce any singularities, since det W(z) = 1
for every z, and W(z) and W~!(z) have poles at z = 1 only.

Thus S has analytic continuation across (—oo, —oz2] and [—/82, 0) and satisfies the
following RH problem that we obtain from (5.27) and the RH problem for 7.

e S:C\ y; — C*4is analytic,
e S has the jump

I
S+(z) = S-(2) ( o 1)_22N F2) (2) forz € yi, (5.29)

where F(2) = E(z)(} §)E~"(z) is as in (2.10) and (2.14),
e § has asymptotic behavior S(z) = 14 + O(1/z) as z — oo.
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The RH problem is now normalized at infinity. Note also that the transformation (5.27)
restores the property det S = 1, since det7 = det X = (det E )2 (see (5.19)).

The jump matrix in (5.29) is lower triangular, and the RH problem for S is normalized
at infinity. This means that we can solve the RH problem explicitly by a contour integral.
We find

( I 02
S(z) = 1 F(s) s zeC \ Yi- (5.30)
2mi 957/1 e ds b

5.7. Proof of Theorem 5.1

We analyze the effect of the transformations on the correlation kernel (5.4). From (5.28)
and (2.15) we have, for z, w outside y1,

(02 12) Y ' w)Y(2) <é§)
= (w — l)N(Z _ 1)NW_N/2(U)) (02 12) S_I(U))S(Z) (éi) W—N/2(Z)
— - DN DV WVRNRAN ) (0, 1) S w)S() ((I)§> AN .

Thus

AN () (0, L)Y ' w)Y (2) (éi) A" (uw™N
= w— DV = DVw N2N2ZAN T () (0 h)s%u»S@)<éi)AN+m&x
(5.31)

which is part of the expression that appears in the double integral in (5.4). Because of
(5.30) and

14} 02
STTwy={_ F(s)
2 Iy oo 95 12

we have

(02 1)S~'(w)S() (éi)
! F(s) 1% F(s)
= : ———ds — — " s
2mi Jy (s = DN =2) 7 2mi fyy 65 = DG —w)

-z f F@s) ds. (5.32)
V4

2i J,, (s — DN (s —w)(s — 2)
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Using (5.31) and (5.32) we see that the double integral in (5.4) is equal to

1 N—m' L F(S)
T (i) ?gm 750,1 4 (w)<2m' 6 — DN (s —w)(s —2) ds)

N2

w2

y
x AN S = DV @ = DY dedw. (533)
Zx+1
We change the order of integration in (5.33) and evaluate the w-integral first. By a residue
calculation,
1 / 1 '

— ¢ A @ w— DN ——dw = AV ()= DV V2 s ey,
27i Jy,, w—=s

(5.34)

Indeed, the singularities at w = 0 and w = 1 in the integrand on the left-hand side of
(5.34) are removable (we use (5.1), N is even, and 2y > m’). The only singularity is at
w = s and (5.34) indeed follows by Cauchy’s formula since s € y; lies inside yp 1.
Using (5.34) in (5.33) and changing the integration variable s to w, we obtain the
double integral in (5.5). The single integral in (5.5) is of course immediate from (5.4).
This completes the proof of Theorem 5.1. O

6. Asymptotic analysis

In the final section of the paper we analyze the formula (2.8) in a scaling limit where
N — oo and the coordinates (m, n) and (m’, n’) scale linearly with N. We are going to
distinguish the three phases of the model, and prove Theorems 2.8, 2.10, and 2.11.

6.1. Preliminaries

We first rewrite the formula (2.8) in a form that already contains the gas phase kernel
(2.28) and double integrals with the phase functions ®; and ®, from (2.22) (see Corol-
lary 6.3). We may and do assume that the contour yp | is a contour in C \ ((—oo, —a?uU
[—8 2 0]) going around the interval [— ,32, 0] once in positive direction.

Lemma 6.1. The integrand in the double integral in (2.8) is O(w_N"’",/z_l/z) as
w — 00.

Proof. From the formulas (2.9)~(2.10) we easily get A(w) = O(w), F(w) = O(w'/?),
A%(w) = O(w) and A(w)F(w) = O(w) as w — oo. This implies that AN =" (w) F (w)
= O(w® =" +D/2y 35w — o0. Use this in the integrand in (2.8) and the lemma follows.

O

Note that n’ could go up to 2N — 1, and then O(w’NJr”//z’l/z) = O(w~"). However,
then we are close to the boundary of the Aztec diamond, and we do not consider this in
what follows, since we focus on the gas phase. So we assume n’ < 2N — 2, and then the
integrand in the double integral in (2.8) is O(w_3/ 2) as w — oo.
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Y0,1

—

—

Fig. 12. Contours y ; and T'.

Then for a fixed z € yp,1, we deform the contour y; to a contour I" going around the
negative real axis, starting at —oo in the upper half-plane and ending at —oo in the lower
half-plane, as in Figure 12. Since the integrand is 0(u)’3/2), by Lemma 6.1, there is no
contribution from infinity, but there is a residue contribution from the pole at w = z. These
residues combine to give the z-integral (we use the fact that F(z) and A(z) commute)

1 ! Z(m/+n/)/2 dz
o fém F(2)A (Z)Z(m+—n)/2 7

Together with the single integral in (2.8) this gives the limit (2.28) that we expect to get
in the gas phase. We proved the following.

Proposition 6.2. Suppose N is even and (m,n), (m’',n’) € By withm +n and m’ + n’
even andn’' < 2N — 2. Then

Ky (m, n; m’, n') = Kgas(m, nym',n')

AN ” (w)F(w)A—N+m( ) ZN/Z(Z _ l)N w(m +n )/2.
(27”) Yo z Jrz wN2(w — YN gm+n)/2

6.1)

Thus to establish Theorem 2.8 we have to prove that in the gas phase the double integral
in (6.1) tends to 0 as N — oo at an exponential rate.

We can rewrite (6.1) where we assume that m = (1 +&)N,n = (1 + &)N, m' =
(1+&)N and n’ = (1 4 &)N. We use ®; and P as in (2.22), and to emphasize that
these functions depend on &; and &;, we write ®1(z; &1, &) and ®,(z; &1, &2).

Corollary 6.3. Supposem = (1 +&)N,n = (1 +&)N, m" = (1 + &N, and n’ =
(1 +&)N with —1 < &1, &,&(, &) < 1. Assume N, m 4+ n and m' + n' are even. Then

KN(m,n;m’ n') = gas(m n;m',n’)

7{ f P () F ()M 181800108 8012
na %

(2711)

F(Z))eN(Qz(z;Elfz)*‘bl(w:é{fz’))/{ 6.2)

(27”) Yo Z rz

with contours as in Figure 12.
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Proof. Because of (2.13)~(2.14) we have AN~ (w) F(w) = F(w) ()" ™ Thus in
view of (2.17) and (2.22) we get

w(n1’+n’)/2 wn’/2

(w— DN
— F(w)e—Nq’l(w;S{,Eé)ﬂ’ (6.3)

AN () F (w) - F(w)AEN_’"/m(w)

wN 2w —1)

and similarly

Nm P = DY N (z:1.6)/2 N®(z:61.62)/2
A (z)z(er—n)/2 = F(z)e" ®1&s0s2/2 4 ([, — F(z))e” ©255052/2 - (6.4)
Using (6.3) and (6.4) in (6.1) we arrive at (6.2). ]

6.2. Saddle points

The large N behavior of the z-integrals in (6.2) is dominated by the factors ¢V ®1) and
eN®2()/2 that are exponential in N. Similarly the w part is dominated by e =N ®1()/2,

We study the saddle points, which in Definition 2.6 were already introduced as the
zeros of the meromorphic differential ®’(z)dz from (2.23) defined on the Riemann sur-
face R associated wth (2.11). Of course, ® depends on &1, &, and thus the saddle points
depend on these parameters. Throughout we restrict to —1 < &1, & < 1. The differential
has simple poles at 1(V, 1,0 and oo with residues given in the following table.

residue of  residue  residue residue

pole  of dezl of % of }‘T/dz of ®'dz
1M 1 0 -2 —281 +2
1@ 1 0 2 28 42
0 0 2 0 —2& —2
(9 -2 -2 0 28 —2

The residues of A%dz atz = 1M and z = 1® come from the double pole and double zero
that A has at these points (see Lemma 5.2(b)). The residues add up to zero, as it should
be.

We assume o > 1 so that the genus of R is one. Then there are also four zeros of
®@'dz counting multiplicities. Recall that the real part of the Riemann surface consists of
the cycles C; and C; as in (2.24).

Proposition 6.4. For every &1, & € (—1, 1) there are at least two distinct saddle points
on the cycle Cy.

Proof. 1f C is a path from P to Q on the Riemann surface avoiding the poles, then by
(2.22),

/C ®(2)dz = [2log(z — 1) — (1 + £2) log 2 + & log A(2)12
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for a choice of continuous branches of the logarithms along the path. Since &; and &; are
real, it follows that the real part is well-defined, it depends on P and Q, but is otherwise

independent of the path. Thus
Re< ?§ '(2) dz) =0 (6.5)
C
for a closed path C.

Observe that there are no poles on the cycle C;, and @’ is real there. If there were no
two distinct zeros on Cj, then there would be no sign change, and the integral would be
non-zero and real, which would contradict the condition (6.5). O

The saddle points are explicit in case & = 0, since then by (2.23),

2 1+
@' (z)dz = (— - 52)dz. (6.6)
z—1 b4
The equation Z%] = HZ—EZ has the unique solution
1+&
ze(62) = — . 6.7)
1-&

This gives us two saddle points, namely the two points on R with (6.7) as z-coordinate.
The other two saddles come from the branch points —a?, — ,82, which are zeros of the
differential dz. The branch point z = 0 is also a zero of dz, but this zero gets cancelled
by the (double) pole of IJ;—SZ in (6.6).

For special values of & the saddles at z = z.(&;) coincide with the saddle at —a?
or —B2. This happens for the values +£5 with

go2—F

i=aTh € (0, 1). (6.8)

Then depending on the value of &, we are in the liquid or gas phase, or on the liquid-gas
transition, as defined in Definition 2.7.

Lemma 6.5. Suppose &1 =0and —1 <& < 1.

(a) (0, &) cannot be in the solid phase.

() If & € (=1, =) U (&5, 1) then (0, &) € £.

(©) If —&f <& <& then (0,.£) € ©,

(d) If & = £&7 then (0, &) is on the liquid-gas transition.

Proof. (a) Itis clear from (6.7) that z.(§2) < 0 and so there are no saddles on the positive
real axis.

(b) If =1 < & < —&; then z.(&) € (—B2,0), and if &) < & < lthenz.(&) €
(—o0, —a?). Even though z.(&;) is real, the two saddles with z-coordinate equal to z.(&>)
are not on the real part of the Riemann surface, and thus in both cases we are in the liquid
phase.
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(©If =& < & < &) thenz.(&) € (—a?, —B?). Then the saddles with z-coordinate
equal to z.(£;) are on the cycle C;. The branch points —a® and —p2 are the other two
saddles and they are also on the cycle. Thus all four saddles are on the cycle C; and they
are distinct, and we are in the gas phase.

(d) If & = —&7 then z.(&) = —BZandif & = &} then z. (&) = —a. In both cases
there is a triple saddle point at one of the branch points, and we are on the liquid-gas
transition. O

6.3. Algebraic equation

The condition of coalescing saddle points leads to an algebraic equation for &; and &,. We
are able to calculate it with the help of Maple.
First of all, the saddle point equation ®'(z)dz = 0 (see (2.23)) leads us to consider

2 1+& A (z2)
— + él =
z—1 Z A(2)
which after clearing denominators, and using (2.17) and (2.12), gives a polynomial equa-

tioninz and y = \/ 72(z + a?)(z + B2). We eliminate the square root to obtain a polyno-
mial equation in z of degree 4, which is

(1 —&)%2* + (@ + BH((1 — &)? — &) +2(1 — & — 1)
+ Q2+ BH( — & — D +2 — 4E] +2£9)7?
@+ A+ &) — D) +2(0 —& -z +(1+8)>=0.  (69)

By definition, the saddles are the four zeros of the polynomial (6.9).

The discriminant with respect to z of (6.9) is a polynomial in &; and &; that has trivial
factors 512 and 522. The remaining factor is a degree 8 polynomial, which is symmetric in
the two variables. Setting this to zero, we obtain the following equation for coalescing
saddles:

@+ DOES + ED) — 4(a® + 1)*(@? + 20 — 1)(a® — 20 — 1)(E08] + £2£9)
— 4@+ D@t =@+ DEPHED) + 20+ 1)2(3a® — 2008 + 82a* —20a% + 3)& )
+4(@?+ D @B+ 17a® —48a* + 170 + 1) (513 + £265)
+6(a* — D@+ D (& +£H) +4(@® — 1) (@® —22a° —420* — 2207 4 1)E2EF
—4@> =D rat+ D@ —a+D)E+EH+ @ -1 =0. (6.10)

Up to a multiplicative constant, the equation (6.10) coincides with the one given by Chhita
and Johansson [20, Appendix A]. See also [61, Section 8] for an equation that corresponds
to (6.10) with « = 2 up to a change of variables. For « = 1, (6.10) reduces (up to a
numerical factor) to (1 — 512 — 522)(512 + 522)3 = 0, and the real section is the unit circle.
For o > 1, the real section of (6.10) has two components, as shown in Figure 6, both
contained in the square —1 < &1, & < 1. The outer component is a smooth closed curve
that touches the square in the points (£1, 0) and (0, &1). The inner component is a closed

curve with four cusps at (i% O) and (0, i%)

01
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Proposition 6.6. Let —1 < &1,& < 1.

(@) (&1,&) € © (gas phase) if and only if (§1, &) is inside the inner component of the
algebraic curve.

(b) (&1, &) € £ (liquid phase) if and only (€1, &) is outside the inner component and
inside the outer component.

(c) (&1, &) € G (solid phase) if and only if (§1, &) is outside the outer component.

Proof. If & = 0 then all statements of the proposition follow from Lemma 6.5.

The proof in the general cases follows by a continuity argument, since the saddles
depend continuously on the parameters &1, &>, and a saddle can only leave the real part of
the Riemann surface if it coalesces with another saddle and then the pair can move away
from the real part. This transition can thus only occur for &1, & satisfying the algebraic
equation (6.10). Note that this argument also applies to the point at infinity, since by
definition (2.24) the point at infinity is included in the real part.

Combining this with Lemma 6.5 we find that any point (§1, &>) inside the inner com-
ponent belongs to the gas phase, and any point in between the inner and outer component
belongs to the liquid phase.

To treat the solid phase, we check that any (&1, &) close enough to a corner point is in
the solid phase. We can see this from the equation (6.10). If £ = £1 and & = —1 then
(6.9) has solutions z = 0, z = 1 (and two other solutions that are on the cycle C;), and if
& = %=1 and & = 1 then (6.9) has solutions z = oo and z = 1. Thus for each of the four
corner points there are two distinct saddles on C. Then by continuity this continues to be
the case if (&1, &) is close enough to one of the corner points, and it continues to be so
until the two saddles on C, coalesce, and this happens on the outer component.

This completes the proof of Proposition 6.6. O

6.4. Gas phase: steepest descent paths

In the gas phase all four saddles are located on the cycle Cj, and they are all simple. To
prepare for the proof of Theorem 2.8, we need more precise information on the location
of the saddles.

Lemma 6.7. Suppose (&1, &) € &. Then the function
Re @(z) = 2log|z — 1| — (1 + &) log |z| + &1 log [A(2)], z €y, (6.11)

attains a local minimum at two of the saddles, say zs1 and z; 2, where zy j is on the jth
sheet for j =1, 2.

It attains a local maximum on Cy at the other two saddles zs 3 < zs.4. If &1 > 0 then
25,3 and Zs 4 are on the first sheet and —o? < 253 < Zs,1 < 254 < —/32; if &1 < O then
25,3 and Z 4 are on the second sheet and —a? < 253 < 252 < Zs4 < —,32; andif & =0
then 753 = —a? and 25,4 = —,82 are at the branch points.

Proof. The conclusion is easy to verify if &, = 0, since z +— 2log|z—1]|— (1 + &) log |z|
attains a local minimum at z = z.(&>) given by (6.7). Thus z, ; = (ze(E)D forj =1,2,
and the other saddles z; 3 and z; 4 are at the branch points.
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For & # 0, we notice that both A; and A, are real and negative on the interval
[—o?, —,32] (see (5.12)), with a square root behavior at endpoints (which follows from
(2.17) and the square roots in (2.12)). Thus )\’1’2 become infinite at the endpoints, and a
closer inspection of (2.12), (2.17) shows that

Al Al
1@ _ oor tim @ (6.12)
z—>—a2+ A1(2) 7—>—p2— A1(2)
AL AL
im 29 _ o gim 29 (6.13)
z—>—a2+ A2(2) 7—>—p2— A2(2)
Thus if & # 0, both functions
2 1+ & A(2)
@’ 7) = — =+ s =1,2, 6.14
;i (2) — - Elkj(z) (6.14)

are infinite at the endpoints of the interval [—a?, —B2] but with opposite signs. By con-
tinuity, each function has an odd number of zeros. There are exactly four simple saddles
on the cycle C; as we are in the gas phase, and therefore one of CD;., j = 1,2, has three
simple zeros and the other one has one simple zero.

We already noted that for & = 0,

Re ®j(z) =2loglz — 1| — (1 + &) log|z| + & log |2 (2)] (6.15)

attains a local minimum at an interior saddle for j = 1, 2. Because of analytic dependence
on parameters this continues to be the case for £; # 0, and in fact, since there is no
coalescence of saddle points, it remains true for every (&1, &2) € &. Thus saddles z5,1 and
Z5,2 where Re @ has a local minimum exist, and z ; is on the jth sheet.

Now, if &1 > 0 then from (6.12) and (6.14) it follows that lim,_, > cID’I(Z) = +o00,
lim,_, g ®/(z) = —o0, and so Re ®; increases on an interval [—a?, —a? + 8] and
decreases on [—ﬁ2 -4, —,32] for some § > 0. Since there is a local minimum at z; ;
on the first sheet, it should be that Re ®; has two local maxima, say z;3 < 24, With
—a? < 253 < 5,1 <54 < _:32-

In case &1 < 0 we find in the same way that the local maxima are on the second sheet,
with —a? < 253 < 252 < Zs4 < —,32. O

The path of steepest descent from the saddle z; ;, j = 1, 2, is the curve yyq, ; through z; ;
where the imaginary part of ®; is constant and the real part decays if we move away from
the saddle. Since Re ®; on C; has a local minimum at z, ;, the path of steepest descent
meets the real line at a right angle.

Emanating from z, ;, j = 1,2, are also curves y;,; and y,,; where the real part is
constant (/ stands for left, and r stands for right). The curve y; ; emanates from zg ;
at angles £37 /4. It consists of a part in the upper half-plane and its mirror image with
respect to the real line in the lower half-plane. Similarly, y;, ; emanates from z; ; at angles
+m/4, and it is also symmetric in the real line. Near z,,; we find that y; ; is to the left of
the steepest descent path ygq j, and y;, ; is to the right.
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Then y; j and y;, ; are parts of the boundary of the domains
Q ={z¢€ C|Re®;(z) <Re®;(zs )}, (6.16)
Qf ={z € C|Re®;(2) > Re ®;(zs,))}. (6.17)
Lemma 6.8. Suppose (&1, &) € &, and j = 1, 2. Then the following hold.

(a) All three curves ysq,j, vi,j and vy, are simple closed curves enclosing the interval
(B2, 0].

(b) The steepest descent path ysq, j intersects the positive real line at 1, y, ; intersects the
positive real line at a value > 1, while y,,  intersects the positive real line at a value
<1

(©) Q; is a bounded open set with at most three connected components. One component
(Which we call the main component) contains ysq,j \ {zs,;}. There are at most two
other components: a component containing —ﬂz (if Re @; (—ﬂz) < Re ®;(zy,)) and
a component containing —a? (if Re ®; (—az) < Re ®;(zy,)). The other components
(if they exist) are at positive distance from the main component.

(d Qf is an open set with an unbounded component that contains a contour I'y j that
goes around (—o0, —a?]
going around [—p2, 0].

and with a bounded component that contains a contour I' ;

Proof. The conclusion is straightforward to verify if £ = 0, since in that case

Re ®(z) = Re ®2(z) =2loglz — 1| — (1 + &) log|z| (6.18)
and z;1 = 252 = 2(§&2) = —%, which is in (—a?, —82) since we are in the gas phase.

Then y; j, ys4,j, and y,. ; are independent of j and we have a situation as in Figure 13.
The curves y;,j and y;, j enclose the domain 2 that is shaded in the figure, and €2, has
only one component in this case.

The non-shaded domain Qj+ has an unbounded component with boundary y; ; U

(—o0, —a&?] and a bounded component with boundary y;. ; U[— ,62, 0]. The contours I'y
and I'2 ; can be taken in Qf as specified in part (d) of the lemma.

From (6.18) it is easy to see that Re ®; is strictly decreasing on (—00, z.(§2)], strictly
increasing on (z.(&2), 0] with value +o0 at 0, then strictly decreasing on [0, 1] with value
—oo at 1, and finally strictly increasing on [1, co) with limiting value +oo at co.

For & # 0 the behavior on the positive real axis is the same: for both j = 1 and
J =2, ®;(x) is real for x > 0 and it decreases from +oc0 to —oo on [0, 1] and increases
from —oo to 400 on [1, 0o). This is so because otherwise there would be a zero of the
derivative, which would be a saddle point, but all saddle points are on the cycle C; since
we are in the gas phase.

The behavior of Re ®; on the cuts (—o0, —a?U [—ﬂ2, 0] is exactly the same as for
&1 = 0. Indeed, it does not depend on & at all, since |A; +(x)| = 1 for x on the cuts (see
(5.10) and (6.15)). Thus

Re ®@; (x) is strictly decreasing for x € (—o0, —a?], (6.19)
Re @; (x) is strictly increasing for x € [—,32, 0]. '
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Fig. 13. Illustration for Lemma 6.8. The figure shows the steepest descent curve ygq ; (dark curve)
from the saddle z, ; and the level lines y; ; and y; ; of Re ®; that enclose the domain €2 for the
case & = 0. In this case Q]_ has one component, but for £, # 0, there could be a component
containing —a?, anda component containing — B2.

Now let us follow the paths y; ; and y; ;, where the real part Re ®; is constant, as
they move away from z ; into the upper half-plane. These paths remain bounded, since
Re ®;(z) — +o0 as |z] — oo, which follows from (6.15), Lemma 5.2(c), and the fact
that & < 1. The two paths cannot come together in the upper half-plane, since they would
then enclose a domain on which Re ® i is harmonic and constant on the boundary, which
violates the maximum/minimum principle of harmonic functions. For the same reason
they cannot meet at a point on the positive real axis.

Suppose now one of the paths comes to the cut (—oo, —a?] at a point ¢. Then this
path, together with its mirror image in the real line, encloses a bounded domain D and
Re ®; has the constant value Re ®;(z;, ;) on its boundary. The value of Re ®; is smaller
on|gq, —a?] because of (6.19). Also Re ®; is harmonic on D\[q, —a?] and it follows from
the maximum principle for harmonic functions that Re ®;(z) < Re ®;(zy,;) for z € D.
This is a contradiction, since zy ; is a saddle at which Re ®; attains a local minimum
when restricted to the cycle Cy.

We arrive at a similar contradiction if one of the paths y; ; and y;. ; comes to the cut
[—p%, 0.

Thus the two paths can only leave the upper half-plane via the positive real axis. Since
®; is strictly decreasing on [0, 1] and strictly increasing on [1, oo], we conclude that y; ;
comes to the unique value in (1, o0) and ;. ; to the unique value in (0, 1) where ®; is
equal to Re ®;(zy, ;). Together with their mirror images in the real axis, they both form
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simple closed curves that go around the cut [—A2, 0]. They enclose a domain where Re & i
is smaller than Re ®; (zs, ), i.e., it is contained in SZJ_ (see (6.16)).

The path of steepest descent ygq ; lies in Q;, and Re ®; decreases along yq, ; in the
upper half-plane. It will meet the positive real axis at 1, where Re ®; is —o0, since if it
met the positive real axis at some other point, this point would be a saddle—but there is
no saddle on Cj.

We have thus proved parts (a) and (b) of Lemma 6.8. We have also proved that the
component of QJ_ that is bounded by y; ; and y, ; contains the steepest descent curve
Ysd,j \ {2s,j}. We also see that Q_ is bounded since Re ®;(z) — +o00 as |z] — oo.

Any other connected component of SZ has to intersect the branch cuts (—oo, —a?]U
[—B2, 0], since otherwise we have again a contradiction with the minimum principle for
harmomc functions.

If a component of Q 1ntersects (—00, —a?] then it will do so along an interval
(q, —a?] for some ¢ < —oz , because of (6.19). Hence there can be at most one such
component, and it exists if and only if Re ®;(— «?) < Re ®;(zs,;). Similarly, there is
at most one component that intersects [— ,32, 0], and thus in total there are at most three
components.

Finally, since zs, ; is a simple saddle, and Re ®; attains a minimum at z; ; when we
restrict to the cycle Cy, there is § > 0 such that

(z5,j = 8,25, ) U (25,j5 25, +8) C Q.

Thus the boundary of another component (if it exists) intersects the interval (—0[2, — ,32)
at a point different from z;, ;, and thus the component stays at positive distance from the
main component. This proves part (c) of the lemma.

The component of Q that contains —a? (if it exists) is bounded and belongs to the
exterior of the closed contour v1,j- However, by part (c), it remains at a positive distance
from y;, ;, and therefore we can find a contour I'y ; as in the statement of part (d) that goes
around the interval (—oo, —a?] and avoids the closure of the domain €27 while staying
to the left of y; ;. Similarly, we can find I'; ; as in part (d). See Figures 14 and 15 for

plots of ygq,j and I'y ; and I'z ; in the situations where Q/_ has no component containing

—a? or — B2 (Figure 14) and where QJ_ has a component containing —a? that I'y_ ;j should

avoid (Figure 15).

Fig. 14. Steepest descent contour ygq ; and contours I'; ; and I' ; in case Q]_ has only one
component.
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Iy

Fig. 15. Steepest descent contour ygq, j and contours I'y ; and I'; ; in case Q has a component
containing —a?2, but no component containing — 2.

This completes the proof of Lemma 6.8. O

6.5. Gas phase: proof of Theorem 2.8

To establish Theorem 2.8 we are going to show that in the gas phase the two double
integrals in (6.2) tend to 0 as N — oo at an exponential rate.

In the situation of Theorem 2.8 we have m = (14+&)N+o(N),n = (1+&)N+o(N),
m' = (1 +&)N +o(N),n = (1+&)N + o(N), so that in (6.2) we should replace &;
and &{ by & 4 o(1), and & and &, by & + o(1). The o(1) terms give only a subleading
contribution, and it is enough to prove that both integrals

(21.)2 d_z _dw F(w)F(Z)gN(‘D](Z)—¢1(w))/2 (6.20)
L vi ¢ Jr2— W

and

1
— / F(w)(I — F(z))eN (@20~ Q1(w))/2 6.21)
Qri2 Jyy, 2 Jrz—w

are exponentially small as N — o0o0. Here we write again ®; and &, instead of
@15 &1, 82) and Pa(:; &1, &2).
‘We move the contour yp 1 in (6.20) to the steepest descent path ygq,1 through z, 1, and
we have
Re®(z) <Re®i(z5,1), 2 € ¥sd,1- (6.22)

The contour I' in (6.20) traverses the interval (—a?, —B2) twice, but in opposite direc-
tions. The integrand has no branching on this interval, and therefore the two contributions
cancel out. We can thus replace I by two contours I'; ; and I'2; as in Lemma 6.8(d),
where I'1,1 goes around (—o0, —az], I'2,1 goes around [—,82, 0], and

Re®;(w) > Redy(z5,1), wel11UTl; (6.23)

since the contours are in Qf’ (see (6.17)), and Re @1 (w) = (1 — &) log|w| + O(1) as
w — 0.

By (6.22) and (6.23) the factor ¢ (®1@=21W)/2 j5 O (¢=¢N) for some ¢ > 0, uni-
formly for (z, w) € ysd,1 X (I'1,1 UT'2,1). Thus (6.20) tends to O at an exponential rate as
N — oo.
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We are going to apply a similar argument to (6.21) and deform yp ; to the steepest de-
scent contour yq,2 passing through z ». We again replace I" by the union of two contours,
one going around (—oo, —a?] and the other around [—f2, 0], but now we are going to
move these contours to the cuts, where we note that Ay + = A + and & + = &, ¢ plus
a purely imaginary constant (depending on the precise branches of the logarithms that we
choose in (2.22)). We also note that there is no pole at w = 0, and that I, — F(w) is the
analytic continuation of F(w) to the second sheet. Then we deform the contours further
to I'1 2 and I'2 2 as in Lemma 6.8(d), and we see that (6.21) is equal to

1 d d
e / (1 = F(w))(1y = F(2)e®@-920072 - (6.04)
2mi) Yed2 & JTaUlMp & — W
The minus sign comes since we use the orientation on I'1  and I'; > as in Figure 15.
Analogously to (6.22) and (6.23) we now have

Re ®3(z) < Re ®y(z52) < ReDPo(w), 2z € ysan, wel Ul ),

and the integral (6.24) tends to O at an exponential rate as N — oo.
This completes the proof of Theorem 2.8. O

6.6. Cusp points: proof of Theorem 2.10

For the proof of Theorem 2.10 we are going to use (6.2) once more.

In the scaling (2.30) of the parameters, the saddle points coalesce to a triple saddle
point at —a%. We are going to deform 0,1 so that it comes close to —a?. The main
contribution to the integrals in (6.2) then comes from the triple saddle at —a?, as the
integrands are exponentially small if w and/or z are outside a small neighborhood of —a?.
This follows as in the proof of the gas phase.

Hence, our task is to investigate how the entries in the integrals in (6.2) behave for z
and w close to —a. We do this in the following two lemmas and their corollaries. Besides
the constants c¢; and ¢, from (2.31) we also use

a+p
75

co = (6.25)

Lemma 6.9. We have

®12(z: &1, &) = 2log(a® + 1) — (1 + &) log(e?) + (1 — & £ &)i sgn(Im 2)
/o — R 2\ 1/2 2 2\ 2
* ZJ;T_;&(Z:; > @ _52*)<ij_2a ) T @ iﬂ)Z(ZZ; )
+E0G@+a) + E — )0 +aD)?) + 0z +a?)). (6.26)
The sign + means that + applies to ®1 and — applies to P,.
Proof. We recall
®1(z: &1, ) = 2log(z — 1) — (1 + &) logz + & log A1(2)
= ®1(2;0,£) — (52 — &) logz + & log 11 (2). (6.27)
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All terms are multi-valued because of the logarithms. We take principal branches of
log(z — 1) and log z, and the analytic branch of log1{(z) in C \ ((—o0, 0] U [1, c0))
that is real and positive on (0, 1) (recall A;(x) > 1 for x € (0, 1)).

Since ®(z; 0, Ei“) has a critical point at z = —a? with second derivative equal to

2
;7d>1(z; 0, E;) = we have, as 7 — —a2,

__2
at(a+p)?’

®1(z; 0, &) = 2log(@® + 1) — (1 + &) log(@?) + (1 — &)mi sgn(Im 2)

(Y o et (6.28)
o . .
@+ P2\ o2 ¢
By an expansion of log z around z = —a?,
. + o?
logz = log(az) + misgn(Imz) — ¢ + 0((z +a®?). (6.29)

o?
From the formula (2.12) for py,
p1(z) = —a (@ + B) —ava? — B2 (z+aD)? + 0(z +a?),

and then from the formula (2.17) for A1 we get

fo — 2\ 1/2
Al(z)z—l—ZH(zzza) + 0@+,

which confirms the fact that A;(x) < —1 for x € (—a?, —,32) as stated in (5.12) of
Lemma 5.2(e). Our choice of log A (z) is such that logA;(z) — £7i asz — —a? with
+Imz > 0. Hence

— 2N\ 1/2
log A1 (z) = 7i sgn(Im z) +2\/_VZ+/’Z(Z ZZ“ ) + 0@ +a?) (6.30)

as z — 00. Using (6.28), (6.29), and (6.30) in (6.27) we find the expansion (6.26) for ®;.
The expansion for @, also follows, since A = 1/A; by Lemma 5.2(d), which means
log X, = —log A1, and so ®, is obtained from @ by simply changing the signof £;. O

Corollary 6.10. Suppose

z+a? 1y wta?

— =cosN~ =cotN~'/?, (6.31)
o

with constant cq as in (6.25). Then under the scaling assumptions (2.30) and (2.31),

exp(N(P12(z; &1, &) — P1(w; &, §7))/2)

e:l:us'/2+%vs+%sz
— (_1)(An—Am)/2(:l:1)maAn

Tt 2y Ly
6‘ut / +5v't+ 3t

1+ 0N~y (6.32)

as N — oo.
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Proof. From Lemma 6.9 and the scalings (2.30) and (6.31) we find after straighforward
calculations

D1 2(z; &1, &) = 2log(@® + 1) — (1 + &) log(e?) + (1 — & % &)7i sgn(Im 2)
+ (F2us'? +vs + LsH)N T+ O(NTIH, (6.33)

and similarly for ®(w; &/, &). Thus for Im z, Imw > 0,

D12z E1,62) — P1(w; £, &) = (§) — &) log(@?) + (=& £ & + & — &)mi
+ (2Fus'? —u't' ) fus =Vt + 3P = DH)NTTH O (6.34)

‘We note
o3 E—E)log@) _ 30 —m)log(@?) _ o An (6.35)

since & =n/N —1land &) =n'/N — 1, and
oY (CEREHE eI _ 5 (—mEmen'—n)wi (6.36)
since also & = m/N — 1 and &, = m’/N — 1. Recall m + n and m’ 4+ n’ are even, and
—m’ £ m +n’ — nis even as well. Thus
o> (CEEEHE ) _ (_y(An—am)/2 g ym. (6.37)
The expansion (6.32) is immediate from (6.34), (6.35), and (6.37).

We have derived (6.32) for Im z, Im w > 0. Similar calculations give (6.32) for other
combinations of signs of Im z and Im w. O

We also need the behavior of F(z) near the saddle z = —a2.

Lemma 6.11. (a) As z > —a?,

o 2\ -1/2
F(Z):Ja—TI{jﬂ(jl _11> <ZI—2“> +ih+0(+a)'?).  (638)
(b) Asw, z — —a?,
F(w)F(z)
_NVa=B (1 1 w+a?\ V2 2 +a2\ 2
- L ,3<—1 _1)(( = > +( = ) )+0(1). (6.39)

() Asw,z > —ozz,

F(w)(I — F(2))

o Ja=pB (1 1 w+ a2\ 72 7+ a2\ 12
O O R
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Proof. Part (a) follows from (2.10) where we have to take into account that 1/z(z + 82)
is the negative square root for z = —a?>.

Parts (b) and (c) follow from (a) since ( _11 _11) is a nilpotent matrix. ]

Corollary 6.12. Under the same scaling (6.31) as in Corollary 6.10 we have

F(w)F(z) = %ﬁ? (_11 _11) "2 UHNYA L o) 6.41)
and
Fw)(l - F(2)) = % <_11 _11> (=247 NV o) (6.42)
as N — oo.
Proof. This follows from inserting (6.31) into (6.39) and (6.40) and taking note of the
value (6.25) for cg. ]

Proof of Theorem 2.10. We deform the contour yp 1 in (6.2) to the one shown in Fig-
ure 16. It consists of the steepest descent contour ygq1 for @1(-; 0, 52*) through —a?,
but with a slight indentation around —a? of size O(N~'/?). The steepest descent curve
¥sd.1 is actually a perfect circle passing through —a? and 1, since £ = 0 in the present
situation. Also ®| = &5, since &; = 0.

The contour I' in (6.2) is split into two components, as in the proof of Theorem 2.8.
We denote them by I'; and I'; as shown in Figure 16. We reverse the orientation on both
I'1 UT2 and yp,1, which does not change the values of the double integrals in (6.2).

Fig. 16. The contours I'; and I'; and yg 1 with the reversed orientation.

As in the proof of Theorem 2.8, we then have
Re @ 5(z) < Re ®1(—a?) < Re d1(w)

whenever z € yp1 and w € (I'1 \ {—a?}) U T'». From these inequalities we find that it
is only a neighborhood of —a? that contributes, and in particular the component I'; that
goes around [— ,32, 0] will not contribute to the limit. Near —a? we introduce the change
of variables

1/2

7= —a®+ ot2cosN_ w=—a’+ oczcotN_l/2 (6.43)
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with cg as in (6.25). Then

dzdw a’ey dsdt N2 + B dsdt N-1/2

= 6.44
2(z — w) 7 s—t V2 t—s 049

where we have used z ~ —a? and the value (6.25) for co.
From (6.32), (6.41)—(6.42) and (6.44), we find that the leading order behavior for the
sum of the two double integrals in (6.2) as N — o0 is determined by

(— 1)(An Am)/2aAn v oa—p ( 1 1 )N_1/4

4.21/4 \—-1 -1

usl/z—i- vs+
f / (S—1/2 n t—1/2) ds dt
(ZNZ) seXx| JteXy e tl/2+ v[+ t2 — S

—us'/2+ vs+1s2 ds dt
+ (=™ / f — (=TT ) (6.49)
(27Tl) seX| JteXy el,tt / + vt+ 3 t—s

where X1 and X, are as in Figure 17. ¥, is the image of I'; under the mapping (6.43).
It is a contour going around the negative real axis. X arises from applying (6.43) to the
part of yp,1 in a small disk around —a?, and deforming and extending it so that Xy is the
imaginary axis with an indentation around 0.

%)

Fig. 17. The contours ¥ and X».

We make a further change of variables by mapping t = (¢')%, ¢’ € iR, in both integrals,
and s = (s')%, s’ € X, in the first integral, but s = (s')%, s’ € (—X), in the second double
integral. Recall that ¥ and —X are as in Figure 7. We find a sum of two double integrals,
but the integrands are exactly the same. We pick up a Jacobian 4s’t" from the change of
variables, and we use

st 1
/
t =
e I P s Alre
to simplify the expression. Then the integrand on the right-hand side of (2.32) and (2.33)
follows (provided we drop the accents from s’ and ).
This completes the proof of Theorem 2.10. O
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6.7. Cusp points: proof of Theorem 2.11

The proof of Theorem 2.11 is based on the integral representation (2.29) for Kgjs.
We already noted in Remark 2.9 that Kgas (m, n; m’, n') tends to zero at an exponential
rate whenever |Am| + |An| — oc. In the situation of Theorem 2.11 we have

Am = (§] — &N = c1(u’ —u)N* 4 o(NVH,
An = (& — E)N = c2(v' — )N 4 o(N'/?),

as N — oo. Thus (2.35) holds if v < v/ orif v = v/ and u # u’.

So we assume v > v'. Then Kgas(m, n; m’, n’) still decays to 0 as N — oo, but a A
increases since An < 0, and the limit in (2.35) will exist, as we shown next.

We argue similar to the proof of Theorem 2.10. We start by deforming the contour
y to a contour going around the interval (—oo, —ocz] as before. That is, we deform y to
I'1 as in Figure 16 but with opposite direction. We can do this since for An < 0 there is
enough decay of the integrand in (2.29) as z — oo.

It is then helpful to rewrite (2.29) to

L/ F(2)eN @1 e e-0n @il /2 92 if Am >0,
2ri J, z

n

Kgas(m,n;m',n') = | J
—/(F(Z) _ ]z)eN@z(Z:Sl,Ez)—<1>2(Z;EI,E§))/2 az if Am < 0.
27i Jy z

After a change of variables (6.43), using the expansions (6.33) and (6.38), and finally
changing s to s2, all as in the proof of Theorem 2.10, we find

NVA—1)An=dm 2 =0 (m, nym', ')
@( i )i, / AR =) g o1, Am 2 0,
21/ -1 —1/27i J_ i

—DAMJa—B (1 1\ 1 [i® ' /
%( 1 1)%/ 2 0= =sw—) g 4 o(1), Am <0,
— — —ioo
(6.46)

as N — oo. The limit (2.35) then follows after observing that the integral is a well-known
representation of the gaussian

loo 4/ / U*ll, 2
/ 38 =S (—u) o ie_(vﬂ") forv > v'.
—ico Vo=
This concludes the proof of Theorem 2.11. O
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